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(ABSTRACT)

System reliability based design of aircraft wings is studied. A wing of a light cornmuter

aircraft designed according to the FAA regulations is compared with one designed by

system reliability optimization. Both the level III, and the advanced first order, second

moment (AFOSM) method are employed to evaluate the probability of failure of each

failure element of the system representing the wing. In the level lll method the statistical

correlation between failure modes is neglected. The AFOSM method allows to evaluate

the sensitivity derivatives of the system safety index analytically. Furthermore, it ac-

counts for the statistical correlation between failure modes. The results demonstrate the

potential of stochastic optimization, and the importance of accounting for the statistical

correlation between failure modes. Finally, it is shown that the problem associated with

discontinuity of sensitivity derivatives, encountered when using second order Ditlevsen

upper bounds to estimate the system failure probability, is circumvented if a penalty

function method is used for optimization.
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Chapter 1. Introduction

The long term goal is to demonstrate the advantages of stochastic optimization in air-

craft structural design. Because of the inherently probabilistic nature of gust loads, a

demonstration study of a gust-load-dominated aircraft wing is very suitable for achieving

this goal.

1.1 Overview

Design of aircraft structures is often controlled by the maximum gust load expected to

be encountered by an aircraft over its life time. In the FAA regulatior1s[ l ], this value

is determined deterministically. Specilied formulas, data and regulations are supposed

to be followed by designers. In order to improve structural safety, a L5 safety factor and °

a reduction of the average value are required to be applied to the maximum aerodynamic

force and the material strength respectively.
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It is well known that the maximum gust force encountered by an aircraft over its life-

time is random. Furthermore, there is always some uncertainty in the material strength.

Therefore, a probabilistic design of gust-load-dominated wing structures would seem

more appropriate than deterministic design.

Probabilistic design methods have been employed in engineering practice. But most of

the time element-reliability based designs were considered. In both deterministic and el-

ement reliability designs the safety of structural components rather than the overall

system safety is considered. Furthermore, the effects of the structural redundancy on the

overall reliability are often ignored. The resulting designs are inefficient in terms of

weight or they may even be unsafe.
I

Recently developed system reliability methods for analysis of structural safety [ 2 ] take

into account structural redundancy and yield a safety measure of the overall structure

viewed as a system. When system reliability is considered, survival of the system becomes

the major concern, whereas safety level of structural components becomes the secondary

one. Some components may be weaker than others, yet the system safety can be guar-

anteed by appropriately assigning safety level to each individual component. This dis-

tinguishes the system reliability technique from the element reliability method.

Application of system reliability principles is expected to overcome the drawbacks of

currently used procedures for structural design.
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1.2 Background

The number of publications on structural optimization based on system reliability is

still limited. The reason is the complexity of the procedure, and the excessive amount

of computational effort required for evaluating system reliability. Moses was among the
”

first to study system reliability based structural optimization. A technique for optimal

design of a structure with a prescribed safety level was presented in [ 3 ]. Although the

technique was based on some rather restrictive assumptions on the statistical correlation

between the loads and the strengths of the structural members, it was demonstrated that
l

use of system reliability results in a design that is considerably different than that ob-

tained from a deterministic or an element reliability based optimization. In particular, it

was concluded that the safety level of each structural element should not be prescribed

by the designer. It is the job of the optimizer to distribute the overall risk of failure to

all failure modes of a structural system in an optimal manner.

Thoft·Christensen and Sorensen [ 4,5 ], established a procedure for system reliability

based optimization for framed structures, using the beta-unzipping method [ 2 ] for es-

timating system reliability. Sensitivity derivatives of the safety index of each failure ele—

ment or of the system were calculated using semianalytical formulas. Feng and Moses

[ 6 ], derived an optimality criterion for sizing the components of framed structures that

satisfy a system reliability constraint. This criterion, which is a special case of the

Kuhn~Tucker conditions, states that at the optimum the sensitivity derivatives of the

system reliability with respect to the weight of the structural members are all equal. An

algorithm for structural optimization, based on the above criterion, was described in the

same reference. The effect of the requirement for high structural redundancy on the final
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design, when using system reliability optimization, was studied by the same authors [7].

It was concluded that for structures with a low degree of indeterrninancy, the require-

ments for high redundancy and low weight or cost are opposing each other.

Identification of failure modes is an important issue in reliability-based design.

Murotsu, Okada, Yonezawa, and Taguchi [
8i

] proposed a procedure which generates

failure modes of redundant structures by using a matrix method. The reliability assess-

ments of the structures were performed by selecting dominant failure modes and by ap-

plying bounds on the structural failure probability. Surahman and Rojiani presented a

reliability-based design method for concrete frames] 9 ], in which failure modes due to

bending, combined axial thrust and bending, and shear were considered. The reliability

analysis was based on a first order second moment method. An iterative procedure was

used to determine member dimensions. Moses[ 10 ] proposed a sequential elastic analysis

which removes in steps elements which reach their mean capacity and thus identify fail-

ure path. The" analysis in this reference was performed with the second moment method.

The optimization algorithms used in reliability-based design has great influence on the

overall efliciency. A survey and comparisons of available algorithms were presented by

Liu and Kiureghianl Il ]. In this reference, six constrained optimization methods were

investigatedland compared to determine their applicability for solving the structural re-

liability problems. These were the primal methods (feasible direction method, gradient

projection method, and reduced gradient method), the penalty methods, the dual meth-

ods, and the Lagrange methods. Generality, robustness, efliciency, and capacity were

compared. The performance of the gradient projection method was found to be the most

satisfactory. Kwak and Lee[ I2 ] presented formulas for sensitivity derivatives which are

critical information needed in the optimization process. It was based on the advanced
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first order second moment(AFOSM) method (defined subsequently). The resulting sen-

sitivity coefiicient contained only up to first derivatives with respect to design variables.

Therefore, a gradient—based optimization technique can be efficiently implemented for a

general reliability-based design formulation.
4

Several papers on computer-aided design (CAD) techniques were presented by

Frangopol. ln l 13 ], an interactive, reliability-based CAD optimization procedure for

plastic framed structures, which accounts for the correlation between various loads and

strengths, was presented. Since the procedure is interactive, it gives insight into the reli-

ability optimization problem. A reliability-based optimization technique for automatic

plastic design was presented in [ 14 ]. The basic idea of the optimization technique is to

compute bounds on the overall probability of collapse and on the optimum solution

using Ditlevsen’s method of conditional boundingl 15 ] and Vanmarcke's concept of

failure mode decompositionl 16 ]. Based on this technique, a computer program was

developed which automatically designs optimal plastic structures with up to two hundred

collapse mechanisms. ln l 17 ], similar technique was applied to optimum design of re- ‘

inforced concrete structures. A technique for sensitivity analysis of the optimum design

was presented by the same author [ 18 ]. It was shown that the optimum solution can

be more sensitive to the correlation between the strengths of the structural members

than to the method employed to evaluate the failure probability.

Various formulations of reliability—based optimization have been proposed in the past.

Although cost and safety of structural system are frequently formulated as objective and

constraint in the optimization process respectively, each formulation has its own ad-

vantages and disadvantages. Davidson, Felton, and Hartl 19,20] proposed a formulation

for rninimum-weight optimization in which both system and component safety con-
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straints were employed. This serves two purposes : first, it would enable designers to

specify lowest maximum probabilities of failure for those modes deemed most critical,

and second, it would enable designers to incorporate preoptimized components into the

design of large-scale structural systems. A so called "multicriteria reliability-based opti-

mization" was proposed by Frangopo1[ 2l ], in which all the significant limit states are

simultaneously accounted for by the reliability-based optimization process.

Among the literature of reliability-based optimization, only a few dealt with gust-

load-based design. Rao[ 22 [ investigated reliability-based design for structures under

random vibration environment. The excitations were assumed to be gaussian. The

probabilistic constraints were transformed into equivalent deterrninistic constraints by

using Taylor's series expansion and probabilistic principles. The time parameter con-

tained in the constraints was elirninated by using ergodic assumption. A procedure for

optimum design of structures subjected to random load was presented by Hajela and

Lamb [ 23 ]. A frequency domain representation of the structural response was em-

- ployed. Problems associated with crack propagation were also addressed. Rao used el-

ement reliability optimization to design an aircraft wing subjected to gust and landing

loads [ 24 ]. The constraints for the safety of the wing were evaluated by the first order,

second moment method. An element reliability optimization approach for aircraft wings

design which accounts for dynamic effects was also presented by Hajela and Bach[25,26].

