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Abstract

This thesis presents an analysis method for determining the whipping response of a hull
girder to underwater explosion (UNDEX) bubble pulse loading. A potential flow-based UNDEX
bubble model capable of calculating the behavior of a migrating bubble for up to three pulses is
developed. An approximate vertical plane ship vibration model is derived using fundamental beam
theory by representing the ship as a free-free beam with varying cross-sectional properties along
its length. The fluid-structure interaction is approximated using strip theory and the distant flow
assumption. The most severe predicted whipping load conditions are applied to a MAESTRO finite
element model of the ship as a quasi-static load case to determine the response of the structure to
the whipping loads. The calculated hull girder bending moments are compared to the ultimate
bending strength of the hull girder to determine if the girder will collapse. The analysis method is
found to be a useful method for determining preliminary UNDEX-induced whipping design load
cases for early-stage ship design. However, more detailed and accurate data is needed to validate
and verify the predicted whipping responses.

It is found that the most severe whipping loads occur as the result of an UNDEX event that
occurs under the keel near midship and produces a bubble with a pulsation frequency similar to
the natural vibration frequency of the ship in its third mode. Significant damage to the ship

structure and hull girder collapse is possible as a result of these loads.
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Chapter 1 Introduction

1.1 Motivation and Background

The underwater explosion (UNDEX) and subsequent ship interaction problem has many
unique characteristics, all of which are governed by complex physics [1]. The complexity of this
problem necessitates the use of significant time and computer resources to obtain solutions which
accurately represent the physics involved. For this reason, the response of a ship to an UNDEX
event is typically not included in early-stage ship design when multiple hull forms and structural
characteristics are being considered. A fast and simple method of determining the response of ships
to potential UNDEX threats with reasonable accuracy, coupled with an effective early-stage
structural design tool, would enable the consideration of such threats in early-stage ship design
and should result in ships that are better prepared to survive UNDEX events.

1.1.1 Ship Survivability

The United States Navy defines survivability as: “the capacity of the total ship system to
avoid and withstand damage and maintain and/or recover mission integrity [2].” Ship survivability
can be quantified as:

S=1- Phpk/h(1 - Pr/k) )
where S is the probability of survival for a naval ship, Pn is the probability of the ship being hit by
a threat weapon, Py is the probability of a kill or loss of mission capability given the ship is hit,
and Py is the probability of the ship recovering given a specific kill or loss. These probability
terms are called susceptibility, vulnerability, and recoverability.

Susceptibility considers the ability of a threat to hit the ship and the ability of the ship to
avoid the threat, which includes both active and passive methods [2]. Active avoidance methods
include maneuvering, striking the attacker, intercepting potential threats after they are launched,
but before they reach the ship, and electronic warfare, such as threat detection and radar jamming
techniques. Passive methods primarily involve limiting ship signatures, such as radar cross-section
and acoustic, magnetic, and thermal signatures. Vulnerability is the probability of the ship
sustaining some level of damage or capability loss after being hit. This considers the full range of
possible threat weapons and scenarios in addition to the passive ability of the ship systems and

structure to withstand and minimize damage from a successful enemy weapon strike.



Recoverability measures the ability of the ship to control, stop, and recover from damage caused
by a successful enemy weapon strike, and minimize loss of life and mission capabilities as a result
of the strike.

Mission capabilities are typically grouped into primary mission capabilities and secondary
mission capabilities. Primary capabilities are required to be operational for the ship to complete its
missions. Primary capabilities include: ship control and propulsion; command and control;
navigation; communications; surface, air, and underwater surveillance; countermeasures; launch,
recover, fuel, and rearm aircraft and small craft; essential maintenance of aircraft and ordnance;
weapons stowage, control, launch, and guidance; replenish at sea; mine-hunting and sweeping;
combat payload transport; casualty and damage control; collective protection system [3]. The loss
of any of these capabilities is considered a kill by the definition of vulnerability.

This thesis focuses on the vulnerability of a ship structure to an under-keel UNDEX event.
An under-keel UNDEX event has the potential to severely damage or even sink a ship, causing a

loss of all capabilities.

1.1.2 Threats

A naval ship may be subjected to many types of weapons that threaten the ability of the
ship to perform its mission. Numerous threat scenarios are possible. For naval ships, the primary
explosive threats are underwater explosions (UNDEX) and air explosions (AIREX). These events
are categorized as internal or external based upon where the event occurs. External explosion
events are also categorized by their proximity to the vessel.

The severity of an UNDEX event is closely related to its location relative to the ship, as
the types of possible damage from the event vary based upon the location of the explosion.
UNDEX threats can occur in both far and close proximity to the ship, with a contact explosion
also being a possibility. Figure 1 shows the result of an under keel torpedo explosion, illustrating
that it is one of the most severe UNDEX threats. Torpedoes and mines are the primary weapons
that present UNDEX threats to ships. Some past and present torpedoes, their nation of origin, and
their warhead sizes are listed in Table 1. The same information for underwater mines is listed in

Table 2. These types of threats are the focus of this thesis.



Figure 1 — Under Keel UNDEX Example [4] o

Table 1 — Torpedo Charge Sizes

Name/ Nation (?harge Charge Size, TNT Charge Type | Reference
Model Size (kg) Equivalent (kg)

MK-48 USA 295 544 PBXN-103 [5, 6]
MK-37 | USA 150 HBX-3 [6]
MK-54 USA 44 108 PBXN-103 [5, 6]
DM2A4 | Germany 255 460 PBX [5, 6]
Spearfish | UK 300 PBX [5, 6]
G-RX2 Japan 267 [6]
Type 65 | Russia 450/557 [6]
Type 53 | Russia 265-400 265-400 TNT [6]
Shkval Russia 210 [5]
APR-3 Russia 74 74 [6]




Table 2 — Mine Charge Sizes

Charge Size

Charge Size, TNT

Name/Model Nation < Charge Type |Reference
(kg) Equivalent (kg)
MK-67 USA 230 [6]
MK-62/63/64 | USA 22714541907 Tog orPBXN- | g
MK-56 USA 163 HBX-3 [6, 7]
Stonefish UKI™ 1 100-600 PBX [6, 8]
Australia

EM-52 China 140 [9, 10]
EM-56 China 380 [9, 10]
EM-57 China 300/700 [10]
M-4 China 600 [9, 10]
PMK-1 Russia 350 [10]
PMK-2 Russia 110 [9, 10]

1.2 Underwater Explosion Event

The general UNDEX problem begins with an explosive charge of a certain size and

material located at a depth below the free surface in proximity to a ship [11]. A typical arrangement

of an UNDEX problem is shown in Figure 2. The water is assumed to behave as a compressible

fluid that is incapable of supporting significant tension. The event may be classified as either far-

field or near-field depending upon the position of the charge relative to the ship, which is floating

on the free surface, and the response of the ship in both the early and late timeframes. These

explosion types are defined later in this section.




Suiface Ship Structure

Water Free Suiface

Depth of Explosion

il
Ses

< ¥ Explosive Charge
M N

Figure 2 — General Setup of UNDEX Problem (Adapted from [12])

A general UNDEX event begins with the chemical reaction of the explosive material,
which is an unstable chemical substance in a gas, solid, or liquid state. This chemical reaction takes
place in two parts: the initial chemical reaction and the detonation process. The initial chemical
reaction, which is both exothermic and rapid in nature, is started by the transfer of energy to the
explosive material [13]. This transfer of energy is done by a mechanism known as a “detonator”
or “igniter,” which is made from a more sensitive explosive material than the primary explosive
material. As the explosive material is ignited, it reacts and releases energy, and transforms into a
more stable state. The product of the reaction is a hot gas at an extremely high pressure [14]. This
chemical reaction is called an explosion or explosion reaction.

If the pressure created by the initial chemical reaction in the detonator is large enough, a
thermo-mechanical shock wave, known as the “detonation wave,” is created. The detonation wave
then propagates at a supersonic speed through the primary explosive material, which is still in its
original state, generating intense heat. Assuming the explosive material is classified as a high
explosive, this causes the remaining unreacted explosive material to undergo an explosive reaction
as the wave passes through, making the detonation process self-sustaining [13].

The newly formed gaseous products behind the detonation wave have no time to expand
before the shock wave passes entirely through the primary explosive due to the high speed of the

wave. As a result, the gaseous products are heated and cannot relieve the pressure through



expansion, which produces pressures in the range of two to four million pounds per square inch
[13, 14]. This pressure, known as either the “detonation pressure” or “Chapman-Jouget” pressure,
IS a constant dependent on the type of explosive material used [13]. Given the high speed of the
detonation wave, the chemical reactions of the detonation process can be assumed to occur

instantaneously for engineering purposes [13].

Gazeous Products

Figure 3 — UNDEX during Detonation Process [15]

All unreacted material has been converted to gaseous products by the time the detonation
wave reaches the explosive material/water boundary. The gaseous products are now a very dense,
superheated, spherical gas bubble [14]. At this point, the UNDEX detonation process is complete.
This thesis will treat the conclusion of the detonation process as the initial condition for an UNDEX
event.

Gaseous Products

Figure 4 — UNDEX at Instant of Detonation Process Completion [15]



121 Types

UNDEX events are usually classified as either near-field or far-field, depending on the
response of the ship structure to the event. Near-field UNDEX events occur close to the ship and
typically result in the plastic deformation or rupture of the ship’s hull. Far-field UNDEX events
occur further away from the ship, at a distance where the ship response will cause only elastic or
elastic-plastic deformation [12]. The distance at which these deformations occur depends on the
size and power of the charge and the structural characteristics of the ship. These definitions are
outlined in terms of UNDEX phenomena in Figure 5.

