
SOLUTION OF THE LAMINAR BOUNDARY LAYER OF 

A SEMI··INFINITE FLAT PLATE GIVEN AN 

IMPULSIVE CHANGE IN VELOCI1Y AND TEMPERATURE 

By 
\ 

Michael D<. ·Bare 

Thesis submitted to the Graduate Faculty of the 

Virginia Polytechnic Institute 

in partial fulfillment for the 

degree of 

MASTER OF SCIENCE 

in 

MECHANICAL ENGINEERING 

APPROVED:. _ ·_...-;--__ _..__ 
-- • 7--Chai~man DR.,/MARTIN CRAWFORD 

I. 

I --- _· --- --~--------------------
D • ROBERT K. WILL 

May 1967 

Blacksburg, Virginia 



I. 

II. 

III. 

IV. 

TABLE OF CONTENTS 

ACKNOWLEDGEMENTS 

LIST OF FIGURES 

NOMENCLATURE 

INTRODUCTION 

REVIEW OF LITERATURE 

DERIVATION OF THE APPROXTMATE DIFFERENTIAL 

EQUATIONS 

Statement of the Problem 

Momentum Equation 

Energy Equation for Prandtl Number Greater 

Than Unity 

Energy Equation for Prandtl Number Less 

Than Unity 

Nondimensionalized Equations 

SOLUTIONS OF THE APPROXIMATE DIFFERENTIAL 

EQUATIONS . 

Veloc_i ty Boundary Layer 

Thermal Boundary Layer for Prandtl Number 

Less Than Unity 

Thermal Boundary Layer for Prandtl Number 

Greater Than Unity 

Determination of the Nusselt Number 

ii 

v 

vii 

l 

3 

8 

8 

12 

14 

16 

18 

20 

20 

23 

30 

47 



v. 

VI. 

VII. 

VIII. 

IX. 

- .I I 

iii 

FINITE~DIFFERENCE SOLUTION. OF THE BOUNDARY-LAYER 

EQUATIONS 

COMPARISON OF APPROXIMATE SOLUTION WITH INDEPEN-

DENTLY DERIVED RESULTS 

·steady .. State Temperat"Ure Profile 

Infinite-Plate :Temperature Profile 

Approximate versus Finite-Difference Temperature 

49 

53 

53 

56 

Profile 57 

Steady-State Nusselt Number 64 

Approximat~ versus Finite-Difference Solution 

for Nusselt Number 65 

DISCUSSION OF RESULTS 

SUMMARY 

RECOMM:ENDATIONS 

BIBLIOGRAPHY 

APPENDIX 

VITA 

70 

73 

74 

75 

78 

83 



J Lil. 

ACKNOWLEDGEMENTS 

I wish to thank for his valuable assistance 

in this project. suggested the problem, suggested 

using the method.of characteristics to solve the approximate 

differential equations, and gave. many other helpful suggestions 
) 

during the course of this project. 

I also wish to thank and 

, for their constructive suggestions during the review of this thesis. 

iv 



Figure 

3-1 

4-1 

4-2 

4-3. 

. 4-4 

4-5 

4-6 

4-7 

5-1 

6-1 

6-2 

6-3 

6-4 

6-5 

l ... J 

LIST OF FIGURES 

Sketchof the boundary layer 

Solution for the velocity boundary-layer thickness 

Typical. solution for Pr ::;:;.1 

Typical solution for 1 ::;:;; Pr s 4. 55 

Line of constant thermal boundary.;.layer thickness 

for .. 1.0 s Pr ::;:;; 4.55 

Typical solution for 4; 55 :::; Pr :::; 8. 86 

Typical solution for Pr ;;:: 8. 86. 

Discontinuity. assuming transient solution for 

. 'T s; 2. 554X 

Nodal network for finite-difference solution 

Comparison of steady-state temperature profiles 

Comparison of purely transient (infinite plate 

solution) temperature profiles 

Comparison of temperature profiles for Pr= 0.7 

and X = 15,000 

Comparison of temperature profiles for Pr = 0.7 

and x = 22,500 

Comparison of temperature profiles for Pr = 3.0 

and x = 15,000 . 

. Compal:'ison of temperature profiles for Pr :::: 3.0 

and x =·22,500 

v 



Figure. 

·. 6-7 

6.:.8 

6-9 

A•l 

A-2 

A-3 

A-4 

•.• 1 J .. l . I _ ··, 

vi 

Comparison of. steady-state Nusselt numbers 

Comparison of Nusselt numbers for Pr = 0.7 

Comparison of Nusselt numbers for Pr = 3.0 

Constant .required for .equation (4-31) 

Constant required for equatiqn (4-32) .· 

Constant required for equatiOn (4-54) 

Constant required for equati~n (4-55,) •' 

. , ; 



Symbol 

a, b, c, 

al, bl' 

B 

h 

Kl, 

Nux 

Pr 

Re 

r 

s 

t 

T 

u 

u 

v 

v 

x 

K2 

d 

cl' dl 

NOMENCLATURE 

Constants in equation (3-7) 

Constants in equation (3-8) 

Constant defined by equation (4-36a) 

Convection heat-transfer conductance 

Constants for equations (4-31), (4-32), (4-54), 

and (4-55) 

Constant for equation (4-58) 

Constant for equation (4-59) 

Thermal conductivity 

Local Nusselt number, hx/k 

Prandtl number, V/a 

Reynolds number, u00x/~ 

Parameter used in method of characteristics 

Parameter used in method of characteristics 

Time 

Nondimensionalized temperature, (8-8w)/(8oo-8w) 

Velocity component in x direction 

Nondimensionalized velocity component in x 

direction, u/uco 

Velocity component in y direction· 

Nondimensionalized velocity component in y 

direction, v/uoo 

vii 



Symbol 

x 

x 
y 

y 

\) 

'T 

8 

Subscripts 

i 

j 

w 

0 

viii 

C~ordinat~ parallel to plate 

Nondimensionalized x coordinate, ua;,X/ 'V 

Coordinate vertical to plate 

Nondimen.sionalized y coordinate, u00y/'V 

Thermal diffusivity 

Velocity boundary-layer thickness 

Thermat boundary-layer thicknElSS 

Nondimensionalized velocity boundary-layer 

thickness 

Nondimensionalized thermal boundary"'-layer 

thickness 

Kinematic viscosity 

Nondimensionalized time 

Temperatul:'e 

Increment in· x direction used in· fin.ite-difference 

soiution 

Increment in y direction used in finite-difference 

solution 

Evaluated at the plate 

Refers to value along a boundary curve in method of 

characteristics 

Evaluated in the free stream 



.' 

ix 

Superscript 
) 

·' 
n Time increment used in finite-difference solution 

' 



L .•. .. J. __ I .. I .I ... 

CHAPTER ·I 

INTRODUCTION 

There are [!I.any variation,,s to the problem of determining the 

velocity and temperature profiles· and the heat transfer in the 

boundary layer of an incompressible fluid moving over a semi-infinite 

flat plate. Solutions e:xist forthe following cases: 
. . . . 

. . . 

a. The flow is steady and- the plate temperature is constant~ 

.. b. The fluid free-stream velocity is changing continuously 

with time and the pla·te temperature is constant. 

c. · The fluid fl:ee-stream velocity is constant and the plat~ 

. temperature is. changing continuously with time. 

d. Both the free-stream velocity and .the plate temperature are 

changing continuouslywith time~ 

e. The fluid free-stream velocity is cons.taut and there is a 

sudden step: change in plate·teqiperatti,;~. 

There are no solutions which describe the velocity and tempera-

ture profiles at ail times for ~he case where, bci.th the frye-stream 
. . . . ·'. ··· .... ·.·:· .. 

velocity and the plate t~mperature are given~ a sudden step change.: 

Sarma (13) "eve loped a partJal solution to this ,problem.. He 

developed a method which can be ~sed to solve the thermal bou~dary. 

layer for.small times and/or· large times for the problem of an 

impulsively -changed fre-e-stream velocity and a sudden change in 

plate temperature. However, Sarma's · soltition does not cover .th~·. 

1 
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transition period between the times when the vel~city and temperature 

profiles are mainly time-dependent·and mainly location dependent. 

This thesis shows the ·de~ivatitm of an approximate solution for 

the temperature in the thermal boundary layer over a semi-infinite 

flat plate which is-set impulsively in motion in an incompressible 

fluid and which has a simultaneous step change in temperature. 

The solution differs from previous solutions by covering the entire . -

time period from when the plate if! initially set in motion until 
- - -

''both the velocity and temperature profiles are fully developed. 

.. I. - -



CHAPTER II 

REVIEW OF LITERATURE 

Steady-state solutions ,for. the velocity, thermal and mass-

concentration boundary layers for laminar incompressible flow over 

semi-·infinite flat plates are available in numerous references. 

Kays (8) presented exact solutions using similarity techniques 

for all three boundary-layer problems. He also presented 

approximate solutions using a third-order polynomial for the thermal 

·and velocity boundary-layer profiles. These solutions include 

provisicins for fluid suction from the boundary layer or :injectton 

into the boundary layer. The Karman-Pohlhausen method of solving 

the velocity boundary layer using a fourth-order polynomial fo~ the 

velocity profile is documented. in Schlichting (14). · This method 

allows one to determine boundary-layer properties when the free-, 

stream velocity varies in the direction of flow. Sparrow (16) 

~ave solutions for the local Nusselt number for cases where the 

velocity of fluid injection or suction is constant, as well as 

solutions for cases where this velocity is inversely proportional 

to the square root of the distance from the leading edge of the 

plate. Low (10) solved the problem for steady-state flow of a 

compressible fluid over a flat plate where the fluid injection 

velocity is proportional to the inverse square root of the distance 

from the leading edge. 

Solutions of the velocity boundary layer for various nonsteady-

state conditions have been presented by several authors. Cheng (4) 

3 
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developed a solution for the problem of a semi-infinite flat plate 

accelerating continuously fromrest in an incompressible fluid. 

