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(ABSTRACT)

In this study, a computational model for accurate analysis of

composite laminates and laminates with including delaminated interfaces

is developed. An accurate prediction of stress distributions, including

interlaminar stresses, is obtained by using the Generalized Laminate

Plate Theory of Reddy in which layer-wise linear approximation of the

displacements through the thickness is used. Analytical as well as

finite—element solutions of the theory are developed for bending and

vibrations of laminated composite plates for the linear theory.

Geometrical nonlinearity, including buckling and postbuckling are

included and used to perform stress analysis of laminated plates. A

general two—dimensional theory of laminated cylindrical shells is also

developed in this study. Geometrical nonlinearity and transverse

compressibility are included. Delaminations between layers of composite

plates are modelled by jump discontinuity conditions at the

interfaces. The theory includes multiple delaminations through the

thickness. Geometric nonlinearity is included to capture layer

buckling. The strain energy release rate distribution along the

boundary of delaminations is computed by a novel algorithm. The compu-

tational models presented herein are accurate for global behavior and

particularly appropriate for the study of local effects.
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Chapter 1

INTRODUCTION

1.1 Background

The objective of this study is to accurately analyze laminated

composite plates containing localized damage and singularities. One of

such damage modes of definite importance on the performance of composite

structures is delamination buckling and growth in laminated plates

subject to in-plane compressive loads.

while the accuracy of the analysis is of paramount importance to

the correct evaluation of damage in composites, the cost of the solution

affects the class of problems that can be analyzed with fixed

resources. The objective is to raise the quality of the analysis beyond

that provided by classical theories of plates while keeping the cost of

the solutions well below the cost of a three—dimensional analysis.

There are many examples where a classical plate theory solution is

inadequate. An analytical tool is proposed, which is as accurate as a

fully nonlinear three—dimensional analysis for the problems of interest

to this study.

The proposed analysis procedure is based on the reduction of the

3-0 problem to a 2-0 one by using a refined plate theory. This allows

reduction of the complexity and the cost of the analysis, while

representing all the important aspects of the problem under

consideration.

The advantages of a plate theory over a 3-0 analysis are many. In

the application of 3-0 finite elements to bending of plates, the aspect

1
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ratio of the elements must be kept to a reasonable value in order to

avoid shear locking. If the laminated plate is modelled with 3-0

elements, an excessively refined mesh in the plane of the plate needs to

be used because the thicknesses of individual lamina dictate the aspect

ratio of an element. On the other hand, a finite element model based on

a plate theory does not have any aspect ratio limitation because the

thickness dimension is eliminated at the beginning. However, the

hypothesis commonly used in the conventional plate (both classical and

refined) theories leads to a poor representation of stresses in cases of

interest, namely small thickness ratio (thickness over damage-size)

problems and problems with dissimilar material layers (damaged and

undamaged).

A 2-0 laminate theory that provides a compromise between the 3-0

theory and conventional plate theories is the Generalized Laminated

Plate Theory (GLPT) of Reddy [1], with layer-wise smooth representation

of displacements through the thickness. Although this theory is

computationally more expensive than the conventional laminate theories,

it predicts stresses very accurately. Furthermore, it has the advantage

of all plate theories in the sense that the problem is reduced to two

dimensions. Therefore, the discretization by the finite element method

needs to be refined only in the areas of interest and does not suffer

from aspect ratio limitations associated with 3-0 finite element models.

Any plate theory used in delamination buckling must be able to

represent the kinematics of the delamination properly. This means that

the discontinuity in the displacements must be modelled. As we shall
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see later, the GLPT can be extended to model the kinematics of

delamination in an efficient fashion.

Ne must account for geometric nonlinearity to capture the buckling

phenomena. However, we would like to include only the nonlinearities

that are important to the class of problems to be considered in order to

keep the cost of the analysis to a minimum. The von Kärmän hypothesis

of retaining the squares and products of derivatives of the transverse

deflection in the nonlinear strain—displacement relations will be

sufficient for the purpose.

The representation of displacements and stresses in the damaged

area must be accurate. For the case of delaminations, an accurate

solution is necessary for the application of a fracture criterion to

predict the onset of delamination growth. An efficient and reliable

computation of the fracture criterion is essential to apply the model to

complex situations with confidence. Among the fracture criteria, the

energy criteria are the most accepted. The virtual crack extension

method is applicable to delamination because the delamination is most

likely to propagate in self similar form. Ne propose to extend and

improve the virtual crack extension method as we shall see in the

description of the Jacobian Derivative Method (JDM).

1.2 Dbjectives of the Present Research

The objective of this study is to develop theoretical and

approximate models to accurately analyze laminated composite plates

using a generalized laminate plate theory [1]. Linear Lagrange

interpolation functions will be used in the generalized laminate plate
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theory of Reddy [1] for the approximation of the inplane displacements

through the thickness, Inextensibility of the transverse normals will

be assumed.

Close form solutions to the theory will be developed and compared

to 3-D elasticity solutions and to other conventional plate theories.

Other non-classical closed form solutions, such as cylindrical bending

for arbitrary boundary conditions, will be developed and will serve as a

benchmark for the approximate methods to be presented.

The generalized laminated-plate theory will be extended to

cylindrical shells. Some classical form solutions will be developed for

4 the case of Lagrange-linear interpolation through the thickness, in

order to assess the quality of the theory.

The finite element model of the plate theory will be developed and

_evaluated. Of particular conern is the ability of the theory to

_accurately model both the global and the local behavior of plates. A

precise representation of the inplane and interlaminar shear stresses is

expected at detailed regions where small aspect ratio (size over

thickness) elements are used. Also, a correct evaluation of global

response is expected when a few large elements are used in the model.

A procedure to recover interlaminar shear stresses from the

equilibrium equations will be developed. The finite element model will

be applied to laminated—composite plates and laminated—hybrid plates

(e.g., ARALL). _

The generalized laminated-plate theory will be further extended to

model the kinematics of multiple delaminations. Essential nonlinear

behavior will be included to model delamination buckling. The theory
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will be applied to embedded delaminations that are entirely separated

from the base laminate after buckling. Nonlinear behavior, without

delaminations, will be compared to existing solutions.

Finally, an improvement of the virtual crack extension method will

be developed and applied to laminated composite plates with

delaminations. The strain energy release-rate distribution along the

crack-front (delamination boundary) can be computed considering the

virtual extension of the crack. Evaluation of the strain energy

release-rate G(s) using an energy method has the advantage that standard

finite elements can be used at the crack front. It is expected that a

single, self-similar, virtual crack extension will be sufficient to

compute the distribution of G(s) along the crack front.

The main result of this research is an extremely accurate, yet

economic, analysis tool for laminated composite materials with localized

damage and singularities. The GLPT is shown to be a highly versatile

tool to model laminated composite plates. The extension to delaminated

plates provides an analysis capability for laminated composite plates

with an arbitrary number of delaminations. The analysis is shown to be

as accurate as a fully nonlinear 30-elasticity solution, yet

significantly less expensive. The scope of this study is necessarily

limited. Application of the GLPT to other problems is envisioned. This

study will show both the fundamentals of the theory of GLPT and its

extensions to shells and modelling of delaminations.
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1.3 Literature Review

1.3.1 Plate Theories

The field of plate theories was and still is a strong area of

research as we may conclude from the number of publications in the

field. This is motivated by the strong interest of scientists and

engineers to analyze one of the more common structural components,

namely plates. Plates are three—dimensional continua bounded by two

flat planes, separated by small distance, called thickness of the

plate. The thickness is very small compared to the in-plane dimensions

of the plate. This allows approximation of thickness effects and

reduction of the three—dimensional equations of elasticity to two-

dimensional equations in terms of thickness—averaged forces and moments.

Mainly two methods have been used to reduce the three-dimensional

equations of elasticity to a two-dimensional set of equations. The

assumed—displacement method, first used by Baset [2], consists of

expanding the displacement field as a linear combination of unknown

functions and various powers of the thickness coordinate. The assumed-

stress method, first used by Boussinesq [3], consists of integrating the

stresses through the thickness taking moments of different orders to

produce a set of stress resultants. Although the kinematic assumption

is not specifically stated in the stress method, it is still implicit in

the election of which moments to consider. The classical plate theory,

for example, can be derived either way. Since the displacement method

clearly states the form of the displacement distribution through the

thickness, and we can arrive at exactly the same equations using the
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stress method, it is clear that the restrictions on the kinematics are

used in both methods.

Most of the displacement theories use continuous (in the thickness

coordinate) approximation of the displacements through the thickness.

The simplest theory uses the hypothesis of Kirchhoff and is called

classical plate theory, which does not account for the transverse shear

strains. Shear deformation effects were included by Hildebrand,

Reissner and Thomas [4], Hencky [5], Midlin [6], Uflyand [8], and

Reissner [9]. Laminated composites motivated additional research on

shear deformation theories, because the displacements, frequencies and

buckling loads obtained using classical plate theory are poor even for

moderate aspect ratios (i.e., side-to-thickness ratios up to 40).
° Classical plate theory for nonhomogeneous plates was considered by ·

Reissner and Stavsky [10,11] and Lekhnitskii [12]. The importance of

shear deformation in composite laminates was illustrated for example, by

Pagano [13]. Early attempts to include shear deformation in plate

theories are due to Stavsky [14], Ambartsumyan [15] and Whitney [16].

Yang, Norris and Stavsky [7] extended the Hencky—Mindlin theory, termed

the first-order shear deformation theory by Reddy [17,18], to laminated

plates, and later Whitney and Pagano [19] presented the Navier solutions

to the first-order shear deformation theory [6]. Whitney and Pagano

[19,20] concluded that consideration of shear deformation alone cannot

substantially improve the inplane stress distributions of plate

theories. Higher—order theories were developed in an attempt to improve

the in—plane stress distributions. Among them, Whitney [21] and Nelson

and Lorch [22], and Lo, Christensen, and Wu [23] used second-order
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theories (i.e., displacements are expanded upto the quadratic terms in

the thickness coordinate). Reddy [24] presented a third—order theory

which satisfies stress—free boundary conditions on the bounding planes

of the plate.

More successful in predicting the in-plane and interlaminar

stresses are those theories that allow for a layer wise representation

of the displacements through the thickness. Yu [25] and Durocher and

Solecki [26] considered the case of a three—layer plate. Mau [27],

Srinivas [28], Sun and Whitney [29], Seide [30] derived theories for

layer wise linear displacements. Librescu [31,32] presented a

multilayer shell theory and considered geometric nonlinearity. Pryor

and Baker [34] presented a finite element model based on linear

functions on each layer. Reddy [1] derived a Generalized Laminate Plate

Theory in which the distribution of displacements can be chosen

arbitrarily depending on the requirements of the analysis. Reissner's

mixed variational principle [35] has been used to include the

interlaminar stresses as primary variables. Both continuous functions

and piece—wise linear functions were used by Murakami [36] and Toledano

and Murakami [37]. While the mixed theories are more complex than

displacement theories, they do not outperform the latter ones in

accuracy of the stresses. Furthermore, integration of the 3-D

equilibrium equations allows us to compute the interlaminar shear

stresses from the results of displacement—based theories as it was

proposed by Pryor and Baker [34] and Chaudhuri [38] for Seide's theory

[30], and generalized in this work for Reddy's generalized laminate

plate theory [1].
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1.3.2 Delaminations and Delamination-Buckling

Delaminations between laminae are common defects in laminates,

usually developed either during manufacturing or during operational life

of the laminate (e.g., fatigue, impact). Delaminations may buckle and

grow in panels subjected to in—plane compressive loads. Delaminated

panels have reduced load—carrying capacity in both the pre- and post-

buckling regime. However, under certain circumstances, the growth of

delaminations can be arrested. An efficient use of laminated composite

structures requires an understanding of the delamination onset and

growth. An analysis methodology is necessary to model composite

laminates in the presence of delaminations.

Self similar growth of the delamination along an interface between

layers is suggested by the laminated nature of the panel. It was also

noted by Obreimoff [39] and Inoue and Kobatake [40] that axial

compressive load applied in the direction of the delamination promotes

further growth in the same direction. 0ne—dimensional and two-

dimensional models for the delamination problem were proposed by Chai

[41], Simitses, Sallam and Yin [42], Kachanov [43], Ashizawa [44],

Sallam and Simitses [45] and Kapania and Wolfe [46]. According to these

models, the delamination can grow only after the debonded portion of the

laminate buckles. However, the delamination can also grow due to shear

modes II and III. A new theory to be developed in this study will be

able to account for these effects.

The spontaneous growth of a delamination while the applied load is

constant is called "unstable growth". If the load has to be increased
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to promote further delamination, the growth is said to be "stable

growth“. The onset of delamination growth can be followed by stable

growth, or unstable indefinite growth or even unstable growth followed

by arrest and subsequent stable growth.

Most existing analyses calculate the buckling load of the debonded

laminate using bifurcation analysis (see Chai [41], Simitses et al.

[42], Webster [47], and Shivakumar and Whitcomb [54]). Bifurcation

analysis is not appropriate for debonded laminates that have bending-

extension coupling, as noted by Simitses et al. [42]. Even laminates

that are originally symmetric, once delaminated, experience bending-

extension coupling. Most likely the delaminations are unsymmetrically

located and the resulting delaminated layers become unsymmetric.

Therefore, inplane compressive load produces lateral deflection and the

primary equilibrium path is not trivial (w : 0). Furthermore,

bifurcation analysis does not permit computation of the strain energy

release rate.

Nonlinear plate theories have been used to analyze the post-

buckling behavior of debonded laminates. Bottega [48], Yin [49], and

Fei and Yin [50] analyzed the problem of a circular plate with

concentric, circular delamination. The von Kärmän type of nonlinearity

has been used in most analyses. Multiple delaminations through the

thickness of isotropic beams were considered by Wolfe and Kapania

[51,52].

Most of the analyses performed have been restricted to relatively

simple models. The material was considered isotropic in most cases and

orthotropic in a few, thus precluding the possibility of analyzing the
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influence of the stacking sequence and bending-extension coupling.

However, an understanding of the basic principles involved has been

established, thus allowing the derivation of more complex models that

can further contribute to this area of study.

The Rayleigh—Ritz method has been used by Chai [41], Chai and

Babcock [53], and Shivakumar and Whitcomb [54] to obtain approximate

solutions to the simple models so far proposed. Orthotropic laminates

were considered by Chai and Babcock [55] and circular delaminations by

Webster [47].

The finite element method was used by Whitcomb [56] to analyze

through-width delaminated coupons. Plane-strain elements were used to

model sections of beams, or plates in cylindrical bending. The analysis

of delaminations of arbitrary shape in panels requires the use of three- '

dimensional elements, with a considerable computational cost. A three-

dimensional, fully nonlinear finite element analysis was used by

Whitcomb [57], where it was noted that "...plate analysis is potentially

attractive because it is inherently much less expensive than 3D

analysis." Plate elements and multi-point constraints have been used by

Whitcomb [58] to study delamination buckling and by Wilt, Murthy and

Chamis [59] to study free—edge delaminations. This approach is

inconvenient in many situations. First, the MPC require a large number

of nodes to simulate actual contact between laminae. Second, a new

plate element is added for each delamination. The MPC approach becomes

too complex for the practical situation of multiple delaminations

through the thickness. Third, all plate elements have their middle

surface on the same plane, which is unrealistic for the case of
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delaminated laminae that have their middle surface at different

locations through the thickness of the plate. This study proposes to

develop a plate theory able to represent any number of delaminations

through the thickness of the plate.

1.3.3 Fracture Mechanics Analysis

After the local buckling occurs, the delamination can grow only if

the fracture can be further extended. The Griffith's Fracture Criterion

for the initial growth of the delamination has been used by Chai [41],

and Kachanov [43]. According to the Griffith's Criterion the surface of

the crack grows only if the strain energy released by the structure

(while going to the new configuration) is greater than the energy

required to create the new surface.

The Griffith's criterion requires the computation of the energy-

release rate for a virtual extension of the delaminated area. The

energy release rate of delaminations has been computed by numerical

differentiation of the total strain energy by Chai [41], or using the J-

integral method by Yin et al. [60]. The different fracture opening-

modes and their corresponding energy-release rates were considered by

Whitcomb [56]. A variation of the virtual crack closure method was used

by Nhitcomb and Shivakumar [58] to compute the strain energy release

rate from a plate and multi-point-constraint analysis.

The finite element method is well established as a tool for

determination of stress intensity factors in fracture mechanics.

Isoparametric elements are among the most frequently used elements due

to their ability to model the geometry of complex domains. The quarter
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point element introduced by Henshell [61] and Barsoum [62] became very

popular in Linear Elastic Fracture Mechanics (LEFM) because it can

represent accurately the singularities involved in LEFM problems. Its

use has been extended to other problems as well by Barsoum [63].

Numerous methods to compute stress intensity factors have appeared

over the years. Most of them are designed for 20 problems and their

extension to 30 problems is not without complications. Some methods are

specially tailored for 30 analysis (for a review see Raju and Newman

[64]). The direct methods obtain the stress intensity factor as part of

the solution. They require special elements that incorporate the crack

tip singularity, for example Tong, Pian and Lasry [65]. The indirect

methods compute the stress intensity factor from displacements or

stresses obtained independently. Among the more popular indirect

methods we have extrapolation of displacements or stresses around the

crack tip as done by Chan, Tuba and Wilson [66] and the nodal-force

method of Raju and Newman [67,68]. We can also use integral methods

like the J-integral method of Rice [69], the modified crack closure

integral of Rybicki and Kanninen [70], and various generalizations as

the one by Ramamurthy et al. [71], and the virtual crack extension

method of Hellen [72] and Parks [73]. The indirect and integral methods

can be used with conventional elements or with special elements that

incorporate the appropriate singularity at the crack front.



Chapter 2

THE GENERALIZED LAMINATED PLATE THEORY

2.1 Introduction

Laminated composite plates have motivated the development of

refined plate theories to overcome certain shortcomings of the classical

theories when applied to composites. The first-order and higher—order

shear deformation theories yield improved global response, such as

maximum deflections and natural frequencies, due to the inclusion of

shear deformation effects. Conventional theories based on a single

continuous and smooth displacement field through the thickness of the

plate give poor estimation of interlaminar stresses. Since important

modes of failure are related tc interlaminar stresses, refined plate

theories that can model the local behavior of the plate more accurately

have been developed. The Generalized Laminated Plate Theory will be

shown to provide excellent predictions of the local response, i.e.,

interlaminar stresses, inplane displacements and stresses, etc. This is

due to the refined representation of the laminated nature of composite

plates provided by GLPT and to the cosideration of shear deformation

effects.

2.2 Formulation of the Theory

Consider a laminated plate composed of N orthotropic lamina, each -

being oriented arbitrarily with respect to the laminate (x,y)

coordinates, which are taken to be in the midplane of the laminate. The

displacements (ul,u2,u3) at a generic point (x,y,z) in the laminate are

assumed to be of the form [1],

14
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¤1(><„y„z) = ¤(><„y) + U(><„y„z)
¤2(><.y„z) = v(><„y) + V(><„y„z)
¤3(><„v„z) = w(><„v)„ (2·1)

where (u,v,w) are the displacements of a point (x,y,0) on the reference

plane of the laminate, and U and V are functions which vanish on the

reference plane:

U(x,y,0) = V(x,y,0) = 0. (2.2)

In order to reduce the three-dimensional theory to a two-

dimensional one, it is necessary to make an assumption concerning the

variation of U and V with respect to the thickness coordinate, z. To

keep the flexibility of the degree of variation of the displacements

through the thickness, we assume that U and V are approximated as

n . .U(><„y.z) = Z ¤J(><„y)¢"(z)
J=l _
nV(><„y„z) = jil vj(><„y)¢j(2). ’(2·3)

where uj and vj are undetermined coefficients and aj are any continuous

functions that satisfy the condition

¢j(0) = 0 for all j = 1,2,...,n.
‘\.

(2.4)
47

The approximation in Eq. (2.3) can also be viewed as the global

semi—discrete finite-element approximations [74] of U and V through the

thickness. In that case ¢j denote the global interpolation functions,

and uj and vj are the global nodal values of U and V (and possibly their

derivatives) at the nodes through the thickness of the laminate. For

example, a finite element approximation based on the Lagrangian

interpolation through the thickness can be obtained from Eq. (2.3) by
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setting n = pN + 1, where

N = number of layers through thickness «

p = degree of the global interpolation polynomials, ¢j(z), and
uj, vj = global nodal values of U and V.

For p = 1 (i.e., linear interpolation), we have n = N + 1 and

ul = ugl), u2 = ugl) = ug?),...,uk = ug"‘1) = ugk)

vl = vgl), vl = vgl) = vgl),...,vk = vgl·l) = vgl) (2.5)

where Ugk), for example, denotes the value of U at the i-th node of the

k-th lamina, Figure 2.1. The linear global interpolation functions are
‘ given by

k zk_1 s z s zk
a (2) = (k = 1,2,...,N) (2.6)

zk s 2 s 2k+l
where vgk) (i = 1,2) is the local (i.e. layer) Lagrange interpolation

function associated with the i-th node of the k—th layer, Figure 2.1.

If the midplane does not coincide with an interface, it is used as an

interface to satisfy Equation (2.2). If for example ur, vl correspond

to the midplane interface, Equation (2.2) is satisfied by setting ul =

vl = 0. Therefore n reduces to n = N. Since vl = vl = 0 at the

midplane interface, those variables are no longer needed and they are

eiminated. The remaining variables are then renumbered with j = 1,...N

as shown in Figure 2.2 for a four layer laminate.
’

The equilibrium equations of the theory can be derived using the

Hamilton principle:
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Q =
ft

{ {N (Ei!) + N (E5!) + N (EE! + EE!)
0 Q X BX y By xy By BX

EM ä+ Ox BX
+ Qy By

¤ J J J Jj asu j a6v j a6u aav
BX

+N_y
By +NX_)/(By

+
BX)

+ Qjuj + Qjvj]
- 6w}dAdt — ft

f [I (üsü + G60 + waw)

|"I . .
+ Z1 Ij(üj6ü + üsüa + üjaü + 06iJ)

j=

TI . .

+
1 Z 1

1‘J(ü‘6üj + v‘6»7j)}dAd1;. (2.7)
Is]:

where
h/2

(Nx,Ny,Nx ) = I (¤X,c ,0x )dzY _h/2 Y Y

h/2
(Ox-Oy) —

Ih/2 (¤xz,¤yZ)dz

h/2 .
(Ni,Ng,Niy) = I (cx,¤y,oxy)¢J(Z)dZ

—h/2

. h/2 jJ J - g(0X„Qy) — I (¤xz-¤yz) dz (Z)dZ (2-8)
-h/2

h/2 . h/2 . .. h/Z . .
Io = f pdz ; IJ = f p¢Jdz ; I1J

=f-h/2
-h/2 -h/2

(¤X,¤y,¤xy,¤XZ;¤yZ) are the stresses, q is the distributed transverse

ioad, and p is the mass density.
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The Euler—Lagrange equations of the theory are given by

•• n juj
Nx,x + Nxy,y = I¤U + -§1 I U

J
n .

=
•• J••j

wmx + why 1ov + 21 1 v
J

Ux,x + Uy„y + q = IOW

1 1 _ 1- 1·· "1mNx,x+ Nxy,y Qx ” I U + jgl I U

1 1 _1,1·· " 1mNxy,X + Ny,y Iqy I v + jél I v (Z.9a)

for j = 1,2,...,n.J Thus there are Zn + 1 differential equations in (Zn

+ 1) variables (u, v, w, uj, vj). The form of the geometric and force

boundary conditions is given below:

Geometric (Essential) Force (Natural)

u Nxnx + Nxyny

v Nxynx + Nyny
w Qxnx + Qyny

J J Ju Nxnx + Nxyny
J J Jv Nxynx + Nyny (Z.9b)

where (nx,ny) denote the direction cosines of a unit normal to the

boundary of the midplane n. .The lamina constitutive equations

tranformed to structural coordinates are:
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(k)
““- — - (X) (X)0x 011 012 016 0 0 0x

0y 012 022 026 0 0 0y
°Xy

’ 016 026 066 0 0 Yxy (000)

0xz 0 0 0 066 054 Yxz
0yz 0 0 0 054 044 Yyz

where Q$§)are the reduced stiffnesses of the k-th orthotropic lamina,

obtained under the plane stress assumption [75].

The constitutive equations of the laminate are given by

auNx A11 A12 A16 0 0 5;
av

0

Ny A12 A22 A26 00_

au av4 NXy · A16 A26 A66 0 0 5+35 ·
aw0x 0 0 0 ^s6 ^4s 5
aw

00 00 00 001112 16 ax
. . . jJ J J L012 022 026 0 0 ay

n . . . j jJ J J L L+j§1 016 026 066 0 0 ay +ax

-3 -3 30 0 0 055 045 u

-3 -3 30 0 0 045 044 v
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B2 B22 B22 B25 BBB2
B22 B22 B25 BBB2,

= B25 B25 B25 BBB2
B B B B25 B25

no 00B22

B22 B22 B B
B22 B22 B22 B B

000

0 0 uk

0 0 0 Ei'; Egg vk (2.11a)

where
N 2k+l (k)

Apq =
kil fzk Qpq dz (p,q = l,2,6;4,5)

Bgq B <B·B B
(6,6 = 1,2,6)

(k) 622 -pq·ki1,[-zk Qpq gdz (P•q·4•5)
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555 "
2**1

<5<)d+Äd+Äpd-kil Izk Opd dz dz dz (PA-4,5) (?·llb)

for all i,j = 1,2,...,n.

Regardless of the functions ¢j(z) used, the coefficients Apd are

the same as in Classical Lamination Theory (CLT):
N k kA = .pd kgl opq N (2 12)

where N is the number of layers and hk is the thickness of the k-th

layer in the laminate. When ¢j(z) are linear in each layer, we have

that for the j—th location through the thickness, ¢j(z) ¢ 0 only on the

two adjacent layers k = j and k = j - 1, see Figure 2.1. Therefore

5 _ 5-1 hJ 5 NB - —— — ; , =1,2,6 2.13pd Qpd 2 + Qpd 2 (p ¤ ) ( ¤)

It can be shown also that
1/hj'1 for zd 1 < z < zj

J ~
_

92. = _ J
dz 1/h for zj < 2 < 23+1 (2.14)

0 elsewhere

Therefore N

—.i=.i—l_JJ·l. =Bpd Qpd Opdh „ (PA 4•5) (?~l3b)

The same arguments apply for the coefficients of the D—matrix. If i = j

we have

55 _ 5-1 NJ‘1 5 hi _ _
Dpd—0pd 3 +Qpd3— „ (P„¤—l„2„6) (2·l5¤)

and



22

Qi-1 Qi·—ii
- .29. _ .29 ._

9°If

1 ¢ j we must note that only the layers where ¢i and ¢j overlap

contribute to the integral, then ¢)¢j ¢ 0 only if j = i : 1, see Figure

2.1.

Therefore

. .. . ° = 1 + 1)ij J1 1
h)

D = D = —— ; 2.1529 29 Q29 6 (2.9 = 1.2.6) ( C)
and

-1J.—11.-E21.‘°"‘“”Dpq Dpq i , (2.15d) 4h (2.9 = 4.5)
All the coefficients Bgq, Fgq, Dgä, Ügä with 1,j = 1,...N+1 are computed
using the entire set of interpolation functions ¢j including that

corresponding to the midplane, as illustrated in Figure 2.1. Next, the

coefficients Bgq, Ügq, Dgg, Dgg, Ügä, D23 with r denoting the midplane
position are eliminated. The remaining coefficients are then renumbered

with i,j = 1,...N as illustrated in Figure 2.2.

As an example, consider a three-layer [0/90/0] laminate with all

layers of the same thickness h/3 and the following material properties:

E2 = ].•0 msi, 25,0•5,0.2,

vl? = v13 = 0.25. Using these material properties, we obtain the
following lamina constitutive equations, for the 0°—layer:

25.0627 0.25062 0.0 0.0 0.0
0.25062 1.00251 0.0 0.0 0.0

[00] = 0.0 0.0 . 0.5 0.0 0.0 (2.16a)
0.0 0.0 0.0 0.2 0.0
0.0 0.0 0.0 0.0 0.5

and for the 90°—layer:



23
1

1.00251 0.25062 0.0 0.0 0.0
0.25062 25.0627 0.0 0.0 0.0

[090] = 0.0 0.0 0.5 0.0 0.0 (2.16b)
0.0 0.0 0.0 0.5 0.0
0.0 0.0 0.0 0.0 0.2

Since the midplane does not coincide with an interface, we model the

plate as a four-layer laminate with two 0°—layers of thickness h/3 and

two 90°—layers of thickness h/6. According to (2.12-2.15) we obtain

before elimination

17.0426 0.25062 0.0 0.0 0.0
9.02257 0.0 0.0 0.0

A = 0.5 0.0 0.0 (2.17)
0.3 0.0

.. 0.4

4.17711 0.04177 0.0 0.0 0.0
1 0.16708 0.0 0.0 0.0

B = 0.08333 0.0 0.0 (2.18a)
-0.2 0.0

-0.5
’

4.26065 0.06266 0.0 0.0 0.0
2 2.25564 0.0 0.0 0.0

B = 0.125 0.0 0.0 (2.18b)
-0.3 0.0

0.3

0.16708 0.04177 0.0 0.0 0.0
3 0.04177 0.0 0.0 0.0

B = 0.08333 0.0 0.0 (2.18c)
0.0 0.0

0.0

4.26065 0.06265 0.0 0.0 0.0
4 2.25564 0.0 0.0 0.0

B = 0.125 0.0 0.0 (2.18d)
0.3 0.0

-0.3

4.7711 0.04177 0.0 0.0 0.0
5 0.16708 0.0 0.0 0.0

B = 0.08333 0.0 0.0 (2.18e)
0.2 0.0

0.5_

The elimination process consists of setting B3 = 0 and then renaming
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B4
-

B3 and B5
-

B4. In the same way we obtain the following 0-matrices

after elimination:

2.78474 0.02784 0.0 0.0 0.0
ll 44 0.11139 0.0 0.0 0.0

0 = 0 = 0.05555 0.0 0.0 (2.19a)
0.6 0.0

1.5

1.39237 0.01392 0.0 0.0 0.0
. 0.05569 0.0 0.0 0.0012

-
021 = 034 = 043 = 0.02777 0.0 0.0 (2.190)

-0.6 0.0
-1.5

2.84043 0.04177 0.0 0.0 0.0
22 33 1.50376 0.0 0.0 0.0

0 = 0 = 0.08333 0.0 0.0 (2.19c)
3.6 0.0

2.7

and 023 = 032 = [0] because the nodes through the thickness number 2 and

3 are separated by the midplane.