The design constraints considered correspond to the first excursion and fatigue failure

modes. The question of combining different loads applied to the aircraft was also ad-

dressed in the last two references. 'However, no comparison between the results of the

deterrninistic and the probabilistic approach that would lead to meaningful conclusions

on the potential of the probabilistic approach, was made. Furthermore, as previously
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explained, element reliability optirnization does not allow to fully exploit the advantages

of probabilistic design.

The objective of reliability analysis is to quantify the safety of a structure. Reliability

design utilizes the results from analysis to distribute material over the structure in the

most efficient way in order to minirnize the cost or maxirnize the safety of the structure.

Three probabilistic methods can be used to estimate structural reliability : the level III

method, the first order second moment method(FOSM), and the advanced first order

second moment method(AFOSM). The level III method calculates the failure proba-

bility by integrating the joint probability density function of the random load and

strength variables over the failure region. The numerical integration required makes the

computational cost excessive. This is particularly true in real life design applications
i

where many random variables and constraints are involved.

The mathematical work for measuring reliability is considerably simplified by using the

FOSM method. This method assumes a planar failure surface instead of dealing with

exact, nonlinear one. The limit state function is linearized around the point corre-

sponding to the mean values of the random variables involved in the problem. The

linearized surface is then used to measure reliability[ 27 ]

Although a significant step forward, FOSM has serious disadvantages. First, the results

are not accurate unless the variabilities of the random variables are small (less then 5%).

Second, the reliability measure varies with the way limit state function is expressed.

These drawbacks become particularly important when the FOSM is used in optirniza-

tion[ 28 ]. An invariant second moment index, which is referred to as the AFOSM

method, was proposed by Hasofer and Lind[ 29 ]. The AFOSM method for evaluating

the failure probability of a structure constitutes an excellent compromise between the
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requirements for high accuracy and reasonably low computational effort[ 28 ]. This

method utilizes the safety index to quantify the risk of failure. Furthermore, serniana—

lytical methods for evaluating the sensitivity derivatives of the safety index of a failure

element with respect to design variables can further increase the accuracy and efficiency

when the AFOSM method is used in optimization. The aforementioned drawbacks of

the level III method can therefore be circumvented by employing the AFOSM method.

1.3 Objectives

There are 4 objectives in this study : 1. Develop a method for system reliability based

optimization for aircraft wings. 2. Demonstrate the potential of system reliability in

structural design. 3. Compare the efficiency and the accuracy of the AFOSM and the

level III based optirnization methods. 4. Investigate the influence of the statistical cor-

relation between failure modes on the design of a structural system.

1.4 Outline

In this study, a probabilistic method for system reliability based design of aircraft wings

subjected to gust loads is presented. Both the level III method and the advanced first

order, second moment (AFOSM) method were used to evaluate the probability of failure

of each segment of a model representing the aircraft wing.
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In chapter 2, a model of a commuter aircraft wing structure was designed using the

FAA regulations. Basic data of this aircraft was obtained by modifying those of a mod-

ern aircraft. In chapter 3, the wings of this aircraft were designed using deterministic

optimization. In chapter 4, a statistical model for the gust loads was derived by fitting

the Weibul probability distribution to that of the maximum gust load factor. In chapter

5, probabilistic designs were performed by using the level III method and the first order

upper bound to evaluate the reliability of the wing. The deterministic design from chap-

ter 3 was compared to two wings designed probabilistically. The first design has same

probability of failure as the deterministic design while the other has same weight.

Chapter 6 was devoted to the AFOSM based probabilistic design. The two optimization

formulations in chapter 5 were used here to redesign the wing. The probability of failure

of the wing viewed as a system was evaluated using the first, and also the second order

Ditlevsen upper bound in the AFOSM method. These bounds are used to combine the

failure probabilities of individual failure modes and calculate the system probability of

failure of a structure. The first order bound neglects the statistical correlation between

failure modes while the second order bound accounts for such correlation. Chapter 7

surnmarized the conclusions from comparing the attributes of the aforementioned

methods and the resulting designs.
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Chapter 2. Aircraft Design

2.1 Outline

The objective of this chapter is to select a model aircraft and obtain the design load

factor. This is a critical piece of information because deterministic optimization is based

on the value of the design load factor which is a normalized estimate of the maximum
A

load to be encountered by the aircraft over its lifetime. Since this study focuses on gust

induced loads, an aircraft for which gust induced loads were dominant was selected.

2.2 Model Aircraß

A small commuter airplane, similar to the Cessna Conquest[ 30 ], was selected as an

example for our study. The data for the wing span, wing chord, mean chord, and wing
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area are presented in Table 1. The data in this table were derived after modifying those

of the Cessna Conquest airplane.

In this study, the design load factor controls the deterministic optirnization of the
l

wings. Here, the load factor is defined as the ratio of the force applied to the wings over

the aircraft weight. The pilot is supposed to keep the load factor lower than the design

value by taking appropriate actions in order to avoid structural damage.

2.3 Gust Loads

The load factor n due to gust loadings can be evaluatcd using the following formula

from the FAA regulations (section 25-341) :

i
KgUdg Va

=
'—"°

I

"
H 498(wm ( )

where

0.88pgK8 5.3 + iig * ( )

2 Sii, = . m
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n is the load factor corresponding to the gust load,

IQ is the gust alleviation factor,
l

ps is the airplane mass ratio,

a is the slope of the airplane normal force coefticient curve(/radian),

c is the wing chord(ft),

g is the acceleration of gravity(ji/ secz),
2

p is the air density(sIugs/ßl),

S is the wing area(ß2),

Ud, is the derived gust velocity(fps),

V is the airplane speed(knots) and

w is the weight of the airplane(lb).

2.4 Mamzuvcring Loads

The limit maneuvering load factor must satisfy the following conditions prescribed by

the FAA regulations (section 25-337) :

3.8 > n > 2.5 , and (4)

n > 2.1 + 24,000/(w + 10,000) (5)

It is left to the designer to determine a value of the limit maneuvering load factor that

would satisfy the above equations, and tits the needs of the particular application.
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2.5 Design Load Factor

The values of the design altitude, the cruising speed and the weight in Table 1 were

selected in a way that the load factor from Eqs.( 1-3 ) is higher than the limit maneu-

vering load factor. According to the data in Table 1, the load factor corresponding to the

gust loads is 3.22. If we choose 3.1 as the limit maneuvering load factor, Eqs.( 4-5 )

would be satisfied. Since the gust load factor is the higher of the two, the design load

factor is equal to 3.22. The remaining data in Table 1 have been assumed according to

our best judgement and the corresponding values of the Cessna Conquest aircraft.
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Chapter 3. Deterministic Wing Design

3.1 Outline

In this chapter, the aircraft wings were designed deterministically according to the value

of the design load factor derived in the previous chapter. A cantilever box beam was used

to simulate the aircraft wing. The objective of optimal design is to find the minimum

weight for the aircraft wing, which satisfies various stress and deflection constraints.

3.2 Model of the Wing

A simple box beam consisting of I2 segments was used to model the wing. The

cross-sectional properties were constant along each segment. The width of this box was

limited to 60% of the wing chord length to accommodate the ailerons. The planform

of the wing and the box beam are shown in Figure 1. The dimensions the box beam are
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given in Table 2. As a first approximation, we assumed that the flange and the web of

the box carry only bending and shear stresses respectively. The lift distribution was

obtained by using Schrenk’s [ 3l ] method. According to FAA regulations, a safety

factor of l.5 was used in the design. Therefore, the value of the load factor used in the

deterministic design was 4.83. Dynamic, buckling, and shear deformation effects were

neglected in this study.

The aforementioned assumptions are deemed to be reasonable because the objective is

to demonstrate or discover trends, rather than to find exact values of physical quantities

or design parameters.

3.3 Optimal Design Formulation

The objective is to determine the structure whose weight is minimum under the re- '

quirement that its components are not overstressed, and that its deflections are not ax-

cessive.

The optimization problem was formulated as follows:

Minimize the weight of the wing :

l2
W = 22ps(bltll + hIt2l) (6)

::1
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where

b, is the width of the beam,

h, is the height
o{“

beam,

s is the length of beam segment,
U

1,, is the thickness of {lange,

1,, is the thickness of web,

W is the weight of the wing,

p is the material density and

i is the beam segment number.

Design variables are the thicknesses of the {langes and the webs and the height of each

segment. The optimization was perforrned with the NEWSUMT-A program[ 32 ]. This

program is based on a penalty function algorithm.

