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ABSTRACT 

 

 

Iron Oxide Nanoparticles (IONPs) are a multifunctional nano-material that allows 

for MRI imaging, intravenous-controlled drug movement, and hyperthermia. The 

objective of this study is to optimize and control IONP hyperthermia and cope with 

aggregation using Finite Element (FE) Modeling and statistical physics.  

The FE model is first used to demonstrate the advantages of changing IONP heat 

dissipation in time, which can increase energy density inside tumors while decreasing the 

energy delivered in healthy tissue. Here, this is defined as target-specificity. Second, this 

model is used to demonstrate that time-dependent IONP heat dissipation allows for 

control of temperature distributions inside the body. Third, the FE model is used to solve 

the temperature distributions resulting from capillary diffusion of IONPs. This study 

shows that capillary diffusion combined with direct injection results in improved 

homogeneity of temperature distributions. Fourth, using a square-difference scheme, non-

time domain parameters including the number of IONP injections, the location of 

injections, IONP distribution width, and heating intensity are optimized to improve 

target-specificity and temperature homogeneity. Collectively, this study contributes to 

hyperthermia by optimizing time- and non-time- domain parameters, controlling 

hyperthermia, and quantifying aggregation with a new theory. 
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 Iron Oxide Nanoparticles (IONP) and their multi-functionality have progressed 

the field of medicine in several ways. The first application IONPs were used for was 

imaging. By externally applying an approximately 3 Tesla and a 1-3MHz alternating 

magnetic field IONPs relax the oscillatory magnetic-moment energy in the form of light. 

Researchers have built detectors to capture this light, and coined this technology as MRI. 

In the field of medicine, MRI is used routinely to take non-invasive yet in vivo images of 

internal tissues [1, 2]. Secondly, IONPs function in the traditional manner, i.e. we think 

about iron being attracted to static magnetic fields. In the same way scientists have 

conjugated IONPs to chemotherapeutics and used static magnetic fields to increase its 

accumulation in the tumor [3, 4].  

 The third application, the particular application of interest for this study, is using 

IONPs to induce tumor hyperthermia. Decreasing the MRI magnetic fields to about 0.2 

Tesla and 500kHz alternating results in the relaxation energy being released in the form 

of heat rather than light, a process also known as Néel relaxation [5, 6]. Scientists have 

worked for the past 30 years to fine-tune this heat release mechanism to achieve target-

specific cancer treatments.  

 Studying IONP hyperthermia reaches farther than simply heat treatments. Rather, 

scientists have found ways of using target-specific heat dosage to increase 

chemotherapeutic efficacy. As early as 1978 Yatvin and et al. [7] introduced the idea of 

liposomes with the prospects of temperature-mediated drug release. More recently, 

McDaniel et al. in 2014 [8] at Duke University published a fabrication method for an 

elastic like polypeptide coating that would release its drug contents depending on the 

therapeutic temperature range, 42-43°C. Hayashi and et al. also in 2014 [9] published a 
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study where they used a nanoparticle construct of IONPs conjugated to doxorubicin all 

coated with a temperature sensitive polymeric coating. At 44°C, the coating would 

undergo a glass-transition, degrade, and release its chemical contents. Xu and Neckers 

[10] used IONP hyperthermia to increase Heat-Shock Protein expression in the tumor 

area and targeted that protein to increase drug selectivity. Studying the thermodynamics 

of IONP hyperthermia reaches farther than a heat treatment for cancer, rather it cut across 

cross-disciplines from medicine, to chemistry, to engineering theory. 

 Computer simulations offer many advantages investigating the viability of IONP 

hyperthermia. In computer models, medical experiments can be simulated that otherwise 

would not be experimentally feasible because of time, finances, or regulatory restrictions. 

Furthermore, computer models help guide experiments and there is synergy in combining 

the two research methods. 

 Several studies in the past 10 years have published methods of effectively 

combining computational modelling and experiments. Xu and et al. in 2009 [11] directly 

injected IONPs into the tumor then used MRI imaging to determine local IONP densities. 

Next, the imaging data was uploaded into a program that subsequently determined the 

heating inside resulting from the in vivo IONP distribution. Other researchers have used 

similar methods to link modeling and experiments [12]. 

 For correctly modeling the thermodynamics of IONP hyperthermia, important 

steps have been taken in the past 10 years. Hergt and Andra [6] outlined the physical 

limits of IONPs and optimized parameters such as particle diameter and concentration. 

Solloum and et al. in 2008 [13] analyzed the IONP distribution for different injection 

rates. He confirmed that with slow injection rates a spherical Gaussian distribution was 
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achievable, which has been a foundational assumption for modeling IONP hyperthermia. 

In the same year Solloum [14] published details of how the blood perfusion cooling rate 

is dependent on its local temperature; as IONP heating intensity increases the blood 

perfusion cooling increases and Candeo and Dughiero later in 2009 [12] modeled the 

implications of this non-linearity. This is important for accurately simulating the 

thermodynamics of tissue.  

 Even with recent large strides in modeling the thermodynamics of IONP 

hyperthermia, many challenges still remain in exploring its full potential. For example, in 

all models of IONP hyperthermia only constant heat dissipation is considered [11, 12]. 

This sets up the foundation for Chapter 3 of this work. Chapter 3 observes the 

consequences of time-varying heat dissipation. More importantly, this study explains how 

time-varying heat dissipation schemes can be used to increase hyperthermia target-

specificity. It begins with the premise that thermodynamics is a non-linear process which 

it then follows that a nonlinear scheme would result in different temperature results for 

each variable non-linear application of energy. The study looks at three parameters 

involved in designing heat dissipation time schemes: maximum intensity, order of 

maximum intensity, and duration of maximum intensity, and how these three parameters 

should be organized to achieve increased target-specificity. 

 Hyperthermia maturing as a discipline is leading researchers to ask more 

advanced questions, moving from how to achieve desired temperature profiles to how to 

control the temperature profile through time. Target-specificity can be achieved. 

Scientists want to develop more complex ways of controlling the temperature inside the 

body. Lupu [15] in 2014 published a method for constructing complex IONPs with low 
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curie temperatures (the heat needed to degauss a magnetic system thermally) which 

means that as the tumor approached the therapeutic temperature of 43C, the less heat was 

dissipated by the nanoparticles. Astefanoaei [16] quickly followed Lupu’s report with a 

computational study of the details of using this type of IONP, and found the center of the 

tumor was still an area of concern in reaching therapeutic range temperatures. However, 

even with the new method of controlling hyperthermia temperature profiles, there is still 

concern regarding the toxicity of this new IONP construct. Chapter 4 takes a step back 

and posits that rather than using the IONPs to control temperature profiles, the magnetic 

fields can be used to control temperature profiles in the therapeutic range. The time to 

reach the therapeutic range is observed, and defined by a regression line. This gives 

doctors a method to optimize treatment times. Next, knowing tissue response to heating 

intensities allows one to “freeze” an optimal hyperthermia temperature profile through 

time. From Chapter 3 and 4 one may understand how magnetic field which control heat 

dissipation of IONPs can be used to both optimize and control hyperthermia. 

All simulations thus far assume a Gaussian IONP distribution derived from direct 

injection. However, Wong and et al. [17] studied IONP diffusion from capillaries that ran 

along the boundary between tumorous and healthy tissue. Wong found that diffusion 

from the capillary resulted in an error complimentary function with the peak at the 

boundary and the tail toward the tumor. However, in a real system, IONPs leak on both 

the tumor and healthy tissue side. Chapter 5 explores the type of temperature profiles that 

result in IONP diffusion from a boundary capillary. Furthermore, this study discusses the 

feasibility of capillary diffusion hyperthermia and how this can be used synergistically 

with direct injection. 
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 Time-dependent parameters in IONP heat dissipation are not the only parameters 

that can be optimized. Bagaria & Johnson in 2005 attempted to optimize several non-time 

domain parameters including the number of injections, the location of injections, the 

distribution spread of each injection, and the IONP heating intensity. However, as 

Solloum critiqued in 2009 [18], the study made several broad assumptions. First Bagaria 

& Johnson in 2005 [19] assumed an IONP direct injection would result in a quadratic 

decaying heating function, when other studies suggest otherwise. Solloum [18] attempted 

his own optimization scheme, also with limitations. Only irregularly shaped tumors were 

considered, and the results were not generalized around arbitrary tumor shapes. Solloum 

assumed the optimal number of injection sites that worked with his irregularly shaped 

tumors as opposed to deducing the optimal number. Additionally, he did not explicate the 

interdependencies between each of the four parameters. Here, Chapter 6 addresses the 

shortcomings of the previous studies by relating the four parameters to tumor shape 

classifications and determining the interdependencies between all parameters. This study 

also determines what the optimal conditions for improving target-specificity and 

temperature homogeneity. 

 One of the natural yet difficult problems to deal with in IONP hyperthermia is 

aggregation. Magnetic fields of opposite polarity attract. Each IONP is a single magnetic 

dipole domain. From stochastic thermal perturbations these single domains from local 

IONPs will fluctuate in a manner that results in IONPs becoming attracted to each other 

which leads to aggregating. Nanoparticles that were originally 2nm can build into 

aggregates of diameters from 20nm to 3microns [20]. In order to cope with this problem 

chemists have designed IONP fabrication methods to coat iron oxide with polymeric 
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coatings to keep magnetic domains from getting too close and aggregating. Chan in 1993 

[21] used lengthy polymer chains to keep IONPs from aggregating. However, he 

observed that any deficiencies resulted in aggregation, given that aggregates have 

intensified magnetic field attractions, which enhances the problem. More recently, Yallup 

and et al. [22] were interested in reducing the effects of aggregation. After IONPs were 

constructed they put them under hyperthermia conditions, allowed IONPs to aggregate, 

then centrifuged them to get the larger aggregates out, and siphoned off the good IONPs. 

Even by undergoing that process the system aggregation still occurred.  

The IONP construct is not the only variable in aggregation. Lundqvist in 2008 

[23] and Safi in 2010 [24] noticed that when citric acid molecules and poly(acrytic acid) 

polymer coatings around iron oxide and cerium oxide nanoparticles when serum proteins 

was present aggregation occurred tenfold from the original hydrodynamic diameter. 

Recently, Sadhukha in 2014 [25] studied what resulted if aggregation could be 

used despite the inhomogeneous temperature distributions. They were not able to 

quantify the unpredictability aggregation introduced to the system and proceeded with the 

hyperthermia treatment. Chapter 7 tackles the problem of aggregation by building a 

theoretical framework for how to understand it. From this this theoretical framework, 

details are provided for the amount of variability aggregation introduces into the 

hyperthermia system. 
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Table 1: List of terms used during derivation of FE model. 

𝑇 = Temperature (°𝐶) 

𝑇0 = Initial temperature (°𝐶) 

𝑡 = Time (𝑠) 

𝑥
→
= Simulation space coordinates (𝑚) 

𝜃 = Normalized temperature (°𝐶) 

𝛻 = Del Operator (1 𝑚⁄ ) 

𝜔 = Weight function 

𝜕 = Partial derivative 

𝑐𝑏 = Specific heat of blood (𝐽 kg⁄ °𝐶) 

𝑊𝑏 = Blood perfusion rate (kg 𝑚3⁄ ) 

𝑘 = Thermal conductivity of tissue (𝑊 𝑚⁄ °𝐶) 

𝛼 = Thermal Constant, 𝑘 𝜌⁄ 𝑐 

𝑐 = Specific heat of tissue (𝐽 kg⁄ °𝐶) 

𝜌 = Density of tissue (kg 𝑚3⁄ ) 

𝛽 = Convective coefficient 

𝐻NP = Heating due to nanoparticles (𝑊 𝑚2⁄ ) 

𝛷 = Domain of entire simulation space 

𝛺 = Domain of individual elements 

𝛤 = Boundary of individual elements 

𝑒 = 𝑒th element 

𝑅 = Number of nodes in simulation domain 
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I. From Penne’s Bioheat Equation to Weak Form 

This section outlines the Finite Element (FE) Model that was used to solve the 

thermodynamic equations that describe heat transfer inside human tissue. This model 

began with the Penne’s Bioheat equation [1], as shown below in  

(1). This equation has been widely used in studying thermodynamic inside the 

human body, and though some variations have been introduced, the original form suite 

the purposes of this study. 

1

𝛼

𝜕

𝜕𝑡
𝑇 (𝑥
→
, 𝑡) − 𝛻2𝑇 (𝑥

→
, 𝑡) +

𝑐𝑏𝑊𝑏
𝑘
𝑇 (𝑥
→
, 𝑡) = 𝐻NP (𝑥

→
, 𝑡) 

 

(1) 

The added term to this equation is 𝐻NP (𝑥
→
, 𝑡), which is heating due to 

nanoparticles. To begin the derivation of the FE scheme multiply  

(1) by a weight function and integrate the entire equation over the domain of the 

simulation space, which produces (2). 

∫ 𝜔 (
1

𝛼

𝜕𝑇

𝜕𝑡
+ 𝛻2𝑇 +

𝑐𝑏𝑊𝑏
𝑘
𝑇 − 𝐻NP) ⅆ𝑥 ⅆ𝑦

𝛷

= 0 
(2) 

 At this point the weight function is left arbitrary, but will be specified later. The 

next step in the development of the FE scheme is arguing that the above expression, (2), 

holds not only for the entire simulation space but also the domain of discretized 

subspaces. Thus, consider a discretized domain into 𝑁 subspaces such that the addition of 

all the subspaces results in an equivalent simulation space, 𝛷. This is pictorially 

demonstrated below in Fig. 1. In this figure, the temperature is the third dimension while 

x and y are the spatial dimensions.  
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(a) 

 

(b) 

Fig. 1. Demonstration of discretization process for FE modeling. (a) Simulation domain 

before discretization. (b) Domain after discretization, and an element extracted to 

demonstrate its elemental domain and boundary. 

Equation (2) is changed so that it represents 𝑒th equations for each subspace. 

Each equation is also integrated over its own 𝑒th domain, defined here as 𝛺𝑒. The result 

is shown below in (3). 

∫ 𝜔𝑒 (
1

𝛼

𝜕𝑇

𝜕𝑡
+ 𝛻2𝑇 +

𝑐𝑏𝑊𝑏
𝑘
𝑇 − 𝐻NP) ⅆ𝑥 ⅆ𝑦

𝛺𝑒

= 0 
(3) 

The above equation, (3), represents 𝑒 equations for each element subspace. Next 

integrate the term 𝜔𝑒𝛻
2𝑇 by parts to explore terms that are buried inside (3), which 

results in (4). 

∫ (𝜔𝑒 (
1

𝛼

𝜕𝑇

𝜕𝑡
− 𝐻NP) + 𝛻𝜔𝑒 · 𝛻𝑇 +

𝑐𝑏𝑊𝑏
𝑘
𝑇)ⅆ𝑥 ⅆ𝑦

𝛺𝑒

−∮ 𝜔𝑒 (𝑛
→
· 𝛻𝑇) ⅆ𝑠

𝛤𝑒

= 0 (4) 

The first integral term, which integrates over the domain of each element, 

captures the thermodynamics that happens within the element. This includes the time 
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change in temperature, 𝜕𝑇 𝜕𝑡⁄ , the spatial conduction of heat transfer, 𝛻𝜔𝑒 · 𝛻𝑇, and the 

cooling due to blood perfusion, 
𝑐𝑏𝑊𝑏

𝑘
𝑇. The line integral that integrates over the boundary 

of the 𝑒th element captures the thermodynamic interactions between the 𝑒th element and 

its surroundings. To further understand this term introduce the convective boundary 

condition equation, shown below in (5). 

𝑘 (𝑛
→
· 𝛻𝑇) + 𝛽(𝑇 − 𝑇0) = 0 

(5) 

This equation states that heat will transfer at the boundary in the direction of 

lowest temperature, both by conduction and convection. This equation is used commonly 

in thermodynamics of human tissue [1] [2]. Substitute (5) into the boundary integral term 

of (4) to produce (6). 

∫ (𝜔𝑒 (
1

𝛼

𝜕𝑇

𝜕𝑡
− 𝐻NP) + 𝛻𝜔𝑒 · 𝛻𝑇 +

𝑐𝑏𝑊𝑏
𝑘
𝑇)ⅆ𝑥 ⅆ𝑦

𝛺𝑒

+∮ 𝜔𝑒(𝛽(𝑇 − 𝑇0)) ⅆ𝑠
𝛤𝑒

= 0 
(6) 

This derived equation is the scaffold that provides the setup for the FE scheme. 