2.3 Analytical Solutions

The development of analytical solutions to the layer—wise

displacement theory is by no means simple, especially for boundary

conditions other than simply-supported. The present work is in the same

spirit as the works of Pagano [76,77], who presented analytical

solutions of the well-known first—order shear deformation theory to

investigate shear deformation effects in composite laminates.

In this study we use a finite—element approximation through the

thickness based on the linear Lagrangian interpolation. In order to

satisfy the conditions (2.2), we choose the midplane as an interface and

set U(x,y,0) = V(x,y,0) = 0. A convenient way to accomplish this is to

eliminate the variables uj and vj at the midplane; therefore the number
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of necessary terms in (2.3) reduces to n = N, the number of layers, as

explained in Section 2.2, Equations 2.5-6 and 2.12-15.

The coefficients Apq have the same meaning as in the classical
plate theory (CPT). The calculation of the coefficients Bgq involves

only the properties of the layers adjacent to the j-th interface because

the functions ¢j are identically zero at other interfaces. The same is

true for the coefficients DS;.
Since the approximation through the thickness is built with a

finite-element family of functions, a standard, one—dimensional finite-

element procedure can be used to perform the integration. This makes

the procedure very general with respect to the number of layers,

thicknesses and properties that can be handled. The contributions of

each layer to its adjacent nodes (located on the interfaces) are then

assembled in the usual way [74]. The [Bj] array has an entry for each

interface. The array [Dji] has a half bandwidth of 2.

Here we consider analytica] solutions for the case of cylindrical

bending of a plate strip under various boundary conditions and for

simply—supported cross—ply plates.

2.3.1 Cylindrical Bending
V

The plate equations (2.9) can be specialized to cylindrical bending

by taking v = O, vj = 0, u = u(x), uj = uj(x), w = w(x). The equivalent

equations can be written as

dx k=1 dx
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2 N kd w k du _
^ss;;2*EBssF*°' ‘°

. 2 . N . 2 k .Z B <B-BB>
k=l dx

Equations (2.12) consist of N + 2 equations in u, w, ul, u2, ... uN

unknowns, where N denotes the number of layers. The coefficients

AH, B21, A55, B25, ana with 5,k = 1,...,N+1 are camputea For
the N+1 interfaces according to Equations 2.12-15. Then the

coefficients corresponding to the midplane interface are eliminated as

explained in Section 2.2 and the remaining coefficients are renumbered

with j,k = 1,...,N to correspond with the N superscripted variables in

Equation (2.20).

He consider the case of N = 2 to illustrate the solution by the

state-space procedure [78]. First we transform the system of Equations

(2.20) to a system of first-order ordinary differential equations.

Introducing the unknowns xi through the relations

¤l=U a3=w o15=U1 a7=U2

1 2 (2.21)
cx2=U' a4=w' ¤6=(U)' ¤8=(U)°

we obtain a system of ordinary differential equations from Equation

(2.20),

{Bu} = [A1{„} + {F} (2.2261)

where

[A1 = {Al'1lBl
{F} = iA1‘l{¤} <2.22¤>
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1 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 0 1 0{Al = 1 20 A11 0 0 0 B11 0B110
0 0 A55 0 0 0 0

0 011 0 0 0 nä 0 nä
0 611 0 0 0 nä 0 nä

0 1 0 O 0 0 0 0 0

0 0 0 1 0 0 0 0 . 0

0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 1 0[B} = ; {Q} =
0 0 0 0 0 0 0 0 0

0 0 0 0 0 —Bé5 0 -Bä5 Q -f(x)

0 0 0 n§5 nä 0 nä 0 0
0 0 0 n§5 ng; 0 nä 0 0

(2.22c)

As a particular example, we consider a plate strip made of an

isotropic material (E = 30 x 106 psi, E/G = 2.5, h = 2 in.) in

cylindrical bending. A uniformly distributed transverse load of

intensity fo is used. For this case [Ä] becomes
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0 1 0 0 0 0 0 0 0

0 0 0 0 -6/5 0 -6/5 0 0

0 0 0 1 0 0 0 0 0

_ 0 0 0 0 0 1/2 0 -1/2 -fo/24[Al = ; {F} =
0 0 0 0 0 1 0 0 0

0 0 0 -6/5 3 0 9/5 0 0

0 0 0 0 0 0 0 1 0

0 0 0 6/5 9/5 0 3 0 0

(2.23)

l The eigenvalues of the matrix [Ä] are

11 = 12 = 13 = 14 = 15 = 16 = 0
17 E 2.19

_ 18 = - 17. (2.24)
For this case we have only four linearly independent eigenvectors, which

indicates that the matrix A is defective. For the eigenvalue

1 = 0 the eigenvector is of the form

{gl} = {k1,0,k2,0,0,O,0,0}T

To obtain other linearly independent solutions, we use the solution

procedure presented by Goldbery and Schwartz [78]. First we set

(Ä - 1I){c2} = {al}
and find that 1 = 0, and therefore

l¤1{:2} = {al}- {
This yields

Next we set [Ä]{;3} = {.52} and find
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{gg} = {k5,k3,k6,k4,k4,k2,-k4,-k2}T and kl = 0,
which annihilates one of the eigenvectors.

Repeating the procedure, we obtain

{E4} ’ {"7·"s·"6·"6·%("2 * g "6)·"4·' 'g("2 “'%
"6)·"‘4}T· ks ’ 0

{g5} = {k7,k5,k8,k6,- ä (skz + 6k6),k4,%—1- (skz + 6k6),-k4}T.

Lastly, we set {Ä]{56} = {55}, and arrive at the condition kz = 0, which

annihilates the only eigenvector left, so the process is terminated.

The particular solution of the problem is,

x
{¤p(x)} = fo [o(x - s) · ¢'1(0)] · {F(s)}ds (2.25)

where

0 1 0 x 0 0

0 0 0 1 0 0

1 0 x 0 x2/2 x3/6
2

= 0 0 1 0 x x /2
200 1 0 x 5/6 + x /2

O 0 0 0 1 x

0 0 -1 0 —x -5/6 - x2/2

0 0 0 0 -1 -x .

(2.26)

The general solution is given by
” {<=(><)} = <¤(><) · {k} + {¤p(><)} (2-27)

where {k} is the vector of constants, which can be found using the

boundary conditions. For example, for a clamped—clamped case the
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boundary conditions at x = 1 a/2 are:

u(—a/2) = u(a/2) = 0

w(—a/2) = w(a/2) = 0

u1(—a/2) = u1(a/2) = 0
u2(—a/2) = u2(a/2) = 0,

which give us eight equations to compute the eight constants in the

vector {k}.

For the particular choice of a = 20 in. and uniformly distributed

load of intensity fo = 1 lb/in, the solution is given by

u(X) = (-5.94 X 10-296-2°19X - 3.07 X 10-26e2°1gx) - 10-6.

2 4
w(x) = - + %

x2 - 22.9167) - 10-6

3
u1(x) = (Q x - ääö + 1.18 x 10-286-2°19X + 6.15 x 10-26e2°19X)

~
10-6

3
u2(x) - (- Q X + {E + 1.18 X 10-286-2°19x + 6.15 X 10-26e2'l9X) - 10-6

(2.28)

Plots of the transverse deflection w as a function of the aspect

ratio a/h are shown in Figure 2.3 for three types of boundary

conditions: cantilever, simply supported, and clamped at both ends.

For all cases a uniformly distributed load is used. Values for the

exact 3-D solution [76] for the simply supported case are also shown.

The deflections are normalized with respect to the CPT solution. The

present solution is in excellent agreement with the 3-D elasticity
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solution. Ne note that the clamped plate exhibits more shear

deformation.

Similar results are presented in Figure 2.4 for a two-layer cross-

ply [O°/90] plate strip. The material properties of a ply are taken to

be those of a graphite-epoxy material:

E1 = 19.2 x 106 psi

E2 = 1.56 x 106 psi

G12 = G13 = 0.82 x 106 psi

G23 = 0.523 x 106 psi

vlz = v13 = 0.24
w23 = 0.49.

l
(2.29)

Once again, it is clear that the present theory yields very accurate

· results. '

2.3.2 Simply Supported Plates

Consider a rectangular (a x b) cross-ply laminate, not necessarily

symmetric, composed of N layers. For such a plate the laminate

constitutive equations (2.11) simplify, because A16 = A26 = A46
= Bäö = B;6 = Bäs = Dig = Ogg = Di; = O. The remaining coefficientsin
the constitutive equations are computed for the N+1 interfaces according

to Equations 2.12-15. Then the coefficients corresponding to the

midplane interface are eliminated as explained in Section 2.2 and the

remaining coefficients are renumbered with j,k = 1,...,N to correspond

with the 2N superscripted variables used in Equation (2.30). The

governing equations become
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N
k k k k k k k _

+
kil [B11u•Xx +

B12v•v¤
+ B66(U•YY + V,xy)]

_ 0

A66(u,yx + V,xx) + A12u,xy + A22V,yy

N k k k k k k k _+ + + B12u’xy + B22v’yy] — 0

A w + A w + [Bk uk + Bk vk ] + = I w_ 55 ,xx 44 ,yy k=l 55 ,x 44 ,y q
0

J J J 5
Bl1u,xx + BI2v,yx + B66(V,yy + v,xy) ° 855w,x

[Djkuk + Djkvk + 0jk(uk + vk ) — Ujkuk] = 0
k=1 11 ,xx 12 ,yx 66 ,yy ,xy 55

5 J J 5
B66(u,yx + V,xx) + B12U,xy + B22v,yy

” B44w,y

N . . . .„ gk k k gk k gk k _ gk k =044v [ 0
(2.30)

for i,j = 1,2,...,N. These equations are subject to the boundary

conditions,

v=w=vk=NX=N;=0;x=0,a;k=l,...,N

U=w=uk=Ny=N:=O;_y=0,b;k=l,...,N. (2.31)

These boundary conditions are identically satisfied by the

following expressions for displacements (i.e., Navier's solution

procedure is used):
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u = 2 X cos aX sin ey
m,n mn

v = 2 Y sin ax cos By
m,n mn

w = 2 N sin ax sin ßy
m,n mh

k
°’

k .u = 2 R cos ax sin ay
man mn

k_ ° k .v - 2 Smn sin ax cos ßy (2.32a)
m,n

where

- mg . = Q1 . =G ·· a
, B

b
, k 1,...,N.

The transverse load can be expanded in double Fourier series

f(x,y) = 2 qmn sin ax sin ay (2.32b)
m,n

Substitution of these expressions into the governing equations gives a

system of 2N + 3 equations for each of the Fourier modes (m,n), from

which we obtain the coefficients (Xmn, Ymn, Wmn, Rän, S;n):

0

[K1 u<j1 {All]
°_

T
_k

2 = qmn (2.33)
u<”1 roll {Al] ¤

0

1 T _ 2 T _ k k . .where {A } — {Xmn,Ymn,Nmn}, {A } — {Rmn,Smn}, and the coefficients
[K], [DJk], and [KJ] are given in Appendix 1.
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Once the coefficients (Xmn, Ymn, Nmn, Rän, Sän) are obtained, the

inplane stresses can be computed from the constitutive equations as,

°’ N k k¤X(X•¥•2) = -
mZn {l011¤(Xmn +

kil
Rmn¢ (2))

+ Q e(Y + E sk ¢k(z))]sin ax sin ey}12 mn k=l mn

¤<¤ z>=— {Ä
{ru ¤<>< +2*1+ "<z>>y ’y’

m’n 12 mn k=1 mn°

+ Q e(Y + E sk ¢k(z))]s1n GX sin ey}22 mn k=1 mn

6 (x z) = Q E {[e(X + Rk ¢k(z))xy ’y’ 66 m’n mn k=1 mn

+ 6(Y + 2 sk ¢k(z))]cos GX cos ey} (2 34)mn k=1 mn ' ’

The shear stresses are computed integrating the equilibrium equations of

3-O elasticity through the thickness of each layer and enforcing

continuity of stresses along the interfaces:

¤ (><y2)= E [{l(0 ¤2+0 62)X
xz ’ ’

m n 11 66 mn

1 +(0 +0)6Y 12+):) {l(0 ¤2+0 62)Rk
12 66 ° mn k=1 11 66 mn

+ (Q + Q ) eSk
lf kdz} + H }cos x sin e }12 66°‘ mn

‘*’
1 °‘ Y

+0 )¤·6X +<0 ¤2+0 62)Y lzyz ’ ’
m n 66 12 mn 66 22 mn
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T

N k 2 2 k kT kjl {N066 T Q12)°BRmn T (0668 T 0228 )SmnU 8 dz}

+ Gi}sin ax cos ay] (2.35)

where Hi, Gi are constants introduced to satisfy the continuity of

stresses.

To assess the quality of the theory we consider a three—ply

symmetric laminate, simply supported, and subjected to sinusoidal

transverse load. This problem has the 3-D elasticity solution [77] and

the classical plate theory (CPT) solution. The high quality of the

solutions obtained with this theory can be fully appreciated considering

the stress distributions through the thickness for ax, dy, axy, ayz
and cxz for a/h = 4 (see Figures 2.5-2.9), and a/h = 10 (see Figures °

2.10-2.14). The material properties of each ply are:

E1/E2 = 25.0, G12 = 0.5 E2, G13 = G12, G23 = 0.2 E2

vlz = v13 = 0.25. (2.36)
Using these material properties, the coefficients in the constitutive

equations are computed in the example presented in Section 2.2. All

stresses are nondimensionalized with respect to the applied load.

The deflection w(x,y) obtained in the present theory coincides with

the exact 3-D solution and is not shown here. In all cases the present

solutions for stresses are in excellent agreement with the 3-D

elasticity solutions, whereas the CPT solutions are considerably in

error.

The analytical solutions of the generalized laminate plate theory

are presented, and its accuracy is investigated by comparison with the
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3-D elasticity theory. The agreement is found to be excellent even for

very thick plates. The theory gives accurate interlaminar stress

distributions, and should prove to be very useful in the failure

analysis of composite laminates.

2.4. Natural Vibrations

The Generalized Laminated Plate Theory (GLPT) has been shown

(Section 2.3) to provide excellent predictions of the local response,

e.g., interlaminar stresses, inplane displacements and stresses, etc.

This is due to the refined representation of the laminated nature of

composite plates provided by GLPT and to the consideration of shear

deformation effects. The global response of composite laminates with

the inclusion of geometrical nonlinearity will be investigated in

Chapter 4. Analytical solutions for natural vibrations of cylindrical

shells will be presented in Chapter 5. The objective of this section is

to investigate the natural vibrations of laminated composite plates

using GLPT. Analytical solutions are constructed and compared to exact

3-D elasticity solutions when available. Results are presented for

symmetric and unsymmetric cross—ply. The theory is shown to yield

accurate predictions of fundamental frequencies compared to the 3-D

elasticity solutions.

2.4.1 Formulation

Ne use the following approximation of the displacements through the

thickness of the plate (2.1):

N . .¤1(><.y„z) = ¤(><„y) + jgl ¤J(><„y)¢"(z)
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N .1 1¤2(x„y„z) = v(><.y) + jl v (><„y)¢ (z)
J:

¤3(><.y.z) = w(><„y)
where N is the number of layers, u, v and w are the midplane

displacements, uj and vj are the displacements at interfaces between

layers, relative to the middle surface, and aj are linear interpolation

functions (2.6),

5-1 .
j v2(Z) , zj_1 5 z s zj

¢ (Z) = _
J .v1(Z) , zj s z s 2j+l

aj(0) = 0 for all j = 1,2,...,N.

and vg are the local Lagrange linear interpolation functions associated

with the i—th node of the j-th layer. In this section we compute the

inertia terms,

11 Zk
1°= Q [ pkdz

k=l Zk_l

1 N ZN 1 kI = E f a (z)p dz (2.37)
k=l 2k-I

15 N Zk
1 5 kI = j f ¢ (z)¢ (z>¤ dz

k-1 zk_1

If the rotary inertia is neglected we have IN = INJ = 0 for all i,j

= 1,...,N. This causes the mass matrix to be not positive definite.

The degrees of freedom corresponding to the displacements uj and vj can

be eliminated to reduce the order of the system and to recover a

positive definite mass matrix.
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If the inplane inertia is neglected then lg = lg = 0 and lg ¢ 0.
The degrees of freedom corresponding to the displacements u and v can be

eliminated to further reduce the size of the system and to obtain a

positive definite mass matrix.

2.4.2 Numerical Results

The analytical solution of the free vibrations of laminated

composite plates using GLPT can be developed for the case of rectangular

cross—ply plates subjected to simply supported boundary conditions:

V = w = Vj = NX = N; = O at X = 0,a. (2.38)

u = w = uj = Ny = Ni = 0 at y = 0,b.
. _ _ _ i _ i _ i _ ij _ ij _For this case we have A16 — A26 — A46 - B16 — B26 - 845 - B16 — D26 -

Däg = 0. Furthermore, the following displacement functions satisfy the

boundary conditions and the governing equations (2.9):

(u(x,y);uj(x,y)) = X (Xmn;Rän)ei“t cos mää sin mäl
m,n=1

. J ,
“’

. J iwt mx(Ymn,Smn)e sin a cos b (2.39)

w(x,y) = X N eiwt sin Eli sinmn a b

Following a standard Navier procedure, the governing differential

equations are transformed into an algebraic system for each of the modes

(men):

(IK} — = {0} (2-40)
with

T - J 5{Xmn} T
{Xmn’Ymn’wmn’Rmn’Smn} (2'41)
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The eigenvalue problem can be solved to obtain the vibration

frequencies umn and mode shapes {xmn}. The stress components can be

computed for any mode shape by using the constitutive equations

(2.11). Improved predictions of interlaminar stresses can be obtained

using the equilibrium equations (2.35).

Comparison with the exact 3-D solution [79] is presented in Table

2.1 for three—ply laminates with orthotropic layers. The total

thickness is h = hl = h2 = h3 = 1. The properties and thicknesses of

individual layers are varied to illustrate the effect of the orthotropy

in lines 1 to 4. Case 5 represents an unsymmetric laminate for which

the inclusion of the inplane displacements and inertias is necessary, as

it can be concluded from the results. This is due to the influence of

the bending-extension coupling. It can be seen that the GLPT gives

results much closer than CPT for all the cases considered. The .
influence of the shear correction factor is quite small for GLPT, due to

the refined representation of the shear strains.

The exact 3-D solution [79] for a three-layer laminate is used in

Table 2.2 to illustrate the accuracy of the GLPT solutions for different

combinations of Poisson ratio, density ratio and elastic moduli ratio

between different layers. All layers are isotropic and they have equal

thickness. Analytical solutions of the GLPT for different combinations

of shear correction factors and inplane inertias are listed in Table

2.2. Since all laminates considered are symmetric, there is no bending-

extension coupling and therefore the inclusion of inplane inertias does

not change the results much. As in the previous case, it can be seen

that the GLPT results are not significantly affected by the value of the
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shear correction factor. Solutions obtained using the finite element

model are also reported for comparison. The frequencies predicted by

the finite element model (Chapter 3) are slightly larger than the exact

ones due to the stiffening effect introduced by the discretization. A 2

x 2 mesh of 9—node elements is used to model a quarter of a plate, with

appropriate symmetry boundary conditions [80].

The vibration of ARALL Laminates and Aluminum plates are

investigated using GLPT and CPT. ARALL Laminates are described in

Section 3.4.5. The effects of rotary and inplane inertia on the

vibration of simply—supported rectangular plates is investigated.

Numerical results are presented for various values of the aspect ratio

a/b and thickness ratio a/h. It can be seen from Table 2.3 that CPT

gives closer results for isotropic materials, while larger differences

between CPT and GLPT can be observed for ARALL Laminates. This is

because the hybrid nature of ARALL is correctly represented in GLPT,

while the different materials are smeared out in CPT.

Since ARALL Laminates are symmetric, the inclusion of inplane

inertia does not affect the transverse natural frequency. This is

because inplane and transverse deflections are uncoupled for symmetric

laminates. The results sh own in Tables 2.3, 2.4 and 2.5 can be

explained as follows. The frequency m is related to the stiffness K and

mass M by the relation, ‘

o ~ / ä

The fundamental frequency of an ARALL Laminate depends on the transverse

stiffness (i.e. stiffness coefficients D22), which is smaller than the
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axial stiffness (i.e. stiffness coefficient D11). Because of the

specific construction of ARALL Laminates, it can be established that the

following stiffness and mass inequalities hold:

Kai > K21
’ K32 * Mai ’

M21
’ Maz

where subscripts 'al', '21' and '32' refer to aluminum, 2/1 Laminates

and 3/2 Laminates, respectively. The above inequalities imply the

following two cases of inequalities between 2/1 and 3/2 ARALL Laminates:

Case 1: KHK32 > K32M21

Case 2: K21M32 < K32M21

Similar inequalities hold for aluminum and 2/1 or 3/2 ARALL Laminates.

If Case 1 holds then B21 > B32 (i.e., the fundamental frequency of 2/1

Laminates is greater than that of 3/2 Laminates), and if Case 2 holds

then B21 < B32. Similarly, if we replace K32 and M32 by Ka] and Ma], we

arrive at the inequalities

B21 > Ba], when Case 1 holds

B21 < Ba], when Case 2 holds.

In the present study Case 1 is valid for thin laminates (i.e. a/h 2 20)

and Case 2 is valid for thick laminates (i.e., a/h < 20). For thick

laminates, while mass remains the same as for thin laminates, the

stiffness is reduced due to transverse shear deformation. Of course

Case 2 holds in the classical plate theory for all side-to-thickness

ratios. Tables 2.4 and 2.5 show that the differences between the
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results of GLPT and CPT are more evident as the aspect ratios a/b

increases. From the results it is evident that ARALL Laminates exhibit

lower fundamental frequencies than Aluminum plates for moderate to large

thickness ratios (i.e. a/h < 20). This is because the reduced flexural

rigidity, due to the presence of layers with low shear moduli, outweighs

the effect of the slightly lower density of ARALL Laminates. For large

thickness ratios (i.e., a/h > 20), both effects cancel out, and the

aluminum plates, 3/2 and 2/1 Laminates exhibit increasingly large

frequencies.

In order to investigate the accuracy of CPT compared to GLPT in

predicting natural frequencies other than the fundamental we present

results for several values of the Fourier modes (nz mode number along

the fiber direction, and mz mode number across the fiber direction).

To investigate the effects of the material properties we consider ARALL

2/1 in Table 2.6, ARALL 3/2 in Table 2.7 and an Aluminum plate in Table

2.8. It can be seen that the difference between GLPT and CPT reduces as

the thickness ratio a/h becomes large but significant differences

persist over a broader range of thickness ratio for the higher modes.

This can be attributed to the fact that shear deformation effects remain

significant for the higher modes having a similar effect as the

reduction of the thickness ratio. As it can be seen comparing Tables

2.6 to 2.8, the differences between GLPT and CPT are more pronounced for

Hybrid Laminates than for isotropic plates.
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Aggendix 1

Coefficients of the matrices in Equation (2.33)

K11 * * ^11°2 * 86682
K12 * *(^12 * ^66)°8 ‘ k21 “ K12

K22 * *82282 * 86682 8 813 ’ k31 * 8

K66 “ *84482 * ^ss°2 ‘ k23 ’ k32 = 8

K11 ‘ *811°2 * 82682 8

kil = ·<k?l k kélkkk = kill = kill
Kgz * *82282 * 8g6°2

8

KK1 ’ *8268

Kgz * *8248

ki? = ké? · ki“{k2 · kääkz
ki? = @182* kéäkkk = D21 = kll
kä? = ·k9l? · Déjäßz - kääkz
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2.2
‘

SimL ply supp. 3-0
\ .... Simply sugp. GLPT
- .. Clomped LPT[ \ .. - - Conti ever GLPT

gn .6

E x
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‘
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\
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Q x

.—

1.0 . — — T ' ' ·• _ _ 10 15
Thnckness rotno o/h

2.3 Normaiized maximum defiection versus side to thickness ratio for an
isotropic piate strip under uniform transverse ioad.



47

‘ 4.5
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‘
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1Q 1.5 \ \\\ Q — .;
1.0

“ ‘ “ ‘ — 2·———7 — —
• _ 10 _ 15 20

_ Thlckness rotlo 0/h

2.4 Normaiized maidmum deflection versus side to thickness ratio for
two—layer cross—piy plate strip under uniform transverse load.
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0.5
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0.3 / 1’ 1

1
....1

0.1
2/h

-0.1

———— 3-0.
-0.:6 — — GLPT·——— CPT

(¤/h=4)
-0.5

’
-0.8 -0.4 -0.0 0.4 0.8
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2.5 Variation of the axial stress through the thickness of three—layer
cross-ply (0/90/0) laminate under sinusoidal varying transverse
load.



49

0.5

0.3

O.1 /2/Ii
1

1 .
-0.1 1 _

1

7 1 ———- 3-0 .
-0.:6 1 - - GLPT

{ · — —· — CPT
I (G/h=4)

· -0.5
-0.6 -0.2 0.2 0.6

Normol Stress ow -

2.6 Variation of the axiai stress through the thickness of a three-
layer cross-piy (0/90/0) Iaminate under sinusoidai transverse Ioad.



50

·
O•5 \

\
0.3 \

\

\
0.1 \\

Z/h \
·

-0.1 ‘

-—— :6-0 \
-0.:6 — — GLPT t6 — — — — CPT ‘\

(¤/h=4) ‘
-0.5 ‘

-0.050 -0.025 -0.000 0.025 0.050
· . Sheor Stress 0*,,,
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2.11 Variation of the normal stress 6 through the thickness of a
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— ab /°ALTable 2.3 Fundamental Frequency m = w E- E- for a/b = 1.
AL

a/h Theory Rotary Inplane AL ARALL ARALL
Inertla Inertia 2/1 3/2

yes yes 5.84530 5.06894 5.10272
10 GLPT no yes 5.88853 5.08869 5.12564

yes no 5.84530 5.06894 5.10272
no no 5.8853 5.08869 5.12564

CPT no no 6.04287 6.32473 6.07226

yes yes 5.36859 3.70444 3.78094

5 GLPT no yes 5.48859 3.72641 3.80310
yes no 5.36859 3.70444 3.78094
no no 5.48859 3.72641 3.80310

CPT no no 6.04287 6.32473 6.07226

yes yes 5.99115 5.90821 5.77432
20 GLPT no yes 6.00313 5.91849 5.78481

yes no 5.99115 5.90821 5.77432
no no 6.00313 5.91849 5.78481

CPT no no 6.04287 6.32473 6.07226

yes yes 6.03448 6.25107 6.02150

50 GLPT no yes 6.03646 6.25324 6.02356
yes no 6.03448 6.25107 6.02150
no no 6.03646 6.25324 6.02356

CPT no no 6.04287 6.32473 6.07226

yes yes 6.04077 6.30603 6.05974

100 GLPT no yes 6.04126 6.30660 6.06027
yes no 6.04077 6.30603 6.05974
no no 6.04126 6.30660 6.06027

CPT no no 6.04287 6.32473 6.07226
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— ab /°A1Table 2.4 Fundamental Frequency o = m E- E- for a/b = 2

a/h Theory Rotary Al ARAL 2/1 ARAL 3/2
Inertia

GLPT yes 5.89692 3.58746 3.49686
5 GLPT no 6.10834 3.62144 3.51801

CPT no 7.55369 7.903253 7.49241

GLPT yes 6.98593 5.22132 5.30423
10 GLPT no 7.09747 5.24796 5.33507

CPT no 7.55369 7.903253 7.49241

GLPT yes 7.39581 6.78216 6.67933
20 GLPT no 7.43135 6.80344 · 6.70291

CPT no 7.55369 7.903253 7.49241

GLPT yes 7.52759 7.67882 7.34018
50 GLPT no 7.53371 7.68505 7.34617‘ CPT no 7.55369 7.903253 7.49241

GLPT yes 7.54714 7.34499 7.45338
100 GLPT no 7.54869 7.84672 7.45499

CPT no 7.55369 7.903253 7.49241
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, — _ ab °Al _
Table 2.5. Fundamental Frequency w — u E- J ä- for a/b — 5

_ Al

a/h Theory Rotary Al ARALL ARALL
Inertia 2/1 3/2

GLPT yes 7.8585 4.9407 4.1486
5 GLPT no 7.8525 2.8837 4.2060

CPT no 15.7120 16.4380 15.5454

GLPT yes 11.6442 6.9430 6.6198
10 GLPT no 15.0222 7.0256 6.6620

CPT no 15.7120 16.4380 15.5454
i

GLPT yes 14.2346 10.1474 10.2947
20 GLPT no 14.5105 10.2031 10.3555

CPT no 15.7120 16.4380 15.5353

GLPT ‘ yes 15.4370 14.4124 14.0980
50 GLPT no 15.4994 14.4533 14.1423

CPT no 15.7120 16.4380 15.5454

GLPT yes 15.6415 15.8379 15.1381
100 GLPT no 15.6580 15.8541 15.1538

CPT no 15.71201 16.4380 15.5454



63

. ab /°AL .Table 2.6: Natural Frequencies ul = — — for ARALL 2/1 withmn h EAL
a/b = 1, using GLPT, compared to CPT.

h m=1 m=1 m=l m=2 m=2 m=2 m=3 m=3 m=3a/ n=l n=2 n=3 n=l n=2 n=3 n=l n=2 n=3

CPT 6.33 15.80 31.61 15.82 25.30 41.10 31.65 41.13 56.92

5 3.70 7.17 11.96 7.22 10.16 14.60 12.07 14.67 18.74

10 5.07 10.44 17.37 10.48 14.82 21.03 17.49 21.10 26.65

20 5.91 13.56 24.31 13.59 20.27 30.00 24.40 30.06 38.64

50 6.25 15.38 29.90 15.38 24.19 38.29 29.95 38.33 51.78

100 6.31 15.69 31.15 15.71 25.00 40.33 31.20 40.36 55.47
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_ . _ ab /L .Table 2.7. Natural Frequencies umn
—

wmn-E- EAL
for ARALL 3/2 with

a/b = 1, using GLPT, compared to CPT.

h m=l m=l m=l m=2 m=2 m=2 m=3 m=3 m=3a/ n=l n=2 n=3 n=l n=2 n=3 n=l n=2 n=3

CPT 6.07 14.98 29.91 15.54 24.29 39.10 31.38 40.02 54.65

5 3.78 6.99 10.96 7.10 9.56 13.07 11.17 13.18 16.29

10 5.10 10.61 17.52 10.85 15.12 21.06 17.94 21.29 26.29

20 5.77 13.36 24.35 13.77 20.41 30.35 25.22 30.84 39.50

50 6.02 14.68 28.73 15.20 23.50 37.13 30.06 37.94 50.92

100 6.06 14.91 29.60 15.45 24.08 38.57 31.03 39.46 53.64
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/0
Table 2.8: Natural frequencies wmn = mmnqél EÄI for aluminum plates

with a/b = 1 using GLPT, compared to CPT

a/h m=1 m=1 m=1 m=2 m=2 m=2 m=3 m=3 m=3
n=1 n=2 n=3 n=1 n=2 n=3 n=1 n=2 n=3

CPT 6.04 15.11 30.21 15.11 24.17 39.28 30.21 39.28 54.39

5 5.37 11.79 20.24 11.79 24.17 24.50 20.24 24.50 30.76

10 5.84 13.97 26.19 13.97 21.47 32.90 26.19 32.90 43.27

20 5.99 14.79 29.00 14.79 23.38 37.27 29.00 37.27 50.65

50 6.03 15.05 30.00 15.05 24.04 38.93 30.00 38.93 53.72

100 6.04 15.09 30.16 15.09 24.14 39.19 30.16 39.19 54.22 ·



Chapter 3

A PLATE BENDING ELEMENT BASED ON A GENERALIZEO LAMINATE PLATE THEORY

3.1 Introduction

Laminated composite plates are often modelled using the classical

laminate plate theory (CLPT) or the first—order shear deformation plate

theory (FSDT). In both cases the laminate is treated as a single—layer

plate with equivalent stiffnesses, and the displacements are assumed to

vary through the thickness according to a single expression [17], not

allowing for possible discontinuities in strains at an interface of

dissimilar material layers.

