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1. Introduction

Yang-Mills theory1 represents one of the most remarkable achievements of theoret-

ical physics in the second half of the 20th century.a Its fundamental importance is

found in high energy physics as well as condensed matter physics and mathematics.b

In this note we address the issue of gauge invariance which underlies the structure

of Yang-Mills theory in the context of theories endowed with a minimal length.

One of the ubiquitous features of quantum gravity11 is its possession of a fun-

damental length scale. In a theory of quantum gravity such as string theory12–16,

the fundamental scale determines the typical spacetime extension of a fundamental

string17. In canonical string theory this is `S =
√
α′, where ~c/α′ is the string ten-

sion. Such a feature is to be expected of any candidate theory of quantum gravity,

since gravity itself is characterized by the Planck length `P =
√
~GN/c3. Moreover,

`P ∼ `S is understood to be the minimal length below which spacetime distances

cannot be resolved18–22:

δs & `P ∼ `S . (1)

Local quantum field theory, on the other hand, is completely oblivious to the pres-

ence of such a scale, despite being the putative infrared limit of some more funda-

mental theory, such as string theory. A natural question to ask is, therefore, whether

the formalism of quantum mechanics (and thus of an effective local quantum field

theory) can be deformed or extended in such a way as to consistently incorporate

aFor a historical account of the concept of gauge invariance that lead to Yang-Mills theory, see
Ref. 2. See also the recent account by Yang in Ref. 3.
bFor a recent discussion of the mass gap problem in the pure Yang-Mills theory4 see, for example,
Refs. 5–10.
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the minimal length. If it is at all possible, the precise manner in which quantum me-

chanics must be modified may point to solutions of yet unresolved mysteries such as

the cosmological constant problem23–27, which is essentially quantum gravitational

in its origin. Such a structure should also illuminate the nature of quantum gravity,

including string theory28–32.

The very idea of the minimal length in the context of quantum theory has a

fascinating and long history. It was used by Heisenberg in 193033,34 to address the

infinities of the then newly formulated theory of quantum electrodynamics35. Over

the years, the idea has been picked up by many authors in a plethora of contexts,

e.g. Refs. 36–44 to list just a few. (For a comprehensive bibliography consult

Ref. 22.) Various ways to deform or extend quantum mechanics have also been

suggested45–47. In this note, we focus our attention on how a minimal length can

be introduced into quantum mechanics by modifying its algebraic structure48–50.

In particular, we follow our previous work in Refs. 51–58.

The starting point of our discussion is the minimal length uncertainty relation

(MLUR)59,60, also known as the generalized uncertainty principle (GUP)

δx ∼
(

~
δp

+ α′
δp

~

)
, (2)

which is suggested by a re-summed perturbation expansion of the string-string

scattering amplitude in a flat spacetime background61–64. This is essentially a

Heisenberg microscope argument65 in the S-matrix language66–69 with fundamen-

tal strings used to probe fundamental strings. The first term inside the parentheses

on the right-hand side is the usual Heisenberg term coming from the shortening

of the probe-wavelength as momentum is increased, while the second-term can be

understood as due to the lengthening of the probe string as more energy is pumped

into it:

δp =
δE

c
∼ ~

α′
δx . (3)

Eq. (2) implies that the uncertainty in position, δx, is bounded from below by the

string length scale,

δx &
√
α′ = `S , (4)

where the minimum occurs at

δp ∼ ~√
α′

=
~
`S
≡ µS . (5)

Thus, `S is the minimal length below which spatial distances cannot be resolved,

consistent with Eq. (1). In fact, the MLUR can be motivated by fairly elementary

general relativistic considerations independent of string theory, which suggests that

it is a universal feature of quantum gravity18–21.

Note that in the trans-Planckian momentum region δp� µS , the MLUR is dom-

inated by the behavior of Eq. (3), which implies that large δp (UV) corresponds to

large δx (IR), and that there exists a correspondence between UV and IR physics.
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Such UV/IR relations have been observed in various string dualities12–16, and in

the context of AdS/CFT correspondence70,71 (albeit between the bulk and bound-

ary theories). Thus, the MLUR captures another distinguishing feature of string

theory.c

Note that the recent reformulation of quantum gravity in the guise of metas-

tring theory29–32 based on such novel concepts as relative locality85 and dynamical

energy-momentum space,d strongly suggests that the fundamental length scale al-

ways goes hand-in-hand with the fundamental energy scale, and that the two appear

in a symmetric manner, suggested by Born reciprocity.e In this note, we concen-

trate only on the implications of the fundamental length scale. In particular, we

make a few observations on the question of gauge invariance in the presence of a

minimal length. This seems to be an appropriate topic for the celebration of the

60th anniversary of Yang-Mills theory1.