His solution was a series solution resulting from the perturbation 

of the quasi-steady-state solution. The same problem was solved· 

for a compressible fluid byMqore (11). Stewartson (17) analyzed 

the problem of the impulsive .motion of a semi-infinite flat plate 

in an incompressible fluid. Fi:r:st he presented Rayleigh's method 

which linearizes the boundary-layer equations and is only valid 

at the outer edge where the fluid veloeity is approximately the 

same as the main stream '(elocity. Tl;iis method gives a solution 

for the local velocity dependent only on time, t, and the di.stance 

normal to the plate for Umt < x where tlco is the free stream 

velocity and x is the distance from the leading edge. For ucot > x 

the local velocity is dependent only on x and the distance normal 
. - ' 

to the plate •. stewartson then used a momentum integral method, 

asstnned the velocity profile to be a sine curve, and found a 

solution for the velocity_ dependent 9nly on time and the distance 

normal to the plate for Uoot $; 2.65x and dependent only on the 

distance normal to the plate and the distance from the leading 

edge for Ucot ;;::: .. 2.65x. He concluded that at the .outer edge of 

the boundary layer the changeover of the principal independent 

variable occurs when the distance from the leading edge equals· 

the product of time and free-stream velocity and spreads down 

through the boundary layer, with the changeover being nearly 
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complete at the plate when Uo:it = 2.65x. Using-similarity 

techniques Stewartson then analyzed the boundary-layer equations 
.,:... 

and fo-und that the velocity in the boundary layer i.s independent 

of the distance fro~ the leading edge if u00t < x. At 1.tcot = x 

the flow has an .essential singularity., depending on the di.stance 

from the leading edge as well as time for u00t.> x. For very 

large times the influence of time dies out exponentially. 
~ . 

Akamatsu (2) studie~ the same problem as S~ewartso:n and .. developed 

,, an approximate. so.lution which co11nects-Rayieigh is unsteady-state . · 

solution to Blasius' stea,dy-state solution. Using Meksyn's 

~ethod for the steady-state boundary layer.with pressu~e 

gradient Akamatsu reduced the third-ender partial differential" 

equation of Stewartsonto a higher order ordinary differential 

equation. 

There are also reports on investigations of the t:ransient thermal 

boundary layer over a flat plate for various boundary conditions.· 

Sarma (13) studied theun~teady two-~imensicmal thermal boundary-

layer equation as lineariZed by Lighthill and developed series 

solutions for small times a,rid for large times for the case where 

the main-stream temperature is constan,t and either the plate 

temperature or plate heat;..transfer rate is unsteady. Ostrach (12) 

obtained series solutions for the laminar compressible boundary_layer. 

over a semi..,infinite flat plate with a continuou; but otherwise 

arbitrary time-dependent_ velocity. By neglecting all derivatives 

.· .. 
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with respect to the x-coordinate (in other words assuming an 

infinite plate) Yang (18) also developed a method for solving 

the unsteady laminar compressible boundary layer. He used the 

integral method with either exponential or fourth-degree 

polynomial profiles. Cess (3) obtained a solution for the thermal 

boundary layer for steady, laminar, incompressible flow over.a 

flat plate with a sudden change in surface temperature. He 

obtained series.solutions for smalltimes and for large times and used . . . 

these to construct an approximat~ solution for all times. As in 

the case for the velocity boundary layer the solution for small 

times is a function only of time and the distance normal to the 

plate. Goodman (7) solved the same problem as Cess_using the 

integral method with a linear velocity profile and a third-order 

polynomial for the temperature profile. Adams (l) developed 

a solution to the problem of fully-developed laminar flow over 

a flat plate with a sudden change inheat generation by using 

a third-order polynomial ;for the velocity profile and a second-

order polynomial for the temperature profile. A finite-differ-

enc.e method for computing the velocity and temperature in the 

unsteady, incompressible, laminar boundary layer around a two-. 

dimensional cylinder of arbitrary cross section was developed 

by Farn (6). His method of sohttion can ind ude blowing or 

suction and is applicable to impulsive changes in velocity, 

surface temperature or surface heat generation. He presented 
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solutions for the velocity boundary layer over -a 45° wedge with 

an impulsive change in velocity and for the thermal boundary layer 
t. 

over a 45° wedge at a steady velocity with a sudden change in 

surface temperature. 

\._ 



CHAPTER III 

DERIVATION OF THE APPROXIMATE DIFFERENTIAL EQUATIONS 

Statement of the Problem 

A flat plate is assumed to be initially at rest in an incom-

pressible fluid which is also at rest with the temperature of the 

plate and fluid the same. At a certain instant of time, con~ 

sidered as zero time, the fluid is suddenly given a constant 

free-stream velocity, u00 , relative to the plate and in a 

direction parallel to the plate, as shown in Figure 3-1. At the 

same time the temperature of the plate is abruptly changed to ·a 

value different from that of the fluid, and is held constant 

thereafter. The flow is assumed to be iaminar and the fluid ·to 

have constant properties. It.is desired to determine the velocity 

and temperature of the fluid at any position in the boundary layer 

at any time. 

Equations Used 

The governing continuity, momentum and energy equations for a 

boundary layer are: 

Ou Ov (3-1) -+- = 0 0x oy 

Ou + u Ou+ v Ou = \) o2u (3-2) ot Ox Oy 0y2 

08 + u 08 + v 08 029 
ot = 0: --di dy oy2 

8 
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FIGURE 3-1. Sketch of the boundary la~er. 
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By let_ting 

where eCX) is the initial temperature of. the plate and fluid and 

ew is the temperature to which the plate is raised, the energy 

equation can be written as: 

(3-3) 

The boundary conditions for the above equations a!'e: 
Ou o2 u At y = O; u = O, ot = 0, v = 0, 7JYd = O, 

(3...;4) 

T 0, OT 
0, 

o2 'i = Ot = ¥= 0 • 

As y _. CX) • u = Uoo Ou 0 o2 u 0 ' ' = Oy ' ay2 - ' 
ar· 

0 · o2 T. 
T = 1, Oy = ' o/ = 0. 

(3-5) 

At x = 0, y > O; u = uoo, T = 1. 

In other words, at the plate the fluid velocity components parallel 

and'normal to the plate; the dimensionless fluid temperature excess, 

the first derivatives of velocity and temperature with respect to time 

and the second der~vatives of velocity and temperature with re~pect 

to distance normal to the pl ate are all zero. In the free stream the -

fluid velocitY, component parallel to the plate is the free-stream· 

velocity, the dimensionless fluid temperature excess is equal to unity, 

and all derivatives of velocity and temperature with respect to_ distance 

normal to the plate are zero. At the leading edge the component of 

fluid velocity parallel to the plate is the free stream velocity and 

the dimensionless temperature excess equals unity. 
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The initial conditions are given by: 
t. 

At t = D; u = O, T = 1. (3-6) 

In other words, before the fluid velocity and plate temperature 
, l 

are suddenly changed the fluid velocity is zero and the 

dimensionless fluid temperature excess equals unity. 

Following the method of Schlichting (14) and many others, 

a fourth-order pol~omial is assumed for both the velocity and 

temperature profile.s in the boundary layer: 

(3-7) 

.. 

T = al (~ ) + b1 (~ )2 + cl (l )3 + dl (l )4 
t t . 6t 6t 

(3-8) 

The terms 8 and 6t denote the velocity boundary-layer thickness 

and thermal boundary-layer thickness respectively. 

When the constants in the above equations are evaluated 

using boundary conditions (3-4) and (3-5), equations (3-7) and 

(3-8) become: 

u = (3-9) 
u~ 

(3-10) 

where 8 and 6t are functions of both the distance from the 

leading edge, x, and time, t. 



1.2 

Momentum Equation 

In order to determine the expression for o the momentum equation 

(3;..2) is integrated over th~ velocity boundary-layer thickness using 

(3-9) as the expression for the fluid velocity parallel to the 

plate, u: 

dy .= Jo dy 
0 

The expression for the fluid velocity normal to the plate, v, 

is determined· from the continuity equation (3-1): 

Ou + Ov = 0 
~ . dY 
v = - JY ou dy 

0 dx 

Inserting equation (3-12) into equation (3-11) gives: 

0u ·au 0u rv 2lu Jo v o2 u d (dt + U Ox - OJ Jo' Ox dy) dy = o o/ Y 

Integrating the third term in the left-hand side of the above 

equation by parts: 

J0 (Ou JY ~ dy) dy 
0 Oy 0 dx 

Jo ou d Jo ou = Uco o 0x·. y - o U OX dy 

Equation (3-13) _can then be written: 

JO A_ Ou 
(VU + 2 U ~ - Uco 

0 dt ox 
ou) Jo v o2 u ox dy = o . ay2 dy 

(3-11) 

(3-12) 

(3-13) 

(3-14) 
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Integrating equation (3-14) term by term: 

J6 ~ dy -~ U 00 J6 ~t (2,(1) - 2(~>3 + (1)4 ) dy 
- 0 - 0 -

= U 00 ~: ~6 ( - 2 -? + 6 i -4 ts> d Y 

3 06 
= -10 Uoo Ot 

J5 -2 Ou J6 0u 2 
u Ox dy = -a- dy 

0 0 x 

2 J-5 0 x - 2(1-)3 + (-~)4 ]2 dy = U00 _ - OX ( 2 ( 6) 
0 6 

2 oo Jo _ y2 
= Uoo Ox o (_-8 63 + 

y4 
32 ""65 -

y5 
20 &O 

y6 
24 67 

+ 
y7 ~ dy 28 - - -8 59~ 58 \ 

263 2 00 
= u -- 630 O'.l ox -

4 
4 ~] dy 

Uco = -2 \)0 

With these substitutions equation (3-14) becomes: 

- .3 u 00 -TO co-ot 
Simplifying this: 

2 6 3 U 2 O 6 + 2_ u! O 0 = _ 2 \) Uco 
630 °" dX 10 ox 0 

3 062 + 37 Uoo 002 = 2 \) 
20 dt"'" 6 30 Ox 

_Ill --

(3-15) 
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The boundary and initial conditions for equation (3"'.'15). are: 

. 2 t2 --at x = O;. 6 = 0 and at t ~ O; u 0. 

