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Robust Control Design and Analysis for Small Fixed-Wing Unmanned
Aircraft Systems using Integral Quadratic Constraints

Mark C. Palframan

The main contributions of this work are applications of robust control and analysis meth-
ods to complex engineering systems, namely, small fixed-wing unmanned aircraft systems
(UAS). Multiple path-following controllers for a small fixed-wing Telemaster UAS are pre-
sented, including a linear parameter-varying (LPV) controller scheduled over path curvature.
The controllers are synthesized based on a lumped path-following and UAS dynamic system,
effectively combining the six degree-of-freedom aircraft dynamics with established parallel
transport frame virtual vehicle dynamics. The robustness and performance of these con-
trollers are tested in a rigorous MATLAB simulation environment that includes steady winds,
turbulence, measurement noise, and delays. After being synthesized off-line, the controllers
allow the aircraft to follow prescribed geometrically defined paths bounded by a maximum
curvature. The controllers presented within are found to be robust to the disturbances and
uncertainties in the simulation environment. A robust analysis framework for mathematical
validation of flight control systems is also presented. The framework is specifically devel-
oped for the complete uncertainty characterization, quantification, and analysis of small
fixed-wing UAS. The analytical approach presented within is based on integral quadratic
constraint (IQC) analysis methods and uses linear fractional transformations (LFTs) on
uncertainties to represent system models. The IQC approach can handle a wide range of
uncertainties, including static and dynamic, linear time-invariant and linear time-varying
perturbations. While IQC-based uncertainty analysis has a sound theoretical foundation, it
has thus far mostly been applied to academic examples, and there are major challenges when
it comes to applying this approach to complex engineering systems, such as UAS. The diffi-
culty mainly lies in appropriately characterizing and quantifying the uncertainties such that
the resulting uncertain model is representative of the physical system without being overly
conservative, and the associated computational problem is tractable. These challenges are
addressed by applying IQC-based analysis tools to analyze the robustness of the Telemaster
UAS flight control system. Specifically, uncertainties are characterized and quantified based
on mathematical models and flight test data obtained in house for the Telemaster platform
and custom autopilot. IQC-based analysis is performed on several time-invariant H., con-
trollers along with various sets of uncertainties aimed at providing valuable information for

use in controller analysis, controller synthesis, and comparison of multiple controllers. The



proposed framework is also transferable to other fixed-wing UAS platforms, effectively taking
IQC-based analysis beyond academic examples to practical application in UAS control design
and airworthiness certification. IQC-based analysis problems are traditionally solved using
convex optimization techniques, which can be slow and memory intensive for large problems.
An oracle for discrete-time IQC analysis problems is presented to facilitate the use of a
cutting plane algorithm in lieu of convex optimization in order to solve large uncertainty
analysis problems relatively quickly, and with reasonable computational effort. The oracle
is reformulated to a skew-Hamiltonian/Hamiltonian eigenvalue problem in order to improve
the robustness of eigenvalue calculations by eliminating unnecessary matrix multiplications
and inverses. Furthermore, fast, structure exploiting eigensolvers can be employed with
the skew-Hamiltonian/Hamiltonian oracle to accurately determine critical frequencies when
solving 1QC problems. Applicable solution algorithms utilizing the IQC oracle are briefly
presented, and an example shows that these algorithms can solve large problems significantly
faster than convex optimization techniques. Finally, a large complex engineering system is
analyzed using the oracle and a cutting-plane algorithm. Analysis of the same system using

the same computer hardware failed when employing convex optimization techniques.

This material is based upon work supported by the National Science Foundation under Grant
Number CMMI-1351640, the U.S. Navy Naval Air Systems Command, and the Virginia Tech
Institute for Critical Technology and Applied Science.
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Chapter 1

Introduction

Topics such as linear parameter-varying (LPV) control and integral quadratic constraint
(IQC) analysis have been applied throughout the literature. In this work, LPV control and
IQC-based analysis have been successfully applied to complex engineering systems. Specif-
ically, a small fixed-wing unmanned aircraft system (UAS) is used throughout this work.
Parts of this work have been previously published as conference proceedings. The work can
be divided into three subtopics of UAS robust control: synthesis and testing of an LPV path-
following controller [1], development of an IQC analysis framework [2], and the formulation

of a robust oracle for solving large 1QC problems.



Mark C. Palframan Chapter 1. Introduction 2

1.1 Path-Following Control for UAS

One of the challenges associated with small fixed-wing UAS is operating effectively in the
presence of relatively significant environmental disturbances, namely winds, gusts, and tur-
bulence. Owing to their size, small unmanned aircraft are affected much more dramatically
than traditional aircraft in the presence of what may be considered small environmental
disturbances, often leading to poor performance by traditional trajectory tracking methods
with time-stamped inertial position feedback. Path-following control methods, by guid-
ing an aircraft to converge to and follow a geometric path in space specified without time
parametrization, can potentially handle stronger disturbances than trajectory tracking meth-
ods [3]. In fact, [1] shows that path-following control is often able to remove performance

limitations present in traditional reference tracking methods.

Path-following control has been shown to have many useful applications to UAS, involving
missions related to surveillance, imaging, formation flight, and station keeping [5]-[7]. Flying
various loiter patterns, for instance, is necessary to collect sparsely distributed airborne
contaminants [3]. Alternatively, UAS in urban environments must maintain their position
on the desired path despite the presence of significant disturbances in order to avoid collisions

with the surrounding infrastructure.

Notable approaches to path-following control include waypoint guidance [9] and the use of
vector fields to drive the vehicle towards the desired path [10], [11]. Among others, this work

utilizes a virtual vehicle formulation [12], [13], whereby the controller strives to minimize
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the error between the ownship and a fictitious vehicle constrained to the path. Specifically,
this work strives to extend the formulation in [12] by incorporating it into an LPV H,

framework.

In general, the control strategy developed in this work utilizes the fact that control of the
vehicle attitude can drive the vehicle towards a desired position, in this case along a ge-
ometric path in space. The designed low-level controllers need only a curvature bounded
geometrically defined path as input to accurately track applicable paths at a constant speed
profile in the midst of atmospheric and other disturbances. As the path-following controllers
presented in this work are simply parameterized by path curvature, they can be synthesized
offline. Any path bounded by curvature simply needs to be uploaded to the UAS, and it can

be subsequently tracked by the onboard controller.

At the cost of increased complexity through the introduction of path-following dynamics
into the overall system, a virtual vehicle approach can be considered the most flexible path-
following approach in terms of the geometric paths that can be followed. In fact, by incor-
porating key assumptions into the approach developed in [12], the approach in this work
effectively combines the path-following and vehicle dynamics in a way that the resulting

system has the same number of states as the pure vehicle dynamics.

While much of the existing literature on path-following employs nonlinear control methods,
such as backstepping, sliding mode, and adaptive control, e.g., see [12], [11], an H, approach
is employed in this work. Specifically, linear time-invariant (LTI) and LPV controllers are

designed using the H,, norm as the performance measure. This linear framework allows
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the method to take advantage of H., tools from the vast literature on robust control. For
instance, the formulation presented within is easily adaptable to formal validation techniques
and the incorporation of uncertain initial conditions and other uncertainties into the synthesis

process [2], [15].

In this work, we partially adopt the virtual vehicle formulation proposed by Kaminer et al.
[12], where a nonlinear backstepping outer-loop controller, based on the dynamics of a parallel
transport frame, prescribes pitch and yaw rates, which are then tracked by a stabilizing inner-
loop controller. By incorporating key assumptions into the approach developed in [12], the
approach herein effectively combines the path-following and vehicle dynamics in a way that
the resulting system has the same number of states as the pure vehicle dynamics. In addition
to the aforementioned benefits of H., control, this lumped dynamics approach utilizes far
fewer tuning parameters, which the authors found to be much more intuitive to use than

those involved in [12].

1.2 1IQC Analysis for Small Fixed-Wing UAS

An uncertainty analysis framework is presented to aid in the airworthiness certification of
UAS controllers, quickly compare various controllers, and guide the design process to pro-
duce controllers which are robust against modeling inaccuracies, nonlinearities, and external
disturbances. As reported by the US Department of Defense in 2002, 26% of all recorded

UAS mishaps are due to flight controller issues, second only to power failures [16]. In ad-
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dition to external disturbances, variations in aircraft construction, damage from field use,
the addition of small payloads, and modifications to the airframe all have the potential to
negatively impact the controller performance if the UAS is not remodeled to incorporate

them, and the corresponding controller redesigned.

By creating a unified framework for uncertainty characterization, quantification, and analysis
of fixed-wing UAS controllers, the aircraft system’s robustness to disturbances, nonlineari-
ties, and modeling inaccuracies may be quickly and inexpensively assessed. Such assessments
may reduce the disparity between the relatively low manufacturing costs for small UAS and
the large verification and validation costs associated with aerospace platform development
[17]. The rigorous approach to system analysis presented in this work has the potential to
expedite the platform validation process without relying on extensive Monte Carlo simula-
tions, wind tunnel, and flight testing. To accomplish this, robust control techniques and
integral quadratic constraint (IQC) based analysis tools are leveraged to check for robust
stability and provide upper bounds on the worst case controller performance. By serving as a
pre-screening tool for certification, these performance bounds can help identify the system’s
sensitivity to selected sets of uncertainties, which may be utilized in the controller synthesis

process to improve system robustness.

First developed by Megretski and Rantzer, IQC theory provides a powerful analysis frame-
work for simultaneous inclusion of several uncertainty types [18]. As a result, IQC-based
analysis allows semidefinite programming techniques to be used to quickly obtain guaranteed

upper bounds on the /y-gain performance level of an uncertain closed-loop aircraft system.
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Whereas the mature p-analysis is restricted to linear time-invariant uncertainties, the IQC
approach is much more flexible and handles a wide range of uncertainties, including: static
and dynamic, linear time-invariant and linear time-varying (LTV) perturbations, time de-
lays, and sector-bounded nonlinearities [19]. These uncertainties can be easily combined
and manipulated in any rational combination by representing the uncertain dynamic system
as a linear fractional transformation (LFT) on uncertainties. The Linear Fractional Repre-
sentation (LFR) Toolbox for MATLAB, for instance, could be used to formulate LFRs from

uncertain linear systems [20].

To date, IQC-based analysis has been applied to several aircraft-related academic examples,
typically focused on simplified longitudinal models with select modeled uncertainties [21]-[23].
For instance, the effects of individual uncertainties on a longitudinal NASA re-entry vehicle
model are analyzed in [24], a longitudinal model of an aeroelastic aircraft with a dynamic
input uncertainty is analyzed in [20], a two-state longitudinal ONERA fighter model is
analyzed with uncertainties representing flight envelope, static parameters, and aerodynamic
sub-coefficients in [20], and the effect of saturation on NASA’s Generic Transport Model is
analyzed in [27]. While theoretical development is still ongoing, IQC-based analysis has a
strong and relatively mature theoretical basis. From an implementation perspective, IQC-
based analysis methods have not previously been shown to be applicable to full 6-degree-of-

freedom (DOF) aircraft models while covering all major uncertainties.

While the creation of the proposed uncertainty framework may appear simple given the

available theory and semidefinite programming tools, several difficulties manifest themselves
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in this problem. The contributions and challenges of this uncertainty framework are as

follows:

e Uncertainties are classified for a 6 DOF UAS such that they balance the computational
complexity of the resulting analysis problem with the conservativeness of the results.
For instance, several related uncertainties lumped together into a fewer number of un-
certainty representations would result in a more computationally manageable analysis
problem, but consequently, a more conservative worst-case performance bound. On the
other hand, representing the same system as many interconnected uncertainties might
yield a lower performance bound, but may cause the semidefinite program to become
computationally intractable, as the number of optimization variables in the Lyapunov

stability matrix grows quadratically with the order of the state-space representation

[21].

e The typical assumption that the aircraft center of gravity (CG) is affixed to the origin of
the body-fixed reference frame is relaxed to allow the unknown CG location (restricted
to a longitudinal plane) to be incorporated into the system model as an uncertainty,
effectively coupling the aerodynamic forces and moments in the 6 DOF rigid body
equations of motion. Considering all parametric uncertainties, including uncertain
mass, moments of inertia, and CG, results in a very large LFR. An appropriate model

reduction procedure is presented.

e Uncertainties representing nonlinear and unmodeled portions of the system’s aerody-



Mark C. Palframan Chapter 1. Introduction 8

namics are captured using a small number of static time-varying perturbations based
on collected flight test data. Uncertainties representing controller delays, unmodeled
actuator and thrust dynamics, saturations, and other nonlinearities are quantified as

a set of dynamic LTI and static LTV perturbations.

e The UAS uncertainty framework is implemented for three tasks: analysis of a UAS
controller with respect to several uncertainty groups, comparison of the robust perfor-
mance of three designed H,, controllers, and aiding in the controller design and tuning

process.

The uncertainty classification choices presented herein correspond to specific [QC-multipliers
available in the literature that the authors found to best reduce conservatism while still
covering the applicable uncertainty range. Additionally, the uncertainties have been chosen

such that they can be easily quantified without requiring extensive additional testing.

The framework is applicable to any LTI or LPV controller, including linear quadratic regu-
lators, PID, H.,, and p-synthesized controllers, which have been found to be effective and

highly used in fixed-wing UAS flight control [1], [15], [28], [29].

1.3 A Discrete-Time IQC Oracle

The IQC framework is a valuable tool for uncertainty analysis of complex engineering sys-

tems [2]. Through application of the Kalman-Yakubovich-Popov (KYP) lemma (see Section
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4.4), the frequency-dependent, infinitely constrained IQC analysis problem can be equiva-
lently posed as a frequency-independent, finite dimensional convex optimization problem,
and solved using robust semidefinite programming tools, such as SDPT3 [15], [30]. Unfortu-
nately, the KYP-based solution to medium and large sized IQC problems can be computa-
tionally expensive and slow to converge [31]. This has led to the development of non-KYP-
based methods to solve IQC analysis problems involving frequency-gridding [21], [32], [33],
or cutting plane algorithms [31], [31]. These alternative fast IQC algorithms consist of two
main parts: an algorithm to generate a candidate solution, and an oracle to determine if the
candidate solution satisfies the IQC inequality. By exploiting the structure of the problem,
the IQC oracle quickly checks if the IQC inequality holds for its infinite set of constraints,
and if not, returns violated constraints to be incorporated into the algorithm for generating
new candidate solutions. Instead of relying on a Lyapunov stability matrix to represent the
infinite number of frequency constraints on the system, as the KYP solution does, the IQC
oracle is posed as an eigenvalue problem. The eigenvalue problem can be solved faster than
its convex counterpart for medium-large problems. This allows IQC problems to be solved
in a much less memory intensive fashion and, depending on the dimensions of the problem,

faster.

Similar Hamiltonian eigenvalue problems are frequently used when solving for H,, norms.
A bisection routine, for example, is commonly used to converge to an upper bound on the
standard H., norm by calling an oracle to check candidate norm bounds at each iteration

[35], [36]. Hamiltonian-based oracles for the continuous-time IQC problem can also be found
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throughout the literature [21], [31]-[34]. In this work, we present an oracle for the discrete-
time IQC problem. As many control systems, such as the one in [2], are implemented in
discrete-time, a discrete-time version of the IQC oracle is important for the analysis of prac-
tical engineering systems. To the authors’ knowledge, the discrete-time formulation of the
IQC oracle is not available in the literature. We specifically deal with real-valued dynamic
systems in this work, although extensions to the complex case are possible. The IQC ora-
cle presented in Chapter 6 is extended and manipulated to result in an eigenvalue problem
applied to a skew-Hamiltonian/Hamiltonian matrix pencil. This specially structured pencil
can be used in order to improve the robustness of eigenvalue calculations and allow struc-
ture preserving eigenvalue solvers to be applied. Such eigensolvers would allow the purely

imaginary eigenvalues of interest to be calculated with zero error in the real part [37].

1.4 Overview and Contributions

Chapter 2 presents an overview of notation used throughout this work. The equations of
motion for a fixed-wing rigid body aircraft are derived. Additionally, specific information on
the aircraft platform and simulation environment used are presented. Finally, the synthesis

equations for time-invariant and parameter-varying H., control are given.

Chapter 3 presents the design of three robust path-following controllers for a fixed-wing UAS,
including an LPV H, controller. All three controllers are designed and synthesized offline,

and can be used to track any geometrically defined path bounded by a maximum curvature
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without requiring any additional synthesis. Specifically, the designed LPV controller pro-
vides an example of effective application of LPV control techniques to a real-world complex
engineering system. The simulation results of each controller as applied to a variety of paths

are also presented.

Chapter 4 provides a brief overview of 1QC theory, including the IQC multipliers used in
this work and an application of the Kalman-Yakubovich-Popov lemma. The presented 1QC

theory is referenced in the subsequent two chapters.

Chapter 5 presents an IQC-based uncertainty analysis framework for fixed-wing UAS. Appro-
priate uncertainty types are modeled in order to balance the conservatism and computational
complexity of the resulting IQC analysis problem, and cover all the prominent uncertainties
and nonlinearities. Additionally, the uncertainty framework is applied to a small fixed-wing
UAS platform. Details and suggestions concerning uncertainty quantification are provided
in addition to a model reduction procedure. Finally, the utility of the analysis framework
is shown through analysis of a single controller, comparison of multiple controllers, and a

controller tuning procedure for the modeled UAS platform.

Chapter 6 presents an oracle as an alternative method to solve discrete-time IQC problems.
Two algorithms for solving discrete-time IQC problems using the oracle are briefly discussed.
Implementation details and pseudocode for a cutting plane algorithm are presented. Tech-
niques to improve the robustness of eigenvalue calculations within the oracle are applied to
the discrete-time IQC oracle. Finally, the advantages of the oracle for fast solution times

and application to large complex engineering systems are presented through two examples.
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Finally, conclusions and areas of future work for the above topics are presented in Chapter

7.



Chapter 2

Background

This chapter presents the notation, equations, and controller synthesis algorithms that will be
used in this dissertation. Section 2.1 first presents notation that will be used in this chapter
and the chapters that follow. The equations of motion for a rigid-body aircraft are derived
in Section 2.2, and details on the employed MATLAB simulation environment are presented
in Section 2.3. Aerodynamic and other parameters for the Telemaster UAS platform can
be found in Section 2.4. Finally, LTT and LPV formulations for H., controller synthesis are

given in Section 2.5.

2.1 Notation

The notation used is mostly standard. The set of complex vectors of dimension n, real

vectors of dimension n, real-valued n X n symmetric matrices, real-valued skew-symmetric

13
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n X n matrices, real-valued n x n upper-triangular matrices, and the set of non-negative
integers are denoted by C", R", S", SK", T", and Z, respectively. The unit imaginary
number is denoted as j = \/—1. The transpose, adjoint, maximum singular value, and
largest eigenvalue (when all eigenvalues are real) of a matrix X are given as X7, X*, 5(X),
and A\pq(X). Note that the eigenvalues of a Hermitian matrix are real. X < 0 denotes that
X is negative semidefinite. The normed space of square summable vector-valued sequences
x = (x(0),z(1),x(2),...), with each (k) € R", is denoted by ¢4, and abbreviated to
¢, when the dimension is evident or irrelevant to the discussion. Given x € ¢, its Fourier
transform is @, and the ¢, norm is defined as ||z||7, = >_;2, " (k)z(k) < oo, with k denoting
time. The fs-induced norm of a bounded linear operator P mapping /{5 to {5 is defined as
| P[ley e, = SUPpyer, (I|Pulle,/[|w]le,). The image and kernel of a linear map P are denoted
as Im P and Ker P, respectively. RL., is the space of proper discrete-time real-rational
transfer functions with no poles on the unit circle. RH. C RL, contains stable functions
with all poles strictly inside the unit circle. Given G € RH,, the {>-induced norm, or H.,

norm, is given by [|Gllec = SUP (0.2, T(G (7).

Defining the symplectic matrix J € SK™ as

0o I,
\7: )
-1, O
where m = 2n, we call a matrix X € R™™ Hamiltonian if X7 = J7 X" and skew-

Hamiltonian if X7 + J'XT = 0. A matrix 4 € R™™ is called orthogonal if UUT =
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UTU = I,, and orthogonal symplectic if it is orthogonal and UJUT = J. A linear matrix
pencil X — Y € R™ with A € C is called skew-Hamiltonian/Hamiltonian if X € R™*™

Rme

is Hamiltonian and Y € is skew-Hamiltonian [38]. We let the spectrum o(X,Y)
represent the set of unique values A € C (eigenvalues) of the pencil X — AY such that
det(X — AY) = 0. We say that the pencil X — A\Y is regular if there exists a A such that
det(X — AY) # 0. Finally, we define two matrix pencils, introduced in [39], which have
special block structures and properties. Namely, given A, B € R™™ and C € S™, the D-
type pencil, Xp — AYp, and the C-type pencil, Xo — A\Y¢, are defined as matrix pencils of
the following forms:

0 A 0 B 0 A 0 B
Xp — \Yp = )\ . X — \Yo = )\

-BT C —AT 0 AT C —BT 0

We use 6 and A, along with a unique subscript, to denote causal scalar and full block
uncertainties, respectively. In addition, these uncertainties may by static LTI (6, A), dynamic
LTI (6(2),A(z)), or static time-varying (§(k), A(k)), where z is a complex number and k
denotes the time instant. Dynamic LTV uncertainties are not considered herein. s The upper
LFT of M and an operator A is formally defined as Ax M = My + Moy A(1 — My A) ™ Moy,
where M = [M;;]i=12.j=12. When A appears with no dependence on z, it refers to a block-
diagonal operator consisting of uncertainties and the term 1/z. A realization of the system

G(z) = D + C(zI — A)~' B, the Kronecker product of an m x n matrix X and the identity
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matrix I, and a skew-symmetric version of vector € = [a b ¢]T will be written as

$11I--'$1n1 0—cb
A|B
G= , X@l=1 + . |, x"=]¢ 0 —al

C|D

To1d . T —ba 0

Finally, diag(X, Y, Z) denotes a block-diagonal representation of the matrices X, Y, and Z.

2.2 Rigid-Body Aircraft Equations of Motion

A detailed derivation of the rigid-body equations of motion for a fixed wing aircraft is avail-
able in [10], among others. Two reference frames are used to define the aircraft’s motion,
the Earth-fixed inertial reference frame and the body-fixed reference frame, denoted F; and
Fy, respectively. The inertial reference frame has its origin on the surface of the Earth and
has components of (x;, y;, z7), which point to the North, East, and downwards, respec-
tively. JFp has its origin affixed to the aircraft center of gravity (CG), and has components
of (xy, Yy, 2p), which point towards the aircraft nose, towards the right wingtip, and down-
wards, respectively. JF, can be related to F; by a rotation through the Euler angles, ¢, 6, and
1, as shown in Fig. 2.1. These angles are known as the bank angle, pitch angle, and heading

angle, respectively. The Euler angles are represented in vector form as A = [¢, 6, ¥]”.
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From Newton’s second law, we have

d(V;
F 7+ W =m ( I) y
dﬂﬂt (2.1)
M, =22
I dt )
where F; = [Fy,, F,, Fr )T is the set of external forces on the aircraft expressed in Fj,

W = [0, 0, mg]T is the weight vector in F7, m is the aircraft mass, g = 9.81 m/s?, and mV;
is the linear momentum vector, with V; = [v,, v,, v,]T being the velocities of the aircraft,
also expressed in the inertial reference frame. Likewise, M; = [My, My,,, M )7 is the set
of moments acting on the aircraft in F; and H = [H,, H,, H.]" is the vector of angular

momenta. The angular momentum can be defined as

H=JQ,

where Q = [p, ¢, r|T is the vector of aircraft angular velocities, and .J is the inertia tensor,

defined as

Given the symmetry resulting from the choice of the body fixed reference frame, the inertia

tensor can be simplified by assuming
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Additionally, an assumption can be made specific to the aircraft discussed in this work that
the I, and I, terms of the inertia tensor are negligibly small. The inerta tensor can then

be rewritten as the diagonal matrix

I, 0 0
J=10 1, 0
0 0 I,

Since both F; and M are defined in the inertial frame, their corresponding derivatives in
(2.1) are also taken with respect to F;. Redefining the derivatives to be taken with respect

to the body-fixed reference frame yields

d
F:m—V +m(Q x V),
a |,
M- o.H
dt |,

where the aircraft velocities in F, are defined as V' = [u, v, w]?. Expanding these equations,
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the aircraft equations of motion are

F, U+ quw —rv
F,l =M o+ru—pwl|-
F, w~+ pv — qu
2 _ - - (2.2)
Ml p]:c + qr(]z - ]y)
My, | = 4Ly +rp(l, — 1)
M, i1+ pg(ly, — 1)

Equation (2.2) can easily be solved for the angular acceleration terms as Q=J"'M -

J71(Q x H). Expanded, this is equivalent to

p LMy — (I — 1)qr)
| = |, (M, — (I, — L)pr)| - (2.3)
_7;_ _]gl(Mn - ([y - ]m)pQ>_

In order to solve for the linear accelerations, the weight vector must be expressed in the body-
fixed reference frame. A map from F; to JF; is obtained by a series of rotations through the

Euler angles, namely:

1. Fj is rotated about z; through the heading angle ¥ to obtain F; = (21, y1, 21)-

2. JF; is rotated about y; through the pitch angle 6 to obtain F5 = (2, Yo, 22).

3. JF, is rotated about @, through the roll angle ¢ to obtain F, = (2, Ys, 25)-
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Combining the three rotation matrices, the matrix Ry, is found as

cosfcosty sin¢gsinfcosy — cospsiny cos ¢ sinf cosy + sin ¢psiny

Ry, = |cosfsiney sin¢sin@sint + cos¢cost) cos ¢sinbsin — sin ¢ cos i | - (2.4)

—sin 6 sin ¢ cos 6 cos ¢ cos

Using (2.4), the body axis components of W' are given as

—sin @

Wi, = RpW =myg |sinpcosh | - (2.5)

cos ¢ cos 0

We define the aircraft gravitational acceleration vector as G = m™'W,. Combining (2.2)
and (2.5), the linear body-axis accelerations are solved for as V.= m™'F — Q x V + G,

which expands as

v F,/m — gsinf + rv — quw
v| = |F,/m+ gcosfsing +pw —ru| - (2.6)
w F,/m + gcosfcos ¢+ qu — pv

Note that in (2.3) and (2.6), the force and moment definitions in (2.2) cannot be used as
they depend directly on V" and €2. Instead, these forces and moments will be estimated from

other states and measurements.

