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(ABSTRACT)

Recognizing the complexity of coal mining management, e.g.,

the scarcity of financial resources and the high level of

uncertainty, a mixed binary programming model has been devel-

oped as an aid for generating production schedules which max-

imize the associated net present value.

Defining the mine layout as a precedence network, with the

nodes representing mining blocks, a solution procedure is

developed, based on Benders' partitioning scheme. That is,

the procedure iterates between two problems, namely, the mas-

ter (primal) problem, solved by a combination of heuristic

and exact methods, and the subproblem (dual problem), solved

partly by inspection and partly as a minimal cost network

flow problem. The heuristic methods are based on improve-

ments of existing algorithms for scheduling n precedence-

related jobs on m processors.

Computational experiences are presented and the procedure is

demonstrated on a mining case.
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1 INTRODUCTION

Contents of Chapter 1:

- Introduction to the computer program COST-SCHED

— Statement of the objective of the study

- Preview of the chapters

1.1 COST-SCHED

Starting in the early 1950's, the introduction of more power-

ful mining and mining related equipment resulted in increased

production rates and in the concentration of mining oper-

ations in fewer mining sections. Productivity increased and

costs were in most cases reduced. Other problems were

created, however. Management now had to think and react

faster since the increased production rates made mine plan-

ning and scheduling more critical. Management had to con-

stantly evaluate the potential cost reductions attainable by

purchasing this equipment and adopting the new methods.

Extensive cost analysis had to be performed in order to

determine the economics of proposed changes in an operating

mine, or when designing a new mine. In other words, many of

the details that were once considered insignificant, and

consequently ignored, now could become significant if all the

details were completely appraised.

1
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An improved technique for analyzing the mining cost vari-

ables, once a mine enters the development stage and

subsequently becomes fully operational, soon became a neces-

sity. Consequently, as part of a contract requirement with

the Office of Coal Research, the Department of Mining and

Minerals Engineering at Virginia Tech in 1964 began the

development of a computer program (COST-SCHED) which could be

used to compute and analyze the scheduling and cost variables

associated with coal mining (Bucklen et al. [1968]). The

program was completed during 1966 and was found effective as

an engineering tool for generating production and cost data

for fully operational mines and for mines under development.

Developed specifically for underground coal mining oper-

ations, the program was modified several times throughout the

60's and 70's in order to 1) remove the limitations origi-

nally put on the program, 2) make improvements in accordance

with recent advances in computer technology, and 3) make the

program more versatile (Prelaz [1973]).

COST-SCHED was found very helpful for evaluating capital

expenditures and for comparing the economic consequences of

changing conditions such as the development of a mine with

different layouts and the employment of new equipment; and,

based on this, for determining the optimal mine development

plans, including detailed estimates of supply usage. More

specifically, some of the significant features of COST-SCHED,
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causing its success, were the program's capability of 1)

determining the costs of operating and moving operating units

(individually and combined), along with underground and sur-

face service costs, overhead costs, and total cost, 2) estab-

lishing the usage of recoverable supplies (belt, track, power

cables, etc.) and the amount of such supplies to be purchased

as mining progresses, as well as manpower requirements, par-

ticularly service labor, and 3) computing the ash, BTU, sul-

phur and reject values as the coal is mined (Prelaz [1973]).

An illustration of one of the uses of the program was the

determination of the optimum width of a longwall face. In a

study, a range of widths was selected at intervals of 50

feet, along with the associated differences in production

rate and capital requirements. Development of the entire

mine was analyzed for two years, for each width of longwall

face, the cost per ton for each Variation were compared, and

the optimal panel width selected.

Figures 1.2-3 illustrate the final summary, as provided by

COST-SCHED, for the mine development plan shown in Figure

1.1.

1.2 The Present Study

Although COST—SCHED has provided management with a tool for

"reducing decisions to a quantitative basis and removing the
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visualized effect of alternatives from the realm of conjec-

ture" (Bucklen et al. [1968]), the program has several draw-

backs. Firstly, the input requirements are substantial, as

is the output, and the preparation and interpretation of

these very elaborate and time consuming steps, in the long

run, may create confusion and loss of interest in the pro-

gram. Secondly, the cost variables are too detailed, consid-

ering the fact that the objective is mid- to long—term plan-

ning and that the system variables in many cases are encum-

bered with uncertainty. Thirdly, although cost—evaluation of

production schedules is the objective of COST-SCHED, the

schedule itself is not generated by the decision model;

rather, it is an integral part of the input data. Thus, in

view of the fact that both computers and the field of oper-

ations research have developed tremendously since the devel-

opment of COST-SCHED, as has the requirement for better and

faster information, it has become desirable to try a new

approach to the mine production scheduling problem, including

implementation on a microcomputer.

In this study, a solution to the problem of long-term produc-

tion scheduling in underground coal mines is attempted

through the application of mathematical programming and

sequencing theory. Based on a typical layout of mining sec-

tions, this is done by 1) defining the mining sections as

jobs, 2) reducing the overall mining activity to the general
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problem of nonpreemptive scheduling of precedence related

jobs on parallel processors, and 3) simplifying the layout to

a general type directed network with the nodes representing

jobs and the arcs representing precedence relations. The

objective is to schedule jobs to machines such that the total

net present value of the schedule is maximized. The result-

ing problem is formulated as a mixed 0-1 integer program with

scheduling, production and quality constraints. A solution

procedure is developed based on Benders' partitioning scheme.

That is, the algorithm iterates between two problems, namely,

the master problem, solved by a combination of heuristic and

"exact" methods, and the subproblem, solved partly by inspec-

tion and partly as a minimal cost network flow problem. The

algorithm has been implemented on a microcomputer.

1.3 Synopsis

The various factors and concepts affecting coal mine produc-

tion scheduling and planning are reviewed in Chapter 2. The

chapter also provides a review of a number of articles on the

application of operations research in mine production plan-

ning and scheduling. Following this, in Chapter 3, the

assumptions made regarding the factors presented in Chapter

2, and upon which the model will be build, are stated. Also,

the production scheduling problem is formulated, along with a

mathematical programming model of this problem. In Chapter

4, the concepts of sequencing theory are reviewed, along with
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proposed solution methods for a number of scheduling problems

related to the study. Based on this, the development of gen-

eral heuristics to the problem of scheduling precedence-

related jobs on parallel processors (a subproblem to the mine

production scheduling problem stated in Chapter 3) is pre-

sented. In Chapter 5, a solution scheme for the model is

developed, based on the Benders' decomposition scheme. The

associated master problem and subproblem are shown solvable

partly by inspection and partly by heuristic methods. In

Chapter 6, concerns relating to the implementation of the

solution procedures are reviewed and the results of the vari-

ous computational tests are analyzed. Finally, Chapter 7

concludes with recommendations for further research, along

with a brief evaluation of the study.



2 LITERATURE REVIEW

Contents of Chapter 2:

- Introduction to various concepts in coal mining, including
nature of coal, ground control, transportation, ventila-
tion, mining methods, and coal preparation

- Introduction to various aspects of mine production plan-
ning and scheduling

- Review of operations research applications in mine pro-
duction planning and scheduling

2.1 Concepts in Coal Mining

The following overview of some of the fundamentals in coal

mining is adapted from cummins and Given [1973], Peng [1978],

Crickmer and Zegeer [1981], Kauffman el al. [1981], Hartman

et al. [1982], and Williams [1983]. It is presented here to

give a brief introduction to the basic factors and concepts

affecting underground coal mining and planning. Also, it

provides a background for understanding the assumptions upon

which the production scheduling model will be developed in

Chapter 3.

2.1.1 Nature of Coal and Geologic Features Affecting its
Mining

Coal is chemically and physically a complex material. In

fact, the many materials called coal have significantly dif-

ferent properties; various geologic factors affect the thick-

10
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ness, continuity, quality, and mining conditions of coal. An

entire coalfield, or large parts of it, may be affected by a

geologic feature or occurrence. Other geologic features may

have only local significance. The recognition of the nature

of many of these features is important in mining operations,

i.e., they may cause additional waste material in the coal,

contribute to roof instability, interfere with the drainage

(e.g., venting) of the gas, affect the mining directions and

general mineability of the coal, etc. Some of the more com-

mon geologic features are listed below.

Dipging and folded strata: Folding of the rock sequences

caused by horizontal and vertical stresses. Figure 2.1.

_ B
A· wm

·:f§§§ä§;··—··‘¢‘\~*‘x—
.

” '€'-’ ·.—· _
°

.Figure2.1 - Folding of rock sequences.
(A) Upfold. (B) Downfold.
(For legend, see Figure 2.3)
(Crickmer and Zegeer [1981])

Shale gartings in coalgsglit coal: Occurrences of shale or

silt stone parting or splitting the coal seam. Figure 2.2.
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Figure 2.2 - Splitting of a coal seam.
(Crickmer and Zegeer [1981])

Washouts: Channels in the coal seam occupied by shale or

sandstone. Figure 2.3.

A 8* ··

ä

JLJ J JL JL JL JL: JJ
i

_ ;

2 gii52

•••••••••••*•v M aua um
|: IQ Cu
mx s••• ·•¢·

Figure 2.3 - Some features affecting continuity
of coal. (A-D: Washouts).
(Crickmer and Zegeer [1981])

Faultsz Fractures in the rock sequence, along which strata

on each side of the fracture have moved in different direc-

tions. Figure 2.4.
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Figure 2.4 - (A) Normal fault. (B) Reverse fault.
(Crickmer and Zegeer [1981])

Clastic dikes or clay veinsgigneous intrusions: Irregular,

vertical-to—inclined tabular masses of clastic material

(clay, salt, or sand) or rock that interrupt the coal seam.

Figure 2.5.
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Figure 2.5 — A dike interrupting the coal
and overlying strata.

„ (Crickmer and Zegeer [1981])

Rolls: Downward protrusion of the roof shale into the coal,

causing the coal to be thinner.

Cleat and fractures: Closely spaced and relatively smooth
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vertical fractures. Figure 2.6A.

Concretions: Aggregations -- in the coal and associated

strata -- of minerals in spherical, cylindrical, disklike, or

irregular forms. Figure 2.6B.
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Figure 2.6 — (A) Prominent face cleat
and butt cleat in coal.

(B) Large concretions in roof (c).
(C) Floor heaving in mine entry.
(D) Shale roof has fallen

because of fracture.
(Crickmer and Zegeer [1981])

Floor heaving or sggeeziug: The outward and upward flow of
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soft claystone from beneath pillars and out into the void

spaces of rooms and entries. Figure 2.6C. ("Pillars" and

"entries" are described in Section 2.1.5.)

Roof falls: The collapse of the coal mine roof into the void

spaces of rooms and entries due to insufficient strength and

stability of the strata above the coal. Figure 2.6D.

Gas: Trapped within fractures and pores of the coal seams, a

result of the coalification process in which volatile materi-

als were driven from the coal substance by heat and pressure.

Rock bursts: The violent outburst of coal into the space

voids of rooms and entries due to the build up of excess

stress in the coal pillars.

2.1.2 Ground Control

Before any opening is made in a coal mine, the rock mass

everywhere in a stratigraphic cross—section of the mine is in

equilibrium. Once an opening is made, this equilibrium is

disturbed and no longer exists in the coal seam and in the

rock mass adjacent to the opening. The rock mass in the roof

has lost support from below, the floor rock no longer has an

applied load from above, and the coal seam is no longer con-

strained along the sides. The surrounding rock mass and coal

therefore tend to deform into the opening, the time elapsed
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before doing so depending on the rock properties and on other

local conditions.

Providing a basis for the design of safe and economical roof

support systems requires constant monitoring of the behavior

of the rock masses. In fact, controlling the ground influen-

ces the mining system and is a major determinant for the

width and spacing of working places, operations at the mining

face, ventilation control, and surface subsidence. Ground

control is a never—ending task, not only at the working face

and throughout sections where personnel is working, but along

those haulage and airways that must be maintained for the

life of the mine.

The easiest way of maintaining the original equilibrium of a

structure is to install rigid supports immediately following

excavation, thereby disallowing any deformation of the sur-

rounding rock mass. Alternatively, movable yielding supports

allow yielding continuously as the excavated openings deform

into the voids behind them. An infinite number of support

types exist between these two extremes, each providing a new

state of equilibrium for the support—opening system, and each

serving different support purposes. The more common support

systems are roof bolting and powered support.

Roof bolting is mainly used in conjunction with continuous
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mining (see later), providing an unobstructed opening with

minimum maintenance. The main function of roof bolting is to

bind stratified or broken rock layers together, thereby pre-

venting roof falls. Figure 2.7.
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Figure 2.7 - Roof bolting. (Peng [1978])

Powered supports, on the other hand, are part of the highly

mechanized face equipment used in longwall coal mining (see

later). The supports, which are self-advancing, hold up the

roof as well as push a conveyor in front of them. In addi-

tion, they provide a safe space for all necessary mining

activities. As the supports advance the roof is allowed to

collapse behind them. Figure 2.8.
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Figure 2.8 — Layout of a retreat longwall mining section.
(Williams [1983])

Each working section of a mine is required to have a roof

support plan for providing a minimum of protection under most

conditions anticipated. Such a plan is considered adequate

if it does not allow too many, and only minor, failures dur-

ing the period necessary to extract the coal. For support of

long-life haulways, air courses, track intersections, and

other permanent or semi-permanent places, additional support

(e.g., by inserting additional bolts, wood posts, etc.) is

oftentimes required because of the longer time factor causing

the roof to graduall weaken. Besides endangering the safetyY

of the personnel, a failure of a roof on a main conveyor line
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or haulway could seriously disrupt production, or even stop

it entirely, until the damage is corrected.

2.1.3 Transportation

The principal objective of an underground coal mine transpor-

tation system is to move the coal from the face, where it is

produced, to the outside of the mine, where it is prepared

for the market. Mine haulage is equally divided into three

categories, in accordance with the areas of the mine served

(Figure 2.9):

Face haulage: Used at the face, from the mining machine to

the intermediate transport system. Example: Shuttle cars,

tractor trailers.

Intermediate or secondary haulage: Used between the face

haulage and the main haulage (e.g., in submains); sometimes

merely an extension of the main haulage. Examples: Shuttle

cars, conveyors belts.

Main haulage: Extends from the secondary haulage to the

outside and includes hoisting. Examples: Conveyor belts.

A coal transportation system can cause different problems in

various areas of the mine, if not properly synchronized. For

instance, at the face the coal should be hauled away quickly
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in order to facilitate the movement of machines. The

intermediate system, on the other hand, passes the coal on to

the main transportation system. Selection of the transporta-

tion system is based on the seam height, mining methods, and

capacity requirements, among other things.

ß’.4O!|¤
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INTERMEDIATE
HAULAGE

MAINLINE
HAULAGE

l]l·—l“——···—·I[]
S°““^°‘

[E3IIII::IIIIIIIIIIIIIIIIIII§§ä?
HAULAGE
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Figure 2.9 — Symbolic flow chart showing
the coal haulage flow.
(Williams [1983])

2.1.4 Ventilation

Ventilation and air conditioning are two of the most vital

environmental-control measures in mining. (Others are roof

support and ground control.) Ventilation is the control of

air movement, its amount and direction, and, as the principal

means of quantity control, is one of the constituent pro-

cesses of total air conditioning, i.e., the simultaneous con-

trol, within prescribed limits, of the quality, quantity, and

temperature-humidity of the atmosphere.
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In recent years, environmental standards in mines have been

raised substantially. Although threshold limits are based on

human safety and tolerance, increasing concern has been

expressed for standards of human comfort as well. Worker

productivity and job satisfaction correlate closely with

environmental quality. Hence, no mining company can afford

to be lax in its environmental and air—control practices.

A ventilation system consists of a fan, or a combination of

fans, and a network of connected conduits through which all

or part of the total airflow must pass. The resistance of

the network is a function of the layout and maintenance of

the airways, whereas the performance characteristic of the

fan is a function of the fan design. Hence, it is essential

to match properly the fan head and quantity to the mine char-

acteristics (i.e., depth, gas content, mine layout, etc.) in

order to provide adequate ventilation through the mine.

As in all industry, environmental control in mines poses a

paradox. On the one hand, environmental control is necessary

for the preservation of human life and necessary for the con-

duct of underground operations. On the other hand, it is

ancillary to the primary objective of mining, namely, the

production of coal. The paradox is that environmental con-

trol contributes nothing to production directly and yet makes

the production cycle possible. To overcome this dilemma, the
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environmental-control measures (auxiliary operations) are

programmed into and performed as an integral part of the pro-

duction cycle.

2.1.5 Underground Mining Methods

Designing an underground mining operation successfully (i.e.,

with a high degree of safety, lowest possible production

costs, etc.) is a task which requires the integration of

transportation, ventilation, ground control, and mining meth-

ods. The selection of mining methods is usually the control-

ling factor in the overall design, with the choice of method

being based on such considerations as:

— Characteristics of the coal seam;

- Nature and strength of immediate roof over, and floor
under, the coal seam, and of rock strata in the overbur—
den;

— Presence and amount of methane and water likely to be
encountered during the mining operation;

- Restricting ground control factors.

Figure 2.10 is a map of an underground mine that has been in

operation for approximately seven years.

2.1.5.1 Production Methods

Underground mining methods used in modern coal mines are gen-

erally classified according to the equipment used. The most
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Figure 2.10 — Mine layout of a deep underground coal mine.
(Peng [1979])

common methods are:

Continuous Mining

Continuous minin is used in con'unction with room—and— illar9 J P

mining (see later). A single machine, called a continuous

miner, cuts the coal mechanically and loads it onto a piggy

back or bridge conveyor which follows the miner and which

transports the coal to the section belt conveyor. More com-

monl , shuttle cars are used between the miner and the sec-Y

tion belt conveyor. Generally, the advance in a single cut

is limited by the length of the machine, so as to keep the
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operator under permanent roof support at all times. In other

words, after the cut is completed, the miner must retreat to

let in the roof bolter, for roof bolting, and to advance ven-

tilation. In order to increase its utilization time, the

miner is immediately trammed to a neighboring entry for face

advance cutting. Hence, in the continuous mining method,

several entries (or rooms) are advanced simultaneously. Fig-

ure 2.11.
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Figure 2.11 — Continuous mining method.
(Peng [1979])

Longgall Mining

The longwall mining system provides continuous cutting, load-

ing, hallling, and I'OOf Sl1ppOI"C. The coal I'eIIlOVa]. process
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consists of open-end cuts (e.g., by a shearer moving back and

forth), done from the narrow end of a large rectangular pil-

lar (panel), followed by advancement of self—adVancing roof

support units (see section 2.1.2). The panel is blocked out

by two panel entries, each containing at least three parallel

entries developed by continuous miners. At the rear end of

the panel, the panel entries are connected by bleeder

entries, which are passageways for the contaminated gob air

to bleed off, and which are connected to the main return air-

ways. Development of the bleeder entries is also done by

continuous miners. Among the three panel entries on each

side of the panel, one immediately next to one side of the

panel (headgate) is used to transport coal (e.g., by belt

conveyor), personnel, and supplies into and out from the

face. The one immediately next to the other side of the

panel (tailgate) is used for the passage of return air. In

the United States most longwalls operate on retreat (i.e.,

face advance is from entries previously developed by continu-

ous miners) as opposed to the advance method. Figures 2.8

and 2.12.

Longwall panels can be mined in any order provided that roof

conditions are sufficiently stable, and that neither Ventila-

tion nor haulage installations are being endangered from

long-term ground control effects, and neither require too

much and too costly maintenance. These factors usually
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Figure 2.12 — Plan review of longwall equipment
deployed on a retreating face.
(Crickmer and Zegeer [1981])

depend on the size of the rib—pillars separating the longwall

panels, and on the frequency of minor roof falls inherent in

a mine. Normally they dictate that longwall panels be mined

successively from one "end" of the mine, thereby only endan—

gering the supporting facilities on one side of a panel.

2.1.5.2 Development Mining/Room-and-Pillar Mining

Development work in a mine is usually done by means of the

room·and—pillar method, which is the division and subdivision

of the coal property into rectangular or square blocks
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(termed the mine layout) by driving sets of entries into the

coalfield. These blocks, or pillars, provide support for

the overlying strata (temporarily, where the pillars are

recovered (see Section 2.1.5.3), or permanently, where the

pillars are left intact in place). The number of entries (or

headings) in a set is determined by the size of the mine and

by the requirements for ventilation, haulage, escape—ways,

and mine services. For the initial opening, the common prac-

tice is to drive five or more entries into the mine property

so as to satisfy the long—term mine ventilation requirements.

The size and configuration of the entries are functions of

several factors, including, most prominently, the relative

strength of the roof, of the mine floor, and of the coal

itself. Important, however, are also the depth and thickness

of the coal seam as well as the mining method and equipment

employed. Generally, the optimal size is the widest entry

that can be supported safely and efficiently, thus providing

the highest production and lowest cost. The distance between

entries must be such that the pillars, formed by the entries

and the crosscuts (the opening driven from one entry to the

next for ventilation and passage of equipment), are of suffi-

cient size to support the weight of the overburden.

The entries driven to initially open a mine, and to gain

access to the main portion of the coal reserves, are usually
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called main entries. Entries driven at an angle (usually 900)

from the mains, in order to further divide the coal reserves

into smaller and more workable units, are termed submains.

Further subdivision can be effected by driving room entries

at an angle (again, most often 900) from the submains.

Room-and-pillar is a relatively flexible system which can be

modified in a number of ways to suit both conditions and the

equipment employed. It permits a degree of selectivity in

mining, i.e., the simultaneous mining of coal from different,

selected areas, of the mine such that the quality of the

mixed coal meets certain requirements. An example of selec-

tivity is the simultaneous mining of two regions, one with

high sulfur coal (otherwise unmarketable) and one with low

sulfur coal, thereby providing an overall marketable product

(the mixed coal). Mixing (selecting) coal from different

areas of a mine will usually first become feasible after cer-

tain development work has been done, and various parts of the

mine thereby opened. Until then only the coal in the devel-

opment sections is available, whether high or low quality

coal. In other words, during the mine development phase min-

ing may not be profitable due to the possible existence of

low quality coal, and to the inability to do selective min-

ing.

Although development sections basically can be mined in any
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order, as with longwall sections, the same conditions apply

here. That is, the risk of endangering supporting facilities

(haulage, ventilation, etc.), e.g., by minor roof falls, must

be within reasonable limits, as must costs for maintenance.

Again, most often development sections are mined successively

from one "end" of the mine, for the same reasons as with

longwall panels (see Section 2.1.5.1).

2.1.5.3 Retreat Mining

When full recovery of a given area or, perhaps, the entire

coal property, is practiced, which is not often, the practice

is to extract the pillars (retreat mining), normally using

continuous miners. Subject to recovery are all pillars left

in the mine, including those constituting the mains and sub-

mains. Some of the basic recovery approaches are 1) open-end

and 2) pocket-and-wing. Figure 2.13.

In general, the following pillar extraction patterns are

practiced, the first being the most common:

Full panel extracted on retreat

A full width panel is developed to the designated length. A

pillar extraction line is then formed, either at an angle or

flat (90°), by extracting the pillars as the miner retreats.

Pillars are extracted (pillaring) until the entire panel has

been mined. This pillar extraction method is the only one of
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the three, for which the productivities of the development

and retreat phases can be registered separately. Figure 2.14.
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Figure 2.13 — (A) Detail sequence of mining a pillar
by the open—end system.

(B) Detail sequence of extracting a
block by the pocket—and—wing system.

(Crickmer and Zegeer [1981])

Rooms driven and extracted on retreat

A panel entry is developed to the designated length. During

retreat from the panel, rooms are driven and pillars

extracted on the way out of the rooms, forming an angled or

flat pillar line. The rooms may be developed and extracted

on only one side or in groups alternately on both sides of

the entry set. Figure 2.15.

Rooms driven and extracted on advance and on retreat

As the panel is developed, rooms are driven and production
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Figure 2.14 - Full panel extracted on retreat.
(Kauffman et al. [1981])

pillars are extracted on one side of the panel entry set.

Rooms are then driven and the pillars extracted on the other

side of the panel entry set, as the panel entry set is

retreated. The pillar line can be flat or angled. Figure

2.16.

In the first method, extracting the pillars can be done imme-

diately following development of the panel, or it can be done

later. (In the other methods, pillar extraction is done

immediately and a "combined" productivity rate is regis-

tered.) If done later, the same factors apply as for long-

wall and development panels, i.e., the risk of endangering
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the supporting facilities, e.g., by minor roof falls, must be

within reasonable limits, as must costs for maintenance. As

a result, developed sections are most often retreated succes-

sively as the mains or submains are developed, or as the min-

ers retreat from these.
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Figure 2.15 — Rooms driven and extracted on retreat.
(Kauffman et al. [1981])

Complete recovery is the primary goal in retreat mining.

Theoretically, nothing should be left large enough to prevent

immediate (or almost immediate) and proper caving of the

roof, since the weight of a hanging roof will result in a

higher-than-normal pressure on the remaining pillars. If

such a condition continues, then the section is said to be on

a squeeze -— a situation which may cause the crushing of
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coal, or other material, or the complete collapse, at some

point during the mining process, thereby endangering person-

nel and equipment and causing loss of coal. Pillar lines,_

even when short, should be kept straight since a projecting

point can act much as a left—behind pillar or stump.
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Figure 2.16 — Rooms driven and extracted on advance
and on retreat.
(Kauffman et al. [1981])

Although complete extraction is the ideal, there will often-

times, if not most of the time, be circumstances under which

this is not possible due to costs (e.g., land reclamation

costs), mining conditions, or legal restraints. In fact,

pillar retreat mining is a very risky operation, taking place

under virtually no (or very little) roof support, thereby
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endangering personnel and equipment and, subsequently, pro-

duction and income. Consequently, pillar retreat mining usu-

ally only takes place under very stable roof conditions and

when the coal is of high quality. Under the best conditions

and mining practices full recovery with pillaring methods

seldom averages over 85 percent. In partial mining, the

equivalent recovery is generally 40 to 60 percent.

A balance of development and retreat mining is usually desir-

able. One solution is to develop and retreat on one side of

the area, as the main entries are advanced, saving the other

side for a reserve on coming back. However, an ideal way to

mine a property for one company is not always the best for a

different company. Costs, capital expenditure, quality, and

availability of cash all influence the mining plan that will

provide for the most profitable operation within the limiting

circumstances.

2.1.6 coal Preparation and Raw coal Handling

The purpose of coal preparation is to remove the impurities

inherent in coal (e.g., sulfur and ash) or to upgrade coal in

other ways for industrial use. The impurities, most of which

are incombustible and/or polluting, may stem from the coal

seam itself or from the associated roof or bottom. In the

case of underground mining, the choice of mining equipment

will affect the size and amount of extraneous material
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included within the coal. Also, stricter government regula-

tions concerning the degree of rock dusting, gobbing under-

ground (the stowing of waste rocks in unused openings), and

cleanup have increased the amount of waste material to be

transported to the surface (mixed in with the coal), and

thereby the dirt in raw coal. At the same time, sulfur diox-

ide emission standards are causing the coal industry to clean

the coal more thoroughly.

The price of coal is usually based on the quality of the

coal, i.e., on the content of chemical constituents.

Examples of this are:

- The price of coal for electric power generation is based
on the calorific value (the BTU value) and increases with
this, although the price may also vary with sulfur con-
tent.

— For metallurgical coal, the lower and medium volatile
coals are in demand and the price increases with a
decrease in the volatile percentage.

- Excessive moisture increases freight rates and the diffi-
culty in handling the coal. Also, moisture negatively
affects the calorific value. However, dusty conditions
during loading and unloading are not acceptable and some
degree of moisture is therefore necessary.

As the mined coal is transported from the working face under-

ground to the preparation plant at the surface, and

subsequently to the customer, it undergoes one or more of the

following processes:
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- crushing

- Screening

- Cleaning

- De-watering and drying

- Loading

The preparation plant is usually located near the main mine

opening in order to provide the lowest overall cost over the

life of the mine. The plants are oftentimes designed with

raw coal storage facilities in the form of conical piles or

silos. Keeping the mine and plant operations separate has

been recognized as a definite cost saving. With any inter-

ruption of production the plant can run on stored coal, the

cost of storage bins or piles being only a fraction of the

same tonnage stored in mine cars. Also, cleaning plants

function at higher efficiencies and with less trouble,

thereby at lower cost, when raw coal is fed uniformly (in

terms of quantity and quality) into the system from storage

facilities.

2.2 Mine Production Scheduling

Mine production scheduling covers the activity of extracting

and moving ore/coal and waste materials at a mine. The pro-

cess can be divided into long-term and short-term scheduling

as defined by the following. (The concept of medium—term

planning was recognized by Ramani [1979].)



37

Long-Term Scheduling

Long-term production scheduling is a dynamic process by which

one determines the most profitable long-term mining sequence

of a deposit. The process, which takes place subsequent to

the determination of the reserves and the ultimate pit lim-

its, is dynamic in nature due to the changes over time in

product prices and costs, the availability of additional

ore/coal data, and the changes of mining technology, operat-

ing prices and requirements, and other operational factors.

The process is iterative, beginning with a specified produc-

tion level (e.g., reflecting a contracted level), quality

criteria, and geology of the deposit. Given this, the type

and number of face equipment are selected, production per

unit is calculated, and the mine infrastructure-needs are

developed. The plan must be developed with due consideration

to availability of capital, the company's business objec-

tives, and various production, geologic, and other factors.

An accurate model of the deposit (e.g., subdivision of the

deposit into blocks — see later) is essential for long-term

planning since it serves as the basis for the production

schedule. (Davey and Stanley [1979] and Suboleski [1979])

Short-Term scheduling

Short-term production scheduling basically takes three forms,

namely, 1) assign equipment and personnel optimally, 2)

determine optimal production levels, and 3) determine the



38

most effective general operating policies. By and large,

short-term production scheduling is a refinement of long-term

production scheduling. In fact, much of the data and many of

the techniques used for short-term planning are also used for

long-term planning and the same economic and business objec-

tives govern both. The major distinction between the two is,

therefore, to be found in the level of detail considered.

That is, the short-term plan is for the most part concerned

with operating constraints, i.e., it must consider more than

simple production and processing capacities. For example,

variations in operating efficiency, resulting from changing

ground conditions or mining practices, are very important and

must be given full consideration. Such fluctuations tend to

average out in the long run and consequently have little

effect on the long-term plan. For the short-term plan, how-

ever, a great deal of effort must be devoted to predicting

and dealing with them. (Mueller and Kim [1979])

A large variety of techniques has been applied in solving

these problems (Coyle [1969], Mutmansky, [1979], and West-

Hansen and Topuz [1985]). The techniques consist of both

rigid operations research methodologies and practical, often-

times intuitive, procedures. Examples of techniques used

are:

- Mathematical programming;
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- Dynamic programming;

- Stochastic programming;

- Graph and network theory;

- Simulation;

- Heuristic methods.

For an in-depth treatment of these techniques and associated

solution methods, the reader is referred to any of the avail-

able textbooks on the subjects (e.g., Bazaraa and Jarvis

[1977], Bazaraa and Shetty [1979], Behrens [1979], Cooper and

Cooper [1981], Sengupta [1972], and Taha [1975]).

Three key components typically constitute a production sched-

uling problem, namely,

1) an objective function, oftentimes expressed as the

maximization of profit (total, per operating unit, or other-

wise), the minimization of costs (total, per shift, or other-

wise), the maximization of mining priorities (relating to

block sequencing —— see below), or others;

2) technical constraints, as defined by the mine (geometry

and geology of the deposit) and the production system, nor-

mally concerning availability of capital, limited mineral

reserves, limited production capacities (mining, haulage,

processing, labor-hours, or others), production smoothing so
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that mining proceeds in a logical and systematic manner,

ore/coal blend (grade) quality requirements, environmental

and legal considerations, etc.;

3) non-negativity of the variables expressing, for example,

production levels, transport levels, and others.

The production scheduling objectives covered in the following

review are as follows:

Blockgsection seggencing

The model used for long—term planning is usually the same as

that used for reserve estimation (called a "mineralization

model"). That is, the deposit is represented by a two-or

three-dimensional grid, each grid representing a block of

material. The block size is dependent on several factors

including geology, sample density, and operational practices

(equipment type, size, etc.). Each block is characterized by

certain homogeneous ore/coal characteristics, e.g., ore/coal

grades determined from development drilling data and the use

of geostatistics (average values and confidence intervals).

The mineralization model forms the basis of the mine layout

and thereby determines mining precedence between the blocks.

(Davey and Stanley [1979] and Davey and Switzer, [1979].)
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FRCB and mining method selection

A mine usually has a number of faces (working areas), some

actually in production, some spare, and some in the course of

development. In general, these faces may come into produc-

tion in any order, though in specific cases rules may exist

which dictate the sequence of working some of them (prece-

dence). The life of a face (i.e., the time taken to work out

the reserves at that face) is dictated by the extraction

rate, which, on the other hand, depends on the mining method

employed. The set of alternative methods of working a face

is governed by the feasibility of each alternative; that is,

taking into account technical, human, and geological consid-

erations, and the availability of capital. For each alterna-

tive face/method combination an estimate can be made of the

coal output, personnel required, and the contribution to the

company. (Riester [1964] and Knowles et al. [1967].)

Mine selection and seggencing

Oftentimes several mines are immediately available to a min-

ing company. Due to limited capacity, capital, and labor,

however, all of these mines usually cannot be mined at the

same time. Consequently, the company has to decide which of

the mines to mine when, and at what rate, such that all given

demands and constraints are met. Along with this, at times

the company has to decide whether a mine should be kept open

or in production. Such a decision must be weighed against
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the fact that, once closed, a mine oftentimes cannot be re-

opened, and the fact that royalties usually are payable on

open mines, even when not in production. (Janssen [1969] and

Williams [1978a-b].)

Qther objectivas

Most other production scheduling objectives focus on deter-

mining the production rate at a mine to meet stockpile,

plant, or market requirements (e.g., average grade quality)

and/or to overcome production fluctuations; or, alterna-

tively, to investigate the flow of materials from mine to

plant to market.

