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I. INTRODUCTION 

A. Chromatographic Theory 

In gas·-·liquid chromatography a great deal of information can be 

obtained from the gc peak, the detector response signal. Three peak 

parameters are usually measured; location, as mea?ured by the reten-

tion time, dispersion, measured by the number of theoretical plates 

or the height equivalent to a theoretical plate and peak area. The 

first two parameters are commonly measured by assuming a gaussian den--

si ty profile. Thus the peak maximum is the mean or retention time, 

and tangents to the peak scribe the base line at four standard devia-

tions. These two approximations introduce error into the calculation 

of peak parameters si.nce gc peaks are seldom, if ever, syrrunetrical. 

The purpose of this dissertation was to investigate the method 

of moments as a tool for calculating accurate retention time and stan-

dard deviation together with symmetry and flattening of gc peaks. 

The first four statistical moments, plus several related or 

dertved measures of peak asyrrnnetry were calculated for' a number of 

column geometries, column lengths, sample sizes and liquid phases 

to assess the applicabi.li ty of these moments to experimental gc peaks. 

Also since several synthetic functions have been suggested by other 

authors as suitable convolution integrals for gc peaks, a further 

goal of the study was to test these functions with experimental data. 

The information gained from studying the moment relationships 

for experimental peaks was extended to three specific problems 

1 
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encountered in gc: 1) accurate measurement of retention times, 

2) loss of resolution as a function of sample size, and 3) the 

definition and measurement of preparative scale efficiency. 

All chromatographic systems studied produced highly distorted 

peak shapes where the central moments offered the only feasible 

method of comparison. A new parameter derived from the central 

moments, resolution per unit time per gram of sample, allowed com-

parisons between column lengths, column diameters, and liquid 

phases in preparative scale gc. 

Physical--kinet:ic effects in gas chromatography reflect the flow 

dynamics, kinetics of mass transfer, gas diffusion in mobile and liq-

uid phases, and partitioning equilibria of the column. The familiar 

theoretical plate and height equivalent to a theoretical plate, HETP, 

are used to monitor physical-kinetic effects (1). 

The number of plates, n, can be easily calculated from a chroma-

to gram: 

n 

where t 
r 

w 
b 

(1) 

retention time, or time from the point of injec-
tion to the peak maximum, 

= width at ba.se, as determined by the baseline bi·-
sected by tangents to the peak (see Fig. 1). 

Both tr and Wb must be measured in the same units. 

Eq. l is really a simplification of a more exact expression: 



(mv) 

s.: 
I'\ ... .•. ... :·: .. 

Air 

3 

Baseline 

Time (sec) 

Fig. 1 Typical Chromatogram. 

2cr 

t r 
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(2) 

where 0 = standard deviation of the peak in the uni ts of t . r 

Eq. 1 is more commonly used, since Wb (which is 4 a for a gaussian 

peak) is easily measured. As shown in Fig. 1, a is one half of the 

peak width at 0.607 of the total peak height, H. This is obviously 

not an easy parameter to measure, particularly with narrow peaks. 

In fact the number of theoretical plates is actually the inverse 

square of the relative standard deviation, V, (the coefficient of 

variation in the literature of statistics) used in information theory 

to relate sample arithmetic mean, x, to the sample dispersion, S (2). 

When S is a valid approximation of the standard deviation, 0, V is 

written 

v s (3) 
x 

To study physical--kinetic band spreading in chromatography the 

height equivalent to a theoretical plate is defined as 

HETP L , cm/p1ate ( 4) 
n 

where L is the length of the partitioning bed in cm. For a single 

part:L tioning mechanism, t is the peak mean, x, and HETP becomes 
r 

HETP L L L v2 2 - 2 
t x r 2 2 0 (i 

(5) 



or 

where 

HETP 

c 

2 
C5 

c 

- 2 x 
L 

5 

(6) 

(7) 

Eq. 5 allows application of the ad di ti ve law of variance (3) 

which stat.es that for independent, random variables of finite variance, 

xl' .. , ' xn 

+ + x ) 
n + + a 2 (x ) 

n 
(8) 

van Deemter, Klinkenberg ~-2.1 · , used the ad di ti vi ty principle 

to calculate the total column \'ariance as the sum of the variance of 

each independent process causing band dispersion as a function of the 

flow velocity of the carrier gas (4,5). 

Their original paper identified three such processes: eddy dif-

fusion, gas phase diffusion and resistance to mass transfer. Their 

results are summarized in the simplified van Deemter equation 

HETP A -r B + Cu (9) 
u 

A magnitude of eddy diffusion, a flow independent term 
related to the multiplicity of flow paths available 
ton solute molecule, 

J; quantity of gas phase diffusion, which results in 
band broadening by di ff us.ion of the gaseous solute 
Ln t:!le mobj_le phase, (The B term is a form of the 
di~fusion law of Einstein and Smoluchowski (6,7) ) 
cm'-/sec, 
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Vig. 2 van Deeroter Plot, H vs. Exit Flow Rate. 
Co 1 umn: 10' x l/ 1',", 10% w /w SE-· 30 on 
Chromosurb ~'7. 
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C magnitude of resistance to mass transfer, a term 
relating flow-dependent dispersion to the inabi 1i ty 
to reach instantaneous equilibrium in the column, 
sec·-1, 

u the average flow velocity measured as the column 
length divided by the retention time of a nonsorbed 
pulse such as air, cm/sec. 

Fig. 2 shows a plot of HETP versus outlet flow rate (u ) for a 
0 

10' by l/4n sta.inles.s steel column packed with 10% by weight SE-30 

coated on 60/ 80 mesh Chromosorb W. These data were taken from 1 µl 

samples of l·-decene chromatographed isothermally at 150°. This is a 

typical hyperbolic van Deemter plot showing an optimum flow rate or 

minimum H at 70 ml/min where 

.9_( HE TP_2_ 

d(~) 

from Eq. 9 

ii . optimum 

0 

(- ~ -) 1 /2 

(10) 

(11) 

Giddings has extended this treatment by recognizing the "coup-

ling" effect in the gas phase of the A and C terms of van Deemter' s 

equation (8,9). He shows that 11eddy diffusionn adds to peak variance 

when transchannel diffusion is much slower than the solute displace-

ment velocity. At sJ.ow flow rates however, the A term goes to zero. 

The coupled van De2mter equation can be written in simplified form as 



and 

HETP 

8 

l + B + D 1 1 u 
+ p u 

(12) 

A E p u 

A and B are analogous to Eq. 9' 

E "coupled" non.equilibrium in the gas phase term, sec, 

D = sum of gas and liquid phase non.equilibrium terms that 
are independent of intrachannel solute diffusion, sec, 

p average pressure of mobile phase, atm. 

By inspection of Eq. 12 

Um HETP B = (13) 

0 p u u + 

lim HETP A + Du (14) 

U ->- ro 

This is in contrast to the prediction of the original van Deemter 

expression, (Eq. 9) , 

lim HETP A + B (15) 
-u + 0 p u 

Hargrove and Sawyer (10) in comparing Eqs. 13 and 15, the clas-

sical and "coupled" va.n Deemter response at low flow velocity, rnea-

sured H.ETP vs. reciprocal velocity and found zero intercept values by 

extrnpolation. This is the strongest evidence to date for the Coupled 

Theory of Giddings. 

Thermodynamic effects in gas chromatography are related to peak 
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position unlike physical-kinetic effects which are determined by peak 

dispersion. Since the partition coefficient (K) fixes the band migra-

tion rate and is exponentially proportional to chemical potential, it 

becomes the thermodynamic quantity of interest in gc. The constant K 

is calculated from the recorded peak by defining colunm parameters 

(11). 

The volume of carrier required to elute a sample is the retention 

time of the peak multiplied by the mobile phase flow rate and is dor-

rected for the gas holdup volume (often called the dead volume in the 

colurnn), to give V~, the adjusted retention volumn; 

V' ~ (t - t ) F R r m c (16) 

t = 
r 

the retention time of the sample measured 
from the chromatogram, sec, 

t 
Ill 

the retention time of air or other nonsorbed 
species, sec, 

F = c 
3 the outlet flow rate, cm /sec. 

The adjusted retention volume is corrected for the nonuniform 

compressibility of the carrier gas through the column to give the 

net retention volume, V . 
n 

v n 

j = 

V' . R J 

where P is the ratio of inlet to outlet pressure in the column. 

(17) 

(18) 

From the net retention volume, the specific retention volume, 
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Vo . d , is measure . The specific retention volume is the net retention 
g 

volume per gram of stationary phase at 0° and is directly propor-

tional to the partition coefficient. 

v 
Vo n 

g g 

a 
0 

T 

Thus 

K Vo 0 g 's 

273 
T 

(19) 

g1:ams of stationary phase, 

column temperature in degrees Kelvin. 

T 
273 

(20) 

density of the liquid mobile phase at T° Kelvin, 
g/nLl. 

Everett (12) has pointed out that the activity coefficient is 

the experimental parameter necessary to retrieve thermodynamic mea-

su.rements. 

c y 
p 

RT ---------· 
T V HP 0 

(21) 

g 

R idea] gas constant, 

T column temperature, in degrees Kelvin, 

M molecular weight of stationary phase, 

P0 vapor pressure of pure saturated solute vapor, 

c y 
p 

activity coefficient for solute at a concentration c, 
within the Raoult 1 s I.aw limit at average column 
pressut'e, p, 
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The activity coefficient should be adjusted for nonideality of 

the mobile phase (13,14) 

c 
ln yf 

c 

c ln y 
p 

po B 
22 

RT 

corrected y of solute at concentration c, 

(22) 

second virial coefficient of the pure solute vapor 
at column temperature, T°K. 