Surface Ship

UNDEX
Near-field Far-field
(Plastic Deformation and (Elastic and Elastic-Plastic
Rupture) Deformation)
Early Time Late Time . .
Shock, Reload, Bulk Bubble Pulse, Bubble Early Time Late Time .
s R Shock, Reload, Bulk Bubble Contact (Expansion
Cavitation Reload, Shock Contact (Collapse, Jetting), L )
. . ! Cavitation Reload, Shock and Collapse), Global Ship
Free Surface Reflection, Global Ship Motion and Free Surface Reflection Motion and Dynamics
Bubble Contact Expansion Dynamics (Under Keel) ¥

Figure 5 — Classification of UNDEX, Recreated from [16]

1.2.1.1 Far-Field Underwater Explosion

A far-field UNDEX event can cause significant shock damage to systems inside the ship
[17]. Early time response is the result of the shock wave contacting the ship, while late time
response is limited to lesser global ship motion and dynamics. The potential exists for additional
late time response caused by the bubble expanding or collapsing while in proximity to the hull.
The effect of an explosion can be divided into response due to the shock wave and response due
to the gas bubble [17]. For the purpose of this thesis, a far-field UNDEX event is defined as an
UNDEX event that is far enough away from the ship to not cause hull rupture or produce bubble

pulses which influence the late time response of the ship.



1.2.1.2 Near-Field Underwater Explosion

Every aspect of the UNDEX event must be considered for a near-field UNDEX analysis
[11]. A near-field UNDEX event can excite the structure globally and locally in both the early and
late timeframes. Early time response is the result of the shock wave or bubble contacting the ship,
while late time response is the result of bubble pulse loading or the bubble collapsing or jetting
while in contact with the hull. Ship response to near-field UNDEX events typically results in the
plastic deformation or rupture of plating, while deformation or failure of the hull girder is possible
under certain conditions. This thesis will focus on the global motion and dynamics of the hull

girder caused by multiple bubble pulses from a noncontact, under keel UNDEX event.

1.2.2 Phenomena

The first UNDEX phenomenon to occur after the completion of the detonation process is
the shock wave. The shock wave is a compressive high pressure wave emitted from the initial
explosion gas bubble as a continuation of the detonation wave. The shock wave shape is
characterized by a nearly discontinuous rise in pressure followed by a brief period, on the order of
a few milliseconds at most, of exponential decay [14]. The maximum pressure reached by the
shock wave is known as the “peak” pressure and plays an important role in calculating the early
structural response of a ship to an UNDEX event [14, 12, 11]. The shock wave propagates in the
water as a spherical wave, initially faster than the speed of sound. As the shock wave moves further
from the origin of the explosion, its propagation speed slows to the speed of sound, its peak

pressure gradually reduces, and its shape becomes more elongated [13,14]. Figure 6 illustrates this

occurrence.
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Figure 6 — Shock Wave Profiles at Various Distances from Explosion Origin [14]



When the shock wave contacts the hull of a surface ship, it creates a pressure loading on
the hull that is characterized as an instantaneous rise to peak pressure followed by an exponential
decay [12]. This loading imparts an upward or inward acceleration onto the structure, which
eventually forces the structure to move faster than the surrounding water. This places the water
under tension, which the water is not capable of sustaining, and a cavitation region is formed at
the interface of the hull and water [12]. This cavitation region, termed the local or hull cavitation
region, results in a condition of zero hydrodynamic loading on the ship [18]. The local cavitation
region will remain until the ship structure reaches its maximum upward velocity, or kick-off
velocity, and begins to slow. The slowing of the structure allows the local cavitation region to
close, which causes the structure to be reloaded [12].

The shock wave will also encounter the free surface and seafloor bottom boundary. It will
reflect off of these boundaries, producing a tensile wave at the free surface and a compression
wave at the bottom boundary. The tensile wave is similar in magnitude to the shock wave, while
the compression wave has a much smaller magnitude [14, 12]. However, it is often assumed that
the bottom boundary is far enough away so that it will not affect the behavior of other shock wave
elements [11]. The low net pressure at locations near the free surface where the incident shock
wave and reflected tensile wave meet may result in a large bulk cavitation region, the size of which
is dependent on the location and size of the explosion [19]. This region is symmetric about the
vertical axis of the explosion origin, with an upper boundary and lower boundary. The locations
of these boundaries are influenced by the environmental, incident shock wave, and reflected tensile
wave pressures and their decay rates. The general shape and position of this region is shown in
Figure 7. After some time, the cavitation region closes in a zipper-like manner, which produces a
pressure wave known as the cavitation pulse. The cavitation pulse can potentially load the ship
with pressure loads more damaging than the initial shock wave impact, depending on the proximity
of the ship to the pulse location [19]. This is the last event of the shock wave early time response
of the ship to the UNDEX event. These events, which have a duration on the order of a few
milliseconds, can cause significant damage to internal components of the ship, but have little effect

on the ship’s global motion.
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Figure 7 — Bulk Cavitation Region [19]

Recall that after the shock wave was emitted by the explosion at the conclusion of the
detonation process, what remains is the dense, superheated, spherical gas bubble. The pressure
inside of the bubble, though somewhat lower after the release of the shock wave, still exceeds the
hydrostatic pressure of the surrounding water, which causes the bubble to rapidly expand in an
attempt to reach hydrostatic equilibrium [14]. The expansion of the bubble reduces the internal
pressure and creates a flow of water moving away from the bubble. As the internal bubble pressure
reaches the hydrostatic pressure, the gases continue to expand due to the inertia of the outward
flowing water, causing the bubble pressure to drop below the hydrostatic pressure [14]. Once the
momentum of the water is depleted by the pressure difference, the bubble is at its maximum radius
and its minimum internal pressure. The greater hydrostatic pressure then begins to force the bubble
to contract, increasing the internal bubble pressure. The bubble will continue to contract until the
internal pressure stops the contraction [14]. At this instant, the bubble is at its minimum radius and
the internal bubble pressure is again greater than the hydrostatic pressure. The expansion and
contraction process repeats until the bubble collapses or runs out of energy. Energy is dissipated
with each cycle, meaning each successive oscillation will have a shorter duration, smaller
maximum radius, and larger minimum radius [14]. The expansion and contraction oscillation of

the bubble is illustrated in Figure 8.
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Figure 8 — Gas Bubble Oscillation [14]

At the point where the internal bubble pressure is at a maximum (and the radius is at its
minimum) in the oscillation cycle, secondary pressure waves, known as bubble pulses, are radiated
outward from the bubble [14, 12]. Bubble pulses are a result of the high pressure gases inside of
the bubble accelerating the surrounding water while attempting to reach hydrostatic equilibrium.
They propagate at the speed of sound in water, but do not display the discontinuous rise in pressure
followed by exponential decay characteristic of the shock wave [14, 18]. Bubble pressure pulses
feature a gradual rise to a peak pressure, followed by a similar gradual decay to hydrostatic
pressure. The rise and decay of the bubble pressure pulses are concave in form, as shown in Figure
9, and occur on the order of milliseconds to one tenth of one second, depending on the location of
the bubble and amount of energy still in the system. The peak pressure from the first bubble pulse
is approximately ten to twenty percent as large as the peak shock wave pressure and decreases in
magnitude with each cycle [14].
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TIME
Figure 9 — Typical Bubble Pulse Shape [14]
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As the bubble is oscillating, it is also migrating towards the surface due to the buoyancy of
the gas products. The speed of migration is affected by the size of the bubble and the motion of
the surrounding fluid. During the early expansion, very little migration occurs because the bubble
and the hydrostatic force acting on it, which is equivalent to the displacement of the bubble, are
small [20]. When the bubble is large, both the buoyancy force and inertia of the fluid surrounding
it, commonly referred to as added mass, are large, resulting in minimal displacement. However,
the bubble is accelerating upward and the water surrounding the bubble is acquiring significant
momentum. As the bubble contracts, the displacement and added mass of the bubble both decrease
significantly, but the momentum produced while the bubble was large is still present. This results
in the bubble migrating upward quickly when near its minimum [20]. While the bubble is migrating
quickly, the bottom surface of the bubble inverts and forms a jet which penetrates through the
bubble, producing a toroidal shape [20]. The bubble will regain an approximately spherical shape
while it expands at the beginning of the second cycle [20]. The bubble migration and pulse

behavior is shown in Figure 10.
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Figure 10 — Bubble Migration and Pulse Behavior [12]



Bubble migration has two significant effects on the bubble pulse. First, it brings the
location of the pulse source significantly closer to the ship [20]. The second effect is the reduction
of the peak pressure and an increase in the duration of the bubble pulse. This combination results
in the impulse, or area under the pressure-time curve, of pulses from both migrating and non-
migrating bubble being approximately equal [20]. Therefore, bubble migration does not affect the
impulse of the bubble pulse, which is important when considering the motion of a ship above the

bubble [20]. A comparison of the bubble pulse shapes are shown in Figure 11.
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Figure 11 — Bubble Pulse Shape with and without Migration [14]

The primary reason for the bubble radius, period, and pulse magnitude decreasing with
each successive pulse is loss of energy. It has been experimentally determined that approximately
47% of the total explosion energy remains in the initial gas bubble after the shock wave has passed.
The first bubble expansion and contraction period results in 13% of the total explosion energy
dissipated from the bubble. The emission of the first bubble pulse consumes 17% of the total
explosion energy, leaving 17% for the remaining pulses [12, 18]. This results in a reduction of
available energy of approximately 64% during the first bubble pulse. It has been determined in
other studies that between sixty and seventy percent of the original bubble energy is lost during
the first cycle, with an additional fifty to sixty percent loss of remaining energy during the second
and later pulses [14, 21, 22].