The generalized laminate plate theory allows layerwise

representation of inplane displacements, and an improved response of

inplane and transverse shear deformations. In the generalized laminate

plate theory (GLPT) the equations of three—dimensional elasticity are

reduced to differential equations in terms of unknown functions in two

dimensions by assuming layer-wise approximation of the displacements

through the thickness. Consequently, the strains are different in

different layers. Exact analytical solutions of the theory are

developed in Chapter 2 to evaluate the accuracy of the theory compared

to the 3-D elasticity theory. The results indicated that the

generalized laminate plate theory allows accurate determination of

- interlaminar stresses.

This chapter deals with the finite—element formulation of the

theory and its application to laminated composite plates. The accuracy

66
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of the numerical results obtained using the present plate element are

discussed in light of the exact solutions of the theory.

3.2 Finite-Element Formulation

The generalized displacements (u,v,w,uj,vj) are expressed, over

each element, as a linear combination of the two-dimensional

interpolation functions wi and the nodal values (ui,vi,w1,u§,v§) as

follows:

1 1 -
'“

1 1(u,v,w,u ,v (3.1)

where m is the number of nodes per element.

Using Eq. (1), the strains can be expressed in the form

{e} = [BL]{A}, {ej} = [BL]{Aj} (3.2a)

where

[ul] _ W1}{A} = {vl . {AJ} = { j} . <3-zb}
{W} {V }

The matrices [BL] and [BL] are given in Appendix 2 along with the

strain vectors {e} and {ej}. The constitutive equations of the laminate

are given by: _

N{N} = {Alk} + Z {Bkl{¤k}
k=1

(3.3)
{NJ} = [Bj]{e} + {¤j"1{e"}

k=1

where the constitutive matrices are given in equation (2.11b). The

coefficients in the constitutive matrices should be computed as

explained in Section 2.2.
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Using Eqs. (3.1) in the virtual work statement (2.7), we obtain the

finite element model
1211811 111 1 -- lkäzl {11 011

21 22 1{kl 1 {ku} ·· · {A } {0}
• •• • •

=0.

3. . . 0
21 22{kN 1 ·· [kNNl {AN} {0}

where the submatrices [kl1], lkäzl, lkäll and [k§2] are given by

coefficients in the stiffness matrix equation (3.4)

{ku} = {T [BL]T[A][BL]dsze
e ne

lk?] = lk?} ={1e
0e

22 _ — T ij —{BL} [0 (3.4b)
e

3.3 Interlaminar Stress Calculation

When a piecewise linear interpolation through the thickness is

used, GLPT provides an excellent representation of the displacements,

and accurate prediction of the in plane stresses (¤xx,¤yy,¤xy) as was

demonstrated in Chapter 2. Interlaminar stresses (¤Xz,¤yZ,¤Zz)

can be computed, as was done in Chapter 2, from the equilibrium

equations of 3D—elasticity when exact analytical solutions are

available. An approximate technique is used in this study to integrate

the equilibrium equations, using the inplane stress information provided

by the finite element solution. The scheme as presented in [81] is
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extended here to quadrilateral isoparametric elements. It approximates

the shear stress distribution through each layer with a quadratic func-

tion, thus requiring 3n equations for each of the shear

stresses (¤xZ,¤yz), where n is the number of layers; n equations are

used to satisfy the n average shear stresses on each layer. Two

equations are used to impose vanishing shear stresses at the surfaces of

the plate. Then, (n - 1) equations are employed to satisfy continuity

of the shear stresses at the interfaces between layers. Finally, the

remaining (n - 1) equations are used to compute the jump

in(or¤yZ’z) at each interface.

The average shear stresses on each layer are computed from the

constitutive equations and the displacement field obtained in the
3

finite-element analysis.

In this work, unlike Reference 81, the equilibrium equations

°xz,z = ' (°xx,x + °xy,y)

(3.5)
are used to compute and GyZ,Z directly from the finite-element

approximation. The in-plane components of the stresses and their in-

plane derivatives and are computed from the

constitutive equations for each layer, i.e.,

°,t 011 012 012 ät V jgl Vj

[9 V 012 022 022 ä V jgl Vj
L°x_y 012 022 022 ä V ä V J; (äl V ;1)Vj (3*6)
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The procedure thus requires computation of second derivatives of the

displacements (u,v,uj,vj) as presented in Appendix 3.

3.4 Numerical Examgles

Several numerical examples are presented to assess the quality of

the finite element model and to display the features of the GLPT in the

modeling of laminated composite plates. whenever possible, comparison

is made with 3D-elasticity solutions. Two problems of bending of

composite laminates that can be analytically solved using the full 30-

elasticity equations are the cylindrical bending of cross-ply plates and

the bending of simply—supported plates. The cylindrical bending problem

is one in which one of the planar dimensions of the plate is much larger

(in theory, of infinite length along the y-axis) than the other. The

generalized plane—strain conditions prevail, and it is sufficient to

consider only a unit width along the y-axis. The problem is then

reduced to a one—dimensional beam problem. Only certain symmetric

laminates can be analyzed in cylindrical bending because other

lamination schemes would violate the generalized plane—strain

condition. A
Analytical solutions to the 3D-equations of elasticity for

cylindrical bending exist for simply-supported boundary conditions [76].

Analytical solutions to the 3D-equations of elasticity for square plates

also exist for simply-supported, cross-ply laminates [77]. For more

general cases that do not admit analytical solutions to the 30-

elasticity equations, we can still compare the finite element solutions

to closed form solutions of GLPT developed in Chapter 2. Navier type



71

solutions were presented in Chapter 2 for square plates and cylindrical

bending. Since the Navier technique is restricted to simply—supported

boundary conditions, closed~form solutions for cylindrical bending

(using eigenvalue expansions [78]) that admit any combination of

boundary conditions were developed in Chapter 2. Comparisons to other

theories like the classical laminated plate theory are presented to

demonstrate the accuracy of the new theory.

3.4.1 Cylindrical Bending of a (0/90) Plate Strip

Transverse deflections, normalized with respect to the classical

laminated-plate theory solution, are plotted in Figure 3.1 for a (0/90)

laminated-plate in cylindrical bending. The material properties used

are those of graphite—epoxy:

E1 = 19.2 X 106 psi, E2 = 1.56 X 106 psi,
=XG23

= 0.523 x 10 psi, 012 = 013 = 0.24,

023 = 0.49. (3.7)

A uniform load and three different boundary conditions were used (SS =

simply supported at both ends, CC = clamped at both ends and CT =

cantilever). The 30 elasticity solution [76] for the simply supported

case and the closed form solutions of GLPT from Chapter 2 for the three

types of boundary conditions are plotted for comparison. Five elements

are used to represent one—half of the plate for the SS and CC cases,

taking advantage of the symmetry of the problem and 10 elements are used

for the CT case, which has no symmetry. Very good agreement is found

between the finite—element solution and the exact solutions.
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3.4.2 Cylindrical Bending of a (0/90/0) Plate Strip

A long, cross—ply (0/90/0) laminated plate (a/h = 4), simply-

supported along the long edges and subjected to sinusoidal load is

analyzed. The plate can be analyzed using any strip along the length.

The underlying assumption is that every line along the length deforms

into the same shape (called cylindrical bending). The problem becomes

essentially one-dimensional (e.g., beam).

The material properties used are

E1 = 25 x 106 psi, E2 = 106 psi,

G12 = G13 = 0.5 x 106 psi,

G23 = 0.2 x 106 psi, vlg = vlg = ogg = 0.25. (3.8)

The displacements and stresses are normalized as follows:

U = iggää u , w'= iggiä w
qohs qohs

gxz = ia; °xz ’ gxx =Ä °xx ’ (3°9)

where s = a/h, a = width and h = total thickness of the plate. Both

one—dimensional and two-dimensional elements were used in this example,

imposing the appropriate boundary conditions on the plate elements to

simulate the generalized plane-strain (i.e., cylindrical bending)

condition. Under these conditions, both elements gave exactly the same

results.

Eight four-node linear elements were used to represent one-half of

the span. Comparisons with the 30 elasticity solution are made in

Figures 3.2 to 3.4. Through—the—thickness distributions of the in plane
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displacements u obtained by various theories are shown in Figure 3.2.

The GLPT solution is in excellent agreement with the 3D elasticity

solution, whereas the CLPT solution is in considerable error. The

inplane normal stress oxx computed in the CLPT (see Figure 3.3) differs

even in sign at the interface of laminae.

Eight nine-node quadratic elements are used to obtain the through-

the-thickness distribution of shear stress axz from the equilibrium

equations, and the result is shown in Figure 3.4. Note that the 3D

elasticity solution is slightly unsymmetric because the load applied at

the top surface is unsymmetric about the midplane, while the GLPT

solution is symmetric because the load is assumed to be applied at the

midplane, as is the case with all plate theories.

3.4.3 Cross-gly Laminates

Sinusoidal Load. Consider a simple supported (0/90/0) square

laminate under sinusoidal load. This example is chosen because there

exists an exact 3D elasticity solution [77]. The material properties

used are the same as those used in Section 3.4.2 Due to symmetry

(geometric as well as material), only one quarter of the laminate is

modelled using a 4 x 4 uniform mesh of quadratic elements. A coordinate

system with the origin at the center of the plate is used for

reference. The simply-supported boundary conditions used are the same

as those used to obtain the 3D elasticity solution:

w = u = uj = 0 at y = 1 a/2

w = v = vj = 0 at x = 1 a/2

The following normalizations of stresses are used in presenting the



74

results: .

(Ü,V)=}E)Eg·(uv) w=%w (Ü E )=L(¤ o)
qohS3

’ ’
qohS4

’ xz’ yz qos xz’ yz

(3.10)
QOS

where s = a/h, a is the length of the square plate and h is the

thickness of the plate. The stresses were computed at the following

locations, which are the center points of the elements:

U (lf), U (ä—,é—)ündo (B-,lä). (3.11)xx 16 16 yy 16 16 xy 16 16

, The stress distributions through laminate thickness are shown in Figures

3.5-3.7 for s = 4. The quality of the GLPT solution and the accuracy of

the finite-element solutions are apparent from the figures.

Uniform Load. Next we consider the case of a simply—supported

[0/90/0] plate under uniformly distributed transverse load. The

material properties used are those of a graphite—epoxy material given in

Eq. (3.7). The plate is simply-supported on all four sides. Due to
·

symmetry, only a quarter of the plate is modelled. The appropriate

boundary conditions for a simply-supported cross-ply laminate, with

symmetry axes along x = 0 and y = 0, are:

on x = 0: u = uj = 0

on y = 0: v = vj = 0

on x = a: v = w = vj = 0

on y = b: u = w = uj = 0 (3.12)

The through-the—thickness distribution of the inplane normal

stress axx, for aspect ratio a/h = 10, is shown in Figure 3.8. The
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stresses were computed at the Gauss point x = 0.0528a and y = 0.0528a.

Figures 3.9 and 3.10 contain similar plots of the interlaminar shear

stresses oyz and axz, respectively. In Figure 3.9, ayz is computed at
the point x = 0.0528a and y = 0.9472a, in Figure 3.10, cxz is computed

at the point x = 0.9472a and y = 0.0528a. In these plots, broken lines

represent stresses obtained from the constitutive equations, while the

smooth solid line represents the stress distribution obtained using the

equilibrium equations. Stresses obtained using the GLPT and FSDT are

compared in these figures. In this case, the GLPT admits an analytical

solution; the finite element solution agrees with the analytical

solution. The stress components predicted by the GLPT are in close

agreement with the 30 elasticity solution. The differences between the

stresses computed in the FSDT and GLPT theories are significant for a/h

= 10, but the difference reduces as the a/h ratio increases.

3.4.4 Angle—ply Laminates

While the inplane stresses obtained using FSDT and GLPT in a cross-

ply plate are reasonably close, the stresses differ significantly for an

antisymmetric angle-ply laminate. This is illustrated in this

example. Consider the case of an anti—symmetric angle—ply (45/-45/45/-

45) plate under uniformly distributed transverse load. The material

properties are the same as those in the previous example.
l

The plate is simply—supported on all four sides. Due to symmetry,

only a quarter of the plate is modelled. The appropriate boundary

conditions for a simply—supported antisymmetric angle—ply rectangular

laminate, with symmetry axes at x = 0 and y = 0, are:
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on x = 0: v = uj = 0

on y = 0: u = vj = 0

on x = a: v = w = vj = 0

on y = b: u = w = uj = 0 (3.13)

Figures 3.11 and 3.12 contain plots of through-the—thickness

distribution of the inplane stresses oxx and axy, respectively, for
aspect ratio a/h = 10. Both figures correspond to the Gauss point x = y

= 0.0528a. The shear correction factors used for the FSDT and GLPT are

1.0. The difference between the stresses computed by the FSDT and GLPT

still persist, however reduced, even for thin laminates. For example,

Figure 3.13 contains a plot of axx for aspect ratio a/h = 50.

Figures 3.14 and 3.15 contain plots of oxz through the thickness of

the same laminate at x = 0.9472a, y = 0.0528a for aspect ratios of 10

and 100. The results show striking differences between FSDT and GLPT.

The difference does not vanish as the aspect ratio grows. It can be

seen that the nondimensional shear stress distribution predicted by the

FSDT remains almost unchanged as the aspect ratio is changed from 10 to

100. The reason for the difference can be attributed to the GLPT's

ability to accurately predict interlaminar stresses, even at the free

edge.

Figure 3.16 contains a plot of the nondimensional maximum

transverse deflection w as a function of the aspect ratio of the

plate. The difference between the two theories can be attributed to the

different representation of the shear deformation. In this case the

shear correction factor used in both theories is one. It is well known

that the FSDT requires a shear correction factor smaller than one to
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produce the correct transverse deflection. Convergence of the stresses

provided by the FEM solution to the analytical solution of Chapter 2 can

be inferred from Figure 3.17, where the maximum value of axx, normalized
with respect to the analytical solution, is shown for different

discretizations. Convergence results for both linear and quadratic

elements are shown. The convergence of linear elements is almost as

fast as the convergence of quadratic elements, but only quadratic

elements can be used to compute interlaminar shear stresses (see Section

3.3).

The generalized laminate theory yields accurate results for both

displacements and stresses. The applicability of the GLPT element to

problems with dissimilar materials and problems without analytical

solutions is demonstrated. while the GLPT plate bending element is

computationally expensive compared to the FSDT plate element (or the

Mindlin plate element), it yields very accurate results for all stresses

and it is less expensive compared to a three—dimensional finite element

analysis of laminated composite plates.

3.4.5 Bending of ARALL 2/1 and 3/2 Hybrid Comgosites

In this section, the application of the GLPT element to a class of

hybrid composite laminates is demonstrated. ARALL is a hybrid laminate

in which layers of Aramid-Epoxy are placed between Aluminum layers. The

designations 2/1 and 3/2 correspond to (Al/Ar/Al) and (Al/Ar/Al/Ar/Al),

respectively. Each Aramid layer is modelled as three layers. The

middle layer represents the fiber-rich part of the Aramid layer, and the

layers on either side represent resin—rich parts that bond the Aramid



W
78

fiber to the Aluminum layer. In this study, aluminum layers are taken

to be 0.03048 mm thick, fiber—rich layers 0.0144 mm thick and resin—rich

layers 0.0072 mm thick. Thus, ARALL 2/1 is modelled as a six-layer

laminate (Az/resin/Ar)S. ARALL 3/2 is modelled using 10 layers

(Am/resin/Ar/resin/A2)S.

The material properties used are,

Aluminum:

E = 10.4 x 106 psi, v = 0.333 (3.14a)

Resin rich Aramid:
‘

E1 = 2.1976 x 106 psi, E2 = 4.8219 x 105 psi,

G12 = 1.5717 x 105 psi, G23 = 1.5576 x 105 psi

vlz = 0.3749, v23 = 0.5479 (3.14b)
Fiber rich Aramid:

E1 = 1.2549 x 107 psi, E2 = 7.6525 x 105 psi
‘ G12 = 2.8955 x 105 psi, G23 = 2.6462 x 105 psi

vlz = 0.3458, w23 = 0.4459 (3.14c)
A simply-supported square-plate under uniform load is considered. Due

to symmetry only a quarter (upper right quadrant) of the plate is

modelled using the 4 by 4 mesh of eight—node isoparametric elements (see

Figure 3.23). The simply supported boundary conditions used are:

w(0.y) = w(¤.y) = v(0„y) = v(¤„y> = vj<0.y) = vj(¤.y> = 0
w(x,0) = w(x,b) = u(x,0) = u(x,b) = uj(x,0) = uj(x,b) = 0 (3.15a)

The symmetry along the centerline implies that,

¤(¤/2.y) = ¤j(¤/2.y) = 0
v(x,b/2) = vj(x,b/2) = 0 (3.15b)

where j = 1,...,N, and N is the number of layers in the laminate.



79

Both inplane and interlaminar shear stresses can be computed using

either the constitutive equations or equilibrium equations. Inplane

stresses are linear in each layer and they approximate closely the exact

solution. Interlaminar shear stresses are constant in each layer, their

values being approximately the average of the exact solution. It is

also possible to obtain the actual distribution of interlaminar shear

stresses by a postprocessing algorithm (see Section 3.3) if the solution

is obtained using quadratic elements.

For all cases the stresses are presented as a function of the

nondimensional thickness z/h. The results shown correspond to values at

the Gauss points closest to the points where the solution has a maximum,

i.e., ¤Xx(a,a,z), ¤yy(¤,¤z), ¤Xy(B,B,Z), ¤xZ(6,¤,z), ¤yZ(a,6,z), with a

= 0.526 a and 6 = 0.973 a. The following nondimensionalizations are

used:

(;,E,$ )=(„,„,„ )L
x y xy x y xy qS2

(E ,E )=(¤ ,„ )L
yz xz yz xz qs

W = iEEE%& w, (3.16)
qhs S

where q is the intensity of the uniform transverse load.

From the distribution of interlaminar transverse shear stresses

(Figures 3.18 and 3.19), we can observe that the maximum occurs in the

aluminum layers, either at the outer layers for ARALL 2/1 or at the

center layer for ARALL 3/2. This may be an advantageous factor because

the matrix material has low strength in shear. The first-order shear

deformation theory (FSDT) predicts even lower shear stresses at the
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Aramid layers because unlike GLPT, FSDT does not account for variable

shear strain through the thickness. For hybrid composites like ARALL,

the shear strain distribution is not a constant, contrary to the

assumption made in FSDT. Therefore, large shear strains do occur in the

more compliant Aramid layers, thus relaxing the shear stresses through

the laminate. However, shear stresses do not reach high values in the

compliant layers due to the low shear modulus of the Aramid. As a

result, an optimization with respect to shear failure can be

accomplished by the use of compliant layers.

The transverse shear stress cxz computed from equilibrium equations

(continuous curves in Figure 3.20) and those computed from constitutive

equations (discontinuous lines in Figure 3.20) are compared in Figure

3.20. Quadratic elements are used to obtain both stress fields. 0f

course, to obtain the transverse shear stresses from the constitutive

equations one can even use linear finite elements. Figure 3.21 contains

a comparison of axz computed from the constitutive equations using

linear finite elements with that obtained using equilibrium equations

using quadratic elements. It is observed that the discontinuous stress

fields computed from the constitutive equations agree very closely with

those computed from equilibrium at the center of each layer.

The maximum transverse deflections versus side to thickness ratio

are shown in Figure 3.22. Distributions through the thickness of the

inplane normal stresses are shown in Figures 3.23 to 3.25. The

deflections obtained by the FSDT are lower than those predicted by the

GLPT. In general, the GLPT gives a more flexible model than the FSDT
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because GLPT accounts for the different behavior of stiff and compliant

layers.

3.4.6 Influence of the Boudary Conditions on the Bending of ARALL 3/2

Four different boundary conditions, called SS1, SS2, SS3 and SS4

are used to represent a simply supported boundary of a square ARALL 3/2

plate under uniform transverse load. For simplicity, the Aramid layers

are represented by a simgle layer with the properties of the fiber-rich

material. Consequently the ARALL 3/2 is modelled as a 6 layer assembly,

where the Aluminum middle layer is represented as two layers, one above

and one below the middle surface. For all cases, the same symmetry

boundary conditions are applied along the x- and y-axis. 0n the ‘

boundary of the plate, the following boundary conditions are used:

SS1: w(x,·%) = w(%, y) = 0 r

SS2: u(x,·%) = w(x,·%) = 0 '

v<g. y> = w<g. y> = 0

ssa: uj(x, g) = w(x, g) = 0

Mg, y> = w<g, n = 0

ssaz 0(x, g) = uj(x, g) = wol, g) = 0

v(%„ y) = vj(§. y) = w(§. y) = 0

In Figures 3.26 to 3.30 we plot the distribution through the thickness

of the stresses ox, oy, axy, and oxz and oyz. It can be seen that the
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influence of the boundary conditions is minimal. In particular, note

that the results are not affected by constraining the inplane

displacements u = v = 0. This is because the inplane displacements

(u,v) do not play an important role in the linear analysis of symmetric

laminates, such as ARALL 3/2.

3.5 Natural Vibrations

The Generalized Laminated Plate Theory (GLPT) has been shown in

Chapter 2 to provide excellent predictions of the local response, e.g.,

interlaminar stresses, inplane displacements and stresses, etc. This is

due to the refined representation of the laminated nature of composite

plates provided by GLPT and to the consideration of shear deformation

effects. The global response of composite laminates with the inclusion

of geometrical nonlinearity will be investigated in Chapter 4.

Analytical solutions for natural vibrations of plates were presented in

Section 2.4. The objective of this section is to investigate the

natural vibrations of laminated composite plates using GLPT. Results

are presented for symmetric and unsymmetric cross—ply and angle—ply

laminates. The effects of symmetry boundary conditions, lamination

angle, orthotropy and thickness ratio are investigated. The theory and

associated finite element model are shown to yield accurate predictions

of fundamental frequencies compared to the 3-D elasticity solutions.

3.5.1 Formulation

The approximation of the displacements through the thickness of the

plate was given in Section 2.1. The form of the variational statement

used to derive the finite element model, and the corresponding Euler-
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Lagrange equations and boundary conditions, can be found in Section

2.2. The finite element model can be found in Section 3.2 for the

static linear case, and in Section 4.3 for the static nonlinear case.

In this section we compute the inertia terms,

u lk
1°= 1 1 ,,*.12

k=l Zk_1
N lk .I1 = Z f ¢"(z)pkdz

k=l Zk_1
.. N lk .r‘° = 1 1 ¢‘<z>AJ<z>A"¤zk=l Zk_1

In the finite element model the generalized displacements

(u,v,w,uj,vj) are expressed over each element as a linear combination of

the two-dimensional interpolation functions wi as follows:

j . m . .

where m is the number of nodes per element. The finite element model

advanced in Section 3.2 is complemented here by the mass matrix to give,

{IK} — ¤»2lMl}{6} = {0} (3-17)
with

12{mu} 1m}l} . . . 1mN 1 {A}
{ml"} }m§§} . . . . {A1}

{mgl} . {A"}
and

\
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{A}T = {u1,v1,wl, ..., um,vm,wm}

{AW - {u{,v{, ..., uä,vä}
lm1l1=ZIe

sie
lm?} = lm§llT = Z T 6.19)

e sie

im§§1 = ä in 1‘¢‘iH1Tih1¤Ae
with °

(u,v,w,uj,vj) = [nm} (3.20)
If the rotary inertia is neglected we have Ii = Iij = 0 for all i,j

= 1,...,N. This causes the mass matrix to be not positive definite.

The degrees of freedom corresponding to the displacements uj and vj can

be eliminated at the element level to reduce the order of the system and

to recover a positive definite mass matrix.

If the inplane inertia is neglected, then I? = I; = 0 and Ig ¢ 0.
The degrees of freedom corresponding to the displacements u and v can be

eliminated to further reduce the size of the system and to obtain a

positive definite mass matrix.

3.5.2 Numerical Examples
A

Cross—Ply Plates. To study the influence of the number of layers

and the degree of orthotropy on the accuracy of the GLPT, a comparison

is presented in Tables 3.1 and 3.2 with the 3-D solution [82] for cross-

ply, simply supported plates. Symmetric laminates are considered in

Table 3.1 and unsymmetric laminates in Table 3.2. In all cases the
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total thickness of the 0°—layers is the same as that of the 90°-layers

while layers of the same class have the same thickness. The GLPT

solution is obtained with a 2 x 2 mesh of 9-node elements in a quarter

of the plate. The inplane inertias are included and the shear

correction factor is taken to be kz = 1.0. The CPT solution and the

corresponding errors with respect to the 3-0 solution are included for

comparison. Very good correlation between the GLPT and the 3-D

solutions is observed.

Antisymmetric angle gly plates. Antisymmetric, simply supported

laminates with all layers having the same thickness are considered. The

nondimensional fundamental frequency is defined as.] = o az JEYÜQ. In

all cases the GLPT solution is compared with the analytical CPT

solution. Two- and six-layer laminates are considered with G12/E2 =

0.5, G23/E2 = 0.2, ol; = 0.25 and h = 1.0, regardless of the number of

layers. The finite element solutions are obtained using a 2 x 2 mesh of

9-node elements in a quarter of a plate with the symmetry boundary

conditions. A similar study to the one presented in Section 4.5 for the

influence of the symmetry boundary conditions on the bending under

transverse loads is carried out here to study the influence on the

vibration frequencies. A 4 x 4 mesh is used to model the full plate and

to compare with the quarter plate model. It is concluded that the

symetry boundary conditions are identically satisfied in the full plate

model and identical vibration frequencies are obtained.

The effect of the thickness ratio a/h is shown in Figure 3.31 for

El/E2 = 40 and 6 = 45°. It is evident that shear deformation plays an

important role for low values of the thickness ratio. The effect of the
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lamination angle 6 is considered in Figure 3.32 for a/h = 10 and El/E2 =

40. The natural frequencies predicted by the GLPT are consistently

lower than those predicted by CPT. The variation of E with the

lamination angle 6 is not as important as predicted by CPT. This is

because the shear deformation effects are more important for the

thickness considered in Figure 3.32. The effect of the degree of

orthotropy (E1/E2) is investigated in Figure 3.33 for a/h = 10 and 6 =

45°. The fundamental frequency w is normalized by the frequency wo of

the orthotropic plate (or, the number of layers approaches ¤), which

I eliminates the coupling terms Bij.

Symmetric angle-gly laminates. No analytical solutions are

available for symmetric angle-ply laminates due to the coupling

introduced by the coefficients 016 and 026. In the following example

the total thickness of the +6° layers is the same as for the -6° layers,

while all layers in the same class have the same thickness. Both a 4 x

4 mesh in the full plate and a 2 x 2 mesh in a quarter of the plate give

_ similar results. The nondimensional frequencies E are computed as in

the previous example and the same material properties are used for 3-,

5- and 9-ply laminates.

The effect of the thickness ratio a/h on the fundamental

frequencies is examined in Figure 3.34 for 6 = 45° and E1/E2 = 40.