Up to this point no approximations have been introduces. However, the next step will be 

introducing approximation functions for 𝑇 (𝑥
→
, 𝑡) and specially selected functions for 𝜔𝑒 

that will allow this equation to be solved computationally. 
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II. Deriving Interpolation Functions 

The next step in discussing the FE scheme is introducing interpolation functions. 

However, it would be first advantageous to provide an approachable discussion that 

outlines the ideology of the FE model before its details are discussed. 

The FE scheme began by discretizing the domain into subspaces that, when 

totaled, is still representative of the original domain. Next, rather than attempting to solve 

for the temperature inside the subspaces explicitly, or analytically, we choose polynomial 

functions that closely resemble, or approximate, the solution for that small region of 

subspace. The reason this works is the smaller the subspace, or the finer the discretized 

mesh of the domain, then the more polynomial functions are describing the solution over 

the entire domain. The more piecewise polynomial functions describing a space, 

therefore, the more accurate the approximated solution becomes.  

As a simple example: how would one go about approximating a circle with only 

straight lines? With three lines the closes one can get is an equilateral triangle. Adding 

another line, i.e. 4 lines, a square is certainly better at depicting the smooth nature of the 

circle. The more lines that are included in the approximation the more accurate the circle 

can be represented. A pictorial demonstration of this example is shown below in Fig. 2. 

This example shows that an increasingly finer line-mesh is capable of approximating a 

smooth circle, even though the lines are straight. 
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(a) 

 

(b) 

 

(c) 

Fig. 2. Pictorial demonstration of how the FE model works. (a) Circle approximated 

with only 3 lines. (b) Circle approximated with 4 lines. (c) Circle approximated with 

more lines. The finer the line-mesh the more accurate the approximation. 

 

An important variation of the above example is important to mention before it is 

later introduced. Only straight lines are considered in the above example. However, with 

curved lines, a 3-lines approximation could be formulated to be much more accurate. 

Curved lines have the advantage of accounting for inner-element variations, in this case 

the curvature of the circle. Later in this study the phenomenon of aggregation will be 

discussed, which presents the problem of variations inside elements that cause problems 

for studying computationally. However, the details will be discussed later. 

Next, introduce an approximated form of the solution of 𝑇𝑒 (𝑥
→
, 𝑡), shown below 

in (7), 
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𝑇𝑒 (𝑥
→
, 𝑡) ≃∑𝑇𝑗

𝑒(𝑡) 𝜑𝑗
𝑒 (𝑥
→
)

𝑀

𝑗=1

 (7) 

where 𝑀 is the number of interpolation functions. The approximated temperature 

function is a summation of 𝑀 polynomial functions, 𝜑𝑗
𝑒 (𝑥
→
), and their influence on 

approximated solution varies with time, 𝑇𝑗
𝑒(𝑡). An important assumption is built into (7), 

namely that the time component of temperature function can be separated from the spatial 

component of temperature. This assumption is validated with two assumptions from the 

construct of the initial problem: 1. the nanoparticles do not move during magnetic 

heating, and 2. no non-linear terms are present in the initial equation,  

(1). 

The interpolation functions will be selected, however, in a manner that proves 

advantageous to the development of our FE model. Consider an arbitrary subspace, 

element, from the domain. Based on this element, assume each of the 𝑗th interpolation 

functions has the property of equaling one at its assigned node and zero at all other nodes. 

In other words, the function has the following property shown in (8). 

𝜑𝑗
𝑒(𝑥
→
) = (
1  if (𝑥𝑖=𝑗 , 𝑦𝑖=𝑗)

0  if (𝑥𝑖≠𝑗 , 𝑦𝑖≠𝑗)
) (8) 

Thus, the 1st interpolation function equals 1 at the 1st node and zero at all others, 

and this is true for the other (𝑀 − 1) nodes. More explicitly, consider a rectangle with 

dimensions as {(length,width) =  (𝑎, 𝑏)}. Let the rectangle-element have four nodes, 

one at each of the vertices. Furthermore, consider a frame of reference that places the 1st 
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node at the origin. In order for (8) to hold true the four corresponding interpolation 

functions must equal (9), shown below. 

𝜑𝑒 (𝑥
→
) =

(

 
 

𝜑1
𝑒(𝑥
–
, 𝑦
–
) = (1 − 𝑥

–
𝑎⁄ )(1 − 𝑦

–
𝑏⁄ )

𝜑2
𝑒(𝑥
–
, 𝑦
–
) = (𝑥

–
𝑎⁄ )(1 − 𝑦

–
𝑏⁄ )

𝜑3
𝑒(𝑥
–
, 𝑦
–
) = (𝑥

–
𝑎⁄ )(𝑦
–
𝑏⁄ )

𝜑4
𝑒(𝑥
–
, 𝑦
–
) = (1 − 𝑥

–
𝑎⁄ )(𝑦
–
𝑏⁄ ) )

 
 

 

 

(9) 

 

Two functions from (9) are selected and plotted in Fig. to help demonstrate the 

nature of these interpolation functions. The most important feature in Fig. 3 is that the 

each interpolation function equals one at its assigned node and zero at all the others. 

 

 

Fig. 3. Two different interpolation functions plotted together. 
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The higher-order interpolation function follows the same ideology however 

requires much more details to fully derive. Rather than the nodes being at the vertices, 

nodes are also placed inside the element. In essence, sixteen interpolations are derived 

that still maintain the property from (8). More details are provided when the aggregation 

study is further discussed. 

 

III. Incorporating Interpolation Functions into Thermodynamic Equations 

The next step is introducing these interpolation functions into the derived 

thermodynamic equation thus far, (6). 

Begin finishing the FE derivation by substituting the approximated solution, (7), 

into (6). 

∫ (𝜔𝑒 (
1

𝛼

𝜕𝑇

𝜕𝑡
− 𝐻NP) + 𝛻𝜔𝑒 · 𝛻𝑇 +

𝑐𝑏𝑊𝑏
𝑘
𝑇)ⅆ𝑥 ⅆ𝑦

𝛺𝑒

+∮ 𝜔𝑒(𝛽(𝑇 − 𝑇0)) ⅆ𝑠
𝛤𝑒

= 0 (10) 

 Next write (10) in terms of (𝑥, 𝑦) coordinates.  

∫ (𝜔𝑒 (
1

𝛼

𝜕𝑇

𝜕𝑡
− 𝐻NP) +

𝜕𝜔𝑒
𝜕𝑥

𝜕𝑇

𝜕𝑥
+
𝜕𝜔𝑒
𝜕𝑦

𝜕𝑇

𝜕𝑦
+
𝑐𝑏𝑊𝑏
𝑘
𝑇)ⅆ𝑥 ⅆ𝑦

𝛺𝑒

+∮ 𝜔𝑒(𝛽(𝑇 − 𝑇0)) ⅆ𝑠
𝛤𝑒

= 0 

 

(11) 

Lastly, plug the approximated solution into (11). 
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∫ (𝜔𝑒 (
1

𝛼

𝜕

𝜕𝑡
(∑𝑇𝑗

𝑒(𝑡)𝜑𝑗
𝑒 (𝑥
→
)

𝑀

𝑗=1

) − 𝐻NP) +
𝜕𝜔𝑒
𝜕𝑥

𝜕

𝜕𝑥
(∑𝑇𝑗

𝑒(𝑡)𝜑𝑗
𝑒 (𝑥
→
)

𝑀

𝑗=1

)

𝛺𝑒

+
𝜕𝜔𝑒
𝜕𝑦

𝜕

𝜕𝑦
(∑𝑇𝑗

𝑒(𝑡)𝜑𝑗
𝑒 (𝑥
→
)

𝑀

𝑗=1

)

+
𝑐𝑏𝑊𝑏
𝑘
(∑𝑇𝑗

𝑒(𝑡)𝜑𝑗
𝑒 (𝑥
→
)

𝑀

𝑗=1

))ⅆ𝑥 ⅆ𝑦

+∮ 𝜔𝑒

(

 
 
𝛽((∑𝑇𝑗

𝑒(𝑡)𝜑𝑗
𝑒 (𝑥
→
)

𝑀

𝑗=1

) − 𝑇0)

)

 
 
ⅆ𝑠

𝛤𝑒

= 0 

 

 

(12) 

∑∫(𝜔𝑒 (
1

𝛼
𝜑𝑗
𝑒
𝜕𝑇𝑗
𝑒

𝜕𝑡
− 𝐻NP)

𝛺𝑒

𝑀

𝑗=1

+ (
𝜕𝜔𝑒
𝜕𝑥

𝜕𝜑𝑗
𝑒

𝜕𝑥
+
𝜕𝜔𝑒
𝜕𝑦

𝜕𝜑𝑗
𝑒

𝜕𝑦
+
𝑐𝑏𝑊𝑏
𝑘
𝜑𝑗
𝑒)𝑇𝑗

𝑒)ⅆ𝑥 ⅆ𝑦

+ ∮ 𝜔𝑒(𝛽𝜑𝑗
𝑒𝑇𝑗
𝑒 − 𝑇0) ⅆ𝑠

𝛤𝑒

= 0 

 

 

(13) 

 

The next important step is determining the form of the weight function. Until this 

point the weight function has not been specified but left arbitrary. However, enough 

information in the derivation is available to select a weight function that will prove 

advantageous for reasons that will be demonstrated later. Thus, following the Galerkin 
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scheme, define the weight function as equal to the approximation function specified for 

temperature, shown below in (14). 

𝜔𝑒 =∑𝜑𝑗
𝑒 (𝑥
→
)

𝑀

𝑗=1

 
(14) 

Plug the defined weight function, (14), into the derived thermodynamic equation thus far, 

(13). 

∑∫ ((
1

𝛼
𝜑𝑖
𝑒𝜑𝑗
𝑒
𝜕𝑇𝑗
𝑒

𝜕𝑡
− 𝜑𝑖
𝑒𝐻NP)

𝛺𝑒

𝑀

𝑗=1

+ (
𝜕𝜑𝑖
𝑒

𝜕𝑥

𝜕𝜑𝑗
𝑒

𝜕𝑥
+
𝜕𝜑𝑖
𝑒

𝜕𝑦

𝜕𝜑𝑗
𝑒

𝜕𝑦
+
𝑐𝑏𝑊𝑏
𝑘
𝜑𝑖
𝑒𝜑𝑗
𝑒)𝑇𝑗

𝑒)ⅆ𝑥 ⅆ𝑦

+ ∮ 𝜑𝑖
𝑒(𝛽𝜑𝑗

𝑒𝑇𝑗
𝑒 − 𝑇0) ⅆ𝑠

𝛤𝑒

= 0 

 

 

 

(15) 

 

(15) can be further simplified and understood by introducing the following definitions: 

∑(𝑀ij
𝑒
𝜕𝑇𝑗
𝑒

𝜕𝑡
+ 𝐾ij
𝑒𝑇𝑗
𝑒)

𝑀

𝑗=𝑖

= 𝑓𝑖
𝑒 + 𝑄𝑖

𝑒 

 

 

(16) 

where 𝑀ij
𝑒, 𝐾ij
𝑒, and 𝑓𝑖

𝑒 are defined below in (17), (18), and (19), respectively, and 𝑄𝑖
𝑒 is 

the boundary term for each 𝑒th element. 
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𝑀ij
𝑒 = ∫ (

1

𝛼
𝜑𝑖
𝑒𝜑𝑗
𝑒) ⅆ𝑥 ⅆ𝑦

𝛺𝑒

 
 

(17) 

𝐾ij
𝑒 = ∫ (

𝜕𝜑𝑖
𝑒

𝜕𝑥

𝜕𝜑𝑗
𝑒

𝜕𝑥
+
𝜕𝜑𝑖
𝑒

𝜕𝑦

𝜕𝜑𝑗
𝑒

𝜕𝑦
+
𝑐𝑏𝑊𝑏
𝑘
𝜑𝑖
𝑒𝜑𝑗
𝑒)ⅆ𝑥 ⅆ𝑦

𝛺𝑒

 
 

(18) 

𝑓𝑖
𝑒 = ∫ (𝜑𝑖

𝑒𝐻NP) ⅆ𝑥 ⅆ𝑦
𝛺𝑒

 
 

(19) 

The final derived equation, (16), is a concise written form of a series of ordinary 

differential equations that approximate the solution of the original partial differential 

thermodynamic equation. The 𝑖th index of 𝑀ij
𝑒, 𝐾ij

𝑒, 𝑓𝑖
𝑒, and 𝑄𝑖

𝑒 represents each ordinary 

differential equation for each node in the entire simulation domain. The 𝑗th index 

represents the node associated with each 𝑒th element. In the final compilation, 𝑀ij
𝑒 and 

𝐾ij
𝑒 are 𝑅 x 𝑅 matricies, where 𝑅 is the number of nodes in the simulation domain. The 

external heating applied to the system is represented by 𝑓𝑖
𝑒, with an 𝑖th index per 𝑒th 

element. All components of (16) are known including the interpolation function, 𝜑𝑖
𝑒, and 

external heating due to nanoparticles, 𝐻NP, except for the unknown to be solved:  

𝑇 (𝑥
→
, 𝑡). 

The 𝛼-family time approximation scheme was utilized to solve (16) where for this 

case 𝛼 = 1 2⁄ , the Crank-Nickolson [2] scheme. The scheme is shown below in (20). 

{𝑇𝑠+1} = {𝑇𝑠} + Δt[(1 − 𝛼){𝑇
·

𝑠} + 𝛼{𝑇
·

𝑠+1}] 
(20) 

 After the code was written to solve the above FE scheme, it was validated against 

Candeo [3] with the same simulation setup as presented in his paper. 
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General principles are developed using a Finite Element Model (FEM) regarding how time-dependent power dissipation of magnetic 

nanoparticles can be utilized to optimize hyperthermia selectivity. In order to make the simulation more realistic the finite size and 

spatial location of each individual nanoparticle is taken into consideration. When energy input into the system and duration of 

treatment is held constant, increasing the maximum power dissipation of nanoparticles increases concentrations of energy in the 

tumor. Furthermore, when the power dissipation of magnetic nanoparticles rises linearly, the temperature gradient on the edge of the 

tumor increases exponentially. With energy input held constant, the location and duration of maximum power dissipation in the 

treatment time scheme will affect the final energy concentration inside the tumor. Finally, connections are made between simulation 

results and optimization of the design of nanoparticle power dissipation time-schemes for hyperthermia. 

 
Index Terms—Magnetic Nanoparticles, Hyperthermia Optimization, Finite-Element Modeling, Treatment Planning  

 

I. Introduction 

ptimizing iron oxide nanoparticles (IONPs) with respect 

to cancer drug delivery and selectivity is one of the most 

promising fields of nanomedicine. Mitigating the negative 

consequences of traditional chemotherapy can be achieved by 

spatially and temporally controlling the distribution of Iron 

Oxide Nanoparticles conjugated with chemotherapy drugs in 

the body.  

   IONP’s low cytotoxicity compared to other nanoparticles, 

such as gold, silver and titanium, allow higher concentrations 

of IONPs to be used safely in treatment. These higher 

concentrations will result in greater heat dissipation in the 

tumor leading to more effective cancer treatments [1] [2] [3]. 

IONPs are extraordinarily versatile; the application of high 

frequency and intensity magnetic field via Magnetic 

Resonance Imaging has become a mature and reliable 

technology [4] [5]. Decreasing the magnetic field’s frequency 

a few orders of magnitude causes IONPs to dissipate energy 

and induce hyperthermia, causing localized heating, that can 

be fine-tuned to lie within the required therapeutic range. 

Furthermore, when conjugated with other biochemicals 

controlled drug targeting can be achieved [6] [7] [8]. 

   More specifically, hyperthermia is achieved by applying an 

alternating magnetic field to IONPs and power dissipation 

occurs due to hysteresis loss, induced eddy currents, and Néel 

Relaxation [9]. Experimental studies have laid much of the 

foundation for understanding physiological responses to IONP 

induced hyperthermia. Particles composed of Fe3O4 were 

loaded into human breast cancer xenografts in 

immunodeficient mice at 7.7% weight concentration. 

Applying AC magnetic fields with an intensity of 6.5 kA/m 

and frequency of 400 kHz for 4 min. resulted in elevated 

temperatures of ΔT= 18-55°C. However, IONPs were found to 

be heavily unevenly distributed in the form of agglomerates, 

which resulted in heterogeneous temperature distributions [10] 

[11].  