The Earth-fixed dynamics are obtained through a simple rotation of the body-fixed linear
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Yp Yo

q F/)

Figure 2.1: Euler angles, aerodynamic angles, and roll rates are shown with respect to the
body-fixed reference frame.

velocities as

P=R,V.

where P = [N, E, z,]* represents the North, East, and vertical CG position in F7.

Looking at Fig. 2.1, where Fp is the inertial reference frame transposed to the aircraft CG,

the aircraft’s angular velocities can be related to its Euler angles as

p é 0 0
g| =R |0| +Ru [§] +Ror |0 (2.7)
r 0 0 P

Rewriting (2.7) as @ = & (A)"*A, the Euler angle rates can easily be solved for as A =
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E(A)Q2. Expanding terms yields

b 1 singtanf cos¢tanf| |p
6] =10 cos ¢ —sin ¢ ql - (2.8)
¢ 0 singsecl cosgsecl| |r

Given the vector of atmospheric disturbance velocities V,, = [y, Uy, wy]|T, the aircraft air-
data measurements can be defined. These disturbances, which represent wind, turbulence,
and other atmospheric effects, are defined in the body-fixed reference frame, as they are

measured onboard the aircraft. The total airspeed, angle of attack, and angle of sideslip are

W — Wy,
o =tan ! ——2, (2.9)
U — Uy
. U= Uy
= sin ,
4 Va

as shown in Fig. 2.1. The linear velocity with respect to the wind is defined as V =V —V,,,
and the total aircraft velocity as V' = vVTV. Finally, we denote the wind axes reference
frame, shown in Fig. 2.1, as F,,. The wind reference frame has components of (€, Yw, Zuw)

which are obtained using the following series of rotations:

1. Fpis rotated about vy, in the left-hand direction through the angle of attack « to obtain

fwl = (wwla Y1, zwl)-

2. Fun is rotated about z,, through the side slip angle 5 to obtain F, = (v, Yu, 2w)-
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Equations 2.3 and 2.6 can easily be lumped together and rewritten as

-1

Q J 0 M aOxJ 0 Q 0
= — + , (2.10)
\4 0 mlis F 0 mQ*| |V G
where ~ . _ -
0 —w w 0 —r gq

Vi=lw 0 —u|, =], 0 —p

By relaxing the previously made assumption that F, is centered at the aircraft CG, the
aircraft linear and rotational velocities become coupled [11]. Defining the vector from the

origin of F, to the CG as 8., = [d., d,, 0|7, the coupled velocities are written as

-1

Q J 8 M J —mV*8% mQXsx| |2
= — . (2.11)
14 —md}, mls F+mG —m§* 8 mQ* | |V
Once again, the rotational and translational kinematic equations are written as
A =E(9,0)Q,
(2.12)
P =TRu(A)V.

Changes in the initial heading direction (V) can have a large effect on the linearization of

the equations of motion. To circumvent this, the nominal CG position will be redefined as
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Py = [X, Y, h]" where X = Ncosty+ Esintg, Y = —Nsintg + E costhg, and h = —z,.

The resulting differential equations are given as

Py =Ry (Ag)V Iy, (2.13)

where Ag = [¢, 0, ¥ — 1o]T and Iy = diag(1, 1 —1).

2.3 Simulation Environment

All controllers are tested in a rigorous MATLAB-based simulation environment. The simulation
environment involves the aircraft nonlinear flight dynamic model, along with actuator mod-
els, and features steady winds, moderate turbulence from the low altitude Dryden turbulence

model (see Section 2.3.1), sensor noise, controller delays, and aerodynamic uncertainties.

Sensor noise is sampled from a Gaussian distribution with standard deviations of 0.5 rad/s
for p, ¢, and r measurements, 2 m/s for V,, 0.01 rad for ¢, 6, and ¢, and 2 m for X, Y,
and h, as determined from sensor specifications. The controller operates in discrete-time
at a frequency of 25 Hz. Controller commands are implemented in the simulation with a
delay of less than one timestep (0.04 seconds) or less. Finally, aerodynamic uncertainties
are implemented as bounded additive perturbations on the aerodynamic coefficients. The

aerodynamic uncertainty bounds can be found in Chapter 5.
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2.3.1 Dryden Turbulence Model

The Dryden Wind Turbulence model (MIL-F-8785C) is used to generate simulated wind
gusts [12]. The turbulence velocity components are calculated in the body frame with the

following continuous-time transfer functions:

2L 1
Hu = Oy = )
(s) =0 VoV, 1+ %s

L, 1
V, (HﬁS)Q’ (2.14)

\/’H'V 1+Lu7

where V, is the current airspeed, L. are disturbance scale factors, o) are the root-mean-

H,(s) =0,

square disturbance intensities, and the subscripts u, v, and w refer to the aircraft body axis
directions. As the Telemaster flight operations are restricted to under 400 ft above ground
level (AGL), the low altitude Dryden model (valid for altitudes under 1000 ft) is utilized
[13]. For low altitude, the scaling factors and intensities are given as L,, = #/n, L, =
H, 0y, = "0/10n'2, and o, = v20/10, where H is the current vehicle altitude in ft AGL, uy is
the average wind speed at 20 ft above ground level in kts, and h = (0.177 +0.000823 H ) ft.
Values of 15 kts, 30 kts, and 45 kts are used for uyg to represent light, moderate, and severe
turbulence, respectively. Note that the scale factors and intensities in the u and v directions

are identical. The low altitude Dryden model transfer functions can now be rewritten as



Mark C. Palframan Chapter 2. Background 26

Ug0 2H 1
H'LL = ' )
()= Tonm Vrvah 1+ s

. U920 H 1
~10R2 N 7V,h ( —3)27 (2.15)

U920 H 1
Hy(s) = 22, /= . .
(8) 10 7_‘_‘/:1 (1 n ES)Q
Va

2.4 Telemaster UAS Platform

H,(s)

A commercially available 6 foot wingspan Telemaster radio-controlled (R/C) plane (Hobby
Express) is used for modeling, simulation, and flight testing. As it is a “trainer-class” R/C
plane, the Telemaster, shown in Fig. 2.2, is inherently stable. Despite its classification, the
Telemaster’s control surface sizing is such that the aircraft is quite agile, and can easily
perform aerobatic maneuvers [14]. The airframe also exhibits a spacious fuselage, allowing a
custom autopilot and several sensors to be installed. The aircraft’s lifting tail configuration
is designed so that the CG of the aircraft is at approximately the center chord, further
back than the usual quarter-chord placement for similar platforms. This allows more of the
fuselage space to be used for housing electronics and batteries without requiring additional
nose ballast in order to maintain a proper CG placement. While the airframe is mostly
stock, it should be noted that minor modifications have been made for the installation of
sensors in both the fuselage and wings. The geometric properties of the aircraft can be

found in Table 2.1. The moments of inertia displayed in Table 2.1 were determined by bifilar
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Table 2.1: Telemaster Parameters

Mass (m) 3.307 kg

I, 0.198  kg-m?

I, 0.305  kg-m?

I 0.418  kg-m?
Wing area (S) 0.56 m?
Wing span (b) 1.83 m
Wing MAC* (¢) 0.30 m

*mean aerodynamic chord

and compound pendulum tests performed in the manner described in [14]. Previous work

utilizing this aircraft can be found in [14]-[17].

Figure 2.2: Telemaster UAS. (photo by Mark Palframan)
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2.4.1 Thrust Model

Assuming that the electronic speed controller provides a constant propeller RPM for a given
input command d7, an experimentally obtained lookup table is used to map dr to a cor-
responding RPM value [14]. A Javaprop based lookup table then maps the current RPM
and airspeed to the propeller thrust [18]. The thrust, T, is applied along the x; axis. Fur-
thermore, propeller effects, including reaction torque, P-factor, propwash, and gyroscopic
precession are not modeled. Finally, it is assumed that the dynamics of the propulsion sys-
tem are much faster than the aircraft dynamics, and as such no additional dynamics are

included in the model. Further details on the propulsion model can be found in [44].

2.4.2 Aerodynamic Model

The aerodynamic forces and moments in (2.11) are defined in terms of aerodynamic coeffi-

cients, namely,

1
F(-) = ici(')pVaZS, for i = x,y, 2,
1
M;() = 5C5()pViiSb, for j =1,n, (2.16)
1
M) = SCum()pV2SE
where C( denotes an aerodynamic coefficient and p = 1.3302 kg/m? is the air density.

Common maximum likelihood system identification techniques, such as the output error

and equation error methods, solve for the aerodynamic parameter values that make up the
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nonlinear aerodynamic coefficients (based on the chosen aerodynamic model structure) by
comparing measured force and moment time-histories to a postulated aerodynamic model

[19]-[52]. The aerodynamic model structure is assumed to be

Cy = Coy+ Crqa + Coy 01 + Coy 2T/ (pSVD),

Cy = Cyy+Cys 0+Cys  0a+Cy; 0rt(Cyyp+Cy,7)b/(2Va),
C. = CogtCaq@+ sy S5+Ce0at/ (2Va)+ Cop2T/(pSV,D),
C)= Czo+0z56+015A5 A+OZJR53+(Opr+ClTr)b/ (2VL),

Cin = Cing+ Cna@ + Cing 65 + Crmgac/ (2Va),

with values found in Table 2.2. Here dg, 04, and dg are the the elevator, aileron, and rudder

deflections, respectively.

Three identical servomotors mapping the commands dg,., d4., and dg, to the control surface

deflections 0, 04, and dg are nominally modeled as
Gact(8) = w2, /(8% + 2Cwnss + W2,). (2.17)

The natural frequency and damping ratio were experimentally estimated to be w,, = 13.7

rad/s and (; = 0.67 by measuring the servomotor frequency response in [53].



Mark C. Palframan Chapter 2. Background 30

Table 2.2: Aerodynamic Parameter Values

Term Value | Term Value |[Term Value | Term Value ||Term Value |Term Value

C., -0.3066 | C,, 0.0254 | C,; -0.2103 || Gy -0.0002 | Cpy -0.0116 | Cny -0.0026

Ce 1.7086 Cyﬁ -0.3763 || C,, -2.3665 Clﬁ -0.0585 || Cpe  -0.3529 Cnﬁ 0.0258

Cop. 0.3005 | Cpe -0.1350 || C.y  0.6548 || Gy 0.1123 | Cpy 0.5687 || Cs -0.0049

T A E A E A

Cop -0.24311/C, 01038 | C.. -0.2628 | G, 0.0052 Cns -0.0390
R R R
W  0.5582 | C..  -52.6239 | C,, -0.2810 | Cn, -14.262 | C., -0.0737
C,  0.1007 C, 0.1663 Co,  -0.0898

2.5 H, Control

This section presents control synthesis procedures for linear time invariant (LTI) and linear
parameter varying (LPV) H., control. The presented synthesis methods are based on [54]-

[56]. Notation in this section is borrowed from [57].

2.5.1 LTI H, Controller Synthesis

The discrete-time LTI system G with zero initial conditions is given by

-a_:(k:+1)- -A B, BQ_ -j(k)-
Z(k) | = |Cy Dn Dyl |w(k)|Z(0)=0, (2.18)
y(k) Cy Dy O u(k)

where the signal (k) € R™ is the error between the actual and trim values of the state
vector, namely Z(k) = (k) — @, and k € Z, denotes the discrete time instant. Similarly,
y(k) =y(k) — yyr € R™ and u(k) = u(k) — uy € R™, where y(k) and w(k) are the errors

between the measurement output and control input vectors at time instants k. The signals
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Z<—G<—’UJ

_>K

Figure 2.3: The closed-loop block diagram.

w(k) € R™ and z(k) € R™ denote the exogenous disturbances and performance errors,
respectively. The disturbance channel is partitioned as w(k) = [w,(k)T, w,(k)T]’, where
w,, (k) represents atmospheric disturbances and w,, (k) sensor noise. The atmospheric distur-
bances are a summation of steady winds and gusts generated from the low altitude Dryden
turbulence model, presented in Section 2.3.1. Additionally, it is assumed that disturbances
are finite energy signals satisfying w € f3. The control inputs w(k) for the plant G are
defined by an LTI controller, K, with the state-space representation

xx(k+1) _ Ag Bk | |zk(k) 2 (0) = 0, (2.19)

u(k) Cx Dg y(k)

where & (k) € R"¥ is the controller state vector with zero initial conditions. Fig. 2.3 shows

the feedback interconnection of G and K from (2.18) and (2.19).

Denoting the closed loop system as M and concatenating the plant and controller state
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T
vectors as &y (k) = z(k)T xx(k)T| € R™*"x  the closed-loop system equations are
Zy(k+1) Ay By | | 2m(E)
and the state-space matrices Ay;, By, Cyr, and Dy, are defined as
A+ ByDCy  ByCg | By + BaDg Dy
= BrCh Ag By Do (2.21)

In this work, an admissible controller is defined in the following way:

Cy+ D12oDrCy D15Ck | D1y + D19Dg Doy

Definition 1 (y-admissible synthesis [57]). A controller K is a vy-admissible synthesis for

the plant G if the closed-loop system in Fig. 2.3 is exponentially stable and the performance

inequality ||w — Z||s,—0, <y is achieved.

The ¢5-gain of the input-output map is further defined as

||'lU s 2“62—%2 = sup ||z||€2 '
wlle, 20 | le;
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Defining the following matrices:
T T
tn [V VE]" = Ker [BY D) VIV v v = 1,
Im [UT UJ]" = Ker [Cy Dy, [l vl [or vl =1
the LTT H., controller synthesis conditions are
FT'RF — V'RV + N'N — *V; 'V, <0,
wrsw —ulsu, —-Ufu, LT
<0, (2.22)
L —v21,,
R 1
=0,
I S

where

F=A"i+ClV,, N=B'V,+DLV,, W =AUBU,,

L= ClUl + D11U2.

To achieve optimal performance, these synthesis conditions are solved for R, S, and v in the

form of a semidefinite program (SDP), namely:

minimize: ~?

subject to: (2.22).
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In this work, the optimal value of v is typically relaxed, and the synthesis conditions resolved
in order to improve overall robustness. Given R, S, and v from (2.22), one way of obtaining
the ~-admissable synthesis is given next. Assuming that the coupling condition in (2.22)
holds with strict matrix inequality, and so the controller will have the same state dimension
as the plant, we construct a matrix X and its inverse from the synthesis solutions R and S
in the following way:

S —SM R M
X = . X l= , where M = (R — S™1)1/2,

~MTS T+ MTSM MT T

Defining the following matrices:

A O B 0
A - ] B = Y
0 On O Oand
C’f 0 0 Ondxn _]7 D?l
Cl = ) CQ = ) D= )
0 Onxnz Cl 0 Dn —[’}/

the controller, K, can be found by solving the linear matrix inequality (LMI) problem

H+P'JQ+Q"J'P <0, (2.23)
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for J, where H, P, and () are constructed as

The controller matrices in (2.19) can then be easily solved for as

— X1
AT

BT

A
-X

ic
SC2

b

pP—

O I On X 2n~41q O

BT 0

AK BK
J:

Cx Dk

2.5.2 LPV H, Controller Synthesis

0 iDL

35

The LPV controller synthesis follows a similar procedure to the LTI case. The synthesis

technique is based on an LPV system in a linear fractional transformation (LFT) form,

shown in Fig. 2.4, allowing rational functions of the parameter vector p(k) € R™ to be

represented. Here, 9 = A(p)e, where A(p) is a block diagonal matrix of parameters.

The parameter-independent Lyapunov synthesis approach used is fully described in [58], a

generalization of the process developed by Packard in [50].
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Figure 2.4: The parameter varying open loop system.

The discrete-time LPV system plant is given by

pk+1)|  [A@K) Bk)  Bok) | |2k)
=) | = [Cu(p(k) Dulp(k) Dia(p(h)| |w(k)
g | |Gk Dat) 0| |atk)

36

where all system matrices may have rational dependence on the parameters in p. Performing

a linear fractional transformation on the parameters yields the linear fractional representation

(LFR) of the LPV system:

-:f,(k:+1)- -Ass Asp By B2s- -i(k‘)-
) | A A By B o
z(k) Cis Ciyp Du Dio| |d(k)

I y(k) | _028 Coyp Do 0 | _ﬂ(]f)_

(2.25)
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The LPV synthesis conditions are

FI'R,F, + FpT R,F, — VIRV, — Vngvlp + MTM — 7V, <0,

- \ -
WISW, + WIS, W, ...
~ULS Uy —ULS, Uy ... Lt
<0, (2.26)
_UTU,
\ J
L —~2I
R, I R, I
= 0, = 0,
I S, I s,
where
Fy = ALVi, + AL Vi, + CLVa, F,= AL Vi, + AL Vi, + CL Vs,
WS - AssUls + AspUlp + BlSUQ, Wp - ApsUls + AppUlp + BlpUQ,
M = Bz;‘/ls_l'Bcll;g‘/lp_‘_D?l‘/?a L= OlsUls+ClpU1p+D11U2>

T T
tm [v Viy VZT} = Ker {BZTS B3, DT} {v Viy VQT} {VS Vip VQT} =1
T T
Im {UITS Ul UE} = Ker {028 Cap Dm}, [Uf; Ul UQT} {UITS Ui, UQT} =1
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The SDP for the synthesis procedure is summarized as

minimize: 7

subject to: (2.26).

Based on the solutions for v, Ry, S5, R,, and S, we can obtain a y-admissible LPV controller
in LF'T form. One method to do so is provided next. The controller dimensions are dependent
on the rank of Ry, Ss, R,, and S,. Assuming that the coupling conditions in (2.26) hold with
strict matrix inequalities, the constructed controllers will have the same state dimensions as

the plant [59]. We first construct the following matrix blocks:

M, = (Rs - 58—1)1/2’ MpS = (Rp - Sp_l)l/Qa
X = dlag (537 Sp) ’ X = dlag (SSMS7 SpMp) )
Xop = diag (I + M. SsM,, I + M} S,M,),

YiI = dlag (RS, Rp> s Yig = dlag (MS, Mp) .
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Defining the following matrices:

Ass Asp O Bls 0 B
0 0 Ondx(n+np)
A= Aps App 0 ’ B= By 0 ’ C= ’
Cis Chp 0
0 0 0n+np 0 On-‘,—np )
—1I D1T1 X1 —Xipo Y Yoo
D= , X = , Y = ,
Dy —1In _X1Tz Xoo Ylg I
the controller is found by solving the LMI
H+P'JQ+Q"J"P <0, (2.27)
where
p_ 0 0 In—i—np O(n+np)><(2n+2np+nd) 0 7
Bsz B2Tp 0 0 DF{Q/ Y
O(n+np)><(2n+2np) 0 0 I 0 0
Q= 7
0 C2s C2p 0 D21 Onyxnz
Y A B AK AKX pK

H= AT —x CT/y|: J=|AK AKX BK

ps pp

B C/y D/y ck ¢k DX
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The resulting controller is defined by the state-space equations

X (k+1) AE Aﬁ; BE| x5 (k)
oK) | = |AE AK BE| |95(k)| (2.28)
u(k) ck cKk DX | y(k)

where (0) = 0 and 9% (k) = AX(p(k))p(k).

The feedback interconnection of the LFR plant (2.24) and the LFR controller (2.28) is shown

in Fig. 2.5. The closed-loop controller is given by the state-space equations

" (k+1) Al (p(k)) B (p(k)| |=" (k)

u(k) Ca (p(k)) D (p(k)| | 9(k)

where

All(p) = AL + Alp(I — Al p) ' AL

ps’
BY(p) = BX + Alp(1 — AEp)~'BE,
Ch(p)=CE+Crp(I — Al p) ' AX

ps?

DY (p) = D¥ + Cfp(l - Affpp)*le.
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Figure 2.5: The feedback interconnection of the LFR controller.

2.5.3 Computations

SDPs in the controller synthesis process are solved in MATLAB 2014a using the YALMIP toolbox
with SDPT3 as the chosen solver [30], [60]. All computations are carried out on a Dell Precision

T3500 Desktop running 64-bit Windows 7, with an Intel Xeon W3550 Quad Core processor

and 6 GB of RAM.



Chapter 3

An LPV Path-Following Controller

Much of the background, definitions, and formulation of the path-following problem is bor-
rowed from [12], with some modifications made for simplification or preference. This chapter
is an extended version of [1], which is in turn based on the work found in [17]. This chapter
provides a more detailed explanation of the synthesis procedure than that provided in [1] in

addition to extensions to paths with a tighter radius of curvature.

The outline of this chapter is as follows. Section 3.1 presents the equations of motion
of the parallel transport frame and the nonlinear backstepping controller based on these
equations, as developed by [12]. Section 3.2 presents the controller synthesis procedure for
three H., controllers: a rate-tracking inner-loop controller, and LTI and LPV controllers
based on the lumped UAS and path-following equations of motion. Parameter-varying trim

points, linearization, discretization, and performance outputs for synthesis are all provided.

42
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Yb

Yw

2b Zw Zw! Zw

Figure 3.1: The body-fixed reference frame, F,, wind reference frame, F,, and parallel
transport frame, F,,, for an aircraft system.

Section 3.3 presents the simulation environment, paths of interest, and utilized performance
metrics for evaluating path-following performance. Finally, Section 3.4 provides a summary
of simulation results for the controllers presented in Section 3.2 applied to the paths in

Section 3.3.

3.1 Path-Following Dynamic Equations

The path-following dynamics are based on a virtual vehicle moving along a path at some
prescribed rate. At every point on the path, the virtual vehicle has an associated reference
frame. Let p(¢) represent the path to be followed in F;, parameterized by the path length
0. At each point on the path, a parallel transport frame (sometimes referred to as a rotation
minimizing frame) [01], [62], denoted F,, is affixed to the virtual vehicle CG, as in Fig. 3.1.

The three orthonormal basis vectors of F,,, denoted T'(¢) (tangent vector), IN; () (first normal
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Fb

:U:
AN

<1

Figure 3.2: The parallel transport frame is related to the current UAS position by the error
vector P..

vector), and Ny(¢) (second normal vector), satisfy the dynamic equation

_dT(E)/dE_ _ 0 k(o) kQ(z)_ _T(K)_
AN (0))de| = |k (¢) 0 0 | [Nu(O)] - (3.1)
dIN,(0)/dl —ky(0) 0 0 | |No(0)

where k1 (¢) and ko(¢) are parameters that vary over /.

Let P, = [z, ¥e, 2]7 be the vector denoting the difference between the UAS and virtual
vehicle positions, expressed in the parallel transport frame F,, as shown in Fig. 3.2. Also,
define a local UAS frame F,, as the rotation of the UAS wind reference frame F,, onto the
local level plane, as shown in Fig. 3.1. This frame’s orientation can be described relative

to F, through a set of three relative error Euler angles, A, = [¢., 0., ¥.|T. Through a
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small angle approximation, it is assumed that the UAS roll, pitch, and yaw rates, €2, as
defined in the frame F,,, are approximately equal to those in the body-fixed reference frame.
After differentiation and simplification, we obtain the following equations representing the

kinematic position error dynamics P, for the combined UAS and virtual vehicle system:

te=—LU(1 — k1(0)ye — k2(l)z.) + V cos b, cos 1),
Yo = — Cky(0)ze + V cOs 0, sin i, (3.2)

Ze = — ékg(ﬁ)xe — Vsiné..

The attitude error dynamics, A., can be derived in a similar fashion using the Euler kinematic

equation (2.8) as

bo = Zkg(ﬁ) sin ¢, sec @, + p + r cos ¢, tan 0, + ¢ sin ¢, tan 4.,

0, = ékQ(ﬁ) COS P + q COS ¢, — T 8IN Py, (3.3)

e = —l(k1(€) — ko(0) tan 0, sin 1)) + g sin ¢, sec 0, + 1 cos ¢ sec b,

Together, (3.2) and (3.3) describe the path-following error of the combined UAS and virtual

vehicle systems. Finally, the dynamics of the virtual vehicle are defined as

(= Kz, + V cosf, cos i, (3.4)

where K is some positive constant.

Following the example set in [12], the error Euler angles 6. and . are shaped using approach
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angle functions to improve control performance. In a departure from the method used in
[12], hyperbolic tangent functions are used as the approach angle functions for convenience.
The approach angles work to ensure that the vehicle is approaching the path at all times,
and provide an extra degree of freedom in the aggressiveness of the tracking behavior. The

approach angles 65 and 15 are defined as

05(ze) = O, tanh (z./C4)

¢5(ye) = ¥ tanh (ye/OQ) )

where 6, and v, are the maximum desired approach angles, and C; and Cy are scaling
factors to determine the magnitude of position error corresponding to the maximum allowed
approach angle. To incorporate these shaping functions, we redefine the A, measurement
as [¢e, 0. — 05, Y. — 15]T. A sample shaping function for height error is shown in Fig. 3.3
with C; = 8 and 6,, = 15°. Note that the approach angle is equivalently 0 when there is no

height error, and saturates at 46,, when the height error is large.

