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Aeroelastic Analysis of Truss-Braced Wing Aircraft: Applications for

Multidisciplinary Design Optimization

Wrik Mallik

(ABSTRACT)

This study highlights the aeroelastic behavior of very flexible truss-braced wing (TBW)

aircraft designs obtained through a multidisciplinary design optimization (MDO) framework.

Several improvements to previous analysis methods were developed and validated.

Firstly, a flutter constraint was developed and the effects of the constraint on the MDO of

TBW transport aircraft for both medium-range and long-range missions were studied while

minimizing the take-off gross weight (TOGW) and the fuel burn as the objective functions.

Results show that when the flutter constraint is applied at 1.15 times the dive speed, it

imposes a 1.5% penalty on the take-off weight and a 5% penalty on the fuel consumption

while minimizing these two objective functions for the medium-range mission. For the long-

range mission, the penalties imposed by the similar constraint on the minimum TOGW and

minimum fuel burn designs are 3.5% and 7.5%, respectively. Importantly, the resulting TBW

designs are still superior to equivalent cantilever designs for both of the missions as they have

both lower TOGW and fuel burn. However, a relaxed flutter constraint applied at 1.05 times

the dive speed can restrict the penalty on the TOGW to only 0.3% and that on the fuel burn

to 2% for minimizing both the objectives, for the medium-range mission. For the long-range

mission, a similar relaxed constraint can reduce the penalty on fuel burn to 2.9%. These

observations suggest further investigation into active flutter suppression mechanisms for the

TBW aircraft to further reduce either the TOGW or the fuel burn.

Secondly, the effects of a variable-geometry raked wingtip (VGRWT) on the maneuverability

and aeroelastic behavior of passenger aircraft with very flexible truss-braced wings (TBW)



were investigated. These TBW designs obtained from the MDO environment while minimiz-

ing fuel burn resemble a Boeing 777-200 Long Range (LR) aircraft both in terms of flight

mission and aircraft configuration. The VGRWT can sweep forward and aft relative to the

wing with the aid of a Novel Control Effector (NCE) mechanism. Results show that the

VGRWT can be swept judiciously to alter the bending-torsion coupling and the movement

of the center of pressure of wing. Such behavior of the VGRWT is applied to both achieve

the required roll control as well as to increase flutter speed, and thus, enable the operation

of TBW configurations which have up to 10% lower fuel burn than comparable optimized

cantilever wing designs.

Finally, a transonic aeroelastic analysis tool was developed which can be used for conceptual

design in an MDO environment. Routine transonic aeroelastic analysis require expensive

CFD simulations, hence they cannot be performed in an MDO environment. The present

approach utilizes the results of a companion study of CFD simulations performed offline for

the steady Reynolds Averaged Navier Stokes equations for a variety of airfoil parameters.

The CFD results are used to develop a response surface which can be used in the MDO

environment to perform a Leishman-Beddoes (LB) indicial functions based flutter analysis.

A reduced-order model (ROM) is also developed for the unsteady aerodynamic system.

Validation of the strip theory based aeroelastic analysis with LB unsteady aerodynamics and

the computational efficiency and accuracy of the ROM is demonstrated. Finally, transonic

aeroelastic analysis of a TBW aircraft designed for the medium-range flight mission similar to

a Boeing 737 next generation (NG) with a cruise Mach number of 0.8 is presented. The results

show the potential of the present approach to perform a more accurate, yet inexpensive,

flutter analysis for MDO studies of transonic transport aircraft which are expected to undergo

flutter at transonic conditions.
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Chapter 1

Introduction

1.1 Motivation

The rising cost of fuel has been a major concern to the commercial aerospace community

over the past few decades. This has led the National Aeronautics and Space Administration

(NASA) to initiate several research programs for subsonic fixed wing commercial aircraft [4]

with minimizing fuel-burn as one of their long-term objectives. As a result, many new tech-

nologies for the cantilever wing aircraft (the so-called tube and wing aircraft) configuration

have been explored to make it ever more fuel efficient. However, further large improvements

are now considered improbable without a radical change in the whole aircraft configuration.

In order to explore new fuel-efficient aircraft configurations, the Virginia Tech Multidisci-

plinary Aircraft Design Group has focused on Werner Pfenninger’s [1] vision of a truss-braced

wing (TBW) and strut-braced wing configuration (SBW) (a SBW is a TBW without any

additional truss members(s) connecting the main wing to the strut) to understand its true

potential, and the feasibility of incorporating such unconventional configurations in future

transport aviation.

1
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Figure 1.1: Pfenninger’s [1] vision of TBW

The TBW configurations have been studied extensively at Virginia Tech over the past 15+

years in comparison with the conventional cantilever wing designs. The initial Multidis-

ciplinary Design Optimization (MDO) studies of the TBW concept was for a transport

aircraft having a cruise Mach number of 0.85, and a flight mission similar to that of a Boe-

ing 777-200 long-range (LR); a range of 7730 NMI and carrying 305 passengers [5, 2, 6, 7].

The subsequent studies focused on using the MDO for investigating TBW configurations

for a medium-range transport aircraft with a flight mission similar to the Boeing 737-800

next generation (NG). These configurations were designed with a cruise Mach of 0.78, for

a 3115 n mile range, and 162 passengers [8]. Results from these series of studies show that

the TBW designs can be optimized to have a reduced take-off gross weight (TOGW) and

fuel consumption compared to the optimized cantilever configurations. The additional truss

members help in reducing the span-wise bending moment as shown in figure 1.2, thereby

reducing the t/c as well as the chord length requirement from the structural point of view.

Also, as the truss system adds stiffness to the wing, more flexible wings with larger spans can

be accommodated, which increases the aspect ratio. Aerodynamically, low airfoil thickness

reduces the form and wave drag, while a higher aspect ratio decreases the induced drag.

A shorter chord length reduces the Reynolds number, and unsweeping of the wing reduces

span-wise cross flow [9]. Both of these effects, in combination with the thinner wings, allow

more laminar flow. This synergy in the structural and aerodynamic benefits discussed in
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Figure 1.2: Bending moment diagram for 737-800 “like” mission aircraft

some previous studies [10, 11], reduce overall drag and fuel consumption. However, these

MDO studies resulted in aircraft designs with flexible wings whose aeroelastic behavior was

not studied while performing MDO simulations. This motivates the present research study

which will not only explore the aeroelastic behavior of the TBW within an MDO environ-

ment but will also explore the possibility of using it to enhance the performance of the TBW

configurations.

1.2 Outline

This study highlights the aeroelastic behavior of the very flexible TBW aircraft designs

obtained through a MDO framework. The thesis develops as follows. First, the MDO

framework is explained. The design variables used in the optimization to represent the

aircraft configuration and the flight mission, and the design constraints are discussed. The

selection of the optimizer and its functionalities are also explained. Then, the development

of an extended structural model of the wing-box is discussed and its capability of performing

more accurate estimates of the wing’s sectional torsional stiffness is also explained.
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Next, the development of a flutter constraint for the MDO is discussed, and the effects of the

flutter constraint on the MDO of TBW transport aircraft for both medium-range and long-

range missions are studied while minimizing the TOGW and the fuel burn as the objective

functions. The flutter analysis based on strip theory with Theodorsen’s functions [12] is

explained and the flutter constraint is developed. Results obtained by including the flutter

constraint in the MDO studies for the two different flight missions with different objective

functions are shown and compared to previous MDO studies which did not include flutter

in the optimization framework. Sensitivity of the design variables to flutter are established

within a multidisciplinary design environment, and the trade-off between a relaxed flutter

constraint and the penalties imposed on the objective functions are also discussed.

In the following chapter, the effect of a novel, variable geometry raked wingtip (VGRWT) on

the maneuverability of the flexible TBW configurations is investigated. The novel wingtip

mechanism which can sweep forward and aft relative to the wing is termed the Novel Control

Effector (NCE). The VGRWT is applied to long-range mission similar to Boeing 777-200

LR, and the MDO tool is used to find suitable designs where this wingtip can be applied to

enhance roll control authority of the flexible TBW designs. The wingtip mechanism and its

application to enhance roll control authority and flutter suppression are then demonstrated.

Finally, the development of a transonic aeroelastic analysis which can be used for MDO

applications is explained. The tool has the capability of more accurate predictions of flutter

crossings for the range of transonic transport aircraft discussed previously. It becomes espe-

cially important for TBW designs as their aeroelastic behavior is non-intuitive and till now

not completely understood. The aeroelastic tool uses results from steady computational fluid

dynamics (CFD) simulations performed off-line by solving the Reynolds Averaged Navier-

Stokes (RANS) equations for a variety of airfoil parameters that will be subsequently used as

MDO design variables. These solutions [13] are then used to perform a linearized unsteady
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aeroelastic analysis via the Leishman-Beddoes indicial functions [14] within the MDO envi-

ronment for the various TBW aircraft designs. A reduced-order aerodynamic model is then

developed based on balanced transformations. The results obtained with this aeroelastic

analysis tool and the performance of the reduced order model (ROM) are discussed.

1.3 Contribution to the field

The present research explores the aeroelastic behavior of the TBW configurations and its

applications for multidisciplinary design optimization.

First, a flutter constraint was developed MDO environment and its effects on the MDO

studies of TBW aircraft was studied. Such a flutter constraint was not included in the past

MDO studies of TBW, and thus left the aeroelastic behavior of he optimized TBW designs

unexplored.

Secondly, a variable geometry raked wingtip is presented which allows changing of the wing’s

bending-torsion coupling and movement of the wing’s center of pressure. The application

of this wingtip to use the flexible nature of the TBW (and possible other large-aspect ratio

configurations) to enhance its aeroelastic configurations is then presented.

Finally, development of a transonic aeroelastic analysis tool for MDO applications of large-

aspect ratio transonic transport aircraft is presented. The transonic aeroelastic analysis tool

presented can perform a significantly accurate flutter analysis at the conceptual stage in the

transonic flight regime at a much lower computation time than higher fidelity, but extremely

computationally expensive routine transonic aeroelastic analysis tools.



Chapter 2

The Multidisciplinary Design

Optimization framework

2.1 Short review of Multidisciplinary Design Optimiza-

tion for aircraft design

Multidisciplinary design optimization (MDO) is a field of engineering where numerical opti-

mization techniques are employed in the design of systems which involve multiple disciplines

or subsystems. The main motivation behind using MDO is to obtain optimal performance

from a system which is driven not only by the performance of the individual disciplines

but also by their interactions. In such a system there is no individual dominant discipline

or subsystem. Thus, optimizing the performance of a single component may not lead to

the best performance of the whole system, and the multidisciplinary performance should be

considered.

The pioneers of aircraft MDO studies were Schmit, Haftka and their collaborators who

6
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extended their expertise in structural optimization to a system which also included other

disciplines [15, 16, 17, 18, 19, 20]. One of the first instances of the use of MDO was in aircraft

wing design [21, 22, 23, 24, 25, 26] where structures, aerodynamics and controls strongly in-

teract with each other. Since then, MDO has been applied to complete aircraft configurations

[27, 28, 29, 30, 31]. In fact, the MDO environment becomes especially useful if the potential

benefits of innovative configurations are to be explored at the conceptual design stage as was

performed for the TBW configurations [6, 2, 8].

One of the key aspects of multidisciplinary design optimization is the selection of the opti-

mization scheme. One of the approaches is to use gradient based optimization [32] where

the sensitivities of the objective functions and the constraints to the design variables are

evaluated. The optimality (maximizing or minimizing the objective functions) of the design

corresponds to satisfaction of the Karush-Kuhn-Tucker condition. For large systems with

many design variables, the gradient based method becomes expensive as the sensitivities have

to be evaluated with respect to each design variable. This problem is usually solved by using

adjoint approach where the adjoint problem is solved at a much lower computational cost

[33, 34]. Development of the adjoint approach has led to the multidisciplinary optimization

studies with the gradient based approach involving high fidelity analysis tools [35, 36, 37].

The main drawback of the gradient based algorithms is that the results rely heavily on the

initial conditions. Thus, depending on the initial conditions, the gradient based optimization

methods will eventually converge to some local optima. To reach a global optima, the

gradient based method has to be run with multiple initial conditions and still there is no

proof that the global optima is found. This problem of obtaining the global optima can be

addressed by the use of evolutionary optimization methods like genetic algorithms (GA) [38],

or particle swarm optimizations [39]. For the present research, GA is used for the subsequent

aircraft MDO studies. The method is suitable for both single-objective optimization cases
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[6] or multi-objective cases [40]. For multi-objective cases enhanced GAs are available which

ensure non-dominated pareto-optimal solutions [41] are obtained.

2.2 The present VT MDO framework

The present VT MDO framework has been developed within the integration and optimiza-

tion software ModelCenter [42]. ModelCenter serves as an interface where several in-house

analysis codes and software packages can be integrated in a single environment. These anal-

ysis tools serve as analysis nodes. Coupling between various disciplines can be enabled via

‘links’ which allow the development of a proper multidisciplinary analysis. These analysis

nodes can then be used to define global design variables which are eventually connected to

the optimization node to develop the optimization framework. ModelCenter also offers a

wide range of optimization packages like gradient based optimizers, GAs (Darwin being one

of them), particle swarm optimizers etc. The interface has established plug-ins for popular

commercial software packages to include them into the analysis nodes. In-house analysis

tools can also be connected to the analysis nodes via Python scripts called ‘Wrappers’. For

the present study, the analysis tools for the various disciplines were in-house subroutines

developed using FORTRAN and C++. As a result, the various analysis nodes are referred

to as the various Wrappers. ModelCenter also allows connection of analysis tools located on

a remote server by specifying its IP address. Thus, the Windows-only ModelCenter interface

can be connected to analysis tools present on a supercomputing cluster. Detailed explanation

of the ModelCenter environment is available in the manual [42]. The ModelCenter interface

for the VT MDO code is illustrated in Figure 2.1.

A schematic of the present MDO framework is presented in Figure 2.2. Starting with a base-

line design, the preprocessing wrapper initializes the various analysis nodes with information
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Figure 2.1: ModelCenter interface

Figure 2.2: MDO framework
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like the aircraft geometry, the lifting surface, structural member definitions and other spec-

ifications that are subsequently required by the analysis modules. The geometry definition

is followed by the engine sizing in the propulsion module, where a rubber engine model with

the reference engine properties is used to size the baseline engine. The sized engine provides

the required thrust and the thrust specific fuel consumption. Next comes the aerodynamic

module which computes the drag [43, 10, 44] and also computes a lift distribution which

minimizes the induced drag at the cruise condition [11]. The aerodynamic analysis module

(or wrapper) also evaluates the lift distribution for the remaining load cases as shown in Ta-

ble 2.1. The first four load cases are the principal load cases required for aircraft maneuvers.

The fifth load case is used to calculate maximum deflection during landing, and the final 12

load cases are gust load cases, specified by Federal Aviation Regulation (FAR) structural

loading requirements. These load cases are assumed to be satisfactory at the aircraft con-

ceptual design stage and are considered representative of some of the main load cases used

in the final design of a transport aircraft. These aerodynamic loads are used subsequently by

the structural module to size the structure internally via fully stressed design principles and

a finite element modeling of the structure [45, 2]. The structural model has been modified

in the present study by replacing the old wing-box model with an extended wing-box model,

which will be discussed in the next chapter. The aeroelastic module has also been developed,

and that will be discussed in chapters 4 and 5. The next step is weight estimation where

non-structural weight is estimated with the help of certain empirical relations applied on

the structural weight computed by the structural model [2]. The TOGW of the vehicle and

its center of gravity (c.g.) is then computed. The propulsion, aerodynamic, structure and

weight estimation modules form an inner loop of the optimization. This is required as the

MDO starts with a baseline design whose TOGW and c.g. will not be same as the actual

design defined by the design variables. Thus, the c.g. and TOGW coming in as input to the

analysis and evaluated as the output are matched iteratively in the inner loop. Once the
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Table 2.1: Design load cases

Load Case # Load Factor Fuel(%) Altitude( kft.) Flutter Analyses Altitudes (kft.)
1 +2.5g 100 - 0, 10, 20, 30, 40
2 +2.5g 20 - 0, 10, 20, 30, 40
3 -1.0g 100 - 0, 10, 20, 30, 40
4 -1.0g 20 - 0, 10, 20, 30, 40
5 +2.0g Taxi Bump 100 0 -
6 Gust (Vapp) 100 0 0
7 Gust (Vapp) 10 0 0
8 Gust 100 0 0
9 Gust 10 0 0
10 Gust 100 10 10
11 Gust 10 10 10
12 Gust 100 20 20
13 Gust 10 20 20
14 Gust 100 30 30
15 Gust 10 30 30
16 Gust 100 40 40
17 Gust 10 40 40

inner loop converges, the performance metrics (usually the design constraints) are computed.

The results are then passed on to the optimizer which seeks to optimize the objective while

trying to satisfy the constraints. This is usually performed by updating the design variables

as indicated in the schematic of the framework.

An important aspect in the MDO study is the selection of the design variables. The design

variables should be global in nature and should be able to represent the complete aircraft

configurations as well as its key performance metrics corresponding to the flight mission

and the optimization objective function. Keeping that in mind, the design variables for the

MDO were developed for minimizing the fuel burn or take-off gross weight for two classes

of aircraft. One was long-range mission similar to the Boeing 777 200 LR (long range) with

a cruise Mach of 0.85. The vehicle takes off from an 11,000 ft. runway, climbs to an initial

cruise altitude for a range of 7730 NM at a Mach number of 0.85. The landing takes place on
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Table 2.2: Design variables
Design variables Variable type
Root chord Geometric
Wing-truss intersection chord Geometric
Wing-jury intersection chord Geometric
Tip chord Geometric
Strut chord Geometric
Jury chord Geometric
Root t/c Geometric
Wing-truss t/c Geometric
Wing-jury t/c Geometric
Tip t/c Geometric
Strut t/c Geometric
Jury t/c Geometric
wingtip x coordinate (wing sweep) Geometric
wingtip y coordinate (wing span) Geometric
Strut-root x coordinate (strut sweep) Geometric
Strut-tip y coordinate (strut span) Geometric
Wing-jury intersection y coordinate Geometric
Strut-jury intersection y coordinate Geometric
Design altitude Non-geometric
Fuel weight Non-geometric
Maximum required thrust Non-geometric

an 11,000 ft. field located at sea level with reserve fuel for an additional 350 NM as shown in

the schematic in Figure 2.3. The other was a medium-range mission similar a Boeing 737-800

NG (next generation) with a cruise Mach number of 0.7. This vehicle had a balanced field

length of 8,000 ft. reserve fuel for an additional 200 NM as shown in the schematic in Figure

2.4. The other was a Boeing 737-800 NG (next generation) with a cruise Mach number of

0.7. The design variables as shown in Table 2.2 can be classified as geometric (parametric

representation of aircraft configuration or non-geometric. Throughout the present study, the

the same set of design variables have been used.

Next the design constraints are described. The design constraints were developed in the
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Figure 2.3: “Boeing 777-200 LR like” mission profile

Figure 2.4: “Boeing 737-800 NG like” mission profile with reduced cruise Mach number
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past [2] to ensure that the aircraft configurations meet the FAA regulations for approach

and landing and some other basic requirements, as discussed below:

1. Cruise Range Constraint: Ensures that the designs have enough fuel to complete the

flight mission range defined with an additional 200 NMI (reserve).

2. Initial cruise rate of climb (ROC) constraint: Ensures that the ROC at cruise flight

conditions and initial cruise weight is higher than 300 ft./min.

3. Maximum cl constraint: Ensures that the local two-dimensional lift coefficient, cl, at

cruise flight conditions is not greater than 0.8. This value represents an aggressive 2-D

operating limit for transonic airfoils.

4. Fuel capacity constraint: Ensures that the available fuel volume in the fuel tanks is

higher than the required fuel for mission accomplishment.

5. wingtip deflection constraint: Ensures that at the taxi bump condition, 2.0g accel-

eration, the wingtip deflection does not exceed the fuselage diameter which is 12.4

ft.

6. 2nd segment climb constraint: Ensures that during takeoff at the second segment con-

ditions (1.2 stall speed) the climb gradient should be higher than 2.4% (the requirement

for a two engine vehicle according to the Federal Aviation Regulation, FAR).

7. Approach velocity constraint: Ensures that during the approach condition (Cl = 1.52

times the Cl at stall conditions, landing gear down) the vehicle can maintain true

airspeed which is less than 132.5 knots.

8. Missed approach constraint: Ensures that during landing missed-approach conditions

(Cl = 1.52 times the Cl at stall conditions, landing-gear up) the climb gradient should
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be higher than 2.1% (the requirement for a two engine vehicle according to the Federal

Aviation Regulation, FAR).

9. Balanced field constraint: Ensures that the takeoff and landing balanced field length is

less than the mission definition. The balanced field constraint is calculated according

to the Roskam model.

10. Landing distance constraint: Ensures that landing distance satisfies the FAR regula-

tions.

11. Geometric constraint: Penalizes configurations that are either infeasible or not sup-

ported by current analysis methods.

A flutter constraint was also developed in the present study and that will be discussed in

the Chapter 4.

The genetic algorithm, Darwin, used for the present research, follows a neo-Darwinian evo-

lution theory in the search for the global optima. It starts with a group of initial designs

called the initial population. Each iteration generates a new generation or a new set of

designs. The optimizer may require several generations until a convergence criterion is met.

The number of designs in each generation, or the population size, remains constant. The

design variables of the initial population are usually randomly selected but may be preset by

a seeding mechanism. Careful selection of the seed, usually by experience, offers the scope

of reduction in the optimization time. Starting from the initial designs, a crossover of the

design variables takes place analogous to the genetic crossover in living organisms to form

new designs with a new set of design variables. To offer variation within the initial genetic

pool, mutation is also enabled to form new designs with completely new features within the

optimization procedure. Once the new generation is formed, the best designs are sorted by
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a weighted objective function evaluation. The objective function is a combination of the

actual objective and the cumulative weighted violation of each constraint.

The optimizer tries to obtain the best solution for the objective and reduce the constraint

violation simultaneously. The optimizer compares the present generation with the parent

generation and selects a fixed number of designs in descending order of performance. These

designs are always included along with randomly generated designs to form the next gener-

ation. Thus, the best designs are always used in the crossovers for development of the child

generation. This selection procedure where the parent generation is also involved is known

as the Multiple Elitist selection scheme. The best/elite designs are replaced by improved

designs from subsequent generations via the same selection scheme. The selection of the

population size, the number of elite designs stored and the rate of mutation, usually depends

on the number of design variables used.

For the present use of the GA, convergence is achieved when a specified number of generations

are produced without any significant improvement in the objective function. Sometimes,

the GA is set stop after some very large number of generations to prevent unnecessary

wastage of computation resources due to an erroneous problem setup. Since the GA starts

with different initial designs and randomly generated designs are obtained in subsequent

generations, unique optimal results cannot be obtained, and the optimization process itself

is not repeatable. Also, theoretically it would take an infinite time for the GA to reach the

global optima. However, it has been proved that for a GA used with the multiple elitist

scheme, there is always an upper bound on the number of iterations that the GA will take to

reach a global optima with a probability of less than 1 [46]. In other words, results coming

from Darwin can always reach the vicinity of a global optima. So, although one cannot state

that the results coming out of Darwin for the various designs will always be unique and

repeatable, similar physical behavior of the final results are expected since it is believed that
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Darwin reaches the vicinity of the global optimum for each simulation.



