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1. INTRODUCTION 

In ever increasing numbers, design criteria today include 

linear fracture mechanics. This wider use has resulted in the demand 

for better solutions for a greater variety of geometries, including 

the deep surface flaw. 

In 1962, G. R. Irwin [l] presented an analytical expression for 

the stress intensity factor for a semi-ellipse in a half space. By 

using the solution due to Green and Sneddon [2] it was possible for 

Irwin to determine the solution for a flat elliptical flaw in an 

infinite solid. Then empirical corrections were applied for the 

presence of the front surface and plasticity. No correction was ap-

plied for the back surface since Irwin only considered "shallow" flaws. 

In 1966 Smith [3] developed an approximate theory for semi-

elliptical flaws on the surface of a finite thickness plate. First an 

approximate solution for a semi-circular flaw in a half space was 

developed. Assuming that the stress intensity factors for the semi-

ellipse and the semi-circular crack are related in the same way as the 

embedded elliptical and penny shaped crack, he was able to empirically 

adjust the relations so that the solution for the semi-ellipse would 

coalese with the semi-circular and the Gross [4] edge crack solutions. 

Then by employing a finite width strip solution by Forman and 

Kobayashi [5] he was able to estimate a back surface correction. 

1 
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Smith, Emery and Kobayashi [6] then developed a Schwarz alter-

nating technique for the semi-circular flaw in a half space. This 

theory was extended by Smith and Alavi [7] to include part circular 

geometries, i.e., segments of a circle both smaller and larger than 

the semi-circle. Neither of the above papers, however, considered a 

back surface effect except in an empirical way, but in 1969 Smith and 

Thresher [8] extended the Schwarz alternating technique to include 

both front and back surf aces. Finally Smith [9] expanded the theory 

to include information on different Poisson's ratios and to also cor-

relate the part circular flaw analysis with experimental results for 

the semi-elliptical surf ace flaw. 

Concurrently Kobayashi and his associates [10], [11], [12] were 

developing a method for determining the stress intensity factor for a 

semi-elliptical shaped flaw in a plate, by applying magnification 

factors to the solution for an ellipse in an infinite solid. The 

front and back surf ace magnification factors were determined inde-

pendently. 

Also, at about the same time Rice and Levy (13] replaced the 

plate cross section containing a surface flaw with a continuous spring 

and employed two dimensional generalized plane stress and Kirchoff -

Poisson plate bending theories to account for combined extension and 

bending. The compliance of the surface flaw was set equal to the com-

pliance of an edge crack under plane strain with the same flaw depth. 

Finally, Newman (14] utilized the Neuber Theory for an elastic-plastic 
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material and generalized in a quasi-empirical manner so as to apply 

to a crack in a finite plate subjected to tensile loading. 

Since the solutions to the surface flaw problems presently avail-

able are approximate it is very desirable to have an experimental pro-

cedure to verify such theories. However for deep flaws, that is with 

penetration close to the back surface, the available photoelastic 

procedures have not produced reliable results. Hence it is the pur-

pose of this paper to verify the reliability of a Taylor Series Cor-

rection Method and to apply the method to determine the stress in-

tensity factors for long deep flaws. 



2. THEORETICAL CONSIDERATIONS 

2 .1 The Smith Theory 

Figures 1 and 2 show diagrams of the part circular problem as 

described by Smith [8], [9]. The analytical solution involves 

parameters for varying a/t and a/A ratios. 

Smith uses the Schwarz alternating technique consisting of two 

elastic solutions and an iteration procedure to solve numerically for 

the stress intensity factor around the crack border. The two elastic 

solutions involved are: 

1. The penny shaped crack in an infinite solid and subjected 

to an internal pressure described by a Fourier series. 

2. Stress in a half space due to normal pressure and shear 

on a rectangular portion of the half space boundary. 

The iterative procedure can be described by four steps: 

1. A stress is applied to the surface of the flaw in the 

form of a Fourier series, for simple tension, a constant 

pressure. Solution one will then describe the stresses 

on the front surface of the semi-infinite solid. 

2. The front surface is broken up into many small rectangles 

to which "freeing" stresses are applied. These stresses 

cause the resultant surface stresses to be zero. Then by 

4 
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Figure 1. Notation for Stress Field Near Crack Tip 
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using solution two residual stresses are determined on 

the surface of the crack. 

3. The negative of the residual stresses are approximated 

by the Fourier series and applied to the crack surface. 

Again, by using solution one, stresses are computed on 

the front surface. 

4. Steps two and three are repeated until the stresses on 

both the front surface and the crack surface are 

negligible. 

During the iteration between the front and crack surfaces, a 

running total of the stresses on the back surface is kept. After con-

vergence of the front surface has been attainP.d the same processes 

are carried out between the back and crack surf aces while a running 

total of the stresses on the front surface is collected. The whole 

procedure is repeated until all the residuals are negligible compared 

to the applied loadings. 

Smith then expresses his results in the form: 

(1) 

where 

a is the remote stress 

A is the radius of the penetrating circle 

M = M(A/t, D = A-a/A) as shown in Figure 2. 