In [12], a nonlinear outer-loop control law is developed via backstepping, whereby the pitch
and yaw rates, g and r, play the role of virtual control inputs. Pitch and yaw rate commands
(ge, Tc) are generated by the nonlinear control law and then tracked by a Piccolo autopilot

augmented by an £; adaptive controller in an inner control loop. These commands are
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N5 10 5 0 5 10 15
Ze [m]

Figure 3.3: A sample approach angle shaping function guides the aircraft to the correct
altitude and saturates at s = 15°.

defined in [12] as
gc 1 90()
= Qc (067 ¢e) - DC(Hev ¢67 6) ) (35)
Te 1/16()

with the following auxiliary definitions:

cos ¢, — Sin ¢,

Qc (067 Qbe) = )
sin ¢e COS ¢e
cos B, cos O
k2 (6) CO8 ¢e

Dc(eevwevg) :f )
—k1(0) + ko() tan 6, sin 1,

R Ze - —Ye
Qa:SIH 1—7 o = SIn 1—’
‘Ze‘+d1 w ‘ye +d2
sinf, —sinf, .
ec = _K2<96 - ea) + CBZe‘/aW + 9(17

¢c - _KS(we - %) + 033/6‘/(1 COs Qesane : zn ¢a + ¢aa
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where di, dy, Ko, K3 and C3 are positive constants.

In order to develop a point of reference to compare controllers to, a similar approach to the
one in [12] is taken in this work. The nonlinear control law (3.5) is used to generate pitch
and yaw rate commands, ¢. and r., which are then tracked through the disturbance channel

by a standard H., controller.

3.1.1 Planar Path-Following

For this work, the set of permissible geometric paths to be followed is restricted to 2-D paths
in the x;-y; plane. For this special case of paths, many simplifications can be made to the
relevant system dynamics. The largest simplification is that the UAS elevation and bank
angles can be considered identically equal to the previously defined error angles 6, and ¢..
Additionally, the ko(¢) path parameter will be identically zero for all time, allowing P, and
A. to be simplified. Given ky(¢) = 0, the remaining parallel transport frame parameter,
k1(¢), can be ascribed a more physical interpretation, namely, the inverse of the current
curvature of the path, R(¢), as
1

ki (0) = I70] (3.6)

A straight path segment therefore corresponds to an infinite radius of curvature and a pa-
rameter value of k1(¢) = 0. Conversely, as the radius of curvature gets smaller and the

corresponding turn gets tighter, the magnitude of k;(¢) increases.
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3.2 Path-Following Controller Synthesis

The three control systems discussed in this section are synthesized based on linear plant
models, G, shown in Figs. 2.3 and 2.4, which are obtained by linearizing the nonlinear
equations of motion derived in Sections 2.2 and 3.1 about the trim conditions for straight
and level flight or steady banked turns. For simplicity, we drop the dependence of the
parameter £y on the path location ¢. Three linearized models are developed for the synthesis
of three corresponding controllers. An LPV model dependent on k; is first developed from
the UAS and path-following dynamic equations, and an LPV controller synthesized. An LTI
plant model is then formulated by setting k; = 0 in the dynamics of the LPV model. Finally,
a second LTI model is developed based on the standard UAS equations of motion in order
to synthesize an inner-loop controller to track rates provided by the outer-loop backstepping

controller.

3.2.1 LPV Plant Model Formulation

The lumped path-following and UAS system is composed of equations (2.10), (3.2), and (3.3).

Define the lumped UAS path-following state vector as & = [V, QT PT AT T the

control input as w = [0g,, da., Or., 07|, the measurements as y = [p, q, 7, e, O, Ve, Va, ...

T]T

", where w represents finite

Te, Ye, 2¢|T, and the exogenous disturbances as w = [V.I, w
7

energy disturbances in ly, w,, = [Mm,, My, My, My, Mg, My, My,, Mg, My, M) represents

measurement noise, and x, represents the actuator states. The vectors x(t), u(t), y(t), and
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w(t) are real with dimensions denoted by n, n,, n,, and n,,, respectively.

Excluding the actuator dynamics, the 12 differential equations representing the lumped UAS

and path-following systems for planar path tracking are

p . Ml + ([y — [Z)QT

I, ’
. M, + (I, — L,)pr
q= T )
Yy
. Mn + (Im — ]y)pq
r = I y

. F, .
U= —qw+1rv+ — — gsinf,,
m
. F, :
U = —ru+ pw + — + gcos b, sin ¢,
m
. F,
W= —pv + qu + — + g cos b cos ¢,
m
$e = p + 1 cos ¢ tan b, + gsin ¢, tanb,,
0. = qcos . — 7sin @,
Yo = —Llky(0) 4 gsin ¢, sec O, + 1 cos ¢, sec b,
e —é(l — k1(O)ye) + V cos b cos e,
e = — k1 (£)z, 4+ V cos b, sin

Ze = —Vsind,.

The differential equations of motion, performance output, and measurement output can then

be written as & = f(x,w,u, k1), z = g(x, w, u), and y = h(x, w), respectively.
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Parameter-Varying Trim Point

Assuming constant altitude flight, the required trim bank angle, ¢, , to maintain a steady
level turn of radius R and tangential velocity V; can be determined by relating the aircraft’s
lift and centripetal acceleration as

‘/152

tan gbetr = g_}%

Note that since our aircraft is trimmed with no disturbances, or V,, = 0, V; is equivalent to
the aircraft’s desired airspeed, V,, . Given our choice of bounded path curvatures, we simply
employ (3.6) and a small angle assumption in order to solve for our trim bank angle as a
function of ki, namely:

FVi,
ey, (K1) = g (3.8)

The trim states are determined by using the MATLAB function fmincon to minimize the cost
function VIV + QTQ + ATA + H? + (¢ — ¢(k1))? + (V, — Vi, )? with respect to (2.10)

where V,, = 13m/s is the desired airspeed and ¢y, (k) is determined using (3.8).

Trim points are calculated over the range —0.025 < k; < 0.025. Trim states, measurements,
and control inputs are given in Table 3.1 for straight and level flight (k; = 0), a moderate
turn (k; = +0.0141), and an aggressive turn (k; = £0.0250). Note that the control input
trims are given in terms of pulse widths. The moderate turn with k1 = 0.0141 corresponds to

a bank angle of approximately 14° for the chosen airspeed and a turn radius of 70.9 meters.
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The aggressive turn with k; = 0.0250 corresponds to a bank angle of approximately 24.7°
and a turn radius of 40 meters. A more aggressive turn radius could not be used for the

Telemaster due to thrust saturation.

Table 3.1: LPV Trim Points

Ky 0.025 -0.0141 0  0.0141 0.025 m!
p 0.041  0.021 -0.004 -0.029 -0.048 rad/s
q 0.065 0.019 0.000 0.026 0.076 rad/s
r 0.290 -0.152 0.026 0.204 0.341 rad/s
u 12.875 12.874 12.873 12.871 12870 m/s
v 0.025 -0.017 -0.006 0.005 0.013 m/s
w 1749 1801 1.831 1.822 1.787 m/s
V, 13.00 13.00 13.00 13.00 13.00 m/s
o/d.  -0.431 -0.243  0.000 0.243 0431 rad
0 0.136  0.136  0.137 0.137 0.138  rad

0, 0.001  -0.001 0.000 0.001 0.001 rad
¥/, 0.000 0.000 0.000 0.000 0.000 rad
To/ye/z. 0.000 0.000 0.000 0.000 0.000 m
g 0.142  0.118  0.108 0.123 0.151  ps

5 0.040  0.023 0.002 -0.019 -0.036  us
6 -0.032 -0.049 -0.071 -0.094 -0.111  us
Sy 0.622 0592  0.577 0590 0.618  us

The linear and quadratic trim state fits are given by (3.9) and shown in Fig. 3.4. w,.(k1),
V(K1) peor(k1), Ter(K1), @ey,. (K1), and O, (k1) are linear functions of ki, while wy,(k;) and
¢r(ky1) are quadratic functions of ki. As expected, the bank angle ¢., (ki) and yaw rate

ri-(k1) had the largest variation with &;.

The actuator and thrust command trim fits are given by (3.9) and shown in Fig. 3.5. The
lateral-directional commands d4, (k1) and dg,, (k1) have linear fits, while the longitudinal

commands &g, (k1) and d7, (ki) have quadratic fits.
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It was found that including py,, g, 0g,,, and d7, as parameter-varying trims in the synthesis
process did not improve controller performance, and simply increased the size of the cor-
responding LFR, and subsequently the computational complexity of the synthesis process.

The four trim states were instead fixed at their average values.

g (ky) = 0.1032k; + 12.8732,

vy (k) = 0.7566k; — 0.0059,

wy (k1) = —101.6138k7 + 0.7496k; + 1.8313,

pir(k1) = —0.0140k; — 0.0041,

Qi (k1) = 225.9918k% + 0.4574k; — 0.0003,

T (k1) = 12.6170k; 4 0.0258,

(3.9)

Ge,, (k1) = 17.2268F1,

O, (k1) = 0.0485k,
0, (k1) = 61.9902k7 + 0.1725k; + 0.0108,
04, (k1) = —1.5132k; + 0.0021,

Op, (k1) = —1.5772k; — 0.0714,

o7y, (k1) = 68.4314k; — 0.0859k; + 0.5774.
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Figure 3.4: LPV Trim States

Linear Parameter-Varying Model

Linearizing f(-), g(-), and h(-) about the parameter varying trim points @;.(k1), ws-(k1),

and wy, = 0 yields the continuous-time LPV state space equations

z(t) A¢(ky) BfY(k1) Bs(ki) | | 2(t)
2(t)| = |Cslhy) Div(ky) D5y(kr) | {w(t)] - (3.10)

y(t) Cs(ky) Dsy'(k) 0 u(t)
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Figure 3.5: LPV Control Input Trims

where ¢ is continuous time, & =  — Ty, U = U — Uy, Y = Y — Yy, and &(0) = 0. The

Jacobians are symbolically calculated as

Ay = Y B = L ’
ox (or (k1) e staen (1)) ow (ztr (k1) wer,wir (k1))
By(k) = o . Gtk = 52 7
Ou (tr (k1) wir wer (k1)) Oz (@er (k1),wer,uer (k1))
iy 09 ; 09
P (kl) - a_w (@er (k1) wer,uer (k1)) 7 D12(k1) - a_u (mw(kl):wth“"(kl)),
CS(ky) = oh . D3Y (k) = o '
O (er (1) o ten (1)) ow (xtr (k1) wer,utr (k1))

Note that P, = P, and A, = A..

As the thrust model is lookup-table based, it is linearized prior to the symbolic Jacobian
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calculations using the small-perturbation method, yielding the linear model
T = Ts .00 + Ty, Va,

where T5,. and Ty, are constants.

The matrices in (3.10) have nonlinear dependence on the varying parameter k; due to the
existence of trigonometric functions within the equations of motion (3.7). Since ¢, (ki) is
bounded as a result of k; being bounded, we approximate the zero centered trigonometric

functions of ¢, (ki) by the low order Taylor series representations

Sin @e,, (k1) = ¢e,, (1), (3.11)

1
COS ¢etT<k1) ~1-— §¢etr<k1)2'

Similar functions are defined for 6., (k). Substituting these functions into the matrices in

(3.10) ensures that all matrix terms are rationally dependent on k;.

In order to achieve robust performance in the midst of disturbances, a weighting matrix
is defined based on the worst-case expected atmospheric disturbances, and 3 times the
expected sensor noise standard deviations as W,, = diag(3/3,0.5/3,0.0173,214). The dis-
turbance matrices are then redefined as B{(k;) = W, B (ky), Dy (k1) = WD (k1), and

D5, (k1) = Wy, D5y (k1).

As the controller generates new actuator commands at 25 Hz, the model is discretized with
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a sampling time of 7 = 0.04 s as

A(kr) = (I +7A%k)),  Bi(ky) = 7Bi(k1),  Ci(k1) = Ci(k),  Dij(kr) = Dij(kr),

with 4,57 = 1,2. Euler discretization is used to maintain minimum order parameter depen-

dence on k;. The discrete-time system is expressed as

-CEk—H- _A(]ﬁ) By(k1) Ba(kr) - Ty
Zk = Cl(k’l) Dll(kl) Dm(lﬁ) wi | o (312)
Yk Cs(k1) Dar(kr) 0 uy,

with &y = 0, where &), = &(k7), ur, = u(k7), and y, = y(k7).

Since the system has polynomial dependence on the parameter ki, it can be equivalently

represented by the LFR shown in Fig. 2.4, and defined as

jk:—i—l Ass Asp Bls B2s jk

Pk Aps App Blp BZp 19]6‘
- , (3.13)

Zk Cis Cip D Dig| |wy

Yk Cos Oy Doy Dap| |ug

where ¥ = kypr, o =0, o € R", and 9, € R".



Mark C. Palframan Chapter 3. LPV Path-Following 58

3.2.2 LPV H, Controller

The self-scheduled LPV controller synthesis is based on 2.5.2. The performance output for

the LPV controller is chosen as

z =[0.08V,, 0.08a, 0.083, 0.4¢., 2.80., 0.064x,, 0.16(y. + 0.1664 + 0.125R),

0.16(1), — 0.0640), 0.16(z, + 0.0407), 8E-30g, SE-464, 8E-40g, 0.867]".

Note that the altitude error is coupled with the throttle command, d7, in order to guide the
controller to utilize throttle to maintain airspeed as opposed to elevator. Also, the cross-
track error is coupled with aileron and rudder to guide the controller to perform coordinated
turns. This was found to both increase path-following performance while decreasing the
likelihood of saturating the rudder deflection. The controller synthesis problem was solved
in 18.3 seconds, and the optimal value of v was found to be 7,,;,, = 1, which was relaxed to

~v = 1.5 to obtain satisfactory robust performance, and the synthesis problem was resolved.

3.2.3 Standard LTI H,, Controller

The LTI plant for straight and level flight is found by taking k; = 0 in (3.12). This cor-

responds to a straight and level trim point. The time-invariant discrete-time state space
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equations are

£k+1 A Bl B2 jk
Zr | = |Ci Dy Dig| |wyi| - (3.14)
ij CQ D21 0 ﬁk

For the standard H ., controller, henceforth referred to as the LTI controller, the performance

output in Fig. 2.3 is chosen as

z =[0.085V,, 8.5E-5a, 0.07653, 0.323¢., 0.850,, 0.510g, 0.17(y. + 0.4255,4 — 0.036%),

0.595(tp, — 0.150z), 0.857, 0.0255z,, 0.153(2, + 0.038207), 8.5E-404, 8.5E-465]".

Synthesis for the standard H., controller is described in detail in 2.5.1. The controller
synthesis problem was solved in 7.8 seconds with 7,,;, = 1.01. The value of v was then

relaxed by 50% to 1.515 to increase robustness, and the control synthesis problem re-solved.

3.2.4 Rate-Tracking Controller

The LTI plant for the baseline rate-tracking controller is obtained in a similar manner by

instead linearizing the parameter-independent UAS equations of motion
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y
1, ’
My, + (I, — L,)pr
q= 7 )
y
I, ’

. F, .
U= —qw+1rv+ — — gsinf,
m

F,
O = —ru+pw+ —< + gcosfsin ¢,
m

: F,
W= —pv+ qu + — + gcos b cos ¢,
m

¢ =p-+7cosgtand + gsin ¢ tand, (3.15)

0 = gcos¢ — rsind,

1/) = gsin ¢ sec + r cos ¢ sech,

X = wucosf cos(th — ) + v(sin ¢ sin b cos(v) — 1) — cos psin(v) — 1g)) + ...

w(cos ¢ sin @ cos(h — ) + sin ¢ sin(y) — 1),

Y = wcosfsin(y) — 1y) + v(sin ¢ sin @ sin(¢) — 1y) — cos ¢ cos(vp — 1)) + . ..
w(cos ¢ sin O sin(¢ — 1bg) + sin ¢ cos(v — 1),

h = usinf — vsin ¢ cos — w cos ¢ cos b,

and actuator dynamics about the straight and level trim point in Table 3.1.

T]T

The state, measurement, and disturbance vectors are defined as ¢ = [VT, QT PT AT, z!

b

w=[VI wl wl" andy = [p, ¢—qc, r—1¢, ¢, 0, Vo], where w,, = [Myp, My, My, Mg, - ..
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mg, my,]”, and w, = [q., 7.7 from (3.5). Recall that . and r, are the commanded pitch and

yaw rates, respectively. The weighting matrix used is W,, = diag(313,0.513,0.0115,2, I5).

Similar to the example found in [63], the ideal pitch and yaw rates given by (3.5) are first
passed through a second order filter with w, = 12 and { = 0.8 before being augmented to
the disturbance vector and tracked by the standard H,, controller. The performance output

is chosen as

Z=1[q—qe, 1.52(r — 1.+ 1.575,4), 0.02V,, 0.6a, 0.68, dg, 0.8464, 0.3465, 0.157]".

The controller synthesis problem was solved in 5.7 seconds, with 7,,;, = 1. The value of
~ was relaxed by 50% to 1.5 to increase robustness, and the control synthesis problem was
re-solved. This baseline controller will henceforth be referred to as the rate-tracking (RT)

controller.

3.3 Simulation Environment

The rigorous MATLAB simulation environment presented in Section 2.3 is used to test the
three controllers. The simulation environment is designed to subject the small UAS to pro-
portionally significant atmospheric disturbances while mimicking the implementation of the
controller onboard the Telemaster UAS platform. The UAS is subject to a 3 m/s steady

northern wind in addition to moderate turbulent gusts from the low altitude Dryden turbu-
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Figure 3.6: A lemniscate (blue), circular (red), and a random reference path and
their associated k; histories.

lence model presented in Section 2.3.1, and sensor noise.

A one-step time delay is also included in simulations to mimic the control system on-board
the Telemaster UAS. Namely, measurements taken at the discrete time instant k are used
to calculate the control input applied at time k£ + 1. Recall that the UAS platform operates

at 25 Hz.

3.3.1 Reference Paths

Controllers are designed and tested on various path types, shown in Fig. 3.6. The lemniscate

path has a smoothly varying k; history and is generated by the function

3cos(§) B .- 3sin(&) cos(&)
Fimae (14 5(€)2)" " Ky (14 5(€)2)°

Nyop = (3.16)

where ky,,,, is a scaling parameter representing the tightest turn on the path and H,.y = 0

for all £ € [7/2, 97/2]. A circular path with a constant k; value equal to ky,,,, is also used,
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generated by the function

cos(£)

klmax

; Eref = Sln(g)

klmaa:

Nyey = , €0, 27). (3.17)
Finally, a 100,000 m long random path is followed. To generate the random path, random
inflection points were first generated from uniform distributions across the applicable ranges
of ¢ and k;. A natural spline is then used to create a minimal overshoot, smoothly varying

curve for ki, saturating the curve at ky,,,,-

The paths shown in Fig. 3.6 correspond to ky,,,, = 0.0141. If followed perfectly at the
desired airspeed of 13m/s with no wind, the lemniscate path could be traversed in 74.16 s
and the circle in 34.28 s. In order for the simulation results to be statistically meaningful,

each controller was used to track both patterns 1000 times consecutively.

Furthermore, a set of more aggressive paths are also attempted with £y,,,, = 0.0250. The

ideal path time for the aggressive lemniscate is 48.4 s, and for the circle, 19.3 s.

3.3.2 Performance Metrics

Several performance metrics are used in order to quantitatively compare the performance of
the various controllers. The three criteria used are path error, control effort, and average

path time.

The mean path error (MPE) corresponds to the average error between the UAS and the cho-
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Figure 3.7: RT, LTI, and MPEs over 1000 loops for |ki| < 0.0141.

sen path. In order to accurately calculate the path error, the vector £ is finely discretized by
10,000 points, and the resulting distance between points in & -y; is assumed to be negligible.

The set of parameterized reference points p = (N, E, H) is defined as

R={p(t;) fori=1,2,--- ne}, (3.18)

where n¢ is the length of ¢. Note that as ne — oo, the distance between points in -y

approaches 0. The minimum distance between any point a and the reference path R is then

defined as

dist(a, R) = {inf|la — b||2| b € R}, (3.19)

where ||q||2 denotes the Euclidean norm of q. Given equations (3.18) and (3.19), we define
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Figure 3.8: The worst case simulation runs for each controller on paths bounded as ky,,,, =
0.0141 with a 3 m/s northerly wind.

the mean path error as

1
MPE = — > dist(P(k), R), (3.20)

where P is the UAS location in F; as parameterized by k, and N is the total number of
measurements taken in a single circuit. The UAS follows 1000 consecutive circuits for each
path type and controller. An MPE value is calculated for each circuit and presented as a

cumulative distribution function (CDF). The average of all 1000 MPEs is also calculated.
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Table 3.2: Path-Following Performance Results

Lemniscate Circle Random
MPE  u, APT\ MPE  u, APT\ MPE  u, APT

RT 256 0.245 75.84| 241 0.156 2895| 287 0.253 6824
LTI 233 0.154 76.17| 2.11 0.180 29.52| 2.49 0.123 6974
LPV 1.71 0.147 72.14| 1.64 0.148 28.35| 1.99 0.161 6417

We define the root-mean-square control effort as

=5 > a(k)Tu(k), (3.21)

k=1

where N7 is the total number of measurements taken over all 1000 path circuits. The control
effort reflects the amount of deviation from the trim control inputs that the controller used
during all circuits of a path. Finally, the average path time (APT) to complete each circuit

is calculated for each controller.

3.4 Path-Following Results

A CDF of the mean path errors over 1000 circuits for the lemniscate and circular paths is
presented for each of the three controllers in Fig. 3.7 for ky,,,, = 0.0141. Additionally, a

performance metric summary is given in Table 3.2.

All three controllers successfully completed all circuits for &,,,, = 0.0141. For the lemnis-
cate, the RT controller had an MPE of 2.56 m with standard deviation ¢ = 0.036 m. The

LTT controller performed slightly better with an MPE of 2.33 m and ¢ = 0.0355 m. While
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Figure 3.9: RT and MPEs over 1000 loops for |ki| < 0.0250.

the APT of the LTT controller was slightly higher than that of the RT controller, the control
effort exerted by the LTI controller was a 37% improvement over the RT controller. The
most consistent despite disturbances, the LPV controller completed its circuits with an MPE
of 1.71 m, a 33% improvement over the RT controller, and a standard deviation of 0.022 m.
u, for the LPV and LTI controllers was comparable, but the APT for the LPV controller was
the lowest of all three. Notably, both the RT and LTI controllers had difficulty maintaining
an appropriate airspeed and had a tendency to slow down when disturbances were present.
The LPV controller, however, was able to successfully maintain the desired airspeed in the

midst of disturbances, and as a result yielded a lower APT than the LTI and RT controllers.

The circular MPE for each controller improved 4-10% over the lemniscate MPEs. The MPE
for the RT controller was 2.41 m with ¢ = 0.0454 m. The LTI controller showed the most
improvement with an MPE of 2.11 m, a 9.4% improvement over the lemniscate, and o = 0.056

m. The relative improvement in the LTI controller is likely due to the fact that the path-
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Table 3.3: Mean Path Error

|k1| <0.0141 |k1| < 0.0250
Lemniscate Circle Random Lemniscate Circle Random
RT 2.56 2.41 2.87 \ 2.83 3.82 2.72
LTI 2.33 2.11 2.49 - - -
LPV 1.71 1.64 1.99 1.76 2.70 1.64

following dynamics of the circular path are, in fact, also time-invariant. Finally, the LPV
controller completed the circular paths with an MPE of 1.64 m and ¢ = 0.0412 m. Similar
to the lemniscate, the LPV controller maintained airspeed better than the other controllers,
although the difference in APT is not as pronounced with the shorter path length. Unlike
the lemniscate case, the control effort of all three controllers were similar, with the LTI

controller having a slightly higher control effort.

For the lemniscate and circle, the circuit that performed the worst in terms of MPE is
shown for each controller in Fig 3.8. While biases are evident in the planar tracking of each
controller due to the wind, the LTI and RT controllers additionally suffered from higher
magnitude oscillations in the x; — y; plane. Attempts to damp out these oscillations for the
worst-case circuit were found to decrease the overall path-following performance for these

controllers.

For the randomly generated paths, the LPV controller performed 20% better than the LTT
controller and 31% better than the RT controller in terms of MPE. Similar to the lemniscate,

the LTT controller had the best control effort, followed by the LPV controller.

The controllers were additionally tested with 1000 circuits on a set of paths generated using
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Figure 3.10: The worst case simulation runs for each controller on paths bounded as |k;| <
0.0250 with a 3 m/s northerly wind.

E1pmez = 0.0250. In terms of mean path error, the RT controller performed worse on the
aggressive lemniscate and circular paths compared to on those generated with ky,,,, =
0.0141. The MPE for the aggressive lemniscate was 2.83 m, an 11% degradation from the
larger lemniscate, and the MPE for the aggressive circle was 3.82, a 59% degradation. The

RT controller completed the tighter turn radius random path with an MPE of 2.72 m.

The LTI controller failed to successfully follow the tighter radius paths, often saturating
the rudder deflection and throttle command. The LPV controller, however, completed the

lemniscate path with an MPE of 1.76, the circle with an MPE of 2.70, and the random
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path with an MPE of 1.64. A CDF of the MPEs for the LPV and RT controllers is given
in Fig. 3.9. While both controllers exhibited good path-following performance, the LPV

controller performed better than the RT controller for the tighter set of paths in terms of

MPE.

A summary of the MPEs for the six followed paths is given in Table 3.3. Additionally, the
worst circuit for the RT and LPV controllers on the circle and lemniscate path satisfying

k1mae = 0.0250 is shown in Fig. 3.10.



