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(ABSTRACT)
u

The radiant exchange problem for an isothermal spherical cavity having diffuse-specular

walls is solved and the distribution of the local heat transfer for various opening angles

and surface emissivities is obtained. Subsequently, the overall emission from the cavity

(i. e., the apparent emissivity of the cavity) is calculated for various opening angles and

surface conditions. In addition, the overall absorption characteristics of spherical cavi-

ties having purely specular walls is investigated analytically for the case of collimated

radiation entering the cavity. Various opening angles and surface conditions are con-

sidered. The Monte Carlo method is utilized to support the results obtained from the

analytical calculations. Results show that in spherical cavities the apparent emissivity

is not very sensitive to the degree of specularity of the cavity wall. Also, there are situ-

ations in which the diffuse cavity is a more efficient ernitter than a specular cavity.

Absorption characteristic results show that for cavities having purely specular walls the

absorption of collimated radiation is highly dependent on the angle of incidence of ra-

diation on the opening for small opening angles.
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1.0 Introduction

When thermal radiation enters a cavity, it has a better chance of being absorbed than

when it strikes a flat surface having the same area as the cavity opening. This is, of

course, because of the possibility of multiple reflections within the cavity walls. In the

same manner, radiation leaving the opening of an isothermal cavity is greater than ra-

diation emitted by a flat surface of the same material as the cavity walls, and having the

same area as the cavity opening. This behavior of cavities is commonly referred to as

the cavity e_/fect. This effect makes cavities attractive devices for construction of labo-

ratory blackbodies, which are used extensively in pyrometry, thermometry, and

radiometry. It also suggests that the absorptivity and emissivity of a surface can be in-

creased by drilling, stamping, etching, or otherwise deforming the surface.

The performance of a cavity as compared to that of a blackbody is described by its

apparent radiative properties. For example, the apparent emissivity is defined as the

ratio of the energy emitted through the opening of an isothermal cavity to the energy

emitted by an imaginary black surface stretched across the cavity opening and which is

at the same temperature as the cavity wall. Similarly, the apparent absorptivity of a

cavity is defined as the ratio of the energy absorbed by the cavity to that which enters
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the cavity. Since cavities are used as standards in radiometric measurements, it is of in-

terest to obtain their apparent radiative properties by precise analytical means.

The aim of this work is to investigate the radiative behavior of spherical cavities

whose walls are completely or partially specular. Spherical cavities have been suggested

as field of view limiting baffles in Earth Radiation Budget Experiment (ERBE) instru-

mentation applications. Specifically, this work addresses the following questions with

regard to spherical cavities:

l. What distribution ofwall heat flux is required to maintain the cavity isothermal?

2. What is the cavity’s apparßnt emissivity?

3. What is the apparent absorptivity of the cavity as a function of angle of incidence

of collimated radiation incident to the cavity?

Answers to the first two questions are given for completely and partially specular cavi-

ties, while the answer to the third question is given only for purely specular cavities.

The answer to the third question provides a basis for designing surfaces which are di-

rectionally selective. That is, for example, a surface can be designed so that its

absorptivity is relatively strong in a desired direction and relatively weak in all other di-

rections. Such a surface can be used to control the heat transfer to or from the surface.

For simple cavity configurations, such as cylindrical, conical, rectangular-groove,

V-groove, and circular-groove cavities, answers to most of the above questions are given

in the literature. Radiative behavior of diffuse spherical cavities has also been investi-

gated previously. These results were obtained during the l960’s. According to Sparrow

and Cess [1], the case of diffuse-specular spherical cavities is one of the remaining un-

solved problems in radiation heat transfer.
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Chapter 2 is an overview of methods commonly used for obtaining radiative char-

acteristics of cavities, and investigations on other cavity configurations are cited. The

method for analyzing radiative characteristics of spherical cavities having partially or

completely specular walls is developed in Chapter 3. ln Chapter 4 the results are dis-

cussed and confidence in their validity is established by comparing them with results

obtained by an independent method, namely the Monte Carlo technique. Finally, rele-

vant conclusions and recommendations are made in Chapter 5.
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2.0 Literature Review

Analysis of radiative behavior of cavities has received attention since as early as the

l920's. However, great advances in achieving solutions have been made only within the

past thirty years during which digital computers have become widely available. This

chapter introduces the most common methods that have been used to analyze the

radiative behavior of cavities and to review previous investigations on various cavity

configurations. The underlying principle in any formulation of the problem of cavity

. radiation is, naturally, the law of conservation of energy. Therefore, from this point of

view, it is difficult to make a distinction between different approaches commonly taken

by the investigators. The most common approach, and the one which yields the most

accurate results, is the approach based on the radiant exchange among surface elements.

This approach, which is discussed in Section 2.1, is more common among the investi-

gators in the field of radiation heat transfer. In the applied optics literature, where the

interest in cavities is from the practical point of view of designing and constructing lab-

oratory blackbodies, several approximate methods can be cited which are based on

multiple reflections inside the cavity. The two most common approaches which fall in

this category are discussed in Section 2.2. In Section 2.3 a survey of the publications
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describing analytical investigations of thermal radiative behavior of various cavity con-

figurations is given.

2.1 Methods of Radiant Exchange

The need for precise heat transfer calculations for vehicles operating in outer space re-

sulted in development of various formulations based on radiant exchange among sur-

faces. In outer space radiation is the most important (ifnot the only) means for transfer

ofheat. The intent of this section is merely to introduce the unfamiliar reader to various

concepts and terminologies used in radiant exchange formulations. Readers interested

ir1 a more elaborate discussion may refer to texts by Sparrow and Cess [1] or Siegel and

Howell [2].

One of the fundamental concepts in radiant exchange methods is that of an

enclosure. An enclosure is defined as a volume in space enclosed by one or several sur-

faces. These surfaces usually correspond to the physical boundaries of the system being

studied. An opening can be considered as a virtual surface whose reflectivity is zero.

The analysis in the radiant exchange method involves taking into account the radiation

leaving a given surface on the enclosure wall and going to all other surfaces, and radi-

ation arrivirig from all other surfaces to the given surface. Although the concept in-

volved is seemingly simple, difficulties may arise if the geometry of the system being

analyzed is complex.

For nonblack surfaces in an enclosure, the energy leaving a given location consists

of reflected and emitted radiation. Therefore, radiative properties of a surface; i. e.,

emissivity, reflectivity, and absorptivity; have important roles ir1 calculations. For most

real surfaces these properties depend on the wavelength, direction, and surface temper-
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ature. Although it is possible to give a formulation which includes all these functional

dependencies, actually solving the resulting equations, some of which will be tabulated,

is extremely difficult if not impossible except for the case of very simple geometries.

Furthermore, there is insuflicient knowledge of the directional and spectral behavior of

the radiative properties of surfaces to carry out the implied calculations. Therefore,

most analyses are carried out under certain simplifying assumptions. For example,

radiative properties are assumed to be independent of the wavelength; i. e., the gray as-

sumption is invoked. The emission from the surface is assumed to be dßusely distrib-

uted; i. e., it obeys the Lambert cosine law, and there are three commonly used models

for reflection: diffuse, specular (mirror-like), and diffuse-specular (see Fig.l). The diffuse

model for reflection is an accurate representation of the real behavior when the surface

is opticaI(y rough ( i. e., when the average size of surface irregularities is large compared

to the wavelength of the incident radiation). On the other hand, when the surface is

optical(y smooth, specular reflection is a good approximation for real surfaces. The

diffuse-specular model is a mixture of specular and diffuse reflection and in many cases

is a good approximation for the real behavior of surfaces. In this model the reflectivity

p of the surface is postulated as having a diffuse, pd, and a specular, p', component; that

is,

p=ps +pd. (2.1)

In radiant exchange formulations the radiosity, defined as the diffusely distributed

energy leaving the surface, and the temperature are assumed to be uniform throughout

a given surface. Surfaces may be subdivided further into smaller sections to improve the

validity of this assumption. This higher accuracy is obtained at the expense of increasing

the computational time and effort. For a generalized formulation, surfaces can be sub-
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divided into infinitesimal elements. In analyses of the radiative behavior of cavities this

latter approach is made preferable by the required accuracies.

Radiant exchange formulations require use of certain dimensionless transfer coeffi-

cients. These transfer coefficients are used to relate the irradiance of a given surface on

the enclosure to the radiosities of other surfaces making up the enclosure. Irradiance is

defined as the flux of radiative energy arriving at the surface. When surfaces of the en-

closure are diffuse (i. e., the reflected radiation from the surfaces is diffusely distributed),

the analysis is carried out with the use of the view factor. The _view factor from one

surface to another is defined as the fraction of the diffusely distributed radiation leaving

the one surface which arrives at the other surface. The view factor is the only transfer

coefficient that depends only on the gecmctry. Its derivation is relatively simple, and

various methods for obtaining the view factor between two surfaces exist (see Reference

2).

When the surfaces in the enclosure are specular or diffuse-specular, the formulation

requires knowledge of the exchange factor between surfaces. The exchange factor is de-

fmed as the sum of the fractions of the diffusely distributed energy leaving one surface

which arrives at a second surface, both as a result of direct radiation and as a resultof

all possible specular reflections. Derivation of the exchange factor is considerably more

difficult than that for the view factor because it involves taking into account all possible

specular paths between the two surfaces, and it depends on the reflectivities of the in-

tervening surfaces. For these reasons, efforts aimed at obtaining the exchange factor

between surfaces in an enclosure have not been as successful as those for obtaining the

view factor. For a more elaborate discussion on the view factor and the exchange factor

see Sections 3.1.2 and 3.1.3, respectively.

The most difficult task in radiant exchange analysis is the derivation of the transfer

coefficients. Once these have been determined, the problem becomes one of obtaining
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the solution of a system of linear algebraic equations in which the unknowns are the

radiosities (or irradiances) of the surfaces. The formulation based on infinitesimal sur-

face elements yields a system of linear integral equations in which the unknowns are the

functions giving the distribution of the radiosity (or irradiance). Numerical methods for

solving the integral equations are discussed in Reference I. What follows is a brief

presentation of the historical development of radiant exchange formulations.

Prior to the l960’s, calculations of radiant exchange were carried out under the as-

sumption of diffuse surfaces in the enclosure. Systematic procedures for calculating ra-

diant exchange for enclosures with diffuse surfaces were developed and presented by

Eckert and Drake [3], Hottel [4], Oppenheim [5], and Gebhart [6] . These formu-

lations were based on the assumption ofuniform radiosity along a finite surface and they

yielded systems of linear algebraic equations. The generalized formulation based on ra-

diant exchange between infinitesimal surfaces which yields a system of linear integral

equations was presented by Jakob [7], and by Sparrow, et al. [8].

Eckert and Sparrow [9] were the first to develop a procedure, based on the method

of images, for the calculation of radiant exchange in an enclosure with specularly re-

flecting walls. Later Sparrow, et al. [10] extended this procedure to enclosures con-

sisting of some diffuse and some specular surfaces. In the discussion of the paper by

Sparrow, et al. [IO] , Seban suggested the diffuse-specular model. This model was later

adopted by Lin [1 1] for calculation of radiant exchange in conical and cylindrical cav-

ities having diffuse-specular walls. The diffuse-specular model was also suggested, ap-

parently independently, by Sarofim and Hottel in Reference 12, where they used this

model to develop a procedure for radiant exchange calculations in enclosures made of

diffuse-specular surfaces.

The exchange factor was formally introduced by Lin and Sparrow [13] in develop-

ing a formulation for computations of radiant exchange between ring elements in curved
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axisymmetric enclosures with specularly reflecting surfaces. A more general procedure

for obtaining the exchange factor between curved specularly reflecting surfaces was

suggested by Plamondon and Horton [14]. Their formulation is an extension of the

method of images developed by Eckert and Sparrow [9] to enclosures containing

specular surfaces of arbitrary "topography".

A method which is generally best suited for radiative passages has been introduced

by Rabl [15]. This method is an approximate method and is based on the concept of

the average number of reflections needed for rays to get from one element to the other.

Rabl applied this method to several passages, including cylindrical passages, and V-

groove and compound parabolic concentrators. His results for cylindrical passages were

within three percent of the exact results obtained by Lin and Sparrow [13].

An exact analytical method was formulated by Mahan, et al. [16] for computation

of the radiation exchange in concave axisymmetric enclosures whose surfaces are

diffuse-specular. This method "synthesizes" the necessary exchange factors by evaluat-

ing a series of so-called partial exchange factors. Mahan, et al. [16] used this method,

which also allows axial variation of surface properties, to evaluate the temperature dis-

tribution in parabolic reflectors.

A general formulation for calculation of the radiant exchange between curved sur-

faces has been developed by Masuda [17] . Unlike most other formulations which are

based on the radiosity, this formulation is derived in terms ofradiation intensity with the

aid of the diffuse-specular reflection model.

There are some general formulations in the literature which take into consideration

the dependency of surface properties on wavelength. One example is the formulation

developed by Bobco [18], which extends the formulation of Sparrow, et al. [10] to in-

clude interreflection phenomena with semigray surfaces. These surfaces are postulated

to emit energy in one spectral region and absorb energy in a different spectral region.
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An even more general formulation by Bevens and Edwards [19] considers the direc-

tional characteristics of all surface properties in addition to the spectral variation of

surface properties.

When difliculties arise in the analysis of a given radiant exchange problem as a result

of the complex geometry or directional and/or spectral dependency ofsurface properties,

the Monte Carlo method provides an effective alternative to the analytical methods.

What follows is a brief introduction to the use of the Monte Carlo method in radiation

heat transfer.

2.1.1 The Monte Carlo Method

The Monte Carlo method is a statistical method based on the Markov chain theory,

which can be used to simulate a physical process. The Monte Carlo method was first

developed for application in the field of neutron transport theory by the scientists

working on the creation of early atomic bombs (see Reference 20 page 8). The use of

the Monte Carlo method in heat radiation was first accomplished by Howel and

Perlmutter [21] in computation of the radiant exchange in an enclosure in the presence

of a participating medium. The utilization of the Monte Carlo technique in radiant heat

exchange problems in the absence of a participating medium was accomplished by

Corlett [22]. Ever since these initial successful attempts, the use of the Monte Carlo

technique has been standard practice in complex radiant heat transfer problems. An

example of a recent application is the use of the Monte Carlo technique as part of a

comprehensive model, developed by Mahan, et al. [23] , to simulate the performance

of the active cavity radiometer used by NASA in the Earth Radiation Budget Exper-

iment (ERBE).

2.0 Literature Review io



Although the analysis of a radiation problem by the Monte Carlo method cannot

be described in general since it depends on the type of problem and the ability of the

analyst to propose an efficient procedure, most analyses have the following steps in

common. To simulate the radiant exchange process by the Monte Carlo method, the

energy emitted by a surface is divided into a number of equal energy parts called energy

bundles. Simulation involves emitting an energy bundle from a surface in a randomly

chosen direction that is weighted according to the directional characteristics for the

emission of the surface; e.g., cosine distribution for diffuse emission. The probable path

of the energy bundle is then followed until it is either absorbed by or escapes from the

enclosure. Upon contact with a surface the direction of the bundle is altered according

to the type of reflection that occurs. Whether absorption occurs is determined by se-

lecting a random number and comparing it with the absorptivity of the surface. When

absorption occurs, the history of the bundle is terminated and the same procedure is

repeated for another energy bundle. When a large number of energy bundles (in the

order of 10,000 to 50,000) is followed and their paths are appropriately averaged, the

fraction of the emitted energy that has been absorbed by each surface or has escaped

· from the system through an opening can be determined. The results obtained by the

Monte Carlo method in different trials form a distribution function that peaks some-

where near the vicinity of the true answer. The uncertainty ofthe results, which depends

on the efliciency of the program and the number of bundles, can be obtained from

standard statistical techniques. More details about various statistical aspects of the

Monte Carlo technique can be obtained from the text by Hammersley and Handscomb

[20]. Applications to heat radiation problems are discussed in Reference 2.

Monte Carlo simulation of radiant exchange can be implemented with the use of a

transfer coefficient known as the distribution factor introduced and exploited by Mahan

and Eskin [24,25]. The distribution factor is defined as the fraction of the energy emitted
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diffusely from one surface element which is absorbed by a second surface element due

to direct emission as well as to all possible diffuse and specular reflections. The distrib-

ution factor is similar to the absorption factor defined by Gebhart [6], which considers

only diffuse reflections. The extended absorption factor defined by Toor and Vistanka

[26] considers the possibility of directional emission and bidirectional reflection. This

latter, however, has a limited use because current data bases are inadequate for describ-

ing the directional behavior of the radiative surface properties. The use of the Monte

Carlo method for the derivation of the necessary distribution factors in radiative ex-

change analysis of diffuse-specular spherical cavities is developed in Appendix A.

Recently, a stochastic model was proposed by Naraghi and Chung [27] that is

based on the Markov chain theory and leads to some explicit matrix relationships for the

absorption factor from which the heat transfer characteristics of the enclosure can be

determined. This approach is similar to the Monte Carlo technique, but unlike the

Monte Carlo technique, does not require a random number generator for determining

the direction of the ray bundles.

2.2. Methods Based on Multiple Reflections Inside the Cavity

The two most well-known methods used by investigators in applied optics are intro-

duced in this section. Unlike formulations based on radiant exchange, these methods

require mathematical approximations to achieve solutions. Essential to both of these

methods is Kirchoffs law which, in its most general form, states that the emissivity of

a surface element in a given direction and at a given wavelength equals the fraction of

any radiation at that wavelength, incident on the element from that direction, which is

absorbed.
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2.2.1 Gouß’é’s Method

The method developed by Gouffé [28] is the most simplified method for determi-

nation of the cavity emissivity. This method can be used for treatment ofcavities having

diffuse walls with a single opening. Consider a beam of radiation incident on element

dw on the wall of the cavity shown in Fig. 2. Some fraction of this energy is reflected

Out of the cavity through the opening do. Assuming a diffuse reflection, this fraction is

given by (p/1:) (2;, where (2; is the solid angle subtended by do at dw.

Gouffé made another assumption that the portion of the energy which remains inside

the cavity after the first reflection, I — (p/1:) (2; , is distributed uniformly throughout the

cavity. (This assumption is exactly true only in the case of spherical cavities.) Contin-

uing on the same line of reasoning for subsequent reflections, he obtained a summation

for the fractions of radiation which escape, and showed that the apparent emissivitiy of

a cavity is given by

g[1 + (1 - s)(do/w - Q; /1:)]
so = , (2.2)

1:(l — do/w) + do/w

where do/w is the ratio of the surface area of the opening to that of the waHs of the

cavity including do. The quantity (2; /1: is approximated by the ratio do/w' , where w'

is the surface area of a spherical cavity having the same depth as the cavity being ana-

lyzed.

2.2.2. De Vos’ Method

The method developed by De Vos [29] allows treatment of cavities whose walls

have directional-dependent reflectivities and cavities with multiple openings. This
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method is based on evaluating the perturbation in blackbody radiant intensity caused

by presence of a hole within the cavity surface. In a completely closed isothermal cavity

the radiant intensity from an element within the cavity surface in a given direction is that

of a blackbody, 1,, at the cavity temperature. This is true regardless of the properties

of the cavity surface. When a hole is made within the cavity wall through which radi-

ation can escape, the intensity of a surface element is reduced from that of a blackbody

by an amount depending on the cavity surface properties, size of the opening, and the

position of the element with respect to the hole.
‘

Consider once again the cavity shovm in Fig. 2. The intensity at do due to element

dw (1; in Fig. 2) has two components. One component results purely from the emission

from dw itself, while the other component is the radiation from other elements reflected

from dw in the direction of do. The emitted component can be determined easily since

the wall temperature and the ernissivity are known. Evaluation of the reflected compo-

nent requires knowledge of the incident intensity 1;,* for all elements such as n and the

parzial rejlecriviry, p;;,, at dw from the direction of rz into the direction of w . The partial

rellectivity p;;'„ is defined as the fraction of energy contained in the solid angle Q'; that is

reflected by dw towards do per unit solid angle. As a first-order approximation it can

be assumed that 1;;* = 1,, where 1, is the blackbody intensity. In the second-order ap-

proximation the intensity obtained from the first-order approximation can be used, and

the third-order approximation uses the intensity obtained by the second-order approxi-

mation, and so on. The power leaving the cavity and hence the apparent emissiviy can

be obtained from the intensity evaluated in this way. Normally derivations are carried

out up to the third order because of the complexities that arise when higher order ap-

proximations are used. Two major assumptions in De V0s' method are that the intensity

1;,* is uniform throughout the cavity , and that the partial reflectivity of dw does not vary
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across the opening. These assumptions are reasonable when the cavity opening is small

and/or when the wall emissivity is large.

2.3. Historical Developments in the Treatment of Cavity Radiation

Having introduced the most common methods for treatment of cavity radiation, a

review of the published works on analytical treatment of various specific cavity config-

urations can now be presented. The focus of this review is mostly the published works

on the treatment of isothermal cavities. Cylindrical, conical, and spherical cavities have

drawn the most attention; therefore, a subsection is devoted to each of them. Figure 3

shows the type of cavities that have frequently been studied. In Section 2.2.4 the ana-

lytical works on grooves, which are cavities of constant cross-section which extend in-

definitely along a given axis, are presented. The reader should be cautioned that the use

of terrninologies is not consistent throughout the literature on this subject. For example,

in many cases the apparent emissivity is defined as the ratio of the radiosity to the

blackbody emissive power (o1‘) at a given location on the cavity wall (i.e., it is defined

as a local quantity rather than an overall quantity). In these cases, the quantity being

called the apparent emissivity in the present work is referred to as the hemispherical ap-

parent emissivity or the effective emissivigy.
l

2.3.1. Cylindrical Cavities

One of the first reported works on cylindrical cavities is that ofBuckley [30]. He first

considered diffuse cylindrical cavities with both ends open (i.e., passages). He derived

an integral equation by using the generalized radiant exchange formulation and obtained
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an approximate solution in the form of a two-term exponential expression. He also

predicted that the radiosity near the cavity mouth is proportional to 6*/* , where 6 is the

emissivity of the wall. In later publications, he extended his treatment to cylindrical

cavities closed at one end [31] and improved his solution by obtaining an expression

which contained a single exponent term [32]. Gouffé [28] and De Vos [29] found ap-

proximate solutions for this problem using the procedures outlined in Section 2.1.2.