Results are presented for Poisson's ratios of 0.25 and 0.39; D 

ratios between 0.0 and 0.7; and a./t ratios between 0.0 and 0.8. 
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Results of this theory are estimated by the author to be well 

within 5% of the correct value at the point of maximum flaw penetra-

tion. From semi-elliptical shaped flaw tests with a/2c ratios between 

0.2 and 0.4 Smith correlates his theory by assuming that the stress 

intensity factor for part circular and semi-elliptical flaws of 

matching depth and curvature are equivalent. Data scatter was found 

to range within ± 10%. 

The Smith Theory will be compared with the theories of 

Koybayashi, Rice and Levy, and Newman by using ellipses that are 

"equivalent" to the part circular flaws. Brief descriptions of these 

approximate theories are found in Appendix A. 
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2.2 The Two Parameter Method 

Post [15] and Wells and Post [16] started using photoelastic 

methods to study stress fields near crack tips in the early 1950's. 

In a later discussion of the Wells and Post paper Irwin [17] pointed 

out that the theory of fracture mechanics predicts that there is a 

zone near the tip of a crack border and in a plane perpendicular to 

the crack border which can be represented by a field theory consisting 

of two degrees of freedom or two parameters. These parameters are 

the stress intensity factor, K1 , and the normal stress in the direc-

tion of the crack extension, cr0 '. K1 is the parameter of the singular 

stress field and cr0
1 is a parameter of the regular part of the stress 

field and is considered to be constant near the crack tip. 

A considerable amount of work [15] - [23] has been Jone in 

recent years in which the photoelastic method has been used to study 

crack tip stress fields and to obtain stress intensity factors from 

photoelastic data [24] - [31]. When using photoelasticity, measurements 

are taken from isochromatic fringes which are proportional to the maxi-

mum in-plane shear stress. Theoretical fringes can be computed from 

the two-degree of freedom system which results in closed loops which 

intersect at the tip of the branch cut representing the crack tip. 

These loops are controlled by K1 but are subject to distortion from 

cr0 ' [29]. The fringe loops always tend to separate furthest along or 

near a line normal to the crack surface and passing through the crack 

tip. For this reason it is eas~est to measure fringe loop heights 
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along such lines because the clearest fringe order descrimination is 

always best when approaching the crack tip. This line then is at the 

angle 8 = rr/2. 

The equations of stresses for a mode one loading in a plane 

normal to the crack border for the two-degree of freedom system are: 

CJ = nn 

CJ zz 

KI 8 ( 1 - sin ~ sin 3~) -cos 
(2rrr) 1 / 2 2 

Kr 8 ( 8 38) 
(2rrr) ii 2 cos 2 1 + sin 2 sin -z 

Kr I (sin _28 cos 28 cos 328) 
(2rrr) 1 2 

where the notation is shown in Figure 1. 

cr' 0 

By substituting equations (2) into the relation for maximum 

shearing stress, 

1 
4 

and setting 8 = rr/2 we obtain 

Then finally by substituting in the stress optic law: 

(2) 

(3) 

(4) 

(5) 
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we obtain an equation involving I n , r, K1 and I O'o • For each fringe, 

values of I and r are obtained and by using pairs of fringes a n 

value for the stress intensity factor can be found. This method was 

developed and used successfully by Schroedl, Smith and McGowan [29) 

[30). 
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2.3 The Taylor Series Correction Method 

The two-degree of freedom method is quite adequate for analyzing 

photoelastic data when the data are taken in the zone dominated by the 

crack surface boundaries. However, when other boundaries are near, as 

in the case with deep flaws, or if other boundaries or loadings exert 

strong effects on the crack tip region, the field dominated by the two 

parameter stress systems may be severely constricted [32] and the 

range of photoelastic data may lie outside the two parameter region. 

In such cases additional degrees of freedom must be provided in the 

analytical expressions for the stresses in order to account for such 

effects. A simple way of achieving this result is to apply a Taylor 

Series Correction to Tmax in the form 

A 
Tmax = -/- + B 

r1 2 

which may be compared to the two degree of freedom approach by re-

writing Equation (4) as: 

A' 
Tmax - ~~ + B' + Cr 1 / 2 where B' = f(A~C') 

- r1/ 2 

(6) 

(7) 

The Taylor series is expressed in terms of rn rather than rn/ 2 to en-

hance convergence. 

For problems in which all data are taken in the valid singular 

zone, Equation (7) would be appropriate. The corresponding form for 
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Equation (6) would consist of only the first two terms and the dif-

ference in the two equations may be regarded as a truncation error. 

The Taylor Series Correction Method (TSCM), when applied to two di-

mensional problems, is equivalent to expanding the stress components 

in terms of a Williams stress function [33] and computing Tmax from 

Equation (3). 

The computer program utilized by the TSCM adds terms in the 

Taylor Series one at a time and recomputes A, B, and Cn by a least 

squares procedure after each new term is added. Convergence of A to 

its proper value is rapid and in the present study always occurred in 

less than six terms. However, the program must be accompanied by a 

truncation criterion, for if it is allowed to continue, random experi-

mental error will eventually lead to unreliable values of A. It has 

been found that by truncating the series when the mth term changes 

the value of Tmax by an amount comparable to the estimated experimen-

tal error, good results are usually obtained. If the experimental 

error lies between two terms the corresponding Kr values may be 

averaged. It is expected that as experience is gained with the method 

a more precise truncation criterion can be developed. 