Chapter 4

Integral Quadratic Constraints

This chapter presents robust stability and performance criteria for uncertain dynamic sys-
tems using [QCs. Section 4.1 presents a sufficient robust stability condition for uncertain
systems. Section 4.2 extends the stability condition to include robust performance, and Sec-
tion 4.3 presents the IQC multipliers that are used in this work. Finally, Section 4.4 presents
a convex solution to the IQC analysis problem via the Kalman-Yakubovich-Popov (KYP)

lemma.

4.1 Robust Stability using IQCs

The relevant discrete-time integral quadratic constraint based analysis theory is briefly sum-
marized below. The interested reader can find a more detailed description of 1QC theory,

including continuous-time and more generalized results throughout the literature, for exam-

71
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_,A
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Figure 4.1: The uncertain LFR system.

ple,[ ]7[ ]?and[ ]

The IQC framework was developed by Megretski and Rantzer for handling the stability and
performance analysis of uncertain systems [18]. IQC analysis builds on previously developed
stability principles, essentially generalizing the classical Popov multiplier approach, circle
criterion, small gain, and positivity /passivity techniques [21], [66]. By transforming a set
of infinitely constrained inequalities to a linear matrix inequality problem, system analysis
problems can be easily solved using available computational tools [21]. However, the number
of optimization variables present in the Lyapunov stability matrix grows quadratically with
the order of the state-space representation, rendering high complexity problems intractable

when solving IQC analysis problems via semidefinite programming [21].

Uncertain systems are modeled as an upper LF'T interconnection of a stable nominal discrete-
time system M and a perturbation operator A, as shown in Fig. 4.1. The input signal
w € (5" represents unknown finite energy signals which model noise and disturbances. The

output signal z is typically a special subset of state and control variables (or functions of



Mark C. Palframan Chapter 4. 1QCs 73

these variables) which is of particular interest. The nominal system is a causal and stable
discrete-time LTT system, represented by the transfer function M € RH.,,. The perturbation
operator A is a causal, bounded operator that belongs to a set A, star-shaped with respect
to the origin, and is used to capture (potentially conservatively) the effects of all possible

uncertainties and nonlinearities on the nominal system.

The uncertain LFR system in Fig. 4.1 is described by the following equations:

@ 9 My Mo

N
g

M21 M22

; A Bl : B2
M11:M12 : A|B
I e O D11:D12 -
M21:M22 D C|D
| Cy | Doy | Doy

This system is well-posed if I — M;;A has an algebraic causal inverse for all A € A. The
system is robustly stable if, additionally, the inverse has a bounded /s-induced norm, i.e.,
for some positive scalar 3, ||(I — M3 A) 7|0, < (8 for all A € A. In the case of a robustly

stable system, all signals in Fig. 4.1 will be finite energy signals (i.e., {5 signals).

Equivalently, we can say the system is stable if it is well posed and there exists a positive



Mark C. Palframan Chapter 4. 1QCs 74

constant C such that

D lle®)z+ 95+ 12(k)15 < C Y llw(k)|3, VT € Z. (4.2)

This is equivalent to saying that @ — 0 as £ — oo for a given M and A, where k£ denotes

the discrete time instant [67].

The signals ¢ € 57 and 9 € (,” are said to satisfy the IQC defined by the so-called IQC

multiplier IT, which is a self-adjoint transfer function (typically chosen in RL), if

*

T [ p(e) | p(e?®) Iy i
/ II(e’) dw >0, II= . (4.3)

™[ 9(ei) I(e) II7, s

Associated with each type of uncertainty is a set of appropriate IQC multipliers, IT, defined
as the set of all self-adjoint transfer functions Il € RL., such that (4.3) holds for all ¢ € £,
¥ =eA(p), e € [01],and A € A. Note that the term € is introduced in the preceding since,
in IQC theory, the set of uncertainties is required to be star-shaped with respect to the origin
such that eA € A for all € € [0 1]. Thus, any suitable multiplier IT € IT satisfies a modified
version of (4.3), where 9(e/) is replaced with ed(e7%), for all € € [0 1]. We now present the

main [QC stability theorem as a sufficient, but not necessary, condition for stability.

Theorem 1 (IQC Stability Theorem [13]). The feedback interconnection (4.1) is robustly

stable for all A € A if eA x M is well-posed for all e € [0 1] and there exists a suitable
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multiplier I1 € 11 such that

II(e) <0 (4.4)

holds for all w € [—m, m].

Remark 1. Given either II;; = 0 € Ilss < 0 or Il;; = 0 & I115 = 0, the interconnection of

M and A is stable for e for all € € [0 1] if and only if it is stable for A [15].

The multipliers chosen in our case will satisfy at least one of the two conditions in Remark 1,
which will simplify the solution. Any IQC multiplier can be equivalently represented as
II(z) = ¥(2)*SY(z), where U(z) is a stable transfer function chosen in RH, and S is

real-valued and symmetric. I1(z) can then be decomposed as:

*

‘1’11(2 Uia(z S Siz Uii(z) VYia(z
() = ) (2) (2) (2) | (45)

‘1121(2) ‘1/22(2) Sipz Sao ‘1121(2) ‘1’22(2)

where U(z) has the realization
|
By, ' B3
|
| ;

Dy | Dy

Ay

Cy
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with Ay Hurwitz. Defining

Ay 0 B,
A B Mll(Z)
=V(z) = | BLCL, Ay | BLDY 4+ B2 |, (4.6)
c|D I
DLCL, Cy | DLDY + D2

F(z) = M(2)*S(v*)M(z) =< 0, (4.7)

for all z € D, where D = {z]z = ¢’ for all w € [—7, 7|} is the set of all points z on the
complex unit circle, S(7?) € S"5, ¥(z) is a known basis transfer function, F'(z) is Hermitian

for all z € D, and the transfer matrix M(z) and its adjoint are given as

M(2) =D +C(zI — A)'B,

M(2)* =D + B (I — zA")'CT 2,

for appropriately defined system matrices A € R™*™A B € R™*"8 (C € R"™*"5  and

D € Rrexms,
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4.2 Robust Performance using IQCs

If we replace My by M and II in (4.4) with II, where

II;; 0 IIiz O

0O I 0 0

[
I

%, 0 I O

0 0 0 —2

then the validity of the conditions in Theorem 1 implies that the system is robustly stable

and has an fy-gain performance level 7, i.e., [|A x M||g,—0, < for all A € A.

The IQC multipliers IT will be re-parameterized as II(z) = U(z)*SW¥(z), where

511 0 512 0 \IIH(Z) 0 ‘;[112(2) 0
N 0O I 0 O N 0O I 0 O
S = L U(z) =

5{2 0 322 0 \IJ21(Z) 0 \DQQ(Z) 0

0 0 0 —2I 0 0 0 I

The IQC performance condition can be written as

F(z) = M(2)"SM(z) <0, (4.8)
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for all z € D, where M(z) = D + C(zI — A)~'B, and ¥(z) has the realization

|
|
; Cy | DY 01 DE 0
Ai, Bé:B\% :
i = 0 0 [: 0 0>
Cy | Dy D} |
| Ci | D3t 0:D3 0
|
|
0] 0 0 0 I
Aum 0 By

= | BLCw Ay | BLDy + B2

| DiCu Cy | DyDur+ D

When referencing the IQC inequality for robust performance, the tildes are dropped and
the notation in (4.7) is used for convenience. The augmentation of the IQC multipliers and
the addition of the disturbance input and performance outputs are implied when the ¢5-gain

performance level, v, is discussed.

4.3 1IQC Multipliers

We now present the discrete-time IQC multipliers associated with the three uncertainty

types utilized in this work; dynamic linear time-invariant (DLTT) uncertainties, static linear
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time-invariant uncertainties (SLTT), and static linear time-varying uncertainties (SLTV).

The multipliers used for dynamic linear time-invariant uncertainties bounded as ||Allo < 8
are of the form I1;(2) = ¥y (2)*S1¥,(2), and those for contractive static linear time-invariant
uncertainties bounded as |§] < 1 are of the form IIs(2) = Wa(2)*SaWy(z) [18]. Multipliers for
static linear time-varying uncertainties bounded as |6(k)| < 1 with variation rates v(k) =
d(k + 1) — §(k) bounded as a~ < v(k) < ot are of the form II3(z) = W3(2)*S3¥5(z) [67].

The frequency dependent terms are

0 H(z) 0 Hs(2)

where H(z) is a stable basis transfer function with basis length d. In this work, the basis

transfer functions are defined by the realizations

T AH BH
HZ)= |1,z 4+ N (z+ N ® L= )
C(H DH
H, = ,Hy = H3 = |0y |Dy 0 | >
I10 H,
001

where A is any pole in the open unit disc and r is the number of uncertainty repetitions in
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the corresponding LFR. The frequency independent terms are given as

Sl — ) 82 — Y
0 —X®I, YT o—X
Si; 0 —aatX X 4y
537:]' = aS4 = )
0 S, s CIE S ¢

where 0 = X €S9, YT =Y € R4, g =dr, and i,j = 1, 2. To account for the bounded
variation rates in linear time-varying uncertainties, we analyze an extended uncertainty block

and extended system by adding ¢ columns of zeros to M as

oI, Ay | Bl Onxq B3y
A= , M= ) (4.9)
vi Hy(z) Cy | Dis Onyxg D3,
where n is the number of states in the realization of M, By, = (B}, B3|, Bi, € R,

B3, € R™™ and Dy, = [D},; D3,] is defined with like dimensions.

4.4 The Kalman-Yakubovich-Popov Lemma

The frequency-dependent infinite-dimensional LMI (4.4) can be reformulated as a frequency
independent finite-dimensional LMI problem through application of the celebrated Kalman-

Yakubovich-Popov (KYP) Lemma, presented below.

Lemma 1 (Discrete-Time KYP Lemma). Given matrices A € R, B € R™™, and
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S € S™™ where A has no eigenvalues on the unit circle and (A, B) is controllable, the

following statements are equivalent:

i) The following holds for all frequencies w € [—m, m|:

(eI — A)~'B (eI — A)~'B
S < 0. (4.10)

I 1

i) There erists a matriv P = PT € R™™ such that

ATPA—P ATPB
+5=0. (4.11)

BTPA BTPB

Proof. The proof can be found in [08]. O

Remark 2. The lemma also holds for strict inequalities without the requirement that (A, B)

be controllable.

The IQC inequality (4.4) can be equivalently written as

*

, (e’ — A)~'B Q F| |(e*T—-A)"'B
F(e¥) = <0, (4.12)

I FT' R I

for all w € [—7, 7]. By application of the KYP lemma, if TI(z) € RL.,, we can rewrite the
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stability condition (4.12) as the existence of a matrix P € S"4 that satisfies the LMI

ATPA—-P ATPB Q F
+ =<0, (4.13)

BTPA BTPB FI' R

where

ctsc C'SD Q F
S [C p} = = . (4.14)
DTSC DTSD FI' R

The inclusion of the Lyapunov matrix P cancels out all frequency terms in the inequality,
but adds (n% + n4)/2 decision variables to the convex problem. (4.13) thus represents
a frequency-independent sufficient condition for robust stability that can be solved using

semidefinite programming.

Similarly, the IQC robust performance problem has convex analysis conditions after the
application of the KYP lemma. Specifically, robust stability and the minimum achievable

robust performance level v are determined by solving the following semidefinite program:

minimize : ~>
subject to : P € §"4,
ATPA—-P ATPB Q F

+ <0, (4.15)
B'PA  B'PB FT' R

where Q, F, and R are functions of ~.



Chapter 5

An IQC Analysis Framework for

Small Fixed-Wing UAS

The following uncertainty framework, shown in Fig. 5.1, consists of interconnected uncer-
tainties that have been judiciously picked to be as thorough as possible at covering expected
uncertainties and nonlinearities while reducing the conservatism of the resulting analysis
problem by leveraging different IQC multipliers. As shown in Fig. 5.2, the framework pre-
sented in this work strives to produce computationally manageable analysis problems that
can be solved on a desktop computer while also resulting in meaningful analysis that is
not overly conservative. Due to the modular nature of IQC-based analysis and LFRs, any
uncertainties shown in Fig. 5.1 (highlighted red) can be easily modified or omitted prior to
analysis. The three investigated uncertainty groups and the associated quantification meth-

ods utilized for the example analysis are described in detail in the proceeding. Specifically,

83
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Section 5.1 presents a methodology for formal validation of UAS fight controllers, Section 5.2
presents the set of parametric uncertainties in the linear dynamic aircraft model as well as
a model reduction technique for large, open-loop unstable LFRs with highly coupled static
LTT uncertainties, Section 5.3 presents the representation and quantification of uncertainties
capturing unmodeled dynamics and nonlinearities in the UAS aerodynamic model, Section
5.4 presents the representation and quantification of uncertainties corresponding to unmod-
eled actuator and thrust dynamics, saturation, and time-delays. Additionally a method for
representing partial time-step time delays in discrete-time using static LTV uncertainties
is presented. Finally, Section 5.5 presents analysis results using the uncertainty framework
and Telemaster UAS model with LTI H., controllers for tracking a steady trim trajectory
through three examples. In the first example, the effect of the three uncertainty groups on a
single controller are presented. In the second example, IQC analysis is performed to compare
the robustness of three different H,, controllers. Lastly, the IQC analysis framework is used

to tune an H., controller and make it more robust to uncertainties and nonlinearities.

5.1 Algorithmic Level Certification for Control Sys-

tems

Formal validation of UAS control systems is a multi-step process in which IQC analysis
can play an essential role. In order to ensure the reliability of the control system under

investigation, the controller must be shown to be robust to external disturbances, unmodeled
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Figure 5.1: The fixed-wing UAS uncertainty framework.

dynamics, uncertainties, and nonlinearities. Fig. 5.3 shows the proposed framework for

algorithmic level validation of control systems, which will be discussed next.

The UAS is first decomposed into two parts: a known reasonably accurate nonlinear model
and an unknown set of uncertainties. The reasonably accurate nonlinear model is given by
the differential equations (3.15) in addition to the servomotor and nonlinear thrust models.
Terms such as unmodeled aerodynamics and time-delays are accounted for in the set of

uncertainties related to the physical system.

The nonlinear model is next decomposed into a simplified plant model and a second set of

uncertainties. The simplified plant model (2.18) is formed by linearizing and subsequently
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discretizing (3.15) (with the equation for the nominal CG position replaced by (2.11)), along
with the actuator dynamics. Nonlinearities ignored during the linearization process, such as

saturation and nonlinear dynamics, are captured by the second set of uncertainties.

The discrete-time controller (2.5.1) is synthesized based on the simplified plant. The plant
and controller combined form the nominal system M in (4.1). The set of uncertainties in the
physical system and uncertainties ignored during the formation of the simplified plant are
combined to form the uncertainty block, A, in (4.1), assuming rational dependence of the
uncertain system equations on the uncertainties. The LFR A x M is thus a representation

of the original UAS.

The controller is next validated with respect to the chosen set of uncertainties and perfor-
mance output of interest using the rigorous IQC-based analysis approach. If performance
requirements are not achieved, information obtained from the resulting analysis can be used

to synthesize a new controller, or even determine a better simplified plant model. This
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Figure 5.3: The path to a validated control system.

process can be repeated until stability and performance requirements have been achieved,
at which point the control system is considered formally validated with respect to the con-
sidered types and regions of uncertainties and exogenous disturbances. The uncertainty
framework discussed in this work is designed such that the uncertainty analysis portion of
the control validation process is computationally manageable. Short analysis times will allow
for an efficient analysis-in-the-loop controller synthesis process, resulting in controllers with

guaranteed performance bounds for the modeled uncertainties and nonlinearities.

5.2 Linear Dynamic Model

The linear dynamic system equations are obtained from linearizing and discritizing (2.10),
where the system inputs and outputs are [M7T, FT]T and &, respectively. The dynamic

model contains six static linear time-invariant uncertainties corresponding to uncertain mass,
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Table 5.1: Parametric Uncertainties

1) m +x z 1, I, I,
sup|6| | 0.1 m 0.03m 0.03m 0.151, 0151, 0.151I,

CG location, and moments of inertia, represented by 8, = [0y, s, 0z, 01,,01,,07,]. These
parametric uncertainties cover potential errors in the initial quantification of the aircraft’s
physical parameters in addition to slight modifications to the airframe. The addition of a
camera mounted under the nose, for example, would simultaneously affect the overall mass,
CG location, and moments of inertia. If the onboard controller was deemed to be robust to
perturbations in physical parameters, small airframe modifications would not necessitate a

revised model and re-synthesized controller.

While the uncertain CG terms are already present in (2.10), the other parametric terms
are included as additive uncertainties simply by replacing m and J by m + ¢,, and J +
diag(dy,, d1,, 01,), respectively. The chosen parametric uncertainty bounds can be found in
Table 5.1. Due to the symmetry assumption of the Telemaster airframe, the I, dr,,, and ¢,
terms have been omitted, but could easily be incorporated. Since the CG of the Telemaster
airframe is nominally located at the rear of the recommended CG range, the §, term is not

centered and allows for variation towards the nose of the aircraft.

Due to the large amount of coupling induced by the uncertain CG terms in (2.10), the LFR
corresponding to the linear dynamic model is very large and the corresponding IQC analysis
problem was found to be computationally intractable. A common technique to reduce the

model size of uncertain linear systems is through the application of balanced truncation based
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methods [09], [70]. These methods can be conveniently formulated as convex optimization
problems that allow the dimension of an LFR’s uncertainty block to be directly reduced while
simultaneously calculating guaranteed upper bounds on the worst-case model reduction error,
which can be reincorporated into the uncertain system as uncertainties. The technique used
herein, however, is a bit ad hoc, and was performed in order to reduce the complexity of
the system LFR such that the resulting analysis problem was computationally tractable and
could be solved. A more rigorous technique combining minimal realizations of LFRs and

coprime factors reduction of the unstable linear dynamic block is being investigated [71].

The very large size of the LFR resulting from the parametric uncertainties was found to be
prohibitive to applying balanced truncation based methods due to computational limitations.
An alternative strategy has been employed here in order to instead reduce the complexity of
the state-space matrix-valued function’s rational dependence on the parametric uncertainties,
resulting in a reduced uncertainty block size when the LFR is reformed. All uncertainties
are static time-invariant, so the uncertainty space can be sampled by closing the LFR over
applicable uncertainty values. This results in a nominal LTI system and allows the model

reduction error to be easily assessed with a standard H., norm.

5.2.1 Forming a System with Polynomial Dependence

Consider the LFR A,x M, with A, = diag(21,,,, 6,1 Oplps ... ,5121n51 ), where n,, = 36

n6m7 T n6m7

is the total number of aircraft, actuator, and controller states. Let the set of parametric
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uncertainties be 8, = (0, 0z, - - ., 07, ). The system can be equivalently expressed as A, M, =
D+ CA,(I — AN)'B = D(3,) + €(8,) (21 — 2A(d,)) *B(,), where A(d,,), B(4,), €(d,),
and ®(d,) are rational functions of §,. Our goal is to reduce the complexity of the rational
dependence of A, B, €, and ® on J§,. This is accomplished by restricting the allowable
rational combinations that can be formed out of §,, for all four parameter-dependent matrices.

The concatenated parameter-dependent matrices can be equivalently rewritten as

= My + Mipr + Maps + - -+ + Mgpg,

where p; represents a unique polynomial combination of parameters (with maximum degree
d) from the set p = {0, 00,...,00.,1/6pm,1/04,...,1/6r.} and M; € Retnz)xmatnw)  for
1 =0,1,...,q. Note that polynomial combinations of uncertainties and their inverses can

result in not only polynomial, but any rational combination of uncertainties.

5.2.2 Reducing the Polynomial Order

An inner-outer loop stepwise regression [72] is then employed to reduce the number and com-
plexity of polynomial terms p; to be used in the reduced model. The outer loop adds and
removes polynomial terms, aiming to reduce ¢ while keeping the reduction error, max; || ;||
(defined below), under a pre-specified tolerance at all points j sampled from the uncertainty
space in a fine grid. The reduced LFR system A, x M, corresponds to the reduced polynomial

matrices M, + M, pr; + Myypry + -+ + M, ;p,s, where the matrices M, , for : =0,1,...,s,
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are determined in an inner stepwise regression loop designed to keep the matrices sparse
so that the uncertainty block corresponding to the reformed LFR for a chosen set of poly-
nomials, p,;, remains small. Sampling A, x M, and A, x M, at a point j yields a set of
nominal LTT systems given by the state-space representations (A Mp; B Mp; C’ij , Dij) and

(A My B My s CMrj , D Mrj), respectively. The error system can now be defined as

A ij 0 B ij

Ei=| 0 A, |Bu (5.1)

"

Crgy; —Ciy | O

5.2.3 Incorporating Model Reduction Error

The model reduction technique was applied for the performance output z = Py. The para-

metric uncertainty block was reduced from
.1
Ap = dlag(;[%, Om 1539, 021702, 01706, 5111222, 51y[107, 5Iz[222)

to

. 1
Ar - dlag(;]?)fia 5777,7 5:17]67 62167 5I$7 5Iy7 51,2)7

allowing the parametric uncertainties to be coupled with the other uncertainties in Fig. 5.1
to result in a computationally manageable analysis problem. Additionally, a dynamic LTI

uncertainty, Ag(z), is included in the linear dynamic group as an additive uncertainty to
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Figure 5.4: Model reduction error is incorporated into the reduced system as the dynamic
LTT uncertainty Ag.

account for the model reduction error with dimensions corresponding to A, x M, and bounds
given by the maximum model reduction error for the system under analysis. Final analysis
for the linear dynamic group is conducted on the LFR formulated as A, x M, + Ag(z), as

shown in Fig. 5.4.

Finally, an additive dynamic LTI uncertainty Ay (z) € RHZ*™ represents the effect of
nonlinearities in the dynamic model ignored during the linearization process. A weighting
matrix W=diag(/3, 3, I,0.55,0.35,0.2,5,101;) was used to normalize the magnitude of the
state inputs to the uncertainty, as shown in Fig. 5.1. This perturbation satisfies ||Ay]|e <
0.01. The weighting matrix and dynamic uncertainty are chosen by comparing closed-loop
linear and nonlinear simulations. The weighting matrix reflects the relative magnitudes of
the state vector in simulation. Absolute magnitudes could alternatively be used, although

the resulting scalar multiplying W would be identically canceled out by its inverse in the
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Figure 5.5: Coeflicient histories obtained from the linearized aerodynamic model (red) are
compared with those from accelerometer data (blue) in a validation flight test to obtain
uncertainty magnitude bounds (green).

block diagram.

The linear dynamic model uncertainties (dynamic group) thus consist of 6 static LTT uncer-

tainties, 0y, 0z, 02, 01, 01, 01, and 2 dynamic LTT uncertainties, Ag(z) and Ay(z).

5.3 Aerodynamic Model

Nonlinearities and unmodeled aerodynamics are represented by static linear time-varying
perturbations in the uncertain system. Flight test data collected for the purposes of system
identification is leveraged in order to quantify uncertainty magnitude and rate bounds to

further reduce conservatism (compared to allowing arbitrarily fast variations).
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Table 5.2: Aerodynamic Uncertainty Bounds x 100

’ Term Value H Term Value H Term Value H Term Value H Term Value H Term Value ‘
5& 0.7223 (%ry 1.0521 5& 3.8267 6gl 0.5435 dgm 1.8174 Jgn 0.2019
oo, -0.8804 55;, -L1315 || 6o, -3.7813 551 -0.5022 || 6g,  -1.6366 | o, -0.2191
ygx 1.0226 Véy 1.2593 ygz 5.7708 uéfl 0.5878 Véfm 2.1982 ygn 0.2125
ve, -0.9579 Ve, -1.5455 || vo,  -5.0018 Ve, -0.4988 || vg,  -2.5448 || v, -0.3477

Recall that the aerodynamic forces and moments in (2.10) are defined in terms of aerody-

namic coefficients, namely,

1
E() = 501()10‘/:12‘9’ for i = x,y, =z,

1
M(-) = 5(Jj(-)p\/a%*b, for j =1I,n, (5.2)

1
Min(-) = 5Cm(-)pVy Se.

The output error method was used to solve for the aerodynamic parameter values that make
up the nonlinear aerodynamic coefficients (based on the chosen aerodynamic model structure)
by comparing measured force and moment time-histories to a postulated aerodynamic model
[19]-[52].

Instead of adding uncertainties to each aerodynamic sub-coefficient, six additive static time-
varying magnitude and rate bounded uncertainties dc, (k), for i = x,y,2,1,m,n, are used
to characterize the aerodynamic uncertainties, covering sub-coefficient estimation errors,
nonlinearities in the sub-coefficients, and unmodeled aerodynamics, hence resulting in a

computationally manageable and thorough uncertainty representation.

Using flight test data collected to validate the aerodynamic model, shown in Fig. 5.5, the
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measured coefficient histories are compared with a set of simulated coefficient histories.
That is, using the same set of inputs, coefficient histories are calculated using the linearized
aerodynamic model and compared with those obtained from the physical system in flight.
Errors between the simulated and measured coefficients are calculated at each time-step.
The resulting magnitude error distribution had large outliers, and the resulting bounds led
to unrealistic worst-case aerodynamics. To mitigate this, the magnitude bounds on éc; (k)
were reduced using ellipsoidal peeling in order to get representative bounds that were not

overly conservative [73].

Similarly, the rate bounds v, (k) given in Table 5.2 were calculated as the maximum deriva-
tive of the magnitude error. To incorporate the uncertainties, the aerodynamic coefficient
terms Cj(-) in (5.2) are simply replaced by C;(-) + d¢, (k) for i = x,y,2,,m,n. The un-
certainty block corresponding to each aerodynamic uncertainty in the resulting LFR has a
dimension of 6 since the aerodynamic uncertainties multiply V,, a function of u, v, w, Uy, Uy,
and w,,. Taking a minimal realization of the aerodynamic model LFR results in uncertainty

blocks of dimension 1 for each uncertainty.

