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Abstract
A Study of Heat and Mass Transfer in Porous Sorbent Particles
Nagendra Krishnamurthy
This dissertation presents a detailed account of the study undertaken on the subject of heat and mass
transfer phenomena in porous media. The current work specifically targets the general reactiondiffusion systems arising in separation processes using porous sorbent particles. These particles are
comprised of pore channels spanning length scales over almost three orders of magnitude while
involving a variety of physical processes such as mass diffusion, heat transfer and surface adsorptiondesorption. A novel methodology is proposed in this work that combines models that account for the
multi-scale and multi-physics phenomena involved. Pore-resolving DNS calculations using an
immersed boundary method (IBM) framework are used to simulate the macro-scale physics while the
phenomena at smaller scales are modeled using a ‘sub-pore modeling’ technique.
The IBM scheme developed as part of this work is applicable to complex geometries on curvilinear
grids, while also being very efficient, consuming less than 1% of the total simulation time per timestep. A new method of implementing the conjugate heat transfer (CHT) boundary condition is
proposed which is a direct extension of the method used for other boundary conditions and does not
involve any complex interpolations like previous CHT implementations using IBM. Detailed code
verification and validation studies are carried out to demonstrate the accuracy of the developed
method.
The developed IBM scheme is used in conjunction with a stochastic reconstruction procedure based
on simulated annealing. The developed framework is tested in a two-dimensional channel with two
types of porous sections – one created using a random assembly of square blocks and another using
the stochastic reconstruction procedure. Numerous simulations are performed to demonstrate the
capability of the developed framework. The computed pressure drops across the porous section are

compared with predictions from the Darcy-Forchheimer equation for media composed of different
structure sizes. The developed methodology is also applied to CO2 diffusion studies in porous
spherical particles of varying porosities.
For the pore channels that are unresolved by the IBM framework, a sub-pore modeling methodology
developed as part of this work which solves a one-dimensional unsteady diffusion equation in a
hierarchy of scales represented by a fractal-type geometry. The model includes surface adsorptiondesorption, and heat generation and absorption. It is established that the current framework is useful
and necessary for reaction-diffusion problems in which the adsorption time scales are very small
(diffusion-limited) or comparable to the diffusion time scales. Lastly, parametric studies are
conducted for a set of diffusion-limited problems to showcase the powerful capability of the
developed methodology.
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Chapter 1
Introduction
Understanding the physics in processes involving porous media has generated tremendous interest from
researchers due to their use in a variety of technologies. A technology that has found tremendous success
is the use of porous particles for gas purification. In these processes, a stream of gaseous mixture is
passed through sorbent particles which show preferential adsorption capacity towards the particular
species that is to be separated. Adsorption, being a surface phenomenon, requires a large amount of
surface area to exhibit high separation capacities and hence the particles used for this purpose are usually
highly porous. Other desirable properties for sorbent material are selectivity towards certain species of
interest, the adsorption/desorption kinetics, regeneration capacity and the overall sorbent costs [1]. One of
the important applications of this technology is its use in separating carbon dioxide (CO2) from flue gas
streams as part of the carbon sequestration process. Among the many solid sorbents used for carbon
capture, the use of amine-based adsorbents is of particular interest to this study. Apart from separation of
CO2, the solid sorbent technology is also used in a number of other bulk separation processes such as
removal of suphur dioxide [2] and alkali vapor adsorption [3].
This work is primarily concerned with the computational modeling of heat and mass transfer in porous
particles, a problem inherent to solid sorbent based separation processes. In doing so, there are numerous
challenges are identified:
•

the porous particles exhibit very intricate microstructural contours, hence a way of dealing with
these complex surfaces is necessary

•

the structures entailed in the particles also show a large range of length scales – usually 3-4 orders
of magnitude, thus rendering the system to be multi-scale in nature

1

•

the underlying physics in the system is governed by multiple phenomena – transport of heat and
mass, and surface reaction of the adsorbate species with the adsorbent porous surface

•

the possibility of widely differing time scales owing to the dominant physical mechanisms or the
local length scale.

The main aim of this work is to develop the numerical tools necessary to study this complex multi-scale,
multi-physics problem to quantify the flow of heat and mass into the porous particles, coupled with the
reaction kinetics. The following are the major research questions answered as part of the current work:
1. Is it possible to create a single framework that can account for all the multitude of scales and
physical mechanisms?
The porous geometry contained in any porous medium is generally composed of intricate microstructural
contours. Additionally, the difference between the largest to the smallest channel sizes usually spans 3-4
orders of magnitude. The dominant physics at the different scales are also expected to be different. A two
pronged approach is hence proposed in this work to account for the different length scales – directly
resolve the larger channels and model any of the unresolved smaller scales. This will indeed allow the use
of a single framework wherein the most relevant physical mechanisms are accounted for in the larger and
smaller pore channels.
2. How does one account for the complex microstructural nature of the porous particles and be able to
perform accurate simulations through such surface contours?
Even while only the larger channels are resolved directly, the complex nature of the geometry in these
channels prohibits the use of traditional numerical techniques. To overcome this issue, a non-boundary
conforming approach – the immersed boundary method (IBM) – will be used. IBM allows computational
modeling of flow and heat transfer around arbitrarily shaped surfaces with relative ease owing to the
simplified and straight-forward grid generation process.
2

3. Can it be ensured that the porous geometries used at least for the larger pores that are directly
resolved are representative of the real sorbent particles?
In order to ensure use of realistic porous media geometries, a stochastic reconstruction procedure will be
employed. This is an alternative to using experimentally obtained images directly, which are usually very
hard to obtain, especially complex three-dimensional solids. Instead, two-dimensional experimental
images can be used to extract statistical descriptors that can subsequently be used in conjunction with the
stochastic reconstruction technique to obtain porous geometries. A combination of IBM and stochastic
reconstruction will be used to simulate the physics occurring at the larger channels in the porous particles.
4. Lastly, what are the physical mechanisms that govern the smaller scales and how can we account for
these?
A new methodology to include the effects of any unresolved smaller scales and the dominant physical
mechanisms thereof will be developed. Along with transport of mass and energy, the surface adsorption
effects become important as the smaller channels usually account for most of the surface area available in
the porous medium. A hierarchical network of pore channels that are unresolved by the IBM framework
will be created within which the effects of the aforementioned physical phenomena will be modeled using
simplified one-dimensional governing equations.
The rest of the dissertation is presented in three independent chapters. In the second chapter, details of the
IBM framework developed and the related test simulations are discussed. This includes the
implementation in a curvilinear grid framework, and a new approach to solving conjugate heat transfer
problems using IBM. In chapter three, the developed IBM framework is applied to realistic porous media
geometries that are created using stochastic reconstruction techniques. In chapter four, a novel sub-pore
modeling methodology is described which models the unresolved scales and the relevant physics. These
chapters correspond to the last three research questions and are written in an independent fashion given
3

that the contents are mostly non-overlapping. Hence, every chapter has a separate introduction and
conclusions section. The references however are merged into a single section to avoid repetitions and are
presented at the end of the dissertation.
The work performed as part of this dissertation has resulted in peer-review journal publications and the
details are as follows:
•

“Flows Through Reconstructed Porous Media using Immersed Boundary Methods”, K. Nagendra
and D.K. Tafti, Journal of Fluids Engineering, 136 (4), 040908, 2014.

•

“A Novel Approach for Conjugate Heat Transfer Problems Using Immersed Boundary Method
for Curvilinear Grid Based Solvers”, K. Nagendra and D.K. Tafti, Journal of Computational
Physics, 267, 225-246, 2014.

•

“A Sub-pore Model for Multi-Scale Reaction-Diffusion Problems in Porous Media”, K. Nagendra
and D. K. Tafti (manuscript under preparation).

•

“Modeling CO2 diffusion and adsorption in mesoporous silica particles”, K. Nagendra and D. K.
Tafti (manuscript under preparation).
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Chapter 2
A new approach for conjugate heat transfer problems using immersed
boundary method for curvilinear grid based solvers1
2.1 Abstract
Use of immersed boundary method (IBM) based techniques have helped considerably in easing the grid
generation process in flows involving complex geometries and/or large boundary movements. Body
fitting grid based techniques still, however, are advantageous in terms of accuracy and efficiency. In this
work, we have developed an IBM scheme applicable to curvilinear coordinates, aiming at taking
advantage of both the methodologies. The framework uses efficient algorithms for search, locate, and
interpolate operations. A new method of implementing the conjugate heat transfer (CHT) boundary
condition is proposed which is a direct extension of the method used for other boundary conditions and
does not involve any complex interpolations like previous CHT implementations using IBM. The
developed scheme is shown to be applicable to complex geometries on curvilinear grids, while also being
very efficient, consuming less than 1% of the total simulation time per time-step. Very good scalability on
massive computations is demonstrated using strong scaling study up to 1024 cores. Detailed code
verification process is undertaken to show that the method is second-order accurate for both the velocity
and temperature fields for all the boundary conditions considered. Further, validation studies involving
uniform flow over stationary and oscillating cylinders are carried out to demonstrate the accuracy of the
developed method. Lastly, simulations are performed to study flow and conjugate heat transfer through
thick-walled micro-channels using body-fitted background grids and the results are shown to be in
excellent agreement with previously published results.

1

Reprinted from Journal of Computational Physics, vol. 267, Nagendra, K., Tafti, D.K. and Viswanath, K., “A new
approach for conjugate heat transfer problems using immersed boundary method for curvilinear grid based solvers”,
pp. 225-246, with permission from Elsevier.
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2.2 Introduction
In the last couple of decades, the use of boundary non-conforming techniques for computational fluid
dynamics problems has gained considerable popularity, owing mainly to the versatile capabilities that
such implementations offer in comparison to traditional CFD codes. The time spent on generation of
body-fitting meshes requires a huge amount of user input for complex geometries. For moving boundary
problems, the structured body-fitting grids require complex grid deformations and/or re-meshing
algorithms, most of which still have limited allowable range of boundary movement. While unstructured
solvers are better in terms of ease of grid generation and re-meshing, they are much harder to implement
and require large amounts of book-keeping and memory usage. In contrast, the use of boundary nonconforming formulations allows simulations of fluid flow around bodies with complex features, large
movements and surface deformations on a fixed background mesh with minimal overhead in setup.
Solvers based on such methodologies have the solid boundary “immersed” in a background mesh and
generally utilize a series of special treatments applied near the solid surface. These methods are
commonly termed immersed boundary methods (IBM). The idea originated from the work of Peskin [4]
where this method was used to simulate blood flow through heart valves using a fixed Cartesian
background grid. Following this work, several modifications and improvisations to this method have been
proposed over the years showcasing its wide range of applicability. A wealth of literature is available on
the range of capabilities that can be developed using immersed boundary techniques [5]. Here, we first
present a brief review of the different types of implementations available. The implementations mainly
vary in the way the boundary conditions are applied. In general, the use of IBM can be thought of as a
modification applied to the governing Navier-Stokes equations. The exact nature of this modification
distinguishes the different schemes from each other.
A widely used approach is the use of a forcing function – usually a Dirac delta function – as a source term
in the momentum equations. Peskin and coworkers utilized a forcing function that is spread across a few
6

cells neighboring the immersed surface [4, 6-8]. In fact, numerous applications exist in the literature,
especially for flows with elastic boundaries such as fluid-structure interaction problems involving blood
flow through arteries, for which this approach is a natural choice. One drawback of such formulations,
however, is the smearing of the boundaries due to the spreading nature of the forcing function. While this
may not be an issue for elastic boundaries, this increases the grid resolution requirement substantially for
flows with rigid immersed surfaces.
This issue can be avoided by directly computing the forcing function to be applied from the discretized
momentum equations and using it as a source term for the nodes that lie in the immediate vicinity of the
immersed boundary. This approach was pioneered by Mohd-Yusof and coworkers [9, 10] who proposed a
second-order accurate scheme based on a locally dependent interpolation stencil. This method is
applicable to sharp solid interfaces and does not suffer from the blurring which may occur in a continuous
forcing approach. Several improvements have been proposed since, mainly with an aim of developing a
general methodology applicable to wider spectrum of problems including arbitrarily shaped 3D surface
contours with deformation and/or movement [11-14].
Another set of works that falls into this category is the cut-cell techniques used prominently by
Udaykumar and collaborators [15, 16]. The methodology adopted in these works is to perform
simulations on control volumes that are reshaped close to the immersed surface, thus simulating a sharp
interface. The method has been successfully employed for a variety of problems both in 2D and 3D
geometries, though it should be noted that the 3D implementations are not trivial due to complex
polyhedral cells that are formed as a result of the cut-cell procedure.
The approaches discussed thus far focus on the use of Cartesian grids as background mesh due to the
simplicity of mesh generation. In fact, that was one of the driving factors for the use of immersed
boundary methods. While this is true in a number of situations, the use of a non-orthogonal mesh as the
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background grid may also be desirable in some scenarios. Examples for these cases are problems
involving internal flows through domains of relatively simple outer boundaries (non-orthogonal) while
there are complex internal structures either stationary or moving within these domains. For the overall
domain, it would be beneficial to use a curvilinear, body-fitted discretization scheme because of better
computational efficiency as well accuracy in such cases, while still utilizing the advantages that the IBM
schemes offer for the complex internal solid structure. There already exist a few works in the literature
that have focused on developing such a hybrid framework [17, 18] including applications to pulsatile
flows through bileaflet heart valve [19] and fluid-structure interaction problems [20, 21]. These are
essentially extensions of the sharp interface method of Gilmanov and Sotiropoulos [14] to curvilinear
coordinates. An important step in these implementations is tracking of the immersed boundary and is
commonly known as the interface tracking problem. Borazjani et al. [22] note that this identification
accounts for close to 5% of the total computational cost per time-step (for a simulation involving 10
million grid nodes and 2048 surface elements).
Extension of the immersed boundary methodology to the solution of energy equation is conceptually very
similar. Numerous works are available in literature for the two commonly used boundary conditions –
constant temperature (Dirichlet) and constant heat flux (Neumann) [18, 23-25]. The implementation of
these two boundary conditions is a natural extension from the formulation developed for momentum
equation solution. However, in heat transfer phenomena another commonly encountered situation is the
need to solve the energy equation inside the solid, along with the fluid region. This phenomenon termed
“conjugate heat transfer” (CHT) is in fact physically more realistic, when the conduction within the solid
cannot be assumed to be infinitely faster compared to the fluid region. This boundary condition is a
combination of the Dirichlet and Neumann boundary conditions which are both to be satisfied at the
immersed surface. Modeling such a boundary condition requires the knowledge of temperature field on
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both sides of the immersed surface. In contrast, both the velocity and constant temperature/heat flux
boundary conditions require information of temperature field only on the fluid side.
One of the first such implementation of a CHT scheme using IBM was by Iaccarino and Moreau [26].
Iaccarino and Moreau applied the method to both natural and forced conjugate heat transfer problems
using a RANS model. More recently, Kang and coworkers [27] developed an interpolation technique for
the conjugate heat transfer implementation and applied the methodology to turbulent flows which are
buoyancy dominated. This method involved interpolations around a disjointed fluid-solid interface to
solve for the conjugate heat transfer problem. The accuracy of the scheme was also observed to drop due
to the limited size of the interpolation scheme and stencil size used for the reconstruction. In this work,
we aim to develop an IBM scheme for CHT problems that is formulated as a natural extension of the
Dirichlet and Neumann boundary conditions without requiring any complex interpolations. Hence the
CHT boundary condition is expected to present the same level of accuracy (second order) as Dirichlet or
Neumann boundary conditions.
Summarizing, the major aims of the current study are: (1) to develop an efficient immersed boundary
methodology for a curvilinear grid based solver and (2) to formulate an accurate and straight-forward
implementation for conjugate heat transfer problems using IBM. In this paper, we present the details of
the formulation developed for this purpose. A couple of example applications are presented to
demonstrate the utility of the developed framework. The accuracy of the developed method is verified by
using an analytical solution. This is followed by a series of validation studies to confirm the accuracy of
the different capabilities.

2.3 Nomenclature
2.3.1 English symbols
)

area
9

*

+
'

,

-.
/

/0

12
3"
5

56
78
8

9

9:

.

;

distance
diameter
length
surface normal (direction)
Nusselt number
pressure
pressure correction
Prandtl number
heat flux
radius
Reynolds number
Strouhal number
time
temperature
characteristic temperature
velocity
cell-face flux

2.3.2 Greek symbols
Γ

surface entity
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=

=>

?

@

A

B
Ω

grid size
probe distance
thermal conductivity
absolute viscosity
density
flow variable
volume entity

2.3.3 Subscripts
C%
D

6

E
F

GC

H/
,
I

/

26E

boundary condition
cell
nearest element
fluid
inner wall
IB node
mirror probe
node
outer wall
probe
reference value
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J

K

solid
wall

2.3.4 Superscripts
∗

dimensional value

2.3.5 Miscellaneous

M, O, P computational space coordinates

F, Q, R
2, S

structured grid indices
radial coordinates

T, U, V Cartesian coordinates
(bold) vector quantities
~

XY⋅[

\Y⋅[

]Y⋅[

(overhead) intermediate value
time-stepping operator
boundary condition operator
mass conservation operator

2.4 Numerical methodology
All the calculations are performed in an in-house code – GenIDLEST [28] (Generalized Incompressible
Direct and Large Eddy Simulation of Turbulence) – a parallelized fluid flow solver developed for timedependent flow and heat transfer calculations. GenIDLEST solves the incompressible Navier-Stokes
equations in generalized coordinate framework and is capable of handling temperature dependent
property variations. For brevity, only the non-dimensional form of the governing equations abbreviated
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using Einstein’s index notation for low-speed constant property flows is given below. More details about
the formulation can be found in [29, 30].
^._
=0
^T_

(2.1)

^._
^
^/
1 ^  ._
+
+
b. . c = −
e
f
^8 ^Ta _ a
^T_ 56 ^Ta ^Ta
^9
^
1
^9
+
b.a 9c =
e?
f
^8 ^Ta
56 ⋅ 12 ^Ta ^Ta

(2.2)

(2.3)

where the non-dimensionalizations are:
∗
∗
∗
8 ∗ .ghi
/∗ − /ghi
9 ∗ − 9ghi
T_∗
._∗
T_ = ∗ ; ._ = ∗ ; 8 = ∗
;/ = ∗ ∗ ;9 =
;
'ghi
.ghi
'ghi
9:∗
Aghi .ghi
∗
∗
∗
@ghi
%> ∗ghi
.ghi
'∗ghi
Aghi
56 =
; 12 =
∗
∗
@ghi
?ghi

The above equations are transformed to generalized coordinates and solved using a conservative finitevolume formulation on a non-staggered grid topology. The Cartesian velocities, pressure and temperature
values are calculated and stored at the cell center, whereas the contra-variant mass fluxes are calculated
and stored at the cell faces. For time integration, a projection method using second order predictorcorrector steps is employed. The predictor step calculates an intermediate velocity field and the corrector
step calculates the updated divergence free velocity at the new time-step by solving a pressure-Poisson
equation. Linear systems resulting in the implicit treatment of the momentum and energy equations, and
the solution of the elliptic pressure equation are solved using a preconditioned BiCGSTAB method.
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2.5 Immersed boundary framework
The proposed immersed boundary methodology is an extension of a scheme first proposed by Gilmanov
and Sotiropoulos [14] to a curvilinear coordinate system on a non-staggered grid. In this implementation,
no additional forcing term is used in the governing equations. Instead, solution to the governing equations
is suitably modified at nodes that lie in the immediate vicinity of the immersed surface. The major steps
in the implementation can be listed as follows: (1) identify the location of the immersed surface and
determine which of the surrounding nodes are fluid and which are solid, (2) solve the governing equations
at all nodes in the domain that are not in the immediate vicinity of the boundary and (3) at the nodes that
are directly next to the IB, apply a special treatment to reflect the presence of an immersed surface.
2.5.1 Search-locate and interpolate (SLI) algorithm
Of the different tasks involved in our immersed boundary methodology, there are two general operations
that are to be performed repetitively – relating an arbitrary Lagrangian point to the background Eulerian
fluid grid and interpolating values onto this arbitrary point from known values at the background grid.
Depending on the problem size, these tasks may need to be performed a large number of times every
time-step and hence should be handled in an efficient manner. We use a search-locate and interpolate
algorithm proposed originally by Allievi and Bermejo [31] for application in particulate flows for this
purpose. This algorithm determines the cell in which an arbitrary Lagrangian point lies and also provides
the weighting coefficients needed for tri-linear interpolation. Only a brief description of the algorithm is
presented here – details of the full formulation and examples can be found in the original paper [31]. As
the name suggests, the algorithm performs two main operations – identify the cell in which a given point
lies (search-locate step) and compute the value of any variable of interest at a given point in the cell,
provided the values are known at the surrounding vertices (interpolate step).
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In order to determine whether a given point l = YT, U, V[ lies within a hexahedral cell Ω: , first the

physical coordinates YT, U, V[ are transformed into the computational space coordinates YM, O, P[, defined
with respect to the cell Ω: . A two-dimensional example of the transformation is shown in Figure 2.1. It

can be observed that the edges of the cell are represented by the lines M = ±1 and O = ±1 (and P = ±1

for the 3D case) in the local transformed coordinates. Hence, the point l lies within the bounds of the cell
Ω: only if the following locate condition is satisfied:

−1 ≤ M, O, P ≤ +1

(2.4)

It follows that in the example provided, l lies within the cell whereas l is outside it.

The eight vertices that make up Ω: are represented compactly as l±_,±a,±n , with the signed indices

identifying the direction of the vertex in the structured grid framework. For example, in the 2D case

shown in Figure 2.1, lo_,oa represents the lower left vertex while lp_,pa represents the upper right vertex.