Strongly migrating and non-migrating or slightly migrating bubbles have different energy
dissipation mechanisms. Non-migrating bubbles primarily lose energy through the instability of
the gas-bubble interface late in the collapse phase through a spraying of the less dense and cooler
fluid, the water, into the denser and hotter fluid, the gas. This is known as the Taylor surface
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instability [20]. This mixing of fluids decreases the temperature of the gas inside of the bubble,
and, therefore, its pressure and energy. For strongly migrating bubbles, this instability does not
occur in a significant manner. However, when the bubble is migrating at high speeds, it transfers
momentum and energy to the water following the bubble. This results in the wake forcing the
lower surface of the bubble to approach the upper surface of the bubble as the upper surface begins
to slow as the bubble expands, producing the toroidal shape discussed earlier. This wake is
powerful enough to possibly penetrate the bubble, causing the formation of a vertical water jet.
This phenomenon is known as the wake theory [20]. Despite these drastically different dissipation
mechanisms, migrating bubbles dissipate approximately the same amount of energy as non-
migrating bubbles [20].

If the explosion occurs on the seafloor, the bubble will initially expand into a hemispherical
form due to the presence of the rigid boundary. The bubble will sit on the seafloor early in its
oscillation, but can eventually break away from the bottom due to its buoyancy. If the bubble
breaks away from the seafloor, it will migrate and oscillate similar to bubbles formed in open water
[18].

The bubble pulses are the second UNDEX-related phenomenon to reach the hull of the
ship. The bubble pulses are unlikely to cause significant local damage to ship plating unless they
are emitted close to the hull, as they are significantly weaker than the shock wave [18]. The first
bubble pulse may contribute to shock wave damage depending on its phase when it strikes the hull
[12]. Cavitation regions do not develop as a result of bubble pulse loading.

Bubble pulses are typically ignored for charges far away from the ship, as they are assumed
to dampen and become insignificant before reaching the ship [11]. However, bubble pulses from
UNDEX at intermediate standoff distances, specifically those positioned directly under the ship,
can result in whipping. Whipping is the flexing or bending motion of the hull girder, usually in the
vertical plane, in its low frequency modes. For close, but noncontact UNDEX events, these
motions can be severe enough to cause the hull girder to buckle, break, or lose all stiffness at the
point of failure [23]. The probability of this type of damage occurring increases if the frequency
of the bubble pulses is close to the natural vertical vibration frequency of a ship’s hull girder [12].
The period of bubble motion from large explosions typically is similar to the fundamental two-

node whipping frequency of smaller ships, with both taking between three-tenths and one second
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to complete an oscillation [23]. Examples of the damage caused by severe whipping are shown in

Figure 12 and Figure 13.

Figure 12 — Damage from Severe Whipping [23]
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Figure 13 Fallure of L|berty Ship Hull Glrder due to Noncontact Under Keel UNDEX [18]

Bubble pulse loading is the primary driver of UNDEX-induced ship whipping, as ship
whipping from shock wave effects is not a serious problem. This is primarily due to the high
velocity imparted on the hull plating by the shock wave not being efficiently transferred to the
total structure. This inefficient transfer of momentum is a result of the hull plating mass being
small relative to the ship total mass and added mass in the vertical direction. This momentum
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transfer, characterized by a high velocity on a small mass being transferred to a low velocity on a
large mass, generally results in only about one percent of the shock wave energy resulting in global
whipping motion [23].

The last UNDEX-related phenomenon to reach the hull is the gas bubble itself [11]. A
migrating bubble is attracted to a rigid surface and repelled by a free surface [14, 18]. Therefore,
if the bubble is migrating near the surface close to the ship, the bubble is likely to migrate towards
the ship and eventually come into contact with it. Bubble contact presents two potential types of
loading.

The first type of gas bubble loading is produced by the outward flowing water around the
bubble during expansion impacting the hull. This loading imparts high pressure onto the hull over
a much longer duration than the shock wave. The impulse from this event is capable of creating
significant damage to localized areas of the hull, which can be more severe than the damage caused
by the shock wave in extreme cases [11].

The second type of gas bubble loading occurs when the bubble collapses onto the hull of
the ship. As the bubble contracts in close proximity to the hull, the water column under the bubble
caused by the vertical migration of the bubble pushes upward through the bubble with significant
speed [20]. This phenomenon, known as a bubble jet, results in a local pressure loading capable of
puncturing the hull [12].

The arrival of UNDEX phenomena at the water surface is evident by certain visual cues,
all of which are illustrated in Figure 14. The occurrence of the spray dome and the slick on at the
water surface indicate that the shock wave has reached the surface. The spray dome is the vertical
upheaval of white water on the surface produced by the vertical velocity given to the water surface
when the incident shock wave is reflected. It typically occurs directly above the charge [14]. The
slick is a ring of darkened water on the surface, the edge of which indicates the furthest points the
shock wave has reached on the surface [14]. The darkness of the slick is a result of the differing
water conditions produced by the reflection of the shock wave and the cavitation region [14]. The
arrival of the bubble at the surface is marked by the plume. The plume is a column of white water
and explosive gas products that is thrown vertically into the air [14]. The size and duration of each
of these visual cues are related to the depth, location, and size of the explosive charge, with only
the slick being visible for deep UNDEX events [14].

16



Figure 14 — Plume, Spray Dome, and Slick [11]

1.2.3 Similitude Equations

Analytical equations representing the physics of UNDEX are very complex [11]. The
method of similitude offers a simplified way to calculate the characteristics of an UNDEX event.
Similitude relations yield information on the various properties of the shock wave, gas bubble, and
secondary pressure pulses, such as pressure, impulse, energy, and basic time histories [14]. This
basic approach is applied in this thesis, so a thorough understanding of the similitude equations is
important.

The similitude equations use a limited number of variables coupled with experimentally
determined constants to approximate the characteristics of UNDEX events. The primary variables
used are the charge weight, explosion depth, and a point of interest in the explosive field. The
method, referred to by Cole as the “principle of similarity,” assumes that if the variables of two
separate explosions are different by some ratio, the characteristics of the explosions are the same
at two corresponding points of interest scaled by the same ratio [14].

Similitude equations do not accurately reflect the physics that occur during an UNDEX
event, but they provide a good understanding of the behavior of UNDEX events. In some cases,
similitude equations only apply to a limited range of combinations of their input variables. The

similitude equation for bubble pulse maximum pressure is generally limited in its applicability to
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depths of 142-1209 meters, while the equation for bubble pulse duration is limited to depths greater
than 182 meters with an unknown upper depth limit. The equations for gas bubble periods and
maximum radii are usually assumed to be valid regardless of the UNDEX conditions [24].

A number of assumptions are required to derive and use the similitude equations. These
assumptions and the impact they have on the derivation and applicability of the theory are outlined
in Table 3. The most significant assumptions include assuming no effects from boundary surfaces,
termed a freewater explosion, and that the gas bubble does not migrate [24, 25].

Table 3 — Assumptions Required for Similitude Equations (Adapted from [11])

Assumption Impact

No boundary surface effects No reflection of shock wave or bubble pulses. No cavitation
or free surface effects. All similitude equations based on

explosions that took place significantly far away from

boundary surfaces.

Freewater (infinite fluid) Bubble reaches its maximum before it reaches the surface.

explosion

No gas bubble migration Shape of bubble pulse unaffected by moving bubble. All
similitude equations and constants based on explosions that
resulted in minimal bubble migration.

Spherical gas bubble Allows bubble radius to be found using similitude. Effects

volume of bubble used in energy equations

Incompressible fluid/no energy | Creates error in hydrodynamic bubble energy calculations.

losses in bubble oscillation

Irrotational fluid Allows potential flow to be used to develop energy

equations.

Radius-time curve symmetrical | Ignores any energy lost between bubble minimums.

about bubble maximum time

1.2.3.1 Gas Bubble
The radius-time history of the gas bubble can be estimated through coupling similitude
equations with hydrodynamic methods [14]. The similitude equations for the period, Ts, and the

maximum bubble radius, Amaxn, Of the n bubble pulse are:
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where W is the charge weight in kilograms (kg), Zo» is the hydrostatic pressure head at the bubble
center at the beginning of the n'" pulse in meters, K, is the period constant for the n" pulse, and Jn
is the radius constant for the n'" pulse [26, 27]. The hydrostatic pressure head is calculated as:
Zon = dp + 10 4

where dy is the depth of the bubble center at the beginning of the n'" pulse in meters. The additional
ten meters included represent atmospheric pressure above the water surface. The decision to utilize
the depth at the beginning of each oscillation rather than the initial explosion depth, as done during
the original derivation, better compensates for the effect of migration. This leads to more accurate
approximation of characteristics for migrating bubbles [22].

Values for the period and radius constants for the first three pulses for TNT explosions are
shown in Table 4. These values were determined by Swift and Decius [26, 27] to have strong
agreement with experimental data. The experiments consisted of numerous small charges
detonated in deep water at large depths to limit bubble migration and minimize surface effects
[26]. The radius constant for the first pulse is reflective of the bubble behavior resulting from large
charge explosions because the simulations done in this thesis will focus on large charge explosions.
This value is approximately four percent larger than the value for the small charge explosions.
Radius constants for the second and third pulse were not given for large charge explosions, so the
small charge explosion values were increased by four percent, consistent with the behavior from
the first pulse.