   More powerful than hyperthermia alone is combining heat 

treatment with chemical therapeutics. One example of a carrier 

widely accepted for drug transportation is Liposomes [12] 

with polyethylene glycol (PEG) surface modifications [13]. In 

an experimental study, PEG-coated Liposomes in combination 

with IONP hyperthermia ablation resulted in increased 

intratumoral doxorubicin accumulation and increased mean 

tumor coagulation diameter (13.1 mm) compared to IONP 

hyperthermia treatment alone (6.7 mm) [14]. Several other 

studies in different animal models published similar results 

[15] [16]. Hyperthermia is an important IONP phenomenon to 

study because of its applications in the field of nanomedicine. 

   Numerical studies, in contrast to experimental studies, have 

not been as extensively utilized to study IONP hyperthermia. 

Analyzing the problem utilizing computer simulations offers 

the opportunity to study problems that experiments cannot 

because of regulations and financial restrictions. Xu in 2009 

used experimental IONP imaging to replicate the 3D structure 

of a tumor, transferred this image to a Finite Element Model 

(FEM) program, assumed homogenous particle concentration, 

and compared experimental with numerical results [17]. 

Candeo in 2009 studied how to optimize hyperthermia with 

respect to particle concentration, diameter, and magnetic field 

intensity [18]. Several other simulations have studied 

hyperthermia through different perspectives [19] [20] [21]. 

This computational study contributes to current literature by 

understanding how time-dependence of iron oxide heat 

dissipation can be utilized to optimize hyperthermia. 

Furthermore, this FEM model offers a method of how to take 

into consideration the physical size and spatial location of 

each nanoparticle. The specifics of this method are discussed 

in the next section. 

   Optimizing current hyperthermia treatment is important for 

both clinical and research purposes. Less nanoparticles will be 

necessary for treatment if the process is optimized; this means 

lower levels of cytotoxic risk for the patient. Furthermore, 

parameters from computational studies may guide future 

experiments and make the process of research more efficient. 

O 
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   This FEM model is unique because it considers the finite 

size and spatial location of each individual IONP. By not 

approximating their heating capabilities, any asymmetry in 

temperature distribution becomes observable, further the FEM 

presented here considers time dependent IONP power 

distribution.  

   The objective of this research is to study how the time-

dependent IONP power dissipation can be utilized to optimize 

hyperthermia by increasing energy density in tumors while 

decreasing energy density in surrounding healthy tissue. 

II. METHODS 

FEM Governing Equations 

A finite element method was developed to solve the Penne’s 

bio-heat transfer equation in the rectangular coordinate system 

[17], which is shown below in (1), 

 

1

𝛼

𝜕

𝜕𝑡
𝜃(𝑥, 𝑦, 𝑡) =

𝜕2

𝜕𝑥2
𝜃(𝑥, 𝑦, 𝑡) +

𝜕2

𝜕𝑦2
𝜃(𝑥, 𝑦, 𝑡)

−
𝑐𝑏𝑊𝑏
𝑘
𝜃(𝑥, 𝑦, 𝑡) + 𝑃input(𝑥, 𝑦, 𝑡) 

 

 

(1) 

Where 𝛼 =
𝑘

𝜌𝑐
, 𝑘 is the thermal conductivity of tissue 

(W/m°C), 𝜌 is the density of the tissue (kg/m3), 𝑐 is the 

specific heat of tissue (J/kg°C), 𝜃(𝑥, 𝑦, 𝑡) describes the 

difference in temperature from the initial temperature, i.e. 

𝜃(𝑥, 𝑦, 𝑡) = 𝑇(𝑥, 𝑦, 𝑡) − 𝑇0(𝑥, 𝑦, 0), 𝑐𝑏 is the specific heat of 

blood (J/kg°C), 𝑊𝑏 is the blood perfusion rate (kg/m3), and 

𝑃input(𝑥, 𝑦, 𝑡) is heating due to IONP power dissipation 

(W/m2). The noteworthy portion in (1) for this paper is the 

time varying component of 𝑃input(𝑥, 𝑦, 𝑡). Whereas other 

simulations provide constant power input, in this model the 

IOPN power dissipation is allowed to vary with time. The 

weak form of the finite element method is shown below in (2), 
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1
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∮ (𝜔 (𝑘

𝜕𝜃

𝜕𝑥
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𝜕𝜃

𝜕𝑦
𝑛𝑦))

𝛤𝑒

= 0 

 

(2) 

 

where 𝛺𝑒  represents the area domain of each element, 𝛤𝑒  
represents the boundary of each element, 𝜔(𝑥, 𝑦) represents 

the interpolation function, and (𝑛𝑥, 𝑛𝑦) equals unit x and y 

vectors on the boundary, respectively. Newton’s law of 

cooling is introduced as the boundary condition, shown below 

in (3), 

𝑘𝑥
𝜕𝜃

𝜕𝑥
𝑛𝑥 + 𝑘𝑦

𝜕𝜃

𝜕𝑦
𝑛𝑦 − 𝛽𝜃 = 𝑞

^

𝑛 
(3) 

where 𝑞
^

𝑛  is the external heat flux and 𝛽 is the convective 

constant. Equation (3) can be substituted into the boundary 

integral term of (2) producing (4): 

∫ (𝜔(
1

𝛼

𝜕𝜃

𝜕𝑡
− 𝑃input) + 𝑘 (
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𝜕𝜃
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−
1

𝑘
∮ (𝜔 (𝛽𝜃 + 𝑞

^

𝑛))

𝛤𝑒

= 0 

 

(4) 

   According to the FEM scheme, the above equation is applied 

to each element of the discretized simulation space.  

 

FEM Simulation Setup 

Throughout the paper the IONP power dissipation resulting 

from 𝑓 = 300 kHz, 𝐻0 = 3300 A/m, and 3% particle 

concentration will be referred to as Pnorm. Variations of IONP 

power dissipation will be in reference to Pnorm, for example 1/2 

Pnorm.  

The finite element method developed for this study solves 

the above weak form of the Bioheat equation for generalized 

time-varying power input. The Crank-Nicolson scheme [44] is 

utilized to solve this equation. 6400 elements were found to 

provide a sufficiently fine mesh grid to capture the 

temperature distribution. The code was validated against 

Candeo & Dughiero, 2009 [18] for the simulation setup of 

constant Pnorm applied for 1800 s with a time step of 18 s. 

The physical size and spatial location of each nanoparticle 

in the simulation was incorporated in the FE model. Each 

IONP was placed onto the simulation space dictated by a 

Gaussian probability function, with the center of the Gaussian 

at the center of the tumor. This profile models general 

diffusion resulting from direct injection of IONPs into the 

center of the tumor. Next, the IONP is weighted into the 

heating function of the element the IONP resides in. This is 

done for each IONP in the simulation. By the end a piecewise 

heating function is developed that is characterized by the 

specific size and location of each IONP. 

   The temperature gradient was utilized as the characterizing 

parameter of hyperthermia selectivity. A greater temperature 

gradient indicates a greater temperature difference between the 

tumor and the surrounding healthy tissue. This increase in 

temperature difference is indicative of a greater disparity 

between the high energy in the tumor and low energy in 

surrounding tissue.  

 

III. Results and Discussion 

Several simulation studies were designed in order to 

develop general conclusions concerning the optimal time-

dependent power dissipation from IONPs for hyperthermia 

selectivity. First, while the energy input is held constant, the 

maximum power dissipation (Pmax) of IOPNs changes. 

Second, observing the power dissipation as a linear function 

further develops the understanding of time-dependent IONPs 

power dissipation. Third, principles are developed concerning 

how to design power dissipation time schemes in order to 

optimize energy concentrations in tumors. Finally, 

maintaining constant energy input is studied to understand the 

relationship between Pmax and the temperature gradient. 



28 

 

A. Importance of Maximum Power Increase 

The first simulation experiment is designed to understand 

how the maximum power input affects the final temperature 

gradient. To compare the results of each time-varying power 

scheme, the average energy input and the duration of each 

simulation is held constant at 1800 s. In order to observe the 

relationship between maximum power input and final 

temperature gradient, simulations were designed as follows: 

first a fraction of Pnorm lasts for 900 seconds and second the 

power is increased to maintain a constant average IONP power 

dissipation. For each simulation, the phrase “5/6-7/6” in 

Fig.1.a indicates the first 900s was 5/6 of Pnorm, and the second 

900s was 7/6 of Pnorm. Fig 1.a shows the power dissipation of 

IONPs for each power scheme as a function of time, and Fig. 

1.b shows the resulting average temperature gradient from the 

edge of the tumor to 1cm away from the tumor. As shown in 

Fig. 1.b, though the average power input is equal, the final 

temperature gradient in each case is not. Specifically, the 5/6-

7/6 case, with the lowest maximum power dissipation, had a 

33.5Δ0C/cm temperature gradient while the 0/6-12/6 case, 

with the highest maximum power dissipation, had a 

temperature gradient of 41.0Δ0C/cm, a 21% increase.  

The difference in temperature gradient, even though the 

energy input remained constant, is derived from the nonlinear 

nature of the solution to the Bioheat equation in (1). Systems 

undergoing constant heat input will exponentially asymptote 

toward equilibrium. Therefore, the most significant changes in 

temperature occur during the beginning stages of heating. A 

factor in the rate of temperature growth is heating intensity. 

Increasing heating intensity will increase the rate of 

temperature grown. As demonstrated by these simulations, the 

increased heating intensity, as demonstrated by the “0/6-12/6” 

case, and keeping energy input into the system constant with 

respect to each simulation, is significant enough to overcome 

the lower heating intensities with longer time scales. Again, 

this is due to the nonlinear increase in temperature resulting 

from constant IONP heating. In conclusion, while maintaining 

energy input constant, as the maximum power dissipation 

increases the final temperature gradient will also increase.  

 
(a) 

 
(b) 

Fig. 1 (a) Power input for each simulation run as a function of time. For example: 5/6-7/6 means first stage of power input = 5/6 Pin and second stage of 

power input = 7/6Pin, averaging to Pin over 1800 s. (b) Average temperature gradient corresponding to each power scheme as a function of time 

0.0

0.5

1.0

1.5

2.0

2.5

0 500 1000 1500 2000

N
P

 P
o

w
er

 D
is

si
p

a
ti

o
n

/P
n

o
rm

Time (s)

NP Power Input as function of Time

5/6-7/6

4/6-8/6

3/6-9/6

2/6-10/6

1/6-11/6

0/6-12/6

0

5

10

15

20

25

30

35

40

45

0 200 400 600 800 1000 1200 1400 1600 1800

T
em

p
er

a
tu

re
 G

ra
d

ie
n

t 
(Δ

° C
/c

m
)

Time (s)

Temperature Gradient vs. Time

5/6-7/6

4/6-8/6

3/6-9/6

2/6-10/6

1/6-11/6

0/6-12/6



29 

 

 
(a) 

(b) 

 
(c) 

Fig. 2:(a)NP power dissipation and temperature gradient of healthy tissue 
as function of time (b) Temperature of important locations in simulation 

(c)150 second equal increments time slices of the temperature distribution 

across the X-axis and through the peak NP concentration 

 

B. Power Input as a Linear Function of Time 

To further illustrate the role of maximum power dissipation 

in optimizing the temperature gradient inside the body, a 

simulation was run with the power dissipation of IONPs as a 

linearly increasing function, as is illustrated in Fig. 2.a. In Fig. 

2.c, the temperature is plotted from the center y-line of the 

simulation. This has the highest temperature profile because it 

passes through the highest concentration of IONPs. 

Furthermore, each curve in Fig. 2.c represents temperature 

profiles of equal 150 s increments. Important points in the 

simulation, including the center of the tumor, both edges of 

the tumor, and 0.5cm on either side of the tumor, are plotted as 

a function of time in Fig. 2.b. Note in both Fig. 2.b and 2.c 

that asymmetry and non-uniformity exists. This arises from 

the IONPs in the FE model having finite sizes and uneven 

distributions inside the tumor. Also in Fig. 2.c, by 2 cm away 

from the edge of the tumor, the temperature ceases to increase. 

This is important for ensuring consistency with experimental 

results. 

Note the temperature gradient in Fig. 2.a rises exponentially 

as the power dissipation of IONPs rise linearly. This is 

indicative of the benefit derived from increasing maximum 

power input. Furthermore, the temperature gradient increases 

more during the last 900s than in the first 900s. This leads to 

the conclusion that exponential benefit is obtained from 

greater increases in maximum power. 

 

C. Different Power Scheme with Equal Pmax Affects Final 

Temperature Gradient 

Having developed an argument for the role of maximum 

power input, the next simulations describe how to optimize 

time-schemes while maintaining constant average energy 

input and maximum power input. The simulations are as 

follows: the first 600 s is 1/2Pnorm, the second 600 s is Pnorm, 

and the final 600 s is 3/2Pnorm. The second simulation has the 

reverse order of the first simulation. Lastly, the results are 

compared to constant Pnorm over 1800 s. Each power time-

scheme is plotted in Fig. 3.a. The resulting temperature 

gradient for each power time-scheme is shown in Figure 3.b.  

Note, the scheme with Pmax in the last 600 s has a lower 

temperature gradient than constant power input. In fact, in the 

last 600s the temperature gradient of the 3/2-1-1/2 scheme 

decreased. This indicates that a power scheme with Pmax in the 

first portion of IONP power dissipation does not increase 

energy concentration inside tumors. This is understood by 

further analyzing Fig. 3.b. During highest IONP heat 

dissipation the run with 3/2Pnorm increased 19.8°C while the 

run with 3/2Pnorm last increased 16.0°C. This is a small 

difference, especially when considering each started at 

different initial temperatures. The reason a large discrepancy 

in final temperature was due to the lower heating operation, 

1/2Pnorm.  The run with 3/2 Pnorm in the beginning decreased 

temperature by 0.53°C. This occurred because the system was 

converging to thermal equilibrium, which for lower heating 

results in a smaller temperature profile. However, the run with 

3/2 Pnorm at the end increased in temperature by 6.98°C during  
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(a) 

 
(b) 

Fig 3: (a) Power dissipation as a function of time. Normalized to 
300 kHz and 1.2 A/m. (b) Averaged temperature gradient from 

edge of tumor to 0.5 cm away. 

lower heating intensity. The IONP heating scheme that 

allowed heating functions to build from previous lower 

heating operations is advantageous because this allows, as 

discussed in the previous section, the nonlinear nature of 

thermal heating to be employed for optimized final 

temperatures. 

Second, the power time-scheme with Pmax in the last 600 

seconds has ~Δ5°C/cm greater final temperature gradient, 

which indicates a higher energy density inside the tumor. In 

conclusion, it is important to design Pmax toward the end of the 

power time-schemes in order to maximize the final 

temperature gradient. 

 

D. Role of Pmax Duration in Temperature Gradient 

   The last computational hyperthermia study conducted was 

designed to understand how the length of Pmax affects the final 

temperature gradient. To compare each simulation Pmax was 

held constant as well as average energy input, during which 

the duration of Pmax changes. Fig. 4.a shows the power input as 

a function of time. To clarify, the phrase “2/6-1028” means 

the first stage has 2/6 Pnorm and the second stage has Pmax for 

1028 seconds. The 1028s, and all other time values, are 

calculated to ensure average energy input into the system 

remains constant across all simulations. 

   Fig. 4.b shows the temperature gradient for each power 

time-scheme as a function of time. The greatest temperature 

gradient, Δ37°C, was generated from the 0/6-1200 scheme; the 

lowest temperature gradient, Δ34°C, was generated from the 

5/6-450 case. As shown from the data, even though energy 

input was held constant, there was an increase in temperature 

gradient as the duration of Pmax increased. However, the 

increase was not as significant compared to the results from 

the previous three sections. While the duration of Pmax input 

increased 167%, the temperature gradient increased only 

8.8%. Previously found the magnitude of Pmax is important for 

increasing hyperthermia selectivity. However, the duration of 

Pmax is not as strong of a contributing factor, shown by the 

small increase in temperature gradient when Pmax is 

dramatically increased. This is because of the nature of the 

solution to the Bioheat equation, which was also the reason for 

Systems undergoing constant heat input will exponentially 

asymptote toward equilibrium. The most significant changes 

in temperature occurs during the beginning stages of heating. 

In this scenario of changing the duration of Pmax, capturing the 

beginning stages of heating, and the time when temperature 

changes most quickly, is sufficient. Further heating contributes 

little to increased hyperthermia selectivity. 

 

IV. CONCLUSIONS 

The conclusions from the preceding computational study 

will be directed toward hyperthermia treatment planning. 