The first exact results were reported by Sparrow and Albers [33], who considered

infmitely long diffuse cylindrical cavities and solved the resulting integral equation by

iteration. They showed that the local radiosity at the cavity wall approaches that of a

blackbody with increasing distance ir1to the cavity. They also verilied the conclusion

reached by Buckley [30] that the radiosity is proportional to
6‘/*

near the cavity mouth.

Sparrow, et al. [34] extended this work to diffuse cylindrical cavities of finite length.

Solving the integral equation using an accurate numerical procedure, they found the

distribution of local heat flux and radiosity along the surface. They also obtained the

overall heat transfer characteristics (the apparent emissivity) of cylindrical cavities for

various surface and geometric parameters. By making comparisons, they showed that

Buckley's results tend to be inaccurate when the cavity is shallow or when the wall

emissivity is low. Their results show a significant variation of the radiosity over the back

wall for shallow cavities. This variation gets small as the cavity becomes longer. Their

results also show a discontinuity for the distribution of local heat flux at the junction

of the cavity base and the side wall of the cavity which required that an extrapolation

technique be employed to obtain~ numerical solutions of integral equations near these

discontinuities. Peavy [35] presented a method which avoided the need for employing

such an extrapolation technique.

Quirm [36] made a comparison of the results obtained by Sparrow et. al. [34], Gouffé

[28], Buckley [31], and his own results, which were obtair1ed by improving the method
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of De Vos, for the apparent emissivities of long cylindrical cavities. His comparison

showed that while his own results compared well with the exact results of Sparrow, et

al., the results obtained by Gouffé's method underestimate and those due to Buckley

overestimate the exact results of Sparrow, et al. He also reported that the experimental

results by several investigations, notably those by Vollmer [37], compared well with the

results obtained by Sparrow, et al. and by Gouffé, and confirmed that Buckley’s results

are too high for long cylinders.

The case of cylindrical cavities whose walls reflect specularly was first investigated

by Krishnan [38], who derived the apparent emissivity based on the method by Berman,

Simon and Ziman [39] for both open-ended and closed-ended cylindrical cavities. An

error occurred in his original formulation which he corrected in a later publication [40].

Based on his results, he indicated that, unlike the case of diffuse cavities, radiation

emitted by specular cavities approaches that of a blackbody as the cavity becomes

longer, and that the approach to blackbody radiation holds over the whole of the 21:

solid angle. He also showed that the apparent emissivities of cavities with both ends

open are closely related to those of the cavities with one open end and one closed end.

Making use of the exchange factor, Lin and Sparrow [13] applied the radiant ex-

change formulation to obtain the local and overall heat transfer characteristics of cylin-

drical cavities with specularly reflecting walls for a wide range of geometrical and

radiative parameters. By adopting Seban’s model, Sparrow and Lin [41] carried out

similar calculations for cylindrical cavities with diffuse-specular waHs. C. S. Williams

[42], showed that Krishnan's formula [40] for the apparent emissivity of cylindrical cav-

ities with specularly reflecting walls can be reduced to that of Lin and Sparrow [13] after

some manipulations.

The overall heat transfer behavior of cylindrical cavities can be inferred from Fig. 4,

obtained from Reference 1, which shows the apparent emissivity for various aspect ratios
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and radiation properties. As can be seen the apparent emissivity is always greater than

the emissivity of the cavity wall. This phenomenon is the cavity eßecr mentioned in the

Introduction. As the cavity becomes shallow, the apparent emissivity approaches the

wall emissivity. In general a specular cavity has a higher apparent emissivity than the

corresponding diffuse cavity‘. For any given value of wall emissivity, as the ratio of ra-

dius to length decreases, the apparent emissivity gets larger. In the limiting case where

this ratio is zero, the apparent emissivity for specular cavities approaches unity, whereas

in diffuse cavities it approaches a value less than unity.

Some consideration has been given to cylindrical cavities whose opening is partially

obstructed by a baffle. This type of cavity behaves more efficiently as a blackbody than

do unbaffled cavities. Approxirnate solutions for the apparent emissivities of baffled

cylindrical cavities were obtained by Gouffé [28], Quinn [36], and Fussel [43]. By ap-

plying the integral equation method, Alfano [44] obtained the exact solution for the

distribution of radiosity throughout the wall of a baffled cylindrical cavity. His results

show that the radiosity increases and becomes more uniform as the aperture gets smaller.

He also shows that the approxirnate results of Gouffe and Quinn compare well with the

° exact results for the cases he considered. Calculations on the overaH heat transfer (ap-

parent emissivity) of baffled cylindrical cavities were performed by Sparrow, et al. [45]

using an efficient Monte Carlo method. In their investigation they considered two cases

of cavities with emitting and nonemitting (low temperature) baffles and showed that

emitting baffles produce a higher value of the apparent emissivity than the correspond—

ing nonemitting baffles. Not surprisingly, they also found that as the aperture gets

smaller the apparent emissivity gets larger and the effect ofaperture is more pronounced

for shallow cavities than for deep cavities.

I Actually, the more complete tabulated results in Lin's dissertation [ll] show that for very shallow cylin-
ders the opposite of this behavior occurs.
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Some studies have been directed towards the directional behavior of the radiative

properties of cylindrical cavities. Vollmer [37] obtained the normal emittance (normal

apparent emissivity) of diffuse cylindrical cavities for the case ofan infinitesimal receiver.

His solution, however, contained a number of approximations, and he considered only

a limited number of cases. Sparrow and Heinisch [46], using the appropriate view fac-

tors, obtained the exact results for the same problem. Their results show that the normal

emittance exceeds the apparent (hemispherical) ernissivity for the cavity having a

depth-to-radius ratio greater than unity. A similar analysis was carried out by Alfano

and Sarno [47] for cylindrical cavities with and without baffles.

Lin and Sparrow [48] performed a radiant exchange analysis in a specularly reflecting

cylindrical cavity that is irradiated by an obliquely inclined beam of parallel radiation

passing through the cavity opening. They obtained results for overall energy absorption

and for the surface distribution of locally absorbed energy. Their results for the overall

absorption of the cavity show that this type of cavity absorbs more efliciently as the

direction of the collimated radiation becomes parallel to the plane of the opening.

2.3.2 Conical Cavities

The radiative behavior of conical cavities was first treated by Gouffé [28] within the

framework of his highly approximate theory. Using the method of radiant exchange,

Sparrow and Jonsson [49] performed the first exact numerical calculations on the

radiative behavior of diffuse conical cavities. They considered both cases ofa prescribed

(uniform) wall temperature and a prescribed (uniform) wall heat flux. In the former

case, they obtained the distribution of the local radiosity along the wall of the cavity,

while in the latter case they obtained the temperature distribution along the wall of the

cavity. They also determined the apparent emissivity of diffuse conical cavities for a
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wide range of cone opening angles and surface emissivities and, after comparisons, they

indicated that Gouffé's calculations are in substantial error. Sparrow and Lin [41] ex-

tended this work to the general case of conical cavities having diffuse—specular walls by

using the exchange factor. Approximate solutions for the integral equations obtained

based on the radiant exchange formulation of diffuse conical cavities were considered

by Shirely and Eberly [50]. Their approximation technique is very good for the interior

portion of narrow cones where the local radiosity is close to the blackbody radiation.

Like the apparent emissivity results for cylindrical cavities, the corresponding results

for the conical cavities have provided valuable insights to the radiative behavior of cav-

ities in general. The apparent emissivity results for conical cavities for various cone an-

gles and surface conditions, also obtained from Reference 1, are shown in Fig. 5. In all

cases decreasing the size of the cone opening angle results in increasing the apparent

emissivity. The behavior of conical cavities is similar to that of infinite cylindrical cavi-

ties as the cone opening angle approaches zero. In other words, the apparent ernissivity

for specular cavities approaches unity while that for diffuse cavities approaches a limit

less than unity. The apparent emissivity approaches the wall emissivity at the other

limiting case, which corresponds to the cone opening angle of 180 deg. The apparent

emissivity increases with the degree of specularity. However, the curves corresponding

to the case in which the cavity wall is half diffuse and half specular do not fall rnidway

between the corresponding curves for totally diffuse and specular cases. The specularity

of the cavity wall becomes unimportant in determining the value of the apparent

emissivity when the cavity opening angle, ¢>, is greater than 40 deg.

The radiant ernission characteristics of baffled conical cavities with diffusely reflect-

ing walls were studied by Heinisch, et al. [51] using an inventive Monte Carlo procedure.

They considered both cases of emitting and nonemitting walls and expressed their results

in terms of the apparent emissivity. Their results show that the apparent emissivity in-
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creases more and more as the size of the aperture decreases. They also show that the

increase of apparent emissivity is greater when the ballle is emitting than when the baflle

is nonemitting. Yoshika [52] developed an iterative procedure to determine the apparent

emissivity of baffled and nonbaflled conical cavities having diffuse walls. He also ob-

tained the overall rellectivity of the cavity from a series that involves powers of the

reflectivity of the wall.

The Monte Carlo method was also applied by Polgar and Howel1[53] to the problem

of determining the apparent directional radiative reflectivity and absorptivity of a conical

cavity with diffusely reflecting walls. They studied this problem for various cases of cone

opening angle, surface absorptivity, and angle of incident radiation. Their results show

that for small cone angles radiation has a strong tendency to be retlected into the direc-

tion of the incident radiation.

2.3.3. Spherical Cavities

Radiative characteristics of spherical cavities having dilfusely reflecting walls were

analyzed in great detail by Sparrow and Jonsson [54] using the radiant exchange for-

mulation. Sparrow and Jonsson showed that the apparent absorptivity, the apparent

emissivity, and the local distribution of the radiosity are given by simple closed-form

formulas that are similar to each other in form. They also showed that the absorption

of radiant energy by spherical cavities is independent of the direction from which radi-

ation enters the cavity. In Chapter 3 the derivations of Sparrow and Jonsson are re-

produced as a background to the radiant exchange analysis in spherical cavities having

diffuse-specular walls. The radiative behavior of diffuse spherical cavities is discussed in

some detail in Chapter 4, where comparisons are made with the radiative behavior of

spherical cavities having diffuse-specular walls.
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Prior to the work of Sparrow and Jonsson, Jensen [55] had analyzed radiative emis-

sion of a spherical cap in his formulation of net radiative heat transfer between two

bodies. De Vos [29] and Gouffé [28] had also applied their approximate formulations to

obtain the radiation leaving an isothermal spherical cavity having diffuse walls. lt

should be mentioned that, as was proven by Fectau [56], the approximate methods de-

veloped by Gouffé and De Vos become exact for the case of spherical cavities having

diffuse walls.

Emission characteristics of spherical cavities having partially specular walls were first

considered by De Vos [29]. In his calculations, De Vos considered three types of par-

tially specular surfaces having distributions as shown in Fig. 6. Similar calculations were

also carried out by Edwards [57]. Campanaro and Ricolfi [58] applied the method of

De Vos, with some improvements, and obtained the apparent emissivity of spherical

cavities for the three types of partially specular surfaces which were considered by De

Vos. Their reported result, shown in Fig. 6, gives the apparent emissivity as a function

of the aspect ratio ( they defined the aspect ratio for a spherical cavity as the ratio of the

diameter of the sphere to the radius of the imaginary circular disk stretched across the
4

cavity opening) for the case in which the emissivity of the cavity wall is 0.4. An inter-

esting observation that can be made by referring to Fig. 6 is that, at least for the case

shown, the apparent emissivity of spherical cavities decreases as the cavity wall becomes

more and more specular. This behavior is contrary to the behavior of conical and cy-

lindrical cavities and other cavities which have been studied. Results obtained in this

dissertation indicate that, in spherical cavities, whether apparent emissivity increases or

decreases with the degree of specularity of the surface depends on the emissivity of the

cavity wall.

Absorption characteristics of hemispherical cavities having diffuse-specular walls

were analyzed by Safwatt [59] using the method of radiant exchange. He considered
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both the case in which diffuse radiation enters through the cavity opening and the case

in which collimated radiation enters the cavity in a direction normal to the plane of the

opening. The exchange factor that he derived in his analysis is based on an incorrect

assumption, as is shown in Section 3.2.1.; therefore, his results are invalid.

2.3.4. Grooves

Sparrow and Jonsson [60] calculated the amount of energy absorbed when a stream

of external radiation enters a rectangular-groove cavity having purely diffuse and purely

specular walls. They considered the cases in which the incoming radiation is diffusely

distributed across the opening and the case in which the energy enters the cavity as

collimated radiation. They performed their calculations for a variety of surface condi-

tions, cavity depths, and incident energy distributions. Their results show that for diffuse

incoming radiation, a specular cavity absorbs more effectively than does a diffuse cavity.

For the case of incident collimated radiation, comparison between a diffuse cavity and

a specular cavity depends on the angle of incidence of the radiation. Comparison made

in Reference 1 between the curves characterizing the overall emission from a cylindrical

cavity and a rectangular-groove cavity show that the two cavities behave very similarly.

Sparrow and Jonsson [61] performed a similar analysis for the absorption character-

istics of V-groove cavities as that of Sparrow and Jonsson [60] for rectangular-groove

cavities. Their results indicate that when the angle between the two surfaces making the

cavity is small, the energy-absorbing capability of a specular cavity is much greater than

a diffuse cavity, and as this angle gets larger, the relative advantage ofthe specular cavity

dirninishes. For large angles there were some cases ir1 which the diffuse cavity was su-

perior in absorbing radiation. Interestingly, as is discussed in Reference 1, the radiative

behavior of V-groove cavities is very similar to conical cavities.
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Sparrow [62] analyzed absorption characteristics of circular-groove cavities having

purely diffuse or purely specular walls. His analysis considered only the case of energy

entering the cavity as a collimated radiation. He showed that when the cavity walls are

diffuse, the direction of incident radiation plays no part in the absorption of radiation

by the cavity. On the other hand, when the cavity walls are specular, the absorption

depends greatly on the direction of incoming radiation. The relative advantage of a

specular cavity over a diffuse cavity for absorption of radiant energy depends on the size

of the opening and the direction of the incoming rays. Results obtained for spherical

cavities in this dissertation suggest a similar type of behavior, which is unlike that of

most other cavities.

In an attempt to investigate the role of surface irregularities in the directional char-

acteristics of surface emissivities and reflectivities, Howell and Perlmutter [63] analyzed

the apparent directional emissivity and reflectivity of specular groove cavities having a

right·triangular cross-section. They developed a method for the analysis on the basis

of the images of surfaces. Based on their results, they concluded that the directional

radiant properties of a given surface strongly depend on the local macroscopic surface

structure, which is considered to be large compared to the wavelength of radiant energy.

Kanayama [64] took this problem a bit further and assumed that the roughness of a

surface is composed of identical V-groove or circular-groove cavities. He performed a

theoretical calculation for the apparent directional ernittance ofsimplified rough surfaces

as a two-dimensional problem. He also measured the directional emissivity of an alu-

minum specimen and obtained satisfactory agreement with the calculated values.

In a continuation of their work in Reference 63, Perlmutter and Howell [65] consid-

ered the possibility of designing surfaces which have a high emissivity (and absorptivitiy)

in a desired direction and low emissivity (and absorptivity) in other directions, so that

these surfaces can be used to control transfer of heat in a desired direction. Their design
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consisted of a surface with a large number of V-groove cavities. These cavities had a

black base located at an arbitrary distance from the apex of the groove, and the other

two surfaces making the cavity were highly specular with a reflectivity close to unity.

This type of surface emits very strongly and uniformly in directions close to the surface

normal and very weekly in directions close to parallel with surface. The transition occurs

very sharply at an angle which depends on the geometry of the cavity. Black and

Schoenhals [66] performed a more general analysis for this type of cavity, which included

the possibility of side surfaces having reflectivities of less than unity and calculation of

the distribution of radiositiy along the side surfaces. They found that for a fixed geom-

etry, as the rellectivity of the sides goes up, the apparent emissivity of the cavity becomes

more directional. In a later study Black [67] compared the directional characteristics of

the energy emitted by a V-groove and a rectangular-groove cavity. He concluded that

the energy emitted by rectangular-groove cavities is focused in the direction parallel to

the cavity opening as opposed to V-groove cavities that focus the emitted radiation in

the normal direction.

The distribution of apparent emissivity across the narrow slit of a circular-groove

[ cavity having specular walls was calculated by Kholopov [68] based on the "negatively

reflecting method". His analysis was motivated by consideration of these type ofcavities

for experimental evaluation of the emissivities of electrically conducting materials. The

cavity is made of the material for which the emissivity is to be determined. The ratio

of the radiation emitted by the wall to the radiation emitted by the cavity through the

slit, which is considered to be absolutely black, gives the emissivity of the material. His

calculations show that for low emissivities and very narrow slits, radiation emitted by the

cavity varies greatly across the slit, and there are locations in front of the slit at which

the energy emitted by the cavity approaches that of a blackbody.
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3.0 Theoretical Development

This chapter is divided into three major sections. Section 3.1 shows how basic con-

cepts of radiant exchange analysis are in general applied for predicting the distribution

of' heat flux and the apparent emissivity in an isothermal cavity. lnstead of considering

a general cavity configuration, the discussion considers the case of a diffuse spherical

cavity, the solution ofwhich already exists in the literature [54]. The general formulation

of the problem for the situation in which the cavity wall becomes diffuse-specular is

given in Section 3.1.2. The material in Section 3.1 is then used as a stepping stone into

Section 3.2 where a method is developed for actually solving for the distribution of heat

flux and subsequently the apparent emissivity of an isothermal spherical cavity having

diffuse-specular walls. Finally, Section 3.3 deals with evaluating the absorptive charac-

teristics of a spherical cavity which has perfectly specular walls and into which enters

collimated radiation with a given angle of incidence to the opening.
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3.1. Background Theory

The material in this section, while available in textbooks, is repeated here because of its

logical relation to the new material developed later in the dissertation.

3.1.1. The Isothermal Spherical Cavity with Düfuse Walls

In radiation exchange among surfaces in a cavity or an enclosure, three types of

problems are encountered: surface temperatures are prescribed while the heat transfer

to the surfaces is unknown, or the heat transfer to the surfaces is prescribed while the

temperatures are unknown, or at some locations the temperatures are specified and at

other locations heat transfers are specified. Suppose a cavity, whose surface is at a

known uniform temperature, is emitting radiative energy through its opening to a sur-

roundings which is at a temperature of absolute zero. In this problem the unknown

quantity is the local heat flux to the cavity surface (as a function of position) required

to maintain the prescribed temperature. By knowing the local heat flux the heat transfer

across the cavity opening and hence the apparent emissivity of the cavity s, can be

computed as

6, =—l—
I qdA' . (3.1)

0A,, T4 ,4·

In Eq. (3.1) A' is the surface area of the cavity walls and A, is the surface ofan imaginary

black membrane stretched across the cavity opening.

A spherical cavity of arbitrary opening angle ¤/1 is shown ir1 Fig. 7. The temperature

T as well as the emissivity 6: is uniform across the cavity walls. Moreover, the cavity
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walls are assumed to be gray (oz = c). Radiation from outside is not considered, but since

the problem is linear in heat flux, this can be computed independently and then added

to the results.

The net heat flux, q, to a differential surface element on the cavity wall is given by

q = 8.,1** - 3.11 , (3.2)

where the quantity H is the irradiance. The irradiance at the element under consider-

ation is related to its radiosity, B, and that of all other elements on the cavity wall by

H(0,)=L’B dFdAl_dA. , (3.3)

where the radiosity is given by

B = ea7° +pdH . (3.4)

The quantity dF„,_,l _„. in Eq. (3.3) is the view factor which was defined in Section 2.1 and

is discussed further in Section 3.1.3. Due to symmetry, the irradiance in Eq. (3.3) is

solely a function of the Zenith angle, 0, as defined in Fig. 7. The differential surface el-

ement dA, is at a fixed location (i.e., 0,), while the surface element
dA’

is at an arbitrary

location on the cavity wall.

Generally, the solution to Eq. (3.3), which is an integral equation of the Fredholm

type (when the right-hand side of Eq. (3.4) is substituted for B), must be obtained either

by iteration or by some other numerical technique. However, for the case of the spher-

ical geometry Eq. (3.3) yields a closed-form solution. The reason for this is that in a

sphere the view factor dF„l_„,_,. is given by
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That is, the view factor between two differential elements in a sphere depends only on

the size of the receiving element! By substituting the expression given by Eq. (3.5) for

the view factor dF„_,I_„. in Eq. (3.3), the latter can be written

H= J- (eaT° + pdH) dA' . (3.6)
As

Al

Exarnination of Eq. (3.6) reveals that the irradiance is uniform throughout the cavity.