The reviewed literature has been organized according to these

objectives and to the type of mineral considered, i.e., coal

or non-coal. It should be pointed out that although a clear

distinction is made here between coal and non-coal applica-

tions, many of the non-coal applications could easily be

adapted to coal applications, and vice versa. (Literature on

open-pit problems (pit limit analysis) have only been

reviewed insofar as the approaches and solution methods

employed are in line with the nature of the present study. A

review of literature on open-pit limits analysis has been

done by Kim [1979].)
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2.2.1 Block/Section sequencing

2.2.1.1 Coal

Sinha and Sharma [1977]

Linear and nonlinear programming techniques were used in the

Indian coal industry. First, a linear programming model was

proposed for the development and exploitation of coal in dif-

ferent coalfields (enterprises). That is, given the planned

development of the national economy and the limits of capital

allotment to the industry, a global model was developed which

determined the optimal solution for a given time period. The

optimal parameters of the global model were subsequently

transferred to the different involved enterprises, and local,

nonlinear models were formulated for each of these for the

same planning horizon used in the global model. From these

models, maximizing profit subject to production target (from

the global model) and capacity constraints, annual outputs

from each block of the respective coalfields were obtained.

Finally, network models were proposed for mine capacity opti-

mization and determination of the optimal plan of working the

faces within the given technical constraints and within the

allotted limits of wage and capital costs.

Bott and Badiozamani [1982]

A linear programming model was developed for optimizing mine

planning and sequencing in a bench operated surface coal
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mine. As objective was chosen the maximization of the value

of the blended coal subject to coal quality, tonnage, prod-

uct, and storage facility constraints.

Freidina and Tret•yakov [1982]

A mixed integer programming model was developed for optimal

production planning in a coal mine. The objective was to

sequence the blocks and to determine the extraction rate for

each block such that the average coal quality was kept uni-

form over time while meeting production, capacity, and prece-

dence constraints.

Baafi [1983]

A 0-1 programming model was developed for operational plan-

ning and quality control in an underground coal mine. The

objective was to minimize the total sulfur content of coal

mined during the planning period while meeting periodically

determined quality and crew availability criteria. Priori-

ties were assigned to working sections based on the expected

sulfur grade in each section. An implicit enumeration algo-

rithm was used to solve the model.

Gershon [1986]

Utilizing the sub-optimization concept, a heuristic, blen-

ding-based procedure was proposed for sequencing blocks

within physical, logistical, and contractual limitations such
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that the net present return was maximized. That is, a series

of short-term optimizations were performed using a long-term

objective, thereby approximating the true optimal long-term

schedule. The overall goal of the approach was to meet long-

term coal quality constraints.

2.2.1.2 Non-Coal

Kaas et al. [1965], Kaas [1966]

A computer simulation model (algorithm) was designed for

scheduling production in a surface taconite mine such that

the ore mined by different shovels (miners) would be blended

into an ore mix of quality close to a desired level. The

model was based on the division of the ore deposit into

shovel areas (to minimize long shovel movements) which,

again, were divided into blocks. For a given shovel, select-

ing the next block was determined by the lowest "relative"

error, i.e., the linear distance between two points, namely,

between the desired output level and the combined level

resulting from mining the given block next.

Matthias and Redmon [1966], Matthias [1967]

Given the mine development layout, a model simulated the

sequencing of ore blocks while meeting system prescribed ore

production and quality constraints. These sequences were

subsequently incorporated in a critical path analysis to

determine the long-term schedule of block development work-
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ings and thereby the ore grade and tonnage requirements of

the mill.

Andrew and Gibbs [1968]

The problem of how much to mine at each extraction point

(block) in an underground hard rock mine was analyzed. The

solution objective was twofold, namely, 1) to Monte Carlo

simulate the ore grade at each extraction point and 2) to

determine the quantity of ore to be mined at each point. In

(2), given the ore grades, the problem was formulated as a

linear programming problem, e.g., by maximizing production

from those blocks which have the greatest capacity to produce

subject to tonnage and quality requirements.

Johnson [1969a]

The problem of production scheduling in, and product alloca-

tion from, a hypothetical underground lead-zinc mine was con-

sidered. The mine consisted of five mining areas (stopes)

each characterized by average ore qualities, tonnage, and

mining costs, and by a set of possible markets with associ-

ated transportation costs. As a result of the mining method

used or proposed for the property, of the structure of the

deposit, and of other factors, the ore could be mined only in

a somewhat limited way, i.e., producing at most 10 different

blends of ore (attempt to keep mill feed uniform over time).

A linear programming model was developed for determining the
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best schedule; that is, the schedule which maximized total

profit while meeting production and smelter capacity restric-

tions and material balance constraints (ore blending con-

trol). The use of sensitivity analysis was demonstrated.

Johnson [1969b]

A large scale linear programming model was developed for

determining an optimal extraction schedule for an open pit

mine. The desired schedule would maximize profit while meet-

ing various production, ore quality, and block sequencing

constraints. The problem was solved using the decomposition

principle, the master problem being a linear programming for-

mulation of a blending problem, and the subproblem being an

optimal pit limit problem solvable by available techniques.

Kreimer et al. [1972]

By assigning mining priorities to blocks in a surface mine

based on their position relative to the surface, a linear

programming model was developed for scheduling these blocks

(completely or partially) such that the sum of block priori-

ties was optimized while meeting the planned assignments for

ore, metal, costs, and labor. (Precedence between blocks was

considered indirectly by assigning the value zero to the

respective variable of a block not available for mining at a

given time, and the value one to blocks that were to be sche-

duled immediately, e.g., blocks in the upper layer, thereby
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finishing off the upper layer soonest possible.)

Williams et al. [1973]

As part of a production planning study for Nchanga Copper

Mines, Ltd., a linear programming model was developed for

production scheduling at each company division. The objec-

tive function was used to remove as much as possible of the

month to month fluctuations in the tonnage mined from each

face. The general constraints concerned hoisting and tram-

ming capacity, profile constraints (relating to the sequen-

cing pattern of the different strikes), and personnel

requirements.

Wilke [1973]

A model was developed for long-term production scheduling at

the Westfalen division in West Germany. Maximizing the dis-

counted cash flow, a heuristic procedure was developed for

solving the model. Associated with the production facilities

were the possible capacities specified in discrete steps, the

personnel required to work the facility at a given capacity,

the capital required to provide a given capacity, the cost of

running the facility at a given capacity, and the time

required to construct or enlarge a facility with a given

capacity. Some rigid restrictions were observed, namely,

market demand, limited capital investments, restricted per-

sonnel availability, and geologic and technological con-
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straints.

Williams [1974,1978b]

Some mixed integer and O-1 programming models were developed

for the simple open-pit problem of mining and scheduling

blocks such that these formed an upturned pyramid with an

angle of 45 degrees (the angle of slip of the soil) and such

that profit or investment return was maximized.

Davies et al. [1975]

An integrated medium—term mine planning and production sched-

uling system was developed for a beach diamond deposit in

South West Africa. The orebody was divided into a number of

plant areas according to the treatment which offered the most

economic hauling and treatment costs. The volume to be mined

annually from each block in an area were furthermore

restricted by various geometric and production constraints.

The problem was formulated as a mixed integer programming

problem, which was reduced by data manipulation and solved

using a branch-and-bound procedure. The objective was the

maximization of the marginal profit of each block.

Lapusca et al. [1975]

Two models were developed for simulating the advancement of

underground faces in Rumania. As opposed to the western

economies, in the socialist economies the state limits the
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principal resources available to the enterprise, i.e.,

investment funds, personnel and working capital. Also, the

state fixes the operating expenditures, or the cost per unit

product. Hence, it is required from the mining enterprise

that, within these limits, it produces maximum value (util-

ity) for the national economy. The two solution approaches

proposed were 1) a combinatorial procedure, which retained

the solutions satisfying the constraints and meeting the

objective, and 2) a linear, dynamic model which simulated the

time evolution of block mining, containing an algorithm for

finding the substituting block (the next block), and which

choose as optimum the plan which met the above objective and

constraints. In the combinatorial model, since the number of

possible combinations was high, a heuristic procedure was

established for limiting the combinations investigated.

Mendes and Melcher [1975]

A deterministic simulation model was established for produc-

tion planning at a Brazilian phosphate mine. The model was

developed for the purpose of analyzing different pit design

alternatives, considering the main variables of production.

Successive runs and adjustments of the model permitted opti-

mization of the mining operation.

Posaner and Potts [1975]

A procedure was proposed for determining the best long-term
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mine production plan for a beach sand deposit. The problem

was that of finding the best dredge path for a dredge gradu-

ally working its way through the deposit, the path being cho-

sen with due consideration to the limited mobility of the

dredge. By representing the beach area by a grid of blocks,

the problem was formulated as a network model with each node

representing a block and each directed arc representing an

allowed dredge movement. To each node was ascribed the net

profit from dredging the associated block. Consequently, the

optimal mining sequence was the sequence for which the pre-

sent value of the total net profit was maximized. A heuris-

tic computer algorithm (including a branch-and-bound tech-

nique) was developed.

Rogado [1975]

A two-step procedure was developed for sequencing the blocks

of an iron ore deposit. First, a linear programming model

determined the tonnage, from each block, to undergo which of

certain treatment processes such that total weight recovery

was maximized and such that mass balance equations and grade

quality requirements were met. The second part established

rules for scheduling the blocks such that these conditions

were met.

Splaine and Beeforth [1977]

A mine planning system was based on a nonlinear programming
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model for long-term development and production scheduling of

an underground gold mine subdivided into 25 areas according

to the gold grade. The objective was to maximize the total,

discounted, after-tax profit subject to milling, development,

production, and haulage capacity constraints. The problem

was solved using the augmented Lagrangean method.

Wilke and Reimer [1977,1979]

A linear programming model was developed for determining the

optimal short-term production schedule in an open pit of

irregular iron ore deposits. From each block was to be

selected those quantities of ore and waste which met the

requirements of the blending bed (the ore mix) while also

meeting capacity and volume constraints. The objective

criterion was composed such that the optimal short-term

schedule minimized the deviation from a given optimal long-

term production plan.

Wilke and Woehrle [1979]

A linear programming model was developed for short-term plan-

ning and monitoring of mining in potassium deposits of level

formation. The model was based on a mine layout comprising

homogeneous sections. Starting from a desired composition of

the raw material, the objective was to minimize production

costs while meeting demand and capacity constraints.
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Ganggar [1982]

A chance-constrained 0-1 programming model was developed for

an open pit production scheduling problem. Deterministic

equivalents of the chance constraints were established. The

objective was to meet, with a high degree of reliability, all

the random demands with a random supply of the commodity

being marketed such that the total discounted profit was max-

imized -— the commodity being determined by the random grade

values of the exposed blocks and constrained by production

and precedence constraints.

Gershon [1982]

As part of a comprehensive mine scheduling system for an open

pit mine, a mixed integer programming model was established

for determining the optimal sequence of precedence—related

blocks.

Ribeiro [1982]

Dynamic programming was used for sequencing precedence-

related blocks in a sub-level stoping operation such that the

ore-quality deviation over time was minimized.

Wilke et al. [1984]

A medium—to—long—term production algorithm was developed for

determining the mining sequence of, and production from,

blocks in a given open pit topography established by an open
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pit design algorithm (part of the initial planning system).

The production algorithm employed a combination of simulation

and linear programming and had as constraints blending

requirements along with tonnage, precedence, and equipment

constraints. The two latter constraint sets were removed

from the linear program and handled by the simulation part of

the model (solution feasibility check), thereby confining the

LP solution to those blocks which were immediately available

and to blocks which became accessible during the period under

investigation. The objective of the LP model was the maximi-

zation of the discounted net value of the sequenced blocks.

Dagdelen and Johnson [1986]

Lagrangean parameterization was used for solving a 0-1 pro-

gramming model of an open pit production scheduling problem.

The objective was the maximization of the net present value

of the block schedule subject to ore-quality and —quantity

constraints and to geometric and sequencing constraints.

Fytas and Calder [1986]

A planning system was developed for an open pit production

scheduling problem, including a long-term heuristic and a

short-term linear program. The long-term approach was based

on a heuristic search through the ore and waste blocks to

determine the optimal sequence of the blocks. The short-term

plan was approached by the further division of these blocks
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into smaller blocks and shovel regions. The constraints com-

prised various tonnage, production, quality, and geometric

constraints. The objective was the maximization of the net

present value of the production schedule. In order to pro-

duce a practical long—term schedule, a production smoothing

procedure was activated at the end of each mining period on

the pit outline produced by the heuristic.

Gerling and Helms [1986]

A heuristic solution procedure was developed for finding a

near—optima1 mining sequence of blocks in f1at—lying, tabular

orebodies. The objective was the maximization of the net

present value of the sequenced blocks.

Zhang et al. [1986]

A system was developed for production scheduling in open pit

mines. The optimal, quantitative relationship between ore

mining and waste stripping was described as an inventory

problem and solved using forward dynamic programming. The

objective was the minimization of the total discounted cost.

Under the control of the optimal stripping ratio thus

obtained, the production schedule was found by a search for

the "optimal“ blocks while meeting production and geometric

constraints. Incorporating quality requirements in this

procedure, the problem was formulated as a nonlinear, uncon-

strained optimization problem. A smoothing procedure was
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finally introduced for the possible adjustment of the optimal

solution to important production aspects not incorporated in

the procedures.

2.2.2 Face and Mining Method Selection

2.2.2.1 Coal

Young et al. [1963]

A linear programming model of a hypothetical underground coal

mine was developed. The objective was to determine the

method of working each face such that total profit was maxim-

ized and such that restrictions on personnel, outputs, etc.

were met. Further conditions were imposed by considering the

cost plans developed for all mines under one.

Riester [1964]

A number of partial models were proposed for planning differ-

ent production aspects of a German underground coal mine.

The partial models concerned optimal selection of working

faces (linear programming), distribution of the flow of goods

both underground and at the surface (mixed integer program-

ming), determination of the optimal time schedule for main-

level—road shuttle service by trains (linear programming),

and planning of dead works and advance workings (PERT net-

work).
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Knowles et al. [1967]

A solution method was proposed for finding both the schedule

of working coal mine faces and the methods to be used at

these faces. The objective was the maximization of profits

subject to various production constraints. The totality of

feasible schedules was represented by a decision tree, each

branch of the tree corresponding to a certain face/ method

combination. An empirical solution approach was developed

based on a combination of heuristics, integer programming and

search through the decision tree.

Bishele and Starikov [1971]

Research showed that the problem of determining an optimal

production schedule in a working pit can be reduced to that

of seeking extreme paths in a diagram, formalized in the

notation of integer programming and solved by a branch and

bound method. The objective was to determine an optimal

schedule (minimize costs) for a complex of preparatory and

extraction operations subject to various sequence and produc-

tion constraints.

2.2.3 Mine Selection and Sequencing

2.2.3.1 coal

Perisic and Tanaskovic [1984]

A large lignite basin was divided into several open pits and
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a comprehensive long-term plan determined, including pit

sequencing and production scheduling, by means of a graph

search algorithm based on the branch-and-bound method. The

objective was the maximization of the discounted net cash

flow subject to various production constraints.

2.2.3.2 Non-Coal

Hewlett and Redmon [1963]

A linear programming model was developed for determining the

mining sequence of 10 bauxite deposits such that certain pre-

scribed ore-quality requirements were met and such that the

ore transportation costs —- from deposits to ships —- were

minimized.

Redmon [1964]

Linear programming was used to solve two simple production

problems in mining. The first problem was to determine

short—term production from several stopes in an underground

hard rock mine such that ore quality, production, tonnage,

and ore value requirements were met and such that the total

production cost was minimized. The second case dealt with

scheduling production from several small uranium mines and

transporting it to a centrally located company mill. The

constraints concerned production and quality requirements,

production capacities at each mine, and average cost require-

ments. The objective of the problem was to maximize the
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return on the production.

Janssen [1969]

A linear programming model was proposed for the problem of

mining and mixing ore from several mines. Assigning a

priority of mining to each mine, the objective was to maxi-

mize the sum of these priorities subject to demand, capacity,

and ore quality constraints. The big-M method was chosen as

solution method since no initial, feasible solution was

found. Similarly, a linear programming model was proposed

for short—term planning. The problem here was to determine

the production from available blocks such that immediate

demand was satisfied and such that the restrictions and

priorities established above were met. The objective was

similar to the long—term objective.

Williams [1976a-b]

A simple mining problem was considered, involving decisions

on which of a number of mines, with different ore qualities,

to work in which of future years (ore blending) such that

total profit was maximized and such that certain production

and ore quality constraints were met. Two mixed integer pro-

gramming models were developed. The first of these [1978a]

contained both O-1 and general integer variables, whereas the

second [1978a—b], which was more easily solved, contained O-1

integer variables only. It was shown that the second formu-
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lation had a tighter solution space and, hence, produced bet-

ter solutions in shorter time.

2.2.4 Other objectives

2.2.4.1 Coal

Manula [1965], Manula and Kim [1968]

A linear programming model was developed for the problem of

overcoming production fluctuations in a coal mine. The basic

problem was to determine an economic means of producing and

stockpiling a single coal product produced in three different

machine centers (main, section and pillar). The objective

was the minimization of the total annual operating cost,

including production and inventory—handling and -holding

costs, subject to various storage, tonnage, and production

constraints.

Albach [1967]

A model was designed for long-term production planning under

(geologic) uncertainty in an open pit lignite mine. The

problem was formulated as a nonlinear, chance-constrained

programming model maximizing a linear profit function subject

to linear and nonlinear production and system constraints.

The model was linearized in order to facilitate computation

of the large-scale problems encountered in practical applica-

tions. An iterative procedure was developed and a production
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plan was computed for different levels of acceptable risk.

The set of optimal solutions subsequently formed a risk-

profit—surface from which management could pick the preferred

plan in accordance with its risk-preference attitude.

Astashkin [1971]

Taking accounts of errors in the initial data, a stochastic

linear programming model was proposed for determining the

optimal production plan in an underground coal mine. Subject

to various production constraints, the objective was the

determination of the distribution of the minimum production

costs.

Astashkin [1972]

Based on the idea of passive stochastic programming, an algo-

rithm was proposed for solving the problem of short—term

scheduling of face operations. The objective was cost mini-

mization subject to various quality and production con-

straints. Stochastic programming enabled the estimation of

the probability that each feasible sub—schedule (correspond-

ing to a given time interval in the planning period, ex.: one

quarter) would occur in the optimal plan. This probability

was the chief parameter in solving the transition problem

from partial optima over each time interval to the general

optimum over the entire planning period. That is, the objec-

tive value for each sub—schedule was weighted by the given
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associated probability and these products summed over all

intervals in the period. The optimal schedule was then

determined by the minimum sum. The approach was also sug-

gested for long-term planning.

Astakhov and Goyzman [1979]

An integrated simulation system was developed for medium-term

production scheduling and planning, including an optimization

section for determining the optimal production schedule. The

optimization model comprised various constraints concerning

coal reserves, specified ash content, profits, and producti-

vity level. The objective was the minimization of the opera-

tional costs of a coal producing unit.

Kharchenko [1979]

A system was developed which would allow for the synthesis of

deterministic and stochastic factors of a mining environment.

Based on this, a set of modular simulation models were devel-

oped for long-term, short-term and operational planning,

allowing for multi-alternative calculations of technical and

economic indices of existing mines. The integrated objective

was to maximize the total profit over the life of the mine

subject to various geologic, technological, and financial

constraints.
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Schreider and Kachevskii [1979]

Using integer programming, a model was developed to construct

a schedule for stripping and development workings and to

determine the optimal sequence of operations. The objective

was the minimization of the total costs subject to ore-flow

and capacity constraints.

Freidina et al. [1981]

By considering the average quality of the coal (arriving at a

preparation plant over time) a stochastic process, and by

establishing a moving average model for this average, a com-

plex of integer, nonlinear programming models were developed

for determining the optimal production plan. The overall

target of the models was to produce a homogeneous feed over

time, i.e., to minimize the dispersion of the moving average

of the ore quality. To solve the problems, an algorithm was

developed based on the methods of branch-and-bound and conju-

gate gradients.

2.2.4.2 Non-coal

Parfitt [1966,1967]

The use of the critical path method (CPM) was proposed and

illustrated for scheduling stopes (production) in copper and

gold mines.
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Faulkuer [1967]

A linear programming model was proposed for the problem of

scheduling production from mines to plants. Given a number

of production and ore quality constraints, several different

objectives were proposed.

Manula and Gezik [1969]

A linear programming model was proposed for the problem of

scheduling and stockpiling production at an individual

crushed stone operation with seasonal demands. The objective

was the minimization of the operating costs (production and

inventory holding) subject to stockpile level and production

capacity constraints.

Venkataramani [1970], Venkataramani et al. [1971]

A linear programming model was developed to solve a produc-

tion—to—market planning problem for a multi-plant crushed

stone operation serving several customers. The factors con-

sidered were production capacities, inventory restrictions,

demand requirements, and available stone reserves. The

objective was the maximization of the total net returns.

Fraser [1971]

A linear programming model was proposed for an open—pit bench

mining (to stockpile) operation. The objective was to plan

mining operations such that the overall quality of ore mined
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would maintain the stockpile as close to target as possible

(penalties for large variations) and such that demand, capac-

ity, and section availability restrictions were met.

Erlandsson [1973]

In connection with studies of a proposed investment program

for the Swedish mining company LKAB, a linear programming

model was developed for the purpose of evaluating and provid-

ing the optimal flow of products and raw materials between

the mines, the plants, and the market, i.e., the flows that

maximized total profits. The constraints concerned material

balances, blending requirements, production capacities, and

market restrictions. Sensitivity analysis and parametric

programming were performed.

Roman [1971,1973]

Dynamic programming was applied to determining the optimal

production schedule for the life of a mine. A review of the

variables included in the model indicated that the optimal

production schedule for a given plant size was not only a

function of those variables which determine the profit per

ton or profit per year, but was also a function of deposit

size and the management-assigned 'time value of money'.

De Jong and Lieberknecht [1975]

A linear programming model was developed for long-term pro-
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duction scheduling in South African gold mines. The purpose

was to find the longest extension of the life of the mine

(mine as much low grade ore as soon as possible) and to

ensure development of ore reserves at the earliest possible

time (punish late development). The two objectives were com-

bined into one by means of weights (multiple objectives).

Reddy [1975]

A linear programming model was developed for scheduling pro-

duction from a surface strip mine to several stockpiles and

for scheduling sales of rock blended from these piles. The

objective was the maximization of the discounted net revenue

(including the value of the ending inventories) subject to

sales contract obligations, materials inventory balances,

other inventory restrictions, quality of shipped rock, and

plant capacity constraints.

Cogle and Montaldo [1977]

Research on the application of the System Dynamics technique

to production planning in the mining industry led to the

development of a model for establishing operating policies in

a hypothetical underground metal mine. In particular, the

model showed how the policies used to control various produc-

tion sectors in the face of fluctuating metal prices and

changing states of the system were connected by feedback

loops, thereby differentiating the model from 'ordinary' sim-
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ulation. The main policies considered were production and

financial policies and the study aimed at analyzing the

behavior of the system (mine) when subjected to some combina-

tions of these policies and to various other geologic, physi-

cal and economic constraints.

Lietaer [1977]

Linear programming was used for the planning of an under-

ground mine in a developing country. The objective was to

determine the optimal schedule of mining works, i.e., to max-

imize the contribution to the company over a specified time

period while meeting the various imposed production con-

straints.

Jordi and Currin [1979]

Based on a previously established model for gold mine produc-

tion scheduling, the goals of maximizing the net present

value, the total net profit, and the total gold output were

incorporated into a goal programming formulation of the prob-

lem by decreasing weights. The resulting model was charac-

terized by a large number of disconnected constraints and was

decomposed into several smaller problems.

Metz and Jain [1978]

An integer model was developed for determining an optimal

mining and processing strategy in a stratiform phosphate
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deposit of several strata. A simple dynamic programming

procedure produced optimal decision policies under conditions

of linear price/grade and cost/grade relationships. A more

complex algorithm was required and developed under nonli-

nearity.

Murray and Magri [1978]

A linear programming model was proposed for the problem of

setting up monthly production plans for two stoping operated

gold mines. At one of the mines the purpose was to maximize

the total stoping production; at the other, to maximize

monthly profits. The main constraints in the models con-

cerned labor availability and mobility, production capaci-

ties, face availability, and quality requirements.

Gershon [1983]

A mixed integer programming model was used for optimizing

both mine production scheduling and mill-blending and -pro—

cessing simultaneously. The objective was to optimize all

aspects of a mine operation, from mine to plant to market.

The overall computer system was developed in a way that tied

the long, intermediate and short term plans together in keep-

ing with the goal of long-term profitability.



3 PROBLEM FORMULATION AND MODELING

Contents of Chapter 3:

- Assumptions regarding mine layout, mine capacities and
production, costs and sales prices, and project evaluation
criterion

— Statement of problem and objectives

— Presentation of mathematical programming formulation of
the problem

3.1 Assumptions and Statement of the Problem

Modeling a problem mathematically requires careful analyses

of all factors involved. It may be tempting to develop a

model which incorporates all details pertinent to the given

problem, including as many decision variables as possible -—

denoted here a "perfect" model. The problem with this

approach, however, is that feeding even a "perfect" model

uncertain data, as real-world data tends to be, only results

in uncertain solutions -- an uncertainty oftentimes compen-

sated for by more computer runs. But a "perfect" model tends

to be very large, hence lengthy and expensive to run, and the

relative payoff (quality of results versus costs of obtaining

these) therefore tends to be low, insofar as a smaller model

with the "right" assumptions might have produced (almost) as

good or as meaningful results, but in shorter time and at

lower cost. Hence, in order to reduce a model to a manage-

69
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able, yet meaningful, size certain (realistic) assumptions

must be made regarding the various factors involved. Such

assumptions are usually based on careful analyses of the

given problem and the decision maker's objectives. The

assumptions made in this section are based on such analyses

of the coal mine, the coal mine production system, and the

coal market from the perspective of long-term planning.

3.1.1 Mine Layout

In reality, the mine layout forms the basis of the scheduling

work. An interesting question in this regard is whether

determination of this layout can be computerized. That is,

whether a feasible or optimal layout can be determined by

modeling the layout procedure and implementing it on a com-

puter. Having analyzed all relevant factors for such a

procedure, it is found that the problem of layout determina-

tion is far too complex and inconsistent on a case—by—case

basis to justify computerization, except, maybe, in the form

of an expert system, separated from, or integrated with the

present production model. Such a system, however, is beyond

the scope of the current problem, although interesting in

terms of potential future research and developments.

Consequently, it is assumed that, prior to implementing the

scheduling procedure, the layout has already been determined.
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For long—term scheduling purposes a completely detailed lay-

out is unrealistic. Hence, it is found appropriate to base

the layout on the principles used in COST—SCHED, i.e., with

respect to coal blocks as exemplified in Figure 3.1.

Consequently, the layout can basically be represented by a

directed network, in which the nodes represent blocks and the

directed branches represent associated precedence-relations.

Such a network will be introduced in Section 3.1.4.

In general, the layout of coal blocks is not subject to any

rules or restrictions. However, they should be laid out such

that maximum scheduling flexibility is assured and such that

optimal information is provided. Hence, the introduction of

the following rule.

Rule-of-thumb for defining a coal block

Define coal blocks such that the number of immediately suc-

ceeding blocks to any block is minimized and is at least two

(maximum flexibility), and such that new information is pro-

vided for each block mined.

The justification for this rule is as follows. Consider the

two layouts shown in Figure 3.2 and designated as A and B.

Note that Layout B provides greater flexibility than Layout

A. That is, in Layout A the blocks 2 and 3 can be mined only

after Block 1 is finished, whereas in Layout B Block 2
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Layout A: Layout B:
v v

1 la

13
1b‘

3
“

Block 1 must precede Block la must precede
Blocks 2 and 3. Blocks lb and 2, and
Block lb must precede
Block 3.

Figure 3.2 — The effect of block definition on layout.

can be mined after finishing only half of Block 1, i.e.,

after finishing Block la. Hence, Layout B contains the

option provided by Layout A (mining Block lb immediately

after Block la) plus the alternative option of mining Block 2

after Block la.

One has to be careful when implementing this rule, however.

Consider, for example, the two layouts shown in Figure 3.3

and designated as C and D. Layout D clearly provides greater

flexibility than Layout C, but does not provide additional

information. That is, the mining of Block la of Layout D

does not "open" for more coal than is already contained in

Block 1 of Layout C. More information is first provided when

Block lb of Layout D has been mined. However, the informa-

tion thus provided is identical to the information provided

by mining Block 1 of Layout C. Similarly for Block 2.
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Layout C: Layout D:
V Y

1 1a
3 3

lb4 1 4
Block 1 must precede Blocks 1a and 1b must
Blocks 2 and 3, and precede Blocks 2a and
Block 2 must precede 3, and Blocks 2a and 2b
Block 4. must precede Block 4.

Figure 3.3 - The effect of block definition on layout.

The application of these general rules to the layout in Fig-

ure 3.1 results in a simplified layout as shown in Figure

3.4.

In some cases a block can be started only after some other

block has started (not finished!) or part of it mined. This

is typically the case when ground control factors dictate

that, say, longwall blocks (or retreat blocks -- see Section

3.1.5) must be mined sequentially next to each other, and not

randomly (see Section 2.1.5). As an example, the three

blocks in Figure 3.5 must be started (or mined) in order

(1,2,3) which can be accomplished by stating that Block 2 can

start only after Block 1 has been started, or part of it

mined, and Block 3 can start only after Block 2 has been

started, or part of it mined.
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Figure 3.4 — Simplified COST—SCHED layout.
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Ä 1

II
3

Figure 3.5 - Precedence—relations with pre-
cedence overlap. Shaded areas
represent mined-out areas.

This precedence problem is based on what will be denoted

"precedence overlap" (see also Section 4.2.3.1).

3.1.2 Mine capacities and Production

The mine capacities can be divided according to the following

categories:

1) Coal production capacities:

— continuous miners;
- longwall miners;
— roof bolters (acting as production regulating units);

2) Ventilation capacities;

3) Coal haulage capacities:

— belts;
- hoists;
- surface haulage;

4) Coal storage capacities:

— pre-preparation plant storage;
- post—preparation plant storage;
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5) Coal preparation capacities.

Mine production equipment is by far the most costly equipment

in an underground coal mine (Crickmer and Zegeer [1981]).

Typically, the price of a miner amounts to several hundred

thousand dollars and is written off for tax purposes over a

period of years. Hence, the mining company has a vested

interest in maximizing the return on the capital thus

invested (recover the expenditures as quickly as possible);

that is, in utilizing the miners as efficiently as possible

(minimize idle time). In other words, maximum "freedom of

motion" should be granted the miners, i.e., as few external

constraints as possible should be put on the miners "freedom"

to operate at optimal rates and locations. Consequently, the

"optimal" production policy is to adjust, to the production

capacities, all other potentially constraining capacities.

Hence, defining a coal production unit as the miner, along

with its associated roof support and immediate haulage units,

the following assumptions are made:

Coal production capacities: The total number of available

production units (continuous and longwall) is given, as part

of the long—term plan (Section 2.2), and remains constant

throughout any chosen planning period. Also, for each block

a production rate is given and fixed. These production rates

depend on the quality of the coal, the general circumstances
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for mining (roof conditions, coal thickness, etc.), and the

mining method employed in the particular block.

Ventilation capacities: Ventilation and air conditioning

units are sufficiently dimensioned to purify and regulate all

air, gas, and dust produced in the mine under even the worst

predictable conditions.

Coal haulage capacities: Main belt and hoisting capacities

are sufficiently dimensioned to handle maximum production.

Similarly, submain belts are sufficiently dimensioned to

handle maximum production in the respective submains. In

fact, in order to reduce the risk of total production shut

down, e.g., due to belt break down, at no time should all the

(continuous) miners be working in one submain (see also Sec-

tion 4.2.3.1). Consequently, for each submain an upper limit

will be established for the number of miners allowed in that

submain at any time. Finally, surface haulage capacity is

sufficiently dimensioned to handle all coal hoisted to the

surface at any time.

Coal storage capacities: Storage capacities (surge capaci-

ties) are sufficiently dimensioned to handle "normal" irregu-

larities in the coal flow between the mine and the prepara-

tion plant and between the preparation plant and "long-

distance" coal transportation units such as trains.
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coal preparation capacities: Coal preparation units (under-

ground as well as surface) are sufficiently dimensioned to

handle maximum production.

The overall consequence of the above assumptions is that at

no time will production be shut down (miners idled) due to

insufficient ventilation, haulage, storage, or coal prepara-

tion capacities.

3.1.3 costs and Sales Prices

Although getting less so all the time, coal is to a large

extent sold on long-term delivery contracts (e.g., for elec-

tric power generation, which is the largest market). Extend-

ing over a period of up to twenty years these contracts stip-

ulate such terms as (Albach [1967])

a) tonnage to be produced/purchased per unit time (e.g.,
month),

b) average quality of produced/purchased coal with respect
to various constituents,

c) unit sales price of coal when meeting certain quality
specifications, and

d) penalties/rewards on unit sales price of coal when not
meeting the quality specifications.

Re a: Tonnage to be producedgpurchased

The production capacities determine how much coal can be pro-

duced per unit time and, thereby, how much can be sold. In
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other words, although excess coal can be sold, the tonnage

specified in the contract reflects these capacities, insofar

as produced coal equals sold coal on a long-term average,

selling from a more or less constant stockpile (Section

3.1.2). Penalties may be specified in the contract for non-

uniform production, but the mining company as well has an

interest in keeping production uniform (e.g., to keep a con-

stant work force) and it is likely to set up such penalties

internally in its production model, e.g., as exemplified in

Figure 3.6 (production smoothing).

a) unit b) cumulative
penalty penalty

deviation

Figure 3.6 - Penalty functions for deviation in
production between two consecutive time
periods (production smoothing): (a) unit
penalty function, (b) cumulative penalty
function (slope = unit penalty).

