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INTRODUCTION 

Our understanding of the interactions within nuclei is facilitated 

by models, whose usefulness is determined by its ability to make 

predictions consistent with experimental results. The transition 

from one nuclear state to another is characterized by a transition 

probability and selection rules which are determined by conservation 

laws. The probability of a transition from an initial Ii> to a 

final If> state is proportional to 

where M is the interaction matrix. M is determined by the nature 

of the transition; electric or magnetic multipole transition, and 

the initial and final modes by the corresponding wavefunctions 

calculated from the model. In two body interaction it is possible 

to theoretically calculate the wavefunctions from the knowledge 

of the interaction potential. When the number of nucleons becomes 

large, however, the complexity of the.interaction increases rapidly 

and one is forced to use simple models of the nucleus to be able 

to calculate the wavefunctions. Thus it is clear that the knowledge 

of the lifetime of a nuclear state provides valuable.information 

about the transition matrix elements, necessary for comparision 

with theoretical predictions. The energy width r =~/T of the state 

is related to the possible decay channels and the measurements of 

partial or total width by means of transition probabilities 
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A = l/T will therefore give the matrix elements • 

. Purpose . of· This Work 

This work is primarily a study of the delayed coincidence tech-

nique and its methods of analysis. It was intended to give sugges-

tions to convenient.methods of analysis and as a first test of these 

the two levels 829 and 864 keV in 115rn w~re measured and analysed. 

This measurement was also intended to show that it was possible to 

separately determine the lifetimes of these· two close levels by 

using a Ge (L.i) detector in the y- channel. 
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INSTRUMENTATION 

In the last five years a large improvement has been made in 

the field of electronic systems for fast-pulse work. An almost 

complete set of instruments, much more stable and reliable than 

before, has become available commercially. All components in this 

research work are commercially made except for some of the mechanical 

arrangement, which will be described later in the text. 

Detectors 

The system was built for electron-gamma coincidence experiments. 

A Ge(Li) detector was chosen because of its very good pulse height 

resolution and the fact that very little or no work has been done 

with this type of detector for lifetime measurements. This is primarily 

due to its very long pulse rise time, which will give an indistinct 

time pickoff and therefore will make it less desirable. This problem 

is now however partly solved by using a constant fraction time pickoff 

unit, the principal function of which will be presented later. The 

detector used is a planar lithium drifted germanium detector of 

approximately 4cc active volume. 

A plastic scintillator NEllO was chosen as the electron detector. 

This has very short decay time. The scintillator was mounted on a 

fast photomultiplier type RCA 8575. By itself this system is capable 

of giving a time-resolution down to a few hundred pico seconds. 
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However the time resolution of the electron-gamma coincidence system 

will be determined by the slower Ge (Li) detector. The photomultiplier 

was mounted on a base with a preamplifier and a constant fraction 

pickoff unit of the type to be described below. The physical arrange-

ment is shown in Fig. 1 with the scintillator on top of the Ge (Li) 

detector. The scintillator is enclosed in a light-tight tube, whose 

lower end also serves as source holder. The source can be :replaced 

by removing the lid of the tube.· Both the detector and the tube are 

attached to sleighs which can be moved vertically on four rods inde-

pendently of each other. Thus the distances between the detectors 

and the source can be set to give desired countrates in both channels. 

Constant Fraction Time Pickoff 

The constant fraction time pickoff unit is used for both the 

scintillation and Ge (Li) detector pulses. However it is most impor-

tant for the Ge (Li) detector pulse because of its much greater 

rise time. The pulse shape of a lithium drifted detector is determined 

by the mobility of the carriers and the geometry of the electric 

field. For large fields the carrier velocity approaches a saturation 

value and the collection time will reach about 30 nanoseconds 

(n sec.) for a typical detector with a thickness of lcm. Each pulse 

starts an approximately linear slope and when all charge carriers 

of one kind are collected, the slope will level off with a knee. 

The time of this slope change is determined by the location in the 
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crystal where the interaction occurs. The technique which will be 

described here was first tested by Gedcke and McDonalJl) and later 

modified by Chase (2) for the Ge - Li detectors. It .contains the 

good time resolution feature of the leading edge time pickoff but. 

also gives a remarkably walk-free pickoff. This is of great impor-

tance when using a Ge (Li) detector, whose pulses have a very long 

rise time. The function of the circuit is quite simple and is most 

easily explained by refering to Fig. 2. The detector output pulse 

is treated in two ways: 

First it is inverted and delayed by a time-interval small compared 

to the full rise time of the pulse. The direct detector pulse is 

then attenuated by a fraction f and added to the delayed pulse. The 

sum of these pulses will give a pulse which crosses the zero level 

at the same time, if f is small, it would take the original pulse 

to rise to f times its peak value. The crossover time is independent 

of the slope and amplitude of the pulse. The value of f and the 

delaytime must be carefully chosen to make sure that the crossover 

occurs before the characteristic change of the slope. The values 

obtained by Chase for a small planar Ge (Li) detector and a plastic 

scintillator were a FWHM of 4 n sec. at the energy 500 keV and 

a walk of about 1.5 n sec. for a change in amplitude by a factor 

5. A walk of this size is very large and will sometimes make it 

impossible to use certain methods of evaluation. How we circumvent 

this problem will be presented later in the analysis of the data. 
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Time to Pulse High Converter (TPHC) 

This unit is now so common in use that it actually needs no 

explanation here. It is our tool of measuring the time difference 

between the signals indicating the birth and the decay of the nuclear 

level under investigation. The range of this "clock" is from 10-3 

-11 seconds down to 10 seconds. The TPHC, as the name implies simply 

converts the time difference betweentwo signals to a pulse whose 

amplitude is proportional to this difference. This pulse is then 

recorded on a multi-channel analyzer (MCA) and one obtains a time 

spectrum of the decay. 