Energy Equation for Prandtl Number Greater Than Unity 

The expression for the thermal boundary-layer thickness, 6t, 

is obtained in a manner similar to that used.for the velocity 

boundary-layer thickness. 1'.he energy equation (3-3) is integrated 

over the thermal boundary-layer thickness using equations (3-9) and 

(3-10) as expressions for the fluid velodty parallel to the plate) 

u,. and the dimensionless fluid temperature excess, T: 

2 

J <\ . oT Or OT · 6 o T 
(dt + u di + v oy) dy = rt Q' oy2 dy 

0. 0 

If tlie Prandtl number is greater than unity the thermal boundary-

layer thickness is less than the velocity boundary thickness, and 

equation (3-16) can be integrated term by term as follows: 

J6~ Or . J6t 0 dt dy = . dt [ 2 <1t) - 2 (~t) 3 + (y ) 4 
1t 

] dy 
0 0 

3 o6t = - 10 ~ 

J5t Or = J6t Q 
(~t) (1 ) 3 

<1) 4 u ox.dy u dx [ 2 - 2 + ] dy 
6t t 

0 0 

= Uoo 
oat . J6t [ 2 (l) - 2 (~)3 + (~4 ] x 
ox 0 6 

3 . 4 
[-2.~2+ 6~4 - 4~51 dy 

[ 4 ( ~t) 3 (Ot) 3 + -1. (_9.t.) 4 ] .· ~ = -u00 . 15 u - 35 & 36 6 . 
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Substituting equation (3-12) for v in the third term of equation 

(3-16):. 

J6t Or J6t Or JY ou . . . v A.. dy = ~. (- 3"'."" dy) dy 
0 v;y ·O v;y 0 OX 

. Ou 0 
v = -JY ax· dy =· -uco JY Ox [2 (~)- -2 (~)3 + (~)4 ] dy 

9 . .· 0 . 

=UCO ~ [ <1>2 _ ~· (~)4 + -3 <1>5 l 

. ~ = ~ [2 (~) ·._ 2 (~)3+ <it->41 
2 . y2 ·.l2' 

= Yt - 6 ot3 + 4 6t 4 

J6t oT 06 J6t . 2 3 4 4. y 5 
0 · V oy dy = Uco ~ 0 [ (~) - 2 (~) +5{0 ) ) X 

2 . ·2 3 
[- - 6 h + 4 Z:4] dy 6t 6t 6t 

= Uco ~-~ (~( 6t>2 _. _9_ ( 6tf+ + .!_(~~>5 ) 
ux 15 o · · 140 T 45 -o-

a . 
= - 2 1t 

= - a (Or) 
Oy 0 

Inserting the· above terms into equation (3-16): 

(3-17) 

(3-17a) 
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and simplifying: 

::,. i:.2 . · 4 Ot .· ' 3 o 1 3 uvt + uco [ -· (-r) ,_ y. . ( · t)3 _ (~)l~ 
20 at 'T 15 0 .).) 0-:- +36 0-

Uco 002 [· ~ ( Ot. )3 9 (Ot)5 .· 1 (~. )6] __ 
- ·2 ax 15 0 - 140 ~ + 4?" IJ 

2 O! (3-18) 

The boundary and initial conditions for equation (3-18) are: 

J:.2 . i:.2 At x = 0; vt = 0 and at t = 0; ut = 0. 

Energy Equation for Prandtl Number Less Than Unity 

If the Prandtl number. is less than unity the thermal boundary.-. 

layer thickness is greater than the velocity boundary"'.'"layer. thickness. 

In integrating equation (3-3), expression (3-9) is used for u ·inside 

the velocity boundary layer and Uco is used outside the .velocity 

boundary layer. Integrating equation (3-16) term by term as before: 

3 act 
- m-ot 

a c 2 cl ) _ 2 <Y .)3 cY )4 1 . dX· · ot lit + Ct dy 

2 (~ 

[-2 ~a+ 
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aot [ ·2 = Uco - -2_ + 
0-...c 10 TS 

Jot oT In va- dy the expression for v for y > 6 is the same as that 
0 y 

for y = 6 since the velocity normal to the plate is constant in the 

free stream. F · (3 17) f y ~- o, 3 ao rom equation - . or v = 10 Uco ox· 

Using equations (3-17) and (3-17a): 

2 x.2 3 
[ - - 6 6t3 +41:4] dy 

6t . Ot 

3 oo Jot 2 ·2 3 
. + 10 Uco Ox 0, ( Tt 6x.3 +41.4] dy 

ot 5t · 

00 3 
= Uco Ox ( 10 

Jot o2 T a 
.. · . a oy2 dy = - 2 6t 
o, 

Inserting the above terms in equation (3-16): 

00 3 
+uco~x[lo 

4 (0) 3 (o)3 
15 6t + 35 -Ot 
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This can be simplified to: 

(3-19) 

The boundary and initial conditions for equation (3-19) are that 

the thermal boundary-layer thickness equa~s zero at the leading 

edge and at time zero, respectively. 

Nondimensionalized Equations 

Equations (3-10), (3-15), (3-18), and (3-19) can be non-

dimensionalized using the following quantities. 

2 2 2 2 2 2 2 
A = 8 /('V/ucJ , At= lltf('V/ucr,) , 'f=t/('V/uco) 

X = x/('V/uco) , Y= y/(V/uco) , Pr= 'V/ct (3-19a) 

Equation (3-10) becomes: 

(3-20) 

Equation (3-15) becomes: 

3 01:.. 2 · 37 at::,,2 

20 ~ + 63 0 dX :::: 2 (3-:-21) 

Equation (3-18) becomes: 

1_ at.~ + .! [~(t:..t)- ]_<!:..tj3 + 1 <t:..t)4 1 °1:..~ 
20 OT 2 15 !:.. 35 /:::, "'3D x- dx 
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l 062 r .?_ <6ty __ 9_ <6t)5 L (6t) 61 
- 2 ox 15 tr" 140 71 + 45 7:" 

Equation (3-19) becomes: 

1... (JI::,~ 1 1- - ~ 6 2 9 6 !~ 
20 "OT +·2 [ 10 15 (Ft) + 140 (LSt) -

2 
- Pr 

1 6 5 (J6~ 
"4"5 <~ l ax 

... l o!J.2 [ 3 Lit 4 + 3 Li 2 l Li 3 2 
2 ax TO (T) - TI 35 (Ft) - 36. (L!t) 1 = Pr 

(3-22) 

(3-23) 



CHAPTER IV 

SOLtrrION OF THE APPROXIMATE DIFFERENTIAL EQUATIO~S 

The differential equations (3-21), (3-22), and (3-23) were 

solved by the method of characteristics as described in Courant (5). 

Velocity Boundary Layer 

The solution starts with equation -(3-21): 

. 3 01:.l + 37 . 06.2 = 2 
20 o'f 630 ox 

(3-21) 

This equation can be solved in terms of an arbitrary parameter 

s. A one-parameter family of curves 

'f = 'f(s), X = X(s) a'Q.d t:.2 = /J.2 ( 'f(s) ,X(s)) 

is defined by equation (3-21) in the following manner: 

By comparing with equation (3-21): 

dX 
ds 

= 
. 3 7 

630 

d 'f 3 = ds 20 

df).2 - 2 -- -ds 

These can be integrated to obtain: 

X=....ILs+Xo 
630 

'f = _3_ S + 'fo 
20 

ti2= 2s + t:J 
where X0 , 'f0 and t;J are constants of integration. 

20 

(4-1) 

(4-2) 

(4-3) 
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Referring to Figure 4-1, let T = 0 be the boundary curvec1• 

On Cl X0 = r, T0 = 0 and from the initial conditions for 

62 , 6't = O. Therefore equatiorn (4-1) :through (4-3) become:· 

2 6 = 2s 

Substituting s from equation (4-5) into equation (4-6): 

b.2 = 40 T 
T 

Combining equations (4-4) and (4-·5), the characteristic 

curves are given by: 

T = 189 (X-r) ~· 2. 554 (X-X0 ) 
74 . 

Since Xo ~ 0 it is seen from equation (4-8) that equation 

(4-4) 

(4-5) 

(4-6) 

(4-7) 

(4-8) 

(4-7) is the solution for T s:: 2.554X. This is shown in Figure 

4-1. 

The solution. for T ~ 2. 554X is obtained by using X = 0 

as the boundary curve C2. . On C2 X0 = 0, T0 = r, and from the · 

boundary condition on 1:,,2 at X = 0 6~ = O. Therefore, equations 

(4-1) through (4-3) become: 

T = 3 S + r 
20 

62 = 2 s 

Combining equations (4-9) and (4-11): 

6~ ~ 1260 x R:;j 34.0 x 
37 

(4-9) 

(4-10) 

(4-11) 

(4-12) 
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l. 