The constraints are as follows :

_
sb, < s, i = 1,.....,12 (7)

ss, < s, i= 1,.....,12 (8)

6 < D (9)

C1 C: . _
15

$h,$10 1- l,.....,12 (10)

where

c, is the wing chord,

D is the maximum allowable wing tip deflection,
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s, is the design material tensile strength,

s, is the design material shear strength,

s,,, is the tensile stress,

s,, is the shear stress, and

6 is the wing tip deflection.

The height of each beam segment is constrained as shown in Eq.(l0) in order to fit the

size of the airfoil. The values of D, s,, and s, are shown in Table l.

3.4 Constraint Evaluation _

The bending and shear stresses of the constraints Eqs.( 7,8 ) can be calculated by using

the results of classical beam theory :

sbi = ¢br(L +1) (1 1)

$:1 = ¢;z(L + Ü (12)

where

6,, is the constant in the linear relation between the bending stress

and the load factor,

6,, is the constant in the linear relation between the shear stress

and the load factor,

L is the gust load factor equal to 3.83, and

i stands for the i th segment.
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The wing tip deflection in constraint Eq.( 9 ) can also be expressed in terms of the load

factor by using the unit-load method as follows :

' wI V
FHö - EI

dx (13)
o

where

E is the Young's modulus,

M is the bending moment, and

m is the bending moment due to unit dummy load at the tip.

Since bending moment M is a linear function of load factor (L+ l),

'kö=(L+ 14%;-dx (14)
o

where M = k(L+ l), I represents the length of the box beam, and (L+ l)= 4.83 .

3.5 Results of Deterministic Optimization

The final results of the optimization are shown in Table 3 As it should have been ex-

pected, the constraints on the height of the 12 beam segments, expressed by Eq.( 10 ),

were active indicating that the heights of the segments were always equal to the corre-

sponding upper bounds. The constraints related to the shear strength and the deflection
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were also active. The constraints on the axial strength were not active, but the closer a

station was to the root, the closer the corresponding constraint was to the active condi-

tion. It is observed that the weight of the segments near the root contribute more to the

objective function than those near the tip. The reason is that the moment and shear

force were considerably larger near the root than they were near the tip. Finally, the

flanges are heavier than the webs because bending effects dominate in deterministic op-

tirnization.
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Chapter 4. Statistical Model for the Gust Loading

4.1 Outline

A statistical model of the gust loadings must be developed in order to evaluate the

failure probability of the wing. The work here is based on the assumption that the scale

of atmospheric turbulence is large compared to the span of the wing. Therefore, the
A

forces applied to different points on the wing are perfectly correlated. Consequently, the

randomness in the gust loading can be quantified by utilizing only one parameter. The

gust load factor, defined as the ratio of the unsteady lift due to gusts, and the weight of

aircraft, is the parameter we used in our model. The model consists of the probability

density function of the maximum value of the gust load factor to be encountered over

the lifetime of the airplane. The probability density function was obtained through

crossing rate analysis and by assuming a mission profile for the aircraft. Among the

commonly used probability distribution functions, the Weibul function was found to be

the most appropriate for representing the probability density function of the maximum

of the gust load factor.
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4.2 Crossing Rate Analysis

The following empirical formula from FAR-25, for the probability distribution function

of the maximum value of the gust load factor, L, encountered over a time period of

length T, is employcd here :

FL(/)=l—N(/)T (15)

where

N(I)=N p exp LL +p exp LL (16)
°

‘
Ab, 2 Ab2 *

F,_(I) is the probability distribution function of the gust load factor,
i

N(I) is the average up-crossing rate of level I by the gust load factor,

T is the lifetime of the aircraft,

N,, is the up-crossing rate of level 0 of the gust load factor,

A is the the ratio of the standard deviation of load factor

to that of the gust speed,

b, is the standard deviation of stormy gust speed,

b, is the standard deviation of non-stormy gust speed,

p, is the probability of encountering stormy gust,

p, is the probability of encountering non-stormy gust and

I is the realization of the random variable L.
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Values for parameters p,, p,, b, and b, are determined according to FAA regulations

part 25, while A and N, are evaluated by using the method suggested in [ 33 ]. The life-

time of the aircraft is assumed to be 30,000 hours.

4.3 Mission Profile

The statistical model in Eqs.( 15-16 ) would be valid for the airplane flown at a constant

speed and altitude. In other words, the probability of failure in the above equations is

conditional, the condition being that the speed and altitude have some prescribed values.

The conditional probability distribution of the gust load factor can be evaluated by as-

suming a mission profile, as suggested in [ 34 ], and by adding up the products of the

conditional distributions of L in each flying condition and the corresponding fractions

of time that the aircraft is supposed to fly under each condition. A mission profile con-

sisting of six flying conditions is assumed for our study. The speed and altitude, as well

as the fraction of time the aircraft flies under each condition, are shown in Figure 2.

The flight time of mission 4, for example, is 2*30000/(1+ l.5+2+2+2.5+3). The

probability density function of the gust load factor, whose calculation is based on the

mission profile in Figure 2, is depicted in Figure 3.
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4.4 Weibul Approximation

To improve computational efficiency, the Weibul distribution function was used to fit

the original distribution function of the gust load factor in Eq.( 15 ), which is obtained

numerically. Only the right tail part of the distribution function which corresponds to

high values of the gust load factor is of interest. lndeed, only the part that corresponds

to probabilities of exceeding approximately l.0e-05 or lower is needed in evaluating re-

liability. An accuracy of 1.0e~07 was achieved from the curve fitting which means that

the difference between any ordinate of the fitted Weibul distribution function and the

original distribution was always less than l.0e-07. The derived Weibul distribution and

density functions were found to be :

[ 1FL(I)=¢XP[—(7) L (17)

otx°”_l
I afL(I)=—?¢XPC—(7)] (18)

where

_&(l) is the gust load factor probability density function,

cx = 2.2567 , and

y = 1.4616
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Chapter 5. Probabilistic Design With the Level III

Method

5.1 Outline

ln the probabilistic design the wing is viewed here as a system consisting of 25 failure

subsystems connected in series as in Figure 4. The first twelve subsystems represent the

flanges of each beam segment, while the next twelve represent the webs. The last failure

subsystem is used to account for the failure mode due to excessive wing tip deflection.

In this chapter, the failure probabilities of the individual failure modes were calculated

first. Then, the system failure probability of the wing structures was approximated by the

first order, Ditlevsen upper bound, which is the surnmation of the 25 failure mode

probabilities. Two optimal design formulations, called minimum weight and maximum

safety, were studied. The objective of the minimum weight optimal design was to find

the minimum weight of a wing which has the same safety level as the deterministic de-
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sign, while the objective of the maximum safety optimal design was to find the maximum

safety of a wing which has the same weight as the deterrninistic design.

5.2 Evaluation of Failure Mode Probability

Each segment of the the wing may fail under two modes. These refer to the cases that

bending or shear stress exceed the corresponding values of the strength. Moreover, the

beam may fail due to an unacceptably large deflection at its tip. The level III method,

which evaluates failure probabilities by integrating the joint probability density function

of the random variables over the failure region, has been employed to evaluate the

probability of failure under each mode. Finally, the bending and shear strengths are

assumed to be normal random variables independent of the loading.

Under the above assumptions the probability of failure of the i th segment due to '

bending or shear is :

P;)= jo fL(!)<1°(Z)d1 (19)

where

I 1 — "
z = for bending failure mode or (20)

I l — '
z = for shear failure mode, (21)
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P, is the probability of failure, _

<I>(.) is the probability distribution of a standard

gaussian random variable, l

E, is the mean value of the tensile strength,

E, is the mean value of the shear strength gaussian random variable,

6,, is the standard deviation of the tensile strength, and

a, is the standard deviation of the shear strength.

The probability of failure due to excessive wing tip deflection is :

pps =_[ f1.(/)d! (22)
LX

where L* the lowest value of gust load factor that causes unacceptably large deflection.

5.3 Evaluation of System Failure Probability

The failure of the wing when it is considered as a system, is the union of the failure

events for each of the 25 failure modes. Although theoretically straightforward, the cal-

culation of the probability of failure is a formidable task requiring integration of the

joint probability density of the gust load factor and the bending and shear strengths of

each station over the unsafe region in the space defined by these variables. Simple upper

and lower bounds, such as those due to Ditlevsen [ 35 ], can be found for the probability
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of failure. Here, we approximated the probability of failure by the first order Ditlevsen

bound. Accordingly the probability of failure of the wing, P, , is approximated by its

upper bound as follows :

25 .
pfeipß, (23)

i=l ·

For the purpose of this example we have assumed that the coefficient of variation of

the bending strength is 5% while that of the shear strength is 10%. The probability of

structural failure of the deterrninistic design, calculated using Eq.( 23 ), was found

l.4lE-3. In relative frequency terms this probability can be interpreted as follows : Out

of 1,000 aircraft wings of the same type, 1.41 are expected to experience structural failure

over a period of 30,000 hours of operation.

ln order to check the accuracy of our calculations for the failure probability, we eval-

uated the same quantity using the upper, second order, Ditlevsen bound as follows.