Chapter 3

Extended structural wing-box model

3.1 Development of the extended structural model

The structural analysis in all the previous VT MDO studies [6, 8, 47] was carried out using

the so-called double-plate idealization of the aircraft wing-box as shown in Figure 3.1. De-

velopment of the double-plate model and its validation has been discussed in the past [45].

In the double-plate model, it was assumed that the wing-box would act as an Euler-Bernoulli

beam whose bending stiffness is provided by the upper and lower skins. The spar webs and

the ribs sustain the shear loads. The bending and torsion stiffnesses estimated by the wing-

box model would then be used in a fully stressed structural sizing of the wing modeled with

3D beam elements. The wing-box skins are then additionally sized in regions of compressive

stresses to prevent buckling. The results of the double-plate beam model in presence of the

in-plane stresses for a TBW configuration was validated against commercial finite element

software [45]. It has been demonstrated that the double-plate wing-box structural model

provides good estimates of wing bending weight for the class of aircraft studied here [2].

18



Chapter 3. Development of Extended Structural Model 19

Figure 3.1: Previous wing-box structural model as presented in Ref. [2]

Figure 3.2: Extended wing-box structural model

Since the skins are sized to provide the bending stiffness in the double-plate model, it is

understood that they would be much thicker than in an actual aircraft wing-box where

the spar caps and the stiffeners are sized to provide the bending stiffness. The skins in

those situations just form very thin panels carrying mostly shear stresses and provide the

airfoil shape. The simple double-plate model is adequate for estimating the load-bearing

weight and the bending stiffness. However, the thicker skins result in an over estimation

of the torsional stiffness of the wing sections. This would lead to an inaccurate aeroelastic

modeling, especially for the computation of control effectiveness of the wing. This problem

has been addressed here by introducing an extended, higher-fidelity wing-box model as shown

in Figure 3.2.

The extended wing-box model is a combination of spars, skin panels and stiffeners. The skin

panels formed by the network of the spars, the stiffeners and the ribs, are modeled as thin

plates designed against panel buckling due to shear stresses. The shear stresses at the spar
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webs are compared to the allowable yield stress in shear for the ductile material. Finally,

the direct stresses due to bending are obtained using conventional analysis and compared

with the allowable yield stress at the spar caps and the stiffeners. The material properties

are available in Ref. [6].

The extended wing-box sectional sizing is an iterative process which converges when each

member has been sized to meet the required stresses. Starting with a fixed number of

stiffeners, the stiffeners and the spar caps are first sized to meet the direct stresses generated

by the bending moment. Simply-supported boundary conditions are assumed for the skin

panels. Classical analytical approaches [48] are then used to evaluate the shear flow at each

section along the wing and truss members. The shear stresses are obtained by dividing

the shear flow by the thickness of the member. The highest stresses are obtained at the

end panels. These are then used for sizing the skin against the critical buckling stresses.

Tabulated values of critical buckling stresses provided in Timoshenko and Gere [49] for

various ratios of panel dimensions and subject to uniform shear loads are used. The spar

webs do not contribute to bending, hence they are sized for yielding due to shear stresses.

The critical buckling stresses of the panels depend not only on their thickness but also on

the panel dimensions. Thus, optimal panel dimensions are selected by varying the number of

stiffeners at the various sections based on the predefined spacing of the ribs and the sectional

chord length. This procedure satisfies the buckling stress requirement at each panel with a

lower panel thickness, and thus, reduced structural weight. Once the number of stiffeners

is selected, the area of the stiffeners are modified to maintain the required bending stiffness

previously computed. Since changing the number of stiffeners and their respective area

changes the shear flow across each panel and the spar webs, several iterations are required

before both the skin and spar web sizing converges. Since the beam finite-element model is

the same one as used in the past, the loads at the wing sections are also the same. Thus,
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the bending stiffness estimated by the extended model should be exactly the same as the

old double-plate model. However, since the torsional stiffness is estimated with thinner

skins and spar webs, overestimation of the torsional stiffness is prevented. In the TBW

configurations, in-plane stresses are generated due to non-planar geometry of the structure.

For such configurations, the spars and stiffeners are further resized to adjust the bending

stiffness to prevent buckling due to compressive stresses.

3.2 Validation of the new structural model

To validate the new model, some comparisons were made for a TBW design shown in Table

5.1. The design was sized separately by the old double-plate model and the extended wing-

box model. Results given in Figure 3.3 show that bending stiffness along the local x axis is

exactly matched as per the assumption in the development of the new extended model. The

bending stiffness along the local y axis is slightly higher with the new model. The torsional

stiffness measured by the more accurate extended wing-box model was significantly lower

indicating the shortcoming of the old model.

Further details about the weight distribution amongst the various members shown in Fig-

ure 3.4 explains that the wing-box sized with the extended model will have higher overall

structural weight. The additional weight is attributed to the skin weight which is sized with

the panel shear buckling constraint. The individual panel thicknesses (other panels only

reach gage thickness and left out for brevity) in Figure 3.5 shows that the panel thickness

obtained with the new model is much lower and meets the thin skin assumption used for

panel buckling and shear flow analysis.
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Table 3.1: Selected TBW design
Design Parameters
Fuel Weight (lbs.) 140,000
Wing/strut semi-span (ft.) 128.53/72.70
Root chord (ft.) 19.82
Wing-strut junction chord (ft.) 15.91
Tip chord (ft.) 12.05
Strut chord (ft.) 13.49
Jury chord (ft.) 3.47
Root t/c 0.1078
Wing-strut junction t/c 0.0956
Tip t/c 0.1068
Strut t/c 0.0944
Jury t/c 0.0768
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Chapter 4

Flutter constraint for

Multidisciplinary Design Optimization

4.1 Requirement of a flutter constraint

Flutter is a dynamic aeroelastic instability where a coupling of elastic, aerodynamic and

inertial forces makes the system unstable at certain dynamic pressures. The onset of flut-

ter may lead to catastrophic consequences as experienced by the Tacoma-Narrows bridge in

1940. Since such coupling between the various disciplines will always be experienced by any

air-borne vehicle, the analysis and testing of flutter [50] remains a key part of aircraft design.

Because the TBW and SBW present unique configurations with non-intuitive interaction be-

tween the various vibration modes, understanding the dynamic aeroelastic behavior of these

configurations is especially important. This motivated the flutter analysis of TBW config-

urations at Virginia Tech. In, 2001, the effect of in-plane forces on the aeroelastic stability

of the SBW configurations was investigated [51], and a parametric study was performed for

a single configuration. Later on, a similar study was performed for a group of truss-braced

24
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wing designs optimized for Boeing 777-200 LR “like” aircraft configuration and a long-range

mission [52]. These parametric studies gave some key insight into the effect of the various

design variables on flutter and also helped in the selection of the design variables for future

studies. However, they were not performed by including the flutter as a constraint within

the MDO framework and were focused only on the structural aspects of the design. Thus,

while these studies provided significant insight into the structural aspects of truss-braced

wing configurations’ aeroelastic behavior, they do not show the true effect of flutter on the

designs obtained from a multi-disciplinary perspective.

The present chapter focuses on adding flutter as a constraint to the MDO computational

design environment to study its impact on the design of TBW aircraft. The flight missions

are that of a medium-range mission simulating a Boeing 737-800 NG with a cruise Mach

of 0.7 and for a long-range mission simulating a Boeing 777-200 LR with a cruise Mach of

0.85. Development of the flutter constraint for the optimization problem is discussed in the

Methodology section. The two objectives selected for the MDO studies are minimizing the

TOGW and the fuel weight. The results presented in this chapter include a comparison of

the TBW designs with wing-mounted engines for the medium-range missions and fuselage-

mounted engines for the long-range missions, with and without the flutter constraint. Finally,

sensitivity of flutter of the TBW to some of the key design variables for the given design

problems are discussed. Designs close to the flutter boundary but violating it by only a

small margin were also investigated to determine whether they merit a cost-benefit study of

using a relaxed flutter constraint with active flutter suppression mechanisms which may add

some weight but may also result in much smaller penalties on fuel burn or TOGW due to

the flutter constraint.
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Figure 4.1: The Flight Envelope and the Flutter Boundary for the medium-range mission

4.2 Development of a flutter boundary

Flutter leads to oscillations of exponentially increasing amplitude when analyzed as a lin-

earized eigenvalue problem. However, in reality one may observe explosive flutter with com-

plete breakdown of the structure, or limit cycle oscillations with amplitudes not large enough

to cause complete structural failure but causing fatigue in the structure. Although several

well known active and passive suppression means are available [53] [54], sometimes there

may be no easy way to prevent flutter once the aircraft has been designed. Thus, checking

for flutter crossings at the conceptual stage is recommended especially for the TBW config-

urations whose aeroelastic behavior is not completely known. For development of a flutter

check within the MDO, it is imperative that one knows both the flight envelope and the

flutter boundary, based on the flight mission.

The flight envelope and design dive speeds were evaluated by interpolating flight data for the

current medium-range and long-range mission, with cruise Mach numbers of 0.7 and 0.85,

respectively. For the medium-range mission, the Mach number starts from 0.47 at sea-level

and increases to 0.7 at about 21,000 ft. and remains constant thereafter The dive speed is

evaluated as 1.2 times the operational speed up to a maximum Mach number of 0.82. The
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Figure 4.2: The Flight Envelope and the Flutter Boundary for the long-range mission

flutter boundary is selected as 1.15 times the dive speed or dive Mach number as per FAA

regulations. For the long-range mission, the cruise flight envelope starts at Mach number

0.5 at sea-level, increases to 0.85 at about 30,000 ft. and remains constant thereafter. The

dive speed is evaluated at 1.1 times the cruise speed and the flutter boundary is evaluated

at 1.15 times the dive speed. However, going by the assumption that supersonic flight is

not expected for these aircraft, the flutter boundary is restricted to Mach 0.94 for these

conditions. The variations of the operational Mach number MO and the flutter boundary

Mach number MF are shown in Figure 4.1 for the medium-range mission and in Figure 4.2

for the long-range mission.

4.3 Analysis of flutter

The flutter analysis was conducted using the k-method or the V-g method. The wing was

divided into a fixed number of chord-wise strips which are assumed to experience 2-D flow.

Thus, the cross-flow component and the interaction between the strips are neglected. The

unsteady aerodynamics is modeled using Theodorsen’s functions [12], and the compressibility

effect was incorporated using the Prandtl-Glauert correction factor with an additional correc-
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tion for swept wings [55]. The unsteady response of an airfoil was classified by Theodorsen

as either circulatory (generated due to a vortex shedding mechanism) or non-circulatory

(generated due to the inertia of the body) response. The circulatory response is evaluated

with a combination of Hankel functions of the first and second kind which can capture both

the phase and the magnitude of the responses (lift and pitching moments) accurately in

incompressible flow. Again as the flow was assumed to be incompressible, the inertial forces

(responses of non-circulatory nature) on the body are measured using the apparent mass the-

ory which assumes the displacements reach infinity in an infinitesimal time. The circulatory

and non-circulatory responses are combined to form the overall response of the body.

Since Theodorsen’s functions are linear in nature, they provide unsteady responses linearized

about a steady-state condition. Thus, although the functions are only strictly applicable to

incompressible flow, compressibility corrections applied to incompressible, quasi-steady pres-

sure distributions provide a good steady-state condition for modest subsonic Mach numbers

about which a small perturbation can be provided to the system to observe its stability.

As a result, the compressibility corrections are applied only to the circulatory portion of

the aerodynamic forces, and the transient non-circulatory forces are computed via apparent

mass theory. The details of the strip-theory based aerodynamics and the flutter calculations

using the V − g method or k method are provided in Appendix A.

The flutter analysis for the cantilever configurations is relatively simple, as there are no

non-planar sections involved. However, for the TBW configurations, the strut and the jury

develop in-plane stresses in the wing-truss system. These in-plane stresses are obtained as

follows. The combination of the aerodynamic forces, the fuel weight, the engine weight (if

it is wing-mounted) and the self-weight of the structure are modified by the respective load

factor for a particular load case. Then, a linear static analysis is performed, and the in-

plane stresses are evaluated to obtain the geometric stiffness matrix. A modal analysis is
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Figure 4.3: Pre-stressed flutter analysis methodology

performed about this pre-stressed condition by using the equivalent stiffness matrix obtained

by combining the actual stiffness and the geometric stiffness matrix. These pre-stressed mode

shapes and frequencies are then used for the flutter analysis. A similar analysis for strut-

braced wing has been explained in detail elsewhere [56]. The TBW flutter analysis follows

suit. A schematic of the methodology is provided in Figure 4.3.

4.4 Development of the flutter constraint

At the various altitudes mentioned in Table 2.1, a flutter check is performed by the iterative

Mach number matching procedure. The flutter analysis starts with a test Mach number.

The flutter Mach number then obtained as the output from the analysis at the end of the

iteration is used as the test Mach number for the next iteration until the solution converges

after some finite number of iterations. The operating Mach number at cruise is chosen as

the initial test Mach number, and the onset of flutter is checked iteratively up to the flutter

boundary shown in Figures 4.1 and 4.2. If for a particular load case at a particular altitude,

no flutter is observed within the search Mach number envelope, one can conclude that the

aircraft design will not suffer from flutter.

The flutter constraint is evaluated as follows:

Flutterconstraint =
Mflut

Mbound

− 1 (4.1)
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where Mflut means the flutter Mach number and Mbound means the Mach number of the

flutter boundary. A negative value of the flutter constraint means that the flutter speed lies

within the flight envelope, and the constraint has been violated. There are several different

flutter checks in total, conducted at selected altitudes for the various load cases shown in

Table 2.1. The critical flutter margin is the one where the margin between the flutter speed

and the flutter boundary is a minimum. This may or may not be the lowest flutter speed,

since at lower altitudes the operational Mach number is much lower than it is at higher

altitudes.

4.5 Results and discussion

4.5.1 Linear flutter analysis benchmarking

In past studies at Virginia Tech, flutter analysis performed with the in-house method using

strip theory for cantilever and strut-braced wing was validated against those analyzed using

the doublet lattice method [57]. Here, a similar benchmarking of the in-house pre-stressed

analysis is performed for the TBW configuration against those obtained from a linear pre-

stressed flutter analysis performed in NASTRAN using the doublet lattice method. The

TBW design selected for the benchmarking is a design optimized for minimum fuel weight

for a long-range mission without applying any constraint on flutter. The pres-stressed modes

were obtained from a linear static analysis for a 2.5 g maneuver load case with full fuel. First,

a grid convergence study was performed for the doublet lattice method to select the required

mesh size. The results presented in Table 4.1 show that satisfactory convergence was achieved

using 1980 panels for the half wing. The wing and the strut were considered as the only

lifting members. Figure 4.4 show the velocity-damping and the velocity-frequency diagram
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Table 4.1: Doublet lattice method grid convergence
Number of panels 495 990 1980 3960
Flutter speed(KEAS) 345.8 332.4 327.7 327.2
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Figure 4.4: V − g and V − f plots with the extended structural model

of the main modes participating in flutter as obtained from the in-house method. The same

modes were also found to participate in flutter from NASTRAN. These two modes, modes 3

and 5, the second primarily out-of-plane bending mode and the first primarily torsion mode,

respectively, are illustrated in Figure 4.5. The results for flutter speed and flutter frequency

are compared in Table 4.2. Since the TBW presents a non-planar configuration, there is

always a coupling between in-plane bending, out-of-plane bending and torsion.

The table also compares the results for the flutter speed and frequency using pre-stressed

Figure 4.5: Modes 3 and 5 from linear pre-stressed modal analysis in NASTRAN



Chapter 4. Effect of flutter constraint on MDO 32

Table 4.2: Pres-stressed flutter analysis benchmarking
In-house k method PKNL PKNL

Strip theory DLM DLM
Linear Linear Nonlinear

Flutter speed(KEAS) 315.38 327.7 (+3.5%) 301.34(-4.5%)
Flutter frequency (Hz.) 2.55 2.48(-2.7%) 2.34(-8.2%)
Participating modes 3 & 5 3 & 5 3 & 5

modes from a modal analysis following a nonlinear static analysis for the same load case.

The importance of geometric nonlinearity for static and aeroelastic analysis of flexible non-

planar structures similar to the truss-braced wing studied here have been discussed in some

other articles [58] [59], [60]. Such a non-linear static analysis is however, not included in the

present MDO flutter analysis because of the large computational expense associated with it.

However, the designs obtained from the MDO are checked for pre-stressed flutter analysis

with an off-line nonlinear static analysis performed via NASTRAN as shown in Table 4.2.

The difference in the flutter velocity between the nonlinear aeroleastic analysis performed

with NASTRAN with those obtained from the in-house method is only a 4.5 %. The modes

that participated in flutter for both analyses are the same, and the nonlinear pre-stressed

mode shapes shown in Figure 4.6 look similar to their linear counterpart indicating that no

significantly different physical behavior is observed between the two flutter results. However,

the doublet lattice linear pre-stressed results from NASTRAN show a slightly higher flutter

velocity than the in-house code which means the difference in the flutter speed between the

linear and nonlinear pre-stressed aeroelastic analysis performed using NASTRAN is larger

(8%).

A non-linear pre-stressed flutter analysis for the TBW configurations has also been performed

in another article [61]. However, the present results cannot be compared directly to the ones

shown in Ref. [61] because an iterative method was employed by Zhao et. al in [61] to
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Figure 4.6: Modes 3 and 5 from linear pre-stressed modal analysis in NASTRAN

trim the aircraft at the exact flutter density to obtain the exact pre-stressed modes. Such

an approach is suited for one final optimal design but cannot be incorporated into a MDO

framework owing to its huge computational cost. Also, the results were obtained for a wind-

tunnel model with different load cases and boundary conditions than what is simulated in

the MDO.

It must be noted that from the perspective of analysis techniques, the strip theory used in

the present MDO flutter analysis in principle, is a lower fidelity method for the truss-braced

wings than similar analyses performed in the past [51] using panel methods. Although, near

vertical members like the jury and the strut-wing vertical intersections are not considered

as lifting surfaces, the strip theory cannot account for three-dimensional and finite span

effects for the swept non-planar members like the strut. However, unlike the past studies

done outside the MDO environment, the current goal is always to select simple methods

like the strip theory which can quickly perform an adequately accurate analysis over more

complicated and computationally expensive methods so that one can rapidly compare several

configurations at the conceptual design stage. This idea would have been proven ill-conceived

if the strip theory had provided significantly different results from the doublet lattice theory.

But, the flutter benchmarking performed here indicates that the results shown later using

the strip theory are adequately accurate for conceptual design stage.
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Figure 4.7: Designs obtained by minimizing TOGW for the medium-range mission

4.5.2 Results for medium-range mission

Once the flutter constraint was incorporated into the MDO tool, several simulations were

performed to observe its effects on the final optimized take-off gross weight or the fuel con-

sumption of the TBW designs. The present section focuses on such results obtained for the

medium-range mission. First, a set of optimized designs was obtained without applying the

flutter constraint to serve as the baseline for comparisons by letting the GA, Darwin, run

for a sufficient amount of time until no significant improvements were obtained. Only those

designs that did not violate any of the other 11 constraints at the end of the optimization

procedure were saved. These designs have been termed as DESIGNS1 represented by dark

blue dots in Figure 4.7 and Figure 4.9 for the minimum TOGW and minimum fuel con-

sumptions objectives. Then in the subsequent runs, the saved designs were selected as the

initial population for the GA, and the flutter constraint was included within the optimization

procedure. The new set of optimized designs termed as DESIGNS2 is represented by red

squares in Figure 4.7 and Figure 4.9. The procedure undertaken is expected to show the

true effect of the flutter constraint on the designs.
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Figure 4.8: Minimum TOGW optimized designs for the medium-range mission: left - POINT
1 (no flutter constraint), right - POINT 2 (with 1.15 VD flutter constraint)

Looking at Figure 4.7, a gradual increase in flutter margin can be observed while moving

from DESIGNS1 to DESIGNS2 until a point is reached where the constraint is satisfied.

However, this is associated with a gradual increase in the take-off weight indicating that

the flutter constraint is active. To obtain a better understanding of this effect, two designs,

POINT 1 and POINT 2 have been chosen which represent the best designs from those

obtained without the flutter constraint (DESIGNS1) and those obtained after satisfying

the constraint (DESIGNS2), respectively. These configurations are shown in Figure 4.8 and

compared against each other in Table 4.3. It is observed that going from POINT 1 to POINT

2, there is a 1.5% increase in the TOGW associated with satisfying the flutter constraint.

This increase is mainly caused by a 12% increase in bending weight of the wing system. The

bending weight is increased partly by an increase in the span of the wing and the jury, and

partly by the stiffening of the wing at the junction of the wing and strut. The increase in the

span is not an usual strategy to suppress flutter but mainly occurs because the design turns

out to be an optimal one from a multi-disciplinary perspective. Thus, even irrespective

of the slightly longer span, the major increase in the bending stiffness governed by other

parameters than the span, is what suppresses flutter. Some major redistribution of wing
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Table 4.3: Minimum TOGW optimized TBW designs for medium-range mission

Min TOGW TBW 1-jury POINT 1 POINT 2
(no flutter constraint) (1.15VD flutter constraint)

TOGW (lbs.) 138,400 140,600(+1.5%)
Fuel Weight (lbs.) 26,600 26,500
Structural Bending Weight (lbs.) 24,500 27,500
Design L/D 31.9 32.2
Wing/strut semi-span (ft.) 75.8/46.7 78.8/50.9
Wing 1

4
chord sweep (degrees) 9.80 8.31

Root chord (ft.) 13.0 9.6
Strut-wing junction chord (ft.) 8.8 12.0
Tip chord (ft.) 4.0 5.8
Strut chord (ft.) 5.9 5.3
Jury chord (ft.) 2.4 3.1
Root t/c 0.111 0.051
Strut-wing junction t/c 0.100 0.118
Tip t/c 0.107 0.050
Strut t/c 0.100 0.090
Jury t/c 0.090 0.095
Flutter margin (%) -17.60 1.30
Flutter speed(KEAS) 367.2 427.6
Flutter frequency (Hz.) 4.25 5.76

stiffness and mass is observed as the MDO tool shifts structural material from outboard

and inboard sections towards the wing-strut junction. The overall stiffening of the wing

increases the frequencies of the modes participating in flutter as well as modifying the mode

shapes. This modification of the bending and torsional mode shapes and their frequencies

causes a significant increase in the flutter margin. If one allows a relaxed flutter constraint

and then selects a design POINT3 from the results provided some active flutter suppression

mechanism can be used to increase flutter speed by 7%, the penalty on TOGW is restricted

to only 0.3%.

