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(ABSTRACT)

A procedure to generate an approximate bifurcation diagram for a

single-degree-of-freedom system in a selected parameter space is developed.

The procedure is based on the application of Floquet analysis to determine the

stability of second-order perturbation approximations of the solutions of the

system in the neighborhoods of specific resonances. As a control parameter

is varied, a combination of elementary concepts of bifurcation theory and the

proposed method are used to detect the first bifurcation from the periodic

solutions and hence infer the qualitative changes that the system experiences.

Codimension-one bifurcations are investigated in a two-dimensional

parameter space composed of the amplitude and frequency of the excitation.

The behavior of a softening Duffing oscillator is analyzed under external and

parametric excitation. The dynamics of a ship rolling in waves is also

considered and three types of excitations are treated; external, parametric,

and a combination of both.
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Analog- and digital-computer simulations are used to verify the accuracy of

the analytica! predictions. It is found that the predictions based on the first

bifurcation of the analytica! solution give a good estimate of the actual

behavior of the system. The stability regions of the solutions near each of the

resonances display a self-similar structure in the parameter space. The

physical implications of these bifurcation patterns are important for the

prediction of the capsizing of ships. The dangerous regions of the parameter

space where capsizing might occur are identifled for a given system.

Capsizing is found to occur via two distinct scenarios: one evolving from a

large oscillation through a disappearance of a chaotic attractor (crises) and a

second, potentially more dangerous, developing from a small oscillation

through a sudden tangent instability. These scenarios agree with previous

experimental studies.
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Chapter 1

INTRODUCTION

1.1. General description and motivation of this work

The current work deals with the stability of deterministic dissipative dynamical

systems that display oscillatory behavior. We are interested in characterizing

the long-term behavior of a system in terms of the number and type of existing

solutions and the qualitative changes that these solutions undergo as a control

parameter is slowly varied. Our aim is to present analytical tools that can be

used to approximately predict the stability regions of specific solutions in a

selected parameter space. The systems that we treat are all modeled by

second-order nonlinear ordinary differential equations, which are typical of

rigid-body oscillations in single—degree—of-freedom systems. However, the

techniques that we use to analyze and predict the behavior are not restricted
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to this particular class of systems: they are rather general and should equally

apply to higher-order systems.

The continuously growing interest in nonlinear systems can be explained by

the confluence of a number of factors: there is a wealth of evidence on the

importance of nonlinear phenomena in all branches of engineering and

science [1], there is a strong mathematical background [2] that is bringing a

good deal of order and understanding into dynamical systems, there is an

emerging new paradigm that relates determinism and ergodicity through what

is called deterministic chaos, and finally there are available powerful computer

codes to manipulate symbols and perform numerical simulations. We have

attempted to benefit as much as possible from all of these factors, and the

material presented here will reveal this effort.

The nonlinear nature of the differential equations governing the states of the

systems under consideration makes closed-form solutions in general

unavailable. Therefore, we have to resort to the following approaches :

•
Approximate analytical solutions

•
Direct numerical integration

•
Qualitative or topological analysis

INTRODUCTION 2



One or more of these approaches can be use to analyze a particular system.

ln this work, we rely primarily on the first and second approaches, although in

the process of analysis we also use some qualitative tools, such as

phase-space representations and Poincaré maps.

Perturbation techniques have been at the heart of nonlinear analyses from the

time of Poincaré [3]. It has been shown (e.g., [4-6] ) that approximate

analytical solutions can accurately model the behavior of weakly nonlinear

systems in the neighborhoods of the resonances of the system. Nayfeh and

Mook [6], among many others, have successfully applied perturbation

techniques to a large number of discrete and continuous dynamical systems.

The method of multiple time scales [4] as well as the method of averaging [7]

have been found to be useful techniques to determine approximate uniform

solutions. Therefore, the derivation of approximate solutions for weakly

nonlinear systems near a specific resonance is in many cases a standard

procedure.

Periodically forced systems by either an external or a parametric load are very

commonly found in engineering applications. The dynamics of these systems

is often complicated, even when the system itself is very simple. These

complicated behaviors include phenomena such as period-multiplying

bifurcations, coexistence of solutions, a sudden jump from one solution to

another, and chaotic solutions. A large number of studies has analyzed the

forced Duffing oscillator and simple pendulums, which are among the simplest
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nonlinear systems, but at the same time model many physical systems of

significance in various diciplines.

Huberman and Crutchfield [8] found period-doubling sequences and chaotic

behaviors in a Duffing-type oscillator of the form

Ö+pÖ+0—463=I"cos(Qt)

The analog-computer simulation showed that by varying the frequency of the

excitation, the system could be driven into a region where the response

displayed a period-doubling sequence and then a broad-band frequency

spectrum, characteristic of a chaotic behavior. This confirmed the predictions

of Morozov [9,10] who had analyized the complex structure of the solutions

near a homoclinic bifurcation. Huberman, Crutchfield, and Packard [11]

studied the behavior of the equation

Ö—l- pt? -+- wg sin 0 = I" cos(Qt)

in the context of plasma oscillations in the presence of microwave radiation.

Using a hybrid digital-analog computer, they generated a bifurcation diagram

by varying the amplitude and frequency of the excitation and locating the

regions of the parameter space F — Q where periodlc and chaotic responses

can be found. The resulting diagram showed a Y shaped region where clear

boundaries for the chaotic responses could be identified. Parlitz and

Lauterborn [12] used digital-computer simulations to construct the bifurcation
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diagram of a forced Duffing oscillator with a hardening nonlinearity taking the

amplitude and frequency of excitation as control parameters. The resulting

diagram showed what they conjectured to be a superstructure that might be

universal for a large class of oscillatory systems. Using analog-computer

simulations, Zavodney, Nayteh, and Sanchez [13] found a similar bifurcation

structure for the equation

ü -l· 2apU -l- [wg + söu + 62ocu2 + sg cos Qt]u = 0

which is a parametrically exclted oscillator. The bifurcation diagram ( some

times called state diagram ) in the parameter space g - Q showed that over

twenty qualitatively different solutions could be found. These solutions were

stable in a tongue-like region that usually had period-doubling instabilities,

leading to a chaotic response on one side and tangent instabilities on the

other. ln regions of the parameter space where two or more tongues overlap,

there would be multistability of solutions and the initial conditions would take

the system to a particular solution, depending on the domain of attraction of

that solution. A key feature of the behavior observed was that complicated

responses such as period-multiplications and chaotic solutions were confined

to a small region of the parameter space.

Approximate solutions are effective in modeling periodic behavior that can be

represented as a summation of a few terms, usually harmonic, that

progresively improve the approximatlon. As the frequency content of a

solution increases, the Iikelihood of obtaining a good approximate solution

mmooucrlou 6



decreases due to the large number of terms in the expansion that is needed.

This fact makes the approximation of complicated behavior very difficult.

However, due to the observation that complicated behaviors are confined to a

narrow region of the parameter space. we were motivated to generate an

approximation of the bifurcation diagram by analyzing the stability of

perturbation solutions in the neighborhoods of the resonances of the system.

Expanding the work of Nayfeh and Khdeir [14,15], we use Floquet theory and

elementary concepts of bifurcation theory to determine the regions of the

parameter space where the approximate analytical solutions are stable and

the type of instabilities that take place when they become unstable. A

second-order approximate analytical solution near each resonance is obtained

by the method of multiple scales [5]. The complicated algebra involved in this

process was performed by a symbolic manipulator. The asymptotic stability

of the solution is determined by perturbing it and studying the evolution of this

perturbation, which is governed by a linear differential equation with periodic

coefficients. A computer code was written to solve the algebraic system of

equations generated from the multiple-scales analysis and to perform a

numerical integration for determining the stability of the solution at every point

in the parameter space. The parameters selected were the frequency and

amplitude of the excitation, which are common control parameters in physical

applications.

inmooucriou 6



We begin by presenting in Chapter 2 a general approach for treating problems

that show time evolution, which is the dynamical system’s point of view. Basic

concepts and definitions are also given, which are used in the following

chapters. ln Chapter 3, we concentrate on the analysis of a softening Duffing

oscillator with an external excitation. In Chapter 4, we consider a similar

Duffing oscillator with a parametric excitation. lt is shown that these simple

systems display a complex but organized structure of solutions.

1.2. Analysis of ship motions

Although the dynamic behavior that we study is common to many physical

systems governed by analogous equations, we have a specific problem that

motivates this work, which is the prediction of the dynamics and capslzing of

ships rolling in seas. The latter phenomenon, which is of fundamental

importance for safety and design considerations, is still not well understood

prlmarily because of its inherent nonlinear nature. There have been recent

cases [16] where the inadequacy of the current design regulations has been

documented unfortunately with loss of lives and equipment. ln other situations

[17], casualties have occurred in not very unusual sea conditions. These facts

point to a basic lack of understanding of the specific mechanisms that cause

a vessel to capsize. Considerable effort has been dedicated to the formulation
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of mathematical models that capture the main features of the dynamics [18].

These models have to a good extent been successful (e.g., [19]) in

representing some characteristics of the real phenomena. However, the

difficulty remains in relating geometrical characteristics to the dynamic

performance for design evaluation.

The initial developments of the theory of ship motlons are due to Leonhard

Euler, who in 1737 first postulated the theory of motlons in still water. Euler

derived the equations of motion of a ship by neglecting the hydrodynamic

terms and reducing the mathematical model to the equations of a pendulum.

Daniel Bernoulli also made contributions by studying the forced oscillations

resulting from the motion of a vessel in waves. The first complete theory was

formulated by the English scientist-ship designer W. Froude [20] and published

in 1861. ln this analysis Froude treated the case of rolling in beam seas,

assuming the dimensions of the ship to be small compared to the wavelength.

The wave was considered to be sinusoidal and the direction of the buoyancy

force was assumed to be not vertical, but normal to the wave. A. N. Krilov [21]

was the first to apply the variational methods developed by Lagrange to ship

motion.

ln spite of the fact that shipbuilding is an ancient art, only recently have

analytical methods been used to scientifically improve the techniques.

Particularly, the developments in the basic understanding of capslzing are

quite new. The effect of nonlinear coupling between the modes has been
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postulated only in the past forty years. The work of Grim [22], Kerwin [23],

Pauling and Rosenberg [24], and Nayfeh, Mook, and Marshal [25] have shown

the vital role of the nonlinear terms in the stability of the motion.

ln Chapter 5, we present some basic concepts in the theory of ship motions.

We derive the general equations of motion for the six—degree-of-freedom

system and give the assumptions used to reduce this system to the

one-degree-of—freedom model that we finally analyzed. ln Chapter 6, we study

the rolling motion of a ship in beam seas; that is, when the waves approach the

ship from the side, including the case ofa ship having a bias angle. In Chapter

7, we consider the case of rolling of ships in longitudinal waves; that is, when

the waves are directed in a direction normal to the longitudinal axis of the

ship. In this case the governing equation has a parametric excitation; that is,

a time-varying coefficient. ln Chapter 8, we consider a general case having

both parametric and external excitations. This situation arises for a ship

moving in a quartering seas; that is, when the waves move at an angle to the

longitudinal axis of the ship, or when a biased ship rolls in longitudinal waves,

or when variations of pressure within the waves are taken into account in the

rolling in beam seas.

mmooucriou 9



Chapter 2

DYNAMICAL SYSTEMS

ln this chapter we present a short review of basic concepts from the theory of

dynamical systems to bring new Insight Into the problems of stability of

systems. At the same time, it provides a solid ground for the analysis of the

behaviors that we encounter in this work and a test of their universality for

larger classes of systems that share the dominant features of the governing

equations.

2.1 Description of time evolution

The theory of dynamical systems deals with systems that experience time

evolution. The description of the evolution of the states of a system from a
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known previous history is given by a set of equations. The theory applies to

cases in which, independently of the physical characteristics of the system, the

time evolution can be described mathematically in the form of equations. This

classification covers all time varying phenomena for which states can be

identified and governing equations, or some sort of descriptive tools, can be

applied to model their change. Therefore, the field of applications of

dynamical systems is immense and the unification of the treatment for

phenomena originating from diverse fields, such as mechanics, chemistry,

biology, and economics not only provides common tools of analysis but

reveals the presence of universal features shared by these systems.

The earliest problems on dynamic evolution are those dealing with the motion

of the planets in the solar system, which date back to Newton (1642-1727).

However, it was Poincaré (1854-1912) [3] who laid the foundation for the

qualitative analysis of dynamical systems. His early ideas, which included the

study of the topological structure of the orbits in the phase space, were later

expanded by Liapunov (1857-1918) [26], Birkhoff [27], Andronov [28],

Kolmogorov [29], Moser [30], Arnold [31], and Smale [32], among others. who

shaped the core of the mathematical apparatus available today.

ln the study of dynamical systems we must first distinguish between

conservative (Hamiltonian) and dissipative systems due to the large

differences in the qualitative structure of the solutions in these cases.

Hamiltonian systems have the characteristic of being frictionless; that is,

DYNAMICAL SYSTEMS 11



energy is conserved. In systems of this type the initial conditions have a

profound effect on the long term behavior. On the contrary, dissipative

systems possess a mechanism for dissipating energy. This fact implies that,

as time increases, the solutions decay in the phase space to a space having a

dimension lower than that of the initial conditions; this space is known as an

attractor. Once the system is on the attractor the initial conditions have no

direct influence on the behavior. These systems display an initial transient

behavior. These characteristics are typical of most engineering applications.

Therefore, we are mostly concerned with this latter type.

The time evolution of dissipative systems is usually described by a set of

nonlinear equations which can be algebraic, ordinary-differential,

partial-differential, difference, or integral equations. ln most common

applications in engineering, the governing equations can be reduced to either

ordinary·differentiaI or partial-differential equations. These equations are

obtained by applying the physical laws to the state variables of the system. ln

the case of dynamics, these laws reduce to Newton’s second law or some

equivalent statement, usually in the form of an extended Hamilton’s principle.

lf the system under consideration has state variables with continuous spatial

dependence. the resulting equations are partial-differential equations, such as

those describing the vibration of an elastic beam. On the other hand, if the

state variables are discrete or Iumped, the governing equations are

ordinary-differential equations, such as those describing rigid—body dynamics.

ln many instances the infinite-dimensional phase space of a continuous system

¤vNAivucAL SYSTEMS 12



is contracted due to dissipatlon to a finite-dimensional phase space. This fact

allows us to solve these problems by using the Galerkin procedure or a similar

technique to transform the problem from continuous to discrete. Therefore,

we are mostly interested in discrete systems.

ln the following subsections we describe general characteristics of dissipative

dynamical systems. Some of the definitions and terminology are used

throughout this work. Some others are included just for the sake of

completeness, although the description is very brief. We hope that the basic

concepts are discussed in enough detail to make the material of the later

chapters self-contained. Most of the concepts presented in this chapter have

been discussed in books and articles published in the past ten years. Specific

references have been given in a few sections, but most of the ideas in one way

or another can be traced to books and articles by Eckmann [33], Berge,

Pomeau, and Vidal [34], Kubicek and Marek [35], Nayfeh and Mook [6],

Guckenheimer and Holmes [36], Thompson and Stewart [37], Jordan and Smith

[38]. Arnold [39]. Seydel [40], Lichtenberg and Lieberman [41]. looss and

Joseph [42]. and Schuster [43].

ovNAMlcAL SYSTEMS 13



2.2 Dissipative systems and their attractors

ln a typical situation the evolution of a system is described by a system of first

order ordinary—differential equations of the form

d _ n k
BTX(t) -F(X. V) Xellä yeliii (2.1)

where X(t) is a vector that represents the state of the system at time t and y is

a vector of control parameters whose effect on the dynamics ls being sought.

lf the n observable scalars contained in X(t) completely characterize a system

at each time t and (2.1) determines its evolution, then the geometry of the

phase space contains important information about the dynamics of the system

that we can interpret. The right-hand side of (2.1) defines a vector field in the

phase space, which is tangent at every point to the solution X(t); it is often

referred to as the flow of the differentlal equation. Considering the analogy

of a flow, we can apply the Eulerian description of a velocity field, in which the

rate of change of a property Y, is given by the transport theorem

0: V
V( 6: + V) ( ° )

where V denotes the volume of a region in the phase space and v is the

velocity field. For the flow in phase space, we can consider Y = 1 everywhere

and v = F(X, y) , which renders (2.2) as

¤vNA1vucAi. SYSTEMS 14



V(t) = (V.F)dV (2.3)
dt V

Therefore, the change in the volume of the phase space is described by the

divergence of the velocity field. This important conclusion is stated in

Liouville’s theorem (see Arnold [39]) for the case of a Hamiltonian system

which reads, "The phase flow of Hami|ton’s equations preserves the phase

volume." ln the case of dissipative systems we have

VF äöFi(X)<0 (24)I —.

. ·
l=‘I

which implies that the local phase volume decreases. This reduction of

volume as time goes to infinity shrinks any initial volume to zero. This is the

essential idea of the attractor : any set of initial conditions has to evolve until

it reaches a set of zero volume. Figure 2.1 illustrates this concept for a

particular case of a periodic attractor.

Considering the flow as a transformation T' that acts on a set of initial

conditions Y in the form T'Y= X(Y. f) to generate the trajectory in the phase

space. Eckmann [33] defines the properties of an attractor )t as :

1. )( is an invariant set under the transformation T': T')? = )(.
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2. X has a shrinking neighborhood in the sense that there is an open

neighborhood U of X, U:>X such that T'UcU fort> 0 and X = öT'U .
t>0

3. The flow T' on X is recurrent and indecomposable

where the operator fi represents the intersectlon of the sets generated after

applying the function Ti an infinite number of times. Recurrent means that the

flow ls never transient on and indecomposable means that X cannot be split

into two nontrivial closed invariant pieces.

Associated with each attractor there is a basin of attraction, which can be

defined as the set of initial points X such that T'X approaches X as t goes to

infinity; or in other words, it is the set of initial conditions that Ieads to the

attractor. This is a set of nonzero volume that contains the attractor. A

nonlinear system can have many attractors ( even a countable infinity ) each

with its own basin of attraction. The basins of attraction are mutually

exclusive, but they can be interlaced, leading to sensitive dependence on the

initial conditions.

Usually the analysis of the long-term behavior of the dynamical system can be

reduced to the study of the behavior of its attractors. In general terms four

different types of attractors can be identified : a point attractor, a limit cycle,

a torus or quasiperiodic attractor, and a chaotic attractor. A description of

each type is given in the next subsections.
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2.2.1. Point attractor

This type of solution is often associated with equilibrium or fixed points of the

system; that is, for some specific value of y (2.1) becomes

F(X, v) = 0 (2.5)

This expression represents a system of algebraic equations, which can have

many solutions. Although a solution X„ of (2.5) is an invariant set, it is not

necessarily an attractor unless it possesses a shrinking neighborhood. This

issue can be settled by considering an infinitesimal perturbation of the

equilibrium point in the form

>/(=
X0 + §(t) §ell”ä" (2.6)

Then. XC is an attractor provided that §(t) goes to zero as t—» oo. Substituting

(2.6) into (2.1), we obtain

§= F(X0 + é. 7) — F(X0„ 7) (27)

Expanding F(Xo-l- C„ V) in a Taylor series around XG and keeping only linear

terms, we obtain

¤vNArvncA1. SYSTEMS 17



· ÖFÄX0 vl“ = ..°~:[ GX] Jc + (2 )

Terms of higher order can be neglected based on the assumption that §(t) is

small. The matrix of the derivatives of F in (2.8) is known as the Jacobian

matrix J. Thus, §(t) is governed by a system of linear differential equations

having constant coefficients; they have solutions of the form §(t) = rexp(}1t) ,

where 2. and r are constant provided that [38]

det(J — ll) = 0 (2.9)

Therefore, §(t) will decay as t—> oo and hence X„ is an attractor if and only if

the real parts of all eigenvalues of J are negative; that is, if and only if

Re(2,) < 0 for i= 1, 2, ,n (2.10)

In a two-dimensional phase space the point attractor is often called a focus

when the eigenvalues are complex and a node when the eigenvalues are real.

lf the condition (2.10) is not satisfied, the two-dimensional fixed point is not an

attractor. lt is called saddle if one eigenvalue has a positive real part and the

other a negative real part and a center when both eigenvalues are purely

imaginary. The latter case, in which the perturbation has oscillatory behavior

without decay, displays a structure sensitive to small perturbations. This

structure is so atypical that in a general way fixed points are classified as

hyperbolic or non-hyperbolic, depending on the absence or presence of
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complex eigenvalues with zero real parts. In the same way, a flow near an

equilibrium point is called hyperbolic when all eigenvalues of the Jacobian

have nonzero real parts, which makes it decomposable into a contracting flow

and an expanding flow.

2.2.2. Limit cycle

This type of attractor represents a periodic motion. It is of fundamental

importance because of the significance of oscillatory behavior in all physical

systems, including biological cycles and vibrations in bodies and structures.

ln this case the basic characteristic is that the system returns to a state after

a period of time T; that is

X(t-+—T)=X(t) (2.11)

In the phase space this behavior corresponds to closed trajectories or orbits.

To determine whether or not a particular periodic solution is an attractor, we

again disturb the solution with an arbitrary infinitesimal perturbation c§(t) in the

form )?(t)= X(t) + §(t). After substituting >/((t) into the governing equation

(2.1), we obtain

$(1) = F[tXt1) + é-v)] — Flt Xt1)„v )] (2-12)
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Expanding F( X(t) + {(t) , y) in a Taylor series for small { and linearizing, we

obtain an equation of the form [42]

$(0 = P(0$ (Z13)

öF,[ X(0„ T] . . . .
where P(t) =——§5(——. The solutions of (2.13) determine the stabllity of

I

X(t). This is a linear ordinary-differential equation with periodic coefficients.

According to Floquet’s theorem [6], (2.13) possesses solutions of the form

{(t -l- T) = ).{(t) (2.14)

where Ä is called the Floquet multiplier. Thus, after m periods

{(t-l- mT) = 2"'{(t). Therefore, if I}. l <1 , {(t+ mT) -—> 0 as m —» oo and

hence X(t) is an attracting limit cycle. The Floquet multipliers Z are the

eigenvalues of the so called monodromy matrix C, which is related to a

fundamental solution matrix <D(t) as

<1>(t—l- T) = <D(t)C (2.15)

In addition. it can be easily shown [38] that for a system, such as (2.13) where

P(t) has the principal period T, the eigenvalues of the monodromy matrix are

related by

T
2,).2 }.„ = exp(j tr]: P(1) ]d1) (2.16)

0
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There are some particular limit sets called homoclinic and heteroclinic orbits,

which are not attractors, but play important roles in characterizing the

dynamic behavior. These trajectorles connect saddles. Heteroclinic orbits

connect distinct saddles. Homoclinic orbits connect saddles to themselves.