Notice that production deviations, in either direction from

the production of the previous time period, is penalized,

i.e., attempts will be made to enforce a uniform production

over time.
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Re bz Average gpality of producedgpurchased coal

Depending on the purchaser and the usage of the coal, certain

quality criteria (e.g., critical upper and/or lower limits)

are usually introduced regarding one or more of the coal con-

stituents. As an example, due to environmental regulations

the sulfur content must be kept below a certain critical

value since the burning of coal produces sulfur dioxide

(among other things). Hence, the desired (estimated) quality

of the coal mix is specified for those constituents particu-

larly critical to producer or purchaser (see the following).

Re c and dz Unit sales price of coal and penaltiesgrewards

The unit sales price applies to the mix of coal (from differ-

ent blocks) as it leaves the mine. Hence, the variation in

coal price over time is introduced through penalties and

rewards associated with the varying quality of the coal mix

over time. That is, the "regular" unit sales price of coal

is adjusted according to a penalty-reward step function as

illustrated below. For each coal constituent four quality

ranges are defined, each associated with a given unit

penalty/reward (e.g., per ton). The ranges are:

- expected average quality (no penalty/reward);

- above expected average quality (reward);

- below expected average quality (penalty);

— far below expected average quality (severe penalty or
rejection).
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Hence, the penalty—reward step function illustrated in Figure

3.7 (negative penalty = reward).

unit
penalty

If rejection, then penalty is very large
/

—————————————> quality
far below below expected above
expected expected average expected
average average average

Figure 3.7 - Penalty-reward step function.

Modeling this function mathematically implies the introduc-

tion of four new 0-1 variables per time period per coal con-

stituent, thereby substantially complicating and increasing

the computational efforts necessary for solving the final

model. Hence, a less rigorous and more heuristic modeling

approach is desirable. For this, it is noted that for any

time period the objectives of coal quality control are to,

1) in each time period, limit the coal quality, with respect
to the various constituents, to a given desirable range by
imposing a bound (lower or upper) on the quality, e.g.,
the bound may be the lower (or upper) bound of the
expected average range in the associated penalty—reward
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step function; or,

2) in each time period, minimize the deviation from a desir-
able or expected average level of the coal quality with
respect to the various constituents; and,

3) over time, smooth the quality level, i.e., minimize the
quality fluctuations from one time period to another.

Re 1: Range limitation of ggality

Due to the "rigidity" of these constraints, and the fact that

the associated objectives in all likelihood will be obtained

by the other quality constraints, these constraints will not

be implemented. (See Section 7.3 for further comments on

this.)

Re 2: Quality smoothing around target level

Leveling the coal quality, for a given constituent, around a

certain desirable (or expected average) level can be obtained

by penalizing the deviations from this level according to a

penalty function "reflecting" (or "approximating") the asso-

ciated penalty—reward step function, e.g., the functions in

Figure 3.8. The functions in Figure 3.8 are "strictly"

penalty functions, implying that any deviation in the coal

quality, with respect to a given constituent, from the

desired level in a "negative" direction, i.e., towards

"poorer“ coal, is penalized, whereas any deviation in "posi-

tive" direction, i.e., towards "better" coal, is accepted

without penalty or reward. Consequently, minimizing the

penalty thus incurred, zero or "positive" deviations will be
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attempted for each time period. (The penalty function

derived here does not pretend a real penalty/reward assess-

ment as does the afore-mentioned penalty-reward step func-

tion; rather it introduces an intuitive approach to meeting

the specific objective.)

a) unit b) cumulative
penalty penalty

ipallty
deviation

Figure 3.8 - Penalty functions for deviation in quality
from desired or average level (quality
leveling): (a) unit penalty function,
(b) cumulative penalty function (slope =
unit penalty).

Re 3: Quality smoothing over time

Smoothing the coal quality over time can be obtained by pen-

alizing the deviations between two consecutive time periods

according to penalty functions as exemplified in Figure 3.9

(identical to Figure 3.6). For a given time period, devia-

tions, in either direction from the coal quality in the pre-

vious time period, are penalized (positive and negative

deviations can be penalized differently), thereby "forcing"

the quality levels of two consecutive time periods to be

close.
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a) unit b) cumulative
penalty penalty)

> > quality
deviation

Figure 3.9 — Penalty functions for deviation in quality
between two consecutive time periods
(quality smoothing): (a) unit penalty
function, (b) cumulative penalty function
(slope = unit penalty).

Next, the costs of producing coal will be organized as fol-

lows:

Production costs

The cost of mining coal in a given block depends on the

nature and specific characteristics of that block, and on the

mining method employed, including production rate. Hence,

the mining (production) cost for each block is estimated in

advance, based on geologic data and employed method, and is

assumed fixed.

Set-up costs

Set—up costs are also block dependent, i.e., depend on the

nature and special characteristics of each block such as spe-

cial roof conditions (extra roof support) and/or dust/gas

problems (extra ventilation), as well as on the mining method

employed. Hence, the set—up cost for each block is estimated
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in advance, based on geologic data, and is assumed fixed.

The set-up time for a block is the time to move and install

roof support, ventilation, mining equipment, etc. before

starting the mining of that block. Although it has improved

drastically over the last few years, for longwall blocks this

time can amount to several weeks—to—months, or up to one

fourth to one third the mining time of a block, and the asso-

ciated costs up to one fourth the total costs of the block

(Fauconnier and Kersten [1982]). For development blocks

(room-and—pillar), on the other hand, preparation of a block

takes place gradually during development of the preceding

block(s) and usually only amounts to a few hours (e.g., a

shift), while the associated costs basically become insepara-

ble from the development costs. In both cases, however, the

set-up time will be incorporated in the production time

(duration) of the respective blocks and the associated pro-

ductivity rates adjusted (down) so as to reflect the updated

production times. This is so since production from a block

is assumed to take place immediately following set-up (devel-

opment) and, hence, is inseparable from this. That is, no

alternatives are possible since the respective miner is

thereby also committed to the block during set-up.

Some further assumptions are:

- Block costs and revenues are due at the beginning of the
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respective block.

- Capital expenditures, including preliminary development
and preparation costs, are written off for tax purposes
over a period of years (Section 3.1.2), i.e., are consid-
ered fixed annual costs. Hence, they do not affect the
production plan as such and are consequently not consid-
ered in the model. In other words, capital expenditures
have no effect on the actual process of optimally sequen-
cing the coal blocks on the different machines. That is,
capital expenditures remain the same independent of the
sequence (production schedule).

The latter does not limit the introduction of different

equipment mixes, since the model can be set up to run at any

time, for the remainder of the mine, with any desired equip-

ment mix.

3.1.4 Project Evaluation Criteria

As Gentry [1979] has noted, mine evaluation is a multifa-

ceted, interdisciplinary process by which the economic viab-

ility of a mining project is determined. The evaluation pro-

cess should indicate whether or not the project is economi-

cally viable after careful consideration of all engineering,

environmental, geologic and other variables pertaining to the

project. Culmination of the feasibility study is the prepa-

ration of the economic analysis of the project. The ultimate

aim of any economic analysis is to provide management with

the best possible information for selecting the best invest-

ment opportunities available.
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Numerous investment criteria are available for the evaluation

of mining properties. At present, more and more companies

use discounted cash flow methods and many articles have

expounded the virtue of this method (Gentry [1979]).

Consequently, discounting will also be used here. For the

present analysis, however, one question remains, namely,

whether to incorporate only the value (income) from selling

the coal, gr only the cost of mining the coal, or both. For

this, consider the following two scenarios:

Time value of money not considered: As was pointed out in

Section 3.1.3, the value of the coal depends on the quality

of the coal mix over time, which, on the other hand, depends

on the blocks mined, i.e., is sequence dependent. The cost

of mining the blocks, however, is a function of the individ-

ual mining rates (and other factors as pointed out in Section

3.1.3) and, given these, will remain constant over time

(sequence independent), everything else being equal. Hence,

when not considering the time value of money, the value of

the coal -- not the cost of mining the coal —- is relevant

for determining the optimal production sequence of blocks.

Time value of money considered: When discounting, the

present worth of both costs and value will diminish with

time, i.e., both become sequence dependent and, thereby,

relevant for determining the optimal production sequence of
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blocks. (Ex.: minimizing the total cost will lead to the

postponement of costly blocks, if possible.) In a sense, the

value of the coal has double importance for the sequence

since the point made in the previous scenario concerning the

quality-dependent coal value still applies.

Furthermore, consider Table 3.1, where solutions from gen-

eral, alternative production models are compared. For this

comparison, the following assumptions are made regarding the

cost and income functions:

- The cost function is non-decreasing and non-negative;

- The net income is zero for zero production, and positive,
zero, or negative otherwise (fluctuates);

- Both functions are upper and lower finite.

Table 3.1 - Comparison of solutions from general
production models.

Obj. Function > Minimize Maximize
Total costs Total Net Income

v Constraints

production* = 0 production =
global optimum

LB S production production* = LB production* = LB
and or

production S UB production* = UB
or

O < prod.** < UB

LB = lower bound 2 O
UB = upper bound 2 O

* Constrained, but not necessarily local/global optimum

** Local, but not necessarily global optimum
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The production constraints stated in Section 3.1.3 and the

precedence constraints to be stated in Section 3.1.5 all act

as upper bounds on the production (no lower bounds are

imposed on the problem). Hence, it is noted from the above

that only by maximizing the total net income can a "true"

solution be obtained. Consequently, the objective in the

present problem will be the maximization of the total dis-

counted net income.

3.1.5 Statement of the Problem

Given the mine layout, the problem is to schedule the mining

of n coal blocks so as to maximize the net present value of

the blocks as they are mined. The blocks are divided into

three categories according to the three mining methods

employed, namely, longwall, room-and-pillar, and retreat min-

ing. (Room-and-pillar and retreat mining actually take place

in the same block but are usually two "independent" tasks

and, consequently, defined as two "independent" blocks (jobs)

here.) The number of blocks in each category equals nl, nz,

and nl respectively, with n = nl+nz+n3 representing the total

number of blocks to be mined. Given for each block are the

coal tonnage, the reject percentage, and the average coal

quality with respect to sulfur, ash, and BTU (heating value).

The time required to mine a block (duration) depends on the

size of the block (tonnage) and on the mining rate. The min-
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ing rate, on the other hand, depends on the geologic and

environmental conditions and on the mining method employed.

However, for the present analysis, the mining rates, and

thereby the durations, are assumed fixed and known in advance

for each block. Also, the blocks are assumed readily avail-

able whenever they are scheduled for mining and there are no

due dates by which the blocks need to be mined. However, the

blocks are to be scheduled subject to precedence constraints

in the form of a partial order induced by a given acyclic

graph on blocks (nodes) constructed from the mine layout. As

an example, the layout in Figure 3.4 can be represented by

the graph in Figure 3.10. Hence, if il < iz, then block il

must be completed before the mining of block iz can begin.

Also, the blocks are to be scheduled subject to production

smoothing constraints and to quality smoothing constraints

regarding the three constituents mentioned. Finally, at no

time must the number of blocks being mined in a given submain

exceed a given upper limit (risk reduction).

The blocks are to be scheduled on m parallel miners, a

"miner" defined as a group of equipment (miner, roof support

units, and immediate haulage units) which is used to mine

coal in a given block by applying a certain method, i.e.,

continuous or longwall mining. "Parallel", on the other

hand, means that all the miners can work at the same time,

independently of each other.
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The miners are divided into two categories, namely, longwall

miners with the number of miners = ml, and continuous miners

with the number of miners = mz. The total number of miners,

m = ml+mz, is given and remains constant throughout any given

planning period. The miners in each category are identical

but can work at different mining rates, causing varying dura-

tions. The following trivial relations between blocks and

miners are observed:

- The nl longwall panels (blocks) must be mined by the ml
longwall miners;

— The nz+n3 room-and—pillar and retreat mining blocks must
be mined by the mz continuous miners.

Furthermore, a miner can mine at most one block at a time,

and a block can be mined by at most one miner at a time, and

only be mined once. The schedules to be considered are non-

preemptive, which means that the mining of a block, once

started, cannot be interrupted at any time and resumed at the

same time, or later, by any miner.

A schedule is termed feasible if all the blocks are com-

pleted, following the precedence constraints among them, and

if all production constraints are met. A schedule is optimal

if it is feasible and if the objective is met. Defining

retreat mining of a room-and-pillar block as a separate

block, the following additional remarks can be made regarding
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the precedence constraints:

- Each retreat mining block is preceded by an associated
developing room-and-pillar block;

— Each longwall block is preceded by at least one developing
room-and-pillar block;

— Each room-and-pillar block is preceded by at least one
other room-and-pillar block, except the first block;

- Each longwall block may be preceded by another longwall
block;

— Each retreat mining block may be preceded by another
retreat mining block.

If retreat mining of a given room-and-pillar block is not to

take place, then no retreat mining block should be defined.

Similarly, if retreat mining is to take place immediately

following development of the associated room-and-pillar

block, then the two tasks (development and retreat) can be

combined into one block with combined productivity rate and

duration respectively.

In light of the above, scheduling of underground coal produc-

tion can be viewed as a problem similar to the general prob-

lem of non—preemptive scheduling of precedence—related jobs

on parallel processors as stated by Graham et al. [1978]).

3.2 Mathematical Programming Model

For a mathematical programming formulation of the mine pro-
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duction scheduling problem we first introduce the following

notation:

xikt 0-1 variables (decision variables)

1, if block i is scheduled to start at the

{
beginning of time period t on miner k;

0, otherwise;

yt+,yt' nonnegative dummy variables (decision variables)
expressing the production difference between the
time periods t and t-1;

unt+,u¤t' nonnegative dummy variables (decision variables)
expressing the difference between the aggregate
quality obtained in time period t and a target (or
average) level with respect to constituent n;

vnt+,vnt' nonnegative dummy variables (decision variables)
expressing the quality difference between the time
periods t and t-1 with respect to constituent n;

ri mining rate for block i (known);

di duration of block i (known);

¢i (6 [0,1]) fraction of block i to be completed
before scheduling some succeeding block (known);

Ri reject percentage for block i (known);

qin quality of coal in block i with respect to consti-
tuent n (known);

un target or average coal quality with respect to
constituent n (known);

Pt total production in time period t (short form in
x -- see below);

Qnt aggregate quality of total production in time
period t with respect to constituent n (short
form in x -- see below);

Xnt (= Qnt/Pt) average quality of total production in
time period t with respect to constituent n
(short form in x -- see below);
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NRi net revenue of mining block i based on mining and
selling ri(1-Ri) tons of coal per unit time
(known);

a1,a2 (average) nonnegative unit penalties (per unit
production difference) associated with the produc-
tion differences yt+ and yt' respectively (known);

ß1n,ß2n (average) nonnegative unit penalties (per unit
quality difference per unit production) associated
with the quality differences unt+ and unt'
respectively (known);

nin,w2n (average) nonnegative unit penalties (per unit
quality difference) associated with the quality
differences vnt+ and vnt' respectively (known);

a discount rate;

Dt (= 1/(1+a)t'l) discount factor at the beginning of
time period t;

z value of objective function at optimality;

J set of all blocks;

Jk set of blocks mineable by miner k;

Jm set of blocks associated with submain m;

Bi set of blocks immediately preceding block i in the
precedence graph (completely or partially);

K set of all miners;

Ki set of miners by which block i can be mined;

M set of all submains;

Nm maximum number of miners allowed in submain m;

T time horizon (makespan);

i,j block indices;

k miner index;

m submain index;

n constituent index:

= 1 for BTU (heating value);
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= 2 for sulfurr
= 3 for ash;

t time period indices;

si(t) short form for the time interval [max{1,t—di+1},t]
(see below);

Before proceeding, note first that a block, i, is being mined

in period t by a miner, k, if it is started in period s, and

if t—di+1 S s S t (Taha [1975]), i.e., if

x- = = ..1 t 1 T
S=maX{l,t—di+l) lks '

’ ’ ’

where the sum can be written as E xiks.
Si(t)

Also, let Pt, Qnt, and Xnt (defined above) be short forms for

the following expressions:

P = E · 1-R- E E · t = 1 .. T; 3.11; i€J[r1( 1) 1 1 ( )

= E · · 1-R' E E ·Qnt i€J[rlqlH( 1) k€Ki Si(t)x1ks]1

t = 1,..,T, n 6 {1,2,3}; (3.2)

Xnt = Qnt/Pt, t = 1,..,T, n 6 (1,2,3}. (3.3)

With this, the scheduling problem can be formulated as shown

in Figure 3.11. The objective function consists of two

terms. The first term, f(x), represents the net present



98

value of mining the blocks, whereas the second term,

g(u,v,y), represents penalties for production and quality

deviations.

The constraints capture the technical and logical require-

ments of the production process. That is, constraints (3.5)

are block scheduling constraints, capturing the fact that

each block, i, is scheduled exactly once and only on a cer-

tain type of miner, k. Constraints (3.6) are precedence con-

straints, permitting a block, j, to be started only after the

completion of some fraction, ¢i, of the duration, di, of a

preceding block, i. Constraints (3.7) represent the fact

that at any given time, t, a miner, k, can be scheduled to

start at only one block, i, and only if that miner is not

already in the process of mining another block, j. Con-

straints (3.8) limit the total number of miners in a given

submain, m, at any time, t, to not exceed the associated

upper limit for that submain. Constraints (3.9) are produc-

tion smoothing constraints and capture the deviations in

total production in time period t from that of time period

t-1. (Since the deviation can be numerically both positive

and negative, and the penalty is based on the absolute value,

"dummy" variables are introduced.) Similarly, constraints

(3.10) and (3.11) represent quality constraints. That is,

time deviation of coal quality with respect to constituent

n, from a target level, un, is captured by constraint (3.10).
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MSP:

z = Max {f(x> + g<¤,v,y>}

= ax - · -M { g D E NR E E Xt=1 1 i6J 1 kexi si(t) 1kS
T +

_

t§2 Dt (a1 Yt + @2 Yt ) '

T 3 +
_

tgl Dt ngl (ßln unt + ßzn unt ) '

T 3 +
_

tg Dt g ("ln Vnt + "2n Vnt ) }
-2 Il-]. (3_4)

subject to

E 1 ° J (3 5)x- = 1 6 ; .k6Ki t=1 1kt '
• • xn xnE (t + d ) < E g tkexi t=1 ¢1 1 1kt kexj t=1 Jkt’

j 6 J, i 6 Bj; (3.6)

_E E x·k S 1 k 6 K t = 1 .. T; (3.7)
16Jk si(t) 1 S '

I ' I

_E E E x- S N m 6 M t = 1 .. T; 3.8)
16Jm k6Ki si(t) 1kS m' ' I '

(

Pt —
Pt-1 = yt+ ·

yt_,
t = 2,..,T; (3.9)

Qnt ' Dn Pt = unt+ '
unt—r

t = 1,..,T, n 6 (1,2,3}; (3.10)

Xnt ' Xnt-1 = Vnt+ ' Vnt-v

t = 2,..,T, U E {1,2,3}. (3.11)

Figure 3.11 — Mathematical programming formulation of the
mine scheduling problem.
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Similarly, deviation of coal quality with respect to consti-

tuent n, from period t—1 to period t, is captured by con-

straints (3.11).

Notice that the problem

Max f(x)

subject to x 6 {x:(3.5—8) is met}

is the well-known precedence-constrained n job/m processor

scheduling problem with side constraints for risk reduction.

In Chapter 4, a set of heuristic solution methods will be

developed for solving this problem. As shall be shown in

Chapter 5, these procedures also "solve" the master problem

in a Benders' partitioning scheme for the mine scheduling

problem (MSP).



4 SEQUENCING HEURISTICS

Contents of Chapter 4:

— Introduction to sequencing theory and general solution
method

— Review of literature on sequencing procedures

— Development of general heuristics for scheduling preceden-
ce-related jobs on parallel processors with side-
constraints

In the following, the terms "sequencing" and "scheduling" are

used interchangeably. Also, although some consistency has

been attempted, the notation used in this chapter does not

refer to the notation introduced in Chapter 3 and used in

Chapters 3 and 5. That is, Chapter 4 covers a "separate"

research area, and the notation used is, by and large, in

keeping with the references quoted.

4.1 Sequencing Theory

With some modifications, the following review of sequencing

theory is adapted from Mitten and Tsou [1973]. For a more

in-depth treatment of the theory, the reader is referred to

that article or to related literature (e.g., Conway et al.

[1967], Baker [1974], Rinnooy Kan [1976], or Lenstra [1977]).

Consider a finite set, N, containing n (> 1) elements. Let

101
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Po be the set of all permutations of the elements of any

subset 0 c N. Also, let P = U PC, the union taken over the

set of all subsets of N. For any permutation p 6 P, the

unordered set Np consists of precisely the elements in p.

For illustration, N might represent a set of n prospective

mining blocks, and a permutation p = (p1,...,pk) 6 P might

represent the order in which a subset Np = {pl,...,pk) c N of

k blocks are to be mined. Now, for any j, 1 S j S k, the

permutation pj = (p1,...,pj) will consist of the first j

elements of p. If p and q are two disjoint permutations from

P (i.e., if Np n Nq = Q), then (p,q) is the permutation

consisting of the permutation p followed by the permutation

q. In particular, if p = (pl,...,pk) 6 P and x 6 N but x ¢

Np, then (p,x) = (pl,...,pk,x).

Associated with each element x 6 N are two given real con-

stants, vx, 0 < vx < w, and dx, 0 S dx < w. Also, for any

permutation p 6 P we define

6p = X§Npdx. (4.1)

Hence, for any real constant ro, 0 S ro < w, an income

associated with a permutation p = (p1,...,pk) 6 P is defined

by
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V( ) ä f(1 +6 ) (4 2)1 = v _ .P· 0 m=1 pm 0 pm 1
·

where f(t) (2 0) is a real—valued function and where Öpo = O.

It is noted that

V[(p„q)„101 = V(P,To) + V(q„10+6p)- (4-3)

For an interpretation of this, in a mine scheduling problem

we might have the following identifications:

dx duration of block x;

Vx net income from block x, discounted to the beginning
of the block;

f(t) present worth of a unit income earned t time periods
hence;

10 number of time periods from the present to the start
of the first block;

V(p,10) present, discounted net income from mining the
blocks sequentially in the order p, with the first
block starting at time 10.

Now, for given 10, the maximum income is given by

(4-4)

where PN is the set of all permutations of the elements

(blocks) in N, i.e., of all n elements (blocks). Further-

more, the set of optimal solutions is given by
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P*(v0) = (p 6 PNIV(p,r0) = V*(r0)}- (4-5)

The objective is to find a permutation p* 6 P*(ro).

4.1.1 General Solution Method

In order to find an optimal solution, a tree search can be

employed in the form of an implicit enumeration scheme. Eli-

mination of branches is accomplished through the use of two

types of conditions, bounds and element interchanges. Two

bounds can be used, namely, a lower bound, B(rO), on the

maximum income, V*(r0), and an upper bound, bo(rO), on the

income, V(p,r0), for any permutation p of the elements of a

set 0 (partial permutation). The bound elimination condition

can be stated as follows.

Let p be a given partial permutation and let 0 = N — Np + Q.

Furthermore, let q be any permutation of the elements of 0.

Then

(p,q) ¢ p"(T0)

if

V(p,TO ) + bo-(TO+6p) < B(T0). (4.6)

The justification for this is obtained by noting that, given

the above inequality,
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V£(p„q)„101 = V(p„1o) + V(q,1o+6p)

S V(p,1O) + bU(1O+6p)

< B(TO)

S V*(1O), (4.7a)

and thus

V[(p,q),1O] < V*(1O). Q.E.D. (4.7b)

The interchange conditions are based on the effects of inter-

changing the order of two elements in a permutation. More

specifically, let x and y be two distinct elements of N and

let q and r be any two disjoint permutations not containing x

or y. If p = (q,x,y,r), then p' = (q,y,x,r) is the permuta-

tion obtained by interchanging the order of the elements x

and y in p. A direct calculation, using (4.2-3), shows that

(Proof 4.1 in Appendix A)

V(p,1O) - V(p',1O) = vy [f(10+6q+dx) - f(1O+6q)]

- Vx [f(10+6q+dy) - f(1O+6q)]. (4.8)

Now, define

Qi(1) = Vi / [f(1) — f(1+di)] (4-9)

for any i 6 N. Then, for any 1, 0 S 1 < w, we see from (4.8)
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that (Proof 4.2 in Appendix A)

QX(rO+6q) 2 Qy(r0+6q) (4.10)

is equivalent to

V(p„¢0) 2 V(P'«T0)· (4-ll)

Thus, for p to be an optimal permutation the following basic

interchange condition has been obtained:

p 6 P*(rO)

only if

QX(1O+6q) 2 Qy(rO+6q). (4.12)

If p 6 PN and if condition (4.12) holds for every adjacent

pair of elements in p, then p is termed a locally optimal

permutation.

4.2 Sequencing Procedures

Historically, the problem of scheduling has been subject to

much attention. Smith [1956] determined a 1-processor sched-

ule for non—precedence related jobs based on the processing

times, 6i, and weights, wi, of the jobs, i. The criterion

was the minimization of the summed weighted completion times.

The optimal sequence was found by ordering the jobs according
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to non—decreasing ratios, 6i/wi (or non-increasing ratios,

wi/6i). Based on this, several solution procedures have been

developed for the problems of scheduling with precedence

related jobs and/or multiple processors.

For the problem of scheduling n non—precedence related jobs

on m parallel processors, Eastman et al. [1964] determined a

set of bounds for the value of the optimal schedule. The two

bounds were close and found helpful for practical scheduling

problems. For the same problem, Baker and Merten [1973] used

Smith's criterion to determine a near-optimal schedule. A

heuristic was developed and compared to several heuristics

developed by others. Baker and Merten's heuristic was found,

in general, to provide better solutions.

The 1-processor case, in which the precedence relations are

given as a tree structure, was solved by Horn [1972] and by

Adolphson and Hu [1973]. For general precedence relations,

algorithms were suggested both by Adolphson [1977] and by

Sidney [1975]. All approaches proved satisfactory in provid-

ing an optimal solution. Drawbacks were found, however, in

the fact that the number of initial sets (see Section 4.2.2)

to be checked by the algorithms could be overwhelming. Fur-

thermore, computational efficiency of the algorithms was not

established (Baker [1974]).
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Morton and Dharan [1978] developed a set of so-called "algor

istics" for determining optimal or near-optimal solutions to

the scheduling of n precedence related jobs on one processor.

One of the algoristics, the Tree Optimal Algoristic, was

found to provide solutions extremely close to optimum. In

fact, the algoristic was found to provide an optimal solution

for branching-tree or assembly—tree structures. (See Section

4.2.2.)

Using the same general principles as Baker and Merten, Sarin

and Elmaghraby [1984] proposed a heuristic for the scheduling

of n precedence-related unit jobs on m parallel processors,

based on either an optimal or a near-optimal solution to the

1—processor scheduling problem. The heuristic was found to

perform equally well with both. (See Section 4.2.3.)

In conclusion, recalling the uncertainty associated with coal

production and its associated variables, it seems reasonable,

for all practical purpose, to settle with less than optimal

production schedules, as long as these schedule are good,

i.e., are reasonably close to optimum. Therefore, attempt

will be made to modify and improve the algoristic and heuris-

tic principles mentioned above towards the development of a

good heuristic procedure for the general problem of schedul-

ing n precedence-related jobs on m parallel processors, both

with and without production-related side-constraints.
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4.2.1 Single—Processor Sequencing without Precedeuce Rela-
tions

Let the function, f, in (4.2) be the discounting function,

f(T) = 1 / (1 + a)T,

and let

r = 1 + a.

Inserting this in (4.9), we find

T T+di
Qi(v) = vi / [(1/r) - (1/r) 1- (4-13)

From this, and (4.10), the following lemma can be established

for any two jobs, x and y, and any two starting times, rl and

12 (Proof 4.3 in Appendix A):

Lemma 1

Qx(T1) > Qy(Tl) <=> Qx(T2) > Qy(T2)

and

Qx(T1) = Qy(T1) <=> Qx(T2) = Qy(T2)•

Consequently, a unique, optimal order of preference can be

established between any two jobs and, therefore, between all

jobs. In other words, abstracting from any precedence rela-

tions between jobs, the order of preference between any
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remaining jobs, at a given time, is the same as for any other

time. Hence, it is sufficient to establish the preferences

for r = 0. That is

Q1(0) = Q(i)
di

= vi / [1 - (1/r) ]. (4.14)

This expression will be applied in the following, i.e., it

will be assumed that the first job starts at time r = 0.

Now, a sequence established by non-increasing Q-values is a

globally optimal sequence. This can be ascertained by the

necessary condition (4.12) for a local optimum. Inserting

(4.14), the condition for any two adjacent elements, x and y,

in a permutation, x preceding y, becomes

Q(x) 2 Q(y)- (4-15)

Since Q(x) and Q(y) are constants, irrespective of the

sequence, it follows that the local optimum is also a global

optimum. In fact, (4.15) turns out to be a necessary and

sufficient condition for a global optimum.

A similarity between (4.15) and Smith's optimality criterion

is observed. Hence, the fact that the solution procedures

reviewed above are based on Smith's criterion implies that
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these procedures are applicable to (4.15) as well. This fact

will be exploited in the following sections.

For an interpretation of the Q—value, notice that the denomi-

nator in (4.14) represents the difference between a unit

income (value) obtained now (the present) and a unit income

obtained di time periods hence, considering the time value of

money, i.e., it shows by how much the value of a unit income

decreases over a time period, di. Indirectly, the denomina-

tor represents a time span, di, and the ratio a "capital

intensity" or "income per time unit, considering the time

value of money". Consequently, short, high—valued projects

are favored since their "capital intensity" is high.

An alternative to the Q-value criterion, adapted from Lawler

and Sivazlian [1978], is found by letting

di—l
Vi = täo ui / It,

ui being the net income per unit time from block i. Defining

Vi(v) as the net present value of job i starting r time

periods hence, i.e.,

vi(¢) = vi / rf

di—1 +t di+1-1 t= E u- rT = E u· r1:0 1 / t=T 1 / ·
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an optimal job sequence is found by ordering the jobs accord-

ing to non-increasing unit incomes, u. That is, for any two

adjacent elements, x and y, in a permutation, x preceding y,

the optimality condition becomes (Proof 4.4 in Appendix A)

ux 2 uy. (4.16)

In fact, the two approaches are "identical" (Proof 4.5 in

Appendix A) and the afore-mentioned solution procedures can

be adopted to both. In choosing one over the other there

appear to be very few and only somewhat weak arguments. The

latter criterion (denoted here the u-value criterion) may

involve slightly less computational effort since the u-values

are simpler than the Q-values, everything else being equal.

The Q-value criterion, on the other hand, seems to provide

more flexibility in terms of representing costs and revenues.

That is, mining a block usually involves both fixed costs

(due at the beginning of, and throughout the block) and vari-

able costs/revenues (due throughout the block). In the

Q-value criterion these costs/revenues are lumped together in

a discounted net value due at the beginning of the block. In

the u—value criterion the problem of working with fixed costs

may be overcome by determining the associated annuities.

This approach, however, seems somewhat backward and tedious

whereas discounting all costs and revenues to the beginning

of a block seems logical and straightforward. For this rea-
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son the Q-value criterion is chosen towards solving the pre-

sent mine production scheduling problem.

4.2.2 Single-Processor Sequencing with Precedence Relations

Introducing precedence among jobs, expectedly, the above

optimal solution will no longer be feasible and, therefore,

not optimal. Hence, a more general algorithm becomes neces-

sary.

Recalling Section 3.1.5, a set of precedence relations, n,

imposed on a node set, N, can be given by an acyclic graph.

An arc directed from a node, i, to a node, j, indicates that

there is direct precedence between the two nodes (i < j or

(i,j) 6 W). Node i is an immediate predecessor to node j and

node j an immediate successor to node i. This notation can

be generalized to any two sets, N1 and N2. If N1 c N and N2

c N, then N1 is said to have precedence over N2 if there

exist jobs i 6 N1 and j 6 N2 such that i < j. In this case

N1 < N2. If no such jobs exist, then N1 4 N2 (Sidney

[1975]). As an example, in Figure 4.1 the set N1 = (1,2,3}

has precedence over the set N2 = {4,5}.

Figure 4.1 — Acyclic graph.
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As before, associated with each job (node), x, are the dura-

tion, dx, and the value, vx, discounted to the beginning of

the block. For a block starting at time Tx the present

value, PVx, is

1
PVx = Vx / r X. (4.17)

Thus, for a given sequence, p = (x1,...,xn) of the blocks in

N, the total present value, TPVP, is (see (4.2))

TPV /
Txi

(4 18)= v r , .P 1:1 X1

where

Txi = starting time of block xi

— iäl d (4 19)

Hence, the optimal sequence, p*, is the sequence for which

TPVp* 2 TPVP, all p.

In order to establish an algorithm for solving this problem

some of the terms already introduced will be extended and new

definitions will be introduced.

Firstly, for a partial permutation, q = (q1,...,qm) of the m



115

nodes in a set Nq, the following applies:

dq = duration of permutation q;

Vq = income from permutation q discounted to the beginning
of the first node;

Q(q) = Q-value of permutation q

d
= vq / [1 - (1/r) q]. (4.20)

Secondly (Morton and Dharan [1978]), a subset of jobs, which

is known to be scheduled as a block in the unknown larger

schedule, and for which the sequence within the block has

been specified, can be aggregated into a single composite

jpp, with the associated Q-value calculated as above. Direct

predecessors of the composite job are determined as the set

union of direct predecessors of the original set, less mem-

bers of the composition; similarly for the successors.

Thirdly (Sidney [1975], and Morton and Dharan [1978]), a set

of generators is defined as any subset of n jobs. The ipi;

gig; gg; of a given set of generators is the set plus all the

preceding jobs of the generators. A fipgl gg; is a set of

generators plus all succeeding jobs. A simple initial gg; or

a simple jipgl gg; has a single generator. The primary

interest is to aggregate simple initial sets or pairs of jobs

which are the direct predecessor and successor of each other.