Shear deformation exerts an important influence for the lower range of

thickness ratio, lowering the free vibration frequencies because of the

reduced rigidity of the plate. The effect of the lamination angle 6° is

displayed in Figure 3.35 for a/h = 10 and El/E2 = 40. Significantly

higher frequencies are observed for the t45° lamination. The effect of
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increasing the number of layers is to reduce the bending—extension

coupling Bij which in turn increases the value of the free vibration

frequencies. The effect of the orthotropy, E1/E2, of individual layers

is illustrated in Figure 3.36 for varying numbers of layers with a/h =

10 and 6 = 45°. In general, increasing the longitudinal modulus E1

increases the rigidity of the plate; consequently, the value of the

natural frequencies also increases. The effect is more pronounced for a

high number of layers for which the coupling Bij is small.

The Generalized Laminated Plate Theory is shown to be accurate for

predicting free vibration frequencies of laminated composite plates on

any range of thickness ratio, orthotropy of the material, or lamination

angles. The theory can produce excellent representation of local

effects as well. The importance of the laminated nature of the plate

and the shear deformation effects are evident from the examples

presented. It is shown that symmetry boundary conditions can be used

for the linear analysis of angle—ply plates.

3.6 Implementation into ABAQUS Computer Program

3.6.1 Description of the GLPT Element

The degrees of freedom (d.o.f.) used in the GLPT element are:

- two inplane displacements (u,v) of the middle surface;

- the transverse displacement (w) of the middle surface;
4

- 2*NLAYER inplane relative displacements (uj, vj) at the

interface between layers, where NLAYER is the number of layers

in the laminate.

The theory requires that the middle surface coincide with an
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interface. If such an interface does not exist at the middle surface,

then we must model the middle layer as a two-layer assembly. In this

way we introduce an interface at the midplane of the plate. The

variables (u,v,w) completely describe the displacements at the midplane,

and no additional variables (uj, vj) are necessary at the midplane. we

measure the displacements (u,v,w) with respect to global (i.e.,

structural) coordinates. However, we measure the relative displacements

of the interfaces (uj, vj) with respect to the midplane.

For each node we arrange the degrees of freedom as follows: u, v,

w, ul, vl, u2, vz, ..., un, vn. Figure 3.31 depicts the relationship

between the various displacements and their corresponding degree of

freedom. Both linear and quadratic elements are used for approximation

of u, v, w,..., in the plane (see Figure 3.37).

3.6.2 Input Data to ABAQUS

In this section we describe the minimum set of option-cards

necessary to run a problem using the GLPT element.

ZMLE
Under the *NODE option card, the nodal data of a 2D planar mesh is

listed in the usual way, giving the x and y coordinates of the modes in

the mesh.,

*USER ELEMENT

The *USER ELEMENT card must be specified immediately after

completion of the *NODES optipn. This is because the *USER ELEMENT card

defines the GLPT element and makes it available to subsequent options in
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the input data. The necessary parameters are:

— NODES = 4 or 8 or 9 depending on the element being used

- TYPE = U1

- COORDINATES = 2 (3.21)

- VARIABLES = 2

- PROPERTIES = 5 + 3*NLAYER + 6*NMATS

The second card in the *USER ELEMENT option must list the degrees of

freedom starting with 1 and up to NDOF, the number of d.o.f. per node

computed as

— NDOF = 3 + 2*NLAYER (3.22)

*UEL PROPERTY

Following the *UEL PROPERTY option there must be as much parameters

as declared in the PROPERTIES suboption of the *USER ELEMENT

option. — NLAYER: number of layers of the laminate

- NMATS: number of materials to be used

- NGAUS: full integration rule

- NGPRD: reduced integration rule

— SCF: shear correction factor

— 6K tk, mk, with k = 1, NLAYER

- eg, sg, ogg, ogg, ogg, ogg with 5 = 1, mms
The subscript k indicates the number of layer counting from the bottom

up. ak is the angle between the material coordinate system and the

structural coordinate system. tk the thickness of the k-th layer and mk

is the material property set number of the k-th layer. The superscript

j goes over all the material property sets.



*ELEMENT

The connectivities are given with a *ELEMENT card using TYPE=U1 for

the 4-, 8-, and 9—node elements.

The specification of the boundary conditions may involve:

- the inplane displacements of the middle surface (u,v) which

correspond to d.o.f. 1 and 2.

- the transverse deflection of the middle surface (w) which

corresponds to d.o.f. 3.

- the inplane relative displacements of the interfaces, usually

employed to specify rotations.

*BOUNOARY

Under *BOUNDARY the specified degrees of freedom (DOF) of the

structure are listed. In Figure 3.37 we show the relationship between

the number of DOF and the displacements for a typical node. In the

following we describe how to specify the various DOF to model commonly

encountered boundary conditions for plates. As an example consider a

four—layer laminate as depicted in Figure 3.37. Furthermore assume that

the plate is square and simply—supported on all four sides. In this

case only one quarter of the plate need to be modelled as shown in

Figure 3.38. The boundary conditions used are [80],

at >< = 0: ¤l(y) = ¢·x(y) = 0

at y = 0: u2(x) = wy(x) = 0

at >< = a/2: ¤3(y) = ¤2(y) = ¢·y(y> = 0

at y = a/2: u3(x) = u1(x) = wX(x) = 0

For the four-layer laminate these translate to:
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at x = O: set d.o.f. 1,4,6,8,10 to zero

at y = 0: set d.o.f. 2,5,7,9,11 to zero

at x = a/2: set d.o.f. 2,3,5,7,9,ll to zero

at y = a/2: set d.o.f. 1,3,4,6,8,10 to zero

we will extend on the treatment of the specification of boundary

conditions in the examples in the following section.

@@1ns
Two types of load are implemented. Transverse load, bilinear over

each element, is specified by the 4 values at the corner nodes. Inplane

lateral load, linear on the side, is specified by its two components on

each end-node defining side 1 of the element (i.e., the side limited by

the local nodes 1 and 2). Loads are specified as,

ELEMENT, q1,q2,q2,a4,Ei,E;,E§,f§
where qi = pressure at node i

fi = x-component of the lateral pressure at local node 1

3.6.3 Output Files and Postprocessing

To complete the discussion on the use of the GLPT element in ABAQUS

we describe the output files and how the output can be further post-

processed.

The ABAOUS computer program produces its standard output. This

file lists, among other things, the displacements (u,v,w) in the first 3

columns of the section labeled NODE OUTPUT. The column labeled U1

corresponds to u, U2 to v and U3 to w.
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During a normal execution using the GLPT element, the USER

SUBROUTINE writes a temporary file. Useful information can be retrieved

from it using the post-processor program.

The structure of the temporary file is described here.

For each element we have:

1st card (415) IEL NGP NLAYER ID

where

— IEL: element number

- NGP: number of Gauss points at which the stresses are stored

- NLAYER: number of layers

— ID: element type (1 = GLPT)

Next, NLAYER + 1 cards follow with the z—coordinate of the

interfaces (1PE13.5).

Next, for each Gauss point (a total of NGP*NGP) we have:

One card with the Gauss point coordinates (2(1PEl3.5))

2*NLAYER cards, each couple of them gives the stresses at the

bottom and top surfaces respectively, for each layer. Each card

gives the stresses computed from constitutive equations

(6(1PE13.5)):

z,¤xx,¤yy,¤xy,¤xy,¤yZ,¤xz
Finally we have a list of the coefficients in the third-order

approximation of the interlaminar shear stresses, as computed from

equilibrium equations. These coefficients can be used by the post-

processor program to give a series of values of oyz and oxz through the

thickness, suitable for plotting.
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The post—processor uses the temporary file to produce an output

file in which the distribution of stresses is shown at user specified

points or at points where the stresses have a maximum. The post-

processing program can be easily modified to suit the needs of the

analyst without having to modify the USER ELEMENT subroutine.

3.6.4 0ne-element Test Example

As a first example we model a simply supported plate using one GLPT

element. The plate is uniformly loaded in the transverse direction

(w). For element number 1, the magnitude of the transverse load at the

nodes 1 to 4 is 1, 1, 1, 1. The x- and y-components of the lateral load

on node 1 of side 1 are equal to 0,0 and the two components at node 2

are 0,0.

Due to symmetry of the geometry, load and material properties, only

1/4 of the plate need to be modelled. The appropriate boundary '

conditions in terms of displacements and rotations for a simply
u

supported, cross—ply plate, with symmetry at x = 0 and y = 0 are [80]:

- on x = 0: u = ¢x = 0

— on y = 0: v = ¢y = 0

- on x = a/2: v = w = ¢y = 0

- on y = a/2: u = w = ¢X = 0

The *BOUNDARY option card describes the boundary conditions for this

example. 0n each card, one node and the specified d.o.f. are given.

According to Figure 3.37, d.o.f. 1 represents u, d.o.f. 2 represents v,

d.o.f. 3 represents w. For this example NLAYER = 4, then according to

Equation 3.21, the number of d.o.f. per node is NDOF = 11.
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Consequently, the relative inplane displacements in the x-direction

correspond to d.o.f. number 4, 6, 8, 10 and those in the y—direction to

d.o.f. number 5, 7, 9, 11.

The SS boundary condition on x = a/2 is satisfied setting to zero

the d.o.f. 2, 3, 5, 7, 9, 11 for nodes 2, 6, 3 (see Figure 3.39). On y

= a/2, d.o.f. 1, 3, 4, 6, 8, 10 are set to zero for nodes 4, 7, 3.

The symmetry condition along x = 0 is satisfied by setting d.o.f.

1, 4, 6, 8, 10 to zero for nodes 1, 8, 4. Similarly, on y = 0 we set

d.o.f. 2, 5, 7, 9, 11 to zero for nodes 1, 5, 2.

The plate is laminated as [0/90/0]t with thicknesses

[0.833/0.833/0.833lT. Since we must specify an interface at the middle

surface, we model the plate as a [0/90lS with thicknesses [0.833/0.417lS

which is equivalent. Ne use a single material (NMATS = 1) with

properties:
-·E1

= 1.2549E7

- E2 = 7.6525E5

- G12 = 2.8955E5

- G23 = 2.6462E5

- vlz = 0.3458
—

v23 = 0.4459
Immediately after the *NOOES option is completed, we declare the *USER

ELEMENT option. Ne specify: .

- NODES = 8

- TYPE = U1

- COORDINATES = 2

- PROPERTIES = 23
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— VARIABLES = 1 (This value is fixed for any problem)

Since NDOF = 11 is this example, the next card lists the d.o.f., i.e.,

1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11.

To specify all the necessary parameters to the model we need,

according to Equation 3.21, PROPERTIES = 23. The 23 parameters are

given with a *UEL PROPERTY card for the ELSET = CUBE. According to

Equation 3.22 we have:

· NLAYER = 4

- NMATS = 1

- NGAUS = 2
— NGPRD = 2
— SCF = 1

- 61 = 0

- tl = 0.833

-m1=1

- 62 = 90

- tz = 0.417

—m2=1

- 63 = 90

- t3 = 0.417
—m3=1

- 64 = 0

- t4 = 0.833 _
—m4=1

- E1 = 1.2549E7

- E2 = 7.6525E5
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—
G12 = 2.8955E5

— G23 = 2.6462E5

- G23 = 2.6462ES

- vlz = 0.3458
—

v23 = 0.4459
The *ELEMENT option uses element TYPE = U1 and declares all the

elements as belonging to the named ELSET = CUBE.

Finally, the *USER SUBROUTINES,INPUT = 15 card is required to allow

proper link with the main ABAQUS program. A complete report of the

stresses can be obtained by using the postprocessing program.
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Aggendix 2

Strain-Displacement Matrices and Laminate Stiffnesses Equations

The strains {e} and {ek} appearing in Equation (3.2) are

E ME
BX BX

M MBy vv
k k- 22 M k 2 M M

*2*-
„+„·*¢* 6,+6X
aw k
5; U

aw k
ay V '

The matrices [H] and [F] appearing in the strain-dispTacement

reTations (3.2) are

601 602 60m ‘
K- 0 0 SY- 0 0 0 0

601 602 60m
0

F
0 0 0 ••• 0 0

***1 ***1 ***2 ***2 ***0 ***m.

601 602 60m
0 0 ä 0 0 Y

••• 00‘

***1 ****12 ***0LO 0 ä 0 0 'ä"••• 00*

‘
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34:1 34:2 34:m
O O .„ 3-;- Ü

34:1 34:2 34:m
O O „„ O Il-

_ 34:1 34:1 34:2 34:2 34:m 34:m
[BL] = 57 F 57 F 57 F
(5x2m)

vl 0 vz 0 ... vm 0

0 vl 0 v2 ... 0 vm
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Appendix 3
Computation of Higher-Order Derivatives

The computation of the second- and higher-order derivatives of the

interpolation functions with respect to the global coordinates involves

additional computations.

The first-order derivatives with respect to the global coordinates

are related to those with respect to the local (or element) coordinates

according to 21 -1uiaxag ag ag ag}=
If Ä { }z [J]'1 (a)

ex Ei E
By ön 8n 811 3n

where the Jacobian matrix [J] is evaluated using the approximation of

the geometry:

r
X = xj¢j(€•n)

r

where wi are the interpolation functions used for the geometry

and (5,n) are the element natural coordinates. For the isoparametric
formulation r = m and wi = wi. The second—order derivatives of wi with .
respect to the global coordinates (x,y) are given by



100

özwi özvi

axz a;2
B21
ax1211 -1 1211

——- = {J1} ——— - [J2] (c)2 2By B11 aw,1azwi azwi ay
BXBy BEB11

where

Q 2 EX 2 El Q
—

(B;) (BZ) 2
BE BE

16 1 = @12 @*12 2%**
1 B11 811 an B11

Ä Ä Ä Bl ÄÄ + Ä Ä ((1)Bn BE Bn BE ön BE Bn BE

Q fxag? BSZ
_ Q Q

B11 B11
2 2a x a y

ana; a;an (8)

The matrices [J1] and [J2] are computed using Equation (b).
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3.1 Comparison between the 30 analytical solution, GLPT analytical
solutions and GLPT finite element solutions for a (0/90) laminated
plate in cylindrical bending. The transverse load is uniformly
distributed and three boundary conditions (SS = simply supported,
CC = clamped, and CT = cantilever) are considered.
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3.2 Through—the—thickness distribution of the in—plane displacement u
fo; a äimply supported, (0/90/0) laminate under sinusoidal load,
a = .
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3.3 Through-the-thickness distribution of the in—plane normal
stress oxx for a simply supported, (0/90/0) laminate under
sinusoidal load, a/h = 4.
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3.4 Through-the—thickness distribution of the transverse shear
stress axz for a simply supported, (0/90/0) laminate under
sinusoidal load, a/h = 4.
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3.5 Through—the—thickness distribution of the in-plane normal
stress cxx at (x,y) = (a/16, a/16) for a simply-supported,
(0/90/0) laminated square plate under double-sinusoidal load, a/h
= 4.
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3.6 Through-the-thickness distribution of the in—plane normal
stress Oy at (x,y) = (a/16, a/16) for a simply supported,
SOÄQO/0) 1(aminated square plate under double—sinusoidal load, a/h
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3.7 Through—the—thickness distribution of the in-plane shear
stress Ox at (x,_y) = (7a/17, 7a/16) for a simply supported,
(0£90/0) laminated square plate under double—sinusoidal load, a/h
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3.8 Through-the—thickness distribution of the in—plane normal
stress oxx for a simply-supported, (0/90/0) laminated square plate
under uniform load, (a/h = 10) as computed using the GLPT andFSDT. °
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3.9 Through-the-thickness distribution of the transverse shear
stress Oyz for a simply—supported, (0/90/0) laminated square plate
under uniform load, (a/h = 10) as computed using the GLPT andFSDT.
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3.10 Through-the-thickness distribution of the transverse shear’
stress 6 for a simply—supported, (0/90/0) laminated square plate
under uniform load, (a/h = 10) as computed using the GLPT and
FSDT.
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3.11 Through-the—thickness distribution of the stress ¤ for a simply
supported (45/-45/45/-45) laminated square plate uääer uniform
load (a/h = 10).
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3.12 Through—the—thickness distribution of the stress 6 for a simply
supported (45/-45/45/-45) 'laminated square plate uhder uniform
load (a/h = 10).
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3.13 Through—the-thickness distribution of the in-plane shear
stress 6 for a simply supported (45/-45/45/-45) laminated square
plate under uniform load (a/h = 50).
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3.14 Through-the—thickness distribution of the transverse shear
stress 6 for a simply supported (45/-45/45/-45) laminated square
plate unäär uniform load (a/h = 10).
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3.15 Through—the—thickness distribution of the transverse
stress ¤ for a simpiy supported (45/-45/45/-45) iaminated square
piate unäär uniform Ioad (a/h = 100).
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3.16 Normalized transverse deflection versus aspect ratio for the
antisymmetric angle-ply (45/-45/45/-45) square plate under uniform
load.
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3.18 Comparison of the transverse shear stress distributions ¤ from
GLPT and FSDT for ARALL 3/2 laminates. The geometry and Ööundary
conditions are depicted in Figure 3.38. The distribution
of cxz for ARALL 2/1 is also depicted for comparison.
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3.19 Comparison of the transverse shear stress distribution ¤ from
GLPT and FSDT for ARALL 3/2 laminates. The geometry andyboundary
conditions are depicted in Figure 3.38. The distribution
of oyz for ARALL 2/1 is also depicted for comparison.
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3.20 Comparison between the transverse shear stress 0
distributions obtained from equilibrium and const1tutive equations
for ARALL 2/1 and 3/2 laminates. The geometry and boundary
conditions are depicted in Figure 3.38. 8-node quadratic elements
are used to obtain all the results shown.



121

5 O-4
”“‘~ ,_ Q GLP?hi

i
‘° „s a/h=4

\\

E 0-2 *· .. 2/1
9 Equulnbnum e L- _

§ .
m 0-0 '°" Constitutive [ !gg __ equations 6} J
C • Q

'

•i_

jé ,0 2 - • ARALL 3/2
· \-= I

·
,'“

+----6
I

I

0.0 0.1 0.2 0.3 0.4 0.5
Transverse shear stress (xz)

3.21 Smooth lines show the transverse shear stress 6 distributions
obtained from equilibrium equations and guadratiä elements.
Broken lines represent the transverse shear stress ¤ distri-
butions obtained from constitutive equations and linéär
elements. ARALL 2/1 and 3/2, and the geometry and boundary
conditions of Figure 3.38 are used.
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3.22 Maximum transverse deflection versus side to thickness ratio.
Comparison between results from GLPT and FSDT for ARALL 2/1 and
3/2 laminates. Simply supported square plates under doubly-
sinusoidal load as shown in Figure 3.38 are considered.
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3.23 Comparison of the inplane normal stress distribution cxx
from GLPT and FSDT for ARALL 2/1 laminate. The geometry and
boundary conditions are depicted in figure 3.38.
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3.24 Through the thickness distribution of the inplane norma'I
stress axx for ARALL 2/1 and ARALL 3/2 Taminates. The geometry
and boundary conditions are depicted in figure 3.38.
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3.25 Through the thickness distribution of the inplane normal
stress aw for ARALL 2/1 and ARALL 3/2 laminates. The geometry
and boundary conditions are depicted in figure 3.38.
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3.26 Influence of the boundary conditions (SS1 to SS4) on the stress
distribution Oy in ARALL 3/2 laminate under uniform transverse
load for a/h =
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3.27 Infiuence of the boundary conditions (SSl to SS4) on the stress
distribution cxx in ARALL 3/2 iaminate under uniform transverse
1oad for a/h = 4,
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3.28 Influence of the boundary conditions (SS1 to SS4) on the stress
distribution ¤X in ARALL 3/2 laminate under uniform transverse
1oad for a/h =
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3.29 Influence of the boundary conditions (SSl to SS4) on the stress
distribution ay, in ARALL 3/2 laminate under uniform transverse
load for a/h = 4. Smooth curves reprsent results obtained from
equilibrium equations, and broken lines from constitutive
equations.
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3.30I Influence of the boundary conditions (SS1 to SS4) on the stress
distribution axz in ARALL 3/2 laminate under uniform transverse
load for a/h = 4. Smooth curves represent results obtained from
equilibrium equations, and broken lines from constitutive
equations.
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3.31 Fundamentai frequencies as a function of the thickness ratio for
2- and 6—1ayer antisymmetric angie-piy 1aminates.
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3.32 Fundamenta1 frequencies as a function of the lamination
angle 6 for 2- and 6-layer antisymmetric angie—p1y laminates.
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3.34 Effect of the number of layers and the thickness ratio on the
fundamental frequencies of symmetric angle—ply laminates.
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3.35 Effect of the number of layers and the lamination angle 6 on the
fundamental frequencies of symmetric angle—ply laminates.
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3.37 Displacements and degrees of freedom in GLPT.
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Table 3.1: Fundamental frequency E = w(ph2/E2)l/2 for
symmetric cross-ply laminates.

E1/E2
Source Layers 3 10 20 30 40

Noor 0.26474 0.32841 0.38241 0.41089 0.43006
GLPT 0.26453 0.33677 0.38977 0.42055 0.44114
Error 3 0.08% 2.55% 1.92% 2.35% 2.58%
CPT 0.29198 0.41264 0.54043 0.64336 0.73196
Error 10.29% 25.65% 41.32% 56.58% 70.20%

Noor 0.26587 0.34089 0.39972 0.43140 0.45374
GLPT 0.26450 0.34146 0.40119 0.43667 0.46067
Error 5 0.52% 0.17% 0.37% 1.22% 1.53%
CPT 0.29198 0.41264 0.54043 0.64336 0.73196
Error 9.82% 21.05% 35.20% _ 49.13% 61.32%

Noor 0.26640 0.34432 0.40547 0.44210 0.46679
GLPT 0.26415 0.34233 0.40416 0.44142 0.46666
Error 9 0.84% 0.58% 0.32% 0.15% 0.03%
CPT 0.29187 0.41264 0.54043 0.64336 0.73196
Error 9.60% 19.84% 33.28% _45.52% 56.81%

G12/E2 = Ü•6; 623/E2 = Ü.5;
012 = Ü.25, 6/h = 1Ü.
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Table 3.2: Fundamental frequencies E = u(ph2/E2)1/2 for antisymmetric
cross-ply laminates.

El/E2
Source Layers 2 10 20 30 40

Noor 0.25031 0.27938 0.30698 0.32705 0.34250
GLPT 0.25133 0.27897 0.30517 0.32429 0.33905
Error 2 0.41% 0.15% 0.59% 0.84% 1.01%
CPT 0.27082 0.30968 0.35422 0.39355 0.42884
Error 8.19% 10.85% 15.39% 20.33% 25.21%

Noor 0.26182 0.32578 0.37622 0.40660 0.42719
GLPT 0.26094 0.32702 0.38058 0.41337 0.43572
Error 4 0.34% 0.38% 1.16% 1.67% 2.00%
CPT 0.28676 0.38877 0.49907 0.58911 0.66691
Error 9.53% 19.34% 32.65% 44.89% 56.12%

Noor 0.26440 0.33657 0.39359 0.42783 0.45091
GLPT 0.26262 0.33566 0.39420 0.42974 0.45385
Error 6 0.67% 0.27% 0.15% 0.45% 0.65%
CPT 0.28966 0.40215 0.52234 0.61963 0.70359
Error 9.55% 19.48% 32.71% 44.83% 56.04%

Noor 0.26583 0.34250 0.40337 0.44011 0.46498
GLPT 0.26348 0.34011 0.40134 0.43848 0.46372
Error 10 0.88% 0.70% 0.50% 0.37% 0.27%
CPT 0.29115 0.40889 0.53397 0.63489 0.72185
Error 9.52% 19.38% 32.38% 44.26% 55.24%

= =
V12

= 0-5, H/h = 10.
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Chapter 4

NONLINEAR ANALYSIS OF COMPOSITE LAMINATES

4.1 Introduction

In the following sections the nonlinear version of the Generalized

Laminated Plate Theory is formulated, and it is used to investigate

nonlinear effects in composite laminates. A plate bending finite

element based on the theory is developed and its accuracy is

investigated by comparison with exact and approximate solutions to

conventional plate theories. The element has improved description of

the in plane as well as the transverse deformation response. The theory

is further applied to study various aspects of the geometrically

nonlinear analysis of composite plates. It is shown that inclusion of

the geometric nonlinearity relaxes stress distributions, and that

composite laminates with bending—extensional coupling do not exhibit

bifurcation buckling.

4.2 Formulation of the Nonlinear Theory

4.2.1 Displacements and Strains

The displacements (u1,u2,u3) at a point (x,y,z) in the laminate are

assumed to be of the form (2.1)

¤2(><„y„z) = v(><.y) + V(><„y.z)
¤3(><„y.z) = w(><„y)„ (4~1)

where (u,v,w) are the displacements of a point (x,y,0) on the reference

plane of the laminate, and U and V are functions which vanish on the

143
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reference plane:

U(x,y,O) = V(x,y,0) = 0. (4.2)

The von Kärmän strains associated with the displacements in

Equation (4.1) are given by

-211 ä 1 u2 -u il 1 u2Ex —
ax + ax + 2 (ax) ’ Ey ”

ay + ay + 2 (ay)

ä A! umZgxy ' (ay + ax) + (ay + ax) + ax ay'

21 -2M y
2°xz ' az + ax' 2°yz “

az + ay' (4°3)

The principle of virtual displacements is used to derive a

consistent set of differential equations governing the equilibrium of a

laminate composed of N constant-thickness orthotropic lamina, the

material axes of each lamina being arbitrarily oriented with respect to

the laminate coordinates.

4.2.2 Thickness Approximation

In order to reduce the three—dimensional theory to a two-

dimensional theory, it is necessary to make an assumption concerning the

variation of U and V with respect to the thickness coordinate, z. To

keep the flexibility of the degree of variation of the displacements

through thickness, we assume that U and V are approximated as (2.3)

n .
U(><„y.z) = 3: ¤J(><..v)¢j(z)

J=l

" 1V(><.y.z) = 3:1 v (><.y)¢j(z)„ (4-4)
J:
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where uj and vj are undetermined coefficients and aj are any continuous

functions that satisfy the condition

¢j(O) = 0 for all j = 1,2,...,n. (4.5)

The approximation in Equation (4) can also be viewed as the global

semi—discrete finite-element approximations of U and V through the

thickness. In that case, ¢j denote the global interpolation functions,

and uj and vj are the nodal values of U and V at the nodes through the

thickness of the laminate.

4.2.3 Governing Eguations

The nonlinear equations relating u, v, w, uj and vj can be derived

using the virtual work principle. Substituting Equation (4.4) into the

virtual work principle, we obtain the weak (or variational) statement of

the present theory,

-E5!O' In {Nx(ax + ax ax ) + Ny(ay + ay ay ) + Nxy (ay + ax

aw asw asw aw a6w aaw

n . j . j . j j
3 aau j a6v j aau asv+

jfl
[Nx ax + Ny ay + Nxy ( ay + ax )

+ Qiuj +
Qgvj]

- p6w}dA, (4.6a)

where p is the distributed transverse load, and
h/2

h/2
=

Th/2
(¤xZ„¤yz)dz
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. h/2J J J -(Nx•Ny•Nxy) ‘

h/2 d¢.J J = __,1(QX,Qy) (h/2 (¤xZ,¤yZ) dz (z)dz. (4.6b)

The Euler—Lagrange equations of the theory are:

N><„x + Nxy„y = 0

Nxy„>< + Ny„y = 0’

Om + 0y_y + N(w) + p = 0,

J 5 _ J =NX•X +
NX.)/•.Y Ox 0°

j j j

j=1,2’•••’nNxy„x

+ Nyay - Q! = O'

where N(w) is due to the inclusion of the von Kärmän nonlinearity in the

theory:

- L 21. 2*1.. L 2.*1 äN(w) ' ax (Nx ax + Nxy ay) + ay (Nxy ax + Ny ay) (4'7b)

There are (2n + 3) differential equations in (2n + 3) variables (u, v,

w, uj, vj). The form of the geometric and force boundary conditions is

given below:

Geometric (Essential) Force (Natural)

u Nxnx + Nxyny
v Nxynx + Nyny
w Qxnx + Qyny
uj ° Ninx + Niyny
vj uiynx + Ngny (4.8) '
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where (nx,ny) denote the direction cosines of a unit normai to the

boundary of the midplane a.

4.2.4 Constitutive Eguations

The constitutive equations of an orthotropic Tamina in the Taminate

coordinate system are given by

°x 011 012 016 0 0 Ex
°y 012 022 026 0 0 Ey
°xy = 016 026 066 0 0 2°xy
°yz 0 0 0 ö65 645 24xz

°xz (k) 0 0 0 046 044 (k) 2°yz (k) (4*9)

Substitution of Equation (4.9) into Equation (4.6b) gives the foilowing

Taminate constitutive equations:

au 1 aw 2Ax ^11 A12 A16 0 0 §*2°(§)
av 1 aw 2Ay A12 A22 ^26 0 0 ?§*2(ä)

- E ii MHNxy ° A16 A26 A66 0 0 ay + ax + ax ay

aw0x 0 0 0 ^66 ^46 BY
aw
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'Bis Bis Bis BBBis
Bis Bis BBBj;

Bis Bis Bis BB0
0 0 B25 B25 02

0 0 0 B25 B24 V2 (4.10a)

Ni Bis Bis Bis B B %Bi<%>2
N2 B22 B22 B25 00Niy

B Bis Bis Bis BBQi
B B B BisBis02
0 0 0 B25

B24BiiBiä Biä BBTBiä

Biä Biä B B
000

0 0 B2'5 uk

0 0 0 B2; B2'4 vk (4.10b)

where the stiffness coefficients were given in Equation 2.1lb. They

shouid be computed as explained in Section 2.2 when Tinear interpoiation

functions are used [see Equation (2.6)].
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4.3 Finite—Element Formulation

The generalized displacements (u,v,w,uj,vj) are expressed over each

element as a linear combination of the two-dimensional interpolation

functions wi and the nodal values (ui,v1wi,u€,v§) as follows:

1 1 - '" 1 1(u,v,w,u ,v ) — (u ,v ,w ,u ,v.)w. (4.11)iäl i i i i 1 1

where m is the number of nodes per element. Using Equation (4.11), the

linear components of the strains can be expressed in the form

{el = [BMA}
{eJ} = [F]{0J} (4.12a)

where
. 1 _

{11}* = {,1§,1{,...,11g,1g} (4.120,
Similarly, the nonlinear component of the strains can be written in the

form

{1,} = [ßNL1{A} (4.12c)

The matrices [B], [Fl and [BNL] are given in Appendix 4. Using Equation

(4.12) in the virtual work statement (4.6a), we obtain

0 =} ({61}T{01T[A1{01{11} + {11}T{01T1A1[6NL1{11}
0

+ 2{61}T{ßNL1T{A1{ß1{A} + 2{61}T[6NL1T[A}[BNL}{1}
N . . _ .