Both types of orbits have infinite periods and it is common to find complicated

behavior in their neighborhoods. They are also known as separatrices

because usually they represent boundaries separating distinct types of

solutions in the phase space.

2.2.3. Torus or quasiperiodic attractor —

A third type of attractor is the so-called torus T', which represents a periodic

motion modulated by one or more basic frequency. The attractor lies on the

surface of a torus of dimension r, where r is the number of incommensurate

frequencies present in the response. Newhouse, Ruelle, and Takens [44] have

conjectured that quasi-periodicity of degree greater than two may be difficult

to observe in nature because under fairly general conditions a torus T3 can

lose stability to be replaced by a strange attractor. This scenario has been

proposed by Ruelle and Takens [45] as a possible mechanism for turbulence.
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2.2.4. Strange attractors

An important remark regarding the contraction of volumes in the phase space

is that although T' contracts volume it does not need to contract lengths in all

dimensions. Snapshots of T' at times t = 0,1,2, may give the sequences

shown in Figure 2.2 . In (a) there is contraction in all directions, in (b) one

dimension remains constant, and in (c) there can even be stretching and

folding provided that the other dimensions are contracted enough to make the

final volume smaller than the initial one. This latter case shows that even if

traiectories converge to a single attractor, one might find that points that are

arbitrarily close initially may get macroscopically separated on the attractor

after sufficient time. An attractor displaying this property is called strange.

The following important features characterize chaotic attractors and can be

used to identity this type ot solution. The power spectrum of one ot the

variables of the dynamical system contains a continuous part, reflecting the

presence of an infinite number of trequencies necessary to approximate the

erratic behavior. In the same way the autocorrelation function tends to zero

as time increases, expressing the fact that knowledge of the variable at time t

does not give any information about it in the future at time t + 1. Another

property related to the stretching of the attractor ls the exponential divergence

of neighboring trajectories, which makes the chaotic solution crltically

sensitive to initial conditions.
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2.3. Invariant subspaces

The stability of a fixed point X., of the system defined by (2.1) was determined

[by
considering the behavior of small perturbations near it. This procedure is

equivalent to Iinearizing the flow in the neighborhood of the fixed point and

studying the behavior of the approximate system (2.8) (see [36]). This

linearized system contains the local behavior of the flow T' near the fixed

point. The solutions of this system can be expressed in the form

§(Y.,, t) =
e'JY., (2.17)

where Y., is the set of initial conditions and J is the Jacobian matrix. Therefore,

e'“
is the linearized flow that we can call L'. Alternatively, the general solution

of (2.8) can be expressed as the linear superposition of n linearly independent

solutions {§'(t), , §"(t)} in the form

f'!

€(1)= 2@.5'(¢) (2-18)
i=1
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where the constants a, are determined from the specific initial conditions. lf J

has n linearly independent eigenvectors u', i= 1, , n, then a basis for the

space of solutions is

5’(r)
=

6·^’u’
(2.19)

where 2., is the eigenvalue associated with u'. A set of n independent solutions

forms what is called the fundamental solution matrix

<I>(t) = [«f‘(t)„ „ €"(t)] (2-20)

Some of the solutions in the flow L' have the characteristic of being invariant

under the transformation e'~', in particular, if u' is a real eigenvector of J, then

a solution beginning at a,u' remains in this subspace for all times. lt is useful

to divide the space spanned by the eigenvectors into three groups and thereby

to generate separate manifolds; that is, subspaces with some smoothness

properties that insure that the implicit function theorem applies. The result is

Stable manifold, ES = span{v'. , v"=}

Unstable manifold,
E“

= spanlul. , uw}

Center manifold, E° =

span{w‘,DYNAMICALSYSTEMS 24



where {v'},{u'}, and {wl} are the eigenvectors corresponding to the

eigenvalues that have negative real parts, positive real parts, and zero real

parts, respectively.

ln the neighborhood of a saddle the invariant manifolds give essential

information about the structure of the phase space. The stable manifold, or

inset, approaches the saddle as t—>+«>o while the unstable manifold, or

outset, approaches the saddle as t—»—oo. The determination of these

invariant sets is important because the other trajectories near the saddle can

be inferred once the asymptotic traiectories are known.

Carr [46] proved that for fixed points having local stable and unstable

manifolds the local properties of the linearized system (2.8) carry over to the

nonlinear system (2.1), and the local stable and unstable manifolds of (2.8) are

tangent to those of (2.1) at XG.

2.4. Bifurcations of attractors

We have so far considered the attractors for a system of the form (2.1) for

some given values of the parameters )·. However, this approach does not have

great interest because the specific values used in the differential equations

might have some discrepancies with those that best model the behavior of the
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physical system at some point intime. Perhaps, these coefficients may change

with time due to the action of some environmental conditions or even as a

reaction to a deliberate attempt to control the dynamics of the system. For

these reasons, the best understanding of the behavior of the system can be

obtained when the key coefficients of the differential equation are used as

parameters and the qualitative effects of slow changes in these parameters are

understood.

ln general, the attractors change smoothly for small variations of a parameter,

and the changes show mostly scaled versions of the same thing; that is,

quantitative changes. A point attractor might move slightly as one parameter

is changed, or a limit cycle might grow as another parameter is changed.

Sometimes, however, the qualitative nature of the attractor might change as

the parameter crosses a critical point. This point is a bifurcation point. The

bifurcation points are of fundamental importance because changes in the

behavior might bring catastrophic consequences in the physical system. For

the case of a beam subjected to an axial static load, there exists a critical load,

infinitesimal changes of which might cause the beam to buckle suddenly.

Moreover, as we show later, there exists conditions under which infinitesimal

changes in the frequency or height of a wave might cause the ship to capsize.

Therefore, characterization of the bifurcations for some particular control

parameters of interest defines stability limits for each particular type of

behavior displayed by the system.
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In this work we mostly deal with what is known as local bifurcations, which

originate from small perturbations of attractors in the neighborhood of the

instability point. The qualitative changes occurring in the attractors affect a

small region of the phase space. However, small changes in the parameters

might also have associated changes that affect the configuration of the phase

space in a global way, such as transformations of the invariant manifolds

involving the creation or destruction of homoclinic orbits. These critical points

are called global bifurcations.

The dimension of the parameter space in (2.1) is k; however, a particular

bifurcation may need variations in a different number of parameters to be

observed. This fact is reflected in the definition of codimension, which is

defined [34] as the smallest dimension of the parameter space in which a

particular bifurcation can occur. Therefore, the number of parameters used in

(2.1) might not necessarily be the codimension of the bifurcation taking place.

ln this work we have only considered bifurcations of codimension one; that is,

any of the changes considered can be observed by changing a single control

parameter.

¤vNAMicAi. svs‘rEMs 27



2.4.1. Bifurcations of a point attractor

In this case we are concerned with qualitative changes on the attractor as the

parameter y in (2.1) is varied, where yelRZ‘. The attractor Ioses stability when

part of the spectrum of the Jacobian matrix moves into the right half-plane.

This can happen by when a real eigenvalue becomes positive or when the real

part of a complex pair of eigenvalues becomes positive.

Saddle-node

In general the crossing of a real eigenvalue into the right haIf—plane origlnates

a saddle·node or fold bifurcation unless some particular characteristics of the

system are present in which case it could cause a transcritical or a pitchfork

bifurcation [36]. The saddle-node, as indicated by the name, represents the

collision of a stable node and an unstable fixed point (saddle) causing the

disappearance of the attractor. Therefore, after a saddle-node bifurcation

takes place a jump to another attractor is observed.

For a system in which the trivial solution is a fixed point for all values of the

parameter, when the real eigenvalue becomes positive the trivial attractor

Ioses stability and a nontrivial fixed point becomes an attractor. There is an

exchange of stability between the trivial and nontrivial fixed points at the

bifurcation point. This bifurcation is called transcritical.
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Some systems exhibit symmetries under particular transformations which

prevent the occurrence of either the saddle-node or the transcritical

bifurcations to occur. ln this case the bifurcation takes the form of a pitchfork.

At the bifurcation point a new pair of equilibria (two solutions appear), related

by the specific symmetry, appear. The pitchfork is called subcriticai or

supercritical if the branches are stable after or before the bifurcation point,

respectively.

Hopf bifurcation

The bifurcations of a point attractor generated by a real eigenvalue crossing

into the right half-plane of the complex plane are called static or stationary,

because the system goes from one type of equilibrium to another. On the

other hand, bifurcations generated by a pair of complex eigenvalues crossing

the imaginary axis transversely into the right-half of the complex plane are

characterized by generating motion from equilibria. At the bifurcation (Hopf

bifurcation) point the Jacobian matrix has a pair of purely imaginary

eigenvalues. A theorem, which Hopf postulated in 1942 [46], summarizes the

conditions as

1. F(X,,,;·,,)=0 XelR” yelläi

2. The Jacobian has a simple pair of purely imaginary eigenvalues

l()·,,) = 3 iß and no other eigenvalue with a zero real part.
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d .
3.

dy
[Re(x.)] sé 0.

Then there is a birth of limit cycles at (X,,, y„). The initial period of oscillation

· - .21is T„-
ß

.

We did not observe Hopf bifurcations in this work because it is impossible for

a dissipative one-degree·of-freedom ( J is rank 2 ) system to have a pair of

purely imaginary eigenvalues, because the trace of the Jacobian is the

divergence of F(X, y) which must remain less than zero to satisfy (2.4).

2.4.2. Bifurcations of limit cycles

We previously used Floquet theory to determine the stability of a periodic

solution of (2.1) under small perlurbations for a given value of the parameter

y. To study bifurcations in these periodic solutions, we let y slowly change and

determine the location where qualitative changes take place. The Floquet

multipliers must remain inside the unit circle for the orbit to be an attractor.

Therefore, a bifurcation occurs when a Floquet multiplier 2. leaves the unit

circle. There are three possible situations:

1. A real eigenvalue leaves the unit circle through +1.

2. A real eigenvalue leaves the unit circle through -1.
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3. A pair of complex eigenvalues leave the unit circle.

ln the first case, at the bifurcation point, in general, there is a collision of a

stable and an unstable orbit, and as in the case of fixed points, the result is the

disappearance of the attractor and a jump to another stable solution. This

bifurcation is called a saddle-node or a cyclic fold bifurcation. We show in a

later chapter that under some particular conditions the interpretation of the

bifurcations resulting from a Floquet multiplier going through +1 might not

lead to a jump.

The second case does not have a similarity to the bifurcation of a fixed point.

When 2 leaves the unit circle through -1, it follows from (2.14) that

§(t+2T) = §(t). A solution with period 2T is generated. This bifurcation is

called period-doubling or flip (because the Poincaré map flips between two

points). Again, there exist conditions under which this interpretation does not

hold.

The third case is known as the Hopf, secondary Hopf, or Neimark bifurcation.

This case is somewhat similar to the one for fixed points, where a limit cycle

is born. At this bifurcation a new basic frequency of oscillation is born,

causing the limit cycle to break into a torus. Following the bifurcation the

attractor is contained on the surface of a torus. This bifurcation leads either

to phase locking when the two frequencies involved are commensurable or to

quasi-periodicity when they are irrational [34].
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Chapter 3

BIFURCATIONS IN A FORCED SOFTENING

DUFFING OSCILLATOR

3.1. Introduction

A large number of studies has been dedicated to the Duffing oscillator with

softening nonlinearity [e.g., 8,10,47-49]. The interest in this system lies in the

variety of physical phenomena that it models, such as the rolling motion of a

ship [14.50], and the fact that it is isomorphic to other systems of importance

in physics and engineering (e.g., Josephson junction oscillators [51] and

FoucauIt’s pendulum). Particularly interesting is the response of the Duffing

oscillator to a harmonic excitation in the presence of viscous damping, which

has been found [8,47] to exhibit, among other features, hysteretic and chaotic
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behaviors. Thus, we consider a nondimensiona! differentlal equation of the

form

56-l-2iiX+x—oix3=fcosQt

p,oc>0 f6F QEW F,W§lR1
(3.1)

where F and W represent appropriate domains for the analysis of the

dependence of the solution on the parameters f and
Q,

which can be

alternatively changed. Our aim is to identify the regions of the parameter

space lP° = FxW where qualitative changes in the solution occur (i.e.,

bifurcations) using approximate analytica! techniques and simple numerics.

Additionally, to assess the merits of the bifurcation analysis in predicting the

behavior of a physical system, we carried out detailed analog-computer

simulations on a system governed by (3.1).

Figure 3.1 shows the potential and the phase diagram of the Hamiltonian

system associated with (3.1) when oz = 1. lt is evident that in the absence of the

excitation all initial conditions inside the heteroclinic orbit (orbit conslstlng of

the separatrices connecting the saddle points) yield bounded solutions and all

initial conditions outside the heteroclinic orbit yield unbounded solutions. It

is also possible for a stable bounded solution of a system modeled by (3.1) in

the presence of the excitation to become unbounded. We are especially

interested in this event due to the catastrophic implications that it has for a

physical system, such as, the capsizing of a vessel. Previous studies focused

attention on the regions of the parameter space [P', where bounded solutions
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exist. Huberman and Crutchfield [8] observed the existence of a

period·doubling sequence to chaos in a region where the coexistence of two

solutions generated a hysteretic effect. Räty et al. [47] observed the

symmetry-breaking precursor to period-doubling bifurcations and confirmed

the consistency of the behavior with the universal features of noninvertible

one-dimensional maps. Rasband [45] calculated an approximate bifurcation

diagram by numerically calculating the stabillty of perturbations in a

Hamiltonian system whose first term involved Jacobi elliptic functions. The

resulting bifurcation diagram showed Y-shape curves [1,53] (see Section 3.3),

previously identified in other forced oscillators [11,54,55] and iterative maps

[56], which Parlitz and Lauterborn [12] conjectured to be universal for a large

class of nonlinear oscillators.

To determine the dependence of x(t) on the parameters f and Q we develop in

Section 3.2 an approximate second-order solution using perturbation

techniques. In Sections 3.3-3.5, the stabillty of this solution is then determined

by Floquet theory, which signals the location of bifurcation points. By

sequentially applying this procedure, we generate a bifurcation diagram in the

parameter space LU for the T-periodic approximate solution, where T= 2rc/Q.

ln Section 3.6, we present the results of analog-computer simulatlons and

compare these observations with those obtained by a perturbation method and

Floquet theory. The analog-computer simulatlons show solutions escaping

from the potential well in two different scenarios, which form the sides of a

Y-shape region. On the right side, escape is observed after the destruction of
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a chaotic attractor at the end of a cascade of period—doubling bifurcations. On

the left side, escape is observed suddenly and with no previous warning as a

consequence of a tangent instability. ln Section 3.7, we comment on results

from digital—computer simulations and point out difficulties that may arise in

implementing this approach.

3.2. Perturbation Solution

An approximate analytica! solution of (3.1) is obtained by assuming that the

coefficients /4, ex, and fare small. This smallness can be characterized using

a single coefficient 6 , where 6< <1, as a scaling factor. Thus, we rewrite (3.1)

as

x —+- x = 6( — 2/4x + cxxs —+— fcos Qt) (3.2)

/4.cx>0 f6F Q6 W F, WQIFE1

A second-order straightforvvard expansion [5] of the type

x(t; 6) = xo(t) + 6x, (t) -+- 62x2(t) + (3.3)

quickly identifies the resonances Qz1,Qz -ä— , and Qz3, which render

expansion (3.3) nonuniform and consequently inappropriate.
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In the following section, we determine a uniform second-order approximate

solution for the case of primary resonance Qzt using the method of multiple

scales [5]. Because the subharmonic (Qz3) and superharmonic (Qzé)

resonances produce considerably smaller amplitude responses than the

primary resonance, they are excluded from the frequency interval considered.

The proximity of Q to unity is expressed as

:22 = 1 + 66 (3.4)

where 6 is a detuning parameter. The natural frequency ofthe linear oscillator

in (3.2) can be written in terms of Q by using (3.4). The resulting equation has

the following form:

5% —l- Q2x = e(6x —l- ocxg — 2215% + fcos Qt) (3.5)

We let

X(t; €)
= x0(T0, T1, T2) + SX1(T0, T1, T2) + e2x2(T0, T1,T2)where

TO = t is a fast scale, characterizing changes occurring at the

frequencies 1.0 and Q, and T, = et and T2 = ezt are slow scales, characterizing

the modulation of the amplitude and phase caused by the nonlinearity,

damping, and resonance. The time derivatives become

= Do + eD, + 62D + (3.7a)dt z

BIFURCATIONS in A FORCED sornamuc ournuc osc1i.LA‘roR 36



2
J1? = oä + 260001 (3.70)
dt

where 0,,
:16%. Substituting (3.6) and (3.7) into equation (3.5) and equating

U D

coefficients of like powers of 6, we obtain

0§x0 + :22110 = 0 (3.8)

DäX1 '+'
QQX1

= '" 2D0D1X0 + UX0 ' 2,llDoX0 + 01xg+fcoso§x2

+ :22x2 = — 201,122110 — 200011/1 — D$Xo — 21100111
(3

ox1 +30zxäx1lt

is convenient to express the solution of (3.8) in the complex form

x0(r0, 71, T2) (3.11)

where A is an arbitrary complex function of T1 and T2 at this level of

approximation. lt is determined by imposing solvability conditions at the next

levels of approximation. Substituting (3.11) into (3.9) yields

0§x1 + :22x1 = [ — 21:201/1 — 2111:2/1 + c/·A]eiQT° + üA3€3iQT0
- . . (3.12)cc

where cc stands for the complex conjugate of the preceding terms and Q is

near 1.0. Depending on the function A the particular solutions of (3.12) may
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contain secular terms. The condition for the elimination of these secularterms

is

— 2iQD,A -l- (6 — 2ipQ)A + 3ozA2Ä + -ä-f= 0 (3.13)

To this order, A is considered to be a function of T, only. Therefore, a

first-order approximation can be obtained by expressing A in the polar form

A = ath) a><¤[1ß(h)] (3-14)

where a(T,) and ß(T,) are the amplitude and phase of the fundamental

frequency. Substituting (3.14) into (3.13) and separating real and imaginary

parts, we find that [16]

a=—;1a—i—sinß (3.15)
2Q

(3.16)

The first-order solution then becomes

x(t) = a cos(Qt + ß) -l- (3.17)

where a and ß are given by (3.15) and (3.16).

To proceed to second order, we need to determine a particular solution for

x,(T,,, T,, T2). With (3.13) the solution of (3.12) can be expressed as
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6 .
X, = -

e°"”<·
+ 66 (3.18)

8Q

Substituting (3.11) and (3.18) into (3.10) yields

0§X2 + QQXQ = ( — 2iQ.D2A — D$A — 2„0,A)6’m¤
2 _ (3.19)— A°Ä’*6""¤ + Nsr + 66

8Q

where NST stands for terms that do not produce secular terms in any

particular solution for x2. To eliminate secular terms from x2, we must put

. 2 302 6-2— 21QD2A - D,A - 2;1D,A — —-TA A = 0 (3.20)
8Q

To solve (3.13) and (3.20), we find it convenient to combine them into a single

first-order ordinary-differential equatlon. This procedure is usually referred to

as the method of reconstitution [57] and gives

. dA _ . 2- l 2 2 62
21QTt -l- 8[(O' 2i;1§2)A -l— 3ozA A + 2 f] —+- 6 [(11 +——4Q2 )A

6* - , - 2_ 301QA2_+_< 300; _ (OW
>A2A + 300; AA + 15662 A3Ä2 (321)

8Q ao 9 4Q 8Q
illf gf+6+mÄ

Next, the function A in this case is expressed in the polar form
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1 .A = -5 a(t) exp[1ß(t)] (3.22)

Substituting (3.22) into (3.21) and separating real and imaginary parts, we

obtain

3 fä = —- Cßlä8
4

f f 9 f (3.23)
— 6--+ szi-+ Öl-22) sinß

< 29 6:23 62:23

aß=__ 8 0 +82 #2 +82 02 a__ 830: +82 30:0 aß
2Q 2Q ggf SQ 1693

2 (3-24)
266:2 29 6:2 62:2

f— 62 sin /3
4Q

Substituting (3.22), (3.11), and (3.18) into (3.6), we find that the second-order

approximation to the solution of (3.2) for the primary resonant case (Qz1.0) is

0:a3
x(t) = a cos(_Qt -+- ß) — 6 -—T cos(3.C2t + 3ß) -+- (3.25)

32Q

where a and ß are given by (3.23) and (3.24).

Equations (3.15)-(3.17) define the first—order approximation while (3.23)—(3.25)

define the second-order approximation. For steady-state periodic responses

a = 0 and = 0 so that (3.15) and (3.16) and (3.23) and (3.24) become sets of
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algebraic equations that can be solved numerically to determine a and ß.

Figure 3.2 shows the frequency-response curve of a system governed by (3.1)

when s=1 , )i=0.2,o6= 1.0, and f=0.3. The results obtained from the

first-order and second-order approximations and the direct numerical

integration of (3.2) by a Runge-Kutta routine are displayed. ln spite of the fact

that ;i,cx, and f are not relatively small compared with x(t), the agreement

between the solution predicted by the second-order perturbation solution and

that obtained using the numerical integration is remarkable. The first-order

approximation gives acceptable values for the amplitudes, but the stability

predictions are considerably off. Nayfeh and Khdeir [14] found cases in which

the first-order approximation produces even unacceptable amplitudes.

Therefore, only the second-order approximation will be used.

3.3. Stability Analysis

To ascertain the stability of the approximate solution (3.25), we examine the

time evolution of the orbit after the application of an arbitrary infinitesimal

disturbance §(t) in the form

>/?(t) = x(t) + §(t) (3.26)
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lf §(t)—·0 as t—>oo, x(t) is asymptotically stable; otherwise, it is unstable.

Substituting >/((t) into (3.2) and keeping only linear terms in §(t) , we obtain

im + 26„§(1) + [1 — 3s0cx2(t)]é(t) = 0 (3.27)

which is a linear ordinary—differentiaI equation with periodic coefficients.