25 25
P(e, = one) = 0) (24)

i=l l=Z <

The correlation coefficient between the axial and shear strength of the same beam seg-

ment was assumed to be 0.8, while the correlation coefficient between the strengths of

two adjacent segments, corresponding to the same type of loading, was assumed to be

0.8. The probability of failure was found equal to 8.3E-4 which is reasonably close to

the estirnate obtained by the first order bound.
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5.4 Optimal Design Formulations

The wing of the same aircraft was designed using reliability based optimization in order

to compare the deterministic and the probabilistic approach. Two wings were designed,

one had the same probability of failure as the deterministic design, the other had the

same weight. In the former case the objective of the optimization was to reduce the

structural weight, while in the latter the objective was to maximize the level of structural

safety. The minimum weight optimization problem was formulated as follows :

Minimize the weight of the wing :

12
W = Z2pS(bi[1i + hz'21) » (25)

::1

under the following constraints :

PfS PmaxvCi

C1 ._
15 Shls

10 1 1,...,12 (27)

where P,„„ is the probability of failure of the optimal deterministic design approximated

by the first order Ditlevsen bound. Design variables are same as those in the
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deterministic design. The first order bound was also used to evaluate the constraint

Eq.(26), referring to the system safety, because it is simple and inexpensive to evaluate.

The altemative formulation of the optimization problem is targeted towards maxirniz-

ing the structural safety. In this case the problem was formulated as follows :

Minimize the failure probability :

Pf (28)

under the following constraints :
”

Wg Wmax , (29)

— —-1=°’gb; °' ‘ 1 12 (30)I5 ' 10 * *

where Wm, is the weight of the optimal deterrninistic design. Design variables are the

same as those in the minimum weight optimization formulation.
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5.5 Results of Probabilistic Optimizatious {

The {inal designs obtained with the minimum weight and the maximum safety formu-

lations are presented in Tables 4 and 5 where the dimensions of each segment of the

optimum box beam are given. Comparing these results to those from deterministic de-

sign (Table 3), we observe that in both minimum weight and maximum safety opti-

mization, material was transferred from the {langes to the webs. Figures 5 and 6 show

the increase in the weight of the web, and the decrease in the weight of the {lange of each

segment, expressed as percentages of the corresponding weights of the deterministic de-

sign.

In the minimum weight optirnization, the percentage of weight reduction in the {lange

ranged from 5% at station 10 to 24% at the wing tip. The percentage ofweight increase

in the web ranged from 28.2% at the wing tip to 9.4% at the root. The total weight U

saving was 7.2% of the weight of the deterministic design. The maximum safety design

in Figure 6 shows that the percentage ofweight change in the {lange ranged from a 1.4%

increase at station 10 to a 16% decrease at the tip. The percentage of weight increase

for the web ranged from 36% at the wing tip to 18.4% at the root. The chance of failure

of the probabilistic design was only one {ifth of that of the deterministic design.

The design study was repeated for various safety factors ranging from 1.3 to 1.8. The

results, summarized in Figures 7 and 8, show that both the weight savings given the
5

failure probability, and the reduction in the failure probability given the weight, increase

with increasing prescribed safety factor of the deterministic design.
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The superior performance of the reliability-based design can be explained by the fol-

lowing argument. In system reliability optirnization the designer specifies only the

overall safety level of the structure. The optimizer is free to determine the best combi-

nation of safety levels of the individual components in such a way that the requirement
I

of the overall safety is satisfied. This allows optimal distribution ofmaterial. ln contrast,

when deterministic optimization is used, a minimum safety level for each structural
U

component is prescribcd by the designer. The designer hopes that satisfaction of these

requirements, which are determined empirically, implies an acceptable overall safety

level. As a result the search for the optimum is confined by the constraints reflecting

these arbitrarily imposed requirements, and can be expected to yield suboptimal designs.

As can be observed, there is always some uncertainty in the material strength due to

fabrication defects, fatigue, residual stresses and corrosion. Moreover, the level of un-

certainty in the material strength varies along the structure. For example, the uncer-

tainty associated with the strength of the elements carrying primarily shear loads is

. higher than that of elements carrying primarily bending loads. This nonuniform vari-

ation in the material strength should be accounted for in design. In our deterministic

design example the uncertainty in the strength was ignored. As a result, material was

wasted in overdesigning the flanges, whose strength is less uncertain than that of the

webs. On the other hand, the webs were underdesigned because the relatively high co-

efiicient of variation in their strength is not accounted for. Consequently, the distrib-

ution of material in deterministic design was substantially different than the actual

optimal. In probabilistic design, the variation in the strength was taken into account.

As a result, material was transferred from the flanges to the webs and the final design

was dramatically improved.
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Some interesting conclusions can be drawn from Table 6 which compares the failure

probabilities of the 25 failure modes for the deterministic and minimum weight prob-

abilistic design. lt can be observed that in both designs the probability of failure due to

excessive deflection is the highest one. lt is followed by the failure probabilities due to

excessive shear stress in the deterministic design and by the failure probabilities due to

excessive bending stress at 3 stations near the root in the probabilistic design. The

changes in the failure probabilities of failure modes in the probabilistic design compared

with the deterministic design can be explained as follows. We can achieve the same

safety level for the wing by increasing the safety of the webs or by reinforcing the {langes

which reduces the chance of an unacceptable tip deflection and excessive bending

stresses. The first choice is preferable because it takes less weight to increase the safety

of the webs against excessive shear stress. Significant safety increase can be achieved by

adding small amount of material to the webs since their strength variations are higher

and they are lighter compared with the {langes. The weight reduction in the {lange is

higher at stations near the wing tip because these {langes are understressed in the

deterministic design and therefore can be reduced by a large amount without signif-

icantly changing the system probability of failure. The trend for a reliability-based op-

timizer to provide the light weight elements with high safety levels was observed by

Moses[ 3 ] and by Feng[ 6 ].

The difference between the levels of uncertainty in the bending and shear strength is

expected to affect substantially the results of probabilistic design, and consequently the

improvement in the safety or weight of the final design. Therefore, it is interesting to

investigate the influence of the values of the coefficients of variation of the axial and

shear strength to the weight savings obtained from probabilistic design. For this purpose

we redesigned the wing for different levels of the coefficient of variation in the shear
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strength by employing the minimum weight formulation Eqs.( 25-27 ). The coeflicient

of variation of the bending strength was fixed at 10% while the coefficient of variation

of the shear strength took values in the range of 5% to 15%.

The weight reduction as a percentage of the weight of the deterministic design is plotted

in Figure 9 as a function of the coefficient of variation in shear strength. The improve-

ment in the weight increases monotonically with the coefficient of variation of the shear

strength from 0.5% for a 5% coefficient of variation, to 17.5% for a 15% coefficient of

variation of the shear strength.

The above observation can be explained as follows. ln system reliability optirnization,

the following trends can be observed in distributing the material to the structural mem-

bers. First, material is transferred from members with low coefficient ofvariation in their

strength to members whose strength is comparatively more uncertain. Second, material

is transferred from the heavy elements, such as the flanges, to light ones, such as the

webs. Thus at the optimum the failure probabilities of the webs are lower than the

probability of excessive tip deflection and the probabilities of excessive bending stress

near the root , which are determined by the flanges [ 3,6 ]. Considering the case that the

coefficient of variation of the shear strength is low, the above two trends are competing.

More specifically, material should be transferred from the web to the flange because the

uncertainty in the strength of the latter is higher than that of the former. On the other

hand, since the web is lighter than the flange, material should be transferred to the web.

As a result of these competing trends the weight savings are modest. Considering now

the case that the uncertainty in the shear strength is higher, we observe that the two

trends reinforce each other to increase the weight of the webs. In this case the weight

savings, when employing system reliability optimization, are significant. The aforemen-
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tioned arguments explain the monotonic behavior of the weight savings with respect to

the ratio of the coeflicients of variation of the two strengths observed in Figure 9.
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Chapter 6. Probabilistic Design With the AFOSM

Method

6.1 Outline

The level III method is not practical for design because of the excessive C.P.U. time
C

consumed by numerical integrations. This fact prevented us from accounting for the

statistical correlation between failure modes in the example of the previous chapter. In

general, a more efficient method is needed in order to apply system reliability optirniza·

tion to a real life design.