Fourthly, for the algoristic (Morton and Dharan [1978]), let
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N = {all jobs}. Define

„* •* •
b = ;J YQ(J1**

by Q<1**> = 1¤f <Q<1>y:j6N

k* b k* = ‘ k ;Y Q( ) §g§* {Q( )}

*7: ·k* _ _
k by Q(k ) — äg§** {Q(k)},

n* = |{k|k<j*}|;

n** = |[k|k>5**y|.

That is, j* and j** are the jobs respectively maximizing and

minimizing Q(j) over all jobs, k* and k** are the direct

predecessor, and direct successor, minimizing or maximizing

Q(k) respectively, and n* and n** are the number of direct

predecessors of j*, and direct successors of j**, respec-

tively.

Finally, if a job j is sequenced in position i, then the

notation i = [j] is used.

Lemma 2 (Morton and Dharan [1978])

For at least one optimal sequence,

a) [j*] - 1 = [k'] for some k'<j*;

by [5**] + 1 = [k··] for some k··>5**.
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Lemma 3 (Morton and Dharan [1978])

If i < j and an optimal sequence is known to exist with [i] =

[j] - 1 then i and j can be aggregated. If a rule can be

found for choosing k' or k" optimally, then an exact algo-

rithm can be constructed. Failing this, the following heur-

istic choice is established, namely, k* is a "good" choice

for k', since it would be intuitive to schedule the smallest

Q(k) as late as possible. Similarly, k** is a "good" choice

for k".

Tree Optimal Algoristic

Step 1. Update j*, j**, n*, n**, k*, k**. If only a single
job remains, go to step 9. Otherwise, go to step 2.

Step 2. If j* has no predecessors (n* = O), schedule it
first. Remove it from the current set of jobs. Go
to step 1. Otherwise, go to step 3.

Step 3. If j** has no successors (n** = O), schedule it
last. Remove it from the current set of jobs. Go
to step 1. Otherwise, go to step 4.

Step 4. If j* has a single direct predecessor (n* = 1), go
to step 5. Otherwise, go to step 6.

Step 5. Combine k* and j*. Go to step 1.

Step 6. If j** has a single direct successor (n** = 1), go
to step 7. Otherwise, go to step 8.

Step 7. Combine j** and k**. Go to step 1.

Step 8. If n* S n**, go to step 5. Otherwise, go to step 7.

Step 9. Reconstruct the job sequence by dis-aggregating jobs
in reverse order. Stop.
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Proposition (Morton and Dharan [1978])

The Tree-Optimal Algoristic provides an optimal solution for

branching—tree or assembly tree-structures. In fact, an

optimal solution is provided if step 8 is never executed.

In passing, when aggregating jobs, as prescribed by the algo-

rithm, attention must be given to removing network redundan-

cies resulting from this. As an example, if jobs 4 and 5 in

Figure 4.1 are aggregated into one job, 4', and the prece-

dence (3,5) carries over as (3,4'), then, in the resulting

network (Figure 4.2a), the arc (1,4') is redundant and must _

be removed before proceeding with the algorithm. If arc

(1,4') is not removed, then proceeding and aggregating, say,

jobs 1 and 4' into one job, 1' -- carrying the precedence

(3,4') over as (3,1') -- will result in cyclic precedence

(Figure 4.2b).

a) b)

Figure 4.2 - (a) Redundancy in graph. (b) Cyclic Precedence.

4.2.3 Multiple-Processor Sequencing

The problem of scheduling n jobs on m processors is NP-
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complete (Lenstra [1977]). As mentioned earlier, Sarin and

Elmaghraby [1984] solved this problem for the case with unit

jobs, identical and parallel processors, and arbitrary prece-

dence constraints. A heuristic procedure, which translates

the optimal 1-processor solution into an m-processor solu-

tion, was proposed, and two bounds on the worst-case perfor-

mance were derived. It was shown that the heuristic per-

formed equally well when applying a near-optimal 1—processor

solution (e.g., Morton and Dharan [1978]) as when applying an

optimal 1-processor solution (e.g., Sidney [1975]).

In words, the heuristic proceeds as follows. Suppose that

the optimal, or near-optimal, 1-processor schedule of a given

set of jobs (and their precedence relations) is known. Then,

proceed with the allocation of the jobs to the m processors

sequentially in their order of appearance in this schedule,

shifting jobs as far "to the left" as possible while respect-

ing precedence. The resultant schedule is the desired one.

The following example illustrates the procedure.

EXAMPLE 4.1

Consider the set of seven jobs given in Table 4.1 with prece-

dence as in Figure 4.3. Let 1/r = 0.9.
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Table 4.1 - Data for the jobs in Example 4.1.

1 1 1 1111
Ä11111 1 1

vi 2 1 7 6.5 6.5 7.5
11 11 111111

Figure 4.3 - Precedence relations for the
jobs in Example 4.1.

The 1-processor schedule resulting from applying Morton and

Dharan's Tree Optimal Algoristic is

|1|3|5|6|2|4|7|
Present value = 28.7

Based on this, the 2—processor schedule resulting from apply-

ing Sarin and Elmaghraby's heuristic is

|l|3|5|4|

II2|6|7l

Present value = 32.0
(Q = 93.1)
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Concerning the computation of the Q-value, see Example 4.3

and subsequent comments.

EXAMPLE 4.1 TO BE CONTINUED

In the example, it is noticed that job 2 is preceding job 6

on processor 2 instead of succeeding job 5 on processor 1, as

might have been expected given the job-orders in the 1-pro-

cessor schedule. The reason for this "shift" is that, when

scheduling job 6 as early as possible in the 2-processor

schedule, i.e., on processor 2 (immediately succeeding the

predecessor, job 3, in terms of time), a preceding void of

two time units is created. Thus, since the jobs 2 and 6 are

unrelated, and since job 2 is a unit-time job, it can be

shifted to processor 2, immediately succeeding job 1 in terms

of time, without interfering with, or deferring, the remain-

ing jobs on processor 2.

Consequently, an improvement has been obtained compared to

the “regular" 2-processor scheduling process; that is, when

allocating the jobs to the two processors sequentially as

they appear in the 1-processor schedule, without shifting

jobs to preceding voids.

A closer look at the example reveals the following. Having

shifted job 2 to in front of job 6, the Morton and Dharan

1-processor schedule of all jobs, i.e., (1,3,5,6,2,4,7), has
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been “violated". In other words, since job 2 caused the jobs

4 and 7 to be scheduled last in the 1—processor schedule, but

has now been "removed" (moved up in the 1-processor sched-

ule), these jobs can now be scheduled before job 5. In fact,

from Table 4.1, Q4 > Q7 > Q5 = Q6, which implies that, given

the jobs {4,5,6,7}, job 4 would be scheduled first, according

to (4.15), and then 7, 5 (or 6), and 6 (or 5). Consequently,

further improvement can be obtained. This is illustrated in

the continuation of Example 4.1.

EXAMPLE 4.1 CQNTINUED

Given that job 2 has been shifted to the position preceding

job 6 on processor 2 from the position succeeding job 5 on

processor 1 (the "regular" 2—processor schedule), the revised

Morton and Dharan 1-processor schedule of the "violated" jobs

in the preceding 1—processor schedule (i.e., the set union of

jobs starting after the start of job 2 on both processors in

the 2—processor schedule) is

I
4

I
7

I
5

I
6

I

Continuing from this with Sarin and Elmaghraby's heuristic,

the following final 2-processor schedule results:

I
1

I
3

I
4

I
5

I
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I I
2

I
7

I
6

I
Present value = 32.2

(Q = 93.7)

As expected, the revised 2-processor schedule is better.

END or EXAMPLE 4.1

Introducing general processing times for the jobs in Example

4.1, the same line of reasoning applies, provided that the

processing time of job 2 is shorter than the void between the

jobs 1 and 6; that is, as long as job 2 can be shifted to in

front of job 6 without deferring this and subsequent jobs.

If, on the other hand, the processing time of job 2 is

greater than the void, then the above shift will defer job 6

and subsequent jobs. This problem is illustrated in the fol-

lowing example.

EXAMPLE 4.2

Consider the set of seven jobs given in Table 4.2 with prece-

dence as in Figure 4.3. Again, let l/r = 0.9.

Table 4.2 - Data for the jobs in Example 4.2.

1 1 1 1 K 1 K 1
di 1 2 1 1

¤
2 1

vi 3 3 7
¤

12 10.5 7.5
55 15.8 70 55.5 55.5 75
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The 1-processor schedule resulting from applying Morton and

Dharan's Tree Optimal Algoristic is

I
1

I
3

I
5

I
6

I
2

I
4

I
7

I

Present value = 33.9

Applying Sarin and Elmaghraby's heuristic to this schedule,

the following 2-processor schedule results:

I
1

I
3

I
5

I
2

I
4

I

I I
6

I I
7

I

Present value = 37.7
(Q = 72.3)

Now, shifting job 2 to in front of job 6 on processor 2,

i.e., immediately succeeding job 1 in terms of time, job 6

will be deferred and the Morton and Dharan 1-processor sched-

ule "violated". Hence, the 1-processor schedule of the

"violated" jobs, i.e., the set union of jobs starting after

the start of job 2 on both processors in the 2-processor

schedule, must be revised as in Example 4.1; that is, to

I
4

I
7

I
5

I
6

I

Continuing from this with Sarin and Elmaghraby's heuristic,

introducing the deferment, the following 2-processor schedule
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results:

I
1

I
3

I I
4

I
5

I

I I
2

I
7

I
6

I

Present value = 38.1
(Q = 81.2)

Again, shifting job 5 to in front of job 4 on processor 1,

i.e., immediately succeeding job 3, job 4 will be deferred

and the preceding 1—processor schedule "violated". Hence,

the 1—processor schedule of the “violated" jobs, i.e., the

set union of jobs starting after the start of job 5 on both

processors in the 2-processor schedule, must be revised as

above; that is, to

I
4

I
7

I
6

I

Continuing, once more, with Sarin and Elmaghraby's heuristic,

again introducing the deferment, the following 2—processor

schedule results:

I
1

I
3

I
5

I
7

I

I I
2

I
4

I
6

I

Present value = 39.4
(Q = 89.5)
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Thus, a final, revised 2-processor schedule has been con-

structed and found better. It is to be noted that the

improvement in each individual case depends on the actual

data; hence, improvement cannot be expected in general. In

fact, as we shall see later (when introducing an extension to

the above procedure), at a given step of the procedure,

shifting a job forward can actually worsen the schedule,

either temporarily or permanently.

END OF EXAMPLE 4.2

In words, the illustrated heuristic procedure can be stated

as follows. Suppose that the optimal or near-optimal l—pro—

cessor schedule of a given set of jobs (with precedence rela-

tions) is known. Then, proceed with the allocation of the

jobs to the m processors sequentially in their order of

appearance in this schedule. Shift each job "to the left" as

far as possible while respecting precedence and while giving

due consideration to the possible deferment of jobs. When-

ever a job has been shifted forward, determine the set union

of jobs starting after the start of the shifted job on all

processors in the m-processor schedule, i.e., the "violated"

jobs in the preceding 1-processor schedule. For this set,

determine a revised 1-processor schedule and proceed as

above. The resultant schedule is the desired one.

For a more precise statement of the heuristic, define the
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following:

Pu Current set of non-scheduled jobs.

PS Current set of scheduled jobs.

Pn Set of all n jobs (Pn = Pu U PS).

S1*(Pu) Current 1—processor schedule of jobs not
scheduled on any of the m processors.

Sm*(PS) Current m-processor schedule of scheduled jobs.

ßm[S1*(Pn)] Optimal, or near-optimal, m-processor schedule
of n jobs as derived from an optimal or near-
optimal 1—processor schedule of the same jobs.
Can also be written as [Sm*(Pn)|S1*(Pn)].

This leads to the following algorithm:

Algorithm 1

Step 1. Let Pu = Pn, PS = Q, Sm*(PS) = O. Determine
S1 (Pu).

Step 2. Select the first job in Sl*(Pu) as job J. In
Sm*(PS), if the latest scheduled predecessor to J is
the latest scheduled job on a processor, then append
J to the already scheduled sequence on this proces-
sor. Otherwise, append J to the sequence of the
earliest available processor in Sm*(PS), respecting
precedence.

Step 3. If a void exists, to which J can be shifted, go to
step 4. otherwise, go to step 5.

Step 4. In the void, shift J as far "to the left" as pos-
sible, respecting precedence. Add J to PS and
delete from this all jobs, on all processors, start-
ing later than the start of J. Denote the new job-
set PS. Delete J from Pu and add to this all jobs,
on all processors, starting later than the start of
J. Denote the new job-set Pu. Call the new sched-
ule, Sm*(PS). Go to step 6.

Step 5. Add J to PS and call the new schedule, Sm*(PS).
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Delete J from Pu.

Step 6. If PS = Pn, go tg step 7. otherwise, determine the
new schedule, S1 (Pu), and go to step 2.

Step 7. Stop. The schedule, Sm*(PS), is the desired
schedule, ßm[Sl*(Pn)].

In step 3, two different strategies can be employed, namely,

a first—void strategy and a long-void strategy. That is, in

the first-void strategy the priority is on finding the earli-

est possible void to which to shift J. In the long-void

strategy, on the other hand, the priority is on finding the

earliest void longer than the duration of J; only if such is

not available, to find the earliest void in general. The

idea behind the long-void priority rule is that, if such void

exists, then, shifting J to this, no deferment of subsequent

jobs will take place, thereby possibly avoiding a worsening

of the schedule as might be the case when introducing a

deferment. Computational experiences with each of these

strategies will be presented in Chapter 6.

The above procedure schedules single jobs at a time. This

means that, when applying, say, the 1-processor schedule

established by Morton and Dharan's algoristic, the composite

jobs (steps 5 and 7 in the Tree Optimal Algoristic) will be

"dissolved". In the following, a heuristic algorithm will be

suggested, which takes advantage of these composite jobs

without dissolving them. First, however, consider the fol-
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lowing example in which the problem of comparing different

(partial) m-processor schedules will be demonstrated.

EXAMPLE 4.3

Consider the following partial 2-processor schedules where

the voids shown not necessarily are actual voids, but may

represent jobs previously scheduled on the two processors

(the incumbent partial schedule):

I
1

I
2

I

I I
3

I
Schedule 1

I I
4

I
5

I

I I
6

I

Schedule 2

with the following data:

Ö.1=d2=d3=2,

vl=9, v2=v3=1O,

d4=d5=d6=1,

v4=v5=v6=10.

The question is, if to select between the two partial sched-

ules, which schedule is "better"?
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Setting 1/r = 0.9 and discounting to a mutual reference

point, e.g., the time corresponding to the beginning of job 1

on schedule 1, then the present value of the partial sched-

ules are

TPVl = TPV2 = 25.2,

indicating that the two schedules are equally good. However,

the fact that schedule 2 finishes earlier than schedule 1,

indicates, intuitively, that schedule 2 is more desirable.

The problem, therefore, is to express and justify this rea-

soning quantitatively.

EXAMPLE 4.3 TO BE CONTINUED

Recalling the problem of choosing between single jobs, a

criterion, (4.15), was established based on the respective

Q-values. The Q-value was also used in the Tree Optimal

Algoristic, (4.20), for aggregating and comparing initial

sets (1—processor schedules).

Intuitively, the Q-value appears to also be applicable for

comparing different (partial) m—processor schedules. The

question is, however, how to determine the duration of a

(partial) schedule where the jobs are allocated on m proces-

sors. Obviously, calculating the value of a (partial) m—pro-

cessor schedule does not cause any problems.
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An intuitive approach to this problem is illustrated in the

continuation of Example 4.3.

EXAMPLE 4.3 CONTINUED

Let "active processors" denote the processors containing jobs

under investigation. A good representative measure of the

duration of a (partial) schedule then appears to be the aver-

age finishing time of all active processors, i.e., the sum of

the finishing time of the last job on each active processor

divided by the number of active processors. Denoting the

average for schedule i, Di, the following averages are then

found for the two cases:

D1 = 4

D2 = 3

Inserting this in the "revised" expression for Q,

Q = TPV / [1 - (1/r)D], (4.21)

The following Q-values result:

Q1 = 73.3

Q2 = 93.0

Thus, applying the Q-value criterion, schedule 2 turns out to
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be more desirable, as expected.

END OF EXAMPLE 4.3

The following general procedure for determining the Q-value

of any (partial) m-processor schedule can now be stated.

Consider a (partial) m-processor schedule with a set of jobs,

Ni, sequentially ordered on (the active) processor i, i =

1,...,m. Determine the total present value, TPV, of the

schedule by solving (4.18) for each i and summing over all i.

Next, determine the finishing time of the last job on each

active processor, add them up, and divide by the number, ma,

of active processors:

m . .D = _E _2 (dj + voids on processor 1) / ma. (4.22)
l=l j6Ni

Finally, determine the Q-value by (4.21).

D and TPV can be interpreted as the duration and present

value, respectively, of an eguivalent 1—processor job.

A heuristic algorithm based on composite jobs, as mentioned

earlier, can now be illustrated by an example.

EXAMPLE 4.4

The problem considered in Example 4.2 is re-investigated. As

with Sarin and Elmaghraby's procedure, this time we exploit
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voids only if doing so does not defer jobs. Also, having

possibly shifted a job to such a void, we do not determine a

revised l—processor schedule of the "violated" jobs, i.e., we

continue allocating jobs from the current 1-processor sched-

ule. Hence, in the process of determining the l-processor

schedule for the current problem, applying Morton and

Dharan's algoristic, the following composite jobs were

created:

J1 = (1,3,5)

J2 = (2,4,7)

J3 = (6)

Arranging these jobs in a network, respecting precedence,

results in the composite job network shown in Figure 4.4.

2,4,7

@ or 1,3,5

Figure 4.4 - Composite job network for
the jobs in Example 4.4.

Based on this, consider the following 2—processor scheduling

procedure.

Since J1 is the only initial job in the composite job net-
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work, allocate the jobs contained herein, i.e., the jobs 1,

3, and 5, to the earliest available of the two processors,

respecting precedence. The resultant 2—processor schedule,

$2*, is

I
1

I
3

I
5

I

(4.23)

Removing J1 from the network, J2 and J3 become initial jobs.

Allocating the jobs contained in each of these to the two

processors, shifting jobs as far "to the left" as possible

while respecting precedence, the following two alternatives

result:

I I
2

I
4

I
7

I

Alternative 1
Present value = 13.5
(Q = 32.9)

I I
6

I

Alternative 2
Present value = 8.5
(Q = 24.7)

The "circled" jobs represent the current schedule, 82*;
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hence, are not incorporated in the Q—values. Notice that

both schedules have only one "active" processor.

Alternative 1 is the "better" choice and becomes the new cur-

rent schedule, $2*. Removing J2 from the composite job

network, J3 becomes the (only) initial job. Proceeding with

this as above results in the following final schedule:

|®|®| ®| 6I

which is the same schedule as found in Example 4.2.

END OF EXAMPLE 4.4

With this, the following general statement can be given for

selecting the next composite job in a composite job network.

General Job Selection Procedure

Having successively allocated the jobs, contained in each

initial composite job in the composite job network, to the

current m—processor schedule, Sm*, select, as the next

composite job, the composite job resulting in the highest

Q-value. For this composite job, permanently allocate the

jobs contained herein to the current m-processor schedule,

Sm*. Denote the new, current m—processor schedule Sm*.
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For a precise statement of the scheduling heuristic, define

the following:

Jk Composite job;

nJ Number of initial composite jobs in the composite job
network;

P Set of n jobs and their precedence relations;

Sm* Current m-processor schedule;

ßm(P) Optimal, or near-optimal, m-processor schedule for
the problem P.

This leads to the following algorithm:

Algorithm 2

Step 1. Initialize k at zero. Aggregate jobs as in Morton
and Dharan's algoristic. Keep track of the jobs and
note the following:

(i) If j* has no predecessors (n* = 0), update k
and let Jk = j*. Go to (iii). Otherwise, go
to (ii).

(ii) If j** has no successors (n** = O), update k
and let Jk = j**. Go to (iii). otherwise, go
to (iv).

(iii) Add Jk to the composite job network, respect-
ing precedence. Remove the jobs contained
herein from the current set of jobs. Go to
(iv).

(iv) If the current set of jobs is empty, go to
step 2. Otherwise, continue aggregating jobs,
noting the above.

Step 2. If nJ = 1, select the initial composite job as job J
and go to step 4. Otherwise, go to step 3.

Step 3. (nJ > 1) Select the next composite job, J, applying
the job selection procedure outlined above. Go to
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step 4.

Step 4. Successively allocate the jobs in the composite job,
J, to the m processors in Sm*, shifting jobs as far
"to the left" as possible while respecting prece-
dence. Remove J from the composite job network. Go
to step 5.

Step 5. Update nJ and call the new schedule Sm*. If nJ = 0,
go to step 6. Otherwise, go to step 2.

Step 6. Stop. Sm* is the desired schedule, ßm(P).

Computational experiences with this heuristic will be pre-

sented in Chapter 6.

In the above, it has been assumed that all jobs are "proces-

sable" by all processors. Limiting some jobs to only be

"processable" by some processors would not impose any appre-

ciable complications since, in the algorithms, when allocat-

ing jobs to the current m—processor schedule, measures can

easily be introduced which allocate jobs only to those pro-

cessors which are "compatible" with these jobs.

Now, referring to the constraints (3.2-5) as "scheduling-

specific constraints" and constraints (3.6-8) as "production-

specific constraints", it is noted that the above scheduling

procedures account for the scheduling-specific constraints

(3.2-4), (3.3) for ¢ = 1. In the following, the scheduling-

specific constraints (3.3), for ¢ ¢ 1, and (3.5) will be

accounted for by extensions of these procedures. (The pro-

duction-specific constraints (3.6-8) will be accounted for in
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Chapter 5.)

4.2.3.1 Precedenca Overlap

For any job, i, the concept of precedence overlap, (3.3), can

be expressed as the need for only a fraction (¢j ¢ 1) of a

preceding job, j, to be processed before processing job i

This is opposed to "complete" precedence, where a predecessor

must be processed completely (¢j = 1) before processing job

i.

Graphically, precedence overlap can be represented by an arc

and an associated constant, ¢, as the following example

shows:

0.5

That is, job 2 can start after only half of job 1 has been

processed (¢ = 0.5). Given this, and recalling the developed

scheduling procedures, there is no difference between com-

plete and partial precedence (precedence overlap). The fol-

lowing two examples further illustrate this.

EXAMPLE 4.5

Consider the set of seven jobs given in Example 4.1 with

precedence as in Figure 4.5. Again, let 1/r = 0.9.
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9
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Figure 4.5 — Precedence relations for the
jobs in Example 4.5.

The 1-processor schedule, resulting from applying Morton and

Dharan's Tree Optimal Algoristic, is as in Example 4.1.

Based on this, the 2·processor schedule, resulting from

applying Sarin and Elmaghraby's heuristic, is

I
1

II
5

I
2

I
7

I

I I
3

I
6

I I
4

I
Present value = 32.8

(Q = 93.2)

Now, following the principles of Algorithm 1, shifting job 2

to the void after job 1, determining the optimal 1-processor

schedule of the "violated" jobs {5,7,6,4}, i.e., (4,7,5,6),

and re-allocating these jobs to the two processors as they

appear in this 1—processor schedule, the following 2—proces-

sor schedule results:

I
1

I
2

I
7

I
6

I
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I I
3

II
4

I
5

I
Present value = 32.9

(Q = 98.1)

Next, shifting job 7 to the void after job 3, determining the

optimal 1-processor schedule of the "violated" jobs {5,6,4},

i.e., (4,5,6), again re-allocating these jobs to the two pro-

cessors as they appear in this 1-processor schedule, the fol-

lowing 2-processor schedule results:

I
1

I
2

I
4

I
6

I

I I
3

I
7

I
5

I

Present value = 33.2
(Q = 101.6)

Thus, all voids have been exploited and a final 2-processor

schedule has been found.

END OF EXAMPLE 4.5

EXAMPLE 4.6

Consider the set of seven jobs given in Example 4.2, with

precedence as in Figure 4.5. Again, let 1/r = 0.9. The

1—pIOC6SSOI schedule, resulting from applying Morton and

Dharan's Tree Optimal Algoristic, is as in Example 4.2.

Applying Sarin and Elmaghraby's heuristic to this schedule,

the following 2-processor schedule results:
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I
1

II
5

I
2

I
7

I

I I
3

I
6

I I
4

I

Present value = 40.4
(Q = 86.3)

Again, following the principles of Algorithm 1, shifting job

2 to the void after job 1, determining the optimal 1-proces-

sor schedule of the "violated" jobs {5,7,6,4}, i.e.,

(4,7,5,6), and re—allocating these jobs to the two processors

as they appear in this 1-processor schedule, the following

2—processor schedule results:

I
1

I
2

I
7

I
6

I

I I
3

I I
4

I
5

I

Present value = 39.1
(Q = 86.1)

Although worse than the previous 2—processor schedule, we

will proceed nevertheless. Hence, shifting job 7 to the void

after job 3 on processor 2, determining the optimal 1-proces-

sor schedule of the "violated" jobs {5,6,4}, i.e., (4,5,6),

again re-allocating these jobs to the two processors as they

appear in this 1-processor schedule, the following 2—proces-

sor schedule results:

I
1

I
2

I
4

I
6

I
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I I
3

I I
7

I
5

I

Present value = 39.9
(Q = 90.7)

Once more, shifting job 5 to the void after job 3 on proces-

sor 2, determining the optimal 1-processor schedule of the

"violated" jobs {7,6,4}, i.e., (4,7,6), and re-allocating

these jobs to the two processors as they appear in this

1-processor schedule, the following 2—processor schedule

results:

I
1

I
2

I
4

I
6

I

I I
3

I
5

I
7

I

Present value = 40.5
(Q = 95.3)

Again, all voids have been exploited and a final 2-processor

schedule constructed.

END OF EXAMPLE 4.6

In a similar (simple) fashion Algorithm 2 can be shown to

easily accommodate precedence overlap. Hence, both algo-

rithms (1 and 2) remain unchanged, as long as the set of

precedence is expanded to include partial precedence (prece-

dence overlap) as well.
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4.2.3.2 Risk Reduction

When allocating jobs from a 1-processor schedule to m proces-

sors, as prescribed by the above scheduling algorithms,

account must be taken of the number of jobs scheduled concur-

rently from those subsets (risk sets) for which upper limits

for these numbers exist, (3.5). If the upper limit is

exceeded, for any "regular" position of the incoming job in

the m—processor schedule, i.e., as prescribed by the above

algorithms, then this job is to be delayed till a time when

the risk set limit is not exceeded. The following examples

clarify this further.

EXAMPLE 4.7

Again, consider Example 4.1 and define the following subsets

of jobs:

{2,4,7} and {3,5,6}.

If at most one job, from each of these subsets, can be pro-

cessed concurrently at any given time, then, applying Sarin

and Elmaghraby's algorithm to the 1—processor schedule found

in Example 4.1, the following 2-processor schedule results:

I
1

I
3

I
5

I
6

I

I I
2

I
4

I
7

I

Present value = 32.2
(Q = 93.5)
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This, then, is the final 2-processor schedule. Job 7 has

been delayed, compared to the final 2—processor schedule

found in Example 4.1, and the schedule therefore slightly

worsened.

END OF EXAMPLE 4.7

EXAMPLE 4.8

Define the subset,

{2,3},

and allow only one job, from this subset, to be processed

concurrently at any given time. Given this, consider, once

again, Example 4.1. Based on the 1—processor schedule found

there, applying Sarin and Elmaghraby's algoristic, the fol-

lowing 2—processor schedule results:

I
1

I
3

I
5

I
2

I
4

I

I I
6

I I
7

I

Present value = 30.7
(Q = 75.0)

As opposed to Example 4.1, at this time job 2 cannot be

shifted to the void preceding job 6 due to the above risk set

limit. Given the Q—value criterion, only if job 2 could have

been shifted to start before job 3 would an improvement have

been possible. Hence, the schedule found is the final 2-pro-
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cessor schedule.

END OF EXAMPLE 4.8

EXAMPLE 4.9

Approaching Example 4.2 in the same fashion as Example 4.1 in

Example 4.8, the following 2-processor schedule results:

I
1

I
3

I
5

I
2

I
4

I

I I
6

I I
7

I
Present value = 37.7

(Q = 72.3)

Again, and for the same reason as in Example 4.8, job 2 can-

not be shifted to the void preceding job 6. This, therefore,

is the final 2-processor schedule.

END OF EXAMPLE 4.9

EXAMPLE 4.10

Defining the subset,

{2,5},

and proceeding with Example 4.2 as in Example 4.9, the fol-

lowing 2-processor schedule results:

I
1

I
3

I
5

I
2

I
4

I
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I I
6

I I
7

I
Present value = 37.7

(Q = 72.3)

The same schedule as in Example 4.2. Now, shifting job 2 to

earliest possible, i.e., to time one, and proceeding as above

with the 1—processor schedule of the "violated" jobs

{5,6,4,7}, the following 2-processor schedule results:

I
1

I
3

I I
4

I
5

I

I I
2

I
7

I
6

I

Present value = 38.1
(Q = 81.2)

Then, shifting job 6 to after job 3 (job 5 cannot be shifted

due to the risk set limit) and proceeding as in Example 4.2,

the following 2-processor schedule results:

I
1

I
3

I
6

I
7

I

I I
2

I
4

I
5

I

Present value = 39.1
(Q = 89.0)

This, then, is the final 2-processor schedule.

END OF EXAMPLE 4.10

From this we conclude that, if the incoming job, from a given
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subset, at the earliest can be shifted to a void starting at

the same time, or later, than already scheduled jobs from

that same subset, then, given the Q—value criterion, shifting

the incoming job to this void cannot improve the m-processor

schedule. Only if the incoming job can be shifted to a void,

starting earlier than the starting time of the latest of the

already scheduled jobs from the same subset, can the m—pro-

cessor schedule be improved over the current m-processor

schedule.

Also, if a job shift is made, the job shifted must start, at

a time within the void, such that, together with the preced-

ing jobs from the same subset in the current m-processor

schedule, it does not violate the associated risk set limit.

In contrast, "overlap" with succeeding jobs, from the same

subset, is permissible since these jobs belong to the set of

"violated" jobs. Hence, these jobs will be re—allocated

according to the revised 1—processor schedule and the prin-

ciples of the scheduling algorithms.

Now, define

KI Upper limit on the number of jobs, from subset I, to be
processed concurrently at any time;

kI Number of jobs, from subset I, being processed at a
given time.
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With this, Algorithm 1 can be revised to take account of risk

reduction by changing the steps 2 and 3 as follows:

Algorithm 1 (Revised)

Step 1. Let Pu = Pn, PS = D, Sm*(PS) = ¢. Determine
Sl (Pu).

Step 2a. Select the first job in Sl*(Pu) as job J. In
Sm*(PS), if the latest scheduled predecessor to J is
the latest scheduled job on a processor, append J to
the already scheduled sequence on this processor.
Otherwise, append J to the sequence of the earliest
available processor in Sm*(PS), respecting
precedence.

Step 2b. If J 6 I, and scheduling J caused kl to exceed Kl at
any time, delay J to earliest possible such that kl
does not exceed Kl. Otherwise, go to step 3.

Step 3. If a void exists, to which J can be shifted, and
which does not cause kl to exceed Kl, go to step 4.
Otherwise, go to step 5.

Step 4. In the void, shift J as far "to the left" as pos-
sible, respecting precedence. Add J to PS and
delete from this all jobs, on all processors, start-
ing later than the start of J. Denote the new job-
set PS. Delete J from Pu and add to this all jobs,
on all processors, starting later than the start of
J. Denote the new job-set Pu. Call the new sched-
ule, Sm*(PS). Go to step 6.

Step 5. Add J to PS and call the new schedule, Sm*(PS).
Delete J from Pu.

Step 6. If PS = Pn, go to step 7. Gtherwise, determine the
new schedule, Sl*(Pu), and go to step 2a.

Step 7. Stop. The schedule, Sm*(PS), is the desired
schedule, ßm[Sl*(Pn)].

Turning to Algorithm 2, we first present the following

example.
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EXAMPLE 4.11

Consider the problem presented in Example 4.4, and take into

account the subsets presented in Example 4.7. In Alternative

2, two jobs from the same subset are being processed at the

same time. Consequently, using the same principles as above,

job 6 should be postponed till after job 5 is completed since

there is no void earlier than job 5 to which job 6 can be

shifted. This results in the following Alternative 2:

|®|®| @| GI

;.._.TJ
Alternative 2

Present value = 6.9
(Q = 14.7)

This is clearly worse than alternative 1 in Example 4.4.

Hence, we proceed as in Example 4.4, concluding with the same

final 2-processor schedule.

END or EXAMPLE 4.11

Example 4.11 gives rise to a few revisions of Algorithm 2.

That is, while allocating the jobs in the General Job Selec-

tion Procedure, and in step 4, measures, identical to the

ones employed in Algorithm 1, must be taken to secure that kl

S Kl at all times.



5 SOLUTION METHODOLOGY

Contents of Chapter 5:

- Linearization of the Mine Scheduling Problem (MSP)

- Benders' Decomposition of MSP

- Solving the subproblem by inspection

— Solving the master problem by heuristic methods

5.1 Linearizing the Model

Constraint (3.11) is nonlinear in x, due to (3.1-3), but can

be linearized by re—defining Xnt from being a short form of

Qnt/Pt, (3.3), to being actual continuous variables (Williams

[1974] or Ibaraki [1981]); that is, by introducing the con-

straints

ri (1 ‘ Ri) Xnt Qntr
n 6 {1,2,3), t = 1,..,T, (5.1)

where Qnt is given by (3.2) as before, and by introducing the

continuous variables

·=X22l ·Znti nt k Si(t)xlkS'
n 6 {1,2,3), i 6 J, t = 1,..,T. (5.2)

150
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The latter is equivalently replaceable by the following set

of linear inequalities:

znti S
ä S§(t)xikS,

n 6 {1,2,3}, i 6 J, t = 1,..,T;

znti S Xnt, n 6 {1,2,3}, i 6 J, t = 1,..,T;

z · 2 X + E E x- — 1nti nt k Si(t) iks r

n 6 {1,2,3}, i 6 J, t = 1,..,T;

znti 2 0, n 6 {1,2,3}, i 6 J, t = 1,..,T; (5.3)

Note that 0 S Xnt S 1 since qin S 1 and since all coeffi-

cients in (3.1-2) are positive. (5.3) ensures this since,

from (3.5),
ä S§(t)xikS

= 0 Q; 1, for all (t,i). In fact,

since coal is never completely devoid of a given constituent

and this constituent never constitutes the coal 100%, the

strict inequalities hold at all times.