Looking now at Figure 4.9 for the minimum fuel burn objective, a gradual increase in flutter

margin is observed while moving from DESIGNS1 to DESIGNS2, as in the minimum TOGW
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Figure 4.9: Designs obtained by minimizing fuel burn for the medium-range mission

case. For the present minimum fuel burn case, this is associated with a gradual increase in

the fuel consumption of the designs, indicating again that the flutter constraint is active. A

better understanding of this effect can be obtained by comparing two designs, POINT 1 and

POINT 2 which represent the best designs from those obtained without the flutter constraint

and those obtained after satisfying the constraint, respectively. These are illustrated in

Figure 4.10 and compared against each other in Table 4.4.

Going from POINT 1 to POINT 2, there is a 5% increase in the fuel consumption associated

with satisfying the flutter constraint. The increase in fuel consumption can be attributed to

the reduced aerodynamic efficiency of POINT 2 compared to POINT 1 coming as a direct

effect of the reduced span and aspect-ratio of POINT 2 compared to POINT 1. These

changes are brought about by the MDO to satisfy the flutter constraint. Although there

is no significant addition of bending material, the decrease of the span results in stiffening

of the structure, thus leading to higher frequencies. There is also a redistribution of mass

and stiffness along the outboard main wing as structural material is shifted from the strut-

wing junction towards the tip when going from POINT 1 to the POINT 2, but without any
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Figure 4.10: Minimum fuel optimized designs for the medium-range mission: left - POINT
1 (no flutter constraint), right - POINT 2 (with 1.15 VD flutter constraint)

structural mass added. A thinner jury and a thicker strut are also observed for the POINT

2 design as compared to the POINT 1 design. The combined effect of these changes is a

15% increase in flutter speed for a 5% increase in fuel consumption. If one allows a relaxed

flutter constraint, then another design can be selected as a feasible design which will only

impose a 2% penalty on the fuel burn. The cost of the reduced fuel burn against the weight

penalties and efficiency of an active flutter suppression mechanism to increase flutter speed

by 10% may be worth investigating.

It must be noted that flutter constraint brought the best designs from minimizing TOGW

and from minimizing fuel consumption closer to each other. Without the flutter constraint,

the best minimum TOGW design weighs 1.9% less and has 12.2% more fuel weight than its

minimum fuel counterpart. After application of the constraint, the best minimum TOGW

design has 1.4% lower TOGW and 6.4% more fuel weight than its minimum fuel optimized

counterpart. This can be easily explained by considering the fact that the flutter constraint

increases the bending weight of the best minimum TOGW design by 12% by thickening the

wing and a small increase in the span. The overall effect is added TOGW and a slightly

better aerodynamic performance. The flutter constraint acting on the best minimum fuel
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Table 4.4: Minimum fuel optimized TBW designs for medium-range mission

Min fuel TBW 1-jury POINT 1 POINT 2
(no flutter constraint) (1.15VD flutter constraint)

Fuel Weight (lbs.) 23,700 24,900(+5%)
TOGW (lbs.) 141,000 142,500
Structural Bending Weight (lbs.) 30.400 29,800
Design L/D 37.5 35.1
Wing/strut semi-span (ft.) 97.4/49.6 85.6/48.6
Wing 1

4
chord sweep (degrees) 5.7 8.2

Root chord (ft.) 14.4 14.6
Strut-wing junction chord (ft.) 8.9 8.2
Tip chord (ft.) 3.4 4.1
Strut chord (ft.) 3.6 4.0
Jury chord (ft.) 3.0 3.2
Root t/c 0.107 0.111
Strut-wing junction t/c 0.136 0.122
Tip t/c 0.063 0.092
Strut t/c 0.083 0.115
Jury t/c 0.098 0.083
Flutter margin (%) -15.30 0.01
Flutter speed(KEAS) 372.6 417.2
Flutter frequency (Hz.) 3.25 4.26
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Table 4.5: Comparison of optimized TBW with optimized Cantilever configurations for
medium-range mission

Min TOGW Min TOGW Min Fuel Min Fuel
Cantilever TBW Cantilever TBW

TOGW (lbs.) 141,500 140,600 (−0.6%) 142,500 142,500
Fuel Weight (lbs.) 27,500 26,500 (−3.5%) 26,400 24,900(−6%)

consumption design, reduces wing span by 12% thereby bringing about reduction in aerody-

namic performance which leads to higher fuel consumption.

Finally, the unconventional truss-braced wing configurations are compared against conven-

tional tube and wing, or cantilever aircraft configurations. To perform such a comparison,

the same optimization procedure as used for the truss-braced wings, was followed for can-

tilever configurations with the same flight envelope. It was observed that the best cantilever

designs obtained from the MDO do not flutter within the provided flutter boundary. Thus,

the flutter constraint does not play any part in changing the feasible designs. The TOGW

and the fuel consumption for the optimized cantilever and TBW configurations for both the

objectives have been listed in Table 4.5. It can be observed that while minimizing for TOGW,

the best TBW design obtained does not show significant benefits in weight reduction over

the conventional cantilever designs. However, the TBW designs show a 3.5% reduction in

fuel consumption. On the other hand, while minimizing fuel consumption, the TBW designs

show a 6% reduction in fuel consumption. Thus, although applying the flutter constraint

takes away some of the benefits of the high aspect-ratio truss-braced wing configurations,

significant fuel efficiency of the TBW over the cantilever is retained.
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(a) Wing-strut connection (b) Fuselage-strut connection

Figure 4.11: Connection of strut with the wing and the fuselage

Sensitivity studies

The sensitivity to the flutter speed to certain design variables were investigated for the

minimum fuel consumption case. Figure 4.11 (a) shows the geometry of the wing-strut in-

tersection and Figure 4.11 (b) shows the mid-chord of the fuselage-strut intersection relative

to the mid-chord of the wing-fuselage intersection. Figure 4.12 shows the sensitivity of flutter

margin to the strut-span intersection. It can be observed that without the flutter constraint,

the MDO selects a strut intersecting the wing at 50% span. However, once the flutter con-

straint is applied, the MDO design environment pushes the strut-span intersection outboard

to 60-65% of the main wing span. The strut stiffens the wing as it moves outboard, as it

provides kinematic boundary conditions analogous to a very stiff rotational and translational

spring connected to the wing. However if the strut is too long, it becomes flexible itself, as

bending stiffness decreases by the 3rd power of the length of the member. Thus, the MDO

tool selects an optimum strut location while keeping the flutter constraint in perspective.

Figure 4.13 shows the sensitivity of the flutter margin to the fore-aft location of the strut-

fuselage intersection relative to the intersection of the wing and the fuselage. The MDO

without the flutter constraint selects a strut which intersects the fuselage about 1 ft. behind

the mid-chord location of the wing-root. However, with the application of the constraint,
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Figure 4.12: Sensitivity of flutter margin to strut-wing intersection location
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Figure 4.13: Sensitivity of flutter margin to fore-aft location of strut-fuselage connection

the MDO tool pushes the strut-fuselage intersection forward to about 2 ft. ahead of the

mid-chord location of the main wing. Several articles [55], [62] explain how shifting the

c.g. of the wing forward increases the flutter velocity. The forward movement of the strut

intersection serves a similar purpose and hence increases the flutter velocity. Thus, the MDO

tool allows the constraint to push it forward by an optimum amount.

4.5.3 Results for long-range mission

The procedure pursued for the medium-range mission was re-employed for the long-range

mission. Again, DESIGNS1 shown by dark blue dots in Figure 4.14 and Figure 4.16 represent
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Figure 4.14: Designs obtained by minimizing TOGW for long-range mission

the optimized designs obtained without applying the flutter constraint. In the subsequent

GA run, a new set of optimized designs are obtained by starting with the saved designs from

the previous runs and applying the flutter constraint. These are termed as DESIGNS2 and

represented by red squares in Figure 4.14 and Figure 4.16.

Looking at Figure 4.14, one can observe a gradual increase in flutter margin observed as-

sociated with a gradual increase in the take-off weight while moving from DESIGNS1 to

DESIGNS2. This again indicates that the flutter constraint is active. Two designs, POINT

1 and POINT 2 are selected to observe the changes imposed by the MDO tool on the design

variables and parameters to satisfy the flutter constraint. These represent the best designs

from those obtained without the flutter constraint and those obtained after satisfying the

constraint, respectively. These designs are shown in figure 4.15 and compared against each

other in Table 4.6. Looking at Table 4.6, a 3.2% increase in the TOGW is observed in

POINT 2 compared to POINT 1. This is associated with satisfying the flutter constraint.

This increase in TOGW of POINT 2 is caused by a 21.9% increase in the bending weight
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Figure 4.15: Minimum TOGW optimized designs for the long-range mission: left - POINT
1 (no flutter constraint), right - POINT 2 (with 1.15 VD flutter constraint)

of the wing-truss system. The bending weight increases partly due to an increase in span of

the main wing and the jury, but mainly by the thicker wing. An increase in the sectional

chord and thickness of the inboard sections of the wing also indicates significant increase in

the stiffness of the inboard sections. The stiffening of the wing increases the frequencies of

the modes participating in flutter and is also expected to modify the mode shapes. This

modification of the bending and torsional mode shapes and the frequencies of these modes

cause an increase in the flutter margin.

Now look at the minimum fuel burn designs presented in Figure 4.16. An increase in flutter

margin is observed going from DESIGNS1 to DESIGNS2 associated with an increase in fuel

consumption. It should be noted that in this case, the rise in the fuel weight is quite steep

as the designs approach the flutter boundary, indicating that the flutter constraint is very

active close to the boundary. Again, two designs, POINT 1 and POINT 2, are selected for

a detailed comparison. Similar to the previous cases, they again represent the best designs

from those obtained without the flutter constraint and those obtained after satisfying the

constraint, respectively. These designs are shown in Figure 4.17 and compared against each
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Table 4.6: Minimum TOGW optimized TBW designs for long-range mission

Min TOGW TBW 1-jury POINT 1 POINT 2
(no flutter constraint) (1.15VD flutter constraint)

TOGW (lbs.) 465,300 479,700 (+3.2%)
Fuel Weight (lbs.) 147,600 148,000
Structural Bending Weight (lbs.) 37,000 45,100
Design L/D 28.0 28.9
Wing/strut semi-span (ft.) 122.3/68.4 125.5/69.1
Wing 1

4
chord sweep (degrees) 29.0 28.9

Root chord (ft.) 19.6 20.1
Strut-wing junction chord (ft.) 14.2 15.0
Tip chord (ft.) 11.1 11.2
Strut chord (ft.) 10.7 9.0
Jury chord (ft.) 3.0 3.0
Root t/c 0.090 0.113
Strut-wing junction t/c 0.073 0.098
Tip t/c 0.083 0.110
Strut t/c 0.098 0.094
Jury t/c 0.075 0.086
Flutter margin (%) -28.38 0.406
Flutter speed(KEAS) 260.31 390.73
Flutter frequency (Hz.) 1.83 4.16
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Figure 4.16: Designs obtained by minimizing fuel burn for long-range mission
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other in Table 4.7. A 7.5% increase in the fuel consumption of POINT 2 compared to the

POINT 1 results is observed. The increase in fuel consumption associated with satisfying

the flutter constraint, can be attributed to the reduced aerodynamic efficiency of POINT 2

compared to POINT 1 indicated by their L/D values. This reduced aerodynamic efficiency

is an effect of the reduced span and aspect-ratio of POINT 2 compared to POINT 1. Table

4.7 also shows a reduction in bending weight primarily caused by the reduction in span of

the wing. The structure however, is stiffened by the reduction in span. The inboard sections

are also stiffened by an increase in thickness ratios going from POINT 1 to POINT 2. This

overall increase in the stiffness is indicated by an increase in the flutter frequency. The

overall effect of the increase in structural stiffness and its redistribution is a 20% increase in

the critical flutter speed of POINT 2. It may be noted that owing to the steep change in

the fuel consumption as the designs approach the flutter boundary, another design with its

flutter margin only 7% lower than the the flutter boundary suffers only a 2.9% penalty on

fuel burn. Thus, if an active flutter suppression mechanism is employed which can improve

the flutter margin by 7%, a relaxed flutter constraint can be used and this design becomes

feasible with a much lower fuel consumption.

A similar trend between the optimized minimum TOGW and minimum fuel weight designs

for both the medium-range and long-range designs are observed. As discussed previously for

the medium-range missions, the flutter constraint brings the best designs from minimizing

TOGW and from minimizing fuel consumption closer to each other both in terms of TOGW

and fuel weight. Thus, the minimum fuel burn design only has a 4% larger semi-span, 1%

lower fuel weight and a 0.5% larger take-off weight than its minimum TOGW counterpart.

Comparing the right hand sides of Figures 4.15 and 4.17, even the orientation of the jury

members and the strut/wing span ratios are similar.

The final TBW configurations are always compared to the optimized cantilever configura-
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Figure 4.17: Minimum Fuel optimized designs for the long-range mission: left - POINT 1
(no flutter constraint), right - POINT 2 (with 1.15 VD flutter constraint)

Table 4.7: Minimum Fuel Optimized TBW designs for long-range mission

Min Fuel TBW 1-jury POINT 1 POINT 2
(no flutter constraint) (1.15VD flutter constraint)

TOGW (lbs.) 481,400 482,000
Fuel Weight (lbs.) 136,000 146,400 (+7.5%)
Structural Bending Weight (lbs.) 53,900 47,900
Design L/D 32.7 29.0
Wing/strut semi-span (ft.) 144.8/67.81 130.8/71.1
Wing 1

4
chord sweep (degrees) 28.0 27.9

Root chord (ft.) 20.2 19.3
Strut-wing junction chord (ft.) 14.5 13.6
Tip chord (ft.) 11.8 10.5
Strut chord (ft.) 10.3 10.8
Jury chord (ft.) 3.1 3.0
Root t/c 0.112 0.127
Strut-wing junction t/c 0.096 0.090
Tip t/c 0.117 0.113
Strut t/c 0.104 0.106
Jury t/c 0.086 0.066
Flutter margin (%) -18.74 0.789
Flutter speed(KEAS) 315.38 392.22
Flutter frequency (Hz.) 2.55 3.46
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Table 4.8: Comparison of optimized TBW with optimized Cantilever configurations for long-
range mission

Min TOGW Min TOGW Min Fuel Min Fuel
Cantilever TBW Cantilever TBW

TOGW (lbs.) 488,700 479,700 (−1.8%) 502,000 482,000 (−4.0%)
Fuel Weight (lbs.) 163,500 148,000 (−9.5%) 156,000 146,400(−6.0%)

tions to understand the true potential of these configurations for improved performance over

existing aircraft configurations. For this, first the optimized cantilever configurations were

obtained for the long-range mission using the same procedure pursued for the medium-range

mission. It was again observed that flutter does not behave as an active constraint in the

optimization procedure and that the best designs obtained from the MDO are not affected by

flutter. The TOGW and the fuel burn for the optimized cantilever and TBW configurations

for both the objectives are presented in Table 4.8. Unlike the medium range missions, it

was observed that both the minimum TOGW and minimum fuel burn TBW designs show

improved performance over their cantilever counterpart for the two objectives mentioned.

The minimum TOGW TBW design has a 1.8% lower take-off weight and 9.5% lower fuel

burn than its minimum TOGW cantilever counterpart. On the other hand, the minimum

fuel burn TBW design shows a 4.0% lower take-off weight and a 6.0% lower fuel burn than

its minimum fuel cantilever counterpart.

While flutter plays an active part in the optimization of the TBW, imposing a penalty on

the objectives, no such behavior is observed for the cantilever designs. To develop a better

understanding of this behavior, the mode shapes and frequencies of the the cantilever design

mentioned in Table 4.8 and shown in Figure 4.18 (a), are compared them to the TBW design

POINT 1 shown in Table 4.7. The mode shapes and the frequencies of the TBW POINT 1

optimized for minimum fuel weight without any constraint for flutter have been shown earlier

in Figure 4.5. The first out-of-plane bending and torsion modes, represented by modes 1 and
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2 respectively, for the cantilever design are expected to take part in conventional bending-

torsion flutter. These modes are shown in Figure 4.18 (b). For the TBW designs, the ratio

of frequencies between the second out-of-plane bending and torsion modes, represented by

modes 3 and 5 respectively, is 0.511. For the cantilever design, this ratio between the first out-

of-plane bending mode and torsion modes which usually participate in flutter, represented

by modes 1 and 2, respectively, is 0.27. This indicates that for the truss-braced wings, the

ratio of the modal frequencies of the coupling modes in flutter comes closer to unity than

the probable flutter modes for the cantilever design. It is a well known fact that flutter

instability is extremely sensitive [55][63] to the ratio of the frequencies of the coupling.

Thus, it is expected that the flutter speed would drop rapidly as the bending and torsion

frequencies in the present case would come closer to each. For the TBW configuration,

the coupling modes have a higher frequency ratio than those observed for the cantilever

configuration. This explains why the TBW configuration is more prone to flutter than the

cantilever configurations. The same behavior is expected from the medium-range designs

as the truss-braced wings show similar changes in structural, aerodynamic and aeroelastic

behavior from cantilever configurations for both the long-range and medium-range missions.

As one can observe, the bending frequency of the first out-of-plane bending is relatively low

and may take part in body freedom flutter if it is allowed to go down uninhibited. However,

such analysis would require an actual free-free vehicle modeling which is beyond the scope

of the present study.

4.5.4 Non-linear effects

During the benchmarking studies it was shown that a nonlinear pre-stressed aeroelastic

analysis showed only 4.5% lower flutter velocity than the corresponding linear results, but it

was decided that the important role of geometric nonlinearity warrants an off-line nonlinear
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(a) Cantilever Design

(b) Modes 1 and 2 of the Cantilever Design

Figure 4.18: Long-range Min Fuel Optimized Cantilever Design

pre-stressed aeroelastic analysis of the optimized design. For this post-optimization nonlinear

aeroelastic analysis, the TBW designs POINT 1 and POINT 2 for the minimum-fuel long-

range and medium-range missions, respectively, were selected. These designs, detailed in

Tables 4.4 and 4.7 respectively, are expected to be the more flexible for each of these missions

as the minimum fuel burn optimized designs usually come with a longer span than their

minimum TOGW optimized counterparts. Hence, these designs are expected to show the

maximum effects of a nonlinear pre-stressed aeroelastic analysis.

Tables 4.9 and 4.10 compare the linear and nonlinear flutter speeds and frequencies, re-

spectively. The acronyms MR and LR stand for Medium-range and Long-range missions.

The LR POINT 1 is the same design as used in the flutter benchmarking study. POINT 1

designs were the optima obtained before applying the flutter constraint, and the POINT 2

designs were optima obtained after satisfying the constraint. The results indicate that the

nonlinear results do show somewhat different flutter speeds and frequencies for the POINT

1 designs. The maximum difference in flutter velocity was 4.6 % and was observed for the
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Table 4.9: Comparison of linear and nonlinear flutter velocities
Velocity (KEAS)

Linear Nonlinear % change
MR min-fuel POINT 1 372.60 355.30 -4.6
MR min-fuel POINT 2 417.20 412.30 -1.2
LR min-fuel POINT 1 315.38 301.34 -4.5
LR min-fuel POINT 2 377.30 393.22 -3.8

Table 4.10: Comparison of linear and nonlinear flutter frequencies
Frequency (Hz.)

Linear Nonlinear % change
MR min-fuel POINT 1 3.25 3.04 -6.5
MR min-fuel POINT 2 4.26 4.10 -3.8
LR min-fuel POINT 1 2.55 2.32 -8.2
LR min-fuel POINT 2 3.46 3.34 -3.5

MR min-fuel POINT 1 design. The maximum difference the flutter frequency was a slightly

higher 8.2 % observed for the LR min-fuel POINT 1 design. However as shown before, no

significant difference in the various modes shapes is expected. For the POINT 2 designs

which are expected to be less flexible, the difference in the results is definitely reduced once

the designs are stiffened by the flutter constraint. Thus, the designs which are optimized

with the flutter constraint can be assumed to be stiff enough to obtain reasonably accurate

results by employing linear pre-stressed flutter analysis.

4.6 Conclusion

The present chapter discusses the development of a flutter constraint for the VT MDO and

then discusses the effects of the application of a flutter constraint on TBW transport aircraft

designs obtained from the MDO Design Environment.
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The two objective functions considered for the MDO were minimization of the take-off weight

and the fuel consumption. The present MDO environment has been used previously both

for exploring the TBW and SBW configurations long-range or medium-range flight missions.

The results have shown significant benefits of these configuration for reducing both TOGW

and fuel weight, but the effect of flutter was not considered in those MDO studies. Here, a

medium-range mission with a lower cruise Mach number and the previous long-range mission

have been selected to observe the effect of a new flutter constraint on the designs obtained

from the MDO framework. The flutter boundary was developed based on the flight envelope

for the two missions mentioned previously. Then, the flutter constraint was used to calculate

the margin between the critical flutter speed and the flutter boundary.

The results obtained from the MDO show that for minimizing TOGW for the medium-range

mission, the 1.15 VD flutter constraint imposes a penalty of 1.5% on the take-off weight

of the optimized design over the optimized design obtained without the flutter constraint.

A 12% increase in the bending weight of the wing structure in order to satisfy flutter is

the major contributor to the increase in take-off weight. The flutter constraint applied to

the minimum TOGW designs for the long-range mission resulted in a best design having

a 3.2% higher take-off weight than the best TBW obtained without the flutter constraint.

Again, the major contribution to the increment in the take-off weight comes from the 18.5%

increase in bending weight. The MDO tool brings about an addition of bending material

and a redistribution of stiffness and mass by modifying the design variables. The notable

changes in the design variables were a reduction of wing thickness at the wing root and tip

and a significant increase in t/c at the wing-strut junction. An increase in the wing span is

also observed in both the cases. However for the medium-range case, the MDO stiffened the

wing-strut junction, whereas for the long-range mission inboard stiffening of the wing was

observed. These modifications, in turn, bring about sufficient changes in the mode shapes
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participating in flutter while increasing the frequency of the bending modes. The overall

effect is an increase the flutter speed so as to satisfy the flutter constraint.

For the medium range missions, imposing the 1.15 VD flutter constraint for the minimum

fuel consumption objective led to the best designs having a 5% higher fuel weight than their

counterpart obtained without the flutter constraint applied in the MDO simulation. When

the same procedure was followed for the long-range mission, the increase in fuel burn for

the best design with the flutter constraint applied was 7.5% higher than its counterpart

obtained without applying the constraint. However, the steep gradient in the increase in

the fuel burn close to the flutter boundary for the long-range mission suggests future studies

for estimating the potential of using active flutter control mechanism to increase the flutter

speed and reduce the fuel burn. The major change in the design variables as directed by the

flutter constraint, was a significant reduction of wing span. Some redistribution of both the

stiffness and the mass was also observed for the medium-range case with a slight thickening

of the strut and the outboard section of the wing, and a reduction in the wing’s sectional

thickness at the wing-strut intersection. For the long-range case, the notable change other

than the reduction of the span was thicker inboard sections. The significant increase in

the bending stiffness produced by the shortening of the wing span and the thicker inboard

sections, is considered as the primary contributor to the increased flutter margin. This

however, is accompanied by a reduced aerodynamic efficiency and in turn, increased fuel

burn.