As an example of the nonlinear effect of coupling uncertainties, consider the performance
output z = P, with a nominal worst-case performance value of ||w > Z|[ssr, < 5.93.
While the upper bound on the worst-case performance of the LFR with 6 aerodynamic
uncertainties is 8.24, the upper bounds resulting from only considering ¢, (k) or d¢c, (k) are
6.26 and 6.42, respectively. However, if both dc, (k) and ¢, (k) are considered together,

the resulting upper bound is 6.93, higher than any of the other individual aerodynamic
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Figure 5.6: Upper bounds on ||w +— Z||se, considering two coupled aerodynamic uncer-
tainties are given in the upper-left, while lower bounds are given in the lower-right.

uncertainties. Fig. 5.6 presents upper and lower bounds on ||w +— Z||s,e, for all pairs of
aerodynamic uncertainties. From the figure, it is evident that d¢, (k) when coupled with
6cy(k), dc,(k), or ¢, (k) results in a higher performance bound due to coupling. d¢, (k)
coupled with ¢, (k) produces a similar effect. Coupling exercises such as this can be easily
performed using any combination of uncertainties from Fig. 5.1, and help highlight the
most influential uncertainties in the system (d¢, (k) and d¢, (k), in this example) as well as
those that may be ignored in the analysis process to reduce computational complexity. For
instance, d¢,, (k) is the least influential uncertainty, and shows no major coupling effects in

Fig. 5.6.

The aerodynamic uncertainties (aero group) consist of 6 static LTV uncertainties, ¢, (k),

5Cy(k’), 5Cz(k3), (;Cl(k’), 5Cm(k’), and 5Cn(k)
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5.4 Control Input Uncertainties and Delays

Given centered and normalized inputs, the limits on actuator deflections and thrust output
can be modeled by the unit saturation operator. Fig. 5.1 depicts the actuator deflections
and output thrust passing through a block diagonal saturation operator, which can be appro-
priately represented by the so-called Zames-Falb IQC multiplier [15], [71], [75]. Specifically,
this multiplier can represent saturations as odd-monotonic and slope-restricted nonlinearities
constrained by sector bounds in the range [0, 1]. While this multiplier representation appears
to be an apt description of the nonlinearity, the Zames-Falb constraints fail to represent the
actual unit saturation point, and as such, end up being very conservative. Additionally, as
pointed out by [21], a Zames-Falb representation of saturation is only applicable to open-loop
stable aircraft plants. Since 6 DOF aircraft models are not typically open-loop stable, the
Zames-Falb multiplier has not been used to represent actuator and thrust saturation in this

work.

Inspired by [76], saturation is instead modeled as a static time-varying uncertainty, incorpo-
rated as sat(u) &~ u — udy, (k), where the uncertainty representing saturation is bounded as
5%)(/{) € [0, Omaz], and o4, is the saturation tolerance that the system will be analyzed
against (10% for the Telemaster). While still clearly conservative, this uncertainty represen-
tation can lead to some insight on the sensitivity and relative effect of saturation on stability

and performance.

Several multipliers have been developed in the literature by [77], [78], to represent time-
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Figure 5.7: Dynamic uncertainty bounds for the actuator model.

varying time delays in discrete-time. In this work, the only considered delays are in the
controller, whereby the controller receives measurements at 25 Hz, and optimal controller
commands are calculated and sent to the actuators and propulsion system after a short (and
time-varying) delay. Because the controller operates in discrete-time, the entire aircraft
system has been discretized for analysis. In reality however, the aircraft dynamics operate in
continuous-time, and the expected time delays will likely not occur in discrete intervals. In
fact, the Telemaster delays are consistently less than one time step, and as such, the available
multipliers would be a conservative representation of the expected delays. Time delays are
therefore lumped together with the conservative and already time-varying uncertainties in
place for saturation in order to reduce both conservatism and computational complexity in

the analysis process.
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Three identical servomotors deflect the UAS control surfaces and are nominally modeled as

Gaet(s) = wfw (52 + 2(swnss + wfw). (5.3)

The natural frequency and damping ratio were experimentally estimated to be w,, = 13.7
rad/s and ¢, = 0.67 by measuring the servomotor frequency response in [53]. The same
data is also used to quantify the unmodeled actuator dynamics, represented in IQC form
as repeated H., norm bounded dynamic LTI uncertainties d,.(z). The uncertainties are
additively combined with the dynamics as Gue(2) + 0aet(2), as shown in Fig. 5.1. An un-
certainty bound is chosen such that all frequency response data points are contained within
the set of possible unmodeled linear dynamics, as shown in Fig. 5.7. A bound on ||daet||oo
is first set as the absolute value of the maximum magnitude error between the nominal
model and frequency response data points. Random transfer functions are then generated
with H., bounds less than or equal to the uncertainty bound. The uncertainty bound is
relaxed slightly so that all phase data points are covered, and then relaxed slightly more to

10act]|oo < 0.05 to account for potential nonlinearities and errors in the data collection.

As the nominal thrust model is assumed to be static, a dynamic LTI uncertainty, ||07[/c <
0.2, is added to the thrust model to account for unmodeled dynamics and nonlinearities in

the lookup table-based thrust model from [53].

The control input uncertainties (control group) consist of 4 dynamic LTI uncertainties,

Oact; (2),0act 4 (2); Gactp(2), 0r(z) and four static LTV uncertainties 5, (k), 95, (k), 5, (k),
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Figure 5.8: Approximating a time-varying delayed input to the servo model.
and 0, (k).

5.4.1 Time-Varying Partial Time-Step Delays

After sensor data is passed to the controller, a new set of control laws for the aircraft
thrust and servomotors must be calculated, leading to a small delay in the controller com-
mands. Depending on the processor utilized, number of calculations, and whether or not
table lookups and interpolations are required, time delays may vary in magnitude and even

be time varying.

Keep in mind that controller commands are implemented in discrete-time while the aircraft
dynamics are actually in continuous-time. It is therefore possible that a delay may be less

than one time-step if the system is modeled entirely in discrete-time.
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While Kao et al. [77], [78] have developed IQC multipliers for time-varying time-step interval
delays in discrete time, there is currently no IQC machinery for partial time-step delays. As
a discrete-time controller is typically used with the continuous time dynamic UAS system,
representing controller delays as interval time-delays may not be appropriate. To overcome
this problem, it is proposed that the controller commands are passed through an uncertain
transfer function which approximates the effects of a partial time-step delay and can utilize

existing [QC multipliers for analysis purposes.

Time delays are approximated by passing controller commands through the transfer function:

GT(Z) — %’ (5‘4)

z

where 0, represents the current time-delay, normalized by the system time-step so that
d; € [0, 1]. It can be clearly seen that a delay of §, = 0 in G,(z) represents a unitary gain,
and thus no delay, while §, = 1 yields the pure integration term, %, and thus a full time-step
delay. For intermediary values of §,, the output from G.(z) is simply linearly interpolated

using the current input and the previous input command.

As the delayed command signal will be passed through a servo model before entering the
aerodynamic model for the three actuator commands, the effect of the time-varying delay is
visualized in continuous time using the actuator deflection (as a normalized PWM signal in
the range [—0.4, 0.4]), a time-varying zero-order hold input command, and a time-varying

delay history. A time-step of 7 = 0.04 s, time delay variation rate of |v.| < 1, and second-
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order servo model with a natural frequency of w, = 13.7 rad/s and a damping ration of

(¢ = 0.67 are used for this example, where the continuous time servo model is given as

0 1 0
A5 Bs
Gs(s) = = | —w? —2Qw, |w? |- (5.5)
Cs | Ds
1 0 0

: (5.6)

and the discrete time servo model is denoted G’T(z), the approximate delayed discrete time

system is given as:

A, B,Cs | B;D;s

G-(2)Gs(z) = | 0 A5 | Bs |- (5.7)

CT DT05 DTD5

The response to the continuous-time delayed actuator model e~ Gs(s) is shown against
the approximated delay discrete-time system GT(Z)G(;(Z) in Figure 5.8 for identical input
command and time-varying delay time histories. A comparison between e~ Gs(s) and the
discrete-time actuator without delay, C?g(z), is also shown. It is clear from Figure 5.8 that
the delay filter G, (z) accurately represents the effect of a partial time-step delay in discrete-

time. Additionally, given the delay variation rate |v;| < 1, ignoring the delay effect may lead
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Table 5.3: Worst-Case Performance IQC Bounds

nominal control aero  dynamic control & aero control & dynamic aero & dynamic All
1 5.9324 8.5119 7.5420 10.0785 10.5005 14.7388 13.6103 19.4337
IQC | 5.9324 8.5119 8.2419 10.0785 12.0418 14.7406 15.6035 23.1363

to an inaccurate representation of the actuator deflection.

If 4, is a known constant, (5.4) can be incorporated into the UAS system at the cost of
only 1 state per delayed channel. Likewise, if d, is an unknown constant or unknown time-
varying parameter, §, can simply be represented using the SLTT and SLTV IQC multipliers,

respectively.

5.5 Analysis Results

Various combinations of uncertainty groups are analyzed as eA x M for e € [0 1] with
performance output z = Py in Figs. 5.9 and 5.10. IQC analysis is used to determine upper
bounds on [[eAxM]||¢,se,, and p-analysis (freezing M and using u-Tools) is used to determine
lower bounds [19]. These lower bounds were found to yield representative results when

compared to lower bound techniques that directly account for time-varying uncertainties
[79].

Four different LTI H., controllers are analyzed. The parameter values defining the perfor-

mance outputs used for synthesis of the three controllers can be found in Table 5.4. For
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Figure 5.9: 1QC upper (x) and p lower (o) bounds on ||eA * M|z, for individual and
coupled uncertainty groups on controller 3.

synthesis, all performance outputs take the structure

z = [c1p + cada, €3 + C40E,, C5T + C6OR,, Cru + C807, Coh, Cro0, - . .
c1th + ¢120p,., 13X, c14Y, ¢150g,, 1604, C170R,., 1807]"

Analysis of controller #3 subject to various groups of uncertainties is first presented. The

controllers are then compared to each other using IQC analysis and validated by simulations.

Finally, the tuning process from controller #2 to controller #3 is discussed. Note that

controller #3 was used in the aerodynamic coupling example shown in Fig. 5.6.

5.5.1 Analysis of Controller # 3

Upper and lower bounds on the worst-case performance for various groups of uncertainties

are also presented in Table 5.3. As it can be difficult to relate worst-case performance
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groups on controller 3.

bounds to expected flight test results, a useful metric is the percent degradation in worst-case

performance (e=1) due to uncertainties, with respect to the nominal worst-case performance.

The nominal worst-case performance bound for controller #3 is 5.93 with a degradation of
43% for the control group, 39% for the aero group, and 70% for the dynamic group. There is
a less than 10% difference between the upper and lower bound for the aero group. While the
control group does have SLTV uncertainties, there was no noticeable difference between the
IQC upper and p lower bounds. When the control and dynamic groups are coupled together,
the resulting degradation is 148%. The degradation from coupling the control & aero groups
and aero & dynamic groups is 103% and 163%, respectively. All of the coupled groups

resulted in more than a linear combination of performance degradations. For instance, the
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Figure 5.11: 1QC upper (x) and p lower (o) bounds for four different controllers are calcu-
lated (left). The worst-case RMS performance is represented by a bar on the corresponding
simulation histograms (right).

degradation of the dynamic group (70%) and aero group (39%) added together is 109%,
while the coupled analysis produced a degradation of 163%. While the control group had
a higher IQC upper bound than the aero group, the aero group resulted in a higher IQC
bound when coupled with the dynamic group (as opposed to the control & dynamic group).
The time-varying uncertainties in the aero group resulted in a more pronounced gap between
upper and lower bounds for the coupled groups with a 0.01% difference for the control &

dynamic group and 15% for both the aero & dynamic and control & aero groups.

Finally, all uncertainties are analyzed together, resulting in an upper bound on worst-case
performance of 23.14 and a degradation in worst-case performance between 228% and 290%.
Looking at Fig. 5.10, the effect of coupling the third uncertainty group with the other two
is the most dramatic, almost doubling the upper bound of the two uncertainty group case.

The upper-lower bound gap was also most pronounced with all uncertainties, at 19%.
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5.5.2 Comparing Controllers

The four H,, controllers in Table 5.4 are analyzed against all uncertainties. The resulting
upper and lower bounds on worst-case performance are shown in Fig. 5.11. Additionally,

nominal performance values and upper and lower bounds at ¢ = 1 can be found in Table 5.4.

Controller #1 had the worst performance with a nominal f>-gain of 22.5 and an upper
bound on worst-case performance of 103.7. This corresponds to a performance degradation
of over 360% due to uncertainties and nonlinearities. Controllers #2 and #3 both performed
significantly better, with nominal performance values of 9.11 and 5.93, and upper bounds on
worst-case performance of 43.1 and 23.1, respectively. As mentioned in the previous section,
controller #3 showed a degradation of around 290%, while the degradation for controller
#2 is approximately 373%. Controller #4 had the best nominal performance value of 3.60.
The lower bound on worst-case performance increased sharply as € increased, indicating a
tradeoff between controller performance and robustness. IQC upper bounds were unable to

be found for € > 0.4 and lower bounds were unable to be found at e = 1.

While controllers #2 and #1 showed similar percent degradations in performance and were
both analyzed with identical uncertainties, Fig. 5.11 clearly shows that controller #2 is a
significant improvement over controller #1. It is possible that the worst case performance
of controllers #2 and #3 are very close since the upper bound for controller #3 is 23.1 and
the lower bound for controller #2 is a close 27.8. It is clear, however, that both controllers

#2 and #3 are more robust to uncertainties than controller #1.
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To help validate these analysis results, a large number of nonlinear simulations are per-
formed with each controller. Simulations are conducted in the previously described MATLAB
simulation environment which involves the nonlinear flight dynamic model, with actuator
dynamics, subjected to 3.5 m/s steady winds, moderate turbulence generated by the low
altitude Dryden model, time-varying time delays randomly sampled from a range of 0 to
0.005 seconds, and sensor noise. Each controller is flown for 500 simulations of 5 continuous

loops, with the root-mean-square (RMS) error of the performance channel z = P, calculated

for every five loops (n,=3500 time-steps) as Zgras = /Yy 2(k)Tz(k). The simulation re-
sults are presented in a histogram in Fig. 5.11. The worst-case RMS error is marked with a

horizontal bar. Controller #4 was unstable for all simulations and is therefore not shown.

While it is difficult to predict the worst-case RMS errors, comparing the two plots in Fig. 5.11
reveals similar trends between controllers. Both the IQC analysis and simulation validation
show that controller #1 has by far the worst performance. Additionally, the performance of
controllers #2 and #3 are much closer together than #2 and #1. Since IQC analysis can
be performed much faster than simulations, it is very encouraging that worst-case controller

comparison correlates with nonlinear simulations.

While controller comparisons are useful to control designers, a similar process can be used
when only one controller is available. Multiple payload configurations with the same con-
troller, for instance, can be easily compared. The relative robustness of the controller to

various airframe configurations can be assessed in this manner.
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Table 5.4: Controller Parameters

[# [nom. u IQC [c1 c e3 ca ¢ g 7 g € Clg Cl1 Cl2 €13 Cl4 Cl5 Cl6 €17 CIg
1 225 934 104 |01 03 01 O 01 06 0.12 2 0 0.3 0.01 03 001 001 03 03 06 2
9.11 278 43.1 (0.1 03 0.1 04 0.1 0.8 0.07 2 0.04 03 003 0 0.03 0.03 03 03 08 2
593 194 231 |0.1 04 01 04 0.1 06 0.07 2 04 03 005 0 004 004 04 04 06 2
360 N/A N/A |0 0 0 0 0 0 0 0 0 0 1 0 1 1 0O 0 0 0

= W N

5.5.3 Controller Tuning with IQCs

Since direct comparisons between controllers have been shown to be viable in the above
sections, it follows that IQC analysis could be a very useful tool in the control design process.
An IQC-in-the-loop controller tuning process such as the one in Section 5.1 could bypass
time-consuming simulations and allow for the tuning process to be automated using nonlinear
optimization algorithms to produce controllers that are robust to uncertainties, unmodeled

dynamics, and nonlinearities.

Fig. 5.12 shows three intermediate tuning steps in between controllers #2 and 3. The initial
controller has a performance value of 43.08. The first iteration (2-A) reduces the performance
value to 39.13 by increasing the penalty on position through coefficients c;1, c13, and ¢7,
airpseed through c7;, and decreases the weight on roll angle with the coefficient ¢9. By
increasing the pitch rate and elevator coupled term, ¢4, and decreasing the penalty on the
height and elevator coupling term, ¢, the performance value is lowered to 32.08 for controller
2-B. Controller 2-C is formed by increasing the penalty on the actuator commands through
15, C16, C17. The performance value for 2-C is 26.72. Finally, controller #3 is obtained by
decreasing the airpseed penalty and h-dg,. coupling and increasing the roll angle penalty and

q-0g, coupling. The worst-case performance value of controller #3 is 23.14, a 46% reduction
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Figure 5.12: IQC upper bounds for the tuning sequence from controller 2 to controller 3.

over that of #2.

Considering the nominal performance values (e = 0) for the controller iterations, controller
#2 has a nominal performance value of 9.106. From Controller 2 to 2-A, the nominal perfor-
mance value actually increases slightly to 9.109. From 2-A to 2-B, the nominal performance
continues to increase, up to 9.438. From 2-B to 2-C, the nominal performance drops to
7.636, and from 2-C to 3, it drops to 5.932. Conversely, the worst-case performance bounds

monotonically decreased throughout the tuning process.

It is important to note that the changes in nominal performance value are not reflective
of the changes in worst-case performance, and a simple H., norm analysis of the nominal
closed-loop system may not be indicative of a well performing controller when nonlinearities

and unmodeled dynamics are taken into account.



Mark C. Palframan Chapter 5. 1QC Framework 111

5.5.4 Observations on IQC Analysis

IQC analysis for large complex systems remains a difficult task. Throughout the course of
this work, the author has discovered that IQC analysis results for 6 DOF UAS are sensitive
to a number of factors. First of all, UAS analysis problems were consistently sensitive to the
chosen basis function pole. Poles located close to the unit circle tended to result in tighter
upper bounds on the />-gain performance level, . All analysis in this chapter used a pole
of A =0.9997. In general, the larger the analysis problem, the more difficult it was to solve.
Larger problems would potentially result in very conservative upper-bounds, unsatisfied
LMIs, or errors with the chosen convex optimization solver. For example, if a minimal
realization is not used for the aerodynamic uncertainties, the corresponding performance
bound would be higher than if a minimal realization was analyzed, despite the fact that
both systems have equivalent input-output properties. Both SeDuMi and SDPT3 were used
at candidate solvers, but all results in this chapter used SDPT3, as it was found to be more
robust, and provided satisfied LMI results more of the time. One potential method to ensure
the convex optimization solver satisfies the analysis problem’s LMIs is to shift all constraints.
If a large shift is chosen, however, the resulting upper bound on performance level may end
up being conservative. Typically, a shift of 1 x 108 was used in this work. Another method
to potentially improve upper bounds is to increase the basis function length. Increasing
the basis length would occasionally result in a slightly lower performance bound when the
LFR contained SLTV uncertainties. Unfortunately, increasing the basis length additionally

increases the number of LFR states, and consequently the number of decision variables in
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the IQC multipliers and the Lyapunov matrix. The added system states would often increase
the solution time dramatically, so a short basis function was used for most analysis. Since >
is optimized instead of v in the convex solution to the IQC problem, the solver is much more
sensitive to smaller v’s, and numerical discrepancies are much more likely to occur for values
of 7 less than one. Scaling ~, therefore, may lead to more accurate results. Additionally,
it was found that normalizing uncertainties to make A contractive sometimes produced less

conservative upper bounds.



Chapter 6

A Fast Oracle-Based Algorithm for

the Discrete-Time IQC Problem

As discussed in Chapter 4, through application of the KYP lemma, the frequency-dependent
infinitely constrained IQC problem can be equivalently posed as a frequency-independent
finite dimensional convex optimization problem and solved using semidefinite programming
tools. This chapter presents an oracle for the discrete-time IQC problem in addition to out-
lining a cutting plane algorithm to generate candidate solutions for the oracle to check. The
chapter is organized as follows. Section 6.1 introduces orthogonal and orthogonal symplectic
matrices that will be used in the cutting plane algorithm, Section 6.2 presents the discrete-
time IQC oracle, Section 6.3 provides a brief overview of two non-KYP-based algorithms
for solving the IQC problem, Section 6.4 provides the necessary background information

and pseudocode for the implemented cutting plane algorithm, Section 6.5 describes the re-

113
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formulation of the oracle into a more robust form, Section 6.6 describes the theory and
implementation of a robust eigenvalue solver, and finally, Section 6.7 provides examples of
the IQC oracle applied to large systems and complex engineering systems. In this chapter,
the MATLAB notation x(i : j) is used to represent [x(i),z(i + 1),...,z(j — 1),z(j)]* for

convenience.

6.1 Orthogonal and Orthogonal Symplectic Matrices

Two main types of orthogonal matrices are used in order to manipulate matrix structures

and annihilate certain terms via matrix multiplication, Givens rotations and Householder

reflections [80], [81]. A Givens rotation in R™*™ is given by
Ii 4 Oicix1 Oicixj—ic1 Oicixt Oi—ixm—j
O1xi—1 cos 0 O1xj—i—1 sin 6 01xm—;
4(i,j,0) = 0ji—1xi-1 Oj—i—1x1 I iy Oj—ic1x1 Oj—ic1xm—j| >
O1xi—1 —sin¢ 01><j—z’—1 cos 0/ lem—j
i 0m—j><i—1 Om—j><1 Om—jxj—i—l 0m—j><l Im—j ]

where ¢ and j denote the locations of the cos # terms along the diagonal. For convenience, we
define the special case Givens matrices 4,(i,0) = 4 (i,i+1,0) and ¥,(i,0) = 4 (i,m/2+1,6).
Clearly ¥, only exists if m is even, which holds for all uses of ¥; in this work. Note that ¢

and the special case ¥, are orthogonal, and ¥, is orthogonal symplectic. A Givens rotation
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can be used to annihilate a single term from the left or the right through proper choice of

the angle 6 € [0, 27].

Householder reflections 77 € S™ are used to annihilate part of a row or column of a multiplied
matrix by rotating part of a vector from that matrix into its null space. We define the

Householder reflection of a tall, real-valued vector w € R™ to annihilate w(k + 1 :m) as

Iy Ok—1xm—k+1
%(k’, 'U)) = )
Om—ktixk—1 Lm—kt1 — 2%
where v is determined from w and & in Algorithm 1, taken from [81] and presented below.

Algorithm 1 Householder reflection vector

Require: k£, n, w
Assign v = 0,,, g1
Set v(1) = w(k) + wlw sign w(k)
fori=23,.... m—k+1do
Set v(i) = w(i+k—1)
end for

Return: v

Left multiplying w by the Householder reflection matrix J#(k, w) yields

H(k, w)w = : (6.1)
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where £ € R*. Householder reflections can be similarly used to annihilate rows of a matrix
by being multiplied from the left. This is easily demonstrated by taking the transpose of

(6.1), which yields

'U)T%(]{Z,’LU) - |:.’BT 0%—k:| .

6.2 A Discrete Time IQC Oracle
Recall that the IQC stability and performance inequality given in (4.7) is
F(z) = M(2)"SM(z) <0,

for all z € D, where D = {z]z = €/ for all w € [—, 7]} is the set of points on the complex

unit circle, and the transfer matrix M(z) and its adjoint are given by

M(z) =D +C(zI — A)7'B,

M(2)* =D + B (I — zA")'CT 2.
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As it will be useful in the following sections, F'(z) and F(z)~! can be expanded as

2l — A 0 B
= [ ] |
—Q I—zAT F

—BR!
F2)' =R+ [nlﬂ RB} (H - =N)~! , (6.2)
_FR
where
BRIFT —A 0 -1 —BR BT
H= N = . (6.3)
FRIFI—9Q I 0 AT — FR'BT

Recall that Q, F, and R are functions of S, and subsequently, 7. Note also that Q and
R are guaranteed to be symmetric due to their construction in (4.14). In addition, R is

invertible for all cases of interest.

For (4.7) to hold for a candidate solution Sy(172), and be negative definite, Apq.(F(2)) must
be negative for all points z € D. To avoid introducing a Lyapunov matrix, we use F(z)~!
to check if A\ (F(2)) = 0 for any z € D. Since F(z) is a continuous function on D, if
Amaz(F(20)) < 0 for a point 2z € D, and F(z)! exists for all z € D, we can conclude that
So(12) satisfies (4.7) and so ||Ax M||g, e, < 7o for all A € A. If F(2)~! does not exist for

some z € D, then critical frequencies w; exist such that \,..(F(e?“i)) = 0.

For example, if the maximum eigenvalues of a matrix F'(z), for z € D, had the distribution
shown in Fig. 6.1, the boundary condition A..(F(e/™)) < 0 would clearly hold, but there

would exist several critical frequencies, corresponding to zero eigenvalues, for which F(z)™!
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Figure 6.1: An example of critical frequencies returned by the discrete-time IQC oracle.

would not exist, and the candidate solution Sy(v2) would not satisfy the inequality in (4.7).
Furthermore, given just the critical frequencies +m /4, +7/2, and £57/8, we know that the

inequality in (4.7) is violated in the ranges [-57/8, —7 /2], [-7/4, 7/4], and [7/2, 57/8].