Circuit Description 

The complete electronic circuit is presented in Fig. 3. We 

can distinguish two main circuits: the slow coincidence circuit 

which is the energy analysing part and the fast coincidence circuit 

which is the time analysing part. The slow coincidence circuit signals 

from the two detectors are separately amplified by linear amplifiers 

with variable filters to obtain the best energy resolution. Then 

the signals are analysed with respect to their energy in the single 

channel analysers (SCA) which only give out gate pulses when the 

amplitude of the signals are within a present energy window 

(E, E + 6E). This makes it possible to pick out only those decays 

in a complicated spectrum which we are interested in. Tlese gate 
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Figure 3. Electronic Circuit 

-9-



SOURCE 
P.M. * PRE.AM PL. 

~, u 

LINEAR TIME 
AMPL. PICKOFF 

... 
~·· 

.• 

.. 

. 

S·TART .._ T-PHC ..-: .. 

.. 
' 

.. • 

H' , , 
TIMING 

SCA 
MCA· 

~ ~ 

SLOW ... 
... 

COIN C. 

GECLI) 

,, 
TIMING 

' 
··FILTER 

AMP L . 

~ , 
STOP CONSTANT .. FRACTION 

~- TIMING 
· DI SC. · 

.. 
""Iii 

~, 

LINEAR 
AM PL. 

+ SHAP 
ING 

-+ DLY 

'H 

TIMING 
SCA 

I ...... 
0 
I . 



-11-

pulses from the single channel analysem are then time analysed in 

the slow coincidence circuit. Only those signals from the detectors 

which correspond in time and have the energies of the decays we are 

interested in will open the multi-channel analyser (MCA) for recording. 

The components of the fast coincidence circuit have been presented 

before except for the timing filter amplifier which will differentiate 

the long detector pulse from the Ge (Li) detector and makes it more 

suitable for the Constant Fraction Timing Discriminator. The time 

spectrum is recorded by the multi-channel analyser. The circuit 

contains also delays to compensate for the different internal delays 

in detectors and electronic components. 

ACCUMULATION OF DATA 

Source Preparation 

Pieces of cadmium we!e rolled out to thin foils of thicknesses 
2 between 20 and 10 mg/cm • Circular pieces with diameter 10 mm were 

pmched out and placed in lucite source holders. The samples were 

cleaned off by alcohol and irradiated for about an hour in the 

Virginia Polytechnic Institute research reactor with a neutron flux 

12 2 density of 10 neutrons/cm sec. The active sources of the 62 

hour 115cd isotope were produced. These were allowed to "cool off" 

for about 24 hours before use, to let shortlived activities decay 

away. 
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Thin gold foils were prepared in the same way and ixrad:tated 

198 for 10 seconds to produce active sources of the 43 hour Hg isotope. 

The prompt (<22 psec.) S + y decay cascades in 198Au were used 

for calibration and the prompt reference time distribution. 

Procedure 

The stability of the system was checked continuously during 

the experiments as well as its linearity. The temperature stability 

was ensured by an airconditioner which kept the temperature in the . ~ 

room constant within 1° C. The linearity was checked by making 

calibrations on different places on the time axis and comparing 

the calibration constants. The linearity was good within the limits 

of the determination of the calibration constant. Calibration was 

obtained by introducing. a General Radio air delay line (lit = 

1. 00036 ± 0. 00016 sec.) in one of the legs to the TPHC and obtaining 

a shift of the prompt reference time distribution. For each 

calibration this pair of distributions was measured within a short 

time less than two hours, to avoid error due to drift in Lhe system. 

The data was always taken in groups of three measurements, the first 

giving the prompt reference time distribution, the second giving 

the time calibration and the third giving the time distribution 

of the actual nuclear level. Typical y- spectrum obtained by the 

G CL ') d f h ' 198A d 115cd ' d e i etector o t e active u an isotopes are presente 

in Figures 4 and 5. Corresponding S- spectrum as they are seen by 
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the plastic scintillator (NE 110) are also shown. To get an estimate 

of the energy resolution of the scintillator (NE 110) a S- spectrum 

of 137cs is furnished in Fig. 6. The conversion electrons from the 

decay of the 662 keV level in 137Ba are easily distinguished beyond 

the continuous S- spectrum (FWHM = 100 keV). In the S- spectrum of 
115 Cd we can also see a conversion line which originates from the 

336 k V d . 115I e ecay in n. 