2. Local Gauge Invariance in the Presence of a Minimal Length

The question of gauge invariance in the presence of a minimal length has been

addressed in the context of non-commutative field theories (NCFT)97–103. In that

case the minimal length can be related, in a particular realization, to an effective

magnetic length. Here we want to investigate this question from a different point

of view, following our previous work on the minimal length as motivated by the

foundations of quantum gravity and string theory17. As we will note in what

follows, the algebra of NCFT, in which the question of gauge invariance is fully

understood, is a limiting case of a more general discussion involving a minimal

length motivated by quantum gravity and string theory.

cIn addition to the MLUR, another uncertainty relation has been pointed out by Yoneya as

characteristic of string theory. This is the so-called spacetime uncertainty relation (STUR) δx δt ∼
`2S/c , which can be motivated in a somewhat hand-waving manner by combining the usual energy-
time uncertainty relation δE δt ∼ ~ with Eq. (3).72–74 However, it can also be supported via an
analysis of D0-brane scattering in certain backgrounds in which δx can be made arbitrary small at
the expense of making the duration of the interaction δt arbitrary large75–84. While the MLUR
pertains to dynamics of a particle in a non-dynamic spacetime, the STUR can be interpreted

to pertain to the dynamics of spacetime itself in which the size of a quantized spacetime cell is
preserved.
dThere are many examples of fundamental physics structures that stay unchanged under the

interchange of conjugate variables, such as spatial and momentum coordinates: x→ p and p→ −x.
See Refs. 86,87. By combining the uncertainty relation between x and p and the fact that x is

endowed with a metric structure in general relativity, Born reciprocity would suggest a dynamical
momentum and thus a dynamical phase space. See Ref. 88.
eSome of the historically interesting follow-up work on Born reciprocity and dynamical energy-
momentum space can be found in Refs. 89–96.
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2.1. Commutation Relations

To place the MLUR, Eq. (2), onto a firmer footing, we begin by rewriting it as

δx δp ≥ ~
2

(
1 + β δp2

)
, (6)

where we have introduced the parameter β = α′/~2. This uncertainty relation can

be reproduced by deforming the canonical commutation relation between x̂ and p̂

to:

1

i~
[ x̂, p̂ ] = 1 −→ 1

i~
[ x̂, p̂ ] = A(p̂2) , (7)

with A(p2) = 1 + βp2. Indeed, we find

δx δp ≥ 1

2

∣∣∣〈[ x̂, p̂ ]
〉∣∣∣ =

~
2

(
1 + β

〈
p̂2
〉)
≥ ~

2

(
1 + β δp2

)
, (8)

since δp2 =
〈
p̂2
〉
−
〈
p̂
〉2

. The function A(p2) can actually be more generic, with βp2

being the linear term in its expansion in p2.

When we have more than one spatial dimension, the above commutation relation

can be generalized to17

1

i~
[ x̂i, p̂j ] = A(p̂2) δij +B(p̂2) p̂ip̂j , (9)

where p̂2 =
∑
i p̂

2
i . The right-hand side is the most general form that depends only

on the momentum and respects rotational symmetry. Assuming that the compo-

nents of the momentum commute among themselves,

[ p̂i, p̂j ] = 0 , (10)

the Jacobi identity demands that

1

i~
[ x̂i, x̂j ] = −

{
2(Â+ B̂p̂2)Â′ − ÂB̂

}
ˆ̀
ij , (11)

where we have used the shorthand Â = A(p̂2), Â′ =
dA

dp2
(p̂2), B̂ = B(p̂2), and

ˆ̀
ij = (x̂ip̂j − x̂j p̂i) /Â. Here, ˆ̀

ij is the angular momentum operator which generates

rotations, as can be seen from its commutation relations which are

1

i~
[ ˆ̀
ij , x̂k ] = δikx̂j − δjkx̂i ,

1

i~
[ ˆ̀
ij , p̂k ] = δikp̂j − δjkp̂i ,

1

i~
[ ˆ̀
ij , ˆ̀

mn ] = δim ˆ̀
jn − δin ˆ̀

jm + δjn ˆ̀
im − δjm ˆ̀

in . (12)

Note that the non-commutativity of the components of position can be interpreted

as a reflection of the dynamic nature of space itself, as would be expected in quantum

gravity.
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Various choices for the functions A(p2) and B(p2) have been considered in the

literature.37,48,50,104–109 Here, we choosef

A(p2) = 1− βp2 , B(p2) = 2β , (13)

which leads to the algebra

[ p̂i, p̂j ] = 0 ,

1

i~
[ x̂i, p̂j ] = (1− βp̂2)δij + 2β p̂ip̂j ,

1

i~
[ x̂i, x̂j ] = 4β ˆ̀

ij . (14)

In 1D this reduces to the form we assumed in Eq. (7):

1

i~
[ x̂, p̂ ] = (1− βp̂2) + 2β p̂2 = 1 + βp̂2 . (15)