Because x(t + T) = x(t) , where T= 276/Q, and x(t -l- T) = — x(t), x2(t) is

periodic with the period
é

T. Therefore, it follows from Floquet theory [6,42]

that (3.27) has solutions of the form

§(t + é- T) = i.§(t) (3.28)

where 2 is an eigenvalue (also called Floquet multiplier) of the monodromy

matrix C associated with a fundamental matrix solution <D(t) of (3.27) through

the relation

<D(t -l- ig T) = <D(t)C (3.29)

The solution x(t) is stable if iit) does no grow with t . Thus, the eigenvalues

of C must remain inside the unit circle in the complex plane for the solution

given by (3.25) to be asymptotically stable.

The stability of the periodic orbit (3.25) or its Poincare map when a parameter

is varled can be determined by characterizing its codimension-one

bifurcations [36] from the information provided by the Floquet multipliers 2.
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For the dissipative one—degree—of—freedom system described by (3.2), there are

two ways in which 2. can leave the unit circle. They create independent

patterns of instability in a T—periodic orbit. An eigenvalue can leave the unit

circle through the real axis at -1, originating a saddle—node (tangent)

bifurcation. A second way to exit the unit circle is through the real axis at +1,

originating a pitchfork bifurcation.

The preceding procedure allows us to predict instabilities in the T-periodic

solutions of (3.2) when either f or Q is being changed. Therefore, the dynamic

behavior of the system in a broad portion of the parameter space P = FxW is

dictated by the eigenvalues of C. They can be found by choosing a

fundamental matrix solution with the initial conditions <D(0) =I so that (3.29)

becomes

c = <1>< é T) (3.30)

The matrix CD can be computed numerically by integrating (3.27) in the interval

[0,-% Til subject to the two sets of initial conditions: (a) $(0) = 1.0 and

$(0) = 0 and (b) $(0) = O and $(0) = 1.0 for each set of parameters (f. S2) . The

periodic coefficient of (3.27) that depends on x(t) is evaluated by using (3.25).

A traditional alternate approach to the solution of (3.27) has been to transform

the equation into a Mathieu·type equation and then find an asymptotic

approximation for this new equation [60,61]. Although some insight is gained
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in this manner, the scope of analysis has to be limited to simple cases such

as the one under consideration.

3.4. Bifurcation of Symmetric Solutions

The Duffing oscillator defined in (3.1) is symmetric under parity inversion [49].

This suggests that x(t) also has this property, in the sense that

x(t + é T) = — x(t) (3.31)

The multiple-scales approximation (3.25) satisfies condition (3.31) so it is

called symmetric.

Recently [40,52,53], a good deal of attention has been given to the role of

symmetry in the bifurcation of periodic orbits. In particular, period-doubling

bifurcations have been found to be absent when the symmetry of the system

is shared by the solution, which implles that the inversion symmetry of the

solution must be first broken before the system undergoes bifurcation. This

fact has been exploited [58-61] for the development of techniques that predict

the appearance of period-doubling bifurcations in a symmetric orbit.

Establishing conditions for the onset of even harmonics in the Fourier

expansion of the solution identifies the symmetry-breaking precursor to
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period-doubling bifurcations. The symmetry of x(t) in (3.25) implies that this

periodic orbit can only undergo saddle-node or pitchfork bifurcations.

However, the proximity to period-doubllng bifurcations can be detected by the

appearance of the pitchfork instability, indicating the symmetry-breaking

precursor and the loss of the stability of the symmetric solution.

As mentioned earlier, the solution x(f) loses stability when one of the

eigenvalues of <D<%T) leaves the unit circle in the complex plane through

+ 1 or -1. If one of the eigenvalues leaves the unit circle through -1, we have

‘ é<t + é T) = —- §(t) and é(t —l— T) = €(t) (3.32)

at the bifurcation point. Therefore, it follows from (3.26) and (3.32) that

£(r + T) = £(:) (3.33)

Thus, 2/Ö(t) is a periodic attractor with period T and the system is expected to

display a saddle—node instability and the solution is expected to jump to either

another attractor or to an unbounded motion. On the other hand, if one of the

eigenvalues of <l>( ä- T) leaves the unit circle through +1, we have

Z ·
1 ‘“ ‘

Then, it follows from (3.26), (3.31). and (3.34) that
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2/Ö<t-l-%T) =——x(t)+é(t)¢—>/$(t) (3.35)

and hence the inversion symmetry of the solution is lost through a pitchfork

blfurcation. This characterlzes the precursor to period-doubling bifurcations.

To lllustrate and validate the previous statements we solve (3.1) numerically

using a fifth- and sixth—order Runge-Kutta routines for ;,i=0.2,oz= 1, and

increasing values of f. We then apply Floquet analysis to this numerical

solution and observe the behavior of the Floquet multipliers as f is increased.

Figures 3.3 and 3.4 show the behavior of the Floquet multipliers for Q = 0.8

and Q = 0.4 : (a) and (c) depict the variation of 2, and 22 in the complex plane,

while (b) and (d) show the variation of their real and imaginary parts with f.

In (a) and (c) as f changes, 2., and 22 move inside the unit circle at constant

radius when they are complex, one along the top semicircle, and the other

along the bottom semicircle. Figure 3.3(d) shows the signature of the

symmetry—breaking precursor to period-doubling bifurcations when the

multiplier crosses +1. Similarly, Figure 3.4(b) shows the signature of the

saddle—node instability when the multiplier crosses -1. Figure 3.5 shows the

effect of f on the phase portrait and power spectrum of the digital-computer

simulations at selected points that display symmetric, asymmetric, and

period·doubled orbits.
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A computer code is developed to find all real values of a and /3 that satisfy

(3.23) and (3.24) in the steady-state (i.e., when a = 0 and ß= 0). The

corresponding number of feasible solutions is computed from (3.25) and their

stability is determlned by the procedure described in the preceding section.

The coefficients in (3.1) are taken again as ;1=0.2 and a= 1.0, and the

parameters Q and f are varied in the intervals W = [0.4,1.0] and

F = [0.2, 0.6] . Figure 3.2 illustrates typical results (second-order solutions)

when f is kept constant. For this portion of the domain of Q two bounded

stable attractors are found that form the branches of the response curve. We

note that in a portion of the domain of Q no bounded solutions are found, so

we expect the system to diverge to infinity in this region. The two bounded

attractors and infinity are reached by specifying appropriate initial conditions.

Important qualitative information about the behavior of the system can be

obtained by defining the regions of instability of the bounded attractors. This

can be achieved by latching onto the attractor and studying its stability as one

of the parameters is changed. In this case Q is increased along the lower

branch until a saddle-node bifurcation is observed at point 1, or it is decreased

along the upper branch until a pitchfork bifurcation is observed at point 2. The

Iocus ofthe bifurcation points obtained when f and Q are alternatively changed

is shown in Figure 3.6, where the inserts (a), (b), and (c) correspond to the

stable attractors found in regions A, B, and C ofthe parameter space P. These

regions can be defined as follows:

A = {(F, Q) 6 P Ix(t) —> I", as t—» oo (x(0), x(0)) 6 W,} (3.36)
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where I", is the invariant set representing the large attractor and
‘I’,

is its basin
of attraction. A similar definition holds for B, with its invariant set being I"2 and
its basin of attraction being ‘I’2. Consequently, C has an invariant set I", U I"2

and a basin of attraction
‘I’,

L) W2. The large attractor (upper branch of
response curve) in insert (a) ls then stable in regions A and C. On the other
hand, the small attractor (lower branch of response curve) in insert (b) is
stable in regions B and C. Therefore, we observe bistability ln C, where the
two attractors coexist. ln this case the domains of stable solutions are
separated by curves of saddle-node or pitchfork bifurcations, which indicate
the loss of stability of the T-periodic solution as either of the two parameters
undergoes a change across the bifurcation line. Attractor a undergoes

pitchfork bifurcations across the top solid line and saddle-node instabilities
across the bottom solid line, while attractor b loses stability when the
parameters are changed across the dashed line. The arrows point the
direction in which the bifurcations are active; that is, attractor b ls lost when
the dashed line is crossed by increasing either S2 or f. Similarly, attractor a
undergoes a pitchfork bifurcation when the solid line is crossed by either
decreasing Q or increasing f. Region C corresponds to the case in which
solutions correspondlng to the upper branch of the response curve coexist
with solutions correspondlng to the lower branch for some values of S2.

Therefore, when one solution loses stability the system jumps to the other,

creating a hysteretic loop.
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3.5. Bifurcation of Asymmetric Solutions

To investigate the behavior of the system after the symmetry-breaking

bifurcation has taken place, we need to calculate the asymmetric solution. To

this end, we modify the form of the solution in (3.25) to allow for the

appearance of even harmonics. Thus, we seek an expansion in the form

6
x(t)zZAk cos(kQt -+· kß) (3.37)

k=0

where we denote by x(t), a solution that contains some even harmonics, and

therefore is asymmetric. Figures 3.5 (a) and (b), obtained by digital-computer

simulation, illustrate the appearance of even harmonics in the frequency

content of the solution as it becomes asymmetric. The method of harmonic

balance [6] is used to determine the values of the constants A, and /3 that

satisfy (3.1). Substituting (3.37) into (3.1) and equating the coefficients of each

of the harmonics and the constant term to zero. we obtain

6 3 2 , 2 2 1 2
* HAU 'T‘ AU =0—

3:x[AäA, + A,,A,A2 + AOAQA3 + lAi + l A?/lg + l A,A§
4 4 2

1 1 (3.39)
+ A2A§ + 7 ASA3] - rcos(ß) — A,Q2 + A, = 0
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fsin(ß) + 2;1QA1 = 0 (3.40)

3_
A2A 1 A A2 1 2 1 1 3

" LL 01

2 2
(3.41)

+?A2 A2°'T'A2•€0

2 1 3 1 2 1 2 1 2— 3a AOA3 + A0A1A2 + —— A1 + — A1A3 + — A1A2 + — AQA3
4 2 4 2

1
(3.42)

+7 A1?] —9Q2A3+A3=0

This set of equations can be solved numerically to determine the AK and ß for

any given set of parameters (f, Q) 6 [P. The stability of expansion (3.37) in the

parameter space can be determined by the procedure described in Section 3.3

when x(t) is replaced by x(t) in (3.27) and <I><%T) by <D(T) in (3.29). The

results are summarized in Figure 3.7, which shows the occurrence of

period-doubling bifurcations (solid curve) and, as before, the tangent

instabilities (dashed). The circles mark the results obtained in Section 3.4 for

the symmetric orbit. The sequence of events observed when f is increased at

constant Q in the region of period-doubling bifurcations is similar to that

obtained in the digital·computer simulation and described in Section 3.4

(Figure 3.5). A pitchfork bifurcation makes the symmetric solution unstable,

and shortly afterwards, two stable asymmetric orbits appear displaying

small-amplitude even harmonics in their frequency content. After a brief

interval of stability these asymmetric solutions undergo period-doubling

bifurcations. Our ability to predict bifurcations beyond this point is impaired
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by the fact that we only have a T-periodic solution which is unstable, while the

stable solution is 2T-periodic. As shown in Figure 3.7, the use of the

asymmetric orbit has improved our capacity to discern the nature ofthe events

taking place after the symmetry—breaking bifurcation and confirm that indeed

it is a precursor to period-doubling bifurcations. On the other hand, the

results for the tangent instabilities can be considered equivalent to those of the

symmetric solution. Although the beginning of a period-doubling sequence

can be foreseen, prediction of the 2nT bifurcation requires an analytical

knowledge of the 2(n -1) T-periodic asymmetric solution. However, using

analog-computer simulations we show in the next section that prediction of

these latter bifurcations might not be necessary given the small region where

they occur.

3.6. Analog-Computer Simulations

As a means to verify the behaviors predicted in the previous sections, we use

an analog computer to model the system described by (3.1). This type of

simulation is useful because it brings into play features from the physical

system. ln spite of their moderate accuracy, analog-computer simulations

contribute important qualitative information about the behavior of nonlinear

systems.
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The results obtained are summarized in Figure 3.8, where we can observe the

characteristic Y-shaped zones [1] encountered in many phase-Iocking systems

and obtained previously from the T-periodic solution (Figure 3.7). However,

this time we have a complete picture of the events that take place after the

T-periodic solution Ioses stability.

The region marked B remains as defined earlier. lt lies below the arm of the

Y-shaped zone with negative slope, that we denote by y, . Tangent instabilities

take place when any of the parameters crosses y,, and the future fate of the

system is determined by the attracting set existing in the subset of the

parameter space where it lands and the state of the system. When fand Q are

initially in B and then varied to cross y, into A, we observe the small orbit

becoming unstable and the response of the system jumping to the large

attractor, which is the attracting set in this domain. On the other hand, if y, is

crossed into D, where

D = [(f, Q) e lP’Ix(t) —» oo as t—» oo (x(0), x(0)) e [R2} (3.42)

the solution becomes unbounded. because infinity is the only attracting set

with a nonzero basin of attraction.

Region A contains a good deal of new behaviors unobserved in the analysis

of Sections 3.3-3.5. Nevertheless, the size of the domain has not changed

considerably. Two curves y2 and ya lie on the side of the Y-shaped zone with

positive slope. The curve y2 marks the Iocus of the period-doubling
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bifurcations as observed on an oscilloscope and confirmed by the appearance

of one—haIf frequency components in the frequency content of an FFT (fast

Fourier transform) of the solution. The symmetry-breaking precursor is

observed but given the small region of transition, the bifurcation curve is not

included to avoid obscuring the diagram. Shortly after the first

period—doubling bifurcation occurs across y2 a period-doubling sequence

appears to take place. Only a few period multiplications can be observed

before a broad-band spectrum appears in the FFT, indicating the presence of

a chaotic attractor. When any of the parameters crosses the curve ya, the

existing chaotic attractor vanishes, causing the system to jump to one of the

attractors in the new domain. ln this case the jump is to the small attractor if

the crossing goes into B and the initial conditions are appropriate, orto infinity

otherwise. The former situation was observed previously by Huberman and

Crutchfield [8], among others. The last curve bordering domain A is y„, which

represents the Iocus of tangent instabilities causing the large attractor to jump

to the small attractor. The small arrows in Figure 3.8 mark the direction in

which the bifurcation curves y, are active.

lt is important to point out a few more details from Figure 3.8. The first is the

complicated behavior arising in the small area in the parameter space

between y2 and ya. Because of the symmetry of (3.1), x(t) and —x(t) are

solutions; thus, two attractors like the ones in Figure 3.9 coexist and each

undergoes a period—doubling sequence to chaos. Figure 3.10 shows spectra

(FFT) of a transition from an asymmetric orbit in (a) to a period—doubling
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bifurcation in (b) to a chaotic attractor in (c). Finally, we note that below Q. =

0.3 we observe a small Y notch replicating in small scale all the behavior

previously described. but this time in the superharmonic-frequency range

where the system (3.1) has another resonance.

Figure 3.11 shows the data points (stars) obtained from the anaIog—computer

simulations for comparison with the predictions from Sections 3.3-3.5.

Although the computed diagram only indicates the occurrence of saddle-node,

pitchfork, and period-doubling bifurcations on the arms of the Y-shaped zone,

the fact that no other attractor is present in D should hint the possibility of

unbounded motions.

3.7. Digital-Computer Simulations

Direct numerical integration of the equation of motion is always an attractive

option in finding the solution of a nonlinear ordinary-differential equation, and

very remarkable algorithms have been developed [e.g., 62] to find the

dependence of the solution on the parameters. ln some cases it is possible to

map completely the branches of the solution x(t) for large portions of the

parameter space. However, the singularities at the branch points, and
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particularly the metamorphoses that the basins of attraction undergo as the

parameters are varied, can often prove to be formidable obstacles.

The results obtained in the previous sections have been verified using a fifth-

and sixth-order Runge-Kutta routine at selected points in the parameter space.

Good agreement has been obtained among the digital-and analog-computer

simulations and the analytical predictions. Nevertheless, in some regions of

the parameter space it is very cumbersome to find appropriate initial

conditions for the numerical routine.

Figure 3.12 shows a series of basin-boundary metamorphoses as the level of

f is increased for Q: 0.8. We note that as f increases from 0.3, the once

smooth basin boundary develops fingers (Figures 3.12a and 3.12b) following

the scenario described by Grebogi et al. [63]. The white region represents the

basin of attraction of bounded solutions while the dark one indicates the set

of initial conditions that take the system to an unbounded solution. The

entanglement of the two regions becomes complicated and possibly fractal as

f increases as shown in Figures 3.12c-3.12e, and the basin of attraction of

bounded solutions fades away as shown in Figure 3.12f.

The disappearance of the basin of attraction of bounded solutions is

associated with the point of escape from the potential well, since no initial

conditions can take the system to an attractor other than infinity. The

sequence of basins in Figure 3.12 is generated with a grid of 500x500 initial
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conditions. This type of identification of the proper initial condition is not

generally feasible, but perhaps other techniques such as cell—to—cell mapping

[64] would be more appropriate. In any case, the computational effort is

considerable.
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Chapter 4

PREDICTION OF BIFURCATIONS IN A

PARAMETRICALLY EXCITED DUFFING

OSCILLATOR

4.1. Introduction

The Duffing oscillator with softening nonlinearity has been extensively studied

in the context of a large variety of physical systems [e.g., 8,10,14,47-50.65],

such as the oscillation of a pendulum, the rolling motion of a ship, or charge

oscillations in superionic conductors. In spite of its simplicity this system has

been shown to exhibit complex behaviors in the presence of harmonic forcing
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and damping, including, among other features, bistability, period-doubling

sequences, chaos, and sometimes, unbounded motions.

The above behaviors, apart from interesting, must be considered because they

can describe catastrophic consequences for the physical system being

modeled. Therefore, prediction of the regions of instability ofthe system when

a parameter is varied becomes critical. ln Chapter 3, We predicted the

instability regions of a damped Duffing oscillator subject to an external

sinusoidal excitation in a parameter space composed of the frequency and

amplitude of the excitation. Using an algorithm based on Floquet theory to

determine the stability of a second-order approximate analytical solution, we

showed that prediction of the first instability was sufficient to characterize the

behavior of the system. To further demonstrate this point, we now consider

another simple Duffing—type oscillator of considerable importance; namely, a

parametrically excited one degree—of-freedom system governed by the

nondimensional differential equation

x+2yX+x—cxx3+gxcosQt=0 (4.1)

geG, S26 W, G, Wgllä

where ;1,oa,g. and Q are positive constant parameters, and G and W are

appropriate domains of the parameters g and S2; they can be alternately

changed.
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Nonlinear parametrically excited oscillators have been extensively analyzed

[e.g., 6,66-68]. Recently, Zavodney et al. [13] found, through digital- and

analog-computer simulations, complicated behaviors near the principal and

fundamental parametric resonances of an oscillator with quadratic and cubic

nonlinearities. Additional analog-computer simulations in a broader frequency

range revealed consistent patterns in the shape of the stability regions of the

many attractors of the system. Our aim this time is to use analytica!

techniques, based on high-order perturbation methods and Floquet theory, to

predict some of the bifurcations observed in the numerical simulations. The

procedure is applied to a simple parametrically excited

single·degree-of-freedom system with cubic noniinearity. This type of analysis

is extremely useful for the characterization of the dynamic behavior of a

system when a parameter is slowly varied as a result of either a control or an

external action. The resulting bifurcation diagrams can be used during design

stages to define safe operating conditions by avoiding dangerous instabilities.

Digital- and analog-computer simulations are used to assess the accuracy of

the predictions.

Equation (4.1) models, among other systems, the rolling motion of a ship in a

regular sea [69] and, for small x, a parametrically excited pendulum [70].

Figure 3.1 shows the potential and the phase diagram of the Hamiltonian

system associated with (4.1) when oz = 1.0. It is evident that under some

conditions the system can escape the potential well, and an unbounded

response would result. We are especially interested in this event due to the
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catastrophic implications that it has for a physical system, such as the

capsizing of a vessel. Previous studies of the softening Duffing oscillator have

dealt with the response of an externally excited system for constant amplitude

and varying frequency of excitation. Huberman and Crutchfield [8] observed

a period-doubling sequence culminating in chaos for a level of external

excitation where the coexistence of two solutions produces a hysteretic effect.

Räty, et al. [47] observed in the same region a symmetry-breaking precursor

to period-doubling bifurcations and confirmed the consistency of this behavior

with the universal features of noninvertible one—dimensionaI maps.

The response x(t) of the system described by (4.1) depends on both the

parameters g and S2 and the initial conditions. To determine the dependence

of x(t) on the parameters, in Section 4.2 we develop second-order approximate

solutions in the neighborhoods of the nonlinear resonances of (4.1) using

perturbation techniques. We then proceed to determine the instability regions

of these solutions in the g-Q plane using an algorithm based on Floquet

theory. By sequentially applying this procedure, we generate a bifurcation

diagram for the analytically predicted periodic solutions in the parameter

space
L¤’

= G >< W. ln Section 4.3 we present the results of detailed

analog-computer simulations of the system, locating the attractors and their

bifurcations in the parameter space. Finally, in Section 4.4 we present the

results of digital integration using a Runge-Kutta routine and compare them

with the analytical and anaIog—computer results.
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4.2. Perturbation solutions

Equation (4.1) can be recast as a perturbed linear oscillator by assuming that

the parameters ;1,a, and g are small. Using a single coefficient 6, where

6< <1, to represent this smallness, we rewrite (4.1) as

56 —l— x = — 8(2,LlX — axa
+ gx cos Qt) (4.2)

Carrying out a second-order straightforward expansion [5], we find that

resonances occur when Qz1, 2, and 4. The first two cases are known as the

fundamental and principal parametric resonances, respectively. They are

treated in the following two subsections, where we use the method of multiple

scales, as presented by Nayfeh [57], to determine second-order uniform

solutions, which we found to be considerably more accurate than the

first-order solutions. The analytical solutions are in close agreement with

digital-computer simulations even when 6 approaches unity. We assume that

Q is away from 4 so that the last resonant case is not treated.

4.2.1 Fundamental parametric resonance

ln this case the proximity of Q to unity can be expressed as

Q2 = 1 + 861 (4.3)
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where 6, is a detuning parameter. The natural frequency of the linear

oscillator defined in (4.2) can be written in terms of Q using (4.3), resulting in

the following form:

X -l— Q2x = e(6,x — 2,uX + 0cx3 — gx cos Qt) (4.4)

We let

8) = X0(T0, T1, T2) + 8X1(T0, T1, T2) + 82X2(T0, T1,

T2)whereT, =t is a fast scale, characterizing motions occurring at the frequency

Q, and T, = et and T, = ezt are slow scales, characterizing the modulation in the

amplitude and phase caused by the nonlinearity, damping and resonances.