The TSCM computer program was verified by Schroedl, McGowan and 

Smith [31] by comparing the stress intensity factor approximated by 

the TSCM with complete solutions to several significantly different 

two-dimensional problems. These solutions included: 

1. The Westergaard Solution to a through crack in an infinite 

plate under remote biaxial tension and uniaxial tension. 



14 

2. The Wigglesworth Solution to an edge crack in a semi-

infinite plate in tension. 

3. The Wilson Solution to an edge crack in bending by collo-

cation on the Williams Stress Function. 

4. The Wilson Collocation Solution to the compact tension 

specimen. 

It was found that three terms in the TSCM provided an error of 

less than 5% for all the two dimensional geometries considered. 



3. THE EXPERIMENTS 

A set of photoelastic experiments employing the stress freezing 

and slicing technique already well established by Smith and his 

associates [22], [23], [27], [28], and [30] was designed to obtain 

photoelastic data on the stress fields near points of deepest flaw 

penetration in cracked specimen models of various crack and plate 

geometries. Since F. W. Smith had correlated his part circular crack 

theory with experimental data on semi-elliptical flaws by matching 

the flaw depth and curvatures, it was decided to produce part circular 

cracks with a 0.006 inch thick circular saw and then compare directly 

with the Smith theory to validate the experimental result. The circu-

lar saws used had various diameters between one and three inches and 

were supplied by Circular Tool Company, Inc., of Providence, Rhode 

Island. The experimental data were then converted to semi-elliptical 

form on the basis of matching depth and curvature, depth and length, 

or depth and area for comparison with the other theories which are 

described in Appendix A. 

15 
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3.1 Materials and Models 

Two stress freezing materials were used in the experiments. 

They were PLM - 4B manufactured by Photoelastic Inc. of Malvern, 

Pennsylvania, and Hysol 4290 manufactured by Hysol Corporation of 

Olean, New York. Both materials possess a low material fringe value 

in the rubbery range and were relatively easy to machine. The thermal 

cycles for annealing and stress freezing were: 

PLM - 4B: Heat to 260°F in 4 hours; soak for 16 hours. Cool 

at 1 l/2°F/hr to 180°F; 3°F/hr to 140°F and 6°F/hr 

to room temperature (4-day cycle). 

Hysol: Heat to 280°F in 2 hours; soak for 6 hours. Cool 

at 5°F/hr to room temperature (2-day cycle). 

The oven used for the stress freezing cycle was a "Power-0-

Matic 60" manufactured by the Blue M Electric Company of Blue Island, 

Illinois. The oven exhibited a temperature variation of 0.5°C at 

137°C. The temperature cycle was determined by a cam cut out to the 

desired shape and the cycle was recorded for a permanent record. The 

oven was also equipped with a per cent timer which allowed one cam 

cycle to be varied from one to twenty days so that the cooling rate 

could be changed for different materials and different thickness 

models. 

The PLM - 4B models were first rough cut to size with a band 

saw. It was then necessary to take a cut of at least 0.030 inch off 
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each surface of the plate using a vertical milling machine with a 

fly-cutter. For the Hysol the surface cutting was not necessary. 

Then using the 0.006 inch thick circular saw the part circular crack 

was cut into the plate. For this operation a horizontal milling 

machine with a specially designed arbor was used. It was found neces-

sary to use a liberal quantity of coolant to keep the saw from burn-

ing. Finally holes ~ere drilled in the ends of the plate to receive 

pins through which the load would be applied. A typical plate speci-

men is shown in Figure 3. 
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3.2 Loading System and Procedure 

Test specimens were suspended and loaded through nylon lines 

passing through fishing swivels to the pins in 3/8 inch diameter 

holes near the plate ends. The lines were "tuned" by plucking under 

full load to insure proper load distribution. The load was then 

removed and the stress freezing cycle was connnenced. The live load 

was applied near the end of the thermal soak, and the specimens were 

cooled, freezing in the stresses and deformations. Figure 4 is a 

photograph of the test set-up and Figure 5 shows a flaw after stress 

freezing photographed at a 45° angle to the plate surface. 

With the stress freezing cycle completed the model was sliced 

as shown in Figure 6. The thickness of the slice was a compromise 

between two factors: the thicker the slice the more fringes and the 

more fringes the more data points but the slice must be thin in order 

for the crack border variations to be held to a minimum. For the 

slices to remain thin and still obtain a large number of data points 

a fringe multiplication technique using partial mirrors was employed. 

This technique is described in Appendix B. 

The slice was inserted in an oil bath with the same index of 

refraction as the model material (see Appendix B for method of match-

ing the index of refraction). This eliminated refraction of the 

light at the interface and also eliminated the need for a highly 

polished surface. The whole apparatus including oil tank, oil, partial 

mirrors, and slice, was placed in a circular polariscope. A photograph 
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Figure 4. Photo of Test Set-up 



21 



/ 
/ 

/ 
/ 

/ 
/ 

/ 
/ 

/ 

22 

1, / 
I / .. ~·--------- -------
~--------- -------

Figure 6. Slice Orientation 



23 

of the camera, telescope, polarscope and light source is shown in 

Figure 7. The stress fringes were photographed (also see Appendix B), 

a typical unmultiplied fringe pattern and a fifth multiple fringe 

pattern are shown in Figures 8 and 9 respectively. The unmultiplied 

pattern was used to locate integral or half-integer order fringes. 

In Figures 8 and 9 the fringe patterns are in a bright field. 