Using the widely used tri-linear interpolation function, the coordinates of location l can be expressed in
terms of l±_,±a,±n ’s and a set of computational space coordinates YM, O, P[ that correspond to l:
vlo_,oa,on Y1 − M[ + lp_,oa,on Y1 + M[w Y1 − O[
tu
+
x Y1 − P[{
s vl
z
o_,pa,on Y1 − M[ + lp_,pa,on Y1 + M[w Y1 + O[
1s
z
lYM, O, P[ = s
+
z
8
s vlo_,oa,pn Y1 − M[ + lp_,oa,pn Y1 + M[w Y1 − O[
z
su
+
x Y1 + P[z
r vlo_,pa,pn Y1 − M[ + lp_,pa,pn Y1 + M[w Y1 + O[
y

(2.5)

It is easy to observe that the computational space coordinates of the vertices would be l±_,±a,±n ≡

Y±1, ±1, ±1[. Numerically, an iterative scheme is required, however, to invert the above function to

determine the values of YM, O, P[’s. The Newton-Raphson method is employed for this purpose.
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In the event that the locate condition mentioned earlier is satisfied, the obtained YM, O, P[ values also can

be directly used to compute interpolation factors for tri-linear interpolation. Assuming that the variable of

interest is known at the eight vertex locations, we just replace l by the scalar value BYl[ and the vertex
vectors l±_,±a,±n ’s by the corresponding known values of the scalar variable at these locations B±_,±a,±n .
The simplified expression for the weights attached to each of the vertices will be:
}±_,±a,±n =

Y1 ± M[Y1 ± O[Y1 ± P[
8

(2.6)

In case the locate condition is not satisfied (i.e., the location l does not lie within the cell Ω: ), then the
SLI algorithm needs to perform the search-locate operation on other cells in the domain. Since the

number of cells is likely to be large, an efficient way to determine the cell that is most likely to contain
the location of interest is necessary. The output of the search-locate operation above gives a good estimate

which neighboring cell is most likely to contain the location of interest. Since the obtained YM, O, P[’s are

the cell based computational coordinates, on a structured grid we can use these to obtain the YF, Q, R[

indices of the next most likely cell. For example, if YF, Q, R[ are the indices of the currently search cell Ω:

and the values of M, O, P are all > 1, then the cell most likely to contain l would be YF + 1, Q + 1, R + 1[.

Similarly, if M, O ≤ −1 while −1 ≤ P ≤ 1 would indicate the next cell is most likely YF − 1, Q − 1, R[ and

so on.

In summary, the described SLI algorithm provides an efficient algorithm of determining the indices of the

cell in a structured grid where a given location l lies. Also, without any additional computations, the
weighting factors for a tri-linear interpolation at l> based on known surrounding vertex values can be

determined. The steps in the SLI algorithm can be listed as follows:

1. Start with an initial guess for the cell Ω: in which location l is likely to reside.
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2. Iteratively determine the cell-based computational space coordinates YM, O, P[ of l with respect to
Ω: .

3. Check if the location lies within Ω: – if yes, go to 5; else, go to 4.

4. Change the guess cell Ω: to be the next most likely cell based on the values of YM, O, P[. Go to 2.

5. If desired, compute the tri-linear interpolation coefficients based on the values of YM, O, P[.
2.5.2 Interface tracking

The first step in the proposed IBM scheme is the identification of the immersed surface represented in a
Lagrangian fashion with respect to the background Eulerian grid. This identification step comprises of
locating the individual triangular surface elements (or line segments in 2D) using the SLI algorithm
described before. The centroid of every surface element is used as the Lagrangian marker representing the
element and the background cell in which it lies is determined. This step is to be performed once at the
beginning of the simulation for stationary immersed boundaries and at the beginning of every time-step
for moving immersed boundaries. This is followed by assigning of node types to all the nodes in the
calculation domain. Here, it should be noted that the term node is the same as a cell and the two terms are
used interchangeably in the following descriptions.
2.5.3 Definition of node types
We define three primary types of nodes – fluid, solid and IB. The fluid and solid node definitions are
trivial – any node that lies in the fluid region is a fluid node and if not, it is a solid node. An IB node, on
the other hand, is any node that lies in the immediate vicinity of the immersed boundary.
For any non-CHT simulation, solution to the governing equations using the iterative solvers is necessary
only at the fluid nodes. No solution is needed at the solid nodes, while at the IB nodes, values of the
solution variables are obtained by applying the desired BC (discussed later) at the immersed boundary.
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For CHT simulations though, the temperature field is solved both in the fluid and solid regions. Hence, IB
node assignment is necessary on either side of the immersed boundary as opposed to only fluid side for
non-CHT simulations. The solid nodes that lie directly next to the immersed boundary are called solid IB
nodes.
For clarity on these definitions, a two-dimensional example of different node types for a CHT case is
shown in Figure 2.2. The background mesh is a structured body-fitted circular grid with a concentric
circular solid immersed in it. It is important to note that the fluid IB and solid IB nodes are the first set of
nodes lying direct next to the immersed boundary. Outer set of fluid nodes (and solid nodes, for energy
equation) are affected by the presence of the immersed boundary through their interaction with the fluid
(and solid) IB nodes.
2.5.4 Assigning node types
As it is evident from the above definitions, the first task in node identification is to determine whether a
given node is a fluid or solid node. It should also be noted that, by definition, all the IB (fluid and solid)
nodes will lie in the immediate vicinity of the immersed boundary. Since the IB nodes exist only next to
the immersed boundary, we restrict all our identification operations to the vicinity of the boundary. The
following are the steps followed to assign node types:
1. For every surface element, define a stencil around the cell on the background grid containing the
element centroid (identified during the interface tracking step). Determination of node type will
be performed only for nodes that lie within this stencil. The stencil size is proportional to the
relative size of the surface element with respect to the size of the cell in which it lies. For a
locally resolved drag/heat transfer calculation on the immersed surface, it is necessary to have
surface elements to be approximately the same size as the cells and in this case, the stencil size
will be 3 nodes in every direction.
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2. For every node in the stencil, identify the surface element closest to it. For this, the sign of the
normal distance to this element computed based on the following dot product is used to determine
whether the node lies towards the solid or fluid side:
=
* = Yl − l [ ∙ 

≥0
<0

E.F*
JIF*

where l and lh are the coordinates of the node and the centroid of the nearest element,
 is the surface normal directing outwards from the element.
respectively and 

3. Next, of these nodes, all the fluid nodes that have at least one face-sharing neighboring solid node
are marked as fluid IB nodes. Similarly, all the solid nodes that have at least one face-sharing
neighboring fluid node are marked as solid IB nodes.
4. At this point, we have assigned node types to all nodes that lie close to the immersed boundary.
For assigning node types to nodes that lie farther away from the IB, we use an efficient “burning
algorithm” [32] which is applied recursively and can be summarized as follows: looping over all
nodes of known type (solid or fluid), assign the same node type to any unassigned nodes that are
its face-sharing neighbors; repeat this process for every such newly assigned node until no
unassigned nodes are left in the domain.
2.5.5 Node identification: Radial swirler in an annular combustor
We look at a representative example to demonstrate the application of the described identification
procedure to a realistic geometry involving complex features. For this purpose, we consider a radial
swirler in an annular combustor. Here, a periodic section of this geometry consisting of one such swirler
is chosen. A body-fitted non-orthogonal mesh is created to encompass the volume within the annular
combustor while the swirler is modeled as an immersed surface. Figure 2.3 shows a CAD representation
of the swirler geometry as well as the identified fluid IB nodes. The surface is triangulated using a total of
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approximately 106 surface elements while the background mesh is composed of around 4×106 cells. It is
observed that all the features of the swirler geometry have been correctly captured by the node
identification method outlined in this section.
2.5.6 Setting of boundary conditions at IB nodes
In order for the outer nodes (both solid and fluid) to see the presence of an immersed boundary, the values
of flow variables at the IB nodes need to be suitably modified. For this, depending on the type of
boundary condition, a solution reconstruction procedure is used. Three types of boundary conditions are
considered at the immersed boundary – Dirichlet, Neumann and conjugate heat transfer.
Similar to other sharp interface IBM schemes, to be able to reconstruct the solution at the IB nodes, we
need to define probes which extend into the domain from the IB nodes. Solution variables are interpolated
at the probe location using a tri-linear interpolation scheme and these values are used in conjunction with
the desired boundary condition at the immersed boundary to obtain the IB node values. The obvious
choice for the location of the probes is to choose them to lie along the surface normal direction further

into the calculation domain. Mathematically, the probe location l> for an arbitrary point l (can be either
a fluid or solid IB node) in the vicinity of the IB is given by:
l> = 


l + => 

l − => 

E.F* GC ,I*6
JIF* GC ,I*6

(2.7)

 is the surface normal.
where => is the distance of the probe from the IB node and 

In choosing the value of => , it must be ensured that the probe is far enough from the IB node not to be
significantly affected by the IB node itself (in the interpolation) and yet, close enough for the near
boundary assumptions to be valid. In spite of the possible curvilinear nature of the background grid, it is
generally desirable that the grid distribution in the different directions is usually of roughly the same size
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in the vicinity of the IB for a complex randomly oriented immersed surface. For such a case, a good

approximation for => is the average cell size which is computed locally for every IB node. However, it is

likely that for certain cases, a mesh with varying aspect ratios is used as the background grid. For such
cases, the probe distance => can be calculated as the absolute value of the dot product of the IB surface
normal and the longest diagonal of the IB cell. This is a more general definition which can account for
varying grid distributions in different directions as well as the arbitrary nature of the IB orientation.
2.5.6.1 Dirichlet condition
Interpolated values at probe locations are used for implementing the desired boundary condition at all IB
nodes. The probe location, as stated earlier, is chosen to be at a cell distance away along the surface
normal direction. Figure 2.4 illustrates the implementation of Dirichlet boundary condition in our

framework. Interpolated value of the flow variable B> at the probe location is obtained using the tri-

linear interpolation coefficients obtained using the SLI algorithm. Nodes that are part of the interpolation

stencil are highlighted in Figure 2.4 (b), using blue circles. A second-order accurate formulation for B is
then obtained by using the Taylor expansions for B and B> defined about the value at the wall B

and eliminating the first gradient.

B =

* B> + b*> − * cB
*>

(2.8)

The assumption in the above implementation is that a constant gradient exists between the IB and the
probe location. The above equation is applicable for the velocity and constant temperature boundary
conditions.

21

2.5.6.2 Neumann condition
In a Neumann condition specification, the gradient of the flow variable at the IB is known instead of the
actual value. The most obvious choice in such a case is to use the specified gradient value to compute the
value of flow variable at the IB and then use the Dirichlet condition formulation presented earlier.
However, if the value at just one probe is used to perform this operation, the accuracy of the scheme was
observed to drop to first order. In order to preserve the second order accuracy, it is necessary to define a

second probe which is located another probe distance => away from the first probe continuing along the
surface normal direction. The arrangement of probes and applied profile is shown in Figure 2.5. As
before, Taylor series expansions for B , B> and B> about the value at the wall B( are used –

eliminating B( and a higher order gradient term to obtain the following expressions for B .
B =

^B




− *>
− *
b*
cB> + b*>
cB> − b* − *> cb* − *> cb*> − *> c ^, 


*>
− *>



(2.9)

On the other hand, if a first-order formulation is sufficient, only information of the flow variable at the
first probe B> is necessary. The formulation in that case reduces to:
B = B> − b*> − * c

^B

^, 

(2.10)

2.5.7 Conjugate heat transfer treatment
For simulations involving conjugate heat transfer (CHT), the energy equation is to be solved in the fluid
region as well as the solid region. To accomplish this, the solid material properties are used to compute

the value of 56 ⋅ 12 for nodes that lie in the solid region. Along with this, a special treatment to handle
the immersed boundary implementation is necessary.
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The CHT boundary condition is different than the Dirichlet/Neumann conditions discussed earlier
because the solid side of the immersed surface also needs to be taken care of while handling the presence
of an IB. We have already discussed the definition of IB nodes on the solid side of the immersed surface
for a CHT simulation which is necessary since solid nodes are also part of the governing equations. A
main difficulty in IBM-CHT implementations is that IB nodes on either side do not coincide onto the
same location on the surface and hence, this requires interpolations on the surface to determine the
boundary condition. For instance, Kang et al. [27] use projections of the solid and fluid IB nodes onto the
immersed surface and reconstruct the temperature field on the IB using second-order polynomials. This is
a non-trivial operation and can be complicated, especially if we are dealing with arbitrarily shaped surface
contours. In contrast, the scheme proposed here is a direct extension of the other boundary condition
implementations presented earlier and does not involve any complex interpolation schemes. The
treatment of solid and fluid IB nodes is done independently, coupled only by the multiple iterations which
we do in order to make sure that we approach a converged solution.
For CHT simulations, two boundary conditions are to be satisfied at the IB simultaneously – (1) a
Dirichlet condition at the IB which ensures the continuity of the temperature field across the interface
between the two media and (2) a Neumann condition at the wall location which accounts for the balance
of energy transferred across the interface. It is evident that this requires, for every IB node (fluid or solid),
information from the other side (solid or fluid) of the surface. Hence, additional probes called mirror
probes are defined at geometrical mirror locations about the IB. Mirror probes are defined for all IB nodes
(fluid and solid) as illustrated in Figure 2.6 for a two-dimensional example. Further discussion is provided
with respect to fluid IB nodes only, but exactly the same procedure applies to solid IB nodes as well.
The first condition used is the equality of heat flux across the fluid-solid interface.
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?

^9
^9
 = ?i 
^, (,
^, (,i

(2.11)

where, , is the surface normal direction, pointing outwards from the solid. The gradients on the fluid and
solid sides are obtained using Taylor series expansions of the IB probes and mirror probes, respectively.
From the above equality, an expression for the wall temperature is obtained.
9( =



−*>
b? 9> + ?i 9> c + *>
b? 9> + ?i 9> c


− *>
b*>
cb?i + ? c

(2.12)

For the corresponding formulation for solid IB nodes, we only need to swap ?i and ? in the above

expression. Then, the value at the IB node can be expressed in terms of the temperature values at the two
probe locations and wall as:

9
=

* *> b* − *> c9> + * *> b*> − * c9> + b* − *> cb* − *> cb*> − *> c9(
*> *> b*> − *> c

(2.13)

2.5.8 Implementation in a fractional-step algorithm
Based on the node identification performed, the computational domain is divided into different regions
for the purpose of calculations. These demarcations are depicted in Figure 2.7 for both non-CHT and

CHT cases. For non-CHT case, three regions are defined – (i) the solid region Ω that is completely
encompassed by the immersed surface Γ , (ii) the fluid IB region Ωoi covering the space between the
IB and an imaginary stair-case interface Γoi formed by the shared faces between the fluid nodes and IB

nodes and (iii) the fluid region Ωi covering the remaining portion of the calculation domain. For a CHT

case, an additional region Ωo is defined on the solid side representing the region between Γ and the
imaginary stair-case interface Γo which is the solid counterpart of Γoi . The solid region Ω in this
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case represents only the region encompassed by Γo . These demarcations clearly distinguish the type of
nodes that lie within them as well – fluid, fluid IB, solid IB and solid nodes make up the regions Ωi ,

Ωoi , Ωo and Ω , respectively. Now, we describe the implementation of the IB methodology
described thus far in the framework of a fractional-step algorithm. Following are the main steps
performed within the time-loop integration.
2.5.8.1 IB movement and node identification
For a moving boundary problem, tracking of the IB as well as the assignment of node types is to be
performed at every time-step. This implies that the definitions of Γ , Γoi and Γo are reevaluated and

correspondingly the different regions in the domain are redefined. Also, the boundary conditions for
velocity components are updated based on the movement of the IB during the current time-step.
2.5.8.2 Intermediate velocity field
In the IBM framework, the discretized forms of the momentum equations are solved only for the cells that
lie within Ωi . The equations solved in these regions are without any modifications to the original

formulations. The appropriate boundary conditions are applied to the cells contained within Ωoi (fluid

IB nodes).
For Ωi :

For Ωoi :

For Ω (and Ωo ):

. = XY. , .[ = . + Δ8 Y. , ., / [
. = \b.> c

(2.14)

. = 0

where, XY⋅[ is the time-stepping operator for the discretized momentum equations and \Y⋅[ is the
boundary condition operator, which for velocity is usually the Dirichlet condition given in Eq. (2.8). The

boundary condition value would be non-zero if the IB is moving or has surface blowing/suction.
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Application of IBM related boundary condition is performed within the linear solver iteration loop. The
overhead ~ represents the iterative nature of the solution field and these iterations are continued until a
desired level of convergence criteria is satisfied.
2.5.8.3 Temperature field
When solving for energy equation for a non-CHT simulation, the solution methodology to be followed is
exactly the same as for the momentum equations with either a constant temperature or heat flux boundary
condition applied as given by Eqs. (2.8) and (2.9), respectively. For CHT simulations though, we require
solution to the temperature field within the solid as well. Adopting the same nomenclature as before, the
following methodology is adopted:
For Ωi and Ω :

For Ωoi and Ωo :

9 = Xb9  , 9c

9 = \b9> , 9> c

(2.15)

where, \Y⋅[ now represents the CHT boundary condition operator given by Eq. (2.13).
2.5.8.4 Satisfying mass conservation
The velocity field obtained at this stage however does not satisfy continuity yet. Solution to the pressure
equation is to be used subsequently to obtain the corrections to the pressure and velocity fields computed
earlier which will render the field divergence-free. With the introduction of an immersed surface, it has
been observed in the past studies that satisfying mass conservation can be a non-trivial issue and results in
spurious pressure oscillations near the IB. The approach adopted here is similar to the approximated
domain method proposed by Kang et al. [33].
As with the intermediate velocity field calculation before, we have different approaches for the two fluid
regions of interest – Ωoi and Ωi . No solution is necessary in the solid regions. The first mass
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conservation condition to be satisfied is to ensure that total mass flux out of the IB is the same as the mass

coming out of the stair-case interface Γoi .

=): = Y ⋅ 
 [=)h
 ;





(2.16)

’s are the cell face fluxes computed based on the intermediate velocity field and, Δ): and Δ)h
where, ;

are the discretized areas of the cells faces and surface elements, respectively. In order to accomplish this,
the error in the satisfaction of the above condition is calculated and an average correction ; so computed

is applied to all the cell faces that make up Γoi .
For all faces ∈ oi :

 + ;
; p = ;

(2.17)

The pressure equation can now be solved as is in the outer fluid region Ωi . Since the fluxes at Γoi are
already updated to satisfy conservation, we set the pressure corrections at the cells within Ωoi to be

zero. This, along with the corrected fluxes at the stair-case boundary, ensures that the outer fluid region
instead sees a physically realistic flow field inside the near-IB region.
For Ωi :

For Ωoi :

For Ω (and Ωo ):

c
∇ /0 = ]b;
/0 = 0

(2.18)

/0 = 0

where, ]Y⋅[ is the mass source calculated in terms of the cumulative cell face fluxes for every cell. The

final pressure field can then be calculated by using the correction term /0 for cells in the Ωi region while

a Neumann condition for pressure derived from the momentum equations is applied for cells within
Ωoi .
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For Ωi :

For Ωoi :

For Ω (and Ωo ):

/p = / + /0
^/p
*._
 = −,_

^, 
*8 

(2.19)

/p = 0

If the IB is stationary, then the condition for Ωoi reduces to a zero pressure gradient condition at the IB.

The cell-face fluxes and nodal velocities (in Ωi ) are then corrected using the pressure correction values.

The final flux values obtained then satisfy the divergence-free condition.
For Ωi :

For Ωoi :

For Ω (and Ωo ):

.p = . + .

.p = \b.>p c

(2.20)

.p = 0

2.6 Results
We now present a few example calculations to showcase the capabilities of the proposed IBM framework.
Specifically, calculations are performed to compute the order of accuracy of the developed method
followed by a few validation simulations involving both stationary and moving immersed boundaries.
2.6.1 Computational overhead and parallel scalability
Including IBM framework in the solution methodology involves additional computational overheads and
it is important to ensure that these costs are insignificant compared to the overall simulation times. It is
necessary to account for overheads especially for moving IB simulations wherein there are certain IBM
related operations to be performed every time-step. A previous IBM implementation in generalized
coordinate systems reported approximately 5% computational cost for the node identification procedure
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alone when using an IB made up of 2000 surface elements and 10M background grid cells [22]. We
performed flow simulation of similar magnitude to establish a comparison of the computational
requirement of our identification algorithm. In addition to node type identification, redetermination of the
surface element location and the subsequent re-computing of different element and nodal properties such
as surface normal directions, probe locations and the corresponding interpolation coefficients add to this
repetitive expense. Since these operations are integral to a simulation involving a moving IB, we include
the computational costs incurred due to these steps as part of the identification related expense.
For this purpose, a problem involving the flight aerodynamics study of a bat wing is considered [34].
While a discussion of the involved physics is out of the scope of this paper, we use this simulation to
study the additional computational cost incurred due to inclusion of IBM. The domain consisted of
approximately 23M fluid cells on the background while the wing is composed of roughly 18.4K surface
elements. The entire identification procedure for this calculation accounted for less than 1% of the overall
computational cost every time-step. This demonstrates the inexpensive nature of the implemented
algorithm for a reasonably sized problem of interest.
Application of IBM framework for realistic problems also dictates the grid resolution strategy and this
brings in the aspect of parallelization. Studies in the past have shown the feasibility of IBM framework to
parallelization by demonstrating impressive scalability for large problems [35, 36]. The current IBM
scheme has been implemented within the MPI-based domain decomposition framework of GenIDLEST.
Unlike the flow solver though, the immersed boundary is usually spread across only a few of the blocks in
the domain. For IBM related computations, this implies dynamic load imbalance. However, given that the
time spent on these computations is relatively small, we expect the introduction of IBM to have a minimal
effect on overall scalability of the code. To assess the parallel performance of the current IBM
implementation, a strong scaling study is undertaken. All calculations are performed on Virginia Tech’s
supercomputing facility – Blueridge. This machine houses two octa-core Intel Sandy Bridge CPUs and 64
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GB of memory per node with InfiniBand interconnects. The bat flight problem described earlier is used
for the simulations and the performance is investigated from 32 to 1024 cores. The number of cells on the
background mesh contained per core varies approximately from 718K to 22K, respectively. During the
simulation, the wing undergoes complex movements through its flapping cycle traversing through
multiple blocks. Figure 2.8 shows the near wing block decomposition for the simulation performed on
1024 cores. Computational times for 50 time-steps are recorded and the results are presented in Figure
2.9. It is observed that the scalability is excellent up to 1024 cores with the parallel efficiency being 75%
even at 1024 cores.
2.6.2 Rotational flow between coannular cylinders
2.6.2.1 Order of accuracy
For the code verification procedure, a two-dimensional problem of rotational flow between two coannular
cylinders is considered. A schematic of the used geometry is shown in Figure 2.10. The problem setup
consists of a solid region

Ω



contained between the inner cylinder and the solid-fluid interface which is

modeled using an immersed boundary. The space

Ω

i

between the IB and the outer cylinder wall consists

of the fluid which is set in rotational motion due to the rotating outer wall. For the velocity field, no-slip
condition is enforced at the IB while the rotational speed of outer wall is . = 1.