Though constant power dissipation from IONPs is an obvious 

option, it is not the optimal option when attempting to 

concentrate energy inside tumors. From the general principles 

derived in this paper, time varying power dissipations from 

IONPs increase tumor temperature while decreasing 

surrounding healthy tissue temperature by three methods, 

which in each case was shown by increasing the temperature 

gradient at the edge of the tumor.  First and most important, 

the maximum power dissipation of IONPs plays a pivotal role 

in hyperthermia selectivity. Increasing the maximum IONP 

power dissipation creates a sharper temperature gradient 

between cancerous and healthy tissues, which is desired when 

attempting to mitigate local hyperthermia damage. Secondly, 

when planning the time-scheme of hyperthermia treatments, 

Pmax should be placed toward the end of the treatment. 

Allowing temperature gradients to build off one another due to 

different dissipation powers optimizes the localization of 

energy. Lastly, increasing the time of Pmax being applied to the  
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system certainly increases localization of energy. However, 

when compared to the first two points, it benefits only slightly.  

The more important aspect is the value of Pmax regardless of 

how long IONP power dissipation is at that value. 
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This work utilizes a Finite Element Model (FEM) to develop parameters about how to control temperature profiles during Iron 

Oxide Nanoparticle Magnetic Hyperthermia. Previous work has looked at how time-dependent heat dissipation of nanoparticles can be 

utilized to optimize the selectivity of hyperthermia. As a next step, this paper builds from previously developed optimization principles 

and understands how time-dependent heat dissipation can be utilized to control desired temperature hyperthermia states. During 

constant heat dissipation the time it takes for tumors to reach optimal hyperthermia states follows a power law of the order -1.15. 

When the nanoparticle heat dissipation is increased from x0.25 to x1 normal operation time decreases by a factor of 5. However, when 

nanoparticle heat dissipation is increased from x1 to x2 normal operations, the time benefit gained is only a factor of 2. In the case 

considered here, with 3% nanoparticle concentration, when the tumor’s temperature was selectively increased to 42°C or above a 86% 

reduction of heat dissipation resulted in the temperature profile to effectively freeze in time.  The value of power reduction value to 

freeze hyperthermia states is dependent on the desired hyperthermia states. The results provide insight into how to reach optimal 

hyperthermia states, cost-benefits to different nanoparticle heat dissipation intensities, and how to control tumor-selective 

hyperthermia states. 

   
Index Terms— Finite Element Modeling; Hyperthermia Control; Iron Oxide Nanoparticles  

 

I. INTRODUCTION 

he control of Iron Oxide Nanoparticles (IONPs) in their 

use for chemical therapeutics in cancer drug delivery is an 

important study in the field of nanomedicine [1]. The 

combination of chemical therapeutics and IONP heat 

treatment is a powerful tool in selective elimination of tumor 

cells [2] [3] [4]. Experimentally, researchers are finding novel 

methods to deeply seed nanoparticles inside tumors [5]. For 

example, Wong has found that physiological barriers that 

hinder delivery of the nanotherapeutics tumor can be 

overcome by utilizing a multistage deliver system that uses 

smaller NPs to diffuse through the boundary, and later builds 

together to complete the nanotheraputic objective [6].  

     Theoretical and computational studies have also been 

effective in advancing the field of IONPs, for it provides a 

powerful means to study a variety of case studies without 

balancing ethics. Candeo developed parameters determining 

the effects of changing IONP concentration in hyperthermia 

treatments [7]. Aggregation is one of the most difficult 

challenges to overcome in IONP delivery methods, and 

recently probability theory has elucidated the variability IONP 

aggregation introduces to final temperature profiles [8]. 

Computational studies have also demonstrated how time-

dependent IONP heat dissipation can be functionalized to 

increase the selectivity of tumors [9]. However, much work 

has yet to be done in the maturation of IONP as a viable 

treatment option for cancer patients. 

     As a next step in understanding the thermodynamics 

associated with IONP heat dissipation, parameters need to be 

developed on how to use time-dependent IONP heat 

dissipation to control hyperthermia states. The study uses an 

FEM model that considered the size and location of each  

 

 

 

nanoparticle in the simulation. 

II. METHODS 

Finite Element Model 

    A general 2D Finite Element Model (FEM) was developed 

specialized to study discretized heating sources, in this case 

finite-sized IONP heating sources. The model begins with the 

heat conduction equation, shown below in (1) 

 

1

𝛼

𝜕

𝜕𝑡
𝜃(𝑥, 𝑦, 𝑡) =

𝜕2

𝜕𝑥2
𝜃(𝑥, 𝑦, 𝑡) +

𝜕2

𝜕𝑦2
𝜃(𝑥, 𝑦, 𝑡) +𝐻NP(𝑥, 𝑦, 𝑡) (1) 

 

where 𝛼 =
𝑘

𝜌𝑐
, 𝑘 is the thermal conductivity of tissue 

(W/m0C), 𝜌 is the density of the tissue (kg/m3), 𝑐 is the 

specific heat of tissue (J/kg0C), 𝜃(𝑥, 𝑦, 𝑡) describes the 

difference in temperature from the initial temperature, i.e. 

𝜃(𝑥, 𝑦, 𝑡) = 𝑇(𝑥, 𝑦, 𝑡) − 𝑇0(𝑥, 𝑦, 0), 𝑐𝑏 is the specific heat of 

blood (J/kg0C), and 𝑊𝑏 is the blood perfusion rate (kg/m3). 

The elemental weak form of (1) is obtained by multiplying by 

a test function, 𝜔(𝑥, 𝑦), and integrating over each 𝑗th element, 

which results in 

 

∫ (𝜔 (
1

𝛼

𝜕𝜃

𝜕𝑡
− 𝐻i
ℰ) + 𝑘 (

𝜕𝜔

𝜕𝑥

𝜕𝜃

𝜕𝑦
+
𝜕𝜔

𝜕𝑦

𝜕𝜃

𝜕𝑦
)) ⅆ𝑥 ⅆ𝑦

ℰ𝑗

−
1

𝑘
∮ (𝜔 (𝛽𝜃 + 𝑞

^

𝑛))
𝛤𝑒

= 0 

 
(2) 

 

where ℰ𝑗 represents the area domain of each element and 𝛤𝑒  

represents the boundary of each element. The IONP heat 

function can be written explicitly, shown in (3) 

T 
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𝐻NP
ℰ (𝑥
→
, 𝑡) =∑∫𝐴𝑖(𝑡)𝒳𝑖(𝑥

→
)𝜔(𝑥, 𝑦) ⅆ𝑥

→

ℰ

𝑁

𝑖=1

 

 

(3) 

 

In other words, the total heat in element ℰ is the sum of all 𝑖 →
𝑁 NPs in the domain of ℰ. The reason the heating intensity, 

𝐴𝑖(𝑡), can be removed from the spatial location information of 

each 𝑖th NP,  𝒳𝑖(𝑥
→
), is the assumption that the magnetic field 

is uniform in the simulation space. This method of considering 

each individual IONP allows the spatial nonlinearities of 

nonhomogeneous distributions to be understood, as will be 

seen in the results section. 

Throughout this paper Pnorm refers to the heat dissipation 

from IONPs resulting from 𝑓 = 300 kHz, 𝐻0 = 3300 A/m, and 

3% particle concentration. This parameter is used to non-

dimensionalize the time-varying heat dissipation of IONPs. 

The spatial location of each IONP in the simulation was 

weighted based off a Gaussian probability function. This 

models general diffusion that would result from direct needle 

injection of the nanoparticles in a tumor. Temperature 

Gradient is utilized as a parameter to relate to energy density 

inside the tumor. The greater the temperature gradient, the 

greater the energy density inside the tumor and consequently 

the more selective hyperthermia was. 

III. RESULTS AND DISCUSSION 

Several IONP heat dissipation-time schemes were designed 

in order to understand the relationship between IONP heat 

dissipation intensity and time to reach optimal hyperthermia 

state. In each IONP heat intensity case, once the edge of the 

tumor, on average, reached a temperature increase of 5°C, 

Pnorm was reduced to control and maintain the tumor 

temperature profile. Lastly, general principles are developed 

concerning the cost-benefits to increasing IONP heat 

dissipation in hyperthermia treatments. 

 

A. Temperature Profiles of Hyperthermia States 

   A temperature contour map of optimal hyperthermia state, as 

defined by the average temperature on the boundary between 

the tumor and healthy tissue being Δ5°C, is shown below in 

Fig. 1. Note that though the global IONP distribution is  

weighted by a Gaussian function, the final temperature is not a 

smooth Gaussian function. This is the result the discretized 

nature of equation (3), and each IONP’s spatial position being 

considered in the simulation. The higher the IONP count then 

the smoother the IONP distribution function equals and, 

consequently, the smoother, and more predictable, the final 

temperature profile is.   

B. Time Required to reach Optimal Hyperthermia States 

Eight different IONP initial heat dissipation intensities, 

ranging from 0.25Pnorm to 2Pnorm, were analyzed to understand 

how it will change the time to reach the optimal hyperthermia 

state. Table 1 records the time it takes for each IONP heat 

dissipation intensity to reach the optimal hyperthermia state. 

The last column of Table 1 calculates the percent difference 

between the previous time and the current time. As evident, 

the percent difference with each increment of power becomes 

less and less, meaning the time-benefit gained from increasing 

the IONP heat dissipating intensity exponentially decreases. 

The results from Table 1 are plotted in Fig. 1 and a power 

function is fitted to the curve. Shown in (4) the time to reach 

the optimal hyperthermia state decreases by a power of -1.149, 

with an R2 value of 0.9976. The fitted equation is shown 

below in (4). 

 

  

Fig. 1. Temperature contour map Fig 2.  Power/Pnorm vs treatment time to achieve optimal hyperthermia 

conditions. 
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TIME TO REACH OPTIMAL HYPERTHERMIA STATE 

 

Power/Pnorm 
(W/m3) 

 

Time 
(s) 

 

Time 
(min) 

Percent Difference 

(%) 

0.25 1535.22 25.59  

0.50 617.07 10.28 59.8 

0.75 388.84 6.48 37.0 
1.00 284.30 4.74 26.9 

1.25 224.24 3.74 21.1 

1.50 185.24 3.09 17.4 
1.75 157.87 2.63 14.8 

2.00 137.10 2.29 13.2 
    

 

 



36 

 

Time = 292.7 ∗ (𝐻NP)
−1.149 (4) 

 

The exponent being less than -1 is expected because as the 

power is increased to infinity the time it takes to reach optimal 

state should approach zero.  

 

When the IONP heat dissipation is increased from 0.25 

Pnorm to Pnorm the time decreases by a factor of 5. However, 

when IONP heat dissipation is increased from Pnorm to 2Pnorm 

the time decreases only a factor of two. As demonstrated by 

Fig. 2, if the IONP heat dissipation is increased beyond 

1.25Pnorm  the time to reach optimal state plateaus. There is 

little savings in time by increasing the power beyond 

1.25Pnorm. Increased power beyond 1.25Pnorm would simply 

require additional energy while only minimally increasing 

damage to the tumor cells. The power-time relationship 

derived here and in Fig. 2 can be useful when the treatment 

time may need to be monitored and the predicted power input 

needs to be chosen.  

C. Comparing Controlled Hyperthermia States 

The next step is to compare the final controlled 

hyperthermia state with respect to global temperature and 

tumor selectivity. Fig. 3 is the IONP heat dissipation plotted 

against time during the simulation. When each of the eight 

different power inputs reach their respective optimal states 

they drop to the appropriate power to maintain a temperature 

rise of 5°C on the right edge of the tumor. Fig. 3 shows that 

the data fits the same power model as in Fig. 2. 

 

 
Fig 3.  Nanoparticle Heat Dissipation for eight different power inputs 

ranging from 0.25Pnorm to 2Pnorm. 

 

Also of interest is the temperature of the center and average 

temperature at the edges of the tumor over the time it takes to 

reach optimal state. Fig. 4 shows the temperatures of the 

center and the boundary between the tumor and the healthy 

tissue as a function of time. Here only the 0.25Pnorm, 1Pnorm, 

and 2Pnorm cases were chosen to be representative of heating 

behavior. The plateau of each plot is the point at which the run 

has reached optimal state. It can be seen that the time to reach 

optimal state for the 2Pnorm is much shorter than for the 

0.25Pnorm, yet the difference between the center and average 

edge temperatures are the same. There is no change when the 

power input is changed, which is indicative that the 

temperature profile effectively freezes during this second 

phase of IONP heat dissipation. 
 

 
Fig 4.  Nanoparticle Temperature Distribution over the tumor. 

 

Another parameter that is important to note is the 

temperature gradient at the boundary of the tumor. A higher 

temperature gradient will indicate a higher energy difference 

between the tumor and the healthy tissue, which means an 

increase in selectivity. Fig. 4 shows the temperature gradient 

for each of the 8 IONP heat dissipation intensities.   

 

Fig 5.  Average Temperature Gradient at the edges of the tumor until optimal 

state is achieved.  

 

It can be seen in Fig. 4 that the final temperature gradients 

for each run after optimal state is achieved do not vary greatly. 

There is not a significant gain between the 0.25Pnorm  and the 

2Pnorm  power inputs. The gain is 0.02 over a time change of 

approximately 1400 s. This increase is not considered 

significant. Therefore, although the temperature gradient 

achieved at 0.25Pnorm was higher than the rest it is not a large 

enough increase to justify a treatment time over 1500 seconds. 

The reason the temperature gradient does not change over 

each simulation run is because only constant power input is 

utilized. Had IONP heat dissipation varied with time previous 
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to the second controlling-phase of the hyperthermia treatment, 

as explained by Koch 2014 [9], a greater temperature gradient 

would have been achieved. 

IV. CONCLUSIONS 

The results in this study provide two main results: a 

computational proof of principle that hyperthermia states can 

be controlled and cost-benefits are associated with different 

IONP heat dissipation intensities. A significant amount of 

time, ~25 min, is required to reach the optimal hyperthermia 

state when IONP heat dissipation equals 0.25Pnorm. In real 

treatment applications this might be beneficial for more fragile 

patients that require a temperate treatment. However, for more 

aggressive hyperthermia treatments the optimal hyperthermia 

state can be reached in less than 45 seconds. However, with 

the greater rate of temperature growth more risk is associated 

with the patient. At the doctor’s discretion, these results can 

provide information to design the best magnetic hyperthermia 

treatment plan for patients. 

When IONP heat dissipation is constant, between each case 

of different IONP heat dissipation intensities, which are 

associated with different treatment options, center-tumor o 

temperature or boundary temperature gradients do not change 

significantly. Constant IONP heat dissipation results in the 

same energy density and tumor selectivity. 

Future work includes conducting a sensitivity analysis on 

how aggregation affects treatment time, and the degree to 

which it introduces variability. Furthermore, a theoretical 

assessment relating the concentration of IONPs, IONP 

distribution, and tumor size needs to be developed in order to 

further generalize the concept of controlling hyperthermia 

states inside tumors. 
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Abstract—The distribution of Iron Oxide Nanoparticles 

greatly affects the resultant temperature profiles from 

magnetically induced hyperthermia. Two common methods of 

introducing nanoparticles are studied in this paper: first direct 

needle injection, which results in Gaussian profiles from general 

diffusion, and second intravenous diffusion through the tumor 

edge. A finite number of nanoparticles are considered in order to 

understand temperature asymmetry. Direct injection is an 

effective method of heating and selectively heats tumors rather 

than local healthy tissue. Only later stages of intravenous 

diffusion does effective hyperthermia become a viable option 

because of homogenized heating. Early stages of intravenous 

diffusion produce precarious heating on the tumor-healthy tissue 

boundary. These results provide a way to utilize MRI data to 

understand the temperature profiles particular nanoparticle 

distributions produces.  

 
Index Terms—Iron Oxide Nanoparticles; Magnetic 

Hyperthermia; Intravenous Diffusion 

 

I. INTRODUCTION 

RON Oxide Nanoparticle (IONP) offer two advantages in 

cancer treatments: magnetic resonance imaging (MRI) and 

hyperthermia. Either is induced by IONPs depending on the 

magnetic field frequency and intensity regime. Experiments 

have extensively studied and optimized the process of 

hyperthermia [1-3]. However, it is important to augment 

experiments with theory and computational results, for such 

studies help elucidate unforeseen advantages [4-7]. Already 

simulations have provided a manner to effectively study 

scenarios that might otherwise be restricted financially and 

legally [8-11]. However, theory and simulations have yet to 

catch up to rate that experiments provide new information. It 

is important to augment experiments with theory and 

computational analysis. 