Inserting (5.2) in (5.1) and adding the resulting equation

to the constraints in the original model (MSP), along with

the constraints (5.3), the model is now linear in all vari-

ables.

5.2 Application of Benders• Decomposition Scheme

By fixing the 0-1 variables at some value, g, the primal

problem (MSP) reduces to the master problem (MSPfix) as fol-
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lows. In this, Qt and Qnt are the fixed equivalents of

(3.1-2) given g, i.e., the actual production and quality at

time t given the schedule g.

zfix = Maximize g(u,v,y)

subject to

Yt+ *
Yt_

= Bt * Bt-1, t = 2,-·,T7 [W1t]

Unt+
‘ Unt- = Qnt ' Un Bt)

n 6 {1,2,3}, t = 1,..,T; [wznt]

Xnt
”

Xnt—1 ' Vnt+ + Vnt— = Or

n 6 {1,2,3}, t = 2,..,T; [wgnt]

Q ri (1 · R1) Znti = Q¤t·
n 6 {1,2,3 }, t = 1,..,T; [w4nt]

Z t' S E E g(_'k

n 6 {1,2,3}, i 6 J, t = 1,..,T; [elnti]

Znti ' Xnt S Or

n 6 {1,2,3}, i 6 J, t = 1,..,T; [eznti]

X - · S 1 - E E ·nt Znti k Si(t)¥1ksr
n 6 {1,2,3}, i 6 J, t = 1,..,T; [egnti]

znti 2 O, n 6 {1,2,3}, i 6 J, t = 1,..,T;

Xnt 2 O, n 6 {1,2,3}, t = 1,..,T;

y,u,v 2 0.
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New· let be
the vector of dual variables shown in MSPfix along with their

corresponding constraints. The dual of MSPfix can then be

written as

_ _ _ T
ZMSD = Minimize

tgz wlt (gt —
gt_1) +

T

tgl g w2nt (Qnt ' #n Bt) +

ä 2 Q +wt=l n 4nt nt

e · x-E 2 E E +t=1 n 1 1nt1 k S -1ks

e ·
— x·E E (1 E E )t=l n 1 3nt1 k S -1ks

subject to the constraint set C1 =

w3nt ' w3nt+1 ' ä eznti + ä e3nti 2 Or
n 6 {1,2,3}, t = 1,..,T;

W3}-Il = W3nT+1 = Ü, I] E {1,2,3}; [Xnt]

w4nt ri (1 ' Ri) + elnti + 82nti ' €3nti 2 Or

n 6 {1,2,3}, i 6 J, t = 1,..,T; [znti]
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-a1 Dt S wlt S az Dt, t = 2,..,T; [y]

-ß1n Dt S wznt S ßzn Dt, n 6 {1,2,3}, t = 1,..,T; [u]

—n2n Dt S wgnt S nln Dt, n 6 {1,2,3}, t = 2,..,T; [V]

elntir e2ntiv €3nti 2 Ol

n 6 {1,2,3}, i 6 J, t = 1,..,T;

w4nt unrestricted, n 6 {1,2,3}, t = 1,..,T;

The feasible region (Cl) is independent of the value of 3,

implying that, regardless of this Value, if a bounded optimal

solution to MSDfix exists (which it does, as we shall see),

then it will occur at an extreme point, (wj,ej), of Cl.

Consequently, MSDfix can be replaced by

·1 T1MSD'tix= ZMSD = Män Z MSD(§) = t§2 W lt (Bt ‘ £t—1) +

T1
tgl W 2nt (Qnt ' ßn Bt) +

g 2 Ü Q +w
t=l n 4nt nt

T1
t§l E § 8 lnti ä E äiks +

e ·
— x-2 2 Ü (1 2 2 )

t=1 n 1 3nti k S -1ks
·

where (wÜ,eÜ), j = 1,..,I, is the jth extreme point of Cl and

I is the number of extreme points. Using this, MSP may be
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written as

MSP': Maximize z = f x + inimize zj x„.C2
‘

> §=1,..,I
MS¤‘

>

where C2 = {x : (3.5-8) are met} and f(x) is as defined

above; or as

MSPI: Maximize z

subject to z s f(x) + zjMSD(x), j = 1,..,I;

x 6 C2.

As Lasdon [1970] points out in his review of the Benders'

decomposition procedure, the feasible region of x should be

such that only those values of x are considered for which

there exist (u,v,y,z,X) satisfying the resultant constraints

listed in MSPfix, i.e., result in feasible (u,v,y,z,X). C2

satisfies this requirement since

i) in the constraints (5.9-11) the continuous variables,

(u,v,y), were introduced and defined as "dummy" variables

so as to enable the expression of positive and negative

production/quality differences by nonnegative variables;

i.e., these variables are entirely determined by x, and

do not constrain the values of x;

ii) the continuous variables, (z,X), were introduced above
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for the linearization of MSP and, hence, only reflect,

but do not constrain the values of x; i.e., the linear

and nonlinear models necessarily produce the same solu-

tion in the same feasible region of x.

Benders' decomposition scheme [1962] asserts that we need not

generate all constraints, j, in MSPI but rather generate them

as and when needed; I being finite, the procedure is finitely

convergent. In the following, MSPr, 1 S r S I, represents

the rth MSP problem with r generated Benders' cuts.

5.3 Solving the Subproblem Msbfix

First, observe that, by letting wjll = wjlT+l = 0 because

wjlt is defined only for t = 2,..,T (see MSDfix), then

w —
- = w - w -

g (P P ) ä P ä P
t=2 lt t t 1 t=2 lt t t=2 lt t 1

= w — w
rg

P Tél P
tzl lt t t=1 1t+l t

T= E (W11; ' w1t+l) Pt- (5·4)
t—1

With this, along with the expressions for Pt and Qnt in

(3.1-2), the right-hand side of the jth Benders' cut can be

written as
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z x = · x-EE +BjMSD t=i 1 ti k Si(t) iks r

j = 1,..,r; 1 S r S I, (5.5)

where

Ajti = ri (1 · R1) (Q lWj4¤6 qin + Wlznt (qin · #¤>l
+ wjlt " ***311:+1) + ä (ejimzi ‘ ejsnti)
+ NRi Dt, i 6 J, t = 1,..,T, (5.6)

and

Bj 2 2 j (5 7)= 6 '• •
t=i n 1 3nti

Next, notice that Pt and Qnt alternatively can be written as

Pt =
ä

ri (1 - Ri), t = 1,..,T;

L i 6 J for which E E x- = 1.
k si(t) lks

Qnt =
ä

ri qin (1 - Ri), n 6 {1,2,3}, t = 1,..,T.

L i 6 J for which 1.

With this, the dual solution can be summarized as follows

(Table 5.1). The justification for each variable follows

below according to the Roman numerals in the table.
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Table 5.1 - Dual Solution.

s¤P (0„‘want ri(1-Ri)} i¢J: 0, all t

0 icJ: 1, all t

eznti 0 icJ: 0, all t

sup (0,-want ri(1-Rp} i¢.I: Esäwxiks = 1, all t

e3nti 0 i¢J: 0, all t

sup (0. want 1cJ: 1. all t

0 t = 1 and t > T

Gzbt Pt ‘ Pt_1< Ü, Y = 2,..,T

-a1Dt Pt · Pt_1 > 0 t = 2,..,T

(ai + a2)Dt/2 Pt · Pt_1 = 0 t = 2,..,T

ßznbt Qnt · un Pt < 0, all t

·ß1nDt Qnt - un Pt > 0, all t

(ß1n + ß2n)Dt/2 Qnt · un Pt = 0, all t

wzmt 0 t = 1 ard t > T

°'2n°t °nt/Pt
”

°nt·1/Pt·1 <
°

'1n°t Qnt/Pt ' °n:·1/P:·1
’

°
'1nDt °'“ °'2nDt °nt/Pt ' °n:-1/P1:·1 " 0

all three for t = 2,..,T

<··¤«—·« · ··=·«>/··· Il
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I. By definition. In the model, wit and wgnt are defined

only for t = 2,..,T.

II. By inspection of the dual objective function.

III. In the primal constraints, E E xiks = 0 => znti S O,
k Si(t)

which along with znti 2 O, implies that znti = O.

This, furthermore, implies that 0 S Xnt S 1. But, as 0

< Xnt < 1 by design, then eznti = egnti = O by applying

the complementary slackness conditions to the sixth and

seventh primal constraint. Therefore, from the second

dual constraint, einti 2 -w4nt ri (1 - Ri), i 6 J for

which E E xiks = O. Furthermore, note that the
k Si(t)

coefficient to einti in (5.5-6), namely E E xiks, is
k si(t)

nonnegative. Therefore, for the tightest Benders' cut

(for faster convergence), einti should be smallest

possible. As w4nt is unrestricted and einti is

nonnegative we therefore find the expression for einti

as shown.

IV. In the primal constraints, E E xiks = 1 => znti 2
k si(t)

Xnt, which, along with znti S Xnt, implies that znti =

Xnt. But, as 0 < Xnt < 1 by design, then 0 < znti < 1

and, hence, einti = O by applying the complementary

slackness condition to the fifth primal constraint.

Therefore, from the second dual constraint, egnti -
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eznti = w4nt ri (1 -Ri), i 6 J for which

1. Furthermore, note that eznti does not appear in

(5.6). This, therefore, can be chosen freely, albeit

satisfying non-negativity. Also, the coefficient to

egnti in (5.5-7), namely (1 is non-

negative. Hence, for the tightest Benders' cut (for

faster convergence), egnti should be smallest possible.

As w4nt is unrestricted, and egnti is nonnegative, we

therefore find the expressions for eznti and egnti as

shown.

V. In the dual objective function, when Pt - Pt-l = 0 or

Qnt - pn Pt = 0 then wjlt and wjznt can be chosen

freely within their respective feasible region. How-

ever, for faster convergence, as also explored by Mag-

nanti and Wong [1981] and Adams and Sherali [1986], we

would like the augmented Benders' cut, in the succeed-

ing Master Problem, to be as tight as possible. Hence,

we fix wlt and wznt at a medium value, i.e., at the

average of the associated upper and lower bounds

(Medium Point Strategy) as opposed to fixing them at

their upper or lower bounds (Extreme Point Strategy),

which, on the one hand, may produce very strong cuts

(if wlt and Pt -Pt-l, and wznt and Qnt
— pn Pt, are of

opposite signs simultaneously), but, on the other hand,

may also produce very weak cuts (if these factors are
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of same sign). Hence, the results shown.

VI. With all other variables in the dual objective function

determined according to the above, the remainder of the

program can be separated into three independent subpro-

grams in accordance with the index n, n 6 {1,2,3}.

That is, to

. . . T
Minimize

tgl Qnt w4nt

subject to w4nt Pt - w3nt+1 + wgnt = 0, t = 1,..,T;

'7I”2n Dt S W3]-lt S W1]-1 Dt, t = 2,..,T;

wsni = want =
°·

t > TF

w4nt unrestricted, t = 1,..,T.

For ease of understanding, introducing the variables

wnt+ ‘ wnt— E w4nt Pt·

Vnt E Want + Wzn Dt·
w¤t+, wnt' 2 O,

the program can be rewritten as

• •
-

T
+

•
Minimize

tgl
(wnt —

wnt ) Qnt/Pt

subject to wn1+ - wn1' - vnz = -w2n D2;

wnt+ '
wnt—

' Vnt+1 + Vnt

= ngt (Dt - Dt+l), t = 2,...,T-1;

+ - - .Wnw ‘ wnT + VnT · ”2n DT·

wnt+ ' wnt_ = Or t > TF wnt+r
wnt_

2 Or
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all t;

0 S vnt S (win + nzn) Dt, t = 2,...,T;

vnl = vnt = nzn Dt, t > T;

which is the well-known lower-upper bounded minimum

cost flow problem. In this, let t represent nodes in a

network, and define vnt as the flow from node t-1 to

node t, wnt+ and wnt' as the flow to and from node t,

respectively, from and to a node 9, and Lnt = —n2nDt as

a fixed flow from node t to node t—1. With this, the

problem can be represented by the network in Figure

5.1, where each arc is associated with an upper and a

lower bound on the permitted flow, as prescribed by the

model. Due to the constraints, nodes greater than T

have no effect on the solution and, hence, are not

shown.

A number of solution methods have been proposed for

solving the minimal cost flow problem (Jensen and

Barnes [1980]), the most predominant of which are the

Out-of—Kilter algorithm and the simplex-based, basic

primal algorithm. Both are described extensively in

the above reference and in Bazaraa and Jarvis [1977].

Comparisons of various programs based on the Out-of-

Kilter algorithm and the simplex-based methods were

done by Glover, Karney, and Klingman [1974]. They

found that, while in the past most programs were based
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on the Out-of-Kilter algorithm, today the simplex-based

methods appear to be dominating, the basic primal algo-

rithm especially (Jensen and Barnes [1980]), the reason

being that the simplex-based methods generally require

less storage space and result in shorter computational

time than does the Out—of—Kilter algorithm. In the

present case, as it turns out, the optimal solution is

readily available by applying the optimality criterion

of the basic primal method. Referring to Bazaraa and

Jarvis' presentation of this algorithm, the analysis is

as follows.

Let the arcs (t—1,t), t = 2,...,T, be nonbasic at

either their upper or lower bound and let either wnt+

or
w¤t“,

t = 1,...,T, be basic at a value determined in

accordance with the constraints, i.e., for each t

either one or the other is zero. Then, setting the

dual variable for node 9 to zero, the dual variable

associated with each node t, t = 1,...,T, will have the

value -Qnt/Pt. Now, the basic primal method states

that if each nonbasic variable is at its lower bound

and zij - cij S 0, or at its upper bound and zij - cij

2 0, then the solution is optimal. In the present

case, for the nonbasic arcs (9,t) or (t,8), t =

1,...,T, where either wnt+ or wnt’ is zero, the

associated Zgt ' Cgt (OI Ztg 'Ctg) is ZGIO because Cat

= —ct9. Hence, these variables meet the optimality
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criterion. As to the nonbasic variables vnt, t =

2,...,T, we find that zt-1,t
—

ct-1,t = Qnt/Pt

-Qnt-l/Pt-1, t = 2,...,T. With this, the optimality

criterion becomes

Qnt/Pt ‘ Qnt-1/Pt—l > 0
=> Vnt = (”1n + ”2n) Dtr

Qnc/Pc · Qnt—1/Pt—l < O => Vnt =
°·

Qnt/Pt ‘ Qnt-1/Pt—l = O

=> Vnt = O OI Vnt = (üln + Wzn) Dt,

which, then, gives us the solution shown in the table.

5.4 Solving the Master Problem MSPr

In determining a solution method for the master problem

recall first that this does not need to be solved exactly in

order for the Benders' decomposition procedure to converge

(Bazaraa and Sherali [1980]). In fact, as long as an approx-

imate solution yields a value for the master problem which is

strictly greater than the current best solution to the origi-

nal problem MSP, we may use this solution with the assurance

that it has not been previously generated. Only when this

condition does not hold do we need to solve the master prob-

lem exactly. Consequently, the solution procedure for the

master problem iterates between two phases (Figure 5.2),

namely, the approximate solution phase and the exact solution

phase.
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Initia· 1. z*o= öß : current best solution
liza- 2. (o ,e ) = (0,0) : dual solution
tion 3. x : primal, Beurisoic solution

/•.i=f(x)+zM$0(x)
5. r = 0
6. status = heuristic

Dual 1. (wr+1,e”1) : dua soluti
Problem 2. ; = f(x”1) + z'*|‘„$„lx'*??

Ö

no .

yes
status =

r = r + 1 exact

Primal 1. xr+1 : heuristic solution +1
_

*Problem 2. 2 = mioinun (f(xr )+zp (xr )) (x ,z op= ,.,r "SD
= (xn Z)

3. status = heuristic
—

1. xr°1 : branch-and~oound soluti n Primal
2. Z = minimun Problem

p=1,.,r
3. status = exact

All
nodes fath-

omed

no

yes

r
·

. . .(x ,1) is optimun in

MSPFigure5.2 — Flow-chart for Benders' partitioning algorithm.



167

By solving the master problem exactly two outcomes may

result. Either we find a strictly improving solution, in

which case it is treated as an approximate solution and we

continue to solve the dual problem as before. Alternatively,

no such solution is found and the procedure terminates with

the conclusion that the current best solution is an optimal

solution to the original problem. In passing, it is to be

noted that the upper and lower bounds in the above-mentioned

scheme are calculated using the actual, exact cut expres-

sions, (5.5), not the relaxed, approximate expressions,

(5.10), developed in Section 5.4.1 below. Given this, recall

also (Section 3.2) that the scheduling heuristics developed

in Chapter 4 solves the n-job/m-processor scheduling problem

with side constraints for precedence overlap, risk reduction,

and allowable job—to-machine assignments, i.e., the problem

MSP¤/mz Maximize f(x) Dt Z NRi E E xiks,
x6C2 t=1 1 k si(t)

the constraint set C2 having been defined in Section 5.1.

Now, recalling (5.5-6), there is an obvious similarity

between the objective function of MSPn/m and the right-hand

side of the master problem MSPI, the only difference being

the time-dependency of the coefficients Ati in the latter.

This observation, as we shall see in the following, can be

used to develop a heuristic method for solving the master

problem —— a method which is based on the sequencing heuris-
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tics previously developed.

5.4.1 A Heuristic Method

Given the results for elnti and egnti, note first that

W411 ri q11 (1 · R1) + @1111 · e3Hti = w4nt ri (1 · R1) b11·
all t,

where

q· {(i n t): ( E E x· = 0 and w 2 0 )1nI I I k Si(t) 1kS 4nt
or

( E E x- = 1 and w S 0 )}k Si(t) 1kS 4nt

· - 1 n : x- = an w <
bin =

1 {(' t) ( 2 E 0 d 0 )qin I I I k Si(t) 1ks 4nt
or

2 E · = 1 d > 0 .( k Si(t)x1ks an w4nt ))

Inserting this in (5.6) we have

RJ11 = ri (1 — R1) (g [w]4nt bin + wJ211 (q11 — #1)) + WJ11
‘ 1*311+1) + NRi Dt

= Dt (11 (1 · R1) (Q [wJ4nt D11 / Dt +

wjznt (qin ' Dn) / Dt] +
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wjlt / Dt * Wj1t+1 / Dt) + NR1)·
all t. (5.8)

In order to overcome the afore-mentioned time-dependency of

Ati, first let the order of magnitude of ai and az be O(a),

the order of magnitude of ßln and ßzn be O(ßn), and the order

of magnitude of win and nzn be O(nn). With this, we see from

Table 5.1 that the orders of magnitude of wit, wznt, and

wgnt, respectively, are O(a)Dt, O(ßn)Dt, and O(nn)Dt. (If ai

= az, Bin = ßzn, and win = nzn, then this is obviously a true

representation.) Furthermore, if we let the order of magni-

tude of 1/Pt be O(l/P), then by substituting the expression

for w4nt, also listed in the table, we find that the order of

magnitude of Ati can be expressed as

D(At1) = Dt {ri (1 — R1) (E [(¤(1/P) ¤(Wn) D1 —

O(1/P) O(nn)) bin +

O(ßn) (qin ' Nn)] +

¤(¤) — ¤(¤)/a) + NR1}„
i 6 J,

having omitted the superscript j. In this, notice that the

expression in {} is independent of t, i.e., is of the same

order of magnitude for all t. Hence, letting cjti represent

the associated expression in (5.8), and letting
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Cji = iäf Cjti, i 6 J,

then the approximation,

Ajti = cji mt, (5.9)

maintains the same order of magnitude as (5.6) but results in

"tighter" Benders' cuts, i.e., in lower, but, expectedly,

near-optimal solution values. By inserting (5.9) in (5.5),

the cut expression (j = r) becomes

E Dt 2 cri 2 2 xiks + Br. (5.10)
t=1 1 k si(t)

For an interpretation of Ati, in the original problem MSP the

first term refers to the net present value of the blocks

mined. This definition can be extended to the first term in

(5.10) with Cji being the current value of block i at the

j'th iteration of the solution procedure. In fact, Cji

can be defined as the value of block i corrected for current

penalties (the dual variables) resulting from production and

quality deviations.

Following this, adding all the Benders' cuts in the master

problem MSPr we have

I' •

r z S r f(x) + _E1 zJMSD(x), 1 S r S I,
3:



171

or, identically,

I' •

z S f(x) + _2l zJMSD(x) / r, 1 S r S I.
3:

This leads to the following relaxed master problem:

f •

MSP 1: M ' ' E f x + J x r.j=1 [ ( ) Z MgD( >1 /

That MSPr1 is indeed a relaxation of MSPr is seen by the fact

that

I' „
·

• •_El z]MSD(x) / r 2 inf zJMSD(x), 3 = 1,..,r; 1 S r S I,
J= J

the left—hand side being the average of zjMSD(x), j = 1,..,r.

Now, in MSPr we wish to determine x, x 6 C2, such that the

smallest right-hand side of the Benders' cuts is maximized.

Recall here that z is the net present value of the production

schedule and, hence, is positive, except when the mine is

economically infeasible. Recall also that the Benders'

decomposition procedure lowers the current value of z (the

upper bound) at each iteration. Given this, MSPr1 tends not

to maximize any cut expression too much at the expense of

decreasing others, i.e., it tends to achieve the criterion of

MSPr.

MSPr1 gives equal weight to all cut expressions, e.g., for
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two cut expressions, MSPrl would choose, say, solutions 3 and

7 of f(x) + zJMSD(x) over 4 and 5, even though, according to

MSPr, the latter would result in a higher objective value (4,

versus 3 in the first example). Hence, it seems like we can

improve MSPr1 by applying different weights to the different

cut expressions. In fact, for a quadratic assignment problem

Bazaraa and Sherali [1980] suggested a set of "heuristic"

weights based on the magnitude of the optimal value of each

cut expression, i.e., adapted to the current problem,

ßj = sup (1, maäéggm f(x) + zJMSD(x)},

j = 1,..,r; 1 S r S I. (5.11)

With this, an alternative, relaxed master problem is

MSPr2: Maximize _§ [f(x) + zJMSD(x)] / ß-.x6C2 j=1 J

The cut expressions being almost always positive, MSPr2 gives

more weight to cut expressions which tend to have algebraic-

ally (unweighted) smaller values.

Inserting (5.5) and discarding the constant, Br, we find

MSP 3· Maximize E E ( ä AJ · / ß·) E E x-r ' xecz t=1 1 j=1 tl J k si(t) lkS’

or, given (5.9),
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MSPr‘: Maximize Dt $ (_§ Cji / ßj) E E xiks,x6C2 t=1 1 j=1 k si(t)

which is similar to MSPn/m and, hence, solvable by the sched-

uling heuristics. The upper bound is, subsequently, deter-

mined by inserting the solution thus found in each of the

generated cuts and determining the "tightest" value. Alter-

natively, since, expectedly, another solution was found in

(5.11), inserting this solution in the generated cuts and

determining the associated "tightest" value, the solution

resulting in the hightest upper bound is chosen as the new

primal solution. Especially in the beginning of the decompo-

sition procedure, with only a few cuts generated, one would

expect the solution determined in (5.11) to produce the high-

est upper bound.

5.4.2 An
“Exact“

Method

The master problem is basically the classical job shop sched-

uling problem. Hence, the optimal schedule to the problem is

found among the set of active schedules (Baker [1974]). A

systematic, tree-structured procedure for generating these

schedules was first proposed by Giffler and Thompson [1960],

the nodes of the tree being corresponding to partial sched-

ules. Given this, it is natural to apply a branch-and-bound

procedure for solving the master problem, with the effective-

ness of the procedure depending on the quality of the upper
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bounds available for the partial schedules.

As Sherali [1979] pointed out, one need not start a branch-

and-bound process anew each time the procedure enacts the

exact solution phase. That is, the Benders' constraint(s)

added at the current stage further restricts the solution

space and, hence, the previously fathomed solutions cannot

lead to a value of the master problem, at the current stage,

which improves the current best solution (lower bound).

Consequently, the branch-and-bound scheme is initialized only

once, namely, at the first visit to the exact solution proce-

dure, and at future visits the branch—and-bound procedure

"picks" up at the node left off at at the last visit to the

branch-and-bound phase.

Now, by analyzing the master problem, one notices the diffi-

culty of designing a procedure for obtaining an exact solu-

tion which can serve as a good upper bound for the branch-

and-bound procedure. This is so because, since the master

problem is an m-travelling salesman problem with side con-

straints (corresponding to precedence requirements and Bend-

ers' cuts), even if we relax these constraints, the remaining

m-travelling salesman problem, although well-known, is 1)

difficult to solve (Jacobsen [1978]), and 2) results in very

loose bounds.
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Hence, since any relaxed problem appears difficult to solve

exactly and/or produces very loose bounds, seemingly result-

ing in the need, at some point during the solution process,

to resort to some kind of heuristic procedure, it is decided

to entirely replace the exact phase by such a procedure,

though still branch-and-bound based. Further justification

for this is the fact that the mine production manager, even

with an exact solution, is likely to want to make adjustments

to the solution in order to meet specific (e.g., local) pro-

duction constraints and requirements not covered by the pro-

posed model. Combined with the inherent uncertainties of the

cost and quality data involved in the model, this observation

seems not to warrant the extensive computational requirements

for obtaining an exact solution.

Thus, by dualizing the r Benders' cuts in MSPr the following

Lagrangean problem results:

LR(a): ZrL(a) = Maximize z + _§ aj (f(x) + zjMSD(x) - z),
x6C2 3=1

a 2 0,

or, equivalently,

LR(a): ZrL(a) = Maximize z (1 — _ä aj)
x6C2 3-1

I' •

+ jälöj (f(X) + Z]M3D(X)),
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0 2 0.

In this, notice that the multipliers must sum up to one,

i.e.,

¤'¤ =ä 1j=1 J '

since, if not, the problem becomes unbounded. That is, z can

optimally be set to —w or w corresponding to whether the

associated coefficient is positive or negative. Consequent-

ly, the Lagrangean problem becomes

Maäigäze jäloj (f(x) + zjMSD(x)),

ago, |0|=1, (5.12)

This problem, as it turns out, is equivalent to determining

the strongest surrogate Benders' cut (Rardin and Unger

[1976]), and it provides an upper bound for the rth master

problem. Inserting (5.5), the problem can be further written

as

LR(0)· zr (0) — Maximize E 0· Aj
· E E x-L x6C2 t=1 i6J j=1 3 tl k s iks

f
•

+ jäl 0j BJ, 020, |0|=1,

or, ignoring the constant and inserting (5.9),
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Maximize Dt E 0- CJ-) E E xik ,xecz c=1 16J j=1 J 1 k si(t) S

020, |0|=1,

which is identical to MSPn/m and, hence, solvable by the

scheduling heuristics.

Now, in order to "optimize" the branch-and—bound procedure,

the upper bound should be as small as possible. This can be

obtained by solving the problem

ZrL = Mini i e ZrL(0). (5.13)
020,TOT=l

As Rardin and Unger point out, (5.13) can be solved by sol-

ving the dual of the linear programming relaxation of MSPI.

This dual problem, however, being a rather complex problem

itself, an alternative procedure is to solve (5.13) using the

subgradient optimization method (Held et al. [1974]). Compu-

tational experiences with this approach will be presented in

Chapter 6.

Re—iterating, for each partial solution (node) the completion

is determined by heuristically solving the Lagrangean relax-

ation of the remaining problem (determining the strongest

surrogate Benders' cut for the node). Now, had we solved

(5.12) exactly the solution would have provided us with a
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"true" upper bound for the node. In the present case, how-

ever, since we are solving the problems heuristically, this

is no longer the case. (Obviously, the value obtained is

lower than the exact value.) However, since we expect the

heuristic solution to be a good one, multiplying the heuris-

tic upper bound by a factor ¢ (2 1, and determined by exper-

imentation, if needed), we would expect a value close to the

exact upper bound. Using this, the resultant value, as a

pseudo upper bound in the branch-and-bound procedure we would

expect a close-to-exact solution. More specifically, if the

pseudo upper bound is less than the currently best solution,

then we fathom the associated node.

Finally, in determining a procedure for node selection it is

noted that we only want to find an improved solution, not

necessarily the best solution. Consequently, we adopt the

method of backtracking since this method is most likely to

give us the most, although not necessarily the best, feasible

solutions fastest. That is, first we pursue the node with

the highest pseudo upper bound in-depth, picking the node

with, say, the highest or lowest Q—value each time branching.

If this does not result in an improved solution, then we suc-

cessively backtrack and branch until we find an improved

solution or until the procedure stops with all nodes fath-

omed. The incumbent solution is then chosen as the final

optimal or, expectedly, near-optimal solution.
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Below is given an algorithmic presentation of the proposed

scheme. Apart from a few more details, the presentation is

identical to the flow-chart in Figure 5.4.

Initialization

Let the starting dual solution be (wO,eO) = (0,0) and let 2*
= —w be the value of the current best schedule. Then, heur-
istically solve the master problem, MSP0, to obtain the
schedule xl, and let 2 = f(x ) be the current upper bound on
2. Set r = O and status = heuristic. Go to phase I.

Phase I - Heuristic Phase

Step I.1 Solve the dual problem to obtain the dual solu-
tion (wr+l,¤r+1) and iet L = f(xr+l) +
zr+lMSD(xr+1) be the lower bound on 2. If 2 S 2,
then go to phase II. Otherwise, add the cut 2 S
f(x) + 2r+lMSD(x) to the master problem, let r =
r + 1, and go to step I.2.

Step I.2 If 2 > 2*, then update the current best schedule,
(x*,2*) = (xr,2). Go to step I.3.

Step I.3 Heuristically determine the schedule, x', which
maximizes the right—hand side of the latest added
cut, i.e., determines the associated weight ßr.
Insert this schedule in all cuts and let z' be
the smallest right-hand side value. Next, heur-
istically determine the schedule, x", which
maximizes the weighted sum of the right-hand
sides of the generated cuts, i.e., solves MSPr4.
Insert this schedule in all cuts and let z" be
the smallest right-hand side value. If z' > z",
then let = (x',z'). Otherwise, let
(xr+1,2) = (x",z"). Set status = heuristic and
go to step I.4.

Step I.4 If 2 > 2*, then go to step I.1. Otherwise, goto
phase II.

Phase II - Branch and Bound Phase (Continuation)

Step II.1 If status = exact, then update the current best
schedule, (x*,2*) = (xr+l,2), and go to step
II.7. Otherwise, go to step II.2.

Step II.2 If the partial solution of the current node was
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not solved to termination at the previous visit
to the node, i.e., because the process of solving
the Lagrangean relaxation problem (determining
the strongest surrogate Benders' cut) was inter-
rupted due to the encounter of a potentially
improving feasible solution, then solve the node
to termination. Let the associated schedule be
xr+l and go to step II.3. Otherwise, go to step
II.4.

StepII.3 If, while determining the completion to the
current node, a feasible schedule, xr+1, is
encountered for which 2 = f(xr+l) + zrMSD(xr 1) >
2*, then set status = exact and go to phase I.
Otherwise, go to step II.4.

Step II.4 If ZTL S 2* or bottom of tree reached, then go to
step II.5. Otherwise, go to step II.6.

Step II.5 Fathom the node and backtrack till another,
potentially improving, partial solution (node) is
found. Go to step II.6. If no such node is
found, i.e., all nodes have been fathomed, then
go to step II.7.

Step II„6 From the current partial solution, if only two
jobs remain to be scheduled, then enumerate the
two associated schedules. Otherwise, increment
the current partial solution by scheduling the,
currently, unprecedented job with, say, the high-
est Q—value, according to the selected scheduling
strategy, and determine the completion, xr+l. Go
to step II.3.

Step II.7 Stop. The current best solution, (x*,2*), is the
optimal or near—optimal solution.

5.5 Solving MSPfix

As previously shown, Pfix can be solved by inspection as

follows:

0 => znti = O, and

Q = 1 => Znti = Xnt·
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Also, Xnt is determined by [wgnt] or by (3.9). Furthermore,

since Pt and Qnt are determined by x, (u,v,y) can be

determined by the following scheme:

Pt ‘ Pt—1 < O => Yt- = Pt ‘ Pt—1
Pt * Pt—1 2 O => Yt+ = Pt ·Pt-1
Qnt ‘ ßn Pc < O => unt- = Qnt * ßn Pt

Qnt ' ßn Pt 2 O => unt+ = Qnt ' ßn Pt

xnt ' Xnt-1 < 0 => Vnt— = Xnt * X¤t—1

Xnt ' Xnt—1 2 O => Vnt+ = Xnt ' Xnt-1

all given that u,v,y 2 0. This solves Pfix. It is to

be noted that (u,v,y) are dummy variables and the values

of these therefore of no consequence for the final solution.



6 IMPLEMENTATION AND COMPUTATIONAL EXPERIENCES

Contents of Chapter 6:

- Implementation concerns of scheduling heuristics and
decomposition procedure

- Computational performance of scheduling heuristics and
decomposition procedure

- Presentation of a mining application

Algorithms and procedures are coded on an AT&T 6300 microcom-

puter with 640 kb RAM. The operating system used is Turbo

Pascal (Borland, Inc.), chosen over the Microsoft Fortran and

Microsoft Basic languages for its superior compilation speed,

excellent diagnostics, and structured approach to program-

ming.