Table 4 — Similitude Bubble Time-History Constants ( “=adjusted)

Pulse Nummber Pze;’i-o:jl1 g:/gr?sl'zzn_tél:)n) Ra(d'i;f/g);jf?/tg()\]n)
. 211 3.5
2 1.57 2.36"
. 133 1.83"
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Though the effects of boundaries and surfaces were ignored in the derivation of equation
(2), a simple correction factor exists to adjust the bubble periods to account for the effect of the

free surface [22]. The free surface corrected bubble period, Trs can be calculated as:

A
Trspn =Ty - (1 -—a ncllax.n) )
n

where a is the free surface correction coefficient [22]. The value of this coefficient is not a constant,
as it is dependent on the ratio of maximum radius to depth. However, analysis by Snay determined
that a value for « of 0.1 is appropriate for most explosion scenarios, specifically those not too close
to the surface [22]. The determination is appropriate for the work of this thesis and is applied to
similitude results when necessary. The presence of a free surface does not have an effect on the
maximum or minimum bubble radii, so no adjustment is necessary to these values [22].

As it is assumed that the radius-time curve is symmetric about the time of the bubble
maximum, the time of the bubble maximums can be estimated from the bubble periods [25]. Given
this assumption, the approximate time at which the bubble reaches its n maximum and minimum

radii can be estimated from the period predictions:

n-1 T,
Tnaxn = Z T; + Pl (6)

=1
n
Tmin,n = ] 1Ti (7)
i=

The bubble minimum radius can be approximated as:

Aminy = fW/3 8
where f is the bubble minimum radius similitude constant, which is equal to 0.113 m/kg"® for TNT
explosions [25]. Similitude equations for subsequent bubble minimum radii were not given in any
of the referenced works.

Total vertical bubble migration distance at the first minimum can also be approximated for
TNT explosions as:

1/2
m = 12.2

)

0
where all variables are in metric units [12]. The bubble migrates approximately half of this distance

between the first and second minimums [12].
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1.2.3.2 Bubble Pulse

The important characteristics of the bubble pulse are the time of arrival at a point of interest,
the peak pressure, the impulse, and the duration. Similitude equations can be used to estimate most
of these characteristics, but no direct method exists for the time of arrival of the bubble pulse [11].
The bubble pulse begins to propagate at the bubble minimum [14]. The arrival time, tgp, is
calculated as:

R
tpp = " (10)

where R is the distance from the bubble center at the time the bubble pulse is emitted to the point

of interest in the fluid and u is the estimated pulse velocity calculated as:

w \1/3
_ Amax1 — (pmr-g)
u=m/2 (11)

tmax 1

where ptnt is the density of TNT, g is the acceleration due to gravity [11]. The maximum pressure
of the bubble pulse, Pgp, in kilopascals at a distance R from the bubble center is calculated as:

W1/3
Pgp = KBPZ3/6 <T) (12)

where Kgp is the bubble pulse maximum pressure similitude constant equal to 2917 m®%/kg* [24].
The impulse of the bubble pulse, Igp, in kilopascal-seconds at a distance R from the bubble center
is calculated as:
w2/3

R
where Kigp is the bubble pulse impulse similitude constant equal to 85.2 m'#/kg?® [24]. The

(13)

Igp = KippZy *

duration of the bubble pulse, zap, is estimated from the maximum pressure and impulse as [11]:

Igp
Tgp = g (14)

1.3 Literature Survey

The ability to predict the damage to ships from UNDEX events is an important aspect of
naval ship design. The development of a method capable of accurately predicting the global

response of the hull girder to bubble pulse loading with limited resource requirements could help
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incorporate an often overlooked phenomenon of surface ship UNDEX effects into the early-stage
ship design process. This thesis combines and improved on earlier methods to accomplish this

objective.

1.3.1 UNDEX Bubble Models

The first requirement necessary to develop an UNDEX-induced ship whipping method is
the selection of an appropriate UNDEX bubble model. There are many bubble models in existence,
a few of which are discussed in the following sections.

1.3.1.1 Rayleigh-Plesset Equation

The Rayleigh-Plesset (RP) equation is an analytical method used to approximate the
behavior of underwater bubbles that is commonly applied to UNDEX bubbles [28, 29]. Itis derived
by applying conservation of mass and conservation of momentum to the motion of the bubble
surface and utilizing boundary conditions at the bubble surface [28, 30]. Some of the significant
assumptions made during the derivation of the RP equation for UNDEX include: spherical bubble,
bubble begins as a sphere of high pressure explosion products (ignore explosion process), no
bubble migration, no loss of energy during bubble oscillation, zero mass transport across the
gas/water interface, inviscid fluid, incompressible liquid, and no surface effects [29, 28].

Several equations have been developed based on the RP equation that eliminate some of
the assumptions, most notably the inclusion of compressibility effects, bubble migration, and
energy dissipation mechanisms [27, 28, 31]. These RP-based equations require a numerical
ordinary differential equation (ODE) solver, such as a fourth order Runge-Kutta method, to
integrate the equation and solve for the bubble time history [27, 29]. Initial conditions can be
calculated from the similitude relations at the end of the shock wave phase of the UNDEX event
[31, 29]. This method produces bubble characteristic time histories that can be tuned to accurately
represent experimental data and can be solved quickly with limited computer resources. Fluid
motions are imposed on a structure in a separate domain using strip theory or a similar method.

The RP equation presents many advantages for the application of this thesis. It is a simple
method capable of accurately calculating bubble behavior for multiple pulses. Variations of the

equation exist that include many important effects that are ignored in similar models. Also, the
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equations do not require significant resources to calculate the bubble response. However, equation
derivations and fluid acceleration equations are not as readily available as other methods. Also, a

whipping model that utilizes this bubble model is limited by the separate domain assumption.

1.3.1.2 Potential Flow

The potential flow method is another analytical method of defining an UNDEX bubble.
This type of model utilizes a point source of time-dependent strength, which is related to the energy
of the explosive charge, to represent the pulsating bubble [32, 20, 21, 33]. Equations for both non-
migrating and migrating bubbles exist. The effects of surfaces may also be included or ignored. In
addition to the assumptions required when using a potential flow model, such as irrotational,
inviscid, incompressible fluid, potential flow UNDEX bubble models typically include the
following assumptions: spherical bubble throughout, ignore shock wave effects, bubble gases obey
the ideal gas law, and the bubble begins as a sphere of high pressure explosion products, ignoring
the explosion process [20, 21]. This method relies on empirical corrections and factors to
accurately represent the explosion bubble behavior, specifically for energy dissipation during
migration and at the bubble minimums [20]. The equations of motion can be reduced to a system
of ODEs that can be solved with a numerical ODE solver [20, 21]. This method produces bubble
characteristic time histories that can be tuned to accurately represent experimental data and can be
solved quickly with limited computer resources [20]. The fluid motions are typically imposed on
a structure that is assumed to be in a separate domain using strip theory or a similar method, which
are simply calculated and implemented using potential flow theory [20, 33].

The potential flow method presents many advantages for the application of this thesis. It is
a simple method capable of accurately calculating bubble behavior for multiple pulses for
migrating and non-migrating bubbles. The equations derived using this method do not require
significant resources to calculate the bubble response. Also, many UNDEX-induced whipping
models use this method for bubble calculations. However, some of the assumptions made in the
derivation of the potential flow bubble model can be included in the more complex variations of
the RP equations. Also, a whipping model that utilizes this bubble model is limited by the separate
domain assumption. All fluid-structure interaction (FSI) calculations are approximated as a one-
way coupled method that utilizes fluid accelerations calculated at the free surface. The direct

interaction between the bubble and hull is not included in these calculations.

23



1.3.1.3 Computational Fluid Dynamics

Computational Fluid Dynamics (CFD) is method of solving fluid mechanics problems
through the utilization of numerical methods and specialized algorithms. There are many models
and codes utilizing various levels of detail, including finite volume analysis methods, boundary
element methods (BEM), Eulerian or Arbitrary Lagrangian/Eulerian (ALE) methods, multiphase
flow methods, and numerous others [34, 35]. Within each of these methods, variations may exist
in the choice of equation of state for the gas bubble and/or liquid, meshing techniques,
compressibility effects, and free surface effects, among other model properties [34]. CFD methods
produce fluid responses that can be used as input for structural codes and are not capable of
calculating structural response on their own [35]. CFD methods are capable of accurately
calculating bubble time histories and many do not require the assumption of a spherical bubble
throughout bubble oscillation. They also are capable of calculating the influence of the bubble
motion to stationary, rigid surfaces [34]. These methods require significant computer resources
and time to obtain solutions and time histories.

The primary advantages of utilizing a CFD method for the application of this thesis include
the potential for high accuracy results and the ability to model the physics of bubble-ship
interactions, though a specific FSI routine is also required to do so. However, the substantial

resource and time requirements needed to perform an analysis is a significant disadvantage.

1.3.1.4 Hydrocodes

Hydrocodes are computational mechanics tools for the simulation of multi-material,
compressible, transient continuum mechanics that are capable of simulating the response of both
solids and fluids to dynamic stimuli [36]. Hydrocodes generally make fewer assumptions and are
more diverse than CFD methods. They solve the more fundamental time-dependent equations of
continuum mechanics that CFD methods do not. There are various types of hydrocode meshing
techniques which vary the behavior, motion, and location of the mesh within the analysis domain
based upon the problem being solved [17, 35, 36]. Hydrocodes require significant computer
resources and time to obtain solutions. However, they are capable of performing fluid and structure
response calculations simultaneously [36].