The advanced first order, second moment(AFOSM) method is a safety calibration

technique developed in the l970's. This technique estimates structural safety without

using numerical integration thus reducing the computational effort of reliability analysis.

Furthermore, it allows us to use sernianalytical formulas for the sensitivity derivatives
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of the safety index. Therefore, it is more efficient than the level III method and it con-

stitutes an attractive alternative for reliability optimization.

In this chapter, the entire design process method was repeated using the AFOSM
I

method to evaluate the safety of the structure. Analytical formulas for the sensitivity

derivatives of the safety index of the beam, viewed as a system, with respect to the design

parameters were presented. As in the level Ill method, two safety-index-based designs

were compared with the deterministic design. One design has same probability of failure

as the deterministic design while the other has same weight. Furthermore, we investi-

gated several cases in which the correlation between the strength of the wing segments

was accounted for in reliability analysis. In this part of the study we did not consider

the failure due to excessive deflection.

6.2 The AFOSM Method

In the AFOSM method, the safety of each failure subsystem is quantified by its safety

index which is the final product from the application of this method. The method is

summarized below. First, a function called limit state function which depends on the

values of the random variables is defined , and it becomes negative when the structure

fails, while the positive values of this function correspond to survival. The random vari-

ables are transformed into independent and standard normal ones, and the limit state

function is considered in the space of these reduced variables. The surface corresponding

to zero value of the function is the boundary between survival and failure and the point

on this surface which is closest to the origin is called design point. The AFOSM method
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locates this point through an iterative procedure. The distance from the design point to

the origin is called safety index, and it is usually denoted by ß. For limit state functions

which are not highly nonlinear, the probability of failure P, can be approximated with

good accuracy as follows :

P;=^=<D( — ß) (31)

where

<D is the probability distribution function of a standard

normal random variable.

6.3 Evaluation of Element Safety Index

In our study, the limit state functions are :

gi = R, —
ssi i= 1,...,12 for shear failure mode, or (32)

gi = Ri, — si,i_i2 i= 13,...,24 for bending failure mode, (33)

where

R, is shear strength variable, and

R, is tensile strength variable.

The reduced variables are defined as :

R! = (Ruß.)/vi „ (34)
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Ro, = (R1; " /lb)/ab • (35)

where

,11., is the mean value of the shear strength,

11,, is the mean value of the tensile strength, .

6, is the standard deviation of the shear strength, and
F

6,, is the standard deviation of the tensile strength.

Since the gust load factor ,L, is not normally distributed, a transformation is needed

for the application of the second moment method. Rosenblatt [ 36 ] transform was used
1

as follows :

F(L) = <!>(L')„ (36)

or equivalently :

L = F—l[®(L')] (37)

where

L' is the normalized gust load factor.

From Eqs.( 11-12 ) and ( 34-35 ), limit state functions Eqs.( 32-33 ) become :

g, = R,'6, + 1,1, — c,,(F_‘[<D(L')] + 1) i= 1,...,12 for shear, and (38)

g, = Rblßb + ,11,, — c,,,_,2(F”‘[<I>(L')] + 1) i= 13,...,24 for bending. (39)

Consequently,
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ß, = min . / R,'2
+

L’2
i= 1,...,12 for shear falure mode, and (40)

ßi = min . / Rb'2 +
L'2 i= 13,...24 for bending falure mode. (41)

The evaluation of the safety index is a minirnization problem with Eq.( 40 ), or ( 41 )

as the objective function and with Eq.(38), or ( 39 ) as the constraint for shear and

bending failure mode respectively.

6.4 Evaluation of System Safety Index

It was observed in chapter 5 that the optimum design was overvvhelrningly dorninated

by the deflection constraint. Consequently, the effects of the other 24 constraints were

not clearly seen. In order to show more clearly how the material is distributed by the

optimizer when element strength uncertainties were taken into account, we removed the

deflection constraint in this chapter. Therefore, there are only 24 failure modes. The

first 12 subsystems represent the bending failure modes which are controlled by the

flanges of each beam segment, while the next 12 refer to the shear stresses failure modes

which are controlled by the webs.

Various bounds for probability of failure are available. As in chapter 5, we selected the

Ditlevsen upper bounds to approximate the probability of failure. Both first order, and

second order bounds were used in optimization. Note that the system failure probability

was evaluated by the second order upper bound in chapter 5 only to check the accuracy

of the first order bound. It is impractical to use the second order bound in optimization,
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because system failure probability must be evaluated repeatedly which is too expensive

if the level III method is used. However, it is possible to do so in this chapter because

the AFOSM method is more eflicient than the level III method.

6.4.1 First order upper bound

Probability of failure can be approximated by the first order upper bound as follows :

24
1>,—gZ1¤,, (42)

1:1

or equivalently :

24
_ ®( — ß.)%Z<D( — ßi) (43) -

i=l

where

P, is the system probability of failure, and

ß, is the system safety index.

Consequently,

24
ßsä — @”l[Z¢( — ßi)] (44)

i=l
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6.4.2 Second order upper bound

The probability of failure can be more accurately approximated by using the _

Dit1evsen's second order upper bound as follows :

24 24
P/QZPLI — Zmalx P(ej = One] = 0), (45)

1:1 1:2
’<

where

P(ei = Om?} = 0);(p2( ‘ ß1»
_

ßp Py)» (46)

<I>, is the bivariate normal distribution function,

'
pü is the correlation coeflicient between i and j modes, and

e, = 0 represents the realization of the i th failure mode.

The expression on the left hand side of Eq.( 46 ) represents the intersection of i and j

failure modes. Consequently,

24 24
(D2( - ßiv

—
ßjvi=l

i=2

or equivalently
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24 24
ß,; — <I>"‘[Z®( — ß;) — Zrpgx ®;( — ßb — ßp ßq)] (48)

i=l i=2

Obviously, the second order bound accounts for the statistical correlation between

failure modes whereas the first order bound neglects it.

6.5 Optimal Design Formalations

Two formulations, which are referred to as minimum weight and maximum safety op-

timization, were investigated.

I) Minimum weight optimization

Minimize the weight of the wing :

I2
W = Z2F¤(bi¢11 + him) (49)

l=l

subjected to the constraint :

ßs >ßminwhere

ß„„„ is the prescribed safety level.
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II) Maximum safety optimization

Maximize the safety index :

ß, (51)

subjected to the constraint :

W < Wmin (52)

where

W„„„ is the weight of the deterministic optimum design.

Design variables are the thicknesses of flanges and webs of each segment. The height

of each segment was assumed to be 10% of the corresponding width shown in Table 2.
i

6.6 Sensitivity Analysis

One of the advantages of using the second moment method is that the sensitivities of

ß, with respect to the design variables can be evaluated analytically instead of using the

time~consuming finite difference method. The sensitivities analyses were carried out as

follows :

The limit state function of failure element i can be written as :

$(9,5) = 0 (53)
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where

g is the vector of the reduced random variables, and

g is the design variable vector.

A semianalytical formula for the sensitivity derivatives of the safety indices was ob-

tained[ 37 ] as follows :

6 ög· uh;)$&=————%%- j= 1,...,24 (54)

where

y* is y evaluated at the design point and
A

V£g,(y*, g) is the gradient of derivatives of g, with respect to

y evaluated at the design point.

Equations ( 38-39 ) yield

IV„g,(g,£)I = „ / (ög,/öL’)2 + (ög,/ÖRS')2 for shear failure mode, and (55)

IV„g,(_g,£)I = „ / (ög,/ÖL')2 + (ög,/öR,,')2 for bending failure mode, (56)

Note that an iterative or minimization procedure is needed to locate the design point

where the distance to the origin is the shortest. The partial derivatives of the limit state

function with respect to the reduced random variables can be evaluated as follows :

From Eq.( 36 ) it is observed that,

j(L)öL/öL’ = ¢>(L') (57)
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L

or equivalently,

öl-/öL’ = ¢·(L')U(L) (58)

Therefore, from Eqs.( 38-39 )

ög,/öL’ = —c„¢>(L')U'(L) for shear failure mode, (59)

W

ögi/öL' = —c,„d>(L')ß(L) for bending failure mode, (60)

and

ög,/öRs' = U, , (61)

ögi/öRi„' = Go · (62)

Since R,' and R,' are independent of design variable IJ , Eqs.( 38-39 ) are reduced to

ögi/ög = - (L + l)öc„/ög for shear failure mode, and (63)

ög,/ög = — (L + l)öc,„/ög for bending failure mode. (64)

The sensitivity derivatives can be readily evaluated by substituting Eqs.(55,63) for shear

failure modes, and Eqs.(56,64) for bending failure modes, into Eq.(54).

