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I. INTRODUCTION 

Phase plane analysis of linear and nonlinear systems 

has been widely used to good advantage in recent years. 

These graphical displays give considerable insight into 

system response. A serious short coming of this procedure 

is the limitation to two dimensions. A third-order system 

must be studied on two, two-dimensional graphs or repre-

sented by a second-order system. For nonlinear systems 

employing- relays, saturation, etc. , the approximations 

must be made with care. 

In an effort to reduce discrepancies and improve the 

visualization of system response, this paper presents a 

method to obtain three-dimensional displays of system 

graphs. Third-order phase graphs of nonlinear and linear 

systems can be graphed directly without approximations. . ' ' . 

A discussion of the principles involved will be presented 

first. Then, analog and digital programs will be given., 

A discussion of problems encountered will then follow. 

Finally, several example problems will be discussed. These 

examples will be chosen to cover a wic;1.e variety of systems 

.that may be encountered. The state-space approach will be 

used exclusively to obtain system responses. 
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II. DEVELOPMENT OF THE NECESSARY FUNDA.MENTALS 

2.1 Introduction 

In order to project a three-dimensional view of an 

object, several problems must be solved. First, consider 

the problem of perspective. As an object moves closer to 

the eye it appears larger. The front edge of a box would 

look larger than its back edge. However, perspective 
' 

control alone is not always sufficient to tell the relative 

distance of a set of objects from the observer. If a 

picture contains two objects and the viewer is familiar 

with their size, some indication of relative location can 

be determined. However, if the size and shape of the 

objects are not familiar, the mind has no way to determine 

their relative position. This is the problem confronted 

when viewing phase graphs. The mind has no "a priori" 

knowledge as to which portions of the curve are closest 

to the viewer. Also, any three-dimensional curve must 

be projected onto a plane for viewing. 

· This immediately leads to the second problem of three-

dimensional graphics. The observer m~st be presented with 

two slightly different views of an object re~resenting the 

view that each respective eye would perceive. The view 

for each eye is dependent upon the distance fro'm the object 

to the observer. The combination of these two views along 

-2-



-3-

with perspective control is needed to construct the pr6per 

three-dimensional "illusion". 

The third problem encountered·is the construction of 

a viewer to present each of the graphs to its respective 

eye. This device should be designed so that the two graphs 

"fuse" into one .three-dimensional picture. 

Finally, it is often desirable to rotate the original 

input axes to allow them to appear in "normal perspective" 

(i.~. all three axes clearly visible instead of looking 

directly into the Z-axis). This can be accomplished by an 

orthogonal rotation. This rotation should be performed 

before perspective control. Continuous rotation about a 

given axis can also be used to achieve the three dimensional 

effect. This requires only one view and is very useful for 

movie projection and for use with graphical display units 

now available for digital computers. 

2.2 Development 

Consider first the problem of perspective. In order 

to draw an object it must be projected into a plane. 

Usually, it is a plane perpendicular to the viewing axis 

located some distance from the coordinate of the observer. 

This plane can also be defined by a set of three orthogonal 

coordinate axes, with the X and Y axis on the plane and the 

Z axis out of the plane towards the observer. Consider a 
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point, r, (see Figure 2~2.1) on a continuous curve to be 

projected onto the plane for viewing. Assume the point, r, 

(lower case letters represent points and upper case letters 

represent vectors) to be the end of a vector from the Z 

axis parallel to the XY plane. R is projected onto the 

XY plane as R'. 

The length of R' can be determined by simple geometry. 

Triangle z r d is similar to triangle o r' d. Therefore 

or, 

Since 

then, 

R' 
D = R 

E 

R' = ~- R. 

E = D - Z, 

R' D R = D - Z . 

(2.2.1) 

(2.2.2) 

(2.2.3) 

(2.2.4) 

The vector R' can be resolved into its X and Y components. 

This yields 

X' D x = D - z (2.2.5) 

and 

Y' D Y. = D - z (2.2.6) 
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··.. .· .. ·.. . ·.·.·. · ..... ·· .... '.·.. . .. . 

·Now consider the distance. from the ·observation poirit.1 

· d, to the coordinate center of the system to be obs:erved. · 

·.This di::;tance should be several times· larger than the 

maximum value.of Z expected for "normai perspective". If. 

this distance is only ·.twice the value of the maximum z, 
. . . . ·. . 

the prqjection.on the XY·plane will.become 

D 
--D-- R 
D - 2 

= 2R.· (2.2.7) 

If the coordinate axes were at the back of an object,· 

then the front edge would appear twice as long as the back 

edge. This· is more distortion than the eye is accustomed 

to seeing and, therefore, it would seem artificial. Also; 

the real image size would be limited to one half the 

dimension of the gr'aph. Therefore, it was decided to 

se.lect an observation distance ten times the maximum 

·.expected positive value of Z. Thus, the projected image 

will at most be 

R' 10 R - 10 - 1 • (2.2.8) 

For special problems and "effects" it may be desirable to 

select a different ratio. The maximum values of X, Y, and 

Z can be controlled by scaling. 

The determination of the different view for each eye 

is the second problem. As shown in Figure 2.2.2, each eye 

. I I 

"' . .; ... 
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· looks at an object from a slightly differept angle. Let 

.a point on the.0bject become the coordinate centers for 

·, '·: ·.· .. =. 

a separate coordinate system for each eye.· Select the axes. 

so.that the Y and Z axes- for.each eye lie in a plane per-

pendicular to the axis of vision. These axes are ·rotated 

from each other. by an angle e. ·This angle is dependent 

upon the optical distance from each eye arid the separation 

of .the: two eyes. The distanceDR and DL can .be made equal 

by selecting the coordinate center at some point on a 

perpendicular located half way between the eyes. The 

distance of the object from the observation point is 

.established iri .effect by the angle between these two 

planes and by the amount of perspective control utilized. 

Therefore, simulation of the object distance can be 

controlled by simply choosing the de.sired distance for 

perspect~ve control and then computing the necessary 

rotatio,n between the two optical planes.· It should be 
. . . 

noted that this is independent of the optical distance 

from the eye to·the plane of the graph. The angle of 

rotation is given by 

e - 2 arcsin (.2. 2. 9) 

The next problem is the construction of an optical 

viewing device.· In Figure 2.2.3, the graphs (one for each 

eye) are separated.by a distance~ L, and the optical system 
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must make the graph centers appear.to coincide. The normal 

viewirtg distance of printed matter is between_l5 and 20 

inches. Therefore, the eyes will assume a slightly crossed 

position. Assuming an optical distance of 15 inches and a 

distance of 2.5 inches between the eyes, the angle each eye 

will be rotated from perpendicular line is 

e = arcsin (2.2.10) 

It was decided to select a distance of 5.5 inches 

between the.centers of two graphs. This selection was 

somewhat arbitrary, the determining factor being convenient 

centering 0£ the two. graphs on standard 8 1/2 by 11 inch 

paper. Any reasonable distance could be selected and then 

the optical device designed for that distance. 