It is easy to set the energy windows .in the y- spectrum since 

the Ge (Li) detector gives an excellent energy resolution (F W H M < 

5 keV). The different energy window settings are indicated in the 

figures of the energy spectra. The energy window settings in the 

S- channel was more difficult to decide. By recording this spectrum 

in coincidence with the .corresponding y- decay in the same cascade 

it was possible to see which part of the s- spectrum belonged to 

the cascade. To obtain the same conditions dur:i.ng the experiment, 

h D · ·.• · 198 the setting in t e µ- channel was kept the same for both the Au 
115 . and the Cd source. 

The data was recorded on a Multi Channel Analyser. After 
. . 

selection of the useful points in the time spectrum the data· was 

transferred to data cards and analysed with the aid of the IBM-360(65) 

data analysis system. 
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ANALYSIS OF DATA 

There are several ways of analysing the decay curve from a delayed 

coincidence experiment. The most commonly used and'perhaps the most 

accurate method is the slope method. This method is desirable when 

the measured mean life T is much longer than, or comparable to the 

time resolution (F W H M of the prompt time distribution of the 

system). When Tis comparable to the slope of the prompt time 

distribution the slope method cannot be used. 

It will be shown however, that the centroid shift of the delayed 

curve contains the information for deducing the mean life T and this 

can be used if T is. short. compared to the time resolution. Some 

of the limitations of the centroid.shift method will,however,be 

discussed. Another way of analysing the decay curve, is to compute 

a theoretical decay curve from the prompt one and then apply a 

least squares fit to the experimental decay curve. Some of the 

features of this method will also be discussed. 

The Slope Method 

If, in an experiment one wants to measure a mean life T which 

is larger than the actual instrumental mean life, i.e. the slope 

of the prompt time distribution, it will be convenient to use the 

slope of the delayed time resolution to determine T. Newton (3) 

showed that even for a system with finite time resolution under the above 
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condition the rate of falloff of the delayed time distribution is 

an exponential curve with decay constant ;.\ ::: l/T. The decay rate 

can then be represented by the function 

f::: A. e-A.t 

Taking the logarithms of both sides, 

~n f = - At + canst. 

So the decay curve can in a semilogarithmic diagram be represented 

by a straight line. The analysis will simply be reduced to a 

least squares fit of a straight line to the experimental data. 

Therefore this method is most frequently used. It is also remarkably 

insensitive to systematic errors such as shifts in the position of 

the time distribution. A shift of this kind is very serious for 

the next method to be discussed. On the other hand the slope method 

suffers from a larger contribution of statistical errors than any 

of the other methods. This can however be compensated for by increasing 

the data collection. 
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The Centroid Shift Method 

In 1950 Bay(4) pointed out that there is a relation between 

the mean life T and the centroid shift of the delayed time distri-

bution. Assuming that all functions are normalized to unit area 

and using the notations 

P(t) = the prompt time distribution 

F(t) = the delayed time distribution 

f(t) = A e-At (t>O) 

and the definition of the moment of order n 

M (g) 
TI 

~ f 
J 

-oo 

the basic relation given by Bay is 

M (F) = M (P) M (f) + ( nl) M l (P) M1 (f) + ... n n o n-

For n = 1 the first moments give 

-19-
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This shows that T can be determined by calculation of the first 

moments of the prompt and delayed time distributions. 

One can also find relations between higher moments and T if 

the moments of the functions are defined with respect to the 

first centroid of the curve itself. This was first suggested by 

Birk et al(S). The moments of any function g(x) are then 

+oo 

Ml (g) = J x g(x) dx (2a) 

-00 

+oo 

M (g) = f [x - M1 (g)]n g(x) dx n>l (2b) 
n 

-00 

Now the basic relation between F(t) , P(t) and f(t) will have the 

form 

n-2 
M (F) 

n 
n 

= M (P) + M (f) + L ( k ) Mn_,,(P) • M. (f) 
n n k=Z ~ k (3) 

This form does not, for n>2, contain any moment of the first order. 

If the decay is a single decay with mean life T the moments are 

M Cf) = 
n 

n 
L 

k=O 
n>l 

(4) 

For n=l, 2 and 3 there will not appear any product term of moments, 
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and simple relation to T can be obtained 

T = [M (F) - M (P)]l/ 2 
2 2 (5) 

(6) 

Thus the analysis of higher order of moments also gives information 

on T. It must be pointed out that the first moment is sensitive 

to the position of the time distribution, the second moment to the 

width of the disbribution and the third to the asymmetry of the 

distribution. It is understandable that the method of the first 

moment is very sensitive to drifts and therefore requires a high 

stability of the components in the system. The statistical error 

will be less than for the slope method, however the accuracy of the 

centroid-shift method depends also on the channel width of the 

multichannel analyser used. All d~rivations presented here are 

made under the assumption that this channel width is much smaller 

than T. The effect on the analysis by the finite channel width 

will be discussed to greater detail later. 

The Method Unfolding 

This method was developed to cover the need of a numerical 

analysis of the time spectrum of delayed coincidences which is less 

sensitive to instrumental drifts and contribution to the error by 
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accidental coincidences. It was suggested by Bostrom et a1(6). 