This is because the integral in the right-hand side of Eq. (3.6) yields a number which is

independent of position. Using this fact, and after some algebraic manipulations, the

irradiance is found to be given by

0.5(l + cos nl:)
H- WTA 1- 0.5(l — a)(l + cos uh)

’ (3])

where v/1 is the opening angle shown in Fig. 7. By substituting into Eq. (3.2) the ex-

pression given for H in Eq. (3.7), the local heat flux q is found to be given by

0.5 sinzdz/(1 + cos rß)

"
‘ °"TA

1- 0.5(l - o1)(l + cos tp) ‘ @8)

Hence, by substituting for q from Eq. (3.8) into Eq. (3.1), the apparent emissivity 1:, of

a spherical cavity whose walls are diffuse is found to be given by

* lt can be shown easily, by using the additive properties of the view factor, that this also holds for any two
finite area elements on the wall of the sphere.
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- ...l...*ET„C" —
l — 0.5(1 — a)(l + cos •ß) ° (49)

The procedure outlined in this section can be followed to obtain the apparent

emissivity of a diffuse cavity regardless of its configuration. For a cavity with partially

or completely specular walls the procedure is basically the same. The only modification

is that the view factor must be replaced with the exchange factor.

3.1.2. The Isothermal Spherical Cavity with Düfuse-Specular Walls

When the cavity wall is diffuse-specular, the radiation leaving the surface at a given

location is not diffuse. The effects of the nondiffuse component of the radiation leaving

the surface may be included in a transfer coefficient known as the exchange factor. The

exchange factor is defined and its properties are discussed in Section 3.1.4. In radiant

exchange computations of enclosures made of diffuse-specular walls, the exchange factor

plays the same role as that played by the view factor in diffuse problems. Hence, the

local irradiance in a diffuse-specular spherical cavity can be obtained by replacing the

view factor dF,„l_„. in Eq. (3.3) with the exchange factor dE„l_,„. ; that is,

H(0,)
=jl

(6674 +
pd H) dEdAl _dA. . (3.10)

. AI

For a diffuse-specular cavity Eq. (3.10) must be solved iteratively. However, when

the cavity surface is perfectly isothermal and perfectly specular; i.e., pd = 0, the irradiance

is given simply by
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H(0,)=eoT4 EdAl_A„ , (3.11)

where E,,_, _„. is a function of 0, . In this case there is no need to solve an integral

equation.

The procedure for evaluation of the the integral on the right-hand side of Eq. (3.10)

is discussed in Section 3.2.4, where it is shown that this integral is represented by a triple

summation of double integrals whose limits are obtained from a tedious procedure in-

volving set theory operations. Definition and execution of this procedure is the essence

of this dissertation.

3.1.3. Definition and Properties of the View Factor

The view factor is thoroughly discussed in all basic heat transfer textbooks. It is

introduced at this point mainly as a logical stepping stone to the discussion of the ex-

change factor, which is continued ill the next section. The view factor is the essential

geometric parameter for the computation of radiation exchange among diffuse surfaces.

The view factor F,,__,j is defined as the fraction of the diffuse radiation leaving surface

A, which is intercepted by surface A,. From first principles the view factor dF_,_,,_„} be-

tween two differential areas dA, and dA, (see Fig. 8) can be expressed by

cos ß, cos ßj dAj
dFdAl_dAl=

,rzr

where r is the distance between the differential areas dA, and dA,, and ß, and ß, are the

angles that the line joining dA, and dA, make with respect to the surface normals of dA,
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and dA,. Then using the same quantities the view factor between two linite areas, A, and

A, can be written

I cos ß, cos ß, dA, dA,

A, A,

The view factor between many common surfaces has been derived analytically using Eq.

(3.13); however, there are many situations in which closed-form evaluation of the inte-

gral in Eq. (3.13) is very dillicult or even impossible. Fortunately, there are some basic

rules conceming the view factor that in many cases eliminate the need for integration.

One such rule, based on conservation of energy, states that the view factor from an ar-

bitrary element A' located at an arbitrary location on the surface of an enclosure to the

entire enclosure surface area A is unity; that is,

_ fdF_,._dA = 1 . (3.14)
A

Moreover, ifA, and A, are two arbitrary surfaces, and if the infmitesimal surface elements

dA, and dA, are, respectively, located at arbitrary locations within A, and A,, then we have

the reciprocity relations

A, dFA]_dAl , (3.15b)

and
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(3.15c)

The view factor also exhibits the additive property,

FA, -.4, =
1*

(3-16a)
**1

and by combining Eq. (3.l6a) with (3.l5a) and (3.l5b) there results

lFAl_Aj =-E LlFdAl_A! dA, . (3.16b)

3.1.3. Definition and Properties of the Exchange Factor

The exchange factor dE„l_„2 between two infinitesimal surface elements dA, and

dA, on the walls of an enclosure is defined as the sum of the fractions of the diffuse ra-

diation leaving dA, which arrive at a'A, both directly and by all possible specular re-

flections. The reader is cautioned that this definition is misstated or stated in a

misleading way in some familiar references. For example, Reference 1 states that, "The

exchange factor is the fraction of the diffuse radiation leaving a surface which arrives at

a second surface both directly and by all possible intermediate specular reflections."

Similarly, Reference 2 states that, "The fraction of [the diffusely distributed radiation

leaving surface i] that arrives at a second surface j both directly and by all possible in-

tervening specular reflections is called the exchange factor E_,l__,! ." Both of these defi-

nitions neglect to state clearly that the exchange factor is a sum offractions (rather than

just a fraction). The insistence in References l and 2 on the exchange factor as a frac-
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tion is misleading because it gives the false impression that it cannot exceed unity. Since

in general the number of possible reflective paths from dA, to dA, is limitless, the math-

ematical expression for the exchange factor is an infinite sum. Each term in the sum-

mation is a quantity somewhat analogous to the view factor. That is, each term

represents a fraction ofdiffuse radiation leaving dA, which arrives at dA, . The difference

between these various terms is the manner by which the diffuse radiation gets from dA,

to dA,. The first term of the surnrnation is actually the view factor dF„l_„_,2, which can

also be considered as the fraction of the diffuse radiation leaving dA, which arrives at

dA, after zero reflections. A typical term in the exchange factor sum is given by

PI

dP„k = aß-); H(p‘)m - (3- 17)
m=1

In Eq. (3.17) the factor af„,, is the fraction of the diffuse radiation leaving dA, which ar-

rives at dA, after n ideal (,0* = 1) specular reflections following a certain sequence k of

reflections, and is thus a purely geometric quantity. Generally there may exist more than

one possible sequence for diffuse radiation to get from dA, to dA, by rz specular re-

flections; hence, there is a need for the subscript k in order to make a distinction among

the various sequences. Every time a reflection occurs a certain fraction of the radiation

is absorbed by the reflecting surface. Therefore, to obtain the actual portion which ar-

rives at dA, the quantity df,,, must be multiplied by the product of the specular

reflectivities of all the specularly reflecting surfaces encountered. The subscript m then

denotes the
m”'

surface from which a reflection takes place.

Having explained a typical term in the expression for the exchange factor, the entire

summation may now be given as
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oo l<¤>
46%";‘ ’_ (3.18)

41;. -,1:1 16:1 m-1

The first term on the right-hand side of Eq. (3.18), dj}, , is the view factor from dA, to

dA,. Clearly, the exchange factor reduces to the view factor when the enclosure contains

no specularly reflecting surfaces. The outside summation is over all numbers of re-

flections, while the inside summation is over the possible sequences for a given number

· of reflections n. The function I(n) gives the total number of possible sequences for a

given n. In the case of a spherical enclosure the function I(n) has a simple analytical

form, as is shown in Section 3.2.1.

lt should be noted, as suggested earlier, that the exchange factor, unlike the view

factor, can exceed unity. This is because the same energy that has arrived at the second

surface may get other chances, through continuing specular reflections, to arrive there.

An obvious illustration of this fact is the exchange factor E_,.__, between an arbitrary el-

ement A' inside an enclosure whose walls have uniform specular reflectivity, p', to the

entire enclosure surface area A. This can be obtained directly from the defmition of the

exchange factor as,

6,,._„ :1 +(p‘) +(p‘)“ + .... :—Ü . (3.19)

Therefore, in this case the exchange factor is always greater than or equal to ur1ity.

When p' is uniform across the wall of an enclosure, Eq. (3.19) Suggcsts a conservation

rule similar to that given by Eq. (3.14) for the view factor; that is,
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1dE „ = ————- . (3.20)

Other rules of the exchange factor are similar to those of the view factor. These

rules, which can be derived from conservation of energy, can be used to reduce the

analysis effort substantially. lf A, and A, are fmite surface elements on the wall of an

enclosure, and dA, and dA, are, respectively, infinitesimal elements at arbitrary locations

within A, and A, , then we have the reciprocity relations

A, A, EA!_Al , (3.2la)

dA,EdAl_Aj = A, (3.2lb)

and

dA, dEdAj_dAl . (3.216)

Also by the additive property,

1

and by combinjng Eq. (3.22a) with Eqs. (3.2la) and (3.21b),

1 (3.22}))

3.0 Theoretical Development 36



Development of Eqs. (3.2l) and (3.22) may be found in standard radiation heat transfer

text books, for example, Reference l.

It is clear that in order to derive the exchange factor dE„l _„2 the quantities df, must

be evaluated for all n and k in terms of the location and size of dA, and dA,. The

cornrnon approach is to locate the area on the surface of the enclosure from which the

diffuse radiation travelling from dA, to dA, is first reflected. Lir1 and Sparrow [I3] called

such an area the fictitious area. In the current discussion the fictitious areas are identi-

fied by the symbol dA„,, corresponding to a certain number of reflections n forming the

sequence k. The fictitious area for the case of two reflections is shown in Fig. 9. From

the definition given above for the quantities df,,, it can be concluded that,

d_;§,k = dFdAl_dAM . (3.23)

Thus, for all rz and k the size and location of the fictitious area dA„,, must be determined

in terms of the sizes and locations of dA, and dA, . Clearly, in order to determine the

fictitious area one has to identify the location where the first reflection occurs for all

reflections n. This requires knowledge of the details of how radiative energy suffers

multiple specular reflections inside the enclosure.

3.2. Radiant Exchange Analysis in a Spherical Enclosure Having

Diffuse-Specular Walls

We now make the transition from the realm of known diffuse-specular radiation

analysis to the solution of an important problem that until now has defied analytical

solution; that of the diffuse-specular behavior of a spherical cavity.

3.0 Theoretical Development 37



3.2.1. The Exchange Factor in a Spherical Enclosure

A useful concept in the analysis of radiation exchange within an enclosure is that of

a ray, defined as an infmitely thin beam of parallel radiation which can be depicted as a

single line. It can be demonstrated that all specular reflections of an arbitrary ray from

the walls of a spherical enclosure occur entirely in a single plane. Four consecutive re-

flection points are shown in Fig. 10. The subscripts indicate the order of occurrence

of reflections. One of the laws of specular reflection states that the incident ray, the re-

flected ray, and the local normal to the surface must be in the same plane. But the

normal to the interior surface of a sphere is directed toward the center of the sphere.

Therefore, the reflection points C,_, , C,, and C,,, as well as the center of the sphere 0

all lie in the same plane, say P,. Similarly C,, C,,, , C,,,, and 0 all lie in the plane P,,,.

Now two consecutive reflections, the n*^ and the n + 1** , occur both in planes P, and

P,,, . However, these planes are identical because they have the three points, C,, C,,,,,

and 0, in common. Then by induction it can be inferred that all the reflections ofa ray

inside a spherical enclosure occur within one and only one plane. Clearly this plane can

be identified by any two distinct reflection points and the center of the sphere. (Note

that there is a special case for which this is not true: that is, when the three points C,,

C,,,, and O are colinear. In this case C, and C,,,, are located at opposing poles of the

sphere and the ray bounces back and forth between these two poles.)

A corollary to the above result is that all of the rays that travel by way of specular

reflections from an arbitrary point S, to another such point S, must remain in the plane

defined by the two points and the center of the sphere O. This is simply because, re~

gardless of the number of reflections, all such rays start out from S, and end up at S,.

Therefore, all of them must have the points S, and S, as common reflection points.

Hence, by the above argument all the rays that travel from S, to S, by specular re-
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flections remain in the plane defined by the points S,, S,, and the center of the sphere

O. The intersection of this plane with the sphere is clearly a great circle which is also

the locus of all possible reflection points for the rays travelling between S, and S, . In

this discussion such a circle is termed for convenience the circle ofreflection. All circles

of reflection corresponding to a point such as S, intersect the diameter of the sphere that

goes through S,. When the points S, , S,, and O are not colinear, they define one and

only one plane. (However when they are colinear, reflections can occur through infi-

nitely many planes that have these three points in common. This does not lead to difl

ficulties in computing the exchange factor because, for two differential area elements

centered on opposite poles within a spherical enclosure only a vanishingly small point

on each area element, and thus a vanishingly small amount of energy, is involved.)

The above result may be exploited to determine the locations of the first reflection

points for the rays travelling from S, to S, . These first reflection points must lie on the

circle of reflection, which is a one-dimensional entity. Consider, as shown in Fig. ll,

the circle of reflection corresponding to a point S, which passes through the point S, .

Suppose S, ernits rays; i.e., is a source point. A point such as S, within this circle of re-

flection can be identified by the polar angles it makes with reference to the source point

S,. That is, the polar angles which represent S, are given by u,, + 2Hk , where

k = 0,1,2,... . In this definition we have arbitrarily selected ct, to have a value between

0 and 21:. The integer k in the above context indicates a specific cycle; however, it will

be shown shortly that it also implies a specific sequence of reflections consistent with the

notion of Section 3.1.4.

A second law of specular reflection states that the angles which the incident ray and

the reflected ray make with the surface normal are equal. A consequence of this law is

that, if the first reflection point of an arbitrary ray starting from S, is at a polar angle

of a then the second reflection point is at 2a, the third one is at 3a, and so on. This
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means that if a ray is to get from S, to S, by way of n reflections then the polar angle

of the first reflection point can be obtained by dividing the polar angles corresponding

to S, by n + 1. That is, if a,,,, is the polar angle of the first reflection point then,

¤,,,, = . (3.24)

Equation (3.24) implies that for a given n there are an infinite number of sequences

having n reflections, corresponding to k = 0,1,2,3, . However, examination of Eq.

(3.24) reveals that 6:,,,, and a,,,,„,,,+,, differ by 21:. This means they represent identical points

on the circle of reflection. In other words for a given rr , only the values of (1,,,, corre-

sponding to the first rz + 1 values of k provide unique sequences (this number of unique

sequences corresponds to I(n) = n in Eq. (3.18)). By way of example the four possible

unique ways by which a ray can get from S, to S, by way of three reflections are shown

in Fig. 12.

The result indicated by Eq. (3.24) must be rewritten in terms of the global spherical

coordinates (0, dn) shownin Fig. 10 (the radial coordinate for all points of the spherical

enclosure is the same and therefore is not a variable in the analysis). That is, the

parametric equations of the circle of reflection in terms of the parameter a must be de-

termined. In general, the parametric equations for 0 and 43 of the circle of reflection

passing through two arbitrary points such as S, and S, are complicated functions. In-

stead of taking such a direct approach, we look for a coordinate system in which a sim-

ple correspondence exists between the polar angle a defined for the circle of reflection

and the spherical coordinates defmed for this coordinate system. One such coordinate

system, shown in Fig. 13, is obtained when the z'- axis of the x',y', z'-coordinate system

passes through the source point S,. Such a coordinate system in this discussion is termed

the source-oriented coordinate system With respect to the spherical coordinates defmed
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for the source-oriented coordinate system, the source is always located at G', = 0 (i.e.,

at the north pole). Then the circle of reflection for S, and S, in terms of the newly de-

fined coordinate system is simply all the points on the sphere whose azimuthal angles

are either da', or 21: — da',. In mathematical notation the azimuthal angle ¢>' for the points

on the circle of reflection in terms of the polar angle I1 (0 S 6: S 21:) is given by

¢'2 , C S 7T

¢>'(<¤) = · (3-25)
21: — ¢>’2

, 6: > 7I

Moreover, considering those polar angles 6: whose values are limited between 0 and 21:,

the zenith angle of the new coordinate system G' is related to the polar angle 6: by

6:, ot S 7Z
Ü'(tZ) = , (3.26)

21: — 6:, 0: > 7l

which can be written

G'(6:)=1:-I1:—6:I . (3.27)

° Equation (3.24) can now be rewritten in terms of the source-oriented coordinate system,

as given by Eq. (3.27); that is,

2 k G'
(3.28)

In Eq. (3.28) G'„,, is the zenith angle corresponding to the first reflection, and G', is the

zenith angle of S,, as shown in Fig. 13.

The intent of the following sections is to eventually obtain a procedure for evaluating

the integral on the right-hand side ofEq. (3.10), f$(667* + p¢ H) dE_,_,l_,_,.. As was stated

at the end of the Section 3.1.2 and will be shown ir1 the next two sections, the evaluation
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of this integral involves a tedious procedure. As a concession to notational simplicity,

the radiosity, sa7‘ +
p‘

H, is not carried along during the development, and so there

results a method for evaluating f‘_dE_„l_„2 , where A, is an arbitrary area. This latter

integral is the same as the exchange factor E„‘_,2 , according to Eq. (3.22a). The

radiosity is then reintroduced when the development is complete.

3.2.2. Exchange Factor in a Spherical Enclosure Having No Opening

In this section we consider the derivation ofEMV,} , where A, is an arbitrary surface

element in the wall of a spherical enclosure. It is assumed that there is no opening on

the wall of the enclosure. In the next section the discussion is taken further to include

the possibility of an opening of arbitrary shape.

As was discussed in Section 3.1.1. the view factor between two arbitrary surface ele-

ments within the surface of a spherical cavity depends solely on the size of the second

surface (see Eq. (3.5)). Consequently in determining the factors df, based on Eq. (3.23),

it is sufficient to obtain only the size of the fictitious area a'A,,,,. Taking advantage ofthis

simplilication we derive the exchange factor E,_,1_,z between an infinitesimal element

dA, and a finite area A,, as illustrated in Fig. 14. We first derive the exchange factor

from dA, to dA,; this latter is an infmitesirnal subdivision of A, centered on the longi-

tudinal line ¢>' and enclosed between longitudes ¢>' — ig; and
¢>’

+ (see Fig. 14).

Safwatt [59] assumed that dA,_,, is given by % dA, . This assumption holds true when

the surfaces in the enclosure are flat; however, as is shown below, it is invalid in the case

of spherical cavities.

One restriction on the shape of the area A, is that when a given longitudinal line

intersects it, the intersection is one continuous circular arc. This restriction does not

sacrifice the generality of the problem; it merely eliminates the urmecessary compli-
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cations of dealing with two or more differential areas on a given longitudinal line. In the

6’·direction dA, extends from 6* to 6*, as shown in Fig. 14. The zenith angles 6* and 6*

are in general functions of :i>' and their magnitude can be obtained by solving simul-

taneously the analytical expression for the boundary of A, and the longitudinal line ¢>'.

When A, includes the source element dA,, the lower limit of the area dA, in the 6'-di-

rection, 6* , has a value ofzero for all ¢>'. Moreover, when the area A, includes the point

whose 6'·coordinate has a value of 1:, the upper limit of dA, in the 6'-direction, 6* , has

the value of TI also.

Recalling that all the rays travelling from a point S, to a second point S, by way of

specular reflections remain in the circle of reflection passing through these points, it can

then be concluded that the rays leaving S, which arrive at dA, must lie within the longi-

tudinal band bounded by
¢>’

and
d>’ +-[gl

as well as within the longitudinal

band bounded by 21: — (¢>’ — and 21: — (¢>' +
il-?)

. Therefore, the fictitious area

dA,,,, must also be bounded by these longitudinal bands. That is, its extent in the qS’-di-

rection must be dtb'. The remaining parameter for determination of the size of dA,,,, is

its extent in the 6'-direction. This can be obtained simply by referring to the circle of

reflection of S, at ¢>', as shown in Fig. 15.

By convention the circular arc extending from some polar angle 0:* to some other

polar angle 0:* in the circle of reflection will be indicated by the symbol [0:* ,0:*] . As

shown in Fig. 15, in the circle of reflection the area dA, is represented by the arc

[0:*, 0:*], where 0:* = 6* and 0:* = 6*. Similarly, the circular arc which corresponds to the

fictitious area dA,,,, can be represented by [0:;,, , 0:*,,] , where 0:;,, and 0:*,,, are obtained from

Eq. (3.24). From application of Eq. (3.24) it can be shown that the circular arc

[0:;,, , 0:*,,,] always either lies entirely within [0,1:] or lies entirely within [1:, 21:]. This is

because 0:* and 0:* are both less than or equal to 1:, and for a polar angle 0:,, S 1:, it can

be shown by using Eq. (3.24) that for all k S-; 0:,,,,S 1:; and for all k >%, 0:,,,, > 1I .
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Therefore, it is impossible for the fictitious area dA„, extend from a point on the longi-

tudinal line df to a point on the longitudinal line 21: -— da'. Hence, the size (per unit ra-

dius squared) of the fictitious area dA„, is simply given by

*¢« .dA„k = sm
8’

d8'
dd>’

, (3.29)
OL

where 8,;, and 8;,, the limits of the fictitious area dA„, in the 8' direction, are obtained

by substituting their respective polar angles, 6:;, and 6:;,, into Eq.·(3.27). The absolute

value operation is necessary since, for the cases where k > —;L , the lower limit of the

integral 8;, becomes greater than the upper limit 8;, , as may be shovm by application

of Eq. (3.28). Even though not shown notationally in Eq. (3.29), the limits of the inte-

gral, 8;, and 8;,, are functions of da'. This is because they are functions of 8** and 8*,

respectively, which in turn are functions of da'.