The light reflecting objects may be mirrors or prisms. 

Prisms were selected because of their low light loss and 

.availability. Consider a ray of light leaving the origin 

of one of the graphs and moving perpendicular toward the 

first prism (or mirror). If this device is set at an 

angle of 45 degrees with respect to a horizontal plane 

the light ray will be refle6ted at an angle of 90 degrees. 

Since the eyes are each assumed to be crossed by an angle 

of 4.8 degrees, the second reflecting device will have to 

be increased in angle from the horizontal to 47.4 degrees. 

Therefore, the light will be reflected at an ~ngle of 85.2 
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degrees as shown. The eyes will see a virtual image from 

each graph fused into a single image. Since the graphed. 

image is rotated for each eye, and is in perspective, the 

brain will reconstruct the original three-dimensional 

object. 

It was pointed out p~eviously that it is often desir-

able to rotate the coordinate axes to other positions to 

view the three original axes'1 in "normal perspective 11 • 

This can be accomplished by an orthogonal rotation. This 

rotation should be performed first and the new coordinates 

used to give eye rotation and perspecti~e. An orthogonal 

rotation can be ~esolved into two axis rotations visualized 

by imagining a rotation about the Z axis and then a rotation 

about the new x1 axis. 

First rotate the coordinate system about the Z axis 

in a clockwise direction. See Figure 2.2.4. This results 

in a new set of orthogonal coordinates given by 

+';< ;__'I 
xl = -x sin e + y cos e , (2.2.11) 

'::J,. ~)= z, <-1 (2.2.12) 

and 

0 (Z?)-
.... .__..-" - x cos e + y sin e. (2.2.13) 

.Now assume a side view of the system instead of a top 

view (X1 axis out of the paper) and rotate the axis counte~ 
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clockwise about this x1 axis as shown in Figure 2.2.5. 

Then we can define the new axis to be 

X2 = xl (2.2.14) 

y2 - y cos <P - Cl sin <PI (2.2.15) l.! 

and 

z2 = v sin ¢ + z cos <P. (2.2.16) ... 

The rotated coordinates are expressed in terms of the 

original coordinates by 

x2 = -x sin 8 + y cos 8 (2.2.17) 
l 

v· 
~2 -- -x cos 8 sin <P - y sin 8 sin <P + z cos <P ( 2. 2 .18) 

and 

z2 = x cos 8 cos cp + y sin 8 cos cp + z sin cp (2.2.19) 

This new coordinate system can now be used to give 

eye rotation and perspective. The distance to the projected 

object and the distance between the eyes must be known in 

order to determine the angle of rotation. Using 20 inches 

and 2.5 inches respectively, the angle between the two 

coordinate axes will be given by 

a. = 2 arcsin (1.25). -- 7 1 2 0 • • (2.2.20) 
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Therefore the right eye view will be rotated from the left 

eye view by 7.1 degrees as shown in Figure 2.2.6. This 

.rotation is accomplished by 

X3 = x2 cos a - z2 sin a, 

Y3 = y2' 

and 

Z3 = x2 sin a + z2 cos a, 

or in terms of the original coordinates by 

x 3 = X(~sin 8 cos a - cos a cos ¢ sin a) 

+ Y(cos e cos a - sin e cos ¢ sin a) 

+ Z(-sin ¢sin a), 

(2. 2. 21) 

(2.2.22) 

(2.2.23) 

(2.2.24) 

Y3 = - x cos e sin ¢ - Y sin e sin ¢ + z cos ¢, (2.2.25) 

and 

z 3 = X(cos e cos ¢ cos a - sin e sin a) 

+ Y(cos e sin a + sin e cos ¢ cos ct) 

+ Z(sin ¢cos a). (2.2.26) 

For 8 = 30~, ¢ = 15°, the equations for the left eye 

view will become 

x2 = -.500X + .866Y, (2.2.27) 
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y2 = -.224X - .129Y + .966Z, (2 .. 2.28) 

and. 

z2 = .837X + .483Y + .259Z. (2.2.29) 

The angle of rotation for the right eye view is a ~ 7.1°. 

Therefore, the right eye view equations reduce to 

X3 = .595X + .799Y - .032Z, (2.2.30) 

Y3 = -.224X - .129Y + .966Z, (2.2.31) 

and 

Z3 = . 768X + .568Y .+ .258Z. (2.2.32) 



III. COMPUTER SOLUTION FOR THREE-
DJ:MENSIONAJ., PROJECTION 

3.1 Introduction 

The equations developed in the last chapter can be 

solved on either a digital computer or an analog computer. 

It is essential to have a graphical display for the 

digital computer and an XY plotter for the analog computer. 

In presenting the computer solution, a general computer 

algorithm will be developed first. Then, the resulting 

programs will be discussed. 

3.2 Computer Algorithm 

Assume that the three state-space variables of some 

problem are available. These variables can be generated 

from presently available digital programs or simulated on 

the analog computer. These three variable.s can be considered 

as the X, Y, and z components of a point on the state..;.space 

trajactory. As time increases, these variables will con-

tinually d~fine its position in state~space. 

A~ stated earlier, it is often desirable to rotate 

the coordinates to see "normal perspective". This orthogonal 

rotation should be performed before projE?ction onto the 

graphical plane. Consider the left eye view. Figure 3 . .2 •. 1 

gives the rotated coordinates x1 , Y1 , arid z1 . x1 and Y1 

-18-
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are the coordinates of the viewing plane .;:ind z is the .. 1 

coordinate toward the observation point. 
. . 

Next, the dista:nce,.of the observerrfrom the plane of 

the graph must be generated. I,f the input· signal is s·caled - , . 

to a maximum of two units, then "D" shouid be set to twenty 

units to give the arbitrary ten to one ratio selected 

earlier. 

The z1 _arid D signals rnust next. be combined to give 

D - z1 • Then both this signal and the D variables can be 

combined to. give. 

D 
D - Z " 1 

(3.2.1) 

This is the necessary-multiplier factor for perspective 

control. As the z1 portion of the system trajectory 
1· 

becomes positive, its planar projection must move further 

from the origin. 

This perspective control function, along with the x1 

and Y1 trajectory, will give the view for the left eye when 

plotted. The axes can be computed by setting two of the 

three·input variables to zero and varying the. third variable 

through the range desired. Since a maximum of two units 

was selectea for the system trajectory, each of the three 

variables should .be varied between plus two and minus two 

units individually. 
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-·· -- ·The right eye view should be considered next. The . 
. ,.·"· ·. : ··. . . . . . ·' ·' . . . 