The delayed time distribution may be theoretically calculated from 

the prompt time distribution. If the true value of the decay constant 

of a single decay is A the mathematical expression for the delayed 
_,/ 

time distribution will have the form 

00 

F'(t'J = N f P(t' - t) e-At dt 

0 (7) 

This is just an unfolding of the delayed time distribution into the 

prompt response and a theoretical decay curve. F'(t 1 ) is then 

fitted to the experimental F(t') through a least squares,fit. The 

parameters N, A and the systematic shift in time Lit are varied 

during the fit procedure until the weighted variance reaches its 

minimum. Thus it is .possible to determine the mean lifeT = l/'A 

to which the delayed tim~ distribution corresponds. The method will 

also give the shift Lit due to instrumental drifts; however, the 

most important pointis that A is indepertdent of Lit. The method 

of determining T is thus not sensitive to drifts in the system. 

The unfolding method is an extension of the slope method, but it 

uses the maximum information available in the experimental delay 

curve, which is very important for short mean lives. It also 

suffers less from statistical errors than the slope method. 

The method is realized in the computer program in the following 

way: The integral (7) is replaced by a summation over channels 
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Figure 7. Schematic Picture of the Unfolding Method 
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which corresponds to the finite increments on the time axis. This 

is the experimental situation when recording the time distribution 

on a multi channel analyser. Figure 7 gives an illustration of the 

procedure. Every point E. on the ideal exp.onential curve is spread 
1 

out according to the prompt response P. of the equipment. The super-
J 

position of these responses gives the theoretical delayed time 

distribution Fk. 

In the computer the first points on Fk will be obtained by 

the following sununation 

(8) 

etc. 

In this way the maximum information is extracted from the prompt curve. 

Error Analysis 

The error calculations were carried out assuming that the 

number of counts in each channel had a standard error according to 

the Poisson distribution. Thus the standard deviation of n counts 

in one channel will be defined as 

CJ(n) = rn 
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The usual rule giving the standard deviation of a function f of 

the independent variables x1 and x2 with standard deviations cr(x1) ,o(x2) 

respectively 

a(f) 

was used. 

The normally distributed background B was subtracted from the 

time distribution A in each channel and the standard deviation 

was determined from the formula 

a(A - B) IA+ B 
(A - B) 

which is calculated for a logarithmic scale, 

If the background is kept small, i.e. the total number of true 

coincidences is much larger than the total number of accidental 

coincidences, the error due to this does not have to be accounted 

for in the calculation of the error in the method of moments. 

Derivations of the standard deviations of each method are presented 

in appendices. 

i 



Numerical Treatment of the Methods of Analysis 

As mentioned before the slope method is perhaps the most 

attractive one when the time resolution of the system allows us to 

use it. The statistical error was however the largest of all but 

could be reduced by increased counting time. It is also very easy 

to fit a straight line to the experimental data in a computer 

program. 

The method of moments, using the ~irst (the centroid shift 

method), second and third moments of the curve are considered as very 

goodrstatistically. J;t is also easy, when using a computer, to 
. . 

calculate these moments. However one has to be c~utious here; In 

the experimental situation the time. distributions are approximated 

by staples, which widths correspond to the width of the channels 

in the multi~channel ~nalyser. An equation giving the mean life 

'T in moments of the curve .was however 'derived for an infinitesimal 

channel .width. A calcula~ion of th.e moments of the experimental 

staple diagrams can thus give .quite serious errors. How the 

relative channel width will affect the mean life calculated from 

the first and second moments is shown in Table 1. The values ar·e 

calculated for an ideal decay function. 

It. is obvious that M2 gives a closer value of 'T than M1 does, 

since for longer times, when the decay curve has leveled off, the 

staple form is a better.approximation of the decay curve than for 

shorter times. M2 has, however, the disadvantage of larger statistical 
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Table 1: Relative errors of calculation due to finite channel width. 

If £ = cal.error/T = the relative cal. error in T 

T = the calculated value of T cal 

the true value of T will be given by the formula 

·t = 

~. 

Relative Relative error·· of calculation 
channel width 

dt/T in·M 1 in M2 

1.0 0.418 0.0415 ··. 

0,9 0.384 0.0342 
,. '. 

0.8 0.348 0.0279 

0.7 0.310. 0.0217 

0.6 0.271 0.0168 

0.5 0.230 0.0119 

0.4 0.187 0.0083 

0.3 0.143 0.0057 

0.2 0.097 0.0032 

0.1 0.050 0.0025 

0~05 0.025 0.0023 

0.01 0.0056 0.0023 

0.005 0.0026 0.0021 

-27-



-28'.'!" 

errors. Depending on how large our drifts and other errors in the 

system are,. we can conclude that the channel width has to be 

almost five hundredths of the mean life measured to give a calculation 

error less than 3%. The values in the given table can be used to 

compensate for this error. The.compensation is however n.ot exact 

since the values in the table are slightly different from those 

calculated for a prompt time distribution with finite width. The 

discrepancy is fortunat~ly of the order of the statistical error 

in the moments, so with good statistics this is a possible way of 

correction. A numerical check of it was also made in connection 

with the check of the unfolding method. The results together with 

typical values on the statistical error of T is presented in Table 2. 