This paper continues to build theory of IONP magnetically 

induced hyperthermia by studying how IONP distribution 

affects final temperature profiles. Two common methods of 

cancer drug and IONP penetration are compared: direct needle  
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Virginia Tech, Blacksburg, VA 24060 USA (e-mail: caleb.koch@vt.edu). 
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injection and intravenous diffusion. MRI gives doctors 

information regarding IONP distribution. The results from this 

study will then give doctors an understanding of what 

temperatures would result from inducing magnetic 

hyperthermia. 

II. METHODS 

A general 2D method was developed in order to utilize a 

Finite Element Model (FEM) to discretize the consideration of 

IONP magnetic heating and study temperature profiles. Shown 

in (1) is the weak form, in rectangular coordinates, of the Heat 

Conduction Equation with the IONP heating term included, 

 

∫ (𝜔(
1

𝛼

𝜕𝜃

𝜕𝑡
− 𝑃input) + 𝑘(

𝜕𝜔

𝜕𝑥

𝜕𝜃

𝜕𝑦
+
𝜕𝜔

𝜕𝑦

𝜕𝜃

𝜕𝑦
+)) ⅆ𝑥 ⅆ𝑦

𝛺𝑒

−
1

𝑘
∮ (𝜔(𝛽𝜃 + 𝑞

^

𝑛))
𝛤𝑒

= 0 

 

(1) 

 

where 𝛼 =
𝑘

𝜌𝑐
, 𝑘 is the thermal conductivity of tissue 

(W/m0C), 𝜌 is the density of the tissue (kg/m3), 𝑐 is the 

specific heat of tissue (J/kg0C), 𝜃(𝑥, 𝑦, 𝑡) describes the 

difference in temperature from the initial temperature, i.e. 

𝜃(𝑥, 𝑦, 𝑡) = 𝑇(𝑥, 𝑦, 𝑡) − 𝑇0(𝑥, 𝑦, 0), 𝑐𝑏 is the specific heat of 

blood (J/kg0C), 𝑊𝑏 is the blood perfusion rate (kg/m3), and 

𝑃input(𝑥, 𝑦, 𝑡), 𝛺
𝑒  represents the area domain of each element, 

𝛤𝑒  represents the boundary of each element, and 𝜔(𝑥, 𝑦) 
represents the interpolation function. A full derivation and 

discussion of this model can be obtained in [1].  

 Two methods of introducing IONPs are modeled and 

considered in this paper: direct needle injection and 

intravenous diffusion. Direct needle injection is assumed to be 

diffused from the center of the tumor. General diffusion would 

result in a Gaussian IONP distribution profile, with the 

standard deviation growing as a function of time. The x and y 

position of each IONP is determined by a Gaussian probability 

function.  As the number of IONPs approaches infinity, the 

heating function becomes a smooth Gaussian function. 

Intravenous diffusion is modeled as IONPs diffusing into 

the tumor with equal weighting in radial directions. Once a 

random theta is determined, the radial position is determined 

by a normal distribution function with the mean located at the 

edge of the tumor. The increasing standard deviation values 

provide a way to model increasing time progressions of IONP 
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distribution. Early intravenous diffusion has the highest 

concentration at the edge, and as diffusion proceeds more 

IONPs enter the tumorous area.  

 
(a) 

 
(b) 

 
(c) 

Fig. 1: IONP distributions and temperature contours resulting from direct-
injection of IONPs into the tumor. (a) Histogram of IONP Gaussian 

distribution. (b) 150s increment time slices of temperature distribution. (c) 

Temperature contour plot. 

 

III. RESULTS AND DISCUSSION 

Four cases were considered for this experiment. First 

magnetic hyperthermia is applied to a direction injection, 

Gaussian distribution, with 1𝜎 equaling the radius of the 

tumor.  

The discussion continues then with three cases of 4𝜎, 3.5𝜎, 
and 3𝜎 to understand the results from hyperthermia due to 

intravenous diffusion, and to determine the most efficient 

manner in selectively heating tumors. 

Gaussian Profile Temperature Profile 

Direct needle injection of IONPs, released at the center of 

the tumor, results in diffusion that develops a Gaussian 

distribution profile from the release point. The deviation, or 

width of the Gaussian distribution is dependent on the time of 

injection. For this simulation assume a 1cm diameter spherical 

tumor, and the Gaussian distribution of IONPs is such that one 

standard deviation equals the radius of the tumor. Shown in 

Fig. 1.a a histogram of the distribution of IONPs is plotted. 

Note the tumor ranges between 0.02m and 0.03m. Fig. 1.b 

shows the temperature profile of the Pnorm for consecutive 150s 

time slices. The distribution of IONPs is highly related to the 

final temperature profile distribution, for the temperature 

profile closely follows the shape of the distribution histogram. 

Lastly, Fig. 1.c is a contour plot of the simulation space. 

This simulation is equivalent to Candeo 2009, with the only 

difference being a Gaussian IONP distribution was considered 

in the tumor rather than a homogeneous distribution. 

Asymmetry is present in this hyperthermia example, seem in 

the “hot spots” from Fig. 1.c and the only approximate 

Gaussian shape of Fig. 1.b. This result occurs because a finite 

number of IONPs is present rather than a heating function.  

Known from Koch 2014 Gaussian IONP distributions are 

effective in efficiently and selectively heating tumors and not 

imposing long-lasting effects on healthy tissue. From these 

results a better foundation is established for understanding the 

consequences of radial-Gaussian IONP distribution functions. 

Intravenous Diffusion Hyperthermia 

For the next three cases intravenous diffusion is modeled for 

the IONP nanoparticle distribution. The three cases simulated 

were 4𝜎, 3.5𝜎, and 3𝜎 all run with the same duration and time 

steps as the initial Gaussian distribution case.  

The 4𝜎 case represents very early stages of Intravenous 

Diffusion occurring. As modeled the highest IONP 

concentration occurs at the edge of the 1cm diameter tumor, 

depicted in the histogram in Fig. 2.a. Equal 150s time slices of 

the tumor temperature is shown in Fig. 2.b. Fig. 2.c plots the 

global temperature in the form of a contour plot. With the 

IONP count being 10 times larger on the tumor edge than the 

center, the temperature was 58 times larger on the edge than 

the center. The peak final temperature is 1.7 times larger than 

the peak temperature of the Gaussian profile distribution from 

Fig. 1. This results from a higher IONP concentration at the 

points of maximum temperature, but also the local density of 

these regions being higher. With the density of IONPs being 

so localized and focused on the edge little energy has time to 

dissipate during the 30min simulated magnetic treatment. 

During early stages of IONPs penetrating into the tumor, 

hyperthermia treatment would result in a radial-modal 

temperature profile, and follow the trend of the density of 

IONPs in the system. In this case, little heating occurred in the 

center, and certainly not enough to damage the center of the  
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tumor. Such heating also puts local healthy tissue at risk by 

having the temperature increased above 50C. 

The next case is 3.5𝜎, which represents IONP penetration 

several time stages after the 4𝜎 case. Again the histogram of 

IONP distribution, 150s equal time slices temperature profiles, 

and a global contour plot are plotted in Fig. 3.a, b, and c, 

respectively. Important to note is that in Fig. 3.c temperature 

asymmetry exists. “Hot spots” can be seen in dark red at 

different theta values.  

This is because a finite number of IONPs were considered in 

order to make the simulation more realistic. In the middle of 

the tumor, or 0.025m on the x-axis of Fig. 3.a, the intravenous 

diffusion begins to develop another peak of concentration in 

the center of the tumor. In this case, the IONP count is 5.5 

times larger on the edge than the center and only 10 times 

larger in final temperature. As the local density of IONPs 

decreases at the edge and diffuses into the enclosed tumor 

 

 
(a) 

 
(b) 

 
(c) 

Fig. 2: Temperature distributions from beginning time steps of intravenous 

diffusion, 𝜎=4. Results from early stages of intravenous diffusing of IONPs 
penetrating into tumor. (a) Histogram of IONP radial-modal distribution. (b) 
150s increment time slices of temperature. (c) Temperature contour plot. 

 
(a) 

 

 
(b) 

 

 
(c) 

 

Fig. 3: Temperature distribution from intermediate time step of 

intravenous diffusion, 𝜎=3.5. (a) Histogram of IONP radial-modal 
distribution. (b) 150s increment time slices of temperature. (c) 

Temperature contour plot. 

 



42 

 
 

region the temperature becomes further homogenized. The 

final temperature in the center of the tumor in this 3.5𝜎 
increased by 40C from the 4𝜎 case. This is also seen in Fig. 

3.b by the center of the tumor becoming a lighter blue. 

 

 
(a) 

 
(b) 

 
(c) 

Fig. 4: Final time step of intravenous diffusion and the resulting temperature 

distributions, 𝜎=3. (a) Histogram of IONP radial-modal distribution. (b) 150s 
increment time slices of temperature. (c) Temperature contour plot. 

The 3𝜎 results including the IONP histogram distribution, 

temperature time-slice profiles, and final temperature contour 

plot is shown in Fig. 4.a, b, and c, respectively. In this case the 

IONP concentration on the edge was only 2.5 times larger than 

the IONP concentration in the center of the tumor. The final 

temperature was 2.6 times larger than on the edge than the 

tumor. In order to keep healthy tissue from having its 

temperature increased by more than 50C the magnetic 

hyperthermia treatment would have needed to been stopped at 

450s. However, 25% of the tumor would not have reached 

sufficient temperature in order to incur irreparable damage.  

 

IV. CONCLUSION 

Gaussian profiles provide the most effective manner to 

introduce selective heating to tumors. Such IONP distribution 

ensures heating selectivity in the tumor. Intravenous diffusion 

leads to doubt whether all intratumoral regions reach 

irreparable temperature damage. This FEM method provides 

doctors a method for relating IONP distribution data, obtained 

from MRI imaging, to temperature profiles from magnetic 

hyperthermia.  

 Much future works is still to be done in order to 

understand how distribution affects final hyperthermia states. 

For example, a sensitivity analysis needs to be done on how 

the concentration affects intravenous diffusion hyperthermia, 

and on how aggregation affects variability and intratumoral 

heating. Furthermore, superposition distribution functions, 

such as combined direct injection and intravenous diffusion, 

could lead to improved heating profiles. 
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Abstract. Basic parameters of magnetic nanoparticle hyperthermia, including the number of 

nanoparticle injection sites, the location of each injection site, the heating intensity, and 

nanoparticle distribution can be used to improve the efficiency, effectiveness, and location-

specificity, defined as minimizing heating energy leaking into surrounding healthy tissue while 

maximizing heating uniformity inside the tumor, in cancer treatment. These parameters are 

experimentally controllable and, therefore, may be used to optimize treatment. A major dilemma, 

however, lies in understanding the impact of each parameter given that they are all highly 

interdependent. This study examines the parameter of tumor shape classification, measured here 

by eccentricity, and relates it to optimizing the efficiency of hyperthermia. The results of the 

study show that the optimal injection location was 0.55-0.65 of the transverse diameter, where 0 

is the center and 1 is the boundary of the tumor. This range of injection location optimizes all the 

eccentricity values considered in this study. Furthermore, when the number of injection sites was 

increased the heating efficiency eventually reaches a plateau where increasing injection sites 

beyond 5-8 injections does not improve heating efficiency. Additionally, the results presented 

here show that a nanoparticle distribution of 0.08 times the tumor transverse diameter optimizes 

the heating efficiency. The parameters outlined in this study, coupled with results from other 

work, can be used to optimize magnetic nanoparticle hyperthermia and guide experimental 

research studies on developing the feasibility of this cancer treatment option. 
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I. Introduction 

Nanoparticles have been instrumental in taking the next step forward in modern cancer solutions. 

As early as the 1950’s, scientists have been studying the self-inductive properties of magnetic 

nanoparticles [1] and continue to realize their potential for selective tumor hyperthermia 

treatments. Using magnetic nanoparticle hyperthermia alone successful treatments have been 

used for liver [2], breast [3, 4], and prostate cancer [5, 6]. In the past two decades, hyperthermia 

has become a more attractive treatment option because anti-cancer effects are enhanced when 

combined with chemical therapeutics. For example, tumors have been found to be more 

susceptible to cancer drugs after a mild hyperthermia treatment [7], drugs have been designed to 

be activated by heat release from magnetic nanoparticles [8], and drugs have been designed to 

target the heat shock protein 90 released by tumors after hyperthermia [9].  

A great deal of effort has been invested into optimizing and controlling the hyperthermia 

process. Scientists found that heating intensity can be controlled through particle size, particle 

coating, magnetic field strength, and frequency [10, 11, 12, 13]. Furthermore, Koch et al. have 

shown that by relaxing the assumption of constant nanoparticle heat dissipation and allowing it 

to be time-dependent, hyperthermia treatment energy was better contained inside the tumor 

boundary and leakage energy to healthy tissue was minimized [62]. An important assumption 

made in most nanoparticle heating models is that a direct injection results in a Gaussian heating 

distribution. Experimentally, this was verified with the only prerequisite being a slow 

nanoparticle injection rate into the tumor [15, 16]. 

More parameters involved in the hyperthermia process, however, have yet to be optimized. 

Bagaria and Johnson [17] utilized a square error optimization scheme between tumor and 

neurosis temperature, and surrounding tissue and normal temperature to develop an optimization 
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scheme. The goal of their study was to optimize nanoparticle heating distributions and generate 

temperature profiles closely resembling ideal temperature profiles. However, as noticed by 

Salloum et al. [18], the heating function was modeled as a quadratic decaying function. The 

heating distribution obtained in this study was not ideal because the entire tumor region did not 

reach neurosis temperature. As a response, Salloum et al. [18] proposed a new optimization 

scheme that utilized multiple injections. He was able to accomplish minimal damage to healthy 

tissue while maximizing damage to tumors. In this study the number of injection sites was 

assumed; here we attempt to expand on the research of Salloum et al. and allow for a varying 

number of injection sites.  Additionally, we investigate a variety of tumor shapes in order to 

provide new insight as to how injection sites relates to tumor shapes in general.  

The objective of this study is to extend previous work and further generalize hyperthermia 

parameters including nanoparticle heating intensity, heating distribution, number of injection 

sites, and location of injection sites. The behavior of these parameters are taken into 

consideration and presented alongside a discussion of how they change with various tumor 

shapes.  

A widely accepted method used by clinicians to classify tumor shape is eccentricity [19]; a 

number  of examples of this classification in practice include esophageal cancer [20], breast 

cancer [21], colon cancer [22], and brain cancer [23]. A L2-norm, similar to the optimization 

scheme used by Bagaria and Johnson [17], is the parameter defined in this study to determine if a 

heating distribution is optimal or not. Heating energy is considered through the duration of this 

study rather than temperature as it provided a better lens for gaining insight into the interplay of 

parameters than temperature. For example, from the energy perspective, the problem of 

containing nanoparticle heating energy inside the tumor boundary is more easily seen and 
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understood. For a series of heating distributions built from changing the four hyperthermia 

parameters, and continuing this for several eccentricity values, all results are compared against 

the ideal case of uniform heating energy in the tumor and no applied nanoparticle heat inputted 

into healthy tissue. From these results, a general understanding is discussed of how hyperthermia 

can be more location-specific and reliable by optimizing heating intensity, heating distribution, 

the number nanoparticle injection sites, and the location of each injection site. 
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II. Methods 

Here we outline the problem analytically and provide a framework for how the problem was 

solved computationally. Definitions are provided regarding heating efficiency, tumor 

eccentricity, and theoretical optimal heating efficiency, and actual heating efficiency. 

 

Analytical Description of Heating Efficiency 

Theoretical Heating Function.  Consider a two dimensional elliptical tumor area, 𝛺, with all 

cancerous tissue contained inside the tumor boundary, 𝛤. Further, define a theoretical optimal 

heating function, i.e. a heating shape over the area of the tumor that, as defined by hyperthermia 

practitioners, would be considered as optimal in eliminating the cancerous tissue. In the 

development of this function both heating intensity and shape must be considered. For the 

purposes of this study assumptions are made to define an optimal hyperthermia heating function. 

First, optimally, no heating should be allowed to spill into surrounding healthy tissue and all 

heating energy is contained within 𝛤. Second, heating should be uniform to ensure the treatment 

is homogenous, consistent, and predictable over the area of the tumor. Third, a heating threshold 

should be defined because too intense of a heating intensity would be disallowed by regulations. 

Given these requirements, a theoretical heating function is defined as (21), 

 

𝛱 (𝑥
→
) = {
 ℋ   if  𝑥 ∈ 𝛺
 0     if  𝑥 ∉ 𝛺

 
(21) 

where ℋ is the desired heating intensity. A graphical depiction of this function is shown in Fig. 