The quantities df, in Eqs. (3.17) and (3.18) can be obtained using Eqs. (3.5), (3.23),

and (3.29), yielding

l 0:1
afQ,k = ——

I
sin 8' d8' d¢>' . (3.30)

4T! gain

Therefore, for a spherical enclosure the exchange factor dE„_,‘ __,,2 is given according to

Eq. (3.18), by

H

_ 1 I II
0:*

· 1 1 1
dEdAl_dAz -E sm8 d8 dd> . (3.31)

n=O k=0
0,.*
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Using the property given by Eq. (3.22b) the exchange factor E„l_,z can be expressed

¢•
EdAl -.4, =

fw dEdA\ -4,4,

¢b oo n0‘I
S N M • 1 1 1

:-2-f smä dä |dd> ,

¢' n=o 1«=o

where ¢>· and 43* are the appropriate limits of A, in the ¢>'- direction, and (p·)'· corre-

sponds to ]i[(p*)„, in Eq. (3.18) when the specular reflectivity is uniform throughout the
1n=l

cavity. Moving the outside integral inside the summations and at the same time moving

the absolute value operator outside both integrals yields

00 H

I S ll
¢b 6:*

· 1 1 1
EdA‘_Az = (p) I a

sm ä dä d¢> . (3.33)
¢ an

n=0 k=0

The justification for moving the absolute value operator outside of both integrals is that

the inside integral, which is a function of ¢>' , does not change sign when ¢>' ranges from

¢>· to ¢>°. In the form shown, the double integral in Eq. (3.33) represents a surface area

within the enclosure surface whose boundaries can be recognized by the integration

limits. This surface is actually the fictitious area obtained for the surface area A, for a

given number of reflections 11 and a given k. Denoting such a surface by A„,, the ex-

change factor E„l_,2 is given simply by

oo H

1E„„.,-„,=; im
II=O I€=Ü
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Of course, the inside integration in Eq. (3.32) can be evaluated in closed form, but it is

more convenient to leave it in the form shown since later the radiosity will bc included

in the integral, as discussed at the end of Section 3.2.1.

3.2.3. The Exchange Factor in a Spherical Enclosure with a Single Openüzg

When there exists a single opening O on the wall of the enclosure, as shown in Fig.

16, the procedure for the derivation of the exchange factor E_,_,l_,,z must be modified.

The needed modifications are discussed in this section. As in the case of the area A,, the

only restriction on the shape of the opening area 0 is that when a given longitudinal line

intersects it, the intersection is one continuous circular arc. If] unlike what is shown in

Fig. 16, the longitudinal lines that define the receiving element dA, do not intersect the

opening, then the opening would have no influence on dE,„l_„a. That is, the size of the

fictitious area dA,,, would be as given by Eq. (3.29). When the longitudinal lines which

define dA, intersect the opening, as is the case shown in Fig. 16, the fictitious area, in·

stead of being one continuous area, consists of a collection of disjointed areas that lie

between 0;,, and 0;,. The reason for this behavior can be best explained by once again

referring to the circle of reflection of S, which passes through dA, , as shown in Fig. 17.

The discontinuity [all" , ¤/1*] shown in the circle of reflection is the result of the circle

of reflection at
¢’

intersecting the opening 0. When there is no discontinuity in the

circle of reflection, the necessary and sufficient condition for the rays from S, to arrive

in [tx" , 61* ] by some number of reflections rz is that they strike one of the arcs given by

[ag, , 41;,,], where k = 0,1,2,...,n , as described in the previous section. When there is a

discontinuity, however, not all of the rays which strike the circle ofreflection for the first

time at the arc [:1;,, , aj,] will get to the arc [ot' , a°]. This is because it is possible that

some or all of these rays at some point on their path will strike the discontinuity defined
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by [qlv , (11*] and escape through it. The arc given by [11;,,, ag,] may then be divided into

two collections of arcs, one whose members secure a "safe passage" to the arc [a' , 01*] ,

and one consisting of the arcs that do not. Only the former collection is relevant to the

determination of the fictitious area dA„,. This collection is denoted by the symbol w.

To obtain the collection w, we must first identify the collection of all arcs within the

circle of reflection upon which, when a ray leaving S, first strikes, the ray will inevitably

escape through the opening before its 11** reflection. We will denote this collection of arcs

by u. Clearly, points on [01;,, , ag,] which are also in the collection u cannot be in the

collection w; that is,

w= [azbagk]-u , (3.35)

where the minus operator (—) means the intersection of [0:;,, , ag,] with aH points in the

circle of reflection except those of u.

We now proceed to obtain the collection of arcs symbolized by u. It is clear that the

rays leaving S, and striking the circle of reflection for the first time at [W , •/1*] do not

have the opportunity for even one reflection. Sirnilarly rays that strike the collection of

[q/1· , ¢1°] , [n/17, , •/1§,] , and [#17, , ¤,11';,] , where the subscripts are those defined by Eq. (3.24),

do not have the opportunity to undergo more than one reflection. Continuing this line

of reasoning, the collection u can be expressed symbolically by

n-1 n·

~ = U U[~1:·.. . ·1i’..„ ] . (3.361
n':o 16:0

where the mathematical symbol QB:) , ß,] means the union ofall arcs [01, , ß/] for which

j = 1,2,...,1. The logical operations implied by the symbol U and by the minus operator

(—) in Eq. (3.35) may be implemented on a digital computer in a straightforward man-
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ner. The collection w can be obtained by combining Eq. (3.34) with Eq. (3.33). Gener-

ally the collection w consists of a set of disjointed circular arcs [0:% ,
a%’]

, where

i = 1,2, , im , and im indicates the total number of such circular arcs. The zenith

angles 0}- , 8%, which correspond to the polar angles af- , af', respectively, give the 0’—ex-

tents of each of the sub-areas which make up the fictitious area dA,,„. These zenith an-

gles can be obtained from Eq. (3.27). Thus, the Iictitious area dA,,,, in this case is given

bv

lml! 0§’
dA„k = IL

sin O' d0' dqb’ . (3.37)

1:1 o'

Following the procedure outlined by Eqs. (3.30) through (3.33), the exchange factor

E,,_,l__,2 is found to be given by

oo il imnx

E = -l— (p“°)"
fw,

foysin 8' d0'd¢>’ (3 38)M1 -'

¢'n=0k=0 x=1

Hence, when there exists an opening 0 on the enclosure surface area, the area corre-

sponding to the fictitious area A,,, defmed in the previous section is given by

[ml!

0*
0}’ _ ·

A„k = S1IlÜ' d0'dd>’ . (3.39)
¢' 0%

l=l
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3.2.4. Isothermal Spherical Cavity with Dißfuse-Specular Surface (Revisited)

In this section the materials presented in two previous sections are applied to defme

a procedure for evaluating the local irradiance in specular and diffuse-specular cavities.

The surface area of the cavity A' in Fig. 7 corresponds to the area A, in the two previous

sections, and the opening 0 corresponds to a spherical cap bounded by the zenith angle

th. In this situation the opening O and the cavity surface area A' share the same

boundary. The source element dA, in Eq. (3.10) is located at zenith angle 0,. Due to

symmetry, the circumferential position of the element dA, is arbitrary for evaluation of

H. Therefore, we have considered the area dA, to be located in the position shown in

Fig. 18 (i.e., ¢>, = 3 {2-L) since in this position the source-oriented coordinate system can

be obtained by simply rotating the y,z-plane in the counterclockwise direction about the

x-axis by the amount 0,, as shown in Fig. 19. The relation between the (0, tp) of the

original coordinate system and (0', da') of the source-oriented coordinate system may be

obtained by using the coordinate transformation matrix for this rotation,,1 0 0 ]|ésin0 eos 41, [sin 6· eos 6]
0 cos 0, sin 0, sin 0 sin d> = sin

0’
sin

¢>’
. (3.40)

0 — sin 0, cos 0, cos 0 cos
0’

In order to follow the procedure defined in Sections 3.2.2 and 3.2.3, it is important

to obtain a parametric equation for the boundary of the cavity in terms of the variables

of the source-oriented coordinate system. By knowing this parametric equation, the

angles corresponding to ¤h* and 1lz* can be obtained. Since the cavity opening and the

cavity wall share the same boundary, the same parametric equation can be used to ob-

tain the angles corresponding to 0* and 0*. This parametric equation can be obtained

by first substituting the angle th, which defmes the boundary of the cavity in the original

3.0 Tneoretieel Development 49



coordinate system, for 6 in Eq. (3.40). After multiplying out the matrices on the left-

hand side of Eq. (3.40) and some further algebraic manipulations, the boundary of the

cavity in terms of the source-oriented coordinate system is expressed irnplicitly by

cos 6' + (tan 6, sin ¢>') sin 6' = . (3.41)cos 6,

Solutions of Eq. (3.41) for a given qS' can be used to obtain the angles corresponding to

da" and ¢>*, as well as 6* and 6*.

The equation for the distribution of the irradiance on the cavity wall, Eq. (3.10) may

now be written

°°
”

l'“"‘ ze of'
H(6,)=i-

2(p‘)”2|f
(soT4 +pdH) sin 6'd6’dd>’| . (3.42)

n:o l:=0 1:1
°

0i'

Equation (3.42) is obtained by introducing the radiosity into Eq. (3.38) and setting the

. limits of integration over
q5’

(i. e., ¢>' and 45*) from 0 to 21:. However, due to symmetry,

these limits can be assigned the values 1:/2 and 31:/2, respectively, and the results then

multiplied by two.

Solution of Eq. (3.42) for discrete points on the cavity wall can be obtained by an

iterative procedure. The procedure is started by assigning guessed values for H at dis-

crete points (i.e., 6’s). Then, by using these values the integral on the right-hand side

at all the points considered is evaluated to obtain irnproved values for H. This process

is repeated until a convergence criterion is met. In order for the distribution of H to be

continuous, it can be assumed to behave linearly as a function of 6 between the consid-

ered points. Once the distribution of H on the cavity wall is obtained, the distribution
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of the heat flux can be obtained by using Eq. (3.2). The apparent emissivity can then

be evaluated by using Eq. (3.1). As was previously mentioned, when the cavity wall is

purely specular, there is no need for iteration. The distribution of irradiance can be

obtained by using Eq. (3.11) in which the exchange factor E„l__,. is obtained from Eq.

(3.38).

The Computer program CVTY, listed in Appendix B, has been used to obtain the

distribution of the local heat flux on the wall of a diffuse-specular cavity. The results

obtained for various cavity opening angles and surface conditions are presented and

discussed in Chapter 4. All the integrations were performed by using the Romberg

method (sometimes known as the method of extrapolation to the limit) in conjunction

with simple trapezoidal rule for integration. The subroutine which performed the inte-

gration was obtained from Reference 69. For the inside integration the tolerance for

terrninating the successive integrations was set at 10**, while for the outside integration

it was set at 10** . These tolerances address the question of convergence rather than

accuracy. The interested reader is referred to Reference 69 for a detailed interpretation

of these tolerences.

The points considered for the evaluation of H were separated by about 3 deg. The

initial guessed values for H at the mesh points were those obtained by assuming p' = 0

in Eq. (3.42). The convergence criterion used to determine the number of iterations I

was

ij; \/2(1% - 1%**)* $0.001 , (3.43)
J

where fü is the radiosity at thej"' mesh point evaluated at the I'* iteration. The number

of reflections N considered for evaluation of the exchange factor was determined from

the criterion
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(p‘)N = 0.001 . (3.44)

This yielded N =3, 6, 10, 20, and 66 for p' = 0.1, 0.3, 0.5, 0.7, and 0.9, respectively. Re-

ducing the convergence criterion in the right-hand side of Eq. (3.43) by a factor of ten

changed the results only at the fourth significant figure and beyond.

3.3. Absorption of Collimated Radiation Entering a Specular Spherical

Cavity at a Specified Angle

For a diffuse spherical cavity the apparent absorptivity has been found in Reference

54 to be independent of the manner in which radiation enters the cavity. In the same

reference the apparent absorptivity was shown to be given by the same expression as

Eq. (3.9) except with the emissivity of the wall s replaced by the wall absorptivity a.

Thus, when the wall of the cavity is gray the apparent emissivity and the apparent

absorptivity both are given by Eq. (3.9). In this section a method is developed to obtain

the apparent absorptivity of a perfectly specular spherical cavity when parallel radiation

enters its opening at a given angle. The development draws on some ofthe fundamental

concepts used in the previous section.

Figure 20 shows a spherical cavity, whose wall is a perfectly specular reflector

(p = p·) , subject to a parallel radiation flux of 1,, (watts per unit normal area) to the

opening at a given angle. The y,z-plane of the .x,y,z- coordinate system shown in Fig.

20 is arbitrarily oriented parallel to the direction of the incoming radiation. The direc-

tion of the radiation can then be identified by the angle y it makes with respect to the

z·axis, as shown in Fig. 20. The radiation can be considered to be originating from a

point source infmitely far from the cavity. Consistent with the approach taken in Sec-
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tion 3.3. the y,z-plane is rotated by an amount y so that the z-axis passes through the

source, thus obtaining the source-oriented coordinate system shown in Fig. 2l. With

respect to the spherical coordinates of this coordinate system, the rays entering the

cavity on a given longitudinal line 4S' undergo specular reflections as a group within the

circle of reflection at da'. Hence, the total energy absorbed by the cavity can be obtained

by finding the portion of the energy that enters the cavity through a longitudinal band
d¢>’

at
¢>’

that is absorbed, and then integrating over the appropriate limits of the cavity

opening in the ¢>' -direction. The boundary of the cavity opening with respect to the

spherical coordinates of the source-oriented coordinate system is given by Eq. (3.42) in

which 9, is replaced by y.
u

Figure 22 shows the circle of reflection at the azimuthal angle ¢>' . The rays, which

in this arrangement are parallel to the z'-axis, enter the circle of reflection through the

discontinuity shown by [W , W ] in the figure, and undergo multiple reflections within

the circle of reflection. As a result, some of these rays may be reflected into the dis-

continuity and escape through it. We now proceed to determine the portion absorbed,

during the :1** reflection, of that which enters the circle of reflection through the opening.

Note that each ray that enters the circle of reflection can be completely identified by the

polar angle of its point of entry on the circular arc [W , W ]. For a given number of

reflections n , it is possible to divide the circular arc [W , W] into two collections of

arcs. One collection identifies the rays that do not encounter the discontinuity during

their first n reflections, while the other collection identifies the rays that do encounter the

discontinuity during their first n reflections. The former collection is identified by the

symbol v. By using collection v the fraction absorbed by the cavity during the n'* re-

flection of that portion of the energy which enters the cavity through the longitudinal

band dd>' at ¢>' can be calculated. In order to obtain the collection v the reflection points

of a given ray entering the circle of reflection must be determined. From Fig. 22 it can
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be seen that the polar angle between two consecutive reflection points for a ray entering

the circle of reflection at a polar angle a„ is given by 1: — 2a„ . Hence the polar angle of

the 11** reflection point is given by

0:,, = nr: — (2n — l)ao . (3.45)

By using Eq. (3.45) the procedure for finding the collection v can be easily implemented

on a digital computer. Clearly the circular arc where the first incidence occurs has no

point in common with the discontinuity. Hence, the procedure for finding the collection

v starts out by finding the circular arc where the second reflection occurs by substituting

:/1** and •ß° into Eq. (3.45) for I1 = 2. Next we compare the circular arc thus obtained with

the discontinuity. If there is a common region, then the rays that strike the common

region escape through the discontinuity. We exclude the circular arc corresponding to

those rays from [dr" , n/1*] and continue the procedure up to and including the 11** re-

flection.

The circular arcs which make up the collection v are identified by [aß}- , rh? ] , where

i = 1,2, , i„,„„. Through each circular arc [n/1} , aß? ] ofwidth
d¢>’

enters an amount of

energy which can be identified by the symbol a'Q,*!„ __*.„) . The portion of this energy

which is absorbed during the 11** reflection is given by (l — p*)(p‘)^ dQw*4,). Hence, the

total energy which is absorbed due to that which has entered the cavity through the

longitudinal band
dd>’

at ¢>' is given by

(mx

dQ„ = (1 — p‘)(p‘)”
;dQ(„,,; .,,,5 · (346)

The amount that is absorbed during all reflections is thus given by
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00
°o

[ml!

- -
__ ( -1)dQ(¢>) — ZdQ„ - (1 p‘)Z(ß‘) " ZdQ,,,} „,,y, · (3-47)

II=0 R-0
i=l

The quantity yet to be determined is dQ,„,, __,,,, . Also shown in Fig. 22 is the radiative

energy which enters the circle of reflection through a dilferential polar angle of d6:,, at

6:,,. The normal component of the differential area where the first reflection occurs is

given by cos 6:,, sin 6:,, da, de/>. Hence,

:1 . 1. . 2 „ . 2 L
dQ(,,1. __,,:1) = [of sm 6:,, cos 6:,, d6:,,d¢> = —( sin gb, — sm rh,) . (3.48)

IlBy

substituting the right hand-side of Eq. (3.48) for dQ,,,___,,,, into Eq.(3.47), the amount

_ of energy which is absorbed due to that which enters the cavity through the longitudinal

band dqS’ at
¢’

can be calculated. The amount of the energy which is absorbed by the

cavity can be obtained by integrating Eq. (3.47) from 4) = 1:/2 to da = 31:/2 and multi-

plying the results by two, as the case discussed in Section 3.2.4. Dividing the energy

absorbed by the total energy which enters the cavity gives the apparent absorptivity 6:,.

The amount of energy which enters the cavity is given simply by

Q, = 7l sinz gb cos y 1,, . (3.49)

The computer program PRYS, shown in Appendix B, has been used to obtain the

apparent absorptivity of a spherical cavity having purely specular walls for incident

parallel radiation. The results, obtained for a variety of surface and geometric conditions

are presented and discussed in Section 4.2. The program involves a numerical inte-

gration over the
:/>’

variable. This integration is perforrned by using the Romberg
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method. The tolerance for terminating the successive integration was set at
l0·‘

(see

Reference 69). The number of reflections considered for calculations was obtained ac-

cording to Eq. (3.44).
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4.0 Results and Discussion

The results presented in this chapter reveal the behavior of two important properties of

a spherical cavity: the apparent emissivity and the directional apparent absorptivity.

When the cavity walls are gray, the apparent emissivity and the apparent absorptivity

are identical (see Reference 11, page 59). This same equivalence also exists for the ap-

parent directional absorptivity and the apparent directional emissivity if the surfaces are

gray (see Reference 63, page 18). In Section 4.3 the exact analytical results presented in

this chapter are verified by comparing them with results obtained independently using

the Monte Carlo technique.

4.1. Results for Cavity Emission

ln this section initial consideration is given to presenting the results for the local heat

transfer distribution within spherical cavities whose walls are diffuse emitters and both

diffuse and specular reflectors of thermal radiation. These results help achieve a better

understanding of the overall emission characteristics of the cavity.
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4.1.1. Local Heat Transfer Results

The distribution of the heat transfer to the cavity surface is shown in dimensionless

form, q/oT‘, where T is the uniform cavity wall temperature, for cavity opening angles

ranging from 105 deg to 15 deg in Figs. 23 through 46. The positive values ofq/oT' are

consistent with the idea that heat is lost from the walls since no radiation enters from

outside where T= 0 The position on the cavity wall in each graph is indicated in terms

of the zenith angle 0. There are two sets of graphs shown: one set (Figs. 23, 25, 27, 29,

33, 37, and 41) shows the local heat transfer characteristics of purely specular cavities,

while the other set (Figs. 24, 26, 28, 31, 35, 39, and 43) shows the local heat transfer

characteristics of cavities having diffuse-specular walls with a rejlectivity ratio of 0.5,

where the reflectivity ratio is defined as the ratio of When the opening angle

l/1 5 60 deg, a three-dimensional graph also accompanies the results for each case (Figs.

30, 32, 34, 36, 38, 40, 42, and 44). The local heat transfer distributions are obtained for

the wall emissivities of 0.1, 0.3, 0.5, 0.7, and 0.9. Corresponding to every specular or

diffuse-specular local heat transfer characteristic curve there exists a horizontal straight

line which represents the uniform heat transfer distribution for diffuse cavities. These

latter results were obtained from Eq. (3.9).

When the cavity opening angle is greater than or equal to 90 deg (Figs. 23-26), the

heat transfer for specular surfaces increases slightly with 0. When the cavity opening

angle is less than 90 deg (Figs. 27-44), starting from the cavity mouth the nondimen-

sional heat transfer decreases slowly with increasing 0 and, after reaching a minimum,

it increases slowly. After passing though an inflection point at 8, = 180 — u/1 it reaches

a maximum at the bottom of the cavity. The value of the nondimensional heat transfer

at a given location 0, is related to the size of the spherical sector which is defined by all

circles of reflection that pass through a differential surface element dA, located at 0, and
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which intersect the hole. This is because the circle of reflection is the only specular path

for the transfer of radiant energy in a spherical cavity having specular walls. When

0, > 0, this sector, unlike when 0, < 0, , is actually the entire sphere because all circles

of reflection that pass through A, intersect the hole. This explains the greater magnitude

of the heat transfer when 0 > 0, than when 0 < 0,. We will refer to the region of the

cavity for which 0 < 0, as the side-wall of the cavity and the region for which 0 > 0, as

the bottom-wall of the cavity.

For any given surface condition, as the size of the opening angle decreases, the

nondimensional heat transfer also decreases and the spacing between the curves becomes

less. This is an expected trend since in the limiting case where there is no opening on

the cavity surface, the net heat transfer at all locations within the surface of an

isothermal cavity must be zero regardless of the surface properties of the cavity wall.