The primary advantages of utilizing a hydrocode for the application of this thesis include
the potential for high accuracy results and the ability to model the physics of bubble-ship
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interactions. The ability to model the problem using a single program or code is also desirable.
However, the substantial resource and time requirements needed to perform an analysis is a

significant disadvantage.

1.3.2 Ship Structural or Vibration Models

The second requirement in the development of the desired model is the selection of an
appropriate structural vibration model for the ship. There are many available methods and tools

for analyzing a ship structure, some of which are discussed in the following sections.

1.3.2.1 Beam Theory

Considering the hull girder of a ship to be a free-free beam with varying cross-section is a
common assumption among naval architects, as it produces results that are fairly accurate when
calculating the first few low frequency modes [20]. The accuracy of this simplification is
dependent on the inclusion of added mass, which is usually calculated by strip theory. To better
approximate the changes in the ship’s properties along its length, the ship is typically assumed to
be a series of lumped masses connected by weightless beams of equal length, each representing
the properties of the hull cross-section at its midpoint [20, 37].

Beam theory is a simplification of linear elastic theory that relates the deflection of a beam
to its internal forces, such as shear and bending moment [37]. The properties of the ship are then
used to create a stiffness matrix, which is used in the vibration equation of motion (EOM). The
general EOM of the vibrating ship is assumed to be similar to a spring-mass-damper system, with
the ship mass and added mass acting as the mass term, the hydrodynamic damping acting as the
damper term, and the stiffness matrix acting as the spring term. Only vertical plane motion is
traditionally considered for vibration and whipping analysis, though two and three-dimensional
beam representations may be used at the cost of greater complexity and increased resource
requirements. From the vibration EOM, natural vibration frequencies and mode shapes can be
calculated, which serve as the primary methods of representing the elastic motions of the hull
girder. Forcing from the fluid is then applied to each mode shape individually to determine how
significantly the ship is excited in each mode. The motions from each mode shape are then

superimposed on each other to determine the overall motion of the hull girder [20, 37].
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The predicted hull girder deflections are used to determine stresses or damage that may
occur to the hull girder. Plastic deformations can be included or ignored, which will influence the
behavior of the structure. Some methods do account for the effects of plastic deformation, but this
adds additional complexity to the model [20, 33]. The beam theory method of representing the
structural characteristics and motion of a hull girder has been proven to be a simple method that
gives reasonable results, couples easily with fluid forcing, and does not require significant
computer resources or time to obtain solutions. However, its accuracy is limited by the
approximate ship model and the various assumptions made while developing the method.

1.3.2.2 Finite Element Models

There are numerous versions and types of Finite Element Analysis (FEA) software and
codes available, a few of which are specifically developed for ship structural analysis. FEA models
are capable of being very accurate on both the local and global scale, and can be made more or
less accurate based on the size of the elements. In general, the level of detail and accuracy is
inversely proportional to the size of the elements, with greater accuracy being associated with
smaller elements. However, the increased detail comes at the cost of increased time and computer
resources necessary to complete the analysis. Both static and dynamic FEA programs exist. Many
dynamic FEA models do not readily accept a time history of fluid forcing, instead requiring a
separate FSI script to communicate between the structure and fluid codes. These methods require
significant amounts of time to create full ship models, while analysis times vary significantly based
on the type of analysis. The amount of time required for the analysis of single, static load cases is
relatively small, while dynamic analysis of the structure in the time domain requires a significant

amount of computer resources and time [38, 39, 40].

1.3.2.2.1 MAESTRO Structural Design Software
MAESTRO (Modeling, Analysis, Evaluation, and STRuctural Optimization) is a design,

analysis, and evaluation tool specifically tailored for floating structures. MAESTRO is capable of
performing structural modeling, static FEA, failure (or limit state) analysis, and optimization for
large and complex thin-walled structures at the global and local levels [41, 39]. A ship model can

be placed under various predefined or user-defined ship-based static loading conditions and
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evaluated for compliance with several structural design standards and methods. The specified static
load cases can defined using hydrodynamic conditions, such as a random seaway, hydrostatic
balance, or a design wave, or by imposing forces, pressure loads, restraints, or deflections at any
point along the vessel. MAESTRO is capable of performing static and quasi-static analyses [41].
After a model has been completed, the majority of MAESTRO analyses do not require significant
computation time or resources to complete. MAESTRO also has post-processing capabilities for

visualization of results, all of which are in the context of ship structural design.

1.3.2.2.2 Nastran
Nastran is a general purpose FEA solver capable of performing numerous types of analyses

on objects and systems of any size, shape, or purpose. It is used extensively in the marine industry
to perform both structural and FSI analyses. Nastran requires input and produces output in a
specific format through text files, which necessitates the use of preprocessing and post-processing
tools to visualize and interpret the problem and its results. Nastran is capable of performing both
static and dynamic analyses for linear and nonlinear structural analysis problems. Implicit and

explicit solution methods are available depending on the type of analysis chosen. [42, 43].

1.3.3 Conclusion

A potential flow bubble model one-way coupled to the lumped mass beam theory structural
model similar to the one described by Hicks [20, 23] was selected for the purpose of this thesis.
Similitude relationships and bubble empirical data are used to calibrate and verify the bubble
model when required. To determine the extent of the potential damage caused by the whipping
motions predicted by the beam theory model, the dynamic response of the structure is applied to a
finite element model in MAESTRO as a quasi-static case to assess structural adequacy. The ability
of these models and methods to produce meaningful results while requiring limited computer
resources and time to set up and solve problems were the primary factors in the selection. In
addition, MAESTRO was chosen as the FEA tool because of its specialization in ship structures
and its many analysis tools and options. Also, the potential flow bubble model was chosen over
the Rayleigh-Plesset based models due to its relative simplicity of including bubble migration in

the equations of motion and the availability of fluid acceleration equations and derivations.
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1.4 Thesis Objectives

The overall goal of this thesis is to develop a method capable of simply predicting the
global response of the hull girder to UNDEX bubble pulse loading with limited resource
requirements for use in early-stage ship design. In order to accomplish this goal, the objectives of
this thesis are:

- Develop an UNDEX bubble model capable of calculating the bubble behavior for multiple
pulses.

- Develop a simple model capable of calculating the whipping response of a ship to an
UNDEX event that can be utilized early in the design process and requires minimal
computer or manpower resources.

- Incorporate finite element structural analysis into the analysis process without greatly
increasing the required computer or manpower resources.

- Determine the most significant and influential variables of the UNDEX-induced whipping
problem.

- Determine the UNDEX scenario most likely to cause significant damage or catastrophic
hull failure due to UNDEX-induced whipping.

- Make design suggestions to improve ship survivability against the threat of UNDEX-
induced whipping.

1.5 Thesis Outline

This thesis describes the development of a simplified underwater explosion-induced ship
whipping model and the analysis of the whipping problem using the model and MAESTRO
structural design software. Chapter 1 provides background information and motivation for the need
to accurately model and simulate UNDEX events and evaluate the vulnerability of a ship to an
UNDEX event. A description of the sequence and phenomena of UNDEX events and a discussion
of some current methods of modelling these phenomena are presented. Chapter 2 describes the
UNDEX-induced ship whipping model developed through this research and discusses its validity.
Chapter 3 explains how to extract the necessary data from a MAESTRO model of a sample ship
and run a whipping analysis on the same ship using the model described in Chapter 2. The
maximum hull girder deflections resulting from an under keel UNDEX event is applied to the ship

in MAESTRO as a quasi-static structural analysis case to determine the ability of the ship structure
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to withstand the whipping loads. Chapter 4 presents a parametric and sensitivity analysis study of
the whipping problem for the sample ship. This analysis is used to determine the dependence of
the ship response to charge characteristics and the elements of a worst case scenario. Chapter 5
discusses the conclusions of this thesis and possible future work.
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Chapter 2 Underwater Explosion-Induced Ship Whipping Model

2.1 Overview

This chapter describes a simplified mathematical model developed to quickly calculate the
UNDEX-induced whipping motions of a ship. This model is based on the model developed by
A.N. Hicks [20, 23] with adjustments and modifications to fill in knowledge gaps and improve
overall accuracy. In the following sections, the Hicks model, the adjustments made to the Hicks
model, and a model assessment are presented.

2.2 Hicks Model

The UNDEX-induced ship whipping model developed by Hicks was derived as a
simplified model capable of calculating reasonable results with limited computing capability. The
theory, derivations, and equations presented in this section are directly from his referenced works
[20, 23, 44]. Hicks makes numerous assumptions and utilizes matrix relationships to simplify the
model and keep computation time to a minimum. The model consists of four main components:
the UNDEX pulsating bubble model, ship structural model, ship vibration equations of motion,
and ship total motion equations. The theory and equations behind each of these sub-models are

explained in the following sections.