1. All the characteristics defined above as optimal are included in the function 𝛱 (𝑥
→
). 
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Fig. 1. Theoretical Optimal Heating Function, 𝛱(𝑥, 𝑡) 

 

Realistic Heating Function. A realistic heating function must be built to define the heating 

functions associated with experimental nanoparticle injections inside a tumor. From literature 

and general diffusion principles it is known that after release from the needle tip location, 

nanoparticles will diffuse as a Gaussian function [15]. Each 𝑖𝑡ℎ injection will contribute a 

Gaussian heating profile. Therefore, the actual heating function, 𝒜(𝑥, 𝑡), resulting from 𝑁 

injection sites equals the sum of all contributing heating profiles, as shown in (22), 

 

𝒜(𝑥, 𝑡) =∑𝐴𝑖(𝑡)Exp(
(𝑥 − 𝑥0𝑖)

2

2𝜎𝑖
2
+
(𝑦 − 𝑦0𝑖)

2

2𝜎𝑖
2 )

𝑁

𝑖=1

 

 

(22) 

 

where (𝑥0𝑖 , 𝑦0𝑖) is the center of the 𝑖th injection site and 𝜎𝑖 is the standard deviation. A few 

assumptions are included in (22) that are important to mention. First, the heating intensity peak, 

𝐴𝑖(𝑡), is not dependent on location, (𝑥, 𝑦). This means each nanoparticle is modelled as 

contributing equal heating energy. Further, not allowing 𝐴𝑖(𝑡) to vary with location assumes a 

uniform magnetic field, which again reflects equal heating contribution from each nanoparticle. 
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The second assumption adds that 𝜎𝑥𝑖 = 𝜎𝑦𝑖 = 𝜎𝑖. This employs the idea of spatial density 

homogeneity, such that when nanoparticles diffuse there are no deterrents in the 𝑥 or 𝑦 direction. 

The third assumption introduced is each injection site diffuses independently of each other and, 

therefore, linear superposition of Gaussian profiles allows for the construction of 𝒜(𝑥, 𝑡) as 

shown in (22). 

Heating Efficiency. The next step is to define heating efficiency and establish an infrastructure to 

compare different magnetic nanoparticle heating profiles. For the purposes of this study, utilizing  

the 𝐿2-norm, which is the integral of the square difference between the theoretical and the actual 

heating function, was a useful means of comparing examples. 𝐿2 is defined explicitly below in 

(23). 

𝐿2 = ∫(𝛱(𝑥, 𝑡) − 𝒜(𝑥, 𝑡))2 ⅆ𝛺
𝛺

 (23

) 

This norm-parameter quantifies the excess/deficient energy in the system as related to the 

optimal energy distribution profile. The problem can be further formalized and understood 

through an analytical minimization process. Mathematically, minimizing means taking the partial 

derivative with respect to each parameter, 𝑐𝑗, and setting each 𝑗th equation equal to zero. The 

process is shown below in (24). 

 
𝜕

𝜕𝑐𝑗
∫(𝛱(𝑥, 𝑡) − 𝒜(𝑥, 𝑡))2 ⅆ𝛺
𝛺

= 0 
(24

) 

Define 𝛯 as the healthy tissue area surrounding the tumorous tissue. Expand (24) by 

separating the contribution of the tumor and healthy tissue, which results in (25). 
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∫
𝜕𝒜

𝜕𝑐𝑗
(𝛱 −𝒜)ⅆ𝛺

𝛺

−∫
𝜕𝒜

𝜕𝑐𝑗
𝒜ⅆ𝛯

𝛯

= 0 
 

(25) 

Equation (25) demonstrates the two factors affecting the minimization process conducted in 

this paper. First, shown in the second integral of (25), in the healthy tissue both the heating 

intensity of the magnetic nanoparticles, 𝒜, and magnitude of difference constant 𝑐𝑗 is from 

globally optimizing hyperthermia, as depicted by 𝜕𝒜 𝜕𝑐𝑗⁄ , contribute to optimizing hyperthermia 

parameters. Inside the tumor, shown in the first integral in (5), again the parameter derivative, 

𝜕𝒜 𝜕𝑐𝑗⁄ , and the difference between the theoretical and actual heating intensity contribute to the 

global heating efficiency. 

 

Computational Solution to Heating Efficiency Optimization Problem 

This section outlines the computational procedure carried out to solve the location optimization 

problem. First, Eccentricity is defined to parameterize the shape of tumors. Next, an algorithm is 

developed to optimize the four parameters considered in this study: magnetic nanoparticle 

injection location, the location of each injection, magnetic nanoparticle distribution width, and 

heating intensity. 

Tumor Eccentricity. A common characteristic used to define tumor shapes is eccentricity [19, 20, 

21, 22, 23], as defined below in (26), 

ℰ = √1 − (𝑏 𝑎⁄ )2 (26) 

where 𝑎 = major tumor diameter and 𝑏 = minor tumor diameter. For  ℰ = 0 the tumor is 

spherical, and as  ℰ approaches 1 the tumor is more elliptical. Plotted below in Fig. 2 is the tumor 

shapes for 7 different ℰ values. 
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Fig. 2. Plot demonstrating shape of tumors with different values of ℰ 

 

These are the 7 eccentricity values that will be considered here. Note for each ℰ case 𝑎 and 𝑏 

are scaled such that tumor area is held constant (𝛺 = 𝜋). For each computational study the area 

of the tumor always equals the area of healthy tissue under consideration (𝛯 = 𝛺 = 𝜋). 

Computationally Computing L2. An algorithm must be developed to computationally calculate  

L2 as defined above in (23). An example of the computation is shown in Fig. 3. The theoretical 

heating function, 𝛱(𝑥, 𝑡), is introduced, as was shown in Fig. 1.a. Over the entire simulation 

space the actual heating function, 𝒜(𝑥, 𝑡), is then subtracted from 𝛱(𝑥, 𝑡) and that value is 

squared, as shown in Fig. 3.b.  The simulation area is then numerically integrated. The greater 

this computed L2 value is the less efficient the heating treatment is, and inversely if L2 equals 

zero the heating profile perfectly matches the optimal magnetic nanoparticle heating profile. 
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(a) 

 
 (b) 

 

Fig. 3. Demonstration of L2-norm calculation. (a) Actual Heating Function, 𝓐(𝐱, 𝐭), for 4 injection 

sties, injections located at boundary of tumor. (b) Square error map 
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III. Results and Discussion 

This section presents the results, with discussion, on how the parameters including: the number 

of NP injections, location of NP injection sites, NP heating intensity, and NP heating distribution 

can be functionalized to optimize magnetic nanoparticle heating profiles inside tumors. The goal 

in designing heating patterns is decreasing energy leakage into healthy tissue, increasing heating 

uniformity, and achieving prescribed heating intensities.  

Optimizing Number of and Location of NP Injection Sites 

The first series of simulations was designed to determine the optimal number and location of NP 

injection sites. For each ℰ the number of nanoparticle injection sites varied from 2-20. Injection 

sites were placed with equal angular spacing, such that 2 injection sites corresponded to (0, 𝜋), 3 

to (0, 2 𝜋 3⁄ , 4 𝜋 3⁄ ), etc. Finally, nanoparticle injection sites varied radially starting from the 

center to all injection sites at the tumor boundary. 

The first simulation experiment considered constant nanoparticle heating intensity, 𝐴𝑖 = 0.5, 

constant heating distribution, 𝜎 = 0.1, and constant theoretical heating intensity of ℋ = 1. Note, 

nanoparticle heating intensity has been scaled to the theoretical heating intensity, which means 

𝐴𝑖 = 0.5 is half of the desired final heating intensity, ℋ = 1. The distribution, 𝜎, is also scaled 

with respect to the major axis of ℰ = 0. Therefore, in this case, 𝜎 = 0.1 corresponds to 1/10th of 

the tumor diameter.  The results are compiled and plotted in Fig. 4. 
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(a) 

 
(b) 

 

 (c) 

Fig. 4. Demonstrating the calculation of the optimal number of injection sites and optimal location 

of injections.  (a) Minimum Heating Efficiency dependent on NP injection location for ℰ = 0 and 

(b) ℰ = 0.98625. (c) Optimal number of injection sites for all 𝓔 cases. 

  

Fig. 4.a. is a plot of the L2 values with increasing radial distance of the NP location sites for 

the ℰ = 0 case and Fig. 4.b. is a plot of the ℰ = 0.96825. Evid This is because a finite number of IONPs 

were considered in order to make the simulation more realistic. In the middle of the tumor, or 0.025m on the x-axis 

of Fig. 3.a, the intravenous diffusion begins to develop another peak of concentration in the center of the tumor. In 

this case, the IONP count is 5.5 times larger on the edge than the center and only 10 times larger in final 

temperature. As the local density of IONPs decreases at the edge and diffuses into the enclosed tumor ent in Fig. 

4.a, having all the NP injection sites in the center of the tumor is never the best scenario, 
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especially as the number of injection sites increases. With increasing number of injection sites, 

the benefit to locating NP injection sites away from the center increases. From these plots a 

range of transverse diameter values, which is valid across all ℰ cases, that optimizes the 

hyperthermia treatment is 0.55-0.65. 

Fig. 4.c shows the minimum heating efficiency values for each curve in Fig. 4.a and for each 

ℰ case. This graph then shows the minimum heating efficiency possible given an eccentricity and 

number of injection sites. For each ℰ case, the optimal number of injection sites ranges between 

8-11. These results are important for a hyperthermia practitioner because it provides them an 

understanding of how to plan a hyperthermia treatment in this limiting case. For this example, if 

a hyperthermia practitioner was limited to only one type of nanoparticle solution and one needle, 

these results would be important to guiding where to injection the nanoparticles and how many 

injections would optimize the treatment. 

Optimizing Number of IONP Locations now keeping Heating Input Constant 

One parameter not conserved in the previous consideration is the total energy applied to the 

system, which equals: Total Energy = ∑ 2𝜋𝜎𝑖𝐴𝑖
𝑁
𝑖=1 = 2𝜋𝑁𝜎𝐴, if 𝐴𝑖 and 𝜎𝑖 equal for each case. 

In order to keep this parameter constant, the next computational study scales the heating intensity 

accordingly: 𝐴𝑖 = 1 (2𝜎𝑖𝑁𝑖)⁄ . Introducing this scaling keeps energy constant between all cases. 

The same simulation conducted above is done again, and the results are plotted below in Fig. 5. 
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(a) 

 
(b) 

 

 (c) 

Fig. 5. Determining the optimal number of injection sites and location of injections for the case of 

constant energy. (a) Minimum Heating Efficiency dependent on NP injection location for ℰ = 0 and 

(b) ℰ = 0.98625. (c) Optimal number of injection sites for all 𝓔. 
 

The same trend is observed in Fig. 5.a. as was observed in Fig. 4.a. The optimal location for all 

number injection sites again ranged between 0.55-0.65. By changing the location of injection 

sites, the heating becomes 9 times more efficient than if all injections were placed at the center. 

Also, notice significant improvements in heating efficiency are observed in Fig. 5.a. and Fig. 5.b 

between 2 and 3 and 4 injection sites as the line trends toward zero. Then, beyond 4, the figures 

do not demonstrate improvements in heating efficiency. 
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To further elucidate how the number of injection sites changes heating efficiency prospects, 

Fig. 5.c, was generated in the same manner as Fig. 4.c. For each eccentricity factor case, starting 

at 5-8 injection sites the minimum possible heating efficiency plateaus. Increasing the number of 

injection sites does not necessarily increase the heating efficiency. Also note in Fig. 5.c, the more 

spherical a tumor is, the more efficient the tumor treatment is, and in this case heating when ℰ =

0 is 3.5 times more efficient than when ℰ = 0.96825. Also note, in general, an even number of 

injections is better than an odd number of injections. This is because symmetry allows more the 

tumor area to be evenly heated. However, after the plateau phenomenon it is not relevant 

whether the number of injection sites is even or odd.  

In summary, after 8 NP injections the heating efficiency is not improved. Furthermore, at a 

relative transverse distance of 0.5-0.65, given 𝜎 = 0.1, the nanoparticle heating distribution is 

optimized. In later sections the heating distribution will be optimized. However, for the present 

purposes, it is enough to verify that, in fact, heating does improve when injection sites are varied. 

 

Optimizing Heating Distribution, 𝜎 

The heating distribution may, arguably, be the most important parameter to optimize. Thinking 

hypothetically, one would project that having small distributions with a high number of injection 

sites would be optimal. However, intuition was not corroborated by the results to follow. 

For the first case considers the same parameters as the above simulation and again conserve 

total energy inputted into the system. For this computational experiment change the heating 

distribution width from 𝜎 = 0.1 to 𝜎 = 0.2. The same figure configuration is plotted below in 

Fig. 6. 
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(a) 

 
(b) 

 
 (c) 

Fig. 6. Determining the optimal number of injection sites and location of injections for the case of 

constant energy, wide case. σ = 0.2. a) Minimum Heating Efficiency dependent on NP injection location 

for ℰ = 0 and (b) ℰ = 0.98625. (c) Optimal number of injection sites for all ℰ. 

When the distribution is doubled a very different heating efficiency profile is observed in Fig. 6. 

For example, after the minimum heating efficiency is reached per number of injection sites in 

Fig. 6.a and 5.b, putting injection sites closer to the boundary increases heating efficiency much 

more so than for  σ = 0.1. This is because with a wider distribution, heating energy leaks into 

healthy tissue more immediately than with a narrower distribution. Another observation in the 

similarity between σ = 0.1 and σ = 0.2 is in Fig. 6.c plateauing of heating efficiency occurs still 

at around 8 NPs. 
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In the next example, the distribution is halved to σ = 0.05. The same results are plotted 

below in Fig. 7. Again, very different heating efficiency profiles are observed. In Fig. 7.a and 

Fig. 7.b, for example, a smaller increase in heating efficiency happens toward the boundary than 

observed in Fig. 6.a and Fig. 6.b. Furthermore, in Fig. 7.c, significant improvement in heating 

efficiency is gained from increasing the number of injection sites; this trend was not observed for 

the wider heating distribution cases of σ = 0.1 and σ = 0.2. 

 

 

  

 

 (c) 

Fig. 7. Determining the optimal number of injection sites and location of injections for the case of 

constant energy, narrow case. σ = 0.05. a) Minimum Heating Efficiency dependent on NP injection 

location for ℰ = 0 and (b) ℰ = 0.98625. (c) Optimal number of injection sites for all ℰ. 
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The next step is to relate all the heating distribution cases and determine the optimal 𝜎 value. 

Several different 𝜎 cases were run as well as different ℰ values. For each case the plateau heating 

efficiency was saved and utilized to compare each case. For the sake of this discussion, a lower 

plateau value corresponds to a more optimal case. The results are summarized in Fig. 8. 

 
(a) 

 
(b) 

Fig. 8. Understanding how eccentricity factor and NP distribution can be optimized for hyperthermia 

treatments. (a) Plotting Eccentricity vs. Plateau Heating Efficiency for different distribution values. 

(b) plotting distribution vs. plateau heating efficiency for different Eccentricity Factor values. 
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Fig. 8.a. shows how the eccentricity changes the possibility of optimizing hyperthermia 

treatments. As the tumor converges toward becoming flatter and flatter, the prospects of 

improving heating efficiency increases exponentially to infinity. Interestingly, in Fig. 8.a. the 

lowest two heating efficiency lines are for 𝜎 = 0.1 and 𝜎 = 0.075. All other 𝜎 cases, both above 

and below 0.1 and 0.075, a lower heating efficiency cannot be achieved. This is further 

delineated in Fig. 8.b.  

Fig. 8.b. plots the NP distribution spread vs. the plateau heating efficiency for different 

eccentricity factors. Counter to intuition, decreasing the heating distribution does not decrease 

the heating efficiency. Rather, if the distribution becomes too low then the hyperthermia 

treatment becomes exponentially farther away from the desired heating treatment. As the NP 

distribution increases, as seen in Fig. 8.b, the plateau heating efficiency again increases. This is 

because the distribution become too wide and heating energy leaks into the healthy tissue. An 

optimal NP distribution was found for each ℰ ranging between 0.08-0.09. Therefore, the optimal 

NP heating distribution for a tumor with any eccentricity factor is between 0.08-0.09 of the 

transverse diameter. 
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IV. Conclusions 

The objective of this study was to determine the optimal parameters involved in NP heat 

dissipation hyperthermia treatment. With regards to a cancer treatment, this study provides 

insight into some of the most basic questions such as how where to inject the NPs in the tumor, 

how many injections is best, based on the number of injections, and whether a wide or narrow 

NP distribution or narrow distribution is more effective for the treatment. These questions 

become difficult to address because they all have the same answer: it depends. Interdependencies 

between parameters make elucidating generalizations about how to design hyperthermia 

treatments. Nonetheless, using a computational study this study determines based on the tumor 

shape how all the parameters can independently thought of.  