The test of the unfolding method ought to have bee.n a coJ11plete 

theoretical test, but for several reasons it was perfo~ed more as 

a numerical test of the computer p.togram~ It is obviouf:? -that the 

unfolding method also will suffer from calculation errors due to 

the finite channel width. The larg~st error will appear in the 

shift parameter flt. A complete theoretical test would have been 

much desirable and would have given the numerical corrections of 

the parameters. Bostrom et a1(6) have proposed an analytical test 

method. In this work the numerical test has been carried out in 

the following way: From theoretical forms of prompt time distributions 

corresponding delayed time distributions were calculated for different 

values of Tusing Equation (8). These values were punched on 

computer cards and read into the unfolding computer program to be 
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Figure 9. Numerical Test ;F:lt of The Slope Computer Program . 
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Table 2: Numerical check of the corrections of T for errors of calculation in M1 and M2: 

dt/ Rel. error TM1 T 
a (TM1) T T of calculation M1 + corr. 

10 0.1 0.050 9.489 9.984 0.0099 

5 0.2 0.097 4.509 4.994. 0.0025 

2 0.5 0~230 1.539 1. 997 0.0005 

1 1.0 0.418 0.581 0.999 0.0003 

I 
(.;.) 
I-' 
I 

dt/ Rel. error T . TM2 + a (TM2) T T of calculation M2 corr. 

10 0.1 0.0025 9.925 9.950 0.0114 

5 0.2 0.0032 4.964 4.980 0.0032 

2 0.5 0.0119 1.969 1. 993 0.0007 

1 1.0 0.0415 0.954 0.995 0.0005 
' 



I w 
N 
I 

Table 3: Numerical test of the unfolding and slope computer programs. 
(values in nsec.) 

computed values 

mean life unfolding slope 

sg1ft T O(T) T cr Ct) 

10.0 2;10-3 9. 989 0.101 9. 986 . o. 207 

5.0 2·10"""3 4.995 0.060 4.994 0.258 

2.0 2-10-3 1.997. 0.083 1.996 0.437 

1.0 2·10-3 0.9978 0.122 1.010 0.571 

0.9 4· 10...;3 0.8976 0.132 

0.8 4·10-3 0. 7954 0.144 

0.7 6 .10-3 0.6930 0.125 

0.6 2·10-3 0.5979 0.134 
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fitted. From these fits the mean life and shifts were computed. 

A diagram of the fit is presented in Fig. 8. Mean lifes were 

computed for T = 0.5 - 10.0 n sec. in this way, and some of the 

results with standard deviations and statistical (unwanted) shifts 

are shown in Table 3. The same mean lifes were also run in the slope 

computer program, see Fig. 9, and the relative accuracy of the two 

methods is also compared in Table 3. Some of the input curves were 

shifted to see if the value of Twas independent of systematic 

shifts. For a shift of ~t = O.lT the relative error in T was of 

the order of two parts in a thousand and the shift was determined 

with a relative accuracy of five parts in·a thousand. Also the 

same numerical input were. fed into. the centroid shift program to 

give values T for different relative channel widths. These values 

were corrected for calculation errors with the theoretically 

calculated correction constants from Table 1. The results are 

presented in Table 2. 

RESULTS AND DISCUSSION 

The two levels, 864 and 829 keV in 115rn were measured and the 

collected data was treated by all methods discussed here, ·The time 

resolution of the system was measured to be 4 n sec. (F W H M) and 

with an instrumental half life of 0.6 n sec. The shape of the 

prompt time distribution was not independent of the counting rate 

so care had to be taken when selecting the useful data. Twelve sets 



Table 4 

Table 4A 

Table 4B 

Table 4C 

Table 4D 

results of each separate measurement of the 

levels 829 and 864 keV in 115In 

values computed by the unfolding method 

~alues computed by the slope method 

values computed by the first moments with 

corrections 

values computed by the second moments 

with corrections 

In each table the values 1 - 9 represent the 864 keV level and 
. . . 115 

10 - 12 the 829 keV level in In. 
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Table 4A: Values computed by the unfolding method. 



Table·4B: Values computed by the slope method 

NR T l/2' a (Tl/2) ... .. . . · .. ... 
. (ns). ·. . (ns) 

. . 

1 . 1.0975 ·o.3360 

2 1.1489 O~Oi96 '· · 
I 

w 
3 1.1176 o:.5330 °' I 

4 1.0985 0.4932 

5 · i.07~6. o •. 3318 

~ 1.1007 ·o •. 3355 ._ .. 

.1 1.4202 0.6~28 
}··' 

8 '1. 0941 0.0134 

9 1. 07$9 0.4086 

10 6.145 ·0.1310 

11 5.835 0.3221 

12 5.888 0.4484 



Table 4C: Values computed by the first moments, with corrections. 