+ Z [{6A}T[B]T[Bj][B]{AJ} + 2{6A}T[BNL]T[BJ][B]{AJ}
J

+ {6Aj}T1ä1T1¤j11ß1{A} + {6Aj}T1ä1T1¤j11¤„L1{A}
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N 51-1 gr — 2+2 l{6A } lvl lv llBl{A }ll - ¤6w)dA-
T

The finite element model is given by

{11} {q}

21 22121 1 {A1} lqll 3

21 22 N N[kN lkNNl {A } {Q } (4-13)

where the submatrices [k11], lkäzl, [kgll, [kg?] with i,j = 1,...,N are

given in Appendix 4.2. The load vectors {q}, {q1}...{qN} are analogous

to {A}, {A1}, ... {AN} in Equation (4.12b). The nonlinear algebraic

system is solved by the Newton-Raphson algorithm. The components of the

Jacobian matrix are given in Appendix 5.

The inplane components of the stresses (¤x,¤y,¤xy) and their in-

plane derivatives are computed from the
constitutive equations for each layer, i.e.,

au 1 aw 2 N auj
¤; G11 G12 G1: 3; + 3 (ä) + j§1 TK 'lj

av 1 112 N 1yÄOy · G12 Q22 Gzs 5*2 (ay) *1§1 ay N5

Q QQ°xy13 Z3 33 ay ax ax ay j=1 ay ax j
(4.14)

Next, the interlaminar shear stresses (uxz and ayz) are recovered (see

Section 3.2) from the equilibrium equations

°xz,z = " (°x,x + °xy,y)
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°yz,2 = ”
(°xy,x + °y,y)' (4·l5)

The nonlinear equations are also linearized to formulate the

eigenvalue problem associated with bifurcation (buckling) analysis,

(IKDI - xlKGl)·g =Q (4·16)
where [KD] is the linear part of the direct stiffness matrix (4.13) and

[KG] is the geometric stiffness matrix, obtained from the nonlinear part

of Equation (4.13) by perturbation of the nonlinear equations around the

equilibrium position (see Section 4.6).

4.4 Numerical Examples

The first couple of sample problems are intended to validate the

nonlinear finite element model developed herein. The problems of

composite laminates are selected to illustrate certain aspects of the

solution that are not often seen in isotropic plates or even in

symmetric laminates.

4.4.1 Clamped Isotropic (v = 0.3) Plate

Consider a clamped square plate of side a = 1000 mm, thickness h =

2 mm, isotropic and subjected to uniformly distributed transverse load,

p = xpo(pO = 100N/mz). Figure 4.1 shows the variation of oxx/p at the

top, bottom and middle surface of the plate as a function of the load

parameter 1. A 2 x 2 mesh of nine—node quadratic elements is used in a

quarter plate. The stress is obtained at the Gauss point, x = 0.973a, y

= 0.527a. It is clear that the effect of the geometric nonlinearity is

to reduce the maximum stress from the value predicted by the linear

theory. As can be seen from Figure 4.1, the membrane effects dominate

over the bending effects as the load is increased. The linear theory
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overestimates the stress at the surface and underestimates at the middle

surface. Composite materials, usually stronger in tension than in

shear, can be used more efficiently in situations where membrane forces

are significant.

Figure 4.2 contains the transverse deflection as a function of the

load parameter, which compares well with that of Reference [83]. For

isotropic plates, the distribution of stresses and displacements through

the thickness is linear, as shown in Figure 4.3. The maximum stress, at

the surface of the plate, is due to bending. The effect of the

nonlinearity is to reduce the value of stress at the top and bottom

surfaces and to increase at the middle surface of the plate. The stress

results presented in Figure 4.3 correspond to the point: x = 0.973a, y

= 0.527a.

4.4.2 Cross-Ply (0/90) Simply—Supported Plate

A simply—supported cross—ply (0/90) laminate under uniform

transverse load is analyzed. The geometry used is the same as in the

previous example. The following material properties and boundary

conditions are used:

E1 = 250 GPa, E2 = 20 GPa, G12 = G13 = 10 GPa,

G23 = 4 GP8., vlz = 0.25

v = w = ¢2 = 0 dt X = H/2

U = w = ¢1 = 0 at y = a/2
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u = al = 0 at x = 0

v = ¢2 = 0 at y = 0 (4.17)

where ¢1(x,y) and ¢2(x,y) are the rotations about the y and x—axes,

respectively. These rotations can be expressed in terms of the uj and

vj at the nodes. For example, ¢2(x,y) = 0 is satisfied by setting all
vj = 0 through the thickness at that (x,y) location.

In order to investigate the effect of the symmetry boundary

conditions, results on both a 2 x 2 quarter—plate and a 4 x 4 full-plate

model are reported in Figure 4.4. For cross-ply plates, the symmetry

boundary conditions used in the quarter-plate model are found to be

identical to the corresponding values obtained from the full-plate

model. Therefore, the maximum transverse deflections as a function of

the load parameter x, shown in Figure 4.4, are identical for both

models. This turns out not to be the case for angle-ply laminates as we

shall see in the next example. The distribution of the inplane normal

stress oxx at x = y = 0.526a is shown in Figure 4.5, and the

distribution of the interlaminar shear stress axz at x = 0.973a, y =

0.526a is shown in Figure 4.6. The values of stresses reduce with

increasing load. The reduction of interlaminar stresses is of definite

significance for composite materials, usually stronger in tension than

inshear.4.5

Symmetry Boundary Conditions for Angle-Ply Plates
l

Consider a simply—supported angle-ply (45/-45) plate under uniform

load. In order to investigate the effect of the symmetry boundary
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conditions for angle-ply laminates we consider a 2 x 2 mesh to model a

quarter of a plate and a 4 x 4 mesh to model the full plate. The nine-

node quadratic element is used. The material properties, load, and

geometry are the same as in the Example 4.4.2. Load-deflection curves

obtained from both models are shown in Figure 4.7. A discrepancy

between the load—deflection curves of the two models is observed, the

full model being more rigid. In order to explain this discrepancy, it

must be noted that the symmetry boundary conditions used in the quarter-

plate model were derived [80] using the exact solution to the linear

problem formulated in terms of the first order shear deformation theory

(FSDT). For the angle-ply case, the assumed (GLPT) solution is

u = U sin älcos=

LL · 11v V cos a sin b

w = N sin glsinj

= 5 E1 · X1v V cos a sin b
uj

=
uj sin äl cos %£, (4.18)

which satisfies both the displacement and stress symmetry boundary

conditions at the center lines (x = a/2 and y = b/2) of the plate for

the linear case:

v(¤/2,1/) = ¤j<a/2„y) = 0 ; N1(¤/2.y) = N§(¤/2„y) = 0
u

u(x,b/2) = vj(x,b/2) = 0 ; N2(x,b/2) = N{(x,b/2) = 0 (4.19)

However, once the nonlinear terms are incorporated into the stress

resultants, Equation (4.10a), the force boundary conditions are no
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longer satisfied:

zwz 2N1(a/2,y) = A12
§Bä— cos (yu/b) ¢ 0

„2w2 2N2(x,b/2) = A12 Egg- cos (xn/a) ¢ 0 (4.20)

Since the force boundary conditions are automatically set to zero in a

finite element model in which corresponding displacements are not

specified, the problem solved is not the one in which Equations (4.20)

are valid. Since a plate with nonzero inplane forces is stiffer than

with zero inplane forces, the associated transverse deflections will be

different, with the quarter-plate model yielding larger deflections.

It can be shown that the normal to the middle plane does not remain

straight after deformation, as is assumed in FSDT. The distribution of

inplane displacements of the point x = 0, y = 3a/4 (relative to the

middle surface displacement) through the thickness of the laminate is

shown in Figure 4.8. with increasing load, the importance of the

bending effect reduces compared to the membrane deformations. There-

fore, the departure of the distribution of inplane displacements from a

straight line reduces for increasing values of the load as shown in

Figure 4.8.

4.6 Buckling and Fost—Buckling of Laminated Plates

In this section we derive the eigenvalue problem to compute the

bifurcation load and corresponding buckling mode for plates modelled

using the GLPT. It is assumed that equilibrium states (primary path)

can be found using the linear theory (Chapters 2 and 3) and that those

equilibrium states are stable up to a certain amplitude of the applied
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load. Consequently, a perturbation of the nonlinear governing equations

(4.7) around an equilibrium state will provide us with an eigenvalue

problem for the limit of stability (intersection with a secondary path).

Although the full nonlinear equations (4.7) are extensively used in

this chapter to compute nonlinear equilibrium states, the following

analysis assumes that a linear analysis gives a good approximation of

the behavior of the structure up to the limit of stability. This

assumption leads to an elegant and efficient formulation of the buckling

problem [84] that provides reliable results for a wide variety of

cases. However, for certain lamination stacking sequences it is not

possible to uncouple the linear prebuckling solution from the perturbed

nonlinear equations and therefore a standard eigenvalue problem cannot

be formulated. In particular this is the case for composite laminates

having bending—extension coupling because even the linear prebuckling

solution shows nonvanishing transverse deflections that prevent us from

uncoupling the prebuckling solution from the perturbed nonlinear

equations as we shall see in Section 4.6.2. More complex buckling

analyses can still be formulated without resorting to a full nonlinear

analysis [85, 86]. Particularly, an eigenvalue problem can be

formulated at each equilibrium solution of a full nonlinear analysis to

check for the stability of that equilibrium state.

writing down the complex set of nonlinear governing equations and

applying a perturbation around the equilibrium state (see Section 4.6.2)

will prove to be a lengthy process. Instead, in this section we use an

energy approach in combination with the finite element formulation to

derive the eigenvalue problem and corresponding matrices.
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The finite element approximation to the first variation to the

total potential energy gives the conditions for equilibrium

6n(g) = 1 [ÖT]gdv - E = Q (4.19)
v

where the strains are related to the displacements by

E = lälg (4.20)
and we can always write the strain-displacement matrix [Ü] as the sum of

a linear part [ÖL] and a nonlinear part [ÖNLI

[Bl = [BL} + lBNL(g)l (4-21)
While the first variation 6n(g) = 0 indicates equilibrium, the second

variation 62¤(g) = 0 indicates a critical point on the equilibrium path

Z _ ^T ^T _
6 1r(U) -1 [GB 1odV +1 [B ]60dV — O (4.22)

From the constitutive equations

9 = [C](S - EO) + go (4.23)

we obtain

Go = [C16; = [Cl[Ö]6g (4.24)

and from Equation (4.21) we obtain

[6Ö] = [6ÖNL] (4.25)

Therefore

_ 2 _ ^T ^T ^
0 — 6 ¤(u) — I [6BNL]¤dv + (f [BL][C][BL]dv)6u

^T “ ^T ^ ^T ^+ (IV {[B|_l[Cl[B|_l + IBNLIICIIBNLI + lBN|_l[CllBLl}dv)<Sg
(4.26)

OT
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- 2 -0 - 6 ¤(g) - ([Kc] + [KL] + [KNL])6u (4.27)

or

[KT]6u = 0 (4.28)

Equation (4.28) indicates that a zero eigenvalue in the tangent

stiffness matrix [KT] indicates unstable equilibrium, although not

necessarily a birfurcation. 0n the other hand, Equation (4.28) can be

used in a predictor—corrector algorithm until 6u = 0, and simultaneous

satisfaction of Equation (4.19) will indicate convergence to an

equilibrium position.

If the prebuckling deformations can be accurately predicted by a

linear solution and that linear solution renders the nonlinear stiffness

matrix [KNLI = 0, then for a fixed load po

62¤ = ([KL] + [K0])6u = Q (4.29)

Since a linear solution is used for the prebuckling deformations, and as

we shall see the geometric stiffness matrix [KU] depends linearly on the

load, for any load level Apo, with A an unknown constant, we have

62n = ([KL] + A[K°])6u = 0 (4.30)

If any nontrivial perturbation GQ exists and Equation (4.30) is still

satisfied, then Apo is the buckling load, A obtained from the eigenvalue

problem (4.30). For the particular case of plates, the condition [KNL]

= 0 is satisfied whenever the linear prebuckling solution exhibits zero

transverse deflections. For that reason the buckling behavior of .

laminated plates having bending—extension coupling cannot be accurately
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predicted by a standard bifurcation buckling analysis (see also Section

4.6.2). The linear stiffness matrix [KL] is presented in Chapter 3,

Equation 3.4. The geometric stiffness matrix [KG] involves the stresses

obtained from a linear solution and the nonlinear strains of Equation

(4.12c) and Appendix 4. From Equation (4.26) we can write

K 6 = Gä d 4.31[C19 fVg[NLlr ( )

and using the plate variables

- LM LM[Kam! ' In {Nx ax ax + Ny ay ay

a EGW a 36W+ Nxy +

NxywhereV is the volume and n is the surface of the plate. Equation

(4.32) can be written as

BGWsrIKOIGU= 3*;,*5***~y N N @1Q X_Y _Y
ax

[Kol =f [G]T[N][G]dsz (4.34)
sz

where

Ü Ü GU
[G] = ; GU = GV (4.35)6 ¤ ¤ ‘ .„„

ay

where wi are the finite element interpolation functions. The matrix of

the stresses is known from the linear solution,
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[N1 (4.36)
XY Y

which completely defines the eigenvalue problem (4.30). The

postbuckling solution is found using a full nonlinear analysis and the

Newton—Raphson method as described in Section 4.3.

4.6.1 Angle-Ply (45g-45) Laminates „

The same geometry as in Section 4.5 (a = b = 1000 m, h = 2 mm) is

used to analyze a (45/-45) simply—supported laminate under uniform

inplane compressive load Ny = x·NyO (Nyo = 10.85 N/m). The material

properties used are:

E1/E2 = 40; E2 = 6.25 GPa; G12/E2 = 0.82; G13 = G12;

G23/E2 = 0.52 ; vlz = 0.24. °

Although an exact solution of the eigenvalue problem associated with the

buckling equations exists for this case [87], the boundary conditions

used to obtain that solution cannot be used for the nonlinear

analysis. For the nonlinear analysis, the boundary conditions have to

allow an applied load, NX = 0 and Ny = x·NyO. Both a bifurcation

(eigenvalue) analysis and a nonlinear bending analysis are performed

using a 4 x 4 full-plate model, and the nonlinear response is shown in

Figure 4.9. Both the nonlinear and eigenvalue analyses estimate the

critical load accurately.

The eigenvalue problem, which leads to an accurate prediction of

the critical load for laminates without bending-extension coupling, is

formulated with the assumption that pre—buckling deformations do not
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include nonzero transverse deflections. This assumption is not

satisfied in the next example.

4.6.2 Antisymmetric Cross-Ply Laminates

An antisymmetric cross-ply laminate under inplane load Ny

= x·Nyo (Nyo = 6.25 N/m) is considered next. In this case the pre-

buckling transverse deflections are important. The geometry and

material properties are the same as in the previous example. The

simply—supported boundary conditions of cross-ply laminates, Equations

(4.17), are used for the 4 x 4 full-plate model (although the 2 x 2 mesh

in a quarter plate would be all right in this case). In order to assess

the effect of the number of layers, four laminates are analyzed as shown

in Figure 4.10. The values of the critical buckling load given by the

exact solution of the eigenvalue problem [87] are depicted on the

corresponding load-deflection curves for comparison. It is evident that

in this case the eigenvalues are not representative of any bifurcation

points of the structure. The structure behaves nonlinearly for all

values of the load. The observed behavior can be explained as follows.

The complete set of governing equations for the nonlinear behavior

of composite plates, during pre- and post-buckling regime, can be

formally written as

E(>5.¤) = Q (4-37)

where p is the load and

x = (u,v,w,¢l,¢2) for FSDT

x = (u,v,w,uj,vj) for GLPT with j = 1, ..., N. (4.38)

An eigenvalue analysis is usually formulated to compute the critical
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load under which the structure will undergo large deflections without

substantial changes in the applied load. The eigenvalue analysis looks

for a situation on which the structure has multiple equilibrium

positions (bifurcation) for the same load state. Assuming that at least

one equilibrium state (i.e., xo) can be found solving Equation (4.37), a

small perturbation is introduced in the displacements

(i.e., x = xo + xl) to see if a new equilibrium state is found. Since
h

the perturbation is small, it is possible to expand Equation (4.37)

around the primary (prebuckled) equilibrium position,

¤E(5„p)
[(5.p) - [(50-p)

X -51 — Q (4-39)
~o

Since xo is an equilibium state, we have,

§(5o-p) = Q (4-40)

Therefore,
¤E(5.¤) 1

X~o

which, for the sake of simplicity can be written as

lJ(50„p)l·51 = Q (4-42)

which is the condition for a secondary (buckled) equilibrium state to

exist. This leads to an eigenvalue problem for the critical load in the

following way: If f(x,p) = Q, Equation (4.37), can be linearized, then

it is possible to compute the pre-buckling solution for a reference

load, say po, and then obtain the pre-buckling solution for any load by

scaling the reference load and the the reference solution by a

parameter x,

p = Ä ° pref
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go = x·gref (4.43)
Substituting Equation (4.23) into Equation (4.42), the nonlinear

dependence on go is eliminated,

9 <‘*·"‘*>
The Jacobian [J] does not depend on gl because gl is small, and

therefore nonlinear terms in gl are neglected in Equation (4.42). Since

there are terms in Equation (4.24) that do not depend on the load,

Equation (4.44) leads to the usual eigenvalue problem,

([KD + x·[KG])gl = Q (4.45)

where the lowest eigenvalue 1 gives the critical load.

The plate equations can be linearized, as required to arrive at

Equation (4.43), if the pre—buckled deformations do not include

transverse deflections. This is because the use of the von—Karman

nonlinear strains limits all the nonlinearity to the transverse

deflection w. But for laminates having bending-extension coupling, the

pre—buckling transverse deflections (i.e., wg) are non-vanishing for any

load. Linearization (i.e., to consider wO = 0) introduces substantial

errors into the analysis and the predicted critical loads are not

representative of any substantial change in the behavior of the

structure, as can be seen in Figure 4.9.

An attempt to perform an eigenvalue analysis by the finite element

method would produce an unsymmetric geometric stiffness matrix [KD],

with associated complex eigenvalues and eigenvectors. Furthermore, the

geometric stiffness [KD] would depend nonlinearly on the reference

load. In this way we further demonstrate the limitations of eigenvalue

analysis for laminated plates having bending—extension coupling. An
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approximation would be to arbitrarily set to zero the transverse

deflections obtained in the pre—buckling analysis in order to compute

the geometric stiffness [KD], but the results to be obtained would be of

questionable usefulness.

An eigenvalue problem can still be formulated if the linearization

is performed at each load step with respect to the deformed

configuration [85,86].
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Aggendix 4

Strain—displacement matrices

The strains {e}, {n}, and {ej} appearing in Equation (4.12) are

ß wi 1 (au)?
ax ax 2 ax

E! Eli l.(ä!)2
ay ay 2 ay

· J J
- Q! 11 J = BE. 11. . = ä!.ä!{E} ”

ay + ax
’ {B } ay + ax

’ {“} ax ay

gg uj 0

gg vj 0

The matrices [B], [Ü] and [BNL] appearing in the strain-

displacement relations (4.12) are

awi-——- 0 0 .ax avi

aw. aw.
[B] = ..1 ..1 0
(5x3m) av ax

awi
0 0 5;-

awi
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-Äwi

F °
Bvbi

°
w‘

_ Bd: Bib.[B] ‘ ¥ wl
(5x2m) y

0 wi
Bib.

BW 1

° ° ww-
Bw.

BW 1

° ° wär
_ 1 aw avi aw avi

;“N1‘)·ä ° ° äzw+wär
5x3m

o o o
o o o

with (1=1,...,m).
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Aggendix 5

Stiffness matrices

lkul = 21 (lBlTlAl[Bl + 161T1A116„L1 + 216„L1T1A1161
8 Re

+ 21BNLlT1A116NL1)d1€

lk?] = ZI (IBITIBRIIÜI + 2[BN|_lT[Bjl[Ül)d¤e
E Re

[käll = 2819(l§lTlBjl[BlE

11«§§1 = E InE

Jacobian Matrix 4
O 0 0R 1 @@1 .... @@1

****1 11111 11111
111 R 1 @@1 .... @@1

3 A a{A1} {8AN}

11 11 111+}**R 1 @@1 .... @@1
3 A a{A1} a{AN}

where -

11 .
1R°1 = [k11l{^} +Z1

11{RR} = l1<§1l{1} +; (1 =l„--•.N)
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4.1 Maximum stress as a function of the load for a clamped isotropic
plate under uniformly distributed transverse load shows the stress
relaxation as the membrane effect becomes dominant.
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4.2 Load def'Iection curve for a c1amped isotropic p1ate under
transverse 1oad.
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4.3 Through-the—thickness distribution of the inplane normal
stress axx for a clamped isotropic plate under transverse load for
several values of the load, showing the stress relaxation as the ·load increases.
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4.4 Load deflection curves for a simply—supported cross—pl_y (0/90)
plate under transverse load. Both theories, GLPT and FSDT, and
both models, 2 x 2 quarter-plate and 4 x 4 full plate produce thesame transverse deflections.



nz

0.5

0.3

0.12/
h

x

Iineor \
— — — A=0.1non|ine¤r\—

A=2.0 nonlineor\
-0.5 ·

-20 -15-10 -5 0 5 10 15 20
Dimensionless stress 0*,.,./p

4.5 Through—the—thickness distribution of the inplane normal
stress cxx for a simply-supported cross-ply (0/90) plate for
several values of the load.
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4.6 Through—the—thickness distribution of the interlaminar shear
stress axz for a simply—supported cross—pl_y (0/90) plate for
several values of the load.
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4.7 Load deflection curves for a simply—supported angle-ply
(45/-45) plate under transverse load, obtained from a 2 x 2
quarter—plate model and a 4 x 4 full—plate model using GLPT.
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4.8 Through—thg-thickness distribution of inplane displacements
[u(z/n) - u}-20/vmax, at x = a/2, y = ab/4 for a (45/-45)
laminated plate under uniformly distributed transverse load,
where Ü is the middle surface displacement.
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BUCKLING ANALYSIS USING GLPT
Effect of bending—e><tens1on couplmg

N=8 6 4 23.0

2.0

N [0/90]Y [+/-45] 7
1.0

0.0

-2.0 -1.0 0.0 1.0 2.0 3.0 4.0 5.0
Trcnsverse deflection

4.9 Load-deflection curve and critical loads for angle—ply (45/-45)
and antisymmetric cross—ply laminates, simply supported and
subjected to an inplane load Ny. The critical loads from a
closed-form solution (eigenvalues) are shown on the corresponding
load deflection curves.



Chapter 5

AN EXTENSION OF THE GLPT T0 LAMINATED CYLINDRICAL SHELLS

5.1 Introduction

Laminated cylindrical shells are often modelled as equivalent

single-layer shells using classical, i.e., Love-Kirchhoff shell theory

in which straight lines normal to the undeformed middle surface remain

straight, inextensible and normal to the deformed middle surface.

Consequently, transverse normal strains are assumed to be zero and

transverse shear deformations are neglected [88-90]. The classical

theory of shells is expected to yield sufficiently accurate results when

(i) the lateral dimension-to-thickness ratio (s/h) is large; (ii) the

dynamic excitations are within the low—frequency range; (iii) the

material anisotropy is not severe. However, application of such

theories to layered anisotropic composite shells could lead to as much

as 30% or more errors in deflections, stresses, and natural frequencies

[91-93].

As pointed out by Koiter [94], refinements to Love's first

approximation theory of thin elastic shells are meaningless, unless the

effects of transverse shear and normal stresses are taken into account

in a refined theory. The transverse normal stress is, in general, of

order h/a (thickness-to—radius) times a bending stress, whereas the

transverse shear stresses obtained from equilibrium conditions are of

order h/2 (thickness—to—length along the side of the panel) times a l

bending stress. Therefore, for a/2 > 10, the transverse normal stress

is negligible compared to the transverse shear stresses.

177
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The effects of transverse shear and normal stresses in shells were

considered by Hildebrand, Reissner, and Thomas [95], Luré [96], and

Reissner [97], among others. Exact solutions of the 3-D equations and

approximate solutions using a piece-wise variation of the displacements

through the thickness were presented by Srinivas [98], where significant

discrepancies were found between the exact solutions and the classical

shell theory solutions.

The present study deals with a generalization of the shear

deformation theories of laminated composite shells. The theory is based

on the idea that the thickness approximation of the displacement field

can be accomplished via a piece-wise approximation through each

individual lamina. In particular, the use of a polynomial expansion

with compact support (i.e., finite—element approximation) through the

thickness proves to be convenient as was shown in previous chapters for

laminated plates.

5.2 Formulation of the Theory

5.2.1 Displacements and Strains

The displacements (uX,u8,uz) at a point (x,6,z) (see

Figure 5.1) in the laminated shell are assumed to be of the form

UX(X,6,Z,t) = u(x,6,t) + U(x,6,z,t)

u8(x,6,z,t) = v(x,o,t) + V(x,6,z,t) (5.1)

uZ(x,6,z,t) = w(x,0,t) + w(x,6,z,t),

where (u,v,w) are the displacements of a point (x,6,0) on the reference

surface of the shell at time t, and U, V, N are as yet arbitrary

functions that vanish on the reference surface:
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U(x,6,0) = V(x,0,0) = N(x,6,0) = 0. (5.2)

In developing the governing equations, the von Kärmän type strains

are considered [84], in which strains are assumed to be small, rotations

with respect to the shell reference surface are assumed to be moderate,

and rotations about normals to the shell reference surface are

considered negligible. The nonlinear strain—displacement equations in

an orthogonal cartesian coordinate system (Figure 5.1) become:

au au-; 1 2 . -_;
BX- 8X

_ 1
°“6

12 _ _ 1
°“2

$96 T (a+2)
[SET T U2] T 2 B6 ' B6 ' ' (a+2) 86

€22

az

- 1 aux aua
YX8 ' (a+2) 86 T ax T ßxße .

Yxz az ax

— 1 auz aua
*62 · im; lm · **6] + am (53)

where a is the radius of curvature of the shell. Introducing Donnell's

approximation [99], i.e., 2 << a, strains 666, YXB and YGZ can be

simplified as

2-1 ""6 12. - 1E896 T E (66* T U2) T 2 B6 ’ B6 ' ' a aa

- 1 aux aua

_ 1 auz aua
*62·a[m·“6]*m· (M)

Substituting for ux, ua and uz from Equation (5.1) into Equations (5.3)
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and (5.4), we obtain

-.w ä 1 2Bxx ” ax + ax + 2 Bx

Boa = ä Bgä + gg + W + W] + 2 BS

€ =‘&
zz az

-u y Lw äYxa ' ax + ax + a [aa + aa] + BxB6

xz az ax ax

-lä 2.*1

ä
W

¤x·-laxmxl
- lu ä69 — - 9 [99 + 99]. (5.5)

5.2.2 Variational Formulation

The Hamilton variational principle is used to derive the equations

of motion of a cylindrical laminate composed of N constant-thickness

orthotropic lamina, whose principal material coordinates are arbitrarily

oriented with respect to the laminate coordinates. The principle can be

stated, in the absence of body forces and specified tractions, as:

T
Ü = fo [IV (0x66XX + GGÖEBG + 026622 + 0XZ6YXz

+ 69z6Y9z + Ux96Yx8)dV - fn qsuzdn

- {V p(Üx6ÜX + 09609 + 0Z60Z)dv]dt. (5.6)

where 6x, 69, 62, 6xZ and 692 are the stresses, q is the distributed
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transverse load, p is the density, V is the total volume of the

laminate, Q is the reference surface of the laminate (assumed to be the

middle surface of the shell), the superposed dot denotes differentiation

with respect to time, and 6 denotes the variational symbol.

Substituting the strain-displacement relations (5.5) into Equation

(5.6), we obtain

E
T 2

' 2

U

+§BSW a6w a6U asw+ +z$* +xz(§+$*sr>
0+¥<%- +++%· +V++%;2¥>
G+—? <+%+ä£+ +%+%§‘++ ++„++. + ++.++.>

- p[((] + Ü)5(Ü + Ü) + (V + V)6(V + V)

+ (w + W)6(w + W)l}dAdz

-f q6(w + w)dA]dt (5.7)
Q

where the following additional approximation, consistent with the

Donnell approximation, is used:

hro ä'
Z

f f(x,6,z)dz = f f f rdrdQ = f f f · (1 + ä)dzdA
V ri Q h_ Q

' 2



182

E
2

= f [ f·dzdA for z << a, (5.8)
Q n

' 2

where (ri, ro) denote the inner and outer radius, respectively, of the

cylindrical shell, and z is a coordinate measured along the normal to

the shell surface with origin at the reference surface.