The time derivatives become

-l—D-l-D -l—2D -l— (46a)
dt

—
0 8 1 8 2 .

d2 _ D2 2 2 2—5 - 0 —l- eD,,D, -l— e (2D0D2 + D,) + (4.6b)
dt

where D„ = Substituting (4.5) and (4.6) into (4.4) and equating coefficients

of like powers of e, we obtain

oäxo + Qzxo = 0 (4.7)

Dgx, +
Qzx, = 6,x,, — 2D0D,xo — 2,uD0x0 + ozxä — gxo cos QT0 (4.8)
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ZDODQXO " D$X0 " 2D0D1X1 * 2/IDOX1

Bozxäx, — gx,coslt

is convenient to express the solution of (4.7) in the complex form

x0(T0, T,. T2) = A(T,, T2)e"”¤ + Ä(T,,
T2)6"‘”¤

(4.10)

where Ä is the complex coniugate of A, which is an arbitrary complex function

of T, and T2 at this level of approximation. lt is determined by imposing the

solvabllity conditions at the next levels of approximation. Substituting (4.10)

into (4.8) yields

oäx, + Qzx, = ( — 2iQD,A_
. . (4.11)-1- 3ozA2A e'm° — -ä- gAe2’m° — gA -1- cc

where cc is the complex conjugate of the preceding terms. Depending on the

function A, the particular solutions of (4.11) may contain secular terms. The

condition for the elimination of these secular terms is

— 2iS2D,A + (6, - 2i)1Q)A + 3cxA2Ä = 0 (4.12)

Then, the particular solution of (4.11) can be written as

A A . 3 .
x, = — -9-5- -1- e2'QT° — E-Ö? e3'QT° -1- cc (4.13)

2Q 6Q 8Q

Substituting (4.10) and (4.13) into (4.9) yields
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2Aoäxz + Q3x2 :
<

-— 2i.QD2A — D$A - 2uD,A — -3% 63A3/T3 + $-2-
8Q GQ

2Ä (4.14)
—l- -%— >e'QT° -+- NST -l- cc

4Q

where NST stands for terms that do not produce secular terms. Eliminating

secular terms from x2 (4.14), we obtain

2 2-A A— 21:202A — D$A — 260,,4 —ä
63A3Ä3 + -3-2- + : 0 (4.15)

8Q 6Q 4Q

To solve (4.12) and (4.15), we find it convenient to combine them into a single

first-order ordinary-differential equation. This procedure is usually referred to

as the method of reconstitution [57] and gives

— — 4i 02
— 2iQA + {(6,- 2i;1Q)A + 66A3A] + 63 + 63+4Q

GQ
2

(4.16)

- 6 6* - 2+-92 A )A2A +——-3532 A3 Z3] :0
4Q 2Q Q 8Q

Next the function A is expressed in the polar form

A =%ae/ß (4.17)

where a and ß are the amplitude and phase of the fundamental frequency.

Substituting (4.17) into (4.16) and separating real and imaginary parts, we

obtain
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2 2. 662 6 6 9 .a=—6/1a——;1aa —lasin 2/} (4.18)692 692

aß: _ 661
+

626$
+

62/12
+

62g2
a- 3121,1

+
36261oz 82

2Q 893 2Q 1293 8Q 'IGQ

8215 2 6
özgzä (4219)

— ———? oz a — ————§- cos 2/}
256Q 8Q

Substituting (4.17), (4.10), and (4.13) into (4.5), we find that the second-order

approximation to the solution of (4.4) for the fundamental resonant case

(§2z1) is

ga
x, (t) = a cos(Qt + ß) + cos(2Qt -l- ß)

6
(4.20)662 ga—

tcos(3§2t + 3/}) - -j cos ß-l-32Q
2Q

where a and /} are given by (4.18) and (4.19). For steady-state periodic

responses a = 0 and /}= 0 so that (4.18) and (4.19) become a set of algebraic

equations that can be solved numerically to determine a and /}.

4.2.2 Principal parametric resonance

ln this case Qz.2 and we introduce the detuning parameter 62 defined

according to
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%Q2 = 1 + 662 (4.21)

Using (4.21) to express the natural frequency in (4.2), we obtain

x-1--j—Q2x—6(6x—2 ”—l- 3 Qt 422.4 — 2 px 01x—gxcos) (.)

Following the procedure used in the previous section, we substitute (4.5) and

(4.6) into (4.22), equate coefflcients of like powers of 6, and obtain

0

U2X0 ' 2D0D1X0 '+ 2[.lDoX0 + GXS * QXOCOS02

ls22 — 200 200 02 2D0*2+4 *2-62*1+ 0 2*0+ 01*1+ 1*0+ /1 0*1 (425)
— 2pD1x0 + 3o1xäx1 — gx1 cos QT0

The solution of (4.23) is expressed in the form

1 . _ L.
x0(T0. T,. T2) = A(T1. T2)e?’QT° -+- A(T1, T2)e— 2 'QT° (4.26)

Substituting (4.26) into (4.24) yields

.. - j_-
0§x, + -31- s22x, = <62A — 1s20,A — 1ps2A + 62A2A - é gA )e 2 "2T¤

1 3 E (4.27)
-1- <cxA3 -— ?gA)e?'m° + cc
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Eliminating the terms that produce secular terms in x, yields

— iQD,A + (62 — ipQ)A + 3cxA2Ä — %gÄ = 0 (4.28)

This leaves (4.27) with the particular solution

A 3 _g_.
x1 = — ¥°$%- >e 2 'QT° -l- cc (4.29)

4Q 2Q

Substituting (4.26) and (4.29) into (4.25) yields

o§X2 + l 1:202A A3? gA?4 2:2 4Q
(4.30)

0*9 6
92

lim+-2/l — tA 62 °—l-NST—l—cc
4Q 8Q

Elimination of secular terms from x2 demands that

2 6-1:202A2Q
4Q 4Q

2 (4.31)

8Q

Combining (4.28) and (4.31) in the manner mentioned in the preceding section,

we obtain
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1 - 2— 2 92 392 2—iQA+6[(02-i;1Q)A——gA+32A A]-l-6 *—"'**'*+jl A2 :22 6:22
(4.32)

6 6* - -2 3.4 (L?-L°‘
)A2A LW? A3A2 4 L2 A3 - --33, AA2] = 6S2 9 2:2 4:2 4:2

Using (4.17) and separating real and imaginary parts in (4.32), we have

- 2 3/2 3 98 . 2 52 3 .
= — — ————

·—·· 2 ———— 2 4.33a 6pa 6 292 oca +6 2Q sin( ß)+6 SQ3 ga s•n( ß) ( )

aß: _ W2 39 a_ 632 as
9 :23 9 6:23 49 2:23

3 (4.34)
2 15 2 6 88 2 aa-6 --2a + —--6 -— gcos(2ß)

32:23 <
2Q 4:23 >

Substituting (4.17), (4.26), and (4.29) into (4.5), we obtain the following

approximate solution for the case of principal parametric resonance (Qz2):

xp(t)=ac¤s(-%§2t+/3) +6[—2£;cos<%§2t+ß)
4 (4.35)

223 3—-T cos<—Qt+ Bß)+8Q2

where a and ß are given by (4.33) and (4.34). ln this case again, periodic

responses correspond to a = 0 and ß = O so that (4.33) and (4.34) form a set

of algebraic equations that can be solved numerically to obtain a and ß.
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Figure 4.1 shows typical trajectories for x,(t) and x,,(t) to which we refer as the

7}-periodic and TP-periodic solutions where 7} = 2r:/Q when Qz1 and

Tp = 41z/Q when Qz2 .

4.2.3 Stability of trivial solutions near Q = 1

ln the previous two subsections, expressions (4.20) and (4.35) were developed

to approximate the responses of the system when Q is near 1 and 2,

respectively. Both x,(t) and x„(t) are functions of a and ß, which in turn are

described by the differential equations (4.18) and (4.19) and (4.33) and (4.34),

respectively. Steady-state periodic solutions correspond to a 0, that is,

to the fixed points of these equations. We note that a = O (i.e., the trivial

response) is a possible fixed point of both sets of (4.18) and (4.19) and (4.33)

and (4.34). To determine whether these fixed points correspond to realizable

solutions, we need to determine their stability by analyzing the behavior of the

differential equations (4.16) and (4.32) which determine A.

Neglecting the nonlinear terms in (4.16), we obtain

2 2 _2 2 2 2
2iQA (4.36)

4Q 6Q 4Q

A closed-form solution of (4.36) can be obtalned by Ietting

A = B, + iB, (4.37)
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where B, and B, are real. Substituting (4.37) into (4.36) and separating real and

imaginary parts, we have

2 2 2 2
298, + 26098, + <— 661 — -fl-Q- — E)? +Ä)8, = 0 (4.38)

4Q 12Q ,

2 2 2
- 5

2QB) -l- 26;1QB, -l- (661 -l- 821Ll2 -l- 0 (4.39)
4Q 12Q

Equations (4.38) and (4.39) admit solutions of the form

(B„- Bi) = (br-
bl)@””

(4-40)

provided that

2 4 2 2 1
Ä.=—yj —ä%—%<61-l—%+6;12—l—j§%>22 (4.41)

G4Q 4Q 4Q GQ

Hence, the trivial solution is stable if and only if the real part of each of the

roots of Ä. is less than or equal to zero, and it is unstable ifthe real part of any

of these roots is greater than zero. Thus, the vanishing of one of the roots in

(4.41) yields a curve in the g —— Q plane, which separates stable from unstable

trivial solutions.
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4.2.4 Stability of trivial solution near Q = 2

Linearization of (4.32) yields the following differential equation governing the

stability of the null solution:

·
8262

2 2 362 2 1 —
IQA +<—802+I8;1Q——ö·5·—8 y +3Eg >A —l-?8gA =O (4.42)

Substituting (4.37) into (4.42) and separating real and imaginary parts, we

obtain

2 2 2 2
· 8 62 2 2 38 9 1Q(B,+ Slllßr) -l-<— 802 —?2E··-— 8 ,u +—§>Bi—•E··8gB;= Ü (4.43)

2 2 2 2. 6 6 36 g 1Q(Bi -l- 6;1Bi)+ <— 662 —
ü

— Szuz + — 'E 8987 = 0 (4-44)

Equations (4.43) and (4.44) admit solutions of the form (4.40) provided that

2 2 2
l

2 (4.44)
4Q Q Q 8Q

In this case, again Ä. = 0 gives the equation of the curve separating stable from

unstable trivial solutions.
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4.2.5 Orbital Stability

To ascertain the stability of the periodic orbits x,(t) and x„(t) found in Sections

4.2.1 and 4.2.2, we examine the time evolution of the orbit after the application

of an arbitrary infinitesimal disturbance §(t) in the form

>?(t) = x(t) -l- §(t) (4.45)

where x(t) is any of the two solutions prevlously found. The stability of x(t)

then depends on whether §(t) grows or decays with t. Substituting (4.46) into

(4.2) and keeping linear terms in §(t) , we obtain

i + zwi + [1 - 6wx2(z) + gg cos s2r]i = 0 (4.46)

which is a linear ordinary·differential equation with periodic coefficients

having the period T=27z/Q. The existence of nontrivial solutions can be

determined using Floquet’s theorem [6,34], which calls for solutions of the

form

i(t + Tl = ;.i(r) (4.47)

where 2. is an eigenvalue (also called Floquet multiplier) of the monodromy

matrix C whose elements are associated with (4.47) through the relations

Ö1(t + T) = C11Ö1(t) 4* ¢12Ö2(t) (4-48)
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X2(( + T) = 021Ö1(() + 022Ö2(() (4-49)

The functions @(t) and @(0 are two linearly independent solutions of (4.47);

they can be determined by the initial conditions

@(0) = 1, @(0) = 0 (4-50)

@(0) = 0, @(0) = 1 (4-51)

The solution x(t) is an asymptotically stable orbit if and only if §(t) does not

grow with t. This requires that

|2| <1 (4.52)

that is, the eigenvalues of C must remain inside the unit circle in the complex

plane. The monodromy matrix C can be obtained by numerically integrating

(4.47) for fixed values of g and Q in the interval [0,T] subject to the initial

conditions (4.51) and (4.52). lt follows from (4.49)-(4.52) that

am im
c = _ _ (4.53)

@(7-) @(7-)

Therefore,

22 — [am + ém]2 + [6,mé,m — é,m:2m] = 0 (4-54)
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The values of 2. determine the stability of the approximate solutions xp(t) and

x,(t) according to the criterion (4.53).

Determination of the stability of the periodic orbits (4.20) and (4.35) when a

parameter is varied can be accomplished by computing the Floquet

multipliers. Furthermore, the manner in which the eigenvalue 2 leaves the unit

circle characterizes the local qualitative changes (bifurcations) occurring to the

orbit. For the dissipative one—degree—of-freedom system described by (4.2)

there are two ways in which 2. can leave the unit circle [36], each of which

creates independent patterns of instability in the periodic orbit. An eigenvalue

can leave the unit circle through the real axis at either -1 or +1. When 2

leaves the unit circle through -1 (the disturbance has a period of 2T), it

originates a period-doubling or flip bifurcation for x, and a saddle-node

(tangent) bifurcation for xp. When 2 leaves the unit circle through +1 (the

disturbance has a period T), it originates a saddle-node bifurcation for x, and

a pitchfork (symmetry-breaking) bifurcation for xp.

Figure 4.2 shows the bifurcation diagram generated by sequentially applying

Floquet theory to the analytically calculated periodic solutions in the

parameter space LD = GxW, where W = [0.3.0] and G = [0.8.0], for cp = 0.2

and so: = 1.0. All curves represent stability boundaries, and bifurcations occur

across them when the parameters change in the direction indicated by the

arrows. The inserts (a)-(c) show the corresponding attractors (stable orbits)

present in this region of the parameter space. Attractor (a) is stable in the
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dotted region on the right, which corresponds to the xp(t) solution. This

solution undergoes either symmetry breaking (at 2. = 1) or saddle-node

(Ä = -1) bifurcations across the boundaries of the wedge. Attractor (b) is

stable in the narrow dotted region on the left, which corresponds to the x,(t)

solution. This asymmetric solution undergoes a period-doubling bifurcation

across the dashed curve on the top (Ä. = — 1) and a saddIe—node bifurcation

().= +1) across the bottom curve. The segments 1-2-3 and 4-5 represent

stability boundaries for trivial solutions, which were obtained by evaluating

(4.41) and (4.45) for 2. = 0. Under these segments the trivial solution is stable.

The behavior predicted by the stability analysis can take three forms

corresponding to the attractors shown in the inserts of Figure 4.2. First, a

solution with the period Tp = 41:/(2 when (22:1 that is stable in region A, which

can be associated with the principal parametric resonance xp(t). Second, a

solution with the period 7}= 216/(2 when (22:1 that is stable in region B, which

is associated with the fundamental parametric resonance x,(t). Third, a trivial

solution. To predict subsequent bifurcations, we need to calculate the periodic

solutions subsequent to x, and xp. However, the type of bifurcation taking place

of the T, — and Tp —periodic solutions gives valuable qualitative information on

the subsequent behavior. Saddle—node bifurcations are associated with jumps

to a neighboring attractor, symmetry-breaking bifurcations are commonly

known precursors to period-doubling bifurcations, and period-doubling

bifurcations in turn are usually followed by a full sequence of similar

bifurcations leading to chaos [34].
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4.3. Analog-computer simulations

As a means to verify the behaviors predicted by analyzing the stability of the

analytically determined periodic solutions in the parameter space {P , we used

an analog computer to model the system described by (4.1). The results

obtained are summarized in Figure 4.3, where inserts (a)-(e) show the

attractors present in this portion of the parameter space. The nontrivial

solutions can be classified into three types depending on the nature of the

resonance that produced them: principal parametric, fundamental parametric,

or superharmonic resonance. These solutions can be obtained in the regions

indlcated by arrows departing from the inserts (A.B,C) when the proper initial

conditions are specified.

The blfurcation diagram in Figure 4.3 can now be compared with the one in

Figure 4.2 obtained by using the analytica! solutions. This time, we can get a

complete picture of the events that take place after the first periodic solution

becomes unstable. The principal parametric response can be obtained in

region A between the segments 1-2 and 2-4, which mark its stability

boundaries: across 1-2 this attractor undergoes saddle—node bifurcations and

a jump to the trivial solution is observed: as g is increased from 1-2
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approaching 2-4 the frequency content in the FFT (Fast Fourier Transform)

begins to show the presence of even' harmonics indicating a

symmetry-breaking bifurcation, across 2-4 period—doubling bifurcations take

place and a stable 2T,, —periodic attractor is obtained. In the narrow region

between 2-4 and 5-3 a sequence of period—doubling bifurcations is observed.

After a few period-multiplications take place, a broad-band frequency content

appears in the FFT indicating the presence of a chaotic attractor. This chaotic

attractor disappears when 5-3 is crossed, and an unbounded solution results,

overloading the amplifiers of the computer. As the value of g increases and

Q = 2, Figures 4.4(a)-(c) show quantitative changes of the principal parametric

response, while figures 4.5(d) and (e) show qualitative changes in the

response corresponding to a 2T,, — periodic orbit and a chaotic attractor.

The fundamental parametric response can be obtained in region B (between

8-9 and 7-6) of Figure 4.3 where we observe the attractors shown in inserts (b)

and (c), which are inversions of each other. These attractors coexist in a

narrow band within B where a hysteretic loop between the two can be

observed. In the remaining part of B only one attractor ts stable. However,

both undergo period—doubling sequences, as shown in Figure 4.5 for Q=1

and increasing values of g. Figures 4.5(a)— (c) depict the period-doubling

sequence to chaos for the bottom attractor in region B. This sequence ends

with the disappearance of the chaotic attractor and a iump to the top inverted

attractor shown in Figure 4.5(d). A new sequence of period-doubling

bifurcations is undergone by this attractor, leading to the chaotic attractor in
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Figure 4.5(e) which also disappears as g is further increased; this time the

system escapes to infinity (across 8-9 in Figure 4.3).

The trivial solution is shown as the point attractor (e) in Figure 4.3. This

attractor Ioses stability across the curve 1-6-7 through pitchfork and reverse

pitchfork bifurcations that take the system to a periodic attractor (across 1-5)

or to an unbounded solution (across 5-6- 7). This Iatter behavior has physical

significance because, as a parameter is changed, the system would go from a

trivial response to an unbounded solution without a previous warning.

In region C of Figure 4.3, the system displays superharmonic responses.

Insert (d) shows one of the various attractors that can be found. The transition

from a bounded to an unbounded response in this region (across 9-10) takes

place through either period-doubling cascades ending in the disappearance

of the chaotic attractor (solid line), or tangent instabilities (dashed line).

Comparing the analytically predicted behavior in Figure 4.2 with the actual

response from Figure 4.3 confirms that the top boundary of the right wedge in

Figure 4.2 is the locus of pitchfork bifurcations triggering the

symmetry-breaking precursor to period-doubling bifurcations. Furthermore,

it confirms the assumption that in the absence of any bounded stable attractor

in a neighborhood of P the system escapes to infinity. The existence of a full

period-doubling sequence leading to chaos is also verified. Nevertheless. it

should be noted that complicated behaviors arise in very narrow regions of the
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parameter space, so that the stability of the analytically calculated periodic

solutions yields an adequate prediction of the onset of complicated responses

including the occurrence of unbounded motions. Figure 4.6 compares the

analytica! predictions from Figure 4.2 with the results of the analog-computer

simulation; the agreement is very good.

4.4. Digital-computer simulations

Very remarkable algorithms have been developed [e.g., 62] for finding the

dependence of the solution of a system of differential equations on the

parameters through direct numerical integration, which traces the solution

branches throughout the parameter space. However, singularities at branch

points and particularly the metamorphoses that the basins of attraction

undergo as the parameters are varied can often create great difficulties in

practical applications.

The results obtained in the preceding sections were verified using a fifth- and

sixth-order Runge-Kutta routine. Excellent agreement was found between the

analytica! solutions x„(t) and x,(t) and the numerical simulations. Figure 4.7

compares the results obtained using the analog-computer simulations with the

numerically observed locations of the point of escape from the potential well
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for selected values of Q . The dotted area represents the region of bounded

solutions.

The sensitivity of the solution to initial conditions was analyzed by using a grid

of 280x500 initial conditions in the phase space. By integrating (4.1) for a

sufficiently long period of time to determine the boundedness of the solution,

we generated Figure 4.8 for Q=2 and increasing values of g. The white

regions correspond to bounded solutions and the black regions correspond to

unbounded solutions. For g = 1.15 a smooth basin of attraction is obtained

as shown in Figure 4.8(a). As the parameter g is increased to g = 1.2 in (b),

the once smooth basin boundary develops fingers following the scenario

described by Grebogi et al. [63]. Further increases in g cause the regions to

develop entanglement and the boundary becomes possibly fractal, as seen in

Figures 4.8(c) and (d). Eventually the basin of bounded solutions vanishes and

the system goes to infinity for any set of initial conditions. Similarly, Figure

4.9 shows a basin of attraction for Q = 1 and g = 2.0, where fingers begin to

appear
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Chapter 5

SHIP MOTIONS

In this chapter we present the equations of rigid-body motion of a ship moving

through water. The general form of the equations is applicable to the motion

of other bodies under the action of gravity and hydrodynamic forces, but some

of the particular assumptions are specific to the case of vessels. We follow the

notation and basic assumptions specified in reference [71] and discuss the

derivation of the equations from a Newtonian point of view as well as from a

variational approach. The presentation develops from a general

six-degree-of-freedom motion to the more specific one-degree-of—freedom

motion that we treat in the following chapters. The purpose here is to give a

general perspective to the specific derivations that we perform in later

chapters. In the third section, we include some concepts from static stability

that are widely used in naval architecture and have influenced codes and
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design regulation to the present time. Finally, in the last section we append

a brief note on nonlinear damping.