T 1/2 cr(T 1/2) T 1/2 T 1/2 cr(T 1/2) 
Nr calcul. calcul. corrected corrected after corrections 

(ns) (ns) for shift (ns) for cal.error(ns) (ns) 

1 0.0066 0.0129 1.1080 1.3192 0.0380 

2 0. 7739 0.0172 0.7388 0.8994 0.0303 

3 0.8579 0.0226 0. 7724 0.9449 0.0360 

4 0. 7701 0.0216 0.7077 0.8529 0.0373 

I 5 0.8979 0.0144 o. 7786 0.9315 0.0290 
w ....... 
I 6 0.6708 0.0510 0.9348 1.1236 0.1237 

7 1.1459 0.0219 0.8475 0.9722 0.0414 

8 0.3717 0.0100 0.8765 1. 0490 0.0227 

9 0.7434 0.0133 0.7456 0.8933 0.0256 

10 5.556 0.122 5.910 . 6. 061 0.176 

11 5.365 0.126 5.348 5.485 0.179 

12 5.542 0.318 5.545 5.687 0.111 



Table 4D: Values computed by the second moments, with corrections. 

T 1/2 T 1/2 
Nr calculated corrected for cr(T 1/2) 

(ns) cal.error (ns) 

1 0.8984 0.9093 0.0243 

2 0.8268 0:8370 0.0245 

3 0.8454 0.8558 0.0143 

·4 0.7165 o. 7252 0.0306 
I w 

a:> 5 0.8532 0.8635 0.0307 I 

6 . 1. 0449 1.0575 0.0205 

7 1.0706 1.0836 0.0739 

8 0. 8477 0.8580 0. 0271 

9 o. 7977 0.8073 0.0197 

10 6.010 6.061 0~133 

11 5.346 5.485 0.126 

12 5.596 5.687 0.320 



-39-

of data were collected. Each set contained one prompt, one shifted 

(to give the calibration constant) and one delayed time distribution 

of the measured level. All sets were separately analysed by the 

slope, the first moments, the second moments and the unfolding 

methods. The computed results of each method is presented in Table 

4. The shift due to drift in the system was obtained from the 

unfolding calculations and was then used to correct the values of 

the first moments. Corrections for calculation errors in the 

first and second moments were also made and are given in the Table. 

The weighted averages and standard deviations were then calculated 

as final results of each method. 

Half Lives of Levels 864 and 829 keV in 115rn 

The level 864 keV in 115rn was measured and the results are 

Tl/2 = (1.11 + 0.03) ns as derived from the slope 

Tl/2 = (O. 95 + 0.07) ns as derived from the first moments 

Tl/2 = (0.87 + o. 08) ns as derived from the second moments 

Tl/2 (0.91 + 0.07) ns as derived from the unfolding method 

The methods of the moments and unfolding gave the average 

T112 (0.90 ± 0.08) ns 
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ll5 The level 829 keV in In was measured and the results are 

Tl/2 (6.09 ± 0.12) ns as derived from the slope 

Tl/2 = (5.73 + 0.20) ns as derived from the first moments 

Tl/2 = (5. 73 ± 0.32) ns as derived from the second moments 

Tl/2 = (5.78+0.18) ns as derived from the unfolding method 

The average of the methods of the moments and unfolding gave 

the half life 

T112 = (5.74 + 0.24) ns 

Discussion of the Accuracy of theMethods of Analysis 

The slope method seems to give slightly higher values of the 

half lives than any of the other methods. On the other hand these 

values correspond very well to those obtained by Nainan et al(7). 

T1/ 2 (8 29 keV) (5.99 ± 0.03) ns 

and 

T112 (8£4 keV) = (1.15 ± 0.04) ns 

and those obtained by Hrynkiewicz et al(S) 



T112 (829 keV) = (6.00 ± 0,12) ns 

and 

T112 (864 keV) = (1.13 + 0.06) ns 

The values Nainan gave were calculated through the slope method while 

Hrynkiewicz used a method similar to the unfolding described here. 

Both authors had used plastic scintillators for detection of the 
115 . . k In spectrum and were thus unable to resolve the two 829 and 864 eV 

levels. Their delayed time spectrum was obtained as a combination 

of the shorter and the longer of the two mean lives. Nainan et al 

made no attempt to assign the two half lines to the two levels. 

Hrynkiewicz et al assigned the shorter half life to the upper level 

and the longer to the lower level. This was done by moving the 

window in the y- channel to the upper and lower part respectively 

of the combined 829/864 keV peak. The present measurements have 

shown that their conclusion was right. One might make the following 

observation regarding the high value obtained from slope measurements 

compared to the other methods. The mean life is about 1.5 ns and 

the time resolution (F W HM of the prompt curve) is about twice 

as large (4 ns). For the slope method to give a completely reliable 

result the measured mean life should be much l:arger than, or at least, 

comparable to the time resolution of the system. However the quite 

steep sides of the prompt curve (T112 = 0.6) allowed in this case 

a measurable life time to be recognized. The result of a straight 

line fit is shown in Fig. 10. The corresponding unfolding fit is 



Figure 10. Straight Line Fit of the 864 keV 
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shown in Fig. 11. The fits to the 829 keV level time distribution 

is shown in Fig. 12 and 13. 

The centroid shift method is, as noted before, very sensitive 

to drifts. Since low activities were used in order to minimize the 

accidental coincidences, long recording times of the delayed time 

distributions had to be made and drifts could not be avoided. However 

values of the shifts were calculated with the unfolding method and 

a correction could be made. The correction was made, but as we can 

see, the half life of the 964 keV level from the first moments is 

higher than that from the second moments. These should apparently 

have the same values. This error comes from the shift calculation 

in the unfolding computer program and is due to the finite channel 

width. The compensation for the instrumental shift was too large. 