At the other extreme, as the cavity opening angle approached 180 deg, the nondi-

mensional heat transfer must approach the value of the surface emissivity. This is be-

cause the cavity becomes a flat surface in the limit, and so there is no reflection of

radiation onto the surface, and the local heat transfer is given simply by 667**. For dif-
1

fuse cavities this can be verified by inspection of Eq. (3.8). Specular and diffuse-specular

cavities must also show the same type of behavior because, as pointed out previously,

for large opening angles the heat transfer distribution curves for all reflectivity ratios

converge to the constant horizontal line corresponding to the diffuse emissivity.

In a cavity with diffuse waHs, higher emissivity s results in a larger heat transfer

throughout the surface, but this is not the case as the cavity surface becomes specular.

By referring to the three·dimentional graphs for the cases when the cavity opening angle

is less than or equal to 60 deg (even numbered Figs. 30-44) it may be seen that the peak

value of heat transfer at the bottom of the cavity occurs at a value of surface emissivity
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somewhere between but never equal to zero and one. As the size of the opening angle

decreases, the value ofemissivity corresponding to the peak heat transfer gets smaller.

It is also interesting to look at the difference between the values of the local nondi-

mensional heat transfer for a diffuse surface and a specular surface. This difference is

largest when e = 0.5 (see for example Fig. 37). At high emissivities this difference is

small because as the value of s approaches unity, the cavity becomes a blackbody, and

the type of surface reflection becomes irrelevant. At low emissivities as emissivity gets

small (reflectivity gets large) the difference between the heat transfer in a diffuse cavity

and a specular cavity is reduced. This is because with low surface emissivities, the di-

rectional effects of the surface reflection become less significant due to the large number

of reflections. For small opening angles, assuming a diffuse waH when the wall is purely

specular can lead to large errors in calculation of the local heat transfer. For example

when the cavity opening angle is 45 deg and the emissivity e = 0.5, this error is about

50 percent on the bottom wall of the cavity, and it can get as high as 300 percent when

the opening angle is 15 deg (see Figs. 33 and 41, respectively)

In Figs. 45 and 46 the reflectivity ratio is varied for a cavity opening angle

of 60 deg and an emissivity of 0.5. The results shown are for the reflectivity ratios of

zero (purely diffuse), 0.25, 0.5, 0.75, and unity (purely specular). On the bottom-wall

of the cavity the heat transfer curves are separated by an approximately equal distance.

In contrast the curves on the side-wall region are not spaced equally. Another obser-

vation that may be made by referring to Fig. 45 is that the heat transfer curve for a

purely diffuse surface and that for a purely specular surface do not bound all the other

curves near 0,. This indicates that the purely specular and purely diffuse surfaces do not

always represent the limiting cases.
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4.1.2. Overall Emission

The apparent emissivities were obtained by integrating the (discrete) values obtained

for the local heat transfers, using the trapezoid rule, over the cavity surface and applying

Eq. (3.1). The numerical results obtained in this manner are tabulated in Table l and

are plotted in Fig. 47.

As in all cavities previously studied, the apparent emissivity is always greater than

the surface emissivity. The apparent emissivity approaches the emissivity of the surface

as the cavity becomes wide open (i. e., becomes a flat plate). When the cavity opening

angle approaches zero, the apparent emissivity in all cases approaches unity.

There is, however, one important difference between the apparent emissivity results

of spherical cavities and those of cylindrical and conical cavities. In spherical cavities,

for a given surface emissivity, the apparent emissivity is not always an increasing func-

tion of the degree of specularity. As mentioned in Section 2.2, this difference has also

been noted by Campanaro and Ricolfi [58] based on their approximate results. Based

on the results shown in Fig. 47, specular cavities have a higher apparent emissivity when

the surface emissivity is 0.9. However, as the emissivity of the surface decreases, curves

representing the specular cavities begin to shift downward relative to the curves for the

diffuse cavities. Eventually, as the emissivity of the cavity surface approaches a value

of 0.1, the apparent emissivity of the diffuse cavity becomes greater than that of the

specular cavity. This is a disadvantage of specular cavities having low surface

emissivities. As the wall emissivity 6 is changed, the apparent emissivity curves for the

diffuse-specular (p' /p = 0.5) cavities deviate from those for the diffuse cavities in the

same manner but at a slower pace than those for the specular cavities. Note, however,

that for low emissivities diffuse cavity and the diffuse-specular cavity have essentially the
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same apparent emissivities for all opening angles. This seems to suggest that for low

emissivities the diffuse effect dominates the specular effect.

Another curious observation that can be made regarding the apparent emissivity re·

sults for the spherical cavities is that the apparent emissivity for a diffuse-specular cavity

does not always fall between the apparent emissivities of the corresponding purely dif?

fuse and purely specular cavities. This is another example where purely diffuse reflection

and purely specular reflection do not always represent limiting cases in radiation ex-

change. U

The dependence of results on the degree of specularity becomes practically insignifl

icant when the cavity opening angle becomes greater than approximately 105 deg for

high and rnidrange values of emissivity. However, for small emissivities this is true for

even smaller cavity angles.

Finally, variation of the apparent emissivity in spherical cavities is a weaker function

of the degree of specularity than in the case of the conical and cylindrical cavities as can

be seen by comparing Fig. 47 with Figs. 4 and 5. In fact, referring to Fig. 48 which

shows the cavity effect 6,/6 as a function of opening angle with surface emissivity as a

parameter, it can be seen that for 6 2 0.5 the curves representing the cavity effect for the

diffuse, specular, and diffuse-specular cases are ahnost indistinguishable.

4.2. Absorption of Collimated Radiation (Directional Apparent Absorptivity)

The results for the directional apparent absorptivity are shown in polar graphs for

cavity opening angles ranging from 150 deg to 15 deg in Figs. 49 through 58. Each

figure shows the directional apparent absorptivity oz, (y) as a function of the angle of in-

cidence y for various surface absorptivities a. Apparent absorptivity results for the cor-
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responding diffuse cavities, which are independent of y, are also plotted for comparison.

Results for the diffuse case were obtained directly from Eq. (3.8).

As expected, for a given opening angle and incidence angle, as the absorptivity of the

wall a increases, so does a, (y) . Moreover, for a fixed wall absorptivity a as the cavity

opening angle increases ot, (y) decreases for all y. The apparent absorptivity is normally

greater than the absorptivity of the cavity surface. However, for large opening angles,

it is possible that for some values ofy the radiation entering the cavity reflects out of the

cavity after one reflection. ln these cases oz, (y) = oc . (See the results for •/1 = 150 deg in

Fig. 49).

The nature of the directional apparent absorptivity changes radically as the cavity

opening angle decreases. For this reason, it is not possible to express a general trend for

a, (y) that is applicable for all opening angles except that as the opening angle becomes

smaller the behavior becomes more complicated. However, it is roughly true that in

cavities with opening angles of less than 90 deg, the directional apparent absorptivity

has its largest values when the angle of incidence approaches 90 deg. This is not the

case, however, for cavities with nh 2 90 deg.

An interesting feature of the directional apparent absorptivity curves when the cavity

opening angle is less than 90 deg is that they all have a local peak when the angle of

incidence is the same as the cavity opening angle. This behavior may, however, be for-

tuitous for the specific cavity opening angles considered in this study. Therefore, more

cases must be studied in order to establish whether this behavior is general for all cavity

opening angles less than 90 deg.

Generally the curves for the directional apparent absorptivity become smoother ei-

ther as the opening angle or as the surface absorptivity increases. To help explain this

phenomenon, oz, (y) may be written as
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<¤„ (v) = 1 — (¢>‘)G (v) + (p‘)°ß (v) + (1>’)°J3 (v) (4-1)

where the functions jf, (y) give the fraction of the energy entering the cavity which is re-

flected out after rz ideal (p' = 1) reflections. Consider as an example the variation of

jj (y) with y when the cavity opening angle is small. Then for a value of y near 90 deg,

all the radiation which enters the cavity stays inside the cavity after the first reflection;

therefore, ß = 0. As the angle of incidence y decreases, the value ofj; remains zero up

to a certain angle of incident, say y', where the radiation starts to be reflected out of the

cavity. Clearly, from this point onj] has a different behavior; therefore, a sudden change

of slope occurs at y' . A similar behavior occurs for all the other f,
’s

in Eq. (4.1).

Therefore, when a fewer number of terms can be used in Eq. (4.1) to accurately express

tz, (y) , its behavior as a function of incidence angle will be smoother. This happens when

either the surface absorptivity becomes high, or the opening angle becomes large. When

absorptivity of the surface is high, p' is small; therefore, the higher order terms become

negligible in Eq. (4.1). On the other hand, when the cavity opening angle is large, most

of the radiation is reflected out of the cavity after the first few reflections (i. e., the

functions jf, become very small or zero for large rz); therefore, higher order terms in Eq.

(4.1) become negligible in this case also.

At this point it is interesting to make some comparisons between the values of the

directional apparent absorptivity for cavities with diffuse walls and those for cavities

with specular walls. Note that in cavities with sufliciently small opening angles when the

surface absorptivity has a small value, such as 0.1 (or lower), the value of ot, (y) for a

cavity with a specular wall is smaHer than the corresponding value for a cavity with a

diffuse wall for all incident angles. This is because when a ray enters a cavity having

specular walls, it remains in a circle of reflection which intersects the hole. Therefore,

the ray has a good chance of being reflected out of the cavity with a significant portion
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of its original energy after a reasonable number of reflections. However, when a ray

enters a cavity whose walls are diffuse, it gets "lost" in the cavity because the cavity

opening is small, and there is a relatively small probability that the ray will be reflected

out of the cavity by diffuse reflection.

As the value of the absorptivity of the cavity wall gets larger, heat transfer is defined

by a decreasing number of reflections. In this case, the energy contained in a ray en-

tering a diffuse cavity has a better chance of being reflected out of the cavity than a ray

entering a specular cavity. This is because the diffusely reflected ray is not restricted to

travel within a circle of reflection which, in most cases, guarantees some minimum

number of reflections before the specularly reflected ray is reflected Out. Therefore, as

a gets larger, the values of a, (y) for specular cavities get closer to those of the diffuse

cavities, and for high values of surface absorptivity, the former exceeds the latter for a

large range of incident angles.

For large cavity openings, diffuse and specular cavities have directional apparent

absorptivities that are close to each other. This is because most of the rays that enter

the cavity are reflected out after a small number of reflections regardless of whether the

cavity surface is diffuse or specular. In the extreme case ofwhen the cavity is wide open,

the apparent directional absorptivities ofboth diffuse and specular cavities become equal

and equal to the surface absorptivity.

Finally, it should be mentioned that the results obtained suggest that there exists a

potential for using spherical cavities having specular walls in designing directionally se-

lective surfaces. Depending on the desired directional selectivity, a cavity with a certain

opening size may be used. For example when the cavity opening angle is 105 deg and

the absorptivity a is 0.1, the ratio of oz, (0)/a, (90) is approximately two. On the other

hand, this ratio when the opening angle is 45 deg is approximately 0.5 for the same value

of a.
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4.3. Comparison With Monte Carlo Results

In order to support the apparent emissivity and directional apparent absorptivity

results reported above, they are compared with values obtained using the Monte Carlo

method, which is a completely independent approach. Implementation of the Monte

Carlo method is discussed in detail in Appendix A.

For the Monte Carlo calculations of the apparent emissivity, the surface ofthe cavity

was subdivided as follows. The surface of a complete sphere was divided into four

equal·area latitudinal bands, and the surface of a given cavity was divided according to

the greatest integral number of the sub-divisions of the complete sphere covered by the

cavity. This roughly assured that cavities having larger surface areas (smaller opening

angles) would be divided into a larger number of equal area elements than the cavities

with smaller surface areas. For all cases 40,000 energy bundles were emitted per element.

This number of energy bundles gives results that are within approximately 0.1 percent

of the apparent emissivity results for the diffuse cavity, for which the exact closed-form

l solution is known. Two types of tests were performed. In the first type (Table 2a) the

wall emissivity s was fixed at 0.5 and the opening angle rl: was varied, and in the second

type (Table 2b) ¢ was fixed at 60 deg while the wall emissivity was varied.

By referring to Table 2, it can be seen that the Monte Carlo results agree, except in

a few cases, to within one percent of the exact analytical results. This good agreement

verifies that the assumptions made in the formulation ofthe analytical model are correct

and that the computations are free of error (other than the usual numerical errors inev-

itably associated with numerical integration). The 2-3 percent disagreement observed in

cases when the cavity opening angle is small is known to be attributable to insuflicient

statistical sampling in the Monte Carlo method.
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The CPU times required to obtain the results in Table 2 are shown in Table 3. In

all cases, as the surface emissivity decreases the required CPU time increases. This is

because when the reflectivity is high, a larger number of terms must be retained in the

series representation of the apparent emissivity. The same trend is observed as the cavity

opening angle decreases. The required CPU times for the diffuse-specular cases in the

exact analytical method are considerably larger than those for the Monte Carlo calcu-

lations because of the iterative technique that was used. In these cases the Monte Carlo

method can be used to obtain results with reasonable accuracies while using relatively

little computing time. It should, however, be pointed out that the Monte Carlo method

developed for the present study does not provide the heat transfer distribution on the

cavity wall, but that this is obtained as a by-product of the exact analytical method.

The work by Toor and Vistanka [26] showed that the Monte Carlo method is not an

efficient method for evaluation of the local heat transfer on the wall of an enclosure.

The Monte Carlo method was also used to verify the validity of the results obtained

for the directional apparent absorptivity. The comparison of the two results, as well as

the comparison of the required CPU times, are shown in Table 4. This comparison was

performed for the case when the cavity opening angle is 15 deg and the emissivity is 0.3

for various incidence angles y. Experience with the model indicates that this case pro-

vides a good check of the analytical results because the emissivity is low and the opening

angle is small, both of which lead to more reflections within the cavity. Therefore,

higher order terms must be used for the analytical computations, and if there is any error

in the analysis it would be likely to show up ir1 these results. In this case 10,000 energy

bundles were introduced into the cavity opening to obtain the Monte Carlo results. As

can be seen, the agreement between the two methods is excellent. The required CPU

times are also smaller than those for the apparent emissivity calculations because the

calculations for the apparent directional absorptivity required only one numerical inte-
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gration. At all angles the CPU time is an order of magnitude less for the analytical

method than for the Monte Carlo method.
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5.0 Conclusrons and Recommendatrons

Based on the results obtained in this investigation the following conclusions may be

drawn:

1. In isothermal spherical cavities having specularly reflecting walls, the heat transfer

distribution necessary to maintain the cavity isothermal can be highly nonuniform.

This nonuniform distribution becomes more evident as the cavity opening angle de-

creases. The local heat transfer is always greatest on the cavity wall opposite the

opening. This behavior is unlike diffuse spherical cavities in which the local heat

transfer is uniform throughout the cavity wall.

2. Similar to other cavity configurations previously reported in the literature, the cavity

effect in spherical cavities is most pronounced at small opening angles and low

emissivities. The cavity effect is, however, not as sensitive to the degree of

specularity of the cavity wall as in the case of other types of cavities.

3. Unlike other cavity configurations, there are cases in which the apparent emissivity

of a diffuse cavity exceeds that of a specular cavity. Moreover, in some cases the
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apparent emissivity for a diffuse-specular cavity does not fall between the apparent

emissivities of a purely diffuse and a purely specular cavity. That is, purely diffuse

and purely specular walls do not appear to always be the limiting cases.

4. The directional apparent absorptivity of spherical cavities having specular walls is

found to be increasingly dependent on the angle of incidence of radiation as the

opening angle gets small and the absorptivity of the wall decreases. This behavior

is more apparent for opening angles less than 90 deg.

5. Comparison between the directional apparent absorptivity of spherical cavities

having diffuse walls and specular walls depends on all of the parameters: the angle

of incidence, the cavity opening size, and the surface absorptivity. However, for

cavities having a small opening angle and a low absorptivity, the diffuse cavity is a

more efficient absorber than a specular cavity for a wide range of angles of inci-

dence. This is in contrast to the behavior of other cavity configurations.

The following recommendations are made for further work in this area:

1. The problem of a prescribed uniform heat flux to the cavity surface, which has the-

oretical value, may be solved using the procedure developed in this work with some

modifications. In this problem heat conduction may be neglected or can be con-

sidered by a coupled conduction equation.

2. An attempt should be made to study the relative advantages of alternative ap-

proaches, such as the variational or the fmite difference methods, for solving the

integral equation resulting from the radiant exchange formulation.
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3. In the problem of absorption of parallel radiation a point source was considered to

be located at a distance infinitely far from the cavity. A more general procedure can

be easily developed for the case when the point source is at a finite distance away

from the cavity mouth using the idea of orienting the z-axis such that it passes

through the source. It would also be interesting to study the case of a fmite size

(rather than a point) source.

4. The absorption problem can be extended further to obtain the local distribution of

the absorbed energy. Also, a procedure should be developed for obtaining the an-

gular distribution of the radiation rellected out of the cavity mouth. This distrib-

ution may help in prediction of the reflective behavior of real surfaces.

5. Finally, a comprehensive heat transfer model should be developed in which absorp-

tion and emisson are considered together to describe the heat flux distribution on

the cavity wall. This comprehensive model may be of practical importance ir1

radiometry.
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Table 1. Apparent emnssnvmes of spherical cavnties, calculated by the exact analytica!
method, for varnous surface propertxes and cavnty openmg angles.

W
-;,--0

%-o.s $-0.6 *%-1 _

0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
15 0.9981 0.9982 0.9985 0.9927 0.9941 0.9915
30 0.9926 0.9944 0.9965 0.9721 0.9769 0.9773
45 0.9840 0.9882 0.9927 0.9409 0.9519 0.9581
60 0.9730 0.9798 0.9865 0.9032 0.9198 0.9315
75 0.9604 0.9686 0.9765 0.8629 0.8816 0.8963
90 0.9474 0.9534 0.9591 0.8235 0.8364 0.8473

105 0.9346 0.9360 0.9371 0.7876 0.7901 0.7916
120 0.9231 0.9225 0.9218 0.7568 0.7554 0.7535
135 0.9134 0.9125 0.9115 _ 0.7322 0.7303 0.7281
150 0.9061 0.9055 0.9049 0.7144 0.7132 0.7119
165 0.9015 0.9014 0.9012 0.7036 0.7033 0.7029
180 0.9000 0.9000 0.9000 0.7000 0.7000 0.7000

rf!0

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
15 0.9832 0.9860 0.9684 0.9618 0.9611 0.9034
30 0.9372 0.9425 0.9266 0.8648 0.8659 0.8004
45 0.8723 0.8851 0.8771 0.7453 0.7537 0.7057
60 0.8000 0.8189 0.8213 0.6316 0.6444 0.6228
75 0.7296 0.7499 0.7603 0.5363 0.5499 0.5480
90 0.6667 0.6799 0.6891 0.4615 0.4699 0.4735

105 0.6137 0.6159 0.6162 0.4051 0.4062 0.4051
120 0.5714 0.5700 0.5674 0.3636 0.3627 0.3605
135 0.5395 0.5377 0.5352 0.3343 0.3332 0.3315
150 0.5173 0.5163 0.5149 0.3148 0.3142 0.3133
165 0.5043 0.5040 0.5036 0.3036 0.3035 0.3032
180 0.5000 0.5000 0.5000 0.3000 0.3000 0.3000

= 0 = 0.5 *7; = I

0 1.0000 1.0000 1.0000
15 0.8671 0.8629 0.6401
30 0.6239 0.6199 0.4476
45 0.4314 0.4320 0.3413
60 0.3077 0.3101 0.2736
75 0.2307 0.2334 0.2247
90 0.1818 0.1833 0.1832

105 0.1500 0.1502 0.1496
120 0.1290 0.1289 0.1283
135 0.1152 0.1150 0.1146
150 0.1064 0.1063 0.1061
165 0.1016 0.1015 0.1015
180 0.1000 0.1000 0.1000
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Table 3. Comparison of the CPU times (s) for the exact analytica] method and the
Monte Carlo method.

(The times correspond to the calculated values in Table 2.)

a) 0 = 60 deg

-

Analytical Monte Carlo Analytical Monte Carlo Analytical Monte Carlo

0.9 0.00 9.52 21.98 9.62 0.71 9.87
0.7 0.00 10.72 43.87 11.04 1.63 11.39
0.5 0.00 12.53 60.51 13.12 4.17 13.76
0.3 0.00 15.35 108.46 16.46 15.32 18.03
0.1 0.00 20.70 185.02 22.86 78.93 31.32

1)) E = 0.5 dcg

W1
Analytical Monte Carlo Analytical Monte Carlo Analytical Monte Carlo

120 0.00 4.52 2.58 4.61 0.20 4.71
105 0.00 4.83 3.22 4.94 0.31 5.09
90 0.00 7.93 4.19 8.21 0.45 8.39
75 0.00 8.52 34.33 8.85 2.23 9.17
60 0.00 12.51 60.51 13.18 4.17 13.79
45 0.00 13.53 117.01 14.45 5.17 15.39
30 0.00 14.66 194.79 15.54 5.98 16.89
15 0.00 15.26 315.07 16.39 9.15 17.75
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Table 4. Comparison of the results obtained by the exact analytical method and the
Monte Carlo method for the directional apparent absorbtivity in a spherical
cavity with specular walls.

(gb =15 deg, and ex = 0.3)

a) ¤. lv)

¤
Analytical Monte Carlo % Dilfer.