While it can determine feasibility of solutions, the oracle cannot determine optimality, and
it is thus up to a non-KYP-based IQC algorithm to generate an appropriate solution to

minimize 72, as is inherently done in the KYP solution (4.15).
We now present the main theorem for the discrete-time IQC oracle.

Theorem 2. Given an invertible matrix R € S"8, A € R"*™ with no eigenvalues in D,
and F(=1) <0, then F(z) <0 for all z € D if and only if the reqular matriz pencil H — zN

has no eigenvalues in D, where H and N are defined in (6.3).
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Proof. An important difference from the continuous-time case is the requirement for the
boundary condition, chosen here as F'(—1) < 0. The corresponding continuous-time inequal-
ity F.(jw) < 0 has a natural boundary condition at an infinite frequency, where F.(joo) < 0

always holds.

We first show that F'(z) is negative definite for all z € D if and only if it is also nonsingular
and F(—1) < 0. For the “only if” direction, F'(z) is clearly nonsingular for all z € D if
F(z) < 0for all z € D. We now prove the “if” direction and assume that F(z) is nonsingular
for all z € D. Since F(—1) <0, —1 € D, and F(z) is a continuous function on D, F(z) < 0

must hold for all z € D.

Next, utilizing a similar argument to the ones used in the proofs of [35, Theorem 1] and [52,
Theorem 1], we show that F'(z) is singular for some zy, € D if and only if z; is an eigenvalue
of the pencil H — zN. We start by proving the “only if” direction. Since F'(z) is singular,

then there exists a nonzero vector @ € C"5 such that F(zp)x = 0, that is,

-1

[]-“T ZOBTl y+ Rx =0, where y= x.

—Q I — ZoAT .F

Clearly, since x is nonzero, then y is also a nonzero vector. Thus, z = —R ™! [ FT 2z BT} Y,

and so,

—Q T zAT F F
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which is equivalent to (H — 2oN)y = 0. Therefore, H — zyN is singular and, hence, 2 is
an eigenvalue of H — zN. To prove the “if” direction, we assume zy is an eigenvalue of
H — 2N, and so, (H — 29N )y = 0 for some nonzero vector y. Defining the nonzero vector x
asx = —R™! [}“T ZOBT] y, we can equivalently express (H — 2oN)y = 0 as F(z))x = 0,

thus proving that F(z) is singular. O

It directly follows that (4.7) holds if the conditions in Theorem 2 hold. Next, we briefly

discuss the use of the oracle in non-KYP-based IQC algorithms.

6.3 Fast Algorithms for Solving IQC Problems

Two algorithms for solving IQC problems without the KYP lemma are briefly described,
a cutting plane algorithm and a frequency gridding algorithm. Interested readers can find
more details and implementation notes on the cutting plane algorithm in [31],[34], and [33],
and the frequency gridding algorithm in [21] and [33]. Additionally, the following sections
present a version of the cutting plane algorithm used to test the IQC oracle described in
Section 6.2. Note that these algorithms are not specific to the discrete-time case and, in

fact, all cited references are for continuous-time applications.

The analytic center cutting plane (ACCP) algorithm determines candidate solutions Sy(72)
by setting the values of the decision variables in S(v?) equal to the corresponding components
of the analytic center of a convex set in R™*, where n, is equal to the number of decision

variables. In each iteration, a halfspace which cuts through the current analytic center of



Mark C. Palframan Chapter 6. Discrete-Time IQC Oracle 121

the convex set is added to the set of halfspaces defining it. The convex set will shrink and
eventually converge around a single point. The algorithm used to test the discrete-time IQC
oracle is a modified version of the one in [31], and is briefly outlined below. The algorithm

is described in more detail in Section 6.4.

An initial conservative hypercube in R"* containing the vectorized 1QC solution is defined by
a set of linear inequalities expressed in matrix form as ATx < b, where “<” corresponds to
the componentwise strict inequality, A = [I,, — I,,,], and b = 1ry, with 1 denoting a vector
with all of its components equal to 1 and ry the radius of the largest Euclidean ball that lies
in the initial hypercube. The analytic center of this hypercube is . = 0. An upper bound

on 2 is set at infinity, and a lower bound is set by solving the following linear program:

minimize : x(n,) = ~*

(6.4)
subjectto : ATz < b.

The following steps are repeated iteratively:

e The analytic center, @, of the convex set {x € R"™| ATx < b} is calculated. A

candidate solution Sy(7) is then formed using ..

e Constraints on the frequency-independent portion of the IQC multipliers are checked.
If a violated constraint is found, A and b are appended to introduce an additional

inequality defining a new halfspace.

o If all IQC multiplier constraints are satisfied, the IQC oracle is called. If no criti-
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cal frequencies are found, Sy(12) is a feasible solution, and a constraint restricting
7? to be less than 72 is added by appropriately appending A and b. If the or-
acle returns a set of critical frequencies, a violated frequency wy is determined as
the midpoint of one of the sections of violated frequencies, as suggested in [36]. Us-
ing (4.7), we know that M(e/?)*Sy(12)M(e7“°) is not negative definite, and has at
least one positive eigenvalue. A new linear inequality constraint is determined as
xt M(e70)*S(y )M (e?*0)xy < 0, where xg is the eigenvector corresponding to the

largest eigenvalue of M (e740)*Sy(72) M (e7*0).

e If the solution Sy(+3) is feasible, the upper bound is updated to be x.(n,) (i.e., 73).
Otherwise, the lower bound is updated by solving the linear program (6.4) with the

updated set of linear inequality constraints, that is, with the appended A and b.

e Finally, if the difference between the upper and lower bounds is less than a predefined

tolerance, the upper bound is returned and the algorithm terminates.

Although it is not directly used in this work, the frequency gridding algorithm can also
be used with the discrete-time IQC oracle, and is included for completeness. Candidate
solutions for this method are determined by solving (4.7) as a convex optimization problem
subject to a finite set of frequencies as opposed to all of D. If the oracle determines that the
candidate solution is not feasible for all frequencies, a violated frequency is determined in
the same manner as that used in the ACCP algorithm, and is added to the finite set. This

process repeats until a feasible solution is found, in which case the algorithm terminates and
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returns the performance value corresponding to the last candidate solution. The frequency
gridding algorithm has the disadvantage that an upper bound on + is only found when the

algorithm terminates, and thus there is no direct convergence metric.

6.4 The Analytic Center Cutting Plane Algorithm

As solving an IQC analysis problem via the KYP lemma using convex optimization tech-
niques can be computationally expensive and slow for medium-large analysis problems, we
adopt the analytic center cutting plane (ACCP) algorithm from [31]. For this algorithm,
we start with a large convex set with dimensions equal to the number of decision variables
in the matrix S(7?) of (4.7). The analytic center of the convex set serves as a candidate
solution to the IQC problem. Each iteration, halfspace constraints are added to the convex
set, cutting it through its current analytic center. Each step of the algorithm, a lower bound
on the performance value 2 can be calculated based on the current halfspaces that make up
the convex set. Furthermore, if the candidate solution satisfies (4.7), an upper bound on ~?
can also be determined. Eventually, the convex set will shrink to a very small size and the

upper and lower bounds on the square of the /5-gain performance value v will converge.

Whereas the convex optimization approach to the IQC problem utilized a Lyapunov matrix
to represent the infinite number of constraints on the problem, we utilize an IQC oracle to
return a single violated halfspace constraint out of the set of infinite constraints at each

iteration. This halfspace is determined by means of solving an eigenvalue problem, which is



Mark C. Palframan Chapter 6. Discrete-Time IQC Oracle 124

computationally inexpensive when compared to solving a large convex optimization problem.
The ACCP is thus much less memory intensive than the convex optimization approach for
systems with a large number of states, and examples presented in [31] show that the ACCP
can solve IQC problems as fast as the convex approach for small problems, and significantly

faster for large problems.

6.4.1 The Analytic Center

The center of gravity of the convex set makes the ideal candidate solution for each iteration of
the algorithm, as cutting through the CG will quickly shrink the convex set with guaranteed
convergence rates. However, as the CG of a convex set is computationally intensive to
calculate, we will instead use the analytic center (AC) as an approximation of the CG.
Given the convex set {x € R™ | ATz < b} with A € R™*™ and b € R"™, the analytic

center by definition minimizes the log barrier function
np
d(x) = — Zlog(b —ATx), zc{x|alx <b; Vi=1,2,...,m},
i=1

where a; is the i"" column of A.

For our algorithm, the initial convex set P is defined as a hypercube with a radius of 15,70,
where 7y is a large number such that the optimal solution is likely to be contained within
P. The hypercube has a known analytic center of . = 0,,,, and is defined by the halfspaces
{x € R™ | ATz < b}, where A = [I,,, — I,

.] and x is the vector of decision variables. In our
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algorithm, b will not be directly used. Instead, we use the slack variable s = b— ATz. Lastly,

the primal AC is initialized as y = 1%, and the initial slack is defined as s = b — ATz, = b.

6.4.2 Calculating the Analytic Center

When a halfspace passing through the AC, defined by the linear inequality a’x < b, is
added to the convex set P, a one step procedure is used to estimate the new primal and dual
analytic center values given a, A, and s [31]. A value of 0 < 8 < 1 controls the depth of the

cut r into the convex set. x, y, s, and A are updated as

r = /a(Ading(s) 2AT) a,
2 = @, — f(Adiag(s)2A7) "a/r.

) T
Y= |yT —aTAT(AT diag(s)~2A)'diag(s)~28/r ﬁ/r} ’

) T
s=|sT +a” (AT diag(s)2A)"LAB/r Br] ;

The triple (x, y, s) will be close to the true AC, and is guaranteed to be inside the updated
set P. We then employ a primal-dual Newton procedure to iterate from our estimate inside
P to the true AC [83]. Using the estimated AC, the Newton procedure will quickly converge

to the true analytic center, using the convergence criterion ||diag(y)s — 1|| < € for some



Mark C. Palframan Chapter 6. Discrete-Time IQC Oracle 126

small e. The triple (x, y, s) is iteratively updated using the following equations:

x = x — (Adiag(y)diag(s) ' AT) ' Adiag(s) "1,
y =y — diag(s) (I — diag(y) A" (A diag(y)diag(s) ' AT) " Adiag(s) ") (diag(y)s — 1),

s 1= s+ AT(Adiag(y)diag(s) ' AT) ' Adiag(s) 1.

As the analytic center is defined by the halfspaces that make up a convex set, and not the
convex set itself, parallel halfspaces are by definition redundant and will push the analytic

center away from the CG.

Note that the intercept b is not required for the above calculations, as it is specified such that
the halfspace defined by the normal vector a is shifted so that the hyperplane {x | ATz = b}
passes through the analytic center. Since our intercept is predefined, a common occurrence
in the ACCP is that the same a is returned by the oracle multiple times with decreasing
intercepts. In this situation, redundant columns are not added to A so that the AC stays as

close as possible to the CG.

6.4.3 Adding New Halfspaces

Specifically, the IQC oracle is used to determine frequencies w which violate the IQC in-
equality such that F(e’“ x.) 4 0 for the current candidate solution x.. Recall that F(z) in

(4.7) is a function of A, B, C, D, S, and z, and is written parameterized by z. While A, B,
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C, and D are fixed, S, which is in turn a function of v, is not. Since the decision variables
defining S (including ) are defined by @, we additionally parameterize (4.7) by « and write
it as F'(z,x). If the oracle determines that F(e/*,x.) < 0, the candidate solution . is
feasible and satisfies the IQC inequality (4.7). The decision variable corresponding to the
performance value (chosen as the last term in @, for this work) is thus an upper bound on
the worst-case f5-gain performance level of the system. The upper bound is then updated to
be equal to the minimum of the current upper bound and the candidate performance value.
A new halfspace is added by appending the column vector a = [Ozz_l 1] " to the matrix A to

restrict the upper bound on worst case performance to be lower than the current candidate

value.

Given a frequency w such that F (e x.) 4 0, there exists an eigenvalue A of F(e’*, x.)
such that A > 0. It follows that the eigenvector w corresponding to A can be used to write
ulF(e’*, z,)u > 0. The normal vector of the halfspace corresponding to the constraint

u'F(e’, z)u < 0 is determined as

After a is normalized, the AC estimate and primal-dual Newton algorithm can be applied

as in Section 6.4.2.

The lower bound can now be updated by minimizing the performance value subject to the

current set of halfspace constraints, which can be solved as the linear program (6.4).
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6.4.4 Cutting Plane Algorithm Pseudocode

We now present the pseudocode for the ACCP algorithm which was briefly discussed in

Section 6.3, and expanded upon in Sections 6.4.1-6.4.3. The notation O refers to the IQC

oracle presented in Section 6.2.

Algorithm 2 ACCP Algorithm

Require: n,, rg, €
Assign A =11, —I,,]
Assign . =0,
Assign y = 12%%
Assign 8 = 1y, 79 — ATz,
Assign L = minx(n,), subject to ATz < s+ ATz,
Assign U = oo
e=1
while € > ¢, do
w = 0(x)
if w = then
Set U := min(U, z.(n,))
Assign a = [0] _, 1}T
else
Assign n,, = size(w)

if n, =1 then

> Initialize the constraint matrix
> Initialize the analytic center

> Initialize the primal solution

> Initialize the slack values

> Initialize lower bound

> Initialize upper bound

> Initialize convergence criteria

> Call IQC oracle

> x, is a feasible solution

> Update upper bound

> Constrain performance value
> x, is not a feasible solution

> Number of frequency pairs
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Assign w,, =0 > Critical frequency midpoint
else
Assign wy, = [0 (w(2,3,...,n0) —w(1,2,...,n, — 1))]
end if
fori=1,2,...,n, do
Assign [A, U| = o (F(wm(i), z.)) > Calculate eigenvalues and eigenvectors
Assign [Anaz, j] = max(A) > Find largest eigenvalue and location

Assign A\, (1) = Mpaz

Assign u(:,i) = U(:, ) > Store eigenvector for the frequency w,, (7)
end for
Assign [Anaz, j| = max(A,) > Find largest eigenvalue and eigenvector
Assign a = ou(:, j)T F(wn(4), z)u(:, j)/0x > Find halfspace constraint
Set a :=a/||al| > Normalize halfspace
end if

Call dual-Newton algorithm to update x., y, and s given a.

Set A := [A a)

Assign Ly = minx(n,), subject to ATx < s+ ATz, > Calculate lower bound

Set L := max(L, L) > Update lower bound

Set € :== U — VL > Update convergence criteria
end while

Assign v = VU > Upper bound on worst-case performance
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Return: ~

6.5 Improving Oracle Robustness

In this section, we attempt to improve the robustness of eigenvalue computations in the
manner proposed for continuous-time H,, norm oracles in [32]. As a result of this process, not
only are eigenvalue calculations likely to be more robust, but the resulting eigenvalue problem
is specially structured such that a robust eigensolver can take advantage of symmetries in
the matrix structure. In this work, we specifically deal with real-valued dynamic systems,

although extensions to the complex case are possible.

Extensions to the discrete-time H., norm case are also discussed in [32]. What follows is
a complete methodology for the discrete-time IQC oracle. Besides differences in equations
and structure, such as the coupling due to the Q matrix, we prove the discrete-time version
of the matrix extension lemma, which is necessary to formulate a more robust oracle. For
an H,, norm oracle, it is only required to determine feasibility for a given 72 value as the
system under analysis is only a function of frequency and ~2. The IQC oracle, on the other
hand, is a function of S(7?), and the oracle must return a list of the critical frequencies
w; where Apax(F(e7#1)) = 0 so that appropriate candidate solutions can be generated. To
accommodate this, equations have been provided so that the critical frequencies can be
recovered from the robust oracle solution. As will be shown later, we can use our choice
of oracle boundary condition to avoid calculating infinite eigenvalues, which are a natural

result of the robust oracle.
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We first convert the linear matrix pencil H — zN to the even dimensioned pencil H — zN so
that it can later be partitioned into equivalently dimensioned blocks, and certain symmetries
can be maintained. If ng is odd, we simply add a single imaginary input to the system by
defining B = [B 0] and D = [D 0]. Calculating F and R as in (4.14) with B and D, we can

partition B, F, and R into equally dimensioned parts as

- ‘ N ‘ N RII:RIQ
o=[nln] =[] s %
| | Riy | Rao

The even pencil H — zN is thus defined as

d-A 0 B i
e (6.6)

-9 I—-:2AT F
The added zeros in (6.6) simply add an infinite eigenvalue to those of (6.3). If (6.3) already

contained an infinite eigenvalue, we have o(H, N) = o(H, N). For the more general case,

we can relate their spectrums as o(H, N) = o(H, N) U {oo}.

As the matrix multiplications and inverses present in (6.3) may be ill-conditioned, we next
try to reduce the number of such operations required to calculate o(H, N) by extending the

pencil (6.6).

Lemma 2. A matriz pencil of the form H — 2N = A — BD7'C — z(E — BD™'F), with
real-valued, appropriately dimensioned matrices A, B, C, D, E, and F, invertible D, and

spectrum o(H, N), can be extended to the pencil Hz—zNg with o(Hg, Ng) = o(H, N)U{co},
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where Hp — zNg 1s given by

A B E 0
—z
C D F 0
Proof. The proof follows a similar argument to the one used in the proof of [35, Lemma 4.3].

Given z € o(H, N), there exists a nonzero vector x; such that (A — BD™'Cx; = 2(E —
BD7'F)x,, or equivalently, (A+BD ! (2F —C))x, = zEx,. Choosing Cx,+ Dxy = zFz,

the vector @, can be solved for as €y = D~(2F — C)x;. Substituting this into the original

T

system yields Axz; + Bxy = zEx;. Since x; is nonzero, ¢y = [x] x]" is by definition

nonzero, and we have

A B L1 E 0 T
=z : (6.7)

cC D i) F 0 o

Note that we have introduced a number of infinite eigenvalues in (6.7) due to the structure

of Ng, and thus o(Hg, Ng) C o(H, N) U {oo}.

Conversely, given z € o(Hg, Ng), we have Ax1+ Bxy = zFx; and Cxy+ Dxy = zFxq, with

xo = [2], 11T nonzero. Solving the second equation for &, and plugging it into the first

once again yields (A + BD Y (zF — C))x; = zEx,. It remains to show that x; is nonzero if
Xy is nonzero. Suppose x; is the zero vector. @y, = D1 (2F — C)x; would therefore be zero,
making [z, xI]" zero. Since [x], xI]T is assumed to be nonzero, this is a contradiction

and x; must be nonzero if xq is nonzero. Therefore, we have o(H, N) C o(Hg, Ng). In

conclusion, we have proved that o(Hg, Ng) = o(H, N) U {co}. O
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By applying Lemma 2 to (6.6), we can define the extended matrix pencil as

A 0B 7 0.0
| |
Hg—2Np=| _9Q [:F —z| 0 AT:O ) (6.8)
FT 0, R 0 BT,0

Furthermore, we have the spectrum o(Hg, Ng) = o(H, N)U{co} = o(H, N)U {oc}. Note
that by implementing this step, we have removed all matrix inversions and multiplications

from (6.3), improving the robustness of our eigenvalue calculation.

Swapping the first and second columns and taking the negative of the third row of Hg — zNg

yields the D-type matrix pencil Hp — zNp [39], where o(Hp, Np) = o(Hg, Ng); namely,

0 —-A B 0 -1 0
,,:,,,,,,,, ,,,,,: ,,,,,

Hp — zNp = 1'-Q F | —= AT 10 0 |- (6.9)
0, FT —R BT, 0 0

Since all we have done is swap rows and columns of the pencil, clearly o(Hp, Np) =

O'(HE, NE)

As Hp — zNp is a D-type pencil, we can say that, given z € o(Hp, Np), then the inverse
of its complex conjugate 2! € o(Hp, Np), or, the pencil’s eigenvalues have symmetry with

respect to the unit circle.

As presented in [39], we perform a Cayley transformation, c, followed by a “drop/add”
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transformation to obtain a C-type matrix pencil Ho— AN¢ from the D-type pencil Hp —zNp

given in (6.9), where

0 I-A B 0 —I-A B
777777 l_ o _ [ D
| |
Ho—=ANe=|T-AT" —Q F |=A|T+AT" 0 0 |- (6.10)
| |
BT | FT R -BT . 0 0

The C-type matrix pencil has eigen-symmetry with respect to the imaginary axis, or, if
A € o(He, Ng), then —\ € o(Hg, Ngo). The use of “\” instead of “2” in (6.13) is done
merely to indicate that, roughly speaking, the composite transformation maps discrete-time
eigenvalues into their continuous-time counterparts. Before giving the next result, we provide

the definition of the Cayley transformation, namely, ¢ : CU {oo} — C U {00} is defined as

c(z)=(z—1)(z+1)7" c(~1) = o0, c(c0) = 1. (6.11)

This transformation maps all points in ID to the imaginary axis, with —1 mapped to infinity.

Specifically, the points on the unit circle, z = ¢/* for all w € [—7, 7|, are mapped as

. . _1 3
cosw + jsinw . slhw :jtang. (6.12)

c(e’?) = — =
cosw + jsinw + 1 14 cosw

For convenience, we introduce the notation c(o(H,N)) = {A € C|X = c(z) forall z €

o(H,N)}. The following result is based on Theorems 15 and 16 from [39)].

Lemma 3. Given Hp — zNp and He — AN, as defined in (6.9) and (6.13), respectively,
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He — AN¢ is regular if and only if Hp — zNp is regular. Furthermore, o(Hc, No) =

C(O'(HD, ND)) U {OO}

Partitioning some matrices as in (6.5), the C-type pencil Ho — AN¢ can be expressed as

0 I-A B 0 —I-A B
,,,,,, l_ B
| |
He=ANe= | T-AT" —Q F | ~A|[I+A"" 0 0 |- (6.13)
| |
BT | FT -R -BT , 0 0

6.5.1 Skew-Hamiltonian/Hamiltonian Pencil

Dividing the input channels of the C-Type pencil (6.13) as in (6.5) yields the identical pencil

0 :[—A Bl BQ 0 E—I—A Bl BQ

,,,,,, R i e e e

[-AT -9 A F I+ AT 0 0 0
Hc—)\NC: I - A \
[ [

BY | FI' —Ru —Ru —BT | 0 0 0
[ [

B | Fl Rl R Bl 0 0 0

The pencil Ho — AN¢ can be rearranged such that both Hs and Ng are partitioned into four
equivalently dimensioned blocks. Rearranging the pencil further (through multiplications by
unitary matrices) results in symmetries between blocks and yields a skew-Hamiltonian /Hamiltonian

matrix pencil.

Following a sequence similar to [25], we swap the 1st and 2nd row, the 2nd and 3rd row,
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the 2nd and 4th row, the 2nd and 3rd column, take the negative of rows 1 and 2 and finally
take the transpose of both sides to yield the skew-Hamiltonian/Hamiltonian matrix pencil

H — AN defined as

A—T —823 0 B, I—A 323 0 _B,
| |
~FI' Ry, Bl —Ry 0 0, BT 0
H-IWN=|--------- e e S N o m e . (6.14)
| |
Q _JT"Q:I_AT .Fl 0 Ol—I—AT 0
| |
~FI Ry, BI  —-RL 0 0, Bf 0

The spectrum of the pencil is invariant under the applied transformations, and so, o(H,N) =
o(He, N¢). Since o(He,N¢) = c(o(Hp,Np)) U {oo} and o(Hp,Np) = o(Hg,Ng) =
o(H, N)U{oo}, we can then relate the eigenvalues of the preceding skew-Hamiltonian/Hamiltonian

pencil to the original pencil (6.3) as o(H,N) = c(o(H, N)) U {1, 00}.

By setting the boundary condition in Theorem 2 to F'(—1) < 0, we ensure that no unit circle
eigenvalues of H —zN will get mapped to oo by (6.11). Thus, in addition to possible infinite
eigenvalues that are already in o(H, N), all infinite eigenvalues of H — AN can be attributed
to the pencil extension and artificial input, and are not of interest to us. Only the purely
imaginary eigenvalues in o(H, ) will correspond to critical frequencies. Using (6.12), the
critical frequencies can be calculated from the purely imaginary eigenvalues \; (if any) as

w; = 2arctan(—jA;).

The skew-Hamiltonain/Hamiltonian pencil H — AN can be formed immediately given the

system matrices A, B, C, D and candidate IQC multiplier matrix Sy(72), and thus cor-
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responds to very little computational cost. Besides improving robustness by eliminating
unnecessary matrix multiplications and inverses, the skew-Hamiltonian/Hamiltonian eigen-
value problem can be solved by applying a structure exploiting eigensolver using techniques
such as generalized symplectic URV (GSURV) decomposition [37]. The SLICOT toolbox,
for example, provides a robustly implemented GSURV decomposition solver for real-valued
skew-Hamiltonian/Hamiltonian matrix pencils [36]. Details on the version of the GSURV

decomposition algorithm implemented for this work can be found in Section 6.6.

The GSURV decomposition algorithm takes advantage of the symmetries in H — AN Due
to the skew-Hamiltonian/Hamiltonian structure of H — AN, we know that o(H,N') has
symmetry with respect to the imaginary axis, and its eigenvalues will occur in quadruplets
as A\, A, —A, —\. This can be easily shown using the definitions of Hamiltonian and skew-
Hamiltonian matrices. Consider an eigenvalue A and an eigenvector @ of the pencil H — AN

such that (H — AN\)x = 0. Taking the adjoint, we have

0=a"(H =MW" =2 (-T"HT —ANT'NJ) = -2 T (H+W)J.