Eccentricity was used to characterize the tumor shape, which is used in various fields of 

oncology. Considering different tumor shapes allows the results to consider the geometrical 

dimension of cancer that many times is neglected.  

The first general principle found was where to optimally injection NPs. Between 0.55-0.65 of 

the relative transverse diameter, scaled such that 0 is the center and 1 is the edge, for all 

eccentricity factors and in the range of optimal heating intensity and distributions heating 

efficiency was optimized. This was the location where heating didn’t leak into the surrounding 

healthy tissue and at the same time was roughly uniform around the center of the tumor.  

The second general principle found was that after 8 injection sites the heating efficiency did 

not improve, rather remained constant. 8 injection sites were just as efficient as 15 injection sites. 

This result demonstrates that a saturation point can be reach in improving heating efficiency by 

distributing heating energy to different injection sites. This plateau value was sometimes higher 

or lower than the heating due to 2 or 3 injection sites, depending on the NP distribution. Below 8 
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injection sites, even numbers of injection sites, 2, 4, and 6, were more advantageous than odd 

number of injection sites, 3, 5, and 7, because of symmetry. 

The third general principle found is that the optimal NP distribution, measured as the standard 

deviation, to optimize heating is 0.08 of the transverse diameter. At this distribution spread 

energy in healthy tissue was minimized while energy uniformity inside the tumor was 

maximized. The corresponding heating intensity is found by scaling based on the desired heat 

dosage to be applied to the patient. Lastly, all spatial dimensions were nondimensionalized with 

respect to the major transverse diameter of the tumor. Therefore the results can be scaled based 

on the size of the tumor.  

Based on these principles, a comprehensive hyperthermia treatment plan can be devised to 

optimize heating efficiency and improve the overall performance.  In order to define an 

optimized treatment scheme, these results show that a practitioner should use 6 injection sites in 

a symmetric format. The injections should be located just over half the radial distance from the 

center to the boundary of the tumor. The injection rate of nanoparticles should be such that the 

final Gaussian width of the distribution is 0.08 the transverse diameter of the tumor. Finally, the 

heating intensity is dictated by the desired outcome from the hyperthermia treatment practitioner. 

For future work, some assumptions can be relaxed that would give insight into further 

improving hyperthermia efficiency. First, efficiency can be improved if injection sites were 

allowed to have different heating intensities and distribution spreads. This would allow the 

treatment to be further tailored specific tumors. Second, allowing injection sites to be 

nonuniformly distributed around the tumor might allow for greater heating efficiency. 
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Abstract— This work develops a new theory to outline the 

implications aggregation of Iron Oxide Nanoparticle (IONP) has 

on nanoparticle hyperthermia treatments. Nanoparticle 

aggregation presents the most difficult constraint on the use of 

IONPs for use in Hyperthermia treatment. During aggregation, 

IONP distribution loses its uniformity and this produces 

inhomogeneous heating distributions, which is undesirable. 

Furthermore, researchers have not been able to quantify the 

unpredictability and variability and different severities of 

aggregation introduces to the hyperthermia treatment. In a 3D 

model, parameters were developed to define a 95% confidence 

interval of the expected thermal dosage tumor regions will 

receive during treatment. Six different regions of the tumor 

studied to determine how the different tumor regions are affected 

by aggregation. Found in this study, the boundary of the tumor is 

more susceptible to heating variability due to aggregation vs. the 

center of the tumor. 

In an extreme case of aggregation, the thermal dosage received 

at the edge of a tumor ranged from 1-10% of total energy 

inputted into system. However, as aggregation decreased the 

variability decreased and the upper and lower range of expected 

thermal dosage converged. Several IONP diameter and 

concentration scenarios were considered, and for all cases the 

theory shows that when the number of aggregates approaches a 

critical value and heating unpredictability of a tumor region 

grows exponentially. The aggregation theory presented in this 

study gives outlines for hyperthermia practitioners for 

understanding aggregation and when aggregation becomes 

unsafe for a patient. 

 
Index Terms— Hyperthermia; Iron Oxide Nanoparticles; 

Aggregation 

 

I. INTRODUCTION 

ron Oxide Nanoparticles (IONP) and their multi-

functionality have progressed the field of medicine in 

several ways. The first application IONPs were used for was 

imaging. By externally applying an approximately 3 Tesla and 

a 1-3MHz alternating magnetic field IONPs relax the 

oscillatory magnetic-moment energy in the form of light.  
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Researchers have built detectors to capture this light, and 

coined this technology as MRI. In the field of medicine, MRI 

is used routinely to take non-invasive yet in vivo images of 

internal tissues [1, 2]. Secondly, IONPs function in the 

traditional manner, i.e. we think about iron being attracted to 

static magnetic fields. In the same way scientists have 

conjugated IONPs to chemotherapeutics and used static 

magnetic fields to increase its accumulation in the tumor [3, 

4].  

 The third application is using IONPs to induce tumor 

hyperthermia. Decreasing the MRI magnetic fields to about 

0.2 Tesla and 500kHz alternating results in the relaxation 

energy being released in the form of heat rather than light, a 

process also known as Néel relaxation [5, 6]. Scientists have 

worked for the past 30 years to fine-tune this heat release 

mechanism to achieve target-specific cancer treatments.  

One of the natural yet difficult problems to deal with in 

IONP hyperthermia is aggregation. Magnetic fields of 

opposite polarity attract. Each IONP is a single magnetic 

dipole domain. From stochastic thermal perturbations these 

single domains from local IONPs will fluctuate in a manner 

that results in IONPs becoming attracted to each other, which 

leads to aggregating. Nanoparticles that were originally 2nm 

can build into aggregates of diameters from 20nm to 3microns 

[20]. In order to cope with this problem chemists have 

designed IONP fabrication methods to coat iron oxide with 

polymeric coatings to keep magnetic domains from getting too 

close and aggregating. Chan in 1993 [21] used lengthy 

polymer chains to keep IONPs from aggregating. However, he 

observed that any deficiencies resulted in aggregation, given 

that aggregates have intensified magnetic field attractions, 

which enhances the problem. More recently, Yallup and et al. 

[22] were interested in reducing the effects of aggregation. 

After IONPs were constructed they put them under 

hyperthermia conditions, allowed IONPs to aggregate, then 

centrifuged them to get the larger aggregates out, and 

siphoned off the good IONPs. Even by undergoing that 

process the system aggregation still occurred.  

The IONP construct is not the only variable in aggregation. 

Lundqvist in 2008 [23] and Safi in 2010 [24] noticed that 

when citric acid molecules and poly(acrytic acid) polymer 

coatings around iron oxide and cerium oxide nanoparticles 

when serum proteins was present aggregation occurred tenfold 

from the original hydrodynamic diameter. 
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Recently, Sadhukha in 2014 [25] studied what resulted if 

aggregation could be used despite the inhomogeneous 

temperature distributions. They were not able to quantify the 

unpredictability aggregation introduced to the system and 

proceeded with the hyperthermia treatment.  

This study presents a new theory that first provides a 

framework for understanding nanoparticle aggregation, and 

applies the theory to quantify the unpredictability and 

variability for different severities of aggregation. A 95% 

confidence interval of expected heat dosage is defined for 

different tumor regions. These tumor regions are then related 

to their susceptibility to aggregation. Furthermore, as 

predicted by the theory, a critical aggregation value exists for 

nanoparticle diameter and concentration such that beyond that 

degree of aggregation variability grows exponentially. The 

results are discussed in application to hyperthermia 

practitioners the theory’s implications for developing the 

feasibility of hyperthermia as a cancer treatment. 

 

II. METHODS 

The initial equation utilized to develop the framework for 

the theoretical analysis is the general Heat Conduction 

Equation, shown in (27), 

 
1

𝛼

𝜕

𝜕𝑡
𝑇 (𝑥
→
, 𝑡) − 𝛻2𝑇 (𝑥

→
, 𝑡) = 𝐻NP (𝑥

→
, 𝑡) 

(27) 

 

where 𝛼 =
𝑘

𝜌𝑐
, 𝑘 is the thermal conductivity of tissue 

(W/m0C), 𝜌 is the density of the tissue (kg/m3), 𝑐 is the 

specific heat of tissue (J/kg0C), 𝑇(𝑥
→
, 𝑡) is the temperature, and 

𝐻NP(𝑥
→
, 𝑡) is heating due to IONP power dissipation (W/m3). 

The general method for developing a Finite Element Model 

(FEM) is multiplying the equation with an arbitrary weight 

function 𝜔 (𝑥
→
), discretizing the simulation domain, and 

integrating over the area of each element, 𝛺𝑒 . From this 

process (27) becomes 

 

 

 
Figure 1. Different regions of the tumor that were 

compared to study how aggregation affects the 

unpredictability of hyperthermia treatments. 
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(28) 

 

where 𝛤𝑒 is the boundary of each element and 𝑛
→

 equals the 

vector on the boundary.  Newton’s Law of Cooling is utilized 

as the boundary condition, shown below in (29), 

 

𝑘 (𝑛
→
· 𝛻𝑇) + 𝛽(𝑇 − 𝑇0) = 0 

(29) 

 

where 𝛽 is the convective constant and 𝑇0 is the initial 

temperature.  Because the first term of (29) matches with the 

boundary integral integrand of (28) we make the appropriate 

substitution, which produces (30). 
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(30) 

 

Above in (30) is the general term of the FEM that can be 

utilized to solve for temperature distribution of any simulation 

space and with arbitrary fineness of mesh.  

 The term in (30) that will be considered in the 

theoretical discussion of this study is the heating due to a finite 

number of IONPs, shown in (5) and written in fuller terms 

below. 
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(31) 

 

This term includes the information necessary for 

understanding how the aggregation of IONPs introduced 

variability and unpredictability to the system.  The proceeding 

discussion focuses on developing a method for relating the 

concentration of IONPs and aggregation to increased risk for 

hyperthermia patients. 

III. RESULTS AND DISCUSSION 

The discussion includes a theoretical development of a 

probability function that describes IONP distribution in a 

region based off of general diffusion starting from the center 

of the tumor, representing direct injection of IOPNs.  After a 

spatial probability function is built for discretized IONPs, the 

function is related to thermal dosage for arbitrarily defined 

regions.  Next, understanding the range of expected thermal 

dosage provides a means for relating aggregation of IONPs to 

variability and determining the aggregation that results in 

critical variability, which we define as unsafe and 

unpredictable hyperthermia behavior.   
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Derivation of Heat Dissipation from Finite Nanoparticles 

The 𝐻NP (𝑥
→
, 𝑡) term from (31) is the term that will be 

analyzed here. In this term is the spatial distribution, temporal 

development of the IONPs thermal effect on healthy versus 

cancerous tissue.  

In order to further understand the implications of this term 

the distribution of nanoparticles in a system must be 

discretized.  By not considering the location and size of each 

nanoparticle one loses effects due to variation.  Considering 

the size and location of nanoparticles is especially important 

when nanoparticles aggregate.  In this situation the total 

number of nanoparticles, or IONP aggregates, greatly affect 

the unpredictability of temperature distribution. 

To develop a theoretical understanding of the variability of 

temperature distribution based on aggregation, we consider the 

probability of the x-value of the ith nanoparticle’s position, 𝑃𝑥𝑖, 

shown below in (32), 

 

𝑃𝑥𝑖(𝑥𝑖 , 𝑥0, 𝜎𝑥) =
1

𝜎𝑥√2𝜋
Exp (−(

(𝑥 − 𝑥0)
2

2𝜎𝑥
2 )) 

 

(32) 

 

where  𝑥0= the center of the Gaussian Distribution and 𝜎𝑥= the 

standard deviation of distribution. It follows that in 3D the 

probability an IONP will have a particular location that equals 

(33). 

 
𝑃(𝑃𝑥𝑖⋂𝑃𝑦𝑖⋂𝑃𝑧𝑖) = 

1

𝜎𝑥𝜎𝑦𝜎𝑧(2𝜋)
3 2⁄
Exp[−(

(𝑥 − 𝑥0)
2

2𝜎𝑥
2
+
(𝑦 − 𝑦0)

2

2𝜎𝑦
2
+
(𝑧 − 𝑧0)

2

2𝜎𝑧
2
)] 

(33) 

 

It is important to note that ∫𝑃(𝑃𝑥𝑖⋂𝑃𝑦𝑖⋂𝑃𝑧𝑖) ⅆ𝑥
→

ℝ

= 1, for a 

nanoparticle has to have a (𝑥, 𝑦, 𝑧) position in the domain of the 

system.  The 𝑃(𝑃𝑥𝑖⋂𝑃𝑦𝑖⋂𝑃𝑧𝑖) function can be used to build the 

𝐻NP(𝑥
→
, 𝑡) function. 

Define a three dimensional region ℧ = {(𝜉, 𝜂, 𝜁) → [𝑥1, 𝑥2] ⨯

[𝑦1, 𝑦2] ⨯ [𝑧1, 𝑧2]}.  The probability of a nanoparticle being in the 

region ℧ equals 

 
𝑃(℧) = 𝑃(𝑃𝜉⋂𝑃𝜂⋂𝑃𝜁) 

               =
1

𝜎𝑥𝜎𝑦𝜎𝑧(2𝜋)
3 2⁄

∫

 
 
 

∫

 
 
 
∫ (Exp(−(

𝑥2

2𝜎𝑥
2
+
𝑦2

2𝜎𝑦
2

𝑥2

𝑥1

𝑦2

𝑦1

𝑧2

𝑧1

+
𝑧2

2𝜎𝑧
2
)))ⅆ𝑥 ⅆ𝑦 ⅆ𝑧 

 

 

(34) 

 

Carrying out the integral in (34), the probability of the ith 

particle occurring in the region ℧ equals 

 

𝑃𝑖(℧) = 𝑃𝑖(𝑃𝜉⋂𝑃𝜂⋂𝑃𝜁) =
1

8
(Erf [

𝑥2

𝜎𝑥√2
] − Erf [

𝑥1

𝜎𝑥√2
]) 

(Erf [
𝑦2

𝜎𝑥√2
] − Erf [

𝑦1

𝜎𝑥√2
])(Erf [

𝑧2

𝜎𝑥√2
] − Erf [

𝑧1

𝜎𝑥√2
]) 

 

(35) 

 

where Erf(·) is the error function. 

The next step in the discussion is moving from considering 

any 𝑖th IONP aggregate and expanding to considering the 

probability of 𝑚 numberof IONP aggregates out of a total 𝑛 in 

the system. Making the step of discussing 𝑚 aggregates will 

allow for the global phenomenon of aggregation and its 

varying degrees of unpredictability to be quantified. Thus, 

again considering the arbitrary region ℧, the probability of 𝑚 

IONP aggregates out of a total 𝑛 occurring in ℧ is shown 

below in (36),  

 

𝑃℧
∗(𝑚, 𝑛, 𝑃℧) = 𝐶𝑚

𝑛 [𝑃℧]
𝑚[1 − 𝑃℧]

𝑛−𝑚

=
𝑛!

𝑚! (𝑛 − 𝑚)!
[𝑃℧]

𝑚[1 − 𝑃℧]
𝑛−𝑚 

(36) 

 

where 𝑃𝜉 =
1

2
(Erf [

𝑥2

𝜎𝑥√2
] − Erf [

𝑥1

𝜎𝑥√2
]) and 𝐶𝑚

𝑛  is the combinations 

symbol. 

 Equation (36) is an analytical expression that 

quantifies the variability of heating dosage due to aggregation. 

However, the order of magnitude of quantity of IONPs in the 

system and the resulting factorial calculations makes (36) an 

equation not implementable computationally. Therefore, 

introduce Sterling’s factorial approximation, shown below in 

(37).  