Polariscope 

Figure 7. Photo of Polariscope 

N 
~ 



25 



26 



4. RESULTS AND DISCUSSION 

Data on all tests are found in the upper part of Table I. The 

part circular flaw tests were grouped according to a/t values as 

follows: 

Group I a/t !:!! 0.25 Tests 1, 2, and 3 

Group II a/t !:!! 0.50 Tests 4, 5, 6 and 7 

Group III a/t !:!! 0.75 Tests 8, 9, 10 and 11. 

Finally, deep, long, flat bottom cracks with part circular edges were 

tested in Group IV, Tests 12 and 13. Experimental values of maximum 

in-plane shearing stresses were determined directly from the fringe 

patterns along lines normal to the crack surface and passing through 

the crack tip. These values were used in the TSCM in order to deter-

mine the coefficients in Equation (7) and the experimental SIF. The 

raw data are shown in Figures 10 and 11 for each test group together 

with the fitted curves from the TSCM. In Figures 12 through 15 the 

data are replotted to show convergence trends. It might be remarked 

that, if the data formed a horizontal straight line in these latter 

figures, a one term expansion of Equation 6 would be sufficient. For 

a straight inclined line, a two term expansion would be adequate. In 

either of these cases, one would be well within the zone dominated by 

the singular stresses. 

27 
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The extent to which the experimentally determined l<.rsCM differs 

from that predicted by the Smith part circular crack theory is 

measured from the ordinate intercept. A value of unity would corres-

pond to exact agreement between theory and the experimental result. 

The fitted curve used for extrapolation to the origin comes from the 

TSCH. 

As can be seen from Figure 12, non-linearity is not strong, but 

is present to some degree in the shallow flaws (Group I). For the 

moderately deep flaws of Group II, non-linear effects are stronger, 

and larger errors in K1 would be obtained if linear data extrapola-

tions were used (Figure 13). For deep part.circular flaws shown in 

Figure 14, a proper method of extrapolation is even more important. 

The indications are, that as the flaw grows deeper and longer, the 

zone dominated by the singular term shrinks in size and, moreover, it 

is more difficult to measure valid data close to the crack tip. How-

ever, by accepting the data where they can be obtained most accurately, 

valid trends can be obtained. 

In order to cover the range of geometry studied in this program, 

it was necessary to extrapolate from the curves generated by the Smith 

theory. All extrapolation was linear. 

The poorest agreement between the experimental results and the 

Smith theory for part circular flaws was about 10% (Table I). How-

ever, the value of Poisson's ratio for the test materials was 0.49 

as compared to a value of 0.25 used in the Smith theory. Estimates 

by F. W. Smith and independe?tly by the author indicates that this 



TABLE I Data and Results 

Group I II III IV 

Test # l 2 3 4 5 6 7 8 9 10 11 l 2a 13a 

Part Circular Flaw Length 1.500 0. 881 l. 199 1.423 l. 585 l. 989 1.630 1.580 2.018 l. 899 1.554 2.004 3.000 2m, inches 
Radius of Penetrating 1.507 0.882 1. 500 I o. 883 1.000 1.506 1. 503 I o. 995 1.500 1.503 1. 500 I l. 500 l. 500 Circle, A, inches 
Max Fl aw Depth 0.200 0.118 0.125 I o.360 0.390 0.375 o. 240 I o. 390 0.390 0.337 0.217 I o.213 0.219 a, inches 
Plate Thickness, t, inches 0.779 0.473 o.502 I o.811 0. 781 0.795 o. 480 I o. 520 0.552 0.448 o. 288 I o. 284 0.292 

Remote Stress, Ci, ps"i 13.2 19. l 12.3 13. 3 14.5 13.8 13.8 13. 2 11. 9 13.6 13. 5 11.2 6.94 

Material Fringe Value 1.53 1.40 1.52 l. 51 1. 53 1. 53 . 2.60 l. 52 l.52 2.27 l.52 1. 52 1. 52 F, lbs/inches/order w 
Slice Thickness, T, inches 0.039 0.090 0.091 0.080 0.050 0.043 0.061 0.059 0.064 0.063 0.095 0.099 0. 136 Vl 

a/t 0.257 0.250 0.249 I 0.444 0.499 0.472 o. 500 I o. 750 0.706 0.752 o. 754 I o. 750 0.750 

Finite Width Correction 1. 001 1.000 1.001 1.005 1.007 1.006 1.009 1. 011 l.015 1. 015 l. 009 l .027 l.076 

M/~ (Smith) 1. 15 1. 18 1. 42 0.83 0.86 0.97 1.18 0.96 l.09 1. 21 l.40 b b 

M/~ (Experimental) 1. 17· 1.28 1.52 0.83 0.90 0.90c 1.33 1.07 1. 21 l. w· l. 48 I 2.08 2.79 

K1 (Experimental), 12.2 14.9 11. 7. 11. 7 14.8 13.5 c 16.0· 15.7 15. 9 17.9 16.5 19.l 16. l 
1 bs/ (inches pl 2 

K1 (Smith Theory), 12.0 13.8 10.9 I 11.7 14. l 14.6 . 14.,. I 14.0 14.4 16.9 15.6 I b b 
lbs/ (inches) 3/ 2 



TABLE I Data and Results (cont.) 