6.1 The Scheduling Heuristics

The scheduling heuristics developed in Chapter 4 are tested

and compared through eight sets of randomly generated, gen-

eral (non—redundancy) networks, each set containing twenty

networks of 20, 25, 30, and 35 nodes respectively. Four of

these sets are characterized by low-density networks; the

other four by high-density networks. Furthermore, associated

with each node are randomly generated values for unit income

and duration, generated in the ranges [0,10.0] and [1,20]

respectively.
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6.1.1 Implementation

Results for the heuristics are generated under a variety of

conditions, as discussed in the following, and are displayed

in Appendix B. Since the objective is to primarily compare

the performance of the basic, general versions of the three

algorithms (i.e., Algorithm 1, Algorithm 2, and Sarin and

Elmaghraby's algorithm) the extensions introduced in Chapter

4 (i.e., risk restrictions, job—to—processor compatibility,

and precedence overlap) have been omitted. Expectedly, how-

ever, the computational trends would "carry over" when

including these extensions; only, perhaps, to a lesser

degree.

Turning, for a moment, to the terminology used in Appendix B,

C refers to the two alternative strategies selected for allo-

cating jobs from the 1—processor schedule to the m-processor

schedule (see Section 4.2.3). That is, if the next job in

the 1—processor schedule cannot be shifted to a void in the

m-processor schedule, but must be appended to the incumbent

schedule (on one of the m processors), then one of two

strategies will be employed, namely, 1) a maximize-sum—of-

ygigs strategy or 2) a minimize—sum-of-voids strategy. The

two strategies are illustrated below.

In Figure 6.1, let Schedule 1 be the incumbent 3-processor

schedule. Also, let a job, x, be the next job from the
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Figure 6.1 - Illustration of Job Allocation Strategies:
1) Incumbent m—processor schedule
2) Maximize-sum-of-voids strategy
3) Minimize-sum-of-voids strategy

1-processor schedule to be allocated to the 3—processor

schedule. Thus, if job i is the latest scheduled predecessor

to job x, then the latter can be allocated to either of pro-

cessors 2 and 3, in each case starting commensurate with the

finish time of job i on processor 1. In the first case,

allocating job x to processor 2 as shown by Schedule 2, the
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void thus created between job j and job x is greater than the

void created between job k and job x when allocating the lat-

ter to processor 3, as shown by Schedule 3. Both result in

the same schedule value, here and now, but the question is,

how will each of these alternatives affect the future job-

allocation process? Will the larger void in schedule 2

increase the possibility of future jobs, from the 1-processor

schedule, being shifted forward, thereby possibly improving

the overall schedule value? Or will it have no effect apart

from increasing the overall sum of the voids in the schedule?

An advantage of the minimize-sum—of-voids strategy is that

the allocation of jobs (to processors) thereby tends to be

limited to already "active" processors, "superfluous" proces-

sors thus being detected in the final schedule as "inactive",

i.e., processors on which no jobs have been scheduled.

Hence, the strategy can be used to "optimize" the number of

processors for a given scheduling problem. That is, at the

outset of the procedure, leaving the number of processors

"open", the procedure will determine the number necessary for

obtaining the overall best schedule.

Finally, a few times a unique best schedule is found by an

algorithm, using only certain job-allocation strategies. For

example, for Algorithm 1, out of, say, five unique best

schedules listed for that category one of these may be found
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only with the "First-option" and two only with the "Min-

option; or maybe one of the five unique best schedules is

found only with the "First—option" ang the "Long/Min-option".

These "exceptions" are listed in Appendix B by footnotes,

with a dash (—) indicating that all associated options for

that category applies.

6.1.2 Computational Experiences

The scheduling algorithms are compared in Figure 6.2-4 based

on the number of best schedules determined by each algorithm.

In Figure 6.2-3 the three algorithms (with options) are com-

pared for different combinations of n (number of jobs), m

(number of processors), and a (discount rate), and in Figure

6.4 the best results of each algorithm are compared for dif-

ferent combinations of n, m, a, and network density. In Fig-

ure 6.4, in addition to the number of "best schedules", as

indicated by the length of the bars and the associated numer-

ical values, a mark in the bars indicates the number of

"unique best schedules" determined by the specific algorithm.

The performance of the algorithms is analyzed as follows.

Algorithm 3 (Sarin and Elmaghraby's algorithm)

Algorithm 3 performs fairly well with lgw density networks,

independently of the number of processors, but not as well as

Algorithm 1 and, seemingly, less so with increasing number of

jobs. The algorithm seems to perform better with the higher
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Figure 6.4 - Summary of best algorithm performances.
(Performance measure = Number of best schedules)
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discount rates and slightly better with the Min-option than

with the Max—option, the latter especially with more than two

processors, but independently of the number of jobs and dis-

count rate. Also, the algorithm performs better with hggh

density networks, although less so with decreasing number of

processors, but more so with the higher discount rates. The

number of jobs, on the other hand, does not seem to affect

the performance. Finally, The Min-option performs better

than the Max-option (independently of the discount rate but

more so with more processors), the latter seemingly having an

adverse effect on the performance of the algorithm.

Algorithm 2

Algorithm 2 does not perform well with ggg density networks,

although it does seem to perform slightly better with

increasing number of processors, but independently of the

number of jobs and discount rate. On the other hand, neither

the Min-option nor the Max-option clearly distinguishes

itself from the other in terms of performance. A few times

Algorithm 2 is close to matching Algorithm 3 in terms of num-

ber of best schedules, but never in terms of average schedule

values. With hggh density networks, on the other hand,

Algorithm 2 performs as well as, or slightly better than,

Algorithm 3, but not as well as Algorithm 1. The algorithm

does seem to perform slightly better with the higher discount

rates than with the lower discount rates and, seemingly, bet-
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ter with increasing number of processors, but independently

of the number of jobs. Finally, the Min-option performs bet-

ter than the Max-option, especially with increasing number of

processors.

Algorithm 1

Algorithm 1 performs well with lgy density networks,

independently of the number of processors or jobs, but, seem-

ingly, slightly better with the higher discount rates. The

algorithm seems to “out—perform" the other algorithms more

with an increase in either the number of processors or the

number of jobs and, perhaps, with the lower discount rates.

Also, The First/Min-option appears to be slightly better than

the First/Max-option, independently of both the number of

processors and jobs and of the discount rate; similarly, the

Long/Min-option is better than the Long/Max—option. Overall,

the First-option seems slightly better than the Long-option,

although the Long/Min- and First/Max-options are quite close

in performance. With high density networks, on the other

hand, Algorithm 1 is less dominating over the other algo-

rithms, although increasingly so with fewer processors. As

with the other algorithms, the performance of the algorithm

increases with increasing number of processors, only not com-

paratively. The discount rate seems less of a factor,

although performance seems slightly better with the higher

discount rates. The number of jobs, on the other hand, seems
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irrelevant for the performance. Overall, the Min-option

seems slightly better than the Max—option, especially with

the lower discount rates, but independently of the number of

processors or jobs. Finally, The First/Min- and

Long/Min—options appears to perform equally well and slightly

better than the First/Max-and Long/Max-options. These, on

the other hand, also performs equally well.

In general, the Max—option seems to have an overall adverse

effect on the performance of the algorithms, but with higher

discount rates this effect seems off—set by the rapid

decrease in the associated "negative" present value. All

algorithms tend to have more number of best schedules with

high density networks than with low density networks, the

reason for this probably being that high density networks

have more precedence—constraints, and thereby fewer feasible

solutions, than the low density networks. Hence, it is

easier for the algorithms to "miss" a good solution with low

density networks than with high density networks. Algorithm

1 is the only algorithm to perform almost equally well with

both high and low density networks, and to perform better

than the others with both.

Although the average schedule value is a good indicator of

the performance of the algorithms, this value can be easily
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off—set by a few unfortunate schedules and, especially, by

the discount rate (a higher discount rate will tend to lessen

the differences between the algorithms). Overall, however,

the average schedule value will tend to correlate with the

number of best schedules. In conclusion, the overall best

"performer" is Algorithm 1, with any of the options avail-

able, the First/Min—option, however, slightly edging the oth-

ers. This, therefore, will be implemented in testing the

decomposition procedure.

6.2 The Decomposition Procedure

The decomposition procedure proposed in Chapter 5 is tested

through six sets of randomly generated, general (non-

redundancy) networks of random density, five of these sets

containing ten networks of respectively 20, 30, 40, 50, and

75 nodes, and the sixth set containing five networks of 100

nodes. Associated with each node are randomly generated val-

ues for net unit income and duration, respectively generated

in the range [13.0,18.0] (e.g., net unit income ($) per ton

of coal) and [2,17] (e.g., weeks). (The ranges are based on

estimates using actual coal data.) The unit penalties are

fixed such that the total penalty in the final schedule con-

stitutes approximately 25 to 50 percent of the corresponding

non-penalized value of the schedule (denoted "penalty range"

(PR)>-
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Also, as with the scheduling heuristics, since the objective

is to primarily evaluate the performance of the decomposition

procedure, the extensions introduced in Chapter 4 (i.e., risk

restrictions, job-to-processor compatibility, and precedence

overlap) have been omitted. Again, however, the computa-

tional trends are expected to "carry over" when including

these extensions; only, perhaps, to a lesser degree.

Finally, in addition to the notation already introduced, the

following notation will be used:

eb Percentage tolerance on the Lagrangean upper bounds
in the branch—and-bound scheme, with respect to the
current best value, indicating that, if an upper bound
is lower than, or within eb percent of, the current
best value, then the associated node is fathomed.

ep Percentage tolerance on the upper bounds in the decom-
position procedure, with respect to the current best
value, indicating that, if an upper bound is lower
than, or within ed percent of, the current best value,
then the associated schedule is considered non-
improving and the procedure continuous its search for
an improving schedule.

6.2.1 Implementation

The approach proposed in Section 5.4.2 for determining upper

bounds in the branch—and-bound scheme, namely, Lagrangean

relaxation (the strongest surrogate Benders' cut), incorpo-

rates the subgradient optimization procedure. That is, given

initial values, cjo, j = 1,...,r, of the multipliers (typi-

cally set to zero), a sequence {ojk} is generated by the rule
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(Fisher [1981])

¤jk+1 = ajk - tk 6jk, j = 1,...,r; k = 0,1,..., (6.1)

where öjk is the subgradient and tk the step size. Both

subgradient and step size will be developed below, the latter

in accordance with the most commonly known version of the

subgradient optimization method which is due to Held et al.

[1974]. Although successful modifications have been proposed

(e.g., Bazaraa and Sherali [1981], Myers [1984], and Sherali

and Ulular [1988]), this method is chosen because it is

simple and has proven very successful in a variety of cases

(Fisher [1981], Myers [1984]).

In passing, due to the range limitations on real numbers

(ilx1Oi38, Swan [1986]), in certain extreme cases when calcu-

lating the discount factor

1/(1+a)t = exp [t ln(1/(1+a))],

a being the discount rate and t the time, one may encounter

"overflow" of the exponent []. That is, for a combination of

high t's and high a's the exponent may exceed the lower range

limit. Should this happen, the discount factor will be set

to zero, obviously without appreciably affecting the solu-

tions.
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6.2.1.1 On Lagrangean Relaxation

Given the Lagrangean problem LR(0) at a node, the subgradient

is determined by (Fisher [1985])

öjk = f(xk) + zjMSD(xk), j = 1,...,r; k = 0,1,..., (6.2)

and the step size by

ak 2*)
tk= k= 0,1,..., (6.3)

I’
.j§1[f(Xk) + ZJMsD(¥k)]2

where Sk is a scalar satisfying 0 S Gk S 2, Z* is a lower

bound on ZrL(0k) (which can be set to 2*, the current best

schedule value), and xk is an optimal solution to LR(ok). In

other words, the numerator measures the distance from the

current Lagrangean upper bound to the current best value and

sets the step size accordingly.

In his review of branch-and—bound for solving integer pro-

gramming, Shapiro [1979] noted that if the target value of

the subgradient optimization procedure (Z* in (6.3)) is too

low, then the subgradient method would oscillate, indicating

the need to either construct a stronger dual problem for the

given subproblem or to separate it (i.e., branching by fixing

one of the free variables). From a few experiments it was
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found that oscillation tended to occur, or convergence became

extremely slow, when, at a certain iteration of the Lagran-

gean procedure, the value of the surrogate cut was higher

than, or equal to, that of the previous iteration. Hence,

failing to construct a stronger dual problem, separation

(branching) from the current subproblem will take place when,

in the process of determining the strongest surrogate Bend-

ers' cut, the value of the surrogate cut of the current iter-

ation is higher than, or equal to, that of the previous iter-

ation. Also, upon branching, the value of the previous cut

is selected as representing the "strongest" surrogate cut for

the given node.

Now, upon using (6.3) it was noticed that convergence tended

to be slow. Hence, in analyzing (6.3), it was found that the

term [] in the denominator is a magnitude Z* larger than the

term () in the numerator, Z* having been subtracted in the

latter. Consequently, the step sizes may become very small

and result in slow convergence. In order to overcome this,

the master problem (MSPr) was re-investigated. That is,

subtracting the current best value, 2*, from both sides of

the Benders' cuts, as well as from the objective function,

the following master problem results:

MSPr*: Maximize 2 - 2*

subject to 2 — 2* S f(x) + 2jMSD(x) — 2*,
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j= 1,...,1*

X
€ C2.

This problem is identical to MSPr since z* is a constant. In

MSPr*, dualizing the Benders' cuts (as in Section 5.4.2), the

following equivalence to (5.12) is found:

{ •Z'L‘°’ * Maäääjze {il **1 <f<==> + ¤°MS¤<¤=> — 2*>„ 220, 1.1:1.

The step size then is

Sk (ZrL(ck) -Z')tk=,
]=1,...,1*;k=O,1,...,

{ .

j;1[f(xk) + zJMSD(xk) — z*]2 (6.4)

where Z' is a lower bound on Z'L(ck) and, hence, can be set

to zero. With this, the step size becomes

ek zrL(ak) _
tk, ]=l,...,1*;k=0,1,...,

{ •jgl1f<xk> + 2¤MS6<xk> — 2*12

the numerator and the term [] in the denominator now being of

the same order of magnitude.

Another "complicating" factor is the fact that the multipli-

ers must add up to one. This problem can be overcome by not-
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ing that, given an iteration k and a set of multipliers,

{gjk), j = 1,...,r, as determined by (6.1) (and which does

not add up to one), we must find a set, {ojk}, j = 1,...,r,

solving the problem (Held et al. [1974])

QP: Minimize jäl
(ojk — gjk)2

subject to _§ ojk = 1,
j=1

ojk 2 0, j = 1,...,1:.

That is, we wish to find the feasible point, ck, closest to

gk (the closest projection of gk onto the plane jäl
ojk = 1).

For this, Sherali and Shetty [1980] proposed an algorithm

which iteratively projects the incumbent multiplier, gk, onto

the plane jäl
cjk = 1. That is, at each iterative level ——

the initial multipliers, ojo, can be set to 1/r -— if an

element of the projected gk becomes negative, then let the

new incumbent gk be the current projection with the

associated element fixed at zero. Thus, the procedure con-

tinues until all elements are nonnegative and sum up to one,

thereby resulting in the new multipliers, ck. For an

algorithmic presentation of this procedure, the reader is

referred to the above reference.

6.2.2 Computational Experiences

Results from running the decomposition procedure with the
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previously mentioned randomly generated job sets on 2, 3, and

4 machines, respectively, and a = 1, are displayed in Appen-

dix C. The following observations are made:

1) Upon visiting the exact phase the first time, the current

best schedule either turns out to being also the final

schedule or to being within 98-to-99 percent of the final

schedule value.

2) The number of times the heuristic phase is visited,

before the first visit to the exact phase, is consistent

at two or three, with one-to-two of these visits result-

ing in an improved schedule.

3) Commensurate with (1), the exact phases visited determine

an improved schedule only a few times, and then only mar-

ginally, and when an improvement is detected, the suc-

ceeding heuristic phase never encounters further improve-

ment.

4) The nodes visited in the branch-and-bound scheme seems

limited to the set of initial nodes in the network, i.e.,

the unprecedented nodes. That is, no branching takes

place beyond these.

5) The average number of subgradient iterations done at each
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node visited seems consistent and is generally in the

range of one—to-three, fairly independent of the number

of jobs or processors.

6) The results do not indicate a trend or connection

between, on the one hand, the density of the network and,

on the other, the number of generated Benders' cuts or

number of subgradient iterations done at each node

visited.

Further analyses of the problem structure raises the question

of what role precedence plays in the procedure generating

these results. Obviously, precedence limits the number of

feasible schedules, but to what extent do they limit the num-

ber of near-optimal and, possibly, final schedules? Is the

apparently "quick" conclusion of the procedure due only to

precedence, or is it a result of the overall structure of the

problem? For an analysis of this, the top three data sets of

twenty nodes in Appendix C have been re—run on two and three

processors, this time without precedence. The results are

displayed in Table 6.1, using the same terminology as in

Appendix C. (The runs are done with the small problems for

speed of computation and less requirements to storage space,

but any trends discovered, expectedly, would also apply to

the larger problems, perhaps even more pronounced.)
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Table 6.1 — Results from unprecedented data sets.

8=2 a=1

m A B C D E F G H I J

2 l7.4(33) 99.3 3 2(2) 19 5(0) 15 14(3) 20 12
11.1(21) 99.1 6 5(4) 21 0(0) 22 21(2) 20 13
15.3(29) 100.0 3 2(2) 12 2(0) 11 10(O) 20 4

3 l7.4(33) 99.9 4 3(2) 0 0(0) 1 1(1) 5 2
§ 11.1(21) 3 2(2) >20

15.3(29) 99.9 4 3(3) 12 2(O) 11 10(1) 20 9

§ Not completed due to the computational effort required.

From the table it would appear that precedence indeed, and to

a large extent, affects the number of cuts generated, i.e.,

the number of times the upper bound is greater than the cur-

rent best schedule (reflecting the increased number of feas-

ible and near-optimal schedules), and through that the number

of nodes visited. It would seem that precedence is by far

the most dominating factor in establishing the computational

performance of the proposed decomposition algorithm.

Another question is, how important is the size of the unit

penalties for the performance of the procedure? That is, how

do these affect the net unit value Cji (Section 5.4.2) of

each job, i, during the course of the procedure? To this

end, each of the ten data sets of thirty and fifty nodes in

Appendix C have been re-run with unit penalties twice that of
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the previous runs (Appendix C), resulting in a penalty range

of approximately 50 to 90 percent. The results are displayed

in Appendix D, again using the terminology of Appendix C.

From this, it seems that the size of the unit penalties does

not appreciably affect the performance of the procedure.

Finally, attempts were made at evaluating the results against

exact results, i.e., by setting a to a value greater than

one, thereby forcing the branch—and—bound procedure to inves-

tigate more nodes. Unfortunately, these attempts failed due

to the insufficient computational power of microcomputers.

Thus, only a few exact results were generated (for data sets

of twenty jobs), indicating a quality of the heuristic

results, relative to the exact results, of 95 percent or bet-

ter. Attempts are being made at transferring the program

files to a mainframe computer for establishment of a better

quality measure of the decomposition procedure. For more on

this, see Section 7.2.

6.3 A Mining Application

The mining case demonstrated in the following is adapted from

Bucklen et al. [1968]. The data needed for analyzing this

are displayed in Appendix E. The following is noted:

Job Descrigtions: The "plan numbers" listed under "Job

Descriptions" in the Appendix represent the job identifiers
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used by Bucklen et al. and shown in Figure 3.1. In Appendix

E, these plans are transcribed into job numbers and job

descriptions are presented.

Production Data: The production data are identical to those

presented by Bucklen et al. Note that the duration of a

block is based on the raw tonnage. Also, a week contains

five work days. Hence, the durations shown represent reel

time, with a week equalling seven calendar days.

Cost Data: The cost data are estimates of the current—day

costs incurred by a typical mining company. The fixed costs

represent wages and similar costs and are given by the number

of personnel associated with a shift -- in the present case

25. The variable costs, on the other hand, apply to the raw

coal and cover sales related costs, taxes, cost of power,

etc. Finally, the net value of a job is the income from sel-

ling the coal (at $29 per ton saleable coal) minus all costs.

Quality Data: The quality data for sulphur and BTU are

randomly generated within the ranges [0.5,3.0] and [10,000,

15,000] respectively. Ash or other constituents are consid-

ered unimportant for the present case.

For production scheduling, let furthermore the following data

be given:
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1) Number of miners;

- 3 continuous miners;

- 1 longwall miner;

2) Target qualities:

- Sulphur: 2 percent;

- BTU: 12500;

3) Unit penalties:

— Sulphur: $0.50 per 0.1 percent per ton;

- BTU: $0.30 per 100 BTU per ton;

4) Discount rate:

- 15 percent per year.

Now, based on the job descriptions and on the mine layout

previously presented (Figure 3.1) the precedence network

shown in Figure 6.5 has been developed —— a further refine-

ment of Figure 3.10. In this, notice that precedence can be

established between the longwall panels, if desired, for pro-

duction, roof stability, or other reasons. Also (not shown),

a "dummy“ job can be incorporated before each longwall panel

to represent set up time. Such a block would incur only

costs. Finally, each longwall panel is "broken down" into

ten mining blocks, each having certain characteristics. The

need for such a "break down" is dependent on, especially, the
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quality characteristics of the panels, i.e., on how homoge-

neous they are, and, to some extent, on the ground control

factors. With the former, large Variations in quality can be

captured only by "breaking down" the panels as shown. Other-

wise average quality values are assigned throughout a panel.

(The same reasoning applies to all other panels as well.)

With this and the data presented, the decomposition procedure

determines the schedule shown in Figure 6.6, the time unit

being weeks. It is to be noted that the current production

model operates on a strictly "logical" basis and does not

capture mining "habits", current practice, or rules of thumb

-- unless specified and captured by the precedence, that is.

Hence, in evaluating a production schedule such as the one

shown in Figure 6.6, one must reflect on the underlying data

base (precedence network) and ensure that this reflects both

the physical nature of the coal mine and the subjective

nature of the decision maker. In other words, judging a

given schedule (and the underlying procedure) should be done

in the broadest sense, taking into account all relevant fac-

tors. No mathematical model can provide a "fool proof" solu-

tion to a coal production problem, but it can assist the

decision maker in analyzing, and getting a better understand-

ing of, the problem and, consequently, in making the best

decisions.



§
.¤ 44

Ne

L 0 cn

nl

O •'\
IE

: vß

,

V
U

c mv

.•
L

N

c 4*
‘°

Ng
1--**

Q
F

,0
N

,,. -¤
m

0**

"'•
N

°

$,„
:N

—-
3

:

U

3 PS

S

ev

N
•~·*

gt?

ux

4 v

(U

c’°
me

°
_°

Ü

400
B"

N4

an

sn

-

E
gf

qo,

U4

S — g;
„E — ;¤

·E•

~o
m

'~ 'V
0

gp4
„

-
•¤

sn
"

~·r
Q

M 0

N g

gk

44

8

·-28
p·~N >·•

3 wö
‘^

"

·^«"
::"

°

~—

r~
o

§,„
R

xr
···

N·-gg
E$$

*64

"

N

O"

N1-O
th

F.

eg
„°

<>

3 <>S»,,„
..2;;

·¤

M"

?>'-~
¤¤¤¤N

,¤

$

N °_
°‘0;

'^„0m
O

S $"‘
Egg

$:3 *”

~1·

4

In

O

N

m cm ~__

';"
p

3

m
3 3

r~
4*4

Q;

N}

I

E ¤¤r~M„°._ g mmm

Q
Q

M:
vo

pn ÜN
r~

W2 N

U

m
N

I"

N

gi
•I'I

oo

Ih

_- Q4-
~r

N

'°

r~

N

ve

—·"

¤
"

c

3
§L

ä
E:

E'?

vs

SN

cä
3;

¤
•=,_

g.E

ä"
E2 “‘

...¢-
o--

U

I

‘é'_5

°
SZ



7 CONCLUSIONS AND RECOMMENDATIONS

Contents of Chapter 7:

- Review of algorithms and procedures

- Thoughts for improvements of algorithms and procedures

- Evaluation of applications in mining

7.1 OD the scheduling Heuristics

On reviewing the scheduling heuristics, a question that comes

to mind is how these heuristics would perform with other

objectives similarly solvable by Smith's rule [1956], e.g.,

the minimization of total weighted completion times. Would

the principle of "forcing" forward job shifts, thereby delay-

ing other jobs, be congruent with these objectives as well?

As pointed out in Chapter 4, shifting jobs to voids greater

than the length of these jobs is desirable, and is in fact

incorporated in Sarin and Elmaghraby's algorithm, but it is

not similarly clear what would happen in the case of general

voids. For sure, determining the revised 1-processor sched-

ule of the "violated" jobs, as proposed in Algorithm 1, would

introduce an improvement in Sarin and Elmaghraby's algorithm

(as demonstrated by Example 4.1), independent of the objec-

tive.

Turning specifically to Algorithm 1, when allocating a job

210
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from a 1-processor schedule to the m-processor schedule,

shifting the job to a void shorter than the length of this

job is done "uncritically". That is, the shift is done

irrespective of the net effect of this shift on the final

schedule. Apparently, the overall effect of the procedure is

positive, at least with the current objective as demonstrated

by the tests, but further improvement might be obtained by

investigating options for making "clever" choices when

exploring these voids. Such extensions, of course, would be

at the expense of more computational effort, a fact which

would have to be weighted against the possible improvement.

Some thoughts for such improvements are:

1) Compare the two schedules, "shifted" and "unshifted",

before making the actual shift. That is, before exploit-

ing a void compare the completions of the two alterna-

tives. For both completions do not make shifts (except,

maybe, to voids longer than the incoming jobs) as this

would be computationally time consuming. Then, from the

two alternatives pick the best and proceed with the algo-

rithm for the remainder of the jobs.

2) Explore the possibility of quantitatively relating the

length of a void to the value and duration (possibly the

Q—value) of the incoming job, as well as (possibly) of

the deferred jobs. That is, shift the job to the void
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only if a certain criterion regarding this "quantity" is

met. Alternatively, set a minimum void length for shift-

ing jobs.

The drawback of the first proposition is that, although a job

shift at first seemingly worsens the m-processor schedule, it

may result in a better final schedule (see Example 4.6 for a

demonstration to that effect). The reason for this appears

to be that the more "compact" intermediate schedule is more

congruent with the current objective ("pushing" income to as

early as possible). In any case, given the apparently

already good performance of Algorithm 1, the proposition

would appear to be computationally unattractive.

As to Algorithm 2, an alternative approach to the one out-

lined in Example 4.4 can be illustrated by first defining the

following. Let the first string of jobs in a composite job

network be defined as the set of initial (unprecedented) com-

posite jobs; let the second string of jobs be defined as the

set of composite jobs immediately succeeding the jobs in the

first string; etc. with this consider Example 7.1.

EXAMPLE 7.1

Having determined the current schedule, $2*, in (4.23),

consider the permutations of the composite jobs in the (now)

first string,
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(JZIJ3) ¤Y (J3«J2),

or, inserting the composite jobs,

(2,4,7,6) or (6,2,4,7).

Allocating these jobs successively to the two processors,

shifting jobs as far "to the left" as possible while respect-

ing precedence, the following two alternatives result:

|®|®|@| 6I

I I
2

I
4

I
7

I I
alternative 1

Q = 46.3

|®|®|®| 2 |4|
I I

6
I I

7
I

alternative 2
Q = 35.9

As in Chapter 4, the "circled" jobs represent the current

schedule, $2*, and are not incorporated in the Q-values. In

this case both schedules have two "active" processors.

From the "better" of the two alternatives select the first

composite job in the associated first string permutation and

add it to 52* by allocating the jobs contained herein to the
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two processors sequentially, shifting jobs as far "to the

left" as possible while respecting precedence; in this case

the jobs in J2.

The new initial job is J3. Since it is the only aggregated

job left the jobs herein will be added to 82* as above. The

resultant schedule is the desired two-processor schedule of

the jobs -- the same as in the Examples 4.2 and 4.4.

END OF EXAMPLE 7.1

Example 7.1 operates with the first string of composite jobs

only. A second alternative approach (to the approach in

Example 4.4) would be to consider the permutations of the

aggregated jobs in the first and second string, allocating

the jobs contained herein to the two processors in the above-

mentioned fashion, and from the best of the alternatives pick

the first composite job in the associated composite job per-

mutation, adding the jobs contained herein to 52*.

In words, the alternative procedures for selecting the next

composite job in a composite job network, having scheduled

the jobs in the respective composite jobs on the m proces-

sors, are

1) As the next composite job select the initial composite
job with the highest Q—value.

2) Among the permutations of the composite jobs in the first
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string, select as the next composite job the first com-
posite job in the permutation with the highest Q-value.

3) Among the permutations of the composite jobs in the first
and second string, select as the next composite job the
first composite job in the permutation with the highest
Q-value.

These approaches can be extended to the first k strings.

With this, the job selection procedure presented in Chapter 4

can be revised as follows.

General Job Selection Procedure (Revised)

Having successively allocated the jobs, contained in each

feasible permutation of the k first strings in the composite

job network, to the current m—processor schedule, Sm*,

select, as the next composite job, the composite job from the

permutation resulting in the highest Q-value. For this com-

posite job, permanently allocate the jobs contained herein to

the current m-processor schedule, Sm*. Denote the new,

current m—processor schedule Sm*.

For large k's, the above job selection procedure comes close

to total enumeration and, consequently, becomes computation-

ally unattractive. Thus, it would be desirable to find a

value of k for which the increased computational effort is

justified by the accompanying schedule improvement, if any.

For low density networks, with which Algorithm 2 faired

poorly in the tests, such an approach might be attractive.
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For high density networks, on the other hand, the payoff is

more questionable. At any rate, given the good performance

of Algorithm 1, under what appears to be all circumstances,

and the seemingly small margin for improvement, the addi-

tional computational effort resulting from using the revised

job selection procedure may prove unjustifiable.

Finally, a "hybrid" algorithm can be developed which combines

the merits of the two algorithms; that is, by introducing, in

Algorithm 2, the "job shift" from Algorithm 1 along with the

possible deferment of jobs, the "violated" jobs in this case

being a subset of the jobs contained in the aggregated jobs

under investigation. More specifically, Algorithm 2 would

investigate whether a potential void could be exploited by a

certain job, possibly deferring other jobs, and, if so, would

apply the principles of Algorithm 1, with the revised one-

processor schedule being determined for the "violated" jobs

in the set of aggregated jobs under investigation. Again,

any schedule improvement obtained from using such an algo-

rithm may not be warranted by the increase in associated com-

putational effort.

7.2 On the Decomposition Procedure

Given that most, if not all, scheduling heuristics were shown

to determine at least one unique best schedule (see Section

6.1), ideally one would like to incorporate all of them in
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the decomposition procedure, solve the master problem by each

of them, and then pick the best solution. This, of course,

is not feasible on smaller computers due to both storage

capacity limitations and speed of computation. On a main-

frame computer, on the other hand, such implementation may be

possible and, given the performance of the procedure, not

necessarily computationally unattractive. However, it would

appear that no, or only marginal, improvement would result

from such implementation and the extra computational effort

spend better somehow else, possibly on more runs with differ-

ent data. Such decision, however, is to a large extent based

on subjective reasoning.

Secondly, in testing the decomposition procedure it is noted

that, once the exact phase has been reached, no improvements

are encountered in subsequent heuristic phases. Also, only

few, and marginal, improvements are encountered in the exact

phases. This raises the question of whether at all to return

to the heuristic phase once the exact phase has been reached,

or, alternatively, whether to omit the exact phase alto-

gether. As above, such a decision is to a large extent a

subjective one and can be left with the potential user to

decide upon.

Thirdly, in developing both model and solution methodology no

attention was given to the fact that for a given job, i, the
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time interval in which i can be processed can be limited to a

subset of the interval [0,T], namely, to [ei,li], ei and li

being the "earliest" and "1atest" processing times of the

job. What this means is that, given precedence, the number

of machines, and the fact that all jobs are to be scheduled

and not to be delayed, two values can be determined for each

job representing, respectively, the earliest possible start-

ing time and the latest desirable finishing time.

Consequently, the dual variables associated with a given sec-

tion, i, can be limited to those t for which ei S t S li, a

fact which may drastically improve both storage effectiveness

and speed of computation of the dual portion of the computer

program.

Limiting t to [ei,li] would also affect the master problem.

That is, when determining the smallest "dual coefficient",

Cji, for each job, i, as done in Section 5.4.1 for developing

the heuristic solution method, the search for these can be

limited to t 6 [ei,li]. In other words, the dual coefficient

would be determined by

Cji = minémumi] Cjti, i 6 J;

similarly when determining upper bounds in the branch—and-

bound scheme by the Lagrangean relaxation (the strongest sur-

rogate Benders' cut). A result of the "narrower" spectrum of
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dual coefficients would be a "heuristic" cut closer to the

true cut, although this fact not necessarily would affect the

performance of the decomposition procedure. For the stron-

gest surrogate cut, on the other hand, the result would be

"heuristic" expressions closer to the true expressions and,

thereby, possibly better upper bounds.

Fourthly, although not specifically stated as a requirement,

an underlying assumption in the scheduling heuxistics, and in

the allocation procedure in the branch-and-boßnd procedure,

is that the net value of a job is positive. That is, jobs

are shifted to the left to thereby optimize the discounted

value. Now, in some cases, as for example the mining case

presented in Chapter 6, this assumption does not hold true,

and the quality measure of the schedule, relative to the

optimal schedule, changes. Hence, further research should be

done towards either 1) concluding that this effect is of

minor importance due to, say, the dominance of the precedence

constraints, or 2) accounting for this effect in the proce-

dures.
A

Also, due to the fact that the attempts at determining exact

solutions in Chapter 6 failed, efforts should be made to

establish a quality measure for the heuristic solutions,

either computationally or mathematically; the latter through,

say, worst case bounds.
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Finally, some considerations which may be more of academic

interest than, perhaps, of interest for the present study;

that is, given the performance of the decomposition proce-

dure. They are:

1) Upon return to a node (in the exact phase), investigate
the desirability of continuing with the multipliers
established at the last visit to the node, possibly with
the multiplier for the added cut starting at zero.