'T = 2.554X 
'T 

. I!/ 
2 . 

fJ. = 34.0X 

'T 

x· 

FIGURE 4-1. Solution for the velocity boundaty.-layer thickness 
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Combining equations (4;..9) and (4-10) the characteristic curves are 

given by: 

'T - 'To = 189 X .R::J 2. 554 X 
. 74 

(4-13) 

Since T0 2:: 0 it is seen from equation (4-13) that equation 

(4-12) is the solution for T 2:: 2.554 X. In summary: 

t:.2 = 40 T for T :::;; 2.554 X (4-7) 
T 

2 b. = 34.0 X for T 2:: 2.554 X (4-12) 

Thermal Boundary Layer for Pra~Number Less Than Unit_x 

The solution starts with equati6n (3;..23): 

0 2 . 2 2.. b.t + l c1- - 2 cA ) 
20 'OT 2 - 10 15 b.t 

- 1 a'.\ 2 [ 3 b.t "' 4 + 3 !J. 2 
2 ox To (LY-) 1s 35 C~f 

5 0 2 - ..L CA) 1 tit 
45 b.t Ox 
2 

Pr 

Solving.in the same manner as for the velocity boundary-layer 

thickness: 

db.~ - ot:.2 dX at:.~ d 'T t = d.i{'"'" ds + 'd'T"-
ds. T . ds 

dX 3 - 1 !J. 2 9 64 1 !J. 5 
=- -<-J +-(-) - -(-) ds 20 15 6. 280 . b.t 90 6t 

dT 3 =-ds 20 

2 2 . 2 
. d6t. = 2 + .!. 06 [ 2.(6.t) - ~ + .]_( ~) ds Pr 2 dX"" · 10 T. 15 35 6f: 

Letting.T = O be the boundary curve c1 , and using equation 

(4-7} for the region T:::;; 2.554 X shown in Figure 4-1 

(3 ... 23) 

(4-14) 

(4-15) 

(4-16) 



equation (4-16) becomes: 
2 

d~t - .2. 
ds Pr 
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·Integrating equations (4-15) and (4-17): 

'f = .1_ s + 'fo 
20 

A2t 2· . 2 
L\ = - s + Llt Pr 0 · 

2· 
Along c1, 'f0 = 0 and from the initial conditions for tit, 

f).2 = 0. Therefore:. to 

(4-17) 

'f=.l.s. 
20 

. (4-18) 

2 2 
Llt = - s . Pr 

Combining equations (4-18) and (4-19): 

. ti2 - 40 'f 
. t - T Pr 

Inserting ~qu~tions (4-7) and (4-20) into 
( 40 'f) 

1 3 
ds 20 15 ( 40 -2.) 

3 Pr 

9 (4~ .'1-
+ 

280 (40 2.;.)2. 
3 Pr 

dX 3 

Cancelling terms and integrating: 

equation (4-14): 
(~ 'f)5/2 

1 3 - -90 ( 40 .'!_)5 / 2 
3 Pr 

x=~ ... 20 
_!_ Pr + _j_ Pr2 - l_ Pr5/2)•· s + Xo 
15 280 90 

Combining equations (4-18) and (4-21), the exptessio'n for the 

characteristic curves becomes: 

X-X T=.1_ o 
20 3 ~ .!__ Pr ~ _9_ Pr2 - _l PrS/2 

20 15 280 90 

(4-19) 

(4-20) 

(4-21) 

(4-22} 
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- _From the above equation for Pr ~ 1, T is always less than 2. 554 x. 
Therefore: 

/j,2 = 40 · T if 
t ~ :Pr 

T !>: .1_ X 
-- 20 3 1 9 2 1 p 5 / 2 

20 -- TS Pr + 280:' Pr - -9-0 r 

Figure 4-2 .shows this region of solutiono 

Using X =·o as the boundary curve c2 and solving for the region --

T -;~ 2. 554 x, where 6.2 is ~aken from equaticni (4-i2), equations 

(4-14) through_ (4-16) become: 

dX = 2._ _ ..!__ -(34.0X) +. 9 · (34.0X) 2 __ _l (34.0x)5/2 -
ds - 20 15 A2 280 4 · ·- 90 - As - -

dT = ds 

df).2 
-. t 
ds 

3 
20 

_ t At ut 

= _2_ + 17.0 [ ~ ll.t - 4 + 3 p4.0X) 
Pr - -10 (34. oxY../2 _ 15 35 b.2 -

t 

Integrating equation (4-24): 

(4-23) 

(4-21-i.) 

-(4-25) 

T .,: .J_ S + T (4-26) 
- 20 - 0 

Assume that b.~ :::i Kl s + ti~~ and X = K2s + Xo. On C2, X0 = 0 

-- and from the boundary conditions at X _= O, b.t = O. Therefore: 

fiE = Kis (4-27) 

x = K2s (4-28) -· 

Inserting these into equations (4-23) and (4-25): 

- - -- 3 --3-4- 0 K2 9 (34 O) 2 K2 2 (3-4. 0) 512( Kz)5/ 2 
- K2 = -- - __:_ ( ---)+ - • ( -') - ...:....--......_......_ 

- 20 15 Kt 280 Kl 90 Kl 
. (4-29) 
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'f = 2.554X 
x 2 1 5(2 

9 Pr - 90 Pr 3 - _!_ Pr + 280 20 15 

FIGURE 4-2. Pr s;; 1 solution for Typical 
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Kl - 2 . .· 3 Kl l/2 4 3(34.0) K2 (34.o/12 
- Pr+ l7.0[l0(34.0)l/2(K2 ) - TI+ 35 (K/- 36 

K 3/2 
( -12 ] K . 
, 1 

Combining equations (4-27) and (4-28): 
A2 K . 
L.lt = __!._ x 

Kz 
From equations (4-26) and (4-28) the expression for the 

characteristic curves is 

'f - 'fc) = 2 x 
20 K2 

Therefore 6.2 = Kl X if 2.554X :::; T and 3 X :::; T. 

t Kz 20 K2 

Equations (4-29) and (4-30) were solved numerically and 

curves of K1/K2 as a function of Prandtl number and.3/20K2 

as a function of Prandtl number are shown in Appendix A as 

The expression 3/20K2 is 

= Kl X for 'f ;;;::: 2. 554X. 

(4-30) 

(4-31) . 

(4-32) 

Figure A-I and A...,2 respectively. 

always less than 2.554 so that b.~ 

The expression for 1::.2 remains 
t 

K 
to ~e solved in the region: 

3 X :::; 'f :::; 2. 554X 
-20 2 - J:.. Pr + _9_ Pr 2 - l PrS/Z 

20 15 , 280 90 

The applicable characteristic equations are: 

dX 
ds 

d'f 
ds 

= 3· l b,.) 2 + _9_ (.-A)4 1 ( b. )5 
20 - 15 ( b.t 280 b.t - 90 b.t 

3 = 20 

(4-14)· 

, (4-15) 
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· dA2 . 
t = 2' 

ds Pr (4-17)' 

with A2 = 40 · T 
3 ,' 

Integrating equations (4•15) and (4-17): · 

T "=_LS·+ 'T" 
20 . 0 

. ·. A~ =..Ls +A~ 
Pr o 

The boundary curve for this region will be the line 

T = 2. 554X. On this curve T0 = 2. 554X0 and from the 

0 

Kl .. 
=-- x. K o 

2 

solution for T ;;::; 2.554X, t:.2 
' t 

Inserting equations (4-7)., (4-33) and (l+-34.) into equation 

(4-14): 
.. (3 S +To·)· 

dX = ...L - (40/3l ·_20...,..· _ _...... 
ds 20 15 <fr 8 + A~ 

._(40/3) 512 
' ·90 ' 

(1._ S + T )5/2 
20 ' 0 

···.Integrating: 
3 ~ - 3 2 

(4-33) 

X = _3 8 +(40/3) · ·[ 20 8 + 2 Pr 20 6t 0 1.n·· 2 2 - ( t:. .. ·. to+ .,..--.r s) ] . · · 20 . · 15 2/Pr 4/Pr2 r ... 

3 -s 
- _!( 20 

10 2/Pr + 

T .· 
· 0 3· A2 2 - - - 'Li Pr 20 t 0 

· .4/Pr2 

, · : ·· . . 5/ 2 • ( ]_ s + T0 ) 5 / 2 . 
ln (6.~ + __! s)] J +(40/3) . Pr [ 20 . . 

· 0 Pr 270 (1_ s .·· + 6.2)· 3/2 
Pr . . to· 

·'.· .... 
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3 ;,.." 3/2 . . . (- S + I ) 

+ 3Pr [ 20 · 0 · .:. 9 {Pr ( 3 
. 8 2 . /),2t) 1/2 40l. 2 20 

(Pr s-+ 
0 

. . 2 
s + 'r )1/2 (...1 s + At ) 1/2 

0 . Pr o 

( 3 /),2 - . 2 'ro /Pr) / . . ,:; W t . (10Pr>12 Pr ln [(_3_)]/2(_1 s + b.2 1/2 
2 · · 3 lOPr Pr . t 0 ) 

'I" 
. ~ . 0 - 3 /),2 .· 2 

:+ ...1 c2 s + 'r) 1/21}1} - (40/32 r2PF . 2o ·to ln b.tol 
Pr 20 ° · · ·. 15 .. 4/Pr2 • · 

'ro 3 · ,..l 2 __ ut 2 . 
3 [ Pr 20 o lti At · ] } 

lo· · .. ·4/prz, •. · o 

. . 5 / 2 .· 'f 5/2 'I" 3 / 2 .. . 1/2 • . 
(40 / 3) Pr { o + 3Pr [ o · - ~ { ( Pr) ~ ) (At ) 

270 "A( 8 . . lit 40 . 2 . 0 0 

0 0 

c2 AE - 2 ~) . i12 . - c c 3 ) 112 < 6 ) + ~'I" i 121 J l J 
20 o Pr (10 Pr) Pr ln 10 Pr to Pr 0 · 

2 3 
(4-35) 

. . 
equations (4 ... 34) and. (4-35) were solved numerically for X and 

t{ in terms of ·x0 and 'r, It was found that the characteristic 

curves are nearly parallel to the line 

-2 x 
'r-= 20 

-2 - -1 Pr + _9_ Pr2 _..1 p 5/2 
20 15 • 280 90 r 

although they vary slightly from a straight line, and that 6~. 
can be. pl;'edicted with l.ess than one percent error by: 

. 2 . Kl X - . 20 BT 
At = 40 ( 'r - Z. 554X) + K2 ( ~ ) 

. 3Pr l-17B . 1-17B 
(4:-36). 
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8.. 