Group I II III IV 

Test # l 2 3 4 5 6 7 8 9 10 11 12a l3a 

Equivalent ellipse based upon flaw depth and curvature 

a/2c o. 182 0.183 0.1441 0.319 0.312 0.250 0.200 I o.313 0.255 0.237 o. 190 

M/~ (Shah-Kobayashi) 0.98 0.96 1.01 0.81 0.84 0.91 o.97 I 0.92 0.97 l.04 l.11 

M/~ (Rice-Levy) '0.89 0.90 o. 97 I o. 77 0.81 0.91 i.oo I o.30 o. 71 0.63 0.71 

M/~ (Newman) 1. 02 1.02 1.06 I o.86 0.87 0.97 1.05 I o.97 1.13 1.18 1.33 

Kz (Shah-Kobayashi), 10.2 11.2 7.8 111.5 13.8 
lbs/(inches) 312 

13.6 11.6 I 13.4 12.8 14.5 12. 4 

K1 (Rice-Levy), 9.4 lo. 5 7.5 I 10. 9 13.3 13. 6 12.0 I 4.3 9.3 8.8 7.9 I w 
lbs/(inches)3l 2 °' 
Ki (Newman), 10. 7 11.9 8.2 112. 2 14.4 14.6 12. 6 I 14. 2 16. 2 16. 5 14. 6 
lbs/(inches) 312 

Equivalent ellipse based upon flaw depth and area 

a/2c o. 155 o. 156 0.1211 0.284 o. 277 0. 216 0.111 I 0.277 0.221 0.204 0.1621 0.110 0.070 

M/~ (Shah-Kobayashi) 1.00·. l.00 1.04 0.86 0.87 0.95 1.02. I 0.97 · 1.02 1.09 1.15 I 1.25 1. 31 

M/~ (Rice-Levy) 0.95 0.951 1. Ql. 0.81 0.85 0.97 i.1'0· 0.37 0.83 0.75 o. 86 I 1.17 1.84 

M/~ (Newman) l. 05· 1.05 1. 10 0.92 0.93 l.03 1.15 1.07· 1.22 l. 27. 1.~7 I 1. 70 2.30 
Kz (Shah-Kobayashi), 
lbs/ (inches) 3 /z 

10.4· 11. 6: 8.0 12. 2 14.4 14.2 12.2 14. 2 13. 5 15.2 12.8 I 11. 4 7.6 

Kz (Rice-Levy), 9.9 11. l 7.8 I 11. 4 14.0 14.6 
lbs/(inches) 312 

13.2 I 5.4 10. 9 10.4 9.6 I 10. 7 1o.6 

K1 (Newman) 
lbs/ (inches) 312 11. 0 12.2 8.5 I 13.0 15.3 15. 5 13.8 . I 15.6. 17. 5 17.7 16.4. I 15.6 13.3 



TABLE I Data and Results (cont.) 

Group I II III 

Test # l 2 3 4 5 6 7 8 . 9 10 11 12a 

Equivalent ellipse based upon flaw depth and length 

a/2c 0.133 o. 134 

M/~ (Shah-Kobayashi) 1.02 1.01 

M/~ (Rice-Levy) 0.99 1.00. 

M/~ (Ne1·,man) 1. 08 1.08· 

K1 (Shah-Kobayashi), 10.7 11.8 
1 bs/ (inches) 3'2 
K1 (Rice-Levy), 
lbs/(inches) 3/ 2 

10.4 11. 600 

Ki (Ne .... man), 11.3 12.6 
lbs/(inches) 3/ 2 

a Flat bottom flaws 

b Smith Theory (equivalent area and depth) 

Kr, lbs/(in) 3/2 

M/~ 

Test 12 

17. 7 

1. 93 

Test 13 

14.6' 

2.54 

0.104 0.253 

1.12 0.90 

1.06 0.86 

1. 12 0.96 

8.6 12. 7 

8.2 I 12.1 

8.6 I 13.6 

For Groups III and IV, data from Rice-Levy Theory were 
extrapolated and are not regarded as accurate except 
in an order of magnitude sense. 
c Mottling in this test specimen caused a 

reduction in KExp of about 10%. 

0.246 0.189 

o. 91 0.98 

0.90 1.08 

0.96 1.07 

15.0 14. 7 

14.9 16. 2 

15.8' 16. l 

Ki (edge crack): 

0.147 0.246 o. 193 0.178 o. 140 I o. 106 
1.04 1.02 1.07 1.13 1.19 1. 22 

1.18 0.48 0.95 0.82 1.05 I 1.28 

1. 21 1.15 1.28 1.38 1.56 I 1. 73 

12. 5 14. 9 14. l 15. 8 13.3 111.2 

14. 1 I 1.0 12.5 11.4 11. 7 I,,. 1 

14. 5 116.8 18. 3 19. 3 17.4 I 15.8 

Smith Theory (equivalent length and depth) 

Test 12 Test 13 

Kt• lbs/(in) 3'2 16. l . 1,4.2. 

M/~ 1. 76 2.47 

Test 12 67.2 lbs/(in) 3h 

Test 13 42.2 lbs/(in)3/ 2 

IV 
l 3a 

0.073 

1. 32 

1. 79 

2.20 

7.6 

w ....... 
10.3 

12.7 
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order of difference might be expected to increase Kr by 5 to 10% de-

pending upon the geometry. On this basis, the experimental error is 

judged to be within ±5%. 