For all simulations, the outer wall is maintained at a constant temperature of 9 = 0 while three types of

thermal boundary conditions are considered at the IB – constant temperature, constant heat flux and
conjugate heat transfer. For the constant temperature case, the IB wall (and hence the solid) is maintained
at a constant non-dimensional temperature of 9 = 1, while for the constant heat flux case, the IB is set

00
to have an outward heat flux 3
= 1. In the CHT simulations, the inner wall is maintained at 9_ = 1. For

each of these cases, analytical solutions can be derived for both velocity and temperature fields and are
given here [27].
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Velocity field:
.g = 0; . Y2[ =

0


5 5
¡
− 

5 − 5

1
5
⋅ + 
 ⋅2
2 5 − 5

EI2 5_ < 2 < 5 YJIF*[

EI2 5 < 2 < 5 YE.F*[

(2.21)

Temperature field:
Constant temperature BC at IB
EI2 5_ < 2 < 5 YJIF*[

−

Y9 − 9 [ IPY5 ⁄2[
9Y2[ = ¡
9 −
IPY5 ⁄5 [

EI2 5 < 2 < 5 YE.F*[

(2.22)

Constant heat flux BC at IB
−
9Y2[ = ¡9 IPY5 ⁄2[ + 9 IPb2⁄5  c
IPY5 ⁄5 [

00
where, 9 = 9 − 3
logY5 ⁄5 [.

EI2 5_ < 2 < 5 YJIF*[

EI2 5 < 2 < 5 YE.F*[

(2.23)

Conjugate heat transfer BC at IB
Y9 − 9_ [ IPb2⁄5 _ c
© 9_ +
§
IPY5 ⁄5_ [ + b? ⁄?i c IPY5 ⁄5 [
9Y2[ =
Y9 − 9_ [ IPY5 ⁄2[
¨
§9 −
IPY5 ⁄5 [ + b?i ⁄? c IPY5 ⁄5_ [
¦

EI2 5_ < 2 < 5 YJIF*[

EI2 5 < 2 < 5 YE.F*[

(2.24)

For all the calculations, a body-fitting structured grid that conforms to the outer and inner walls of the
geometry is created. Four systematic mesh refinements are considered with every successive level being
half of its previous level. This corresponds to grid sizes Δ = 0.1, 0.05, 0.025 and 0.0125 in the radial

direction. In order to examine the global discretization error behavior, ' norms of errors in velocity and
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temperature fields are computed with respect to the derived analytical solutions for each grid level. The
obtained error norms are plotted in Figure 2.11 for different cases. It is observed that second order
convergence is exhibited by both the velocity field and the temperature field for all boundary conditions
at the IB.
2.6.2.2 Sensitivity to probe distance
The same problem set-up is considered next to study the dependence of the results on the location of the

IB node probes. A total of five probe distances are considered – 0.6=> , 0.8=> , => , 1.2=> and 1.4=> ,
where => is the standard probe distance computed as described in section 2.5.6. Results from these

simulations are used to compare the radial variation of the solution variables. Only a plot of the

temperature profiles obtained with a CHT boundary condition is presented in Figure 2.12. It is observed

that in spite of a ±40% variation in the probe distance, the profiles essentially overlap each other with the
maximum difference of less than 0.5%, showing that the results are not very sensitive to the exact
location of the probes.
2.6.3 Uniform flow over stationary cylinder

Uniform flows over bluff bodies – specifically cylinders (2D) and spheres (3D) – are used for validation
of many IBM codes. We first consider the two-dimensional case of flow over a stationary cylinder.
Simulations are performed for different inflow velocities corresponding to Reynolds numbers (based on
the inflow velocity and cylinder diameter) in the range 10-200. This range covers both the steady and
unsteady flow regimes.
A rectangular domain of size 45D × 30D is used where D is the cylinder diameter. In the stream-wise
direction, the inlet and outlet boundaries are at distances of 20D and 25D, respectively so as to avoid any
influence on the near body flow structures. The boundaries in the cross-flow direction are 15D away from
the cylinder and have walls sliding at inflow velocity. A uniform grid resolution of = = 0.0125D in the
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vicinity of the cylinder is used and the resolution is relaxed away from the body according to a hyperbolic
tangent distribution.
2.6.3.1 Steady flow regime (56& ≤ 40)

In the steady regime, the wake is characterized by a recirculation zone consisting of two symmetric
vortices attached to the immersed cylinder. The observed coefficient of drag and the size of the
recirculation zone size have been well documented in literature. For comparison, results from numerical
simulations of Park et al. [37] are used. The simulations of Park et al. are performed on a body-fitted
staggered grid framework using a total of 128 grid points around the cylinder surface. Table 2.1 presents
the comparison of coefficients of drag and recirculation zone lengths for three Reynolds numbers – 10, 20
and 40. In Figure 2.13, the local distribution of pressure coefficient for the same three Reynolds numbers
are compared against the results of Dennis and Chang [38]. Excellent agreement is seen in all cases.
2.6.3.2 Unsteady flow regime (56& > 40)

For higher Reynolds numbers (56& > 40), the wake of the cylinder becomes unsteady and results in the
Karman vortex street. The shedding pattern is characterized by the Strouhal number defined in this case

as 78 = E+ ∕ .« , where E is the frequency of vortex shedding and .« is the approach velocity. The

Strouhal numbers obtained for various cases are presented in Table 2.2 and as can be seen, compare very
well with existing results in literature (from Silva et al. [39]).
2.6.3.3 Heat transfer results
Simulations are performed for all the Reynolds numbers presented so far with both constant temperature
and constant heat flux boundary conditions at the cylinder surface. Table 2.3 presents Nusselt number
data for the two boundary conditions in the steady regime in comparison to the numerical results of Bharti

et al. [40]. Very good agreement is observed for both the types of boundary conditions. For the unsteady
regime, average Nusselt number values are calculated. The computed values of Nusselt number are
33

plotted for the entire 56& range considered in Figure 2.14 and the comparison with available results from
literature (Lange et al. [41]) is excellent. For 56& = 120, the local Nusselt number values are averaged

over multiple vortex shedding cycles. The distribution so obtained is compared to the numerical results of
[23] as shown in Figure 2.15.
2.6.4 Uniform flow over an oscillating cylinder

In continuation with the study of flow over bluff bodies, a moving boundary problem is considered next.
The problem set-up is similar to that used in the stationary cylinder case, albeit with the oscillation of
cylinder perpendicular to the flow direction. The cylinder is prescribed a cosine oscillation given by

UY8[ = ) cos Y2®E8[, where ) and E are the non-dimensional amplitude and frequency, respectively. For

a cylinder oscillating near the natural shedding frequency, the vortex shedding pattern changes depending
on the oscillation frequency. In this lock-in regime, the average energy transfer from fluid to the solid
changes from positive to negative value when the amplitude of oscillation is increased beyond a certain
threshold. Simulations are performed for a Reynolds number of 200 for oscillation amplitudes of ) =

0.199 and 0.696 while the frequency is maintained at E = 0.2. At the higher amplitude, the reduced

velocity exceeds the threshold frequency resulting in a change in the vortex shedding pattern as shown in
Figure 2.16. The variation of lift profiles at various times is plotted in Figure 2.17 and compared to the
results obtained by Leontini et al. [42], noting that the change in the shedding pattern which affects the lift
profile is predicted correctly in our calculations.
2.6.5 Conjugate heat transfer through developing micro-channel flows
In order to demonstrate the validity of the developed method in a more general problem setup, we
consider the case of flow through a circular micro-channel tube with thick walls. A body-fitted structured
grid is generated encompassing the whole domain till the outer wall of the tube. The inner wall of the tube
with which the fluid will be in contact is modeled using IBM. The background fluid grid is intentionally
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created in a way that the IB is located completely in the non-orthogonal region of the domain. A
schematic representation of the grid used along with the immersed surface is shown in Figure 2.18.
The problem set-up is similar to that used by Nonino et al. [43] to facilitate one-on-one comparison of the
results. A uniform velocity profile is used at the inlet. At the outer wall, a constant heat flux boundary
condition is used while the end walls of the tube at the entrance and exit faces are adiabatic. A CHT
boundary condition is used at the immersed surface and the appropriate properties are used for calculation
of the Prandtl number, 12 in the solid and fluid regions. The diameter of the outer wall is set at + = 2+_

while the length of the tube is ' = 25+_ . The ratio of thermal conductivities ? ∕ ?i is set at 25 while the

density and specific heat of the solid are taken to be the same as that of fluid. Simulations are performed

assuming that these properties are constant. The triangulated tubular surface consists of approximately
109K surface elements.
Two grid levels are considered for the background mesh. The grid size near the IB is maintained to be

approximately = = 0.04+_ and 0.02+_ in the cross-flow directions. Since the domain involves developing
flow near the entrance region, the grid distribution in the stream-wise direction near the inlet is set to be

= = 0.04+_ and 0.02+_ (same as that in the other two directions) and is gradually increased along the

flow direction. Simulations are performed for a Reynolds number of 50, defined based on the inner tube
diameter and the inlet velocity. The value of 12 number for the fluid is set at 5 – hence the thermal field is

expected to take much longer to attain a fully developed state compared to the velocity field. A
comparison of the stream-wise distribution of local Nusselt number obtained using these two grids is
presented in Figure 2.19 along with the computational results of Nonino et al. [43]. It is observed that the
results at both the grid levels agree very well with results of [43]. The local Nusselt number values
obtained across the inner wall surface is averaged along the cross-flow directions since the flow is
axisymmetric.
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Lastly, the effect of the flow velocities on the heat transfer characteristics is studied by considering two
higher Reynolds numbers – 100 and 200. Same conditions are retained for all other parameters. For these

calculations only the finer grid (= = 0.02+_ ) is used. The thermal development length T° for laminar flow
in a tube can be approximated as [44]:

T°
≈ 0.05 56 ⋅ 12
+_

(2.25)

This evaluates to lengths of 25 and 50, respectively, for 56 = 100 and 200. The effect of entrance and

exit regions on the Nusselt number distribution is hence expected to be significant. The obtained Nusselt

number distributions plotted in Figure 2.20 clearly highlight this aspect. Unlike the 56 = 50 case, the
local Nusselt number distributions for both the cases are not fully developed, especially evident for the
56 = 200 case.

2.7 Conclusions
In the current paper, a new methodology for implementing IBM on multi-block curvilinear grids is
described in the framework of an existing in-house code. The main contributions of the work are: (1) an
efficient methodology that can combine the advantages of both IBM and body-fitted grid techniques and
(2) development of a straight-forward method of implementing conjugate heat transfer boundary
condition in the described framework.
Search, locate and interpolate algorithms based on discrete phase modeling techniques are used to
perform the tasks of identifying any arbitrary Lagrangian point on the background Eulerian grid and
subsequently interpolating values onto this point. These are utilized in the interface tracking and node
identification steps, which in the past have been observed to be the most time-consuming operations of
the whole IBM scheme. Since they may have to be repeated every time-step, these tasks are critical to the
efficiency of the implemented IBM scheme and are shown to consume less than 1% of the total
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computational time per time-step. As a result, the scalability of the fluid solver is unaffected even for
cases where the immersed surface is spread unevenly across the computational domain and/or the
immersed boundary is moving. The versatility of the implementation is demonstrated in identifying the
surface contours of a complex radial swirler.
To implement conjugate heat transfer boundary condition, a new method of extending the same idea as
used for other boundary conditions (Dirichlet and Neumann) is described. This is done by defining
additional ‘mirror’ probes on the other side of the IB while keeping the other details of the methodology
the same. Extensive verification studies are performed using a rotational flow problem between coannular
cylinders. Both velocity and temperature fields show second-order error convergence for all the boundary
conditions. These are followed by a range of simulations validating the flow and heat transfer results for a
variety of cases involving stationary and moving IB on both orthogonal and body-fitted grids.
Consequently, it is established that the current IBM scheme implemented in a body-fitted grid framework
provides a versatile and powerful framework for simulating flow and heat transfer in complex dynamic
problems.
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-1 ≤ a ≤ +1
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a = -1
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x1
x-i, -j

(-1, -1)

b = -1
(+1, -1)
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Figure 2.1 A two-dimensional example of transformation of two arbitrary points l² and l³ from physical
coordinates to computational coordinates with respect to ´µ
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Surface element
Solid node
Fluid IB node
Solid IB node

(b)

(a)

Figure 2.2 Identifying the node types in a curvilinear grid topology - (a) a body-fitted 5 block geometry
for a circular domain, (b) zoomed-in view of node types identified for a conjugate heat transfer case
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Figure 2.3 (a) A CAD representation of the radial swirler geometry; (b), (c) the fluid IB nodes assigned on
an annular non-orthogonal grid
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Figure 2.4 Dirichlet condition implementation involving the use of a single probe in the normal direction.
The distances * and *> are both measured from the immersed boundary
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Figure 2.5 Neumann condition implementation with use of two probes both placed along the normal
direction. All the distances * , *> and *> are measured from the immersed boundary
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Fluid IB node
mirror probes
Solid node
Fluid IB node
Solid IB node
Probe 1
Probe 2

T IB
Tp1

Solid IB node
mirror probes

Tp2

(b)

(a)

Figure 2.6 Conjugate heat transfer treatment with use of probes and mirror probes. Distances are again
measured from the immersed boundary and the mirror probes mp1 and mp2 are located at the same

distance as p1 and p2 (that is at *> and *> , respectively). The gray and the blue circles in (b) represent
the interpolation nodes used in the solid and fluid regions, respectively
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Figure 2.7 Definition of domain types for (a) non-CHT and (b) CHT cases
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ΓIB-s

Figure 2.8 Close-up view of the near wing domain decomposition showing the spread of the IB over
multiple blocks on the background grid
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Figure 2.9 Strong scaling performance of the implementation for a flow simulation involving bat flight
aerodynamics
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Figure 2.10 Coannular cylinder geometry used for code verification
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Figure 2.11 ' error norms computed at various grid levels for application of velocity, constant

temperature, constant heat flux and conjugate heat transfer boundary conditions at the immersed boundary
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Figure 2.12 Temperature profiles obtained for rotational flow simulations with CHT boundary condition
between coannular cylinders using different probe distances ranging from 0.6-1.4 Δ>
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Figure 2.13 Pressure coefficient distribution around the cylinder surface in the steady regime (56& ≤ 40).
S = 0 represents the stagnation point.
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Figure 2.14 Nusselt number variation for constant wall temperature case at different Reynolds numbers.
For unsteady regime, the averaged Nusselt number value is plotted.
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Figure 2.15 Local distribution of time-averaged Nusselt number computed around the cylinder surface for
56& = 120. S = 0 represents the stagnation point.
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Figure 2.16 Contour plots of vorticity for (a) low amplitude ) = 0.199 and (b) high amplitude ) =

0.696. The higher oscillation amplitude case shows a change in the vortex shedding pattern resulting
from the change in sign in the overall energy transfer
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Figure 2.17 Comparison of the variation of lift profiles obtained with time for the higher amplitude case at
56& = 200
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Figure 2.18 A schematic of the problem geometry used along with the dimensions and the cross-flow
directional grid distribution
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Figure 2.19 Comparison of local Nusselt number distributions computed on two grid levels - Δ = 0.04+_

and 0.02+_ with the results of Nonino et al. [43] for a flow through thick-walled micro-channel (56 = 50)
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Figure 2.20 Effect of increasing Reynolds numbers on the local Nusselt number distribution. All
calculations are performed at the finer grid level (= = 0.02+_ )
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Table 2.1 Comparison of drag coefficients %& and lengths of recirculation zones '( at different Reynolds
numbers for uniform flow over a stationary cylinder

Reynolds
number

[37]

¶·

Present

[37]

¸¹

Present

10

2.78

2.80

0.25

0.25

20

2.01

2.00

0.95

0.93

40

1.51

1.54

2.30

2.26
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Table 2.2 Comparison of Strouhal numbers computed at different Reynolds numbers for flow over a
stationary cylinder in the unsteady regime
Reynolds number

Strouhal number
Silva et al. [39] Present

100

0.16

0.166

150

0.18

0.185

200

0.20

0.198
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Table 2.3 Computed Nusselt number values for constant temperature and heat flux boundary conditions at
the cylinder surface
Reynolds
number

º· (CWT)

º· (CHF)

[40]

Present

[40]

Present

10

1.86

1.83

2.04

2.00

20

2.46

2.42

2.78

2.71

40

3.28

3.20

3.77

3.67
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Chapter 3
Flows Through Reconstructed Porous Media Using Immersed
Boundary Methods2
3.1 Abstract
Understanding flow through real porous media is of considerable importance given their importance in a
wide range of applications. Direct numerical simulations of such flows are very useful in their
fundamental understanding. Past works have focused mainly on ordered and disordered arrays of regular
shaped structures such as cylinders or spheres to emulate porous media. More recently, extension of these
studies to more realistic pore spaces are available in the literature highlighting the enormous potential of
such studies in helping the fundamental understanding of pore-level flow physics. In an effort to advance
the simulation of realistic porous media flows further, an immersed boundary method (IBM) framework
capable of simulating flows through arbitrary surface contours is used in conjunction with a stochastic
reconstruction procedure based on simulated annealing. The developed framework is tested in a twodimensional channel with two types of porous sections – one created using a random assembly of square
blocks and another using the stochastic reconstruction procedure. Numerous simulations are performed to
demonstrate the capability of the developed framework. The computed pressure drops across the porous
section are compared with predictions from the Darcy-Forchheimer equation for media composed of
different structure sizes. Finally, the developed methodology is applied to CO2 diffusion in porous
spherical particles of varying porosities.

3.2 Introduction
Studies related to fluid flow and heat transfer through porous media attract significant interest from
researchers due to their application in a variety of problems such as those related to the geothermal,
2

Reprinted from Journal of Fluids Engineering, vol. 136(4), Nagendra, K. and Tafti, D.K., “Flows Through
Reconstructed Porous Media Using Immersed Boundary Methods”, pp 040908, with permission from ASME.
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mechanical and material sciences. Flows through porous media, as seen in most of the literature, are
generally modeled using modified governing equations with correction terms to account for the porosity.
Resolving flows through porous media with direct simulations using conventional CFD techniques is
often quite challenging given the task of generating grids around intricate microstructures through which
the flow is to be simulated.
Early works on porous media flows mainly involved modifications being applied to the basic governing
equations based on volume-averaged simplifying assumptions. These modified equations are shown to be
applicable to a wide variety of problems including saturated and unsaturated flows [45]. On the other
hand, the initial numerical works generally studied flows through ordered arrays of regular structures
[46]. A main reason for the choice of such simulations was the use of periodic boundary conditions that
allowed such simulations in a much smaller geometry thus saving large amounts of computational time.
In the last couple of decades, flows through porous media constituting randomly arranged simple-shaped
obstacles are seen in the literature [47-49] and have proven to be immensely useful in the fundamental
understanding of porous flows. With the improvement in computational capabilities, more studies related
to disordered porous media have become feasible. The thrust is slowly shifting towards simulations that
can resolve the pore structures by means of direct numerical simulations [50-53].
Different methods have been employed for simulation of pore-resolving porous media flows in the past.
These include use of lattice-Boltzmann [54, 55], smoothed particle hydrodynamics (SPH), moving
particle semi-implicit (MPS) [51, 56] methods among others. A viable alternative to the above mentioned
solution methodologies is to perform pore-resolved simulations solving complete Navier-Stokes
equations in conjunction with immersed boundary methods (IBM). IBM has already been used by
Smolarkiewicz and Winter [50] and Malico and de Sousa [57] for porous media flows. In order to account
for realistic pore spaces, it is common practice to use high resolution imaging techniques to reproduce the
porous geometries, both by directly using the available measurements and by using statistical procedures
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to produce faithful reconstructions of the original samples. For instance, Zaretskiy et al. [58] used X-ray
CT reconstructed geometry in conjunction with a finite element solver while Ovaysi and Piri [51, 56]
employed a particle based solution methodology for porous media flows for solute transport. While use of
direct experimental imaging for pore space geometry creation is ideal, in many cases it is hard to perform
these measurements. In such cases, use of stochastic reconstruction procedures provides a very viable way
of obtaining good replicas of the real pore space. Indeed, the quality of the resulting geometries is directly
limited by the accuracy and resolution of the available experimental measurements (which are used to
produce the necessary statistical descriptors). It is the primary goal of this work to establish a straightforward methodology for simulating fluid flows through complex microstructures that exist in real porous
media, by way of using a combination of stochastic reconstruction procedure with direct numerical
simulations using IBM framework. From a CFD point of view, the problem at hand is two-fold: (1)
capability to recreate three-dimensional porous structures which closely match real porous media and (2)
being able to perform numerical simulations of flows through such complex structures. The objective of
this work is to develop a suitable framework which can perform high-fidelity direct numerical simulations
of flows through real porous media and study the related effects in different flow regimes. The paper
details the work undertaken in this regard.
The simulation of random heterogeneous media from limited statistical data is an intriguing problem that
has attracted a lot of interest recently. Such procedures are useful in reconstruction of three-dimensional
structures using the information obtained from experimentally obtained two-dimensional slices. Among
the many approaches that have been used in the past, one technique that stands out from the rest due to
the ease of implementation and the generality of the procedure is the use of stochastic reconstruction
using statistical methods [59-61]. Following these, Politis et al. [62] developed a hybrid method that uses
a process-based initialization procedure with a simulated annealing algorithm to produce microstructures.
It is shown that this method is able to produce structures that show a better match to the original than with
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just the simulated annealing algorithm while at the same time being significantly computationally less
intensive.