0 0.8732 0.8711 0.240
6 0.8683 0.8706 -0.265

18 0.9134 0.9132 0.022
30 0.8657 0.8655 0.023
42 0.8890 0.8881 0.101
54 0.8982 0.8987 -0.056
66 0.9378 0.9326 0.554
78 0.9748 0.9746 0.021
84 0.9857 0.9857 0.000
90 0.9899 0.9908 -0.091

b) CPU time (s)

y Analytical Monte Carlo

0 0.04 2.71
6 0.16 2.90

18 0.39 3.27
30 0.36 3.05
42 0.34 3.14
54 0.38 3.04
66 0.40 3.12
78 0.31 3.74
84 0.10 3.88
90 0.01 3.90

V D_n_ _ 100 (Analytical · Monte Carlo)
°
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Fig. 2. Cavity Conüguration for Gouffe’s [28] and De Vos’ [29] Methods.
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Surface Conditions [1].

79



I • „„ä °
Ioerrussw

· — ---—· I IsPccu1.AnI
L’

L I
Ill‘¤ il

.2 Ä-_‘0

30 60 90 I20 50 I80
2¢ IEGREESI

Fig. 5. Apparent Emissivity of Conical Cavities for Various Geometries and Surface
Conditions [1].

80



O

¢•*""•O••••••~•~•
$$\\E!?:}§9«$ ·Ö€•‘· s• · Y

Ä:Iläßégfanéäßslll

bl
1 ~ E _“ , .

'
1

':’¢’¢‘

/,
Y ~.«_'l", I,b)/

c) /
. ~.|Q•· ‘!,¢__, I

ini *>'
I I ‘ I C I i ll ,

'
icl

ch?

’ v\ „ 2rli
lwßä. •f1'uw,'%••-

Ö•‘
vl' näV **4*·

ngea>t&ll%ß%é!!;
V dl

Fig. 6. Appzgent Eägäsivity Results for a Spherical Cavity obtained by Campanaro
a d icolli .in

ln case a) the cavity walls·are diffuse while in cases b~d) the cavity walls are parüally
diffuse and partially specular according to the distributions shown.

8l



Z

w

AQ
l

y

XFig.7. Spherical Cavity Geometry.

82



J

I1_ I'
1 I'l_

J

W
$7

Fig. 8. Geometry for Defining the View Factor Between Surface Elements.

U
83



dA 2
dA

2k

dA
1

Fig. 9. Geometry for Delining the Exchange Factor Between Two Differential Sur-
faces.

‘
. sa



Z

Ä. y

X

Fig. 10. Specular Reflection inside a Spherical Cavity.

” 85



~



(10 = 60, Il = 3
K = 0 1( = 1

Sl
1 S

2 3 3
“

S2 S2

K = 2 k = 3 1
S 1 2 S1

3 3
1 2
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Appendix A. Monte Carlo Implementation

In this Appendix the important steps implemented in the Monte Carlo programs

which evaluate the apparent emissivity of a diffuse-specular, spherical cavity and the

directional absorptivity of a purely specular, spherical cavity are discussed. The listing

for these computer programs are shown in Appendix B (the program MCVTY for the

apparent emissivity and the program MPRS for the directional apparent absorptivity

calculations). The procedures for evaluating the distribution factors are similar to those

used by Eskin [70].

A.l Apparent Emissivity

The apparent ernissivity of a cavity can be obtained by using distribution factors. In

an enclosure whose surface has been divided into N elements, the distribution factor D,

is defined as the fraction of the radiative energy emitted diffusely by the
i‘* element which

is absorbed by the j"·, element due both to direct radiation and to all possible diffuse or

Appendix A. Monte Carlo Implementation l42



specular reflections. Based on this definition for the distribution factor, the radiative

energy which escapes through the opening A, of an isothermal cavity is simply given by

N
Qe„,,,e,,=ZeaA,T‘D,b, (A.l)

J-1

where, e is the surface emissivity , D,,, is the distribution factor from the j'* surface ele-

ment to the cavity opening A,, and A, is the area of the element j. The apparent

emissivity is, therefore, given by

1v
e, = %—Ze ,4, 0,, . (,4.2)

0Forevaluation of the distribution factors D,, the spherical cavity is first divided into

N equal-area ring elements. In a spherical cavity this can be accomplished by dividing

the z-axis into N equal-length divisions. The following steps may then be taken to de-

termine the distribution factors D,.

Step 1. Selection of the point of emission

The point of emission for the energy bundle is selected randomly from the points

within the j'* element. Because of symrnetry, it is sufficient to make this selection only

from the points of an arbitrary longitudinal line passing through the j* element. The

z-coordinate of the emission point can then be obtained from °

ze =zb + Re (zb —ze)In

Eq. (A.3) z, and 2,, are, respectively, the z -coordinates corresponding to the lower and

upper limits of the j'* element (see Fig. 59), and R, is a random number, obtained from

a random number generator. The x- and y-coordinates of the emission point are then
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obtained easily by ltnowing the azimuthal angle ¢ (which, as mentioned previously, is

selected arbitrarily).

Step 2. Selecting a direction for diffuse emission or reflection

In most situations the direction of emission (or diffuse reflection), indicated by an

azimuthal angle ¢> and a zenith angle 8 with respect to a local spherical coordinate sys-

tem whose origin is at the point of emission (or reflection), is obtained by selecting two

random numbers R, and R, and then using

0 =sin”‘and

45 = . (A.5)

The justification for Eq. (A.4) is given in Reference 20. Of course, the direction thus

obtained must then be converted into the global coordinates defined for the problem by

following, normally, a complicated process. For the case of a sphere, however, there is

no need for obtaining a direction for emission. This is because for diffuse emission, an

emitted energy bundle can strike all points on the sphere with equal probability.

Therefore, it is suflicientlto select a point on the sphere randomly as the next point of

incidence.

Step 3. Determination of the point of incidence

In cases of diffuse emission and diffuse reflection the point of incidence is already

deterrnined from Step 2. For the case of specular reflection the x,y,z~ coordinates of the

n + l" reflection point, 8,,,, in Fig. 59, can be obtained by solving simultaneously the

following three equations which are based on the laws of specular reflection:
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1. the equation which is derived from the fact that the angle of incidence and the angle

of reflection are equal;

sn Sn

sn-]whereE-Ö is the vector representing the surface normal at the
n“‘

rellection point,

8,,, and • indicates the dot product between two vectors.

2. the equation describing the plane in which the reflection occurs. This plane, as

mentioned in Section 3.2.1, is identical for all reflections of a ray bundle in a spher-

ical enclosure. Thus, it is easy to show that the equation for the plane of rellection

(for all reflections of a given ray bundle) is given by

x0Zl “ xlz0 *1.Vo ‘
*<1}’1 _

x y0Z1 ” ylz0 y —
yOzl ‘ .V12o

Z — 0 ’ (A'7)

where (x„ ,y,, ,2,,) and (x, ,y, ,2,) are coordinates of the point of emission and the

first point of incidence, respectively.

3. the equation for the surface of a unit sphere;

x2+y2 +22 =l . (A.8)

Once the coordinates of the rz + 1" point of incidence is deterrnined, if it is within the

range of the cavity opening, a variable n,, , which represents the number of energy bun-

dles emitted from surface elementj which escape from the sphere, is incremented and the

next energy bundle is released by restarting the procedure from Step 1.

Step 4. Determining whether reflection occurs
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A random number R, is obtained at each incidence. If R, zu , where a is the

absorptivity of the surface, then the energy bundle is reflected from the surface, and the

next step is followed. lf the energy bundle is absorbed, then the next energy bundle is

released by starting over from Step l.

Step 5. Determining whether reflection is diffuse or specular

A random number, R, is obtained. If R, > 7),%;, then the reflection is diffuse;
otherwise the rellection is specular. lf the reflection is diffuse, the direction of reflection

can be obtained by repeating Step 2. If the reflection is specular, the next incident point

is obtained by repeating Step 3.

The above procedure is followed for a prescribed large number of energy bundles nj.

The distribution factor Dj, is then given by theratioA.2.

Directional Apparent Absorptivity _

The apparent absorptivity is defmed as the ratio of the energy absorbed by the cavity

to that which enters the cavity through its opening. In this case the Monte Carlo

method can be used to simulate parallel radiation entering the cavity from a given di-

rection by a large number of energy bundles released from randornly selected positions

within an imaginary surface stretched across the cavity opening. The initial direction

of the energy bundles is the same as the direction of the incident parallel radiation. The

subsequent history of each energy bundle can be determined by following Steps 3

through 5 in the previous section. The directional apparent absorptivity is then simply

obtained by forming the ratio of the energy bundles that have been absorbed (total

number of the energy bundles released minus energy bundles that escaped), to the total

number of the energy bundles released.
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XXXXXXXXXXXXXXXXXXXXXXXXXX CVTY XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
X X

X This program calculates the distribution of local irradiance in X

X an isothermal spherical cavity having completely or partially X

X specular walls. For the case of partially specular walls the X

X problem is one of solving an integral equation ( Eq. (3.42)) by X
X iterations, while for the case of purely specular walls the X

X distribution is obtained by numerical integration. For the case X

X of purely specular walls the flag IS must be given the value X

X l while for the case of partially specular walls this flag X

X must be given the value O. In the letter case, however, the X

X program must initially be run with IS=l to calculate the constant X

X term in the integral equetion. X

X X

X Variabless X

X A Lower limit of integration in PHI direction X

X B Upper limit of integration in PHI direction X

X C(.) Array of the constant terms in the integral X

X equation X

X EM Surface emissivity · X

X H(.) Array of the irradiance at mesh points, X

X dimensioned at least by NN+l X

X HO(.) Array of the irradiance at mesh points from X

X previous iteration
‘

X

X IS A flag to indicate that cavity wall is X

X perfectly specular (IS=l) or X

X diffuse—specular (IS=O). X

X ITER Iteration counter X

X NFUNC Gives the number of functional evaluation X

X NN Number of mesh points minus l X

X NTRM Maximum number of reflections considered X

X PHICl The azimuthal angle above which circle of X

X reflection does not intersect the opening X

X PHIC2 The azimuthal angle below which circle of X

X reflection does not intersect the opening X

X RD Approximate angular spacing X

X between the mesh points X

X RFR Reflectivity ratio X

X RO Surface reflectivity X

X ROD Diffuse component of the reflectivity X

X ROS Specular component of the reflectivity X

X SID Opening angle (deg) X

X TETA(.) Array of the zenith angle of mesh points, X

X dimensioned at least by NN+l X

X TOL1 Tolerance to terminate Romberg integration X

X TOL2 Tolerance to terminate the iterations X

X X
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
X X

IMPLICIT REALX8 (A—H,O—Z)

DIHENSION H(81),HO(81),C(81),TETA(81)
COMMON/BLK1/ALF,SI,ROS
COMMON/BLK2/NTRM,NFUNC,IS
COMMON/BLK4/H,TETA

x
EXTERNAL EF,EF2
PI = DACOS(-1.0DO)
PI32 = 3.0DOXPI/2.0D0
PI12 = PI/2.000
NFUNC = 0
TOLl = 1.0D-5
TOL2 = l.0D—3
RD = 3.0DO

XX XX

X Input the opening angle and surface properies X

39; XX
NRITE(5,X) 'Enter 1 for purely specular calculations or'
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NRITE(5,X) '0 for diffus•—specular c•lcu1ations¤'
READ(6;X) IS
NRITE(5,X) 'Enter the opening angle (degrees):'
READ(6.x> SID
NRITE(5,X) 'Enter the reflectivity:'
READ(6.X) R0
NRITE(5,X) 'Enter the reflectivity ratio¤'
READ(6•X) RFR

X
EM = 1.0D0—R0
ROS = RFRXR0
ROD = RO-ROS
SI = SIDXPI/180.0D0
RDR = RDXPI/l80.0D0
NN = INT((PI—SI)/RDR)+l
RDV = (PI—SI)/DFLOAT(NN)
NTRM = INT(DLOG(0.00lD0)/DLOG(ROS))+l
ITER = 0
XXXX
X Read the array of constants, C(.) for the diffuse—specu1ar case. X
X Also for initial guess let H(.) and H0(.)=C(.). The array C(.) X
X can be evaluated by running this program with IS=1 X
X with the same surface parameters. X
XXXX

IF(IS.NE.1) THEN
open (82)
D0 100 I=1•NN+1
READ(82,X) TETAD,C(I)
TETA(I) = TETADXPI/180.0D0
H(I) = C(I)

100 H0(I) = C(I)
END IF
XXXX
X Begin Iterations X
XXXX

2000 ITER = ITER+1
IF(IS.NE.1) NRITE(6.*) 'ITER=';ITER
XXXX
X Do—loop over all the mesh points X
XXXX

DO 1000 J=1.NN+1
TETA(J) = SI+DFLOAT(J—l)XRDV+0.000001D0
ALF = TETA(J)
ALFD = ALFXl80.0D0/PI

X
CPHID=ALFD+SID
IF(CPHID.lT.l80.0D0) THEN
XXXX
X In this case the domain of integration is divided into three regionsX
X within each of which the integrand is a smooth function. X
XXXX

RAD = DC0S(SI)Xx2—DC0S(ALF)XX2
000 = DSQRT(RAD)/DSIN(ALF)
PHIC1 = PI—DASIN(000)
PHIC2 = 2.0DOXPI—PHICl
A = PI12
B = PHIC1-.000000001D0
CALL ROMB(EF,A,B.TOL1,RE$ULT)
IF(IS.E0.1) THEN
RESULT = RESULT+(PHIC2—PHIC1)/((1.0d0—ROS)X2.0DOXPI)
GOT0 19
END IF
A = PHIC1+0.000000001D0
B = PHIC2—0.000000001D0
CALL ROMB(EF2;A,B,TOL1.RESULTP)
RESULT = RESULT+RESULTP

19 A = PHIC2+0.000000001D0
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B = PI52
CALL ROMB(EF•A;D»TOL1•RESULTP)
RESULT = RE$ULT+RESULTP
ELSEXXXX

X In this case there is no need in dividing the domain of integration X
X into regions since the integrand is a smooth function throughout X
X the region of interest. X
XXXX

A = PI12
B = PIS2
CALL ROMB(EF»A;B;TOL1•RESULT)
END IF
RESULT = 2.0DOXRESULT

X
IF(IS.EQ•1) THEN
H(J) = EMXRESULT
Else
H(J) = C(J)+RODXRESULT
end if
TETAD = TETA(J)X180.0D0/PI

1000 CONTINUE
IF (IS.EO.1) GOTO 1550
XXXX

X Check for convergence X
XXXX

SUME = 0.0D0
DO 1500 I=1,NN+l
SUME = $UME+(H(I>-H0(I))XX2

1500 HO(I) = H(I)
SUME = DSORT(SUME)XXXX

X If convergence has not occurred continue iterations X
XXXX

IF(SUME.GT.TOL2) GOTO 2000
1550 CONTINUE

close (82)
open (82)XXXX

X Nrite out the results X
XXXX

DO 1600 I = 1,NN+1
TETAD = TETA(I)X180.0D0/PI

1600 NRITE(82„X> TETAD•H(I)
X

NR1TE(6„X) NFUNC
X

STOP
ENDXX

XXXXXXXXXXXXXXXXXXXXXXXXXXXXX EF XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XX

X This function subroutine performs the inside integration either X

X numerically (diffuse—specular case) or in closed form X

X (purely specular). All calculations are performed within the X

X domain of the circle of reflection. X
X . X

X Variables:
X

X A(.) Array of the lower limit polar angles of X

X subareas making up the fictitious area X

X (collection 'w'
in Section 5.2.3.), dimensioned X

X at least by NTRMX(NTRM+l)/2. X

X B(.) Array of the upper limit polar angles of X

X subareas making up the fictitious area X

X (collection 'w' in Section 3.2.5.), dimensioned X

X at least by NTRMX(NTRM+l)/2. X

X HL(.) Array of the lower limit polar angles of X
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I subareas within the collection 'u' defined in I
I section 3.2.3., dimensioned at least by I
I NTRMI(NTRM+l)/Z. I
I HU(.) Array of the upper limit polar angles of I
I subareas within the collection 'u' defined in I
I section 3.2.3., dimensioned at least by I
I NTRMI(NTRM+l)/Z. I
I IMAX Number of subareas in collection 'w'. I
I JMAX Number of subareas in collection 'u'. I
I IR Gives the nubmer of disjointed circular arcs I
I obtained by intersecting a longitudinal line I
I with the cavity area. It has either the value I
I of l or Z. I
I N Number of reflections I
I K Represents a sequence of reflections I
I SII The lower limit polar angle of the circular arc I
I which represents the opening. I
I SIZ The upper limit polar angle of the circular arc I
I which represents the opening. I
I TAI Lower limit of the receiving element I
I TAZ Upper limit of the receiving element I
I TIK Lower limit of the fictitious area assuming thereI
I is no opening I
I TZK Upper limit of the fictitious area assuming thereI
I is no opening I
I I
IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII
I I

FUNCTION EF(PHI)
I

IMPLICIT REALI8 (A-H,0-Z)
DIMENSION HL(5000),HU(5000),Sl(0:90),$Z(0:90),A(5000),B(5000)
COMMON/BLK1/ALF,SI,ROS
COMMON/BLKZ/NTRM,NFUNC,IS
COMMON/BLK3/XPHI,N,K
EXTERNAL F

I
TOL = 1.00-3

I
XPHI = PHI
PI =DACOS(—l.0D0)

II II
I Find the polar angles for the limits of the opening. I
IX II

CALL TETLMT(SI,ALF,PHI,SIl,SIZ)
I

IR = 1
IF(SIZ.LT.PI) IR=Z
EF = 0.000

II IX
I 0o—loop over the number of regions IR. I
XI II

00 200 IJ = l,IR
II XI
I Assign the correct values for TAI and TAZ. I
II XI

TAI = 0.000
TAZ = PI
IF(IJ.EQ.l.AND.SI1.LT.PI) TAZ = SIl
IF(IJ.EQ.2) TAI = SIZ

I
EFCT = 0.000

II II
I For the zeroth reflection the collection 'u' consists only of the I
I circular arc defined by SII and SIZ. I
II II
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HU(1) = S12
HL(1) = S11
JMAX = 1IIII

I Do-loop over all reflections X
III!

B0 100 N=0•NTRM
SBSUM = 0.0D0
III!

X Do-loop over all sequence of reflections X
III!

D0 10 K=0.NIIII
I Start the logical operations to obtain the collection 'w' (Eq. 3.35)I
XX XX

T1K = (TAl+PIIDFLOAT(2XK))/DFLOAT(N+1)
TZK = (TÄZ+PIIDFLOÄT(ZIK))/DFLUAT(N+1)
A(1) = TIK
B(1) = T2K
IMAX =1
IF(N.E0.0) GOT0 31

15 IF(HU(J).LE.T1K) THEN
J = J+1
IF(J.GT.JMAX) GOTD 31
GOT0 15
ELSEIF(HL(J).LE.T1K) THEN§F§HU(J).GE.T2K) GOTO 9
A(I) = HU(J)
J=J+1
IF(J.GT.JMAX) GOTD 30
GOTD 20
ELSEIF(HL(J).GT.T1K) THEN§F§HL(J).GE.T2K) GOTO 31
A(1) = TIK
GOT0 21
END IF

20 IF(HL(J).GE.T2K) GOTO 30
21 B(I) = HL(J)

IF(HU(J).LT.T2K) THEN
- 1 = 1+1

A(I) = HU(J)
J = J+1
IMAX = 1
IF(J.GT.JMAX) GOT0 30
GOTO 20

ELSE
IMAX = 1
GOT0 31

END IF
30 B(I) = TZK
31 CONTINUE

XX XX
I Integrate over all subareas of collection 'w' X
XX XX

IF(IS.EQ.1) THEN
‘

D0 41 I=1,IMAX
SBSUM = SBSUM+DABS(DCOS(B(I))—DCDS(A(I)))

41 CONTINUE
ELSE
D0 42 I=1,IMAX
AA = At1)XDFLOAT(N+1)—DFLOAT(2XK)xPI
BB = B(I)XDFLOAT(N+l)—DFLOAT(2XK)XPI
CALL ROMBP(F;AA,BB•TOL;RESULT)
SBSUM = SBSUM+RESULT
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42 CONTINUE
END IF

X
9 S2(K) = (PIXDFLOAT(2XK)+SI2)/DFLOAT(N+l)
10 S1(K) = (PIXDFLOAT(2XK)+$I1)/DFLOAT(N+1)

X
IF(I$.NE.l) SBSUM=$BSUMXROSXXN/DFLOAT(N+1)
IF(I$.EQ.l) $BSUM=$BSUMxR0$xxN
EFCT= EFCT+SBSUM

XX XX
X Start the logical operations to determine the collection 'u'. X
X (See Eq. 3.56) X
XX XX

§F(NiE0.0) GOTO 100
IF(S2(0).LT.HL(1)) THEN
DO 50 I=2,JMAX+1
II = JMAX+5—I
HU(II) = HU(II·1)

50 HL(II) = HL(II—1)
HU(l) = S2(0)
HL(l) = S1(0)
JMAX = JMAX+1
J = J+1
ELSE
HL(l) = S1(0)
END IF
K = 1

60 IF(K.E0.N) GOTO 104
101 IF(S2(K).LT.HU(J)) GOT0 102

J = J+1
GOTO 101

102 IF(S1(K).GT.HL(J)) THEN
K=K+1
GOTO 60 '

END IF
IF(S2(K).GT.HL(J).AND.Sl(K).GT.HU(J—l)) THEN
HL(J) = Sl(K)
K = K+1
GOTO 60
END IF
IF(S2(K).GT.HL(J).AND.$l(K).LT.HU(J-1)) THEN
HU(J—1) = HU(J)
D0 105 I=J•JMAX-1
HU(I) = HU(I+1)

105 HL(I) = HL(I+l)
JMAX = JMAX-1
J = J—1
K = K+1
GOTO 60
END IF
IF(Sl(K).GT.HU(J-1)) THEN
D0 106 I=J+1,JMAX+1
II = JMAX+J+2—I
HU(II) = HU(II—l)