2.2.1 Underwater Explosion Bubble Model

The following assumptions are made to simplify the physics and calculation of the
pulsating bubble model:

Compressible phase of bubble expansion and its effects are neglected

Shock wave effects are ignored

- Presence of ship does not affect the motion of the bubble

- No bottom effects (infinite depth of water below bubble)

- Inviscid and irrotational fluid

- Bubble geometry remains spherical throughout

- Adiabatic system (no heat transferred from the bubble gases to the water)
- Explosion gases obey the ideal gas law

- Bubble starts as a sphere of high pressure explosion products
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The irrotational, inviscid, and incompressible fluid assumptions allow the use of potential
flow theory as the foundation for the bubble model. Assuming that the geometry of the bubble
remains spherical throughout each oscillation allows for the use of bubble radius as a defining
factor of the bubble dynamics, but ignores the change in shape that occurs near minimums. By
ignoring any effects the ship may have on the bubble motion, the ship and bubble are essentially
assumed to be in separate fluid domains. This limits the accuracy of the model to scenarios where
the bubble is far enough away from the ship to avoid contact with the ship and any rigid surface
effects the presence of the ship may cause. Assuming the bubble starts as a sphere of high pressure
explosion products and that the shock wave has already left the bubble allows for the use of a
simplified initial condition based only on the explosive energy and depth of the charge. Ignoring
shock wave effects also assumes the shock wave has a negligible effect on global ship motions.
The adiabatic system and ideal gas law assumptions allow the use of the adiabatic equation of state
to represent the potential energy of the bubble and assumes the energy in the bubble remains
constant during an oscillation.

Given these assumptions, the pulsating bubble is modeled as a vertically migrating
potential flow source with time-dependent strength. The geometry for this scenario is shown in
Figure 15, with the free surface defined as a contour of zero potential. This is achieved by placing
a single negative image bubble above the surface, making the surface a plane of anti-symmetry.
The use of a single image bubble is an approximation ignoring higher order terms, as an infinite
number of images is required to balance the higher order terms of the velocity potential [21].

mlmugd' bubble
o

— i W W0, (vert fluid vel,occ)

M
(8 |
L
k Explosion bubble

Figure 15 — Geometry for migrating bubble near a free surface [45]
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The velocity potential of the migrating bubble for the geometry in Figure 15 is:

s e N e, 0 e N e, 0
=—+4+-—=cosf, —— +—=cos
e o, 7 2 (15)

where ez is the strength of the source representing the explosion bubble, e> is the strength of the
source representing the image bubble, and all other terms are as defined in Figure 15. The source
strengths can be represented as:

e; = a*a (16)

B a3 a’a 17)
2= \V " a2

where a is the bubble radius, a is the velocity of the bubble surface, v is the vertical velocity of the
migrating bubble, and d is the depth of the bubble center.
The vertical velocity of the fluid due to the pulsating bubble, uy, is defined as the negative

gradient of the velocity potential:
u, =-Vop = —— (18)

By substituting the potential from equation (15) into equation (18), uy can be calculated at any

point in the fluid as:

_arr f2ly 19
Uy PR 12 (19)

_ €1Yr €2 3yrzl
where all distance terms are as defined in Figure 15. Assuming this form, substituting equations
(16) and (17) for the source strengths, and ignoring terms of order higher than (a/d)?, the kinetic

energy of the bubble is:

KE = 2mpa3a? (1 — %) + %pa%z — gpa%’w <§—z> (20)
where p is the density of water. The potential energy of the bubble is a combination of the potential
energy of the hole in the water occupied by the bubble and the internal energy of the explosion gas
products, and is represented by:

_4ma’p 4

=- —ma® 21

PE

where p. is the hydrostatic pressure at the bubble center and p is the explosion gas pressure, which

can be calculated using the adiabatic equation of state:
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9= m (22)

where ki is an adiabatic constant, W is the explosive charge weight, and y is the adiabatic index
(ratio of specific heats) of the explosive charge gases [14, 20].
Next, the equations of motion are derived. Conservation of energy is applied to equations
(20) and (21), including drag effects, to derive the pulsating bubble EOM:
E, = PE+KE ~ eW (23)
where ¢ is the explosive energy per unit mass of the charge. The bubble migration equation is given
by equating the buoyancy force to the rate of change of momentum. This relationship can be

derived from the Lagrangian form of the EOM:

dfo ]
L ke - — 2 (KE — 24
7t |57 (KE = PE)| = 5 (KE — PE) (24)

where Z is the hydrostatic pressure head at the bubble center, as defined in equation (4) and Z is
the rate of change of the hydrostatic pressure head, which is equivalent to the bubble vertical
migration velocity, v.

The equations of motion are then made non-dimensional and suitable for numerical

integration by writing them in terms of the following non-dimensional variables:

Non-dimensional Bubble Radius X = a/L
Non-dimensional Time 7= t/T
(25)
Non-dimensional Bubble Depth 5= d/L
Non-dimensional Pressure Head =%/

where t is the current time, L is the length scale, and T is the time scale. The length and time scales

are defined as:

1
L=( 350 ) (26)
4npgZ
3 1
2
= (27)

where g is the acceleration due to gravity and Zo is the hydrostatic pressure head at the initial
charge location. The length and time scales are characteristic values derived from dimensional

analysis and similar in form to the similitude equations for maximum bubble radius and bubble
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period in section 1.2.3.1. They are derived to ensure that the effect of gravity (hydrostatic pressure)
is the same in both the length and time domains, which requires the assumption that the only force
acting on the water is gravity and the only resistance to flow is caused by the inertia of the water.
To make this assumption, it is must also be assumed that the initial energy of the gas inside of the
bubble is small, which is true when the bubble is not near its minimum size [14].

From equations (20) through (25), the non-dimensional equations of motion for the

migrating bubble near a free surface are:

Al aa(r XN, s L5 (%) %¢ k| _

=[x (1 26)+6x( +3°%8 (5 )+ 7+ | = O (28)
d [1 3.]_ 3x49’cz+x5jc'+x3 29)
Z3¥ )T 3o Tty

where k is an adiabatic pressure-volume relationship constant, which can be calculated as [20]:

_(pgZy)' " (W)y
oy=1 g
However, the bubble migrations calculated by this theory are larger than experimental

k (30)

values. To solve this problem, a pseudo drag coefficient, Cp, is developed to slow the migration of
the bubble to better match experimental results. It is derived assuming the form of a turbulent wake
drag force, Fp:

1
Fp = Cp (E pv2A> (31)

where A is the cross-sectional area of the bubble perpendicular to the direction of the migration.
The amount of energy removed from the system due to this drag force is:
dE

g, 2,,3 32
— Fv zpCDav (32)

The amount of momentum being lost due to the wake at a specific time is equal to the force required
to overcome the wake drag at that same time. Although this assumed force does not accurately
represent the physics of the problem, it does provide a simple adjustment to the model which
allows for a more accurate representation of experimental results from the theory. Hicks
determined the nominal value of Cp to best match the migration patterns observed in experiments
to be 2.25 [20]. The non-dimensional equations of motion that include Cp, given by Hicks [20], as
derived by G.I. Taylor, are:
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The non-dimensional pulsating bubble equation, (33), and the migration equation, (34), can be
reduced to a system of first order differential equations suitable for numerical integration:

o=Xx
A=<
. 3 o? | 2Bx\y A2 ¢ (y—-Dk PBx (CpA*® o1 x
“—‘3;257(‘3ﬁ‘a+gryw+115 Tt @
26
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(302 + xa’))

where a and g are control variables which are used to include or exclude bubble migration or the
free surface effect, respectively, in the analysis. Appropriate values for « and S, and the type of
motion each scenario represents, are shown in Table 5. It is important to remember that d is
dependent on the vertical position of the bubble relative to the free surface, meaning both d and ¢
will vary as the bubble migrates. The system in equation (35) can now be integrated with a time-

stepping integration procedure using the initial conditions:

=
ky—1

1
— k30|14 ———
%o "36-D

).CO = 0g = 0 (36)

o = ZO/L
zo =4 =0
A built-in ordinary differential equation (ODE) solver in Matlab, ode45, is used to perform the
integration. It is a one-step solver that utilizes a Runge-Kutta (4, 5) formula with a variable time
step [46]. Using a variable time step is recommended because the rapid changes in bubble radius

that occur near the minimum require a small time step to accurately represent the bubble dynamics,
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while a larger time step is appropriate near the maximum when the radius is changing more slowly
[20, 45].

Table 5 — Appropriate Values of Control Variables (Recreated from [20])

o B Type of Motion

0 0 | Non-migrating

1 0 | Migrating

1 1 | Migrating near a free surface

The vertical fluid acceleration at any point in the fluid, 1, can be found by differentiating

the vertical fluid velocity, equation (19), using chain rule:

du du
. y y
=—-—v— 37
W= Ty 37)
which, after differentiation and substitution of uy gives:
é é 3y? e 3y?%] 3e 5y2
. | o B e e R | IC.
L4 £ r n L4 4] n

where é; and é, are the time derivatives of the source strengths from equations (16) and (17):

é, = a?d + 2aa? (39)
. 3a’av+av 5a*a’+a®d a®av (40)
=TT T T gar T add

where v is the vertical acceleration of the bubble, d is the outward acceleration of the bubble
surface, and all other terms are as defined in Figure 15. Each of the fluid acceleration terms in
equation (38) represents the contribution of a specific aspect of the bubble motion. The first term
measures the contribution of the pulsating bubble. The second group of terms calculates the fluid
acceleration due to the buoyancy force acting on the bubble. The third group of terms represents
the contribution of the rapidly collapsing and expanding bubble near its minimum and the fluid
acceleration due to the vertical momentum of the bubble [20].