For higher dimensions, the diagonal commutators read

1

i~
[ x̂i, p̂i ] = (1 + βp̂2

i )− β
∑
j 6=i

p̂2
j , (16)

(no summation of repeated indices) which implies

δxi δpi ≥
1

2

∣∣∣〈[ x̂i, p̂i ]〉
∣∣∣ =

~
2

∣∣∣1 + β
〈
p̂2
i

〉
− β

∑
j 6=i

〈
p̂2
j

〉∣∣∣ . (17)

If
〈
p̂2
j

〉
= 0 for j 6= i, this in turn implies δxi ∼ δpi for δpi � 1/

√
β. Despite this

observation, summing over i gives us

D∑
i=1

δxi δpi ≥
~
2

D∑
i=1

∣∣∣〈[ x̂i, p̂i ]〉
∣∣∣

≥ ~
2

∣∣∣∣ D∑
i=1

〈[ x̂i, p̂i ]〉
∣∣∣∣ =

~
2

∣∣∣∣D − β(D − 2)
〈
p̂2
〉∣∣∣∣ , (18)

which suggests that for D ≥ 3, unlike the D = 1 case, we should take β < 0 for

a minimal length to exist. For the borderline D = 2 case, the lower bound on∑D
i=1 δxi δpi is independent of β or

〈
p̂2
〉
, despite the deformation of the algebra,

suggesting that β can be assumed to be of either sign, but the existence of the

minimal length in this particular case is obscure. We have nevertheless introduced

a new length scale into the algebra and continue to refer to ~
√
|β| as the minimal

length in this case also.

fAnother popular choice in the literature has been

A(p2) = 1 + βp2 , B(p2) = 2β ,

which leads to [x̂i, x̂j ] = O(β2), rendering this commutator negligible if only the leading order

corrections in β are considered.105,106
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The operators which satisfy the algebra of Eq. (14) can be represented by dif-

ferential operators in D-dimensional p-space as

p̂i = pi ,

x̂i = i~
[
(1− βp2)

∂

∂pi
+ 2βpipj

∂

∂pj
+ β (D − δ) pi

]
,

ˆ̀
ij = −i~

(
pi

∂

∂pj
− pj

∂

∂pi

)
, (19)

(repeated index is summed) with the inner product of the p-space wave-functions

given by

〈f |g〉δ =

∫
dDp

(1 + βp2)δ
f∗(p) g(p) . (20)

This form is required to render the x̂i operators symmetric, where the parameter δ

appearing in the representation of x̂i and the integration measure is arbitrary. By

choosing δ = 0 we can simplify the integration measure at the expense of adding the

extra term βDpi to the representation of x̂i, which suggests that the singularity in

the integration measure at p2 = −1/β when β is negative is removable, and taking

β negative would not cause any intrinsic problems in any number of dimensions as

far as the differential operator representation is concerned.

Our choice of the functions A(p2) and B(p2) in Eq. (13) has been motivated

by the fact that it leads to a particularly simple form for the commutator of the

position operators, Eq. (14), allowing it to close on the angular momentum opera-

tor. This suggests that the position operators of this algebra may be realizable as

angular momentum (β > 0) or boost (β < 0) operators in a higher dimension, as

already pointed out in the pioneering papers of Snyder37 and Yang39. Indeed, we

show in the appendix that the x̂i operators in D-dimensions can be realized as rota-

tion/boost operators in (D + 1)-dimensions, while the p̂i operators can be realized

as operators obtained by stereographic projection of a (D + 1)-dimensional hyper-

sphere (β > 0) or hyperboloid (β < 0) down to D-dimensions, 1/
√
β corresponding

to the radius of the hypersphere.39

Taking the limit β → 0, `ij → ∞ while keeping 4β`ij ≡ θij fixed to constants

leads to the algebra

[ p̂i, p̂j ] = 0 ,

[ x̂i, p̂j ] = i~ δij ,

[ x̂i, x̂j ] = i~ θij . (21)

This limit can be understood geometrically as taking both the radius-squared of

the hypersphere (hyperboloid) 1/β and the angular momenta `ij to infinity, while

keeping their ratio fixed. This is the algebra assumed in NCFT97–103 but with an

important distinction. When θij are c-numbers, the p̂i operator can be identified
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with the adjoint operator

p̂i = [−ωij x̂j , ∗ ] , (22)

(repeated index is summed) where

θikωkj = ωikθkj = δij . (23)

Indeed

[−ωikx̂k, −ωj`x̂` ] = −i~ωij ,

[ x̂i, −ωjkx̂k ] = i~ δij , (24)

and we find

[ p̂i, p̂j ] ∗ = [−ωikx̂k, [−ωj`x̂`, ∗ ] ]− [−ωj`x̂`, [−ωikx̂k, ∗ ] ]

= [ [−ωikx̂k, −ωj`x̂` ], ∗]

= [−i~ωij , ∗ ] = 0 ,

[ x̂i, p̂j ] ∗ = x̂i[−ωjkx̂k, ∗ ]− [−ωjkx̂k, x̂i∗ ]

= [ x̂i, −ωjkx̂k ] ∗ = i~ δij∗ , (25)

for any operator ∗. Thus, the momentum operators p̂i can be expressed in terms of

the coordinate operators x̂i, and this facilitates the introduction and understanding

of gauge fields in NCFT. This identification cannot be performed in our algebra; our

‘momentum space’ stays distinct from ‘coordinate space,’ and though the NCFT

algebra is a particular limiting case of ours, the question of gauge invariance takes

on a different nature. In particular, our formulation requires us to work in the full

phase space instead of coordinate space.