- rotat~d.variables must now be rotated through an ,additional 

angle-, Cl, as def-ined in, equations 2.2.20, 2.2.21, 2.2.22, 

. and 2. 2. 23. Perspective control mus't be applied to the 

new variables· x2 , Y 2 and z 2 • It should be noted that the ---

graph must be shifted to the left by five- and one half 

inches before this right eye· view is drawn. This is the 

distance selected-earlier for the three-dimensional viewer 

constructed. -

3.3 Digital Prog:r;am 

The digitc:tl program follows the algorithm jl,lst_ 

developed in the previous section. A simplified flow 

graph is shown in Figure 3.3.1. To simplify the program 

-. and decrease the amount of redundancy two major subroutines 

were used. One of these subroutines was a numerical inte,;;. 

.. : 

gration. routine and the other was an axis plotting routine._-

The program begins by reading e, ~, _and the distance 

from the observation point to the coordinate centers. Next, 

the. angle, Cl, n.~cessary for eye rotation is computed. The 
. . ' . . , .. 

numerical i_ntegra ti on subroutine was then· called .. 
. . l . 

- The numeri~al integration routine ~elected ~as a 

Runge-Kutta-Gil numerical procedure. This program had 

previously been. adapted to state-spac~ problems. -_ Therefore, 

-it, is m;1ly necessary_ to take the output of this ·routine an¢1 

.·,··. ,, 
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return it to the main program where it is rotated and 

plotted. The numerical routine will be discussed in detail 

in Chapter IV when example problems are presented. 

Next, the axis plotting routine selects the origin 

for the left graph. This routine contains the equations 

0£ rotation for the left eye view axis and the right eye 

view axis. The X, Y, and Z signals are varied from +2 to 

-2 units individually to plot the three axes. Then, the 

routine places eight tic marks on each of these axes. The 

spacing of these tic marks is a function of the distance 

from the plane of projection and the angle of the axis 

from the plane. At this point, control returns to the 

main program and the left. eye system trajectory is plotted 

along with the scale factors .. 

The system trajectory is next rotated for the right 

eye view and the axis routine sets the new origin and 

draws the axes for the right eye graph. The trajectory 

for the right eye is then drawn and the scale factors. 

labeled. Finally, the figure number and title are labeled 

by the plotter. 

This basic program was also modified to graph the axes 

and system response and then rotate the coordinate system 

through an angle of 5 degrees. The program repeated this 

routine a total of seventy-two times for a total coordinate 

rotation of 360 degrees. With a graphics terminal and a 

movie camera, the system response can be photog-raphed and 
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the resulting movie will give the illusion of three-

dimensions. On digital systems with an oscilloscope type 

display, this response can be obtained immediately. 

3.4 Analog Program 

The algorithm was also adapted for use on an Electronic 

Associates Incorporated model TR-20 analog computer. The 

available computers had only one quarter-square multiplier 

on each console and therefore, it was necessary to simulate 

the left eye view first and then adjust system parameters 

and simulate the right eye view. Since three quarter-square 

multipliers were required, three of the TR-20's had to be 

patched together. 

At this point it will be assumed that a third order 

system has been selected. This system can easily be pro-

grammed on the analog computer and the three state variables 

used as input for the system rotationw Also it will be 

assumed that the rotations selected are e = 30° and cp = 15°, 

and a distance to the observation point from the coordinate 

center is 18 inches. 

The equations of rotation for the left eye view for 

e = 30° and cp = 15° are 

X2 = -.500X + .866Y, 

Y2 = -.224X - .129Y + .966Z, 

(3.4.1) 

(3.4.2) 
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and 

z2 = .837X + .483Y + .259Z. (3.4.3) 

This set of rotated coordinates can be realized on the TR-20. 

by using two summer-amplifiers. Two are required because 

only two inputs of the same gain can be applied to each 

amplifier. Three of these circuits are required to generate 

the three axis outputs. 

After the axis rotation, perspective control must be 

generated. The function representing perspective control is 

f (D I z) = D 
D - Z • 

2 
(3.4.4) 

The actual analog circuit is shown in Figure 3.4.1. 

The analog input was scaled such that the perspective out-

put was 

SD 
D - Z " 2 

(3.4.5) 

This higher signal was selected to increase the voltage 

input to the multipliers. The overall accuracy of the 

multiplier is better for wider excursions in signal voltage. 

The maximum signal voltage must be limited to +10 volts. 

Since a distance of 18 units (1 volt= l·unit) was selected 

for the observation distance, the input z2 and the input D 

must be scaled. A scale factor of one half was selected. 
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This reduces the value of -D to 9 volts which is within 

the tolerance limits of the analog computer. Since.the Z' 

·signal is also scaled by this same factor of orie half' .. the 
. ' 

·.· ... inputs ,to the divide.r will become 

Numerator 1 = 2(. SD) (3.4.6) 

and 

Denominator = !.en - z) • 2 ,(3.4.7) 

·.·The output of the divider on the TR-20 for the inputs ·"x" 

and "Y" is 

(3.4.8) 

Therefore, the output of the divider will become 

SD (3.4.9) D - z I • 

Thi~ scaling of both of the divider inputs by the 

same factor has not affected the output of this perspective 

control generator. 

Next it will be necessary to multiply both the X' and 

Y' signal by a factor of two. The output of the multiplier 

on.the TR-2U for ihputs X and Y is 

XY 
10 . (3.4.10) 
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Therefore the outputs will become 

.·.X2 
D X' - ' D z ' - (3.4.11) 

and 

y2 
D Y' = D - z ' . (3.4.12) 

These two outputs can then be applied to. the XY plotter to 

'give the response curve. 

The coordinates for the right eye view can next be set 

with the coefficient potentiometers and the right eye 

coordinate center set with ,the plotter zero. Then the 

above procedure can be repeated to obtain the right eye 

view. 



IV. APPLICATION 

4.1 Introduction 

In this chapter .the t~chniques that have been developed 

will be used. Several examples exhibiting stability char-

acteristics that may be encountered in a practical situation 

will be presented. The integration routine used in digital 

simulation will also be discussed. One basic system will 

be used to illustrate the linear system characteristics 

and a position control will be used for showing the non-

linear effects. The rational canonical system was chosen 

for the linear problems because of its relationship to the 

standard differential equation. Only the autonomous case 

will be considered in the examples presented (i.e. the 

input will be set to zero). The system diagram is shown 

in Figure 4.1.i. 