2) Test alternative methods for determining the step size in
the subgradient procedure. Especially evaluate the
importance of the selected lower bounds, Z* and Z', in
(6.5-6) for the number of iterations done at a node;

3) If many nodes are investigated and many cuts generated,
investigate the effect of the subgradient iteration limit
on the performance of the upper bound procedures.

4) Let the number of iterations performed at each node
depend, as Fisher [1981] proposed, on the type of
node investigated, i.e., on where in the branch-and-
bound tree the node is located.

5) If many cuts are generated, then establish a rule for
deleting "old" cuts, as Sherali [1979] proposed, e.g.,
cuts which have become "obsolete".

6) Further investigate the effect of the branching rules
selected and develop others, if necessary.

7.3 On Applications in Mining

Upon undertaking this research, an initial suspicion was

that, given the structure of a typical mine layout, along

with the production constraints, only a very limited number

of potentially near-optimal production schedules would be

available and the procedure, accordingly, experience only few

iterations. Given the test results, this suspicion seems, at



221

least to some degree, confirmed. During the course of a run,

a schedule is, in general, improved only two-to-four times

and the number of cuts generated are typically around two to

three. Given this, applying the procedure to a mining prob-

lem, it is noted that, typically the associated precedence

network will be of relatively low density (and complexity),

and the number of restrictions on the allowable job/machine

combinations will tend to be higher than so far implemented.

So, even though the number of jobs may be higher as well, the

computational effort required to solve such a problem may

well be within reach.

Before venturing commercial use of the procedure, however,

attention would have to be given to refining both program

structure (for speed of computation) and, especially, storage

management. In this regard it is noted that most of the com-

putational time appears spent solving the master problem (in

both the heuristic and exact phase), whereas most storage

requirement appears needed in storing the generated Benders'

cut. Hence, for overall improvement of the procedure, in

addition to what was outlined above, attention must be given

to the part of the program solving the master problem, for

improving overall speed, and to the part storing the Benders'

cuts, for improving overall storage effectiveness. Given

such improvements, the procedure would appear quite suitable

for implementation on smaller computers (for smaller prob-
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lems), micro computers and mini computers alike; either of

these when implementing the procedure by itself, and mini

computers when implementing the procedure in association with

other production—related planning systems.

Finally, further consideration should be given to

1) including an option of imposing strict range limitations
on the coal quality with respect to some or all constitu-
ents;

3) imposing time restrictions on jobs, e.g., by stating
an earliest starting time of a job;

2) introducing demand over time;

4) accounting for the stochastic nature of the coal quality.

5) analyzing the effect of assuming sequence independent
set-up costs as opposed to sequence dependent set-up
costs.

The first of these options would not seem overly complicat-

ing. In fact, it would be a constraint set of same nature as

the already imposed quality constraints. The second option

would affect the scheduling heuristics, i.e., the manner in

which jobs are allocated. Hence, this may be incorporated

fairly easily. The third option would affect the decomposi-

tion procedure and would be somewhat complicating since the

production rates are fixed entities and the production there-

fore discrete of nature. In other words, given the current

definition of the problem, meeting demand could be impos-

sible, unless stated as inequalities. Finally, including
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stochastic factors may involve either 1) a simulation proce-

dure, or 2) if possible, explicit determination of the stat-

istical distribution of the coal mix and, consequently, of

the total net present value.

Including these options in the procedure would, in all like-

lihood, necessitate the implementation of the system on a

mainframe computer or, possibly, on a mini computer.

Although flexible, and far more user friendly than a main-

frame computer and many mini computers, micro computers still

are very limited with respect to solving "real world prob-

lems“ by operations research methodologies. In fact, even

though solutions of data sets up to 100 jobs have been

obtained in the present study, the computational time

required to obtain these could quickly create disinterest in

the system. It would therefore appear that, for most practi-

cal purposes, a micro computer is too small for the present

problem.
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Appendix A: Proofs

Proof 4.1

From (4.1.3) it is found that

V(p,vo) = V(q,¢0) + V(x„vo+6q>

+ V(y,rO+6q+dx) + V(r,r0+6q+dx+dy)

V(p',T0> = V<q„¢0) + V(y,¢0+6q)

+ V(x,r0+6q+dy) + V(r,rO+6q+dy+dx),

implying that

V<p,¢0) — V(p'„¢o) = [V(x„T0+6q> + V(YrTO+6q+dx)]
— [V(y,rO+6q) + V(x,rO+6q+dy)]

= [v(y,rO+6q+dx) — V(y,r0+6q)]

— [V(x,1O+6q+dy) — V(x,rO+6q)]

= vy [f(rO+6q+dx) — f(rO+6q)]

— Vx [f(10+6q+dy) — f(r0+6q)],

using (4.1.2). Q.E.D.

Proof 4.2

V(p„vO> 2 V(p',¢0)

<=> V(p„vo) — V(p'„T0) 2 0

<=> vy [f(10+6q+dx) - f(10+6q)]

— Vx [f(rO+6q+dy) — f(rO+6q)] 2 O
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<=> Vx / [f(rO+6q) — f(rO+6q+dx)]

- vy / [f(rO+6q) — f(r0+6q+dy)] 2 O

<=> Qx(1O+6q) — Qy(1O+6q) 2 0,

using (4.1.8). Q.E.D.

Proof 4.3 (Lemma 1)

rl 11+dx
Qx(11) > Qy(v1) <=> Vx / [(1/r) — (1/r) 1

rl 11+dy
> Vy / [(1/r) - (1/r) 1

T1 T1 dx
<=> Vx / [(1/r) — (1/r) (1/r) 1

T1 Tl dy
>vy/[Cum -(U¤ (Lk) 1

dx
<=> Vx / [1 — (1/r) 1

dy
> Vy / tl — (1/r) 1

T2 T2 dx
<=> Vx / [(1/r) — (1/r) (1/r) 1

T2T2>
Vy / [(1/r) — (1/r) (1/r) 1

12 12+dx
<=> Vx / [(1/r) — (1/r) 1

12 12+dY
>Vy/[(UT) — U/U 1

<=> Qx(r2) > Qy(Tg))

and identically for the equalities. Q.E.D.
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Proof 4.4

Vx(r) + Vy(r+dx) 2 Vy(v) + Vx(r+dy)

r+d -1 r+d +d -1
<=> E

X ux/rt + E Y X uy/rt
t=T t=1+dx

r+d -1 1+d +d -1Y t XY t2 E Et=r uy/r + t=1+dy ux/r

r+dx+dy-1 r+dx+d -1
- t Y _ t<—> tif ux/r + tET+dx (uy ux)/r

1+d +d -1 1+d +d -1Y X t Y X _ t2 tET uy/r + tET+dY (ux uy)/r

= u - u - -< > ( ) g f(t) f(t) f(t)]X Y [t=1
t=T+dx t=T+dy I

where f(t) = 1/rt and T = r+dy+dx-1. In this, [] equals

1+dy-1 r+dx+dy-1 _ 1+dy-1 1+dy-1
E f(t) - E f(t) — E f(t) - E f(t+dX)t=T t=T+dX t=T t=T

1+dy-1
= E f t — f t+d .t=T [() ( x)]

Since f(t) is a decreasing function, then f(t) > f(t+dx)

for all t, and, hence, [] > O. This, again, implies that

ux -uy 2 O. Q.E.D.
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Proof 4.5

From Proof 4.2 we have

Vy [f(1O+6q+dx) — f(1O+6q)]

— Vx [f(1O+6q+dy) — f(10+6q)] 2 0

<=> Vx f(1O+6q) + vy f(1O+6q+dx)

2 Vy f(1O+6q) + Vx f(1O+6q+dy).

In this, letting 1 = 10+6q, we have

Vx f(1) + Vy f(1+dx) 2 Vy f(1) + Vx f(1+dy)

<=> Vx(1) + Vy(1+dX) 2 Vy(1) + Vx(1+dy). Q.E.D.



APPENDIX B: Testing the Scheduling Heuristics

Terminology used in the tables:

n number of jobs

m number of processors

A Algorithm: 1 - Algorithmi
2 - Algorithm2
3 - Sarin and Elmaghraby's

algorithm

B Void shifting priority (Alg. 1 only):
First - First void priority
Long - Long void priority
----- - Not applicable for

algorithm

C Job allocation priority:
Min - Minimize sum of voids
Max - Maximize sum of voids

Discount Factor = 1/(1+a), a being the discount rate.

Network density range Lowest and highest density of twenty
sets (network) of n jobs, calculated
as the number of arcs in the network
divided by n(n-1)/2 (number of ways in
which one can pair two nodes from a
set of n nodes). Also, in parenthe-
sis, the range of the number of arcs.

Average schedule value Average discounted value of twenty
sets of n jobs scheduled on m proces-
sors using a specified algorithm.

Number of best schedules Number of times solution found by a
specified algorithm corresponds to the
overall best solution found by any of
the algorithms.

Number of unique best schedules Number of times an overall best solu-
tion is found uniquely by specified
algorithm.

Average sum of voids Average sum of voids between jobs in
each of twenty sets of n jobs sche-
duled on m processors using specified
algorithm.
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n = 20 Discount Network Average Number Number Average
m = 2 Factor Density Sched. Best Unique Z voids

Range Value Sched. Best
A/B/C (X) Sched.

1/First/Min 0.900 5.3-12.1 157.92 17 2 3.70
1/First/Max (10-23) 157.92 17 3.70
1/Long /Min 157.92 17 3.70
1/Long /Max 157.92 17 3.70
2/—--—-/Min 147.53 2 0 5.65
2/-----/Max 147.53 2 5.65
3/··---/Min 156.94 17 3 5.30
3/—----/Max 156.94 17 5.30

1/First/Min 12.6-17.4 82.02 19 6 40.20
1/First/Max (24-33) 82.02 19 40.20
1/Long /Min 82.02 19 40.20
1/Long /Max 82.02 19 40.20
2/----~/Min 81.09 14 0 43.70
2/---·-/Max 81.09 14 43.70
3/-—---/Min 80.97 14 0 44.10
3/———--/Max 80.97 14 44.10

1/First/Min 0.990 5.3-12.1 769.21 16 6 2.90
1/First/Max (10-23) 769.21 16 2.90
1/Long /Min 769.21 16 2.90
1/Long /Max 769.21 16 2.902/———--/Min 758.56 2 1 3.45
2/—----/Max 758.56 2 3.45
3/----~/Min 767.71 13 2 3.90
3/·----/Max 767.71 13 3.90

1/First/Min 12.6-17.4 644.22 14 61 38.55
1/First/Max (24-33) 642.20 15 38.55
1/Long /Min 644.22 14 38.55
1/Long /Max 642.20 15 38.55
2/-·---/Min 637.89 11 4 42.50
2/-----/Max 637.89 11 2 42.50
3/-----/Min 636.24 9 1 42.25
3/-----/Max 636.84 10 41.65

1/First/Min 0.999 5.3-12.1 1097.65 16 5 3.20
1/First/Max (10-23) 1097.65 16 3.20
1/Long /Min 1097.65 16 3.20
1/Long /Max 1097.65 16 3.20
2/———--/Min 1095.60 2 1 3.50
2/··--·/Max 1095.60 2 3.50
3/——---/Min 1097.41 14 2 4.05
3/--··-/Max 1097.41 14 4.05

1/First/Min 12.6-17.4 1062.91 15 5 39.15
1/First/Max (24-33) 1062.91 16 39.35
1/Long /Min 1062.91 15 39.15
1/Long /Max 1062.91 16 39.35
2/-·-··/Min 1061.64 10 1 43.60
2/—----/Max 1061.64 10 3 43.60
3/——---/Min 1061.86 11 1 42.40
3/—·---/Max 1061.76 11 42.85

1) 5 of 1/·/· 2) 1 of 3/*/Max 3) 1 of 3/·/Max
1 of 1/-/Max
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n = 20 Discount Network Average Number Number Average
m = 3

I
Factor Density Sched. Best Unique Z voids

Range Value Sched. Best
A/B/C (X) Sched.

1/First/Min 0.900 5.3-12.1 216.12 17 71 8.95
1/First/Max (10-23) 216.10 16 10.85
1/Long /Min 216.12 17 8.95
1/Long /Max 216.10 16 10.85
2/·····/Min 208.38 4 1 13.15
2/····—/Max 208.39 3 13.40
3/·····/Min 215.41 10 2 11.95
3/·····/Max 215.38 12 14.40

1/First/Min 12.6-17.4 90.92 19 1 75.35
1/First/Max (24-33) 90.92 19 90.60
1/Long /Min 90.92 19 75.35
1/Long /Max 90.92 19 90.60
2/···——/Min 90.96 19 0 75.25
2/·····/Max 90.57 17 91.80
3/·····/Min 90.59 18 0 76.00
3/·····/Max 90.57 17 91.80

1/First/Min 0.990 5.3-12.1 853.86 16 5 9.10
1/First/Max (10-23) 853.86 16 10.90
1/Long /Min 853.86 16 9.10
1/Long /Max 853.86 16 10.90
2/·····/Min 845.17 4 22 10.85
2/··—··/Max 844.28 2 13.75
3/·····/Min 852.52 13 13 10.80
3/·····/Max 852.04 12 12.75

1/First/Min 12.6-17.4 673.94 18 24 75.35
1/First/Max (24-33) 671.70 16 90.60
1/Long /Min 673.94 18 75.35
1/Long /Max 671.70 16 90.60
2/····—/Min 671.60 17 0 77.15
2/·····/Max 671.60 17 92.95
3/·····/Min 670.66 18 0 76.85
3/·····/Max 670.68 17 91.80

1/First/Min 0.999 5.3-12.1 1111.00 15 3 9.35
1/First/Max (10-23) 1111.00 15 10.95
1/Long /Min 1111.00 14 9.35
1/Long /Max 1111.00 14

5 10.95
2/·····/Min 1109.49 6 3 11.70
2/·····/Max 1109.35 4 15.15
3/·····/Min 1110.76 14 16 11.35
3/·····/Max 1110.74 11 13.00

1/First/Min 12.6-17.4 1068.90 18 27 75.35
1/First/Max (24-33) 1068.86 17 90.60
1/Long /Min 1068.90 18 75.35
1/Long /Max 1068.86 17 90.60
2/···--/Min 1068.63 17 0 76.40
2/-----/Max 1068.63 17 92.203/·——··/Min

1068.64 18 0 76.40
3/·····/Max 1068.65 18 91.80

1) 6 of 1/·/· 3) 1 of 3/*/Min 5) 2 of 2/*/* 7) 1 of 1/*/*
1 of 1/*/Min 1 of 2/*/Min 1 of 1/*/Min

4) 1 of 1/*/*
2) 1 of 2/*/* 1 of 1/*/Min 6) 1 of 3/*/Min

1 of 2/*/Min
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n = 25 Discount Network Average Number Number Average
m = 2 Factor Density Sched. Best Unique Z voids

Range Value Sched. Best
A/B/C (X) Sched.

1/First/Min 0.900 5.7-9.7 160.98 16 81 13.75
1/First/Max (17-29) 160.98 16 13.75
1/Long /Min 160.96 15 13.25
1/Long /Max 160.96 15 13.25
2/·····/Min 151.87 4 0 17.25
2/·---·/Max 151.87 4 17.25
3/·—···/Min 161.21 12 3 13.50
3/·····/Max 161.21 12 13.50

1/First/Min 10.7-14.7 82.08 16 5 49.30
1/First/Max (32-44) 82.08 16 49.30
1/Long /Min 82.08 16 49.30
1/Long /Max 82.08 16 49.30
2/·····/Min 81.92 14 1 52.25
2/·····/Max 81.92 14 52.25
3/···—-/Min 81.89 14 0 52.55
3/···--/Max 81.89 14 52.55

1/First/Min 0.990 5.7-9.7 833.30 13 112 11.90
1/First/Max (17-29) 833.30 13 11.90
1/Long /Min 833.54 13 11.40
1/Long /Max 833.54 13 11.40
2/·····/Min 811.92 4 2 16.75
2/···--/Max 811.92 4 16.75
3/·····/Min 831.18 7 3 15.55
3/···—·/Max 830.25 7 15.55

1/First/Min 10.7-14.7 706.28 15 7 50.30
1/First/Max (32-44) 705.39 15 50.60
1/Long /Min 706.28 15 50.30
1/Long /Max 705.39 15 50.60
2/—·-—-/Min 704.85 11 3 52.85
2/·····/Max 704.85 11 3 52.85
3/····-/Min 701.23 9 1 54.50
3/···--/Max 685.73 8 54.60

1/First/Min 0.999 5.7-9.7 1312.30 14 114 11.90
1/First/Max (17-29) 1312.30 14 11.90
1/Long /Min 1312.38 14 11.40
1/Long /Max 1312.38 14 11.40
2/····-/Min 1309.42 3 1 16.40
2/·····/Max 1309.42 3 16.40
3/···--/Min 1312.00 8 3 14.75
3/—··--/Max 1308.85 8 14.75

1/First/Min 10.7-14.7 1293.23 13 6 51.20
1/First/Max (32-44) 1265.32 14 50.15
1/Long /Min 1293.23 13 51.20
1/Long /Max 1265.32 14 50.15
2/···—-/Min 1292.97 11 2 53.152/——·——/Max 1292.97 11 53.15
3/····—/Min 1292.54 10 0 53.85
3/····-/Max 1270.45 10 52.90

1) 7 of 1/ · /· 3) 1 of 3/·/Min
1 of 1/First/·

4) 10 of 1/ · /·
2) 10 of 1/ · /· 1 of 1/First/·

1 of 1/First/-
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n = 25 Discount Network Average Number Number Average
m = 3 Factor Density Sched. Best Unique E voids

Range Value Sched. Best
A/B/C (X) Sched.

1/First/Min 0.900 5.7-9.7 213.37 16 101 39.30
1/First/Max (17-29) 213.37 16 43.00
1/Long /Min 213.24 15 39.75
1/Long /Max 212.97 13 43.00
2/·····/Min 205.70 2 0 35.70
2/·····/Max 201.55 2 42.55
3/····'/Min 212.60 8 32 44.20
3/·····/Max 212.22 8 49.45

1/First/Min 10.7-14.7 89.23 18 33 98.75
1/First/Max (32-44) 89.23 19 126.00
1/Long /Min 89.23 18 98.75
1/Long /Max 89.23 20 126.00
2/·····/Min 88.88 17 0 99.95
2/·····/Max 87.18 14 128.70
3/·····/Min 87.54 16 0 101.25
3/—···-/Max 87.18 14 128.70

1/First/Min 0.990 5.7-9.7 930.79 12 74 37.10
1/First/Max (17-29) 929.53 11 40.20
1/Long /Min 930.54 11 37.55
1/Long /Max 929.16 10 40.20
2/·····/Min 917.96 4 35 43.00
2/·····/Max 920.72 6 42.00
3/··*··/Min 927.28 8 46 40.65
3/·····/Max 923.35 6 46.10

1/First/Min 10.7-14.7 747.97 19 1 98.25
1/First/Max (32-44) 740.84 16 123.70
1/Long /Min 747.97 19 98.25
1/Long /Max 743.14 17 123.70
2/···——/Min 743.29 17 D 100.85
2/···—-/Max 742.81 15 128.05
3/···——/Min 741.63 15 0 101.95
3/···—-/Max 722.57 11 124.85

1/First/Min 0.999 5.7-9.7 1329.56 12 77 37.70
1/First/Max (17-29) 1326.37 11 40.80
1/Long /Min 1329.50 11 38.15
1/Long /Max 1326.32 10 40.80
2/·····/Min 1328.26 5 48 41.95
2/·····/Max 1328.40 7 41.80
3/·····/Min 1329.10 7 39 41.25
3/·····/Max 1325.42 5 46.40

1/First/Min 10.7-14.7 1302.41 19 3 97.60
1/First/Max (32-44) 1279.64 16 123.15
1/Long /Min 1302.41 19 97.60
1/Long /Max 1279.64 16 123.15
2/····-/Min 1301.52 17 1 100.85
2/·····/Max 1301.44 15 128.05
3/·····/Min 1301.30 15 0 101.00
3/·····/Max 1278.59 11 126.30

footnotes on next page
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1) 7 of 1/ - /- 5) 1 of 2/-/-
1 of 1/First/- 2 of 2/-/Max
2 of 1/First/- + of 1/Long/Min

6) 2 of 3/-/-
2) 1 of 3/-/- 2 of 3/-/Min

1 of 3/-/Min
1 of 3/-/Max 7) 6 of 1/ - /-

1 of 1/First/—
3) 2 of 1/-/-

1 of 1/-/Max 8) 2 of 2/-/-
2 of 2/-/Max

4) 6 of 1/ - /-
1 cf 1/First/- 9) 1 of 3/-/-

2 of 3/-/Min
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n = 25 Discount Network Average Number Number Average
m = 4

I
Factor Density Sched. Best Unique E voids

Range Value Sched. Best
A/B/C (X) Sched.

1/First/Min 0.900 5.7-9.7 250.74 16 5 60.40
1/First/Max (17-29) 250.74 16 78.15
1/Long /Min 250.68 16 60.60
1/Long /Max 250.51 14 78.20
2/····*/Min 243.86 9 21 53.80
2/·····/Max 242.46 4 73.70
3/···—-/Min 249.39 12 1 61.25
3/·····/Max 248.74 10 77.65

1/First/Min 10.7-14.7 90.31 20 0 117.85
1/First/Max (32-44) 90.31 20 198.95
1/Long /Min 90.31 20 117.85
1/Long /Max 90.31 20 198.95
2/···——/Min 90.31 20 0 117.85
2/·—·--/Max 90.31 20 198.15
3/·····/Min 89.06 19 0 118.75
3/···--/Max 88.95 19 199.40

1/First/Min 0.990 5.7-9.7 973.51 14 62 56.50
1/First/Max (17-29) 972.30 13 72.40
1/Long /Min 973.34 12 56.50
1/Long /Max 972.25 12 72.25
2/·····/Min 966.68 6 43 59.95
2/·····/Max 966.64 5 74.30
3/·····/Min 972.09 7 24 59.45
3/·····/Max 971.06 6 73.25

1/First/Min 10.7-14.7 753.57 20 1 119.35
1/First/Max (32-44) 749.26 18 196.25
1/Long /Min 753.57 20 119.85
1/Long /Max 749.26 18 196.25
2/·····/Min 752.68 19 0 121.55
2/····—/Max 751.13 17 199.80
3/···—·/Min 752.62 18 0 120.25
3/·····/Max 729.79 15 195.35

1/First/Min 0.999 5.7-9.7 1336.29 14 75 57.15
1/First/Max (17-29) 1333.05 13 72.50
1/Long /Min 1336.26 12 57.15
1/Long /Max 1333.06 12 72.25
2/·····/Min 1335.30 7 56 60.15
2/·····/Max 1335.33 6 73.90
3/·····/Min 1336.14 5 17 59.80
3/·····/Max 1332.77 6 74.15

1/First/Min 10.7-14.7 1303.54 20 1 118.70
1/First/Max (32-44) 1280.89 18 194.40
1/Long /Min 1303.54 20 118.70
1/Long /Max 1280.89 18 194.40
2/·····/Min 1303.43 19 0 121.55
2/·····/Max 1303.11 17 199.80
3/··‘··/Min 1303.42 18 0 119.60
3/——·--/Max 1280.49 17 194.85

Footnotes on next page
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1) 2 of 2/·/Min 5) 6 of 1/ · /·
1 of 1/First/· + of 1/Long/Max

2) 5 of 1/ · /·
1 of 1/First/- + of 1/Long/Max 6) 1 of 2/·/·

2 of 2/-/Min
3) 2 of 2/·/Min 2 of 2/-/Max

2 of 2/-/Max
7) 1 of 3/·/Min

4) 1 of 3/·/·
1 of 3/·/Min
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n = 30 Discount Network Average Number Number Average
m = 2 Factor Density Sched. Best Unique E voids

Range Value Sched. Best
A/B/C (X) Sched.

1/First/Min 0.900 5.1-8.0 161.30 18 12 7.65
1/First/Max (22-35) 161.30 18 7.65
1/Long /Min 161.30 18 7.65
1/Long /Max 161.30 18 7.65
2/-—---/Min 152.62 0 0 12.70
2/—----/Max 152.62 0 12.70
3/·——--/Min 160.49 8 2 15.65
3/·—·-·/Max 160.49 8 15.65

1/First/Min 8.7-12.6 78.17 19 10 77.90
1/First/Max (38-55) 78.17 19 77.90
1/Long /Min 78.17 19 77.90
1/Long /Max 78.17 19 77.90
2/·····/Min 78.02 10 0 82.40
2/—----/Max 78.02 10 82.40
3/·····/Min 78.02 10 0 82.40
3/·----/Max 78.02 10 82.40

1/First/Min 0.990 5.1-8.0 942.20 18 17 2.90
1/First/Max (22-35) 942.20 18 2.90
1/Long /Min 942.20 18 2.90
1/Long /Max 942.20 18 2.90
2/··——-/Min 914.98 2 2 7.55
2/—-—--/Max 914.98 2 7.55
3/—-—--/Min 933.54 1 0 10.35
3/-----/Max 933.03 1 10.35

1/First/Min 8.7-12.6 751.73 14 91 75.40
1/First/Max (38-55) 731.18 12 68.70
1/Long /Min 751.73 14 75.40
1/Long /Max 731.18 12 68.70
2/··---/Min 746.82 10 1 79.40
2/··---/Max 746.82 10 79.40
3/····-/Min 747.27 10 0 78.50
3/-----/Max 726.86 9 71.50

1/First/Min 0.999 5.1-8.0 1572.77 19 18 2.80
1/First/Max (22-35) 1572.77 19 2.80
1/Long /Min 1572.77 19 2.80
1/Long /Max 1572.77 19 2.80
2/·————/Min 1567.78 1 1 8.25
2/-—---/Max 1567.78 1 8.25
3/--··-/Min 1570.81 1 0 10.05
3/---·-/Max 1570.81 1 10.05

1/First/Min 8.7-12.6 1509.06 15 92 75.00
1/First/Max (38-55) 1472.64 13 73.60
1/Long /Min 1509.06 15 75.00
1/Long /Max 1472.64 13 73.60
2/·----/Min 1507.04 9 1 79.40
2/-----/Max 1507.04 9 79.40
3/——---/Min 1506.83 8 0 79.70
3/··---/Max 1447.09 9 76.60

1) 8 of 1/*/*
1 of 1/·/Min

2) 7 of 1/-/-
2 of 1/·/Min
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n = 30 Discount Network Average Number Number Average
m = 3 Factor Density Sched. Best Unique E voids

Range Value Sched. Best
A/B/C (X) Sched.

1/First/Min 0.900 5.1-8.0 220.21 18 131 31.65
1/First/Max (22-35) 220.21 18 32.95
1/Long /Min 220.20 17 31.70
1/Long /Max 220.18 17 33.25
2/·····/Min 212.76 3 12 37.50
2/·····/Max 212.56 1 40.90
3/···--/Min 219.82 6 0 37.75
3/—----/Max 219.67 5 41.95

1/First/Min 8.7-12.6 82.87 19 4 145.60
1/First/Max (38-55) 82.87 19 162.55
1/Long /Min 82.87 19 145.60
1/Long /Max 82.87 19 162.55
2/·····/Min 82.59 15 0 146.00
2/-----/Max 82.48 12 164.15
3/·····/Min 82.59 15 0 146.00
3/···--/Max 82.48 12 164.15

1/First/Min 0.990 5.1-8.0 1086.26 12 93 22.50
1/First/Max (22-35) 1086.26 12 23.65
1/Long /Min 1085.90 11 22.45
1/Long /Max 1085.50 11 23.85
2/···--/Min 1067.93 3 44 27.55
2/···--/Max 1065.84 4 28.85
3/-··--/Min 1083.66 5 45 26.45
3/·····/Max 1079.05 4 31.00

1/First/Min 8.7-12.6 803.99 18 4 147.65
1/First/Max (38-55) 793.46 17 153.45
1/Long /Min 803.99 18 147.65
1/Long /Max 793.46 17 153.45
2/····-/Min 802.32 16 0 147.65
2/—----/Max 802.11 13 163.45
3/····-/Min 802.32 16 0 147.65
3/···--/Max 778.68 12 151.10

1/First/Min 0.999 5.1-8.0 1600.38 11 96 24.40
1/First/Max (22-35) 1600.38 11 25.25
1/Long /Min 1600.36 12 24.35
1/Long /Max 1600.27 12 25.45
2/··—--/Min 1597.48 5 67 30.35
2/-··—-/Max 1597.03 4 33.10
3/·····/Min 1599.86 4 28 28.15
3/·---~/Max 1599.66 4 30.55

1/First/Min 8.7-12.6 1522.41 16 3 147.65
1/First/Max (38-55) 1460.21 16 158.75
1/Long /Min 1522.41 16 147.65
1/Long /Max 1460.21 16 158.75
2/—----/Min 1522.23 16 0 147.65
2/-----/Max 1522.19 12 163.45
3/·····/Min 1522.41 17 1 147.05
3/···-·/Max 1460.01 12 159.40

Footnotes on next page
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1) 12 of 1/ · /- 5) 2 of 3/-/Min
1 cf 1/First/· + of 1/Long/Max 2 of 3/-/Max

2) 1 of 2/-/Min 6) 8 of 1/-/-
1 of 1/-/Max

3) 8 of 1/ - /-
1 of 1/First/- 7) 1 of 2/-/-

3 of 2/-/Hin
4) 1 of 2/-/- 2 of 2/·/Max

1 of 2/-/Min
2 of 2/-/Max 8) 1 of 3/-/Min

1 of 3/-/Hax
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n = 30 Discount Network Average Number Number Average
m = 4

®
Factor Density Sched. Best Unique 2 voids

Range Value Sched. Best
A/B/C (X) Sched.

1/First/Min 0.900 5.1-8.0 267.74 12 71 50.85
1/First/Max (22-35) 267.74 12 66.70
1/Long /Min 267.74 12 50.85
1/Long /Max 267.75 13 66.40
2/··——-/Min 261.83 4 2 53.60
2/·····/Max 260.72 4 69.70
3/·----/Min 266.76 10 52 56.85
3/-----/Max 266.28 7 72.30

1/First/Min 8.7-12.6 83.78 19 0 192.75
1/First/Max (38-55) 83.78 19 262.55
1/Long /Min 83.78 19 192.75
1/Long /Max 83.78 19 262.55
2/-----/Min 83.78 20 0 192.35
2/-----/Max 83.54 18 262.10
3/·----/Min 83.78 20 0 192.35
3/--~--/Max 83.54 18 262.10

1/First/Min 0.990 5.1-8.0 1157.93 13 93 47.90
1/First/Max (22-35) 1157.98 14 57.35
1/Long /Min 1157.93 13 47.90
1/Long /Max 1156.73 12 58.15
2/-----/Min 1146.47 3 24 50.10
2/—----/Max 1141.45 4 61.40
3/——·--/Min 1154.54 7 45 53.80
3/-·-··/Max 1152.68 6 63.80

1/First/Min 8.7-12.6 811.06 19 1 191.45
1/First/Max (38-55) 800.53 18 250.65
1/Long /Min 811.06 19 191.45
1/Long /Max 800.53 18 250.65
2/-—---/Min 809.97 19 0 191.05
2/--··-/Max 809.69 17 262.10
3/···--/Min 809.87 19 0 191.05
3/-----/Max 786.21 15 244.10

1/First/Min 0.999 5.1-8.0 1612.12 12 86 48.90
1/First/Max (22-35) 1612.12 12 58.35
1/Long /Min 1612.12 12 48.90
1/Long /Max 1611.92 10

7
59.15

2/··-·-/Min 1610.46 3 3 51.20
2/-----/Max 1609.99 5 8 61.85
3/———--/Min 1611.50 5 5 55.20
3/·····/Max 1611.64 8 62.80

1/First/Min 8.7-12.6 1523.88 19 1 191.45
1/First/Max (38-55) 1461.44 18 253.10
1/Long /Min 1523.88 19 191.45
1/Long /Max 1461.44 18 253.10
2/-—---/Min 1523.71 19 0 191.05
2/——---/Max 1523.67 17 262.10
3/·-·--/Min 1523.71 19 0 191.05
3/--—--/Max 1461.24 16 252.65

Footnotes on next page



252

1) 6 of 1/ - /- 5) 3 of 3/-/Min
1 of 1/Long/Max 1 of 3/-/Max

2) 1 of 3/-/- 6) 6 of 1/ - /-
3 of 3/-/Min 2 of 1/First/- + of 1/Long/Min
1 of 3/-/Max

7) 1 of 2/-/-
3) 6 of 1/ · /- 1 of 2/-/Min

1 of 1/ · /Max 1 of 2/·/Max
2 of 1/First/- + of 1/Long/Min

8) 1 of 3/-/Min
4) 1 of 2/-/Min 4 of 3/·/Max

1 of 2/-/Max
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n = 35 Discount Network Average Number Number Average
m = 3 Factor Density Sched. Best Unique E voids

Range Value Sched. Best
A/B/C (X) Sched.