The next step is to combine the sensitivity derivatives of the safety indices of individual

failure elements to calculate the sensitivity derivative of the safety index of the system.

In the following, we describe the procedure for evaluating the latter, when using the first

or second order Ditlevsen bounds.
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6.6.1 First order upper bound

By differentiating both sides of Eq.(43), which is used to evaluate the safety index of

the system, we obtain :

4
24

¢>( — ß.)( — öß./69) = ZM — ßr)( — ößi/@9). (65)
i=l

where

_ l x2
d>(x) — ——— ¤><p[ — (7 )] (66)

„/2u

In our study, each failure mode depends on one design variable only. Therefore,

aß. i
” aß)—*=·—-— ¢>(—ß·)(‘—)

Ö9 ¢>( — ‘
ÜG

_ <b( (67)
¢>( — ß.) Ö9

This equation relates the sensitivity derivatives of individual failure modes to that cor-

responding to system failure. Furthermore,

@2ß. — d>'(ß.) öß. öß.——— =
·—·—**·'7·—" f

laé ° , 68a¤.a9 ¢»<ß.> az. 69
°’ ‘ ’ ‘ )

and
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, aß
a’ß

, aß i
özßs/ät? = [¢> (ßr)( —l )2 + <b(ßr) — ¢> (ß,)( —* )2]/¢>(ß.) „ (69)

Ö': 81, ötz

where

, x x2
d> (x)=———¤><p[—(T)]„/Za

· (70)
= — x¢>(X)

6.6.2 Second order upper bound

Here, Eqs.(47-48) are used to evaluate the safety index of the system. Let j’(i) be the

value of the index j that maximizes <I>,( — ß,, — ß,, p,,) for a particular i in Eq.(48). Then

Eq.(48) becomes :

24 za .
ß.; — <1>"‘[Z<D( — ßi) — 26% — ßb — ß,·„ ß„·)] (71)

l=l i=2

According to the definition of <I>,( - 6,, - 6,., pü.) we have :

ö®(_ßs—ß'•p) '°ßi
—ß

x2. (72)

where <D,( — ,6,, — ,6,., p,,.) is the joint probability distribution function of two standard,

normal random variables with correlation coeflicient p,,.. This quantity can be evaluated

using the following formula :
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1 1 *1 ‘ @*2 2¢>(*1,X2, py) = d>(X2) T_"‘—‘—" ¢XP[ — j ( ) ] (73)
„/2rc(l—p§,) „/1-p;,

Applying Leibnitze’s rule, the right hand side of ( 72 ) becomes

ößf —ß„ aß. X2, (74)

Using Eq.(73) we can calculate the integrals in Eq.(74). For example, the first term be-

comes :

— ß, — ß· + p ·ß·
I ¢>(X1, ·· (75)

—<>¤ „/ l — py,

Consequently,

ö(D2( —
ßls —

ßjü py')/ät]!

öß·· —ß-+p·ß· aß. —ß·+p··ß= —-j—¢(ß,·)¤>(—é-%—> —j,f·<!>(ß;)®($%··L) (261
k J1 “° @' k V 1 “ @'

Therefore from Eqs.( 47,65,67,76 )
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24

gt 2 21 (76)

Here, the argument of j' have been dropped, but it should be reminded that j' depends

on i.

6.6.3 Discontinuity of Sensitivity Derivativcs

When the second order Ditlevsen upper bound is used to approximate the probability

of failure, discontinuities of the constraint will be encountered due to the

maximum(MAX) operator in Eq.(48). An example is depicted in Figure 10 which shows

the probability of failure as a function of a typical design variable t. Fortunately, this

will not prevent an optirnization algorithm which is based on the penalty function

method such as NEWSUMT-A from finding the optimum. This is explained as follows

2 Consider estimates of the constraint based on its derivative near the point b where

discontinuity occurs. Ifwe are on part A of the curve the optimizer will extrapolate the

curve and overestimate the probability of failure. Similarly if we are on part C of the

curve, again the optirnizer will extrapolate the curve and overestimate the probability

of failure. The penalty function technique used in NEWSUMT-A works well with con-

servative estimates of constraints [ 38 ].
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6.7 Results ofAFOSM Probabilistic Optimizatious

We considered a simple system consisting of only two failure modes which are due to

excessive bending or shear stress at station 12 in order to investigate how the material

was distributed by the optimizer. The dimensions of this station were optimized while

those of the other stations were fixed. Two cases were considered. In case a, both the

tensile and shear strength were assumed to have 10% coefficient of Variation while in

case b, the coefficient of Variation was assumed to be 5% for the tensile and 10% for the

shear strength. The results are summarized in Figure ll where the equal safety and

equal weight lines are plotted. Note that curve AB corresponds to designs with same

failure probability for case a, while curve AC corresponds to that for case b. Point A

refers to the deterministic optimal design while points B and C refer to the two prob-

abilistic optimal designs for cases a and b respectively.

It is observed from Figure ll that in reaching the optimum material is transferred from

the flange to the web. The total weight of the web and the flange of point C is lower

than that of point B, in other words the weight saving in case b is higher than that in

case a which indicates that the deterministic optimum is closer to the probabilistic opti-

mum in case a than to that in case b.

The optimality criterion in [ 39 ] indicates that if the weight is a linear function of indi-

vidual elements and each failure mode is controlled by one element only, at the optimum

the following relation holds 2

wo
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or equivalently,

P1: P/1
Wi = ,,,9 (78)

where

w, is the weight of failure element and

w, is the total weight of the system.

Eq.( 78 ) indicates that at the beginning of the optimization if PN is the same as PN, the

value of the maximum of w, and ag should be reduced in order to reach the optimum.

On the other hand, if w, and w, are the same at the beginning of the optimization, the

value of the maximum of PN and PN, should be reduced, in other words, its correspond-

ing weight should be increased.

The results shown in Figure ll can be explained according to the above criteria. ln

case a, the probability of failure of 2 modes are the same at point A because they have

same level of uncertainty in their strengths. However since the weight of the flange is

much higher than that of the web, according to Eq.( 78 ) material was transferred from

the flange to the web. In case b, not only the weight of the flange is higher than that of

the web but the probability of failure is also lower than that of the web at point A.

Consequently, the weight saving is more pronounced than that of case a when material

was transferred from the flange to the web.

The optimization process was then applied to the whole wing. ln this study 6 cases

with different correlation coeflicients, p , were studied to investigate the influence of the

correlation between failure modes on the optimal designs.
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I) Equal correlation coeflicient. V

p is :

0.8(0.8II'j I) between bending and shear, failure modes (79)

0.8 I I'] I bending-bending,
I

(80)

I
0.8 "·/' shear-shear, (81)

where i and j are segment numbers.

II) Higher correlation coefficients between bending failure modes.

p is :

bending-shear, (82)

0.9"‘j' bending-bending, (83) ·

0.7 I I"] I shear-shear, (84)

III) Higher correlation coeflicients between shear failure modes.

p is :

0.6(0.6II‘] I) bending-shear, (85)

0.7 I I-] I bending-bending, (86)

0.9
"·/‘

shear-shear, (87)
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The wing was also assumed to be composed of 3 plates. Failure elements on the same

plate were assumed to have higher correlation coefficients than those which lie on dif-

ferent plates.

IV) Same correlation coefficients for all failure elements on the same plate.

p is 0.9 between all failure elements on the same plate and 0.7 for otherwise.

V) Higher correlation cocfficients between bending and bending failure modes on the

same plate.

On the same plate : p is 0.9 for bending-bending, 0.7 for shear-shear and 0.5 for

bending-shear.

On different plates : p is 0.7 for bending-bending, 0.5 for shear-shear and 0.4 for

bending-shear.

VI) Higher correlation coefficients between shear and shear failure modes on the same

plate.

On the same plate : p is 0.7 for bending-bending, 0.9 for shear-shear and 0.5 for

bending-shear.

On different plates : p is 0.5 for bending-bending, 0.7 for shear-shear and 0.4 for

bending-shear. .