5.1 Equations of motion : Newtonian approach

Figure 5.1 shows the body axes that we use throughout and the principal plane

of symmetry of the ship. The body axes {>?,;7, Z} coincide with the principal

axes of inertia at the origin O. A right-handed, orthogonal set of fixed axes

coincides with body axes at equilibrium. The angles of rotation

between the body axes and the fixed axes are defined by Euler angles : 8, the

angle of trim (or pitch) is measured between Ox and the horizontal plane >?o}7o

; tp, the angle of yaw is measured from the vertical plane icio to the vertical

plane Zoi; ¢>, the angle of roll is measured from the vertical plane ifo to the

principal plane of symmetry YZ. The two coordinate systems are related by the

coordinate transformation representing the rotation sequence RoR,,R„ :

xo c6ci,Zz — cqöstlz + sösqöct/1 szbst/1 -l- s6cd>ci/1 x

yo = cétsqü cqbctgk + sösqbsijz — s¢>ct;7 + söcqbstiz y (5.1)

zo — s6 c8s¢> cöcqö z

where c and s stand for the sine and cosine functions. Let p (roll), q (pitch),

and r (yaw) be the components of the angular velocity vector relative to the
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body axes {Y, ]7, Z}, and let u, v, and w be the corresponding components of

the linear velocity of O relative to the fluid. The angular velocities are related

to the derivatives of the Euler angles by the transformation

p 1 0 — sin0[q

}= 0 cos QS cos 6 sin cb Ö (5.2)

r 0 —sind>cos6cosd>The

rotational motion around the center of mass is governed by Euler’s

equations of motion while the translational motion is governed by the standard

form of Newton’s second law for a rotating reference frame. Together, they

give the equations of motion for the six degree-of—freedom problem in the form

im + (/Z — lylpr = l?

1; + (1, — /,,)1¤q = 1V
_ (5.3)

m(1J—l-wq—vr)=X

m(v+ur— wp)= V

m(vi1+vpwhere

Y, /T/1-, IV, Y, V, and qqä are the resultant hydrodynamic and

external moments and forces acting on the center of mass. Our analysis is

oriented to the prediction of capsizing. and previous works by Paulling and

Rosenberg [24] and Nayfeh, Mook, and Marshal [25] have shown the

importance of nonlinear coupling, particularly between heave - roll and pitch
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— roll motions. Thus, we follow Blocki [72] and assume the following orders of

magnitude for the amplitudes of oscillation :

heave z = O( 6 )

roll d> = O( 1 )

pitch 0 = O( 6 )

surge x = O( 62)

sway y = O( 62 )

yaw i/1 = O( 62 )

Therefore, x, y, and i/1, their velocities, and accelerations can be assumed to

be negligible, so that (5.3) become

p = <l>
_ (5.4)

q = 0 cos <1>

and the equations of motion for heave, roll, and pitch become

ITIW =
2-

l,(Z} — (IZ — I,,)Ö2 cos d> sin ¢> = F (5.5)

1,(0 cos qö - 96 san 6;) - (1, — san 6 = 1W
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We assume that the force Z and the moments I? and M are analytic functions

of 2, ¢>, and 6 and their derivatives in the form

Z- = Z(q1, , qg) -1- Z(t)
K = K(q,, , qg) -+— K(t) (5.6)

M = -09) + M([)

where q,, i= 1, 2, 3, are the displacements {2, ¢>, 6} , and similarly for

i= 4, 5, 6 and i= 7, 8,9 we have the corresponding velocities and

accelerations. ln the neighborhood of the initial flotation position, we can

expand these functions in Taylor series of the form

62 1 622
Z=Z+———q—+———q—q·+0

00; ( 2 0010; I!

8K 1 62I<
K=K l. ..1 ..

1 6211/1M=/W0
00; [ 2 0010; I!

From physical considerations about the coupling among displacements,

velocity, and accelerations Blocki [72] assumed the functional form

Z = Z1(01- 02- 09) + Z2(q4· 06- 06) + Z9(07- 06- 09)

K = K1(q1» 02- 09) + K2(04- 06- 06) + K3(q7~ 06- 09) (5-8)

M = M1(01- 02- 09) + M2(q4· 06- 06) + M3(q7¤ 06- 09)

which specifically eliminates cross coupling among displacements, velocities,

and accelerations. After expanding Z, K, and M in Taylor series, the physical
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significance of the coefficients must be established, as well as some means to

compute them.

In this work, we additionally assume that the pitch motion does not occur or

its magnitude is negligible. This further simplifies the equations that we use

to account for the nonlinearities in the roll mode and the coupling from heave,

which is assumed to be described by a linear equation ( nonlinear terms

dropped out ). The Taylor-series expansion for K contains polynomial

approximations of the righting arm (from K,) and the damping moment (from

K2). Both of these functions must be odd from symmetry considerations. The

terms in K2 contain what are known as the added masses and moments of

inertia which take into account the inertia of the mass of water near the hull.

After neglecting higher order terms in (5.5), we reduce the remaining

equations to

2 -l- 2p22 -l- wgz = Z(t)
. . . (5-9)

<f> KU)

The functions Z(t) and K(t) are usually assumed to be harmonic functions

representing the wave amplitude and the waveslope respectively, and KM

represents the coefficient which can be associated [72] with

geometrical properties of the hull giving rise to a coupling between heave and

roll.
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5.2 Equations of motion : Variational approach

Nayfeh, Mook and Marshal [73] have shown that in some cases the Newtonian

approach based on the use of Taylor-series expansions of the forces and

moments can lead to equations that sustain self-oscillatory behavior which is

unrealistic. They have proposed a more general alternative approach to derive
I

the equations of motion. This method considers the ship and water as a single

dynamical system and uses a Lagrangian formulation that starts from properly

assumed expressions for the kinetic, potential, and dissipation energies.

ln this case there is no need to assume that the body axes are aligned in the

direction of the principal axes of inertia. We still consider the principal plane

of symmetry as well as the Euler angles that describe the motion to be the

same. The state of the system is described by the vector

1; = {x, y, z, cb, 9, (/7}T. The velocities are better expressed in terms of their

components referred to the body axes I"! = {u, v, w,p, q, r}’, where 17 and FI

are related by

{Ü} = [¤<J{i2} (5-10)

sum iviorious 87



C\,ÜCÜ St!/CÜ ——s0 0 0 O

— s¢«6¢> + cn/1s6s¢> 6¢«6¢> + s¢«s0s¢> c0s¢> 0 0 0

s¤ßs¢¤ + ci/1s0c¢> — Ct//S¢> + s«l»s0c¢> c96¢> 0 0 0
[ot] = (5.11)

0 0 0 1 0 — s0

0 O 0 0 c¢> 60s¢>

0 0 0 0 — s¢> c96¢>

The kinetic energy of the ship alone is given by

1 1T = m(u2 +
v2

+
w2)

+ -5 (lxxpz + lyyqz + lzzrz) — Ixzpr (5.12)

The components of H are quasi-coordinates so that Lagrange’s equation takes

the special form

d ÖT ÖT T ÖT av ÖD— ——·— F T — —··—— — ··— +
·—— = 5.13lßltön Ö"} {ÖH} {Q} ( )

where [6] = [cx]·‘ and I" is

0 — r q 0 O 0

r 0 -p 0 0 0

— q p 0 0 O 0
[I'] = (5.14)

0 — w v O — r q

w O — u r 0 —p

— v u 0 — q p 0
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The scalar D represent the damping function, the vector {Q} represents the

generalized forces and moments produced by the wave action and the control

surfaces (assumed to be zero in this case).

To consider the ship and sea as a single system we must assume the

functional form of the energy terms T and V and the damping function D. The

requirements imposed on these functions are that T and D must be positive

definite for every motion, and V must increase with every displacement from

the equilibrium position. All three functions must account for the lateral

symmetry of the ship. Following this variational approach we can obtain the

appropriate equations of motion to the desired order of approximation.

5.3. Static stability concepts

To have a ship in static equilibrium in still water we need the weight of the ship

to be supported by a resultant buoyancy force, which is equal in magnitude

and acts in the opposite direction. The buoyancy force acts through the center

of buoyancy whose position depends on the geometry of the underwater body.

When the ship is heeled, the shape of this volume changes and consequently

the position of the center of buoyancy changes accordingly. Figure 5.2

illustrates the situation where the center of gravity of a ship is located at G and
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the center of buoyancy is located at B. The buoyancy force is not along the

line of action of the weight so that a couple would result with a magnitude

proportional to the effective arm of the buoyancy force, which is known as the

righting arm ( (Ü ). The moment produced by the buoyancy force in this case

tends to bring the ship to the equilibrium position so that the righting arm is

called positive. ln the case of unstable equilibrium the righting arm is negative

and the ship capsizes. The sign of the righting arm depends on the relative

position of the center of gravity. The limiting location where the arm of the

force is zero is the metacenter point M. Therefore, when the metacenter is

above the center of gravity the position is stable.

For small angles the position of the metacenter remains fixed and the ship

actually behaves like a pendulum hanging from the metacenter. For angles

greater than approximately seven degrees the metacenter is no longer a fixed

point so that the concept Ioses validity.

lt is common to use the metacenter height ( ) as an indication of the initial

stability of a vessel. The larger this quantity is, the more stable the ship is to

resist initial heel. For small angle of inclination, (Ü is equal to (Wsin ¢>.

Another practical relation is that for B17 , which can be obtained by

considering the location of the buoyancy center for small angles:

= L (5.15)
V
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where l is the moment of inertia of the waterline plane about the longitudinal

center line, of the ship and V is the volume of displacement.

A way to characterize the static stability of a ship is by plotting the righting

moments or righting arms for several displacements (volume of water

displaced). Each of these figures is a static stability curve such as the one

shown in Figure 5.3. For a specific loading condition the righting arm is given

as a function of the angle of inclination. For the purpose of using these curves

in dynamic analysis we approximate them with polynomials using the method

of least squares. The polynomial used can be of any degree, but to reflect the

symmetry for positive and negative angles, it must be an odd function.

The Intergovernmental Maritime Consultative Organization (IMCO) is in

charge of issuing design regulations for ships and marine vehicles. The

design specifications related to capsize have been largely based on the shape

of the static stability curve and a large statistical data bank on casualties with

the corresponding investigations. lMCO is aware that the current regulations

are deficient, but due to the complexity of the dynamics of capsizing, more

precise specifications have become impractical for wide spread use. In 1982

Bird and Morrall [74] reflected this spirit in their description of deficiencies in

the existing design codes and the motivations to start the project SAFESHIP,

as an major scientific effort to improve understanding of ship stability.

Mathematical modeling and nonlinear analysis are very high on the list of

issues related to risk assessment and understanding of capsizing in this
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on-going project. Toward this goal is that the applications of this work are

directed.

5.4 Nonlinear damping in rolling

A ship that oscillates is subject to resistance from both air and water. ln the

absence of strong winds the resistance comes primarily from the interaction

between the hull and the water. Three different mechanisms are usually

associated with energy dissipation between the hull and the water : frictional

forces within the boundary layer, generation of propagating waves on the

surface of the water, and formation of eddies or vortices in the wake. Cardo

et al. [75] have compared different mathematical models with experimental

results and shown the complexities involved in fitting experimental data with

some predefined analytical function. In general nonlinear damping in rolling

has been modeled in the following forms :

¤<b.b>=d.b+d2lblb+d3lblb
Dub. bl = d.b + d2<l>2<i$ + dkbg

16161
D(<b)=dl<l>+d2l<bl<l>
¤<«b> = dkb + d2b°
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We have selected the last model because it has been shown to be reasonably

good [76] and the coefficients were available [77]. Additionally, lt is

convenient for analytica! treatment.
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Chapter 6

STABILITY AND COMPLICATED ROLLING

RESPONSES OF SHIPS IN BEAM SEAS

6.1. Introduction

Nonlinear roll motion has long been recognized as a key factor in the study

of capsizing of vessels in a seaway [78]. Nevertheless, the complicated nature

of the dynamics has precluded this factor from being incorporated into safety

codes and design regulations to protect life at sea [79]. A good deal of

understanding has been gained from rather simple mathematical models that

seem to capture the essential aspects of the dynamics [80]. Unfortunately, the

nonlinear nature of the resultlng differential equations that govern the motion

has impaired the finding of exact closed-form solutions. However, approximate
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analytical and numerical solutions have been found that closely describe the

physical phenomena [77].

The nonllnear roll response of a ship in beam seas has been successfully

approximated using perturbation techniques and digital- and analog-computer

simulations [e.g.,14,15,77,81]. The maximum rolling amplitude can then be

obtained as a function of the characteristic parameters of the craft and the sea

conditions. The approximate solutions determined by using, for example, the

method of multiple scales [4,5] can account not only forthe primary resonance

(i.e., the encounter frequency is near the linear natural frequency of the

system), but also for other nonllnear resonances of the system [82], such as

subharmonic and superharmonic resonances.

Complicated behaviors not found in the linear predictions [83] have been

observed when modeling nonllnear rolling through digital- and

analog-computer simulations. As early as 1975 Wellicome [80] reported

results of analog-computer simulations of a ship displaying what he described

as a gap in the frequency response where "the analogue computer response

shows no steady state response". This coincides with what four years later

Huberman and Crutchfield [8] presented as one of the first observatlons of

chaotic responses in physical systems. More recently, a variety of exotic

phenomena has been shown to appear [e.g., 14,15,83,84] in the response of

biased and unbiased ships in regular seas. This includes multistability of

solutions; period-doubling, symmetry—breaking, and saddle-node bifurcations:
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hysteretic loops; chaotic responses; fractal boundaries in the domains of

attraction; and capsizing. The importance of these behaviors is that in many

instances they provide information about qualitative changes in the solutions

leading to catastrophic instabilities. Therefore, the naval architect must be able

to recognize such phenomena and use the predicting tools through the design

stages to lnsure the seaworthiness and safety of the vessel.

Our aim is to show that through the use of analytical tools a great deal of

information on the seaworthiness and the intact stability of a vessel can be

obtained. We expand on the work of Nayfeh and Khdeir [14,15] and apply

Floquet theory and elementary concepts of bifurcation theory in the analysis

of the stability of approximate solutions obtained by perturbation methods in

the neighborhoods of the nonlinear resonances of the system. Although many

of these concepts have been previously considered [e.g., 85-87], we

concentrate on the analysis of qualitative changes of the solutions as some

parameters are varied, more along the lines set by Guckenheimer and Holmes

[36].

To illustrate the procedure, we consider in Sections 6.2 to 6.4 the rolling

motion of unbiased and biased ships in regular beam seas. We present

second-order perturbation solutions for the relative roll angle, and then we

investigate the stability of these solutions for a broad portion of a parameter

space composed of the waveslope and encounter frequency. The analytical

predictions are verified by using digital- and analog-computer simulations to
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assess the effectiveness of the prediction technique. In Section 6.5, we present

additional results from analog-computer simulations illustrating the effects of

damping on the stability and seaworthiness of ships.

6.2. Nonlinear Rolling in Beam Seas

We follow Wright and Marshfield [77] and derive the equation of motion as a

function of the relative motion of ship and wave. We let cb be the absolute roll

angle and 0 be the relative roll angle with respect to the local waveslope cx.

Applying Newton’s second law, we find that the equation of motion can be

written as

(1 + 61)ö + 0(9) + 1<(6) = 6 -161 (6.1a)

Ü = d> — oc (6.1b)

where I is the roll moment of inertia, öl is the added moment of inertia, which

is assumed to be constant [77]. and B is a constant bias moment, which might

be due to a steady wind, or a shift in cargo, or water or ice on deck. The

righting moment (restoring moment) K(6) is approximated by an odd

polynomial of the form

1<(6) = wäß (6.2)
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The damping moment D(0) is expressed as

D((I) = 2#9 + #393 (6.3)

Assuming that the wavelength is large compared with the ship beam, we can

write the waveslope of a regular beam sea as a harmonic function

oc =oz„, cos Qt, where oc„, is the maximum waveslope. Using (6.1b)-(6.3), we

rewrite (6.1a) as ‘

9+ 2#9 + #393 + wäß + 4363 + #363 = wäös r 666 sz: (6.4)

where 6, is the still water bias angle and

(I + öl)f = Ia,„Q2 (6.5)

Nayfeh and Khdeir [14,15] demonstrated (a) the importance of including the

quintic term in the polynomial fitting of the righting-arm curve and (b) the

accuracy gain obtained when an approximate perturbation solution is carried

out to second order. Equation (6.4) has been shown to display complicated

behaviors [e.g.,14,15,83,84] for a variety of parameter values. These behaviors

include competing attractors, period—multiplying bifurcations, chaotic motions,

and sensitivity of response to initial conditions.

We used the physical characteristics of the low-freeboard model of Wright and

Marshfield [77], listed in Table 1, to illustrate the resulting complicated

dynamics and the effectiveness of the analytica! prediction technique. The
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coefficients 065 and 065 shown ln Table 1 were obtained by fitting the righting-arm

curve with the polynomial in (6.2) by the method of least squares and then

multiplying the result by the appropriate constant to obtain the righting

moment. Figure 6.1 shows the potential function corresponding to the

conservative part of (6.4) for this ship model when 05 = 0. lt is evident that for

some initial conditions the response becomes large and the ship will capsize.

Furthermore, it is possible for a stable bounded oscillatory solution of (6.4) to

become large when a parameter is slightly changed. We are particularly

interested in this case due to the catastrophic implications that this event

carries.

6.3. Unbiased ship

ln this case the bias angle 65 in (6.4) is equal to zero. The response in the

neighborhood of the primary resonance (§22=w§+c6) can be found by

recasting (6.4) as

69 + :220 + 6]:2),16} + 66503 + 66503 + 06505 — 60] = gr cos Qt (6.6)

where 6; represents a bookkeeping parameter that can be later set equal to

unity. A second-order approximate solution for this differential equation is

given in reference [14] as
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° 5
6 = a cos(9t + ß) —+- 6 lag —+—la5 cos(39t + 3,8)2 2329 1289

(6.7)
_7_ 6(5 5 _7_ MQ 3 . 2———?a cos(59t-1-5/3) , Wa s¤n(39t-1-3ß) +O(6)

3849

where a and ß are determined from

.__f.__i 23 2_3_ 3#°(66
a-6< snnß pa

8 ::39a
8

6p5+ 892 )a

5 0: 15 0: (6-6)

9f 25f f cosß
62:2 64:2 6:2 4:2 2

. 3CXa 5g 2 2

SGEX3 50:56 5 50:50:5 7a —-—-—a
16:23 62:23 266 266:23 64:23 (6 9)5556 . 3 sunß

3f. 5f+(Äa2+-——C%a3—%>cosß
. 329 649 89

For steady-state periodic responses a = 0 and ß = 0 so that (6.8) and (6.9)

become a set of algebraic equations that can be solved numerically to

determine a and ß.
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Figure 6.2 shows a typical frequency—response curve for the ship whose

coefficients are shown in Table 1 and a sea characterized by 0:„,= 0.2. The

circles show the results of direct numerical integration of (6.4). The dashed

curve represents an unstable portion of the solution. ln spite of the fact that

y, p3, 113, 065, and fare not relatively small compared with unity, the agreement

between the analytical and numerical solutions is remarkable.

To ascertain the stability of the motion predicted by the approximate solution

(6.7), we examine the time evolution of the periodic motion after the

application of an arbitrary infinitesimal disturbance §(t) in the form

(3(t) = 6(t) + §(t) (6.10)

The stability of 0(t) depends on whether §(t) grows or decays as t —»oo.

Substituting Ö(t) into (6.4), setting 6, = 0, and keeping only linear terms in §(t),

we obtain

E + (20 + 6„392)§ + [wä + 60302 + 66564]; = 0 (6.11)

which is a linear ordinary-differential equation with periodic coefficients. From

expression (6.7), we observe that 8(t + T) = 6(t) and 6(t -l- é
T) = — 6(t), where

T= and hence the coefficients of (6.11) are periodic with the period
é

T.

Therefore, it follows from Floquet theory [6] that (6.11) has solutions of the

form
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§(t+-;—T)=).§(t) (6.12)

where 2 is an eigenvalue of the monodromy matrix C associated with a

fundamental-matrix solution <D(t) of (6.11) through the relation

<D(t + ä T) = <D(t)C (6.13)

The solution is then stable provided that §(t) does not grow with t. This

requires that I).! < 1. Thus, the eigenvalues of C must remain inside the unit

circle in the complex plane for the solution given by (6.7) to be asymptotically

stable.

For the dissipative one·degree—of-freedom system described by (6.4), there are

two ways in which 2. can leave the unit circle, which create independent

patterns of instability in the T—periodic solution. An eigenvalue can leave the

unit circle through the real axis at -1 , originating a tangent instability (see

Chapter 3). A second way to exit the unit circle is through the real axis at +1,

originating a pitchfork instability, which results in a symmetry-breaking

bifurcation. The above patterns of instability allow us to predict the stability

of the T-periodic solution (6.7) when the maximum waveslope am or the

encounter frequency Q is being changed. Therefore, the dynamic behavior of

the ship under a wide variety of conditions can be determined.
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The stability characteristics of a solution are determined by the eigenvalues

of C, which in turn can be found by choosing a fundamental-matrix solution

with the initial conditions <D(0) = I, where l is the identity matrix, so that (6.13)

becomes

c = <1>( é r) (6.14)

The matrix <D can be computed numerically by integrating (6.11) in the interval

[0,% 71 subject to the two sets of initial conditions: (a) $(0) = 1.0 and $(0) = 0

and (b) $(0) = 0 and $(0) = 1.0 for each set of parameters (f, Q) . We evaluate

the periodic coefficients in (6.11) that depend on 6(t) and 0(t) by using the

approximate solution (6.7).

To apply this method to the frequency-response curve in Figure 6.2, we Iatch

onto the upper-branch solution and slowly decrease Q, computing the

eigenvalues at each step to determine the stability. At location 1, we

encounter a tangent instability. Similarly, if we Iatch onto the lower branch and

slowly increase Q, we encounter another tangent instability at location 2. ln

this case the presence of these instabilities only confirms the well known fact

that the solutions at these points in the lower and upper branches lose stability

and a jump to the stable branch is observed. By repeating this analysis in an

lterative fashion for a large number of solutions with different values of the

parameters 01,,, and Q, we generated Figure 6.3, which shows the locus of the

instability points in the (01,,,, Q) plane. In this case there are three attractors

sTAa1Lrrv AND COMPLICATED RoLi.¤Nc RssPoNsEs or snips in BEAM SEAS 103



(long-term steady-state solutions which are qualitatively different): two shown

in inserts (a) and (b) correspond to the lower and upper branches of the

response curve and the third corresponds to a very large amplitude response.

Because we are interested only in transitions occurring from the former two

attractors, we assume that the initial conditions are set appropriately to reach

any of the first two attractors, and then we change one of the parameters until

an instability is observed. The two curves shown in Figure 6.3 represent

tangent instabilities and there are transitions only between the upper and

lower branches. Therefore, these curves can be interpreted as signaling a

jump up (curve U) and a jump down (curve D). The direction in which the

instabilities are active is indicated with arrow and the parameter space can be

considered to be divided into the two regions A and B. ln region A the large

attractor in insert (a) (upper branch) is obtained, given the proper initial

conditions, and we observe a jump to the smaller attractor in insert (b) (lower

branch) when the parameters are varied to cross curve D. ln region B the

lower attractor is obtained (with suitable initial conditions) and we observe a

jump to the larger attractor when the parameters are changed across curve

U. For parameter values falling between curves U and D (where A and B

overlap). it is possible to obtain either attractor depending on the prescribed

initial conditions. At very low values of 0i„, the two attractors merge (no

resonant branch) and no instability is observed as Q is changed.