2.2. Introduction of the Gauge Field

Let us now consider the introduction of the gauge field. For simplicity we consider

the case of the constant magnetic field. We restrict our attention to the 2D case,

which is the lowest dimension which would allow us to introduce a uniform magnetic

field, or its analog. The introduction of a uniform magnetic field will also introduce

a length scale, the magnetic length `M =
√

~/eB,g and its ratio to the minimal

length `S = ~
√
|β| becomes an important parameter in what follows. The algebra

of the position, momentum, and angular momentum in 2D reads:

[ p̂i, p̂j ] = 0 ,

[ x̂i, p̂j ] = i~
{

(1− βp̂2)δij + 2βp̂ip̂j
}
,

[ x̂i, x̂j ] = 4i~β ˆ̀
ij ≡ 4i~βεij ˆ̀ ,

gWe set c = 1.
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[ ˆ̀, x̂i ] = i~εij x̂j ,

[ ˆ̀, p̂i ] = i~εij p̂j , (26)

where i, j = 1, 2. As argued above, we allow β to take on either sign.

The covariant derivative is introduced as a shift of the momentum operator:

D̂i = p̂i + Âi . (27)

For a gauge transformation on the state vector |ψ〉,

|ψ〉 → |ψ′〉 = Û |ψ〉 , (28)

the covariant derivative must also transform as

D̂i|ψ〉 → ÛD̂i|ψ〉 = ÛD̂iÛ
−1︸ ︷︷ ︸

D̂′i

Û |ψ〉︸ ︷︷ ︸
|ψ′〉

. (29)

Therefore,

D̂ → D̂′i = ÛD̂iÛ
−1

= Û(p̂i + Âi)Û
−1

= p̂i + Û [ p̂i, Û
−1 ] + Û ÂiÛ

−1

= p̂i + Â′i , (30)

that is

Â′i = Û ÂiÛ
−1 + Û [ p̂i, Û

−1 ] . (31)

The replacement

Ĥ =
p̂2

2m
→ Ĥ ′ =

D̂2

2m
(32)

then gives us a gauge covariant (not invariant) Hamiltonian: Ĥ → Ĥ ′ = ÛĤÛ−1.

The eigenvalues of Ĥ are invariant and physical since it shares the same eigenvalues

with Ĥ ′ :

Ĥ|ψ〉 = E|ψ〉 → (ÛĤÛ−1)︸ ︷︷ ︸
Ĥ ′

Û |ψ〉︸ ︷︷ ︸
|ψ′〉

= E Û |ψ〉︸ ︷︷ ︸
|ψ′〉

. (33)

In analogy with the β = 0 case, we introduce the vector potential, using 3D

notation, as

Â =
e

2
B× r̂ =

eB

2

[
−x̂2

x̂1

]
, (34)

where B is the putative uniform magnetic field in the z-direction. The magnetic

field, defined in the usual fashion as a commutator of the covariant derivative,

becomes a gauge covariant operator

f̂ =
1

i~
[
D̂1, D̂2

]
= eB + (eB)2β ˆ̀ , (35)
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which transforms as f̂ → f̂ ′ = Û f̂ Û−1. We define the magnetic field strength as its

trace:

f ≡ Trf̂ = Tr
[
eB + (eB)2β ˆ̀

]
= eB , (36)

where the trace is over the Hilbert space, and we have assumed

Tr 1̂ = 1 , Tr ˆ̀ = 0 . (37)

So the magnetic field strength is the same as the β = 0 case.

Note that the vector potential of Eq. (34) satisfies the Coulomb gauge condition

2∑
i=1

[ p̂i, Âi ] =
eB

2

(
[ p̂1, −x̂2 ] + [ p̂2, x̂1 ]

)
= i~eBβ

(
p̂2p̂1 − p̂1p̂2

)
= 0 , (38)

so p̂ · Â = Â · p̂. We find

Ĥ ′ =
1

2m

(
p̂ + Â

)2

=
1

2m

(
p̂2 + 2Â · p̂ + Â2

)
=

p̂2

2m
+
eB

2m
(x̂1p̂2 − x̂2p̂1) +

e2

8m
r̂2B2

=
p̂2

2m
+
eB

2m
(1− βp̂2) ˆ̀+

e2

8m
r̂2B2

=
p̂2

2m
+ µ̂B − 1

2
α̂B2 , (39)

where we have identified the magnetic dipole moment and the magnetic polarizabil-

ity with

µ̂ =
e

2m
(1− βp̂2) ˆ̀ , α̂ = − e2

4m
r̂2 . (40)

The dependence of the magnetic dipole moment on βp̂2 is intriguing. It implies

that, for β > 0, the magnetic dipole moment vanishes when
〈
p̂2
〉

= 1/β and can

even point in the opposite direction from the angular momentum when
〈
p̂2
〉
> 1/β.