Also,

implementing

additional

statistical

descriptors

is

straight-forward,

though

computationally expensive, making it a very attractive procedure.
While generation of microstructures that mimic realistic porous media in itself is a challenging task,
simulation of flow through these geometries using traditional CFD techniques is also a non-trivial
problem. The time spent on generation of body-fitting meshes for structured grids requires a huge amount
of user input, especially with increasing geometric complexity, and in many cases may be a fruitless task.
Unstructured solvers are better in terms of ease of grid generation but are much harder to implement and
require large amounts of book-keeping and memory. These difficulties have led to the development of
non-boundary conforming techniques for CFD problems which have gained considerable popularity,
owing mainly to the versatile capabilities that such implementations offer in comparison to traditional
CFD codes. In contrast to the body-fitting techniques, the use of non-boundary conforming formulations
allows simulations of fluid flow around bodies with complex features on a relatively simple fixed
background mesh. A class of such techniques known as the “Immersed Boundary Methods” (IBM) was
first proposed and popularized by Peskin and coworkers [4, 6] who used this method for blood flow
simulation through heart valves on a fixed background Cartesian grid. Numerous implementations have
been presented since with applications ranging from diffusion dominated flows to direct numerical
simulations of turbulent flows through complex moving geometries. A wealth of literature is available on
the range of capabilities that can be developed using IBM. For a detailed review of the different flavors of
IBM, the reader is directed to the detailed review by Mittal and Iaccarino [63]. Only a brief review of the
most relevant works is presented here.
The basis of any immersed boundary (IB) scheme is to solve the governing equations with the addition of
a force field in and around the solid surface. Typically, the grid is non-conformal to the solid boundaries
and an additional forcing is applied to the flow near these boundaries to enforce the appropriate boundary
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conditions. The different IBM techniques differ in the exact way in which the forcing is applied in the
vicinity of the immersed boundary. The implementation used in the current work is based on a forcing
approach first proposed by Mohd-Yusof and coworkers [9, 10] and later extended to a more general 3D
framework by Gilmanov and Sotiropoulos [14]. This scheme involves usage of an unstructured triangular
mesh for surface discretization allowing the description of arbitrarily shaped 3D contours. It is applicable
to sharp solid interfaces and does not suffer from blurring of the interface which may occur in a
continuous forcing approach originally proposed by Peskin and coworkers.
The outline for the rest of the paper is as follows: (1) discussion of a suitable immersed boundary
framework for simulation of flows through complex geometries, (2) a brief description of the adapted
scheme for generation of realistic porous media geometries, (3) details of validation studies on the
developed numerical framework and (4) simulation of simple test flows through porous geometries.

3.3 Nomenclature
3.3.1 English symbols
)
*

*>

+
E


,

1

Forchheimer term
distance
average size of porous structure
cylinder diameter; diffusion coefficient
friction factor
channel height
normal direction
pressure
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56

56>

8

.
T

U:

Reynolds number
particle Reynolds number
time
velocity
coordinate direction
component mass-fraction

3.3.2 Greek symbols
»

?

A

B
@

porosity
permeability
density
flow variable
absolute viscosity

3.3.3 Subscripts
C%
F,
/

26E

boundary-condition (value at the wall)
inlet
probe
reference value

3.3.4 Superscripts
∗

dimensional quantity
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3.4 Methodology
All the calculations presented in this work are performed using an in-house code Generalized
Incompressible Direct and Large Eddy Simulation of Turbulence (GenIDLEST) [28]. As part of the
current work, a framework is developed to simulate flows through real porous media using a combination
of immersed boundary techniques and stochastic reconstruction. A brief description of the numerical
methodology used is presented here.
3.4.1 Fluid flow solver
GenIDLEST is an incompressible fluid flow solver capable of simulating flows with temperature
dependent property variations on a generalized coordinate framework. It uses a hybrid structured mesh
with unstructured multi-block topology for simulations in complex non-orthogonal geometries. The
program uses state-of-the-art linear solvers, specifically designed for modern hierarchical memory subsystems,

based

on

Krylov

methods

(CG,

BICGSTAB

and

GMRES)

with

multi-level

additive/multiplicative Schwarz preconditioners.
The governing Navier-Stokes equations for incompressible fluids with temperature dependent property
variation based on Sutherland’s law are written as follows in non-dimensional form using index notation
[29]:
Mass conservation
^A
^
YA._ [ = 0
+
^8 ^T_

(3.1)
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Momentum conservation
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where the non-dimensionalizations are given by A = A∗ /Aghi
, 8 = 8 ∗ ;ghi
∕ '∗ghi , T = T ∗ ∕ '∗ghi , . =
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∗
.∗ ∕ ;ghi
, 56 = Aghi
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, 1 = b1∗ − 1ghi
and @ = @∗ ∕ @ghi
.
c ∕ A∗ ;ghi


The above mentioned governing equations are transformed to generalized coordinates and solved using a
conservative finite-volume formulation on a non-staggered grid topology. The Cartesian velocities and
pressure values are calculated and stored at the cell center, whereas contravariant volume fluxes are
calculated and stored at the cell faces. For time integration, a projection method using second order
predictor-corrector steps is used. The projector step calculates an intermediate velocity field and the
corrector step calculates the updated divergence free velocity at the new time-step.
For a multi-component system involving species diffusion, the same governing equations are applicable
albeit with the use of average properties for the mixture. In addition, the following species continuity
equation needs to be solved to ensure mass conservation of the individual components.
^YAU : [
^
^
^YU : [
YAU : ._ [ =
+
eA+
f
^8
^T_
^T_
^T_

(3.3)

where, U : is the component mass fraction and + is the binary diffusion coefficient.
3.4.2 Immersed boundary method
For immersed boundary modeling, a sharp interface approach capable of handling complex 3D surface
contours is implemented. This is based on a scheme first proposed by Gilmanov and Sotiropoulos [14]
and has been modified suitably to conform with the non-staggered generalized coordinate framework of
GenIDLEST. The major steps in the current IBM implementation are summarized below.
3.4.2.1 Definition of surface grid
The solid boundary to be modeled as IB surface is provided as input in a discretized form. Each of the
discrete surface element (hereafter referred to as element) is associated with information regarding its
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location with respect to the fixed background fluid grid, surface normal and area. The areas of the
elements are maintained at roughly the same size as the cells on the background mesh.
3.4.2.2 Identification of nodes
Each of the nodes existing in the calculation domain is categorized as a – fluid, solid or an IB node. The
determination is based on location of the cell center of each node with respect to the IB surface. If a cell
center lies within an IB surface, it is termed as solid node while if it lies outside of it, it is termed as fluid.
A new type of node is then defined called the IB node, which is any fluid node that lies directly adjoining
the IB surface and thus, will have at least one of the six neighboring cells to be a solid cell.
The essence of our method is that no calculations are performed on the solid and IB nodes, thus
necessitating the above mentioned determination of node types. The iterative solvers provide solution to
the flow variables only at the fluid nodes while a special treatment is employed for boundary condition
setting at the IB nodes which is discussed next.
3.4.2.3 Boundary treatment for IB nodes
Since the governing equations are solved at the fluid nodes without any modification, the values of flow
variables at the IB nodes essentially act as the boundary conditions. The IB nodes hence are provided with
values so as to reflect the presence of a solid surface next to them. For this purpose, every IB node is
associated with a probe which will be used in the setting of boundary condition as shown in Figure 3.1.
The location of the probe is taken to be at one cell distance from the IB node in a direction along the
surface normal. A tri-linear interpolation scheme is used to determine the value of the desired primitive
flow variable from the surrounding nodes. The value so obtained at the probe is then utilized in the
computation of the value at IB node satisfying the appropriate boundary condition.
It is to be noted that among the surrounding nodes for every IB node probe, at least 1 of the surrounding
nodes is an IB node. Thus, multiple inner iterations are performed for computation of IB node values to
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overcome any implicit dependence on other IB node values. The convergence criteria used for the inner
iterations are the same as those for outer iterations (linear solvers) and it is observed that convergence
occurs within the first two inner iterations for all the simulations.
For Dirichlet boundary condition (used for velocity components), a constant gradient in the region
between the IB surface and the probe location is assumed. This leads to the following formulation for
Dirichlet condition:
B=

* ⋅ B> + * ⋅ B
* + *

(3.4)

On the other hand for Neumann boundary condition (used for pressure), an application of a one-sided
difference equation leads to:
B = B> − * ⋅

^B

^, 

(3.5)

The normal pressure gradient at the IB surface is taken to be zero. In order to ensure a divergence free
velocity field, averaged flux corrections (computed based on error in global mass conservation) are
applied at all the cell faces that lie between an IB node and a fluid node. This enforces the mass
conservation in the approximated fluid domain that lies outside of these cell faces at which the corrections
are applied [33].
3.4.3 Stochastic reconstruction of porous media
In the current work, a reconstruction procedure based on the hybrid method developed by Politis and
coworkers [62] is adapted. The method is capable of recreating two- and three-dimensional structures
with prescribed statistical characteristics of the porous medium. A great many studies are available in
literature that describe in detail the development of such methodologies [64]. Generation of “realistic”
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structures which match the original structure depends strongly on the type of statistical correlations used
for reconstruction. While the porosity and two-point correlation function are the necessary descriptors,
they are by themselves insufficient in providing the pore connectivity information, thus resulting in
porous morphologies with poor pore space connectivity. The lineal path and two-point cluster functions
are additional descriptors commonly used in the literature to improve the connectivity of the generated
structures [65]. Though computationally expensive, use of these additional correlations in the simulated
annealing procedure is straight-forward. In this study, our primary objective is to demonstrate the
capability developed using porous media that are stochastically reconstructed. Hence, in order to keep the
computational requirements of reconstruction step to a bare minimum, we have used only the porosity and
two-point correlation function for reconstruction. A brief listing of the step-by-step methodology used is
provided here:
1. Provide the medium porosity and n-point autocorrelation function as the inputs. For generation of

correlation functions, a randomly packed array of circular structures whose diameter *> is the
same as the expected average size of each porous structure is used.

2. Initialize the reconstruction process by generating a random field of desired porosity across the
domain consisting of 0’s and 1’s (0 is porous region and 1 is solid).
3. Compute the energy of the system Â, defined as the sum of the squared differences between input
correlations and those of the generated structure. Store Â as the energy of the old state Â .

4. A new structure is obtained by interchanging two randomly selected pixels of opposite phases.
Selection of pixels of different phases ensures that the porosity of the structure is maintained at
the original value.
5. Compute energy of the new configuration ÂÃ .
6. The new configuration is accepted based on a probability given by the Metropolis rule:
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(3.6)

7. Steps 4-6 are applied at the same temperature 9 (used in the Metropolis rule) N times.
8. Decrease the temperature by a very slow rate and repeat steps 4-7.
9. Exit when the number of successful swaps becomes less than a specified value.
The output of this procedure is to produce node-based binary information about the domain representing
all the solid nodes as 0 and fluid nodes as 1. Figure 3.2 shows an example structure created on a domain
of size 10×10 with a porosity of 0.85 and an average structure of 0.25. The procedure described above is
capable of generating both two-dimensional and three-dimensional microstructures. For generation of
realistic microstructures, statistical descriptors obtained from experimental measurements will have to be
used and will need to include additional correlations to ensure adequate connectivity.

3.5 Results and Discussion
This section presents a detailed account of the results obtained using the numerical framework described
in the previous section. A few validation studies performed as part of the work are presented first,
followed by calculations performed on 2D porous channels.
3.5.1 Validation
As part of the validation exercise of the IBM method, the case of uniform flow over a stationary cylinder
is considered. Numerous simulations are performed and the results are compared to experimental or highresolution numerical results available in the literature. The extent of the domain considered is 45D in the
stream-wise direction and 30D in the cross-flow direction. The inlet is maintained at a distance of 20D
from the cylinder while the exit is at 25D to avoid any influence of the inflow or outflow boundaries on
the flow-field. Calculations are performed for a Reynolds number range of 10-200 based on the cylinder
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diameter and inlet velocity. This encompasses both the steady (attached recirculation zones) and unsteady
(shedding Karman vortex street) flow regimes. A non-uniform Cartesian grid with hyperbolic tangential
vertex distribution is utilized in the flow domain while maintaining a uniform distribution in the vicinity
of the IB surface with a total of 80 grid points (Δ = 0.0125D) in each direction across the cylinder.
3.5.1.1 Steady flow regime (56 ≤ 40)

There is a wealth of experimental and numerical results available in literature for this case. The results
from the numerical results of Park et al. [37] who have discussed results in the range of Reynolds
numbers matching with the current work and shown good agreement with other experimental works is
chosen here for validation. The simulations of Park et al. are performed on a body-fitted mesh on a
staggered-grid framework using 128 grid points around the cylinder surface. Table 3.1 presents the
coefficients of drag and the lengths of the recirculation zones calculated at various Reynolds numbers and
the corresponding numerical results from [37]. Figure 3.3 shows the distribution of coefficient of pressure
obtained for each of the three Reynolds numbers around the cylinder. A good agreement is observed in all
the cases.
3.5.1.2 Unsteady flow regime (56 > 40)

It is well known that for higher Reynolds numbers (> ~40), the recirculation zones become unsteady and
shed alternating vortices in the wake called the Karman vortex street. The shedding pattern is
characterized by the Strouhal number – a non-dimensional measure of the shedding frequency. For
comparison of these results, the experimental results from Norberg [66] and numerical results of Zhang et
al. [67] are used. The comparison of the average coefficients of drag and Strouhal numbers are presented
in Table 3.2. It is seen that the agreement of current work with past results is good. The difference in

Strouhal number compared to the experiments of [66] for 56& = 200 is due to setting in of three73

dimensional effects in the flow field, while the calculations are performed in a two-dimensional setup.
This discrepancy is well documented in the literature [67, 68].
3.5.2 Flow through porous channels
Next, a series of calculations are performed using the developed IBM framework to simulate flows
through porous channels. The porous media used are created using either a random arrangement of square
blocks or the stochastic reconstruction procedure discussed earlier. This section presents in detail the
results obtained from various calculations and related discussions.
3.5.2.1 Computational details
For all the calculations, a two-dimensional channel flow as shown in Figure 3.4 is considered. The length
of the channel is three times the channel height  – the first and the last sections are plain channels while

the middle section consists of the porous medium. The channel geometry consists of top and bottom
stationary walls and inlet and outlet conditions. The measurement of pressure drop is made across the
middle section by computing the average pressure across a cross-section perpendicular to the flow
direction before and after the porous section. A uniform Cartesian grid is used in all the calculations.
3.5.2.2 Grid sensitivity study
A grid sensitivity study is conducted to ensure the sufficiency of grid resolution in the flow field. The
porous medium is generated using stochastic reconstruction procedure described earlier for a porosity of

0.75 and average structure size of *> = /10. The Reynolds number based on the channel height and
inlet velocity is 100. Calculations are performed on three grid levels with grid resolutions of Δ⁄ =

0.005, 0.0025 and 0.00125. Figure 3.5 shows the reconstructed porous medium geometry used in the

calculations. The locations of two cross-sections considered for velocity profile comparison are also
shown. The stream-wise velocity profiles at two cross-sections inside the porous medium shown in Figure
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3.5 are compared at the three grid levels and plotted in Figure 3.6. It is seen that the agreement among
profiles at the three grid levels is good.
In the discussions presented next, the pressure-drop observed across the porous medium is compared with
the theoretical predictions using Darcy-Forchheimer equation. Hence a comparison of the pressure drops
obtained across the porous section of the channel is provided in Table 3.3. It is seen that the values
obtained for pressure drop are in good agreement with each other. Hence for all the calculations presented
next, a grid resolution of Δ = 0.005 in each direction is used.
3.5.2.3 Darcy-Forchheimer equation for pressure drop
The classical way to calculate pressure drop across a homogenous porous medium is to use the Darcy
equation with Forchheimer correction [52] given by (dimensional form):
−Ä ∗ /∗ =

@∗ ∗
∗ 
; + )∗ ⋅ A∗ ;_
? ∗ _

(3.7)

where, ;_ is the average inlet velocity (also termed the superficial velocity), ? ∗ is the permeability and
)∗ is the Forchheimer function. The viscous and inertial effects are accounted for by the first and second

terms, respectively. The inertial term becomes negligible for very low velocity (Darcy) flows and this
equation reduces to the standard form of pressure drop given by Darcy law. Numerous experimental
studies have been undertaken in the past to estimate the permeability and Forchheimer’s function for a
variety of porous geometries. Based on these studies, correlations relating these quantities to the structural
characteristics of the porous media such as the porosity and average structure size have been developed
and are widely used under certain simplifying assumptions. The permeability is commonly estimated

using the Carman-Kozeny equation ? ∗ = » Å *>∗  ∕ 175Y1 − »[ , while the Forchheimer function is given
by )∗ = 1.75Y1 − »[ ∕ » Å *>∗ [69]. Though the Carman-Kozeny equation was developed for spherical

particles, it has been used extensively for porous media in the limit of homogeneity and isotropy [70-72].
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For porous flow calculations, it is common to use the average size of the porous structures *> and the
porosity » in the definition of Reynolds number, called the particle Reynolds number, given by 56> =
A;_ *> » ∕ @. We compare the pressure drop predicted by the simulations to a non-dimensional form of

Eq. (3.7), expressed in terms of 56> , » and *> given by:

^/ »*> 1
=
⋅ +)
^T 56> ?

(3.8)

where, the ? and ) are non-dimensional equivalents of ? ∗ and )∗ , respectively. In addition to » and *>

found in Eq. (3.8), the values of ? and ) are also dependent on the structural characteristics of the porous

medium. We would like to study the influence of the porous structure sizes at different flow velocities and
hence, in order to reduce the number of independent parameters, we use a fixed porosity value of
» = 0.85 for all the calculations presented here.
3.5.2.4 Pressure drop from simulations
Two kinds of porous medium geometries are considered for numerical simulations – the first one
composed of square blocks of a specified size that are randomly placed to obtain the required porosity and
the second type which is generated using the stochastic reconstruction procedure described in section

3.4.3. Three structure sizes are considered – *> = /40, /20 and /10. For every structure size,

calculations are performed for different inlet velocities and for each of these cases, we create a new
configuration of square blocks with appropriate structure size and porosity. Though the statistical
descriptors used may be the same for different cases, the actual resultant structures may “look”
completely different between different configurations. To highlight this aspect and also the complex

nature of the structures generated, the reconstructed geometries for the three *> values are shown in
Figure 3.7 for two cases each.
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Figure 3.8 shows the pressure drop values predicted by numerical simulations in comparison to the
theoretical values calculated using Eq. (3.8). The plot is provided on a log-log scale for purpose of clarity
and hence the actual differences are larger than they appear. It is observed that the agreement with the

prediction from Darcy-Forchheimer equation is good for *> = /40 and /20 and the maximum

deviation is within 15% for all the cases considered. For *> = /10 however, the deviations become

relatively larger with a largest value of around 35%. This increase in deviation can be attributed mainly to

the increase in the relative size of the porous structures in comparison to the channel geometry. The
correlations used for computation of permeability and Forchheimer’s function may no longer be accurate
since localized effects of fluid flow around the structures start dominating The increased discrepancy
especially shows up in the inertial term which exhibits a strong dependence on the geometry of the porous
structures. Indeed, the applicability of Darcy-Forchheimer equation (and the two correlations) should be
limited to fine-grained homogeneous porous media; the increased structure sizes clearly violate these
assumptions. It is in these scenarios that the use of accurate direct numerical simulations to predict flow
features becomes a necessity, even when the porous media is only composed of same sized square blocks.
Figure 3.9 shows the computed pressure drops across reconstructed porous channel for different values of

56> . It is seen that relatively, the deviations from theoretical predictions are larger in these simulations,
especially for the two larger structure sizes. Also, the differences are observed to be case dependent; for

example, the largest deviation for *> = 0.5 (~50%) is for 56> = 1 while for *> = 1.0, 56> = 2.5
(~110%) and 5 (~62%) exhibit larger differences. Knowing that different geometries are used for each of

these simulations, this shows the highly geometry dependent nature of these problems and emphasizes the
importance of accurate prediction of localized flow features. As the structure sizes are increased to be
comparable to the channel dimensions, the local geometric characteristics dominate the flow field and
hence influence the observed pressure drops, highlighting the need for direct numerical simulations to
accurately predict flow in realistic porous media. In conclusion, as has been shown in the past [72-74], the
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use of macroscopic relations like Darcy-Forchheimer equation is limited to homogeneous and isotropic
porous media. In the case of any increased geometric complexity or higher flow rates which may result in
unsteadiness and eventually turbulence, use of accurate direct numerical simulations maybe the only way
forward.
3.5.3 CO2 diffusion through porous spherical particles
Next, to demonstrate the applicability of the developed framework to a three-dimensional problem, we
consider calculations to simulate diffusion of CO2 through porous spherical particles and study the total
time to saturation for different particle porosities. The particle geometry is created using the stochastic
reconstruction procedure explained earlier. A random arrangement of spheres is used to generate the input
correlations. Figure 3.10 shows a reconstructed porous spherical particle of diameter 100 microns and
porosity of 0.45. In these calculations, it is assumed that the diffusion process is driven purely by the
presence of local concentration gradients and hence the convective terms in the governing equations are
neglected.
A uniform discretization consisting of 200 mesh points across the diameter is used in the vicinity of the
particle. The particle is placed within a cubic domain consisting of 15% CO2 and 85% N2 initially. The
boundaries of the domain are set up to enforce equilibrium with the ambient conditions and thus act as
infinite sources of 15% CO2 while a zero-gradient (Neumann) boundary condition for the species
concentrations is used at thepore surfaces. The mass fraction of CO2 is initially set to 0% in the pore space
of the particle, while the remainder is constituted by the carrier species (N2). The particle is said to be
saturated with CO2 when the average mass fraction of CO2 inside the particle is 95% of the ambient CO2
mass fraction. Porosities in the range 0.2-0.6 are considered for the simulations and the computed
diffusion times are shown in Figure 3.11. It is observed that for higher porosities (> 0.4), the total time for
saturation shows an asymptotic behavior. As the porosity of the particle is decreased below 0.4, a steep
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increase in the diffusion time is observed. This is expected due to reduction in the number of approach
paths to the pore spaces in the interior of the particle. While these are only preliminary calculations, they
demonstrate the use of the developed methodology in complex three-dimensional pore spaces. In future,
such simulations can explore a broad spectrum of porous media flow problems and improve our
fundamental understanding of the subject.