4.2 System Simulation 

The integration routine selected is a Runge-Kutta-Gil 

procedure. It has been previously adapted to the state-

space matrix system 

. 
x = Ax + Bu (4.2.1) 

and 

y = Cx + Du (4.2.2) 

-29-
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where x and x are n-vectors, A is an n x n matrix, B is an 

n x 4 matrix and y is a column vector with 4 components. 

The first two components of ~ are unit step functions and 

the last two are sine and cosine functions. 

ul 1 (t - T 1) 

u2 1 (t - T 2) 
= (4.2.3) 

U3 1 sin (2nT 3t) 

U4 1 cos (2TIT 4 t) 

The numerical routine chosen allows T to be selected 

arbitrarily. The entries of the B matrix determine the 

~lement~ of u to be applied to the system. The y vector 

has m-components. This is the output of the routine which 

will be graphed and therefore, will contain three elements. 

In the e~amples presented here the state variables x will 

be graphed. Therefore, the C matrix will be the identity 

matrix and D will be the null matrix. 

The sim~lation program allows the A, B, ~' and D 

matrices to be read from rlata cards. Any initial conditions 

that exist in the system may also be .read from data cards 

along with the driver parameter vector ~· The int~gration 

interval, total integration time, ~nd output print (plot) 

interval must also be read on data cards; These equations 

are also printed out for handy reference. An example 
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problem is printed in the appendix along with the 

computer program. 

A state-space graph of the third order rational 

canonical form is shown in Figure 4.1.1. The three state 

variables are noted and the feedback paths are labeled 

with the appropriate elements in the A matrix. For the 

autonomous case.the B matrix will always be the null matrix. 

4.3 Example Problems 

Consider first the system where 

0 1 0 

A = 0 0 1 (4.3.1) 

-1 -3 -3 

and 

4 

x(t = 0) = 0 (4.3.2) 

0 

This system was simulated and the resulting state~space 

phase graph is shown in Figure 4.3.1. With the aid of the 

optical viewer constructed these two graphs become one 

three-dimensional graph. The scale factor for each state 

vector is noted on the graph. Usually these vectors are 

not scaled independently. However, the problem of keeping 
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the output within specified margins made this scaling 

neces~ary. An initial condition was applied only to the 

x 1component and the trajectory moved such that all three 

vectors changed. Also, the system trajectory moves to 

the origin without any oscillations. This indicates that 

for this set of initial cond.i tions the system i,s not dis-

coupled. 

The characteristic equation, (A - AI), was found to be 

(4.3.3) 

or 

f(A) =(A+ l)(A + l)(A + 1) = 0. (4.3.4) 

There are three roots located at -1 and this system should 

exhibit stability without oscillations. The Jordan 

canonical form of A is 

1 

J = 0 

0 

1 

1 

0 

0 

1 

1 

(4.3.5) 

This indicates that, regardless of the initi~l conditions, 

the system equations will be coupled and it is not possible 

to excite an individual mode. 

The second problem is defined by 
c 



•• •• • :·.,; c 
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.·, ... 

A = 

and 
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0 1 

: 0 0 

- .25 -1.25 

4 

x(t = 0) = 0 .-
0 

·· ... ·., 

, .... 

0 

1 (4. 3. 6) 

-2 

(4 • .3.7) 

This system was simulated and oscillations were noted.as 

the.trajectory spiraled into the origin (see Figure 4.3.2). 

This implies a pair of damped imaginary roots and a real 

root.in the left-half plane. The roots of the system 

were found to be 

Al = -1, 

A2 = -.5 - jl, 

and 

A = 3. -.5 .+ jl. 

This is .a stable system as indicated by the system trajectory. 

,The third system to be programmed was represented by 

0 1 0 

A = 0 0 1 (4.3.8) 
.. 

~ .5 "-1. - .5 

. .. ·/ .. 
c 

·, .,J_._ 
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·Figµre 4.3.3 shows that this system trajectory moves into 

a .·planar limit cycle whose plane of oscillation appears to 

pass through the origin~ The roots of the characteristic 

equation of the system.are 

Al = -1, 

A2 = +jl, 

and 

A3 = -jl. 

The imaginary roots are responsible for the limit cycle. 

Since the real root is in the le£t~half plane the limit 

cycle should be in a plane passing through the origin. 

This problem was also programmed on the analog computer 

and the resulting graph is shown in Figure 4.3.4. The 

XY plotter available has an erratic drive system. There-

fore, the output curve is not very smooth. 

and 

For a fourth problem consider the ·system defined by 

0 1 

A= ·Q 0 

-1.25 - • 25 

0 

1 

0 

(4.3.9). 
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~ (t = O) = 

4 

0 

0 

(4.3.10) 

Investigation of the system equation reveals that the roots 

are 

"1 = -1, 

"2 = +.5 + jl, 

and 

A3 = +.5 - jl. 

This· system has one real root in the right-half plane and 

the imaginary roots are positively damped. Therefore, the 

system should oscillate about a plane passing through the 

origin and grow with each oscillation. This is shown in 

Figure 4.3.5. 

Next consider the problem of a typical position 

control system with input relay control. This relay 

control has the characteristics shown.in the relay block 

in Figure 4.3.6. 

One approach to a solution is to treat the input 

state variable x3 as a variable gain. This gain can be 

readjusted at each integration interval such that the 

input to x3 remains exactly A for an output of more than 
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one unit and zero for an output of less than one unit. 

The A matrix will then become 

-5 1 0 

A= 0 -1 1 (4.3.11} 

N 0 0 

where 

N = 0 (4.3.12} 

and 

N = A 
> 1. (4~3.13} 

The initial condition vector was 

4 

x = 0 (4.3.14} 

0 

The response of this system is shown ln Figure 4.3.7. 
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V. CONCLUSION 

A method has been· presented to construct three-. 
. . . 

·dimensional views.of third order phase-space·systems. :tt 

:Ls easily programmed on: either an analog or digital computer. 

Both methods were used to solve several example problems.·. 

The q~ality of the analog output graph was not extremely 

good. This can be.attributed to the poor response of .the 

· XY plott~r available. 

Several different types of viewing systems could be 

adapted. The system constructed for this work separated 

the. graph centers·· by five and one half inches. This 

distance was selected because the response fitted into 

the margins required for thesis binding. The standard 

commerCially available three""'.dimensional viewer used in 

topograp!J.ical mapping is another example of a viewing 

device. The graph centers for this viewer are separated 
. . 

by only two and one half inches. This would require much 

smaller graphs a:nd ~probably some type of. ·photographic 

. re.duction process would be necessary.. Another method of 

. creating the three-:-dimensional illusion was .also iIJ,vesti-

gated. ·.A single prospective graph was. rotated by· five 

degree ~ncrements and photographed with several frames of 

movie film. The resulting animated movie gave the "illusion"· 

of depth by observing the system under rotation. 