(Note that p̂2 and ˆ̀ commute so they can be simultaneously diagonalized.)

Now, let us perform a gauge transformation. Consider the transformation

Û = e−iε(x̂1x̂2+x̂2x̂1)/2~ . (41)

To leading order in ε we find

Û p̂1Û
−1 = p̂1 −

iε

2~
[ x̂1x̂2 + x̂2x̂1, p̂1 ] + · · ·

= p̂1 + εx̂2 +
εβ

2

{
2(x̂1p̂1p̂2 + p̂1p̂2x̂1) + x̂2

(
p̂2

1 − p̂2
2

)
+
(
p̂2

1 − p̂2
2

)
x̂2

}
+ · · · ,

Û Â1Û
−1 = −eB

2
Û x̂2Û

−1
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= −eB
2

[
x̂2 − 2εβ

(
ˆ̀̂x2 + x̂2

ˆ̀
)

+ · · ·
]
, (42)

with similar expressions for Û p̂2Û
−1 and Û Â2Û

−1. When β = 0, we have

Û(p̂1 + Â1)Û−1 β=0−−−→ p̂1 −
(
eB

2
− ε
)
x̂2 ,

Û(p̂2 + Â2)Û−1 β=0−−−→ p̂2 +

(
eB

2
+ ε

)
x̂1 , (43)

with ε = ±eB
2

leading to Landau gauge. For the β 6= 0 case, the components of

the gauge transformed vector potential Â′i (i = 1, 2) become infinite series involving

both position and momentum operators. They are intrinsically non-local operators.

Though the gauge transformation operator, Eq. (41), depends only on the posi-

tion operators, the transformation itself is highly non-local. This suggests a gener-

alization of gauge transformations to those that are non-local (in x-space) even in

the β = 0 limit, such as:

Û = e−iεp̂1p̂2/~ , Û = e−iε(x̂1p̂1+x̂2p̂2)/~ , etc. (44)

The rotation operator Û = exp[−iθ ˆ̀/~] will then be just a particular “gauge trans-

formation” which leaves the Hamiltonian invariant. This type of generalization may

be required of us in the presence of a minimal length, and it also merges nicely with

the ideas of UV/IR correspondence12–16,70,71, Born reciprocity86,87, etc. which are

expected in that context.

The traceless term in f̂ , Eq. (35), is dependent on the ratio of the minimal and

magnetic lengths:

`S = ~
√
|β| , `M ≡

√
~
eB

, (45)

and we can write

f̂ = eB

[
1±

(
`S
`M

)2

L̂

]
, L̂ =

ˆ̀

~
, (46)

where the ± refers to the sign of β. The Hamiltonian of a particle of mass m coupled

to the gauge field is

Ĥ ′ =
D̂2

1 + D̂2
2

2m
=

D̂+D̂− + D̂−D̂+

2m
, (47)

where

D̂± ≡
D̂1 ∓ iD̂2√

2
, D̂1 = p̂1 +

eB

2
x̂2 , D̂2 = p̂2 −

eB

2
x̂1 , (48)

and

1

i~
[ D̂1, D̂2 ] =

1

~
[ D̂−, D̂+ ] = f̂ = eB

[
1±

(
`S
`M

)2

L̂

]
. (49)



February 26, 2016 1:22 WSPC Proceedings - 9.75in x 6.5in Chang-YangMills60-20160224 page 11

11

Consider a subspace of the Hilbert space spanned by the eigenvectors of the angular

momentum operator L̂ with eigenvalue L. In that space, the field strength operator

f̂ can be replaced by the number〈
f̂
〉

= fL ≡ eB
[

1 + (eB~β)L
]

= eB

[
1±

(
`S
`M

)2

L

]
. (50)

Note that fL can be negative depending on the value and sign of βL. Let us define

âL ≡
D̂−√
~fL

, â†L ≡
D̂+√
~fL

, (51)

when fL > 0, and

âL ≡
D̂+√
~|fL|

, â†L ≡
D̂−√
~|fL|

, (52)

when fL < 0. In both cases we have

[ âL, â
†
L ] = 1 , (53)

and the Hamiltonian restricted to the L-subspace, Ĥ ′L, can be written as

Ĥ ′L = ~ωL

(
âLâ

†
L + â†LâL

2

)
= ~ωL

(
â†LâL +

1

2

)
, (54)

where

ωL =
|fL|
m

= ωc

∣∣∣∣∣1±
(
`S
`M

)2

L

∣∣∣∣∣ , ωc =
eB

m
. (55)