Thus the partial molal excess quantities are (15): 

-c 
LIG e 

-c L\H . 
e 

RT c ln y 
p 

excess partial molal free energy of mixing at 
solute concentration c; 

d ln ye 

(23) 

R ________ __p_ 
(24) 

--c 
H 

d (l/T) 

excess partial molal enthalpy of mixing at solute 
concentration c; 

(25) 

excess partial molal entropy of mixing at solute 
concentration c. 

Conder (16) gives a discussion of thermodynamic measurements using 

gas chromatography. 

Everett ~~----~L, (17 ,18) proposed that the peak front, the point 
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where a tangent to the peak intersects the base-line, he chosen as 

the measure of retention volume ~ince the peak maximum is altered 

significantly as a function of sample size. Condor suggested that 

the peak ma:ximwn or mode be used to measure the equilibrium retention 

volume. This procedure is valid in the dilute, symme.trical limit. 

The peak front is invalid as a measure of the peak position since 

it is a function of both the number of theoretical plates in the 

co.ltmm and the peak distribution isotherm. This effect will be 

shown for several partition isotherms later in this dissertation. 

Grubner (19) has suggested that the arithmetic mean of the peak 

or its equivalent, the first statistical moment, be used to monitor 

retention time. The first statistical moment can be used since it 

is a true measure of the center of gravity for both symmetrical and 

asyrrunetrical peaks. As this study has shown, most gc peaks are not 

symmetrical and the first moment is a better measure of retention 

time than the peak maximum. 

Peak symmetry can arise from (1) an instrumental artifact ex-

traneous to the column, (2) the "sorption effect," (3) a mass trans-

port effect in the column, (4) partition isotherm behavior and (5) 

adsorption (20). 

Instrwnent a.rtifact behavior can arise from unequal flow paths 

:i.n the pneumatic system, or from tubing connections which create 

stagnant areas of carrier gas (21)" Instrumental effects causing 

a.symmetry can al.so arise from a non-ideal injection profile, from 

slow or incomplete vap;)rization of the sample, and from nonlinear or 
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excessively slow response of the detector-recorder (22) system. 

The "sorption effect" arises from the finite time for a solute 

to traverse the vapor-liquid boundary, Kinetic effects have been 

treated in detail by Giddings (3). In fact the sorption equilibrium 

is a major contributor to band dispersion and to date has not been 

independently studied experimentally (23). 

Mass transport can lead to nonsymme trical band broadening due 

to uneven flow profiles. These profiles are caused by: 1) wall ef-

fects, fast flow regions near the wall of a cylindrical colunm caused 

by size grading of smaller particles to the column interior as a 

consequence of the packing procedure (24); 2) trans-·column or 

:i::adi al diffusion which also leads to nonsymn-ietrical band dispersion. 

The interested reader is directed to the chapters by Fawkes (25) and 

Giddjngs (3) and the paper by Naworski which give detailed discus-

sions of this effect (26). 

Knight has pointed out that the gc peak is a concentration den-

sity profile. He has interpreted tailing as being caused principally 

by adsorption and fronting as resulting from a nonlinear partition 

isothenus (27). He suggests that peak symmetry can be improved for 

the latter case, fronting, by increasing the column temperature and 

thus increasing the solute concentration in the gas phase, In the 

former case taiiing can be minimized by using smaller sample sizes. 

T:l,~ fr(1~1ring; mo . .,J(' l nf Kn:if,ht, proposes tk1t the peak extrema have 

TiHt:~ the peak c:,;ser.1c.1 favor the J"'.lcbile phase such that the front and 
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back tips migrate more rapidly than the peak bulk. The result is that 

the front tip elutes more rapidly, Le. "fronts" and the back tip 

merges into the bulk peak. 

Cruickshank and Everett (28) point out that a linear partition-

ing isotherm adhering to Henry's or Raoult's Law is an improper 

assumption. They maintain that nonlinear isotherms are more applicable 

to the case of ge peaks. This is a frequently observed behavior in 

gc. Cruickshank and Everett's conclusion produces the same results 

as Knight's proposed lower solubility for the low concentrations 

found in peak extrema, fronting peaks. 
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B. Statistical Moments 

In gas chromatography fairly symmetrical peaks are often referred 

to as 11 gaussianli in reference to the normal error curve. This peak 

profile is generated from the Stieltjes integral of error 

00 

ft 1J(t) dF 
1 

/2IT 
-1/2 t 2 

e dt (26) 

which is taken about the mean for the condition of unit variance. The 

Stieltjes integral of l/i(t) with respect of F(t) is used in this dis-

cussion since it reduces to the. familiar Cauchy integral, 

b J F(t) dt, if F(t) is continuous and to an ordinary summation if a 

F(x) is discontinuous. 

TI1e error function~ originally derived by the French mathemati- · 

cian-gamesman de Hoivre (29), can be written h1 a general. form for 

chromatographic pea.ks as 

"t -;: "\ 2 -(-T) 
f; 2 F(t) (27) 

Where € is the peak height, o is the width of the peak at 1/2 € 

-and t is a plane through the center of mass (30,31). 

It is an interesting historical note that 50 years after de Moivre, 

Laplace regorous ly proved the error probability integral (32) and 40 

years later the same function was popularized by the German astronomer 

Ga.uss who u.sed a normal curve. to sho'\V the method of least squares (33) Q 

Th.Ls sLmplificatLon, the use of the gaussian peak shape, makes 
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calculation of peak position and retention (Fig. 1) easy and makes 

theoretical treatment of the chromatographic process more straight-

forward. However, in the practice of gas chromatography, peaks are 

seldom observed to be symmetr1cal. 

Thus nonsymmetrical peaks are a great deal more difficult to 

measure or interpret. than the gaussian model would suppose. However, 

statistical moments have been offered as a method to accurately 

define solute behavior in chromatography for experimental peak pro-

files which are asymmetrical (34-Li.1). 

The development of the method. of moments is credited to the 

Russi.an mathematician Ch.ebyshev (sometimes translated Tchebichef or 

Tchebycheff) (42,43). Through the moments and moment functions the 

chromatographic peak can be completely characterized or even repro-

duced where the true functional expression for a peak shape is 

unknown. 

Grushka ~L~.!.· ,(35) have given the statj_stical moments for dig-

iti_zed peak response as 

L: N x. y. 
i l l. 

M(N) 
___ ..... _ .. _ 

(28) 
1: Yi 
i 

N(N) i.s the Nth moment and xi is the time value corresponding to a 

response ampl:ttuOi'! y i. 

Th~~ fl rst m,_w::cnt, M(l), i.s t.he arithmetic mean (x) or pi-~ak center 

1.·t1· \Jl.~:4:". gy dd 1 ni ti • ..in all higher ce.ntral mome.nts are taken around 
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the first, i.e.: x. in Eq. 28 becomes x. - x. Higher moments are 
1 1 

called central moments meaning moments around M(l). 

Peak variance is defined by the second moment: 

2 
0 M(2) (29) 

Successively hi.gher odd mornents are measures of horizontal peak asym-

me try and higher even moments are measures of vertical peak asymmetry. 

The dimensionless quantities, B 1 and S 2 , functions of the third 

and fourth central moments~ are extremely useful in defining peak 

shape behavior (L.}b,); 

~-(3)_:_ 
M(2) 3 

J1(~),. ,., 
M(2) ''" 

:For the case of a symmetrical gaussi2n distribut::i_on 61 == 0 and 

(30) 

(31) 

The quantity 13 1 is an ind.ex of the horizontal peak asyrmnetry or 

"skewed" nature of the chromatographic peak" Thus if the mode elutes 

before the mean, the peak is said to "tail," and f3 1 will have a posi-
-'-

tive value. In the opposite case, when the center of mass (the mean) 

elutes before the peak maximum (the mode), the peak is said to "front" 

and a1 is negative. 

Alternate d<;"";finitions of skew taken from the third moment, in an 

an2J.ogous manner tc B" ,. are (!;5) : 
..L 



Skew 

Skew 

llil)_ 
M(2) 3/2 

-- ~13) 1~3 
M(2)1/2 

18 

(32) 

(33) 

Eq. 20, 32, 33, measuring "skewness," differ only in the ex-

ponents; q11a1ita.tively they are very similar. The absolute values 

will var..y. Eq. 32 is used in this work to maintain consistency with 

Grushka (35) and is the usu.al form of third moment skew in the 1i ter-

ature, Kurtosis, B 2 , is a measure of vertical peak asymmetry with 

n~~5pect to the gaussian profile. The quantity (S 2 - 3) termed 

11.excess," has negative values for peaks flattened with respect to 

the. gaussian curve, and positive values for peaks sharper than the 

refen~nce c.urve. 

Fig. 3 and 4 give a comparison of skew and excess as measures 

of departure f:rom gaussian behavior. Fig. 3 is a. point bell-shaped 

profile g(·merate.d mathematically from the error distribution func·· 

tion. Fig. 4 is a 1000 point experimental elution profile for a 

benzene sample ch.romatographed on squalane. The experimental peak 

shows a positive skew and negative excess indicating tailing and 

some flattening about the mode as compared with the normal curve of 

th':! sarnE~ va-rian.ce., 

In li.terature of statistics, skew (Eq. 32) and excess are 

identical to the quantities y1 and y2 (46) 
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Skew = 0.00 

Excess = -0.03 

Fig. 3 Gaussian Peak 
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Skew= +0.50 

Excess = -0.12 

Fig, 4 Experimental GC Peak, 5 lJ1 Benzene on 6' x 1/4", 
20% :3qualane, so·~, 



y ]J 3 
13-~-1 - 3/2 -· (34) 

jJ 2 

y - - µ4_ - 3 s - 3 2 •") 2 L 
(35) 

µ2 

where µ refers to a po1rnlation rnolll.ent and H(N) refers to a sample n .. 
moment taken from digi tLc:ed peak data" 

The S functions can be stated in general form as 

62n 
µ2n + 2 

n + 1 
1-'2 

(n - 0 ~ 1, 2, ... ) (36) 

(37) 

In integ:re.l notation of Eq, 26 the Nth order moment aN of the 

distribution function F(t) is defined by the equation 

Ci 
N 

f .... o:. 
N t ~1(t) dF (38) 

Higher functional moments other than a1 can be the simplified central 

moments for a population frequency function such as: 

E (39) 

Taking the continuous for.:n of the error integral of unit variance 
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·7'.1/2 
2 1 co t (40) r e. dt =. 1 

hJf -:-·0::) 

It is shown, making the change of variables that t ::: u.x then dif-

ferentiating n times, and letting u == 1, for n = 0, 1, 2, ... 