·. where B ::.. 3 --20 
1 ' 9 ·2 ,· 1 ' 5/2 

- Pr + ~ Pr ":' -·-· Pr 15 280 90 

In summary, for a Prandtl n$ber' less than 'l;lnity: 

.. A2 = 40 'T for -,- ::::; ..1. • .!_ 
t · T Pr 20 B 

2 . . , K .·· x- 20 BT 
A _ 40 ('I" - 2. 554X ) + .J:_( 3 

t - 3Pr . . l.-17B ·.· .. · K . 1•17B . ) 
: ·2 ' 

for .l. X ::::; ,- s 2. 554X 
20 B 

A2 Kl . 
= - X fo.r 'I"~ 2.554X t K . 

2 

.·• 1;' 

•• i:,"'·: 

(4-36a) 

Thermal Boundary Layer for Prandtl Number.Greater Than Unity 

The ~olution starts with equation (3-22).: 

.3 ofl~ + _.!. .. [ ..i. l) _· 2_ .. At 3 + .1.. flt 4 Ollf 
20 ch ' ' 2 ' 15 ' A 35 ( A ) 36 ( A ) ] ax 

1 . of).2 [' 2 (~)3. 9 At ~5 + 1 (At )6 = _.?_ 
- 2 ~ TI' fl - 140 ( A 45 T l Pr 

Solving in the same manner as before: 

+. '.:\A2 I· 

·~ d'I" a,- CIS 

dX : = 2 c·. ~t:. )·. 3 At 3 + 1 . At . 4 
ds 15 ~ - 70 <--t-? 72 .Cy) · 

d'I" 3 = ds 20 

Using ,. = 0 as the boundary curve c1 , and solving for the. 

region 'I" s 2., 554X shown in Figure 4-1., where A2 is given ·by: 

.(3-22) 

·. (4~37) 

(4-38) 

(4-39)· 

' . . :··. 



tJ.2 = 40 
.3 

then equation {4-39) become.s: 

= 2 
Pr 
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Integrating equations (4-38) and (4-40): 

'T = 2_ S + 'To .. 
20 

6.2 = 
t 

2 
Pr 

2 
s + lit 

0 

Along c1 , 'T0 = 0 and /J.~ 0 = 0. 

Therefore 'T = 3 2o s 

and ll2 = 2 
t -- s Pr 

Combining equations (4-.41) and (4-42): 

ll2 - 40 'T 
t -3 Pr 

Inserting equations (4--7) and (4-43) into equation (4-37): 

40 'T 1/2 (40 T 3/2 40 T 2 
dX 2 

(~-) 
3 Pr) + .l. (3 Pr) 3 Pr 3 = - -ds 15 (40 T)l/2 70 40 1) 3/2 72 (40 T) 2 (-

3 3 3 

Integrating: 

·x . 2 -1/2 3 -3/2 1 -2 
= (- Pr - -Pr + - Pr ) + · 15 70 72 s Xo 

Combining equations (4-41) and (4-44-) the express.ion for 

the characteristic curves becomes: 

(4-7) 

(4-40) 

'(4-41) 

(4-42) 

(4-43) 

(4-44) 
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T = 3 X-X0 

20 .2_ P -1/2 __ 3P -3/2 + -.. L p -2 
15 r · 70. r 72 · r 

2 Therefore, lit = 40 T 
3 Pr 

if: 

(4-·45) 

T s; _l X and Ts: 2. 554X (4-45a) 
20 2 p -1/2 3 -3/2 1 -2 TI r - 70 Pr + 72 Pr 

Figure 4~3 shows this region of solution. 

Using X = 0 as the boundary curve c2 and solving for the 

region T ;;;:: 2. 554X, where 6. 2 is given by: 

2 /::,. = 34.0X 

equations (4-37) through (4-39) become: 

dX 2 L\ 
ds = 15 -(-34-.-0-X)_l_,/-2 

. 3 --70 

3 
6 t 1 +-

(34.0X)3/2 72 

dT 3 = ds · 20 

2 
(34. OX) 

d62 3 5 
__ t __ = .2. + 17. 0 [ 2 6t - 9 __ 1::._t_--:-

ds Pr 15 ( 34.0X)3/2 140 ( 34.0X)5/2 

+ 1 
45 

Integrating equation (4-47): 

!::.~ ·. t 

. (34. OX) 3 

(4-12) 

(li--46) 

(4-47) 

(4-48) 

T = 1_ s + T . (4-49) 
20 .. 0 

Assume that LI~= K1s +LI~ and X = K2s + X0 • On the boundary 
0 

curve c2, X0 = 0 and from the boundary conditions at X =: 0, LI 2 · = 0. 
to 
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.. 

1" = 2.554X 

. . . x 1 -2 · ·.. 3 .. . . . . 3 ~312+ _ Pr .~ .= 20 j_ Pr -112 _ 70 Pr . : 72 
15 

.. ~ . 

. FIGURE 4-3. 1 tionfor Typical so u .. 1 :;;; Pr :;;; 4.55 ;:. .. ~ :, '.·. 
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Therefore: 

(4-50) 

X = K2s (4-5i) 

Inserting these into equations (4-4.6) and (4-46): 

K2 = 2 . Ki i /2 3 Kj_ 3/2 i . Ki 2 

i5(34.0)i12 1z2) - 70(34.o) 312 <.K2) + 72(34.o) 2 (K2) 

(4-52) 

K 3/'2 K 5/2 
Ki=2+i7.0( 2 (_!.) - 9 . (-i-·_) 

Pr 15(34.0)3 / 2 K2 140(34.0) 5 / 2 K2 

K 3 
+· 1 (_l_) ] 

45(34.0) 3. K2 

Combining equations (4-50) and (4•51): 

;} -
t. 

From equations (4-49) and (4-51) the expression for the 

characteristic curves is: 

Therefore, 6.2 = 
t 

Kl if: -x 
K2 

2. 554X :s; T and -1.. ...x.. :s; T 
20 K2 

Equations (4-52) and (4-53) were solved numerically and 

curves of K1 /K2 as a function of Prandtl number and 3/20K2 as 

(4-53) 

(4;_54) 

(4--55) 
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a function of. Prandtl number are shown in Appendix A as Figures 

A-3 and A-4respectively. 
'· Two regions remain to be solved for Prandtl numbers greater 

than unity. One of these is: 

3 x 
20 .1._ Pr-1/2 _ _1_ Pr-3/2 1 Pr-2 

15 ~ 70 + 72 
:s; T :s; 2.554X 

(4-56) 

This region occurs for Prandtl numbers between 1. 0 and 4. 55 

and is shown in Figure 4-3. 

Initially it was attempted to solve this problem by making 

the solution continuous across T = 2.554X. However, this 

procedure does not produce a valid solution in this.region because 

the characteristic curves cross each other very close to the 

b~undary curve,whereas no solution is valid beyond the point. 

where the characteristic curves cross. When the line T = 2.55li.X 

is used as a boundary curve, any value of A2 greater than the to 
transient value, 40 _!_ , when chosen as the boundary value for 

3 Pr 
2 At along the line T = 2.554X fails to produce a solution for the 

same reason. This is shown in the following manner. 

The applicable equations are: 

dX 2 At 3 At 3 1 At 4 = 15 (y) 10 <-x-) + 12 <T) ds 
(4-37) . 

dT 3 = ds 20 
(4-38) 

dA2 
t 2 = ds Pr 

(4-40) 



with t,,2 = 40 T 
3 

36 

Integrating equations (4-38) and (4-40): 

'[ = l_ S + 'fo 
20 

t,,2 =Ls + b.2 
t ·Pr to 

Use T = 2. 554X as th: boundary curve with X0 . = r, T0 = 2. 554r. 

Let t,,~ = Nr where N is an unknown .constant. Then: 
0 

,.. = .1.. s + 2. 554r 
20 

t,,2 = 2 
· t - s + Nr Pr 

Substituting these into equation -{4-37): 

(i_ s + Nr)l/2 
2 Pr ---------dX = 

ds 15(~0)112.( ; 0 s + 2.554r) 112 

It must now be determined how the term 

1.._ s + Nr 
Pr 
3 
20 s + 2.554r 

2 3/2 
3 (Pr s + Nr) 

70(~0)3 /Z ( ~0 s + 2.554r}3/ 2 

2 2 (- s + Nr) . Pr 

(4-56a) 

varies with r. To find this the derivative with respect to 

r is taken: 
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2 
d Pr s N (-------) = __ ...,..... __ _ 

+ Nr 
dr · 3 . 4 · 3 

20 ~ + 2.55 r 20 s + 2.554r 

It is seen that if 

N > 40 
3 

~ 

(2. 554) 
Pr 

2. 554(Jr s + Nr) -·---------3 . 2 
( 20 s + 2.554r) 

2(2.554)]s 
Pr ·. 

. 2 + 2.554r) . 

then the derivative of the term (4-56a) with re~pect to r is 

positive and the terin (4-56a) will increase if r increases. It 

can be shown numerically that as the ter!Il (4-56a) increases,. 

dX/ds increases. Since d'T/ds is const8:nt, and 

d'T/dX = (dT/ds) /(dX/ds), 

dT/dX wili decrease as dX/ds increases. Along the line T = 2.554X 

the transient solution of 

becomes 

A2 = 40 (2.554)x 
t 3 Pr 

Therefore, if 

N ;> 40 '(2.554) 
3 Pr 

. ·; 

the solution alOng T = 2. 554X is greater than the transient solution.·· · 

It follows that: if the solution of L\~ along t = 2. 554X is. greater 

than the transient solution, dX/ds increases and 'dT/dX decreases. as 
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r increases. ·Therefore, the characteri.stic curves will cross 

infinitesimally close to the boundary curve and the solution 

obtained will not be valid. This proves that the value of 

6~ along 'T = 2.554X must be equal to or less than the value 

of 6~ obtained from the transient solution • . 
In the Prandtl number range considered, 1. 0 :::; Pr ::> 4. 55 

·the solution for 'T = 2.554X is given by equation (4-54): 

x 

and the transient solution is given by equation (4-43): 

62 = 40 'T 
t 3 Pr 

Since the value of (K1/Kz)X is greater than (40/3) ('T/Pr) for 

'T = 2.554X, there is a discontinuity in 6~ along the line 

'T = 2.554X if 6~ is equal to or less than the transient solution 

along this line. This discontinuity will become greater as the 

value of 6~ along this line becomes smaller. Therefore, the 

discontinuity in 6~ along the line 'T = 2.554X will be a minimum 

if the solution for 6~ along this line is the transient solution. 