-45-
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These techniques give valuable insight into the 

response of systems and can be mdst useful in analysis 

and design. The methods are not restricted to phase-

space graphs and therefore would be quite useful in 

visualizing any three-dimensional object. 
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APPENDICES 

THIS PROGRAM IS BROKEN DOWN INTO ONE MAIN ROUTINE ANO 
TWC flAJCR SUBROUTINES. THE MtHN PROGRA!+f: PLOTS THE SY.STEM . 
TRAJECTORY FOR EACH EYE VIEW AND LABELS THE SCALE FACTOR 
AND FIGURE LEGEND~ SUBROUTINE THRPM PLCTS THE COORDINATE 
AXESe SUBROUTINE BRUTF IS THE SYSTEM EQUATION SOLVER. 

HlFTC tJ,.1\ nn 
COMMONXflC)fY(5J,A(10110),B(lC,4)iC(5,10),0(5,4J,NCNL, 

1PARAM(4},11,QU(1CJ,NVAR,NSPEC,TSAMP 7 P,Q 7 R,CELTA 7 El4) 1 X 
25 7 10J 1 D{5 7 4) 9 NCNL 1 PARAM{4) 1 Tl, 

DIMENSION X£(2},YE{2J,ZE{ZJ,WCRD(13) 
31 FCRM1H ( 1 JC) 
32 FCRNAT(3FlCo5J 

135 FCRMATC1Hl 7 7X 7 6HANGLE1 1 9X,6HANGLE2 7 9X 1 6HANGLE3,9X,8HDI 
1STANCE/5X, FlOo515X,FlC~5,5X?FlG~5r5X,FlCo5) 

137 FORMAT(lCX,5HSCAX= 1 FlCe6/lOX,5HSCAY= 1 FlG.6/lCX,5HSCAZ= 
bFlC.,6) , 

139 FCRM.1H(l3/16) 
CALL PLOT{3~ 1 7s5 7 -3) 
Cftll FACTCRC~78} 
READC.5,31) !<SETS 
DC 39 f'l=l 7 KSETS 
K=l 
READ{5,32) ANG1 1 ANG2,0IST 
ANG3=36C~/3.14159•ARSINC1~24/DIST) 
WRITE{6,135) ANGl,ANG2fANG3 7 DIST 
CALL BRUTF!IT) 
READ(5,139) (WORD(J),J=l,13} 
WRITE(6,147} (WORD{IJ1I=l11131 

147 FCRMA1(10X 1 13A6) 
Xfii:X=O .. 
YMX=C .. 
ZMX-=C ... 
DO 33 J=l,IT 
IF(ABS(XXCJJJ.GToXMX) XMX=ABS(XX(JJ) 
IFCABS{YYCJJ).GToYMX) YMX=ABS(YY{J)J 

33 IF(ABSIZZ(JJ)~GT.ZNX) ZMX=ABS{ZZ(JJJ 
SC!~X=J .,5/XMX 
SCAY=l .. 5/YMX 
StAZ=1~5/ZMX 

WRITE(6,1?71 SCAX,SCAY,SCAZ 
DC 34 J=ltIT 



XX(J}=XX(Jf•SCAX 
YY(J)=YY(J}•SCAY 
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34 ZZ(J)=ZZ(J)*SCAZ 
Al=SlN(ANG1*3$14159/180.) 
Bl=C0$(ANG1•3.14159/1BC.) 
A2=SIN(ANG2•3.1415~/18C.) 
B2=COS{ANG2•3el4159/18C.) 
A3=SIN(ANG3*3cl4159/18Co) 
B3=COS(ANG3*3.14159/18C.) 

37 CALL THRD~CK,ANGI,ANG2,ANG3,DIST) 

DO 36 f=l,IT 
XE(ll=YY{I)*Bl~XX(I)•Al 

YE(ll=ZZ(l)*B2-YY(IJ•Al*A2-XX!l)*El•A2 
Z E ( l ) = Z Z ( I l *A2+ Y Y ( I ) *A 1*l32 +:XX ( I } i} Bl -i:- e 2 
XEl2J=XE{l)•B3-ZE(l)•A3 
YE(Z)=YE(l) 
ZE{2)=XE(l)*A3+ZE(l)*B3 
XLL=DIST*XE(K}/(DIS1-ZE{K)J 
YLL=YE(K)*DIST/CDIST-ZE(K)) 
IFCicGT.l) GO TO 35 
CALL PLOTCXLL1YLL13J 
GO TO 36 

35 CALL PLOT(XLL,YLL,2} 
36 CONTINUE -

SX= .. 5/SCAX 
SY=,,5/SCAY 
S2=.5/SCAZ 
CALL SY~BOL~-l.60,-2*6C,.14 7 28Hl X DIVISION = 

lUNITS,C.,28) . 
CALL NUMBER(Oe3,-2c60,ol4,S~,0.,3) 
CALL SYMBOL(-l~6D7-2.B5,el4,28Hl Y DIVISION = 

lUNITS,C.,,28). 
CALL NUMBER{0.3,-2~85r$141SY1Co,3} 
CALL SYMBCL(-lo60r-3olD,.14,2BHl z DIVISION = 

llJNITS 7 C .. ,28) 
CALL I\ UM l3 ER ( 0 ,, 3 , - 3 ... 10, ,, 14 , S Z , 0 o ., 3 ) 

41 K=K+l 
IF{KoGT.2) GO TO 39 
GC TO 37 

39 CALL SYMBCL{-Be00,-4*9C 1 al4,WCRD(l),C.,78} 
CALL PLOT(0.,0.,-4) 

99 s·ro r 
END 

I.BF-TC THRDJV 
SUBROUTINE THRO~ lK~ANGl,ANG2,ANG3,DISTJ 
DIMENSICN SHFT(2) 1 X(3J,YC3J,Zl3J,Nl31 1 XE(2J~YEC2J,ZE[2 



lt 
N(11=C4 
N(2l=C9 

-so-

· N(3J=C8 
Al=SIN(ANG1•3.14159/18C.) 
Bl=CDS(ANG1•3.14159/1BO.) 