2n x 
2 ·-1/2 x e dx 1·3·5·7 ... (2n - 1) 

In the same manner for any gaussian distribution of finite 

variance 

]l 2n 
.f2n)J_ 

2nn! 
2n 

0 

(41) 

(42) 

(43) 

which gives the criteria for assigning the numerical value of 3'for 

gaussian peak shape to M(.!}) in the expression for y 2 , 

Fourth moment pc~aks that approximate gaussian shape, are called 

mesokurtic; those flattened wi.th respect to the bell shape are termed 

platykurtic and those sh.e.rper or more "peaked" than the gaussian pro·-

file A.re termed leptikurtic. Leptikurtic peaks thus defined. have 

positive excess and platykur.tic peeks have negative excess. Any 

symmetrical funcdon will have odd moments equal to zero. Chromato-

gr,s.phic peaks that 118.ve positive skew y 1 ar.e sa"id to tail and negative 

skc\1J Ls u~~t~d to denote peak~s '·~1 h.ich front er ha\'e a diffuse. front 
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boundary. and sharp rear boundary. 

Two additional measures of skewness credited to Karl Pearson 

should be mentioned (46). He defines skew as 

Sk mean - mode 
er 

t ·- :M 
0 = _____ ..,_ 

a (44) 

This is frequently called Pearson's skew. He is credited with a 

second more general measure of skewness based on distributions whose 

f:in;t four moments are known. 

Sk 
v (0 -!-· ":!) 
I 1 p2, . ~ 

2 (S·r - 6B + 6) - , .. 2 1 
(45) 

J:n tids work we will use y 1 to cc:.lculate skew and y 2 to cal·-

culate excess. Computer pYograms used for these calculations are 

listed in the appendix. 

A glossary :Ls a.lso included in the a.ppendix~ 
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C. Application of Moment Methods to GC Peaks 

The first suggestion of applying the central moments to gas 

chromatography came from McQuan:ie (47). His contribution was the 

development of synthetic peak profiles from assumed values of 

moments and moment related cunmlants of gc peaks. Peak cumulants, 

K, are related to moments by identity (46); r 

exp K1 t + K t 2 + + K tr + 2· r 
2! r! 

1 + 11].t + µ2t 
2 + 

2! 
+ µr tr (46) 

r! 

The first four cumu.lants are related to their corresponding central 

morn~?.nts by; 

(47) 

= (48) 

= (49) 

(50) 

McQuarrie suggested that the cumule.nts are invariant as to 

change in origin and can be summed as a function of independent ran-

com variables (i.e. colmun phyBica1-kinetic and thermodynamic parame·-

tf~rs). Af:t.e.rwards the ce.ntral moments can be calculated from Eqs. 47-

50 <Hld the corn~spond:Lng i3 1 s can be generated. Since the moments . r 

in fact define pe.ak symmetry they can be used in a Gra.m-Charlier 
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Series to generate a peak where the profile function is not known. 

The series proposed by McQuarrie is an orthogonal expansion of the 

normal curve fiJ;(t)dF (Eq. 26) where H (t) is a Hermite ploynom.ial 
\) 

= (-·1) (v) H {t)1/i(t) 
\) 

This gives the series function: 

of non-·dimensional moments; 

\) = moment 

and 

4 
a - 3 

J..13 
10 ---

3 a 

(51) 

(52) 

(53) 

(54) 

(55) 

(56) 
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Following the suggestion of McQuarrie, Grubner (29) published 

a number of asymmetrical curves based on artificially varying skew 

(p1) and excess in the first three terms of Eq. 52; 

where 

f (z) g 

1 -z2/2 g -- -- e 

z 

hrr 

t - M(l) 

/M(2) 

3 (z - 3z) + 4 2 (z - 6z + 3) (57) 

(58) 

(59) 

Fig. 5 gives an example of the type of peak generated by Eq. 57 

for the case that skew (y 1 ) is 1 and excess(y2) is 1. 

Kucera (50) calculated the first five central mo~~nts from 

appJ.ication of physical-kinetic and thermodynamic theory to a 

moment generating function. His first moment is given by 

p 
1 

K 

D 
p 

L 

u 

L 

u 
+ 

2D p 

- 2 
u 

(1 + t:K) 

partition coefficient~ 

(60) 

2 coefficient of longitudinal diffusion, ml/sec , 

colull1T.l length at detection, cm, 

average carrier velocity, cmisec, 
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-4 -2 0 2 4 

Fig. 5 Typical Gram-Charlier Profile for Skew 1 
and Kurtosis = 4. 
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E interparticle porosity. 

The higher moments of Kucera are not reproduced here, but it is 

significant to note from Eq. 60 that longitudinal diffusion (the 

B term of the van Deemter treatment) only minimally affects the 

retention time measured as the first moment or mean. This indicates 

that M(l) should be used for accurate thermodynamic measurements of 

retention times. Unfortunately accurate calculations of even the 

first moment require closely controlled chromatographic conditions, 

an analog to digital converter and a computer for calculations. 

Most chromatographic workers will continue to use the peak maximum, 

measured manually, as the retention time. 

Vink and Yamazaka (51~52) have made similar theoretical moment 

calculations in an attempt to write master moment expressions re-

lating peak response to possible column variables. In practice such 

a method is affected by column parameters such as pressure gradient, 

radial or cross column diffusion, column diameter, particle diame-

ter, intraparticle diffusion, etc., and this treatment is extremely 

difficult to refine. More recently Kocirik and Zikanova have 

studied radial diffusion in terms of central moments (53) and 

Underhill (54) has investigated pressure drop contributions to 

moment generated peaks. 

An alternate method for generating moments has been proposed 

in a series of papers by de Clerk, Buys and Pretorius (55-58). 

They have written a master differential equation. to relate transient 
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solute distribution in the column and calculated the lower moments 

based on a single moment operator. Weiss (58) has pointed out an 

interesting mathematical artifact of the master equation treatment 

of de Clerk et __ al., (55) ,namely that variable dependence on column 

length will cause the differential equation to decompose into a 

gaussian profile for an infinitely long column. In addition nega-

tive solutions are possible when the moment equations of de Clerk 

et al., are applied to asymmetric peaks. 

In addition to thej_r use in gc, the central moments are used 

in gel permeation chromatography to correlate phenomena causing 

band dispersion. Gel permeation with. moment analysis has found 

special application to polymer chemistry where many of the measures 

of average polymer size (60) are actually analogs of statistical 

moments. 

Of conside.rable interest in polymer chemistry are the n'Uinber 

average 

M 
n 

(M ) aod weight average 61 ) molecular weight. 
n w 

= i 
n. M. 

1 1 ------}."; n. 
l i 

n. number weighing factor of i th fraction, 
1 

M. species i of mass M •• 
1 1 

For a polymer sample total weight is given as 

(61) 



w. 
1. 

M 
w 

= 

n M 
i 

L: n. 
i 1 

M. 2 
1 

---~---

L: n. M. 
i 1 1 
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(62) 

(63) 

Since M. a.nd n. are respectively the time, t, and amplitude 
1 1 

values taken directly from the gel chromatogram, the number average 

and weight average weight are measured directly. The quantity M 
n 

is the first central moment M(l) and M is the second central w 

moment M(2) weighted by M .• 
1 

Provder and Rosen (61) have applied the Gram-Charlier Series 

incorrectly for moments as a function of elution volume and cor-

rected this mistake in a subsequent paper (62). Their moments were 

taken around an instrumental spreading function which allowed ac-

curate correction of instnm1ental dispersion in GPC to fit the 

best M and M from experimental chromatograms. 
n w 

Two recent articles of a ge.neral nature concerning moment-

cumulant relationships in gas chromatography by Kelley and Harris 

(63) are highly recommended to the interested worker. These papers 

include a detailed application of cumulant measurement to contami-

nant sensing for highly overlapped peaks. 

Accurate measurement of statistical moments require that 

chromatographic noise and background not distort the peak signal 

itself. The effects of peak sensing and noise background on the 
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measurement of moment error has been extensively discussed in the 

literature (36). Grubner (64) has noted that a 0 .5% error in the 

placement of the mean will correspond to a 25% error in the third 

moment. 

Herlicska ~t al., have studied the number of points necessary 

for accurate area recovery of gaussian peaks (65) while Chesler 

and Cram (66) have studied error recovery by setting sunnnation 

limits at increments of peak width that represented 99.00, 99.90 

and 99.99% of a gaussian curve. Chesler and Cram point out the 

significant errors that can be found in the higher moments. For 

instance a 39.5% representative error is recorded for skew, y 1 , 

measured as a 99 point peak at the.± 1,00% limit. These workers 

record a generally better error recovery for skew and excess than 

the central moments themselves. 