The best TBW design for each case was then compared to the best cantilever design obtained

from the MDO using the same objectives to draw a comparison between the performance

of cantilever and TBW designs. All the aforementioned constraints, including the flutter

constraint were applied for the purpose of this comparison. Unlike the TBW, the flutter

constraint was found to be an inactive constraint for the cantilever designs, as the best
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designs did not experience flutter within the flight envelope. However, the final results

showed better performance of the TBW configurations over their cantilever counterpart

even after the penalties imposed bu the flutter constraint. The best minimum TOGW TBW

design for the medium-range mission, shows a minimal reduction in take-off weight over the

best minimum TOGW cantilever, but it has about 3.5% lower fuel consumption. While

minimizing fuel consumption for the same flight mission, it was found that the TBW design

shows a 6% reduction in fuel consumption over the best minimum fuel cantilever design. For

the long-range mission, it was observed that the best minimum TOGW TBW design shows

a 1.8% reduction in take-off weight over its cantilever counterpart, and the fuel consumption

for the TBW was 9.5% lower. The best minimum fuel TBW design shows a 4% reduction

in TOGW and a 6% reduction in fuel consumption over its cantilever counterpart. Thus, it

can be concluded that the true potential for the TBW designs for the medium-range mission

is to reduce fuel weight. On the other hand, for the long-range mission, the TBW designs

show superior performance to the cantilever for both the take-off weight and the fuel burn.

The sensitivities of the flutter margin of the TBW designs to various relevant design variables

were studied for the medium-range mission. The results show that the MDO suggests the

wing-strut intersection to be set at around 60% of the span to increase flutter speed. Also,

it was observed that a strut-fuselage connection forward of the mid-chord-fuselage junction

of the main wing is beneficial for flutter. These were some of the passive measures suggested

by the MDO for the flutter suppression of TBW configurations.

The results obtained from the MDO studies with the flutter constraint showed a steep

gradient in the increase of the objectives for all the cases as they approach the flutter. Thus,

if the flutter constraint is relaxed by 10% and the 10% increase in flutter speed can be met

via active flutter suppression, several new designs become available. The results show that

such designs obtained with a relaxed flutter constraint may offer up to 5% reduction in
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fuel burn. The weight associated with such flutter suppression mechanism as well as their

efficiency is however a matter of concern. Thus, a future cost-benefit study into the subject

is suggested.

It was also noted that flutter constraint for the TBW designs but it was not active for the

cantilever. To understand this physical behavior the frequency ratio of the modes partici-

pating in the bending-torsion flutter was computed. The results show that ratio of the first

bending and torsion modes for the cantilever are further apart than the frequencies of the

second out-of-plane bending and the first torsion mode of the TBW. It is a well known fact

that the flutter velocity drops rapidly as the frequency ratio between the modes approach

each other, and this closer proximity of the coupling modes for the TBW is understood to

be the primary reason for the TBW to flutter. It is interesting to note that the cantilever

designs optimized for minimum fuel may have very low first bending frequencies, which may

lead to body freedom flutter. Although such an analysis performed for a free-free vehicle is

beyond the scope of the existing analysis, such an event would also constrain the performance

of cantilever designs and make the TBW configurations even more attractive.

Finally, the flutter results obtained from a nonlinear pre-stressed flutter analysis were com-

pared to the linear pre-stressed flutter results. The results showed a maximum difference of

8.2% in flutter frequency for the long-range minimum fuel POINT 1 and maximum difference

of 4.6% in the flutter speed for the medium-range min fuel POINT 1. However, no differences

in the mode shapes were observed. Thus, the physical behavior is expected to be the same.

Also, once the constraint is applied and the TBW structure is stiffened to prevent flutter,

the difference in the results between the linear and non-linear pre-stressed flutter analysis

becomes even smaller.



Chapter 5

Aeroelastic applications of a Variable

Geometry Raked Wingtip

5.1 Introduction

Previous MDO studies of TBW designs for minimizing fuel burn for a long-range Boeing 777-

200 ER like flight mission have resulted in optimized designs with extremely large aspect

ratio wings [6]. These TBW designs are expected to be quite flexible owing to their large

spans. Recently, this has led to concerns about the potential lack of control effectiveness or

even aileron reversal beyond certain critically high dynamic pressure for these flexible TBW

designs. A flutter constraint was incorporated into the MDO [64] for the minimum fuel

burn objective, which stiffened the wing by reducing its span to prevent flutter. However,

prevention of flutter by stiffening of the wing is not always a solution to prevent aileron

reversal as shown previously by Miller [65, 66] for a different class of flexible wing aircraft.

One solution to prevent aileron reversal is to further stiffen the wing by reducing the span

or by increasing the wing thickness, but this not only increases weight but also reduces

56
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aerodynamic efficiency.

During the Active Flexible Wing (AFW) program [65, 66], Miller came up with an innova-

tive solution to this problem where he employed leading edge flaps to use the flexibility of

the wing to enhance its aeroelastic performance. Miller suggested combinations of inboard

and outboard leading and trailing edge flap deflections which can facilitate both the conven-

tional use of the control surfaces or using them in the reverse mode, as required, to perform

the necessary steady roll maneuver. When control reversal sets in, the trailing edge flap

deflections would be reversed, thereby performing roll control in reversal. Thus, the vehicle

may experience zero control effectiveness momentarily as the control surfaces are set to their

required deflections, but eventually the final combination of control surface deflections will

provide required roll control authority either conventionally or in reversal at that flight con-

dition. Since then, the multiple control-surface technique has been implemented on several

other flexible aircraft designs both in experimental investigations [67, 68] and in analytical

control law development studies [69, 70, 71] motivated by Miller’s use of wing flexibility to

enhance aeroelastic performance.

Griffin [72] used a different approach to tackle the problem of aileron reversal. In his method,

only a single trailing edge control surface was used. If the aircraft has sufficiently high positive

control effectiveness the control surface is used conventionally. As the vehicle approaches

control reversal, the stiffness of the lifting surface structure is adapted to provide sufficient

roll control authority. Once a sufficiently high dynamic pressure is reached, the control

surface deflection is then reversed to perform roll control in reversal. While this approach

seems to save the weight of the additional control surfaces suggested in Miller’s technique, it

is limited by the fact that the adaptive force required to change the stiffness may be too high

and the adapted wing stiffness must not cause flutter or divergence. Recently, morphed wings

with continuous twist and camber change have also shown potential to perform adequate
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Figure 5.1: Sketch of Variable Geometry Raked Wingtip concept

roll control without some of the weight penalties previously mentioned [73].

Here, a different approach is explored which is motivated again by Miller’s use of wing

flexibility to enhance aeroelastic performance. A variable geometry raked wingtip (VGRWT)

is implemented which can sweep forward or backward relative to the wing in the plane of

the wing with the help of a novel control effector (NCE) mechanism [74] as shown in Figure

5.1.

Raked wingtips or other wingtip and winglet devices, have often been a subject of interest for

commercial aviation. At present, raked wingtips can be observed on commercial airplanes

like the Boeing 767-400ER and Boeing 777-200LR/300ER. The application of such raked

wingtips is based on some of the benefits of such wingtip devices claimed by US patents

[75, 76]. As claimed by Rudolph [75] the ‘highly tapered wingtip extension’ (now known

as the raked wingtip) can reduce the induced drag without a large increase in skin friction.

This is because the wingtip extension can increase the wing span and the aspect ratio with

a minimum increase in the wetted area. Herrick et al. [76] pointed out that apart from the

benefits mentioned by Rudolph, the lower outboard chord of the wingtip extension would

also lead to lower outboard loading and lower induced drag. They also observed that the
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larger leading edge sweep of the wingtip leads to aft movement of the center of pressure

(c.p.). This is expected to offer more ‘leading-edge-down’ twist to the wing thus expediting

control effectiveness, but it may also act as a possible technique of improving flutter speed

[77, 78].

One of the drawbacks of a raked wingtip structure as pointed out by Herrick et al. is

the separation of the boundary layer on the upper surface at high lift conditions such as

take-off and landing [75, 76]. Such separation may also lead to premature buffet especially

on transonic airfoils. Herrick et al. proposed their blunt leading edge raked wingtip as a

remedy to this problem of boundary-layer separation and premature buffeting. Such drag

reduction by raked wingtip devices was presented by Jansen et al. [25] for a Boeing 737-900

type of design. It was explained how the raked wingtip reduces induced drag by interacting

with the tip vortices while reducing tip loads especially at the maneuvering conditions.

Similar aerodynamic benefits of raked wingtips were also reported for KC-135 type aircraft

[79]. Boeing has claimed that the application of raked wingtips on commercial airliners has

brought about improved take-off and climb performance as well as improved fuel efficiency

during cruise [80, 81, 82]. However, raked wingtips may not always prove beneficial when

compared to other wingtip devices like winglets. In fact, the increase in wingspan associated

with the raked wingtip may pose challenges for ground handling and hangar parking space

[83, 79]. Thus, the literature review on raked wingtip and other wingtip devices suggests

that the use of such devices are airplane or mission specific [84, 83], and optimized raked

wingtip configurations and a cost-benefit analysis are suggested before they are installed on

an aircraft [79, 25].

The present study considers the aeroelastic aspects of the raked wingtip. It is motivated

by the aft movement of the c.p. which may expedite aileron reversal or loss of control

effectiveness as explained by Herrick et. al [76] and White et al. [74]. Aerodynamic analysis
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performed using the vortex lattice method and computational fluid dynamics (CFD) software

ANSYS FLUENT [85], for a medium range truss-braced wing aircraft, demonstrated such

aft movement of the c.p. of a swept back raked wingtip which increased the pitching moment

about a reference axis at 40% of the main wing’s chord compared to the unswept wingtip

[85] (see Figure 5.1). Motivated by these results and the findings of the AFW program [65],

the following idea is explored. Instead of preventing the loss of control effectiveness in a

flexible wing, can the aft movement of c.p. due to a swept back wingtip be used to expedite

aileron reversal on a flexible wing and then perform roll control in the reversal mode of the

aileron.

At low dynamic pressure, the wing is expected to have sufficient control effectiveness for the

aileron to perform conventionally with the wingtip unswept relative to the wing. However,

at higher operational dynamic pressures, the control effectiveness may reduce significantly

to hamper roll control authority. In such a situation, the wingtip is swept back to push the

center of pressure of the aileron further back from the wing’s elastic axis. This increases

the nose-down pitching moment, thereby increasing the nose-down twist of the wing. Such

a behavior is expected to expedite aileron reversal at the higher dynamic pressures, or even

push an already ineffective aileron so far into reversal that the elastic to rigid ratio roll

moment ratio becomes a negative number significantly high in magnitude to allow roll control

in the reverse mode of the aileron. In this process, the vehicle will pass a condition of zero

control effectiveness momentarily as the wingtip is swept back. However, the final swept

back wingtip configuration has a sufficiently high negative elastic to rigid roll moment ratio

to perform roll control in reversal.

In the absence of such a technology, two alternatives are generally practiced. One is to

stiffen the wing which will eliminate aileron reversal altogether and maintain a high control

effectiveness of the aileron at all flight conditions. This however is obtained at the expense
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of increasing structural weight or reduced aerodynamic performance, or both. The other

alternative is to perform roll control at higher dynamic pressure via the inboard control

surfaces as the outboard control surfaces are ineffective. Since, the moment arms associated

with the inboard surfaces are much smaller, they will not undergo reversal but at the same

time their overall effect is much smaller. Thus, they require much larger control surface

deflections which may lead to a large power requirement and other complexities.

While the present approach provides an alternative avenue for performing roll control, it

cannot be applied straightaway to any configuration. Preliminary studies were performed to

apply this concept to the SUGAR TBW configuration which simulates the flight mission of

a medium-ranged 737 800-NG “like” aircraft [74]. The results showed that the aircraft was

already stiffened significantly to prevent flutter. Doe to this reduced flexibility, the VGRWT

could not expedite aileron reversal and generate large negative ratio of the elastic to rigid roll

moments as the control effectiveness was reduced in the presence of high dynamic pressure.

This led to the understanding that this concept will prove useful for flexible designs only.

This initiated a search for flexible designs via the MDO. The longer-range Boeing 777 200-

LR “like” mission was selected owing to the greater flexibility of the slender wing designs

obtained for this mission. The MDO framework was used to explore the design space,

searching optimum designs for minimum fuel burn which also satisfied the structural stress

requirements and the FAA approach, landing and takeoff requirements. Subsequent sections

will discuss the new analysis tools developed for the static aeroelastic analysis in the MDO

framework. The results obtained from the MDO simulations will also be discussed. Finally,

aeroelastic studies performed with NASTRAN for a representative TBW design with the

VGRWT will be presented and discussed.
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5.2 NCE mechanism development

The NCE mechanism enables the raked wingtip to sweep in the plane of the wing. It

was modeled by NextGen Aeronautics in collaboration with the Truss-Braced Wing Design

Group at Virginia Tech and the Boeing Research and Technology team [3]. The mechanism

is supposed to be located at the wing-wingtip junction (see Fig. 52). The mechanism consists

of a pivot at the rear spar (at 65% of the chord from leading edge) and a sliding track/beam

structure at the forward spar (at 15% of the chord from leading edge), to transfer loads

from the rotating wingtip forward spar to the wing forward spar. The leading edge of the

wingtip consists of a rigid skin fairing at the wingtip-wing connection. The skin fairing

maintains the airfoil shape when the wingtip is swept back or when it is unswept. If the

wingtip is swept forward, the leading edge wingtip fairing slides into the wing via a ‘hand-

and-glove’ mechanism. The trailing edge of the tip consists of a flexible skin fairing at

the wing-wingtip junction. This flexible wingtip trailing edge fairing can be compressed or

expanded, respectively, as the wingtip is swept aft or forward. Initially, a trailing edge pivot

was selected but it led to an extremely large size of the leading edge fairing. Thus, the pivot

for the wingtip sweep mechanism is presently placed at the aft spar. This pivot location also

provides sufficient space for easy integration of actuator, hydraulic and electrical cables, and

shorter and more direct load paths from the forward to the rear spar. One area of concern

with the mechanism is the flexible skin mechanism of the trailing edge fairing which weighed

up to 15 lbs. However, this weight penalty has to be accepted as it is also necessary to keep

the skin smooth without any significant bump. The pivot and beam/track mechanism with

the leading edge ‘hand-and-glove’ fairing concepts are shown in Figure 5.2 obtained from

NextGen in [3]. The flexible trailing edge fairing is not shown here but is shown in Ref.

[3]. The mechanism allows for a total wingtip sweep of 30 degrees sweep of the wingtip,

15 degrees forward and 15 degrees aft. Such limits of wingtip sweep requirements were
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Figure 5.2: Novel Control Effector mechanism for a 10 degrees swept back and a 15 degrees
swept forward wingtip as modeled by NextGen [3]

suggested by preliminary MDO studies. The background behind the mechanism selection,

and its eventual development is elaborated in Ref. [3].

Since the wingtip is only supposed to sweep to different configurations as the Mach number or

the altitude changes without playing any role in active control, much lower force requirement

is estimated. Thus, commercial-off-the-shelf (COTS) actuators were considered sufficient to

operate the mechanism, and no new enhanced actuator development was recommended. A

2.75 inch diameter hydraulic actuator was selected which can provide more than 20,000 lbs.

of actuation force using 5,000 psi hydraulic system. The actuator has a length of 18 inch

with a stroke of 11 inch. However, sufficient space should be available in the wing in case the

hydraulic actuator needs to be substituted by COTS electric motor driven electromechanical

actuators or electro-hydraulic actuators. The present actuator weighs about 15-20 pounds.

A detailed actuator requirement study and the challenges of integrating the aileron and

actuators are discussed in Ref [3].
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5.3 Analysis of control effectiveness

The control effectiveness of an aircraft due to a specified control surface is evaluated as the

ratio of elastic to rigid roll moments developed on the vehicle due to a deflection of that

control surface. Usually for transport aircraft, roll control is performed by the outboard

ailerons because of the associated large moment arm associated to generate rolling moments

of a greater magnitude. Hence, the outboard aileron effectiveness is the one which is of

interest. For a perfectly rigid wing, the aileron would produce additional lift when it is

deflected at positive angles of attack. However for an elastic wing, a negative pitching

moment is generated by the aileron at the wing’s elastic axis. This generates a negative

angle of attack due to wing twisting. This reduces the lift generated by the rest of the

wing. This is a counteracting effect to the additional lift generated by the nose-up aileron

and results in the reduction of aileron effectiveness. For certain flight conditions and given

structural stiffness of the wing, the large twisting deformation generated on the wing is large

enough to reduce more lift on the wing than the aileron could generate. This situation is

termed aileron reversal, as beyond this point the aileron reverses its effects. The reversal in

the ailerons function either makes it ineffective, or its reduced effectiveness adversely affects

the flight handling capabilities as well as the lateral motion of the vehicle.

The control effectiveness was calculated for a range of flight conditions based on the flight

envelope of a long-range Boeing 777-200 LR “like” mission, which is shown in Figure 5.3.

The bold line in the middle represents the operational Mach number at various altitudes

along the flight envelope, and the two lines on either side of it represent the upper and lower

limits of the Mach number at which control effectiveness is evaluated.

The main aeroelastic equation used for the analysis of control effectiveness is shown below.
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Figure 5.3: Control effectiveness assessment envelope for “777-like” aircraft mission

(The detailed derivation for the analyses is provided in Appendix B.

[Ks] {q} = [Ka−wing] {q}+ Qr−wing + Qr−cs (5.1)

In the absence of any elastic deformation, the rigid rolling moment can be obtained by using

just the rigid aerodynamic forces,

lr = (.) (Qr−wing + Qr−cs) (5.2)

Where (.) represents an operator that converts the lift to the roll moment by multiplying

with a moment arm. In order to evaluate the elastic roll moment, we must first solve equation

5.1 to obtain the displacement vector, q. Then, we can obtain the elastic roll moment as,

le = (.) ([Ka−wing] {q}+ Qr−cs + Qr−cs) (5.3)

The ratio of le to lr gives the value of the control effectiveness.
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5.4 Analysis of rolling motion

Apart from control effectiveness, this study also focuses on the rolling motion of the vehicle

as the roll performance of the TBW designs is of interest. Thus, the roll control requirement

was formulated. A roll control requirement for long-range transport flight is the capability

to roll through 30 degrees bank angle in 2.0 seconds using the outboard aileron [86]. For

this study, all of the outboard aileron was placed on the unswept VGRWT, and the analysis

to measure the time taken to bank through the required angle was formulated. The time to

bank acts as a measure of the roll performance of the elastic vehicle from the perspective of

control and flight handling capability.

Assuming a single degree of freedom and small angle approximation, the 1st-order kinematics

for the roll rate p of the vehicle can be written as,

ṗ =
pcmd − p

τ̃
(5.4)

Integrating equation 5.4 and assuming pcmd = pss as the initial condition, we have the

following equation for the roll rate of the vehicle,

p (t) = pss

(
1− e−

t
τ̃

)
(5.5)

The bank angle φ can be derived using equation 5.5 as follows.

φ (4t) =

∫ 4t
0

p (t) dt =

∫ 4t
0

pss

(
1− e−

t
τ̃

)
dt = pss4t+ pssτ̃ e

− t
τ̃ |4t0

= pss τ̃

(
4t
τ

+ e−
4t
τ̃ − 1

)
(5.6)
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Again, in equation 5.4, if it is assumed that at initiation pcmd = pss and p = 0,

ṗt=0 = ṗmax =
pss
τ̃

(5.7)

Thus, if we know pss and ṗmax, we can find τ̃ which can be used in equation 5.6 to find the

bank angle, φ, achieved in the time interval 4t. This can be employed as a constraint in the

MDO for the roll control requirement for the vehicle. The roll rate and roll acceleration can

be evaluated by using the equilibrium of rolling motion as

ṗ =
l

Im−xx
=

qdSb̃

Im−xx

∑
Cl

⇒ ṗ ≈ qdSb̃

Im−xx

(
Clδδ + Clp

p b̃

2VT

)
(5.8)

Thus, for maximum roll acceleration when p = 0, from equation 5.8 we have

ṗmax ≈
qdSb̃

Im−xx
Clδδmax [Rigid body]

ṗmax ≈
qdSb̃

Im−xx
Ke/r,δClδδmax [Elastic body] (5.9)

Again, after a long time when steady-state roll rate is achieved and ṗ = 0, we have

−2VT

b̃

Clδ
Clp

δmax ≈ pss [Rigid body]

− 2VT

b̃

Ke/r,δClδ
Ke/r,pClp

δmax ≈ pss [Elastic body] (5.10)

Thus, equations 5.9, 5.10, 5.7 and 5.6 can be used to obtain the bank angle φ as explained

before.
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5.5 Results and discussions

5.5.1 Truss-braced wing design space exploration with MDO

To explore the VGRWT concept, first a suitable baseline design is required where the wing

flexibility will be appropriate to find potential application of the wingtip sweep mechanism.

To search for the appropriate design, the GA was employed within the MDO environment

to explore a large number of TBW configurations with the objective of minimizing the fuel

burn. A flutter constraint was also applied in addition to the constraints stated in Ref [64]

motivated by previous results [64] which have shown flutter to play a significant role on the

minimization of fuel burn of the TBW designs. The flutter constraint is established in Ref.

[64] and also in chapter 4 and will not be discussed here.

First, the optimization history and the converge of the optimizer is discussed. Figure 5.4

shows the optimization history over several generations of the GA search algorithm. The

best design in each generation is shown in Figure 5.4. The GA starts with some random

designs which may offer a low value of the objective function, but show a significant violation

of one or multiple constraints. As expected, some of these initial designs are quite far away

from the feasible design space. The optimizer first tries to satisfy the constraint violation of

these designs by applying a penalty on the objective function proportional to the constraint

violation. This leads to a series of generations with infeasible designs which violate one or

multiple constraints, but the cumulative violation of the constraints decreases in magnitude

at the expense of the objective function. At this point, the optimizer keeps on reducing

constraint violation and minimizing objective function simultaneously. This eventually leads

to the best designs in each generation being either marginally or fully feasible designs. Once

the optimizer has reached the region in the design space where more and more feasible designs

are obtained, it can focus solely on minimizing the objective function. Theoretically, the GA
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Figure 5.4: Genetic Algorithm optimization History

is supposed to converge to the global optima after an infinite number of generations. We

limit ourselves to 200 generations of total run, or 10 generations without 0.05% improvement

in the objective function.