5.2.3 Approximation Through Thickness

In order to reduce the three—dimensional theory to a two—dimen-

sional one, we use a Kantorovich-type approximation [17] where the

functions U, V, and N are approximated by

n j .
U(x,6,z,t) = _2 u (x,6,t)¢J(z),

J=l

n . .
V(x,6,z,t) = 2 vJ(x,6,t)¢J(z),

5=l
'“

6 6N(><.¤.z„t) = _¤1 w (><„6„t)·1• (2). (5·9)
J:

where uj, vj, wj are undetermined coefficients and ¢j(z), wj(z) are any

continuous functions that satisfy the conditions [c.f. Equation (5.2)]

¢j(0) = 0 ; j = 1,2,...n
j (5.10)

w (0) = 0 ; j = 1,2,...m.

5.2.4 Governing Eguations —

To complete the theory, we derive the equations relating the (3 +

2n + m) variables (u, v, w, uj, vj, wj). Substituting Equation (5.9)

into Equation (5.7) and integrating through the thickness, we obtain
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0 Q X 8X 8X 8X a 9 89 6 89 89

1 BGV 86u aw 86w BW 86w 86w
+äNX8(aBX +89+BXB91

86w M]
n . j . j . .....

JE Ä J J_Ä J J J J[MX 8X + a M9 89 + Qxzöu a MGZ Sv + QGZ6v

· ^J
. j m Mj BSVJ 1 3 BGU j

+
MX9 8X

+
a MXG 89

) +
E1

(a sw
j-

Z X2 BX a 89

m „ J J
j=1 X BX BX BX BX

^j . .^j2

89 89 89 89 a 8X 89d

j=1 k=l X BX BX az 8 B9 B9

a XG BX 89 a XG 8X 89

n . . .
— [I°(ü6ü + G60 + 6466:) + 2: IJ(ü6üJ + 06%]

J=l

.j. .j. m·~j..j .j.
+u6u+v6v)+ z I(w6w +w6w)

. j=l



184

n n . .
+ 1 1 1¤"(1¤11" + \;j6)}k)

j=1 k=1

m m „. .
+ z 2 Idkndöükl - q6w}dAdt. (5.11)

j=l k=l

Here NX, NB, etc. denote the stress resultants,

E
2

(“x·"6·"x6·dxz·d6z) ’ I h (°x’°6’°x6’°xz'°6z)dz
' Ü

E
1 1 1 1 z 1("x·M6·"x6·"6z) ’ I h (°x’°6’°x6’°6z)d dz

' Ü
E

. . 2 j1 1 - &(dxz’d02) ” I
h (°xz’°6z) dz dz

' Ü
~

^1 ^1 ^1 ^1 ^1 z 1(Mx’M6’Mx6’Mxz’M6z) = I h (°X°¤9°GX9°¤XZ°°9Z)w dz
' Ü

E
.- 2 51 , ßdz I

h
dz dz dz

' Ü
E

. . . 2Jk Jk Jk - 1 k(Lx 'L6 ’Lx6) ' I h (°x°°6'°x6)d’ d dz
' Ü

and IO, IJ, and Id are the inertias,

E
2 . „. . .r° = 1 h

pdz 1 <1¢',1°> = 1p<«»J,1J>¤z
' Ü
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(13 ,13 1 =11(131 ,131 112. 15.12)

Eguations of Motion. The Eu1er—Lagrange equations of the theory

are obtained by integrating the derivatives of the varied quantities by

parts and collecting the coefficients of 6U,5V,6W,6Uj,6Vj, and 6w·3:

o••J-

LN +LQ+N6
9,9 6 92 X9,X _j—1

1 1 aw 1 aw
· 6·N9

+
Qxz,x

+
6 Q92,9

+ [NX
3X],X

+ [S? No
39],9

+ [ÄN E.!} + [-LNE!]6
X9 3X ,9 6 X9 39 ,X •_1 X 3X ,X

1- *1 aß 1 *1 1 *1 ui+ [az M9
39 1,9 + la MX9 3X

],9 + la MX9 39
],X)

.. Hl .. „-
= lw + 2 w*3IJ — q

.i=1

M3 -q3+l113 :136+ E 13*11*
X,X XZ 6 X9,9

k=1

111111-1“1k"k
6 M9,9

+
6 M9Z

_
Q92

+
Mx6,x - I V +

kil
I V

1^.i_^1^J—
6

M9 Q2 +
Mxz,x

+
6

M9Z,9 + [MX
3X],X

+ [az M9
39],9

. . . k . k1*1y 1*1111
'“

aka Lakä+ [6 MX9
3X],9

+ [6
MX9 39],X

+
kil

{[LX
3X

],X + [az L9
39

],9
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+ ¤% Li'; + ré Li'; %;ä¤,„l = W - fl W <5·¤>
where underscored terms denote the nonlinear terms due to the

von Kärmän strains.

Boundary conditions. The virtual work principle gives the

following geometric and force boundary conditions for the theory: _

Geometric (essential) Force (natural)

u aNxnx + Nxana = 0
v aNx6nX + Nena = 0

" a°xz"x * QQZ"6 ‘
°uj aM£nX + Miüna = 0

vj “ aM£8nX + Mgna = 0
wj ahiznx + Ügzna = 0 (5.14)

where (nx,n6) denote the direction cosines of a unit normal to the

boundary of the reference surface 0.

5.2.5 Further Approximations

The theory can be easily simplified for linear behavior and/or zero

normal strain 622 = 0. The term é QBZ in Equation (5.13) is neglected
in Donnell's quasi—shallow shell equations, and it can be neglected

here. To be consistent, the term %·MgZ should also be neglected
simultaneously in this theoery.

Consistent with the assumptions made in the derivation of the

kinematic equations for intermediate class of deformations, we can

assume that the transverse normal strain is small and neglect the

products of the derivatives of the interface transverse displacements,
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J J%;'—% = 0 with 6, 6 = x,6. (5.15)

In this form we keep a non1inear coup1ing between the transverse

def1ection of the midd1e surface (w) and the transverse def1ections of

the interfaces. A11 but the 1ast Equation (5.13) remain unchanged, and

the 1ast equation in Equation (5.13) reduces to

-1*1 *1 *1 1*1 *1111 .L^Jä·'.a M6 ' oz + Mxz,x + a M6z,6 + [Mx ax],x + [az M6 66],6

1 *1 y 1 *1 y - *1·· "' *1¤<··¤<+ [a MXB + [a MX9 39],X - 1 w + kil 1 w . (5.16)

In addition, we can assume that the norma1 strains in the
J

transverse direction (ä;-) are very sma11, and neg1ect the
J

products §ä·%%-. In this case the third and sixth of Equations (5.13)

reduce to

1 1 aw 1 aw” EINS + Qx2,x
+‘a

062,6 + [Nx $Y],x + [S2 N6

0,. m „j^j+ [a Nxa ax],6 + la Wxo 86],X ' I W+j;1 W I ' q

1 *1 _ *1 *1 1 *1 1 *1·· '“ *1•<··¤<' a M6 Q2 + Mxz,x + a M6z,6 I W + kill W ° (5°17)

0bvious1y, there is a range of app1icabi1ity for each of the cases

discussed above.

5.2.6 Constitutive Eguations

The constitutive equations of an arbitrari1y oriented, orthotropic

1amina in the 1aminate coordinate system are
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BU 1 6 2¤„ C11 C12 C13 C C C16 5+5 ($1

1 av 1 1 6 206 C12 C22 C23 Ü Ü C26 + ä +ä62

C13 C23 C33 0 0 C36 0

- BW
Oxz Ü Ü Ü C45 Ü1

aw v

av 1 BU aw 1 BWOXB C16 C26 C36 Ü Ü C66 + E E- +3-;J

· J ·M J M J
ax

"
ax ax

‘°

littja
36 a a 36 36

1 E
n 0

m VV dz_
+ Z + Z

jJ=l JM J=l M JU dz ax V

1 _ 1 1 1111 1V (dz a
°

) a 89 V

16uj @,1 lawawj yyjlj

(5.18)

where C11 denote the elastic constants. Here the nonlinear strains used
are those consistent with an intermediate class of deformations and

correspond with the simplifications made to arrive at Equation (5.16).

Substitution of Equations (5.18) into Equation (5.12) gives the

following laminate constitutive equations:



189

au 1 aw2NX A11A12 B B

A16lav w 1 1aw2

aw

law vQBZ B B ^BB ^BB B saw
N A A 0 0 A lä‘i+Pl+äläxs _l6 26 66 aaq ax axaaa

. JauB11 B12 B B B16 (B g
JlavB12 B22 B B B26 gw

I1

* B 0 0 6 6 0 115
j=1 55 54

0 0 645 644 0 vj

J J1 au av
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BX BX
B11 B12 B13 B B B16 1 (W5 1 1 M @1

a a B9 B6
6 ä é 0 0 ä _

m
12 22 23 26 WJ

+ Z ^ ^ .
:1:1 0 0 0 B55 B54 0

BX
0 0 0 B45 B44 0

a B9
B16 B26 B63 B B B66 1 .

1 1 16 ad)
d BX B9 B9 BX

(5.19)

° ' 1 2Mg F11 F12 0 0 F16 (J) 1;% + 2 (ät)

Mg F F 0 0 F l (B! + w + l B!)12 22 26 a aa 2 B6

0iz = 0 0 F66 F54 0

1082 0 0 F45 F44 0 V)

J1MxaF16 FZ6 B B F66 a (aa + B ax + ax B8)
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. J,kU11 U12 U U U16 (U U1

Ö
U12 U22 U U U26 5%

" 6+ z 0 0 0 0 0 u
11:1 55 54

1 a U a U
016 026 0 0 066 E -1%- + St-

8X 8x^ ^ ^ ^ (Lk)U11 U12 D13 U U U16 1 (W5 1 1ggf1
a a 86 86

D D D O 0 D .12 22 23 26 WJ

+
kil

0 0 0 055 054 08x

0 0 0 D45 D44 0a
86

U16 U26 063 U U U66 1 (ggf 1 ggf)
a 8X 86 86 8x

(5.20)
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üx (5) H11 H12 0 0 H15 (5) (gg)?

08 H12 H22 0 0 H25 ggg + 0 2)

02 H31 H32 0 0 H36

üxz 0 0 H55 H54 0

Ü Ü H45 H44 Ü V)

üxs H15 H25 0 0 H55 g (gg + 6 gg + gg gg)

011 012 0 0 016(Lk)012

022 0 0 026

031 032 0 0 036
+ Z"’1

0 0 055 0 05

0 0 046 044 0 Vj

016 026 0 0 066
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^ ^ ^ ^ (1.k)
M011012 013 0 0 016 BX BX
„ „ . „ . 11 1 1 MM012 022 023 0 0 026 6

("’ + 6 88 89 )

m 0 032 033 0 0 0 "1
k=l ^ ^ öw0 0 0 066 064 0 F

^ ^ 1 awj0 0 0 046 044 0 6 66-
(5 5, ,5 0 0 5 1 (M Mi 1, M ME)

16 26 63 66 a ax aa 89 ax

(5.21)
1 - -1 M -1 1 M 1Maz ” H45(ax) + H44(a aa

” a)

n . . m . k . k+ 3 <öä'§··" + °°ääV“> + ,3
<¤ä‘é 1%- + 09111%%) <5·22>

(Lk) (Lk) E l P! 2Lx E11 E12 E16 BX * 2 (6x)
_ 1 av 1 1 y 2E6 ‘ E12 E22 E26 E (E * "'

“’
2 6 (66) )

1 au av aw 111Ex6 E16 E26 E66 E (E * E E * E 66)
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r
9k9G11G12G16n

r1+ gl G12 G22 G26 5%

l r r
G16 G26 G36 5%+%

^^^^<J,k,r) miG11 G12 G16 G12 ax ax
m r^^^^ 1 r 1 aw aw+ gl G12 G22 G26 G23 6 (W + 666W)

^^^^ 1 aw awr aw awrG61 G62 G66 G63 6 (66 W + WW)
wr (6.22)

where A's, B's, F's, etc. are the laminate stiffness defined by
h

A

G2.

C d 1pll — I h pll 2 (¤,q — ,2,6)
' 2
E

. 2 .
BJ = J

s = • spq IhCpq¢dz (pq 126)

° 2
h

. . 2 5J J - QL(G66·G46) ‘ ( h (G66·G46) dz GZ
' 2
h

· 2 J .1J J - QL L .(G64·Ga4) ‘ ( h (c54’C44)(dz ‘ 6 )GZ
' 2

h
.. 2 .
pq,IhCpq11»dz (pq 12645)BJ

=
J

9 = 9 9 9 9

' 2 .
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E
. 2 .

Fg; = I h
Cpqdddz (p,q = 1,2,6)

' Ü
E

. 2 j
Fäq = I

h
Cpq dz (P,¤ = 4,5)

' Ü
E

Jk z 1 1<
' Ü

E
. . 2 j kak ak „ $L9;>;..(dssddas) Ih (C55’C45) dz dz dz

' Ü
H

. . 2 j k kJk Jk = h (C54’c44) dz (dz ‘ d )dz
' Ü

Üg; = I h
Cpq¢d1·kdz (11,11 = 1,2,6)

' Ü
E„. ,,. ,„ 2 . kak ak Jk - :1 _<m_(D13’D23’D63) ‘ I h (c13’c23’C63)¢ dz dz

E 2
„- 2 J11;*,; = 1 h 4.61

' Ü
E· . 2 .

Hgq =_I Cpqwddz (p,q = 1,2,4,5,6)
h' Ü

E
jk z 1 1<Qpq = I h Cpqw ¢ dz (p,q = 1,2,6)
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.*1
. 2 . kJ*< . J ß

' 2
E

. 2 . k kJk . J 2 - 2.

E 2
„jk 2 j k

db 192969495)

' 2
E

. 2 . k^ ^ ‘ Jk . J QL(Q13’Q23’Q63) Ih (C13·C22·c62)“’ dz
° 2
E

. 2 jJ - ä*"21·"22·"s6* ‘ I h (C31’C32’C36) dz dz
' 2

.*1
. 2 j "
Jk - 9L *<(Q31’Q32’Q36) ‘ I h (C3l’C32’C36) dz d dz

Q 2
. 2 j

- 22. *<Q32°fhC32dz *’dz
' 2

11
. 2 j k

- $*..**1..QLdas ° I h das dz dz dz
“

2
E

(T-ij HJ ) =
[2

(c c )d¢*dz
45' 44 h

45’ 44
' 2

h
. ä . k—Jk

- J QLdas ‘ I h Casd dz dz
d ' 2
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. 2 k k—Jk , J& - L044* Ih (:44** (dz d NZ
' 2

E
(Üjk Üjk) =

I2
(C C ) jwkd246- 44 h 46- 44 °' 2

h
. 2

= C
jk

9 = 9 9pq fh pqdddz (pg 126)
' 2

E
Gjkr =

I2
C wjdk¢”dz (p q = 1 2 6)pg h pq ’ ’ ’

' 2
E

61** = 12 6 4—14"4»”4z (4 4 = 1 2 6)nu h pq ’ ’ ’
' 2" E

(é Ea é )¢"" =
[Z

(c c c )djdk ä dz (6 24)13* 23* 63 h 13* 23* 63 dz ° ’
' 2

The theory presented so far is general in the sense that the

interpolation functions dj and dj can be chosen arbitrarily as long as

they satisfy the conditions in Equation (5.10). The coefficients in

Equations (5.24) are simplified when linear polynomials (Equation 2.6)

are used for dj = dj. In this case the coefficients should be computed

for all the interfaces j, k = 1,..., N + 1 as shown in Figure 2.1 (also

see Section 2.2). The condition (5.2) is satisfied by eliminating the

variables (ur,vr,wr) at the middle surface interface according to

Equation (5.10). The remaining variables are then renumbered from 1 to

N as shown in Figure 2.2. Note that the model must include an interface
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at the middle surface. If the middle surface does not coincide with an

interface of the laminate, then the center layer is modelled as two

layers in order to satisfy the condition (5.2).

5.3 Analytical Solutions

In order to produce an actual solution, we choose here linear

Lagrange polynomials for both ¢j and wj (see Equation 2.6). In this _

particular case the coefficients uj, vj, wj are identified as the

displacements of each (j—th) interface between layers. In order to be

able to obtain an analytical solution and to compare the results with

existing solutions of the 30 elasticity theory, we must restrict

ourselves to the linear equations, which are obtained by eliminating the

underscored terms in Equations (5.13). The solution of equations of

even the linear theory is by no means trivial. These equations of

motion combined with the constitutive relations are solved exactly for

the case of orthotropic, simply supported laminated shells. Using a

Navier-type solution method, a set of kinematically admissible solutions

is assumed:

u(x,6 t) = 2 2 X cos m6 cos ax T (t)’
m n mn _ mn

v(x,6,t) = 2 2 r sin mo sin ax T (t)
m n mn mn

w(x,6,t) = 2 2 H cos m6 sin ax T (t)
m n mn mn

1 -‘°°°1u (x 6 t) - 2 2 Y cos m6 cos ax T (t)’ ’
m n mn mn .
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sin mo sin ax Tmn(t)

wj(x,a,t) 2 ; ; Qän cos ma sin ax Tmn(t)
Tmn(t) =

em"‘"
(5.25)

where ¤ = gl and b is the length of the cylinder.

After substitution into the constitutive equations and equations of

motion, we get a system of 3N + 3 equations which relate the 3N + 3

unknowns {5} j = 1,...,N.

lkl{6}for
each of the modes (m,n). The solution of the eigenvalue problem

(5.26) gives 3N + 3 frequencies for each mode (m,n).

As an example, a three-ply laminate with orthotropic layers is

analyzed. The stiffnesses of the inner layer are assumed to be:

C11 = 0.08, C12 = 0.05, C13 = 0.07, C22 = 0.19, C23 = 0.32, C33 = 1.0,

C44 = 0.04, C66 = 0 03, C66 = 0.34, and the outer layers are assumed to

have stiffnesses 20 times those of the inner layers. The results are

presented in terms of a non—dimensional parameter A,—6A
= 6 ro —Vj——————i (5.27)

.¤@$31=1
where ri is the radius of the i—th interface and ro is the outer radius

of the cylinder.

Results for a thin laminate (r1 = 0.95 ro, r2 = 0.955 ro, r3 =

0.995 ro) are presented in Table 5.1. Similar results for a thick

laminate (r1 = 0.8 ro, r2 = 0.82 ro, r3 = 0.98 ro) are presented in
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Table 5.2. The exact results using 3-0 elasticity are taken from

Srinivas [98]. In Table 5.3, results for a two—ply cylindrical shell are

presented. The material properties used are those of a graphite-epoxy

material (E1 = 19.6 msi, E2 = 1.56 msi, ulz = 0.24, »23 = 0.47, G12 =

0.82 msi, G23 = 0.523 msi), and the thickness of each layer is 0.05

in. The three lowest frequencies are presented in Table 5.3 in non-

dimensional form as before. while neglecting the rotary inertia, the

inplane inertias still need to be considered for cylindrical shells

because the displacements tangential to the reference surface,

mainly ue, play an important role in the behavior of the shell. This is

in contrast to plate theory, where the in—plane inertias are usually

neglected along with rotary inertia. Results obtained for zero

transverse normal strain are also presented. They were obtained using

the reduced stiffness matrix instead of the 3-0 stiffness matrix. The

present results are, in general, in good agreement with those presented

by Srinivas [98].
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Figure 5.1 Shell coordinate system.
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Chapter 6

THE JACOBIAN DERIVATIVE METHOD FOR THREE-DIMENSIONAL
FRACTURE MECHANICS

6.1 Introduction

The Fracture Mechanics algorithm developed in this chapter will be

employed (Chapter 7) for the evaluation of fracture mechanics parameters

at the boundary of delaminations in laminated composite plates.

The finite element method is well established as a tool for

determination of stress intensity factors in fracture mechanics.

Isoparametric elements are among the most frequently used elements due

to their ability to model the geometry of complex domains. The quarter-

point element [61,62] became very popular in linear elastic fracture ·

mechanics (LEFM) because it can accurately represent the singularities

in those problems. Its use has been extended to other problems as well

[63]. “

Two main areas have received attention in fracture mechanics '

analyses: first, to model accurately the singular behavior near the

crack front; second, to compute the stress intensity factor from the

solution to the finite element model of the problem. The following

sections deal with the second problem, with emphasis on the use of

isoparametric elements. The method presented here has its origins in

the virtual crack extension method of Hellen [72] and the stiffness

derivative method of Parks [73]. Similar but different methods have

been developed [100-103]. But in contrast to the VCEM, the Jacobian

derivative method presented herein does not require an arbitrary choice

of a "virtual" extension that in the VCEM becomes an "actual"

205
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extension. He take advantage of the isoparametric formulation to

compute the strain energy release rates directly from the displacement

field.

The Jacobian derivative method is a true post processor

algorithm. In this method the stress intensity factors are computed

from an independently obtained displacement solution. Therefore, the

displacement solution can be obtained with a program without any

fracture mechanics capability, although adequate representation of the

singular behavior near the crack front is necessary.1 The displacement

field may even be obtained by experimental techniques. Furthermore, the

proposed technique does not require computation of stresses, thus

reducing computational cost and increasing accuracy. The Jacobian

derivative method also provides the distribution of the strain energy

release rate along the crack front, G = G(s), without any two-

dimensional hypothesis (here s denotes a curvilinear coordinate along

the crack front).

The present study is motivated by delamination type problems in

composite laminates. These problems exhibit planar growth, that is, the

crack grows in its original plane. However, the shape of the crack may

vary with time. For example, a initially elliptic crack usually grows

with variable aspect ratio. Therefore we cannot in general assume self

1The Saint Venant principle does not apply for reentrant corners
(cracks). In other words, a reentrant corner singularity influences the
displacement field all over the domain.
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similar crack growth. The algorithm presented is simple, inexpensive,

reliable and robust.

Numerous methods for the calculation of stress intensity factors

have appeared over the years. The direct methods are those in which the

stress intensity factors are computed as a part of the solution. The

direct methods require special elements that incorporate the crack tip

singularity [65]. The indirect methods are those in which the stress

intensity factors are computed from displacements or stresses that are

obtained independently. The more popular indirect methods are:

extrapolation of displacements or stresses around the crack tip [66] and

the nodal-force method [67,68]. Integral methods like the J-integral

method [69], the modified crack closure integral [70,71], and the

virtual crack extension method [72,73] are also used. The indirect

methods can be used with conventional elements or with special elements

that incorporate the singularity at the crack front.

The virtual crack extension method (VCEM) is appealing because it

does not require computation of stresses, and therefore is inexpensive

and accurate. However, the VCEM requires two computations for two

slightly different configurations. Improved versions of the VCEM [72]

or the stiffness derivative method [73] eliminate the second run but

require the specification of a "virtual" crack extension (VCE), a small

quantity that must be chosen arbitrarily. Rounding errors may appear if

the VCE is too small, and badly distorted elements may result if the VCE

is too large [72].
”

The virtual crack extension method postulates that the strain

energy release rate can be computed as
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am = ä (6.1)
where U is the strain energy and a is the representative crack length.

In the actual implementation of VCE, however, one approximates Equation

(6.1) by the quotient AU/Aa; in the limit Ad + O this gives the desired

value of G.

The Jacobian derivative method proposed here computes G(s)

according to Equation (6.1) exactly. The method does not require the

approximation of the derivative, and therefore the choice of the

magnitude of the "virtual" crack extension does not arise. The concept

has been already applied in other fields [104]. The basic idea of the

method can be summarized as follows. In the isoparametric formulation

the geometry and the solutions are approximated with the same

interpolation (or finite elements). Therefore, the total potential I

energy depends both on the displacements and on the nodal coordinates

that ultimately represent the shape of the domain. Once the

displacements have been found for a fixed configuration, the potential

energy depends only on the nodal coordinates of the boundary.

Consequently, we can compute the strain energy release rate due to a

virtual crack extension simply by differentiating with respect to the

nodal coordinates on the crack front. The nodal coordinates can be

treated as variables in the isoparametric formulation of the problem.

In the next section we formally develop this idea.

6.2 Theoretical Formulation

The objective of the algorithm is to compute the strain energy

release rate G(s) by Equation (6.1). Consider the total potential
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energy functional,

ffIIIjaaj6d tds 62u — Q(
0

aij eij) 9 +
Q

1-ui n + fan i·n, ( . )

without loss of generality we consider a linear elastic material for

which the strain energy, U, is
Q,.

TJ 1U = fo oijdeij = ä oijeij (6.3)

In the finite element method the potential energy is approximated as

II = (fü %gTggd¤1g + w (6.4)
Q

where Q is the constitutive matrix, Q is the strain—displacement matrix,*

N is the work performed by external loads, and Q is the vector of nodal

displacements.

The solution of the problem is obtained using the principle of

virtual displacements (or the minimum total potential energy):

an =gg 0 (6.5)

Since the approximate potential energy is a function of the nodal
I

displacements u and the crack length a, we have

auBH - AE .; . EE
EK

”
aa + aa agIa=const (6°6)

where
3 -.ä.
Sa = aaIu=const (6°7)

Assuming that no body forces are present, no forces are applied to the

surfaces of the crack, and that the fixed—grip end condition holds
I

during the virtual crack extension, we obtain
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aw _
Sg - 0 (6.8)

and

au _ gg _
E; - ag

— G. (6.9)

The fixed-grip end condition refers to the case where only specified

displacements are applied to the boundary. It has been shown [105] that

the value of the strain energy release rate remains unchanged if the

fixed—grip end condition is replaced by a constant load on the

boundary. The argument can be generalized to the case of arbitrary

load-displacement hystory at the boundary by considering infinitesimal

increments, as shown in Appendix 6. Using Equations (6.5), (6.8) and

(6.9) in Equation (6.6), we obtain

an _ gg _ g_ T g T
ag

—
ag {9 {fg 2 9 99d¤l9}

or

6 = J {Q uT[] l BTDBdQ]u} (6.10)a? e
“

0 2 “ ““ “
e

where 0a is a typical finite element. The indicated integration is

carried out over the master element [74]:

G {Z·
e 0e

Interchanging the order of integration and differentiation, which is

possible because g is kept constant during the differentiation, we

obtain

6 = ä Q J1] L (BTDB|J|dgdn]u (6.12)„ ga „ ..„.. ~e 0 ·e
The integrand in Equation (6.12) can be expanded as follows:
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Q_ T _ Q_ T T a|J|
a? [Q QQIJI] —

ag [Q QQIIJI + [Q QQ] ag (6.13)

where
6 T _ BE T T 66
Q [Q QQ] — {Q] QQ + Q Q[Q]— (6·l‘[)

The strain dispiacement matrix Q can be written in terms of the matrix

of shape functions Q as

Q = Q‘1Q (6.15)
and therefore,

6Q 3Q-l

Consider the identity

Q -
Q‘1g (6.17)

Differentiation with respect to a yieids

aQ'l _1 ag

0OT
6Q'1 _1 6Q -1

=SubstitutingEquation (6.19) in Equation (6.16), we obtain

aB aJ
~ _ -1 _; -1 _ -1 Qg

S5
— — Q ag Q Q — — Q ag Q. (6.20)

Equation (6.15) takes the form

6 T _ -1 39 T T -1 39
Q [[9 [9@[ · · [9 Q [§[ [99 · 9 9[9 Q [§[ [6-21)

or

Q; [§T[2§|J|[ = r- @[99 — [§T‘2@[[9[ + @[9*9 QQ} <6·22>
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where
. -1 gg
Q = [Q 5; Q] (6.23)

Finally, substituting Equation (6.22) into Equation (6.11), we obtain

the expression for the strain—energy release-rate,

6 = é) QTU {(- BTDB - 6T¤ß)|.1| + 6*116 äi%l—}drds]u (6.24)
e o " ““ “ ““ “ ““

-
“

e
where Q is the displacement vector, known from the finite element

solution.

The derivatives of the Jacobian must be computed as (note
aJ aJ

that S? = Sg, since Q is independent of Q),

axi ayi azi
§¢1,i·$·§¢1,i$=§¢1,i§

aJ ax. ay. az.
~ - ..1 . ..1 . ..1

aa
”

g °i,s aa
’

§ °i,s aa
’

ä ¢i,s aa (6°25)

ax. ay. az.l • ..1.• ..1.
ä *1,1; S? · § *1,1 aa · E *1,1; aa

where (r,s,t) are the local coordinates of the isoparametric element,

(xi, yi, zi) are the global coordinates of the nodes of the element and

the vector

ax. ay. az.
- ..1. ..1 1.1

is the input vector that indicates the direction and shape of the

virtual crack extension.

The derivatives of the determinant of the Jacobian must be computed

as
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§¢1,.¤1 1 § ¢1,.¤1 = § 11,.21

jlgl = E- det E ¢ x · Z ¢ y · Z ¢ z (6 27)aa aa 1 i,s i ’
1 i,s i ’

1 i,s i °

ä *1,:*1
‘

§ *1,:*1 * § *1,:21

It is worth noting that the summation in Equation (6.24) extends only

over the elements connected to the crack because there is no deformation

of the elements far away from the crack; that is,

%=0 (am)

for elements not connected to the crack.

The evaluation of Equation (6.24) requires the displacements u at

the nodes of the (isoparametric) elements surrounding the crack. The

elements used in the postprocessor can be coded independently of those

used in the finite element program employed to obtain the

displacements. At least in principle, they do not need to be of the

same type. In the examples in this chapter, however, both the main

finite element program and the postprocessor use isoparametric quarter-

point elements.

6.3 Computational Aspects

In order to apply the method we must specify the direction of the

virtual crack extension by means of a unit vector in the expected

direction of growth. we give the direction of the VCE at least for each

node on the crack front. However, for some meshes it is convenient to
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use the mid-side nodes of the elements surrounding the crack front.

Beyond that, any number of nodes can be used as long as they surround

the crack front. The Jacobian derivative method uses the elements

connected to these nodes to compute the strain energy release rate.

Therefore the cost of the solution grows with the number of elements

involved. But this cost is negligible compared to the cost of the

finite element analysis of the complete structure. Usually the solution

is insensitive to the number of elements involved in the postprocessing

and only the crack tip elements need to be used.