The effect of noise on higher moments can be illustrated with 

a gc peak of unit variance. If the ab cissa is recorded in seconds, 

two data points should he considered: a ~ak signal of 30 mv 

amplitude eluting one second after the mean and a noise signal of 

1 mv amplitude found at 10 seconds past the peak mean. By inspec-:-

tion of Eq. 28, it j_s found that the peak signal contributes a 

value of 1 to the summation of higher moments while the noise 

signal adds 103 to the third moment and 104 to the fourth moment. 

Cram (6 7) has documented the extremely precise control of carrier 

flow, coluITm temperature, and electronic noise necessary to 

calculate meaningful moments for trace analysis. 



II. EXPERIMENTAL SECTION 

A. Analytical System 

A block diagram of the experimental system used for analytical 

size samples is shown in Fig. 6. The peak signal was taken directly 

from the thermal conductivity bridge of a Hewlett-Packard Model 

700 Gas Chromatograph through the Digital Equipment Corporation 

AX08, A to D converter into a Digital PDP8/I computer. Ancillary 

devices included a Type RM503 display oscilloscope (Textronix, Inc.) 

and a Hewlett-Packard (Model 680) strip chart recorder for parallel 

monitoring of detector response. All peak graphical representations 

were made from the computer on a Hewlett-Packard X-Y recorder 

(Model 2D-2AM). 

The chromatograph oven was isothermal at 80° with the injec-

tion port at 175° and the detector at 125°. Packed columns of 

three, six and twelve foot lengths of 1/8, 1/4 and 1/2 inch o.d., 

were used. The 1/8 inch o.d., aluminum columns contained 10% by 

weight of squalane on Chromosorb P-NAW (100/120 mesh). These pack-

ings were prepared by the solvent evaporation technique (68). The 

1/4 and 1/2 inch columns were copper, packed with 20% by weight 

of squalane on Chromosorb P-NAW (100/120 mesh). 

Samples were injected with fixed-needle microliter syringes 

(Hamilton Co., Whittier, Cal.) and the solute, benzene, was of 

99% mole purity (Fisher Scientific Co., Pittsburgh, Pa.). 

32 
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GC 
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A/D 
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PULSE 
SCHMITT 
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M-YPLOTTER 

l/ODEVICE 
TELETYPE 

PAPER TAPE 

CPU •••----=--• MAG TAPE 32K DISK 

Fig. 6 Block Diagram of Chromatographic 
and Computer Systems. 
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B. Preparative Chromatograph 

It was necessary to construct our own colunm and detector 

oven for the preparative scale work. The preparative columns 

were mounted to two prototype model 454 thermal conductivity 

cells (Gow-Mac Instrument Co., Madison, N. J.). Type WX filaments 

(tungsten + 3% rhenium) of 30 ohm resistance extended into the 

flow stream. Six inch sections of 1/4 inch o.d., copper tubing 

were silver brazed into the cell block to make the column con-

nection. These special cells were required to accommodate the 

very high flow rates used and to avoid introducing pressure 

drops between the columns. 

Four columns were mounted on the two detectors and fitted 

in to the chromatograph oven as shown in Fig. 7. Since each de-

tector contains both reference and measuring filaments this ar-

rangement provided a detector at the exit of each of the four 

colmnns. 

Columns for the preparative chromatograph were packed in 

fifty foot sections of 3/8 inch o.d., copper tubing with 20% by 

weight of squalane on Chromosorb P·-NAW (50/60 mesh). The tubing 

sections were filled by suspending straight sections from a fifth 

floor stairwell, plugging the tube bottom with glass wool and 

adding 5 ml increments of packing with gentle ta.ping along the 

wall by a 12 inch Teflon rod. Packing homogeneity was monitored 

by measuring the packing density between sections (0.243 g/cm, 

-3 std dev = 7 x 10 g/cm) .. Each section was coiled around an 
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eight cm o.d., metal pipe held in a variable speed glass lathe 

(Litton Engineering Laboratories, Model AS). This tight coiling 

was essential to accommodate all 200 feet of column and two dif-

ferential thermal conductivity cells in the thermostated oven. 

The connecting tubing from the inlet pressure gauge to the 

head of the column was packed with Chromosorb P-NAW (30/60 mesh) 

to buffer the backsurge associated with vaporizing large samples 

(69,70). Samples above one milliliter of liquid volume could 

not be injected by a normal syringe technique due to the Pascal 

effect at these inlet pressures. The inlet pressure was moni-

tored by a 0-400 psi Bourdon Gauge (Matheson Gas Co., Model No. 

63-5342) with a specified accuracy+ 0.5% of the dial reading. 

Outlet pressure was measured by a mercury barometer. 

A standard 1/4. inch Swagelok brass tee was modified to be 

the injection port. This tee was filled with brazing and bored 

out longitudinally to the inside diameter of the connecting 

tubing and the tee bored through approximately 0.004 inch in 

diameter to just allow passage of the needle and avoid back dif-

fusion. Two 10 mm disc septa (Supelco, Inc., No. 02-0405) held 

in place with a standard 1/4 inch hex nut were found to with-

stand numerous injections without leaking at high inlet pres-

sures (more than 350 psi). 

A flow chart for preparative sample elution is shown in 

Fig. 8 where peak symmetry is monitored as a function of known 
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input symmetry and dispersion as a function of high and low dif-

ferential pressure. A six position switch was employed to trans-

fer the bridge signal between cells 1 and 2 and data was taken 

directly from the cell bridge into a data logger. This data 

recovery device was a digital multimeter (Keithley Instruments, 

Model 160) with BCD (Binary Coded Decimal) output converted di-

rectly to a punched tape in ASCII code (American Standard Code 

for Information Interchange) (71). The interface circuit for 

the A to D converter is given elsewhere (72). A Rayethon Model 

VR-614 voltage stabilizer was connected in series with the 

bridge power source to stabilize periodic line fluctuations. 

The linearity of the bridge was tested by applying accurate 

emf signals through the bridge electronic circuit and sensing 

the 0-128 mv response. The test source was a Weston 1240 Digital 

Multimeter with stated accuracy of± 0.1% rdg. ± 1 digit. This 

calibration curve is shown in Fig. 9. 

The oven used was an insulated box 41 cm wide, 38 cm high 

and 20 cm deep fitted externally with a filament heater and a 

squirrel cage blower of 15 cm radius. A plate baffle was mounted 

over the hot air port to prevent gradient heating of the adjacent 

column. 

The Hewlett-Packard Model 700 Bridge Module was used to 

supply the 12 volt DC power for the detector cells. It also 

functioned as the Wheatstone bridge circuit. 
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Temperature was controlled to + 1° by a Hewlett-Packard Model 

240 .Temperature Programmer. The sensing element was an iron/con-

stantan thermocouple. 

Samples were injected manually with gas tight Hamilton syringes 

containing volumes of 250 microliters and 1000 microliters. Solutes 

were benzene and cyclohexane, both 99% mole purity (Fisher Scientific 

Co., Pittsburgh, Pa). 
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C. _Res _s>_!~_t:!_o_1~L~.Y~~-IE. 

Three mai::ched, 6 1 hy 1/8" o.d,, aluminum columns were used 

for the study of solvent efficiency. They wer~ packed with 10% 

by wc·!lght squalane (Eastman Kodak Compa.ny), dinonyl phthalate 

(1\nalahs, I::.1c .. ) ~ .?.nd TRIS, (1,2 0 3··tris(2··cyanoethoxy)propane) 

(Eastman Kodak Company) on Chromosorb G·-NAW (Johns~-Manville 

Corpo:raU.on) 60/80 mesh" Each packing was prepared by the fun-

nel coating msthod,, 

The columns were packed by attaching one end to a vacuum 

;_:.1<.unp and adding successive .small portions of packing material to 

the. open end, wh:Ll'?. ge.ntly vibrB.ting the column longitudinally. 

Three colun111.s p2ck~e.<l in this 1nar{ner had a uniforrn packing den-

sitv of 2.2 g/M with a standard deviation of 0.03 g/M. 

The thr~:e cob.mm.s we.re held isotbennally at 80° at an exit 

fJ.ow rate of 40 1~cl/111j11 of helium. 

l\n. experiment ·wets pe:rformed to deterrnine the. mir1irnu1n ntIIllber 

of data points required to measure accurately the third moment 

since i:10 studies of errc'r in higher moments from experimental 

peaks were found in the l:U.:eT;:;ture, Fig, 10 gives error in re-

c.overy of skew versns number of dat2. points taken to define the 

Pf~ak, 11 reference P·~=~ak o.E 681 !Join.t:3 j_s tak.eT1 for a. 20 1.1.l benzene 

smnp1e du:o:matogrnpbed with the :i.nstru:ment··co!ltputer system pre-· 

vJuu~l~ described. 

A severe loss in precision is seen for skew taken from less 
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than 40 data points, Since this peak is rep res en tati ve of the 

profiles studied, 200 points were arbitrarily set as a minimum 

value for reportc""d data. 
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III. RESULTS AND DISCUSSION 

Typical chromatograms showing observed peak shape as a func-

ti on of liquid sample volume are shown in Figs. 11 and 12. All 

peaks were normalized to constant amplitude for easier comparison 

of both asymmetry end peak position. These figures showed the 

change in retention time and tailing observed in nonlinear iso-

therms of the Langmuir type. 

The tendency to "skew' 1 was noted even at very small sample 

volumes. The effect of P,and broadening a.nd tailing was seen in 

the 3 foot column where a 60 µl benzene sample occupied over 

one half of the total elution volume, This effect illustrated 

the decreased column efficiency with increasing sample size. 

The same effect is seen in Fig. 12. Tailing was observed but 

the magnitude of peak asynnn.etry was much less on t..he larger 6 1 x 

1/2" column. 

The qi.mlitative information available visually from the 

chrc1matogram has been used from the early days of gc. Stat is-

tical moments provide a semi-quantitative means to compare these 

asymmetrical peaks. 