· A2=SINCANG2•3.14159/1BC~J 
B2=COS{ANG2•3.14159/18C.) 
A3=SIN(ANG3•3~14159/180.} 
B3=COSCANG3•3el4159/180~) 
DO 10 I=l,3 
XlIJ=C. 
Y(l)=C~ 

lC Z(IJ=C& 
Xtll=2s. 
Y{2)=2~ 

Zl3J=2. 
SHFTl1)~9.C 
SHFT(2)=6.95 
CALL PLOTISHFT(K) 7 00f-3) 
DC 13 1=1,3 
XEL= Y(I)*Bl-X(IJ•Al 
YEL= ZCil*B2-Y(l)*Al*A2-X(l)*Bl•A2 
ZEL= ZII)*A2+Y(I)*Al•E2+X(IJ•Bl*B2 
XER= XEL•rr3-ZEL•A3 
YER= YEL 
Z£R~ XEL•A3+ZEL*B3 
RJ=-1 
XE(l)= RJ•XEL 
YE{IJ= RJ«YEL 
ZEllJ= RJ•ZEl 
XE{2}= RJ•XER 
YE(2) =RJ§YER 
z.E{2)= RJ•ZER 
XLL=DIST*XECKJ/(DIST-ZECKJ) 
YLL=YE(K)*DIST/CDIST-ZE(KJJ 

. CALL PLOT{XLL,YLL,31 
RJ=l. 
XEll)= RJ~XEL 
YE(l)= RJ•YEL 
ZE(l)= RJ•ZEL 
XE{2J= RJ•XER 
YE(2J =RJ•YER 
ZE(2)= RJ*ZER 
XLL=DIST•XE(K)/(DIST-ZE(KJ) 
Yll=YE{KJ•OIST/(DIST-ZE(K}J 
CALL PLCT(XLL,YLL 1 2) 
IF(ABSiXLL).LT.{.OCCl*ABSCYLL))J GO TO 11 
~ELL=VLL/XLL 
ANGL=ATANCWELl} 
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11 lF(ABS(XtL).LT.(~OCCl*ABS(YLL))) ANGL=l~570796 
ANGLE= lBC.•ANGL/3.141592 
XLL=l. l*XU .. 
IF{XLL~LT.0&) XLL=l.15•XLL 
YLL=l.l*Yll 
CALL SYMBCL(XLL,YLL,.C9,N{I),C.,-l) 
DO 12 Jl=l,4 
SJ=5-J1 
RJ=SJ/4 •. 
XE(ll= RJi<XEL 
YU 1 )= RJ*YEL 
ZE{l): HJ*ZEl 
XE{2)= RJ*XER 
YE (2) ==R.J-i~ YER 
ZU2l= P,J>tZER 
XLL=DIST*XE(K1/IDIST-ZE(K)) 
YLL=YE!K)•DIST/(DIST-ZECKJ) 

12 CALL SYMBCLIXLL,YLL,.CS,13,ANGLE,-lJ 
DC 13 Jl=l 11 L1 

SJ=-Jl 
HJ=SJ/4., 
XE( 1 )= RJ·*XEL 
Yf{l)= RJ*YEL 
ZE(ll= R,_l·uZEL 
XE( 2) = RJ~i XER 
YE ( 2 l =R J-* Yt Ft 
ZEC2)= RJ1lZf:R 
XLL=DIST*Xf(K)/(DIST-ZEIKJJ 
YLL=YE(K)•DIST/(DIST-ZE(K)) 

13 CALL SYMBGL(XLL,YLL,.C9,13,ANGLE,-l) 
RfTUHN 
El\D 

IEfTC BRUTF 
. SUBROUTINE BRUTF (IT) 

CGM MON X ( 10) l' Y { 5 ) ., A ( 10 r l 0 l 1 B ( l 0, Li-) , C ( 5, 1C ) 1 D {5 1 Ld ~NON l 7 

iPARAM(4J,Tl 1 QUC1GJ,NVAR 1 NSPEC 1 TSAMP,P,Q,R,DELTA 7 EC4),X 
25110J,Dl5,4J,NONL,PARAK(4J,Tl 1 

1000 FCRMAl(IlC,30X1IlOJ 
lCCl FCRMAT (5Fl0~5) 

1002 FCRMAlllH1 7 9X 7 4HTJME 1 15X 1 4HY l 1 16X,4HY 2 7 16X 7 4HY 3, 
116X 1 4hY 4, ltX,4HY 5/) 

1CC3 FCRMAT (1HO,Fl5.5,5f2Co5J 
1CC4 FCRNAT tF15.5) 
1CC5 FCRMAT(/5X 1 25HNUMBER CF STATE VARIABLES,2CX 1 12HNCNLINE 

lARITY/IlO, 4CX,I7) 
1CC£ F0RMAT(/5X~BHA-VATRIXJ 
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1CC1 FCRMAT(/5X 1 8HB-MATRIX) 
1CC6 FCRMAT(/5X 1 26HINITIAL CONDITIONS ON X(l)/1CF12.5} 
1009 FCRMAJ(/5X,17HDRIVER PARA~ETERS/4Fl2.5J 
lGlC FCRMAtC/5X 1 20HINTEGRATION INTERVAL/Fl5o5) 
1011 FORMAT(/5X,22HTCTAL INTEGRATICN TIME/Fl5.5) 
1012 ~CRMAT{/5X,21HOUTPUT PRINT INTERVAL/Fl5e5} 
lCl~ FCRMAT(/5X,26HNUMBER OF OUTPUT VARIABLES/110) 
1Cl4 FCRMAT{/5X,8HC-MATRIX) 
1Cl5 FCRMAT(/5X, 8HD-MATRIX) 
1016 FCRMAT(l0fl2.5) 
1Cl7 FORMATf9X,6CHYOUR STATE VARIABLES ARE GETTING PRITTY C 

IOTTON PICKINLARGE ) 
5 READ(~,lOCO) NVARt NONL 

DC 10 I=hNVt\R 
DC lG .. l=l1NVA;-=t.,S 

IC READ(5 7 1CC1) A(l,J},A(I,J+l),Afl,J+2) 1 A1I,J+3),A(I,J 
l+'d 

CO 20 I=l,NV.l\f<. 
2 c RE AD ( 5 ' 1 0 c 1 ) 6 .{ I I ·1 ) I B { l ' 2 ) ' B ( I ' 3 ) i B { l , 4 } 

DO 30 I=l,NVAR 1 5 
3C READ(5,10Cl) X(IJ, X{I+l}, XII+2) 1 XCI+3), X(I+4) 

READ(5 1 1CC1) PARAM(l),PARA~(2) 1 PARA~{3} 1 PARAV(4) 
REA0(5,10C~) CELTA 
READ(5~1CC4J TMAX 
READC5,1CC4} TSAMP 
NTH=TSAMP/DELTA+.001 
READ(5rlOCC) NSPEC 
DC 40 I=l 1 NSPEC 
DC Li-C J=l,i'iVAR,5 

4C READ(5,lCClJ C(l,J),C(I,J+l),C(I,J+2),C(l,J+3),C{I1J+4 
1 ) ' . 