The values on the half life of the 829 keV level obtained from the 

first and second moments correspond very well. The relative channel 

width was here only 0.05 compared to about 0.3 for the 864 keV level. 

The unfolding method seems to give good correspondence with 

both the first and second moments but gives slightly lower value 

than the slope method. Whether the difference is due to the slope 

method is not quite clear, but for reasons mentioned before it is 

possible. It would have been very useful and desirable to make a 

theoretical test of the unfolding method to clear up this uncertainty. 

Because of this,it was preferred not to give an average over all 

methods but only over those which gave comparable values. 



Figure 11. Unfolding Fit of the 864 keV 
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APPENDICES 

Appendix A 

Derivation of the Standard Deviation 

in the Mean Life Calculated by the 

Method of Moments 

These derivations are made under the assumption that the 

number of counts n in each channel has a standard error v n. The 

total number of counts in the delayed time distribution F is 

denoted by NF. Using the common rule for the variance of a 

function F, the equations.(2a) in the text will give 

0M (F)2 
1 

0M (F)2 
n 

1 
N 2 

F 

1 
= N 2 

F 

t 2 F(t) dt 
-oo 

n > L 
-oo 

(A. l) 

The corresponding variance of the prompt curve is obtained in the 

same way. The standard deviations in the mean life are obtained 

from the equations (5) and (6). 

first moments: 0 (T) = [0M (F)2 + 0M (P)2]1/2 
1 1 (A. 2) 
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second moments: 
(A. 3) 

A more complete discussion of the error analysis is given by 
.. (9) Sundstrom • 



··Appendix B 

Least Squares Method 

The theory of weighted least squares fit of an independent data 

set is based on the niinimization of 

where 

s = 4 
i 

"' )2 w. (n. - n1 ... 1 .1. 

. th . . 
wi = weighting factor for the i data point 

n. = measured vah1e of the i th data pcii~t 
1 

"' 1 1 t d 1 · f the 1· th data · t ni = ca cu a e .. va . ue o pain 

(B.l) 

In matrix notation,· the ni are elements of the column·data matrix 
"' N and the n. are elements of the column matrix N .of calculated data. 1 . . 

. . 
The weights w. are r.epresented by the diagqnal weight matrix P 

1 ., . .· .·· .. ·. . 

defined as 

l 0 
2 

O'l 

1 
2 

p 
0"2 

= 

0 

(B .2) 
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2 where cr. are the variances of the measured data points. The 
1 

calculated data matrix is defined from 

A A 

N = XA 

where 

X = the matrix operator of the function fitted 

A = the column matrix of the estimators of the parameters 

" 

(B. 3) 

A a. 
1 

The best estimation A is obtained by minimizing S in (B. l}. By 

introducing the residuals V 

V = XA - N (B. 4) 

equation (B.l) can be written as 

(B. 5) 

The minimum of S is obtained by setting the derivatives of (B.5) 

with respect to the parameters a. equal to zero. The differential 
1 

operator 6 working on (B.5) gives the condition 

(B. 6) 
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By substituting (B.4) and (B.5) into (B.6) following condition 

is obtained 

A A 

o [ (XA - N)T P(XA - N) ] = 0 

and 
A A 

2 · o (AT) (CA - XTPN) = 0 

or (B. 7) 

where C = XTPX (B. 8) 

If the matrix C is nonsingular the system of equations (B. 7) is 

soluable uniquely with respect to the parameters ai. The best 

estimate A is then givenby the following system of §quations 

(B. 9) 

The best estimate of the.accuracy of the measurement is given by 

(B .10) 

where N is the total number of data points and n is the number of 

independent parameters. The accuracy.of the individual parameter 

is obtained from the equations (B.9) and the corresponding 

variance-covariance matrix is 
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(B.11) 

where ~ is the variance-covariance matrix of the measured data 

points. But 

and 

(B .12) 

The variance of each parameter a. is thus obtained from equations 
l. 

(B.10) and (B.12) 

2 2 cr (a.) = 0 (Mcr) ii l. 

VTPV -1 = (N - n) (C )ii 

-1 -1 where (C ) .. is the iith diagonal element of C • 
l.l. 

(B.13) 

A more complete discussion of the least squares method is given 

by Linnik(lO). 



Appendix C 

Derivation of the Standard Deviation 

in the Decay Constant Calculated 

By the Slope Method 

. The data points are fitted to a.straight line in a semilogrithmic 

scale. Let a and b be the parameters defined by . 

Y. ::; a+ bx. 
i 1 

,··· .. 
In the matrix notation used in Appendix B the following matrices 

are defined as 

A= [ : l x -
1 

1 

1 

.• 

x· 
n .. · 

To estimate the error in a and b we need to calculate 

(C.l) gives 
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(C. l) 

(C. 2) 
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L wi L w-.x. 
1 :l 

c = 
L L 2 w.x. w.x. (C.3) 1 1 1 1 

·, 
The problem of inverting C is left. The easiest way of calculating 
-1 C , when the numbers of columns and rows are small, is to solve 

the inverse equation by use of Cramers rule. If the system of 

equations, which we want to calculate the inverse for, is 

n 
E 

i=l 
a .. e. 1J J. (C. 4) 

where aij are the elements of the-matrix Iai.j]. We warit to solve 

equations (C.4) and find the coefficients in the inverse expansion 

e. = 
J 

Writing D 

n 
k bij fi 

i=l (C.5) 

= det fa .. ] and solving {C.4) by Cramers rule we obtain 
J.J 

(C. 6) 

where Aij denotes the cofactor of the element aij in the matrix [aij]. 