Thus —\ € o(H, N) if and only if A € o(H, N). Since H and N are real-valued matrices
in this case, it follows that —\ € o(H, N) and A € o(H, N) for finite eigenvalues. Finally,

we can state that

o(H, N)=0c(—H, N). (6.15)

Since any purely imaginary eigenvalues of H — AN will occur in conjugate pairs, we can



Mark C. Palframan Chapter 6. Discrete-Time IQC Oracle 138

conclude that the critical frequencies in the range w € [—m, 7] will be symmetric about 0.

6.5.2 Decision Variable Scaling

When implementing the ACCP algorithm, it is possible that the decision variables in .S will
have a very large magnitude. As such, this has the potential to negatively affect the well-
posedness of the resulting eigenvalue problem. Fortunately, we can exploit the structure of

the matrix pencil in order to inexpensively scale the decision variables in S.

Looking at (6.13), the only nonzero terms of the northwest and southeast blocks of He and

N¢ is the block
-9 F e

I
W
A
|
Ill

Fr -®r| | D7

in the southeast part of Ho. Defining the matrix

I¥e
%=\ "7

0 I/p

where p is any positive constant and parameterizing Ho by S, we have ZNc# = N¢
and ZHo(S)% = He(pS). We can relate the spectrums of the pencils Ho(S) — AN¢ and

He(pS) — AN¢ as

O'(Hc(S), Nc) == O'(%Hc(S)%, %Nce%) = O'(Hc(,OS), Nc)
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Thus, we can scale the matrix S by any positive constant p, and it follows that o(H(S), N) =
o(H(pS), N) for the skew-Hamiltonian/Hamiltonian pencil. For this work, we will use

p=1/|[S]l, so that [[pS]| = 1.

6.6 Robust Structure Exploiting Eigenvalue Solver

As a full pseudocode for the GSURV decomposition algorithm is not readily available in
the literature, it is outlined in detail here. To improve the clarity and readability of this
section, the matrices in the oracle have been lumped together and simplified. The skew-

Hamiltonian/Hamiltonian pencil (6.14) has the following structure:

E F K L
H—/\N: _)\ )

where H, N € R™*™ F G € S", and L is skew-symmetric € R"*",

Recall that by ensuring w = 7 is not a violated frequency, the linear matrix pencil in the
oracle will have no corresponding infinite eigenvalues that were mapped from -1 to infinity.
Thus, the only eigenvalues of interest will have exactly zero real part. In order to avoid
false detections of purely imaginary eigenvalues, a structure exploiting eigenvalue solver for
real-valued skew-Hamiltonian/Hamiltonian matrix pencils will be used to deflate the matrix

subspaces and calculate eigenvalues with exactly zero real part [37].

In order to find the eigenvalues, we will need to compute a particular decomposition to put
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the matrices of interest into skew-triangular and skew-Hessenberg form using orthogonal

matrices Q; and Oy as

Nll N12
Q,{NJQIJT = ;
0 NI
T T le Z12
Z=J0T'NQ, = : (6.16)
0 ZzL
T Hll H12
Ql HQQ - )
0 Hoy

where Nyi, Z11, and Hy; are upper-triangular, and HZ, is upper quasi-triangular. Theorem

3 states that such decompositions will always be possible to find.

Theorem 3. Generalized Symplectic URV Decomposition

Given real-valued skew-Hamiltonian and Hamiltonian matrices H and N, there exists or-
thogonal matrices Q1 and Qo such that the decomposition (6.16) can be formed where N1y,

Z11, and Hyy are upper-triangular, and HL, is upper-Hessenberg.

Proof. The proof is presented by construction in Section 6.6.2. n
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6.6.1 Double Sized Skew-Hamiltonian/Hamiltonian Pencil

Using (6.16) and the Hamiltonian structure of H, we can arrive at the identity

—Hy  Hi
JHBIHIQT" =
0 —Hf

To start, from (6.16), we can directly obtain the relation

- HL 0
QQH Ql =

141

(6.17)

(6.18)

From the definition of a Hamiltonain matrix, we have HJ = J*H?*. We can easily solve for

HT using the fact that 7J = JTJ? = —1 as HT = —FTHJ. Substituting this into (6.18)

and pre and post multiplying by J and J7T, respectively, yields the result in (6.17).

We next define the composition of a symmetric matrix P and skew-symmetric matrix ) as

I, 0 0 O I, I, O
—I, I, 0 I, 0 O I, I, O
0 0 0 I, 0 0 -1,

where X is orthogonal.
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Following [37], we define the large 2m x 2m matrices
. H 0
BH = )
0 —H
. N 0
By =
0 N

Clearly, the pencil By, — AByr has the spectrum o(By, By) = o(H, N)Uo(—H, N). From

(6.15), we can conclude that o(By, By) = o(H, N).

Next we define the pencil By, — ABy = yT(BH — )\BN)J), where it is clear that O'(BH, BN) =

o(By, By). By, and By can be expanded as

. _ 0 H
BH = yTBHy = ’
H 0 (6.19)

By = V'ByY = By
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Additionally, we define the pencil By, — ABys where

By = X"ByX = PTByP =

By = XTByX = PTByP =

o 0

0 JJ"

~

TuT"

0

Qs

0 53 0o F
|
E 0, F 0
R ,
|
0 Q; 0o =£&7
|
G 0,-&E" 0
K 03 L 0
|
0 K, 0 <L
77777 ‘7777777
0 oiKT 0
|
0 0,0 KT
}
0 0 :HH H12
|
0 0 | 0 Hy
,,,,,,,,, s
|
—HL .Hﬂ: 0 0
|
0 —HL, 0 0
Ny N i 0 0
|
0 NL, 0 0
,,,,,,, o
|
0 0 :ZH Zlg
|
o 0,0 Z%

143

(6.20)

(6.21)
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Next, we define the double sized 2m x 2m orthogonal matrix

o | TQT o
Q,=P P.
0 Q>
Using the identity
VA I, 0
Jom P = PT ’
0 I, 0 In
and following the example in [35], we calculate J QI J7 as
JToTT 0
goigt=gr " PrIT
0 o7

=pT P

144

(6.22)

(6.23)
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Combining (6.20), (6.21), (6.22), and (6.23), we can calculate

o ler o |gaT o
ngj (BH_ABN>Q3:’P P<BH_)\BN)P P
0 Jorgr 0 Qs
or 0 .  |gogT oo
=pT (By, — \By) P (6.24)
0 JorgT 0 Qs
0 Hy' 0 Hp Ny 0 N 0
Hj, 0 , H 0 0 Zi, 0 Zip
= |---=-=-=--- Fmmm——— = —Al------- - == - == - ,
0 0 1 0 Hy 0 0Ny o0
| |
0 0 | —HL 0 o 0.0 2%

where the pencil (6.24) is once again skew-Hamiltonian/Hamiltonian with an eigenvalue
spectrum of o(J QY T By Qs, TOYT"BynQ3) = o(H, N). Combining (6.15) and (6.24),

we get the equivalency

0  Hu| |Nu 0 0 Hx| |NE 0
o ) =0 : . (6.25)

—HL 0 0 Zn —HT 0 0o Z%

Finally, using the left half of (6.25), we can solve for the eigenvalues of H — AN as

o(H,N) = i\/a(—Zflng;NﬁlHn) = ij\/a(N;llHHZ;ng).

The purely imaginary eigenvalues of H — AN correspond to the positive purely real eigen-
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values of o(N; ;" Hi1 Z;;' HL). As this is a combination of upper-triangular and upper quasi-
triangular matrices, the matrix product is once again upper quasi-triangular and the purely
real eigenvalues can be extracted from the diagonals of the four matrices with no need to

compute the inverses of Z;; and Ny;.

6.6.2 Generalized Symplectic URV Decomposition

The decomposition (6.16) consists of three main parts, outlined briefly in Algorithm 11 of
[87] with further details in [85]. A is first put into the skew-triangular form given in (6.16)

using a series of Householder reflections to compose an m x m orthogonal matrix, Q;, as

~ ~ - Nll N12
N=0INTOT" = ;
0 N&

with Ny; € T". Taking advantage of the skew-Hessenberg form of A" and the fact that the
south-west block of NV is already zero, this can be done in just n — 1 steps. We then update

the other terms as

Q2 == lejT7
Z=90 T NO, =N,

H=0[HQ,.

Orthogonal matrices Ql and Q2 are then determined to annihilate terms in H using a series
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of Givens rotations and Householder reflections as

~ AT X ~ T ]\711 N12
0 NIT1
~ AT 4T 53 le 212
Z:jgzj ZQ2: )
0 Zﬂ
~ AT Hll HlZ
H:Q1H 2 = )
0 Hoy

with N1, Z11, Hip € T*, and HZ upper-Hessenberg.

147

(6.26)

Finally, periodic QZ decomposition is applied to the formal matrix product Nﬁlfl 1121_11 FIQTQ

to determine Ql and QQ such that

ST v T Nll N12
Qleglj = )

0 Nf

v Ay le Zl?
T T 209, = ;

0 ZL

ST A S Hll H12
Ql HQQ - ;

0 Hoy
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with N1, Z11, Hi1 € T" and HQT2 upper quasi-triangular. We determine Ql and Q2 as

y Vi 0

le )
0 Vi

y Vi 0

Qs = ;
0 VW

where Vi, V5, V3, and V} are orthogonal matrices determined by periodic QZ decomposition
such that VI Ny, Vs, VTH,V,, and VL Z,,V, are upper-triangular, and V,;F HLV; is upper

quasi triangular [88]-[90]. Defining

Ql = QlQlle

QQ = QQQQQQ?

we recover the result (6.16).

A detailed look at the annihilation process up to this point can be found in the generalized
symplectic URV decomposition Algorithm 3. While the involved pseudo-code consists of
multiplications between pencil matrices and elementary orthogonal matrices, these matrix
multiplications are not performed in implementation. A Givens rotation pre-multiplying a
full matrix, for example, would only affect two rows of the original matrix. As multiplication
between two large matrices is computationally expensive, the affected rows and columns are

directly modified in lieu of matrix multiplication to speed up the algorithm significantly.
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We now present the pseudocode for the URV decomposition algorithm.

Algorithm 3 Generalized Symplectic URV Decomposition
Require: H, N, m

Assign Q, Qs =1,

Assign n =m/2

Assign J = [0,, — I,,; I, 0,,]

% Part 1 - Make Ny, upper-triangular.

fori=1,2,...,n—1do > Make N skew-triangular
Define w = N (3, 1)
% Annihilate N(i + 1 :n,i) and N(n+é,n+i+1:m)

Set N := (i, w) T NT A (i,w)TJ"

Set H 1= (i, w)THT A (i,w) T > Update H
Set Qp := Q1.7(i, w) > Update Q;
end for
Set Qy := QT J* > Update Qs
Assign Z =N > Initialize Z

% Part 2 - Make Hy; upper-triangular and HZ, upper-Hessenberg while maintaining the
structure of N and Z.

% When a term N(j, k) or Z(j, k) is annihilated, N'(k +n,j +n) or Z(k +n,j +n) is
also annihilated due to symmetry, and vice versa.

fori=1,2,...,ndo

for j=4ii+1,...,n—1do > Step 1. Annihilate H(n +i:m — 1,4)
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Define 0, = arctan H(n + j,i)/H(n + j + 1,4)

Set H :=9,(n+75,00)"H > Annihilate H(n + j, 1)
Set QT :=9,(n+ 5,0,)T QT > Update 9,
Set N :=94,(n+5,00) " NIY,(n+j,0,)T" > Update N

Define 6 = arctan N'(j + 1,5) /N (4, )

Set N :=94,(5,0.)NTY,(5,0:)" T > Annihilate N'(j + 1, j)

Set H :=9,(j,02)H > Update H

Set Q) := 019,(j,0:)T > Update Q;
end for
Define 03 = arctan H(m, 1)/ H(n, ) > Step 2.
Set H 1= Y,(n,03)H > Annihilate H(m, 1)
Set N := %, (n, 03) NG, (n, 03)T > Update N
Set Q1 := 01%,(n,03)T > Update Q;
for j=n,n—1,...,i+1do > Step 3. Annihilate H(i + 1 : n, 1)

Define 64 = arctan H(j,4)/H(j — 1,7)

Set H:=9,(j —1,0,)H > Annihilate H(j, )
Set N :=9,(j — 1,0)NTY,(j —1,0,)TT" > Update N
Set Q1 1= Q19,(j — 1,07 > Update Q;

Define 05 = arctan N'(n+j — 1L,n+j)/N(n+j,n+j)
Set N:=4,(n+7j—1,0:)INITG(n+j—1,05)T" > Annihilate N (5,7 — 1)

Set H . =9,(n+3j—1,05)TH > Update H
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Set Q1 := Q19,(n+7—1,05) > Update O,
end for
forj=i+1,i+2,...,n—1do > Step 4. Annihilate H(n +4,i+1:n — 1)

Define 65 = arctan H(n +4,75)/H(n+i,5 + 1)

Set H := HY,(j,606) > Annihilate H(n + 14, j)
Set Z :=J9,(j,06)" T*Z294,(j, 66) > Update Z
Set QQ = Qggo(j, 06) > Update Q2

Define 6; = arctan Z(n + j,n+j+1)/Z(n+ j,n + j)

Set Z :=JY,(n+ 7,0:) T Z9,(n + j,07)" > Annihilate Z(j + 1, )

Set H := HY,(n + j,0:)" > Update H

Set Qy := @29, (n + j,0,)" > Update Qs
end for
Define s = arctan H(n + i, n)/H(n + i, m) > Step 5.
Set H := HY(n, Os) > Annihilate H(n + 4, n)
Set Z :=Y,(n,03)T Z294,(n, 0g) > Update Z
Set Qy := Q% (n, bs) > Update Q»
for j=n,n—1,...,k+2do > Step 6. Annihilate H(n +i,n+i+2:m)

Define 0y = arctan H(n +i,n+ j)/H(n+i,n+ 75— 1)
Set H :=HY,(n+j — 1,0y > Annihilate H(n +i,n + j)
Set Z:=J9,(n+j—1,00)T"Z9,(n+j —1,00)T > Update 2

Set Qo := Qo¥%,(n+j — 1,09)7 > Update Q,
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Define 6,y = arctan Z(j,5 — 1)/ 2(4,7)

Set Z:=J9,(j —1,010)T T ZY,(j — 1,610) > Annihilate Z(j,j — 1)
Set H :=HY,(j — 1,610) > Update H
Set Qo := Q29,(j — 1, 640) > Update Qo
end for
end for

% Part 3 - Periodic QZ decomposition

Partition H = [Hy1, Hi2;0, Ho

Partition N" = [Ny1, Ti2;0, N{j]

Partition Z = [Zy1, Z12;0, Z4]

Determine orthogonal Vi, Va, Vi, Vy such that Vi"' Ny Vs, Vi'Hy 1V, and Vi'Zy,Vy are

upper-triangular and V;I HL V3 is upper quasi-triangular.

Set H = blkdiag(V,L, Vi) H blkdiag(Vy, Va) > Update H
Set N = blkdiag(V{T, Vi) N blkdiag(Vi, V3) I > Update A/
Set Z = J blkdiag(V,[, Vi) JT Z blkdiag(Vy, Vs) > Update Z
Set @y = Q, blkdiag(V1, V3) > Update Q;
Set Qo = Qs blkdiag(Vy, 2) > Update Qo

Return: H, N, Z, Q;, Q,
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6.6.3 Skew-Triangular/Skew-Hessenberg Decomposition

We now present an example implementation of Algorithm 3 on a real valued skew-Hamiltonian/
Hamiltonian pencil H — AN with dimension n = 3. As with the discrete-time IQC oracle,
the south-west block of N is identically zero. We use the symbol X to represent a term that
may be non-zero, O for a a term that is exactly zero, ® for a term annihilated by the current

operation, and ® for a possibly non-zero term that was previously zero.

Once again, we adopt MATLAB’s matrix notation for convenience. That is, given a matrix X,

X(i: 7,k : 1) refers to the block X((i,i +1,...,5—1,7), (k,k+1,...,1—1,1)).

In Part 1 of Algorithm 3, two Householder reflections, #, are applied to N as TN T H# TT
to make the north-west block of A" upper-triangular and the south-east block lower triangu-
lar. Due to the skew-Hessenberg form of N, as A (2 : 3,1) is annihilated, so is N'(4,5 : 6).
Likewise, as NV(3,2) is annihilated, so is N'(5,6). At each step in the process, updated values
of ATNT AT are stored in the variable N. The orthogonal matrices that result in the
updated version of A/ are stored separately. Recall that any matrix multiplications applied
to N are also applied to H, and vice versa. Thus, the algorithm is carefully set up so that
annihilated terms in one matrix that get filled in while operating on a second matrix are
immediately annihilated again so that operations on one matrix do not result in backwards

progress on the other. The progression of A/ as the Householder reflections are applied is as
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follows:
-X X Xio X X- -X X Xio X X- -X X XiO X X-
X X X:X O X ® X X:X O X O X X:X O X
Vo | xxxixxof e x xix xo| |ooxixxo
- i - i - i
OOO:xxx OQO:X@@ QOO:XOO
O O O, x X X O O O, x x X O O O,x x O
O 0 OIx x x O 0 Oix x x O 0 Oix x x

Now that A is in skew-triangular form, we set Z = A and begin to annihilate terms in H
while maintaining the structure of A" and Z in Part 2 of the algorithm. At this point, it does
not matter how the structure of H has been affected by the Householder reflections applied

in Part 1, and it can be any full real-valued 6 x 6 matrix, as depicted by

->< X XXX ><- ->< X xio X ><-
X X XX X X O x xi1x O x
o | [0 i X O
X X XixX X X O O Orx O O
X X ><3>< X X O O OEX X O
X X X1X X X O O Q}x X X

In Step 1, we use 4 (4, 5, 0;) to eliminate H (4, 1) from the left side as H := ¥4(4,5,0,)TH. This
creates nonzero entries at A/(2,1) and NV (4,5), which are in turn annihilated by 4(1, 2, 05) as

N :=%9(1,2,0,)TNTY(1,2,0,)TT. Angles corresponding to these and all following Givens
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rotations can be found in Algorithm 3.

X X XX X X X X xiQ X X
X X ><3>< X X ® X ><3>< O X
X X XX X X O O x;x x O
[ e e R I =
X X ><3>< X X o O Oix x O
X X XX X X O O O;x X X

Repeating this step annihilates H(5,1) with ¢(5,6,6;) and recovers N (3,2) and N (5,6)

with the rotation ¥(2, 3, 6s).

X X XX X X X X xi@ X X
X X X1X X X O x x1x O x
woo | I X 08 xix X O
O X XixX X X O O Oirx O O
® X ><i>< X X o O OEX X &
X X XX X X O O Q;x X X

Step 2 annihilates H(6,1) using the Givens rotation ¥(3,6,6;) from the left as H :=
94(3,6,03)H. Since the rotation matrix is symplectic, we have 4(3,6,65) = J4(3,6,05)T".
N is thus updated as N := 4(3,6,05)N¥(3,6,05)T. In this update step, rotated terms in

N cancel out their symmetric counterparts, and thus no new non-zero terms are formed in
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N. ~ _ _ ‘ -
><><><}><><>< ><><><}Q><><
X X X1X X X O><><:><O><
| |
X X X'xX x X O O xX!'x x O
o= |- Do LTI LN = [Tt
O X X i1 X X X O O Ox O O
| |
O X X!x x X O O O,x x O
O X X1x X X O 0O O1x X X

In Step 3, ¢(2,3,0,) is used to annihilate H(3,1) from the left while 4(5,6,65) is used to
recover N'(3,2) and N (5,6). Repeating this finishes the elimination of the first column of H

by annihilating H(2,1) with ¢(1,2,6,) and recovering NV (2,1) and N(4,5) with 4(4,5,65).

->< X XXX ><- ->< X xiQ X ><-
® X X1xX X X ® X xi1x O X
w0 i x x| o e xix x o
O X XixX X X O O O0Ix ®& O
O X ><3>< X X o O Oix X &
O X Xi1x X X O 0 Oix x x

Step 4 annihilates ¢(2,3,0s) from the right as H = HY(2,3,6s), updating Z as Z :=
J9Y(2,3,06)" TT"Z24(2,3,05) and creating two non-zero terms in Z. Z(2,1) and Z(4,5) are

then annihilated using ¢(5, 6, 07).

><><><:><><>< ><><><:©><><
Q><><:><><>< ®><><:><O><

| |
O><><:><><>< O O xX'x x O
7V e - S e R
O ® X1 X X X O O Oirx ® O

| |
O X X!x x X O O O, x x O
O X X1x X X O 0O Oi1x X X



Mark C. Palframan Chapter 6. Discrete-Time IQC Oracle 157

Step 5 uses G(3,6,0g) to annihilate H(4,3). Similar to Step 2, the rotation matrix is sym-

plectic and Z is updated with no new nonzero terms as Z := G(3,6,05)7 ZG(3, 6, 0s).

X X xix X X X X xio X X
O X ><3>< X X O X ><3>< O X
o |0 XXX X x| 5 |00 xix x O
O O ©ix x X O O Orx O O
O X ><3>< X X o O Oix x O
O X Xix X X O 0 OIx x x

Step 6 begins the elimination of the south-east block of H by using ¥4(5, 6, y) to annihilate

H(4,6) and ¥(2,3,019) to recover Z(3,2) and Z(5,6).

X X XX X X X X xiQ X X
O X X1%x X X O x x1x O x
o |0 x| o xix x 0
O O O x X © O O Oirx O O
O X ><3>< X X o O Oix X &
O X Xix x x O 0 Oix x x

Steps 1, 2, 3, and 5 are then repeated to annihilate H(5,2), H(6,2), H(3,2), and H(5, 3),
respectively. N (3,2) and N (5, 6) are recovered in Steps 1 and 3. As H(4,2) was previously

annihilated, there is no need to perform Step 4. Likewise, as the transpose of the south-east
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block of H is already upper-Hessenberg, there is no need to perform Step 6.

—X X Xix X X— _X X XiOX X_
O X X:X X X O X X:XOX
o |00 X x| 0@ xix x o
OOQ:X X O QOO:XOQ
O ©® O, x x X O O O, x x ®
O ® xix x x O 0 Oix x x

Finally, Step 2 is repeated once more to eliminate (6, 3) with a symplectic Givens rotation

and the structure of N is unaffected.

-><><><:><><><- -><><><i©><><-
OXX:XXX QXX:XOX
w00 X x x| o0 xix x o
QOO:XXO OOO:XQQ
O O O, x x X O O O;x x O
ooca}xxx ooo}xxx

The upper-triangular matrices Ny, Z11, Hyi, and upper-Hessenberg HZI, can now be ex-

tracted from H, NV, and Z for periodic QZ decomposition.

6.6.4 Periodic QZ Decomposition and Infinite Eigenvalue Defla-

tion

Periodic QZ decomposition is a technique used to determine the eigenvalues of a discrete-time

periodic descriptor system [35]-[90]. While the application here is different, the technique
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can be applied to any sequence of inverted or non-inverted square matrices. Typically, the
most expensive step in periodic QZ decomposition is to put the matrix sequence in cyclic-
Hessenberg form, namely, make one matrix upper-Hessenberg, and the rest upper-triangular.
In the case of GSURV decomposition, we immediately start the periodic QZ decomposition

in cyclic-Hessenberg form, and furthermore, know that the matrix product

_ Nl 1T

is purely real. Recall that Nu, I:In, le, and ]:122 are partitioned from /\7, 7:[, and Z in
(6.26). As has been done previously in this chapter, we can pre and post multiply .4” by
full rank matrices and maintain its eigenvalue spectrum. If V;, V5, V3, and V, are orthogonal

matrices, then we can state

VN Vs = VI NG VIVE HWVIVE 25 VeV H Vs,

_vTxr—17¢1 o-1¢7T
- ‘/3 Nll H11Z11 HQQVE’M

with o (VLA V3) = o(A). Looking at the matrices surrounding Z;;', we can take advantage
of their orthogonality and state that VZZ;'Va = (VL Z1,Vy)~ . Thus, we can manipulate
le without directly inverting it using V5 and V. Furthermore, we know that the inverse
of an upper-triangular matrix is once again upper-triangular. Similarly, V; and V3 can be
used to operate on Nij. Using periodic QZ decomposition, we will cyclically determine

Vi, Vo, Vi, and Vj such that VlTNHV};, VITHHV4, and VQTZHV4 are upper-triangular and
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VL HL Vs is upper quasi-triangular. VJI_4#V5 will therefore be upper quasi-triangular, and
its real eigenvalues can be extracted from the diagonals of the upper-triangular portion of

the matrix product.

From the formation of our matrix pencil, we know that it is guaranteed to have several
infinite eigenvalues. Due to our choice of boundary condition frequency (w = 7), none of
the infinite eigenvalues will correspond to critical frequencies of our IQC oracle. The present
infinite eigenvalues are signified by zeros on the diagonals of the inverted matrices Ni; and

Z11. In this step, we seek to decouple these infinite eigenvalues from the rest of the pencil’s

eigenvalues.