Thus, the energy eigenvalues are

EL,n = ~ωL
(
n+

1

2

)
, n = 0, 1, 2, · · · (56)

They are evenly spaced in each L-subspace with the separation depending on the

ratio of the minimal to magnetic lengths `S/`M , the angular momentum L, and the

sign of β. And interesting case is when fL = 0. In that case, D̂1 and D̂2 commute,

and the Hamiltonian Ĥ ′L for that value of L is the free particle Hamiltonian.

2.3. Introduction of the Gauge Field – Alternative Approach

The algebra involving β is covariant under changes in parametrization in p-space,

so to a large extent, we may choose the functions A(p2) to be anything we like. The

situation is different however if we choose to change the parametrization of both p

and x. Indeed, for some singular cases, we can recover the Heisenberg algebra for

restricted domains over which the operators are defined.

We begin by introducing:

Π̂± ≡
1

1 + βp̂2

(
p̂1 ∓ ip̂2√

2

)
,
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Ξ̂± ≡
1

2

{(
1 + βp̂2

1− βp̂2

)(
x̂1 ± ix̂2√

2

)
+

(
x̂1 ± ix̂2√

2

)(
1 + βp̂2

1− βp̂2

)}
. (57)

It is straightforward to show that these operators satisfy the canonical commutation

relations

[ Ξ̂+, Ξ̂− ] = [ Π̂+, Π̂− ] = 0 ,

[ Ξ̂±, Π̂± ] = i~ ,

[ Ξ̂±, Π̂∓ ] = 0 . (58)

Note that there is no β dependence in this algebra, which is identical to the con-

ventional Heisenberg algebra, with β = 0. From the perspective of the approach

discussed in the appendix, these operators arise by projection of a paraboloid, in-

stead of a sphere (β > 0, or hyperboloid (β < 0). In this context, the domains of

the operators are restricted to p2 < 1/β.

The angular momentum operator can be expressed using these operators as

ˆ̀ = i ( Ξ̂+Π̂+ − Ξ̂−Π̂−) . (59)

Define the deformed free-particle Hamiltonian as

Ĥβ =
1

2m

(
Π̂+Π̂− + Π̂−Π̂+

)
=

1

2m

p̂2
1 + p̂2

2

(1 + βp̂2)2
, (60)

which commutes with the p̂i’s, as is required for the particle to be ‘free,’ and con-

verges to the usual Hamiltonian in the limit β → 0.

The vector potential is introduced as

Â+ = −iξ1eB Ξ̂− , Â− = +iξ2eB Ξ̂+ , (61)

where ξ1 + ξ2 = 1, and the covariant derivative as

D̂+ = Π̂+ + Â+ = Π̂+ − iξ1eB Ξ̂− ,

D̂− = Π̂− + Â− = Π̂− + iξ2eB Ξ̂+ . (62)

Then

f̂ =
1

~
[ D̂−, D̂+ ] = (ξ1 + ξ2) eB = eB . (63)

Thus, a more generic gauge can be written down compactly in this approach, and

the field strength is gauge invariant without the taking of any trace. Gauge trans-

formation from one gauge to another is effected by the operator

Û = eε(Ξ̂
2
+−Ξ̂2

−)/2~ , (64)

which shifts the gauge parameters: ξ1 → ξ1 − ε, ξ2 → ξ2 + ε. For the symmetric

ξ1 = ξ2 = 1
2 case, the Hamiltonian in the presence of the gauge field can be written

as

Ĥ ′β =
1

2m
( D̂+D̂− + D̂−D̂+)
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=
( Π̂+Π̂− + Π̂−Π̂+)

2m
+
eB

2m
ˆ̀+

e2B2

8m
( Ξ̂+Ξ̂− + Ξ̂−Ξ̂+) . (65)

Since the Ξ̂’s and Π̂’s are canonically commuting, this Hamiltonian is exactly the

same as the β = 0 case. But it is defined over a restricted domain where βp2 < 1

for β > 0. and so the corresponding eigenvalues are expected to be different. The

presence of the minimal length is encoded in this restriction.

Nonetheless, this Hamiltonian will exhibit the infinite degeneracy present when

β = 0. Consider the following operators:

Q̂+ ≡ Π̂+ + iξ2eB Ξ̂− ,

Q̂− ≡ Π̂− − iξ1eB Ξ̂+ . (66)

Note the different coefficients of the Ξ̂’s from Eq. (62). These operators satisfy the

commutation relations

1

~
[Q̂−, Q̂+] = (ξ1 + ξ2)eB = eB ,

[ Q̂±, D̂± ] = [ Q̂±, D̂∓ ] = 0 . (67)

That is, Q̂± commute with the Hamiltonian but not with each other. The result is

the infinite degeneracy already present in the normal case when β = 0.