The source strengths and their derivatives can also be expressed in terms of the non-

dimensional variables and length and time scales:
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e, = ?xzfc (41)
L* . X%x
— A3 -
¢ =57% ( 452> (42)
3
é =73 (2x%2 + x%%) (43)

o 44
¢ =71 2 T (44)

L* <3x2x(' +x3(  5x*x? + x°% x55c('>
All UNDEX events considered in this analysis use TNT as the explosive. Constants for
TNT were determined through extensive testing by Arons [25, 14]. The following constant values,
in metric units when required, are used [25, 20]:
k ~0.0743 -z}
y = 1.25

€ ~ 2.051-10° (k]—g) (49)

k, = 1.440-10°

2.2.2 Ship Structural Model

For the dynamic calculations, the ship’s hull girder is modeled as a two dimensional series
of ‘n” lumped masses connected by ‘n-1" weightless beams of equal length capable of moving in
the vertical plane. The ship is assumed to have zero forward speed. Each beam is assumed uniform
and given the characteristics, such as moment of inertia and shear area, of the cross-section of the
ship at the midpoint of the beam. A representation of this model is shown in Figure 16.

y JEJ} =

7
i’ NS RCT A ST W IS 13

LUMPED MASSES ELASTIC BEAM ELEMENTS

Figure 16 — Lumped Mass/Beam Model Representation [20]
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Using this representation, beam theory can be used to determine the vibration
characteristics of the hull girder. Beam theory is capable of accurately calculating the frequencies
of the first few lowest modes, but only if shear deflections and the added mass of the water near
the ship are included. However, it is not reliable for mode shapes with more than five nodes [20].
This is due to the importance of the distortion of plane sections, which is ignored in beam theory,
in the calculation of the higher frequency modes. Also, the use of strip theory to calculate added
mass becomes increasingly inaccurate at higher vibration frequencies. In addition, combined
transverse-vertical modes may begin to appear at higher frequencies. Furthermore, many of the
high frequency mode shapes are a product of the lumped mass representation, which requires
twenty or more masses to ensure an accurate representation of the ship structure, and have no
physical meaning. Since only the first few low frequency modes significantly contribute to
UNDEX-induced whipping, a beam theory ship vibration representation is appropriate [20].

The deflections and rotations at the ends of any beam section can be used to determine the
forces and moments acting at the beam ends. Using the sign convention in Figure 17, beam theory

can be used to derive these relationships:

dF _o
dx
dBM
Ix =-—F (46)
d?y
BM = E]l—
dx?

where F is shear force, BM is bending moment, E is Young’s Modulus of Elasticity for the beam
material, | is section moment of inertia of the cross-section, y is the deflection of the lumped mass
in the vertical direction, positive upward, and x is the direction parallel to the longitudinal direction
of the ship, positive aft. The slope of the deflection curve, dy/dx, is calculated as:

dy F

— = +

dx V4G

where y is the angle of rotation of the deflected beam at the lumped mass, As is the area of the

(47)

cross-section effective in shear (shear area), and G is the shear modulus of the cross-section.
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Figure 17 — Sign Conventions for Beam Equations [20]
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The beam equations can be obtained by integrating equations (46) and (47), and can be

expressed in matrix form as:

2 3

_1 X X X ]
y * 2EI 6EI  AG|[
Y | _ x x2 YL
BM|=lo 1 = ~_ lBm, (48)
v EI 261 || p
- 00 1 x L
0 0 0 1

where a subscript L reflects the condition at the left hand (forward) end of the beam. The moments
and shear forces at this end of the beam required to maintain the deflected condition of the beam
are given by:

BML] _[3af —at?(1—¢) [YR] _[3at af?(2+ 6)] [}’L] (49)
Fp 6a —3af Vr 6a 3af YL

where ¢ is the length of a weightless beam connecting two lumped masses, a subscript R reflects
the condition at the right hand (aft) end of the beam, and « and ¢ are short-hand variables that
represent the structural characteristics of the beam cross-section. For the i" cross-section, i and ;i

are calculated as:

€ = 12.(1-|_V).Ii; i=1..,n-1)
A it? (50)
€0 =€, =0
2E1; ]
di:m; (l:].,...,n—l) (51)

ap=a, =0
where v is Poisson’s ratio for the hull material, li is the moment of inertia of the i*" cross-section,
As;i is the shear area of the i cross-section. The terms inside of the (2 x 2) matrices in equation
(49) represent the stiffness of an individual beam section against movement in heave and pitch
[47, 48].
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For the entire ship, the shear forces, F, and bending moments, BM, needed to maintain a

given set of deflections, y, and bending rotations, 7, are given by:

=1 e) @

where [A], [B], and [C] are tri-diagonal (n x n) matrices which represent the elastic beam
characteristics of the hull girder and [K] is a diagonal (n x n) matrix containing the buoyancy force
per unit immersion at each mass. If the moments in individual beam sections are assumed to be
zero, as they have a minimal effect on results [20], equation (52) becomes:

F = [([A] + [K]) — [BI[C][B]"]3 = [S]y (53)

V= [C17*[B]"y (54)
where [S] is symmetric and represents the stiffness matrix for the hull girder.
The elements of matrices [A], [B], and [C] are calculated as:
ai; =6 (a;+a;4); (i=1,..,n)
Qi1 = Qg1 = —6a; ((i=1,..,n—1) (55)

a;j = 0; (otherwise)

bi;=3(a;—a;_1)- ¢ (i=1,..,n)
biiv1 = —bir1; =3a;t; (i=1,..,n—1) (56)

b;; = 0; (otherwise)

ci=at* 2+e)+a 0> (2+e€4); (i=1,..,n)
Ciiv1 = Cipri = af?’(1—€); (i=1,..,n—1) (57)
¢ij = 0; (otherwise)
The position of the elements of matrices [A], [B], and [C] is shown in Figure 18. Using the
nomenclature defined in Figure 18, the stiffness of beam ‘i’ is represented by the diagonal terms
of the matrices. The stiffness of beams ‘i-1’ and ‘i+1’ are represented by the terms to the left and
right of the diagonal, respectively. Each of the matrices represent the stiffness of the beam to
movement in a specific degree of freedom. The elements of matrix [A] represent the stiffness of
the set of beams in heave due to a heave force, while the elements of matrix [C] represent the
stiffness of the set of beams in pitch due to a pitch moment. The elements of matrix [B] represent

the stiffness of the set of beams in heave due to a pitch moment, which is equivalent to the stiffness
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in pitch due to a heave force. More details about the derivation of stiffness properties for a finite

element lumped mass beam model can be found in Barltrop and Adams [49] and Bathe [40].

Beam it+1

Beam i-1 Beam 1

Mass | | Mass
i i+

1

Figure 18 — Position of Beam Elements in Matrices [A], [B], and [C]

2.2.3 Hydrodynamic Forces Acting on the Ship

Strip theory is used to calculate the added mass of the water surrounding the ship. Strip
theory allows for the calculation of the three-dimensional (3-D) added mass and damping
coefficients of a hull form from two-dimensional (2-D) section coefficients by assuming that the
hydrodynamic flow close to the ship is largely confined to planes perpendicular to the ship axis.
For this approximation to be accurate, the vessel must be a slender body (beam and draft
significantly smaller than length), changes in cross-section must occur gradually, the vessel must
have no forward speed, and there can be no flow interaction between the 2-D sections. Given these
assumptions, the solution of the flow around the 2-D sections can be related to the potential flow
solution of the flow surrounding a 2-D circular cylinder of similar size to the ship section. The
cylinder solution is transformed to the solution around the hull section utilizing conformal
mapping, which is a method of translating the solution of one geometry to a new geometry and
solution through a change of variables. The most common method of applying conformal mapping

for ship hulls was developed by Lewis [50] using the transformation:
a b
Z=z+-+— (58)
Z Z
where a and b are coefficients, Z is the ship coordinate, and z is the cylinder coordinate in the form:
z=x+1iy (59)
where x is the real component, y is the imaginary component, and i is the imaginary unit (v—1).

After applying the transformation, it is determined that the added mass per unit length of the ship

section, u, is related to the added mass of a circular cylinder with a diameter equal to the ship

e

section beam by:
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where B is the ship beam, p is the density of the water, C is a hydrodynamic coefficient defined by
the underwater shape of the cross-section.

The approximation of flow only contacting the ship in planes perpendicular to the ship axis
is not valid at the ends of the vessel. To account for these 3-D flow effects, it was determined that
the added mass distribution of the ship should be reduced by a 3-D correction factor, J, so that

equation (60) becomes:
2
p=C E mp (g) l (61)

The magnitude of the correction factor was derived by analyzing the flow around a prolate spheroid
vibrating in a mode shape similar to a ship vibration mode calculated by both strip theory and an
exact solution. The factor J is the ratio of the kinetic energies of the exact solution to the strip
theory approximate solution. The value of J selected for a ship comes from the analysis of a
spheroid with a similar beam to length ratio. This method provides good results for the lower
frequency vibration modes, but it has two primary disadvantages: that the calculation of J is
dependent on the shape of the mode being calculated, so that a different equation has to be solved
for each mode, and the reduction factor may vary along the length of the ship [20]. Several
improvements have been made to strip theory to increase its accuracy for the stated disadvantages.
However, the simplified version discussed above is sufficient for this analysis.