 

ln(𝑛!) = 𝑛ln(𝑛) − 𝑛 + 𝒪(ln(𝑛)) 
 

𝑛! ∼ √2𝜋𝑛 (
𝑛

𝑒
)
𝑛

 

 

(37) 

 

In the regime of 𝑛 values discussed in this study the order 

of error, 𝒪(ln(𝑛)), is minimal. Using (37) to approximate (36) 

the final equation can be written below in  

 

𝑃℧
∗(𝑛,𝑚, 𝑃℧)

= √
𝑛

2𝜋𝑚(𝑛 − 𝑚)
((
𝑛(1 − 𝑃℧)

𝑛 − 𝑚
)

𝑛

(
(𝑛 − 𝑚)𝑃℧
𝑚(1 − 𝑃℧)

)

𝑚

) 

 

(38) 

 

 Above in (38) is the analytical expression to 

determine the number of expected aggregates in an arbitrarily 

defined tumor region ℧. This equation is written generally so 

that Gaussian profiles are not the only type of profiles within 

the scope of possible calculations. For example, if multiple 

injection sites are used for hyperthermia treatments then 𝑃𝑖(℧) 
from (35) can be modified to account for the superimposed 

Gaussian profiles. 

 

B. Expected Probability Plots of IONP Aggregates 

The next step is to delve into the implications and predictive 

power of (38). Begin with the assumption that the tumor is a 

3D symmetric spherical tumor. Furthermore, assume IONPs 

were injected in the center of the tumor. It is valid to model  
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Figure 2. Probability of any 𝑖𝑡ℎ IONP being located 

±0.1 𝜎𝑥,𝑦,𝑧 from the center point. Each point represents a 

region of the tumor under consideration for this study. 

 

 

the IONP distribution as a Gaussian function, which was 

experimentally verified by Salloum et al. [7]. Furthermore, 

assume the distribution is spread is such that the healty tissue-

tumor boundary and the 1𝜎𝑥,𝑦,𝑧 Gaussian distribution line 

coincide. 

 

 One of the variables of interest for this study is how 

different tumor regions respond to aggregation and the 

variability aggregation introduces. Therefore, define tumor  

 

regions with width 0.2σx,y,z of the Gaussian distribution. 

Because of the assumption of Gaussian IONP distributions 

coinciding with the tumor boundary, the (-0.1,0.1), short for (-

0.1σx,y,z,0.1σx,y,z) region represents the center of the tumor 

and (0.9,1.1) represents the boundary between tumorous and 

healthy tissue. Below in Figure 1 is the tumor is shown with 

the different slices representing the different regions 

considered. In the actual study only a 3D rectangular section 

was considered rather than the entirety of the spherical slice. 

 Equation (35) from the discussion above tells the  

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 3. Expected aggregate counts for different aggregation severities. (a) diameter = 0.6nm (b) diameter = 1.25nm (c) 

diameter = 3.75nm (d) diameter = 6nm 
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(a) 

 
 (b) 

Figure 4. Standard Deviation of fitted Gaussian profiles 

plotted against aggregate diameter. (a) Non-normalized 

standard deviation. (b) normalized standard deviation. 

 

probability of any 𝑖th IONP aggregate occurring in the 

different specified regions. Shown below in Figure 2 the 

probability is plotted for each tumor region, where the blue dot 

represents the center of the tumor region while it extends 

±0.1 𝜎𝑥,𝑦,𝑧 in each of the three dimensions. The trend in 

Figure 2 follows a Gaussian profile, which results from the 

influence of the initial premise that IONPs and its aggregates 

are distributed in a Gaussian profile. 

 

 

C. Relationship between IONP Probability function and 

Heating Function 

Following from the derivation discussion, the next step is to 

explicate the predicting power and consequences of (38).  

Begin by considering a case that initially 10 billion 

IONPs were injected into a tumor that has the same 

distribution characteristics as specified above. Conservation of 

IONP volume is held when considering all aggregate cases. 

This means that the number of aggregates and the diameter of 

the aggregate are scaled so that the total volume of aggregates 

is always equal. For four different aggregates cases: 0.6nm, 

1.25nm, 3.75nm, and 6nm the probability of 𝑚 aggregates 

occurring in the six different defined tumor regions out of a 

total available 𝑛 is plotted below in Figure 4. 

In Figure 3 going from (a) to (d) the diameter of the 

aggregates increases, and consequently the number of 

available aggregates decreases. The total aggregate count and 

aggregate diameter are shown at the top of the each plot. 

Though the peaks in Figure 3 have the widest range of 

possible aggregates, with respect to the total available 

aggregates the peaks are narrower when compared to the more 

extreme cases of aggregation. Moving to cases (b), (c), and (d) 

as the severity of aggregation increase the peaks become wider 

and wider, with respect to the number of available number of 

aggregates. This begins to demonstrate the increased 

variability aggregation introduces to hyperthermia: as 

aggregation increase, the expected aggregate count becomes 

more unpredictable, as normalized to the total available 

aggregates 

 In Figure 3, each peak can be fitted to a Gaussian 

profile with a correlation factor of 0.985 or above. Form the 

fitted Gaussian profile the standard deviation characterizes the 

width of the peaks, i.e. the variability introduced by the 

different degrees of aggregation. Standard deviations are 

compiled for different aggregate diameter cases and plotted 

below in Figure 4.a for the non-normalized standard deviation 

and Figure 4.b normalized to the total number of available 

aggregates. 

 Figure 4.a, by neglecting the number of 

available aggregates, does not elucidate the variability of 

aggregation. However, by normalizing to n, Figure 4.b 

demonstrates the profile of unpredictability due to 

aggregation. As the aggregate diameter increase, the width of 

the fitted Gaussian profile exponentially increases. This trend 

is true for all tumor regions with the only difference being the 

rate of increased variability. The center of the tumor’s, (-0.1, 

0.1), normalized range of expected aggregates grows at a 

faster rate than any other region. This means the center of the 

tumor is more susceptible to aggregation tan other regions. 

The boundary of the tumor, region (0.9, 1.1), is the least 

susceptible to aggregation, for the width of the expected 

aggregate count peak grows at the smallest rate. 

 The expected aggregate count also sheds light on the 

variability of heating dosage applied to region ℧. The total 

heating of an element with domain ℧ due to 𝑛 number of 

IONPS can be written as shown below in (39), 

 

𝐻NP
℧ (𝑥
→
, 𝑡) =∑∫NP𝑖(𝑥

→
, 𝑡)𝜔(𝑥

→
) ⅆ𝑥
→

℧

𝑛

𝑖=1

 

 

(39) 

 

where NP𝑖(𝑥
→
, 𝑡) provides the heating amplitude and spatial 

location of each ith IONP.  If an IONP is not in the domain of 

℧ then it will not contribute to the 𝐻NP
℧  function.  If the 
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assumption is made that IONPs do not experience net motion 

during the duration of magnetic treatment then the time-

dependent amplitude of heating can be separated from the 

spatial location of the IONP, which is explicitly shown in (40). 

 

NP𝑖 (𝑥
→
, 𝑡) = 𝐴(𝑡)𝑆𝑖 (𝑥

→
) (40) 

 

Note that 𝐴(𝑡) does not have an ith index because of the 

assumption that the applied magnetic field is uniform in the 

region of consideration, therefore the contribution of energy 

for each ith IONP is equal.   

 One of the benefits to fitting the peaks in Figure 3 to 

Gaussian profiles with a high correlation factor is a confidence 

interval can be defined for the expected number of aggregates 

in region  ℧. Therefore, define 𝑗 as the true number of IONPs 

in the region of ℧. As stated above, 𝑗 can be written with 95% 

certainty between the range of 𝑗 𝜖 [𝛼1, 𝛼2]. The heating 

function can therefore be written as shown below in (41). 

 

𝐻NP
℧ (𝑥
→
, 𝑡) = 𝐴(𝑡) ∑ ∫𝑆𝑖(𝑥

→
)𝜔(𝑥
→
) ⅆ𝑥
→

℧

jϵ[𝛼1,𝛼2]

𝑖=1

 

 

(41) 

 

Equation (41) provides a method to relate the number of 

IONPs in the system to the expected variation of heating, 

which correlates to the variation of temperature.  

 

Figure 5. 95% confidence intervals of expected heat dosage to region ℧ for different tumor regions. 

 
(a) 

 
(b) 

Figure 6. Standard Deviations of fitted Gaussian profiles to 

aggregate counts plotted against total aggregate count. (a) 

non-normalized standard deviation. (b) normalized standard 

deviation. 
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 To further consider how aggregation relates to 

applied heat dosage assume that the region ℧ is sufficiently 

small such that the spatial contribution of heating for each 

IONP is independent of its location in ℧. Therefore (41) may 

be simplified to  

 

𝐻NP
℧ (𝑥
→
, 𝑡)

= 𝐴(𝑡)𝑃𝜉
∗(𝑛, 𝑗)𝑃𝜂

∗(𝑛, 𝑗)𝑃𝜁
∗(𝑛, 𝑗)𝑉NP∫ 𝜔 (𝑥

→
) ⅆ𝑥
→

℧

 

 

(42) 

 

where 𝑉NP= the volume of a single IONP.  Each aggregate 

contributed a portion of the total heat dosage applied to the 

system. Therefore, normalizing the aggregate’s applied heat 

dosage to tumor region ℧ by the total heat dosage applied to 

the tumor region we posit that a 95% confidence interval can 

be defined for the expected heat dosage. For the 9 different 

regions considered in this study the results are plotted below 

in Figure 5. 

 For each color corresponding to different tumor 

regions, the space between the same color is the 95% 

confidence interval of expected heat dosage applied to region 

℧. Moving right on the x-axis of Figure 5, increasing the 

aggregate diameter is equivalent to increasing the severity of 

aggregation. As the severity of aggregation increases the 95% 

confidence interval exponentially increases, a trend observed 

previously in Figure 4.b. 

 Observing the results plotted against aggregate 

diameter does not fully reveal the emergent unpredictability 

aggregation introduces to hyperthermia treatments. To further 

elucidate the consequences of aggregation, plot the non-

normalized and normalized standard deviation against total 

aggregate count, which is shown below in Figure 6. 

Furthermore, the 95% confidence interval of expected heat 

dosage applied to tumor region ℧ is plotted below in Figure 7. 

 Shown in Figure 6, a stark shift in tumor heating 

occurs at roughly 4 million IONPs. Previous to that shift, even 

with small degrees of aggregation expected heat dosage was a 

narrow profile, as observed in Figure 7. However, after a 

critical point, aggregation results in an unpredictable heat 

dosage that grows at an unprecedented rate. 

Using this theoretical assessment an understanding can be 

developed concerning the variability of hyperthermia for 

certain areas of tumorous regions due to aggregation.  From 

knowing the variability of heat dosage at important areas the 

safety of the patient can be better considered. 

IV. CONCLUSIONS 

This work presents a new theory that provides a framework 

of understanding nanoparticle hyperthermia and the 

implications this phenomenon has for hyperthermia cancer 

treatments. Aggregation is a prominent problem in arguing the 

feasibility of nanoparticle hyperthermia, and the 

unpredictability aggregation introduces to the system has yet 

to be quantified. The new aggregation theory defines a 95% 

confidence interval of expected heat dosage for arbitrary 

tumor regions. For hyperthermia practitioners this allows them 

to know based on real-time diameter measures of nanoparticle 

aggregates the expected heat dosage. A feature inherent to 

nanoparticle diameter and concentration is at a critical 

aggregate diameter the variability of expected heat dosage 

increases exponentially. Beyond this critical aggregate 

diameter hyperthermia is too unpredictable and the treatment 

is unsafe for the patient. 

In observing aggregate diameter increase, this study 

considered only beginning stages of aggregation. An initial 

diameter of 2nm was considered up to 12.5nm of aggregate 

diameter, and an initial diameter of 10nm was considered up 

 
Figure 7. Expected heat dosage based on the total available aggregate count with a 99% confidence interval. 
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to 60nm. A critical aggregate diameter was highlighted as a 

defining feature of the changing physics of aggregation. 

Beyond 12.5nm and 60nm the expected heating profiles lose 

their Gaussian peaks and transform into other nonlinear 

profiles. Future work would include a rigorous analysis of 

these different expected heat dosage profiles and elucidating 

the implications regimes of greater aggregation has on 

hyperthermia treatments. 

Other future studies would include including a sensitivity 

analysis for understanding how initial diameter and 

concentration change the critical aggregation diameter. 

Furthermore, this theory allows one to understand how 

different nanoparticle distribution profiles from multiple 

injection sites could mitigate the effects of aggregation. 
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This research focused on improving nanoparticle hyperthermia from many different 

perspectives. Each study within this work contributes to the field of nanoparticle hyperthermia 

by optimizing different factors of hyperthermia, discussing new distribution profiles, or 

introducing new theories. While assumptions are made in each study in order to ensure the 

problem was solvable, the resulting general principles derived are useful for understanding IONP 

hyperthermia and developing treatments.  

 The first study contributes to optimizing hyperthermia by relaxing the assumption of 

constant heat dissipation and demonstrates the advantage of allowing IONPs to dissipate heat at 

varying intensities. The applied magnetic fields dictate the heating intensity of nanoparticles. 

Therefore, as outlined in this study, doctors can increase the target-specificity of IONP heat 

treatments by using magnetic fields to change heating intensities of IONPs during the treatment. 

First, the higher the heating intensity the more the energy density is contained inside the tumor 

rather than leaking to healthy tissue. Second, putting heating intensity at the end of the treatment 

time improves target-specificity. Lastly, the duration of maximum IONP heating intensity is not 

as important as the magnitude of the IONP heating. 

 The second study contributes to the field of hyperthermia by demonstrating magnetic 

fields can be used to change IONP heating intensity during the treatment to control tumor and 

healthy tissue temperatures. Optimal temperature profiles are obtained in the previous study. 

This takes the next step by maintaining the temperature profile through time by changing the 

IONP heating intensity. Furthermore, this study contributes by outlining cost-benefits of 

different IONP heating intensities. For a more benign tumor, if metastasis is a concern, slower 

heating intensities may be beneficial. For a more volatile tumor, if the objective is to quickly 
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eliminate the tumor, higher heating intensities are necessary. This study shows that after a certain 

heating intensity, treatment time does not benefit by further increasing IONP heating intensity. 

Therefore, with respect to treatment time, it is not worth overheating a patient. 

 The third study contributes to hyperthermia treatments by discussing the consequences of 

introducing IONPs to a tumor via capillary diffusion. This type of IONP distribution has not 

been discussed in the field of hyperthermia; only direct injection distributions have been 

considered.  Capillary diffusion has the advantage, vs. direct injection, of introducing energy to 

the tumor boundary. Alone introducing IONPs through capillaries is not sufficient for 

hyperthermia treatment. However, combined with direct injection the temperature distribution is 

made more homogenous throughout the tumor. 

 In the previous three studies a Finite Element (FE) model was used to solve for the 

temperature profiles. However, a few assumptions were made that might change the results of 

each study. First, the density of the tumor was considered homogenous when in reality the 

density is higher in the center and converges to the density of normal tissue. Second, 

temperature-dependent blood perfusion cooling was neglected. The two assumptions would 

change the temperature profile shapes of the previous three studies. However, the general 

principles of using magnetic fields to optimize hyperthermia, control hyperthermia, and capillary 

diffusion distributions do not change. 

 The fourth study contributes to the field of hyperthermia by optimizing four non-time 

domain parameters: the number of IONP injections, the location of each injection, the IONP 

distribution spread of each injection, and the heating intensity. Multiple injections are able to 

obtain a more homogenous temperature distribution than a single injection in the center. If 



80 

 

multiple injections are used, then should be injected in a symmetric manner at 0.55-0.65 the 

distance between the center and boundary of the tumor. An IONP distribution of 0.08x the tumor 

diameter is optimal for obtaining a homogenous temperature distribution. An even number of 

injection sites is better than odd because of symmetry. Finally, after 6 injection sites increasing 

the number of injection sites does not increase the homogeneity or specificity of applied heat 

dosage.  

A few assumptions were made that if relaxed might further improve hyperthermia. First, 

the study assumed each injection site had the same distribution width and heating intensity. In 

reality, these parameters are allowed to change based on different IONP fluid characteristics. 

Second, injecting IONPs in an asymmetric profile was not considered. Asymmetry might offer 

prospects of further improving hyperthermia. 

The fifth study contributes to the field of hyperthermia by introducing the first theory 

quantifying the variability aggregation introduces to temperature. This theory has direct 

implications for experiments and hyperthermia doctors. First, the results provide a quantifiable 

manner of how aggregation will affect the temperature distribution inside tumors. From MRI the 

diameter of IONPs, or their aggregates, can be obtained in real-time. This study then determines 

based on the aggregate diameter whether aggregation will fail or not affect the hyperthermia 

treatment. A small amount of aggregation does not result in an unpredictable temperature profile. 

Below a critical aggregate diameter aggregation does not affect the system. However, a certain 

diameter the system will be dominated by aggregation variability. Before a hyperthermia 

treatment is started doctors should know this critical aggregate diameter. 