The black circles in Figure 6. show the results from direct numerical

integration of (6.4). Although good agreement is obtained, we find an
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increasing degree of difficulty in latching onto one of the bounded attractors

as am is increased. Figure 6.4 illustrates the dependence of the solution on the

initial conditions and the importance of their proper selection. The white and

black regions correspond to the domains of attraction of bounded and

large-amplitude motions, respectively, as found by integrating (6.4) for a grid

of 500x500 initial conditions when S2 = 0.7 and am = 0.2. The domain of

bounded motions decreases as am is increased.

As a means to verify the behaviors predicted above, we used an analog

computer to model the system described by (6.4). ln spite of its moderate

accuracy, this type of simulation provides insight into the behavior of the

physical system that is being modeled and facilitates the study of parameter

variations and bifurcations. Figure 6.5 shows the results of the

analog-computer simulations obtained by using a system equipped with a very

accurate electronic wave generator, a frequency analyzer (FFT), and

oscilloscopes. These results are in complete agreement with those in Figure

6.3.
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6.4. Biased Ship

ln this case Os is in general nonzero. Nayfeh and Khdeir [15] used the

transformation

0 = GS -l- u (6.15)

to transform (6.4) into

ü + 2;iz) -l~ /13ÜB
+ wäu + b1u + b2u2 + b3u3 -+- b4u4 + b5u5 = f cos Qt(6.16)

where

2 4 6 2b2 101'Z58s , ba = (X3 + 10{X56S

b4 = 511585: , bs = @5

By recasting (6.16) as a perturbed linear oscillator, they derived the following

second-order perturbation solution valid in the neighborhood of the primary

resonance of the system ( Q2 = wg + 66):

b 3b .
9=GS+acos(Qt+ß)+s[—¥7a2——-%a“2Q‘

SDI” ¤„ b62 + —Ä— 64) c0s(2Qt + 2ß)
6s2— 6:2*

. (6.17)
bs 6 bbs 6 #6-Q 6 .—« +)— 6 + ———? 6 cos(3§2f + 3/il) +?

6 sin(3.Qt + 3ß)32Q“
128Q „

. b4 4 bs 6 „ 2 2-·- —ja cos(4Qt —l~ 4ß) —+— ja cos(5£22‘ -l~ 5ß) O(6 )
120Q 384Q
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where a and ß are determined from

f . 3 2 6) 2 3 3#h6 6a=6 ————sin — a—— 9a -+-6 —b —+-l

5 b 15 b+ <§—§'§6303)a3+—T2%a7 (6.18)

9fb 25fb fb f.462:2 64:2 6:2 4:2 33

· ho 3b3 6 5h6 6 f 2 bg 02
= — — —+-* -l- ·— — — —+- — ————— —+33 8< 2:28 6:28 16:28 2:2 8°8ß 8 BQVL2:2 8

3b 6 663 5b 6 6 3:23 1663 7b 6_1_< 06_ _ 6_ 24>a5
16:23 12:23 62:23 333 266:23 6:23 16 191
5b 6 6663 66 3 3

7
3

61++0
64:2 160:2 30729 33 4:23
3fb 5fb fb

+ (%22+%24·—%>COSß
329 649 89

and bc = 6 — b,. For steady-state solutions, again we set a = 0 and ß= 0 to

obtain a set of algebraic equations that can be solved numerically.

Figure 6.6 shows a typical frequency—response curve for a ship with the

coefficients given in Table 1, a sea with the maximum waveslope 0,,, = 0.2 , and

a positive bias angle Gs of 6 degrees. In this figure, again we compare the

analytical results with those obtained by direct numerical integrations of (6.4).

The agreement between the analytical and numerical solutions is good except
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near 1. We note that contrary to the unbiased case this time we observe the

solution growing large at 2, and consequently the ship is expected to capsize.

To determine the stability of the approximate solution (6.17), we follow the

same procedure presented in the previous section. ln this case we perturb

u(t) with an arbitrary infinitesimal disturbance C(t) and observe its time

evolution, which is described by the differential equation

; + (2p + spaß); + [wg + 0, + 2b2u + s0aß + 40,,03 + 60504]; = 0 (6.20)

This linear ordinary-differential equation has periodic coefficients with the

period T= Therefore, we expect solutions of the form

;(t —l— T) = lC(t) (6.21)

where again 2. is an eigenvalue of the monodromy matrix C associated with a

fundamental-matrix solution CD through the relation

CD(t —l— T) = CD(t)C (6.22)

ln this case the matrix CD is computed by numerically integrating (6.20) in the

interval [0,T] subject to the same initial conditions used in the previous

section. The coefficients in (6.20) that depend on u(t) and u(t) are evaluated by

using (6.15) and (6.17).
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Because the period of the coefficients of (6.20) is T, the instabilities generated

when Z leaves the unit circle have an interpretation that is different from that

in Section 6.3. ln this case as 2. crosses +1 we observe a tangent instability,

and when 2 goes through -1 we observe that the period of the solution

doubles; that is, a period·doubling bifurcation.

Applying the above procedure to the frequency-response curve in Figure 6.6,

we again Iatch onto the upper branch and decrease Q until a period-doubling

bifurcation is found at location 1. On the lower branch a tangent instability is

found at location 2. As in Figure 6.2 the tangent instability causes a jump to

another solution, but this time for the same value of Q there is only a very

Iarge·ampIitude solution, so the ship capsizes. The period-doubling

bifurcation is the first in a sequence of events that Ieads to chaotic motions

[29]. However, this fact is only confirmed in the digital- and analog-computer

simulations. Because our analysis detects only the first bifurcation, we can

simply say that the system is likely to have complicated behavior in this

region. The circles indicate the results from direct numerical integration. The

agreement between the analytical and numerical solutions is good except near

location 1 where period-doubling bifurcations and chaotic solutions occur. two

phenomena that are unaccounted for in the analytical solution.

Repeating the stability analysis for a large number of solutions with different

parameter values 06,,, and Q, we generated Figure 6.7, which similar to Figure

6.3 shows the locus of the instabilities in the (0z„,, Q) plane. ln this case, in
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addition to the transitions between the attractors corresponding to the upper

and lower branches of the response curve, we have instabilities that take the

system to a large-amplitude solution, which we associate with capsizing

(region C). The curves marked T, and T2 (tangent instabilities) correspond to

- the ones shown as U and D in Figure 6.3. In addition, we have the curve

marked with a P which denotes period-doubling instabilities. The arrows show

the direction in which the instabilities are active. Region A is bordered by the

curves T2 and P. ln this region, given appropriate initial conditions, we have

solutions that are attracted to the upper branch. ln region B, given the

appropriate initial conditions, we can reach the lower branch. This region is

bordered by T,, so that the two regions overlap in a portion of the space

enclosed by T,,T2, and P, where it is possible to reach eitherthe upper or lower

branch with suitable initial conditions.

We note in Figure 6.7 that there are transitions into the

large-amplitude-solution region C when the parameters are varied across P

and T,. These events are of special importance because we know the ship

capsizes in this transition. Therefore, the location of this region in the

parameter space (06,,,.9) provides a criterion for the deterioration of the

seaworthiness of the vessel under particular sea conditions. If the location of

this dangerous region is unacceptable, the ship’s design can be modified and

the process is repeated with a new set of coefficients in the governing

equation. Another point of importance in Figure 6.7 is the qualitative nature

of the transitions into the dangerous region. We mentioned two scenarios: (a)
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a transition from the upper-branch attractor to a large—amplitude one via a

period-doubling sequence and (b) a transition from the lower-branch attractor

through a tangent instability, which is more dangerous. In the Iatter the ship

goes from a small-periodic oscillation to capsizing without any warnings.

The black circles in Figure 6.7 show the results from direct numerical

integration of (6.16). The qualitative agreement between the digital-computer

simulations and the analytical predictions is very good, but as shown in the

figure, the instabilities in the upper branch (P and T2) occur at slightly different

locations. This might be due to the large sensitivity of the system to

approximation errors in the neighborhoods of these instabilities. The

sensitivity to initial conditions again complicates mapping of the instability

regions. Figure 6.8 shows the shape and changes in the domains of attraction

of oscillatory and unbounded solutions (white and black respectively) for Q

= 1.0 when (a) am = 0.15 and (b) 61,,, = 0.18. They were obtained from

numerical integration by using a grid of 500x500 initial conditions. In this case

the changes in the domains of attraction are very drastic. We observe the

boundaries of the domains Iosing their smoothness and possibly becoming

fractal [63].

Figure 6.9 shows a summary of the analog-computer simulations for the biased

model. We can identify the bifurcation curves T, . T2, and P predicted by the

stability analysis and shown in Figure 6.7. However, the anaIog—computer

simulations show not only the first instability but a complete picture of the
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events taking place. We observe a new bifurcation curve marked E that runs

close to P. Between these two curves, a sequence of period—doubIing

bifurcations takes place leading the system into chaotic motion, characterized

by a broad-band frequency content in the power spectra (from the FFT

analyzer). Figure 6.10 shows one of such sequences for Q = 0.944: (a) shows

the asymmetric attractor for oc„,=0.197, (b) a 2T-periodic attractor for am = .

0.199, (c) a 4T-periodic attractor for am = 0.213, (d) an 8T—periodic attractor for

am = 0.214, and (e) and (f) show chaotic attractors for cz,„ 0.215 and 0.216. The

corresponding power spectra of the solutions (a)-(f) in Figure 6.10 are shown

in Figure 6.11, including (g), the power spectrum of the wave. Once the

parameters are varied across curve E, the chaotic response becomes unstable

and the system goes to another attractor, which in this case could be either the

lower-branch response or the Iarge·amplitude solution, depending on the

portion of the parameter space where the crossing occurs and the state of the

system at that point (location in the domains of attraction). For this system

we note that if E or T, are crossed into the dotted region C of Figure 6.9, the

ship capsizes. Additionally, if E is crossed into region B to the right of point I2

or T, is crossed into A to the left of point I, the ship also capsizes. These points

truly mark the dangerous region of the curves, in which subtle changes in the

parameters can cause catastrophic consequences.

We can directly relate the appearance of the above complicated behavior in

the upper—branch attractor to the early observations of Wellicome [80] and the
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phenomena that at the time were not understood and in many instances were

considered to be due to errors introduced during the process of simulation.

6.5. Effect of Damping

The damping moment in (6.4) has a linear and a cubic term in the velocity. To

investigate the influence of the coefficients p and pa on the dynamics of the

ship, we performed analog-computer simulations by halving each time the

value of the linear, nonlinear, or both damping coefficients, and comparing the

resulting responses with those obtained for the original damping coefficients

given in Table 1. Figure 6.12 shows the results for the unbiased ship and

Figure 6.13 shows the results for the biased ship: (a) shows the cases with the

original damping coefficients, (b) shows the results when the linear damping

coefficient is halved, (c) shows the results when the cubic damping coefficient

is halved, and (d) shows the results when both coefficients are halved.

The sequence (a)—(d) of Figure 6.12 shows the changes in the instability

regions of the solutions of (6.4) for the unbiased case due to the variations in

the damping coefficients. The first observation is that the location of the

tangent instability T, of the lower-branch is almost insensitive to variations in

damping. Therefore, no matter how crude our estimate of the damping

coefficients is, the approximation of this instability would be good. This fact
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has been verified by digital-computer simulations. A second observation is

that the instability curves for the higher-branch move down in the diagram as

the damping coefficients decrease to the point that capsizing becomes

possible in cases (b)-(d). The locations of the points I, and I2 also move down,

and apparently the nonlinear damping coefficient has a greater influence on

this aspect. In cases (c) and (d), we can begin to see the instability curves P

and E do not exist in (a): they show the presence of the period-doubling and

chaotic phenomena.

Figure 6.13 (a)-(d) shows the corresponding variation of the instability regions

when 6s = 6 degrees and the damping coefficients are sequentially halved as

before. The observations for the unbiased case are also valid this time. The

instability curves for the higher-branch attractor rotate down (see trend in

figure) and T, remains in the same location as pointed out in the unbiased

case.

This simple analysis shows the important role played by the damping in the

stability and seaworthiness of ships. Lowering the damping coefficients shifts

the instability curves for the higher-branch attractor down and makes the ship

capsize at lower waveslopes. However, the instability of the lower—branch

attractor remains unaffected. Moreover, lowering the damping coefficients

lncreases the Iikelihood of complicated responses and hence deteriorates the

seaworthiness of the vessel.
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The domains of attraction are also severely affected by changes in the

damping coefficients. Figure 6.14 shows the domains of attraction for the

unbiased ship when §2=0.7 and oc„,=0.2 and the damping coefficients are

one-half the values given in Table 1. Comparing these results with those in

Figure 6.4, we see that the domains have become entangled and the

boundaries are no longer smooth. This effect greatly increases the sensitivity

to initial conditions and the possibility of capsizing.
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Chapter 7

NONLINEAR ROLLING MOTIONS OF SHIPS IN

LONGITUDINAL WAVES

7.1. Introduction

Since the early observations of Froude [20] on the undesirable seakeeping

characteristics of a ship whose natural frequency in heave is twice its natural

frequency in roll, the possibility of exciting large-amplitude oscillations and

even capsizing a ship in longitudinal regular waves began to be recognized.

The work of Grim [22] and Kerwin [23] showed that the periodlc encounter of

a ship with a wave result in a time-varying restoring moment and the roll

motion is described by a Mathieu equation. The resonances of this equation

reveal the unstable regions and the dangerous frequencies of encounter
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obtained for small roll angles, where linear approximations are valid. Paulling

and Rosenberg [24] showed that the underlying mechanism for energy transfer

from the Iongitudinal wave to the transverse rolling motion is a nonlinear

coupling between the modes. Particularly, coupling between either the heave

and roll modes or the pitch and roll modes was shown to generate

time-varying coefficients in the roll equation of a ship in Iongitudinal waves,

which takes the form of the Mathieu equation. More recently, a number of

studies [69,72,78,80,88] on the roll equation with a parametric excitation ( i.e.,

with time-varying coefficients ) included nonlinear terms because

Iarge—amplitude oscillations and capsizing cannot be modeled by llnearized

equations.

As presented in Chapter 6, we had success in predicting the stability and

complicated nonlinear rolling motion of a ship in beam seas. The procedure

analyzes the stability of an approximate analytica! solution by using Floquet

theory and elementary concepts of bifurcation theory. The amplitude or

frequency of the excitation was used as the bifurcation parameter. The results

were summarized in a bifurcation diagram in a parameter space composed of

the amplitude and frequency of excitation. This diagram clearly Iocates the

regions of the parameter space where different responses, including

capsizing, occur. All predictions were verified by using analog- and

digital-computer simulations, which confirm the effectiveness of the scheme.
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ln this chapter, our aim i§?tQÄ§%&l§«tf€"ab0ve'_A_p°rogedAure to t-he n¤n1Am0arA
“°‘AA'

Aresponseof a ship rolling inAAI6‘hgitudinaI_ waves'(i.eA., the waves crests are

oriented at right angles to the véss$_I’s centerline). We seek a qualitative

understanding of the responses and their instabilities, rather than an accurate

analysis of any specific case. We follow Blocki [72] and obtain the following

equation for the nonllnear rolling of a ship due to heave - roll coupling :

.. . . A
0 + 2$6 + 21503 + wg [1 + $1502 + 050* + 0 ¤¤S(oT) 30 = 0 (7.1)

where 1 is time, dots represent derivatives with respect to 1, and

K
•=· Ä, ·‘ A

n =
ia-} (7.2)

2600

represents the amplitude of the parametric excitation. lt depends on the

magnitude of the coupling coefflcient K5, and the amplitude of the heaving

motion az. In this case the heaving motion is assumed to be harmonic with
A

maximum amplitude az and encounter frequency Q. The parametric term in

(7.1) basically accounts for the time-dependent variation of the metacentric

height. The coefficients $5 and $5 can be obtained by fitting the righting arm

with a polynomial. The damping coefficients
_/1}

and $5 are also obtained

through the fit of experimental data. Equation (7.1) has been shown to govern

the rolling motion of a ship in head or following seas [69,72,80] in the absence

of heeling moments and pitch - roll coupling.
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In order to make the analytical treatment more general, we introduce the time

scale t= 6031 , which transforms (7.1) into

8 + 2#8 + #383 + 8 + 8383 + 8383 + hö cos(Qt) = 0 (7.3)

where dots represent time derivatives with respect to t and the coefficients

have been scaled appropriately. This transformation scales the natural ~

frequency to unity, making the results easier to interpret. The traditional

treatment of this problem has been to linearize (7.3) to obtain the Mathieu

equation. This procedure determines conditions for the stability of the trivial

solutions. Above these conditions, the roll angle grows exponentially with

time, which is unrealistic. We are interested in not only identifying the regions

of parameter space where trivial solutions lose their stability, but also

determining what kind of motions are generated inside these regions and in

characterizing the danger that these behaviors pose to the overall

seaworthiness of a vessel. Furthermore, we show that some regions of very

dangerous high—amplitude oscillations elude detection through the linearized

procedure. In Sections 7.2 and 7.3, we develop approximate analytical

solutions in the neighborhoods of the resonances of the system. ln Section

7.4, we determine the stability of these solutions in the parameter space

h — Q and generate a bifurcation diagram that illustrates qualitative changes

in the response. As a means to verify and complement our predictions, we

present in Sections 7.5 and 7.6 the results of analog- and digital—computer

· simulations.
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7.2. Fundamental parametric resonance (FPR)

An approximate analytical solution of (7.3) can be obtained by assuming that

the coefficients 66, 665, 65, 965, and h are small. This smallness can be

characterized by a single coefficient 6, which is used as a bookkeeping device

and will be set equal to one in the final result. Thus, we rewrite (7.3) as

6 + 6 + 8[2/L9 -l- y563
+ 96363 + 96565 —l— h6 cos(Qt)] = 0 (7.4)

Carrying out a second-order straightforward expansion [4-6], we find that

resonances occur when Q z 1, 2, 4 , and 6. The first two cases are known as

the fundamental and principal parametric resonances, respectively. The first

resonance is treated in this section and the second resonance is treated in

Section 7.3. The method of multiple scales, as presented by Nayfeh [57], is

used to determine second-order uniform solutions, which are conslderably

more accurate than first-order solutions. The analytical solutions are found to

be in close agreement with digital-computer simulations. The other

resonances were found to produce oscillation amplitudes, which are smaller

than those produced by the fundamental and principal parametric resonances.

Therefore, they were excluded from the frequency interval considered.
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For the fundamental parametric resonant case, the proximity of Q to unity is

expressed as

Q2 = 1 —l- 661 (7.5)

where 61 is a detuning parameter. The natural frequency of the linear

oscillator defined in (7.4) can be written in terms of Q by using (7.5), resulting

in the form

0 + :220 = - 6[ — 610 + 260 + ,1,02 + 0,0** + 0505 + hö 66S(m)] (7.6)

We let

0(t; 6) = 01,(T1,, T1, T2) -l— 661(T0, T1, T2) + 6202(T0, T1, T2) -l— (7.7)

where To = t is a fast scale, characterizing motions occurring at the frequency

Q, and T, = Et and T2 = 62t are slow scales, characterizing the modulation of the

amplitude and phase caused by the nonlinearity, damping, and resonances.

The time derivatives become

Fi- — 0 + 0 20 + 7 6
dt

—
0 E 1 „ E 2 . )

dz _ D2 . 2 2 2
'T —

0
‘T‘ 8DOD1+ C (2DOD2 ‘t'D1)dt

where D,, = . Substituting (7.7)-(7.9) into (7.6) and equating coefficients of

like powers of 6, we obtain

NoNi.i~EAR RoLLi~c ivionons or srups in i.oNcrru¤mAL wAvEs 121



D500 -1- Q200 = 0 (7.10)

* * * ,760 CÜS(QTO)
l

D502 +
Q202

= — 2D0D,0, —2D0D200 — D500 — 217000, — 2110,00 + 6,0,

lt is convenient to express the solution of (7.10) in the complex form

m To) = Alm 7o>e"”== + Elm 7o)e"‘”¤ lm)

where Ä is the complex conjugate of A, which is an arbitrary complex function

of T, and T2 at this level of approximatlon. lt is determined by imposing the

solvability conditions at the next levels of approximatlon.

Substituting (7.13) into (7.11) yields

2 2 . . a gl 2-
0081+ Q 0, = — [21Q(D,A + 11A) — 6,A + (31Q 110 —i— 320)A A

4 10y5A3Ä2]eiQT° —
% h(A + Z) - ä

hAe2iQT° (7.14)

+ [(103110 — 00)/13 — 6625A"Ä]e3"”¤ — &5A5e5""¤ + cc

where cc stands for the complex conjugate of the preceding terms. Depending

on the function A, the particular solutions of (7.14) may contain secular terms.