106 HL(II) = HL(II—1)
HU(J) = S2(K)
HL(J) = S1(K)
JMAX = JMAX+1
J = J+1
K = K+1
GOT0 60
ELSE
HU(J·l) = S2(K)
K = K+1
GOTO 60
END IF
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104 IF(S1(N).GT.HU(JMAX)) THEN
HU(JMAX+1) = S2(N)
HL(JMAX+1) = S1(N)
JMAX = JMAX+1
ELSE
HU(JMAX) = S2(N)
END IF

100 CONTINUE
X

EF = EF+EFCT
200 CONTINUE
210 EF = EF/(4.0DOXPI)

NFUNC=NFUNC+1
RETURN
END

X X
XXXXXXXXXXXXXXXXXXXXXXXXXXXXX EF2 XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
X X
X This function subroutine evaluates the inside integration when the X
X circle of reflection does not intersect the opening. X
X X

X X
FUNCTION EF2(PHI)

X
IMPLICIT REALX8 (A·H;0—Z)
COMMON/BLKI/ALF,SI•ROS
COMMON/BLK2/NTRM,NFUNC»IS
COMMON/BLK3/XPHI;N•K
EXTERNAL F

X
TOL = 1.0D-S

X
XPHI = PHI
PI =DACOS(·1.0D0)

X
EF2 = 0.000
TA1 = 0.0D0
TA2 = PI
DO 100 N=0;NTRM
DO 100 K=0;N

CALL ROMBP(F•TA1;TA2»TOL•RESULT)
EF2 = EF2+R0$XXN/DFL0AT(N+1)XRESULT

100 CONTINUE
EF2 = EF2/(4.0DOXPI)
NFUNC=NFUNC+1
RETURN
END

X X
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXX F XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
X X
X This function subroutine evaluates the local irradiance at a X
X desired location by interpolating irradiances of the two nearest X
X mesh points. :X

X X
FUNCTION F(TET)

‘IMPLICIT REALX8 (A·Hp0—Z)
DIMENSION H(81),TETA(81)
COMMON/BLKl/ALF;$I»ROS
COMMON/BLK5/XPHI;N,K
COMMON/BLK4/H;TETA

X
PI = DACOS(·1.0D0)
PHI = XPHI

XX XX
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X Obtein the zenith engle of the global coordinete system from the X
X coordinates of the source—oriented coordinate system. X
XX XX

x TETAA = DACOS(DCOS(ALF)XDCOS(TET)+D5IN(ALF)XDSIN(TET)XDSIN(PHI))
I = 2

1000 IF(TETAA.LT.TETA(I)) THEN
HR = H(I)+(H(I·I)·H(I))X((TETA(I)·TETAA)/(TETA(I)·TETA(I—I)))EL;EHRXDABS(DSIN((DFL0AT(ZXK)XPI+TET)/DFL0AT(N+I)))
I = I+l
GOT0 1000
END IF
RETURN
END

X
X

XXXXXXXXXXXXXXXXXXXXXXXXXXX TETLMT XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
X X

X This subroutine evaluates polar angles of the intersection of a X
X given circle of refelection with the cavity opening.· Calculations X
X are based on Eq. (5.41). X
X X

X X

SUBROUTINE TETLMT($I,ALF•PHI;TAI;TAZ)
IMPLICIT REALX8 (A·H,0—Z)

X
PI = DACOS(—I.0D0)
PITZ = 2.000xPI

X
A = 1.000
IF(PHI.LT.1.0D—6) PHI = 0.0D0
B = DTAN(ALF)XDSIN(PHI)
C = DCOS($I)/DCOS(ALF)
DD = DSQRT<AxA+ßxB)
IF(B.E0.0.0D0) THEN
GAM = DACOS(A/DD)
GOT0 10
END IF
GAM = PI+(DABS(B)/B)X(DACOS(A/DD)-PI)

10 AA = C/DD
IF(AA.GT.1.0D0.0R.AA.LT.—I.0D0) HRITE(6•X) 'SMTG NRONG IN TETLMT'
TTAI = (GAM+DACOS(AA))

‘

TTAZ = (GAM — DACOS(AA))
IF(TTAI.GE.PITZ) TTAI=TTA1—PITZ
IF(TTA1.LT.0.0D0) TTA1=TTAl+PIT2
IF(TTAZ.GE.PITZ) TTAZ=TTAZ—PITZ
IF(TTA2.LT.0.0D0) TTA2=TTA2+PIT2
TAI = DMINI(TTAI;TTA2)
TAZ = DMAXI(TTAI»TTA2)
RETURN
END
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XXXXXXXXXXXXXXXXXXXXXXXXXXXXXX PRS XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
X X
X This program evaluates the directional apparent absorptivity of a X
X spherical cavity having purely specular walls for a given X
X cavity opening angle, wall reflectivity„ and several directions of X

incidence ranging from 0 to 90 deg. X
X

X Variablesa X
X A Lower limit of integration in PHI direction X
X B Upper limit of integration in PHI direction X
X R0 Nell reflectivity X
X SID Cavity opening angle (deg) X
X EAR Dimensionless radiative energy incident on theX
X cavity opening X
X ALF Angle of incidence X
X AAB Directional apparent absorptivity X
X AABD Directional apparent absorptivity for the X
X Corresponding diffuse case X
X DALFD Increment for the angle of incidence X
X TOL Tolerence for terminating Romberg integration X
X NTRM Maximum number of reflections considered X
X NNN Total number of incident angles considered X
X X
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

IMPLICIT REALX8 (A-H,0—Z)
COMMON/BLK1/ALF,SI•R0„NTRM
EXTERNAL FPR

X
PI = DACOS(-1.0D0)
PI12=PI/2.0D0
PI32=5.0DOXPI/2.0D0
TOL = 1.0D—7
NN = 60

XX XX
X Input the cavity opening angle and the wall reflectivity X
XX XX

NRITE(6,X) 'Enter the opening angle='
READ(5,X) SID
NRITE(6,X) ‘Enter the ref1ectivity:'
READ(5,X) R0

X
NRITE(75»X) SID,R0

X
SI = SIDXPI/180.UDU
SIC = PI-SI
DALFD = 90.0D0/DFLOAT(NN)
NNN = NN+1
NTRM = INT(DLOG(0.000lD0)/DLOG(R0))+1

XX XX
X calculate the direcional apparent absorptivity for the X
X diffuse cavity X
XX

XX

AABD = (1.0DU'RO)/(1.UDO'0.5DOXRUX(l.UDO+DCU$(SI)))
X

ALFD = 0.000
XX XX
X D0—loop over all angles of incidence X
XX XX

D0 100 J=1„NNN
ALFD=DFLUÄT(J•1)XDÄLFD
IF(ALFD.EQ.SID) ALFD = SID+0.0000001D0
IF(J.E0.NNN) ALFD = 89.99
ALF = ALFDXPI/180.0DU
EAR = PIX(DSIN(SI)XX2)XDC0S(ALF)

XX XX
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X Find limits of integration over PHI direction X
XX

XX

IF(SI.LT.PIl2) THEN
IF(ALF.LT.SI) THEN

A = PI12
B = PI32

ELSE
RAD = DCOS($I)xxz—DCOS(ALF)¤x2
000 = DSORT(RAD)/DSIN(ALF)
PHICI = PI·DASIN(000)
A = PI12
B = PHICl·.0000000000001D0

END IF
ELSE
IF(ALF.LT.$IC) THEN

A = PI12
B = PI32

ELSE
RAD = DCOS(SI)XX2—DCO$(ALF)XX2
000 = DSORT(RAD)/DSIN(ALF)
PHIC2 = PI+DASIN(000)
A = PHIC2+.0000000000001D0
B = PI32

END IF
END IF

XX XX

X Call ROMB to integrate over the PHI direction X
XX

XX

CALL ROMB(FPR•A•B;TOL,RESULT)
IF(ALF.GT.SI.0R.ALF.GT.SIC) RESULT=2.0DOXRESULT
AAB = RESULT/EAR

XX XX

X Write out the result X
XX

XX

WRITE(75.31) ALFD»AAB»AABD
ALFD = ALFD + DALFD

100 CONTINUE
X

31 FORMAT(1X;5F9.4)
STOP
END

X
X

X
X

XXXXXXXXXXXXXXXXXXXXXXXXXXXXX FPR XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

X X

X This function subroutine calculates the energy absorbed within a X
X longitudinal band at a given azimuthal angle PHI. Depending on X
X values of PHI and ALF this function subroutine calls subroutines X
X REGI or REG2 to calculate the absorbed energy. X
X

X

X X

FUNCTION FPR(PHI)
IMPLICIT REALX8 (A·H,O—Z)
COMMON/BLK1/ALF;SI•R0,NTRM

X
PI = DACOS(-1„0D0)
PI12 = PI/2.0D0
PI32 = 3.0DOXPI/2.0DD
PIT2 = P1x2.0D0
SIC = PI-SI

XX XX

X Call TLMT to get the polar angles that define the opening. X
XX XX

CALL TLMT(SIpALF;PH1»BA1;BAZ)
X

IF($I.LT.PI12) THEN
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IF(ALF.LT.SI) THEN
FPR = 0.0D0
CALL REG2(BAl.BA2.R0•NTRM•EABS)
FPR = FPR+EABS
BAZI = Z.0DOXPI·BAlBAII = 2.0DOXPI—BA2 y
CALL REG2(BAlI,BA2I•R0,NTRM,EABS)
FPR = FPR+EABS

ELSE
CALL REGl(BAl»BA2•R0»NTRM;EABS)
FPR = EABS

END IF
ELSE
IF(ALF.LT.SIC) THEN

FPR = 0.0D0
CALL REGZ(BAl.BAZ•R0.NTRM.EABS)
FPR = FPR+EABS
BAZI = 2.0DOXPI—BA1
BAlI = Z.0DOXPI-BAZ
CALL REGZ(BAlI,BAZI.R0,NTRM»EADS)
FPR = FPR+EABS

ELSE
CALL REGZ(BAl,BA2,R0»NTRM•EABS)
FPR = EABS

END IF
END IF

X
RETURN
END

X X
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX REG1 XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
X X
X This subroutine, which is called by the function subroutine FPR, X
X calculates the energy absorbed within a circle of reflection when X
X the opening angle is less than 90 deg and the angle of incidence is X

X greater than the opening angle. X

X XX Variablesz X
X ALL Lower limit polar angle for rays entering X
X the circle of reflection X

X ALU Upper limit polar angle for rays entering X

X the circle of reflection X

X ALB Absorptivity X
X A(.) Lower limits of the circular arcs which X

X represent the rays that survive through the X

X N'th reflection X

X BLL Lower limit for the opening X
X BLU Upper limit for the opening X
X B(.) Upper limits of the circular arcs which X
X represent the rays that survive through the X
X N'th reflection X
X CKI Lower limit of the point of incidence during X
X a given reflection N X
X CKZ Upper limit of the point of incidence during X
X a given reflection N X
X EABS Energy absorbed by all reflections considered X
X EARR Energy entering the circle of reflection X
X J Indicates the circular arc whose limits are X

X defined by A(J) and B(J) X
X JMAX Maximum number of circular arcs defined by X
X A(J) and B(J) during a given reflection N X
X N Indicates the N'th reflection X

X NP The number of cycles travelled by a ray X

X SII Upper limit polar angle of the opening in the X

X NP—l'th cycle
X SIZ Lower limit polar angle of the opening in the X
X NP'th cycle X
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X SIS Upper limit polar angle of the opening in the X
X NP'th cycle X
XX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XX

SUBROUTINE REG1(BAL»BAU•RO»NTRM;EABS)
IMPLICIT REALX8 (A·H,O·Z)
DOUBLE PRECISION A(2400)•B(2400)

X
PI = DACOS(·1.0D0)
PIO2 = PI/2.0D0
PIT2 = PIX2.0D0

X
ALL = BAL
ALU = BAU
IF(BAU.GE.PIO2) ALU=PI·BAU

X
EARR = 0.5D0X(DSIN(ALU)XXz—DSIN(ALL)XX2)
ALB = 1.0D0 · RO
EABS = ALBXEARR
EABM = EABSXXXX

X Initialize A(1) and B(l) based on first reflection points X
XX XX

A(1) = PI · ALU
B(1) = PI · ALL
JMAX = 1XXXX

X Do-loop over maximum number of reflections. X
XX XX

30 130 N=2»NTRM
200 J = J+1

IF(J.GT.JMAX) GOTO 150
XX XX

X Find the locations of the rays represented by A(J) and B(J) during X
X the N'th reflection (Eq. 5.45) X
XX XX

CK1 = DFLOAT(l·N)XPI+DFLOAT(2XN*1)XA(J)
CK2 = DFLOAT(1·N)XPI+DFLOAT(2XN·l)XB(J)

XX XX

X Find the number of cycles that the upper limit ray has travelled X
. XX XX

NP = INT(CK2/(2.0DOXPI))
XX XX

X Find the corresponding polar angles of the opening in this cycle X
XX XX

S11 = 2.0D0XPIXDFL0AT(NP-1)+BAU
$12 = 2.0D0XPIXDFL0AT(NP)+BAL
SIS = Z.0DOXPIXDFLOAT(NP)+BAU

XX XX

X Find what portion of the rays represented by CKI and CK2 remain X
X in the circle of reflection after the N'th reflection. X
XX XX

*
IF(CK2.GE.SIS) THEN
IF(CKl.GE.SIS) GOTO 200
IF(CK1.GE.SI2) THEN

‘

A(J) = (SIS · DFLOAT(1·N)XPI)/DFLOAT(2XN·1)
GOTO 200
ELSE
JJ =J+1
DO 101 I=JJ;JMAX+1
II = JMAX+J+2·I
A(1I) = A(II·1)
B(II) = B(II*1)

101 CONTINUE
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A(JJ) = (SIS · DFLOÄT(1·N)XPI)/DFLOÄT(2XN*1)g(J)J=1(SI2 · DFLOAT(l·N)XPI)/DFLOAT(2XN•l)
= +

JMAX = JMAX+l
GOT0 200
END IF

X
ELSE IF(CKZ.GE.SI2) THEN

X
IF(CK1.GE.SI2) THEN
IF(J.E0.JMAX) THEN

JMAX = JMAX·1
GOTD 150

END IF
D0 102 I=J»JMAX·1
A(I) = A(I+l)
B(I) = B(I+l)

102 CDNTINUE
JMAX = JMAX-1
J = J-1
GDTO 200
ELSE IF(CK1.GE.SI1) THEN
B(J) = (SIZ - DFLOAT(l—N)XPI)/DFLOAT(2XN—1)
GDTO 200
ELSE
A(J) = (SI1 — DFLOAT(l—N)XPI)/DFLOAT(2XN-1)
B(J) = (SIZ - DFLOAT(l—N)XPI)/DFLOAT(2XN·1)
GDTO 200
END IF

C
X

ELSE
X

IF(CKl.GE.SI1) GDTO 200A(J) = (SI1 · DFLOAT(1—N)XPI)/DFLOAT(2XN·1) °
GDTO 200

X
END IF

XX
XX

X Calculate the energy absorbed during the N'th reflection by summing X

X over all the circular arcs which represent the rays that have X

X survived the N'th reflection.
XX

° XX

150 EABP = 0.0D0
D0 160 I=1•JMAX
TERM = 0.5D0XALBX(R0xX(N-1)X(DSIN(A(I))XX2-D$IN(B(I))XX2))

160 EABP = EABP+TERM
EABS = EABS+EABP

100 CDNTINUE
X

RETURN
END

X
X

XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX REG2 XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

X
X

X This subroutine, which is called by the function subroutine FPR, X

X calculates the energy absorbed within a circle of reflection when X

X the angle of incidence is less than the opening angle for the case X

X of the opening angle less than 90 deg, or when the opening angle X

X is greater than 90 deg. X

X
X

X Variables: same as those in REGI X

X
X

X
X

SUBRDUTINE REG2(BAU»BAL;R0•NTRMJEABS)
IMPLICIT REALX8 (A·H•0·Z)
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DOUBLE PRECISION A(2600);B(Z600)
X

PI = DACOS(·1.0D0)
PIOZ = PI/2.0D0

x PITZ = PIXZ.0D0
ALU = BAU
IF(BAU.GT.PIOZ) ALU = PI—BAU
ALL=0.00000001D0

x IF(BAL.LT.PI) ALL = PI·BAL
EARR = O.5DOX(DSIN(ALU)XXZ·D$IN(ALL)XXZ)
ALB = 1.0D0 · RO
EABS = ALBXEARR
EABM = EABS

XX XX

X Initialize A(1) and B(1) based on first reflection points X
XX XX

A(1) = PI · ALU
B(l) = PI — ALL
JMAX = 1

XX XX

X Do-loop over maximum number of reflections. X
XX XX

30 130 N=Z;NTRM
200 J = J+1

IF(J.GT.JMAX) GOTO 150
XX XX

X Find the locations of the rays represented by A(J) and B(J) during X
X the N'th reflection (Eq. 3.45) X
XX XX

CK1 = DFLOAT(l·N)XPI+DFLOAT(ZXN—l)XA(J)
CKZ = DFLOAT(1—N)XPI+DFLOAT(2XN·1)XB(J)

XX XX

X Find the number of cycles that the upper limit ray has travelled X
XX XX

NP = INT(CKZ/(Z.ODOXPI))
XX XX

X Find the corresponding polar angles of the opening in this cycle. X
XX XX

S11 = Z.0DOXPIXDFLOAT(NP—1)+BAL
SIZ = 2.0DOXPIXDFLOAT(NP)+BAU
S15 = 2.0D0xPIxDFLOAT(NP)+BAL

XX XX

X Find what portion of the rays represented by CK1 and CK2 remain X
X in the circle of reflection after the N'th reflection. X
XX XX

IF(CKZ.GE.SIS) THEN
X

IF(CK1.GE.SI3) THEN
IF(J.E0.JMAX) THEN
JMAX = JMAX—l
GOTO 150
END IF
DO 101 I=J•JMAX—l
A(I) = A(I+l)
B(I) = B(I+1)

101 CONTINUE
JMAX = JMAX·1
J = J-1
GOTO 200
ELSE IF(CK1.GE.SIZ) THEN
B(J) = (SIS · DFLOAT(1—N)XPI)/DFLOAT(ZXN·1)
GOTO ZOO
ELSE
A(J) = (SIZ · DFLOAT(l—N)XPI)/DFLOAT(ZXN·1)
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B(J) = (S15 · DFLOAT(1·N)XPI)/DFLOAT(2XN•1)
GDTD 200

x END IF

x ELSE IF(CK2.GE.SI2) THEN
IF(CK1.GE.SI2) GOTO 200
IF(CK1.GE.SI1) THEN
A(J) = (SI2 · DFLOAT(1·N)XPI)/DFLOAT(2XN·1)
GOTD 200
ELSE
JJ =J+1
DO 102 I=JJ,JMAX+1
II = JMAX+J+2-I

· A(II) = A(II·l)
B(II) = B(II—1)

102 CONTINUE
A(JJ) = (S12 - DFLOAT(1-N)XPI)/DFLOAT(2XN·1)g(J)J=1(SI1 · DFLOAT(1·N)XPI)/DFLOAT(2XN—l)

: +
. .

JMAX = JMAX+1
GOT0 200
END IF

X
ELSE

I
IF(CK1.GE.SI1) THEN
IF(J.E0.JMAX) THEN
JMAX = JMAX·1
GOTO 150
END IF
DO 105 I=J;JMAX·1
A(I) = A(I+1)
B(I) = B(I+1)

105 CONTINUE
JMAX = JMAX—1
J = J—1
GOT0 200
ELSE
B(J) = (SI1 · DFLOAT(1-N)XPI)/DFLOAT(2XN—1)
GOTO 200
END IF .
END IF

X
150 EABP = 0.0D0

XX
XX

X Calculate the energy absorbed during the N'th reflection by summing X

X over all the circular arcs which represent the rays that have X
X survived the N'th reflection. ' X

II
II

D0 160 I=1,JMAX
TERM = 0.5DOIALBI(RDII(N'1)I(DSIN(A(I))II2·DSIN(B(I))II2))

160 EABP = EABP+TERM
EABS = EABS+EABP

100 CONTINUE
X

RETURN
END

I
I

IIIIIIIIIIIIIIIIIIIIIIIIIII TLMT IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII

I
I

X This subroutine calculates the polar angles that define the opening X

X in the circle of reflection for a given opening angle SI, an angle X

X of incidence ALF, and azimuthal angle PHI. X

X Calculations are based on Eq. (5.41). X

X
X
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I I

SUBROUTINE TLMT($I;ALF»PHI•TA1•TA2)
IMPLICIT REALIB (A—H•0·Z)

I
PI = DACOS(-1.0D0)
PIT2 = 2.0D0xPI

I
A = 1.0D0
IF(PHI.LT.1.0D—6) PHI = 0.0D0
B = DTAN(ALF)!DSIN(PHI)
C = DCOS($I)/DCOS(ALF)
DD = DSQRT(AXA+BXB)
IF(B.E0.0.0D0) THEN
GAM = DACOS(A/DD)
GOT0 10
END IF
GAM = PI+(DABS(B)/B)§(DACOS(A/DD)·PI)

10 AA = C/DD
IF(AA.GT.1.0D0.AND.AA.LT.1.00000100) AA=0.99999999D0
IF(AA.LT.—1.0D0.AND.AA.GT.—1.000001D0) AA=-0.99999999D0
IF(AA.GT.1.0D0.0R.AA.LT.-1.0D0) NRITE(6»X) 'SMTG HRONG IN TLMT'
TTA1 = (GAM+DACOS(AA))
TTA2 = (GAM · DACOS(AA))
IF(TTA1.GE.PIT2) TTA1=TTA1—PIT2
IF(TTA1.LT.0.0D0) TTA1=TTA1+PIT2
IF(TTA2.GE.PIT2) TTA2=TTA2—PIT2
IF(TTA2.LT.0.0D0) TTA2=TTA2+PIT2
TA1 = DMIN1(TTA1,TTA2)
TA2 = DMAX1(TTA1»TTA2)
RETURN
END
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IIIIIIIIIIIIIIIIIIIIIIIIIIIIIII ROMB IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII
I
I .