In Fig. 1 3 the standard deviation, M(2) 112 , vs. sample size 

ts plotted, Standard deviation is a means of measuring band 

broadening and was well suited to define the asymmetrical peaks 

observed in gc. It was noteworthy that extremely small sample 

44 
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sizes contributed to a significant dispersion of the peak. Most 

analytical chromatographic peaks were at sample sizes too large 

to generate gaussian peaks. 

Several factors could have produced the increased standard 

deviation observed in Fig. 13: (1) injection profile, (2) non-

linear partition isotherm at higher concentrations and (3) satu-

ration of the liquid phase so that no partitioning could occur 

with part of the smnple. Each of these factors would have had 

effects in addition to increased band broadening. In an attempt 

to identify these contributions we decided to analyze the front 

and back portions of each peak. 

The peak standa.rd deviation was calculated from the square 

root of the second central moment and compared to the standard 

deviation's for the front and back portions of the peak. The 

latter two were obtained by dissecting the peak at its maximum 

and computing the standard deviation for two symmetrical peaks 

generated from each peak half and its mirror image. Data for both 

peak halves is also presented in Fig. 13. We hoped to help 

identify the major contributions to increased peak broadening by 

this analysis. 

The standard deviation for the total peak increased in a 

rather smooth fas hi on. There was no break in the curve repre-

senting the sharp onset of a new mechanism for band dispersion. 

This appeared to rule out saturation of the liquid phase, which 

would have produced a break in the curve. 
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The front peak standard deviation however decreased rapidly 

and then remained constant. This was indicative of a nonlinear 

isotherm at low sample sizes. If however this parameter had not 

decreased until some large sample volume, it would have indicated 

an initial dispersion due to sample input profile (which would 

not have produced a decrease in the front peak standard devia-

tion). It appeared that a nonlinear isotherm operated even at 

low sample sizes. 

The back peak standard deviation provided no useful infor-

mation for identifying mechanisms responsible for dispersion. It 

increased smoothly and could not be resolved into separate curves. 

It is highly probable that the injection profile was contributing 

to the back peak dispersion, but these experiments provided no 

conclusive evidence. 

Skew, defined from the third moment is shown in Fig. 14 

where complex behavior as a function of increasing sample size 

was noted for benzene samples chromatographed on squalane, The 

initial steep positive slopes were expected from the peak pro-

files shown in Figs. 11 and 12. Skew passed through a maximum, 

however, and showed slightly decreasing values at larger sample 

size:s. This decreasing skew was understandable since at large 

sample sizes tbe peak shape approaches a symmetrical square wave 

form (often called a step function) whose skew is zero. Thus we 

had at least two processes in operation here: 1) the increasing 

skew, due to nonlinear. isotherms and 2) decreasing skew resulting 
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from the tendency towards a limiting step shape which is symmetri-

caL 

Excess (Fig. 15), on the other hand, showed a rapid :i.,nitial 

deerease to more negative values as sample volumes increased. This 

wo.s in agreement with the observed peak behavior. Relatively 

sharp peaks were obtained for small sample volumes becoming increas-

ingly diffuse and flattened for larger samples. In the limiting 

case when the. gas phase is saturated, the peak would show a flat 

top of very negative excess. 

Column diameter was informative in revealing that the pro-

duction of flattened peaks was moderated by having larger column 

diameters; excess for the 1/8 inch column fell to significant 

negative values for only a few µ1 of sample. The larger diam-

eters revealed Jess kurtosis at equivalent sample sizes, and thus 

excess could be used in a semi-quantitative manner to establish 

sample capacity for cohnnns of different diameters. 

Figs. 16 and 17 display peak behavior on going to longer 

column length.. The band form changed to fronting peaks indicative 

of an ti--Langmuir distribution isotherms. It was impossible to 

suggest any other mechanism which would change tailing peaks into 

fronting peaks merely as a function of column length. Further-

more, the position for each successive peak mode shifted to longer 

retention times w:L th increased sample size, This was cons is tent 

with anti-Langmuir isotherms. These results also showed that equal 

sample volumes were less dis tarted on the longer and/or wider 
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columns. 

Examining the effect of column length on skew (Fig. 18), skew 

was observed to become more negative with increased column length. 

The tailing observed at small sample sizes was probably due to 

the injection profile. At larger sample sizes, the change in dis-

tribution isotherm overrode this effect leaving a "fronting" peak~ 

Thus longer columns minimized the effect of the injection profile. 

This is reasonable since the injection contribution becomes a 

smaller factor in the total band dispersion process. 

De Clerk and Buys (73) have used the simple Pearson skew 

(Eq. 42) for characterizing synthetic Poisson and bigaussian peaks. 

They used this skew equation to generate peak shapes which approxi-

mate experimentally observed chromatographic peaks. Data fitting 

this measure to experimental gc peaks was reported earlier by 

Cooke and McNair (38). 

Fig. 19 shows this data; two Pearson skew plots for 12' x 

1/4" and 3' x 1/4" columns. The 12 foot column exhibited severe 

fronting; the normalized chromatographic peaks are shown in Fig.17. 

The 3 foot column tailed badly (see Fig. 11). The negative values 

of Pearson's skew reflected fronting peaks and positive values 

reflected tailing peaks as predicted. The Pearson skew reached 

a li.miting value of plus one or minus one in the region of analyt-

ical sample sizes. Like all other measures of skew it is not 

valid as the peak shape approaches a step fon11. 
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The behavior of Pearson's skew can be better understood by 

examining what happened to the mean and mode of the sample peaks 

on the same 12 foot and 3 foot columns (Figs o 20 and 21). Both 

figures show the smooth divergence of the mean and mode as a func-

tion of sample size. 

These figures also showed that the assumption of peak reten-

tion as measured by modal values was inexact for even moderate 

sample sizes, since the mode varied greatly with sample size. This 

suggested that the identification of gc peaks from retention times 

should be attempted only for reference standards of concentration 

approximately equivalent to the unknown. 

In addition, the Pearson skew function was less sensitive 

to the second moment value, and thus showed more regular behavior. 

As previously shown, y1 values (Fig. 14) were distorted due to the 

exponential influence of standard deviation. Pearson's skew also 

had the added advantage of using only the first and second moments, 

thus avoiding large errors for data points far removed from the 

meano 

In response to de Clerk and Buy's suggestion of using Pearson's 

skew for curve fitting purposes, it should be noted that this 

function is useful only for longitudinal asymmetry of platykurtic 

peaks since the modal values are not meaningful statistical mea-

sures for highly skewed peaks. 

Pearson's r:l,y measure of skewness (Eq. 45) taken from the 

second, third and fourth st0tistical moments for gc peaks is given 
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in Fig. 22. Here positive skew values reflected the tailing ob-

served previously in chromatograms taken on the 6' x 1/2;' and 

3' x 1/ 411 columns. This measure of skewness however, did not re-

spond to the fronting peaks observed in the case of a 12' x 1/4" 

column. It must be concluded that Pearson's S ;y measure is not 

a good test of gc peaks. 

Pearson (74) was also responsible for a series of fitting 

£unctions based on the first four moments. These functions are 

used routinely in statistics to reproduce density profiles where 

the first four moments are known. The Pearson functions are char-

acterized by their values of the test quantity K, a function of 

Q and B where µl ' 2' 

K 131 (B2 + 3)2 (62) 

4 (282 -- 3131 - 6) (4132 - 3f\) 

For instance, the criterion for applicability of Pearson's 

Type I or Beta·-distribution with gc peaks is that K have negative 

values. 

Table I gives i( values for a number of analytical gc peaks 

which had shown both fronting and tailing profiles. With only one 

exception the K's were found to have negative values. From this 

test Pearson's Type I distribution was found to be a suitable 

fitting function fc.•r experimental gc peaks. 
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'IABLE I 

Comparison of K as a 
Function of Sample Size 

_3' x 1/4~ 6 i x 1/8" 

·-0. 226 0.203 

-0.231 -0.002 

-0.129 -0.004 

-0.109 -0.006 

-0 .096 -0.016 

-0 .086 -0.014 

-0.082 

-0.054 

12 1 x 1/4" 

-0 .696 

-0.036 

-0.121 

-0 .114 

-0 .108 

-0.099 

-0.093 

-0.073 
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The gc peaks observed in this study had y 1 and Yz values be-

tween -1 and +l. The general applicability of the Beta-function 

to these peak shapes was tested by calculating K values for the 

limits of f~l and y 2 observed in our experiments (Ta ble II). K 

again showed nep;ative values thus indicating the applicability of 

the Beta function to e:x--perimental gc peaks. Our data showed Pear-

son's Type I distribution to be a valid convolution integral for 

the asymmetrical gc peaks studied. 

Table III compares the mode and mean values for a range of 

sample sizes from 1 microliter to 60 microliters. The mode de-

creases as the sample size increases which reflects a decrease in 

the partition coefficient. One must be careful in discussing par-

ti. ti on coefficients in the sample range where complete distortion 

of the peak results from the injection profile and saturation of 

the liquid phase. The sixty microliter sample is such a case. 

With this column peak parameters cannot be related back solely to 

the processes occurring in the column. 

The mean represents the best measure of the retention time 

and Table III includes values for the mode as well. The difference 

between the mean and mode values is the error introduced by the 

common practice of measuring the retention time from the peak maxi-

mtun. mean - mode x 100 The percent relative deviation, is small 
mean ' 

for sinall sample sizes, but increases to a significant value for 

samples larger than a few microliters. 
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The third central moments are plotted in Figs. 23 and 24 and 

are regular asymtotic functions of sample size. If a standard 

unit, e.g. seconds, were adopted for reporting third moments, this 

parameter would be an obvious choice for reporting both the mag-

nitude and sign of skewness for gc peaks. It was sensitive to 

peak asymmetry through the region where Pearson 1 s skew approached 

a liwiting value. 