The results are shown in Tables 7-10. Note that in Tables 8 and 9 correlation coeffi-

cients of type I were used. The trends obscrved in Tables 7-10 are similar to those ob-
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served when we considered only two failure modes (Figure ll). Furthermore, the results

in Table 10, which compares the chance of failure of all failure elements at the optimum,

follow the trends identilied in the level lll optimization.

lnteresting results were obtained in the correlation coefficient analyses which are shown

in Table ll. The following conclusions can be drawn : a) The optimization results from

using first and second order bounds are the same whenever the correlation coefficients

between failure modes are same all through the wing (types l,IV). Note this is true re-

gardless of the value of the correlation coefficient. b) Whenever the correlation coeffi-

cients between bending failure modes are different than those between shear failure

modes, the results from first and second order bounds optimization are different. More

specifically, if the correlation between bending failure modes dominates, higher weight

savings are achieved when second order bounds are employed (type II). The opposite

happens when the correlation between shear failure modes dominates.

The above observations can be explained as follows. When the correlation coefficients
I

between bending failure modes become higher than those between shear failure modes,

the contribution of the former to the system probability of failure decreases. In other

words, the chance for the system to collapse due to excessive bending is reduced com-

pared to that of the case where the correlation between failure modes is not considered.

Therefore, the high correlation coefficients between bending failure modes will enhance

the effect of the low coefficient of variation of the tensile strength described earlier. As

a result we save additional material when the effect of correlation between failure modes

is accounted for. On the other hand, when the correlation coefficients between shear

failure modes are higher, the opposite happens. Therefore, the results of the second order

bound optimization are worse in terms of weight savings than those of the first order
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bound optimization. However, this does not imply that the design from the second order

bound optimization is inferior. The design from first order bound optimization is less

accurate.

It is also observed in Table ll that the correlation between failure modes has significant

influence on the value of the system safety index. Note that those indices shown in the

table are essentially the indices of the deterministic design evaluated using the corre-

sponding type of bound. Because in the optimization formulation, the safety index of the

deterrninistic design was used to constrain that of the probabilistic design. Consequently,

the safety index of each type of probabilistic design will be the same as that of the

deterministic design evaluated using the corresponding type of bound. Naturally, the

safety index evaluated using the first order bound is more conservative than that evalu-

ated using the second order bound.

In order to compare the efficiencies of various stochastic approaches, the entire process

was repeated using the level III method. Then the second moment method was repeated

again using finite difference sensitivity analyses.

NEWSUMT-A is an optimization package which employs the sequential unconstrained

minirnization technique to solve linear, and nonlinear equality, or inequality constrained,

or unconstrained minimization problems. In our study, the sequential unconstrained

minimization technique transforms the constrained rninimization problem into a se-

quence of unconstrained rninimization problems. Within each unconstrained rninimiza-

tion the golden section method was used to find the one dimensional local minimum. A

global minimum was found after the sequence of unconstrained rninimization processes

were completed. In applying this technique, gradients of both the objective function and

the constraints are needed to provide information for direction finding. Furthermore, in
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the golden section search both the objective function and the constraint have to be

evaluated repeatedly to obtain the total function value. Since the evaluation of the con-

straint is often expensive, which is exactly the case in our study, a first order approxi-

mation of the constraint is cmployed within the golden section search. The efficiency of

different method can be compared by comparing their total repetition in performing

different tasks as shown in Table 12.

Since the constraint evaluation was the most expensive part in in the optimization, in-

crease in the computational time can be expected as the number of such evaluations in-

creases. It was observed in Table 12 that the level Ill method has the highest number

of constraint evaluations. This is because the gradients were performed using finite dif-

ference method. Therefore it has the highest computational time. Finally, it can be ob-

served that the C.P.U. time was dramatically reduced when the AFOSM method was

employed.
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Chapter 7. Concluding Remarks

7.1 Conclusions

In deterministic or quasi-probabilistic design, a minimum safety level for each struc-

tural component is prescribed by the designer. The designs are often ineflicient due to

this empirical prescription. In contrast, in system reliability design the designer specifies
l

only the overall safety level of the structure. The optimizer is free to determine the best

combination of safety levels of the individual components in such a way that the re-

quirement of the overall safety is satisfied. This allows optimal distribution of material

and yields better designs than those obtained by quasi—probabilistic methods.

In system reliability optimization, the following trends can be observed in distributing

the material to the structural members. First, material is transferred from members with

low coefficient of variation in their strength to members whose strength is comparatively

more uncertain. Second, material is transferred from the heavy elements to light ones.

At the optirnum, light structural elements have lower failure probability than heavy

Chapter 7. Concluding Remarks 57



ones. The correlation between failure modes of a structural system might be important

and should be taken into account in evaluating system reliability. It has been shown that

._ higher correlation between failure elements which have lower strength uncertainty will _

result in a cheaper design using the second order upper Ditlevsen bound than using the

first order upper bound.

The advanced first order, second moment(AFOSM) method is an efficient technique

which makes structural safety measurement possible without using numerical inte-

gration. It is very suitable for performing the reliability analyses in optimization. Fur-

thermore, sernianalytical methods for evaluating the sensitivity derivatives of the safety

index of a failure element with respect to design variables further increase the accuracy

and efficiency of optimization. This allows to optimize more complex structures and to

relax some restrictive assumptions which are made in the level III method.

If a penalty function method is used for optimization, we may use the second order

upper Ditlevsen bound to approximate system reliability without encountering any

problems due to the discontinuity of the sensitivity derivatives of the system safety index.

The results from this study indicate that the system reliability optirnization can capture

the characteristics of real life design problems, and that it has the potential to reduce

substantially the weight, and to increase the safety level of aircraft wings. The benefits
C

of the system reliability design are vmore pronounced when the AFOSM method is used.

Therefore, it should be considered seriously as an alternative to deterministic design.
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7.2 Future Research

Element reliability does not account for the redundancy that is usually inherently built

in a system. Therefore, deterministic or element reliability optimization methods are not

expected to be effective when applied to the design of real structures. The benefits from

‘ system reliability optimization are expected to be more pronounced in this case. This

should be particularly true for wings made of composite materials due to the inherently

high redundancy of these structures. Consequently, this is an area that future research

efforts should be directed to.

Excessive computational cost, even for the case that the AFOSM method is employed,

bars the application of stochastic optimization to real life complex problems. Efforts

should be directed towards further reducing the computational cost. One of the ways is

to apply integrated analysis and design[ 40 ]. This strategy can be followed if an ad-

vanced second moment method is used to evaluate the system reliability constraint. This

approach involves an iterative procedure used to evaluate the safety index which is re-

peated at each iteration of the optimization. Since two iteration procedures are in-

volved, it may be possible to integrate them to improve efficiency.

Although reliability based design has many advantages, it is relatively complicated and

expensive compared to deterministic design. Code calibration is a rapidly emerging

technique which performs probabilistic design in a deterministic way. In this technique,

the reliability information is hidden in a few load increase and strength decrease param-

eters. These parameters are calculated by the authors of the code in a way that they

correspond to a desired probability of failure. The designers can perform structural de-
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sign easily without getting involved with extensive reliability analysis and still be sure

that a satisfactory safety level of the structure is guaranteed by using the prescribed

partial load and resistance factors. The development of such a code is a promising area

for future research.

In this study dynamics effects, structural stability and fatigue were not taken into ac-

count. These are areas to be explored for more accurate aircraft wing design.
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Table 1. Data for Example Aircrah

Design altitude = 30,000 ft
Cruising speed = 320 mph

Weight = 15,000 lb
Wing span = 48.73 ft

Wing chord (tip,root) = (2.25 , 7.83) ft
Mean chord = 5.04 ft

Wing area = 279.37j72
Aspect ratio = 8.5

Wing loading = 53.69 Ibswz
Slope of CL — a curve = 6.094 / radian

Air density = 0.9312E-03 slugswa
Gust speed = 41.67 ft / s

Design load factor = 3.22
Allowable Deflection = 35 inches

Average material strength :
Tensile strength = 48,000 psi

Shear strength = 27,710 psi

Deterministic design values :
(85% of average values)

Tensile strength = 40,800 psi
Shear strength = 23,554 psi
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Table 2. Dimensions of the Box Beam Model of the Wing

Segment No. width (in) length (in) height (in)

l - 16.20 24.36 2.70

- 2 19.55 24.36 3.26
3 22.90 24.36 3.82

4 26.24 24.36 4.37
S 29.59 24.36 4.93
6 32.94 24.36 5.49

7 36.29 24.36 6.05
8 39.64 24.36 6.61
9 42.98 24.36 7.16

10 46.33 24.36 7.72

11 49.68 24.36 8.28

12 53.03 24.36 8.84
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Table 3. Deterministic Optimal Design (Level lll)

Thickness (in) height (in) Weight (lb)