All virtual crack extension methods rely on the displacement field

obtained for the original crack shape. Therefore the virtual crack

extension must be such that it preserves the shape of the crack. If the

shape of the crack were to change, the nature of the singularity would

change significantly and the solution for the original shape would be of

no help in predicting the new situation. For two—dimensional problems,

this means that the direction of the VCE is that of the crack itself.

For three—dimensional problems two aspects need to be considered.

First, the VCE must lie on the plane of the crack. This is a natural

extension of the two-dimensional argument. It does not mean that the

crack cannot grow out of its plane. It just means that we are unable to

compute anything else with just one solution for the original shape.

Second, the VCE must have the shape of the original crack. Once again,

it does not seem right to pretend to change the shape of the crack when

we only have the solution for one shape. However, deviations to this

premise have been reported in the literature with some success. It is

probable that no big errors are introduced violating the latter
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requirement because the nature of the singularity supposedly does not

change significantly as long as the crack remains in its original

plane. The second requirement does not mean that the crack cannot grow

with variable aspect ratio. Even more, we may be able to predict the

direction of the growth based on the distribution of energy release rate

along the crack front.

Since the Jacobian derivative method is a post-processor algorithm,

we are tempted to use it with several probable shapes for the VCE.

However, we found out that this is unnecessary. Just specifying a self

similar VCE, we are able to compute the stress energy release rate

distribution along the crack front of a curved crack. The Jacobian

derivative method computes the contribution to the strain energy

release-rate G(S) element by element. Computation of G(S) along the

crack front is explained in the three-dimensional applications presented

in the next section.

6.4 Applications

In order to demonstrate the applicability of the proposed tech-

nique, we present several numerical examples. Since it is computa-

tionally very expensive to use very refined meshes for three—dimensional

problems, we use coarse meshes in all the examples. we use collapsed,

quarter point elements around the crack tip [61,62,63] and quadratic

isoparametric elements elsewhere.

6.4.1 Two-Dimensional Problems
‘

we use a series of two—dimensional meshes with 17 quadratic

elements and 62 nodes (Figure 6.1) to study three problems:
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a) a plate with a single edge crack

b) a plate with a central crack and

c) a plate with symmetric edge cracks.

The three cases differ only in the boundary conditions. In all three

cases, the load is uniform, applied as equivalent loads at the edge away

from the crack. Symmetry along the crack line is exploited to model

only one half of the specimen. For this example we assume that a plane

stress condition holds. It must be noted that the value of the strain

energy release rate depends linearly on the thickness of the model. The

relationship between strain energy release rate and stress intensity

factor holds when strain energy release rate is computed per unit

thickness.

The three—dimensional mesh of Figure 6.2 is used to model the same

two—dimensional problems. The three-dimensional mesh involves 147 nodes

and provides almost exactly the same results as the two—dimensional

models.

The present finite element solutions are compared with the

solutions presented by Paris and Sih [105]. The results are tabulated

in the form of correction factors to the stress intensity factor in an

infinite medium. Therefore, the applicable stress intensity factor is

k = ko * f(a/b)

Table 6.1 contains the results for a plate with a single edge crack.

The plate has length 2L, width 2b = N and a crack of length a on one

side. The finite element solution is compared with the solutions

presented in [106]. The agreement is excellent even for a coarse

mesh. The equation used to compute the stress intensity factor in an
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infinite medium for this example is:

ko = ¤¤(a¤)l/2

Table 6.2 contains the results for a square plate with a crack at the

center. The plate has length 2L, width 2b = 2w and a crack of length

2a. The present finite element solution is compared with the solutions

of Paris and Sih [105] for L/W = ¤ and the finite element results of

Hellen [72] for square plates. The agreement between the two finite

element solutions is excellent even for a coarse mesh. The equation

used to compute the stress intensity factor in an infinite medium for

this example is the same as for the single edge crack.

Table 6.3 contains the results for a plate with a double edge

crack. The plate has length 2L, width 2b = 2N and a crack of length a

on each side. we impose symmetry conditions on the centerline that

divides the plate between the two cracks, thus modelling 1/4 of the

specimen. The finite element solution is compared with the solutions of
‘

Paris and Sih [105] for L/N = ¤. Discrepancies between the present

results and those of Paris and Sih [105] required us to use a finer

mesh. The refined model has 50 elements and 147 nodes. Therefore, we

enhance not only the crack—tip-zone modelling but also the imposition of

boundary conditions. However, the discrepancies still persist. The

present results, however, compare reasonably well with the finite

element results of Hellen [72], as shown in Table 6.3. The equation

used to compute the stress intensity factor in an infinite medium for

this example is:

ko = „4a„)1/2 - Q tan 4%)
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6.4.2 Three-Dimensional Problems

Surface Crack in a Cylinder. Results are presented for a thick

cylinder of internal radius Ri = 29.8 mm thickness t = 5 mm, length 2b =

200 mm, subjected to internal pressure P. A surface crack is located

longitudinally on the outer surface. The shape of the crack is that of

a segment of circle (see insert in Figure 6.4) with a = 2.3 mm, lc =

13.6 mm. However, it approximates an elliptical crack for which other

numerical studies exist [107]. Kaufmann et al. [108] presented

experimental and numerical results for this particular crack shape.

A mesh with 275 elements and 4107 degrees of freedom is used to

obtain the displacement field around the crack front. A layer of 22

collapsed, quarter-point elements [66] surround the crack front.

Quadratic isoparametric elements model the rest of the specimen. Detail

of the mesh around the crack front is shown in Figure 6.3. Four

segments labeled S1 to S4 divide one half of the crack front. On each

segment, four collapsed elements surround the crack front. The mesh

becomes coarse rapidly toward the main portion of the cylinder.

The virtual crack extension direction is specified so as to produce

a self similar growth of the crack. All the nodes of the elements

surrounding the crack front are used in the VCE. These elements are

those in the inner layer next to the crack front (see Figure 6.3).

Therefore, for this example, the algorithm uses the two layers of

elements surrounding the crack front to compute the strain energy

release rate.

The Jacobian derivative method computes the contribution to the

strain energy release rate element by element. Next, we add the
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contributions to the strain energy release rate of all the elements that

surround one sector (Si) of the crack front at a time (see Figure

6.3). Then, we divide this value by the length of the crack front

covered by the corresponding sector (Si) to obtain the distribution of

the strain energy release rate along the crack front.

In order to compare the results with others, we transform G(s) to

K(s) by means of either a plane strain or plane stress assumption,

whichever is appropriate:

plane stress: K(s) = /€€(s)

plane strain: K(s) = / Eälgi
1-v

The distribution of K(s) is shown in Figure 6.4 for the plane strain

assumption, along with results from Raju and Newman [107] for a

semielliptical crack with t/Ri = 0.1, a/C = 0.4, a/t = 0.5, and from

Kaufman, et al. [108]. The results are normalized by the stress

intensity factor Ko at 6 = n/2 for an elliptical crack embedded in an

infinite body subjected to a uniform stress

2RiP r——————„.
K° =

Rä - R§ 1 +1.464 (6/c)1·65

Kaufman, et al. [108] computed the stress intensity factor using the

plane strain assumption and the method of Reference [66]. Raju and

Newman [107] used the 20 analytical solution to relate the stress

intensity factor to stresses. Of course, all numerical solutions were

truly three-dimensional. In our case, the distribution of G(s) is

obtained directly from the three—dimensional analysis without any two-

dimensional assumption. The solution by the present method closely
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agrees with that presented in [108]. The discrepancy between our

solution and that of [107] is due to the difference in the shapes of the

cracks. while Raju and Newman [107] used a semi—elliptical crack, we

used a circular-segment crack (see insert in Figure 6.4).

Side—Grooved Compact Test Specmens. It is well known that the

compact test specimen shows small variation of the stress intensity

factor along the crack front [109,110]. However, if the sides of the

crack are grooved (see Figure 6.5) the stress intensity factor has an

important variation through the thickness. Reference [111] presents

numerical results and experimental evidence that the stress intensity

factor grows considerably at the grooved side.

The geometry of the specimen is shown in Figure 6.5. Due to

symmetry only a quarter of the specimen is modelled. A finite element
’

mesh of 370 quadratic elements with 1985 nodes is uniformly refined

toward the side of the specimen and toward the crack front. 3-0

collapsed, quarter—point elements surround the crack front. 0nly

elements surrounding the crack front are used in the postcomputation by

the JDM. The plane-strain equations are used to transform the strain

energy distribution along the crack front to a stress intensity factor

distribution. The results are normalized with respect to the 2-0

boundary collocation solution [112].

Through the thickness distributions of the stress intensity factor

along the crack front for compact test specimens with and without

grooved sides are shown in Figure 6.6 for a = 0.6 N, and B = 0.5 N.

Solid lines represent the results of the present study (JDM) and symbol
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markers are taken from Figure 6.4 of reference [111]. The maximum value

for the smooth specimen differs by less than 0.2% from the value

reported in reference [111] for a = 0.5 W. The agreement is excellent

except perhaps for the 50% side—grooved specimen where differences in

the finite element mesh and in the Poisson ratio may have more influence

than in the other cases. Although the Poisson ratio was not reported in

Reference [111], its effect on the stress intensity factor is small, at

least for the two-dimensional problem [112]. In this study we used:

v = 0.33 and E = 107. This example further demonstrates the

applicability of the JDM to accurately evaluate the stress intensity

factor distribution along the crack front of 3-0 fractures. The ‘

Jacobian derivative method developed herein keeps all the advantages of

the indirect methods, while adding new enhancements. Being an indirect

method, it can be used with displacements obtained from a variety of

techniques. In particular, even experimental techniques can be used.

The method does not require costly mesh refinements, and it is not mesh

sensitive. Unlike the VCEM, it does not require the specification of a

small crack extension, which makes the JDM a more robust algorithm. Its

applicability for three—dimensional curved cracks is demonstrated. The

method will be applied to delaminations in composite materials along

with a refined plate theory in the following chapter.



222

Appendix 6

Influence of the external work on the computation of
the strain energy release rate.

The strain energy of the system can be written as:

u=—}cP2 (A1)

where C is the compliance and P is the applied load. The external work

for an infinitesimal reduction in the compliance of the system due to

crack growth is:

dw = Pdu (A2)

where u are the displacements at the point of application of the load.

The energy available for crack propagation is

dE = dw - dU (A3)

dE = Pdu -·% d(CP2) (A4)

but

du = d(CP) = CdP + PdC (A5)

therefore
° dE=%P2dC (A6)

In the general case where neither the load nor the displacements are

held constant, the strain energy release rate is:

- LE- L 2 LQG_da_2Pda (A7)

which shows no dependence on the derivatives of the applied load P or

the displacements at the boundary u. Therefore, Equation (A7) is valid

for the general case, even for the case of fixed—grip end conditions
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(i.e., dw = 0). we conclude that the assumption of fixed—grip end

conditions does not alter the value of the strain energy release rate.

The fixed—grip end condition is automatically imposed in the Jacobian

Derivative Method since only one solution for the displacement field u,

for the initial configuration is used. This means that the

displacements everywhere, and in particular at the boundary, are held

fixed during the virtual crack extension used to compute the strain

energy release rate (see Equation 6.7).
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Table 6.1. Values of f(a/b) for a plate
with single edge crack.

a/b JDM GROSS BONIE
-1-

0.2 1.19 1.19 1.20
0.4 1.38 1.37 1.37 22];
0.6 1.86 1.66 1.68
0.8 2.14 2.12 2.14
1.0 2.83 2.82 2.86

3 I——2b-—-|

Table 6.2. Values of f(a/b) for a plate° with central crack.

a/b JDM Hellen Paris & Sih
L/W = 1 L/N = 1 L/N = inf

0.1 1.02
”

1.02 1.000.2 1.06 1.05 1.03 -.F:éé:::]—- 22]*
0.3 1.13 1.12 1.06
0.4 1.23 1.21 1.13

E1
_}-

0.5 1.34 1.33 1.27
. I-- 2b—-I

Table 6.3. Values of f(a/b) for a plate
with double edge crack.

a/b JDM JDM Hellen Paris & Sih
17 el. 50 el. 32 el. L/N = inf

0.1 1.14 1.13 1.13
0.2 1.18 1.14 1.13 231*
0.3 1.24 1.18 1.14 E1
0.4 1.29 1.19 1.16
0.5 1.34 1.18 1.14 ‘

|·———2b—-I



Chapter 7

A MODEL FOR THE STUDY OF DELAMINATIONS IN CDMPOSITE PLATES

7.1 Introduction

Delamination buckling in laminated plates subjected to in—plane

compressive loads is well recognized as a limiting factor on the

performance of composite structures. while the accuracy of the analysis

is of paramount importance to the correct evaluation of damage in

composites, the cost of analysis precludes the use of three—dimensional

models. This chapter deals with the formulation of a laminated plate

theory that can handle multiple delaminations in composite plates.

The aspect ratio considerations limit the applicability of 3-D

analysis to composite plates. A finite element model based on a plate

theory does not have any through—thickness aspect ratio limitation

because the thickness dimension is eliminated at the beginning.

However, the hypothesis commonly used in conventional plate theories

leads to a poor representation of stresses in cases of interest to us,

namely, small thickness ratio (thickness over damage—size) problems and

problems with dissimilar material layers (damaged and undamaged). These

limitations are overcome by use of the Generalized Laminated Plate

Theory with layer-wise smooth representation of displacements through

the thickness. Geometric nonlinearity in the sense of von Karman will

be included to capture the layer buckling.

The representation of displacements and stresses in the damaged

area must be accurate. For the case of delaminations, an accurate

solution is necessary for the application of a fracture criterion to

231
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predict the onset of delamination growth. Among the fracture criteria,

the energy criteria are the most accepted. The virtual crack extension

method is applicable to delamination because the delamination is most

likely to propagate in its own plane (the interface). An improved

version of the virtual crack extension method (the Jacobian Derivative

Method, Chapter 6) is utilized in the present study.

7.2 Formulation of the Theory

Analysis of delaminations in laminated composite plates requires an

appropriate kinematical description of the plate to allow for separation

(delamination buckling) and slipping (due to shear). This can be

incorporated into the GLPT by proper modification of the expansion of

the displacements through the thickness. The GLPT can model the

kinematics of a layered plate, with provision for delaminations, using

the following expansion of the displacements through the thickness of

the plate: _

" 1 1
“

1 1U1(my.z) = ¤(my) +j;1¢ (2) U (my) + jél H (Z) U (my)

" 1 1 ° 1 1¤2(my„z) = v(my) +j;1 ¢> (Z) v (my) + jél H (z)V (my)

D . .
¤3(my„Z) = w(my) +j;l HJ(z) HJ(my) (7·1)

where the step functions Hj are computed in terms of the Heaviside step «

functions H as:

Hj(z) = H(z - z.) = 1 for z > z.
. „ J J (7.2a)

HJ(z) = H(z - zj) = 0 for z < zj
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In Equation (1) ¢j(z) are linear Lagrange interpolation functions, N is

the number of layers used to model the laminate and D is the number of

delaminations. The jump in the displacements at the j-th delaminated

interface is given by Uj, vi and wi (see Figure 1). Using the step

functions Hj(z), we can model any number of delaminations through the

thickness; the number of additional variables is equal to the number of

delaminations considered. At delaminated interfaces, the displacements

on adjacent layers remain independent, allowing for separation

(buckling) and slipping. Since Hj(z) is layer-wise constant, the

transverse normal strain is 622 = 0. This restriction, based on a
reasonable and usual assumption, allows us to reduce the complexity of

the theory and the cost of its solutions. However, we can

obtain 622 6 O simply by augmenting the expansion through the thickness

of the transverse displacement ug.

A nonlinear analysis must be used for buckling of delaminated

composites. Bifurcation analysis applicability is limited because of

the bending—extension coupling of both the delaminated layers and the

base laminate. Even laminates that are originally symmetric, once

delaminated experience bending—extension coupling effects. Most likely

the delamination(s) are unsymmetrically located and the resulting

delaminated layers and base laminate become also unsymmetric.

Therefore, in—plane compressive load produces lateral deflection and the

primary equilibrium path is not trivial (w ¢ 0) as was shown in Section

4.6.2.
‘

Although nonlinear effects are important, rotations and

displacements are not expected to be so large as to require a full
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nonlinear analysis. Only the von Kärmän nonlinearities in the kinematic

equations need to be considered.

The linear strains of the theory are

N.
‘ 0. ‘

€..=%+Z¢°%¥+Z**Jä:‘Äi <7—3¤>
J .1.
N. ‘ 0.

(7.3b)
J .1...

Exy 2 ay ax 2 J ay ax 2 ay ax '

ez — O because az
— O (7.3d)

N 5 . 0. 51 w (7.3e)

N 5. 0. 5-1u 1+.J Jä
eyz-2[ay+§az V +2H ay] (7.3f)

where underlined terms are new terms that appear in the linear strains

as a result of the introduction of the delamination variables Uj, vi,

wi.
The nonlinear portion of the strains are:

0. 5-l21 (7.4a) .

0. 5-iM Jä?ay] (7.4b)

' 0. 5 0. 5-.L2! Jaw au Jä
“xy'2iax+§H axi[ay+§H ayi (7‘4°)
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H13 = H23 ’ "22 ’ 0 (7*4d)

After expansion Equations (4) become

D D . . 1 j-Ly? L iaääHx ' 2 (ax) + 2 E E
(H H ax ax )

D. 1aw 1 aw (7.5a)

D D . . 1 j-Lä? L 1J2L@.l.Hy
_

2 (ay) + 2 § E (H H ay ay ]
....l.............

D . 1E! läl 75b+3,; H 3, <·>
D D . . 1 j-Lä~.LH1L"xy“

2 ax ay + 2 ; 2 (H H ax ay )
....J................ _

D . j D . 1Lu JLLL Lu ia!.+ 2 ax E (H ay ) + 2 ay ax )° (7'SC)
.......Ll...._.......................

11xZ=nyz=nz=O, (7.5d)

where the underlined terms are due to the delaminations. The remaining

terms are the classical von Kärmän nonlinear terms.

The virtual strain energy is given by

GU = 6UCL + 6UCNL + 6UDL + 6UDNL (7.6a)

where

6UCL: contribution of the classical linear terms
6UCNL: contribution of the von Kärmän classical nonlinear terms

6UDL: contribution of the new linear terms lunderlined in
Equation (7.3)]

”
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6UDNL: contribution of the new nonlinear terms lunderlined in
Equation (7.5)] (7.6b)

The contribution of the classical linear terms is:

N . jwmf @.2%%+ .2 @2%]
V _]=l

N . j
J aöv

+0xy ay ax j=l ay ax

+„XZ
BX ._l 32 .

J-

+¤ [ä‘!+§£@vj]}dv-{ 6wdA (77)
y2 8y

j=l
32 Q

q °

Integrating through the thickness and defining

I1
2

(NX, Ny, Nxy) = Ih (ox, dy, oxy) dz
g

‘
ä

2 .(Ox, Oy) = fh (uxz, dyz) dz

. . . 2 .NJ, NJ J = ’ , J( X dy, Nxy ] fh (ox oy oxy] ¢ (z)dz

n
’

ä
. . ä 5J J . gt;)(OX, Oy) .]h(¤Xz„ ¤yz) dz dz (7·8)

' ä

we obtain
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N . j
6U -y{u Mg NJ—JJ“ +CL Q x ax j=l x az

aw " · J
+NH+Zyay j=1 y ax xy ay ax

N . j j N . .
+ E N2 (gg- + gg-) + Q ggg + E

QJuJ
jzl y y x x ax jzl x

+Q QJVJ- 6w}dA (7 9)V ay j=1 V Q • .

The contribution of the von Kärmän nonlinear terms is:

- HH HÄH HÄH HEH
GUCNL

— IV {°x ax ax + °y ay ay + °xy(ax ay + ax ay)}dV

Integrating over the thickness and using the definitions (8) we obtain,

- HÄH HH HÄH ÄHHÖUCNL 7 In {Nx ax ax + Ny ay ay + Nxy (ax ay + ax ay)}dA

(7.10)

The contribution of the new Tinear terms is:

0 . i 0 . i_ 1 a6U 1 a6V6UDL - fV{¤X Vgl H (2) ax + ay
iii

H (z) ay

D . i i1 a6U a6V+ Uxy H(Z)D

. i D . i1 a6N 1 asw+ H (Z) T'? Oyz .2 H (Z) ay }dv
1-1 1-1

Integrating through the thickness and introducing

— ~ E
i i 2 i

= , H d 7.11(¤XZ ¤yZ) (Z)Z ( )
‘2
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E
(M1 M1 M1 ) -

52
(88 88 8 )H1(z)dzx’ y’

xy h
x’ y’

xy
' 2

we can write

D „ i „. i . j . j
2 1 asw 1 asw 1 a6U 1 aav11111 gl! { M1, 88 1 Q, 8, 1 M, 8X 1 M, 8,

+111 (@+§£}dd 712)xy ay ax X y 1 '

The contribution of the new noniinear terms is:
h . . .— D D . . 1 j 1 52 2 1 5 g Ä a6w Ä aöwSUDNL 1°xH (Z) H (Z) 2 (ax ax + ax ax 1

s —g 1-1 5-1
2

5 g Äaawj Äaawj+ ¤yHi(z)H (2) 2 (ay ay + ay ay ]

1 5 mj mj

D . i D . igw 1 asw gw 1 asw
+ OX

ax §
H (Z)

ax
+ Oy

ay ;
H (Z)

By

D . i D . i1 asw 1 asw+°xyax;H(Z) ay +°xyay ;H(Z) ax

D . i D . i
Ä 1 Ä Ä 1 Äay

D . i D . i
Ä 1 Ä Ä 1 Ä+ qxy ax E

H ay + cxy By gl H (2) ax }dzdxdy.

Defining
h

15 15 15 2 1 5 1
(MX ,My ,MXy) = =

_[1

h
(¤X,¤y,¤Xy)H (z) H (z) dz (7.13)

’
2
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we can write

SU :1* +M@)
DNL Q 1 x ax ax ax ax

+ ,,1,u aaw‘ „„ mal)y ay ay ay ay

xy ax ay ax ay+a——1;;*‘D
D .. 1 5 1 51 TJ ay_ asw aaw ay_*§§2"x (ax ax 1 ax an

2 y ay ay ay ay
..

‘ ‘
5 115 ßaswa Äaaw+ Mxy (ay ax TyHd!} (7.].4)

The boundary conditions are given beTow:

Geometric Force

u Nxnx + Nxyny

v Nxynx + Nyny

w Qxnx + Qyny
uj Nänx + Nlynx
vj Näynx + Ngny
uli Minx + Miynyvj Miynx + Mgny
Nj

Ölznx + Ölzny. (7.15)

The Tamina constitutive equations for the k-th Tamina transformed

to the structural coordinates x, y are:
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k —k —k k°x 011 012 016 0 0 Ex
k ·—k —k k°y 012 022 026 0 0 ay
k _ —k —k k

°xy 016 026 Q66 O 0 Yxy (7'lö)
k —k —k k°xz 0 0 0 066 046 Yxz
k —k —k k°yz 0 0 0 046 044 L Yyz

Substituting Equatiuns (7.16) into the definitions of the stress

resultants, we obtain the laminate constitutive equations,
NX A11 A121/2Ny

= Agg Agö av/ay + 1/2 (aw/ay)2

Nxy Aögg au/ay + aw/ax + aw/ax aw/ay]

1 .1 .1 1 .
N B11 Bgg Bgg au /ax

+ jäl Bgg Bgg avg/ay g
Bgö au0/ay + av0/ax

D Eil Egg Egg 2aw/ax 6111/ax + au1/ax
+ Q Egg Egg zaw/ay aN1/ay + av‘/ay

'1=]. . . . 1 1Egg aw/ax aw1/ay + aw/ay aw1/ax + aU /ay + av /ax

11 11 11 1 1
D D E11 Egg Egg awi/ax aw /ax

+ gl jgl Egg Egg aw./ay awg/ay (7.17)
Egg aw1/ay aw0/ax



241
J

— — J J JQx ^66 A45 aw/JX N 866 846
“

0
=

0 BV16 + ·91 Bj vj
y 44 J J 44

1 1 1
E55 E45 aw /ax

+ . . (7.18)
1-1 add 6wJ/ay

where

A
jzk

q(k)6z· (p 1 = 1 2 6 4 6)
Z

9 9 9 9 9 9 z
„ k-1

. N Zk .BJ = N Jd ; , = 1,2,6pd käl IZ Qpd4 2 (o 4 )
k-1

. N Zk 5J - k 44. , =
. k-1

.. N Zk . .BJJ = N J Jd ; , = 1,2,6pd kgl IZ 0pd4 4 z (p 4 )
k-1

.. N ZA 5 1BJJ = N 99- 99- 6 ; , = 4,5pd kél IZ Qpq dz dz 2 (4 4 )
k-1

1 N Zk
k 1

Epq = Z I 0pdH (z)dz; (4,4 = 1,2,6,4,5) (7-19)
k=l 2k_1

15
“ Zk

k 1 5E = Z 1 4 H <z)H <z)4z; <p,4 = 1,2,6)
PQ k=l Z Pq

k—1
Note that there are Tinear terms invoiving the deiamination variabies U,

V, N. This Tinear effect suggests that deiaminations may grow even

prior to buckling and without peeiing or 622 stress. The driving

mechanisms are the modes II and III of fracture. Furthermore, we

obtain,
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ug ogl 6{2 ogg au/ax + 1/2 (aw/ax)2
N; = Bgz Bgö ay/ay + 1/2 (aw/ay)2

Niy Bgö au/ay + av/ax + aw/ax aw/ay

ij ij 1j 1
N D11 Dgg Dgg aU /ax

+ 121 ogg ogg av‘/ay
Dgg aU1/ay + aV1/ax

I

D Lig Li; Lig zaw/ax awi/ax + aui/ax
+ Z Lgg Lgg 2aw/ay awi/ay + avi/ay

1 . . . . .
Lgg aw/ax aw‘/ay + aw/ay aw‘/ax + aU1/ay + aV‘/ax

Lääj
Lääj Lägj awr/ax aus/ax

D D . .
+ Q E

LEQJ
LEÄJ awr/aY aws/ay (7.20)

r s .
__ Lggg aw'/ay aus/ax

where

13 N Zk
k 1 3L = X I 0 H (Z)¢ (z)dz; (¤,¤ = 1,2,6)Pq k=1 Z Pq

k~1

rs' N Zk
k r s jLpqJ= E I 0pqH (Z)H (z)¢ (z)dz; (¤,¤ = 1,2,6) (7,21)

k=l Zk_1

and

J J J J1 J1 JOx 1 866 B45 aw/8* N 866 D45 8
. = . + .. .

og‘} 6g4 aw/ay 1 ogg v1
..l
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ij ij 1L L45 aw /ax
+ .. . (7.22)

1 L12 aw]/ay

where ZL‘~‘=
l

fk 0231vd k=l Zk 1
pd dz ’ ’ ’ °

and '

^i i 1 gw ij ij j
. Qxz Ess E45 ax N Ess L45 “

Ö1 ” E1 gg_ * l L15 V5
yz 44 ay J 55

15 11 E0 Ess E45 ax
.. ° . 7.24* jll E11 y

‘ )
__ 44 ay

Once delaminations and nonlinear effects come into the picture, one new

equation for each delamination is introduced. Along with the new

equation, a new set of stress resultants is introduced [see Eqs. (7.11)

and (7.13)]. These stress resultants lead to a new set of constitutive

equations, as follows:

M1 E11 E12 E16 10/ax + 1/2 (aw/ax)2
M1 = E12 Eäö av/ay + 1/2 (aw/ay)2

Mly Egö au/ay + av/ax + aw/ax aw/ay

15 1.1 15 5
VN L11 L12 Llö au /ax

+ jäl L11 L11 av1/ay
·

(7.25)
Lgg auJ/ay + avJ/ax
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Elf Elf Elg 2aw/ax awf/ax + aUj/ax
D .. .. . .

+ Z Elf Egg zaw/ay auf/ay + avf/ay
j=1 .. . . . .

Egg aw/ax aWJ/ay + aw/ay aNJ/ax + aUJ/ay + aVJ/ax

Elli
Eläl Elgi awr/ax aws/ax

D D . .
+ E E Egäl Eggl awr/ay aws/ay

r S rsi r s
Egg aw /ax aw /ay

where
z. n k .Em = E I Ok HI(Z)HS(Z)H‘(Z)dZ: (¤,¤ = 1,2,6) (7-26)
k-1

next,
Mlj

Elf Elg Elg au/ax + 1/2 (aw/ax)2
Mlf = Elf Egg av/ay + 1/2 (aw/ay)2
M1; Egg (au/ay + av/ax) + aw/ax aw/ay)

ijr ijr ijr r -N L11 Llg Llg au /ax
+ Q Lg Llff avr/ay E

r=1 Lljr aur/a + T
gg y av /ax

D
Elfr Elgr Elgr aw/ax

aw/ay

Egg? aw/ax awr/ay + aw/ay awr/ax + BUJ/j + aVJ/ax

Elf”$ Elf’S Elg’§_ awr/ax aus/as
I

D D .. ..
+

ä E
Elf*$ Eggrs awr/ay aus/ay (7.27)

Eggrs awr/ax aws/ay

where,
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2.. n k .sms = Q [ ok n.(z)uJ(z)H'°(z)uS(z)az; (6,6 = 1,2,6) (7.28)Pq k=1 Z Pq J
_ k—l

When ¢J(z) are linear through each layer, the coefficients in the

constitutive equations simplify to

. NE1 = k hk¤¤ k=§+l °¤¤
where i is the location of the delamination, i + 1 is the first layer

above the delamination and N is the number of layers.

E‘j=
Q Qkhkforj>ipg k=J+1 pg

Eli": Q Qkhkforr>jzi
k=T+l pg

Eyrs
= g Qk hk for s > r > j > i

k=S+l pg

If j indicates a layer number, we have

. j . j+10J%+QJ+1%;J>1+l
.. . j+1LGS = ¤—‘*‘%—=1=1+1

(ps]- = lszsö)

0 otherwise

j hj _ j+lhj+1
_ . .