Fourth central moments were also calculated for gc peaks in 

several column geometries. This function was observed to regularly 

increase with increased sample size. 



66 

TABLE II 

Test of K Values for \and y 2 Li mi ts 

1 -1 

I 8 +1 I -·0.942 -0.333 t--.-·------ -----
-1 -0.129 -0.200 t __ ~:_:_:_:: __ _. 
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Table 3 

Values of .Mode and Mean, 3 1 x1/4" Column 

~fode Mean % Relative Deviation 

103 sec 105 sec 1.9 

102 104 1.9 

99 103 3.9 

98 102 3.9 

96 101 4.0 

93 98 5.1 

89 96 7.3 

82 92 11 

74 88 16 

62 83 25 
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Sample Size ( lJ 1) 

Fi::;,. 24 Effect of Sample Size on M(3), 3; x 1/4" Column. 
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B. Resolution From Peak Moments 

Up to this point we have discussed only means of measuring 

column eff icien.cy by central moments or other functions suitable 

for asymmetrical peaks. Equally as important as column efficiency, 

is solvent efficiency. Solvent efficiency is measured as the ratio 

of adjusted retention times for two peaks. A high solvent efficien-

cy means a large separation of the two peak means. Obviously both 

column and solvent efficiency must be maximized for the optimum 

separation of two peaks. 

Three liquid-phases, representing a range of selectivity were 

used to demonstrate the effect of solvent efficiency for resolving 

a mixture of benzene and cyclohexane (Fig. 25). Although benzene 

and cyclohexane both had a larger partition coefficient in squalane, 

a better separation occurred with dinonyl phthalate and the best 

separation occurred with the very polar stationary phase, 

l,2,3-tris(2-cyanoethoxy)propane, (TRIS). 

The ability to separate two peaks is measured as resolution, 

R in gas chromatography where 

l'lt 
r ---

+ 
2 

(63) 

tr and Wh having already been defined. Horvath (75) has proposed 

<HJ ;1dd:fLinna1. p:1rc1mc'lcr, P/tr2 or the resolution per unit time 
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measured from the se~ond eluted peak, as a measure of the rate of 

resolution. Data for both R and R/tr2 are presented in Table IV 

for the chromatograms in Fig. 25. 

TRIS was observed to have a resolution five times that of 

squalane and a rate of resolution nine times that of squalane. 

Obviously TRIS was a better liquid phase to use and it was decided 

to study its effectiveness for large sample sizes. 

The effect of increasing sample size is seen in Fig. 26. The 

sample size was increased from 0.3 through 3 to 30 microliters. 

Resolution decreased from 5.4 for the 0.3 µl sample to 5.0 for the 

3 µl sample to 1.9 for the extremely overloaded 30 µl sample. 

The asyrmnetric peak shape seen with the 30 µl sample has been noted 

by several authors (76, 77). Verzele (78) discussed the difficulty 

in measuring meaningful HETP values for such peak shapes using 

manual methods. Central moments offered us an accurate means for 

evaluating such peaks. 

We defined resolution from the central moments as 

R 
0.5 M(l) 2 - M(l)l 

/M(2) 1 + h1(2) 2 
(64) 

where the subscript denotes the first or second eluted peak. This 

expression is easily shown by substitution of M(l) for t and r 

4 vM('2f for Wb. Fig. 2 7 shows resolution as defined from central 

moments as a function of sample size. 
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Fig. 26 Effect of Sample Size on the Resolution of 
Benzene and Cyc]ohexane. 
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TABLE IV 

Resolution and Resolution/Time 
For Different Liquid Phases 

Stationary Phase Resolution 

TRIS 6.49 

DNP 3.49 

Squalane 1.31 
I 

Resolution/Min 

7.84 

1. 85 

0.87 
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The objective of preparative scale separation is a maximum 

throughput (grams/time) with an acceptable resolution. From the 

data of Fig. 27 a sample size of 35 µl on the TRIS column had the 

same resolution as a 0.25 µl of the benzene, cyclohexane mixture 

on squalane (Table IV). Using the moment definition of resolu-

tion (Eq. 64) and defining equivalent throughput as resolution per 

unit tirn2 per gram of sai11ple, TRIS was found to have an equivalent 

throughput 175 times that of squalane. 

The moment measurement of resolution also offers an oppor-

tunity to compare manual methods with computer data. Table V 

gives data for resolution calculated from the moment definition 

(Eq. 64) and resolution measured from the chromatograms (Eq. 63), 

where the peak maximum value is used to measure the retention 

time and tangents to the peak's sides are used to measure Wb. The 

manual method gives values that are consistently higher than the 

more accurate moment method. 
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TABLE V 

Resolution on TRIS 

Sample Size ( ]J it Moment Method Manual Method 

0 ., . .) 5.4 6.5 

3 5.2 5.3 

30 1.9 1. 7 
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C. Preparative Scale 

Fig. 28 shows asynm1etrical fronting peaks found for an 800µ1 

benzene sample eluting through a 200 1 x 3/8 11 preparative column. 

As described earlier, the peak profile was recorded four times at 

50 foot intervals. The sample was obviously accelerating as it 

passed through the column. The uncorrected linear velocities 

through the last three sections were 4.34, 7.70, and 10.9 meters/ 

hour. The inlet pressure was 200 psi, the outlet was 714 torr. 

Keulemans (80) has discussed this type of velocity profile over the 

column length for a series of inlet to outlet pressure ratios. He 

notes a Jimiting form for high differential pressure where a marked 

increased velocity is seen near the column outlet. This is the 

same chromatographic behavior observed in Fig. 28. 

Obviously long columns with high pressure drops cannot 

operate at an optimum velocity over the entire length. One means 

to increase column efficier:cy is to restrict the column outlet, 

increase the colUJ.1m inlet pressure and thus reduce the ratio of 

inlet to outlet pressures. This provides a more uniform velocity 

through the column and should in addition decrease the gas phase 

diffusion. This effect was investigated and measured by the mo-

ment method. Inlet pressure for the preparative cohLmn was 

incre3secl to 350 psi and a valve in the outlet was adjusted until 

t'.1e outlet velocj_ty >va3 equal to the earlier experiment, 

500 ·nl/nin. This pr<._wided;:; higher column pressure, but a lower 
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ratio of inlet and outlet pressures. 

The result of this increased pressure is shown in Fig. 29. 

The 800 µl benzene sample had a much more uniform linear velocity 

for this high differential pressure case. As measured from reten-

tion times as M(l) for the last three column sections, the linear 

velocities were 5.22, 6.77, and 7.50 meters/hour. 

The cohnnn operated at higher pressures was obviously more 

efficient than the reference column, but since the peaks were 

nonsymmetrical, central moments were used to accurately describe 

the peak behavior. Table VI compares the first moment, second 

moment and theoretical plates for both columns. Data are shown 

only for the peaks eluting from the last three column sections. 

The peak at the end of the first section would be sensitive to 

the injection profile. This effect was eliminated by subtracting 

the variance of later peaks from the previous peak. 

The first moments H(l) in Table VI show the time spent in 

each colurru1 section and illustrate in a different way the more 

uniform velocity in the high pressure column. The velocity was 

increasing as the sample passed through the high pressure column, 

but not nearly as rapidly dS in the reference column. The 

nwnber of theoretica1 plates per column length was essentially 

uniform and significantly higher in the high pressure column than 

in the reference column. The theoretical plates found in the 

1~1~~ L two St'ctions l.'f the reference colwun were so loH as to 

qtKc;ti_,1n the usefulness of long columns operated at normal pressure 
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TABLE VI 

Effect of Pressure on Peak Parameters 
200 1 x 3/8" Preparative Column 800 µl Benzene 

Reference Column: p. 200 psi; u 500 ml/min. 
l 0 

Coltnnn Section M(l) N 

5 0 ---fl>l 00 ft 3.52 hr 1700 

100 ---il>-150 ft 1.98 780 

150 __.200 ft 1.40 850 

M( 2) 

93,000 

65,000 

30 ,000 

H~h Pressure Column: P~ 
..L 

350 psi; u 
0 

500 ml/min. 

Column Section N 

50 ~100 ft 2. 92 hr 2800 39,000 

100 __....150 ft 2.25 2700 24,000 

150 _.200 ft 2 .03 2800 19,000 

2 sec 

2 sec 
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drops. 

Second moments for both colunms are shown in Fig. 30. The 

second moments for the last three column sections showed only 

the column contribution to band spreading since the injection pro-

file dispersion is left in the first section variance. The 

second moment had significantly higher values for the reference 

column indicating poorer column efficiency. 

Unfortunately the experimental system could not handle inlet 

pressures above 400 psi so that a van Deemter plot at very fast 

linear velocities could not be made. 

Table VI I compares the resolution for an equal volume sample 

of benzene and cyclohexane for the two columns. The acceleration 

phenomena accounted for the negligible increase in resolution for 

the last two sections of the reference colunm. The high pressure 

column revealed a significant increase in resolution for each 

column section. At the high column pressures required to main-

tain a small ratio of inlet to outlet pressures, the entire 

column length improved the resolution significantly. The use of 

long preparative columns with high inlet to outlet pressure 

ratios does not contribute significantly to resolution. Com-

paring those two sys terns, the first 100 feet of the high pres-

sure colt.nlU1 resulted in the same resolution as 200 feet of the 

reference column (Tab le VII). 
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TABLE VII 

Effect of Pressure on Resolution 
800 µl Sample, Benzene, Cyclohexane, 80° 

200' x 3/8" Column of 20% Squalane 

Reference Column 

0. 8'1~ 

1. 27 

1.38 

1. 47 

* Estimated from Master Curve Method of Snyder (79), 

.!!ig.~ Pressure Column 

0. 7>~ 

1.50 

1. 74 

2.12 

00 
Vl 



IV. CONCLUSIONS 

The first four central moments and several moment derived 

functions have been measured for experimental chromatographic 

peaks. Initially, sample size was varied for benzene chromato-

graphed on analytical columns of differing length and diameter. 