DC 42 I=l,NSPEC 
42 READ(5,1CC1) 0(1 1 1), D{I,2) 1 D{!,3) 1 0(1,4} 
41 WRITE{6,1CC5) NVAR,NONL 

i~RITE(6,l.CC6} 
DC Lt3 I=l,NVAR 

43 WRITE(6,1Cl6} (A{I,J)f J=l,NVAR) 
WRITE ( 611C07) 
DC L14 I=l,NVAR 

44 WRITE{6,1Cl6)B{! 1 1) 1 B(I,2) 1 B(I 1 3J, BCI,4) 
WRITE(6,1C08) (X(l}, I=l1NVAR} 
WRITE(6,lC09}PARAM{l),pARAM{2)1PARAV{3) 1 PARAN(4) 
WRITE{6 1 1Cl0) DELTA ' 
WRITE(6,1Cll) TMAX 
WRITE{6,1C12J TSAMP 
WRITE(6 7 1Cl3) NSPEC 
~IRITE{6~1C14} 

DC 45 I=l,NSPEC 
45 WRITE{6,lG16) (C{I,J), J=l 7 NVARJ 

HRITE{611Cl5} 
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DO Lt6 I=l,NSPEC 
46 \VRITEC6,1Clc)D(I,1)1 D(l,2), O(I,3), D(l, 1t) 

IJO 50 I=1 7 NVAR 
5(' QU( I )=C .O · 

WRITE{6 7 1CC2) 
T=O.O 
Tl=O.C 
CALL SUBDEl 
CA.LL SU8DE3 · 
IT=l 
WRITE(6,1C03) T,(Y(IJ, I=l,NSPEC) 
XX(!T}=Y{ll 
YY(1T)=Y(2} 
ZZ0Tl=Y{3} 
NCK=l 

60 Tl=T 
CALL SUBDEl 
P=0.,5 
Q=2 .. 0 
R=Oo5 
Cft.lL SUBDE2 
Tl=T+DEL TA/2.,G 
CALL SUE\Dtl 
P=0.,2S2f3932 
Q=L.C 
R= 0 ., 2. 'S 2 8 9 3 2 
C/l.LL SUBDE2 
P=l.,7C71Ct8 
R=l.,7C71G68 
CALL SUBOE2 
Tl=T+DEL T/I. 
CALL SUBDEl 
P=0,.16666667 
Q=2., 0 
R=O., 5 
CALL SU8DE2 
T=T+DELTA 
IF(ToGT.TMAX) GO TO 105 
IF(NCK.LT.NTH} GO TO 75 
TIT= IT 
T=TITilTSAMP 

80 Cftll SUBDE3 
WRITEC611C03) J,{Y{IJ, I=lrNSPEC) 
OD 49 I=l,NVAR 
IFCABS(X(IJ)oGTe99999~)GO TO 104 

L1S CONTINUE 
H:-:.:IT+l 
XXlITl=Y(l} 
Y\IDT)=Yl2J 
z:UIT}=Y(3} 
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NCK=O 
75 NCK=NCK+l 

GO TO 60 
1C4 WRITE(&,1Cl7} 
1C5 CCNTINUE 
lCc RETURN 

END 
IBFTC SUBCEl 

SUBROUTINE SUBDEI . 
C CM M 0 N X { l C l , V ( 5 ) ,JH 1 0 , 1 0 l , B { 1 C , 4 l , C { 5 , l O 1, D ( 5 , 4 ) , N 01'~ l ., 

1PARAM{4),Tl 7 QU{10) 7 NVAR 7 NSPEC,TSAMP,P,Q,R,OELTA,E(4J,X 
257l0),D(5,4),NONL~PARA~(4J,Tl, 

IF (Tl-PARAM(l)) 40C, 410, 410 
4 Of E Cl) =C. D 

GC TC L120 
41C.E(l}=l .. C 
42C IF (Tl-PARAM(2)} 430, 440 1 440 
43C E{2)=C .. C 

GO TD 450 
44C E(Zl=l .. C 
45C EC3J=SIN(t~2831852•PARAM{3)*Tl) 

E(4)=CCS(t.2831852•PARAM(4)•Tl) 
RETURf\' 
Ei\D 

IBFTC SUGDE2 
SUBROUTINE SUBDE2 
CC M Jvi 0 I\ X ( 1C ) , Y ,{ 5 ) , A ( 10 1 10 ) ,. B ( 10 1 4 ) , C { 5 , l 0 ) 1 D ( 5 ,. 4 } , N 0 N l , 

1PARAM{4} 1 ll~QU(1C),NVAR,NSPEC,TSAMP,P,Q,R,DELTA,E(4),X 
25 1 10) 7 D(5,4),NONL,PARAM(4)~ll 7 

DIMENSION DXDT(lOJ,XPRIM(lOJ 
lF(NONL~LTGl) GO TO 505 
C/ll L S UBDEL1 

5C5 DO 510 J=l,NVAR 
DXDT(J)=O .. C 

51C 

515 

· 52C 

DO 51C K=l.,NVAR 
DXDT(J)~DXDT{JJ+A(J 1 K)•X(K) 
DO 515, J=l,NV.!\R 

. OD 515 K=l,L1 
DXDTIJJ=DXDT(J)+BCJ1Kl•ECKJ 
DO 52C J=l,NVAH 
DXDTCJJ=DELTA•DXDT(JJ 
DD 525 J=ltiMVAH 
XPRIMtJ)=P*IDXDT(J)-Q*QU{JJJ 
X(JJ=X(J)+XPRIM(J) 
QU(J)=QU(JJ+3.C•XPRIM(J)-R•OXDT(J) 
RETUF.N 
El\D 
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IBFTC SUBDE3 
SUBROUTINE SUBOE3 
CCMMDNXC1CJ,Y{5),A[l0 7 10),B(l0,4)~C(5,10l,DC5,4),NONL, 
lPARAM(4),111QU(lO),NVAR,NSPEC,TSAMP,P,Q,R,DELTA~E{4),X 
25,10),0(5,4} 7 NONL,PARAM{4),Tl, 

DO 90 I=l,NSPEC 
Y(l)=C~C 

DC 90 J=l,NVAR 
90 YCI>=Y{l)+C{l,J)*X(J} 

DO 95 I=l 7 NSPEC 
DO 95 J=l,4 

95 YlIJ=Y(Il+D(I,J)*E(J) 
RETURN 
END 

IBFTC SUBDE4 
SUBROUTINE SUBDE4 
CCMMCNX(lCJ,V(5),A(lO,lOJ,B(lC,4l1CC5,10),D(5,4),NONL, 
1PARAM(4},Tl 7 QU(l0),NVAR,NSPEC1TSANP,P,Q,R~DELTA,El4},X 
25'10) ,o { 5 '4-) l' NONL' p t'\RAJ'< {Ld IT l <J 

C ENTER NONLINEARITY CHANGE******************BEGIN 
C ENTER NONLINEARITY CHANGE******************END 

RETURN 
END 
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ANGLEl 
30.000GC 

ANGLEZ. 
15.0COCO 

. NUMBER OF STATE VARIABLES 
3 

A-MATRIX 
o~ocooc 1.00000 
0~00000 . o.ooooc 

-0.50000 - -1.00000 
B-MATRIX 
c.occoo 
C:oGCOOO 
c.00000 

o .. oooco 
o .. ococo 
o .. ocooo 

O.OOGCO· 
l.OOGGO .. 