Segment No. Flange Web Flange Web

1 0.023 0.010 2.70 2.00 0.14

2 0.060 0.020 3.26 6.18 0.35

3 0.093 0.030 3.82 11.21 0.60

4 0.119 0.038 4.37 16.52 0.88

5 0.140 0.046 4.93 21.87 1.19

6 0.156 0.053 5.49 27.18 1.54

7 0.169 0.060 6.05 32.41 1.91

8 0.180 0.066 6.61 37.62 2.30

9 0.190 0.072 7.16 43.12 2.71

10 0.203 0.077 7.72 49.57 3.15

11 0.220 0.082 8.28 57.71 3.60

12 0.238 0.087 8.84 66.59 4.07

optimal weight : 394.39 (lb)

probability of failure : 1.41E-3
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Table 4. Minimum Weight Probabilistic Optimal Design (Level lll)

Thickness (in) height (in) Weight (lb)

Segment No. Flange Web Flange Web

1 0.018 0.013 2.70 1.52 0.19

2 0.050 0.025 3.26 5.17 0.42

3 0.080 0.035 3.82 9.69 0.71

4 0.104 0.045 4.37 14.36 1.03

5 0.123 0.053 4.93 19.21 1.38

6 0.139 0.061 5.49 24.16 1.76

7 0.153 0.068 6.05 29.22 2.17

8 0.166 0.074 6.61 34.81 2.58

9 0.180 0.079 7.16 40.74 3.00

10 0.192 0.085 7.72 47.04 3.46

11 0.206 0.090 8.28 53.88 3.94

12 0.218 0.095 8.84 61.15 4.45

optimal weight : 366.05 (lb)

probability of failure : 1.41E-3
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Table 5. Maximum Safety Probabilistic Optimal Design (Level lll)

Thickness (in) height (in) Weight (lb)

Segment No. Flange Web Flange Web

1 0.020 0.014 2.70 1.68 0.20

2 0.055 0.027 3.26 5.64 0.46

3 0.087 0.038 3.82 10.55 0.77

4 0.114 0.048 4.37 15.80 1.11

5 0.135 0.057 4.93 21.15 1.49

6 0.152 0.066 5.49 26.48 1.90

7 0.166 0.073 6.05 31.77 2.33

8 0.178 0.080 6.61 37.32 2.79

9 0.192 0.087 7.16 43.46 3.27

10 0.206 0.093 7.72 50.27 3.77

11 0.220 0.098 8.28 57.60 4.28

12 0.233 0.103 8.84 65.32 4.81

probability of failure : 2.72E-4
weight : 394.39 (lb)
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Table 6. Failure Mode Probability for Deterministic Design and Minimum Weight Probabilistic Design
(Level lll)

Probability
Failure Mode Deterministic Probabilistic

1 0.000E+00 0.000E+00

2 0.000E+00 0.000E+00

3 0.000E+00 0.000E+00

4 0.000E+OO 0.190E·l2
5 0.481E·13 0.339E·09
6 0.799E·l0 0.364E-07
7 0.122E·07 0.622E·O6
8 0.298E·06 0.300E-05
9 0.205E-05 0.902E-05

10 0.555E-05 0.203E-O4
11 0.656E-05 0.348E—04
12 0.659E-05 0.513E-04
13 0.916E-04 0.433E·06
14. 0.969E·04 0.16SE-05
15 0.101E—03 0.293E-05

16 0.102E-03 0.380E·05
17 0.l03E·03 0.S02E—05
18 0.103E·03 0.673E-05
19 0.104E-03 0.726E-05

20 0.104E·03 0.101E-04
21 0.105E·03 0.132E·04

22 0.105E·03 0.152E-04

23 O.105E·03 0.171E·04
24 0.106E·03 0.169E—04
25 0.l66E·03 0.119E-02

System failure probability : 0.141E-02
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Table 7. Deterministic Optimal Design (AFOSM)

Thickness (in) Weight (lb)

Segment No. Flange Web Flange Web

1 · 0.009 0.010 0.75 0.14

· 2 0.027 0.020 2.76 0.35

3 0.049 0.030 5.87 0.59

4 0.072 0.038 9.95 0.88

5 0.095 0.046 14.86 1.19

6 0.118 0.053 20.51 1.54

7 0.140 0.060 26.83 1.90

8 0.161 0.066 33.75 2.30

9 0.182 0.072 41.23 2.71

10 0.201 0.077 49.21 3.14

ll 0.220 0.082 57.66 3.59

12 0.238 0.087 66.54 4.06

optimal weight : 352.5 (lb)

safety index : 3.099
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Table 8. Minimum Weight Probabilistic Optimal Design (AFOSM)

Thickness (in) Weight (lb)

Segment No. Flange Web Flange Web

1 0.010 0.013 0.82 0.18
2 0.027 0.024 2.74 0.41
3 0.046 0.034 5.60 0.69

4 0.067 0.045 9.31 1.03

5 0.088 0.054 13.70 1.40

6 0.108 0.061 18.71 1.77

7 0.126 0.068 24.21 2.16
8 0.144 0.073 30.18 2.53

9 0.161 0.078 36.48 2.96

10 0.177 0.084 43.21 3.44

11 0.191 0.089 50.16 3.90

12 0.205 0.094 57.48 4.38

optimal weight : 317.5 (lb)
safety index : 3.092
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Table 9. Maximum Safety Probabilistic Optimal Design (AFOSM)

Thickness (in) Weight (lb)
Segment No. Flange Web Flange Web

1 0.010 0.014 0.83 0.19
2 0.029 0.027 2.95 0.46
3 0.051 0.039 6.15 0.78 .
4 0.074 0.049 10.25 1.14
5 0.097 0.059 15.11 1.53
6 0.119 0.067 20.63 1.95
7 0.140 0.075 26.74 2.40
8 0.160 0.082 33.37 2.87
9 0.178 0.089 40.46 3.37

10 0.196 0.095 47.99 3.88
11 0.213 0.101 55.90 4.41
12 0.229 0.106 64.16 4.96

safety index : 3.81
weight : 352.1 (lb)
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Table I0. Individual Safety Indices of Deterministic Design and Minimum Weight Probabilistic Design
(AFOSM)

Safety Indices
Mode Deterministic Probabilistic

1 0.AA5E+O1 0.505E+01
2 0.AA5E+01 0.AAOE+01
3 0.AA5E+0l 0.A1AE+01
A 0.AA5E+01 0.A03E+O1
5 0.AA5E+01 O.39AE+01
6 0.AA5E+01 0.387E+01
7 0.AA5E+01 0.381E+01
8 0.AA5E+01 0.375E+01
9 O.AA5E+01 0.369E+01

10 0.AA5E+O1 0.365E+01 ·
11 0.AA5E+01 0.359E+01
12 0.AA5E+01 0.355E+01
13 0.379E+01 0.A85E+01
1A 0.379E+01 0.A62E+01
15 0.379E+01 O.A57E+01
16 0.379E+01 0.A5AE+01
17 0.379E+01 0.A50E+01
18 0.379E+01 0.AA5E+01
19 0.378E+01 0.A38E+0l
20 0.378E+01 0.A2AE+01
21 0.378E+01 0.A20E+01
22 0.378E+01 0.A19E+01
23 0.378E+01 0.A17E+01
2A 0.378E+01 0.A1AE+01

System Safety 0.3099E+01 0.3092E+01
Index
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Table ll. Correlation Coellicient Analyses

Type Optimal Weight (lb) Safety Indices

Deterministic 353.5

Probabilistic(F.O.) 317.5 3.092

Probabi1istic(S.O.)
I 318.9 3.154

II 312.1 3.124
III 325.6 . 3.211
IV 318.0 3.202
V 311.0 3.104

VI 317.9 3.104

F.O. : First Order Bound
S.O. : Second Order Bound
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Table I2. Elüciencies Comparisons

level III AFOSM AFOSM AFOSM
F.O.F.D. F.0.A.N. S.0.A.N. F.0.F.D.

obj 170 226 228 366

‘dobj 10 20 21 15

g 298 41 43 605

dg 0 20 21 0

apg 124 185 185 135

C.P.U. 315.48 7.20 12.53 106.73
”

time(s)

weight 316.9 317.5 318.9 318.8

(lb)

F.O. : first order bound
S.0. : second order bound _

F.D. : finite—difference-eva1uated gradients

A.N. : analytically-evaluated gradients
obj : number of objective function evaluations

dobj : number of objective function gradients evaluations

g : number of constraint evaluations
dg : number of constraint gradients evaluations

apg : number of approximate constraint evaluations
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