Figure 4-4 may clarify this. 

It is possible to find an infinite number of solutions to 

the differential equation (3-22) in the region defined by the 

inequalities (4-56) which are continuous across the curve: 

'T = 3 x 
W 2 p -1/2 _ .2. Pr-3/2 + _!__ p -2 

15 r 70 72 r 
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Steady State Solution 

.~· .. 

I 

. .. 
'T = 2.554X 

x 
3 -3/2 1 -2 

70 Pr + 72Pr 

Solution 

-------

-.-- - Line of Constant Thermal 
Boundary Layer .Thickness 

A = Discontinuity if ~ equals transient 
solution at 'T = 2~554X. 

B = Discontinuity if A~ is less than 
transient. solution at ,. = 2. 5S4X 

x 

FIGURE 4-4. Line of constant thermal boundary layer thickness 
for 1.0 s: Pr s: 4.55 
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and for which· f).~~-is less than o.r equal to the transient solutiOn 

along the· line T= 2.554X. ,For. reasons dis~ussed in'_the ~oUo~ing '' 
paragraphs, it appears reasonable. to take the transient solution 

ai:; the correct solution in this region. However, no mathematit'!al 

proof of the uniqueness of the transient solution in this region 

has been discovered. 

It is known from equation (4-45a) that for Prandtl numbers 

greater than. 4. 55 the transient solution is. valid for all t :s; 2. 554X. 

'' Figure 4-5 shows the charai;teristics for Prandtl nUmbers between 

4.45 and 8~86 and Figure 4-6 shows them for Prandtl numbers greater. 

than 8.86. It is known from the solution f~r Prandtl numbers less 

than unity that at Prandtl ntimber unity the transient solution is 

·valid for 'l' :s; 2 • .554X. The discontinuity for f).~ along 'l' = 2. 554X is 

zero.for Prandtl number unity and i~creases with Prandtl number. 

If the boundary value along this line is chosen to be.equal t6 the· 
' transient value, the percent discontinuity described by · 

Kl X 40 'l' 1<2 -TPr". 
x 100 

Kl -.-. x 
Kz 

varies smoothly with Prandtl number as shown in Figure 4-7. 

If it is assumed that the value of fl.~ along 'l' = 2. 554X is .. 
' ' ' 

given by the transient solution, the solution obtained for the 
'' ' 

' ' 

;egi~n indicated by inequality (4-56) is the transient solution. 

'·.·· .. 
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'I;;:: 2.ss4X. 

'I -1?r 
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ll 

T = 2.554X 

x 

FIGURE 4-6. Typical Solution for Pr ~ 8. 86 
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:>. 
.j.J 
~ 
::I s:: 
~ 
.j.J 40 s:: 
0 u 
co 
~ 
A 
~ 

20 

0 
1.0 2.0 3.0 .. 4.0 s.o 6.0 7.0 8.0 9.0 10.0 

Prandtl No. 

FIGURE 4-7. Discontinuity assuming transient solution for 
'T :::;; 2.554X 
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This solution is obtained in the same manner as before using 

equations (4-37) through (4-39). Since the differential equation 

(3-22) is the same for all Ts: 2.554X, it is reasonable to expect 

that the solut:i.on for ti~ is the same for all T s: 2. 544X. 

For the reasons described in the previciw two paragraphs 

it will be assumed that in the region described by inequality 

(4-56) the solution is: 

/:!,.2 
t 

:::: 40 T 
3 Pr 

The final region to be solved is defined by: 

2. 554X S: T ::.:;; ..3.. JL 
20 K2 

This region occurs for Prandtl numbers greater than 8.86. and 

is shown in Figure 4-6. 

The applicable equa,tions are: 

dX 2 tit 
ds =ls (34. OX) 1/2 

A3 LL . 
3 ut + _!_ L1t 

- 70 (34.0X) 3/2 72 (34.0X) 2 

b.3 b.5 6 

(4-57) 

(4-46) 

'(4-47) 

ds 
=l+ 

Pr. 
17 oc-1.. __ t _ _..., 

• 15 (34.0X)3/2 
- -2...: ____ t _ __,, + 1 . b.t 

140 (34 0 .)5/2 45 -- 3 ] 
. • X (34. OX) 

(4-48) 

Integrating equation (4-47): 

T = 2~ s + To 

Assume b.~ = K3s + b.~0 and X = K4s + Xo. 
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Along the boundary curve 'T = 2. 554X, Xo = r, 

'T0 = 2.554r and ~~~ = Nr where N is an unknown constant • 

Therefore: 

!l2 ; K3 s + Nr 
t 

X = Kti. s + r 

'T - 3 ·+·: 2 554 ' . - 20 s . • . r 

•. 

,, At r = 0 the characteristic curve defined by equations (4-59) 

and (4-60) is 'T = .1.. Jf. • In order for the solution to be 
20 Kti. 

· continuous across 'T = _]_ ..!_ the characteristic curve for r = 0 
20 K2 

(4-58) 

(4-59) 

(4.:.60) 

must fall along T = ·3. X • 
. . ·20 K2 

From equations 

(4-58) and· (li·-59) at r = O, llE ·= K3 X ' 1fa X 
. K4 = K2 

If the solution 

,~ ... 

is to be corttinuous across T = ·. 3 x·: ·; from equation (4.:..54) 
. 20 K2 

2 K ll = 1 x t - •. K. 
2 

Therefore, Kj = K1• 

become: 

· !l 2 = K1s + Nr 
' t 

X = K2s + r 

Equations (4..;58) ·and (4-59)' 

(4-61) . ' 

(4-62) 

As in the preceding case it was initially attempted to make 

the solutiOn continuous across 'T = 2.554X. However., once again the 

characteristic curves cross very close ~o the boundary curve and a 

valid solution iS not obtained. It cari be shown that when· the line 
· 'T = 2. 554X is used. as a boundary curve, any value .below the ___ : 

·steady state value, llE = (k1 /K2)x, chosen as the boundary _,,, 
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value for ~~ along T = 2.554X, fails to produce a solution 

for the same reason. This can be shown mathematically using 

the same procedure as in the previous section. Therefore, 

in equation (4-61): 

N ~Kl 
K2 

The argument for_. making N = K1/K2 and thereby creating a 

solution which is the same as the steady~state solution is almost 

identical to that used for the preceding case to show that the 

transient solution ·exists for T < 2.554X. If N is chosen to be 

greater than K1 /K2 the amount of discontinuity is increased. If 

the_boundary value along this line is chosen to be equal to the 

steady-state value, the percent discontinuity for Prandtl numbers 

greater than 8.86 varies smoothly from the known values between 

Prandtl numbers of 4. 55 and 8G. 86. The solution obtained for the 

region indicated by the inequality (4-57) is the steady-state 

solution if it is assumed that the value of ~~ along T = 2.554x 

is given by the steady-state solution. All available information 

-indicates that in the area defined by (4~57) the solution is 

the steady-state solution, although efforts to prove that this 

is the unique solution have been unsuccessful. Therefore, it 

will be assumed that in this area the solution is: 

where K1/K2 is given in Figure A-3 of Appendix A. 
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In summary for a Prandtl number greater than unity: 

t:,2 = 40 T · for T ::::;; 2. 554X 
t T Pr 

t:,2 _ Kl 
t - - X for T ;;::; 2. 554X K2 

Determination of the Nusselt Number 

The heat transfer from the plate to the fluid can be determined 

either from Fourier's heat conduction equation: 

q = -kA (___,~,,_8.-) 
"'l y=O 

or from the convection· equation: 

where A is the surface area of the plate. Equating the above two 

expressions: 

( 08 ) 
h = B=O 
k OJ w 

08 
·hx = x ( i: )y=O 
k OJ - 8w 

Nondimensionalizing the above equation using the substitutions 

defined previously by equation (3-19a): 

Nu x = hx 
k 

(4-63) 
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From equation. (3-20): 

((Jr) 
'CJ!. Y=O 

2 =-

Substituting into equation (4-63): 

Nu x = 2X 
b.t 

(3-20) 

(4-64) 



CHAPTER V 

FINITE-DIFFERENCE SOLUTION OF THE BOUNDARY-LAYER EQUATIONS 

To obtain results which can be compared with the approximate 

solutions of Chapter IV the continuity, momentum and energy 

equations (3-1) through (3-3) were solved numerically on a 

digital.computer using the finite-difference equations of 

Farn (6). 

When equations (3-1) through (3-3) are·non-dimensionalized 

using the substitutions (3-19a), they Become: 

where U = u/uco and V = v/uco. 

The boundary conditions (3-4) and (3-5) become: 

for x = 0, y > 0, 'T > 0; u = 1, T = 1 

for x ;:?.:; 0, y = 0, 'T > 0; u = 0, v = o, T = 0 

for x ;:?.:; 0, y --+ co 'T > 0; u = 1, T = 1 ' 
The ~nitial conditions (3-6) become: 

at 'T = 0; u = 0, T = L 

Using the notation that any physical property ~ at the 

coordinate (Xi,Yj,'Tn) is uniquely determined by ~,j, Farn (6) 

wrote equations (5-1) through (5-3) in the following finite-

difference form: 

4_9 

(5-1). 