For purposes of comparison with theories for semi-elliptical 

flaws, results for the part circular flaws were converted to equiva-

lent semi-elliptical flaws by equating maximtnn flaw depths and 

i) curvatures at maximtnn flaw depth, ii) flaw areas, and iii) flaw 

surface lengths. These comparisons are shown in Table I. The general 

trend is to increase the respective theoretical K's as one computes 

equivalent flaws, proceeding i) through iii). Differences between 

theoretical predictions for the same flaw geometry were usually with-

in 10% but, in some cases, exceeded 15% (e.g. Shah-Kobayashi vs Rice-

Levy for equal flaw depth and length Test 1). 

Similarly, differences between results predicted by the same 

theory for cases i, ii) and iii) were generally smaller than 10%, but 

for some cases in Group III, were quite large, [e.g., Test 8 Rice-

Levy i) vs. Rice-Levy iii)]. Moreover, substantial differences are 

observed between the theory of F. W. Smith and the other theories for 

equivalent geometries (e.g., Tests 7, 10 and 11) for the longer or 

deeper, and longer and deeper flaws, as well as for Group I. 

In correlating his theory with experimental results, Smith com-

pared it with "equivalent" semi-elliptical surface flaws at equal flaw 

depth and eurvature. He found that the fracture toughness data 

scatter about the "equivalent" theoretical curve was ± 10% for a/2c 

values of 0.21 to 0.42 and over a full range of a/t from nearly zero 
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to unity. Thus, Group I and Tests 7, 11, 12 and 13 fall outside the 

range of Smith's correlation. However, Tests 7 and 11 were judged 

close enough to Smith's range of a/2c values to be included. The 

results as displayed in Table I show that the tests in Group I do 

not, in fact, agree with any of the approximate theories based on 

any of the three methods of converting part-circular results to semi-

elliptical results. This suggests that "equivalent" comparisons 

between part-circular and semi-elliptical flaw results are not valid 

in the Group I range. Agreement between experiment and "equivalent" 

elliptical flaw results was fair for Group II and was best, in general, 

with the Newman Theory, using either equivalent lengths or areas and 

flaw depths. The agreement between the Newman Theory and experimental 

results in Group III was excellent, using equivalent flaw depth and 

area. 

The results of Group IV are of interest due to the lack of ade-

quate experimental data for long deep surface flaws. These geometries 

consisted of flat bottomed cracks with part-circular sides. Since 

these geometries were not semi-elliptical and were not within the 

range of equivalent cracks correlated by F. W. Smith, it was decided 

to compare the experimental results with the Smith theory directly as 

well as with equivalent semi-elliptical flaws of the same flaw depth 

and area and length, respectively. Figure 15 results are normalized 

with respect to the Smith theory, based upon equal depth and area, 

even though this theory does not necessarily apply to the flat bottomed 

crack geometry. Nevertheless, extrapolation trends would not be 
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expected to diverge significantly from those for the long, deep part 

circular cracks. Thus, the extrapolation of Figure 15 is judged to 

be correct, and suggests that if reasonably valid data are taken, 

even substantially outside the singular zone, the TSCM will predict 

proper extrapolation trends. It is always desirable, however, to 

verify extrapolation trends on existing K solutions as is done here 

with Smith's theory. 

These results seem to indicate that the Smith theory, based on 

equivalent depth and area, will give good estimates (within 10%a) of 

the experimental SIF. It may be conjectured that the flat bottom 

crack may be used to experimentally study long crack geometries and 

that the Smith theory based upon equivalent depth and area may be 

used to estimate SIF values here. However, further experiments are 

needed to confirm this conjecture. 

a Although Test 13 (Figure 15) shows a 12% difference, about 
half of this is believed due to differences in Poisson's Ratio noted 
earlier for which no adjustments in data were made. 



5. SUMMARY AND CONCLUSIONS 

A series of three dimensional stress freezing photoelastic 

experiments were conducted on plates containing part circular surf ace 

flaws and a Taylor Series Correction Method (TSCM) was used to pre-

dict values of the SIF. Results were compared with a theory due to 

F. W. Smith for verification and, using several methods, to "equiva-

lent" semi-elliptical flaw theories of Kobayashi and Shah, Rice and 

Levy, and Newman. Tests were also run on two geometries involving 

flat bottom cracks with part circular ends for which similar "equiva-

lent" comparisons were made with the Smith theory. The above compari-

sons led to the following conclusions: 

a) The Taylor Series Correction Method (TSCM) will yield good 

estimates of the SIF when applied to stress frozen models of part 

circular cracks. 

b) Prediction of SIF values for semi-elliptical cracks for 

fairly long, shallow flaws a/t ~ 0.25 (Group I) by the "equivalent" 

flaw method from part circular flaw theory leads to substantial dis-

crepancies from results of other semi-elliptical flaw theories. 

c) For moderate (a/t ~ 0.5) to deep (a/t ~ 0.75) flaws of 

moderate to fairly substantial length (Groups II and III), the Newman 

theory for semi-elliptical flaws of the same depth and area yields SIF 

predictions to within 10% (in most cases) of experimental results. 

41 
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d) For long, deep, flat bottomed cracks, the Smith theory for 

a part circular flaw of equal area and depth gave a reasonable esti-

mate (within 10%) of the SIF for the geometries studied here. 