The condition for the eiimination of these secular terms is
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210(0,A + 11A)- 6,,4 + (6103112 + 6&2)A2Ä + 10115A°Ä2 = 0 (7.15)

Then, the particular solution of (7.14) can be written as

6, = - -:1232-;h(A + Ä) + —§nAe2’“T¤ + 1-ä (102112 — &2)A2
A 7.16

+
Sai

A4Ä' e3iQT°
2

A5e5i§2To + cc
( )

8Q 240

Substituting (7.13) and (7.16) into (7.12) yields

2 2 _ . 2 2 *0,,62 + 0 62 - [ — 21002A — 0,A — 2110,A — 6Q 112AA0,A

- 2 2 -+ 602112A20,A A A
6Q 40’

6 6 . 6 7.17
8Q

6* ^ 66*2 - .A5A" 6"”¤
+ Alsr + cc

6

where NST stands for terms that do not produce secular terms. Eliminating

secular terms from (7.17). we obtain

— 21002,4 — D$A — 2110,A — 602112AÄ0,A + 602112A20,Ä
h2 h3—/9 42 3. A 3A2\6—2-1--iA—1-kA -1- —§2 11 -1--1911 a --01 )A A602 40* *1 8 3 2 3 3 602 3 (7.18)

6* *
66*2

0
0 6Q
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To solve (7.15) and (7.18), we find it convenient to combine them into a single

first-order ordinary-differential equation. This procedure is usually referred to

as the method of reconstitution [57] and gives

2iQÄ 6,2
2 2

4Q GQ 4Q

$#86 $8681 2- 9 4 2+I A I

816Ö36^
SQ Q

10^ ^ -66^2Q
GQ

Next, we express the function A in the polar form

A
_ 1 rp
- -é-ae (7.20)

where a and ß are the amplitude and phase of the fundamental component of

the response. Substituting (7.20) into (7.19) and separating real and imaginary

parts, we obtain

a —
ali

—pa -l- 62[ ia sin(2ß) -l-
(-glä-

8 3 SQ3 8Q2
(7.21)

3 5 7+ 8 )8+ —
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A A Q Q
·_ 61 326 6

5“6
6 2 M 61 h3

+6 (2Q+8Q3+12Q3
2 63 9:23 3 1633 6^ ,

(7.22)
8:2 16:2 256:2 32:2

_ 63333 8,- 6633 a3
64:23 6072:23

Substituting (7.13), (7.16), and (7.20) into (7.7), we find that to the second-order

approximation, the solution of (7.3) for the case of fundamental parametric

resonance ( :2:1 ) is

:20, (t) = a c0s(:2t + ß) + 6[ il-; a cos(2:2t + ß) +ä
a3 sin(3:2t + 3ß)

3 63
+

a3
+ -2;as) cos(3:2t + 3ß) (7_23)

32:2 128:2

3
5ß) acos(ß)384:2

2:2

where a and ß are given by (7.21) and (7.22). For steady-state periodic

responses a = 0 and ß = 0 so that (7.21) and (7.22) become a set of algebraic

equations that can be solved numerically to determine a and ß.
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7.3. Principal parametric resonance (PPR)

In this case Q:2 and we introduce a detuning parameter 62 defined according

to

1 2TQ = 1 -l— 662 (7.24)

Using (7.24) to express the natural frequency of the linear oscillator defined in

(7.4), we obtain

·· 1 2 _ · ·2 A 2 A 66 -l— FQ 6 - — 6[ - 626 + 2;16 -l— ;126 + :126 + 6126 + h6 c0s(Qt)] (7.25)

Following the procedure used in the previous section, we substitute (7.7)-(7.9)

into (7.25), equate coefficients of like powers of 6, and obtain

'*4

A A (7.27)
" /l3(D0O0)3 * @36%

” @502 — ,780 COS(QT0)

1Dg62 -l— Q262 = -2D2D161 —2D2D262 — Üäßo — 2)1D261 — 2pD162 -l— 6261

" 3#2(Do00)2D0Ü1 ’3/*2(D060)2D16o ‘ 3&30ä01 (728)
— 69656;,*01 - 7101 c6s(6171,)
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The solution of (7.26) is expressed in the form

1 . _
T,. T2) = A(T,, T2)e?’QT<> + A (T,. T2)e° 2 'm° (7.29)

Substituting (7.29) into (7.27) yields

Däö, -l- %928, = — [i9(D,A —l— 11A)- 0*2A —l- 93113

—l-..L,
+ 10)15A°Ä2 + é- hA )6 2 ""<>

3
(7.30)

6 .— €15A5e? 'QT°
+ cc

Eliminating the terms that produce secular terms in (7.30) yields 2

1s2(o,A + 11A) —62A1
__ (7.31)

+ hA = Ü

This leaves (7.30) with the padicular solution

Q Ö 6^ - 26, = (-i—TÖ§—+%)A°+——°%A"A +%A S2 ""¤
29 29 49 (7.32)

Q 6 .
+ 6269

Substituting (7.29) and (7.32) into (7.28). we find that elimination of secular

terms from 02 requires that .
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2 6 - 6:22 -IQÜZA + D?/I + 211D1A +ÄA +ÄAAD1A —ÄÄ2D1A
6:2 2:22 4

A A A

+< 6131; _i _i :21311 >A3
4:2 32 :2 4:2 32

3312.12 3 362 033)
1 3 . A 3

—·20^ ^ 6^ 11 - 19072 _
+<-$-1-%-:211373)A“Ä2 -l--ÄA4/l +ÄA5A4 = 0

:2 2:2 6:2

Combining (7.31) and (7.33) in the manner mentloned in the preceding section,

we obtain

1:214 + 3[( — 3-3 hÄ + (1%:22113 + 30It3>A2Ä + 1073142Ä2]

2 2 67 1 6 ^ -+32 —Ä-„2+Ä3"2 14+ A2A
:2 6:2 :2 9

67 11 67 11 77 11- (1%:211311 +Ä A2Ä2 :2113h +Ä){173134)4:2 :2 4:2
A AQ A

9 4 2 . 3 9 202632 1526 . 40226 6-2 1

267 11 - 4047 7 11072 -+ Ä/I4/l + <— 0
2:2· S2 , 6:2

Substituting (7.20) into (7.34) and separating real and imaginary parts, we have
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. 1 6 ^
8 = El! — #8 — *é3§Q2y383 + $*8 + 82[( + 'äßlgö'2

5.Qah _ 7 3 3 A (7.35)

65954 . 5 15 5 1[131158

A A 2· _ Q 3% 6 5% 6 h 2 ll—(Q

2 2 67 ^ n)a 5111(2ß)7.36
9 95772 _ 169§ + 69562 + 159CSh cOS(2ß) >a5 7 7

2048 62:23 4:23 62:23
_ 69595 a, _ 669§ 25

6:23 664:23

Substituting (7.29), (7.32), and (7.20) into (7.7), we obtain the following

approximate solution for the case of principal parametric resonance ( Q:2 ) :

6 (1 -— 3 :2 4 3 S2 3 · 3 :2p )-acos(? f-vß)-l-8 -6-E p3a s¤n(? t-l-3/3)

7374:2 6:2 62:2 2 ( · )
A

—l— 85
cos( g Qt + +
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where a and ß are given by (7.35) and (7.36). ln this case again, periodic

responses correspond to a = 0 and fl = 0 so that (7.35) and (7.36) become a

set of algebraic equations that can be solved numerically to obtain a and ß.

7.4. Stability analysis

7.4.1. Stability of the trivial solution near Q = 1

In the Sections 7.3 and 7.4, we developed expressions (7.23) and (7.37) to

approximate the responses of the ship when Q is near 1 and 2, respectively.

Both 6, (t) and 0„(t) are functions of a and ß, which in turn are described by the

differential equations (7.21) and (7.22) and (7.35) and (7.36), respectively.

Steady-state periodic solutions correspond to a =ß=0; that is, the fixed

points of these equations. We note that a = 0 (i.e., the trivial response ) is a

possible solution for both sets of equations. To determine whether these

solutions can be realized physically, we need to determine their stability. To

this end, we analyze the behavior of the linearized differential equations (7.19)

and (7.34), which determine the evolution of a.

Neglecting the nonlinear terms in (7.19), we obtain
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2 2
2iQA +6[(——6-1 +2iQ;1)/1]+62 — L+„2+L A492 692

(7.38)
2 -— 62LA = 04Q2

A closed—form solution of (7.38) can be obtained by lettlng

A = B, + iB, (7.39)

where B, and B, are real. Substituting (7.39) into (7.38) and separating real and

imaginary parts, we have

· 2 22 2 2 2 h2 2
2Q(B,+6;4)B,+ — 661 +6 -L+6 ,Ll +6 L;

4Q GQ
(7.40)

2+ 62 0
4

· 2 22 2 2 2 h2
2Q(B,+6p)B,+ 661+64Q

GQ
(7.41)

2'1“ $2 0
4

Equations (7.40) and (7.41) admit solutions of the form

(Br- B;) (7-42)

provided that
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4 2 2Z=—p—;
/ €2"%—%(0'1+£*g']3‘+8ßl2+8*ll'?)2 (7.43)

64Q 4Q 4Q 6Q

Hence, the trivial solution is stable if and only if the real part of each Ä. is

negative or zero, and it is unstable if the real part of one of the Ä.’s is positive.

Thus, the vanishing of Ä. yields a curve in the h-Q plane, which separates

stable from unstable trivial solutions.

7.4.2. Stability of trivial solution near Q = 2

Linearization of (7.34) yields the following differential equation governing the

stability of the null solution :

— 1 — 2 G2 2 662 (7.44)2 :22 6:22

Substituting (7.39) into (7.44) and separating real and imaginary parts, we

obtain

2 2· 2 6 3h 1:2(6, + 8!1Br) + [ — (262 + 22
:5% + 22122 — 22 0 (7.45)

· 2 U2 2 2 2 3h2 1Q(B,+6;1B,)+[ (662+6 --;+6 lll -6 (7.46)4:2 6:2 2

Equations (7.45) and (7.46) admit solutions of the form (7.42) provided that
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2 2 2
-

h2 U2 U2 ll 3h 2A=—11i /l——(—-—l—6——+c——s——) (7.47)4Q2 9 Q3 Q 8Q3

ln this case, again Z. = 0 gives the equation of the curve separating stable from

unstable trivial solutions.

7.4.3. Orbital stability of the fundamental parametric response

To ascertain the stability of the motion predicted by the approximate solution

(7.23), we examine the time evolution of the periodic motion after the

application of an arbitrary infinitesimal disturbance ;(t) in the form

0(t) = 8) (t) —l— ;(t) (7.48)

The stability of 6,(t) depends on whether ;(t) grows or decays as t —>oo.

Substituting Ö(t) into (7.3) and keeping only linear terms in ;(t), we obtain

g ·2 g . gl 2 , gl 4 .; —+— [2p + 3;130,(t)]; —l— [1 + 3t430f(t) + 5a50,(t) —l— h cos Qt]; = 0 (7.49)

which is a linear ordinary-differential equation with periodic coefficients. It

follows from (7.23) that the coefficients of (7.49) have the period T=2ä—.

Therefore, it follows from Floquet theory [6] that (7.49) has solutions of the

form
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§(t + T) = ).§(t) (7.50)

where 2. is called a Floquet multiplier. It is is an eigenvalue of the monodromy

matrix C associated with a fundamental matrix solution <I>(t) of (7.49) through

the relation

<D(t -+- T) = <I>(t)C (7.51)

The solution 0, is then asymptotically stable provided that §(t) decays with t.

This requires that Ill < 1. Thus, the eigenvalues of C must remain inside the

unit circle in the complex plane for the solution given by (7.23) to be

asymptotically stable.

For the dissipative one·degree-of-freedom system described by (7.3), there are

two ways in which A can leave the unit circle, which create independent

patterns of instability in the T-periodic solution [36]. First, eigenvalue can

leave the unit circle through the real axis at -+-1 , originating a tangent

instability. As second, an eigenvalue can leave the unit circle through the real

axis at -1, originating a period-doubling bifurcation and resulting in a

2T-periodic solution. The above patterns of instability allow us to predict the

stability of the T-periodic solution (7.23) when the excitation level h or the

encounter frequency Q is being changed. Therefore, the dynamic behavior of

the ship under a wide variety of conditions can be determined.
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The stability characteristics of a solution are determined by the eigenvalues

of C, which in turn can be found by choosing a fundamental matrix solution

with the initial conditions <I>(0) = I, where I is the identity matrix, so that (7.51)

yields

C = <D(T) (7.52)

The matrix <I> can be computed numerically by integrating (7.49) in the interval

[0,T] subject to the two sets of initial conditions: (a) $(0) = 1.0 and $(0) = 0 and

(b) $(0) = 0 and $(0) = 1.0 for each set of parameters (h ,Q) . The periodic

coefficients in (7.49) that depend on 6, (t) and 6, (t) are evaluated from (7.23).

7.4.4. Orbital stability of the principal parametric response

As in the preceding case, to ascertain the stability of the principal parametric

resonant solution, we apply an arbitrary infinitesimal disturbance ;(t) and

obtain

Ö(_t) = Hp (t) + ;(t) (7.53)

Substituting (7.53) into (7.3) and keeping only linear terms in ;(t). we obtain

; -l- [2p —l- 3u3Öä(t)]; + [1 + 39¤30ä(t) + 5€t58;(t) -+- h cos Qt]; = 0 (7.54)
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It follows from (7.37) that the period of 0,, (t) is T=% . but the period of the

coefficients of (7.54) is still org- T. Furthermore, it follows from (7.37) that
0,, (t + ä

T) = — 0(t); that is, (7.37) is symmetric. Then, it follows from Floquet

theory that (7.54) has solutions of the form

§(t + é T) = 2§(t) (7.55)

This implies that when E leaves the unit circle through +1, 0,, (t) undergoes a

pitchfork bifurcation and Ioses symmetry. On the other hand when 2 leaves

the unit circle through -1, 0,, (t) undergoes a saddle-node bifurcation, resulting

in a jump. The matrix C in this case is computed by integrating (7.54) in the

interval [0,% T] subject to the two sets of initial conditions: (a) ((0) = 1.0 and

= 0 and (b) = 0 and = 1.0.

7.4.5 Bifurcation diagram

In the preceding sections, we analyzed the stability of the trivial and periodic

solutions of (7.3) in the neighborhoods of the fundamental ( @:1 ) and

principal ( @:2 ) parametric resonances. Expressions (7.43) and (7.47)

provide the equations of the bifurcation curves of the trivial solutions in the

parameter space. The bifurcation curves for the nontrivial periodic solutions

are generated by iteratively solving the algebraic equations for a and ß and
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then applying Floquet analysis to determine the stability of the solutions 0, (t)

and 6„(t).

To illustrate the preceding procedure, we consider the low-freeboard model

treated by Wright and Marshfield [77], which has the physical characteristics

listed in Table 1 ($3:%). The coefficients ons and as shown in Table 1 are

obtained by fitting the righting-arm curve with a quintic polynomial by using

the least-squares method, and then multiplying the expression by the

appropriate constant to obtain the righting moment. The angle of vanishing

stability 6, for this model is near 0.93 radians. Figure 7.1 shows a

frequency-response curve when h=0.3. The solid curve is obtained by

numerically integrating (7.3) using a Runge-Kutta routine with double

precision arithmetics. Because the threshold for the FPR is at a higher

excitation amplitude, this figure shows only the response for the PPR. The

black dots on the solid curve represent the analytica! predictions obtained

from (7.37) after solving the two algebraic equations generated from (7.35) and

(7.36) by putting a :0 and /3:0. The agreement between the numerical

simulation and the analytica! predictions is excellent.
I

Figure 7.1 shows some important qualitative changes in the response. When

we sweep the frequency from right to left beginning at 3.0, we initially obtain

the trivial response. This solution Ioses stability at the location T,. where a

nontrivial solution is first observed. As we continue decreasing the frequency

the amplitude of the response grows rapidly and at point S we observe a
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symmetry-breaking bifurcation characterized by the appearance of even

frequency harmonics in the response spectrum. Shortly afterwards, we

observe a period—doubling bifurcation. However, our analytical predictions

based on (7.37) can only account for the symmetry-breaking bifurcation

because after this point the solution is qualitatively different. At the bifurcation

point one of the Floquet multipliers goes through +1. Once the first

period-doubling bifurcation takes place, a sequence of period-doubllng

bifurcations takes place in a narrow interval, leading to a chaotic response.

Chaotic responses characterized by broad—band frequency content and its

Poincaré map displays what is known as a strange attractor [36]. All these

behaviors occur in the interval between points S and J. By the time we reach

point J the chaotic solution loses its stability and a jump to the trivial solution

is observed. When we sweep the frequency from left to right, the trivial

solution loses its stability at point T2 and a jump to a finite-amplitude periodic

solution is observed.

Figure 7.2 shows a frequency-response curve when h = 0.8. For this level of

excitation both the PPR and FPR resonances are excited. When we sweep the

frequency down, the trivial solution loses it stability at T,, where the PPR is

excited. The amplitude of oscillation grows rapidly until point S is reached

where a symmetry—breaking bifurcation occurs. However this time. after the

chaotic attractor loses its stability at point J,, the response can only be

unbounded because the trivial solution is not stable for this value of Q. The

ship capsizes at this point. Furthermore, when the trivial solution loses its
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stability during forward sweeps, the jump point at T2 again Ieads to capsizing

because no other solution is stable for this value of Q. The FPR covers a very

narrow frequency range. ln the downsweeps, we find that the nontrivial

response begins at point T2. The response amplitude increases rapidly and

at point P a period-doubling bifurcation occurs. Between points P and J2 we

observe a sequence of period-doubling bifurcations, ending in a chaotic

attractor. This attractor becomes unstable at point J2 and capsizing takes place

again. When the frequency is swept up, the trivial solution loses its stability

at point T, and a jump takes place, changing the response from a trivial to an

unbounded motion.

We are most interested in the locations where the solutions undergo

qualitative changes when the parameters h and Q are slowly varied. Figures

7.1 and 7.2 show the nature of the changes taking place for two levels of

excitation. By performing the stability analysis for a large number of values

of h, we generate the bifurcation diagram shown in Figure 7.3, where the

results for a large number of excitation levels h and encounter frequencies Q

are summarized. The solid curves T,. T2. T2, and T, represent the locations

where the trivial solution loses its stability. These curves are generated from

(7.43) and (7.47). Inside these tongues the principal and fundamental

parametric resonances are excited and the steady-state response of the

system is given by (7.23) and (7.37) in the neighborhoods of Q = 1 and Q =

2, respectively. The orbital stability analysis of 6,, (t) generates the bifurcation

curves J,. which represents a jump to the trivial solution, and S, which
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represents a symmetry-breaking bifurcation and a precursor to

period-doubling bifurcations. lt is important to point out that as we trace the

bifurcation curves, we move out of the tongue predicted by linear theory and

observe large-amplitude oscillations in the tip that protrudes out of the tongue

bordered by a curve ( J,) of saddle-node bifurcations and a curve (S) of

symmetry-breaking bifurcations. Arrows show the directions in which the

bifurcations are active, indicating qualitative changes observed in the system

as we cross the bifurcation curves.

Figure 7.3 also shows the bifurcation curves for 0, (t) . Higher excitation levels

are needed to activate this resonance. The qualitative behavior ofthis solution

is similar to that of 6,, (t). We observe the trivial solution losing stability across

T2 and T,, . inside this tongue, we have nontrivial oscillations that are given by

(7.23). The stability analysis predicts that the nontrivial solution undergoes

saddle-node bifurcations across J2 and period-doubling bifurcations across P.

We note again a tip that protrudes out of the tongue in which nontrivial

oscillations take place.

Figure 7.3 indicates the regions of the parameter space where the solutions

lose stability. Some particularly interesting regions are those denoted by C,

and C2, where the trivial solutions are unstable and at the same time the

period-T periodic solutions are also unstable. ln these regions it is likely to

observe complicated behavior including capsizing. lt is shown in the next

section that in a narrow region the periodic solution undergoes
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symmetry-breaking bifurcations, period-doubling sequences, and a jump to

another attractor, which in this case could be only an unbounded solution.

This diagram provides us with a general picture of the dynamics of the ship

model for a broad portion of the parameter space.

7.5. Analog-computer simulations

To verify our analytical predictions, we performed analog-computer

simulations of the solutions of (7.3). Because our aim was to study the stability

of the motion, we concentrated on obtaining a very detailed bifurcation

diagram. Figure 7.4 shows the bifurcation diagram obtained after carefully

observing the changes in the response brought about by slowly varying the

frequency or the amplltude of the excitation. The power spectrum from a FFT

(Fast Fourier Transform) signal analyzer and the Poincaré map were used to

identify the qualitative changes that occurred in the solution.

Figure 7.4 shows the instabilities of the principal parametric resonant solution.

The curves T, and E mark the locations where the trivial solution Ioses

stability. Across T, the nontrivial solution grows slowly while across T2 there

is a jump to the nontrivial solution. The nontrivial solution Ioses stability

through a saddle·node instability across J,, jumping to the trivial attractor.
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Across P,, we observe a period-doubling bifurcation followed by a sequence

of period-doubling bifurcations. Then, the solution displays broad·band

frequency components and a strange attractor in the Poincaré map, which are

indications of a chaotic behavior [34,89]. This sequence of events is shown in

more detail in Figure 7.5 (a)—(i), where the phase portraits and the power

spectra of the solutions are displayed. The period-doubling sequence to chaos

is observed in the narrow region between the curves P, and E, in Figure 7.4.

When E, is crossed the chaotic attractor suddenly disappears in what is known

as a crises [90] and a jump is observed. The system jumps to another stable

solution, which in this case can be the trivial solution or an unbounded

solution that would produce capsizing. The basins of attraction of these

solutions and the state of the system at the crossing point would determine the

final solution. During the simulations the system went to capsizing for

crossings that took place with values of h larger than those corresponding to

point X,. In the dotted region the system always capsizes because no other

solution is stable.

Figure 7.4 also shows the instabilities of the fundamental parametric resonant

solution. In this case the trivial solution loses stability across the curves T,

and T,. As T3 is crossed the nontrivial solution begins to slowly grow. As T, is

crossed the small-amplitude solution shown in Figure 7.6 develops. This

solution Ioses its stability across J, and a jump to the FPR or to capsizing is

observed, depending on the location of the crossing point and the state of the

system. Crossing J, with values of h larger than those corresponding to the

NONLINEAR Rol.LiNc MOTIONS OF suips IN LONGITUDINAL WAVES 142



black dot shown on the cuwe results in capsizing. Inside the fundamental

parametric resonant region, we observed two attractors that are inversions of

each other and undergo bifurcations similar to those observed for the case of

principal parametric resonance. We observe jumps to the trivial solution

across J2 and period—doubling sequences that lead to chaos in a narrow region

near P2 . ln Figures 7.7 and 7.8, we show qualitative changes in the two .

coexisting attractors. Capsizing is observed for crossings taking place above

X2 in the directions lndicated by the arrows. The mechanism for the transition

is again the disappearance of the chaotic attractor.

For values of Q below 0.6, Figure 7.4 shows a small tongue that corresponds

to the bifurcation curves for the attractor shown in Figure 7.9, which is a

superharmonic resonant response. At lower frequencies, we found more of

these superharmonic resonances at higher levels of excitation. The structure

of the bifurcation curves for these solutions is remarkably similar to those for

the PPR and FPR, but occur in a much smaller frequency range at larger levels

of excitation.

Figure 7.4 gives an important qualitative description of the dynamics of the

ship model. However, to completely characterize the behavior of the vessel it

is necessary to also consider the influence of the other coefficients in (7.3),

which are not associated with the excitation. These coefficients pertain to the

specific features of a particular design and loading conditions. Of special
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significance is the understanding of the role of damping because it is known

[6] to alter the stability regions of the Mathieu equation.