I
I Subroutine ROMB:
I Subroutine for Romberg integration. Program
I begins with trapezoidal integration with 10 subintervals.
I Intervals are then halved and results are extrapolated up to
I eight order. Maximum number of subintervals used in program is
I 2560. The source for this subroutine is Applied Numerical
I Analysis, 3rd Edition, by Gerald, C. F. and Nheatly, P. 0.
I
I Variablesx
I FCN - Function that computes F(x), declared EXTERNAL in main
I A,B — Integration limits
I TOL - Tolerence value used to terminate the iteration
I RESULT - Returns value to the integral caller
I TRAP - Doubly subscripted array that holds intermediate values
I for comparison and extrapolation
I KFLAG — Flag used internally to signal non—convergence. Nhen
I KFLAG = 0, means non-convergent, =1 means all ok.
I
I
I

SUBROUTINE ROMB(FCN,A,B,TOL,RESULT)
IMPLICIT REALI8 (A—H,O·Z)
DIMENSION TRAP(9,9)
INTEGER I,L,K,KFLAG

I
I
I
I Set flag at 1 initially
I

KFLAG = 1
IPRINT = 0

I
I Compute first integral with 10 subintervals and using trap rule
I

H = (B—A)/10.0D0
SUM = FCN(A)+FCN(B)
X = A
DO 10 I = 2,10

X = X+H
SUM = SUM+FCN(X)I2.0D0

10 CONTINUE
TRAP(1,1) = H/2.0DOISUM

I
I
I
I Recompute integral with H halved, extrapolate and test. Repeat
I up to eight times.
I

D0 1:118
H = H/2.000
X = A+H
K = IOIZIII _
DO 50 J=2,K,2

SUM = SUM + FCN(X)I2.0D0
X = X+H+H

50 CONTINUE
TRAP(1,I+1) = H/2.0DOISUM
DO L = 111
TRAP(L+1,I+1) = TRAP(L,I+l)+1.0D0/(4.0DOIIL·1.0D0)I

I (TRAP(L,I+1)—TRAP(L,1))
40 CONTINUE

IF(DABS(TRAP(I+1,I+1)—TRAP(I,I+1))-TOL) 50,50,20
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20 CONTINUE
X
X
X
X If tolerance not met after 8 extrapolations, print note and set
x KFLAG = 0.
X

KFLAG = 0
PRINT 200

X
X
X
X Print imadiate results
X

50 I = I+1
IF(IPRINT.E0.0) GOTO 80
DO 7 U L = 1 1 I

PRINT 2051 (TRAP(J1L)1J=11L)
70 CONTINUE
80 IF(KFLAG.EG.O) STOP

RESULT = TRAP(I¤I)
200 FORMAT(/' TOLERANCE NOT MET. CALCULATED VALUES HERE ')
205 FORMAT(1X18F12.6)

RETURN
END
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XXXXXXXXXXXXXXXXXXXXXXXXXXXMCVTYX X
X This program uses the Monte Carlo technique to calculate the X
X apparent emissivity of an isothermal cavity as a function of the X
X cavity opening angle, wall reflectivity, and the reflectivity X
X ratio. Cavity surface is divided into a given number of equal X
X area ring elements. and the distribution factor between all such X
X ging eäementsfang the cavity openäng is ialäuiatgg. These X
X is ri u ion ac ors are en use 0 ca cu a e e X
X apparent emissivity according to the procedure given in Appendix X
X A. Even though not used in the apparent emissivity calculations, X
X the program also calculates the distribution factors between all X
: spherical ringelementsXVariablesx X
X AREA Area of each ring element X
X ARAP Area of the flat surface stretched across the X
X opening X
X ATA(.) The lower limit zenith angles of rings X
X DAZ Increment size in the z—axis, for dividing X
X the cavity surface into equal area rings X
X DF(.,.) Matrix of the distribution factors between X
X the spherical ring elements X
X DFA(.) Array of the distribution factors between the X
X EM

Eing elements and the cavity opening X
X missivi y X
X IAZ Ingäcates the element number at the point of X
X re ec ion X
X IRUN A flag giving the user the option for further XX runs X
X ISHTS A counter that keeps track of shots X
X NAZ Number of rings in the cavity X
X NDV Number of equal area ring elements for X
X a complete sphere, input by the user X
X NSHTS Total number of shots X
X PHI(.) An array giving the azimuthal angles of the X
X N—l'st, N'th, and N+l'st reflection points X
X (is dimensioned by three) X
X RN Random number X
X RO Reflectivity X
X RFR Reflectivity ratio X
X SID Cavity opening angle (must be given in dag) X

. X TTA(.) An array giving the zenith angles of the X
X N·l'st, N'th, and N+l'st reflection points X
X (is dimensioned by three) X
X X(.) An array giving the x-coordinates of the X
X N—l'st, N'th, and N+l'st reflection points X
X (is dimensioned by three) X
X Y(.) An array giving the y—coordinates of the X
X N—1'st, N'th, and N+l'st reflection points X
X (is dimensioned by three) X
X Z(.) An array giving the y—coordinates of the X
X N—l'st, N'th, and N+l'st reflection points X
X (is dimensioned by three) X
X X
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

IMPLICIT REALX8 (A—H,0—Z)
DIMENSION Z(3),Y(5),X(3)„TTA(5);PHI(3)•ATA(50)•

X DF(50,50),DFA(50)
X PI = DACOS(—l.0D0)PI02 = PI/2.0D0

NDV = 4
X9000 NRITE(6.X) 'Enter l for further runs:'
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READ(5¤¥) IRUN
NRITE(6,X) 'Enter the number of shots¤'
READ(5;X) NSHTS
NRITE(6,X)'Enter the opening angle in degrees¤'
READ(5;X) SID
NRITE(6,X)'Enter the ref1ectivity:'
READ(5,X> RO
NRITE(6,X)'Enter the reflectivity ratio¤'
READ(5;X) RFR

X
EM = 1.0D0-R0

X
NRITE(75„X)
NRITE(75»51) EM»RFR

31 FORMAT(1X,'Emissivity =',F6.3,10x,'Reflectivity Ratio =',F6.3)

NRITE(75,X)
X

SEED = 7656321.0D0
DAZ = 2.0D0/DFLOAT(NDV)

X
SI = SIDXPI/180.000
NAZ = INT((1.0D0+DCOS(SI))/DAZ)+1
DAZ = (1.0D0+DCOS($I))/DFLOAT(NAZ)

X
D0 1 I=1;NAZ
ATA(NAZ—I+1) = DACOS(DFLOAT((I·1)+1)XDAZ-1.0D0)

1 CONTINUE
X

ARAP = PIXDSIN(SI)XX2
AREA = DAZX2.0DOXPI

XX
XX

X Do-loop over all elements X

XX
XX

DO 7000 KM=1,NAZ
XX

' XX

X Initialize the distribution factor matrix X

XX
XX

D0 700 JM=1•NAZ
DF(KM,JM) = 0.0D0

700 CONTINUE
DFA(KM) = 0.0D0

XX
XI

X Obtain the zenith angles that define element KM X

XX
XX

TTAL0 = ATA(KM)
IF(KM.E0.NAZ) THEN
TTAU0 = PI
GOTO 111
END IF
TTAU0 = ATA(KM+1)

X
111 TTALOD = TTALOX180.0D0/PI

TTAUOD = TTAUOX180.0D0/PI
X

RN = —l.0D0
IN = 0
ISHTS = 0
C1 = DSIN(TTALO)
C2 = DSIN(TTAUO)

XX
XX

X Determine the emission sight X

XX
XX

1000 CALL RAND(SEED•IN,RN)
PHI(1) = 0.0D0
CALL RAND(SEED;IN;RN)
CC = C1XC1+RNX(C2XC2·ClXC1)
TTA(1) = DASIN(DSQRT(CC))
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IF(TTALO.GE.PI02) TTA(1)=PI·TTA(1)
X(1) = DSIN(TTA(1))XDCOS(PHI(1))
Y(1) = D$1N(TTA<1))X¤$INtPHI<1)>
Z(1) = DCOS(TTA(1))XXXX

Xxbetermine the first point of incidence X
XXX

CALL RAND($EED,IN,RN)
TTA(2) = 2.0DOXDASIN(DSQRT(RN))
CALL RAND(SEED,IN,RN)
PHI(2) =2.0DOXPIXRN
X(2) = DSIN(TTA(2))XDCOS(PHI(2))
Y(2) = DSIN(TTA(2))XDSIN(PHI(2))
Z(2) = DCOS(TTA(2))

100 CONTINUEXXXX

X Check to see if the ray has escaped X
XXXX

IF(TTA(2).LE.SI) THEN
DFA(KM) = DFA(KM)+1.0D0
GOTO 999
END IFXXXX

X Draw a random number to check for absorption X
XXXX

CALL RAND($EED,IN,RN)
IF(RN.LT.R0) THENXXXX

X Draw a random number to check for the type of reflection X
XXXX

CALL RAND(SEED,IN,RN)
IF(RN.LT.RFR) THENXXXX

X If reflection is specular, call SRCH to obtain the next reflection X

X point
X

XXXX

CALL SRCH(X,Y,Z)
X

CALL CNVRT(X(3),Y(3),Z(3),TTA(5),PHI(3))
D0 110 J=1,2
X(J) = X(J+1)
Y(J) = Y(J+1)
Z(J) = Z(J+1)
TTA(J) = TTA(J+1)
PHI(J) = PHI(J+1)

110 CONTINUE
GOTO 100

ELSEXXXX

X If reflection is diffuse, draw two random numbers to find the X

X next reflection point
X

XXXX

CALL RAND(SEED,IN,RN)
TTA(3) = 2.0DOXDASIN(DSORT(RN))
CALL RAND(SEED,IN,RN)
PHI(5) =2.0D0XPIXRN
X(3) = DSIN(TTA(3))XDCOS(PHI(5))
Y(3) = DSIN(TTA(3))XDSIN(PHI(3))

· Z(5) = DCOS(TTA(5))
DO 120 J=1,2
X(J) = X(J+1)
Y(J) = Y(J+1)
Z(J) = Z(J+1)
TTA(J) = TTA(J+1)
PHI(J) = PHI(J+1)

120 CONTINUE
GOTO 100
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END IF
ELSE

XX XX
X!If absorption occurs, increment the distribution factor X
X XX

IAZ = INT((DCOS(SI)·DCOS(TTA(2)))/DAZ)
DF(KM,IAZ) = DF(KM,IAZ)+l.0D0

END IF
X

999 ISHTS = ISHTS+1
XX XX
X Check for the number of shots, and start over if all shots have not X
X been fired. X
XX XX

IF(ISHTS.LT.NSHTS) GOTO 1000
XX XX

X Calculate the distribution factor from element KM to all other X
X elements. X
XX XX

DFA(KM) = DFA(KM)/DFLOAT(NSHTS)
DO 5 I=1,NAZ
DF(KM,I) = DF(KM,I)/DFLOAT(NSHTS)

5 CONTINUE
7000 CONTINUE

XX XX

X Calculate the apparent emissivity X
XX XX

APEM = 0.0D0
D0 200 I=1,NAZ
APEM = APEM+DFA(I)

200 CONTINUE
APEM = APEMXEMX(AREA/ARAP)

XX XX

X Nrite out the result X
XX XX

NRITE(75,S2) APEM
NR1TE(7 5 , X)

'
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX '

NRITE(75,X)
52 FORMAT(1X,'Apparent Emissivity =',F6.5)

IF(IRUN.EO.1) GOT0 9000
X

„ NRITE(6,X) EM , APEM
X

STOP
END

X X
XXXXXXXXXXXXXXXXXXXXXXXXXXXX SRCH XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
X X

X This subroutine, by applying the laws of specular reflection, X
X determines the next point of incidence given the two previous X
X points of incidence in a spherical enclosure. X
X X
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
X X

SUBROUTINE SRCH(X,Y,Z)
IMPLICIT REALX8 (A—H,0—Z)
DIMENSION X(5),Y(3),Z(3) '

X
DEN = Y(1)XZ(2)·Y(2)XZ(1)
APR = (-Z(2)xX(1>+Z(1)¤x<2))/DEN
gPR ; (—X(2)XY(1)+X(1)XY(2))/DEN
CNST = X(N)XX(N*1)+Y(N)XY(N'1)+Z(N)XZ(N*1)
DEN = Y(N)/X(N)·APR
A1 = CNST/(X(N)XDEN)
A2 = (BPR·Z(N)/X(N))/DEN
B1 = (CNST·A1XY(N))/X(N)
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B2 = -(A2xY<N)+Z(N))/X(N)
DEN = B2XB2+A2XA2+1.0D0
D1 = 2.0DOX(B1XB2+A1XA2)/DEN
D2 = (B1XB1+A1XA1'1.ÜDÜ)/DEN
Z1 = 0.5DOX(•D1+DSQRT(D1XD1—4.0DOXD2))
Z2 = 0.5DOX(-D1—DSQRT(D1XD1—4.0DOXD2))
X1 = B1+B2XZ1
X2 = B1+B2XZ2
Y1 = A1+A2XZ1
Y2 = A1+A2XZ2
E1 = (X(N—1)·X1)XX2+(Y(N·1)-Y1)XX2+(Z(N—1)-Z1)XX2
E2 =N(X(N—1)-X2)Xx2+(Y(N-1)—Y2)XX2+(Z(N—1)—ZZ)XX2

= +
IF(E1.LT.1.0D·10) THEN
X(N) = X2
Y(N) = Y2
Z(N) = Z2
END IF
IF(E2.LT.1.0D—10) THEN
X(N) = X1
Y(N) = Y1
Z(N) = Z1
END IF
RETURN
END

X
X

XXXXXXXXXXXXXXXXXXXXXXXXXXXX CNVRT XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

X
X

X This subroutine converts the Cartesian coordinates into spherical X

X coordinates.
X

X
X

X
X

SUBROUTINE CNVRT(XX,YY.ZZ,TA,PH)
‘

IMPLICIT REALX8 (A-H;0—Z)
PI = DACOS(—1.0D0)
TA = DACOS(ZZ)
SNPH = YY/DSIN(TA)
CSPH = XX/DSIN(TA)
PH = PI+(DABS(SNPH)/SNPH)X(DACOS(CSPH)—PI)
RETURN
END
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XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX MPRS XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

x
x

X This program uses the Monte Carlo technique to calculate the X
X directionel apparent absorptivity of a spherical cavity having X
X specular walls es e function of the cavity opening angle, wall X
X absorptivity, and the direction of incidence. Collimated radiation X
X is simulated by emitting an energy bundle from e randomly chosen X
X location on the plane of the cavity opening in the same direction X
X as that of the collimated radiation. The path of this energy bundleX
X is then followed until it either escapes from the opening or loses X
X a significant portion of its energy because of multiple reflections.X
x

xX Variables: x
X AABS Directional apparent absorptivity X
X APR A coefficient in the equation for the plane X
x of reflection x
X BPR A coefficient in the equation for the plane X
x of reflection x

X EABS Number of energy bundles absorbed X
X GAMA Direction of the collimated radiation X
X ISHTS A counter to keep track of number of shots X
X NREF Maximum number of reflections considered X
x NSHTS Total number of shots x

X RF Random number used to determine the angular X

x position of the emission sight x
X RO Reflectivity X

X RR Random number used to determine the radial X

X position of the emission sight X

X X(.) Array of the x-coordinates of all reflection X
X points X
X Y(.) Array of the y·coordinates of all reflection XX points X
X Z(.) Array of the z-coordinates of all reflection XX points X
x

x
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
x

x
IMPLICIT REALX8 (A-H,0—Z)
DIMENSION Z(500)„Y(500),X(500)
PI = DACOS(-1.0D0) A
SEED = 7654321.0DO

x
NRITE(6,X) 'Enter the number of shots:'
READ(5,x) NSHTS
NRITE(6,X) 'Enter the opening angle in degrees:'
READ(5,x) SID
NRITE(6,X) 'Enter the wall reflectivity¤'
READ(5,X) R0
NRITE(6,X) 'Enter the direction of incidence in degrees:'
READ(5,x) GAMD

x
GAM = GAMDxPI/180.000
SI = SIDxPI/180.0D0
NREF = INT(DLOG(.0005D0)/DLOG(R0))+l

x
EABS = 0.0D0
RR = -1.000

— IN = 0
ISHTS = 1

xx
xx

X Draw two random number to determine the emission sight. X
xx

xx
1000 CALL RAND(SEED,IN,RR)

CALL RAND(SEED,IN•RF)
R = DSIN(SI)XDSORT(RR)
FI = RFx(2.0D0xPI)
X0 = RxDCOS(FI)
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Y0 = RXDSIN(FI)
Z0 = DCOS(SI)

XX XX

:*Determine the next two points of reflection. X
XX

BP = YOXDSIN(GAM)'ZOXDCOS(GAM)
CP = XOXXO+YOXYO+ZOXZO·1„0D0
DP = D$QRT(BP¤BP-CP)
Tl = —BP—DP
T2 = -BP+DP
Z(l) = Z0·T1XDCOS(GAM)
Z(2) = Z0·T2XDCOS(GAM)
Y(l) = Y0+TlXDSIN(GAM)
Y(2) = Y0+T2XDS1N(GAM)
X(1) = X0
X(2) = X0

X
EABS = EABS+(l.0D0—RO)

XX , XX

X Determine the constants for the reflection plane X
XX XX

DEN = Y(1)XZ(2)·Y(2)XZ(1)
APR = (-Z(2)xX(1)+Z(1)Xx(2>)/DEN
BPR = (·X(2)XY(1)+X(1)XY(2))/DEN

XX XX

X Do—loop over the maximum number of reflections X
XX XX

DO 200 I=S;NREF
XX XX

X Call SRCH to determine the next reflection point X
XX XX

CALL SRCH(X'Y;Z;APR»BPR;I)
IF(Z(I).GE.Z0) THEN

XX
XX

X Energy bundle has escaped, start over with a new one. X
XX

XX

ISHTS = ISHT$+1
GOTO 2000

END IF
XX

XX

X Energy bundle has hit the cavity wall, add on to the total amount X
X absorbed

X
XX

XX

EABS = EABS+(1.0D0-R0)X(ROXX(I-2))
200 CONTINUE

XX
XX

X Increment the counter and start over if all shots are not fired. X
XX

XX

ISHTS = ISHT$+1
2000 IF(ISHTS.LE.NSHTS) GOTO 1000

XX
XX

X Calculate the directional apparent absorptivity. X
XX

XX

AABS = EABS/DFLOAT(NSHTS)

*
NRITE(6•X) AABS
STOP
END

X
X

XXXXXXXXXXXXXXXXXXXXXXXXXXXX SRCH XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

X
X

X This subroutine, by applying the laws of specular reflection, X
X determines the next point of incidence given the two previous X

X points of incidence in a spherical enclosure. X

X
X

XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
X

X

Appcndix B. Program Listings 172



SUBROUTINE SRCH(X;Y•Z;APR•BPR•N)
IMPLICIT REALX8 (A—H,0·Z)£IMEäSION X(500)»Y(500)•Z(500)
CNST = X(N)XX(N-1)+Y(N)XY(N—1)+Z(N)XZ(N—1)
DEN = Y(N)/X(N)·APR
A1 = CNST/(X(N)XDEN)
A2 = (BPR·Z(N)/X(N))/DEN
B1 = (CNST·A1XY(N))/X(N)
B2 = '(Ä2¥Y(N)+Z(N))/X(N)
DEN = B2XB2+A2XA2+1.0D0
D1 = 2.0DOX(B1XB2+A1XA2)/DEN
D2 = (B1XB1+A1XA1—1.0D0)/DEN
Z1 = 0.5DOX('D1+DSQRT(D1XD1·6.0DOXD2))
Z2 = 0.5DOX(-D1·DSQRT(D1XD1·4.0DOXD2))
X1 = B1+B2XZ1
X2 = B1+BZXZ2
Y1 = A1+A2XZ1
Y2 = A1+A2XZ2
E1 = (X(N*1)‘X1)XXZ+(Y(N'1)'Y1)XX2+(Z(N'1)*Z1)XXZ
S2 =N(X(N·1)·X2)XX2+(Y(N—1)·Y2)XX2+(Z(N·1)·Z2)XX2

= +
IF(E1.LT.1.0D—8) THEN
X(N) = X2
Y(N) = Y2
Z(N) = Z2
END IF
IF(E2.LT.1.0D—8) THEN
X(N) = X1
Y(N) = Y1
Z(N) = Z1
END IF
RETURN
END

X
X

XXXXXXXXXXXXXXXXXXXXXXXXXXX! CNVRT XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

X
X

X This subroutine converts the Cartesian ceerdinates inte spherical X
X ceerdinates. X
X

X

X
X

SUBROUTINE CNVRT(XX,YY,ZZ,TA,PH) ·
IMPLICIT REALX8 (A-H»0—Z)
PI = DACOS(—1.0D0)
TA = DACOS(ZZ)
SNPH = YY/DSIN(TA)
CSPH = XX/DSIN(TA)
PH = PI+(DABS(SNPH)/SNPH)X(DACOS(CSPH)—PI)
RETURN
END
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