We are yet to understand the full implication of this: the extent to which the

minimal length has been ‘gauged away,’ so to speak, in this approach, or whether

the singularities in p-space are physical and lead to observable consequences at the

Planck scale. It is also unclear whether the existence of the canonically commuting

operators is restricted to 2D. These issues will be explored in an upcoming paper.110

3. Summary and Discussion

Note that our discussion generalizes the notion of gauge invariance found in the

context of non-commutative field theory (NCFT)97–103. Given the geometric for-

mulation presented in the appendix, it should be possible to deform the usual dis-

cussion from NCFT based on the Moyal product by realizing gauge transformations

in terms of the isometries of the curved momentum space, associated with either

a spherical or hyperbolic geometry. Here we give a scenario for a more general

formulation that would include the geometry of the momentum space.

The first lesson of our discussion is that, in the presence of a minimal length, we

should formulate quantum field theory (and thus gauge field theory) in momentum

space. Then we should take into account the curved geometry of the momentum

space, the curvature being directly tied to the minimal length parameter β. Thus

the classical action for such a momentum space field theory (for a scalar field φ in

3 + 1 dimensions) would read (see Ref. 111)

Sm =

∫
dt

d3p

(1 + βp2)3

[
π(p, t) φ̇(p, t)−H (φ(p, t), π(p, t))

]
(68)
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where π(p, t) is the conjugate momentum and H the Hamiltonian density. The

gauge field would appear in momentum space as a generalized 1-form:

π(p, t) → π(p, t) +A(p, t) ≡ D(p, t) . (69)

This suggests that the Yang-Mills theory would have to be formulated in momentum

space, the curvature being given by the commutators of the above D(p, t). Finally,

the quantum theory would be defined in terms of the phase space path integral over

the curved momentum space∫
Dφ(p, t)Dπ(p, t) e

i
~Sm (70)

where the measure in the path integral includes the geometry of the curved mo-

mentum space

Dφ(p, t)Dπ(p, t) ≡
∏
i

∏
p

d3p

(1 + βp2)3
dφ(p, ti) dπ(p, ti) . (71)

In principle, such a path integral defines the required generalization of the Moyal

product in our more general case.

The discussion of this note was entirely non-relativistic. Obviously the next

step has to involve the issue of relativistic covariance. The usual NCFT based

on the Moyal product97,98,100–103 has some outstanding features, such as the es-

sential non-Abelian nature of even a U(1) formulation, as well as the existence of

a two-scale renormalization group that was required for the proper definition of

the continuum limit112. As we have mentioned, this canonical NCFT can be un-

derstood as a particular case of the algebraic structure that involves the minimal

length β and the angular momentum Lij found in our discussion. Note that in our

case the non-Abelian nature is also present quite generically, but the existence of

a two-scale renormalization is not clear. For that we would have to make a more

precise sense of the above path integral with a Wilsonian cut-off and follow the

Wilson-Polchinski-like discussion of112. We note that the existence of a curved and

dynamical momentum space as well as the two-scale renormalization is also ex-

pected on more fundamental grounds in the recent discussion of quantum gravity in

the context of metastring theory29–32, which might be underlying the more effective

analysis presented in this note. Nevertheless, the considerations of this note point

to an interesting interplay of spatial non-commutativity, curved momentum space

and gauge invariance in the context of the minimal length physics.

In conclusion, in this paper, we have attempted to shed new light on the issue

of the minimal length. Starting from the well-understood concept of the magnetic

length, which also serves as the basis for the minimal length in non-commutative

field theory (NCFT), we developed a new realization of the spatial minimal length

without and with the presence of an external magnetic field. The intuition here is

that a uniform magnetic field through an infinite plane can be mapped to a magnetic

field of a magnetic monopole through a sphere of a fixed radius. The sphere and



February 26, 2016 1:22 WSPC Proceedings - 9.75in x 6.5in Chang-YangMills60-20160224 page 15

15

the infinite plane are related through a stereographic projection. Thus, in order

to realize the minimal spatial length, we start with the symmetries of a sphere

and then induce the algebra of position and momentum operators with a minimal

length, by implementing stereographic projection from that sphere onto an infinite

plane. The same procedure can be realized by a stereographic projection from a

hyperboloid onto an infinite plane. (This approach can in principle be covariantized,

even though we do not discuss that topic in the present paper.) This procedure

provides us with a new view on the origin of the minimal length and points to a

formulation of physics that relies on a curved (spherical or hyperbolical) momentum-

like space. By gauging this construction in the presence of a uniform magnetic field,

we find an interesting interplay between the minimal spatial and magnetic lengths.