(5-2) 

(5-3) 

(5-4) 

(5-5) 
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un+l n+l . n+l un+l v~+~ vn+l - ui-1,j-l + ui,j - -i,j-1 i-1,j ]. 'J i,j-1 

2( liX) 
+ l).y = 0 

'· 

u:>-+~ - u:1 . ut.1 . - ut.1 . u~ . 1. - un .· i,J i,J . n ( i,J i-1,J n i,J+ i j-1 ..,..--.------· -· + ui. J. )+ v . . ( ' ) 
A'i" ' llX i' J 2 • AY 

n · n n . 
-(ui,j+l 2 u .. + u .. 1 l.,J l.,J- . 

>= 0 
(AY) 2 

n.+i n n ·n 

(5~6) 

(5-7) . 

Ti,J" - Ti,·J· ... n (Ti.,J. - T. 1 . ii. Tt.1 ~+l T1.1 . 1 ----.,...-- + U .i- ,_r.+ V; .. ( i,J i,J-) 
A'i" i, j tiX.. =-J l.,J 2 • AY 

· n n n 
T. ·+l - 2 T · · + T. · 1 l.,J l.,J l.,J~ 

Pr • (AY) a 
= 0 '(5-8) 

The above three equations whenrewri~ten and presented in the 

· following .order are easily solvable by computer: 

n+l n · A n n n -
ui J. = ui. J. + . 'I" [-u. J. ui. J. - u. 1 . 

n n . n · 
v .. ui J~+1 ·u .. ·1 ' ' ·.. l., ( ' ].- ,]) 

tiX. 
l.,J ( , . . l.,J-' ) 

2 • AY 

·n n n 
U· ·+1 - 2 U .. · + U· ·-1: + ( l.,J .• l.,J · •... l.,J ..) ]. 

(AY)r- · ·· 

· n+l n . n n n · n n n · 
T· . = T. ; + A'J" [-U... T· · - T. l . - Vi· J. Tl.. ,J·+1 - Tl.. ,.J·-1 ]. 'J . ]. 'J ]. 'J . ( ]. 'J AV ].-. ' 1) . ' ( 

UL\. 2 • AY ) 

n n n 
Ti· ·+l - 2 T. · + T · · 1. +( ,] l.,J l.,J-.)l 

· Pr • (EY) 2 
· .. ·(5-10) 

n+1 ·· n+l 
V· . = Vi·,J·-1--. . ]. 'J 

n.f.l n+l · . . n+l. n+l 
AY [Ui,j-1 - ui-1,j-l + ui,j - ui-1,jl <?-11> 

2 ( &) 

.. · 
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-
Equations (5-9) through (5-11) were solved by computer for 

Prandtl numbers of 0.7 and 3.0 using the following increments: 
' 

tJ.x = 750 

lry = 30 

b.'f = 200 

The nodal network of the X and Y coordinates is shown in Figure 

5-1. 

The local Nusse.lt number in nondimensionalized form is given 

in equation (4-63): 

OT 
Nux = X (dY)Y=O 

Using the network of Figure 5-1, the finite-difference form of 

this equation.is: 

(4-63) 

(5-12) 

Solutions to equations (5-9) through (5-11) are presented in 

Figures 6-3 through 6-6. The temperature of the fluid is plotted 

against the nondimensionalized distance above the plate, for 

nondimensionalized distances from the leading edge of 15,000 and 

22,500 and for various values of time, The solution to equation 

(5-12) is ·presented in Figures 6-8 and 6-9 for Prandtl numbers of 

0,7 and 3.0 respectively. 
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' ,......(1. _1) 

f 
b.y 

4 .. 

(4, 1) (i' 1) 

Top Surface of Plate 

FIGURE 5-1. Nodal network for finite-difference solution. 
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CHAPTER VI 

- COMPARISON OF APPROXIMATE 

SOLUTION WITH INDEPENDENTLY DERIVED RESULTS 

Steady-State Tem:eerature Profiles 

As seen from equations (4-31) and (4-54) the approximate 

solution of tpe steady-state thermal boundary-layer thickness 

is given by: 

or 
f. -(Kl)l/2 1/2 

t - K2 . X 

where K1/K2 is given in Figures A-1 and A-3 of Appendix A. 

From equation (3-20): 

Y -.Y 3 (X)4 
T = 2 <~/- 2 (LSt) + flt 

Substituting equation (6-1) into equation (3-20): 

2 y 2 
T =CK1/K2)l/2 K:J.!2 - (-K1_/,_K-2)-3-(2 

y_ 4 
(x_i./2) 

The solution to the above equation was compared to the 

(6-1). 

(3-20) 

(6-2) 

solution of Schlichting (14) of the-steady-state energy equation 

for fully developed flow over a flat plate. In this solution 

the continuity, _momentum and energy equations: 

(6-3) 

S3 
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(6-4) 

'· ·0r- dr 2 
u-+v-=et~ . Ox Oy Oyo (6-5) 

are rewritten by defining the new set of independent variables: 

(6-6) 

These are the well-known .substitutions used by Blasius in . 

solving the boundary-layer equation for flow over. a flat plate. 

Using the variables (6-6) the partial differential equations 

(6-3) through (6-5) can be reduced to two ordinary different;:ial 

equations~ These equations can then be solved by numerical . · 

integration. The solution was first given by E. Pohlhausen.and 

solutions for paz:ticular Prandtl numbers are given in_ Schlichting 

(14). 

·The approximate solution given by equation' (6-2) is compared 

in Figure 6-1 to the steady-state solution in Schlichting (14) for 

several Prandtt numbers. It is seen from this figure that the 

steady-state ~emperature profiles obtained by the approximate 

solution derived herein compare closety to the temperature profiles 

obtained from the nexact" solµtion presented in Schlichting (14). 

The maximum differ-ence in the two solutions presented in Figure 6-1 

occtirs f~r a Prandtl number of unity and is about Six per cent. 
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Pr=7.0 

Approximate Solution 

- - - Exact Solution 

Pr=3 0 

0.4 0.8 1.2 1.6 2.0 2.4 2.8 3.2 3.6 4.0 

Y/xl/2 

FIGURE 6-1. Comparison of steady-state temperature profiles. 
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Infini.J::e Plate Temperature Profile 

For a very short time ,after motion begins or for a very large 

distance from the leading edge the boundary layer acts as if there 

were no leading edge. The problem becomes the same as that of an 

infinit~ plate moving impulsively in an incompressible fluid with 

a sudden change in plate temperature. All derivatives with 

respect to the x coordinate are negligible as is the velocity in 

they direction. The energy equation (3-3) then becomes: 

with the boundary conditions of T equal to zero at .the plate and 

T equal to unity in the free stream and initial condition of T 

equal to unity. Equation (6-7) and the above-stated boundary .and 

initial conditions are the same as that for heat conduction in a 

semi-infinite solid with a suddenly changed surface temperature. --

The ·exact solution is derived in Schneider (15) using Fourier's 

integral and is: 

T = erf 

When the.above equation is nondimensionalized by the substitutions 

of equation (3-19a) it becomes: 

T = erf (.! Prl/Z y ) 
2 W2 (6-8) 

The approximate solution for the thermal boundary-layer thick-· 

ness for short times is derived in Chapter IV and is given by 

equations (4 ... 20) and. (4-43). The solution is: _ 



. ,. .. 

57 

f).2 = 40 . 'f t --3 Pr 

or 

flt - 40 1/2 'fl/2 
- (-) 

Prl/2 3 

Inserting the above expression for flt into equation (3-20), the 

temperature in the boundary layer is given by: 

(6-9) 

Solutions to equations (6-8) and (6-9) are compared in Figure 6-2 0 

The approximate solution is almost identical to the exact solution 

except near the edge of the boundary layer where the maximum error 

is about 2.5 pe:t cent. 

Approximate Versus Finite-Different Temperature 

Profile 

In order to get an idea of the accuracy of the approximate 

solution at other than strictly transient or steady-state 

conditions, the temperature profile obtained from. the approximate 

solution was compared to that obtained from a finite-difference 

solution of the continuity, momentum and energy equations.· The 

approximate temperature profile wa.s obtained.by substituting the 

solutions for the thermal boundary layer thickness,·. equations (4-20), 

(4-31), and (4-36) for a Prandtl number less than unity and equations 

(4-43) and (4--54) for a Prandtl number greater than 
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1.0 ---

0.8 

0.6 

T 

0.4 Approximate Solution 

--- Exact Solution 

0.2 

0 

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 

Pr .1/2 y 
2 /'f 

" FIGURE 6-2. Comparison of purely transient (infinite plate 
solution) temperat_ure profiles. 
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unity, into equation (3-20) which is the expression for the 

temperature in the boundary layer. The finite-difference 
' 

solution was described in Chapter V. Comparisons of the two 

solutions for a Prandtl number.of 0.7 are given in Figures 6-3 

and 6".'"4 and for a Prandtl number of 3!0 in Figures 6-5 and 6-6. 

Comparisons are made at nondimensionalized distances from the 

leading edge of 15,000 and 22,500. 

From Figures 6--~ and 6-4 it is seen ·that for a Prandtl 

number of 0.7 the approximate and finite-difference solutions 

agree closely with a maxlmum difference of about three per cent. 

Figures 6-5 and 6-6 show that for a Pran_dtl number of 3. 0 the 

difference in.the two solutions is greater. A maximum difference 

of about eight per cent occurs near the edge of the boundary layer 

for X = 15,000 and T = 32,000. .It should be mentioned that part 

of this difference i~ due to errors in the finite-difference 

solution caused by the size of the distance and time increments 

used in solving the finite-difference equations (5-9) through (5-11). 

If very small increments had been used the solution would have 

approached the exact solution of equations (5-1) through (5-3) and 

the temper?tures obtained from th.e finite-difference sofotion would . 

have been greater than those shown in Figures 6-3 through 6-6. 

Smaller increments were not used because excessive computer.time 

would have been required. 
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Pr=0.7 and X=lS,000. 