Asymetry due to sample overloading was monitored by the moment 

relationships. 

Three distict regions of peak shapes were revealed by the 

method of moments: 1) the fairly syrrJnetrical profile for small 

injection volumes, which is related to gaussian form, 2) gaussian 

with some asymmetry for intermediate sample volumes, and 3) at 

large sample volumes, highly distorted peak shapes that cannot be 

easily related to column behavior by the central moment functions. 

The first moment, or mean, is a better measure of retention 

time than the peak maximum or mode. Values for both mean and mode 

show a strong dependence on sample size. Errors of 5% or larger 

were observed on a 3' x l/ 4" column when using the mode for sample 

sizes larger than 15 microliters. 

The definition of resolution was re-written in terms of 

central moments and can now be applied to skewed peaks including 

those resulting from preparative scale samples. 

Feed vo1une dependent peaks were bisected at the mode and 

standard deviations calculated for front and rear peak segments. 

86 
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Standard deviations for the self-sharpening fronts of these 

peaks indicated that even in analytical columns, the main 

contributor to peak distortion is the change in the partition 

isotherm. 

The third moment parameter skew, y 1 , was measured for a 

range of sample sizes on different column lengths and column 

diameter. It is a useful measure of peak asymmetry only over 

a small sample range. 

Skew, y 1 , provides useful information about peak shape only 

until the liquid phase is saturated. At this point the peak 

rises sharply to a plateau, remains constant until the satura-

tion is ended, and then falls back gradually to the original 

baseline. By definition, skew is dependent upon the second 

moment and the peaks resulting from saturation show a decreased 

skew, or tendency towards symmetry. Skew values go through a 

maximum and then decrease. The skew values after the maximum 

reflect the saturation of the liquid phase. The observed maximum 

value of skew can be used to set upper limits for sample sizes on 

different column lengths and column diameters. Table VIII gives 

these data for benzene chromatographed on squalane. 

The fourth moment measure of peakedness, y 2 , was calculated 

and found to reflect both the nature and degree of flattening of 

experimental gc peaks. Thus it proved useful for comparing 
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chromatographic peak shapes. The magnitude of y 2 (tern2d excess) 

1,1as observed to decrease as the column diameter increased. It 

coulcl be used as a serni-quatitative method of column capacity, 

but we recom111end usinz the skew maximum. 

The third central moments Fere calculated and found to be 

quite regular functions of the skewing seen in the chromatograms. 

The third centraJ morn.ent is perhaps the r11os t useful measure of 

ske\-mess provided accurate data are available. It is suggested 

that secor.ds be the accepted uni ts for reporU ng c.e:nti-:-:l r.;c:c:er1ts 

~n the literature. Likei.<'isc de :r:1;;~th centrc.J. monents FE're 

c<· Jud atE rl ccc.d found to show regular, asymptotic response to 

sample input size. 

Pearson 1 s ueasure or skewnes~ was calculated and found to 

reflect qualitatively the skewing observed in benzene samples 

eluted frorn a number of column geometries. Like y 1 , Pearson 1 s 

measure of skewness suffered the disadvantage of approaching a 

limiting value for large samples. It has the inherent disacvant-

age of equivalent modal values for peaks that are not shilrp. The 

divergence of mode and r.1ean were observed for these sample ranges 

and pointed up the difficulty in measuring the mean accurately and 

;ir1d the inaccuracy inherent in approximating mean with mode values 

[or nonsymmetrical gc peaks. 
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TABLE VIII 

Skew Maxima as a Function of Sample Size on Several Columns 

Length 

Diameter 

1/8 11 

J../4" 

1/2 11 

3' 

3pl 

6pl 

10µ1 

15µ1 200µ1 

60µ1 
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K values, used in statistics as a creiterion to disting-

uish the main types of Pearson's distributions, were measured 

for experimental gc peaks. The generality of negative K values 

found for the overloaded columns indicated that response can 

best be approximated using a Pearson's Type I or Beta function. 

The effect of solvent efficiency on resolution and resolu-

tion/time was measured for three liquid phases. Solvent efficiency 

was found to affect the resolution/time parameter by a factor as 

high as nine. The loss of resolution as a function of sample 

size was measured for benzene and cyclohexane on the most selec-

tive liquid phase TRIS. Loss of resolution was a regular, non-

linear response to sample size. Since these peaks were all 

asyrmnetrical, the use of moments allowed calculations not 

previously possible. 

Preparative scale efficiency and resolution were measured 

on a 200' x 3/8" column with detection at 50' intervals. The 

effects of high and low differential pressures were examined. 

The reference column (outlet at atmospheric pressure) exhibited 

an acceleration of the sample through the last column sections. 

By operating at high inlet and high outlet pressure, a fairly 

linear sample velocity was seen with increased column efficiency. 

Resolution was improved so that a 100 foot section of the high 

outlet pressure colur;m generated resolution equiv2lent to 200 

feet operated at ambi.ent outlet pressure. 
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Preparative scale throughput defined as equivalent 

resolution per unit time per gram, showed TRIS to have a 

throughput greater than 175 times that of squalane. It is 

proposed that this definition be used in comparing columns 

for preparative scale separations. 

Even though moment calculations require the use of a 

computer, they are the only means available to accurately 

measure retention time, theoretical plates, resolution, 

preparative scale throughput and asymmetry for the nongaussian 

peak shapes found with normal and preparative sample sizes. 

Moments cannot be used for sample sizes which saturate the 

liquid phase. 
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01.01 E 
0 1 • 02 T f l ! I I ! I I 
0! .03 c ... CHANGE 1211211217 TO 007600 TO SUPRESS : 
01.10 S A:0;S B:l;A !,"GATE "'C,t 
01 4120 A °' NUMBER OF PEAKS "'D, ! 
01 "'30 A "" SEC/PT "AN,~ 
01~40 S 6:1024;S XX:0;S H:0;S I:0;S J:0;S K:0;S L:0 
01 • 5121 S A ::A+ 1 
01.55 * 
01.56A Y 
01"'57 * 
0L160 G 3.05 

03.05 I <Y·G)3<i1,3.l,3.2 
03.10 I <J-C).5.!l;S X:G;S G:Y;S M:A;S L:l;l CK-1>3.J5,4el 
03 .11 S J :J+ I ; G I • 5 
03.15 S l:0;G 1.5 
03.20 1 CH•Y)3.3;G 1.5 
03.,30 I <!..C)3.31;S H::Y;S N:A;l CL•D3.35;G 3.34 
03.31 S I:l+l;S K:0;G 1.5 
03 .3~ S 0 :::G; S P:O;S Q:M;S K: I 
03 .,35 S .J~0;S L::0;S G:H; G 1 ~s 
03 0 50 T !, %3, ~PEAK I "B,I; T ~ FRONT d Q*AN,! 
03.,51 T f'i MAXIMUM .. N*AN, .. SEC", f; T ... T1tlL " R*AN, t 
03~52 T It " HEIGHT~ H-0; T" FRONT B~SELINE "O 
03.53 T.. BACK BASELINE " S; T tr I; S B:B+l 
03 • 54 I CB -D) l .4, l .4, 5. l 

04010 I <Y·X> 4.3,4~15,4.15 
1214.15 S XX::XX+i; I CXX•C) 1~5,1 .. 5,4.2 
04~20 S s~G; S R:AeCC+l>; G 3~5 
04e30 S XX:0; G 1$5 

05@10 T Ir Ii I; 1 "'RE-ENTER DATA TAPE", t 
05e20 A " X INCREMENT " T,! 
05930 F I:l 9 Q00 l; D 20 
0 5 • 40 fi I ::Q ~ T ,R ; D 13 
05.50 D 15; D 14 



B 6.05 E 
0 6. 0 6 D 5 .1 ; D 5 .2 
06.10 A ! , "MAX "N 
06.,11 A .. FRONT "Q 
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05.,15 S U:CFITRCCCN-Q)/T)+0.5)l*T 
06~20 S V:N•U 
121 6 .2 5 F' I : l , V 00 I ; D 2 0 
06.30 F I::V,T,N; D 13 
06035 S l:N .. T; S W::N+T 
06.40 I CCN+U>-W> 7.1 
06045 S YCW>:Y<I> 
06.,,5rll S l:I-t; S W:W+T 
06.55 G 6.4 

07.UJ S Q:N•U; S R:N+U 
0 7.20 D ! 5 
07.30 D 14 

08.10 E 
~8 .1 5 D 5 .1; D 5 .2; D 6 .1 
08*20 A " TAIL " R; A " PREVIOUS SIGMA "Z 
08,.25 S U:C F!TR< C<R-N)/T)+0.5) l*T 
08.,30 S AA::N+U 
08.40 F I:::l, N ... I; D 20 
218.50 F l:N 9 T 11R; D 13 
08.55 S I:N+T; S W::N ... T 
08.60 I CW-CN ... U)) 9.1 
08.~5 S YCW):YCI) 
08.,70 S I=I+T; S W:W·T 
08. 75 G 8. 6 

09 ,.10 S Q: N-U; S R: N+IJ 
09 .,20 D 15 
09.,30 D Iii 
09.,,40 S AB::FSQTCMC2))/l 
09,.50 T II, %10.,05~ ~MATCHED SIGMA RATIO "AB 
fJ9 .,60 Q 