The overall approach gives us a possible new handle on the experimental searches

for the minimal length, which have become more topical and much more realistic

given the recent remarkable breakthroughs achieved by the LIGO collaboration,113

the gravitational interferometry being the natural experimental playground in this

arena.
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Appendix A. Projection from a Higher-Dimensional Momentum Space

In order to simply our notation, let us first introduce dimensionless operators by

X̂i =
x̂i

~
√
|β|

, P̂i =
√
|β| p̂i , L̂ij =

ˆ̀
ij

~
. (A.1)

Here, we allow for the possibility that β is negative. The algebra in terms of these

dimensionless operators is

[ P̂i, P̂j ] = 0 ,

1

i
[ X̂i, P̂j ] = (1∓ P̂2)δij ± 2P̂iP̂j ,

1

i
[ X̂i, X̂j ] = ±4L̂ij , (A.2)

where the upper(lower) sign corresponds to positive(negative) β.

First, consider a unit D-dimensional sphere embedded in (D + 1)-dimensional

momentum space:

η̂2
0 + (η̂2

1 + η̂2
2 + · · ·+ η̂2

D) = 1 , (A.3)

where we assume

[ η̂α, η̂β ] = 0 ,
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(a) β > 0 (b) β < 0

Fig. A1. Stereographic projection from a (D + 1) dimensional (a) sphere, and (b) hyperboloid

down to D dimensions, shown for the case D = 1. The north pole projection maps the northern

hemisphere (or the northern branch of the hyperboloid) to the outside of the unit circle (sphere),
and the southern hemisphere (southern branch of the hyperboloid) to the inside of the unit circle

(sphere). For the south pole projection it is the other way around. A switch between the north
and south pole projections corresponds to an inversion with respect to the unit circle (sphere) in

D dimensions.

[ L̂αβ , η̂γ ] = i(δαγ η̂β − δβγ η̂α) . (A.4)

Note also

[ L̂0i, L̂0j ] = iL̂ij ,

[ L̂ij , L̂0k ] = i(δikL̂0j − δjkL̂0i) . (A.5)

Stereographic projection from the North(South) pole of the sphere to the η0 = 0

hyperplane yields

P̂i =
η̂i

1∓ η̂0
, P̂2 =

D∑
i=1

P̂ 2
i =

1± η̂0

1∓ η̂0
, (A.6)

the upper(lower) sign corresponding to the North(South)-pole projection. See

Fig. A1(a). It is straightforward to show that

[ L̂0i, P̂j ] = ± i
2

{
(1− P̂2)δij + 2P̂iP̂j

}
,

[ L̂ij , P̂k ] = i(δikP̂j − δjkP̂i) , (A.7)

thus we can identify

X̂i = ± 2L̂0i . (A.8)
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Next, consider a unit D-dimensional hyperboloid in (D + 1)-dimensional mo-

mentum space:

η̂2
0 − (η̂2

1 + η̂2
2 + · · ·+ η̂2

D) = 1 . (A.9)

The generators which keep this hyperboloid invariant are

1

i
[ M̂αβ , η̂γ ] = gαγ η̂β − gβγ η̂α ,

1

i
[ M̂αβ , M̂γδ ] = gαγM̂βδ − gαδM̂βγ + gβδM̂αγ − gβγM̂αδ , (A.10)

where

gαβ = diag(−1, 1, 1, · · · , 1︸ ︷︷ ︸
n

) . (A.11)

Writing L̂ij = M̂ij and K̂i = M̂0i, we have

[ L̂ij , η̂k ] = i(δikη̂j − δjkη̂i) , [ K̂i, η̂j ] = −iδij η̂0 ,

[ L̂ij , η̂0 ] = 0 , [ K̂i, η̂0 ] = −iη̂i ,

[ L̂ij , L̂k` ] = i(δikL̂j` − δi`L̂jk + δj`L̂ik − δjkL̂i`) ,

[ L̂ij , K̂k ] = i(δikK̂j − δjkK̂i) ,

[ K̂0i, K̂0j ] = −iL̂ij .

(A.12)

Stereographic projection from the North(South) pole (points η0 = ±1, ηi = 0) of

the hyperboloid to the η0 = 0 hyperplane yields

P̂i =
η̂i

1∓ η̂0
, P̂2 =

D∑
i=1

P̂ 2
i =

η̂0 ± 1

η̂0 ∓ 1
, (A.13)

the upper(lower) sign corresponding to the North(South)-pole projection. See

Fig. A1(b). Note that η̂2
0 ≥ 1, which leads to the difference in sign for the ex-

pression for P̂2. Again, it is straightforward to show that

[ K̂i, P̂j ] = ± i
2

{
(1 + P̂2)δij − 2P̂iP̂j

}
,

[ L̂ij , P̂k ] = i(δikP̂j − δjkP̂i) , (A.14)

thus we can identify

X̂i = ± 2K̂i . (A.15)

Thus, our algebra can be understood in terms of a projection down from a higher

dimension.
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