Comparing (C.6) and (C.5), we find 

- Aij 
bij - D (C.7) 
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By using (C.7) it is now possible to calculate the variance of 

the parameter b, estimated by the least squares method. 

Equations (B.13) and (C.3) give 

a(b) 2 2 -1 
= a (C )22 

2 L:w. 
a ~~~~~~-1~~~~~~ 

2 . 2 
(L:w.) (L:w. x. ) - (L:w. x.) 

1 1 1 1 1 

2 a = 
L:w. 2 L:w. x. 2 x. 

(L:w.) I 1 1 ( 1 1) ] L:w. 
~ 

1 L:w. 
1 1 

(J 
2 

= 
L:w. (x. - 2 - x) 

o::w .) 1 1 
1 L:w. 

1 

a 2 
= 

L:w. (x. - 2 - x) 
1 1 

or 

a(b) 2 s = - 2 (N - n) L:w. (x. - x) (C. 8) 1 1 

were Sis the sum of weighted squares from equation (B.l). 



Appendix D 

Notes on the Estimation of the 

Standard Deviation in the Parameters 

Calculated by the Unfolding Method 

Because of the complicated nature of the delayed time distribution 

F defined by Equ. 7 in the text a rough estimate of the errors in 

the parameters had to be made. For long mean lives T the approxi-

mation of F as a straight line is good. The error in A. is then 

obtained from Equ. (C.8) 

crO.) 2 ,,,, ___ s _____ _ 
- 2 (N - n) E wi (xi ~ x) (D. l) 

The error in the shift parameter 6t is most easily estimated from 

the straight line approximation. Introducing the shift 6t into the 

straight line equation we get 

y "" a+ b(x + 6x) 

"" (a + b6x) + bx (D. 2) 

If the shift 6x is small we can set c = (a + b6x) and assume that 

the error in c is the same as in a. Solving for 6x 

6x (c - a) :; --b-
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(D.3) 
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and calculating the error in ~x we get 

2 2 2 = cr(c) + cr(a) + (c - a) cr(b)2 
b2 b2 b4 

cr(c) ~ cr(a) and c ~ a, which give 

cr(~) 2 2cr(a) 2 
~--"---'-~ 

b2 (D. 4) 

Equations (B.13) , (C.3) and (C.7) give the following estimation 

of cr(a) 

2 a (a) 

2 L:w .x. 
1 1 

= cr2 ---~--~----
2 2 (L:w.) (L:w .x. ) (L:w.x.) 

1 1 1 1 1 

2 L:w .x. 
1 1 

2 hWi =a --~---- 2 L:wi(xi - x) 

·2 Sx =---------- 2 (N - n) l:'w. (x. - x) · 
1 ·1 
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HALF LIVES OF THE LEVELS 

829 AND 864 keV IN 115In MEASURED 

BY DELAYED COINCIDENCE TECHNIQUE AND 

ANALYSED BY THREE DIFFERENT METHODS 

by 

Lars-Goran Svensson 

ABSTRACT . 

. An initial study of the. delayed coincidence technique and 

methods of analysis has been made. Three methods of analysis are 

attempted: 

method. 

the slope, the method of moments and the "unfolding" 

Necessary corrections to minimize errors. of calculation are 

proposed and numerical checks of the methods are performed. 

Half lives of the levels 829 and 864 keV in 115In were separately 

measured by means of S-y delayed coincidence technique. A Ge (Li) 

detector of 4cc active volume, in conjunction with a constant fraction 

timing discriminator, was used to detect the y- branch. 

The data from this experiment were analysed by the above mentioned 

methods and the proposed corrections were made. Good correspondence 

was obtained between the unfolding and the method of moments, while 

the valµe obtained using the slope method was slightly higher. The 
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.numerical test of the analysis methods could not explain this 

difference completely. It was assumed that the difference was 

due to fluctuations in the collected data. 

The results of the measurement are as follows: 
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Table I 

The Half Life of the Level 864 keV in 115rn -

method of half life 
analysis calculated (n sec.) 

'· 
-

slope 1.11 + 0.03 -

first moments o. 9'5 + 0.07 -

second moments o.87 + 0.08 -

unfolding 0.91 + 0.07 -

average computed 
from the values 0.90 + 0.08 

of the first,' -second mom. 
and unfolding methods 
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Table II 

The Half Life of the Level 829 keV in 115rn 

method of half life 
analysis calculated (n sec.) 

slope 6.09 + 0.12 -

first moments 5.73 + 0.20 -

second moments 5.73 + 0.32 -

unfolding 5.78 + 0.18 -

average computed 
from the values 5.74 + 0.24 -of the first, second mom. 

and unfolding methods 
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