3.6 Influence of stochasticity on saturation times
Use of a stochastic procedure for the porous geometry creation affects the simulation behavior. For
example, in the previous section, the particular geometry used for the diffusion simulations affects the
overall saturation times. In order to assess the effect of the stochasticity of the geometry, simulations are
performed through two-dimensional porous circular particles. The problem set-up is similar to the CO2
diffusion in porous spherical particles explained earlier. The particle considered is 100 microns in
diameter and a total 200 grid points are used across the particle diameter. The particle porosity is 0.6. A
total of 25 simulations are performed and the time to saturation is computed for each of the simulations.
From these computations, the average time to saturation is observed to be 0.30 ms while the standard
deviation is calculated to be 0.02 ms. Hence, the distribution of the values for different geometries is
within a small range – the standard deviation is less than 7% of the mean value while the maximum
absolute deviation from the mean is 18%. Consequently, it is established that the results indeed converge
to an average value and that the deviation from the mean value is also within acceptable limits given the
inherent random nature of the geometry creation process.

3.7 Summary and Conclusions
The primary contribution of this work is development of a framework for performing computations
through complex pore-space geometries in a straight-forward way and studying flow regimes wherein
application of empirical formulations may be inaccurate. In order to create realistic porous media, a
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stochastic reconstruction procedure based on simulated annealing algorithm is used. The framework is
applied to porous channel flows and the computed pressure drops are compared to predictions using
Darcy-Forchheimer equations. Use of analytical expressions is subject to inaccuracies when the porous
geometry tends towards heterogeneity. The simulations demonstrate the capability of the developed
methodology in simulating flows through complex porous morphologies and the importance of
performing such studies. This lays a foundation for studying macroscopic properties of realistic porous
media such as permeability in relation to the various flow regimes, including turbulence. CO2 diffusion
simulations are performed on reconstructed spherical porous particles for varying porosities showing the
extension of the developed framework to three-dimensional problems.
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Figure 3.1 A schematic representation of the solid node, IB node and its probe for a circular IB surface
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Figure 3.2 A 2-D reconstruction with porosity of 0.75 and average structure size of 0.25 generated on a
200×200 grid (black represents solid region)
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Figure 3.3 Distribution of pressure coefficients obtained around the cylinder surface at various Reynolds
numbers for the stationary cylinder
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Figure 3.4 Schematic representation of the porous channel geometry
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Figure 3.5 Porous channel geometry used for the grid sensitivity study showing the stream-wise velocity
contour
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Figure 3.6 Comparison of u velocity profiles obtained at the three grid levels at (a) section 1 and (b)
section 2
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Figure 3.7 Enlarged views of realizations obtained using stochastic reconstruction procedure for *>
values of (a) 0.25, (b) 0.50 and (c) 1.00. The porosity for each of these cases is fixed at » = 0.85.
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Figure 3.8 Comparison of pressure drops from simulations and Darcy-Forchheimer equation for porous
channel constructed using square blocks
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Figure 3.9 Comparison of pressure drops from simulations and Darcy-Forchheimer equation for porous
channel constructed using stochastic reconstruction
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Figure 3.10 A 3-D porous spherical particle of diameter 100 microns and porosity of 0.45
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Figure 3.11 Computed diffusion times for porous spherical particles of varying porosities
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Table 3.1 List of coefficients of drag and wake lengths computed for uniform flow over a stationary
cylinder at various Reynolds numbers
Reynolds
number

Coefficient of drag

Wake length

[37]

Present

[37]

Present

10

2.78

2.80

0.25

0.25

20

2.01

2.00

0.95

0.94

40

1.51

1.54

2.30

2.27

92

Table 3.2 Strouhal numbers obtained at different Reynolds numbers and the comparison with existing
experimental and numerical results
Reynolds number
[67]

¶·

Present

Strouhal number
[66]

[67]

Present

100

1.45

1.43

0.165 0.170

0.166

150

1.40

1.39

0.185 0.190

0.185

200

1.40

1.38

0.181 0.202

0.198
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Table 3.3 Non-dimensional pressure drops observed across the porous section
Resolution
Ç/È

Grid

Total grid
size

A

600×200

0.005

B

1200×400

0.0025

2.36

C

2400×800

0.00125

2.36
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Chapter 4
A Sub-pore Model for Multi-Scale Reaction-Diffusion Problems in
Porous Media
4.1 Abstract
Applications of reaction-diffusion systems in porous media pose a challenging problem for computational
modeling approaches due to their multi-physics and multi-scale nature. In this work, a length scale based
dual approach is proposed – the larger pore channels (macro-pores) are resolved using conventional
numerical techniques and a novel ‘sub-pore’ model is used to account for the unresolved pore channels
(sub-pores) and the important physics therein. This chapter provides the details of the sub-pore modeling
technique. In this chapter, a novel methodology that accounts for all the length scales and physical
phenomena involved in a single framework is described. The porous network in the sub-pore system is
composed of a fractal-like hierarchical system of straight cylindrical pores. Simplified governing
equations for mass and energy transport are solved for within the sub-pore system along with a reaction
kinetics model to account for surface adsorption. An implicit coupling strategy is used to couple the
macro-pore and the sub-pore systems so as to ensure conservation. The developed methodology is then
applied to a number of test cases. This includes pure diffusion and adsorption simulations which are
performed to assess the individual process time scales. It is established that the proposed framework is
necessary for problems where the adsorption time scale is much smaller than (diffusion-limited) or
comparable to the diffusion time scale. The diffusion-limited case is shown to be applicable to CO2
adsorption process on meso-porous silica. This case is explored further by way of parametric studies,
demonstrating the capabilities of the proposed methodology.
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4.2 Introduction
Diffusion and adsorption in porous media have found a number of successful applications in processes
involving separation of a variety of gaseous mixtures [75-78]. One of the prime examples for the use of
these technologies is its application to carbon capture [1, 79-81]. These processes involve use of highly
porous materials which, owing to the large amount of surface area, are ideal for a surface phenomenon
like adsorption. Porous media are typically categorized based on the size of the predominant pore
channels that they are composed of and are divided into three types – macro-porous (> 50 nm), mesoporous (2-50 nm) and micro-porous (< 2 nm) solids. Smaller pore channels result in increased surface
area available per unit mass of the material and hence meso-porous and micro-porous solids find
numerous applications in a variety of adsorption-based separation processes.
In terms of physical phenomena involved, these systems involve diffusion of mass (and possibly energy)
into a network of pore channels and a subsequent adsorption reaction with the surfaces of the porous
media. The mathematical and numerical aspects of the classic reaction-diffusion problem that these
systems represent have been studied in great detail in the past [82, 83]. It is routinely observed that the
time scales governing the reaction and diffusion terms can be quite different [84] and hence these
problems pose a challenging task for any computation-based approach.
The next issue, also related to scaling, is that of widely differing pore channel sizes contained in porous
media. Porous materials generally exhibit a distribution of pore channel sizes rather than being composed
of uniformly sized pores. In fact, the length scales in many porous media used for adsorption usually span
over 3-4 orders of magnitude. For example, meso-porous silica particles that are used as sorbent material
for CO2 separation from flue gases are sized around 100-200 microns while the smallest channels
contained in them are as small as 25-30 nm. The impact of such a wide-ranging length scale variation is
dual – it introduces additional time-scale disparity and affects the dominant physical phenomena. It
follows that it is near impossible to perform numerical simulations resolving all these length scales and
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the relevant physics in a single framework. The main objective of this work is to develop a feasible and
cost-effective numerical approach which is geared towards such multi-scale reaction-diffusion problems
involving porous media.
Considering the effect of the complex network of pore channels on mass transport alone, it has been
shown in the past that the diffusion process depends strongly on the nature of the porous structure
underneath [85, 86]. Attempts have been made in the past to account for these varying pore channel sizes
in a number of ways. Most common approaches include modeling them as a network of interacting or
non-interacting capillaries [87, 88] and their subsequent use in either homogeneous or heterogeneous
single porous particle systems wherein the effect of the pore size distribution is modeled using
integrations performed over the entire pore size range [76]. For example, flux expressions for the
diffusion into the void space of porous particles have been derived by assuming a network of cylindrical
capillaries capable of satisfying arbitrary pore size distributions [89, 90]. Simons and coworkers [85, 91,
92] described the use of a “pore tree” structure to model gasification in coal char. In the pore tree, the
network of capillaries form a river- or tree-like system wherein the larger channels break down into
smaller ones and so on, and the diffusion and reaction processes are modeled analytically (using suitable
integrations). Another alternative approach is to look at porous media as being composed of fractal pores
[86, 93, 94] and use an effective diffusion coefficient in the formulation of the species diffusion equation.
In the current work, a contrasting approach, in terms of handling of the pore structure, is presented by
attempting to resolve all the important length scales directly in a single numerical framework. This task is
however not straight-forward given the multi-scale nature of the problem and the multiple physical
phenomena involved. The main aim of the present paper is to develop a numerical methodology which
captures all the important scales and dominant physical phenomena in a general reaction-diffusion system
in porous media.
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4.3 Methodology
It is essential that the proposed scheme is computationally tractable for practical applications and yet
captures the dominant physics at all the length scales involved. In view of this, it is proposed to approach
the problem using a length scale based modeling strategy – the larger channels are simulated using a poreresolving approach by employing immersed boundary method (IBM) while the remaining pore channels
that are unresolved are modeled using a ‘sub-pore’ modeling methodology. The idea of dual modeling is
analogous to the sub-grid scale modeling used in simulation of turbulent flows wherein the large, energy
carrying flow structures are resolved on a relatively coarse grid and any of the unresolved scales are
modeled to include the important physics that dominate these smaller length scales.
4.3.1 Elements of sub-pore geometry
The geometry in the sub-pore system is constructed as a hierarchical system of pore channels with larger
channels branching into smaller ones and so on. This is similar in essence to the “pore tree” geometry
proposed by Simons and coworkers [91, 92]. While the geometry construction is similar, it should be
pointed out that the pore tree model presents a continuous size distribution (termed ‘continuous branching
model’ by the authors in [92]). In comparison, the current model approaches the problem in a discrete
fashion, thus rendering it ideal for numerical simulations. Figure 4.1(a) shows an illustration of the pore
branching model used for the sub-pore geometry. Every ‘level’ defines the structures of a particular size
with level 1 representing the largest channels and higher levels representing incrementally smaller
channels. In the example schematic, structures at every level branch into two structures of the next level
and so on and once the entire structure is constructed, it can be imagined to form a tree-like structure.
Like in any self-similar fractal structure, the geometric entities at all levels are similar except for a length
scaling factor which is provided as part of the sub-pore geometry definition. In order to keep the
implementation of the physical models to be satisfied within this system tractable, the channels are chosen
to be cylindrical which allow one-dimensional assumption for the models. A schematic of such a structure
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is shown in Figure 4.1(b). The sub-pore system is present at the solid surface of the macro-pore geometry
and hence can be imagined to exist underneath every macro-pore cell that forms a boundary with the solid
surface of the macro-porous medium.
In construction of the sub-pore geometry, it is essential to identify the minimum set of input geometrical
parameters necessary to create this geometry. Since the eventual goal of this framework is to represent the
pore channel network that cannot be directly resolved, it is best to utilize experimental data that helps
perform this operation. It is common practice to characterize a given porous medium by an
experimentally measured pore size distribution (PSD). A pore size distribution provides the contribution
of channels of different sizes in the porous medium to the overall pore space volume. Hence, given a
PSD, the size range of pore channels that will need to be modeled using the sub-pore methodology can be
derived. Once the size range is known, the data from the PSD can be used in the following manner.
Assuming that ,Ë number of levels are used in the sub-pore system, and that the length scaling of level F

with respect to the base level (that is level 1) is given by J_ . This means that any length '_ belonging to

level F can be computed using the corresponding length ' belonging to level 1 and J_ to get the value of

'_ = ' J_ . By extension, any area element will scale as the square of J_ , while any volume element will
scale as the cube of J_ . The values of J_ ’s can be derived from the PSD as has been discussed next.

The total volume contributed by channels of level F in all the sub-pores through the porous medium can
be calculated as:

ΔÌ_ = ,J_Å Ì ,Í _

(4.1)

where, , is the total number of sub-pores, Ì is the pore-space volume of one channel of level 1 and ,ÍÎ

is the number of branches of level F existing in every sub-pore. In the above expression, the values of ,

and ,ÍÎ are yet to be determined. In order to relate the actual volume contribution of a given level to the

PSD, the fractional contribution of the given level to the total volume needs to be calculated:
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S_ =

ΔÌ_

Ð
∑_Ñ
ΔÌ_

=

,ÍÎ J_Å

Ð
∑_Ñ
,ÍÎ J_Å

(4.2)

The above equation when written out for all the ,Ë levels forms a simultaneous set of equations satisfying

a trivial solution with all the ,ÍÎ ’s being equal to 0. In order to avoid the trivial solution, one of the ,ÍÎ ’s

needs to be constrained and then any ,Ë – 1 equations be solved to obtain a non-trivial solution. The

definition of the sub-pore geometry requires that the every sub-pore starts with a single structure of level

1. Hence in Eq. (4.2) above, the number of branches for the first level i.e., ,ÍÒ is equal to 1. Also, since

the scaling is performed with respect to the level 1, J is equal to 1. Assuming the values of ,ÍÒ and J to
be known quantities and rearranging leads to a linear equation in terms of ,ÍÎ ’s:

YJÅ S_ [,ÍÓ + YJÅÅ S_ [,ÍÔ + ⋯ + bJ_Å S_ − J_Å c,ÍÎ + ⋯ + bJÅÐ S_ c,ÍÖ = −YJÅ S_ [,ÍÒ
Ð

Using the values of J = 1 and ,ÍÒ = 1, and dividing by S_ throughout:

YJÅ [,ÍÓ + YJÅÅ [,ÍÔ + ⋯ + vJ_Å Y1 − 1⁄S_ [w ,ÍÎ + ⋯ + bJÅÐ c,ÍÖ = −1
Ð

(4.3)

The F th term, ass seen in Eq. (4.3) above, has an additional term in the coefficient. A set of ,Ë – 1

simultaneous equations are obtained by writing the above equation for F = 2 to ,Ë . The final form is as

follows:
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JÅ Y1 − 1⁄S [
JÅÅ
J×Å
⋯
JÅ
JÅÅ Y1 − 1⁄SÅ [ J×Å
t
⋮
⋱
s
s
JÅÐo
⋱
⋯
JÅÐo
r
,ÍÓ
−1
,ÍÔ
t , { t−1{
ÍÛ
× s ⋮ z = s−1z
⋮
s
z
,ÍÖ Ò
−1
Ð
r ,ÍÖÐ y r−1y

⋱

⋮
JÅÐo b1 − 1⁄SÐ o c
JÅÐo

JÅÐ

{
z
z

JÅÐ b1 − 1⁄SÐ cy

(4.4)

The number of branches at each level ,ÍÎ can be hence computed using a solution to the above matrix
formulation. Given that the number of levels is usually a small number, the matrix size is expected to be
small and hence direct inversion works well for most cases.
The other physical parameter that is desirable to be matched is the specific surface area available,
especially for surface phenomena such as adsorption on the porous surface. To help ensure that the
constructed geometry matches a given specific surface area ) , the number of sub-pores on the porous

medium , is used.

The total additional surface area available per sub-pore is the summation of the surface areas available
due to structures at every level and can be expressed as:
Δ)> = ) + ) + ⋯ + )Ð

where, )_ ’s are the total additional areas available at each level. As mentioned earlier, the area element

will vary as the square of the scaling factor J_ . Noting that a hierarchical geometry is used, each of the

levels are composed of geometries that are similar but scaled according to the scaling ratio J_ . Also, since
these are the total areas, contributions due to all the branches present at a particular level are to be

accounted for.
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Δ)> = ) bJ ,ÍÒ c + ) bJ ,Í  c + ) bJÅ ,Í Å c + ⋯ + ) vJÐ ,Í  w
Ð

Ð

Δ)> = ) bJ_ ,Í _ c
_Ñ

(4.5)

The amount of surface area added for one sub-pore configuration is then used to determine the number of
such sub-pore configurations that should exist underneath unit area of the macro-porous surface. In order
to this, an expression for the total area on the porous medium is written as:
) = )> + )> = )> + , Δ)>

(4.6)

where, the subscripts H/ and J/ indicate contributions due to macro-pore and sub-pore channels,
respectively. The addition of the sub-pore system however also introduces additional pore space in the
medium. This change in the pore space should hence be reflected in the calculation of the specific surface
area as well. An expression similar to Eq. (4.6) can be written for the total pore volume in the porous
medium:
Ì = Ì> + Ì> = Ì> + , ΔÌ>

(4.7)

Now, if Ì> represents the total volume and AÃ the true density of the porous medium, the specific surface
area is given by:

) =

)

AÃ bÌ> − Ìc

(4.8)

As mentioned earlier, the specific surface area is an input parameter to the determination of the sub-pore
geometry and hence is a known quantity. After substituting Eqs. (4.6) and (4.7), expansion and
simplification of Eq. (4.8) above can be used to compute ,> , the total number of sub-pore systems per
unit area of the macro-pore surface, to obtain a desired value of the specific surface area ) .
102

,> =

A) bÌ>Üg − Ì> c − )> 1
,
=
⋅
)>
Δ)> + A) ΔÌ>
)>

(4.9)

4.3.1.1 Example 1: A uniform pore-size distribution
In this example, a macro-porous medium of porosity 0.5 is considered which exhibits a uniform PSD
across all the pore channel sizes ranging between 1000 and 62.5 nm. Also, the macro-porous volume of

the medium is 10-10 m3 and the surface area is 10-5 m2. Assuming a true density of AÃ = 1000 kg/m3, the
specific surface area of the macro-porous medium is 200 m2/kg while the desired value is 50000 m2/kg,

i.e., a 250 times increase in the value due to introduction of the sub-pore geometry. Details about
deducing the sub-pore geometry are discussed next.
For sake of simplicity, the scaling ratio between successive levels is assumed to be a constant. The scaling
ratio is equal to 0.25 and there are 3 levels in all. The corresponding values of scaling ratios will hence be
J = 1; J = 0.25; JÅ = 0.0625. The first level structures have a diameter of 1 micron and consequently,

the second and third level structures will have diameters of 0.25 and 0.0625 microns, respectively. A
uniform PSD means that the volume contribution of the individual levels is equal to a constant value –
i.e., S = S = SÅ = 1⁄3 – the value being a result of the total number of levels being 3.