Figure 7.10 shows a set of four bifurcation diagrams for various damping

parameters. Figure 7.10a shows the results previously displayed in Figure 7.4,

which correspond to the damping coefficients given in Table 1, Figure 7.10b

shows a simplified version of the bifurcation diagram after halving the linear

damping coefficient ( i.e., taking ép ), Figure 7.10c shows the results obtained

after halving the nonlinear damping coefficient ( i.e., taking gps ), and Figure

7.10d shows the results obtained when both damping coefficients are halved (

i.e, taking ép and éps ). From these figures, we observe that Iowering the

damping coefficients has a considerable influence on the boundaries of the

nontrivial solutions; they move down, thereby making the ship susceptible to

capsizing at lower excitation levels. However, the effect of the damping

coefficients on the stability boundaries of the trivial solutions seems to be

small for the PPR and of some importance for the FPR. The location of the

points x,. xs. xs, and xs, which mark the limit values of h for which crossings

lead to capsizing, seems to be most affected by variations in ps.
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7.6. Digital-computer simulations

Figures 7.1 and 7.2 show the excellent agreement obtained between the

analytical predictions and the results from a direct numerlcal integration of

(7.3) by using a Runge-Kutta routine with double precision arithmetics. An

important aspect of the behavior of the system that can be also investigated

numerically is the effect of the initial conditions on the steady-state response.

This effect is best portrayed by mapping the basins of attraction of the

attractors of interest. Because we are interested in the prediction of capsizing,

our objective is to identify domains of attraction for capsizing and

noncapsizing solutions (trivial er oscillatory ). This is achieved by numerically

integrating (7.3) with a grid of 500x500 initial conditions and determining which

initial conditions lead to capsizing. This process requires extensive

computation, but there are techniques such as celI—to-cell mapping [64] that

reduce the number of computations required when a systematic survey is

needed.

Figure 7.11 shows the results obtained fortwo levels of excitation ( h = 0.6

and h = 0.8 ) in the neighborhood of the fundamental parametric resonance

(Q = 0.8 ). We observe the changes in the basins of attraction as the

amplitude ef excitation is increased. The basin of attraction of capsizing

solutions grows and undergoes changes. When the excitation amplitude

enters the dotted region shown in Figure 7.4 for Q = 0.8, all initial conditions
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lead to capsizing and therefore the basin of attraction of noncapsizing

solutions shrinks to zero.

Figure 7.12 shows the basins of attraction for two levels of excitation ( h = 0.5

and h = 0.6 ) in the neighborhood of the principal parametric resonance ( Q

= 1.8 ). ln this case the qualitative changes in the basins ( also known as

metamorphoses ) display what is called fractal boundaries [63]. The result is

an extreme sensitivity to initial conditions. We observe for this resonance also

the disappearance of the basin of attraction of noncapslzing solutions when

the amplitude reaches the dotted region shown in Figure 7.4.
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Chapter 8

EFFECT OF PARAMETRIC EXCITATION ON THE

ROLL MOTION OF A BIASED SHIP

8.1. Introduction

I 4
ln the study of the roll motion of a vessel it is common to have an equation of

”

motion with time-varying coefficients, which arise from time—dependent

restoring moments due to the ship’s position on the wave [6,23] or to changes

in the displacement volume resuiting from coupling with other modes [69].

These time-varying coefficients constitute what is known as parametric

excitations [24]. A considerable number of roll studies [e.g.,

6,23,69,72,78,80,88] have studied the influence of these excitations on the
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stability of a ship in the presence of resonances, which can lead to capsizing

under rather mild sea conditions (see Chapter 7).

ln Chapters 3-7, we presented and applied an analytical-numerical procedure

to characterize the stability of the steady-state response of a ship when a

parameter is slowly varied. The procedure analyzes the stability of an

approximate analytical solution by using Floquet theory and elementary

concepts of bifurcation theory. ln Chapter 7, we have shown that a ship model

under purely parametric excitation, which is the case of rolling in longitudinal

waves in the absence of heeling moments and pitch-roll coupling, displays

self·similar behavior near the resonances. lnstabilities can lead to capsizing

through two scenarios: one evolving from a large oscillation through the

disappearance of a chaotic attractor ( crises ) and a second, potentially more

dangerous, developing from a small oscillation through a sudden tangent

instability. Similar behaviors occur for excitation frequencies near the linear

natural frequency, twice the natural frequency, and the superharmonic

frequencies (at higher excitation levels). ln Chapter 6, we treated the behavior

of the same ship model under an external excitation; that is, the case of rolling

in beam seas. In this case we also found a qualitatively similar behavior in the

neighborhood of the primary resonance ( Qzwo ). These results are in

agreement with the conjecture of Parlitz and Lauterborn [12] that this behavior

represents a manifestation of some fundamental physical structure and should

be observed in the neighborhood of every resonance of the system if the

excitation amplitude is sufficiently large.
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Wellicome [80] and Féat and Jones [69], among others, considered a

second-order equation with parametric and external excitations. lt models the

rolling motion of a ship (a) in beam seas when the coupling with heave or the

Smith effect is included or (b) in longitudinal waves when bias is included.

One of the important features of the nonlinear motion observed in these

studies [69] is the difference in stability characteristics between ships with

positive and negative bias angles, which confirms the experimental

observations of Right and Marshfield [77].

ln this Chapter we expand the above studies by analyzing the nonlinear rolling

response of a blased ship to both parametric an external excitations. Our aim

is to gain general understanding of the dynamics by identifying the instabilities

that appear when a parameter is slowly varied and characterize the locus of

these instabilities in a parameter space of physical significance. We present

the results of analog-computer simulations in a broad portion of the amplitude

and frequency of the external excitation, keeping the level of the parametric

excitation fixed. The analytic predictions could have been obtained by using

the method presented in the previous chapters.

Following Wright and Marshfield [77] and Féat and Jones [69], we derive the

equation of motion as a function of the relative motion of the ship and the

wave. We let cb be the absolute roll angle and 6 be the relative roll angle with

respect to the local waveslope ot hat,. Applying Newton’s second law, we find

that the equation of motion can be written as
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(1 + 61)ö + ¤(9) + K(6,1) = 6 -16 (6.16)

Ü = (ß — lx (8.1b)

where the dots represent derivatives with respect to the time 1, I is the roll

moment of inertia, öl is the added moment of inertia, which is assumed to be

constant [77], and B is a constant bias moment, which might be due to a steady

wind, or a shift in cargo, or water or ice on deck. The righting moment K(6,1)

has an expliclt time dependence, which might come from two sources [69]:the

position of the ship on the wave or variations in the displacement volume due

to heave coupling. We are mostly interested in the latter effect; however,

consideration of the first effect only changes the numerical values of the

coefficients. The righting-moment function is approximated as [72,77]

2 A 6 A 6 ^K(6, t) = wo [6 + 6136 —l- 0156 + h6 cos(Q1)] (8.2)

where the odd polynomial fits the ship’s righting·moment curve and the

parametric term represents heave - roll coupling expressed by the coefficient

K11 =ä (8.3)
2600

Here, K9, is the magnitude of the coupling coefficient and a, is the ampiitude
A

of the heaving motion, which is assumed to be harmonic with frequency Q.

The damping moment D(6) is expressed as
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0(9) = 2;/ÄÖ + 9393 (8.4)

Assuming that the wavelength is large compared with the ship’s beam, we can

write the waveslope of a regular beam sea as a harmonic function

oz = um cos Öt, where am is the maximum waveslope. Using (8.1b)-(8.4), we

rewrite (8.1a) as

9 + 299 + 9393 + wg [6 + 9363 + 9365 + hö ¤¤s(Ö6)] =
^ 8.5)1:23 (

wä [83 + asäg + äsög] +
ä

cos(Ö·r + y)

where y represents a phase angle between the wave and heave motions and

0, is the bias angle produced by the moment B. To simplify the goveming

equation, we introduce the time scaling t= w3·r, which transforms (8.5) into

9 + 299 + 9393 + 6 +936 + IQSÜS + hö cos(Qt) = 63 + &3Ü: + 936§
(8 6)

+g cos(Qt) — f2 sin(§2t)
U

where the dot represents the derivative with respect to t,

A 0z„,lQ2
= —·—— 8.7f' (l+öI) °°S"

( )

and

(1,,,/02
f = -——· ”

8.82 6+9„2·“2 < >
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Using the transformation

0 = 0S + u (8.9)

we rewrite (8.6) as

ü + 2pu + haus + u + b1u + b2u2 + b3u3 + b4u4 + bsus
(8101

+ hu cos(S2t) = f1 cos(§2t) — f2 sin(Qt)
e

where
‘

b, = 2&,0§ + 66256Q , b2 = 3$\c36s + 10é‘t56§ , ba = 623 + 10$56§
b4 bs = (QS

and

A

Equation (8.10) is general and can model the roll motion of biased and

unbiased ships in a variety of regular sea conditions, including beam seas,

head or following seas, and quartering seas. The cases treated in the two

previous chapters are particular forms of this equation. When y = 0 and

h = 0, (8.10) models the rolling of a biased or an unbiased ship in beam seas,

depending on whether Gs is zero or nonzero. Similarly, when cx„,=0 and

Gs = 0, (8.10) models the rolling motion of a biased or an unbiased ship in head

or following seas. The natural frequency has been scaled to unity to make the

results easily applicable to a wide number of cases. Because of the generality

EFFECT or PARAMETRic ExciTATioN ON THE ROLL MoTioN OF A BiAsE¤ SHIP 152



of the cases covered, we have a large number of excitation parameters to

consider, namely, Q, y, h, Hs, and 06„,. Because our goal is to study the effect

of the parametric amplitude h, we study primarily the stabllity boundaries in
I

the 06,,,-Q parameter space at a set level of h. The phase angle y ls set at zero

because this angle produces large amplitudes near Q = 1. The bias angle is

taken to be either +6 or -6 degrees. The effect of the parametric term

complements the results of Chapters 6 and 7 obtained for the cases of either

a purely parametric or a purely external excitation.

8.2. Bifurcation diagrams

Analog-computer simulation of (8.5) for v = 0, 8, = 0°, h = 0.3, and the other

coefficients as given in Table 1 (06, = ä) yields the bifurcation diagram shown

in Figure 8.1. ln this diagram, we present the bifurcations of three basic

attractors which are stable near Q = 1 and Q = 2. Figure 8.2 shows a phase

diagram of the two attractors at Q = 0.856 and 06,,, = 0.048. The small attractor

loses its stabllity when the parameters are varied across S,, which is the Iocus

of saddle-node bifurcations that produce a jump to another attractor. If the

crossing occurs for values of 0,,, >I2. the ship capsizes. For crossings with

values of 06,,, < I2, the jump is to the large attractor in Figure 8.2. The curve S2

is the Iocus of saddle-node bifurcations that produce a jump from the large to
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the small attractor. The large attractor also undergoes a period-doubling

sequence to chaos in the region between P, and J,. Figure 8.3 shows phase

diagrams and power spectra of various attractors at selected locations in this

region. In the dotted region all initial conditions lead to capsize. When J, is

crossed the chaotic attractor loses stability and the system jumps to an

unbounded solution associated with capsizing or to the small attractor,

depending on whether the crossing occurs above or below I,. The large

attractor in Figure 8.2 also loses stability near Q = 2. Between P2 and P, this

limit cycle is unstable. When P2 is crossed from left to right the attractor

undergoes a period-doubling bifurcation and a jump to the subharmonic

response is observed. When P, is crossed from right to left another

period-doubling bifurcation is observed. Therefore, the primary resonant

response (Qz1) is unstable in the region between P2 and P,.

The third attractor represented in the bifurcation diagram in Figure 8.1 is the

subharmonic response near Q = 2, which is stable in the region between P,

and J2. Figure 8.4 shows selected attractors in this region: (a) shows the

principal resonant response, (b) shows the subharmonic resonant response

obtained after crossing P, from right to left, (c) and (d) show quantitative

changes in the subharmonic response, (e) shows the subharmonic response

after a period-doubling bifurcation across P2, and (f) shows a chaotic attractor

to the right of J2

EEi=EcT or PARAMETRIC EXCITATION ON THE Rou. ivioTloN oi= A BiAsE¤ SHIP 154



Figure 8.5 shows the bifurcation diagram obtained from an analog-computer

simulation of (8.5) when the parameters are set at gi = 0, 6, = —l— 6°, and h =

0.3. In this case the dotted region is much larger than that for the case of an

unbiased ship. The region of stability ofthe subharmonic response shrank and

the primary and subharmonic responses only coexist in a narrow region

between Q = 1.5 and 2.0. The curves S, and S2 represent saddle-node

bifurcations of the large and small attractors of the primary resonant response,

which produce jumps in the corresponding attractors. Figure 8.6 shows the

two attractors for Q = 0.768 and 06„, = 0.217. ln Figure 8.5, S, represents a

jump from the large to the small attractor; S2 represents a jump in the small

attractor, which takes the system to the large attractor if 06,,, is below the black
Q

dot or to capsize if it is above this point; and P, represents period-doubling

bifurcations, leading to either chaos in the portion of the curve enclosed by E,

or directly to an instability in the rest of the curve. The instability results in

either capsize when 06,,, is above the black dot on P, or a jump to the

subharmonic attractor when it is below the black dot on P, . Figure 8.7 shows

the coexisting attractors near the subharmonic resonance at Q = 1.758 and

06,, = 0.046 . The curve E, in Figure 8.5 represents the point of capsize. For

values of Q below the black dot on E,, a sequence to chaos such as the one

shown in Figure 8.7 is observed. For crossings of E, between the black dot and

the point of merge with P,. a saddle-node bifurcation is observed, making the

period-2T solution unstable and resulting in capsizing.
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Figure 8.5 also shows the stability region of the subharmonic, which is

narrower than that in Figure 8.1. Crossing P2 from right to left causes the

primary resonant response to lose stability and the subharmonic response

becomes stable. Along P2, the system undergoes period-doubling bifurcations

leading to a chaotic attractor, which disappears when E2 is reached causing the

ship to capslze. Figure 8.9 shows selected phase portraits of the above

changes in the solution : (a) shows the primary resonant response, (b) and (c)

show the subharmonic response after crossing P2, (d) shows a period-doubling

bifurcation in the subharmonic response after crossing P2, and (e) shows a

second-period doubling bifurcation in the subharmonic response.

Figure 8.10 shows the bifurcation diagram obtalned from analog-computer

simulation of (8.5) when the parameters are set at: y = 0, 62 = — 6°, and h =

0.3. Figure 8.11 shows the attractors near the primary resonance. Across the

curve S in Figure 8.10, the small attractor undergoes a saddle-node bifurcation

that produces capsizing. Across P, the large attractor undergoes

period-doubling bifurcations. In the portion of P1 enclosed by E, a sequence

of period-doubling bifurcations to chaos is observed, in the rest of the curve

capsizing occurs after the first period-doubling bifurcation. The large attractor

also undergoes period-doubling bifurcations across P,. The subharmonic

response undergoes period-doubling bifurcations across P2, P2, and P2 .

Capsizing is observed after crossing P2 and E2. Figure 8.12 shows the

coexisting attractors that are found between P2 and P,.
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From the previous results we observe that the dynamics of the biased ship is

different when the bias angle is positive than when it is negative, which

confirms the experimental observations of Right and lx/larshfield [77].

However, it is difficult to conclude which of the two cases is more stable since

that depends on the region of theiparameter space under consideration.

Nevertheless, it is clear that the motion is very sensitive to bias. We also

found the bifurcation diagram to be sensitive to changes in the phase angle y.
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Chapter 9

CONCLUSIONS

9.1. Current Work

A procedure to generate an approximate bifurcation diagram for a

single-degree-of-freedom system in a selected parameter space was

developed. The procedure is based on Floquet analysis to determine the

stability of a second-order perturbation approximation to the solution of the

system in the neighborhood of specific resonances. As a control parameter is

varied, we can use a combination of elementary concepts of bifurcation theory

and the proposed method to detect the first bifurcation from the periodic
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solutions and hence infer the qualitative changes that the system experiences.

From this information, we can iteratively trace the codimension one

bifurcations of the approximate solution in a two-dimensional parameter space

composed of the amplitude and frequency of the excitation. We applied the

technique to a softening Duffing oscillator subject to either an external or a

parametric excitation. Encouraged by the success in these two cases, we

considered the case of rolling oscillations of ships in waves. Three cases were

considered: rolling in beam seas, rolling in transverse waves, and finally,

rolling in quartering waves.

As a means to verify the accuracy of the predictions, we used analog- and

digital-computer simulations. These simulations revealed the complete

bifurcation patterns of the systems. In general the agreement among the

simulations and the analytic predictions is good. Although the predictions are

based on the first bifurcation of the approximate solutions, they give a good

estimate of the actual behavior of the system due to the fact that other

behaviors are confined to narrow regions of the parameter space.

The stability regions in the parameter space display a self·similar pattern that

is repeated near each resonance of the system. These patterns seem to form

the superstructure that Parlitz and Lauterborn [12] found in another oscillator.

This generic structure was observed in all the cases treated. The stability

regions of the attractors of the system have tongue—like or wedge shapes in

parameter space. The stable regions are bordered by saddle-node or
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period—doubling, or pitchfork bifurcation curves, depending on the symmetry

properties of the system. The wedge typically has period-doubling bifurcations

on the top side and saddle-node bifurcations on the bottom.

The physical implications of the bifurcation patterns become evident in the

capsizing of ships. The dangerous regions of the parameter space where

capsizing might occur can be identified for a given system. In this case, the

system is a vessel with a given geometry and loading conditions rolling in a

sea. The parameter space can be associated with the sea conditions that the

vessel could encounter. Therefore, the seaworthiness of a particular design

can be assessed according to the regions of the parameter space where

capsizing or large—amplitude oscillations can occur.

An important observation is that capsizing was found to occur via two distinct

scenarios: one evolving from a large oscillation through a disappearance of a

chaotic attractor (crises) and a second, potentially more dangerous,

developing from a small oscillation through a sudden tangent instability. The

scenarios agree with what Paulling, Kastner, and Schaffran [84] called mode

1 and mode 2 of capsizing in their 1972 experimental studies in the San

Francisco Bay. Therefore, important information, which could be related to

experimental observations. can be derived from the instability regions in the

bifurcation diagrams.
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9.2 Future work

In direct relation to the technique presented, the most important aspect will

be to check its applicability to higher—order systems. The first step should be

to test it with a two degree-of-freedom system. The system should have

complicated solutions confined to small regions of the parameter space. This

is not always the case, but it might be possible to derlve the general conditions

under which this constraint holds.

The sensitivity to initial conditions was portrayed by numerically integrating

the governing equation to locate the basin of attraction ot unbounded

solutions. lt was shown that drastic basin metamorphoses occur as a

parameter is changed; they can affect the global behavior of the ship model.

These simulations were performed at very selected locations. However, it

would be very interesting to carry out a complete analysis of the

metamorphoses of the basins of attraction to identity conditions tor global

bifurcations, such as the disappearance ot the chaotic attractors. Due to the

tremendous computational etfort required, such a study would benefit from the

use of efficient mapping techniques, such as the cell-to-cell mapping [64].

Many other aspects of ship dynamics could be analyzed such as modal

interactions. Nevertheless, experimental verification of the predictions for the

one degree-of-freedom problem should be a first priority.
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Table 1. Coefficients of ship model considered.
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mK 110.mm 5.278 0.086 0.108 -1.402 0.271 0.25/
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Figure 2.1 Limit cycle of a dissipative system. The contraction of areas of phase space is illus-
trated.
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Figure 2.2 Contraclion of volume in phase space ; ia) All legths are contracted, (bi Only one di-
mension is contracted, (c) There is stretchmg and folding.
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Figure 3.1 (al Potential well V(x) = éxz ·-
%x‘.

(bi Phase diagram of oscillator x + x- x3 = 0 .
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Figure 3.3 Floquet multipliers for Q - 0.8, p - 0.2. 1 - 1.0, and increasing /: (a) behavior of A,
in the complex plane, (b) real (solid) and imaginary (dashed) parts of A,. The horizontal
lines at +1 and —1 enclose the stable region, (c) A2 shows a pitchfork in the complex
plane, and (d) real and imaginary parts of A2.
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Figure 3.4 Floquet multipliers for Q
-

0.4, „
-

0.2. iz
-

1.0, and increasing f: (a) A, shows a
saddle~node behavior in the complex plane. (b) real (solid) and imaginary (dashed) parts
of A,. (c) behavior of A2 in the complex plane. and (d) real and imaginary parts of A2.
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Figure 3.5 Typical orbits and spectra for Q
- 0.8. L1 - 0.2. 1 -= 1.0 : (al f - 0.350. symmetric

solution, Ib) f
-

0.380, asymmetric solution. and 1c} f - 0.386, 2T-periodic solution.
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Figure 3.9 Asymmetric attractors observed in the analog-simulation.
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Figure 3.10 Spectra of solution in the transition to chaos: (a) T-periodic asymmetric solution, (b)
2T-periodic asymmetric solution, and (cl chaotic solution.
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Figure 3.12 Easin boundary metamorphoses for S2 = 0.6 fincreases from left to right and from top
to bottom in the sequence (0.30, 0.32. 0.33. 0.345, 0.38. 0.394l.
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Figure 4.1 Perturbation solutions: (al fundamental parametric response for Q
- 1.0 and g - 1.8

and (b) principal parametric response for Q = 2.0 and g - 1.27.
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Figure 4.9 Basin of attraction fcr the fundamental parametric response for Q
- 1.0 and g - 2.0.

The black *egion reoresents the basan ol attractxon of unbounded solutions. whereas the
white region represents the tzasin of attraction of bounded solutions.
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Figure 5.2 Stable equilibrium of inclined ship. The arm of the buoyancy force CE is called rightlng
Bfm.
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Figure 5.3 Static stabiiity curve. or CE curve.
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Figure 6.10. A period-doubling seouence to chaos for Q-0.944 : (a) asymmetric T-periodic solution
for :1,,.-0.197, (bl 2T-periodlc solution for :1,,,-0.199. (cl 4T-periodic solution for
¤,„-0.213. (dl ST-perlodic solution for am-0.214. and (el and (f) are chaotic solutions for
:1,,, 0.215 and 0.216.
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a maximum of 80 dB.
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Figure 8.2. Phase portrait of coexisting attractors at 52 - 0.856 and 1„, =- 0.048. Both attractors
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Figure 8.6. Coexisting attractors near the primary resonace for Q
- 0.768 and am

- 0.217.
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Figure 8.7. Coexisting attractcrs near the subharmonic resonance for 52 - 1.758 and a,„ - 0.046.
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Figure 8.12. Coexisting attractors near the subharmonic resonance for Q - 1.698 and 1,,,
-

0.061.
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