Considering an example with dimension n = 4, suppose there is a zero on the diagonal of
ZU at 211(2,2). We will manipulate the matrix product until the corresponding infinite
eigenvalue can be decoupled. Clearly, all the eigenvalues of an upper-triangular matrix are
decoupled. We seek to annihilate an appropriate term on the sub-diagonal of fIQTZ such that

the infinite eigenvalue can be decoupled. .4 initially has the form

X X X X X X X X X X X X X X X X
O X X X O X X X O ® x X X X X X
N =
O O x X O O x X O O x X O X X X
| O O O X | | O O O x| [0 O O x| | O O X X |

Vo = 9(2,3,0,)7 is first used to annihilate Zy;(3,3), creating a nonzero term at HZL(3,1) by

setting Z11 := V¥ Zy1 and HL := V' HL. This creates two zero diagonal terms in a row for
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211.
_ -1 ~ - - - -1 ~ _
X X X X X X X X X X X X X X X X
O X X X O X X X O O X X X X X X
N =
O O X X O O X X O O © X ® X X X
_OOOX_ _OOOX__OOOX_ _OOX X

The new nonzero term in ﬁ%; is now “chased” around the matrix product in order to recover
cyclic-Hessenberg form. Vi = %(1,2,6,) is used to recover HL(3,1) while creating the

nonzero sub-diagonal term Ny1(2,1) by setting HL := HLV; and Nyy := Nyp Vs,

X X X X X X X X X X X X X X X X

® X X X O X X X O O X X X X X X
N =

O O X X O O X X O O O X ® X X X

oo o x| |[ooox|looox] |oox x|

Vi = 9(1,2,03) next recovers NH(Q, 1) while creating the corresponding nonzero term at

FIH(Q, 1) by setting Nu = ‘/ITNH and HH = Vvle{H.

X X X X X X X X X X X X X X X X

® X X X ® X X X O O X X X X X X
N =

O O X X O O X X O O O X O X X X

_QOQX_ _QOQX__OQOX_ _QOXX_

Finally, V4 = ¥(1,2,60,) is used to recover ﬁ11(2,1) by setting Hyy = H,V, and 7y =

Z11Vy. Because of the two diagonal zero terms in 737, V; does not create any new nonzero
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terms in Zq;, and thus, we have recovered cyclic-Hessenberg form as

X X X X X X X X X X X X X X X X

O X X X ® X X X O O X X X X X X
N =

O O X X O O X X O O O X O X X X

_QOOX_ _OOQX__OOOX_ _OQXX_

This cyclic process is repeated in order to annihilate 211(4, 4). This time, however, V, causes
the original diagonal zero at 211(2, 2) to become possibly nonzero. If the matrix product was
larger in dimension, this cyclic process would be repeated until the last two diagonal terms

of 7y, were zeros.

_ 2 -1 - - - -1 - -

X X X X X X X X X X X X X X X X

O X X X O X X X O ® X X X X X X
N =

O O X X O O X X O O O X O X X X

oo o x| 000 x||loOoO0®] |00 x x|

We next annihilate the bottom sub-diagonal term of I:I2T2 with V3 =¥ (n — 1,n,6;5), creating

a nonzero sub-diagonal term at Ny (4, 3).

O O O X

Similar to before, this nonzero term can be chased around the matrix product until cyclic-

Hessenberg form is recovered. Vi = % (n—1,n,66)7 is used to recover Ny;(4,3) and shift the

X
X
O
O

® X X X

O O O X

X
X
O
O

O

X X X

X

O O O X

O
O

O
O

O

O O X X

O

©
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created nonzero term to Hyj (4, 3).

X
X
O
O

O O O X

X X
X X
X X
©® X

O
O

O O O X

X X
X X
X X
® X

O
O

O O O X

O
O

O

O
O

O

X X
X X
X X
O X
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Finally, ﬁ11(4, 3) is annihilated with V;, = ¥ (n—1,n, 0;), filling in the diagonal term 211(3, 3)

and recovering cyclic-Hessenberg form. Ny;, Hyy, and Z;; are now upper-triangular, and HJ,

has a zero sub-diagonal term. The bottom eigenvalue, infinity due to the zero diagonal in

le, is decoupled from the remaining eigenvalues allowing the product to be truncated to a

3 x 3 matrix product for further deflation.

><i><
X 1 X
|
><}><
® 1 x

><i><
X 1 X
|
><}><
O x

The corresponding pseudo-code for deflating an infinite eigenvalue corresponding to a zero

on the Z; diagonal is now presented. A similar process can be performed for zeros on the

]\711 diagonal.

Algorithm 4 Infinite Eigenvalue Deflation

Require: Ny, Hyi, Zy, Hx, n

Assign Vi, Vo, V3, Vi = I,

forto=n,n—1,...,1do

if Zn(l', Z) = (0 then
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for j=4,14+1,...,n—1do > Chase zeros down the Z;; diagonal

Define 0, = arctan Z11(j + 1,5 +1)/Z11(j,7 +1) > Annihilate diagonal term

Set Z11 :=9,(3,601) 211 > Annihilate Z11(j + 1,5 + 1)
Set Hyo := H99,(j,60,)" > Update Hay
Set Vo := V29, (4,0,)" > Update V5
if j # 1 then > Chase nonzero term around matrix product

Define 6 = arctan Hoo(j — 1,7 +1)/Haa(j, 7 + 1)

Set H22 = go(j — 1,92)TH22 > Annihilate HQQ(j - 1,] + 1)
Set N11 = Nllgo(,j — 1, 92) > Update N11
Set V3 :=V39,(j — 1,09) > Update V3

Define 03 = arctan Ny1(j,7 — 1)/Ni1(j — 1,5 — 1)

Set NH = go(j — ]_, 93)N11 > Annihilate Nll(j7j — 1)
Set H11 = go(j — 1,93)H11 > Update H11
Set Vi :=V19,(j — 1,05)T > Update V;

Define ‘94 = arctan Hll(j;j — 1)/H11(j,j)

Set Hyy := H1%,(j — 1,6,) > Annihilate Hy1(j,7 — 1)
Set Z11 := Z119,(7 — 1,0,) > Update Z1;
Set Vy :=V49,(j — 1,04) > Update V}
end if
end for

Define 05 = arctan Hays(n — 1,n)/Haa(n,n) > Deflate Hy
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Set HQQ = go(n — 1, 95)TH22 > Annihilate H22(n — 1,71)
Set Nn = Nugo(n — ]_, 65) > Update NH
Set V3 :=V39,(n —1,05) > Update V3

Define 05 = arctan Ny;(n,n —1)/Nyj(n —1,n — 1)

Set Nyij :=9,(n — 1,06) N1y > Annihilate Ny;(n,n — 1)
Set HH = %(n — 1, 96)H11 > Update HH
Set Vi :=V19,(n —1,06)" > Update V;

Define 07 = arctan Hyy(n,n — 1)/Hy1(n,n)

Set Hyy := H119,(n — 1,07) > Annihilate Hyi(n,n — 1)
Set Z11 :== Z119,(n — 1,07) > Update Z1;
Set Vy := V49, (n —1,0) > Update V}
Setn:=n-—1 > Artificially truncate last row and column
end if
end for

Return: Ny, Hyi, Zn, Ha, Vi, Vo, V3, Vi, n

6.6.5 Periodic QZ Block Update

As the matrix product gets deflated, only the non-deflated portion needs to be operated on.
Additionally, the periodic QZ iteration step will create opportunities to split the deflation
problem into two smaller subproblems. A block update step is used to to represent the effects

of orthogonal matrices on the already deflated or nonactive portions of the matrix product
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[89]. For example, Hy; might be partitioned as

where the matrix products corresponding to the upper-triangular sub-matrices Hiy,, and
Hyi,, are deflated upper quasi-triangular, and the matrix product corresponding to Hii,,
has yet to be deflated. An orthogonal matrix V; left multiplying H;; only needs to modify

the non-deflated portion Hiy,,, and can therefore be chosen as

11010
L1

| |
Vi=|0'v'0
oLl
0,01

with dimensions corresponding to the partition of Hy;. If orthogonal matrices v; and vy
are determined such that they modify Hyy,, as vi H 1122”04T, the corresponding multiplication
of ViHy1 V)" can be achieved by replacing Hyyj, by Hii,,vi and Hii,, by viHiiy,. Similar

updates can be made to Z;1, Ni1, and H2T2.
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6.6.6 Periodic QZ Iteration

For the iterative step of the periodic QZ decomposition, we first estimate the eigenvalues of
A as in [38] and perform a double implicit shift until HZ, converges to upper quasi-triangular
form. By estimating the eigenvalues of .4 and performaing a shift, we aim to create zeros on
the subdiagonal of HQTQ corresponding to real eigenvalues of .4". Cyclic-Hessenberg form for

the non-deflated portion of the matrix product is recovered cyclically, similar to the infinite

eigenvalue deflation in Section 6.6.4.

To estimate eigenvalues, we first define the upper-triangular portion of .4 as

_ Nl o1
Ny = Ni'Hy 25

Additionally, we define the north-west and south-east 2 x 2 blocks of A7 and A4 as

A

_ A1 2 -1
Na = N111;2,1:2H111:2,1:2ZH1:2,1:2’
Np =N H Zi'  HE
D 11l:n,l:n 111571,1:71 11l:n,l:n 22l:n,l:n’

respectively, where [ = n — 1. To carry out the implicit double shift, we determine the first

column of the matrix Ay = (A — A1) (A — Ag), where \; and A\, are the eigenvalues of A7.

Since Ay is upper-Hessenberg, the first column consists of two non-zero terms, calculated

as

4/16{(:, 1) = H2TQLI:2H111,1/<N111,1lel,l)’
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Similarly, the first column of .4;7 has three non-zero elements, defined as

HE «/1/AH§21,1:2H111,1/(N111,12111:1)'

221:2.1:3

We define the zeroth column of HZ, as the first column of the scaled matrix A5 — A5 TrAp +

I det A}, defined as

T
— H
22113

Ny HL

221 1:2

— HT

T
H
221:2.1:3

220,13

TI‘:/VD + [det %Nlll,lzlll,l/Hlll,l 0 O]T

Beginning with the zeroth column of I:I2T2 and continuing to the n — 3™ column, we will
perform a shift, and then cyclically chase the newly created nonzero elements around the
matrix product to recover cyclic-Hessenberg form. If a zero on the diagonal of I:IQT2 appears
after a double shift iteration, the matrix product can be split into two subproblems. For

example, if ﬁQTQ(?), 2) = 0, we can split the matrix product as

_>< ><}><>< ><><}>< ><__>< ><}><>< ><><}>< ><_
| | | |
X 1 X X X 1 X X X 1 X X X XX X
e | 2| O L SRR I el ol
O O, x X O O, x X O O, x X O ©®,x X
|0 0o x| |oo0iox||ooiox]| [0o0ix x|

We now present the algorithm for the periodic QZ iteration step of the decomposition.

Algorithm 5 Periodic QZ Iteration
Require: Ny, Hyi, Zi1, Ha, n

ASSign ‘/17 ‘/27 ‘/é? ‘/4 = In
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Determine Hy»(0,1 : 3)
fori=1,2,....n—2do
% Eliminate column i — 1 of 3 x 3 bulge

Define w, = Hgg(i — 1, Z)

Set H22 = HQQ%(Y:, 'wl) > Annihilate Hgg(i — l,Z +1:7+ 2)
Set Z11 = %(’l, wl)ZH > Update le
Set Vo := Vo (i, w) > Update V5

% Make Z;; upper-triangular

Define 6, = arctan Z11 (¢ + 2,4)/Z11(1 + 2,1+ 2)

Set Zy1 = Z119(i,i + 2,01) > Annihilate Z11(7 + 2,1)
Define 0y = arctan Z11(i + 2,1+ 1)/Z11(i + 2,7 + 2)

Set Z11 := Z119,(i + 1,05) > Annihilate Z31 (i + 2,7+ 1)

Define 03 = arctan Z11(i + 1,1)/Z11(i + 1,0 + 1)

Set le = ano(’i, 93) > Annihilate ZH(i + 1, Z)
Set H11 = Hllg(i7’i + 27 Ql)gg(i + ]_, Qg)go(i, 93) > Update H11
Set Vy = V49 (i,1+2,6,)9,(i + 1,02)9,(i, 05) > Update V}

% Make H;, upper-triangular

Define wy = Hy1(:,1)

Set Hyy := (i, w9)Hyy > Annihilate Hyy(i +4: i+ 2,1)
Define 0, = arctan Hy; (i + 2,0+ 1)/Hy1 (i + 1,1+ 1)

Set H11 = go(i + 1, 04)H11 > Annihilate Hll('é + 2,’& + 1)
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Set Ny1 :=9,(i + 1,04) (i, ws) N1y
Set Vy := Vi (i, w2)9,(i + 1,04)T
% Make N;; upper-triangular
Define 65 = arctan Ny (i + 2,4) /N11 (4 + 2,1 + 2)
Set Ni1 := N119(i,i + 2,605)
Define 0 = arctan N1y (i + 2,0 + 1) /Ny (i + 2,7 + 2)
Set Nip = N9, (i + 1,6)
Define 07 = arctan N1y (i + 1,4) /N1 (i + 1,0 + 1)
Set Ni1 := N11%9,(i,07)
Set Hyo :=94,(1,0:)79,(i + 1,06)79 (i, + 2,05)" Hyy
Set V3 := V39 (1,1 + 2,05)9,(i + 1,06)9,(i, 0;)
end for
% Recover cyclic Hessenberg form
Define ws = Has(n — 2,:)
Set Hop := Hop 5 (n — 1, w3)
Set Z11 := 7 (n — 1,w3) 21,
Set Vo := Vo (n — 1, w3)
Define 6y = arctan Z1;(n,n — 1)/Z11(n, n)
Set Z11 := Z119,(n — 1,0g)
Set Hyy := H119,(n — 1,0g)

Set Vy :=V,9,(n — 1,65)

> Update Nqq

> Update V;

> Annihilate Nyi(7 + 2, 1)

> Annihilate Ny (i + 2,i 4 1)

> Annihilate Ny;(i + 1,1)
> Update Hao

> Update V3

> Annihilate Has(n — 2,n)
> Update Zq;

> Update V5

> Annihilate Z3;(n — 1,n)
> Update HH

> Update Vj
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Define 0y = arctan Hyy(n,n —1)/Hy1(n —1,n — 1)

Set Hi1 :=9,(n —1,69)H1y > Annihilate Hyy(n,n — 1)
Set N11 = %O(n — 1, 99)N11 > Update Nll
Set Vi :=Vi%,(n —1,0,)7 > Update V;

Define 6,9 = arctan Nyj(n,n — 1) /Ni1(n,n)

Set Ny1 := N119,(n — 1, 649) > Annihilate Nyj(n,n — 1)
Set H22 = go(n — ]., Hlo)THQQ > Update HQQ
Set V3 :=V39,(n — 1, 610) > Update V3

Return: NH, HH, le, H22; ‘/1; ‘/27 ‘/37 ‘/47 n

6.7 Discrete-Time IQC Oracle Examples

Randomly generated discrete-time LFRs were analyzed using an ACCP algorithm and the
KYP lemma. The convex optimization solution used SDPT3 parsed through the LMI parser
YALMIP [30], [60]. All calculations were performed in MATLAB 2014a on an Intel i7 CPU
with 8 GB of RAM. Solution times for the randomly generated single-input single-output
(SISO) LFRs with varying state dimensions are shown in Fig. 6.2 on a semi-log scale. For
small systems consisting of 30 or less states, the KYP solver was faster, with both solution
techniques finishing in less than 10 seconds. For medium and large problems with 40 or
more LFR states, however, the ACCP solved the analysis problem the fastest. For LFRs
with 80 states, the ACCP solved problems in an average of 35 seconds, while the average

KYP solution took over 950 seconds. Our desktop computer was unable to successfully solve



Mark C. Palframan Chapter 6. Discrete-Time IQC Oracle 172

10° |

V20 40 60 80 100 120 140 160 180 200
Number of States

Figure 6.2: Solution times for randomly generated discrete-time 1QC analysis problems with
the KYP lemma and an ACCP algorithm.

a problem with 90 states using the KYP method. The ACCP method, on the other hand,
was able to solve problems with 200 states in 1071 seconds. Looking at Fig. 6.2, the ACCP

solution time for 200 states was approximately equal to the KYP solution time for 80 states.

While the advantage of using the discrete-time oracle pencil (6.14) over (6.3) is not im-
mediately obvious when applied to simple systems, it is much more pronounced for some
complex systems. In particular, a closed-loop unmanned aircraft system (UAS) from Chap-
ter 5 is analyzed using the discrete-time IQC oracle and an ACCP algorithm. Recall that the
closed-loop system consists of a 12 state 6 degree-of-freedom fixed-wing aircraft, 3 second-

order actuator models, and an 18 state LTI H, controller for tracking a steady banked turn.
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The uncertain system includes 6 static LTT uncertainties, 10 static linear time-varying un-
certainties, and 6 dynamic LTT uncertainties representing uncertainties, nonlinearities, and
ignored or unmodeled dynamics. The resulting LFR has 81 states, 13 inputs representing
sensor noise and exogenous environmental disturbances, and 3 outputs representing position
tracking error. The authors were unable to analyze the aircraft system LFR on a desktop
computer with the KYP solution, as semidefinite programming tools failed due to numerical
issues and memory limitations. Since each iteration of the ACCP algorithm is less memory
intensive than the KYP solution, an upper-bound on the />-gain performance level of the
aircraft system was obtained by the ACCP algorithm in 568 iterations with a total compu-
tational time of 1653 seconds (27 minutes). The analysis result was validated by using the

KYP lemma on a computer cluster with 64 GB of RAM.

The critical frequencies used in the ACCP algorithm were calculated using (6.14) with
GSURV decomposition. For each iteration, the same eigenvalue problem was additionally
solved using (6.3) and (6.14) with the built-in MATLAB function eig, although these alternate

eigenvalue calculations were not used in the execution of the ACCP algorithm.

As the resulting analysis problem was very long, the corresponding plot of critical eigenvalues
was not informative. A smaller example was performed on the same uncertain aircraft
system with just 4 uncertainties that was solved in 138 iterations. Fig. 6.3 shows all of
the eigenvalues corresponding to the critical frequencies for all 138 iterations of the ACCP
algorithm. The eigenvalues corresponding to the GSURV solver lie directly on the unit

circle, and correspond to all of the critical frequencies. Not all of the critical frequencies
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Figure 6.3: Eigenvalues corresponding to all critical frequencies of an ACCP algorithm
applied to a complex system.

were detected for the problems using eig however, and the eigenvalues displayed are those
closest to the critical frequencies. If used in an ACCP algorithm, eigenvalues not located on
the unit circle would not be detected as corresponding to critical frequencies, and eigenvalues
rotated around the circle would lead to incorrect estimates of critical frequencies. In either of
these cases, it is possible that an ACCP algorithm would not be able to return an appropriate

constraint to add to the current set of constraints.

Using the skew-Hamiltonian /Hamiltonian pencil (6.14) with eig captured most of the critical
frequencies, with some exceptions. Looking at the close up Fig. 6.3 near an angle of /3,
it is evident that eig underestimated the critical frequencies, sliding them down the unit
circle. At approximately 7/16, the detected frequency found using (6.14) and eig was close
to 0. In two other instances for critical frequencies close to 0, eig failed to find eigenvalues

on the unit circle at all. For the case of the original oracle pencil (6.3) with eig, the solver
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did not find eigenvalues on the unit circle with the exception of those corresponding to some
critical frequencies close to 0. For this example of IQC analysis for a complex engineering
system, it is clear that using the robust oracle pencil (6.14) along with a GSURV solver is

the best choice.

It is important to note that the nominal system under analysis had several poles close to the
unit circle, with the largest at 0.98834+0.0085. These poles result from stable, uncontrollable
modes in the aircraft dynamic equations. In fact, 13 poles of the nominal system had a
magnitude greater than 0.94. It is possible that these large poles contributed to the poor

performance of the eig function.

6.7.1 Observations on ACCP Algorithm Implementation

The main contribution of the second oracle example is to showcase the benefits of (6.14) over
(6.3). While the ACCP algorithm encountered no issues solving the randomly generated
LFRs, numerical issues were present when applying the ACCP algorithm to some UAS
systems. Some of these problems are likely due to limitations in numerical accuracy. For
example, when the ACCP algorithm was applied to the same problem using MATLAB and C,
the C script, which has less numerical accuracy than the MATLAB script, would fail while the

MATLAB was successful.

One potential source of numerical issues is the inclusion of redundant constraints defining

the convex set. As more constraints get added and the convex set shrinks, some of the
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constraints already defining the set become redundant. The most obvious example of this,
and the easiest to identify, are the constraints restricting 7 to be less than 3. Each of
these halfspace constraints are parallel, so when a new constraint on +? is added, the older
one is redundant. Unfortunately, not all redundant constraints will correspond to parallel
halfspaces, and thus are much harder to detect. Since the AC is a function of the halfspaces
that make up the convex set as opposed to the convex set itself, as more constraints are
redundant, the AC will get pushed away from the CG of the convex set, but remain within
it. Since at any given point the convex set contains the optimal feasible solution, when the
AC is close to the edge of the convex set, the candidate solution is therefore very close to
a known infeasible solution. The closer the AC gets to the edge of the set, the more likely

numerical issues become.

Another disadvantage of having an AC close to the edge of the convex set is that the algorithm
may be slower to converge. If every iteration cut through the CG of the convex set, the
volume of the set would halve. If a halfspace cuts through an AC close to the edge of the set,
it is possible that the volume of the set will only decrease by a very small amount. This may
in turn lead to an increase in the number of iterations needed for the algorithm to converge,
which would also lead to slower iterations due to the now large matrix inverses needed to

calculate the analytic center.

Future work investigating techniques to remove the most redundant constraints in a compu-

tationally manageable manner could alleviate these issues with the ACCP algorithm.



Chapter 7

Conclusions and Future Work

In Chapter 3, an approach to a virtual-vehicle path-following problem involving the use
of a lumped path-following and UAS system along with a series of H., controllers was
shown to yield improved performance compared to an existing method in the literature.
While a direct comparison is difficult to make, the ease of implementation of the LTI and
LPV path-following control methods in comparison to the reference method makes them
potentially valuable in application. Furthermore, the aforementioned extensions to the H.,
framework, such as uncertain initial condition synthesis and robust control analysis, can
be easily applied to the LTI and LPV controllers. The controllers designed within were
shown to be sufficiently robust to noise, disturbances, delays, and modeling inaccuracies,
with over 350 hours of failure free simulated flight time for paths bounded by |k;| < 0.0141.
Additionally, the LPV and RT controllers exhibited good path-following performance with

ke, = 0.0250.

177
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The results presented within are in no way intended to be general, and are highly dependent
on the UAS system being analyzed. While the presented controller design is algorithmic,
the control designer enjoys considerable freedom in choosing performance outputs. Different
penalty weight formulations may prove to produce better results for one or several of the

controllers or methods presented within.

One area of future theoretical work for Chapter 3 would be to extend the lumped UAS
and path-following system to follow 3-dimensional paths, involving the inclusion of the k()
parameter. Additionally, this would increase the combined system size from to 18 to 20
states. Although the limits of the Telemaster airframe have been reached with the bank
angles used in this work, substituting higher order Taylor series approximations for the
trigonometric functions in (3.8) and (3.11) would allow higher bank angles to be used. One
other area of future work that may show promising results when applied to the path-following
problem is the application of the concept of energy height to the scheduling of the speed
profile. This may result in a more uniform tracking performance than the constant speed

profile shown within.

In Chapter 5, an IQC-based uncertainty framework was proposed to analyze controller per-
formance for small fixed-wing UAS. Various uncertainty types, including static and dynamic,
time-invariant, and time-varying uncertainties and nonlinearities were quantified based on
flight test data and the equations of motion of a 6 foot wingspan Telemaster UAS platform,
and then utilized to analyze the performance of several LTI H., controllers for following

a steady banked turn trajectory. After analysis, controllers 2 and 3 appear to be robust
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to unmodeled dynamics, uncertainties, and covered nonlinearities. When analyzed with all
quantified uncertainties, trends found in the IQC analysis results were also found to be man-
ifest in nonlinear simulations. Finally, IQC analysis was used to tune a controller in order

to avoid time-consuming simulations in the controller synthesis and tuning process.

Future work for Chapter 5 could include automating the processes involved with the quan-
tification, manipulation, and analysis of UAS uncertainties. The IQC framework described
within is one approach to the difficult problem of full uncertainty characterization for UAS,
and as such, will likely continue to improve and evolve. Some potential extensions include
employing coprime factors reduction to reduce the linear dynamic model [71], the formula-
tion of less conservative uncertainty multipliers, and an extension to robust H, performance

analysis using stochastic representations of noise and wind input signals [91]-[94].

In Chapter 6, an oracle for the discrete-time IQC problem was presented for use with fast
IQC solution algorithms, including frequency gridding and cutting plane techniques. Such
algorithms, along with the oracle, allowed medium and large discrete-time IQC problems
to be solved in a fast, less memory intensive fashion when compared to the traditional
KYP solution. An alternative representation of the oracle was formulated by convert-
ing the required eigenvalue problem to continuous-time and rearranging it into a skew-
Hamiltonian/Hamiltonian pencil to improve the robustness of eigenvalue calculations by
eliminating unnecessary matrix multiplications and inverses. Additionally, a structure ex-
ploiting eigenvalue solver using generalized symplectic URV decomposition can be immedi-

ately applied to the skew-Hamiltonian/Hamiltonian form, further improving the robustness
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of eigenvalue calculations for the oracle. Pseudocode and implementation details for an
analytic center cutting plane algorithm to be used with the IQC oracle were presented. Nu-
merical tests showed that the oracle with the cutting plane algorithm could solve medium
and large sized discrete-time IQC problems faster than the traditional KYP solution along
with semidefinite programming techniques. When implementing the cutting plane algo-
rithm on a medium sized UAS system with large nominal poles, it was found that the skew-
Hamiltonian/Hamiltonian version of the oracle accurately calculated all critical frequencies
when the outlined structure exploiting eigensolver was employed. Critical frequencies were
less accurately calculated when using the built-in MATLAB function eig for this example, but
the skew-Hamiltonian /Hamiltonian form was a significant improvement over the the original

oracle formulation.

Future work related to Chapter 6 could improve the efficiency, robustness, and speed of
the GSURV decomposition algorithm. Specifically, techniques for removing redundant con-

straints could be investigated to improve convergence, solution time, and numerical accuracy.
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