Flutter and roll performance are aeroelastic behavior of different nature and may not have

the same solution. Hence, the constraint was applied to obtain final optimized designs which

are not affected by flutter and the VGRWT can be used for the sole purpose of improving

roll performance, if required. However, designs which met the other constraints of the

optimization but violated flutter constraint might also be of interest if the shift in center

of pressure due to the swept wingtip can indeed enable flutter suppression. All the designs

which satisfied the constraints mentioned in Appendix A are shown in Figure 5.5. The time

to bank through 30 degrees in a small envelope of flight velocities around the operational

Mach numbers were also evaluated for 30 degrees aileron deflection without employing the

VGRWT. The highest of these values is considered as the most critical value and is shown

in Figure 5.5.
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Figure 5.5: Minimum Fuel TBW designs with unmodified VGRWT

As the GA samples the design space in search of the best feasible design, it comes up with

a sparse representation of the design space unlike a gradient optimizer where subsequent

designs will be located close to each other in the design space. Two completely different

designs may have the same fuel burn. However, their responses like the critical flutter speed

and the critical time to bank maybe very different. From Figure 5.5, designs which actually

experience aileron reversal near the operational Mach numbers have a large critical time

to bank (>8.0 seconds) as they usually have very little control effectiveness left at those

conditions to perform a roll maneuver. There are designs which have almost satisfied the

flutter constraint and are close to the flutter boundary. These designs (like Design 1 in

Figure 5.5) are already stiffened by the flutter constraint in the MDO and are not expected

to experience aileron reversal near operational Mach numbers. Then, there are designs which

have a large negative flutter margin (like Design 3 in Figure 5.5) and are too flexible. Hence,

they experience aileron reversal much earlier than the operational envelope. By the time

they experience the higher dynamic pressures, they would develop a large negative elastic
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Figure 5.7: TBW designs: (left) Design 1, (center) Design 2, (right) Design 3

to rigid roll moment ratio and can be easily used in the reversal mode. Finally, there are

a set of intermediate designs (like Design 2 in Figure 5.5). Such designs are the ones most

susceptible to aileron reversal and have very little control effectiveness at the operational

Mach envelope and are considered as suitable to test the VGRWT concept.

To support this claim, the elastic to rigid roll moment ratio at 32,000 ft. due to aileron

deflections are shown in Figure 5.6 for Designs 1, 2 and 3. These designs are illustrated in

Figure 5.7 and their key design parameters are presented in Table 5.1. In the next section, a

more detailed investigation will be conducted on Design 2 using the commercial aeroelastic

package NASTRAN.
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Table 5.1: Selected TBW designs
Design Parameters Design 1 Design 2 Design 3
Fuel Weight (lbs.) 148,500 140,000 136,500
Wing/strut semi-span (ft.) 125.2/70.16 127.53/72.70 135.13/71.72
Root chord (ft.) 19.88 19.82 19.53
Wing-strut junction chord (ft.) 14.55 15.91 14.11
Tip chord (ft.) 14.26 12.05 12.32
Strut chord (ft.) 13.53 13.49 12.86
Jury chord (ft.) 3.27 3.47 3.05
Root t/c 0.1023 0.1078 0.1077
Wing-strut junction t/c 0.0975 0.0956 0.0922
Tip t/c 0.1140 0.1068 0.1100
Strut t/c 0.1023 0.0944 0.0840
Jury t/c 0.0824 0.0768 0.0760
Flutter Margin(%) 0.18 -4.63 -14.36

5.5.2 Aeroelastic studies using NASTRAN

NASTRAN aeroelastic analysis model

The NASTRAN aeroelastic model was developed for a half-span of the wing. The sym-

metric wing-box structure extending from 15% to 65% of the chord was modeled as an

Euler-Bernoulli beam in NASTRAN using 3D CBEAM elements [87, 88] with 6 degrees of

freedom at each node. Equivalent sectional bending and torsion stiffness as obtained from

the extended MDO structural model was applied at the elastic axis of the wing. The sec-

tional mass and radius of gyration were provided via a pair of CONM2 lumped mass elements

connected at each node of the wing. The material properties were provided from Ref. [6].

The wing and strut root were rigidly connected to the fuselage at the center of gravity (c.g.)

of the vehicle using RBE2 elements. The fuselage was modeled as a huge lumped mass using

a CONM2 element. The rigid body motion was prevented by constraining all six degrees of

freedom at the center of gravity (c.g.) of the vehicle. The fuel distribution in the wing was

modeled with CONM2 lumped mass elements at each section of the wing’s elastic axis. The
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Figure 5.8: NASTRAN half-span model of TBW Design 2 with unswept VGRWT

aileron mass was applied at the aileron c.g. via CONM2 elements with a necessary offset

from the wing’s c.g. provided to account for its moment of inertia. The NCE mechanism

and fairing masses and c.g. were obtained from the NASA report [3]. For the aerodynamic

analysis, the wing surface was meshed with CAERO1 elements which uses Doublet-Lattice

theory for subsonic flow. A surface spline method SPLINE1, was used to couple the forces

and displacements between the structure and the aerodynamics panels. The half-span NAS-

TRAN model is shown in Figure 5.8, and a close up view of the wingtip region is shown in

Figure 5.9.

The VGRWT span was assumed to be 10% of the wing span. Then, several forward and

aft swept configurations of the VGRWT were considered. Three such configurations will

be discussed in detail. These are: (1) an unswept configuration which will be used as

the baseline and denoted by ‘as-is’, (2) a configuration with the wingtip swept back by

10 degrees relative to the wing, denoted by ‘sb10’ (for swept back 10 degrees), and (3) a

configuration where the tip is swept forward by 5 degrees relative to the wing denoted by

‘sf5’. The outboard region of the half-span NASTRAN models for these three configurations

are illustrated in Figure 5.10. To generate the swept configuration, the wingtip is rotated

about the mid-chord. The mid-chord x and y coordinates at the beginning and the end of
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Figure 5.9: Close up view: unswept VGRWT

the wingtip are provided in Figure 5.10 to compare the sweep of the these three VGRWT

configurations. The baseline or ‘as-is’ design has a mid-chord sweep of 30.9 degrees, the ‘sf5’

wingtip has a mid-chord sweep of 25.9 degrees and the ‘sb10’ wingtip has a mid-chord sweep

of 40.9 degrees, respectively.

Static aeroelastic analysis

The static aeroelastic analysis was performed in NASTRAN using Solution 144 [89] module.

The elastic to rigid roll coefficient was computed at 24,000 ft., 32,000 ft and 40,000 ft., for the

Mach number envelope shown in Figure 5.3 at these altitudes. The steady-state roll rate and

the maximum roll acceleration were obtained using NASTRAN assuming a 30 degree aileron

deflection. The time to bank was then evaluated using the procedure mentioned earlier.

Results for the elastic to rigid ratio for the coefficient of roll moment for TBW Design 2 with

an unswept VGRWT are shown in Figure 5.11. The results indicate that at 24,000 ft., very
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Figure 5.10: NASTRAN models of VGRWT configurations for TBW Design 2

little control effectiveness is left in the design at the corresponding operational Mach number

highlighted by the circular spot on the plot. At 32,000 ft., this configuration has already

undergone reversal at the operational Mach number. However, if used in the reversal mode,

the magnitude of the control effectiveness is not large enough for the aileron to perform the

required roll maneuver. At 40,000 ft., the vehicle develops a negative aileron effectiveness

which is large enough in magnitude to perform an adequate roll maneuver in reversal. The

magnitude of negative control effectiveness developed at 40,000 ft. is larger than the one

obtained at 32,000 ft., even though they are at the same Mach number. This is due to the

lower dynamic pressure at the higher altitude. A better idea of the roll control authority is

provided by the time required to bank 30 degrees with the aileron deflected by 30 degrees.

The time required to bank at the corresponding flight conditions is presented in Figure 5.12.

Again, the values at the operational flight conditions are highlighted by dark symbols.

If one attempts to obtain the time required to bank 30 degrees from the transcendental

equation 5.6 by solving for δt, the time to bank would approach infinity as the vehicle

approaches control reversal. This is evident from the results shown in Figure 5.12 where the

time to bank is computed at a limited number of points along the Mach envelope. Initially
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Figure 5.11: Elastic to rigid roll moment coefficient: TBW Design 2 with unswept VGRWT

as the aileron is used conventionally, the time to bank increases almost exponentially. Large

numbers for the time to bank are then observed with increasing dynamic pressure indicating

that the vehicle is close to achieving aileron reversal. Once the aileron reversal condition has

been reached (not shown in the plot), it is assumed that the aileron will be used in reverse

mode. Thus, the time to bank now decreases with Mach number owing to increasingly

negative elastic to rigid roll moment. This accounts for the non-monotonic nature of the

plot. However, it must be noted that any flight condition which requires a banking time

of above 2 seconds indicates that the magnitude of the control effectiveness available is not

sufficient to control either conventionally or in reversal. This point may not be adjacent to

a reversal condition, but it is still unacceptable from the roll control authority perspective.

From the results shown so far, it can be concluded that the baseline, unswept configuration

lacks sufficient roll control authority near the operational conditions at 24,000 and 32,000 ft.

It only meets the requirement at 40,000 ft.

Once the VGRWT with the sweep mechanism is employed, we have the ‘sb10’ and the

‘sf5’ results to look at. The same analysis was repeated with these two configurations, and

the elastic to rigid ratio of the roll moment obtained is shown in Figure 5.13 for the three

configurations at 32,000 ft. and 24,000 ft. It can be seen that the ‘sb10’ configuration

experiences reversal earlier than the baseline or ‘as-is’ configuration resulting in much larger
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Figure 5.12: Time to bank 30 degrees: TBW Design 2 with unswept VGRWT

negative elastic to rigid ratio by the time the vehicle reaches the operational Mach number.

The ‘sf5’ configuration is slower to reach the reversal condition than the ‘as-is’ condition.

Sweeping the wingtip back for a swept back wing configuration actually reduces the effective

Mach number and the effective dynamic pressure experienced by the wingtip. The swept back

wingtip also increases the bending-torsion coupling as the nose up wing twisting (positive

angle of attack developed in an elastic wing) is resisted by both the bending and torsional

stiffnesses. This effect is analogous to an increase in torsional stiffness for the swept back

wingtip and is supposed to delay control reversal. However, these effects are surpassed by

the aft shift of the aileron c.p. which creates much larger twist of the whole wing measured

at 40% of the chord of the main wing. This expedites the aileron reversal, and the vehicle

attains sufficient negative elastic to rigid roll moment coefficient at the operational Mach

number to actually perform roll maneuvers in reversal by reversing the aileron deflections

with the VGRWT in the swept back configuration. So, one would want the VGRWT swept

back at 24,000 ft. and 32,000 ft, and unswept at 40,000 ft.

Flutter analysis

The flutter analysis was performed using NASTRAN’s Solution 145 [89]. The flutter cross-

ings were obtained using the non-iterative matched point PKNL method. For the TBW
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configuration, in-plane stresses are developed which affect the modal frequencies. These

in-plane stresses were computed for a 2.5 g load case with full fuel in the wing using a lin-

ear static analysis in NASTRAN and subsequently used to generate the pre-stressed normal

modes to be used for the flutter analysis. For the unswept VGRWT (as-is) configuration, the

most critical flutter crossing was observed at Mach 0.90 at 21,500 ft. with a flutter margin of

-5.26%. The V-g and V-f plots shown in Figure 5.14 show the coupling modes. The modes

3 and 4 shown in Figures 5.15 and 5.16, respectively, are the second out-of-plane bending

mode and the first torsion mode.

An analogous procedure was employed to compute the critical flutter crossing for the 5

degrees swept forward (sf5) and the 10 degrees swept back (sb10) configurations. The results

presented in Table 5.2 show that sweeping the VGRWT back actually helps in increasing

the flutter speed and sweeping the tip forward has the reverse effect. This can be explained

by discussing two different physical phenomena. Firstly, sweeping the tip back actually
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Figure 5.14: V-g and V-f plot at Mach 0.9: TBW Design 2, unswept VGRWT (as-is)

Figure 5.15: Mode 3: TBW Design 2 unswept VGRWT (as-is) configuration
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Figure 5.16: Mode 4: TBW Design 2 unswept VGRWT (as-is) configuration

decreases the Mach number actually incident on a swept section. Thus, the steady-state

dynamic pressure experienced by the swept back wing-tip sections is reduced, and the actual

flutter dynamic pressure would be attained at a higher free-stream Mach number. The swept

back raked wingtip also moves the c.p. aft. This phenomenon is known to increase flutter

speed [77, 78]. Again, sweeping the tip back increases the bending-torsion coupling at the

tip. The effect is analogous to increasing the effective resistance to nose up wing twisting

at the expense of the effective resistance to out-of-plane wing bending. This behavior is

indicated by the frequency ratio of the first torsion to second bending mode which is highest

for the ‘sb10’ configuration and lowest for the ‘sf5’ configuration. The increase in flutter

velocity with an increase in the frequency ratio of the coupling modes (a greater separation

of the modal frequencies) is a well known fact; Bisplinghoff et al. [90]. Thus, sweeping the

tip back, pushes the frequencies of the coupling modes apart and delays the onset of flutter.

As the TBW design presented so far is expected to be moderately flexible, a nonlinear

static analysis was also performed which takes geometric nonlinearity into account. The

in-plane stresses were obtained using a nonlinear static analysis and the rest of the nonlinear
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Table 5.2: Flutter Result: TBW Design 2 Swept and Unswept VGRWT Configurations
VGRWT Configurations Sf5 As-is Sb10
Flutter velocity (KEAS) 387.61 392.63 406.54
Flutter frequency (Hz.) 2.762 2.848 2.912

Flutter margin (%) -6.37 -5.26 -1.91
Coupled modes and 3 (1.480) 3 (1.493) 3 (1.340)

Frequency (Hz.) 4 (3.696) 4 (3.772) 4 (3.864)
Frequency ratio 2.497 2.561 2.884

aeroelastic analysis follows the earlier procedure. The results show that the flutter speed at

Mach 0.9 is 400.48 KEAS for the unswept or ‘as-is’ VGRWT configuration, and it is 411.65

KEAS for the 10 degrees swept back‘sb-10’ configuration. These are respectively, 2% and

1% higher than the corresponding linear results shown in Table 5.2. The two modes coupling

at the onset of the flutter instability for the nonlinear flutter analysis were also the same as

those obtained from the linear flutter analysis. Thus, the TBW Design 2 was stiff enough

to neglect the effect of geometric nonlinearity either in the MDO simulations on in off-line

analysis presented so far.

5.5.3 Sweep scheduling of the VGRWT

Figure 5.17 shows that the VGRWT device can enable the flexible TBW Design 2 aircraft

to operate over the whole flight envelope for the long-range mission presented here. When

the dynamic pressure is low (low speed or high altitude), the wing can operate with the

required roll control authority and can meet the flutter requirements without any wingtip

sweep. At higher dynamic pressure when the baseline wingtip configurations fails, sweeping

the VGRWT back by a certain extent (in this case by 10 degrees) can significantly improve

the roll control authority as well as increase the flutter speed. To offer more information to a

control law developer, a sweep schedule as shown in Figure 5.18 was developed for altitudes
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ranging from 16,000ft. to 40,000 ft., for a wide range of Mach numbers. This sweep schedule

suggests the optimal sweep required at the various altitudes to both maintain roll control

authority and prevent flutter. Aft sweep (Λ) of the wingtip is indicated by positive values

of Λ in Figure 5.18. For all the altitudes, the vehicle starts off from some low Mach number

(denoted by M : lb for lower bound Mach number) with an unswept wingtip (Λ = 0). The

roll control is performed by the outboard aileron in a conventional mode. As the vehicle

approaches control reversal and loses significant control effectiveness with an increase in

dynamic pressure, control via the reverse mode of the aileron is suggested while sweeping

the wingtip back by 10 degrees. At even higher dynamic pressure (increasing Mach number

at a specific altitude or fixed Mach number but decreasing altitude), the sweep requirement

of the wingtip is relaxed as the magnitude of the control effectiveness increases. Thus,

decreasing the sweep of wingtip from 10 degrees to eventually 0 degrees is suggested, while

the aileron is still used in reverse mode. However, there will be certain Mach numbers where

flutter may occur in the altitude range of 20,000-35,000 ft. At these Mach numbers, the

wingtip again needs to be swept back by 10 degrees, only this time to prevent flutter. This

region in the Mach-altitude space is denoted by F . The upper bound on the Mach number
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Figure 5.18: VGRWT Sweep Scheduling with altitude and Mach number

denoted by M : ub in Figure 5.18 is actually the flutter boundary. Higher Mach numbers at

any altitude are neglected as the vehicle is not expected to cross this Mach number at any

stage.

5.6 Conclusions

In the present study, the potential of a variable geometry raked wingtip to improve the

aeroelastic behavior of TBW configurations was investigated. Such a mechanism can sweep

the wingtip forward or aft relative to the main wing with the help of a novel control effector.

Sweeping the wingtip can change the location of the center of pressure of the wing and also

affect bending-torsion. It finds applications for expediting or delaying control reversal and

can also affect flutter. The, the present approach creates a possibility of controlling vehicles

with flexible wings through the reversal mode of the outboard.

First, an analysis for the control effectiveness and rolling motion of the vehicle was developed

and included in the MDO environment. The MDO was then employed to explore the design

space with the objective of minimizing the fuel weight in the search for TBW designs where
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the VGRWT can be usefully applied. Three classes of designs were obtained from the MDO.

First, there were a set of designs which were the most flexible, had the lowest fuel burn,

but also had also much lower flutter speed than desired. These designs experienced aileron

reversal much earlier than their operational Mach numbers. There was a second class of

designs which were stiffened by the flutter constraint, and hence, paid the penalty of having

a much larger fuel weight. Being much stiffer, these designs were far away from aileron

reversal at the operational Mach numbers. Finally, there was a third class of designs which

had intermediate fuel burn and flutter speed. These designs experienced aileron reversal very

close to the operational Mach numbers. They were considered to be a good fit for testing

the VGRWT concept, and a representative design was selected for a more detailed analysis

in NASTRAN.

Three configurations were developed for the representative design in NASTRAN. There was

one with the unswept wingtip or ‘as-is’ configuration which would serve as the baseline con-

figuration. Then, there was one configuration with a 10 degrees swept back VGRWT or

the ‘sb10’ configuration and another with a 5 degrees swept forward tip or ‘sf5’ configu-

ration. Results for the static aeroelastic analysis obtained with NASTRAN, showed that

the unswept, ‘as-is’ configuration underwent reversal near the operational Mach numbers

at 16,000, 24,000 and 32,00 ft., respectively. This configuration was not not able to meet

the roll control requirement. The ‘sb10’ configuration on the other hand expedited aileron

reversal and led to large negative elastic to rigid roll moment at the operational conditions.

It allowed roll control in the reverse mode of the aileron. As expected, the ‘sf5’ configuration

delayed reversal. The aft shift of the aileron c.p. for a swept back wingtip increases the

nose-down twisting moment inflicted on the wing. This is considered as the primary cause

for expediting the aileron reversal. The reverse is true for the forward swept wingtip, thus

explaining the higher control effectiveness in that configuration.
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It was observed from the results obtained through the MDO simulations, that the ‘as-is’

configuration for the selected designs had a critical flutter speed 5.26% lower than the re-

quirement. From the NASTRAN flutter analysis results, it was observed that the‘sb10’

configuration was able to increase the flutter speed to within 2% of the requirement. This

can be explained again as a combination of several phenomena. First is the effect of the aft

sweep of the wingtip which reduces the incident Mach number experienced by the wingtip.

The outcome is a reduced dynamic pressure experienced by the wingtip. Secondly, the aft

movement of the c.p. due to the swept back wingtip is known to increase flutter speed.

Finally, another reason is the favorable bending-torsion coupling caused by the increased aft

sweep at the tip. This bending-torsion coupling increases the effective resistance to nose-up

wing twisting at the expense of the effective resistance to out-of-plane wing bending. Since it

is the first torsion mode and the second out-of-plane bending mode that were found to inter-

act with each other, the bending-torsion coupling created by the aft sweep actually pushes

the modes apart, and their frequency ratio moves further away from unity. It is a well know

fact flutter speed increases as the frequency ratio moves away from unity. The increase in

flutter speed of the ‘sb10’ configuration compared to the ‘as-is’ one is an outcome of the

increase in the frequency ratio of the ‘sb10’ configuration. Thus, the swept back VGRWT

also turned out as a probable approach for hybrid active/passive flutter suppression. It is

not completely passive since only the wingtip sweep is controlled actively. However, un-

like active flutter control approaches, flutter suppression is achieved by a mere configuration

change rather than actively controlling the damping. The flutter results discussed so far were

performed with pre-stressed modes where the in-plane stresses were obtained from a linear

static analysis. To ensure that no significant insight into the physical phenomena is lost by

neglecting the effects of geometric nonlinearity, a nonlinear pre-stressed flutter analysis was

also performed. The newly computed flutter speed from the nonlinear aeroelastic analysis

had a maximum difference of 2% from the linear pre-stressed flutter speed. Also, the same
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modes showed coupling to cause the flutter instability. This ensured that the correct physical

behavior was captured both by the linear pre-stressed flutter analysis in NASTRAN as well

as the MDO flutter analysis module.

Overall, using the VGRWT approach, a representative truss-braced design was tested. The

design had a fuel weight of 141,000 lbs. which is 10% lower than the cantilever design op-

timized for minimum fuel burn for a similar flight mission [64] but it also had insufficient

roll control authority and flutter speed 5.26% lower than the requirement. With the swept

wingtip concept, it was shown that the design can now be safely operated both from the

perspective of roll control and flutter. Finally, an optimal wingtip sweep schedule was sug-

gested for different Mach-altitude combinations for the airplane. The VGRWT thus turns

out to be enabling technology for the flexible TBW and other similar configurations where

wing flexibility may be used to enhance aeroelastic performance.



Chapter 6

Transonic flutter analysis for MDO

applications

6.1 Introduction

Previous aeroelastic studies of the TBW have shown that these configurations are prone to

flutter [51, 57, 52], and that flutter plays an important role in the optimization of TBW

designs in an MDO environment [64]. Most of these studies however, assumed the flow to

be incompressible or subsonic compressible. Both of these types of flow are governed by

linear partial differential equations, and this makes the flutter analysis simple. However,

these linear equations become an inaccurate representation of the actual flow as the Mach

number of the flow reaches 0.8 or above (often considered as a crude lower bound of transonic

regime). However, most transport aircraft operate at these Mach numbers. So to perform a

more accurate flutter analysis for transonic flows, an accurate representation of the transonic

flow is required.

87
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The steady linearized small-disturbance potential equations assume that the order of the

nonlinearities in the governing equations are much smaller than the linear terms. The major

shortcoming of this assumption is that the solutions of the linearized small-disturbance

potential flow equations lead to a lift curve slope scaled by the Prandtl-Glauert corrections

and the center of pressure does not vary with the Mach number of the flow. However, as the

Mach number increases, the order of the nonlinear terms are comparable to the linear terms.

Hence, they cannot be neglected even in the small-disturbance potential equations. Thus,

accurate representation of the real flow characteristics by the linearized small-disturbance

potential equations are restricted to Mach numbers much below 1. It has been demonstrated

that in the transonic regime, the lift curve slope does not follow the Prandtl-Glauert scaling,

and the location of the center of pressure changes with Mach number [91]. Since the unsteady

nature of the aeroelastic analysis is linearized about the steady flow, accurate computation

of the steady-state response is an essential first step. Secondly, the linearity of the governing

equations prevents simulation of nonlinear physical phenomena such as shock waves [92, 93]

that frequently appear in the steady transonic response. Such inaccuracies in the steady-state

flow response can often lead to inaccurate aeroelastic results.