-C .. 5COCO 

o .. ocooo 
o.ooooc 
c .. oooco 

INITIAL CDNDITIONS ON X(I) 
4.00000 o.ocooc. 
DRIVER PARAMETERS 
c.coooo O.ODOOO 

INTEGRATICN INTERVAL 
C .. 05CGC 

TOTAL INTEGRATION TIME 
7 .. 000DC 

·OUTPUT PRINT INTERVAL 
C.lOOOC 

C .. OCOOG 

o .. occcc 

NUMBER OF OUTPUT VARIABLES 
3· 

C-MATRIX 
1 .. 00000 
0.00000 
o.ccooo 
ff-MATRIX 
o.ocooo 
0 .. 00000 
0 .. 00000 

c. 00000' 
1 .. 00000 
c. 000()0 

0.00000 
0.00000 
c .. coooo 

o.ocooc 
0.00000 
l.COOCO 

o .. ooooc 
n .. 00000 
o.coocc 

'·· ,. 

/l.NGLE3 
7.10924; 

o.oococ 
c.oooco 
c.ccoco 

o.ocooo 

o.ococc 
o .. ccoco 

. c D 00-0CO 

• •. · 1.J 

DISTANCE· 
20.ocooo 

NONLINEARITY 
.. -c 

.. Y .1 •• 



TIME 

o .. oooco 
O.lOCCO 

. c .. zocco 

0.3COCC 

0 .Ji-COCO 

c.socco 
0,,60CCG 

0.7COCO 

C.8COCC. 

0 .. 9GCCO 

loOCOCC 

l.lOCCC 

L20QCO 

1 ... 3COCC. 

1 .. 40CCO 

1.50000 

l~600CO 

l:o TOCCO 

1.BCGCO 

l.9COCC 

2 .. oooco 
2 .. 1occo 
2.,2coco 

.2 .. 3CGCC 

y 1 

Lt.OOCOC 

3.99S67 

3. 99?L;Q 

3.99137 

3e9?986 

3.,96131 

3 .. 93431 

3 .. 8'9762 

3 .. 85Cl6 

3 .. 79102 

3e63505 

3.53734 

3.4262'-l 

3 .. 30176 

3,,01381 

2 .. 85131 

2.,67742 

24749302 

2 .. 29917 

2., C97D6 

1 ... 88798 

L.6733't 
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y 2 y 3 

o.occoo 0.00000 

-O.OG983 -0 .. 19475 

-0 .. 03857 -C.378'25 

-G. 085Dl -G .. 54H5L~ 

. -o. :225ld -O .. Bli611 

.. -c .. 316l~9 -C. 971 CA· 

~Go4·1913 -1.07887 

-c .. 53167 -1,,16888 

-C.,65229 

-L 29337 

-C .. 91033 -L. 32725 

-1.04396 -l.3Li21G 

. -1.,17812 -1 .. 33805 

-1.,31095 :-L3154? 

-1" Li406D -1. 274-69 

-L5653C -1~21649 

-1.68335 -lo l.6,J.66 

-1 .. 79311 

-1., 893C9 -()., 94··60-6 

-L981B8 -C.82765 

-2~05822 -0,,69T31 

-2.,12099 

-2 .. 16922 



·::_ c-: 

···:.--.. 

. ~ ·.' 

.. 

. c 2.400CO 1.45465 : -2~2C211 -0.24987 
'-

2.sooco 1.23346 -2.21901 ....:o.os144 

2.6CCCO 1.01139 -2.21947 0.078.73 

2.700CO c.19c12 --2.·2c320 o .. 2468l~ 
2.sooco C.57131 •. -2.17010 0.415D7 

2.90CCO G.35666 -2 .. 1202't 0.58162 

3 .. 000GO 0.14782 -2 .. 05389 0.74470 

3.lOOCD -'C .. 05358 -1 .. 97148 0 .. 9025B 

3.200CO -C .. 24596 -1 .. 81360 1.05355 

3.300CG -C.42782 -l .. 76H)5 1.19601 

3.4occc· -C.5977 2. -1 .. 6347't 1.. 328Lt5 

3 .. 5CCCO -C.75434 -l.4957't l_.4494L~ 

3.600CO -C.89648 -1.34527 1.55768 

3.700C0 -lo023C6 ..:..1,,J.BLt67 1 .. 65200 

3 .. 8COCO· -I.13312 -1 .. 01537 1.73140 

3.90000 -1 .. 22589 -0.83892 1 .. 79499 

4.000CO -1 .. 30072 -0 .. 65692 1. 84206 

4.lOOCG -1.35115 -0 .. 4710-( 1.87209 

4.200CO -1 .. 39487 : -0.28309 1 .. 88469 

4.300CO -1:..'H375 -0.09472 1 .. 87969 

4.40CCO -1., L11386 0 .. 09226 1 .. 85707 

4 .. 50000 -1 .. 39540 0 ... 21611 l.$170C 

L1 .. 6DCCO -1 .. 3588C G • .Lr55C9 1.75983 

4 .. 70CCO -1. 30'160 c" 62752 l .. 6H608 

4 .. 80GCO -1 .. 23356 0 .. 79178 1 .. 5964"1· 
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THREE-DIMENSIONAL.DISPLAY OF PHASE SPACE DIAGR.Z\MS 

Donald L. English 

ABSTRACT 

Phase plane analysis of .linear and nonlinear systems 

has been widely in recent years. These graphical displays 

. give considerable insight into system response. A serious 

short coming of this procedure is the limitation to two 

dimensions. A third-order system must be studied on two, 

two-dimensional graphs or represented by a second-order 

mathematical approximation for the third-order system. For 

nonlinear systems employing relays, saturation, etc., the 

approximations must be made with care. 

In an effort to reduce discrepancies and improve the 

visualization of system response,.this paper presents a 

method to obtain three-dimensional displays of system graphs. 

Third-order phase graphs of nonlinear and linear systems can 

be graphed directly without approximations. A dischssion of 

the principles involved will be presented first. Then, 

analog and digital programs will be given. Finally, example 

problems will be discussed. 
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