1/First/Min 0.900 5.0-7.4 208.80 14 91 36.65
1/First/Max (30-44) 208.80 13 39.15
1/Long /Min 208.80 14 36.65
1/Long /Max 208.15 12 39.75
2/-—·--/Min 198.63 1 12 45.15
2/···--/Max 198.92 1 48.50
3/-·---/Min 208.26 9 53 48.35
3/···--/Max 208.29 8 50.25

1/First/Min 7.9-10.9 83.90 20 2 166.55
1/First/Max (47-65) 83.90 20 186.90
1/Long /Min 83.90 20 166.55
1/Long /Max 83.90 20 186.90
2/—··--/Min 83.90 18 0 168.05
2/···--/Max 83.17 14 189.10
3/·····/Min 83.90 18 0 168.05
3/——·--/Max 83.17 14 189.10

1/First/Min 0.990 5.0-7.4 1115.30 12 104 30.70
1/First/Max (30-44) 1115.30 12 31.35
1/Long /Min 1113.72 8 31.15
1/Long /Max 1113.70 9 31.80
2/···--/Min 1101.03 4 55 39.90
2/····-/Max 1096.97 5 41.45
3/—··--/Min 1108.89 4 36 41.45
3/—----/Max 1098.52 2 38.95

1/First/Min 7.9-10.9 852.95 19 3 165.50
1/First/Max (47-65) 849.83 16 185.85
1/Long /Min 852.95 19 165.50
1/Long /Max 849.83 16 185.85
2/——---/Min 850.59 16 0 168.00
2/··---/Max 849.77 12 188.80
3/·----/Min 850.44 17 0 168.60
3/—··--/Max 846.51 10 189.40

1/First/Min 0.999 5.0-7.4 1760.93 12 107 29.95
1/First/Max (30-44) 1760.95 12 30.60
1/Long /Min 1760.57 9 30.40
1/Long /Max 1760.56 9 8 31.20
2/----·/Min 1757.58 3 4 42.65
2/-—---/Max 1757.09 5 43.10
3/····-/Min 1759.57 3 39 39.65
3/-·---/Max 1707.30 3 38.05

1/First/Min 7.9-10.9 1749.97 19 3 165.35
1/First/Max (47-65) 1741.75 16 185.85
1/Long /Min 1749.97 19 165.35
1/Long /Max 1741.75 16 185.85
2/-----/Min 1749.30 17 0 168.00
2/—----/Max 1749.14 13 188.80
3/··-·-/Min 1749.22 17 0 168.45
3/--··-/Max 1740.71 9 189.25

Footnotes on next page
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1) 8 of 1/ - /- 5) 2 of 2/-/-
1 of 1/First/· + of 1/Long/Min 1 of 2/-/Min

2 of 2/-/Max
2) 1 of 2/-/Max

6) 3 of 3/·/Min
3) 2 of 3/-/-

2 of 3/-/Min 7) 7 of 1/ · /-
1 of 3/-/Max 2 of 1/First/-

1 of 1/First/- + of 1/Long/Min/·
4) 7 of 1/ · /-

3 of 1/First/- 8) 2 of 2/-/-
2 of 2/-/Max

9) 3 of 3/-/Min
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n = 35 Discount Network Average Nurber Nunber Average
m = 4 Factor Density Sched. Best Unique E voids

Range Value Sched. Best
A/B/C (Z) Sched.

1/First/Min 0.900 5.0-7.4 250.59 18 111 64.20
1/First/Max (30-44) 250.59 18 80.80
1/Long /Min 250.22 17 64.60
1/Long /Max 250.22 17 81.20
2/·····/Min 241.14 3 0 68.90
2/·····/Max 240.85 3 82.00
3/··''·/Min 248.82 7 22 66.95
3/·····/Max 249.22 8 82.05

1/First/Min 7.9-10.9 86.03 20 0 214.65
1/First/Max (47-65) 86.03 20 313.00
1/Long /Min 86.03 20 214.65
1/Long /Max 86.03 20 313.00
2/··'··/Min 86.03 20 0 214.80
2/-----/Max 86.03 20 311.95
3/···——/Min 86.03 20 0 214.80
3/···--/Max 86.03 20 311.95

1/First/Hin 0.990 5.0-7.4 1191.73 11 83 62.85
1/First/Max (30-44) 1191.73 11 74.35
1/Long /Min 1192.45 12 61.85
1/Long /Max 1191.90 10 73.35
2/—··--/Min 1184.06 4 44 64.95
2/-·---/Max 1182.06 4 75.80
3/··—--/Min 1190.64 5 35 63.95
3/-----/Max 1178.23 5 75.05

1/First/Min 7.9-10.9 855.67 20 1 224.50
1/First/Max (47-65) 852.60 18 311.95
1/Long /Min 855.67 20 224.50
1/Long /Max 852.60 18 311.95
2/···--/Min 855.66 19 0 221.70
2/··---/Max 855.66 18 311.95
3/·····/Min 855.66 19 0 225.00
3/-----/Max 852.56 15 311.95

1/First/Min 0.999 5.0-7.4 1774.82 9 66 62.30
1/First/Max (30-44) 1774.82 9 73.35
1/Long /Min 1775.03 11 61.00
1/Long /Max 1775.01 11 71.45
2/·····/Min 1773.90 8 67 63.90
2/-----/Max 1773.26 5 8 76.80
3/··---/Min 1774.45 4 1 64.10
3/-----/Max 1721.54 5 76.10

1/First/Min 7.9-10.9 1750.77 19 1 224.50
1/First/Max (47-65) 1742.66 18 311.95
1/Long /Min 1750.77 19 224.50
1/Long /Max 1742.66 18 9 311.95
2/-----/Min 1750.77 18 1 221.70
2/·—---/Max 1750.77 18 311.953/————-/Min 1750.77 18 0 225.00
3/·—··-/Max 1742.66 16 311.95

Footnotes on next page
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1) 10 of 1/ * /· 5) 2 of 3/*/Hin
1 of 1/First/- 1 of 3/-/Max

2) 1 of 3/*/Min 6) 5 of 1/*/*
1 of 3/·/Max 1 of 1/-/Max

3) 5 of 1/ * /* 7) 2 of 2/*/*
1 of 1/Long /- 3 of 2/-/Min
2 of 1/First/- + of 1/Long/Min 1 of 2/-/Max

4) 2 of 2/·/Min 8) 1 of 3/*/Min
2 of 2/*/Max

9) 1 of 2/-/Max



APPENDIX C: Testing the Decomposition Procedure
(PR 6 [25,50])

The terminology used is as follows:

m Number of processors.

A Network density (as calculated in Appendix B) and num-
ber of arcs in network, the latter in parenthesis.

B Value of current best schedule -- at time of first
exact iteration -- in percent of final value.

C Number of heuristic iterations (incl. initialization)
before first exact iteration.

D Number of heuristic iterations (incl. initialization)
-- before first exact iteration -— with improving upper
bound and improving current best schedule, the latter
in parenthesis.

E Number of heuristic iterations (incl. initialization)
after first exact iteration, if any.

F Number of heuristic iterations (incl. initialization)—- after first exact iteration -— with improving upper
bound and improving current best schedule, if any; the
latter in parenthesis.

G Total number of iterations after, and including, first
exact iteration

H Number of exact iterations with improving upper bound
and improving current best schedule (the latter in par-
enthesis) after, and including, first exact iteration.

I Number of nodes investigated in branch-and—bound
scheme.

J Average number of subgradient iterations at nodes
investigated.
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8=2 a=1

m A B C D E F G H I J

2 17.4(33) 100 3 2(2) 1 0(0) 1 2
11.1(21) 100 2 1(1) 1 0(0) 2 1
15.3(29) 100 3 2(1) 1 0(0) 1 2
13.7(26) 100 3 2(1) 1 0(0) 1 2
12.1(23) 100 2 2(1) 1 0(0) 1 1
l5.2(29) 100 3 2(1) 1 O(0) 1 2
17.4(33) 100 3 2(1) 1 O(0) 1 2
14.2(27) 100 3 2(2) 1 0(0) 1 2
13.7(26) 100 3 2(2) 1 0(0) 1 2
14.2(27) 100 3 2(2) 1 0(0) 2 2

3 17.4(33) 100 2 1(1) 1 0(0) 1 1
l1.1(21) 100 2 1(l) 1 0(0) 2 1
15.3(29) 100 2 2(1) 1 0(0) 1 1
13.7(26) 100 2 1(1) 1 0(0) 1 1
12.1(23) 100 2 2(1) 1 0(0) 1 1
l5.2(29) 100 2 2(1) 1 O(0) 1 1
17.4(33) 100 3 2(1) 1 0(0) 1 2
14.2(27) 100 3 2(2) 1 0(0) 1 2
13.7(26) 100 2 1(1) 1 0(0) 1 1
14.2(27) 100 2 2(1) 1 0(0) 2 1
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9=2 0z=1

m A B C D E F G H I J

2 10.1(44) 100 3 2(1) 1 0(O) 1 2
9.4(41) 100 3 2(1) 1 0(O) 1 2
6.7(42) 100 3 2(1) 1 0(O) 1 2

11.5(50) 100 3 2(2) 1 0(O) 1 2
10.1(44) 100 3 2(2) 1 0(O) 2 2
9.0(39) 100 2 1(1) 1 0(O) 1 1

11.3(49) 100 3 2(2) 1 0(O) 1 2
9.9(43) 100 3 2(1) 1 0(O) 1 2

10.3(45) 100 2 1(1) 1 0(O) 1 1
10.6(46) 100 3 2(2) 1 0(O) 2 2

3 10.1(44) 100 2 1(1) 1 0(O) 1 1
9.4(41) 100 2 1(1) 1 0(O) 1 1
6.7(42) 100 3 2(1) 1 0(O) 1 2

11.5(50) 100 3 2(2) 1 0(O) 1 2
10.1(44) 100 3 2(2) 1 0(O) 2 2
9.0(39) 100 2 2(1) 1 0(O) 1 1

11.3(49) 100 3 2(1) 1 0(O) 1 2
9.9(43) 100 3 2(1) 1 0(O) 1 2

10.3(45) 100 2 2(1) 1 0(O) 1 1
10.6(46) 100 3 2(2) 1 0(O) 2 2

4 10.1(44) 100 2 1(1) 1 0(O) 1 1
9.4(41) 100 2 1(1) 1 0(O) 1 1
6.7(42) 100 3 2(2) 1 0(O) 1 2

11.5(50) 100 3 2(2) 1 0(O) 1 2
10.1(44) 100 3 2(2) 1 0(O) 2 2
9.0(39) 100 2 1(1) 1 0(O) 1 1

11.3(49) 100 3 2(1) 1 0(O) 1 2
9.9(43) 100 2 1(1) 1 0(O) 1 1

10.3(45) 100 2 1(1) 1 0(O) 1 1
10.6(46) 100 2 1(1) 1 0(O) 2 1
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a=0.5% €b=0.1% €p=0.1% 8=2 a=1

m A B C D E F G H I J

2 9.7(76) 100 3 2(2) 1 0(0) 1 2
6.4(50) 100 3 2(2) 1 0(0) 2 1(O) 3 141§
8.7(68) 100 3 2(1) 1 0(0) 2 1(1) 1 8
9.1(71) 100 3 2(2) 1 0(0) 1 2
9.0(70) 100 3 2(2) 1 0(0) 1 2
8.2(64) 100 3 2(2) 1 0(0) 1 2
9.2(72) 100 3 2(2) 1 0(0) 1 2
6.8(53) 100 2 2(1) 1 O(O) 1 1
7.4(58) 100 3 2(2) 1 0(0) 2 1(O) 1 6
6.7(52) 100 2 1(1) 1 0(0) 1 1

3 9.7(76) 100 3 2(2) 1 0(0) 1 2
6.4(50) 100 2 1(1) 1 O(O) 3 1
8.7(68) 100 3 2(2) 1 0(0) 1 2
9.1(71) 100 3 2(2) 1 O(O) 1 2
9.0(70) 100 2 2(1) 1 0(0) 1 1
8.2(64) 100 2 1(l) 1 0(0) 1 1
9.2(72) 100 3 2(2) 1 O(O) 1 2
6.8(53) 100 2 2(1) 1 0(0) 1 1
7.4(58) 100 2 1(1) 1 0(0) 1 1
6.7(52) 100 2 1(1) 1 0(0) 1 1

4 9.7(76) 100 3 2(2) 1 0(0) 1 2
6.4(50) 100 2 1(1) 1 0(0) 3 1
8.7(68) 100 3 2(2) 1 O(O) 1 2
9.1(71) 100 3 2(2) 1 0(0) 1 2
9.0(70) 100 2 2(1) 1 0(0) 1 1
8.2(64) 100 2 2(1) 1 0(0) 1 1
9.2(72) 100 3 2(2) 1 0(0) 1 2
6.8(53) 100 2 2(1) 1 O(O) 1 1
7.4(58) 100 2 1(1) 1 0(0) 1 1
6.7(52) 100 2 1(1) 1 0(0) 1 1

§ With cb = 1% this value is 5.
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8=2 a=1

m A B C D E F G H I J

2 7.8(95) 100 3 2(2) 1 0(O) 1 2
6.9(85) 100 3 2(2) 1 0(O) 1 2
6.2(76) 100 3 2(2) 1 0(O) 1 2
6.7(82) 100 3 2(2) 1 0(O) 1 2
8.3(102) 100 3 2(2) 1 0(O) 1 2
7.3(90) 100 3 2(2) 1 0(O) 1 2
6.4(79) 100 3 2(2) 1 0(O) 1 2
6.4(79) 100 3 2(1) 1 0(O) 1 2
5.9(72) 99.9 3 2(2) 2 0(O) 3 2(1) 4 14
5.7(70) 100 3 2(2) 1 0(O) 1 2

3 7.8(95) 100 3 2(2) 1 0(O) 1 2
6.9(85) 100 2 1(1) 1 0(O) 1 1
6.2(76) 100 2 1(1) 1 0(O) 1 1
6.7(82) 100 3 2(2) 1 0(O) 1 2
8.3(102) 100 3 2(1) 1 0(O) 1 2
7.3(90) 100 3 2(2) 1 0(O) 1 2
6.4(79) 100 2 1(1) 1 0(O) 1 1
6.4(79) 100 3 2(1) 1 0(O) 1 2
5.9(72) 100 3 2(2) 1 0(O) 2 1(O) 4 4
5.7(70) 100 3 2(2) 1 0(O) 1 2

4 7.8(95) 100 3 2(2) 1 0(O) 1 2
6.9(85) 100 2 1(1) 1 0(O) 1 1
6.2(76) 100 2 1(1) 1 0(O) 1 1
6.7(82) 100 2 1(1) 1 0(O) 1 1
8.3(102) 100 2 1(1) 1 0(O) 1 1
7.3(90) 100 2 1(1) 1 0(O) 1 1
6.4(79) 100 2 1(1) 1 0(O) 1 1
6.4(79) 100 2 1(1) 1 0(O) 1 1
5.9(72) 100 3 2(2) 1 0(O) 4 2
5.7(70) 100 2 1(1) 1 0(O) 1 1
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a=O.5% 6b=O.1% €p=O.1% 8=2 a=1

m A B C D E F G H I J

2 4.3(120) 100 3 2(2) 1 0(O) 1 2
4.5(124) 100 3 2(2) 1 0(O) 1 2
4.1(114) 100 3 2(2) 1 0(O) 1 2

§ 5.3(148)
4.3(120) 98.7 3 2(2) 1 0(O) 2 1(1) 1 6
4.9(135) 100 3 2(2) 1 0(O) 1 2
4.6(127) 100 3 2(2) 1 0(0) 1 2
4.5(124) 100 3 2(1) 1 0(O) 1 2
5.0(140) 100 3 2(2) 1 0(O) 1 2
4.5(124) 100 3 2(2) 1 0(O) 1 2

3 4.3(120) 100 3 2(2) 1 0(O) 1 2
4.5(124) 100 3 2(2) 1 0(O) 1 2
4.1(114) 100 2 1(1) 1 0(O) 1 1

§ 5.3(l48)
4.3(120) 100 3 2(2) 1 0(O) 1 2
4.9(135) 100 3 2(2) 1 0(O) 1 2
4.6(127) 100 3 2(2) 1 0(O) 1 2
4.5(124) 100 3 2(2) 1 0(O) 1 2
5.0(140) 100 3 2(1) 1 0(O) 1 2
4.5(124) 100 2 1(1) 1 0(O) 1 1

4 4.3(120) 100 2 1(1) 1 0(O) 1 1
4.5(124) 100 3 2(2) 1 0(O) 1 2
4.1(114) 100 2 1(1) 1 0(O) 1 1
5.3(148) 100 4 3(2) 1 0(O) 1 17
4.3(120) 100 2 1(1) 1 0(O) 1 1
4.9(135) 100 3 2(1) 1 0(O) 1 2
4.6(127) 100 3 2(2) 1 0(O) 1 2
4.5(124) 100 2 1(1) 1 0(O) 1 1
5.0(140) 100 3 2(1) 1 0(O) 1 2
4.5(124) 100 2 1(1) 1 0(0) 1 1

§ Not completed due to storage capacity problems.
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8=2 a=1

m A B C D E F G H I J

3 4.0(199) 100 3 2(2) 1 0(O) 1 2
5.1(253) 100 3 2(2) 1 0(O) 1 2
4.8(236) 100 3 2(2) 1 0(O) 1 2
3.6(180) 100 3 2(2) 1 0(O) 1 2
4.5(223) 100 4 3(1) 1 0(O) 1 17

4 4.0(199) 100 3 2(1) 1 0(O) 1 2
5.1(253) 100 2 1(1) 1 0(O) 1 1
4.8(236) 100 3 2(1) 1 0(O) 1 2
3.6(180) 100 2 1(1) 1 0(O) 1 1
4.5(223) 100 3 2(2) 1 0(O) 1 2

5 4.0(199) 100 3 2(2) 1 0(O) 1 2
5.1(253) 100 2 1(1) 1 0(O) 1 1
4.8(236) 100§ 3 2(2) 1 0(O) 1 2
3.6(180) 100 2 1(1) 1 0(O) 1 1
4.5(223) 100 3 2(2) 1 0(O) 1 2

§ Exact phase determines fractionally improving schedule.



APPENDIX D: Testing the nacomposition Procedure
(PR G [50,90])

The terminology used is as in Appendix C.

a=0.5% Gb=0.1% Gp=0.1% 6=2 a=1

m A B C D E F G H I J

2 10.1(44) 100 3 2(2) 1 0(0) 1 2
9.4(41) 100 3 2(1) 1 O(O) 1 2
6.7(42) 100 3 2(1) 1 O(O) 1 2

1l.5(50) 100 3 2(2) 1 0(0) 1 2
10.1(44) 100 3 2(2) 1 0(0) 2 2
9.0(39) 100 2 1(1) 1 0(0) 1 1

11.3(49) 100 3 2(2) 1 0(0) 1 2
9.9(43) 100 3 2(1) 1 0(0) 1 2

10.3(45) 100 2 1(1) 1 O(O) 1 1
10.6(46) 100 3 2(2) 1 O(O) 2 2

3 10.1(44) 100 2 1(1) 1 O(O) 1 1
9.4(41) 100 2 1(1) 1 0(0) 1 1
6.7(42) 100 2 1(1) 1 O(O) 1 1

11.5(50) 100 3 2(2) 1 0(0) 1 2
10.1(44) 100 3 2(2) 1 0(0) 2 2
9.0(39) 100 2 2(1) 1 O(O) 1 1

11.3(49) 100 3 2(1) 1 0(0) 1 2
9.9(43) 100 3 2(1) 1 0(0) 1 2

10.3(45) 100 2 2(1) 1 0(0) 1 1
10.6(46) 100 3 2(2) 1 0(0) 2 2

4 10.1(44) 100 2 1(1) 1 0(0) 1 1
9.4(41) 100 2 1(1) 1 0(0) 1 1
6.7(42) 100 2 1(1) 1 0(O) 1 1

11.5(50) 100 3 2(2) 1 0(0) 1 2
10.1(44) 100 3 2(2) 1 0(0) 2 2
9.0(39) 100 2 1(1) 1 0(0) 1 1

11.3(49) 100 3 2(1) 1 0(0) 1 2
9.9(43) 100 2 1(1) 1 0(0) 1 1

10.3(45) 100 2 1(1) 1 0(0) 1 1
10.6(46) 100 2 1(1) 1 0(0) 2 1
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8=2 oz=1

m A B C D E F G H I J

2 7.8(95) 100 3 2(2) 1 0(O) 1 2
6.9(85) 100 3 2(2) 1 0(O) 1 2
6.2(76) 100 3 2(2) 1 0(O) 1 2
6.7(82) 100 3 2(2) 1 0(O) 1 2
8.3(102) 100 3 2(2) 1 0(O) 1 2
7.3(90) 100 3 2(2) 1 0(O) 1 2
6.4(79) 100 3 2(2) 1 0(O) 1 2
6.4(79) 100 3 2(l) 1 0(O) 1 2
5.9(72) 99.7 3 2(2) 2 0(O) 3 2(l) 4 5
5.7(70) 100 3 2(2) 1 0(O) 1 2

3 7.8(95) 100 3 2(2) 1 0(O) 1 2
6.9(85) 100 2 1(l) 1 0(O) 1 1
6.2(76) 100 2 1(1) 1 0(O) 1 1
6.7(82) 100 3 2(2) 1 0(O) 1 2
8.3(102) 100 3 2(1) 1 0(O) 1 2
7.3(90) 100 3 2(2) 1 0(O) 1 2
6.4(79) 100 2 1(1) 1 0(O) 1 1
6.4(79) 100 3 2(1) 1 0(O) 1 2
5.9(72) 100 3 2(2) 1 0(O) 2 1(O) 4 4
5.7(70) 100 3 2(1) 1 0(O) 1 2

4 7.8(95) 100 3 2(2) 1 0(O) 1 2
6.9(85) 100 2 1(1) 1 0(O) 1 1
6.2(76) 100 2 1(1) 1 0(O) 1 1
6.7(82) 100 2 1(1) 1 0(O) 1 1
8.3(102) 100 2 1(1) 1 0(O) 1 1
7.3(90) 100 2 1(1) 1 0(O) 1 1
6.4(79) 100 2 1(1) 1 0(O) 1 1
6.4(79) 100 2 1(1) 1 0(O) 1 1
5.9(72) 100 3 2(1) 1 0(O) 4 2
5.7(70) 100 2 1(1) 1 0(O) 1 1



APPENDIX E: A Mining Casa

Job # Plan # Description

1 1 Advance Mains
2 1 - ~
3 1 - -
4 2 — -
5 3 - left Submains
6 5 · - -
7 5 - - -
8 5 ~ - -
9 5 · - ·

10 5 - - -
11 4 · 1st butt bleeders
12 6 · 1st butt
13 6 - 2nd -
14 6 - 3rd -
15 6 - 4th -
16 7 - 1st - to property line
17 7 - 2nd - - · -
18 8 — 3rd -
19 8 - 4th -
20 7 — 3rd - to property line
21 7 - 4th - - - -
22 9 - 1st longwall bleeders
23 9 · - - - to property line
24 10 - - - outby bleeders
25 17 - - - panel
26 18 - - - -
27 19 - - - -
28 11 Connect bleeders at top of 1st longwall panel
29 10 Advance 2nd longwall outby bleeders
30 10 Connect 1st - · -
31 11 Advance bleeders at top of 2nd longwall panel
32 16 — Mains
33 17 - 2nd longwall panel
34 18 · - - -
35 19 —

- - -
36 11 Connect bleeders at top of 2nd longuall panel
37 10 Advance 3rd longuall outby bleeders
38 10 Connect 2nd - — -
39 16 Advance Mains
40 21 — 3rd longuall panel
41 19 · - - -
42 11 Connect bleeders at top of 3rd longuall panel
43 16 Advance Mains
44 20 - 4th longwall outby bleeders
45 20 Connect 3rd - - ·
46 16 Advance Mains
47 12 Advance rooms in 1st butt
48 12 —
49 13 Mine pillars in 1st butt
50 12 Advance rooms in 1st butt
51 13 Mine pillars in 1st butt
52 12 ·
53 13 ·
54 12 -
55 13 -
56 12 -
57 13 ·
58 12 -
59 13 -
60 12 - Alternately advance rooms

266



267

61 13 - and mine pillars in 1st butt
62 12 —
63 13 —
64 12 ·
65 13 —
66 12 -
67 13 -
68 12 ·
69 13 -
70 12 -
71 13 Mine pillars in 1st butt
72 14 Advance rooms in 2nd butt
73 14 -
74 15 Mine pillars in 2nd butt
75 14 Advance rooms in 2nd butt
76 15 Mine pillars in 2nd butt
77 14 Advance rooms in 2nd butt
78 15 Mine pillars in 2nd butt
79 22 Retreat 1st longuall panel
80 22 -
81 22 —
82 23 -
83 23 -
84 23 -85 23 -
86 23 -
87 23 -
88 23 ·
89 22 Retreat 2nd longuall panel
90 22 -
91 22 -
92 22 -
93 22 -
94 22 ·
95 23 -
96 23 -
97 23 -
98 23 -
99 22 Retreat 3rd longuall panel

100 22 -
101 22 -
102 22 -
103 22 -
104 22 —
105 22 -
106 22 —
107 22 —
108 23 -
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Job #
“Rau“

Reject Saleable Production Duration1 Number Fixedz Variablez Net Value} Sulphura BTU‘
Tonnage Coal Rate shifts Costs Costs Value
(ton) (ton) (ton/day) (days/uks) (S/day) (S/ton) (S/week) (%)

1 9820 0.20 7856 900 11/ 2 3 19,575 11.60 -49836 2.7 14657
2 29460 0.20 23568 1250 24/ 5 ----23922 1.9 14121
3 44190 0.20 35352 1500 29/ 6 ----10679 1.6 12731
4 29374 0.20 23499 1300 23/ 5 2 13,050 - 9174 2.7 11728
5 16112 0.20 12890 1050 15/ 3 ·---4450 2.8 12878
6 48049 0.22 37478 1050 46/ 9 ----7520 0.7 12424
7 24024 0.22 18739 1050 23/ 5 ----6768 1.5 11609
8 24024 0.22 18739 1050 23/ 5 ·---6768 1.3 11675
9 24024 0.22 18739 1050 23/ 5 —---6768 1.9 13866

10 24024 0.22 18739 1050 23/ 5 ----6768 1.1 12707
11 5511 0.20 4409 900 6/ 1 - - 11.35 -14605 1.9 11158
12 2096 0.22 1635 900 2/ 1 ----6771 0.7 13746
13 2096 0.22 1635 900 2/ 1 —---6771 1.1 11713
14 2096 0.22 1635 900 2/ 1 —--—6771 2.1 13542
15 2096 0.22 1635 900 2/ 1 ----6771 2.7 10996
16 95485 0.20 76388 1000 95/19 ----6031 1.5 12558
17 93281 0.20 74625 1000 93/19 ----5891 1.6 14995
18 22392 0.22 17466 1000 22/ 4 —---9965 1.0 14546
19 46277 0.22 36096 1000 46/ 9 —-·-9153 1.6 14696
20 71246 0.20 56997 1000 71/14 --·-6107 2.1 12208
21 45539 0.20 36431 1000 46/ 9 ----6072 2.7 13326
22 13720 0.20 10976 650 21/ 4 - - 11.85 -29933 2.5 14293
23 128282 0.20 102626 875 147/29 ----15767 1.6 14113
24 2057 0.20 1646 650 3/ 1 ----17956 1.3 14028
25 3959 0.20 3167 875 5/ 1 ----14110 1.2 10281
26 34151 0.20 27321 875 39/ 8 ----15216 1.7 14639
27 27031 0.22 21084 875 31/ 6 ----18671 1.1 10581
28 10215 0.22 7968 850 12/ 2 ----23408 0.6 12113
29 2057 0.20 1646 850 2/ 1 ----8236 1.9 10477
30 2057 0.20 1646 850 2/ 1 ·---8236 1.6 11917
31 4086 0.22 3187 850 5/ 1 ----18725 1.2 13197
32 39119 0.22 30513 750 52/10 - - 11.60 -24958 2.0 10559
33 3959 0.20 3167 875 5/ 1 —

- 11.85 -14110 2.4 12487
34 11821 0.20 9457 875 14/ 3 ----14045 0.5 12984
35 49390 0.22 38524 875 56/11 ----18608 0.9 13816
36 10215 0.22 7968 850 12/ 2 ----23408 2.5 10701
37 2057 0.20 1646 850 2/ 1 ----8236 0.6 10406
38 2057 0.20 1646 850 2/ 1 ----8236 2.0 11936
39 27942 0.22 21795 900 31/ 6 · - 11.60 -16207 2.0 11010
40 4023 0.22 3138 875 5/ 1 - - 11.85 -16673 2.1 12155
41 61404 0.22 47895 875 70/14 ·---18177 2.1 13852
42 10215 0.22 7968 850 12/ 2 —---23408 2.4 12345
43 27942 0.22 21795 900 31/ 6 —

· 11.60 -16207 1.6 14399
44 2110 0.22 1646 850 2/ 1 - - 11.85 -9671 1.2 13494
45 2110 0.22 1646 850 2/ 1 ----9671 2.9 13636
46 27942 0.22 21795 900 31/ 6 - - 11.60 -16207 1.0 13828
47 8030 0.20 6424 950 8/ 2 — - 10.85 -5568 2.2 12553
48 8030 0.20 6424 950 8/ 2 ----5568 2.9 11574
49 10085 0.20 8068 1150 9/ 2 · - 11.10 3793 2.9 11574
50 8030 0.20 6424 950 8/ 2 - - 10.85 -5568 2.3 14959
51 10085 0.20 8068 1150 9/ 2 - · 11.10 3793 2.3 14959
52 8030 0.20 6424 950 8/ 2 · - 10.85 -5568 0.6 12730
53 10085 0.20 8068 1150 9/ 2 · - 11.10 3793 0.6 12730
54 8030 0.20 6424 950 8/ 2 —

- 10.85 -5568 1.1 12593
55 10085 0.20 8068 1150 9/ 2 - - 11.10 3793 1.1 12593
56 8030 0.20 6424 950 8/ Z · · 10.85 -5568 0.6 12731
57 10085 0.20 8068 1150 9/ 2 - - 11.10 3793 0.6 12731
58 8030 0.20 6424 950 8/ 2 - - 10.85 -5568 2.5 12878
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59 10085 0.20 8068 1150 9/ 2 - - 11.10 3793 2.5 12878
60 8030 0.20 6424 950 8/ 2 - - 10.85 -5568 1.8 11609
61 10085 0.20 8068 1150 9/ 2 - - 11.10 3793 1.8 11609
62 8030 0.20 6424 950 8/ 2 - - 10.85 -5568 2.1 13866
63 10085 0.20 8068 1150 9/ 2 - - 11.10 3793 2.1 13866
64 8030 0.20 6424 950 8/ 2 - - 10.85 -5568 1.2 11158
65 10085 0.20 8068 1150 9/ 2 - - 11.10 3793 1.2 11158
66 8030 0.20 6424 950 8/ 2 - - 10.85 -5568 0.6 11713
67 10085 0.20 8068 1150 9/ 2 - - 11.10 3793 0.6 11713
68 8030 0.20 6424 950 8/ 2 · · 10.85 -5568 0.9 10996
69 10085 0.20 8068 1150 9/ 2 - - 11.10 3793 0.9 10996
70 8030 0.20 6424 950 8/ 2 - - 10.85 -5568 1.6 14546
71 10085 0.20 8068 1150 9/ 2 —

- 11.10 3793 1.6 14546
72 3896 0.20 3117 950 4/ 1 - - 10.85 -5403 1.0 14696
73 3896 0.20 3117 950 4/ 1 - - 10.85 -5403 0.7 12208
74 11765 0.20 9412 1150 10/ 2 ·

— 11.10 4425 0.7 12208
75 3896 0.20 3117 950 4/ 1 - - 10.85 -5403 2.0 14293
76 11765 0.20 9412 1150 10/ 2 —

- 11.10 4425 2.0 14293
77 3896 0.20 3117 950 4/ 1 - - 10.85 -5403 2.6 14028
78 11765 0.20 9412 1150 10/ 2 - - 11.10 4425 2.6 14028
79 32008 0.22 24966 5000 6/ 1 3 19,575 8.85 315436 1.6 14639
80 32008 0.22 24966 5500 6/ 1 - - - 326828 1.1 10581
81 32008 0.22 24966 6000 5/ 1 · - - 336321 1.9 12113
82 31492 0.20 25194 6000 5/ 1 —

- - 349173 2.4 10477
83 31492 0.20 25194 6000 5/ 1 - · - 349173 2.8 11917
84 31492 0.20 25194 6000 5/ 1 ~ - - 349173 2.7 13197
85 31492 0.20 25194 6000 5/ 1 - - - 349173 2.8 10559
86 31492 0.20 25194 6000 5/ 1 - - - 349173 2.8 12487
87 31492 0.20 25194 6000 5/ 1 - - - 349173 1.3 12984
88 31492 0.20 25194 6000 5/ 1 —

- - 349173 2.7 13816
89 32008 0.22 24966 5500 6/ 1 · - - 326828 2.2 10701
90 32008 0.22 24966 6000 5/ 1 - - - 336321 0.9 10406
91 32008 0.22 24966 6000 5/ 1 - - - 336321 2.9 11936
92 32008 0.22 24966 6000 5/ 1 - - - 336321 2.6 11010
93 32008 0.22 24966 6000 5/ 1 - - - 336321 2.4 12155
94 32008 0.22 24966 6000 5/ 1 - - - 336321 2.0 13852
95 31492 0.20 25194 6000 5/ 1 · - - 349173 1.2 12345
96 31492 0.20 25194 6000 5/ 1 · - - 349173 1.9 14399
97 31492 0.20 25194 6000 5/ 1 - - - 349173 1.0 13494
98 31492 0.20 25194 6000 5/ 1 · - - 349173 1.9 13636
99 32008 0.22 24966 5500 6/ 1 - - - 326828 2.6 13828

100 32008 0.22 24966 6000 5/ 1 - - - 336321 2.7 12553
101 32008 0.22 24966 6000 5/ 1 - - - 336321 0.7 11574
102 32008 0.22 24966 6000 5/ 1 - - - 336321 1.5 14375
103 32008 0.22 24966 6000 5/ 1 - - - 336321 1.3 14959
104 32008 0.22 24966 6000 5/ 1 - - - 336321 1.9 12330
105 32008 0.22 24966 6000 5/ 1 - - - 336321 1.1 12730
106 32008 0.22 24966 6000 5/ 1 - - - 336321 1.9 12404
107 32008 0.22 24966 6000 5/ 1 - - - 336321 0.7 12593
108 31492 0.20 25194 6000 5/ 1 —

- - 349173 1.1 10062

1) 5 workdays per week
2) depreciation not included
3) sales price of $29.00 per ton
4) randomly generated