For the current example, the two equations obtained by substituting the above values into Eq. (4.3)
presented earlier will be:
1
0.25Å ¾1 − ¿ ,ÍÓ + 0.0625Å ,ÍÔ = −1
3

1
0.25Å ,ÍÓ + 0.0625Å ¾1 − ¿ ,ÍÔ = −1
3
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Upon solving these equations, the values of ,ÍÓ and ,ÍÔ come out to be 64 and 4096, respectively. Using
the values of ,Í ’s and the other input data, value of ,> is determined to be 9.58×105 sub-pores per m2

area of the macro-pore surface, which ensures that the desired value of specific surface area is satisfied.
4.3.1.2 Example 2: An ad-hoc geometry

Now, an example is considered wherein the PSD is not known. For this case, geometrically self-similar

structures are assumed at all levels with a constant ratio J between successive levels, the following can be
written about the scaling ratios’ J_ :

J⁄J = JÅ⁄J = ⋯ = JÐ ⁄JÐo = J
J_ = J ⋅ J _o = J _o

The value of J can be calculated using the smallest and largest channel diameters in the sub-pore
geometry:



*_ Ðo
J=¾
¿
*ÜÝ

Also, if the PSD is not known a priori, the values of ,ÍÎ also will have to be specified. Here, a simplified
geometry is created assuming that the ,ÍÎ values increase as per a geometric progression with the

increasing level number. This means that the ratio between the number of branches at successive levels is
a constant equal to ,Í :

,ÍÓ ⁄,ÍÒ = ,ÍÔ ⁄,ÍÓ = ⋯ = ,ÍÖ ⁄,ÍÖ Ò = ,Í
,ÍÎ = ,ÍÒ ⋅ ,Í_o
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Ð

Ð

For this case, the final expression for the total surface area available per sub-pore given in Eq. (4.5)

simplifies as a geometric series. Using ,ÍÒ = 1, the total additional area per sub-pore can be written as
follows:

Δ)> =

Ð

 ) bJ_ ,ÍÎ c
_Ñ

Ð

= ) YJ  ,Í [_o = ) ⋅
_Ñ

YJ  ,Í [Ð − 1
J  ,Í − 1

Similarly the increase in overall pore space volume due to introduction of one sub-pore is written below:
ΔÌ> =

Ð

 Ì bJ_Å ,ÍÎ c
_Ñ

Ð

= Ì YJ Å ,Í [_o = Ì ⋅
_Ñ

YJ Å ,Í [Ð − 1
J Å ,Í − 1

If desired, even for this simplified geometry, the values of J and ,Í can be selected such that additional

physical constraints are satisfied. For example, if it is desired that the surface area contribution of the
smaller levels should be larger, but the volume contribution should be lesser, the following conditions are
to be satisfied:
J  ,Í > 1
J Å ,Í < 1

4.3.2 Modeling macro-pore transport
The larger pore channels, here onwards referred to as the macro-pore channels, are resolved directly in the
current approach. Any porous structure is typically composed of a complex network of interconnected
pore channels and it is a challenging task to perform pore-resolved simulations through these intricate
structures. In this work, the immersed boundary method (IBM) is employed for this purpose. IBM offers a
boundary non-conforming approach to resolving flows through complex geometries. The current IBM
implementation is within the framework of an in-house code GenIDLEST [28] (Generalized
Incompressible Direct and Large Eddy Simulation of Turbulence) and has been extensively validated and
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applied in a wide range of fluid flow and heat transfer problems [34, 95, 96]. The applicability of this
framework to complex reconstructed porous media geometries including to problems involving species
diffusion has been shown to be a promising avenue for simulations involving realistic porous media [96].
At the macro-pore level, governing equations are solved to compute the transport of mass and energy. The
general form of the diffusion equation that is solved numerically is given below using Einstein’s index
notation:
^B
^
^
^B
+
b.a Bc =
e}
f+Þ
^8 ^Ta
^Ta
^Ta

(4.10)

where, B represents the quantity of interest, . is the velocity, } is the diffusivity and Þ is a source term.
While solving for energy diffusion, B is replaced by the total energy A%> 9 where A and %> are the

mixture density and specific heat, respectively, 9 is the temperature and } represents the thermal

diffusivity. For the diffusion of species in a multi-component system, AU : is the system variable wherein
U : is the component mass fraction and } is replaced by the binary diffusion coefficient +, computed with

respect to the carrier species.

It is assumed that the individual components except the carrier species are present in a dilute proportion
thus eliminating the need to consider diffusion coefficient for a multi-component system. Since the main
goal of this paper is to highlight the different aspects of the sub-pore modeling methodology, the velocity
components are assumed to be negligible. This means that the problems considered are purely diffusive in
nature and hence the convective term in the equation above is eliminated. The linear systems resulting in
the implicit treatment of the above equations are solved using a pre-conditioned BiCGSTAB method.
The above formulation involves use of certain physical properties of the gaseous mixture under

consideration – i.e., the specific heat %> , the density A, the thermal conductivity ? and the binary diffusion
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coefficient +. Of these, the values of %> , A and ? can depend on the mixture composition and also the
temperature, while the value of + varies only with temperature.

The ideal gas law is used to calculate the dependence of the individual component densities on the
temperature and pressure:
A_ =

1
5_ 9

(4.11)

where, 5_ is the specific gas constant of component F. Alternately, given the density at a temperature 9ß ,
the density at any temperature 9 would be given by:
A_ =

Aß 9ß
9

(4.12)

These A_ ’s can be combined with the mass fractions to calculate the mixture density:


1
U_
=
A
A_
_Ñ

(4.13)

The temperature dependence, on the other hand, of the thermal conductivity of the individual components
is calculated using Sutherland’s law [97]:
Å

?_
9  9ß + 7
=¾ ¿ ⋅
?_,ß
9ß
9+7

(4.14)

where, 7 is the Sutherland constant and ?_,ß is the known component thermal conductivity at a

temperature 9ß . The component thermal conductivities are then used along with the mass fractions to
compute the mixture thermal conductivity using a semi-empirical formula [97]:
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T_ ?_

∑ Ta à_a
_Ñ aÑ

?=
à_a =



(4.15)
 

e1 + b?_ ⁄?a c báa ⁄á_ c× f


b8 + 8á_ ⁄áa c

where, T and á are the component mole fraction and molecular weights, respectively. The mole fractions

are calculated directly from the mass fractions and molecular weights:
T_ =

U_ ⁄á_

∑aÑbUa ⁄áa c

In contrast to other fluid properties, the variation of specific heats with change in temperature is usually
smaller. Hence, no temperature dependence for values of specific heat is considered in the simulations.
The mixture specific heat hence is calculated simply as a function of the component mass fractions and
the known reference specific heats:


%> =  %> _ U_

(4.16)

_Ñ

As mentioned earlier, the assumption of all the components being present in dilute quantities implies that
the component binary diffusion coefficients are independent of the composition and are to be specified for
every component with respect to the carrier species only. It does however show a strong variation with
change in temperature. The Chapman and Cowling correlation for the binary diffusion coefficient derived
from kinetic theory considerations is as follows [98]:
Å



1.8337 × 10â 9  ãYá + á [⁄á á ä
+=

1å
Ω&
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(4.17)

where, å is the effective collision diameter and Ω& is the diffusion collision integral. Details about
computing these values and tabulated values for common gaseous components can be found in [97].
4.3.3 Modeling sub-pore transport
Three physical mechanisms are modeled within the sub-pore system – energy diffusion, mass diffusion
and adsorption of species onto the sub-pore surface. The governing equations for the two diffusion
processes are of the same form as described earlier for the macro-pore system. Details concerning
specifically to diffusion within the sub-pore system, and the reaction kinetics equations are described
next.
4.3.3.1 Mass transport
The presence of channels of varying sizes necessitates accounting for different mechanisms that can be
responsible for diffusive process. Diffusion of species in porous solids is often accounted for by three
different mechanisms – bulk diffusion, Knudsen diffusion and surface diffusion. Brief descriptions of
these mechanisms are provided here.
•

Bulk diffusion: transport resulting due to existing concentration gradients caused by the intermolecular collisions of the diffusing species

•

Knudsen diffusion: transport due to collision of diffusing molecules with the solid surface; its
effects become significant as the pore channel size approaches the mean free path of the
molecular species because the molecule-wall collisions will occur more frequently than intermolecular collisions

•

Surface diffusion: transport of molecules along the surface of the pore channels.
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Among these, the bulk and Knudsen diffusion effects are the most significant and are accounted for in the
current study. The effects of surface diffusion are ignored since the main interest of the current study is
transport in the pore space of the sub-pore geometry.
Fickian formulation is assumed to be valid for unsteady diffusion and can be used for both the bulk and
Knudsen diffusion process. Hence, the governing equation for mass diffusion solved within the sub-pore
system is the same as the one used in the macro-pore diffusion (given in Eq. (4.10)).
The inclusion of two (or more) mechanisms in the diffusion process requires suitable modification to the
diffusion coefficient term used in the governing equation. In order to account for the Knudsen diffusion
effects that might become important in the smaller channels, the Bosanquet formula is used to compute
the effective diffusion coefficient [99]:
1

+hii

=

1

+ÍæËn

+

1
+ç

(4.18)

where, +ÍæËn and +ç are bulk and Knudsen diffusion coefficients, respectively. The resistances to

diffusion due to different mechanisms can be in general compared to electrical resistance networks and

the above formulation is a result of the same [100]. The above expression defaulting to the smaller of the
two values if the other coefficient is relatively large – hence the effective diffusion coefficient would
become very close to the value of +ç at very small scales and to +ÍæËn in large channels.

The equation for +ÍæËn was provided earlier. On similar lines, the formulation for +ç is also computed

based on kinetic theory considerations [98] and is given below:
+ç =

*> gh 85æ 9
è
3
®á
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(4.19)

The existence of Knudsen effects is due to the increase in molecule-wall collisions as the channel size
decreases. As the channel size approaches the mean free path of the molecules, molecule-wall collisions

occur far more frequently than the inter-molecular collisions and the use of +ç described above accounts
for the diffusion occurring due to these collisions. The value of +ç is dependent on the pore channel
diameter, *>

gh .

The dependence on the gas temperature is an order smaller when compared to the bulk

diffusion coefficient.
4.3.3.2 Energy transport
The effect of small channels on the energy transfer phenomenon is similar to that on mass transport.
Assuming that the Fourier law of heat conduction can still be used in the same form, a modified thermal
conductivity of the gas is used to account for the gas presence in constricted channels. The value of the

mixture thermal conductivity calculated as described earlier is used as the ‘bulk’ value ?ÍæËn and the
influence of the Knudsen number é, is included. The reduced gas thermal conductivity computed for the
simplest case of gas between two plates separated by a small distance (from kinetic theory of gases) is

given by Zhang [101] and Ferkl et al. [102]:
RêÜ =

RÍæËn
2 − } 9ì − 5
1 + é, ⋅ } ë ⋅ ì + 1
ë

(4.20)

where, } ë is the thermal accommodation coefficient, ì is the ratio of specific heats and é, is the
Knudsen number. Knudsen number is a non-dimensional quantity defined as the ratio of the mean free
path of the gas molecules to a representative physical length scale of interest (in this case, the diameter of

the pore channel). The thermal accommodation coefficient } ë is defined as the ratio of energy differences

before after collision of a gas molecule with a wall and hence its value depends on the gas/surface pair. A
specular reflection leads to a value of 0 while a diffuse one gives a value of 1. The actual value of } ë lies

in this range of 0 to 1 and is to be determined experimentally [103]. Usually this data is however difficult
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to measure and it is common practice to use an approximate value for this quantity. In all the calculations

presented in this paper, a value of } ë = 0.85 is used. Essentially, modifying the thermal conductivity
using the expression above can be interpreted as the inclusion of a temperature jump condition due to the

small scale nature of the channels under consideration and hence called the “temperature jump
approximation” in the continuum and free regimes. On the other hand, in the transition regime, the
expression can be interpreted as a result of the change in the mean free path of the molecules due to their
increased collisions with the walls [101].
4.3.3.3 Surface reaction kinetics
The rate equation describing the adsorption and desorption phenomena can be derived from a firstprinciples based approach and subsequent calibration of parameters or alternately from experimentally
obtained rate equations directly. In the following description, the derivation for a generic reaction kinetics
equation is presented.
A first-principles derivation will involve combining the molecular rate of impact on the channel walls and
a sticking probability based on physical considerations [104]. In the following derivation, let S be the
fraction of adsorption sites covered with the adsorbed molecules.

From kinetic theory, the rate of molecular collisions per unit time per unit area of the channel surface is
given by:
í=

/

î2®H5æ 9

(4.21)

where, / is the partial pressure of the adsorbing species and H is the mass of a single molecule. This can

be combined with a sticking probability 7 to give the total rate at which molecules will get adsorbed on

the adsorbent surface. The sticking probability is expressed in an Arrhenius form and involves a function
of the current surface coverage, EYS[.
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7 = EYS[ ⋅ exp ¾−

ÂÜï
¿
5æ 9

(4.22)

where, ÂÜï is the activation energy required for adsorption, 9 is the gas temperature, S is the surface
coverage and EYS[ is the function defining the dependence of sticking probability on the surface
coverage. The value of 7 represents a probability and hence will always lie in the range 0 ≤ 7 ≤ 1. The

above form of 7 considers its dependence on two factors – the existing coverage of adsorption sites with

the adsorbent molecules S and the existence of any activation energy barriers for the adsorption reaction
to occur.

Finally, the rate of adsorption 5Üï , expressed as rate of change of S, can be written as a product of the

molecular wall impact rate and the sticking probability (Eqs. (4.21) and (4.22)):
5Üï = í ⋅ 7 ⋅

1
/
1
ÂÜï
=
⋅
⋅ EYS[ ⋅ exp ¾−
¿
- î2®H5æ 9 -
5æ 9

(4.23)

The additional term - represents the number of adsorption sites per unit area.
Once an adsorbent molecule has adsorbed to the surface, it tries to detach itself by means of vibrations.
This is a function of the temperature at which the adsorbed molecule exists which is the same as the

surface temperature 9 . Including an activation energy barrier for the desorption process as well, the

following Arrhenius form for the rate of desorption is obtained:
5ïh = P YS[ ⋅ P Y9[ ⋅ exp ¾−

Âïh
¿
5æ 9

(4.24)

where, Âïh is the activation energy for desorption, P YS[ is a surface coverage dependent function
describing the probability of encountering an adsorbed molecule and P Y9[ is the probability of a

molecule at temperature 9 detaching from the surface. The function P Y9[ is often termed the pre113

exponential term and can be derived based on kinetic considerations [105] and is usually taken to be of
the following form:
P Y9[ =

6ðR 9
Δ7
⋅ exp ¾ ¿
ñ
5æ

(4.25)

where, ð is a pre-exponential correction term, R is the Boltzmann constant, ñ is the Planck’s constant

and Δ7 is the entropy of reaction. The pre-exponential term above represents the frequency of vibration of

the adsorbed molecule and is very difficult to measure experimentally. It is common practice to assume a

value of 10Å Hz for this term (the above expression evaluates to this value if Δ7 is assumed to be 0, i.e.,

for a reversible reaction), which represents the approximate vibration frequency of the adsorbed
molecules.
The final form of the rate equation, which gives the rate of change of S, is a summation of the adsorption
and desorption rates:

*S
= 5Üï − 5ïh
*8

*S
/
1
ÂÜï
6?R 9
Δ7
Âïh
=
⋅
⋅ EYS[ ⋅ exp ¾−
¿ − P YS[ ⋅
⋅ exp ¾ ¿ ⋅ exp ¾−
¿
*8 î2®H5æ 9 -
5æ 9
ñ
5æ
5æ 9

(4.26)

The above general expression is now expanded for the specific case of a second-order reaction. An
example of such a reaction would be the adsorption of CO2 molecules onto a surface which has vacant
amine sites. In this system, one CO2 molecule requires the presence of two adjacent free amine sites. The
CO2 molecule eventually gets adsorbed onto one of the amine sites forming a carbamate ion, the other
gets used up for the formation of a protonated amine. The following is the reaction mechanism:
25 - + %ò ↔ 5 -p + 5 -%òo
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(4.27)

For the functions EYS[ and PYS[, linear probability models are used. This means that it is assumed that

the probability of finding a vacant amine site is equal to the fraction of unoccupied amine sites remaining
on the adsorbent surface. If S is defined the fraction of amine (adsorption) sites covered with CO2
molecules only, then the fraction of covered sites is 2S and the fraction of vacant sites is Y1 − 2S[.

Hence, the probability of finding two adjacent vacant sites is given by:
EYS[ = Y1 − 2S[

(4.28)

and the probability of finding a carbamate ion next to a protonated amine site is given by:
PYS[ = S 

(4.29)

Substituting the above expressions into Eq. (4.26) and combining terms for the sake of clarity, the
following form is obtained:
*S
= éÜï Y1 − 2S[ − éïh S 
*8

(4.30)

where, éÜï and éïh corresponding to the adsorption and desorption rate constants given by:
éÜï =

éïh

/

1
ÂÜï
⋅ exp ¾−
¿
5æ 9
î2®H5æ 9 -
⋅

6?R 9
Δ7
Âïh
=
⋅ exp ¾ ¿ ⋅ exp ¾−
¿
ñ
5æ
5æ 9

(4.31)

4.3.4 Coupling schemes
In the sub-pore system, two types of coupling strategies are to be considered – first, the interaction of the
different physical mechanisms that prevail in the sub-pore system and second, the interaction between the
macro- and sub-pore systems.
The governing equation for the diffusive system (both mass and energy transport) are modified when
solved in the sub-pore system compared to the macro-pore system. An additional source term is
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introduced to include the effect of the surface reaction kinetics. This source term accounts for any
addition/loss of mass/energy due to the adsorption and desorption processes.
The interaction between the macro- and sub-pore system, in comparison, is much more involved owing to
the issues related to conservation (of mass or energy). It is necessary that the amount of flux (mass or
energy) into or out of the sub-pore system occurring at the macro-/sub-pore interface is correctly reflected
in both the sub-pore and the macro-pore systems. In order to ensure this, a Neumann boundary condition
is used at the macro-/sub-pore interface and is to be satisfied in both the macro- and sub-pore systems. On
the sub-pore surface and at the farther end of the sub-pore system (smallest channels), a zero gradient
boundary condition is used.
4.3.5 Numerical implementation details
The sub-pore geometry consists of channels of varying sizes and it is necessary to formulate the
discretized version of the governing equations in a way that the physical conservation laws are always
satisfied. In order to accomplish this, a finite volume formulation is used that conserves the mass flux
across the cross-sectional surfaces of the 1D cylindrical structures that make up the sub-pore geometry.
The implementation details of the numerics within the sub-pore system are discussed here.
Figure 4.2 presents a schematic representation of a single cell within the sub-pore system, shown for the
purpose of explaining the nomenclature and general formulation. Within the sub-pore system, the value of

the coordinate ô starts at 0 at the macro-pore/sub-pore interface and increases with increasing levels. For
this cell, the total change in the quantity of interest B in the fixed cell volume Ì is a result of the net

change in the quantity due to fluxes observed at the east and west faces - õh and õ( , respectively, and any

source Þö present within the cell. õh and õ( are both defined to be positive in the direction of increasing ô.
Expressing the fluxes in terms of diffusivity and a gradient across the cell faces, the following expression

is obtained:
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ΔYÌ_ B_ [ = õh _ − õ( _ + Þ_ = )h _ }h _

^B
^B
 Δ8 − )( _ }( _  Δ8 + Þ_
^ô h
^ô (
_

_

(4.32)

The variable B above represents the variable of interest per unit volume – that is, it will be replaced by

AU: and A%> 9 for species and energy diffusion formulations, respectively. This is assuming that the
variable values are stored at the cell centroid. The diffusivities and gradients in the above expression are

to be computed as average values at the faces. In order to do this, the average cell sizes on west (Δ( ) and
east (Δh ) faces are first calculated:
Δ( _ =

Δô_o + Δô_
Δô_ + Δô_p
; Δh _ =
2
2

(4.33)

Δ( and Δh can then be used to calculate the values of the gradient and other variables at the west and east
faces, respectively. Using a linear interpolation scheme, the following expressions are obtained.
}( _ =

}_o Δô_ + }_ Δô_o
}_p Δô_ + }_ Δô_p
; }h _ =
2Δ( _
2Δh _

^B
B_ − B_o ^B
B_o − B_
;
 =
 =
^ô (
Δ( _
^ô h
Δh _
_

(4.34)

_

The areas )( and )h would correspond to the total amount of areas the cell is interacting with on the east

and west directions. The two area values may or may not be equal – four such scenarios may be
encountered and will be discussed shortly.

The formulation in Eq. (4.32) above is assembled for the entire hierarchical system within a single subpore. Similar formulations will need to be constructed for all the sub-pores existing in the porous

medium. A fully implicit treatment is used for the main variables within B – that is, for the mass fraction

and temperature values for species and energy diffusion, respectively. The values of the other physical

constants such as density, thermal conductivity and specific heat are calculated based on the mass fraction
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and temperature values computed at the previous time-step – this means that the computation of these
values are always lagging the quantity of interest in getting updated. This is a reasonable assumption
given the small time-steps necessary to resolve the physics occurring at these length scales and hence the
variation in the properties can be assumed to be insignificant between one time-step to another.
Constructing the matrix for the above mentioned diffusion system and using a fully implicit formulation,
a tri-diagonal system of the following form is obtained:
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%>  y
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In the formulation above, it is seen that the index numbering starts with 0 instead of 1. The index 0
represents the parent macro-pore cell that is included in the solution of the sub-pore system. By including
the macro-pore cell also in the sub-pore system, an implicit coupling with the macro-pore system is
established which satisfies the conservation laws directly. This avoids any need of explicit checks to
ensure conservation and/or use of limiters to do the same.
Three sets of constants are identified – the coefficients corresponding to west (w), current (p) and the east
(e) cells. The expressions for these are as follows:
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5_ = A_ Ì_ B_ + Þ_

The term on the RHS 5_ is modified by addition of the term 5 to include the desired boundary
conditions at the macro-pore cell and the last cell of the sub-pore system. The source term Þ_ that is part

of 5_ is included to establish a coupling with the reaction kinetics that occurs during the time-step in the

given cell. Depending on the reaction rates, the total source/sink term for the mass and energy equations
are calculated and used in the diffusion equation formulation.
For time integration, a second-order accurate Crank-Nicholson can also be used instead of the first-order

accurate Euler method used above. However, owing to the small time-steps that need to be used in these
simulations, the effect on time accuracy of the solutions will be insignificant.
Next, the different scenarios arising due to differently sized cells in the sub-pore system are described. To
help describe the different formulations, a single sub-pore system present underneath a macro-cell and
zoomed-in views of the different cases are shown in Figure 4.3. As shown in Figure 4.3(a), the sub-pore
system consists of two levels with two branches present at the base of the first level. The spatial
discretization within the cylindrical structures is also shown for the purpose of clarity.
•

Case 1: Same sized (level) cells on either side – this is the simplest case in which the adjacent
cells on both the west and east faces belong to the same level and hence have the same size as the

current cell (shown in Figure 4.3(b)). In this case, the areas )h and )( will be equal to the cross119

sectional area of the cell itself while the diffusivity and the gradients are calculated as simple
averages computed at the face.
)( = )h = )_
•

Case 2: Larger neighboring cell on the west side – this scenario is for the first cell of every level
within the sub-pore system. The first cell at every level will be smaller than the cell that precedes
it – this can be either a cylindrical cell of the previous level or the macro-cell with which the first
sub-pore cell is interacting (shown in Figure 4.3(c)). The difference in the cell sizes will affect the
calculation of the gradient and the face-averaged values, however, the area of interaction is still
equal to the cross-sectional area of the cell itself.