The hydrodynamic force acting on the ship-shaped cylinder can be calculated from the
pressure exerted on the ship surface by the fluid. This pressure can be obtained using Bernoulli’s

equation:

v 1
— F p— — — pu? 62
P=PoTPpH —5PU (62)

where po is the hydrostatic pressure, u is the local fluid velocity, and @ is the velocity potential.
For the problem of a ship floating on the surface subjected to hydrodynamic loading from a fluid
with a velocity at infinity, U, the velocity potential can be written in the following form:

O =y + ¢p + Pr (63)
where gu is the incident potential produced by the fluid velocity, ¢p is the diffraction potential
induced by the hull girder free of any deformations, and ¢r is the radiation potential produced
purely by the deflection of the hull girder [51]. Neglecting the pu? term from equation (62), as it is

small when compared to the p % term, gives:
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P=PotPy; p°+p(at+at+at> (64)

Now, the hydrodynamic force per unit length acting on the hull surface, f, can be obtained by
integrating equation (64):

d 0 0
g ot nf (802 B0

where ﬁr () n,dl is the contour integral at the section defined by the curve 7', and ny is the vertical

component of the unit normal of the body surface, as defined in Figure 19.
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Figure 19 — Geometry for Accelerating Flow past a 2-D Ship Section [20]

For the first term of equation (63), the contour integral gives:

0 : :
; (p ﬂ) n,dl = pUjg ydz = pAU (66)
r at r

where z is an integration variable, A is the underwater area of the section, and U is the fluid

acceleration at the section. For the diffraction potential satisfying:

V2¢D =0 (67)

|[Vépp| = 0 at infinity (68)
d

o =—U-cosf onT (69)

on

43



the second term of equation (63) can be written as:

{ 2paznf (s o

where u is the added mass per unit length of the section defined by equation (61). Equation (67)

indicates that the potential must satisfy Laplace’s equation, meaning that the flow must be
incompressible. Equation (68) requires that the divergence of the potential approach zero at
infinity. Equation (69) is the no penetration boundary condition, meaning that the flow cannot pass
through the surface of the ship.

Lastly, for the radiation potential satisfying the necessary conditions:

VZ R — O (71)
|[Vpr| = 0 at infinity (72)

0
%=v-cos€ onTl (73)

where v is the upward velocity of the section, the third term of equation (63) can be written as:
a¢R) . g
nydl = png (¢> ) (74)
5& ( at )Y - "R on

where v is the upward acceleration of the section.

Substituting the results from equations (66), (70), and (74) into equation (65) gives the
hydrodynamic force per unit length acting on each section [51, 20], fhd,cs:

frdes = PAU — ujj + pU = pAU + p(U — v) (75)

This equation gives the expected result that the ship will see two distinct flows, one from its motion
and one from the motion of the surrounding fluid. The first term is the buoyancy force due to the
pressure gradient required in the water to give it the acceleration U, while the second term is the
inertial force due to the relative acceleration of the ship-shaped cylinder and the fluid. Under static
gravity, meaning U is the acceleration due to gravity, the first term becomes the weight of the
water displaced by the section, which is equivalent to the buoyancy per unit length of the section.
The variable f is used to represent pA4 in subsequent equations to simplify the notation of the terms.

This result can be applied in a method consistent with that of strip theory. The vertical
motion of the water due to the motion of the UNDEX bubble can be calculated as though the ship
is not present at each point along the ship axis, which is defined as the intersection of its centerline

with the waterline plane. The hydrodynamic force acting on the section due to the bubble motion
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can be determined from equation (75) by setting U equal to the fluid acceleration produced by the
bubble motion, equation (38), at these locations. It can also be assumed that the charge is far
enough away from the ship so that this velocity distribution will only vary slowly along the length
of the ship. By making this assumption, the disturbance potential necessary to correct the local
flow for the presence of the ship is approximately equal to the sum of the diffraction and radiation

potentials, so that the force on the ship can be given by equation (75).

2.2.4 Ship Vibration Equation of Motion

It is assumed that the only external forces acting on the ship are from the fluid accelerations
produced by the bubble pulses, which act in addition to the inertial forces due to the ship’s mass
in affecting the ship motions. Each of these forces form a continuous distribution of force along
the ship, but are assumed to be applied as a series of summed forces at the lumped mass locations.
It is also assumed that any moments produced by these forces are negligible, so that rotation terms
can be ignored. If the variation in cross-sectional shape is small between lumped masses, the
lumped force in the vertical direction at the i'" lumped mass, Fi, is:

Fi = Frai + Fns; + Fri (76)
where Fnai, Frsi, and Fi;j are the lumped hydrodynamic, hydrostatic, and inertial forces at the i*"
lumped mass in the vertical direction, respectively. The lumped hydrodynamic force, defined by
equation (75), is calculated as:

Frai = [ — yi) + )¢ (77)
where yi is the added mass per unit length at the i lumped mass, 1; is the vertical fluid acceleration
evaluated at the free surface at the longitudinal position of the i lumped mass, ¥; is the vertical
deflection acceleration of the i lumped mass, j; is the mass of displaced water per unit length at
the i lumped mass, and ¢ is the length of a weightless beam connecting two lumped masses. The
hydrostatic force, which is equal to the loss of buoyancy due to upward deflection, is calculated
as:

Fpsi = =Bity; (78)
where B; is the buoyancy force per unit submergence per unit length along the ship at the i"" lumped
mass and yi is the vertical deflection of the i lumped mass. The normal inertial force is calculated

as:
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Frp = —my; (79)
where m; is the mass of the i lumped mass. Substituting equations (77) through (79) into equation
(76) and simplifying terms multiplied by ¢ gives:

Fy = —(m; +my, )y — kiyi + (Myy; + My, )i (80)
where mw,i, ki, and m,, ; are the lumped added mass, buoyancy per unit submergence, and lumped
mass of water displaced at the i'" lumped mass, respectively. The lumped added mass and mass of
water displaced terms are defined as:

My, = Wit (81)
My, = @it (82)
The lumped mass of water displaced is equivalent to the buoyancy of the i lumped mass.

In matrix form, equation (80) becomes:

F=—([M] + [M,]¥ — [K]y + ([M,,] + [M,,]))i (83)
where all matrices are diagonal (n x n) matrices with elements consistent with:
Mi,i =m; (84)

and all vectors are of length ‘n> with elements defined by their associated i™ lumped mass terms.

The forces, F, in equation (83) are the forces necessary to maintain the deflected shape, y, from
equation (53). Therefore, the equation of forced motion of the ship in the vertical plane is:

[[4] = [BILCIT'[BI"]3 = —(IM] + [M,])F — [K15 + ([My] + [M,, )i (85)
which, when simplified and solved for the fluid acceleration term gives:

(M]3 + [S]y = [M]u (86)
where [S] is the stiffness matrix of the hull defined in equation (53) and [M1] and [M2] are diagonal
(n x n) mass matrices defined as:

[M;] = [M] + [M,,] (87)

[M,] = [M,,] + [M,,] (88)
The mass matrices in equation (86) are assumed to remain constant throughout the analysis,
regardless of any change in draft or trim. It is also assumed that these masses are the same for all
vibration modes, as the negative effects on accuracy are minimal [20]. Equation (86) fully defines
the dynamic response of the hull girder as an elastic system acted on by forces due to the pulsating
bubble model [23].
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2.2.5 Ship Normal Mode Equations

To simplify the integration of the ship vertical vibration EOM, equation (86), it is
decomposed into its normal modes. This separating of the EOM allows for the deletion of higher
frequency modes, which do not significantly contribute to the solution, to avoid any unnecessary
calculations and to streamline results [20]. To perform this separation, the ship deflection vector,
y, is first transformed using the mass plus added mass matrix, [M1] defined by equation (87):

Z =M%y (89)
where Z is the transformed deflection vector and [M1]Y? is a diagonal matrix with elements equal

to the square root of the elements of [M1]. Solving equation (89) for y gives:

y = [My]7?Z (90)
Substituting equation (90) into equation (86) gives:
[M1V/2Z + [ST[M,]7/%Z = [M, ] (91)

where [S] is the stiffness matrix defined by equation (53), [M] is the hydrodynamic mass matrix

defined by (88), and w is the vector containing the distribution of vertical fluid accelerations due
to the pulsating bubble along the ship, calculated using equation (38) at the lumped mass locations.
Simplifying equation (91) by multiplying it by [M1] /2 gives the EOM in terms of the transformed
deflection vector:

7+ [E)Z = [M]~Y?[M,]u (92)
where [E] is the transformed stiffness matrix equivalent to:
[E] = [M]~V/2[S][M,] /2 (93)

The transformed stiffness matrix is symmetric and positive definite, just as the original
stiffness matrix is, meaning it has real and positive eigenvalues that are equal to the squares of the
natural frequencies of the system, wi?. Due to these characteristics, the normalized eigenvectors of
[E] will form an orthogonal set, meaning the following properties are true:

Z1Z =&y (L #)) (94)

[E]Z; = w}Z; (95)
where Z; is the eigenvector associated with the i normal mode shape, Z; is an arbitrary vector of
length ‘n,” and djj is a positive non-zero scalar. The eigenvectors also form a complete set, so that

the vector Z and the right hand side of equation (92) can be expressed in the form:
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7= Zizlai(t)zi (96)
[M,]7Y2[M,]u = - (D)7 97

where ai(t) is the modal coefficient and pi(t) is the forcing function for the i normal mode shape.
Substituting equations (95) through (97) into equation (92), and taking advantage of the

orthogonality of the eigenvectors, gives:

a;(0)Z; + wia;(t)Z; = B;(t)Z; (98)
Eliminating Z; from equation (98) gives the decoupled form of equation (86):
&;(t) + wia;(t) = pi(t) (99)

Equation (99) is a set of ‘n’ independent equations, each representing a different normal mode
shape.
The i ship deflection mode shape, y;, is determined from the i normal 