1
_

Qpg Qpg „ J > 1 +

Lij = _ Qj+lhj+l ; j = i + 1
P9 P9

(P•9 = 4•5)

0 otherwise

and
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Qj gl +
Qj+1 bgjg

; j > r 2 s

Lgäj
= Qj+l béii ; j = r 2 s

O otherwise

This concludes the description of the laminate constitutive equations.

7.3 Fracture Mechanics Analysis

The deformation field obtained from GLPT is used to compute the

strain energy release rate distribution along the boundary of the

delamination. Delaminations usually exhibit planar growth, that is, the

crack grows in its original plane. However, the shape of the crack may

vary with time. For example, a crack shape initially elliptic usually

grows with variable aspect ratio. Therefore, the crack growth is not

self similar. However, a self similar virtual crack extension will be

assumed in order to compute the distribution of the strain energy

release rate G(s) along the boundary of the delamination.

The virtual crack extension method (Chapter 6) postulates that the

strain energy release rate can be computed from the strain energy U and

the representative crack length
“a"

as:

G(s) = dU/da (7.29)

Actual implementations of the virtual crack extension method, however,

approximate Equation (7.29) by a quotient DU/Da that in the limit as

Da + 0, approximates the value of the strain energy release rate G. The

Jacobian Derivative Method (JDM) (Chapter 6) computes Equation (7.29)

exactly. The JDM does not involve an approximate derivative, so it does
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not require that we choose the magnitude of the "virtual" crack

extension Da.

The boundary of a delamination is specified as boundary conditions

on the delamination variables Uj, Vj, and wj, usually setting vj = vj =

Nj = 0. A self similar virtual crack extension of the crack

(delamination) is specified for the nodes on the boundary of the

delamination, that is, the two components of the normal to the

delamination boundary are given for each mode on the boundary. The JDM

is then used at each configuration (or load step) to compute G(s) from

the displacement field.

7.4 Finite—Element Formulation

The generalized displacements (u,v,w,uj,vj, Uj, Vj, Nj) are

expressed over each element as a linear combination of the two—dimen—
“

sional interpolation functions wi and the nodal values (ui,vi,wi,

u§,v§, uj, vj, wj) as faiiawsz
. . . . . m .....

(u,v,w,uJ,vJ, UJ,VJ,NJ) =
iél

(ui,vi,wi,u2,v2,U2,V2,N2)wi (7.30)

where m is the number of nodes per element. Using Equation (15), the

linear components of the strains can be expressed in the form

le} = [BMA}; {eJ} = IFHAJ}; {EJ} = IBHKJ} <7•3l¤>

where

{A}T = {ul,vl,wl,...,um,vm,wm}
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{AW = {u{,v{,...,uä,vg} (7.31b)

JT- J J J J J J{X} - {u1,v1,w1,...,um,vm,wm}

Similarly, the nonlinear component of the strains can be written in the

form

- . ··J - J —J .{Tl} ' [BNL]{A}9 {Tl } ' } + [BNL]{A}•

{$*1} =§ lF:}Ll{Kj} + 1ä,—{{1{K‘} (mm
The matrices [Bl, [Ü], [BNL] and [Ü£L] are given in Appendix 7. Using

Equation (7.31) in the virtual work statement (7.6a) we obtain the

finite element model,

11 12 12 13 13k kl kN kl ku {A} {q}
21 22 22 23 23 1 1kl kll kw {A} {q}

.21 .22 .22 .23 .23
•

N _ · NkN km kNN {A} - {q} (7.32)
31 32 32 33 33 1 1kl kw {X} {q}

.31 .32 •32 .33 •33
.-0 ·

ko km km km] {A} {q}

- 11 12 21 22 23 32 33where the submatrices [k ], kj ], [kj l, [kji], [kjr], [krj], lkrsl
with i,j = 1,...,N and r, s = 1, ..., D are given in Appendix 7.2. The

load vectors {q}, {ql}...{q1} ... {qN}, and {q1},..., {ED} are analogous

td {A}, {Al}, {A"} and {Kl}, {KD} an Equation (7.2111). ine
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nonlinear algebraic system is solved by the Newton—Raphson algorithm.

The components of the Jacobian matrix are given in Appendix 8.

The nonlinear equations are also linearized to formulate the

eigenvalue problem associated with bifurcation (buckling) analysis,

(IKDI - xl¤<Gl)·9 =Q (7-33)
where [KD] is the linear part of the direct stiffness matrix (7.32) and

[KG] is the geometric stiffness matrix, obtained from the nonlinear part
~

of Equation (7.32) by perturbation of the nonlinear equations around the

equilibrium position.

7.5 Numerical Examples

First, two exmaples are presented in order to validate the proposed

analysis. Closed form solutions can be developed for simple cases and

they are used for comparison with the more general approach presented

here.

7.5.1 Square Thin-Film Delamination

A square thin layer delaminated from an isotropic plate is peeled

off by a concentrated load at its center. The base laminate is

considered rigid with respect to the thin delaminated layer. An

analytical solution for the linear deflection and strain energy release

rate can be derived assuming the delaminated layer is clamped to the

rigid base laminate [58]. Due to symmetry, one fourth of the square

delamination is analyzed using a 2 x 2 and 5 x 5 mesh of 9—node

delaminated elements. Either the clamped boundary condition is imposed

on the boundary of the delamination or an additional band of elements

with a closed delamination is placed around the delaminated area to
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simu1ate the intact region. A11 different mode1s produce consistent

resu1ts for transverse def1ections and average strain energy re1ease

rate. The finer mesh is necessary to obtain a smooth distribution of

the strain energy re1ease rate G a1ong the boundary of a square

de1amination with side Za, bending rigidity D under a concentrated 1oad

P, as shown in Figure 7.Z. The Tinear so1ution for P = 10 compares we11

with the ana1ytica1 so1ution. In Figure 7.3 we show the 1inear and

non1inear maximum de1amination opening N and average strain energy

re1ease rate Gav as a function of the app1ied 1oad P. It is evident

that the membrane stresses that deve1op as a consequence of the

geometric non1inearity reduce considerab1y the magnitude of the average

strain energy re1ease rate. The Newton—Raphson method is used to

compute the non1inear so1ution.

7.5.2 Thin-Fi1m Cy1indrica1 Buck1ing

Using the cy1indrica1 bending assumptions and c1assica1 p1ate

theory, a c1osed form so1ution can be deve1oped for the postbuck1ing of

a through—the—width thin de1amination [113]. In this examp1e we

consider an isotropic thin 1ayer de1aminated from a thick p1ate in its

entire width. Due to symmetry, on1y one ha1f of the Tength of the p1ate

strip is mode11ed with a nonuniform mesh of 7 p1ate e1ements. The

cy1indrica1 bending assumption is satisfied by restraining a11 degrees

of freedom in the y-direction. The base Taminate is considered much

more rigid than the thin de1aminated 1ayer so that it wi11 not buck1e

nor def1ect during the postbuck1ing of the de1aminated Tayer. First, an

eigenva1ue (buck1ing) ana1ysis is performed to obtain the buck1ing 1oad
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and corresponding mode shape. Then a Newton—Raphson solution for the

postbuckling configuration is sought. Excellent agreement is found in

the jump discontinuity displacements U and N across the delamination.

The values of delamination opening W and strain energy release rate G

are shown in Figures 7.4 and 7.5 as a function of the applied load,

where ecr is the critical strain at which buckling occurs for a
delamination length Za. The comparisons with analytical solutions

presented in this section demonstrate the capabilities for modelling

delaminated composite plates and buckling with the proposed theory. An

efficient plate bending element has been developed and validated by

comparison to existing solutions for delaminated plates. The present

approach has computational advantages over full 3-D elasticity

analysis. Its generality can be exploited in the analysis of real

composite structures, with complexities that exceed the capabilities of

Z-D analysis or approximate analytical solutions. The present°approach

can be used either to assess the structural consequences of existing

damage or to perform parametric studies to optimize the damage tolerance

of composite structures. Application to more complex situations is

presented in the following sections.

7.5.3 Axisymmetric Circular Uelamination

The axisymmetric buckling of a circular, isotropic, thin—film

delamination can be reduced to a 0ne—dimensional nonlinear ordinary

differential equation problem [49] by using the Classical Plate Theory

(CPT). One quarter of a square plate of total width Zb with a circular

delamination of radius a is modelled in this work using GLPT elements
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capable of representing discontinuities of the displacements at the

interfaces between layers. The symmetry boundary conditions used are:

0(0,y) = 0‘(0,y) = uJ(0,y) = 0

v(x,0) = v‘(x,0) = vj(x,0) = 0

with i = 1,...,N and j = 1,...,0; where N is the number of layers and D

is the number of delaminations through the thickness; in this example D

= 1. The boundary of the delamination is specified by setting to zero

the jump discontinuity conditions Vj, vj and NJ on the boundary of the

delamination and wherever the plate is not delaminated. The boundary of

_ the plate is subjected to the following clamped boundary conditions,

that produce a state of axisymmetric stress on the circular

delamination:

”
¤‘(b„y) = UJ(b„y) = 0 : NX(b.y) = — N

vi(x,b) = Vj(x,b) = 0 ; Ny(x,b) = - N

where N is a uniformly distributed compressive force per unit length.

The same material properties are used for the delaminated layer of

thickness t and for the substrate of thickness (h - t). To simulate the

thin-film assumptions, a ratio h/t = 100 is used. First an eigenvalue

(buckling) analysis is performed to obtain the buckling load and

corresponding mode shape. Then a Newton—Raphson solution for the

postbuckling is sought. The Jacobian Derivative Method, Chapter 6, is
I

used at each converged equlibrium solution to compute the distribution

of the strain energy release rate G(s) along the boundary of the
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delamination. For this example, G(s) is a constant. Its value,

depicted in Figure 7.6 as a function of the applied load, is in

excellent agreement with the approximate, analytical solution [49].

7.5.4 Circular Delamination Under Undirectional Load

In this example we analyze a circular delamination, centrally

located in a square plate of total width 2c and subjected to a uniformly

distributed inplane load NX. The example is set up to allow comparisons

to be made with numerical results obtained by using a full three-

dimensional finite element program [57]. Contrary to the last example,

this problem does not admit an axisymmetric solution. Therefore, the

distribution G(s) is variable along the boundary of the delamination, as

shown in Figures 7.9 and 7.10. A quasi—isotropic laminate [145/0/90] of

total thickness h = 4 mm with a circular delamination of diameter 2a

located at 0.4 mm deep is considered. The material properties are those

of AS4/PEEK: E1 = 13.4 x 1010 Pa, E2 = 1.02 x 1010 Pa, G12 = 0.552 x

1010 Pa, G23 = 0.343 x 1010 Pa, U12 = 0.3. As is well known, the quasi-

isotropic laminate exhibits equivalent isotropic behavior when loaded in

its plane. The bending behavior, however, depends on the orientation.

To avoid complications in the interpretation of the results introduced

by the non—isotropic bending behavior, an equivalent isotropic material

is used in Reference [57], where the equivalent stiffness components of

the 3-0 elasticity matrix are found from:

— gij = é käl
(Cij)k

Due to the transverse incompressibility used in this work, it is more
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convenient and customary to work with the reduced stiffness. Equivalent

material properties can be found directly from the A—matrix of the

quasi-isotropic laminate as follows: first, compute the equivalent

reduced stiffness coefficients

015 ‘ A15/h
where h is the total thickness of the plate and Aij are the components

of the A—matrix obtained according to the Equation 2.11b. Next, the

equivalent material properties can be found as:

E11 ‘ 011 ‘ 022
0

E22 ‘ 022(1 ' öää)
G12 = Gas

G23 ’ 066 E

V12 = 01äE1é ‘ E11
11 22

An eigenvalue analysis reveals that the delaminated portion of the plate

buckles at NX = 286,816 N/m for a = 15 mm and at NX = 73,666 N/m for a =

30 mm. In Figure 7.7 we plot the maximum transverse opening of the

delamination as a function of the applied inplane strain sx. The

differences observed with the results of Reference [57] are due to the

fact that in the latter an artificially zero transverse deflection is

imposed on the base laminate to reduce the computational cost of the

three—dimensional finite element solution. The differences are more

important for a = 30 mm, as indicated by the dashed line in Figure 7.7

that represents the transverse deflection w of the midplane of the
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plate. The square symbols indicate the total opening (or gap) of the

delamination, while the solid line is the opening reported in Reference

[57] with w = 0. The differences on total opening N and transverse

deflection w have an impact on the distribution of the strain energy

release rate, as can be appreciated in Figure 7.9. Both solutions (3-0

elements [57] and the present 2-D elements) coincide for the small

delamination of radius a = 15 mm in Figure 7.8. For the larger radius a

= 30 mm, the assumption w = 0 is no longer valid and discrepancies can

be observed in Figure 7.9, although the maximum values of G coincide and

the shapes of the distributions of G are quite similar. Mesh

refinement, with at least two elements close to the delamination

boundary, has to be used. This is not because of the computation of the

_ strain energy release rate G(s), but due to the fact that deflections

and slope change abruptly in a narrow region close to the delamination

boundary, similarly to the phenomena described in Reference [114]. In

Figure 7.8 and 7.9 we plot the distribution of the strain energy release

rate G(s) along one—quarter of the boundary of the delamination denoted

by s, where s = 0 corresponds to (x = a, y = 0) and
s‘=

an/2 to (x = 0,

y = a), for two different delamination radii a = 15 mm and a = 30 mm,

respectively. Negative values of G(s) indicate that energy should be

provided to advance the delamination in that direction. Obviously the

delamination will not spontaneously grow in that direction. Negative

values are usually obtained as a result of delaminated surfaces that

come in contact, thus eliminating the contribution of Mode I of fracture

although not of Modes II and III. The present analysis does not include

contact constraints and therefore layers may overlap. As noted in
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Reference [57] G(s) in the region without overlap is not significantly

affected by imposing contact constraints on the small overlap area.

7.5.5 Unidirectional Delaminated Graphite—Epoxy Plate

A circular delamination of radius a = 5 in in a square plate of

side 2c = 12 in made of unidirectional Graphite-Epoxy is considered

next. The thickness of the plate is h = 0.5 in and the delamination is

located at a distance t = 0.005 in from the surface. An eigenvalue

(buckling) analysis is used to obtain the magnitude of the inplane load

under which the thin delaminated layer buckles. Due to the anisotropy

of the material used in this example, it is interesting to study the

effect of different combinations of loads NX and Ny, characterized by

the load ratio

X Y

In Figure 7.10 we plot the magnitude of the buckling load as a function

of the load ratio r, with -1 < r < 1. The distribution of the strain

energy release rate G(s) along the boundary s = a¢ with 0 < ¢ < ¤/2 is

plotted in Figures 7.11 to 7.15 for different values of the load ratio r

with -1 < r < 1, and several values of the applied inplane load, in

multiples x of the buckling load NCX. Figure 7.11 for r = 1, (i.e., NX

= N and Ny = 0) clearly indicates that the delamination is likely to

propagate in a the direction approximately perpendicular to the load

direction. In Figure 7.12, r = 0.5 indicates that Ny = 1/2 NX. The

introduction of some load in the direction perpendicular to the fibers

causes the maximum value of G to align closer to the x-axis. That
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effect remains for all the other load ratios considered in Figures 7.13

to 7.15. The fact that both the magnitude and the shape of the

distribution G(s) changes as the load ratio changes motivates Figure

7.16. It can be seen that of all the combinations of loads, all being

five times the corresponding critical load, r = 0.5 produces a quite

small amplitude of G(s) along the entire boundary of the delamination.

This fact suggests that the propagation (or arrest) of delaminations is

greatly influenced by the anitostropy of the material and the

predominant loads.
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Aggendix 7

Strain—Displacement Matrices in the Finite Element Formulation

The strains appearing in Equation (7.3) are

Ä! ääi l.(ä!)2
ax ax 2 ax

M M 1(M)2ay ay 2 ay

ay ax * ay ax *
“

axay

gä uj 0

Jay v 0

M MM
BX BX BX

M MM
BX B_YB_Y

1- M M.-1- MM MM{E } ” ay- + ax ’ {“ } ‘
ax ay + ay ax

awi
sr °
awi
B_Y 0
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wlü
BX BX

wiwi
.. 1 W WWJ} = 2 1 . . .

w. wi 1 ß wi
BX By B_Y BX

0
0

The matrices [B], [Ü] and [BNL] appearing in the stra1n—

displacement re1at1ons (7.31) are

° ° ST °
‘

Bd:1 Bü:1

° ar ° ° W
Bw. Bub. _ Bri). Btl:.

[61 = 1} $1% 0 [61 = 1% Eil(5x3m) (5x2m)

Blbi
Ü Ü Üi Ü

31111
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00Xm

0 0 0

0 0 0

0 0 0

0 0 0

with (i = 1,...,m).
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Aggendix 8

Stiffness Matrices in the Finite Eiement Formuiation
[ku} = lBlT[AllBl + IBITIAIIBNLI + ZIBNLITIAIIBI + ZIBNLITIAIIBNLI

D T 'Tj T 2 Ej B+§ (IB] [E llBN|_l + 2[BNLl [E ll NL} + [NLH ll]

. . D D . .
+ ZIÜQLIIEJIIBNLI) + 2

Ä Ä [6gL12[6J*1[6‘,§L1.

. . D .[@21 = [6121621161 + ZIBNLITIBJIIÜI + 2 Ä [6;L12[[“1[6‘1

. . D .[@21 = IÜITIBJIIBI + IFITIBJIIBNLI +Ä [62[6“1[6°;’,L1

[@21 = [612[¤J”1[61.

. . D .[@1 = IBITIEJIIBI + [BlT[E‘2l[BNLl +Ä (IBITIEÜIIFELI)

. . D .. .
+ ZIBNLITIEJIIBI + ZIBNLITIEJIIBNLI +Ä [2[6„L12[E‘¢'1[6Q,L1>

1

D —r T jr -r T jr D D —r T jrs -5+ 2Ä (IBM] [E llßl + [BM] [E IIBNLI) + 2Ä ZUB 1 [E IIBNLI)
r - r S

.. .. D ..
[@21 = [‘612[[‘J1[61 + [612[[‘J1[6„L1 +Ä

[612[[”‘—‘1[6'°1.
r

.. .. D . .
lkäl = [BlT[L2‘2llY3-1 + 2[6„L12[[‘J1[61 + 2 Ä lÜTlTlL2T*2l[Ü1-

r

. . D .[@21 = lB]T[EJl[Bl + IBITIEJIIBNLI +Ä <[612[sJ’1[6;L11
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. D .
+ 2}¤„L1T1Ej}}6} + 2}6„L}T}EJ}}ß„L1 + 2 Z <16„L1T}s*'”}}§,‘§L}>

Y‘

D . D D .
2 gg (lä§LlTlE‘”JS1[ä';jL1)

Jacobian Matrix:

3 A 3 A

gw} _ gw} gw} gw}
{J}, .¤[R..L 2LLL2{L1°^gw} gw} gw} gw}

?^ aigl} _ MAN} di?} _ d{K°}

d^ gw} gw} gw} gw}
where

N . D .w} = wing} gg uggäw} gz xkgiiw}
J J

{gd} g {{@d}{{} +§ {{22}{{··}+§J
r JV r JV

{Fj} = lk31l{A} +§ lk32l{A”} +ä
lk33l{K‘”}

J ,. Jr „ Jr



263

u2 _

Ü-rs _

wi Ü

I
U1

7.1 Kinematicai description for deiaminated piates.



264

10.0 __. Lmeor P=10
- - Nonluneor P=50g_g Nonluneor P=100

¤¤¤¤¤ Closed—form P=10
i

N 6.0
O- ..\C?
CD 4.0

. F1
O

2.0

Q
\

O.Ü
_ ‘— ¢·

0.0 0.1 0.2 0.3 0.4 0.5
></0

7.2 Distribution of the strain energy release rate G along the boundary
”

of a square delamination of side 2a peeled off by a aconcentrated
load P.



265

7.0

6.0 wD/02P

5.0
2wD 0 P ./ 4.0 l. Nonlrneor— ·— Lineor2

GAVD/P3'O——— ——_———

2.0

1.0 6,..,0/P2
0.0 •

200 400 600 800 1000
~ P

7.3 Maximum dnelamination opening N and average strain energy release
rate GAV from the nonlinear analysis of a square delamination.



266

§“
1.0

5to
C7
3 0.8
\

IZ
E
C 0.6
.9-•-·
3äTD
S .l. Closed-forrnO-2 •¤¤¤¤ Present study
CJL

P-
0.0

1.0 1.2 1.4 1.6 1.8 2.0
Nx/Nxü

7.4 Maximum deiamination opening N for a thin fi1m buck1ed
deiamination.



267

2.0 *

°
1.8 ¤

NX 1.6 =

1.4 2

V2 ” —_ CIosed—form
., ¤¤¤¤¤ Present study

1.00.0 1_.0 2.0 3.0 4.0 5.0
Strcln energy releose rote

7.5 Strain energy release rate G for a thin film buckled delamination.



268

1_2 .l 1-0 model
¤¤¤¤¤ Present study Q

¤
¤o“ EEEENY0.8

S
26/(Ehe Nx

0.4

0.0
0.0 4.0 8.0 12.0

8/ec,

7.6 Strain energy release rate for a buckled thin—film axisymmetric
delamination as a function of the inplane load.



269

1.6 .—_ 3-D elements
1A nnnnugpämng W N
L2 ---- e ectuon w U·—•

¤

E
1.0 B

¤=3O‘·‘
0.8 __

ä „ .
0.6

Q4 ¤=15

0.2 g '

0.0 ‘•—————-_____ ¤=3O

-0.2 ~
0.0 1.0 2.0 3.0 4.0 5.0

$5 stroin 6,

7.7 Maximum transverse opening N of a circu1ar delamination of diameter
2a in a square piate subjected to inp1ane load NX as a function of
the inpiane uniform strain ex.



270

"·°°·° s/
Nx300.0 I

I
I

200.0 /1 s„=0.004
G(s) ,' ,

I I
100.0 I / g =Q_OOßI// , - - "

/ / /
/

0 O
_; » e„=0.002

· { ...._ Present study
---.. 3-0 elements¤=l5

-100.0
0.0 5.0 10.0 15.0 20.0 25.0

s = Gtp [mm] (0<;p<1r/2)

7.8 Distribution of the strain energy release rate G(s) along the
boundary of a circular delamination of diameter for several values
of the applied inp.lane uniform strain ex.



271

S 6,,:0.006
600.0 ·

500.0 1
1

400.0 I' s,.=0.004
I /G(s) ¤¤¤-¤ "*—·»«»"=·
· /’

1
l// I 8,,=0.003

- 4 · r ’ X X ’1 *100.0 ::__,..·-- --4
’,’

s„=0.002 .
- .. - - -

_ _
1 /

O·O % _; Present study
mo O o=30 - - - - 3-0 elements

° 0.0 10.0 20.0 .30.0 40.0 50.0
s = ocp [mm] (O<;p<rr/2)

7.9 Distribution of the strin energy release rate G(s) along the
boundary of a circular delamination of diameter 2a = 60 mm for
several values of the applied inplane uniform strain ax.



272

11.0

10.0

N..0 [[1]] Y
Nor

S
8.0

Nx

7.0

6.0

5.0
-1.0 -0.5 -0.0 0.5 1.0

Iood rotloz r = (N,„—Ny)/(N„+Ny)

7.10 Buckling load as a function of the ratio between the magnitude of
the loads applied along two perpendicular directions NX and Ny for
a circular delamination of radius a = 5 in, in a square plate of
side 2c = 12 in, made of unidirectional Gr - Ep oriented along the
x—axis.



273

10.0
Ä=5.0

Ä=4.0
E 5.0
\
ä Ä=3.0
,„ · Ä=2.0
JL
O 0.0 „ , }\=1_5

-50
Ä = N/NC,.•

0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0
s = oga [mm] (0<¢<·n·/2)

7.11 Distribution of the strain energy release rate G(s) along the
boundary s of a circular delamination of radius a = 5 in for r = 1
(c.f. Caption 7.10) for several values of the applied load N.



274 .

5.0

4.0 Ä=5.0

3.0
F"!

E
\ 2.0

CD̂ %xx(D

O_O 7 Ä=1.5

-1.0 V = 0.5

-2 O
Ä = N/NC,

· 0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0

s = ogo [mm] (0<q0<1r/2)

7.12 Distribution of the strain energy release rate G(s) along the
boundary s of a circular delamination of radius a = 5 in for r =
0.5 (c.f. Caption 7.10) for several values of the applied load N.



275

20.0 g

Ä=5.0

10.0
l"'I

E\ @@
Q \E 0.0 Ä=1.5

rx
U)
Q
CD

-10.0

r = 0
Ä = N N-20.0 / °'

0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0

· s = ocp [mm] (0<<p<·n·/2)

7.13 Distribution of the strain energy release rate G(s) along the
boundary s of a circular delamination of radius a = 5 in for r = 0
(c.f. Caption 7.10) for several values of the applied load N.



276

30.0

25.0 >.=5.0
20.0

[_' 15.0
c 10.0
.0

g ; 5.0
ä/0; 0.0 >~=l-

\./

<¤ -5.0

- -10.0

-15.0 Ä=-20.0—
°'

0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0
s = ogo[mm]7.14

Distribution of the strain energy release rate G(s) along the
‘

boundary s of a circular delamination of radius a = 5 in for r =
-0.5 (c.f. Caption 7.10) for several values of the applied load N.



1

277

30.0

25.0

20.0

|__I 15.0
C
Q 10.0
.¤:. 6.0
äQ'; 0.0

¥/
O -5.0

-10.0

-15.0

-20.0
0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0

‘ s = ogo [mm] (0<;p<n·/2)

7.15 Distribution of the strain energy release rate G(s) along the
boundary s of a circular delamination of radius a = 5 in for r = -1
(c.f. Caption 7.10) for several values of the applied load N.



278

[1]]]**1
S

30.0 NX
r'=—1

20.0

10.0 r=1
@(5) ·

0.0 ,— .50.5
-10.0 r=¤

N/N„ = 5__ =—.5

20 O
r—”

0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0
s = oga [mm] (O<;p<rr/2)

7.16 Distribution of the strain energy release rate G(s) along the
boundary of a circular delamination of radius a = 5 in (c.f.
Caption 7.10) for several values of the load ratio -1 < r < 1 to
show the influence of the load distribution on the likelihood of
delamination propagation.



Chapter 8

SUMMARY AND CONCLUSIONS

8.1 Discussion of the Results

The Generalized Laminate Plate Theory (GLPT) provides an adequate

framework for the analysis of laminated plates and shells. Particu-

larly, the layer-wise linear approximation of the displacements through

the thickness and the use of Heaviside Step functions to model

delaminations prove to be the most cost effective approach for an

accurate analysis of local effects in laminated composite plates and

shells. Numerous comparisons with existing theories have been presented

for the global behavior of laminated plates in order to validate the

formulation developed herein and to highlight the effects of shear

' deformation, particularly for hybrid composites. However, it must be

noted that the computational cost of the proposed analysis makes it not

attractive for prediction of global behavior when compared with

conventional theories. For the prediction of local effects (i.e.,

delaminations, interlaminar stresses, etc.), the theory_and formulation

presented in this study shows its potentiality as a cost effective

alternative to three-dimensional elasticity analysis. The theory and

formulation can also be used in a global—local analysis scheme wherein

the local regions are modelled using the GLPT and global regions are

modelled using less refined theories, say the first-order laminate

theory.

The Generalized Laminate Plate Theory has been validated in this

study by a comprehensive set of closed form solutions and comparing the
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obtained results to 3-0 elasticity solutions and to other plate theories

as well (see Chapter 2). The analytical solutions developed are used as

a benchmark for the finite element solutions in Chapter 3. A number of

examples are presented to illustrate the accuracy stress distributions

predicted by the GLPT.

The linear theory presented in Chapter 2 is extended to

geometrically nonlinear analysis in Chapter 4. The finite element

method is used to obtain solutions to a variety of cases, including

buckling and postbuckling of laminated plates. The buckling problem is

formulated and its application to laminated composites is discussed.
‘ New results related to the effect of bending extension coupling and

symmetry boundary conditions are presented.

A general nonlinear theory of laminated cylindrical shells is '

developed in Chapter 5 along the same lines as the Generalized Laminate

Plate Theory. The theory incorporates geometric nonlinearity and

transverse compressibility. Closed form solutions are developed for the

linear case.

A formulation and associated algorithm for the computation of the

strain energy release rate is developed in Chapter 6. The Jacobian

derivative method (JDM) uses the isoparametric mapping of the domain to

compute the derivative of the strain energy with respect to the crack

length in the context of the finite element method. Although the JDM

has applicability to any fracture mechanics problem, it is used

primarily to evaluate the distribution of strain energy release rate

along the boundary of delaminations between layers of laminated

composite plates.
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A model for the study of delaminations in composite plates is

developed in Chapter 7. The theory includes the same displacement

distribution in the individual layers as the Generalized Laminate Plate

Theory of Chapter 2 but additionally is capable of representing

displacement discontinuity conditions at interfaces between layers. The

new model, along with the JDM, produces accurate predictions of strain

energy release rates at the boundary of delaminations of arbitrary shape

in general laminated composite plates. The theory is able to present

multiple delaminations through the thickness of the plate.

8.2 Related Future work

It is expected that the excellent prediction of stress

distributions attainable with this type of analysis be used along with

meaningful failure theories to predict failure initiation and

propagation in composite laminates. Due to the computational cost

associated with this model, it should be used primarily for local

effects, i.e., delaminations, detailed stress analysis, impact, etc.

Transition elements must be developed to join regions modelled by

Generalized Laminate Plate Theory to regions modeled by less expensive

theories in global—local analysisi procedures. Also, the Generalized

Laminate Plate Theory can be used as a postprocessor to enrich the

stress prediction of the First—0rder Shear Deformation Theory. ·
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