T 

L. l. J _ _J J - -c .I _J ___ J J ·-- L -·. -· ... _. L.--.-·· ._!LI.II •........ ,.L.J .. · ......... 1.... J.. 
".;:., 

61 
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FIGURE 6--4. 
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Comparison of temperature profiles for Pr=O. 7 
and X=22, 500. 
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FIGURE 6-6. Comparison of temperature profiles for 
· · Pr=3. O·. and X=22, 500. 
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It can be concluded that the approximate solution for the 

temperature pr·ofile in the transition period between tl:e transient 

condition and steady-state condition is a close approximation to 

the exact solution in this region. 

Steady-State Nus·se1t Number 

When the steady-state problem is solved by t.hei method of 

changing the variables described briefly in the first section of 

this chapter the soiution for the heat transfer can be obtained in 

the form of the Nusselt number. It is shown in Kays (8), 

Schlichting (ll&), and other publications that under steady-state 

conditions for a moderatePrandtl-number.range the local Nusselt 

number can be approximated with good accuracy by: 

N~ = 0.332 Pr1/ 3 Rex112 

where: 

Re x 

Therefore: 

\I 

Nux = 0.332 Pr113 
-Y/2 x 

Equation (4-64) gives the approximate solution for the 

Nusselt number: 

Nu = 2X 
x L.\t 

For the steady-state condition: 

K . 
L.\t = (.....!.)1/2 1/2 

.K2 X 

(6-10) 

(6'."11) 

(4-64) 



Therefore: 

·~ = 
. -- 1/2 x 

2 
· K1 1/2 (-) Kz 
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Equations (6-11) and (6-12) are compared in Figure 6-7. From 

th.e fig~re it is seen that the difference in the two solutions 

for the Nusselt number increases steadily from near zero for a 

Prandtl number of 0.5 to about seven per cent for a Prandtl 

(6-12) 

number of 10. In other words, for moderate Prandtl numbers the 

approximate solution gives a fairly accurate value of the 

steady-state local Nusselt number while for high Prandtl numbers 

the error may be large. 

Approximate Versus Finite-Difference Solution 

for Nusselt Number 

The accuracy of the approximate solution of the local Nusselt-

number at conditions other than steady state was determined by 

comparing it with the finite-difference solution described .in 

Chapter V. The approximate solution for the Nusselt number is 

given by·equation (4-64): 

2X 
Nux = 

b.t 
(4-64) 

while the finite-difference expression for the Nusselt number 

is given by equation (5-12). Comparisons were made for Prandtl 

numbers of 0. 7 and 3.0 at nondimensionalized dis.tances from the 

leading edge of 15,000 and 22,500. These results are shown in 

Figures 6-8 and 6-9. 
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FIGURE 6-8. Comparison ofNusselt numbers for.Pr=0.7. 
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FIGURE 6-9. Comparison of Nusselt numbers for Pr=3.0. 



The two solutions agree very closely for 'T ::::;; 2. 554X but 

the difference increases a,fter the approximate solution reaches 

the steady-state condition. The greatest difference in the 

solutions for the cases compared occurs for a Prandtl number of 

3.0 at.a nondimensionalized distance 9f 15,000 from the leading 

edge and is aboutten per cent. For a Prandtl number of 0.7 

the differences are not as large. As was the case for the 

temperature profiles, part of the difference can be attributed 

to errors in the finite-difference solution caused by the size of 

the increments used. 

In Figure 6-9 the discontinuity in the ·Nusselt number in the 

approximate solution is caused by the discontinuity in the thermal 

boundary-layer thickness at 'T" = 2.554X. 
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CHAPTER VII 

DISCUSSION OF RESULTS 

For a Prandtl number ,less than unity it was determined that 

the thermal boundary-layer thickness can be expressed by: 

A2 40 'T 3 X 
L.lt = 3 P'r for T :;;; 20 B 

b,2 40 ('T - 2.554X) 
t = 3 Pr 1 - 17B + K2 

3 x for 20 B :;;; T :;;; 2.554X 

2 K1 
b,t _ ~ X for 'T ~ 2.554X 

- K2 

where: 

X - 20 B'T 
( 1 - 317B ) 

B = _2 - 1 Pr + ~9~ Pr2 - __!, Pr5/2 
20 15 280 . _90 

(4-20) 

. (4-36) 

(4..:31) 

There are three regions of solution for this range of Prandtl 

numbers - one where the thermal boundary-layer thickness is a 

function of time only, one where it is a function only of the 

distance from the leading edge, and a transition region between 

these two wher~ the boundary-layer thickness is a function of both 

time and distance from the leading edge. 

The first region of so~ution occurs for a short time period 

after. the plate h.as changed its velocity and temperature or at a 

large distance from the leading edge. The boundary layer begins 

building up at the leading edge and moves along the plate. At 

large distances from the leading edge this.effect is not felt and· 

the boundary layer builds up as if the plate were an infinite plate 

with no leading edge. It is well known that the exact solution of 

70 
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the infin~te-plate problem gives a boundary-layer thickness which 

is a function of time only. . ~ 

The region of solution expi:essed by equation (4-31) occurs at 

a short distance from the leading edge or after a large time has 

elapsed. The complete effect of the leading edge build-up has been. 

felt and the thickness of the boundary layer is constant with time. 

In other words, this is the steady-state solution-where the velocity 

and thermal boundary-layer thicknesses are functiqns only of the 

distance from the leading edge. The velocity and temperature 

profiles of the boundary layer are fully developed, 

It i.s reasonable to expec:t that l;>etween these two regions of 

solution there exists a transition region wherein the thermal 

boundary-layer thickness is a function of both time and distance 

from the leading edge.· The method of solution used in this thesis 

gives such a region for a Prandtl number less than unity and the 

solution in this region is given by equation (4-36). · This solution 

mates smoothly with the solutions for the other two regions. There 

is no discontinuity in the thermal boundary layer thickness in 

passing from one region to another. 

For a Prandtl number greater than unity it was determined that 

the thermal boundary-layer thickness can be expressed by: 

2 40 T f .-- 2 4 Cit = 3 Pr or T ""' ,55 X (4-43) 

62 Kl 
for T ;;::;: 2, 554X (4-54) == Kz X t .. 

-·.··· 

There are only two regions of solution for this range of Prandtl 
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numbers - one where the thermal boundary-laye£ thickness is a 

function of time only and one where it is a function only of the 

distance from the leading edge, It was attempted to obtain a 

solution in the transition region which would smoothly connect 

the solutions given by equations (4-43) and (4-54) as was done 

for.a Prandtl number less than unity. However, these attempts 

were unsuccessful. There is a discontinuity in the thermal 

boundary-layer thickness across 'T = 2. 554)\, the point where the 

approximate solution used for the velocity boundary layer passes 

from the transient to the steady-state solution. 

The solution for a Prandtl number less· than unity is compatible 

with that for a: Prandtl number greater than unity in that the two 

sol1,1tions are identical for a Prandtl number of unity. 

The t;:emperature at any point and time in the thermal boundary· 
•' 

layer can be determined by substituting the expression for the 

thermal boundary thickness into the expression: 

- (3-20) 

This temperatlire profile was compared to known temperature profiles 

for the infinite-plate problem, the ·steady-state problem, and to a 

finite-difference solution of the temperature profile in the transition 

region. There was good agreement between this approximate solution. 

and the other solutions. 
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CHAPTER VIII 

SUMMARY 

An approximate technique has been developed which can be used 

to determine the thermal boundary-layer thickness at any time and 

any distance from the leading edge of a semi-infinite flat plate 

which has been set impulsively in motion in an incompressible 

fluid and has~ a simultaneous step change in temperature. From the 

thermal boundary-layer thickness the temperature-at any time and 

positibn in the boundary layer can be determined. The heat transfer 

rate through the boundary layer cati also be determined by using the 

local Nusselt number which can be determined for any time, 

Solutions obtained by the approximate ~echnique have been 

compared with solutions for · spe-cial situations which are documented 

elsewhere and with a solution obtained by the method of finite 

differences; the approximate solutions compare favorably with the 

other· solutions. 
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CHAPTER IX 

RECOMMENDATIONS 

It is recommended that this problem be investigated using the 

same approach in arriving at a solution but using different 

expressions for the velocity and temperature profiles, By using 

different profiles a continuous solution might be obtained for the 

thermal bounlary layer thickness for Prandtl numbers greater than 

unity as well as for Prandtl numbers less than unity. 

This same approach could be used to solve the more general 

problem of flow over a suddenly accelerated wedge given a sudden 

change in temperature, rather than for flow over a flat plate. 

A somewhat similar but more difficult problem for which a 

solution could probably be obtained using this technique is that 

of determining the concentration of a fluid in the boundary layer 

for impulsive flow of the fluid over a flat plate at which the 

concentration of another fluid evaporating or being injected is 

suddenly changed. 
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SOLUTION OF THE LAMINAR BOUNDARY LAYER OF A 
SEMI-INFINITE FLAT PLATE GIVEN AN 

IMPULSIVE CHANGE IN VELOCITY AND TEMPERATURE 

By 

Mici1ael D. Bare 

The laminar poundary layer over a semi-infinite flat plate w·hich 

is impulsively set in motion in an incompressible fluid and whiCh 

has a simultaneous step change in surface temperature was studied. 

An approximate method was derived which can be used .to determine 

~.he thermal boundary l~yer thickness as a function of the distance 

from the leading edge and of time. · From the thermal boundary layer 

thickness. the temperature of the fluid can be detennined at any 

positiOn in the boundary layer and at any time. The local Nussel.t: 

number can also be determiri.ed from the thermai boundary layer 

thickness. 

The approximate solution was compared with exact steady-state 

and infinite-plate solutions of the energy equation and with a 

finite-difference solution of the unsteady continuity, momentum 

and energy equations. Agreement between the solutions was close 

enough to indicate that the approximate solutions for the 

temperature in the boundary layer and for the Nusselt number 

approximate the actual situation with reasonable accuracy~ 
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