•

Case 3: Smaller neighboring cell at the east face – the last cell of every level branches into a
number of smaller cells which belong to the next level (shown in Figure 4.3(d)). Hence, the east

face area )h will be equal to the sum of areas of all the smaller cells that branch out from the

current cell.

)h = ,Í )_p
•

Case 4: Macro-pore cell at the west face – the first cell of every sub-pore has a macro-pore cell at
its west face (shown in Figure 4.3(e)). This case is similar to case 3 described above and hence
the formulation details are the same.

4.3.6 Assumptions
The proposed sub-pore methodology involves the use of numerous assumptions. These are summarized
below since it is important to realize the conditions under which the results of such a methodology are
valid and also will assist improvements in the future by overcoming certain limitations of the current
model.
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1. The porous geometry that exists underneath the surface and comprises of the sub-pore system is
made up of a hierarchical network of porous channels.
2. To keep the mathematical models tractable, the porous channels are assumed to be cylindrical in
nature allowing the use of governing equations formulated only for one dimension. This
significantly reduces the computational expense and also simplifies the system.
3. For the diffusion equations, a Fickian form of governing equation is applicable at all the length
scales that are involved. This includes the scales where the Knudsen effects dominate due to the
small size of the channels. This allows use of the standard numerical techniques applicable for
macro-diffusion and hence the entire range of length scales can be modeled in the same system of
equations.
4. The surface kinetics assume that the adsorption is purely a surface phenomenon (no volume
filling and/or solid-state diffusion is considered).
5. The surface reaction does not alter the nature of the surface as far as diffusion is concerned and
the original sub-pore geometry can be used for entire duration of simulation.

4.4 Sub-pore methodology application
The sub-pore modeling methodology described thus far is now applied to a set of model reactiondiffusion problems. The problems are chosen so as to highlight the different capabilities that the
developed framework offers and demonstrate its usefulness in specific scenarios.
A schematic representation of the general problem set-up used is shown in Figure 4.4. All the problems
considered are two-dimensional. A particle exhibiting macro-porosity is placed at the center of a square
domain. The macro-porosity is accounted for by the immersed boundary method while any unresolved
pore channels are accounted for by the sub-pore system. The domain consists of a two-component
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gaseous mixture – a secondary species (species A) that is present in relatively dilute concentration and the
remaining portion of the mixture is composed of a carrier species (species B). The outer bounds of the
domain are set as constant value Dirichlet boundaries for species mass fractions as well as temperature,
essentially representing infinite sources of the gaseous mixture of a particular composition, and energy.
The particle pore space is initially filled up entirely with the species B while the space outside of the
particle is maintained initially at the same concentration level as the domain boundaries. Starting from
this initial field, species A is allowed to diffuse into the particle pore (both macro- and sub-) space and
subsequently adsorb onto the sub-pore surface.
The properties of species A and B are chosen to be those of carbon-dioxide (CO2) and nitrogen (N2),
respectively. This is in view of the main application problem considered – CO2 adsorption in amineimpregnated meso-porous silica particles. This choice of the component properties aids in better
understanding of the underlying physics and helps in relating the trends observed in the different
simulations to the CO2 adsorption problem.
In the results presented, the transient profiles of concentration and adsorption levels are plotted and used
for the analysis of the related physics. The averaging of the concentration is performed for – (1) all of the
macro-pore space, (2) all of sub-pore space, (3) the entire particle pore space (both macro- and sub-pores)
and (4) all channels of a particular level in the sub-pore system. The adsorption profiles on the other hand
are presented in terms of the amount of surface coverage S and the averaging is performed for – (1) all the
sub-pore surface area for the entire particle and (2) all sub-pore surface area belonging to a particular

level in the sub-pore system. Both the concentration and adsorption profiles are expected to asymptote to
their respective saturation levels when the simulations are performed for a sufficiently long duration.
Since saturation (or attaining steady-state) is of interest, it is necessary to define this term. In all the
discussions, a process (mass transport or adsorption) is said to be saturated if the quantity of interest
(concentration or surface coverage, respectively) attains a value of 95% of the saturated state.
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4.5 Macro-pore/sub-pore interchangeability
The proposed framework is capable of extracting results at the level of individual pore channel sizes and
the related physical phenomena occurring in multi-scale reaction-diffusion problems in porous media.
Validating the results of this framework however is problematic because no previous experimental or
numerical results are available which present data in such detail. In order to overcome this issue, a
number of test simulations have been conducted on the developed framework for verification. This
includes trivial tests like comparing the numerical solutions with analytical derivations by separating the
diffusion and adsorption systems.
In addition to these, a special test problem is created that presents a stringent check regarding the
correctness of the physics being modeled in the sub-pore system. Since the IBM framework that is used to
model the macro-pores has been validated and applied for a wide variety of cases in the past [95, 96], a
test problem is used wherein the macro-pores can be alternately modeled to be part of the sub-pore
system, allowing comparison of results obtained from simulations with and without macro-pore
modeling.
A square-shaped solid porous medium is placed at the center of the square domain (in the problem set-up
described earlier). The solid medium exhibits porosity owing to the existence of pore channels that open
up at the outer surface of the medium. Two pore channel sizes exist in the medium – larger channels of
diameter 2 microns and smaller channels of diameter 1 microns. The side length of the outer domain is
100 microns while that of the solid medium is 50 microns. Dirichlet boundary conditions used at the
domain boundaries correspond to 0.15 mass fraction of species A. The initial field also consists of 0.15
fraction of species A in the region outside of the particle while within the particle pore space, the
concentration level of species A is 0. Simulations are performed until the particle pore space gets
saturated with species A (i.e., reaches a mass fraction of 0.15).
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Two types of simulations are considered depending on the way the pore channels in the solid medium are
modeled:
•

With macro-pores – the larger channels are modeled as macro-pores while the smaller ones are
modeled in the sub-pore system that exists underneath the macro-pore surface (see Figure 4.5(a))

•

Without macro-pores – both the pore channel sizes are modeled in the sub-pore system itself and
hence no macro-porosity exists in the medium (see Figure 4.5(b)).

To ensure similarity between the two simulations, the individual porosity contributions by the two
channel sizes are maintained to be the same between the two cases.
The transient profiles of species A concentrations averaged over both the channel sizes (that is the full
particle pore space) and the individual channel sizes obtained from these simulations are presented in
Figure 4.6. In general, the presented comparisons show very good agreement. The largest difference
between the two simulations for the full particle profiles is around 5%. This can be attributed to the
marked differences existing between the two simulations. For instance, when the larger channel is
modeled as a macro-pore, it is solved as a two-dimensional channel rather than as a one-dimensional
channel when modeled as part of the sub-pore system. Also, when the larger channels are modeled in the
sub-pore system, they are created uniformly on the entire outer surface of the solid, whereas in the macropore simulations, there are a finite number of openings into the larger channels. Given these differences,
the comparisons are very good. Similar comments can be made about the profiles presented for the
individual channel sizes.

4.6 Reaction-diffusion in porous circular particle
Next, a general reaction-diffusion system is considered involving diffusion and adsorption in a porous
particle. The particle is assumed to be circular in shape and has a diameter of 100 microns. Other details
of the problem set-up remain the same. The square domain, having a side-length of 200 microns, is
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discretized using a grid size of 100 cells in each direction – i.e., there are 50 grid points across the particle
diameter. The macro-porous particle exhibits a porosity of around 0.40 and a specific surface area of 458
m2/kg. Channels of size 8 microns or larger are resolved at the macro-pore level. For the sub-pore system,
since the PSD to be satisfied is not known, the geometry is created similar to the ad-hoc geometry
mentioned earlier. This means that the branching structure is a constant across all level with structures at
every level branching into the same number of smaller level structures. The parameters used for this subpore geometry are listed in Table 4.1. The contributions of channels of different sizes to the overall
volume (PSD) and area of the sub-pores is plotted in Figure 4.7. It is observed that while the smallest
channels contribute to less than 1% of the total sub-pore volume, the contribution to sub-pore surface area
is more than 10%. At the other end of the spectrum, the largest channels contribute to 60% of the volume
but a relatively smaller 30% of the surface area.
Table 4.2 lists the range of values used for different parameters in the simulations. These values are
decided based on conditions used in CO2 adsorption experiments conducted by Lee et al. [106]. The
values for activation energies are obtained by comparing the experimental and first-principles based rate
equations. A broader range for activation energies is used to ensure that a wider time scale range is
obtained for the adsorption process.
The resulting diffusion and adsorption time scales can show a large variation depending on the
combination of parameters used. The simulations can hence be classified into three regimes based on the
relative time scales of the two processes: (1) adsorption is very fast compared to diffusion (diffusionlimited), (2) adsorption and diffusion time scales are comparable and (3) diffusion is very fast compared
to adsorption (adsorption-limited). In the following discussion, simulations performed to determine the
time scales of the individual processes by way of pure diffusion and adsorption simulations are presented
first. This aids in identifying the base simulation parameters based on which parametric variation studies
can be performed later.
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4.6.1 Pure diffusion
In order to establish the time scales of the individual physical mechanisms, simulations are performed
with the full particle (macro- and sub-pores) but solving only the mass transport governing equations in
the sub-pores. This helps determine the amount of time taken for saturation of the entire particle pore
space for the selected geometry. The simulation parameters used in this simulation are listed in Table 4.3.
Figure 4.8(a) presents the concentration profiles averaged over the pore space in the macro- and sub-pores
of the particle. It is observed that the time to saturation is approximately 85 ms. A zoomed in view of the
first 10 ms is presented in Figure 4.8(b) which shows a region of sharp increase during the initial period,
followed by a region where the growth rate is much slower. In order to explain this behavior, the
concentration profiles averaged on a per-level basis are presented in Figure 4.8(c). To highlight the
differences in the concentration levels as the time taken, the plot is presented on a log-log scale. It is
observed that the overall saturation behavior of the entire sub-pore space is similar to that of the largest
channels (level 1) during the initial period (till around 0.1 ms). This indicates that the saturation is
occurring mainly because of the filling up of the macro-pores and the largest channels in the sub-pore
system (level 1). The concentration values in other levels are at least at a couple of orders lower in this
initial period. Once this initial filling process is complete (after around 0.1 ms), the smaller channels
(levels 2, 3, 4 and 5) begin to saturate thus slowing down the overall saturation rate considerably.
4.6.2 Pure adsorption
Simulations are next performed to determine the time scales expected from the adsorption/desorption
process. The system parameters used are provided in Table 4.4. For these parameters, the reaction kinetics
equation is integrated in time for different combinations of ÂÜï and Âïh . First, the results obtained for
different values of ΔÂ, defined as Âïh − ÂÜï , are discussed. The value of ΔÂ is changed by changing

the value of Âïh while maintain ÂÜï at a constant value. The results from simulations performed for
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three different values of ΔÂ are plotted in Figure 4.9. It is observed that a larger value of ΔÂ leads to a
larger surface coverage at saturation, termed hereafter as equilibrium surface coverage. This is a result of

the higher activation energy for the desorption process which means that desorption process is much
harder to achieve and hence larger amount of adsorption will be observed at equilibrium. Also, the time to
saturation increases with increasing ΔÂ showing an increase of around an order between ΔÂ = 5 kJ/mol
and 15 kJ/mol cases.

Another possible parametric variation is to keep the value of ΔÂ a constant but modifying the values of

ÂÜï and Âïh . Results obtained for three such combinations are plotted in Figure 4.10. In contrast to the
varying ΔÂ simulations, the equilibrium coverage is observed to remain a constant due to the constant

value of ΔÂ in the current simulations. The time taken to attain the equilibrium value however does show

a strong dependence on the values of ÂÜï and Âïh . It is observed that the jump in saturation time is
around two orders between each simulation (a change of 10 kJ/mol in both ÂÜï and Âïh values).

It can be concluded from these two sets of simulations that an increase in the value of ΔÂ results in an
increase in both the equilibrium surface coverage and time to saturation while increasing the activation
energies and keeping the ΔÂ a constant results in increase in time to saturation only.

All the cases discussed so far exhibit an adsorption time scale of less than 1 ms whereas as seen earlier,
the mass transport is expected to take around 85 ms for saturation. Hence, these simulations are part of the
first of the three time-scale based regimes described earlier, i.e., adsorption being – (1) very fast, (2)

comparable and (3) very slow – compared to diffusion. Three combinations of ÂÜï and Âïh , obtained

using the general trends observed in the earlier simulations, are hence used so as to obtain adsorption time
scales falling under the three regimes mentioned above. These are listed in Table 4.5 along with the
adsorption time scales observed in the pure adsorption simulations. The adsorption profiles obtained are
presented in Figure 4.11. It is observed that the time scales between the different cases shows orders of
127

magnitude difference with the case B exhibiting a saturation time comparable to that of diffusion process
(around 60 ms).
4.6.3 Canonical cases
The pure diffusion and adsorption simulations described thus far provided adequate information regarding
the individual time scales for the mass transport and surface reaction processes. The three cases provided
in Table 4.5 present adsorption equation parameters for the three simulations, one each of which lies in
the three regimes. The other simulation parameters are the same as for pure diffusion simulations
presented in Table 4.3. In this section, simulations performed with all the three physical mechanisms –
mass and energy transport, and surface adsorption – acting in the sub-pore system are discussed. These
simulations aid in determining the utility of the developed framework for problems falling under the
different regimes.
The concentration profiles obtained for the three simulations along with the result from the pure diffusion
simulation is presented in Figure 4.12(a). The abscissa is plotted on a log scale to allow a better
comparison of the initial transient. Cases A and B show very different characteristics compared to the
pure diffusion case. Compared to pure diffusion, the concentration profiles grow at a much slower rate
after the initial 0.1 ms. The two cases themselves start showing differences in the growth rate after around
5 ms. Hence, the effect of the adsorption process on the mass transport is significant when the adsorption
time scale is much smaller or comparable to the diffusion time scale (cases A or B, respectively). On the
other hand, the concentration profile for case C shows a very close match with the pure diffusion case
throughout the simulation time indicating that the mass transport is independent of the adsorption in this
regime.
In Figure 4.12(b), the adsorption profiles for the three cases are plotted along with the corresponding pure
adsorption cases for comparison. Similar to the observations made earlier, the cases A and B show
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significant differences between the pure adsorption simulations while case C compares very well. The
differences in the initial period (first 50 ms) is attributed to the lesser concentration of adsorbate
molecules in the sub-pore space compared to the pure adsorption simulation (where the concentration is
fixed at 0.15).
It is clear that accounting for all the physical mechanisms in the sub-pore system has significant effect on
the results for the cases where the adsorption time scale is comparable (case A) to or much smaller than
the diffusion time scale (case A - diffusion-limited) whereas relatively insignificant impact on cases
where the diffusion is much faster than adsorption (case C – adsorption-limited). In fact, for case C the
concentration level can be assumed to be at the steady state level and the pure adsorption simulations can
be used instead to obtain adsorption profiles.
4.6.4 CO2 adsorption in amine-impregnated meso-porous silica
For the specific problem of modeling CO2 adsorption using amine-impregnated meso-porous silica, pure
diffusion and adsorption calculations are now performed to determine the time scales governing these
processes. The simulation parameters used thus far are already chosen to closely reflect the CO2
adsorption case (see Table 4.3) and hence the same values are used for these calculations as well. For the
reaction kinetics, a rate equation formulated by Lee et al. [106] based on experimental measurements for
CO2 adsorption on amine-impregnated silica particles is used.
4.6.4.1 Estimating diffusion time scale
The meso-porous silica particles used for CO2 adsorption are known to contain channels going down all
the way to around 30 nm (after filling up with the amine polymers). A characteristic of these particles is
the enormous area contained in the smaller channels. The sub-pore geometry for this problem should
reflect this contribution of the smaller channels. It is hence desirable that the sub-pore geometry used for
this problem exhibits these properties.
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The parameters used for the sub-pore geometry in the earlier calculations (listed in Table 4.1) increased
the specific surface area from 458 m2/kg to 10000 m2/kg. While this is acceptable for the CO2 adsorption
problem, the contribution of the smaller channels to the overall surface area is not as large as in mesoporous silica. Hence, in the following calculations, same geometry parameters are used except that the
number of branches at every level, ,Í , is increased from 5 to 10. The resulting contributions to the area

and volume of the porous medium are plotted in Figure 4.13 along with a comparison with the earlier

geometry. It is observed that with ,Í = 5, the surface area is mainly due to the smaller channels while the
pore volume is accounted for by the larger channels.

To establish the effect of the different branching structure on the mass transport process, pure diffusion
simulations are performed with the new sub-pore geometry. Figure 4.14 shows the concentration profiles
averaged over the macro-pore, sub-pore and the entire particle pore spaces for the initial 300 ms of
simulation time. It is observed that the diffusion process for this geometry is much slower compared to
the ,Í = 5 simulations. The corresponding plot for the old sub-pore geometry was provided in Figure
4.8(b), in which profiles for the initial 10 ms were plotted. Comparing the two plots, the exact values of

the concentration after the initial rapid growth and the growth rate observed afterwards are very different.
However, the general trends observed in the earlier simulations are repeated – a rapid initial growth
region followed by a prolonged period of slow growth. The slower growth rate is a result of the
distribution of channel sizes in the current geometry. Since the contribution to the volume by the smallest
channels is negligible in the original geometry, the overall CO2 saturation level does not depend on the
filling up of the smallest pores. On the other hand, in the current simulation the contribution of the
smallest channels is nearly 10% and hence their saturation affects the overall saturation level in a
substantial way. Since the smallest channels are the slowest to saturate, the growth rate is slower for the
current simulation.
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The slow nature of growth for the current simulation necessitates the use of extrapolation to get an
estimate of the diffusion time scale for the new geometry. The trends observed in the pure diffusion
simulations performed earlier, which have been run till the particle pore space is saturated, can be used in
the extrapolation strategy for the current simulation. If the slopes of the concentration profiles are
assumed to be constant after the initial rapid growth, a linear extrapolation can be used to obtain an
estimate the time to saturation. This operation can be performed on any of the profiles available – macropore space only, sub-pore space only or the entire particle (macro- + sub-) pore space. The value so
obtained can then be compared to the actual saturation time observed in the simulations.
This exercise is performed for both the calculations (i.e., ,Í = 5 and ,Í = 10) and the results are

presented in Table 4.6. Times calculated based on all the three available concentration profiles are shown
and it is seen that all of these values are roughly in the same time range. From the ,Í = 5 case, the actual

times to saturation are observed to be around 4 times larger than the extrapolated values, the reason for
which is the asymptotic nature of the profile as the saturation levels are approached. A similar behavior is

expected for the ,Í = 10 simulation as well. Hence, even if a conservative estimate is used, the time

scale for diffusion for the new geometry is expected to be in excess of 20000 ms.
4.6.4.2 Estimating adsorption time scale