On the basis of the limited information presented here, it may 

be conjectured that the rather large difference between semi-ellip-

tical flaw results for very low values of a/2c (say 0.05 or less) 

and the edge crack (a/2c + O) as discussed by Underwood [35] may in 

fact exist and could be verified to a limited extent experimentally 

using flat bottomed cracks with long flat zones. However, further 

experiments would be necessary to support this conjecture. 

The results cited here should be regarded as approximations to 

a complex three dimensional problem. There are many potential sources 

of error, but these have been assessed and the included results are 

believed to appropriately reflect the three dimensional effects in-

herent in the problems studied. Extrapolation to problems of sig-

nificantly different geometry is not recolIDilended. 
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APPENDIX A 

Additional Theoretical Solutions 

I. The Shah-Kobayashi theory [12], [34]. 

The Shah-Kobayashi theory assumes that the magnification of 

the stress intensity factor due to the front and back surfaces can be 

determined independently and simply multiplied together. That is to 

say no coupling effects are included in this solution. 

The front surf ace magnification factor is due to Koybayashi and 

Moss [10], and is based on two extreme cases. For a semi-circular 

flaw the factor is 1. 03 which is due to Smith, Emery and Kobayashi 

[6], and for an edge crack in a semi-infinite solid the factor is 1.12 

which is due to Wigglesworth [35]. The following interpolation be-

tween the two extremes is proposed: 

2 MF = 1.0 + 0.12 (1.0 - a/2c) 

where a is the flaw depth and 2c is the flaw length. 

(A-1) 

To determine the back surface magnification factor Shah and 

Kobayashi used two elastic solutions in conjunction with a Schwarz 

alternating technique similarly to that used by Smith. The two 

solutions are for the embedded elliptical flaw in an infinite body 

with a pressure on the crack surface and for a half space loaded with 

surface tractions. Shah and Kobayashi then iterated between the crack 

surf ace and the back surf ace until the residual stresses on these two 

surfaces are negligible. 

47 



48 

The result for the stress intensity factor was expressed in 

the form: 

where (A-2) 

cr is the remote stress, 

~is a complete elliptic integral of the second kind, i.e., 

¢ is the eccentric angle. 

MK is the produce of the front and back surf ace magnification 

factors and is presented graphically as a function of the crack depth 

to length ratio and the crack depth to plate thickness ratio. 

The authors developed the theory using a Poisson's ratio of 

0.25 but concluded that a material with a higher value would produce 

only a slight increase in the stress intensity factor. From the 

analysis of fracture data and the close agreement with a limited 

finite element solution of Miyamoto's (36] the authors concluded that 

their theory is reasonably correct for specimens in tension. 

II. The Rice-Levy theory (13]. 

The following procedure was used by Rice and Levy; first the 

net force and moment per unit length in the x1 direction and on the 

plane x2 = 0 are defined as: 

(A-3) 
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and 

(A-4) 

It is assllllled that the stress intensity factor at a point along the 

crack front is identical to that of an edge cracked strip in plane 

strain having the same depth and subjected to the same loading N22 

and M22 • This approximation produces less appropriate results near 

the ends but the maximlllll stress intensity factor is generally con-

sidered to be near the center of long flaws. Thus to find Kr it is 

necessary to compute the force and moment transmitted across the 

cracked section. The force and moment are found from approximate 

theories of generalized plane stress and Kirchhoff-Poisson plate bend-

ing in conjunction with a representation of the part through surface 

crack as a continuously distributed line spring. The compliance of 

the surf ace flaw was set equal to the compliance of an edge crack with 

the same flaw depth. The spring constants will depend on x1 since the 

crack depth is also a function of x1 • The mathematical formulation 

results in two coupled integral equations which were solved to yield 

values of the thickness averaged extensional and nominal bending 

stresses as a function of flaw length. 

For the point of maximum flaw penetration the authors computed 

the stress intensity and presented it graphically as 

KI = KI (Koo, 2c/t, a/t) (A-5) 



where 
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Koo is the edge crack solution for a crack of the same 

depth to thickness ratio. 

2c/t is the length to thickness ratio. 

a/t is the depth to thickness ratio. 

III. The Newman theory [14] 

The Neuber theory for an elastic plastic material was genera-

lized in a quasi-empirical manner so as to apply to a crack in a 

finite plate subjected to tensil loading. A fracture criterion in-

volving two material parameters is developed, utilizing the results 

of several earlier theories. He utilized Irwin's [l] assumption that 

for a semi-ellipse in a finite thickness plate it is simply necessary 

to apply a correction factor Me to the solution for an ellipse in an 

infinite solid. The equation for the stress intensity factor takes 

the form: 

where 

a is the crack depth 

a is the remote stress 

~ is a complete elliptic integral of the second kind 

Me is the correction factor. 

(A-6) 

The expression for the elastic magnification factor is obtained 

by fitting an equation to the analytical results of Smith and Alavi 

[7], Rice and Levy [13] and Gross [4] and takes the form: 



where 

c 
a 

3 
p = 2 + 8 (~) c 
W is the plate width 
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M1 is the front face correction. 