Recently, transonic aeroelastic analysis of a wind-tunnel scaled TBW model has been per-

formed which has provided significant insight into the dynamic aeroelastic behavior of the

TBW configurations [94, 95]. However, the computational expense associated with these

analyses makes them impractical for MDO applications. Thus, a flutter analysis is required

which can capture the major transonic effects such as the nonlinear lift curve slope and the

shift in the center of pressure, and still be sufficiently computationally cheap for use in MDO

applications. This motivates the development of an unsteady aerodynamics model which

can be linearized about available accurate steady-state transonic responses.

The first step in the development of the transonic flutter analysis is the selection of the
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steady-state governing equations to be solved for the transonic flow. Owing to large com-

putational resources required to numerically solve the nonlinear equations of transonic flow,

various analysis tools have been developed over the past few decades to solve specific gov-

erning equations. Selection of the governing equations is often dependent on the type of the

flow investigated. Some of the governing equations that have been routinely used to model

transonic flow are the transonic small disturbance potential equations [96, 97, 98, 99], the

full potential equations [100], the Euler equations [101, 102] and the Navier-Stokes equa-

tions [103, 104]. Bendiksen provides a review of these governing equations and the physical

reasoning behind selection of one over the other in Ref. [93]. For the present purpose, solu-

tion to the Reynold Average Navier Stokes (RANS) equations is considered to be the most

appropriate. Raj and Singer [105] have compared solutions of the steady Euler and RANS

solutions with experimental results for a Mach number envelope and an airfoil similar to the

one studied here. Their results indicate that at the Mach numbers in question, the shocks

experienced by the flow are far too strong to neglect viscous effects like shock-boundary layer

interaction and buffeting. Euler equations, which assume inviscid flow, cannot capture such

viscous effects. Thus, RANS, supported by the appropriate turbulence model is expected

to capture the physical phenomena expected at the flight conditions in question. Again,

solving the RANS equations is computationally cheaper than direct numerical simulations

of the Navier-Stokes. Once the governing equations were selected, extensive 2D, steady com-

putational fluid dynamic (CFD) simulations were run at Virginia Tech to solve the RANS

equations using the software SU2 [106, 107, 108] for use in the strip theory formulation of

the aerodynamics analysis module in the VT MDO. The details are provided in Ref. [13].

The next step is modeling the unsteady aerodynamics. It is introduced as follows. The

response of an airfoil in incompressible flow due to an impulse was first formulated by Wag-

ner [109]. These responses termed as “indicial functions” were linear in nature. Thus, once
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they are known, the total response to an arbitrary time history of forcing can be devel-

oped via superposition in the form of Duhamel’s integral [90]. Later on, Theodorsen [12]

also formulated the lift and pitching moment of an airfoil undergoing harmonic motion in

incompressible flow. While Theodorsen’s functions are in frequency domain and Wagner’s

function is in time domain, they are solutions to the same linearized partial differential gov-

erning equations. Thus, they are mathematically equivalent when used to satisfy the same

boundary conditions. Küssner [110] was probably the first to demonstrate the reciprocal

relationship between Wagner’s function and Theodorsen’s function via inverse Laplace trans-

forms. Besides formulating the response of an airfoil in the frequency domain, Theodorsen

also explained that the unsteady response of an airfoil can be separated into two parts. One

is an instantaneous response which dies down exponentially over time. This response (lift

and pitching moment) is generated by the inertia of the fluid displaced by the body as its

motion is initiated. The other part is the circulatory response, and it is generated due to the

vortices shed by the body as it is disturbed. This motion develops with time and asymptoti-

cally reaches its steady-state value as the shed vortices reach infinity. Theodorsen developed

an expression for the unsteady circulatory lift and pitching moment in the frequency domain

by using a combination of Hankel functions. These functions demonstrate both the ampli-

tude and the phase of the circulatory forces in incompressible flow. The resulting lift and

moment are a combination of these two type of responses.

Mazelsky [111], and Mazelsky and Drischler [112] computed circulatory indicial lift and

pitching moment at Mach numbers 0.5, 0.6 and 0.7. However, they did not scale their

functions in order to match the results at Mach numbers. It was Beddoes who appropriately

scaled these indicial functions with Mach number to obtain a generic form for these functions

in compressible flow [113]. In his later work [114], Beddoes extended his generalization of

the circulatory indicial responses to the non-circulatory parts as well. This was achieved by
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accurately predicting the time constants of the exponential functions representing the non-

circulatory response. This becomes necessary for compressible flow as the concept of virtual

mass (inertia of the displaced fluid) is not applicable anymore as the disturbances produced

by the body don’t travel to infinity instantaneously. Thus, the non-circulatory forces would

depend on the the past history of the motion and not solely on the instantaneous velocity.

As a result, the non-circulatory forces are modeled as exponential functions in compressible

flow with time constants that need to be evaluated. For his later work, Beddoes used the

concept of “piston theory” where an airfoil is assumed to start off as a piston with some

normal downwash into a gas at rest [90]. Thus, the airfoil force and moments comprising of

both the circulatory and non-circulatory components, would behave analogous to a piston,

at the initiation of the motion. This behavior is independent of the Mach number. Thus,

Beddoes could equate the rate of change of his total aerodynamic response at the initiation

of the motion to the ones that Lomax [115] obtained for steady supersonic flow. Since

the indicial functions of circulatory nature are already known, this approach was used to

obtain the time constants of the non-circulatory response by matching the rate of change

of the total response. Later on, Leishman [14] developed an indicial response for pitching

moment which includes the contribution of the pitch rate induced camber effects. This was

a significant addition, because the aerodynamic response of an airfoil is similar for both a

step change in the angle of attack and plunge rates. This happens as both of them induce

a constant downwash along the airfoil length, and this constant downwash is independent

of the location of the pitch axis. However, the pitch rate leads to a downwash which varies

linearly along the airfoil and depends on the location of the pitch axis. The methodology

presented here uses an extended version of the Leishman-Beddoes (LB) indicial functions,

where it is assumed that the lift acts at the center of pressure instead of the aerodynamic

center. The behavior of the aerodynamic center in transonic regime is complex and rather

odd, as the lift curve slope itself changes with Mach number.
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The next step is discretization of the wing into numerous 2-D strips. This leads to a large

number of augmented states when a state-space formulation for the linear system is generated

similar to Leishman and Nguyen [116]. The next step would be to perform an eigenvalue

analysis of this system to predict flutter. To reduce the cost associated with performing

the eigenvalue analysis with a large system, a reduced-order model (ROM) is developed

here for the unsteady aerodynamic system using the method of balanced residualization.

The modified LB method is benchmarked against a linear flutter analysis performed using a

commercial software, ZAERO, employing the ZONA6 Method [117]. The analysis assumes

the airfoil to be a thin flat plate, and we compare the influence of Mach number on the

phase and amplitude of the aerodynamic response in the LB method against widely accepted

analysis tools. The application of the present method in conjunction with structural FEM

is then validated against the airfoil flutter results provided by Crouse and Leishman [118].

Finally, a comparison of Theodorsen’s method, the LB method without any CFD corrections

and the LB method with CFD corrections is presented for a TBW configuration. Some

additional validations are also provided to highlight the computational efficiency of the ROM.

6.2 Development of CFD database

CFD simulations were performed by solving the 2-D RANS equations about the flow condi-

tions for the BACJ airfoil [13]. The BACJ airfoil is considered as a satisfactory representative

of modern supercritical airfoils. The inputs to the CFD simulation were a combination of

airfoil thickness, Mach number of the flow and the angle of attack of the airfoil. These

combinations were selected in such a way that they represent the complete input flight con-

dition parameter space of thickness ratio, Mach numbers and angles of attack that will be

subsequently used for the MDO flutter analysis. This parameter space consists of thickness
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Figure 6.1: Idealized cantilever wing

ratios ranging from 6-10%, Mach numbers ranging from 0.7-0.95 and angles of attack from

-3 degrees to 5 degrees. Negative angles of attack were included to accommodate negative

lift coefficients. The outputs obtained are the steady lift curve slope and the location of the

center of pressure as a function of the input parameters. Further details about the CFD

simulations are provide in Ref. [13]. The database generated from these CFD simulations

was then used for generating a neural network based response surface. Once the 2D cl, the

test Mach number, the sectional thickness ratio and the sectional sweep are provided to the

response surface, it can generate the lift curve slope and the location of the center of pressure

for that section. These outputs will serve as an input into the transonic aeroelastic analysis.

A schematic of the flowchart is shown in Figure 6.1. Development of the neural network

based response surface is discussed in Ref. [13].
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6.3 The indicial functions for unsteady aerodynamic

response

The final form of the unsteady lift and moment responses for a step change in angle of

attack and pitch rate about some initial conditions using the modified LB functions [14] are

as follows.

CNα(S) =

[
4

M
φIα(S) + Clα φ

C
α (S)

]
(6.1)

CM∗α(S) =

[
− 1

M
φIαM∗(S)− Clα φCα (S) [xcp(M)− 0.25]

]
(6.2)

CNq(S) =

[
− 2

M
φIq(S)− Clα φCq (S)

]
(6.3)

CM∗q(S) =

[
− 7

6M
φIqM∗(S)− Clα

8
φCqM∗(S)

]
(6.4)

The indicial functions φIα(S), φCα (S), φIαM∗(S), φIq(S), φCq (S), φIqM∗(S) and φCqM∗(S) are yet

to be defined. The superscripts C and I refer to the circulatory and instantaneous (non-

circulatory) parts of the indicial functions. A subscript M* refers to an indicial function for

pitching moment.

The inidical function for lift coefficient φCα (S) has been defined as a two-pole function [114]

as,

φCα (S) = 1− A1e
−b1β2S − A2e

−b2β2S (6.5)

where A1 = 0.3, A2 = 0.7, b1 = 0.14, b2 = 0.53 and β = 1/
√

1−M2. Also, we have,

φCq (S) = φCα (S) (6.6)

φCMq(S) = 1− e−b5β2S (6.7)
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where b5 = 0.5.

Now, we will use the following indicial response obtained by Lomax [115] for steady super-

sonic flow for 0 ≤ S ≤ 2M/(M + 1), to obtain the expression for the non-circulatory indicial

functions for our case.

CNα(S) =
4

M

[
1− 1−M

2M
S

]
(6.8)

CMα(S) = − 1

M

[
1− 1−M

2M
S +

M − 2

4M
S2

]
(6.9)

CNq(S) =
2

M

[
1− 1−M

2M
S

(
1− M

2

)
S2

8M2

]
(6.10)

CMq(S) =
2

M

[
− 7

12
+

5(1−M)

8M
S − 1−M2

8M2
s2 +

(1−M)3 + 4M

64M2
S3

]
(6.11)

If it is assumed that at the initiation of the motion (S = 0), the airfoil behaves similar to a

piston with some normal velocity in a gas at rest, one can say that the lift due to the step

change in angle of attack will behave as [114],

dCNα(0)

dS
=
dCI

Nα
(0)

dS
+
dCC

Nα
(0)

dS
(6.12)

Since the non-circulatory functions have been defined by Beddoes as exponential functions in

time, equation 6.12 can be used to obtain the time constants for CC
Nα

(0) as shown by Leish-

man [14]. The time constants for the other non-circulatory functions can also be obtained

in an analogous way [14, 116].
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6.4 State-space formulation of the aeroelastic analysis

for an airfoil

The aerodynamic system described above can also be represented in terms of the aerodynamic

states which describe the behavior of the system in terms of first-order differential equations

for the n-dimensional vector space x called the state space. The advantage of representing

the system in this form is that the structural system can also be represented in terms of

s states, and together, the augmented system can be used for a linear stability analysis to

predict the onset of flutter. Thus, a general nth-order differential system with m inputs and

p outputs may be represented by n first-order differential equations

ẋ = Ax + Bu (6.13)

with the output equations

y = Cx + Du (6.14)

where ẋ = dx/dt, u = ui, i = 1, 2, ...,m are the system inputs, and y = yi, i = 1, 2, ..., p are

the system outputs. The states of the system are x = xi, i = 1, 2, ..., n.

A state-space representation of the Wagner function (formulated for incompressible flow)

was developed Edwards [119]. In an analogous way, Leishman et al. [116] developed a

state-space representation of the Beddoes indicial functions shown earlier in equation 6.5.

The circulatory normal force response to a step change in the inputs, can be written in the

state-space system form as:

ẋ1

ẋ2

 =

(
2U

c

)
β2

−b1 0

0 −b2


x1

x2

+

1

1

αx(t) (6.15)
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with the output equation for the normal force coefficient given by

CC
N(t) = Clα

(
2U

c

)
β2

[
A1b1 A2b2

]x1

x2

 (6.16)

where Clα is the lift-curve slope and αx(t) is the incident angle of attack shown as

αx(t) = α(t) +
q(t)

2
(6.17)

Similarly, the state-space representation of the non-circulatory normal force response can

also be formulated. The total normal force coefficient due to step changes in angle of attack,

plunge rate, and pitch rate along with their counterparts for the pitching moment was

presented by Leishman and Nguyen [116] following a similar approach.

The total normal force coefficient can be written as:

CN(t) = CC
N(t) + CC

Nα(t) + CC
Nq(t) (6.18)

A similar equation holds for the pitching moment. Thus, the overall unsteady aerodynamic

response can be represented as a two-input/two-output system, where the inputs are the

angle of attack and pitch rate, and the outputs are the unsteady normal force and pitching

moment. These are represented in the general form as

ẋ = Ax + B

αq
 (6.19)

CNCM
 = Cx + D

αq
 (6.20)
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where the matrices are of the form

A = diag [a11 a22 a33 a44 a55 a66 a77 a88] (6.21)

B =

 1 1 1 0 1 1 0 0

0.5 0.5 0 1 0 0 1 1


T

(6.22)

C =

 c11 c12 c13 c14 0 0 0 0

c21 c22 0 0 c25 c26 c27 c28

 (6.23)

D =

 4/M 1/M

−1/M − 7/12M

 (6.24)

Crouse and Leishman [118] applied the state-space, unsteady aerodynamic representation for

aeroelastic analysis. The 2-D airfoil is represented as an 8-state system, and the structural

states are augmented with the aerodynamic states to develop a linear eigenvalue problem as

follows.

First, the equation of motion for an airfoil section is written as follows,

mḧ+ Sθθ̈ +mωh
2h = Qh (6.25)

Sθḧ+ Iθθ̈ + Iθωθ
2h = Qθ (6.26)

Written in matrix form, these equations become,

M z̈ + K z = Q (6.27)
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Or,

M u̇ + K z = Q (u = ż) (6.28)

where,

z =

hθ
 ,u =

ḣθ̇
 (6.29)

M =

m Sθ

Sθ Iθ

 ,K =

mωh2 0

0 Iθωθ
2

 (6.30)

Q =

−LM
 =

1

2
ρ V 2

−c 0

0 c2


CNCM

 = T2

CNCM


= T2

CNCM
 = T2

Cx + D

αq

 (6.31)

Now, αq
 =

0 1

0 0


hθ
+

1/V 0

0 c/V


ḣθ̇


= T11 z + T12 u (6.32)

Thus,

Q = T2 (C x + D T11 z + D T12 u) (6.33)

Similarly, equation 6.20 can be written as,

ẋ = A x + B T11 z + B T12 u (6.34)
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Thus, the state-space aeroelastic system can be written as,


I 0 0

0 M 0

0 0 I




ż

u̇

ẋ

 =


0 I 0

T2DT11 −K T2DT12 T2C

BT11 BT12 A




z

u

x

 (6.35)

6.5 State-space aeroelastic analysis of a wing

The aeroelastic analysis for a whole wing can be performed in a manner analogous to that of

an airfoil. However, the wing is first discretized into n elements. The structure is modeled as a

3-D, 2 noded, Euler-Bernoulli beam finite element, with six degrees-of-freedom at each node.

Thus, for one element there are 12 structural degrees of freedom (DOF), 6 at each node of a

2 noded element. This will mean that we have 24 structural states, the 12 structural DOFs

and their time derivatives, and 8 aerodynamic states for each element which is considered

as a finite airfoil strip.

The equation of motion for each element is,

M z̈ + K z = Q (6.36)

Or,

M u̇ + K z = Q (u = ż) (6.37)

where,

Q = T2 (C x + D T11 z + D T12 u) (6.38)

For a structural element, Q, T2, C, D, T11 and T12 are 12 × 1, 12 × 12, 12 × 8, 12 × 2,

2× 12 and 2× 12 matrices, respectively.
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Thus, the equation of motion becomes:

M u̇ + K z = T2 (C x + D T11 z + D T12 u) (6.39)

On the other hand, the equation of the aerodynamic system is:

ẋ = A x + B T11 z + B T12 u (6.40)

where A and B are 8×8, and 8×2 matrices respectively. Thus, if we had m elements and n

nodes in the structure, the matrices Q, T2, C, D, T11, T12, A and B would become 6n×1,

6n× 6n, 6n× 8m, 6n× 2, 2× 6n, 2× 6n, 8m× 8m, and 8m× 2, respectively.

The aeroelastic system is given by


I 0 0

0 M 0

0 0 I




ż

u̇

ẋ

 =


0 I 0

T2DT11 −K T2DT12 T2C

BT11 BT12 A




z

u

x

 (6.41)

This turns out to be an 12n + 8m × 12n + 8m eigenvalue problem. The structural system

is easily diagonalized and reduced in terms the first p modes by pre- and post-multiplying

the system with the first p eigenvectors. To reduce the number of aerodynamic states, a

model reduction of the aerodynamic system was performed using balanced residualization

technique. This is discussed in the next section.
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6.6 Reduced-order aerodynamic modeling

The aerodynamic modeling of the wing is performed via strip theory with the LB model

applied for each strip. Since there are 8 aerodynamic states for each strip, there will be

8m aerodynamic states for the whole system having m elements. To reduce the size of the

aerodynamic system and thereby reduce the size of the eigenvalue problem, a reduced order

modeling is implemented.

Several methods of reduced-order modeling (ROM) for unsteady flows are available. One of

the earlier ones was by Hall [120] who performed an eigenanalysis of a zero-input, unsteady

aerodynamic system obtained from the vortex lattice method. The resulting eigenvectors

of the unsteady aerodynamic system were able to diagonalize the zero-input aerodynamic

matrix and also reduce the number of states required to represent the system. This method is

analogous to the “modal superposition” approach used in structural dynamics to diagonalize

structural dynamic matrices and then reduce the structural system. However, unlike the

structural dynamic system, the eigenvalues of the unsteady aerodynamic system are often

much closer to each other in magnitude. Thus, leaving out a significant number of eigenvalues

may often affect the steady-state results significantly, and this error will eventually creep

into the subsequent unsteady analysis performed about the steady-state conditions. To

solve this problem, a quasi-static correction was required to incorporate the contribution of

the low frequency modes into the steady-state behavior of the system. Thus, the steady-

state behavior included the contribution of all the modes, and the unsteady phase lag was

characterized by the first few high frequency or fast modes. A similar correction approach

has been pursued for structural systems by Kapania and Byun [121] where they updated

basis vectors used for subsequent model reduction in nonlinear transient analysis of thin

plates and shells.
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Reduced order models can also be developed by using the principles of balanced realization

of state-space systems [122]. This method uses the principles of developing a transformation

which will make the observability and controllability gramians of the state-space system

equal and diagonal. Such a system is called an internally balanced system. The Hankel

singular values (analogous to the square root of the eigenvalues) of the controllability and

observability gramian can then be used to reduce the model by a simple truncation of the

low frequency or slow modes [123, 124, 125].. This approach is commonly know as balanced

truncation. Unlike the model reduction based on eigenanalysis of the zero-input system

discussed previously, balanced realization incorporates information about the input/output

mapping of the system along with the system dynamics while performing the transformation

of the system. However, as stated before, sometimes corrections due to the low frequency

modes become necessary. Hence the steady-state results of the reduced system needs to

match those of the full system. In the controls literature, this is termed as matching ‘dc’ gains

and the necessary corrections are applied through a process called balanced residualization

[126] or singular perturbation approximation [127]. Results have shown that the truncation

works well at higher frequencies or when the Hankel singular values are far apart [126]. At

medium to low frequencies, balanced residualization works better.

Balanced realization is usually involved with solving the Lyuapunov equations which may

become computationally expensive especially if the system involved is large (order ∼ 104).

Baker et al. [128] developed an approximate method for developing a reduced-order bal-

anced model for such large systems and showed its application for unsteady aerodynamic

systems. The method known as Approximate Subspace Iteration, has since been used [129]

to compare the results against those obtained by Hall. The results demonstrate the supe-

rior performance of balanced reduced-order models over those developed from eigenanalysis.

The improved performance of the balanced ROM is attributed to the better representation
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of the input/output mapping between the geometric states and the integrated forces. Eigen-

values and eigenvectors on the other hand are only related to the internal dynamics of the

mathematical model.

Romanowski [130] employed a different method to perform the ROM where he used the

time domain proper orthogonal decomposition (POD) technique also known as Karhunen-

Loeve expansions to create a reduced-order aeroelastic model of a two-dimensional isolated

airfoil, including compressible aerodynamics. Hall et al. [131] used the POD technique of

an ensemble of small-disturbance, frequency-domain solutions to determine basis vectors for

constructing the ROM. POD has the advantage that for very large systems usually obtained

for turbulent flow or those obtained from CFD results, it is more computationally efficient

than balanced realization. The reason being that POD generates optimal basis vectors to

reduce the system. This is computationally less expensive than solving Lyapunov equations

and performing transformations to develop the balanced system, especially for very large

systems (order > 105) [132, 133] which are usually associated with high-fidelity CFD models.

However, POD does not capture the input and output dynamics at the same level as do the

balanced reduced order modeling approaches discussed above. This has led to development

of a balanced POD approach for very large systems. In this approach, the basis vectors

obtained from POD are used to develop an approximate reduced order balanced model. The

computational cost however is similar to the ones obtained using just POD.

Here, the present system has an order ∼ 103, and the Hankel singular values are expected to

be closely spaced. Moreover, an accurate steady-state behavior is required as a precursor to

perform the time-linearized aeroelastic analysis. Thus, the balanced residualization approach

is employed to obtain the ROM. First, a balanced realization of the state-space system

was performed by solving the Lyapunov equations, and the controllability and observability

graminas are computed. Based on these gramians, the first few high frequency modes or fast
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modes of the system are selected. Subsequently, the model reduction is performed based on

the selected fast modes. However, while doing so, the DC gains of the slow or low frequency

modes are matched by performing a correction to the fast modes thereby ensuring that the

steady-state behavior of the actual system is retained. The number of fast modes to be

used for model reduction is problem dependent and is usually a significant fraction of all the

states of the full model. This is a feature of the non-symmetric aerodynamic system, where

the modes are not well separated unlike their structural counterpart. The algorithm for the

matched DC gains method for continuous-time models is as shown below.