Next, pure adsorption calculations are performed by solving the rate equation proposed by Lee et al. [106]
based on experimental measurements of CO2 adsorption on amine-impregnated meso-porous silica. The
overall form of the experimental rate equation is very similar to kinetics equation derived based on firstprinciples that was discussed earlier. The simulations are performed at the steady-state conditions of the
pure diffusion calculations – i.e., the ambient pressure and temperature are 101.3 kPa and 300K,
respectively, and the mass fraction of CO2 is maintained at 0.15. The adsorption profile obtained by
solving the rate equation is plotted in Figure 4.15 in terms of the surface coverage with CO2 molecules.
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The equilibrium surface coverage is observed to be 0.083 and the time taken to reach 95% of this value
(i.e., 0.079) is approximately 175 ms.
Hence, for the CO2 adsorption on amine-impregnated meso-porous silica, it is concluded that the
diffusion time scale is indeed very large compared to the adsorption time scale and hence the system falls
under the diffusion-limited regime.
4.6.5 Base simulation – Diffusion-limited case
Having identified the regimes where the inclusion of sub-pore system is particularly necessary, the focus
is now shifted to the diffusion-limited regime in which the CO2 adsorption problem is expected to fall
under. The case A simulation discussed earlier which falls in this regime is chosen to be the base
simulation of interest and will be used for other parametric studies later on. In this section, results
obtained for case A (termed ‘base simulation’ hereafter) will be discussed in greater detail.
In Figure 4.16(a), the transient concentration profiles for the entire particle, averaged over macro-pore
space, sub-pore space and the entire pore (macro- and sub-) space of the particle for the entire simulation
time. It can be observed that initially (around 50 ms), the sub-pore space lags the macro-pore space in the
saturation levels owing to the fact that the sub-pore system feeds on the macro-pore space for transport of
mass. However, after this initial period the macro- and sub-pore spaces show very close concentration
levels. In Figure 4.16(b), transient profile of total surface coverage of the sub-pore surface with adsorbate
(species A) molecules for the entire simulation time is presented. The behavior is observed to be similar
to the concentration profiles discussed earlier – a sharp initial growth region followed by a prolonged
region of slower adsorption. The value of surface coverage at steady state is observed to be around 0.022
(or 2.2%).
To explore the initial transient behavior further, the concentration and adsorption profiles obtained for the
first 50 ms are plotted in Figure 4.17(a) and Figure 4.17(b), respectively. Here, it can be observed that
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there are two different growth rate regions – the initial 0.1 ms, showing a steep growth and after 5 ms,
showing a relatively smaller growth rate (which is also clearly noticeable in Figure 4.16(a, b)). This
change in growth rate is a result of the coupling between adsorption and diffusion processes. During the
initial 0.1 ms, since the initial mass fraction of species A is 0 in the particle pore space, the filling up of
pore space is rapid. As the concentration level increases, the adsorption rate increases consequently
exhibiting a strong coupling which dictates the overall growth rate of both concentration and adsorption
levels. This second upward slope continues until the entire particle pore space is saturated with the same
concentration levels as the ambient conditions. Another peculiar feature in these profiles is the near zerogrowth period which intersperses the two growth rate regions. Explaining this phenomenon requires
analyzing the effects of individual physical mechanisms on the system behavior which will be done in a
later section.
To understand the behavior of both the diffusion and adsorption processes in relation to channels of
different sizes, the results are now presented by performing the averaging for every level of the sub-pore
system. As mentioned earlier, level 1 represents the largest channel (4 microns) and level 5 represents the
smallest channel (100 nm). Concentration and adsorption profiles presented in Figure 4.18 for the base
simulation show the relative times to saturation for channels of different sizes. It is observed that the
largest levels are the fastest to attain saturation due to their direct interaction with the macro-pores. On the
other hand, the smaller channels show the slowest growth in concentration values owing to two factors.
Firstly, Knudsen effects result in slower diffusion rates in the smaller channels. Secondly, the interaction
of the smaller channels is only with channels that are of comparable size, which all are still at relatively
low concentrations. Hence, saturation of the larger channels acts as a precursor to the saturation process
of the smaller channels. With respect to adsorption, again the larger channels show the fastest rate of
adsorption due to the higher partial pressures of species A in these pores while the smallest channels are
the slowest.
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A zoomed in view of the initial transient profiles of concentration and adsorption are presented in Figure
4.19. Due to the larger differences in the concentration values and large initial gradients, the plot is
presented on a log-log scale. This plot helps emphasize the process of filling up of the larger channels
earlier than the smaller ones and the eventual saturation of the smaller levels to reach the same
concentration values as the larger channels.
4.6.6 Effect of sub-pore model
The next set of results presented is from simulations performed to establish the effect of introduction of
the sub-pore model on the current problem. Four simulations are used which are variations of the base
simulation, i.e., all the simulation parameters are the same as the base simulation, except for the exclusion
of certain physical mechanisms as described here:
•

Case 1: Without the sub-pore model – the sub-pore model is turned off completely and hence the
transport of species in the particle is computed in the macro-pores only

•

Case 2: Sub-pore model with mass transport only – the sub-pore model is included, but only mass
transport equations are solved for within the sub-pore system thus allowing diffusion of mass into
both the macro- and sub-pores

•

Case 3: Sub-pore model with mass diffusion and surface adsorption – the sub-pore model is
included, but only the mass transport and reaction kinetics equations are solved for within the
sub-pore system thus allowing species diffusion and subsequent adsorption in the sub-pores

•

Case 4: Include the entire sub-pore model – the sub-pore model is included and all the physical
mechanisms are solved for in the sub-pore system i.e., mass and energy diffusion with adsorption
on the sub-pore surface.
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In Figure 4.20(a), the concentration levels of species A averaged over the entire particle pore space is
plotted. It is observed that case 1 shows the fastest saturation, taking less than 2 ms while the rest of cases
are at least a couple of orders slower. The introduction of sub-pore system (cases 2, 3 and 4) hence affects
the mass transport process substantially. A zoomed-in view of the initial 50 ms of simulation time is
presented in Figure 4.20(b). Due to the large differences in the time scales, the abscissa is plotted on a log
scale. Introducing the sub-pore system affects the concentration growth rate noticeably around 0.1 ms.
The explanation for the presence of two different growth rates and the intermediate near-zero growth
period is already provided earlier. Including solution to energy diffusion within the sub-pore system (case
4) is observed to help make the saturation quicker. This is because of the additional heat release due to the
surface reaction increases the pore space temperature. The higher temperature results in both faster
diffusion and adsorption quickening the overall saturation.
To analyze the effect of including the solution to energy equation in the sub-pore system on the
adsorption process (i.e., heat generation process due to the surface reaction), adsorption profiles obtained
from cases 3 and 4 are presented in Figure 4.21. Overall, the surface coverage shows a lower value for
case 4 throughout the simulation time owing to the higher temperature in the particle pore space which
results in lower surface coverage. Also, case 4 shows a drop in the surface coverage after the initial rapid
growth period. This is again a result of the higher pore space temperature. As explained earlier, the initial
rapid growth period is followed by a near-zero growth period both in the concentration and adsorption
profiles. Inclusion of heat of reaction and solution to energy equation however increases the temperature
which decreases the local equilibrium surface coverage value resulting in lowering of the surface
coverage. Once the concentration level again increases, the surface coverage also shows a similar trend.
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4.6.7 Parametric studies
Having established the established the relative impact of different physical mechanisms on the overall
system behavior, the focus is now shifted to simulations performed to assess the effect of variation of
certain parameters. For all the simulations presented in these, one of the parameters is varied and
comparisons are made to the base simulations. As for the base simulation, all the three physical
mechanisms are included for all the calculations.
4.6.7.1 Effect of changing activation energies
The effect of changing the activation energies is assessed by comparing a set of simulations performed by
maintaining a constant ÂÜï while modifying the Âïh value so that the value of ΔÂ = Âïh − ÂÜï

changes. The values used for activation energies are chosen so that the simulations are still in the
diffusion-limited regime.
Simulations for three different values of ΔÂ are considered for this study – 5, 10 and 15 kJ/mol. The ΔÂ =

5 kJ/mol case corresponds to the base simulation explained in detail earlier. In Figure 4.22, the
concentration and adsorption profiles obtained for the three simulations are presented. The species A
concentration levels show fastest saturation for the smallest ΔÂ, i.e., the base simulation. The saturation
trend exhibited by the adsorption profiles is similar to the mass transport process and as expected, the

equilibrium value of surface coverage is observed to be higher for larger value of ΔÂ. Also, the increase

in ΔÂ results in a larger dip in the adsorption profile during the initial period of the simulation. This is an
result of the larger temperature values because of larger amounts of adsorption for higher values of ΔÂ.

4.6.7.2 Effect of ambient temperature
The ambient temperature is part of both the diffusion and reaction system. In mass and energy transport
equations, the ambient temperature affects the values of mass diffusion coefficient and the thermal
conductivity. In the reaction kinetics equation, temperature exhibits a very strong dependence through the
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Arrhenius terms in both the adsorption and desorption rates. Additionally, the desorption rate coefficient
varies directly as the temperature while the adsorption rate coefficient shows an inverse dependence on
the square root of temperature (see Eq. (4.31)). Thus, an increase in temperature is expected to increase
the desorption rate coefficient and decrease the adsorption rate coefficient. The effect of temperature on
these coefficients is however much smaller than the effect on the exponential (Arrhenius) terms.
Simulations are performed for three values of ambient temperature – 300 (base simulation), 350 and 400
K. In Figure 4.23, results obtained for the three simulations are plotted. It is observed that the increase in
temperature decreases the times to saturation for both the mass transport and adsorption profiles. This is a
consequence of the higher diffusion coefficient values and desorption rates. Also, the increased
desorption rate and decreased adsorption rate reduces the equilibrium surface coverage.
4.6.7.3 Effect of ambient pressure
The final parametric study considered is the variation of the ambient pressure. The ambient pressure in
comparison to temperature has a much smaller effect, especially on the diffusion equation. The reaction
system though shows a much stronger dependence – the adsorption rate varies as the partial pressure of
the adsorbent species and hence as the ambient pressure. Three values of ambient pressure are considered
– 50, 101.3 (base simulation) and 200 kPa. The corresponding concentration and adsorption profiles
obtained are shown in Figure 4.24. A lower value of partial pressure is expected to result in a lower value
of equilibrium surface coverage as well as faster time to attain this value. Consequently, the concentration
levels in the particle space attain saturation faster as seen in Figure 4.24(a). Another feature observed is
that the initial rapid growth period results in higher values of both concentration and adsorption levels
owing to the larger partial pressures of species A. The time to saturation for the 50 kPa case is however
smaller, which eventually results in the concentration levels in the pore space saturating earlier than at
higher pressures.
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4.7 Summary and conclusions
In the current chapter, a new methodology for solving multi-scale, reaction-diffusion problems in porous
media is described. In order to account for the multitude of length scales present in typical porous media,
the framework approaches the multi-scale nature of the problem by a dual modeling strategy based on the
pore sizes. The larger pores, termed the macro-pores, are resolved directly using the traditional numerical
techniques while the smaller unresolved pores are modeled using a novel “sub-pore” methodology the
details of which form the main subject of the chapter.
The sub-pore system is composed of a network of pores that is constructed underneath the entire macropore solid surface within which the relevant physical phenomena are modeled. A hierarchical structure is
assumed with the larger pores branching into smaller ones and so on. Such a definition allows tailoring
the sub-pore system to satisfy desired geometrical characteristics such as pore size distribution and
specific surface area. In the sub-pore system, three physical mechanisms are accounted for – transport of
mass and energy, and the surface adsorption. Numerical implementation is simplified by using cylindrical
pore structures in the sub-pore system so as to allow one-dimensional assumption. Governing equations
are formulated for the diffusion and reaction systems separately and solved in using a finite volume
approach. A combination of boundary condition setting is used to strongly couple the macro- and subpore system to ensure conservation laws are satisfied. The effects of surface adsorption are included in the
mass and energy diffusion equations using source terms.
Numerous carefully designed test simulations are performed both to verify the correctness of the proposed
methodology and to highlight different aspects of this framework to problems of practical interest. It is
demonstrated that the sub-pore methodology accurately captures the physics relevant at the scales
composing the sub-pore system and in fact, can be used to represent pore channels of all sizes existing in
the medium. This implies that the sub-pore methodology can be used to simulate the entire pore channel
network existing underneath porous media thus rendering the proposed framework a very powerful tool
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which is applicable to a much wider range of applications. The various examples discussed help showcase
the powerful nature of the developed framework and consequently establish the utility of such a
framework for general reaction-diffusion problems involving porous media.
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(a)

(b)
Figure 4.1 A representation of the (a) pore branching structure and (b) hierarchical system composed of
cylindrical structures used in the sub-pore system
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Figure 4.2 A single cell representation within the sub-pore system
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Figure 4.3 A schematic representing the cells within the sub-pore system and the interaction with the
macro-pore system
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Square domain

macro-porous
particle

Figure 4.4 A representative sketch of the problem set-up used in all the calculations. The colored region
represents the solid volume. The particle shape is only representative – in the presented calculations, both
circular and square shaped particles have been used)
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(a)

(b)

Figure 4.5 The macro-pore geometries used for simulation (a) with macro-pores – the larger channels
being modeled as macro-pores and (b) without macro-pores – both the channel sizes are modeled in the
sub-pore system
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Figure 4.6 Concentration profiles obtained for (a) the entire particle pore space, (b) all the larger channels
(2 microns) and (b) all the smaller channels (1 micron)
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Figure 4.8 Concentration profiles obtained from the pure diffusion simulation plotted for (a) the full
simulation time (b) the first 10 ms and (c) the full simulation time, averaged on a per-level basis
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Figure 4.9 Adsorption profiles obtained for three different value of Âïh while keeping ÂÜï constant in
pure adsorption calculations
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Figure 4.10 Adsorption profiles obtained for different values of ÂÜï and Âïh while keeping the ΔÂ
constant
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Figure 4.11 Adsorption profiles obtained from pure adsorption calculations for simulations in the three
different regimes
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Figure 4.12 Comparison of transient profiles for (a) concentration and (b) adsorption for the three
canonical cases (in (b), the dashed lines with hollow symbols are from the corresponding pure adsorption
simulations presented earlier)
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Figure 4.14 Averaged concentration levels in different regions of the particle pore space for the first 300
ms of simulation time
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Figure 4.15 CO2 adsorption profile obtained for pure adsorption calculation using the experimental rate
equation proposed by Lee et al. [106]
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Figure 4.16 Transient profiles of (a) concentration and (b) adsorption obtained for the base simulation for
full simulation time

155

0.1

Species A mass fraction

0.08

0.06

0.04

0.02

0

macro-pores
sub-pores
macro- + sub-pores
10

-2

10

-1

10

0

10

1

10

0

10

1

Time (ms)

(a)

Surface coverage

0.015

0.01

0.005

10

-2

10

-1

Time (ms)

(b)

Figure 4.17 Transient profiles of (a) concentration and (b) adsorption plotted for the initial 50 ms for the
base simulation

156

0.2
0.18

Species A mass fraction

0.16
0.14
0.12
0.1
0.08
Level 1
Level 2
Level 3
Level 4
Level 5
Overall

0.06
0.04
0.02
0

0

100

200

300

400

500

Time (ms)

(a)

0.03

Surface coverage

0.025

0.02

0.015

0.01

Level 1
Level 2
Level 3
Level 4
Level 5
Overall

0.005

0

0

100

200

300

400

500

Time (ms)

(b)

Figure 4.18 Transient profiles of (a) concentration and (b) adsorption averaged on a per-level basis for the
full simulation time for the base simulation
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Figure 4.19 Transient profiles of (a) concentration and (b) adsorption averaged on a per-level basis for the
initial 50 ms for the base simulation
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Figure 4.20 Transient profiles of concentration in the entire particle pore space for simulations with
different mechanisms excluded for (a) the full simulation time and (b) the first 50 ms
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Figure 4.21 Adsorption profiles obtained for cases 3 and 4 for (a) full simulation time and (b) first 50 ms
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Figure 4.22 Transient profiles of (a) concentration and (b) adsorption obtained for different values of ΔÂ
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Figure 4.23 Transient profiles of (a) concentration and (b) adsorption obtained for three different values
of ambient temperature
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Figure 4.24 Transient profiles of (a) concentration and (b) adsorption obtained for different values of
ambient pressure
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Table 4.1 Parameters used for sub-pore geometry creation for the circular porous particle
Quantity

Value

Channel size range

100 nm – 4 µm

Number of levels, ,Ë

Number of branches, ,Í

Specific surface area, )

5
5
10000 m2/kg
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Table 4.2 Range of simulation parameters used in the different calculations
Quantity

Value

Ambient temperature

300-400 K

Ambient pressure

50-200 kPa

Species A mass fraction – ambient

0.15

Species A mass fraction – domain boundaries

0.15

Adsorption activation energy ÂÜï
Desorption activation energy Âïh
Entropy of reaction Δ7

Heat of adsorption

20-58 kJ/mol
25-122 kJ/mol
-30 J/mol/K
-60 kJ/mol
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Table 4.3 Simulation parameters used in the pure diffusion calculation
Quantity

Value

Ambient temperature

300 K

Ambient pressure

101.3 kPa

Species A mass fraction – ambient

0.15

Species A mass fraction – domain boundaries

0.15
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Table 4.4 Range of simulation parameters used in the pure adsorption calculations
Quantity

Value

Ambient temperature

300 K

Ambient pressure

101.3 kPa

Species A mass fraction – ambient

0.15

Adsorption activation energy ÂÜï
Desorption activation energy Âïh
Entropy of reaction Δ7

20-58 kJ/mol
25-122 kJ/mol
-30 J/mol/K
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Table 4.5 Approximate time scales and regimes for different combinations of activation energies
Case

÷øÉù value
(kJ/mol)

÷Éù value
(kJ/mol)

A

20

B
C

Approx. time
scale (ms)

Time scale
comparison

25

10-2

Diffusion-limited

35

60

102

Comparable

58

122

106

Adsorption-limited
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Table 4.6 Comparison of saturation times by using extrapolation with the observed values for pure
diffusion

Simulation

,Í = 5

,Í = 10

Pore space

Growth rate
Çú¶û³ ∕ Çü
(in ms-1)

Extrapolated
time to saturation
(in ms)

Observed time to
saturation

Macro-pores

2.93×10-3

26.1

90.1

Sub-pores

5.16×10-3

20.1

82.44

Macro- + sub-pores

4.05×10-3

22.3

85.42

Macro-pores

5.14×10-6

11053.7

-

Sub-pores

1.52×10-5

7728.9

-

Macro- + sub-pores

9.00×10-6

8932.4

-
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Chapter 5
Summary and Conclusions
The work performed in this dissertation has resulted in development of the numerical tools necessary to
model complex heat and mass transfer processes in porous media. In particular, the focus of the current
study is on the reaction-diffusion problems involving porous sorbent particles. A characteristic of such
problems is the multi-scale and multi-physics nature of the system. A pore channel size based dual
approach is proposed to account for the wide range of length scales involved – the larger pore channels,
called macro-pores, are resolved using conventional numerical techniques while the smaller unresolved
pore channels, called sub-pores, are modeled using a novel sub-pore methodology.
The first part of the dissertation focused on development of simulations tools necessary to account for the
macro-pores and the relevant physics at these scales. Though the macro-pores are relatively larger in size,
they are composed of an intricate network of porous microstructures and it is a computational challenge to
account for such a geometry. An immersed boundary method (IBM) approach is developed for this
purpose. IBM is a boundary non-conforming approach which allows significant reduction in grid
generation for simulation of flows in and around arbitrarily complex surface contours. The IBM approach
is implemented in the non-staggered, curvilinear grid framework of an in-house code GenIDLEST and
utilizes efficient algorithms for search, locate and interpolate operations. The implementation also scales
very well for large problems showing an efficiency of nearly 80% on 1024 cores. A number of validation
and verification simulations are also performed to test the developed framework.
The developed IBM framework is then applied to complex porous media geometries. In order to create
surface contours that are representative of the realistic porous media, a stochastic reconstruction
procedure is utilized. The reconstruction technique is based on the simulated annealing algorithm and
performs randomized pixel swaps till the desired statistical descriptors (the 2-point auto-correlation
function, for the examples shown in this work) are satisfied. Simulations are performed through two170

dimensional channels consisting of the porous sections. The pressure drops computed across the porous
sections are compared against analytical solutions obtained from Darcy-Forcheimmer equation for a
number of porosities and flow velocities. The results agree very well for lower particle Reynolds
numbers, but show increased deviations at higher values demonstrating the need for DNS calculations for
such flow conditions in porous media. The developed framework is also applied to pure diffusion
problems in three-dimensional spherical porous particles and the saturation times are computed for
different particle porosities thus demonstrating the capability to perform simulations through complex
network of larger ‘macro-pore’ channels in a relatively straight-forward manner.
In order to account for the unresolved pore channels, a sub-pore modeling methodology is developed in
this work. The sub-pores, representing all the smaller channels that are unaccounted for in the macro-pore
model, also are composed of intricate network of microstructures. The physical mechanisms important at
these smaller scales are taken into account by including the Knudsen effects in the diffusion of mass and
energy. The smaller channels also contribute the most to the overall surface area of the porous medium
under consideration and hence a reaction kinetics model is included to account for the surface adsorption
process. The sub-pore geometry is constructed as a system of hierarchical pores, similar to fractal
structures, and is made up of straight cylindrical pore channels. This allows use of one-dimensionality in
the governing equations and simplifies the formulations considerably. Source terms are used to couple the
diffusion equations with the surface reaction model while an implicit formulation is used to couple the
macro-pore and the sub-pore systems thus ensuring conservation.
The entire framework developed, wherein the macro-pores are modeled using IBM while the sub-pores
are accounted for by the sub-pore methodology, is then applied to a number of test simulations to
demonstrate the applicability in problems of practical interest. Three regimes based on the time scales of
individual mechanisms – diffusion and reaction – are determined: (1) diffusion-limited, where adsorption
is much faster than diffusion, (2) diffusion and adsorption have comparable time scales and (3)
171

adsorption-limited, where diffusion is much faster than adsorption. The developed framework is shown to
be important for problems in the first two regimes, i.e., when the adsorption is either very fast or is
comparable to the diffusion process. The particular problem of CO2 adsorption in meso-porous silica is
determined to be diffusion-limited. Further simulations are performed to explore the system behavior of a
model diffusion-limited problem and are followed by parametric studies. It is also demonstrated that the
macro-pores can be alternately modeled within the sub-pore system, thus eliminating the need of using
IBM for macro-pore modeling completely. Though this implies use of one-dimensionality and the other
simplifications used in the development of sub-pore model such as neglecting the convection effects, this
is a very attractive option especially for large-scale, low fidelity simulations involving reaction-diffusion
systems. For example, in discrete element method (DEM) simulations wherein millions of particles are
usually tracked, the sub-pore model developed can be used to completely model the porous
microstructures existing inside the particles.
In summary, different computational tools necessary to model general reaction-diffusion systems in
complex porous media are developed. The framework is general in nature and can be applied to cases
where the entire porous network is modeled using a combination of the macro-pore and sub-pore
methodologies or, alternately modeling the entire network either in the sub-pore system or on the hand,
directly using the IBM approach.
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