(A-7) 

The equation for Me accounts for the front surface, the back surface 

and the finite width of the plate. The relation for M1 is given by: 

M1 = 1.13 - 0.1 (~) for 0.02 < .!! < 1.0 c -c- (A-8) 

Equation A-7 is plotted and found to agree fairly well with 

references [4], [7], [13]. Newman also shows extensive correlation 

for his fracture criterion for a variety of materials and crack 

geometries. 



APPENDIX B 

Fringe Multiplication, Matching Index of Refraction and Photography 

Since it is desirable to have the slices as thin as possible it 

was found necessary to fringe multiply in order to have enough data 

points. Slices varied in thickness between 0.039 and 0.139 inches 

and produced about two fringes when unmultiplied. The method used 

for fringe multiplication employed partial mirrors and is described 

by D. Post [37]. 

Partial mirrors are located on each side of the slice and are 

slightly inclined towards each other are shown in Figure 16. Each 

ray emerges from the mirror system in a different direction according 

to the number of times the particular ray has traversed the slice as 

shown in Figure 16. Since the inclination in Figure 16 is greatly 

exaggerated it appears that each passage of the ray occurs at widely 

separated points when in reality the inclination can be made very 

slight and hence the separation is very small. Since the parallel 

light of each multiple is at a different angle than other multiples 

the beams of light are converged to different points on the focal 

plane of the field lens. Hence any desired multiple is easily sepa-

rated from the rest by use of a diaphram. It was found that the 

fifth multiple generally produced enough fringes and clear photographs 

were easily obtained. 
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Figure 16. Schematic of Fringe Multiplication Technique 
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The partial mirrors were obtained from A. D. Jones Optical of 

Burlington, Massachusetts, and have a reflectance to transmittance 

ratio of 0.5/0.5 which is best for the third multiple. It is sug-

gested by Post that .67/.33 is more appropriate for the fifth mul-

tiple but little difficulty was encounted with the available system. 

To avoid the necessity of polishing each slice to an optical 

finish the slices were placed in an oil bath of the same index of 

refraction as the specimen. By mixing mineral oil and IMF-163 im-

mersion fluid, supplied by Photoelastic, Inc., of Malvern, Pennsyl-

vania, in different proportions it is possible to match the indexes 

very closely. The following method was suggested by D. Post and re-

quires that a wedge of the approximate dimensions shown in Figure 

17(a) be cut from the model material. A point light source as used 

on the polariscope, passes through a glass tank half filled with the 

IMF-163 fluid and onto a screen. A small diameter wire is placed 

vertically between the tank and the light source resulting in a shadow 

on the screen. The wedge is inserted in the tank as shown in Figure 

17(b) causing the shadow to be displaced. By adding mineral oil the 

displacement will become smaller until it is not visible. Then by 

reorienting the wedge to the position shown in Figure 17(c) a finer 

adjustment of the mixture can be made. It should be noted that a 

great deal of stirring is necessary to make the two fluids homogeneous. 

The index of refraction should be checked periodically because the 

mineral oil evaporates very slowly and causes a change in the mixture. 
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Figure 17. Index of Refraction Matching Wedge 
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For photographing the fringe patterns (see Figure 6) a tele-

scope supplied by Chapman Photoelastic Laboratories was used. The 

telescope was fitted with a Mirax Laborec 35nnn. microscope camera 

and either a Vivitar 85-205mm. zoom lens or a Nikon 43-86mm. zoom lens 

depending on the magnification desired. The telescope allowed much 

more light to reach the eye of the viewer thereby making for better 

focusing than the old "ground glass" method. An oscilloscope grid 

with a grid size of 1.0 cm. was superimposed on the fringe pattern 

(see Figures 8 and 9) so the magnification could be determined. The 

magnification varied between 16X and 25X. 

Kodak FX 135 Panatomic X film was developed in Kodak D-19 

developer. Three exposures were taken for each picture and the best 

negative was used. For the unmultiplied shots the exposure times 

were 10, 20 and 40 seconds and for the 5th multiple 1, 2 and 4 

minutes. The D-19 developer in conjunction with F-5 Kodabromide 

printing paper resulted in high contrast prints with narrow fringes. 
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STRESS INTENSITY FACTORS FOR LONG, DEEP SURFACE 

FLAWS IN PLATES UNDER EXTENTIONAL FIELDS 

by 

Alan E. Harms 

(ABSTRACT) 

Using a singular solution for a part circular crack by F. W. Smith, 

a Taylor Series Correction Method (TSCM) was verified for extracting 

stress intensity factors from photoelastic data. Photoelastic experi-

ments were then conducted on plates with part circular and flat bottomed 

cracks for flaw depth to thickness ratios of 0.25, 0.50 and 0.75 and for 

equivalent flaw depth to equivalent ellipse length values ranging from 

0.066 to 0.319. Experimental results agreed well with the Smith theory 

but indicated that the use of the "equivalent" semi-elliptical flaw for 

correlating the part circular flaw results with semi-elliptical flaw 

results was not valid for a/2c<< 0.20. Best overall agreement for the 

moderate (a/t ~ 0.5) to deep flaws (a/t ~ 0.75) and a/2c > 0.15 was 

found with a semi-empirical theory due to J. C. Newman when compared on 

the basis of equivalent flaw depth and area. The Smith theory, when 

correlated on the basis of flaw depth and area, appears to yield rea-

sonable estimates (within 10%) of the SIF for flat bottomed flaws for 

the geometries studied here. 
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