Let the state-space system be defined as

ẋ = A x + B u, y = C x + D u (6.42)

the state vector is partitioned into x1, to be kept, and x2, to be eliminated. Thus,

ẋ1

ẋ2

 =

A11 A12

A21 A22


x1

x2

+

B1

B2

u (6.43)

y =

[
C1 C2

]
x + D u

Next, the derivative of x2 is set to zero, and the resulting equation is solved for x1. The

reduced-order model is given by

ẋ1 =

[
A11 −A12 A22 A21

]
x1 +

[
B1 −A12 A22 B2

]
u (6.44)

y =

[
C1 −C2 A22 A21

]
x1 +

[
D−C2 A22 B2

]
u

One important aspect in the balanced realization is selection of the size of the ROM based on
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the error norm. This is based on the relation between the error between the full model and

the reduced model and the Hankel singular values of the full model. It has been established

by Enns [125] and Glover [134] that for balanced truncation of a system the following bound

on the error norm holds:

||G−Gr||∞ < 2
n∑

j=r+1

σj (6.45)

where σ represents the Hankel singular values, G is the full model of n states and Gr is

the ROM of r states. For more information about the convergence of the series and the

mathematical formulation, please read Enns’ article [125]. It has been proven that the same

error norm also holds for balanced residualization [127, 126]. Thus if one can identify the

maximum error allowed in the ROM response, the size of ROM can be selected accordingly.

6.7 Results and Discussion

The results presented here demonstrate the implementation of the aeroelastic analysis as

well as the accuracy of the ROM. In the first case, the present method of aeroelastic analysis

is compared against the transonic flutter results of an airfoil already available in [118, 63]

by developing a wing which matches the airfoil properties. In the second case, the present

aeroelastic analysis model is applied to an idealized cantilever wing, and the flutter results

are compared to those obtained from a commercial aeroelastic analysis package, ZAERO.

In the third case, the present aeroelastic approach is applied to a TBW configuration. The

results from the present approach with and without any CFD corrections are compared to

results obtained using Theodorsen’s method. Finally, some validation results for the ROM

are presented and discussed.
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6.7.1 Case I: Transonic aeroelastic analysis of NACA64A006 air-

foil

This section discusses the flutter analysis of a NACA 64A006 airfoil considered by Leishman

and Crouse [118] and also by Issac and Kapania [63]. The airfoil has a mass ratio µ of

100 and and uncoupled bending to torsion frequency ratio (ωh/ωθ) of 0.2. The radius of

gyration of the airfoil is 0.5 times the semi-chord and the center of mass is located 25% of

semi-chord aft of the elastic axis. The elastic axis is located at the quarter chord. At Mach

0.85, the 2-D lift coefficient of the airfoil CNα , is 14.65 and the aerodynamic center is at

28.6% of the chord from its leading edge. Further details are available in both of the articles

referred to above. The steady results for this airfoil obtained by solving the transonic small

disturbance potential equations using well-known solvers like LTRAN2 and UTRANS2, are

provided by both Guruswamy [135] and Lee [136]. Based on the sectional center of mass

and static unbalance, the properties for an unswept and untapered wing was tuned to match

the uncoupled bending to torsion frequency ratio of the airfoil. Since the frequency ratio is

exactly matched, the non-dimensionalized flutter velocity of the wing is now unaffected by

the span or chord of the wing. Thus, any arbitrary wing span and chord length and any

arbitrary structural boundary condition will provide the same answer. The indicial functions

are then applied on each strip of the wing, and the structure is modeled as an Euler-Bernoulli

beam using the finite element method.

Leishman [118] predicted a non-dimensional flutter speed (V/b ωθ) of 4.43 for this airfoil

at Mach 0.85. The present results obtained with FEM applied on the wing and shown in

Figure Figure 6.2 indicate a non-dimensional flutter velocity of 4.5. This small discrepancy

is due to the coupling between the higher out-of-plane bending modes and the first torsion

mode. Since the airfoil is only made of a two degree of freedom structural system, such an



Chapter 6.Transonic flutter analysis for MDO 108

4 4.2 4.4 4.6 4.8 5
−0.08

−0.04

0

0.04

0.08

0.12
Nondimensional Velocity: NACA 64A006 at Mach 0.85

V / b ωθ

ξ

 

 

Airfoil
Wing with same parameters

Figure 6.2: (a) Non-dimensional velocity-damping diagram: airfoil vs. wing

influence of the higer modes is not present in the airfoil flutter results. The damping ratio of

the bending mode at various non-dimensional velocities for the idealized wing also correlate

well with the damping ratio of the airfoil at the corresponding non-dimensional velocities.

The results from the present implementation thus show good correlation show with those

presented by Leishman and Crouse.

6.7.2 Case II: Idealized cantilever wing without steady transonic

corrections

The next case is an idealized cantilever design generated from the MDO for the purpose of

validating the present implementation of the LB flutter analysis against ZAERO without

applying any steady transonic corrections. Since no steady corrections are applied, this

approach can compare the Mach number scaling of the LB method against commercial tools

like the ZONA6 Method [117] present in ZAERO. The ZONA6 is a higher-order modification

of the doublet lattice method [137]. The vehicle is depicted in Figure 6.3, and some of its

parameters are shown in Table 6.1. As the wing has very little little sweep and a moderately

large aspect ratio, it is expected that the absence of inflow in the strip theory will not create
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Figure 6.3: Idealized cantilever wing

Table 6.1: Idealized cantilever wing
Wing properties
Wing semi-span (ft.) 52.90
Root chord (ft.) 12.72
Tip chord (ft.) 8.885
Wing t/c 0.080
Sweep (degs.) 1.776

significant discrepancies.

The V-g and V-f results from the flutter predictions with the ZAERO g-method [138] are

shown in Figure 6.7. The software predicts the second mode to become unstable at a Mach

number of 0.77 at 8,000 ft. with a flutter frequency of 7.2 Hz. The instability occurs as a

result of the coupling between Mode 1 (1st out-of-plane bending mode), Mode 2 (2nd out-

of-plane bending mode) and Mode 5 (1st torsion mode). These three modes are illustrated

in Figures 6.4, 6.5 and 6.6, respectively.

The LB method predicts a flutter Mach number of 0.811 and a flutter frequency of 5.26 Hz.

as shown in Figure 6.8. The LB method had a few hundred degrees of freedom. Hence,

it was difficult to separate the structural modes from the aerodynamic modes. However,

the flutter Mach number matched correlates with the ZAERO results. This indicates that

the scaling of the unsteady phase and magnitude with Mach number in the LB method are
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Figure 6.7: ZAERO g-method flutter results for an idealized cantilever at 8,000 ft.
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Figure 6.8: LB method flutter results for idealized cantilever at 8,000 ft.

comparable with an established method used in commercial packages.

6.7.3 Case III: Transonic aeroelastic analysis of a TBW configu-

ration

Lastly, the aeroelastic tool was then applied to the TBW configuration designed for a cruise

Mach of 0.8 and satisfying all the constraints other than flutter. The design is shown in

Figure 6.9, and the wing properties are presented in Table 6.2. However, this time the

steady transonic database generated from the results shown in Segee et al. [13] were used to

perform a transonic aeroelastic analysis. Since the wing thickness is allowed to vary from 6

% to 10 %, the steady CFD resullts were computed for the BACJ airfoil for this given range

of thicknesses for various 2D lit coefficients. The steady CFD results thus generated are then

used as shown in Figure 6.1. Based on the results obtained in Ref. [13], here the lift curve

slope and the location of c.p. are presented for a 8 % thick airfoil in Figures 6.10 and 6.11 to

demonstrate some of the steady transonic effects that will be eventually used as precursors

to the linearized unsteady aerodynamic analysis for the transonic flutter calculations. One

can see the non-monotonic nature of the lift curve slope compared to the ones obtained from

Prandtl-Glauert compressibility correction represented as PG in Figure 6.10. Such behavior
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Figure 6.9: TBW Mach=0.8 design

of the lift curve slope and the shift in the center of pressure with Mach number are associated

with the shock waves encountered in transonic flow. The occurrence of the shock wave and

its effect on the airfoil pressure distribution can only be observed accurately by solving the

nonlinear governing equations (in the present case the RANS equations).

The flutter results obtained with three different methods are then compared. First is the

Theodorsen’s method where non-circulatory responses are modeled as apparent mass effects,

and compressibility effects are only applied to the magnitude of the circulatory response in

the form of Prandtl-Glauert corrections. Second is the LB indicial functions without CFD

corrections. In this case, the Mach number is used for scaling non-circulatory responses

which are modeled as exponential functions. Also, the Mach number is used to incorporate
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Table 6.2: TBW configuration
Wing properties
Wing/strut semi-span (ft.) 84.81/51.76
Root chord (ft.) 11.16
Wing-strut intersection chord (ft.) 10.38
Tip chord (ft.) 4.10
Strut chord (ft.) 4.27
Root t/c 0.098
Wing-strut intersection t/c 0.082
Tip t/c 0.070
Strut t/c 0.111

Table 6.3: Comparison of flutter parameters
Theodorsen + LB without LB with

Prandtl-Glauert CFD corrections CFD corrections
Mach 0.734 0.773 0.86
Freq. (Hz.) 3.70 3.61 3.86

compressiblity effects in the phase of the unsteady response which is lacking in Theodorsen’s

functions. The third is the LB functions with steady CFD corrections for accurate airfoil

behavior in transonic flow from the VT CFD database is provided as an input to the unsteady

aerodynamic functions. The flutter velocities and frequencies for the three methods are

compared in Table 6.3 for a pre-stressed flutter analysis for 2.5g load case with full fuel at

16,000 ft. The results show that the LB method without any CFD corrections predicts a 6

% higher flutter speed than the those obtained with Theodorsen’s functions. Once the CFD

corrections are applied, a 15 % higher flutter speed is observed.

To explain this difference in the flutter speed between the three approaches, one must note

the following. The Theodorsen’s functions use apparent mass effect to compute the non-

circulatory forces. Such assumptions do not hold in compressible flow as disturbances are

not allowed to travel in infinity instantaneously. On the other hand, the LB method uses

exponential functions which are a better representation of non-circulatory response in com-
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Figure 6.10: Lift curve slope for 8 % thick airfoil

pressible flow. Besides, even without any CFD corrections, the non-circulatory response in

the LB method is scaled for various Mach numbers to incorporate better compressibility

effects. Another improvement in the LB method is the scaling of the phase of the circula-

tory response with Mach number. Such compressibility effects delay the number of cycles

required for the unsteady circulatory response to reach the steady-state [14] as the rate at

which any disturbance is allowed to travel is slowed down. This accounts for the slightly

higher flutter speed of the LB method without any corrections as compared to applying

Theodrosen’s functions in compressible flow. Once the CFD corrections are applied, the lift

curve slope initially increases at a higher rate than that predicted by Prandtl-Glauert (as

shown in Figure 6.10) owing to the nonlinear nature of the governing equations. However,

with an increase in Mach number, the airfoil is expected to experience a shock wave at some

point which is then expected to reduce the lift curve slope. The same is observed in Figure

6.10 beyond Mach 0.8. The same nonlinearities in the governing equation of the steady flow

brings about movement of the location of the c.p. along the chord. Initially the c.p. moves

backward along the chord. However, once the airfoil experiences a shock wave the backward

shift of the c.p. slows down and even begins moving forward at the higher lift coefficients.

Such effects are known to improve flutter speed [77], [78] as demonstrated here.

The flutter dynamic pressure was evaluated by computing the flutter Mach numbers at
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Figure 6.12: Flutter dynamic pressure

various altitudes for the 2.5g with full fuel load case for both the LB methods with and

without corrections. The results shown in Figure 6.12 show that without applying any

CFD corrections, the flutter dynamic pressure decreases monotonically with Mach number.

However, when the steady CFD corrections are applied, the dynamic pressure first decreases

with Mach number and then increases. Eventually, flutter is not observed at all. This

phenomena often termed as the “transonic dip” is observed in transonic flutter analysis

especially as the center of pressure moves aft and the lift curve slope does not increase with

Mach number as it would do for a linear analysis.
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Figure 6.13: Comparison of normal force and pitching moment between full model and
truncated model

6.7.4 Validation of the Reduced Order Model

The ROM developed using the Balanced Truncation and Balanced Realization methods were

compared against each other for the NACA 64A006 airfoil studied by Leishman [118]. At

Mach 0.85, it had a lift curve slope of 14.65 and the aerodynamic center was located at 28.6%

of the chord from its leading edge. As stated before, the LB model had 8 states, 2 inputs

and 2 outputs for each section. In Figures 6.13 and 6.14 the normal force and pitching

moment due to a step change in the angle of attack obtained from Balanced Truncation

and Residualization for various relative ROM sizes are compared to the full model results,

respectively. As one can observe for the Balanced Residualization, not only is the steady-

state value always matched, but the normal force of the full model is obtained accurately

using only 50 % of the full model states. For the pitching moment, about 62.5 % of the states

are required to match the results of the full model at all times. For the Balanced Truncation

approach about 75 % and 87.5 % of the states are required to match the steady-state values

and the behavior of the full model exactly at all times.

The relative flutter velocities and frequencies of the two ROM approaches are compared
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Figure 6.14: Comparison of normal force and pitching moment between full model and
residualized model

to the full model results in Figure 6.15. Again, the results demonstrate that the Balanced

Residualization approach converges to the actual value with only 62.5% of the states, whereas

the Balanced Truncation requires 87.5% states.

The ROM developed using the Balanced Residualization works better due to the more closely

spaced Hankel singular values resulting from the use of the Leishman Beddoes unsteady

aerodynamics model. The Hankel singular values for the idealized high aspect-ratio wing

studied as Case I resembling the NACA 64A006 airfoil [118] are shown in Fig 6.16. Compared

to Hankel singular values shown by Willcox et al. [132] for a different system, these are much

more closely spaced. Thus, while Willcox et al. could easily truncate certain states, matching

the DC gains is considered the more appropriate approach here.

In Figure 6.17, some more details are provided to show the convergence of the ROM for

the idealized cantilever wing studied as Case II. The results show the relative flutter Mach

number, flutter frequency and the computation time as the number of states in the ROM

are increased, each non-dimensionalized by the corresponding values of the full model. The

results indicate that the flutter Mach number is relatively easily reproduced by the ROM,
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Figure 6.17: Details of ROM eigenanalysis

but to match the frequency of the full model, it may need to retain 75% of the degrees of

freedom of the full model. Even then, one can save almost 35% of the computational time

as the complex eigenvalue analysis is a computationally expensive process. However, if one

intends to just find out the flutter velocity and use it as a constraint in an MDO study, a

ROM size of 72% is sufficient which saves about 40% computation time for the whole flutter

eigenvalue analysis.

Further details about the computation time and the flutter Mach number obtained with

the various ROM are provided in Table 6.4. The computation time required for the several

ROM sizes are provided. A breakdown of the total cpu time into TOM development time and

eigenanalysis time is also provided which showed that as the size of the system increases the

increase in eigenanalysis time easily surpasses the increase in cpu time for ROM development.

The full model has 400 aerodynamic states, and the converged ROM has 290 states which is

close to 70% of the full model size. The ROM offers about 40% reduction in total cpu time.
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Table 6.4: CPU time for each eigenvalue analysis
ROM size (no. of states) 225 250 270 290 400 (full model)
Flutter Mach number 0.835 0.792 0.799 0.810 0.811
ROM development (secs.) 0.060 0.064 0.067 0.070 -
Eigenvalue analysis (secs.) 0.085 0.094 0.102 0.111 0.300
Total time (secs.) 0.135 0.158 0.169 0.181 0.300

6.8 Conclusion

Here, a methodology has been developed which can be used for transonic aeroelastic anal-

ysis in an MDO environment because of its computational efficiency. The method finds its

use especially for MDO studies of TBW configurations or any other such flexible configu-

ration which may undergo flutter at high-subsonic/transonic flight regime. Previous flutter

prediction tools for MDO employed incompressible flow models with compressibility effects

incorporated mostly through Prandtl-Glauert corrections. These tools however, cannot be

expected to provide accurate results at transonic flight regimes (Mach 0.8 or above). The

present method is capable of incorporating transonic effects like the shift in the center of

pressure and nonlinear behavior the lift curve slope in the aeroelastic analysis through a

2D CFD response surface developed as a precursor to the flutter analysis though extensive

RANS simulations of the BACJ airfoil. Development of a ROM for the indicial functions

based unsteady aerodynamic model also improves the computational efficiency of the present

method.

The analysis uses a neural network based steady, 2D response surface from a database of

steady-state lift curve slope and the location of center of pressure for a wide range Mach

numbers and airfoil thickness by performing a series of steady RANS simulations offline.

The response surface can be used directly in the MDO environment for performing a lin-

earized unsteady aeroelastic analysis. The linearized unsteady aerodynamics is modeled
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using Leishman-Beddoes (LB) indicial functions. The unsteady aerodynamic analysis thus

performed is coupled with the finite element structural model to develop the flutter eigen-

value problem. The large number of aerodynamic augmented states generated as the wing

is modeled using LB based strip creates a large and expensive eigenvalue problem. To re-

duce the computation time, a reduced-order model (ROM) of the aerodynamic system is

developed via balanced residualization technique. Such a model order reduction approach

allows a reduction in the number of aerodynamic states used for performing the aeroelastic

analysis while ensuring that the steady-state behavior of the actual aerodynamic system can

be exactly matched.

Several preliminary validations have been performed for both the implementation of the

aeroelastic analysis methodology as well as the ROM. First, an idealized wing was developed

whose uncoupled frequency ratio and mass properties match the NACA64A006 airfoil prop-

erties provided by Leishman [118]. The non-dimensional flutter speed of the the idealized

wing with the present implementation of the aeroelastic analysis, and the velocity damping

behavior of the wing, both showed good correlation with the flutter results presented Crouse

and Leishman. The second validation case was an idealized cantilever wing whose flutter was

simulated separately by the present method and a commercial software, ZAERO. This was

performed without applying any steady CFD corrections and was aimed at comparing the

Mach number scaling of the unsteady responses in the two approaches. Again, the flutter

velocity showed good correlation, but the flutter frequency was slightly different. Thirdly,

a TBW configuration designed for a cruise Mach of 0.8 and satisfying the required design

constraints was obtained. Flutter analysis with three different approaches: Theodorsen’s

method, LB method without CFD corrections and LB method with CFD corrections, were

performed for this configuration. Results show that the LB method without any CFD cor-

rections predicted a 6% higher flutter speed than the Theodorsen’s method at 16,000 ft. for
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a 2.5 g load case. This slight increase in fluter speed can be attributed to the better modeling

of the non-circulatory response in compressible flow for the LB method over Theodorsen’s

method and better Mach number scaling of the phase of the circulatory response. Once the

CFD corrections were applied, the flutter speed increased by about 15% owing to the highly

nonlinear behavior of the lift curve slope with cl and Mach number and aft shift in the center

of pressure. Such behavior are well known causes to increase flutter speed and also create

transonic dip, both of which are shown here.

Finally some validations were performed for the reduced order model. First, the balanced

truncation and balanced residualization approaches were compared for the NACA64A006

airfoil studied by Leishman. The balanced residualization not only matched the exact steady-

state lift and pitching moment due to a step change in angle of attack of the actual system

but also matched it at all times except during a few initial cycles. More importantly, this

was achieved by the balanced residualization approach with only 50% of the full model size,

whereas the balanced truncation obtained comparable results with almost 87.5% states of the

full model. This justifies the selection of the balanced residualization based ROM approach.

The balanced realization approach also converged to the actual flutter velocity and frequency

at only 62.5% of the full model states whereas the balanced truncation required 87.5% of the

states. One reason for the better performance of the residualization approach is the more

closely spaced Hankel singular values in the present system than those discussed by Willcox

et al., [132] where the truncation approach was seen to be reasonably accurate. Finally

the flutter Mach number, frequency and total flutter analysis computation time obtained

from the ROM were compared to the full model results. The ROM required about 70% of

full model size to predict reasonably accurate flutter speed, but this was achieved at about

40% lower computation time. Since flutter analysis is the most expensive section of the

computation expense for each design, the ROM offers significant time reduction for each
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design analysis in the MDO.



Chapter 7

Summary and Future Research

7.1 Summary

This research was focused on studying the aeroelastic behavior of truss-braced wings (TBW)

within a Multidisciplinary Design Optimization (MDO) environment and then possible im-

pacts of such aeroelastic behavior on the designs were considered. Several improvements to

the previous analysis methods were developed and validated.

First, an extended wing-box structural model was developed. The results obtained with the

extended structural model demonstrated that, as expected, the previously employed double-

plate wing box overestimated the wing’s sectional torsional stiffness. The extended model was

able to correctly compute the torsional stiffness of the wing. This improved computation of

the wing’s torsional stiffness was essential especially for the subsequent studies of the control

effectiveness of the TBW configurations.

Next, a flutter constraint was developed to study the effects of flutter on the MDO of TBW

aircraft for minimizing fuel burn and for minimizing take-off gross weight (TOGW). Both the

125
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long-range and the medium-range flight missions used in previous MDO studies were recon-

sidered here. The flutter constraint was developed with a strip theory based aerodynamics

using Theodorsen’s functions with a Prandtl-Glauert compressibility correction. The flutter

constraint pushed the designs to meet the flutter boundary which was set at 1.15 times the

dive speed for the corresponding flight envelope. Results obtained from the MDO studies

of the medium-range mission show that the flutter constraint imposed a 1.5% penalty on

the TOGW and a 5% penalty on the fuel consumption while minimizing these two objective

functions. The penalties imposed by the flutter constraint on the minimum TOGW and

minimum fuel burn designs for the long-range mission were 3.5% and 7.5% respectively. Im-

portantly, the resulting TBW designs still showed superior performance over their cantilever

counterparts for both of the missions as they had both lower TOGW and fuel burn. It was

also observed that owing to the steep gradient of the objective functions close to the flutter

boundary, a relaxed flutter constraint applied at 1.05 times the dive speed can restrict the

penalty on the TOGW to only 0.3% and that on the fuel burn to 2% for minimizing both

the objective functions, respectively, for the medium-range mission considered in this study.

For the long-range mission considered here, such a relaxed constraint can reduce the penalty

on fuel burn to 2.9% when that objective function is minimized. These observations suggest

a future study to determine whether active flutter suppression mechanisms can be used for

the TBW aircraft to further reduce either the TOGW or the fuel burn without significant

weight or complexities.

It was also observed that for the cantilever designs, the flutter constraint was not active. To

understand this behavior, the frequencies of the bending and torsion mode shapes expected

to couple during flutter were evaluated. It was observed that the frequency ratio of the

modes of the cantilever configurations were much further away from unity than the TBW.

This results in the TBW configurations being more prone to flutter than their cantilever
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counterparts.

A nonlinear pre-stressed aeroelastic analysis was also performed off-line for certain selected

TBW configurations to observe the effects of geometric nonlinearity on the flutter of these

designs. The flutter parameters showed small deviations from the linear results with a

maximum difference of 4.6% in the flutter speed and a maximum difference of 8.2% in

the flutter frequency. The mode shapes involved in flutter were the same indicating no

significantly different physical behavior results by including geometric nonlinearity in the

flutter analysis of the TBW designs.

Next, the aeroelastic applications of the variable geometry raked wingtip (VGRWT) concept

was investigated. The VGRWT is a variable sweep wingtip driven by a novel control effector

mechanism which can sweep the tip forward or aft in the plane of the wing. The change

in the center of pressure of the wing and the change in the bending-torsion coupling due

to swept wingtip affect the control effectiveness and flutter of flexible designs. First, an

analysis module for control effectiveness and rolling motion was developed for the MDO

aeroelastic module. Then, a MDO study was performed for the long-range mission with the

objective of minimizing the fuel weight. Three categories of TBW designs were obtained.