1~ .. 10 * A YO> 
13 .,20 * 
13,,,24 I 0-T> 13<!>.3~!3.4 
i3o30 F AM:1 9 T-l; D 20 
13 .40 R 
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14.10 T ~!10.05, I, "lST MOMENT .. Ml, .. SEC <MEAN)",! 
1 4 .2 0 F AC ::2 , 4 ; D 1 7 
14.30 T "2ND MOMENT " MC2>, " SEC t2 <VARIANCE) ",I 
14.,40 T '°STD DEVIATION .. FSQTCMC2>>, " SEC .. ,! 
14~50 T "3RD MOMENT" MC3>," SECt3 ",I 
l 4 " 60 T "' 4 TH MOMENT " M < 4 > , " SEC t 4 " , ! 
14.65 S CZ:MC3)/CFSQTCMC2))t3) 
14 .. 78 S CO::C<MC4)/CMC2) t2))-3) 
14.,75 T 7.7.05, t, "SKEW"' CZ"' 
! 4 • 79 S CK :C 0+3 
14.,80 T "'EXCESS .. CO, .. <KURTOSIS - 3) '", ! 
l_..82 T" SIMPLE SKEW •• ((N*AN>·Ml>/FSQTCMC2>>,t 
14.83 S CS::CMC3)t2)/(M(2)t3) 
14.84 S BG:CCFSQTCCS))*(CK+3))/C2*CC5*CK)-(6*CS)·9)) 
14 .85 T " PEARSON B 0 G SKEW " BG, t 
14 .9 5 R 

I 5 • l 0 S AD :0 ; S AG :0 
15.20 F I:Q,l 0R; D 16 
15.30 S Ml:AD/AG 
1 5.40 R 

1 S.10 S X::I; S AH::X*Y<I>*AN 
16.20 S AD :AD+f\ H 
l 6ao30 S AG :AG+Y CI> 
l 6.,Jl0 R 

1 7.10 S AJ::IZJ; S AK:0 
l 7 "'20 F' I :Q 0 T ~R; D 18 
1 7 .30 S M<AC> :AJ/AX 
l 7 ,.40 R 

18.UJ S X::I; S AL:(((X*ANl-MDtAC>*Y<I> 
18.20 S AJ:AJ+AL 
18e30 S AK=AK+Y<I> 
1s.40 r~ 

20.10 * A Y 
20 "20 * 
20e3f1 R 

* 
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Computer Program Written in Focal To Generate 

Data From Gram-Charlier Series 
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01 '}10 E 
0i.20 A "SKEW "S,I 
01~30 A "EXCESS wK,t 
0 i • 40 F I :-3, 0 • 012, 3; 0 2 
01o59J Q 
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02. UJ S R: <Cl 1'4) -[ 6* Cl 1'2) ]+3) 
02 "20 S N::C Clt3) •(3*1) l 
02.30 s G:0e398.36*fEXPC ( 0 01'2)}/2] 
02.40 s UC!):G*[H·C<S/6)*N)+[ cu<-3l/24)*Rll 
02 ..,50 T I, I 
02 c 60 T U CI> , l 

* 
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APPENDIX C 

Glossary 

A. List of Symbols 

A eddy diffusion, cm 

B 
2 -1 

gas phase diffusion, cm :o:ec 

B22 second viral coefficient 

C resistance to mass transfer, sec 

C coefficient in Hermite equation term of Gram-Charlier Series 
n 

D nonequilibrium in C term of van Deemter equation which is 

D 
p 

E 

F c 

g 

f'iG c 
e 

HETP 

L'IH 

j 

K 

K 

f/ 
"-

L 

r 

c 
e 

~f( l) 

not 'coupled' to A term, sec 

2 -1 coefficient of longitudinal diffusion, cm sec 

'coupled' nonequilibrium in the gas phase, sec 

outlet flow rate of carrier, 

grams of stationary phase, g 

-1 cm sec 

-1 -] excess partial molal free energy of mixing, cal deg mol · 

height equivalent to a theoretical plate, cm 
-1 -1 excess partial molal free enthalphy of mixing, cal deg mol 

compressibility factor 

--3 -3 partition coefficient, mol cm /mol cm 

test parameter for Pearson 1 s functions 

cumulant of order r 

column length, cm 

first statistical moment, arithmetic ·,nean, sec of peak 



M(2) 

M( 3) 

M(4) 
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APPENDIX C (continued) 

2 
second central moment, variance of peak, sec 

3 third statistical moment, measure of peak skewness, sec 

fourth statistical moment, a measure of peak flattening, 

4 sec 

l\ mass of ith polymer fraction, g 

H(N) 

M 
11 

H w 

n 

n. 
l 

, . . N t'lth statistical morrn::nt, sec 

polymer number average weight 

polymer weight average weight 

number of theoretical plates 

number in polymer ith fraction 

N denotes moment order 

P ratio of column inlet to outlet pressure 

p average column pressure of mobile phase, aTM 

p 0 vapor pressure of pure saturated solute vapor, aTM 

R chromatographic resolution 

S standard deviation of the sample, sec 

Sk Pearson 1 s measures of skewness 

-1 partial molal entropy of mixing, cal mol 

t retention time of air, sec m 

t retention time of peak, sec 
r 

T temperature, °K 

t mean of gc peak, sec 

u .:.:lve rage carrier -1 
flow rate, cm sec 
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.L\PPENDIX C (continued) 

v relative standard deviation 

Vo 
g 

3 specific retention volume at 0° ' cm 

v n 
. 1 3 net retention vo ume, cm 

adjusted retention volume, cm 

Wb width at base of gc peak, sec 

x sample arithmetic mean, sec 

B. Greek Symbols 

3 

a functional moment of Nth order, sec 
N 

N 

0-
C> 

--1 

13 1 measure of skewness defined from third moment 

!3 2 measure of peakedness defined from fourth moment 

E interparticle porosity 

N 
µN polulation moment, sec_, 

v nondimensional moment moment 
-3 density of stationary phase, g cm 

third moment measure of skewness 

fourth moment measure of peak flattening 

activity coefficient corrected for gas phase non-ideality 

c 
y- activity coefficient at solute concentration c and average 

p 

colunm pressure p 

standard deviation of population, sec 

'vidth of peak at 1/2 height, sec 
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COMPUTER ANALYSIS OF ASYMMETRIC 

PEAKS IN GAS CHROMATOGRAPHY 

by 

William ~1arcus Cooke 

(ABSTRACT) 

A digital computer was used to measure accurate gas chroma-

tographic peak synunetry, position and dispersion by central statis-

tical moments. Benzene samples were chromatographed on squalane 

for colunms of 3, 6 and 12 foot lengths and 1/8", 1/ 4" and 1/2" dia-

meters as a function of sample size. Peak symmetry was monitored 

by measuring skew, y 1 , and "excess," y 2 ~ two quantities derived from 

the higher central moments. 

Skew was found to increase in a positive manner for tailing 

peaks, pass through a maximum and approach a limiting step form 

for extremely overloaded columns. Skew could be used to indicate 

saturation of the liquid phase when it passes through a maximum. 

Negative skew for fronting peaks also approached a zero limiting 

form. 

Excess, y 2 was found to decrease rapidly for all columns. A 

few microliters of sample were sufficient to cause significant nega-

tive values of excess. Excess provides a semi-quantitative measure 

of column capacity. 



Three general types of peak shapes were observed with in-

creasing sample sizes: 1) gaussian behavior at very low sample 

sizes; 2) distorted peaks suitable characterized by central moments 

at normal analytical size samples; and 3) highly distorted peaks 

at larger sample sizes where central moments no longer reflect 

the step shapes observed. Moments can be used to set limits on 

sample sizes which i;,Jill produce these highly distorted peaks. 

Two moment related measures of skewness were also calculated. 

P 1 1 Mean - Mode 1 . h P , 0 f earson s s:e.ew, . 112 , a ong wit .. earson s p,y measure o 
(variance) 

skewness, were found to qualitatively reflect peak shape behavior 

only in the region of analytical sample sizes. Pearson's skew is 

subject to difficult interpretation due to equivalent modal values 

for large samples and the S, y measure was insensitive to fronting 

peaks. 

Third and fourth central moments were observed to have regular 

behavior as a function of sample size. 

A moment definition of resolution was derived 

R 
0.5 (M(l) 2 - M(l) 1) 

/M(2) l + /£1(2) 2 

where H(J.) = mean and M(2) = variance. This definition was used to 

compare solvent efficiency for the separation of benzene and cyclo-

hexane on three liquid phases, squalane, dinonalphalate and TRIS. 

In terms of equivalent throughput, defined as moment resolution per 



unit time per gram of sample, TRIS was found to be 175 times more 

selective than squalane. 

A preparative chromatograph was built with four thermal con-

ductivity detectors at 50' intervals in a 200' x 3/8" column. Column 

efficiency was measured by comparison of moment parameters at the 

end of each 50' section. The column was operated both at normal, 

high pressure drop (ambient outlet pressure) and low differential 

pressure (constricted outlet). The condition of high pressure drop 

caused acceleration of samples through the last two column sections 

and resulted in much poorer column efficiency. The low differential 

pressure column, inlet 350 psi, outlet approximately 150 psi produced 

a more linear velocity and greater column efficiency. In fact 100 

feet of the low differential pressure column generated the same reso-

lution as 200 feet of the high pressure column. 

For most chromatographic peaks manual methods of peak evaluation 

are subject to significant operator errors due to the subjective 

nature of assigning base width and peak retention time. The use of 

moments greatly increases the accuracy of two important measurements; 

(1) retention time as measure from the first moment and (2) resolu-

tion for preparative scale samples as measured from the first and 

second moments. The method of moments provides an accurate means of 

measuring retention time, dispersion, resolution and preparative scale 

cq \Lt valent throughp11t. 
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