One was a set of very flexible designs requiring the least fuel weight but also having a large

negative flutter margin. Then, there was another set of designs which satisfied the flutter

constraint. These designs required the highest fuel weight. However, as they were stiffened

by the flutter constraint, they did not flutter. Finally, there was a set of intermediate

designs which had intermediate values of fuel weight and a small violation of the flutter

constraint. These designs however, had very little magnitude of control effectiveness around

the operational flight conditions. Thus from the roll control perspective, these designs can

neither be controlled conventionally nor using the reverse mode of the aileron. One such

representative design was selected from the set of the intermediate designs which had 10%
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lower fuel burn than their optimized cantilever counterparts and 5% lower flutter speed than

the required value and further detailed analysis was carried out in NASTRAN.

Three configurations for the VGRWT were created for the selected TBW design. One was the

unswept baseline configuration denoted by the acronym ‘as-is’. The others were a 10 degrees

swept back configuration (‘sb10’) and a 5 degrees swept forward configuration (‘sf5’). Static

aeroelastic analysis performed for these configuration showed that the unswept configuration

underwent reversal near the operational Mach numbers at 16,000, 24,000 and 32,00 ft.,

respectively. Thus, it was not not able to meet the roll control requirement. The ‘sb10’

configuration on the other hand expedited aileron reversal and led to large negative elastic

to rigid roll moment at the operational conditions. It therefore allowed roll control in the

reverse mode of the aileron. As expected, the ‘sf5’ configuration delayed reversal. The aft

shift of the aileron c.p. for the aileron situated on a swept back wingtip, increases the nose-

down twisting moment developed on the wing. This is considered to be the primary cause

for expediting the aileron reversal. The reverse is true for the forward swept wingtip thus

explaining the higher control effectiveness in that configuration.

The pre-stressed flutter analysis for the ‘as-is’ configuration showed a critical flutter speed

5.26% lower than the requirement. From the NASTRAN flutter analysis results, it was

observed that the‘sb10’ configuration was able to increase the flutter speed to within 2% of

the requirement. This can be explained again as a combination of several phenomena. First

is the effect of the aft sweep due to which the incident Mach number experienced by the

wingtip is reduced. The outcome is a reduced dynamic pressure. Secondly, the aft movement

of the c.p. due to the swept back wingtip is known to increase flutter speed. Finally, another

reason is the favorable bending-torsion coupling caused by the increased aft sweep at the

tip. This bending-torsion coupling increases the effective resistance to nose-up wing twisting

at the expense of the effective resistance to out-of-plane wing bending. Since it is the first
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torsion mode and the second out-of-plane bending mode that were involved in flutter, the

bending-torsion coupling created by the aft sweep actually pushes these two modes apart,

and their frequency ratio moves further away from unity. It is a well known fact flutter speed

increases as the frequency ratio moves away from unity. The increase in flutter speed of the

‘sb10’ configuration compared to the ‘as-is’ one is an outcome of the increase in the frequency

ratio of the ‘sb10’ configuration. Thus, the swept back VGRWT also turned out as a probable

approach for hybrid active/passive flutter suppression. It is not completely passive since only

the wingtip sweep is controlled actively, but unlike active flutter control approaches, flutter

suppression is achieved by a mere configuration change rather than actively controlling the

damping. The flutter results discussed so far were obtained with pre-stressed modes where

the in-plane stresses were obtained from a linear static analysis. To ensure that no significant

insight into the physical phenomena is lost by neglecting the effects of geometric nonlinearity,

a nonlinear pre-stressed flutter analysis was also performed. The newly computed flutter

speed from the nonlinear aeroelastic analysis had a maximum difference of 2% from the

linear pre-stressed flutter speed. Also, the same modes showed coupling to cause the flutter

instability. This ensured that the correct physical behavior was captured both by the linear

pre-stressed flutter analysis in NASTRAN as well as the MDO flutter analysis module.

In summary, the potential of the VGRWT to enhance the aeroelastic performance of the flex-

ible TBW vehicles was demonstrated. Such an improvement in the aeroelastic performance

led to a TBW design with 10% lower fuel burn.

In the final study presented here, a methodology was developed which can be used for

transonic aeroelastic analysis in an MDO environment because of its computational efficiency.

The method is suited for MDO studies of TBW configurations or any other such configuration

which undergo flutter at high-subsonic/transonic flight regime. Previous flutter prediction

tools for MDO including the one employed earlier, used incompressible flow models with
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compressibility effects incorporated mostly through Prandtl-Glauert corrections. These tools

however, cannot be expected to provide extremely accurate results at transonic flight regimes

(about Mach 0.7 and higher). The newly developed method is capable of incorporating

transonic effects like the shift in the center of pressure and the nonlinear behavior of the lift

curve slope with respect to the angle of attack to be used in the aeroleastic analysis through

a 2D CFD response surface developed as a precursor to the flutter analysis though extensive

RANS simulations of the BACJ airfoil. Development of a ROM for the indicial functions

based unsteady aerodynamic model also improves the computational efficiency of the newly

developed method.

The analysis uses a neural network based steady, 2D response surface from a database of

steady-state lift curve slope and the location of center of pressure for a wide range of Mach

numbers and airfoil thickness by performing a series of steady RANS simulations performed

by colleague off-line. The response surface can be used directly in the MDO environment for

performing a linearized unsteady aeroelastic analysis. The linearized unsteady aerodynamics

is modeled using Leishman-Beddoes (LB) indicial functions. The unsteady aerodynamic

analysis performed is coupled with the finite element structural model to develop the flutter

eigenvalue problem. The large number of aerodynamic augmented states generated as the

wing is modeled using a LB based strip formulation creates a large and expensive eigenvalue

problem. To reduce the computation time, a reduced-order model (ROM) of the aerodynamic

system is developed via balanced residualization technique. Such a model order reduction

approach allows a reduction in the number of aerodynamic states used for performing the

aeroelastic analysis while ensuring that the steady-state behavior of the actual aerodynamic

system can be exactly matched.

Several preliminary validations have been performed for both the implementation of the

aeroelastic analysis methodology as well as the ROM. First, a wing with sufficiently large
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aspect ratio was developed which matches the NACA64A006 airfoil properties provided by

Leishman [118]. The non-dimensional flutter speed in the present implementation using

both the full model and the ROM, matched almost exactly with the results presented by

Leishman. The second validation case was an idealized cantilever wing whose flutter was

simulated separately by the present method and a commercial software, ZAERO. The results

showed that in the absence of any CFD corrections, the LB method shows good correlation

with the unsteady aerodynamics analysis tools analogous to the doublet lattice method used

in a commercial package like ZAERO.

Thirdly, a TBW configuration designed for a cruise Mach of 0.8 and satisfying the required de-

sign constraints was obtained. Flutter analysis with three different approaches: Theodorsen’s

method, LB method without CFD corrections and LB method with CFD corrections, were

performed for this configuration. Results show that the LB method without any CFD cor-

rections predicted a 6% higher flutter speed than the Theodorsen’s method at 16,000 ft. for

a 2.5 g load case. This slight increase in fluter speed can be attributed to the better modeling

of the non-circulatory response in compressible flow for the LB method over Theodorsen’s

method, and scaling of the phase of the circulatory response for different Mach numbers.

Application of the CFD corrections led to a 15% higher flutter speed owing to the accurate

lift curve slope and the location of the center of pressure used in the aeroelastic analysis.

Finally, some validations were performed for the reduced order model. First, the balanced

truncation and balanced residualization approaches were compared for the NACA64A006

airfoil studied by Leishman. Reasonably accurate correlation with the actual system un-

steady lift and pitching moments was achieved by the balanced residualization approach

with only 50% of the full model states, whereas the balanced truncation obtained compa-

rable results with almost 87.5% states of the full model. This justifies the selection of the

balanced residualization based ROM approach. The balanced realization approach also con-
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verged to the actual flutter velocity and frequency at only 62.5% of the full model states,

whereas the balanced truncation required 87.5% of the states. One reason for the better per-

formance of the residualization approach is the more closely spaced Hankel singular values

in the present system than those discussed by Wilcox et al. [132] where the truncation ap-

proach was reasonably accurate. Last, the flutter Mach number, frequency and total flutter

analysis computation time obtained from the ROM was compared to the full model results.

The ROM required about 65-70% of the full model size to predict reasonably accurate flutter

speed but this was achieved at about 40% lower computation time. Since flutter analysis is

the most expensive contributor to the computation expense during design, the ROM offers

significant cpu time reduction to achieve that end.

7.2 Future research

The research conducted over the last five years and the results presented in this thesis so far

suggests several avenues for future research towards accurate aeroelastic analysis for large

aspect ratio wings.

Firstly, the low bending frequencies associated with TBW configurations obtained from the

MDO suggests exploration of body freedom flutter for these designs. Coupling of flight

dynamics with the aeroelastic behavior of the flexible TBW [139], [140] and other flexible

vehicles [141] has been performed of late and require further investigations. Moreover, such

analysis should be included in the MDO to design the TBW for body freedom flutter at the

conceptual stage.

The second area of future study would be to perform experimental validation of the VGRWT

concept. While the study shows potential benefits from the analysis performed the real merit

of the concept can only be realized once the novel control effector mechanism is designed
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and tested. Moreover, a cost-benefit study is also suggested which will not only compare

the present approach with existing roll control measures with the inboard aileron, but will

provide further information required to certify roll control in reversal for future transport

aviation.

A third area for future study suggested could be to validate the presently developed method-

ology for transonic analysis for MDO against experimental results. Experimental results

obtained so far for the TBW wind tunnel model testing at the NASA Langley Transonic

Dynamics Tunnel [142] serve as a good baseline for validation of the present transonic flut-

ter analysis methodology. Once validated, the method can then be applied in future MDO

simulations and the results can be compared to the MDO studies performed earlier with the

previous flutter constraint.



Appendix A

The unsteady aerodynamics uses Theodorsen’s method [12] to evaluate aerodynamic lag

functions. The non-dimensional reduced frequency kref is based on the reference airfoil

semi-chord bref , the flight velocity V , and the frequency of oscillation ω, as

kref =
ωbref
V

(A.1)

The complex aerodynamic lag function or the lift deficiency function C (kref ) is in terms

of the reduced frequency kref as explained by Theodorsen. Finally, for a two-dimensional

airfoil section, the lift (L) and the pitching moment about the elastic-axis (M) of a swept

wing are defined in terms of the circulatory and non-circulatory parts based on the airfoil’s

pitch (h) and plunge (θ) degrees-of-freedom as,

L = LNC + LC = πρbref
2
[
ḧ+ V θ̇ − brefaθ̈

]
+

2πρV bref√
1− [M∞cos (Λ)]2

C (kref )

[
ḣ+ V θ + bref

(
1

2
− a
)
θ̇

]
(A.2)
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M = MNC +MC = πρbref
2

[
brefaḧ+ V bref

(
1

2
− a
)
θ̇ − bref 2

(
1

8
+ a2

)
aθ̈

]
+

2πρV bref√
1− [M∞cos (Λ)]2

(
1

2
+ a

)
C (kref )

[
ḣ+ V θ + bref

(
1

2
− a
)
θ̇

] (A.3)

L

M

 = (QA) = πρV 2

bref 2

V 2
[AM]

ḧ
θ̈

+
bref
V

[AC]

ḣ
θ̇

+ [AK]

h
θ


 (A.4)

Here M∞ is the free-stream Mach number used to develop the quasi-steady Prandtl-Glauert

compressibility correction for the slope of the coefficient of lift. If one assumes that harmonic

oscillations take place at a frequency ω, then the local sectional model’s degrees-of-freedom

can be written in terms of the assumed modal coordinates hf and θf as,

h
θ

 =

hf
θf

 eiωt (A.5)

Substituting Eq. A.5 into Eq. A.4 and using Eq. A.1, the expression for the aerodynamic

forces in frequency domain can be written as,

(QA) = πρV 2
(
−kref 2 [AM] + i kref [AC] + [AK]

)hf
θf

 eiωt = πρV 2 [A (kref )] (A.6)

where the aerodynamic matrices are written as,

[AM] =

 −1 bref a

bref a −bref 2 (0.125 + a2)

 (A.7)
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[AC] =

 −2C(kref)√
1−M∞cos(Λ)2

−bref(1+2 C(kref)(0.5−a))√
1−M∞cos(Λ)2

2bref C(kref)(0.5+a)√
1−M∞cos(Λ)2a

bref
2(0.5−a)(−1+2 C(kref)(0.5+a))√

1−M∞cos(Λ)2

 (A.8)

[AK] =

0
−2brefC(kref)√

1−M∞cos(Λ)2

0
2bref

2C(kref)(0.5+a)√
1−M∞cos(Λ)2

 (A.9)

Once the mass matrix [M] and stiffness matrix [K] are evaluated in terms of the beam finite-

element degrees-of-freedom, and the normal modes obtained from the modal analysis [57]

are grouped together in the [Ξ] matrix, one can use the orthonormal property of the normal

modes to obtain a mass-normalized reduced-order system as follows,

[Mξ] = [Ξ] [M] [Ξ]T

[Kξ] = [Ξ] [K] [Ξ]T[
A (kref )ξ

]
= [Ξ] [A (kref )] [Ξ]T

(A.10)

We can obtain the equations of motion of the aeroleastic system using Lagrange’s equations.

For more details please see Ref. [57] . It can be written as,

[Mξ]
{

¨ξ (t)
}

+ [Kξ] {ξ (t)} =
1

2
ρV 2 2π√

1−M∞cos (Λ)2

[
A (kref )ξ

]
{ξ (t)} (A.11)

where ξ (t) represents the generalized coordinates as a function of time. Since the aeroe-

lastic system is assumed to follow harmonic oscillations, the generalized coordinates can be

represented in terms of the mode shapes {ξF} and the frequency of oscillation ω as,
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{ξ (t)} = {ξF} eiωt (A.12)

Substituting Eq. A.12 into Eq. A.11, one gets an eigenvalue problem as shown below

−ω2 [Mξ] + [Kξ]−
1

2
ρV 2 2π√

1−M∞cos (Λ)2
[A (kref )]

 {ξF} = 0 (A.13)

For non-trivial solutions, one must have,

Det

−ω2 [Mξ] + [Kξ]−
1

2
ρV 2 2π√

1−M∞cos (Λ)2
[A (kref )]

 = 0 (A.14)

In the k method, it is assumed that a fictitious damping g similar to structural damping is

added to the system. Thus, using Eq. A.1, Eq. A.14 can be rearranged as,

Det

(kref
bref

)2

[Mξ] +
1

2
ρ

2π√
1−M∞cos (Λ)2

[A (kref )]− λF [Kξ]

 = 0 (A.15)

where for a given reduced frequency kref , the complex eigenvalue λF is defined as,

λF =
(1 + i g)

V 2
(A.16)

The real and imaginary parts of λF are related to the frequency and damping of the system

as,

V =
1√

Real (λF )

g =
Imag (λF )

Real (λF )

(A.17)
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Since flutter represents a dynamic instability, it can be stated that when the value of g

becomes zero, the system is neutrally stable. It is also the only condition at which the whole

assumption of harmonic oscillation is valid. Thus, Eq. A.15 is solved for various values

of kref with an initial guess of Mach number until the value g becomes zero. The flutter

velocity is evaluated and Mach number is calculated again. This process is repeated until the

initial guessed Mach number converges to the final evaluated Mach number. At this point,

the evaluated flight speed for a zero g is considered as the flutter speed. By substituting the

value of kref in Eq. A.1, the corresponding flutter frequency is obtained.



Appendix B: Formulation of static

aeroelastic analysis

The static aeroelastic analysis has been performed as shown below. Thin airfoil theory have

been used to perform the aerodynamic analysis. We will use the principle of virtual work

to obtain the equations of equilibrium. The basic analysis procedure can be obtained in

standard texts of aeroelasticity [143, 55].

Let us obtain out external virtual work δWext due to rigid and elastic forces for virtual plunge

and pitch displacements δw and δθ respectively, measured at the elastic axis of the wing as,

δWext =

∫ L

0

L (x) δw (x) dx +

∫ L

0

M (x) δθ (x) dx +

∫ L

0

Lr−wing (x) δw (x) dx +∫ L

0

Mr−wing (x) δθ (x) dx +

∫ Lcs

0

Lr−cs (x) δw (x) dx +

∫ Lcs

0

Mr−cs (x) δθ (x) dx

(B.1)

Where,

L (x) = qdc
∂Cl
∂α

cos2 (Λ) {θ − w′ tan (Λ)} (B.2)

M (x) = qdc e
∂Cl
∂α

cos2 (Λ) {θ − w′ tan (Λ)} + qd c
2∂Cm
∂α

cos2 (Λ) {θ − w′ tan (Λ)} (B.3)

Lr−wing (x) = qdc
∂Cl
∂α

cos2 (Λ)αr (B.4)
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Mr−wing (x) = qdc e
∂Cl
∂α

cos2 (Λ)αr + qd c
2∂Cm
∂α

cos2 (Λ)αr (B.5)

Lr−cs (x) = qdccs
∂Cl
∂β

cos2 (Λ) βr (B.6)

Mr−cs (x) = qdccs ecs
∂Cl
∂β

cos2 (Λ) βr + qd ccs
2∂Cm
∂β

cos2 (Λ) βr (B.7)

The strain energy of a beam undergoing both bending and torsion with the elastic axis as

the reference points can be written as,

U =
1

2

∫ L

0

EI (x)w′′ (x)
2
dx +

1

2

∫ L

0

GJ (x) θ′ (x)
2
dx (B.8)

Now, we equate the first variation of the strain energy to the internal virtual work δWint due

to the elastic restoring forces generated from the bending and torsion as,

δWint = δ(1)U =

∫ L

0

EI (x)w′′ (x) δ (w′′ (x)) dx +

∫ L

0

GJ (x) θ′ (x) δ (θ′ (x)) dx (B.9)

Let us now assume our approximate solution as follows,

θ (x) =
n∑
i=1

aiψi, w (x) =
m∑
j=1

bjφj (B.10)

Then, let us have the following test functions

δθ (x) = δaiψi (x) , i = 1, ..., n

δw (x) = δbiφi (x) , i = 1, ...,m

(B.11)
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We also have,

δ (θ′ (x)) = δaiψ
′
i (x) , i = 1, ..., n

δ (w′′ (x)) = δbiφ
′′
i (x) , i = 1, ...,m

(B.12)

Thus, substituting equations B.11 and B.12 in equation B.1 and using equation B.2 , we can

write,

δWext =

( n∑
j=1

[∫ L

0

qdc
∂Cl
∂α

cos2 (Λ)ψj (x)φi (x) dx

]
aj

−
m∑
j=1

[∫ L

0

qdc tan (Λ)
∂Cl
∂α

cos2 (Λ)φ′j (x)φi (x) dx

]
bj

+

∫ L

0

qdc
∂Cl
∂α

cos2 (Λ)αrφi (x) dx+

∫ Lcs

0

qdccs
∂Cl
∂β

cos2 (Λ) βrφi (x) dx

)
δbi [i = 1, ...,m]

+

( n∑
j=1

[∫ L

0

qdc e
∂Cl
∂α

cos2 (Λ)ψj (x)ψi (x) dx

]
aj

−
m∑
j=1

[∫ L

0

qdc e tan (Λ)
∂Cl
∂α

cos2 (Λ)φ′j (x)ψi (x) dx

]
bj (B.13)

+
n∑
j=1

[∫ L

0

qdc
2∂Cm
∂α

cos2 (Λ)ψj (x)ψi (x) dx

]
aj

−
m∑
j=1

[∫ L

0

qdc
2 tan (Λ)

∂Cm
∂α

cos2 (Λ)φ′j (x)ψi (x) dx

]
bj

+

∫ L

0

qdc e
∂Cl
∂α

cos2 (Λ)αrψi (x) dx +

∫ L

0

qdc
2∂Cm
∂α

cos2 (Λ)αrψi (x) dx

+

∫ Lcs

0

qdccsecs
∂Cl
∂β

cos2 (Λ) βrψi (x) dx+

∫ Lcs

0

qdccs
2∂Cm
∂β

cos2 (Λ) βrψi (x) dx

)
δai [i = 1, ..., n]
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Similarly, substituting equations B.11 and B.12 in equation B.9 , we can write,

δWint =
m∑
j=1

([∫ L

0

EI (x)φ′′i (x)φ′′j (x)

]
bj

)
δbi, i = 1, ...,m

+
n∑
j=1

([∫ L

0

GJ (x)ψ′i (x)ψ′j (x)

]
aj

)
δai, i = 1, ..., n

(B.14)

Now, if we equate the internal virtual work to the external virtual work for each test function,

we can obtain our equations of static equilibrium as follows,

For bending:

m∑
j=1

[∫ L

0

EI (x)φ′′i (x)φ′′j (x)

]
bj =

n∑
j=1

[∫ L

0

qdc
∂Cl
∂α

cos2 (Λ)ψj (x)φi (x) dx

]
aj

−
m∑
j=1

[∫ L

0

qdc tan (Λ)
∂Cl
∂α

cos2 (Λ)φ′j (x)φi (x) dx

]
bj +

∫ L

0

qdc
∂Cl
∂α

cos2 (Λ)αrφi (x) dx

+

∫ Lcs

0

qdccs
∂Cl
∂β

cos2 (Λ) βrφi (x) dx, δbi 6= 0, δai = 0, i = 1, ...,m (B.15)

For torsion:
n∑
j=1

[∫ L

0

GJ (x)ψ′i (x)ψ′j (x)

]
aj =

n∑
j=1

[∫ L

0

qdc e
∂Cl
∂α

cos2 (Λ)ψj (x)ψi (x) dx+

∫ L

0

qdc
2∂Cm
∂α

cos2 (Λ)ψj (x)ψi (x) dx

]
aj

−
m∑
j=1

[∫ L

0

qdc e tan (Λ)
∂Cl
∂α

cos2 (Λ)φ′j (x)ψi (x) dx+

∫ L

0

qdc
2 tan (Λ)

∂Cm
∂α

cos2 (Λ)φ′j (x)ψi (x) dx

]
bj

+

∫ L

0

qdc e
∂Cl
∂α

cos2 (Λ)αrψi (x) dx+

∫ L

0

qdc
2∂Cm
∂α

cos2 (Λ)αrψi (x) dx

+

∫ Lcs

0

qdccsecs
∂Cl
∂β

cos2 (Λ) βrψi (x) dx+

∫ Lcs

0

qdccs
2∂Cm
∂β

cos2 (Λ) βrψi (x) dx,
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δai 6= 0, δbi = 0, i = 1, ..., n (B.16)

These can be written down in matrix form once we replace the test functions by finite element

shape functions and assemble them for the whole structure as shown below,

Kt 0

0 Kb


a
b

 =

Ka−tt Ka−tb

Ka−bt Ka−bb


a
b

+

Qm−wing

Ql−wing

+

Qm−cs

Ql−cs

 (B.17)

V Ks q = Kaero q + Qr−wing + Qr−cs (B.18)
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