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Abstract 

 

Characterizing complex tissues requires precise identification of distinctive cell types, cell-

specific signatures, and subpopulation proportions. Tissue heterogeneity, arising from multiple 

cell types, is a major confounding factor in studying individual subpopulations and repopulation 

dynamics. Tissue heterogeneity cannot be resolved directly by most global molecular and 

genomic profiling methods. While signal deconvolution has widespread applications in many 

real-world problems, there are significant limitations associated with existing methods, mainly 

unrealistic assumptions and heuristics, leading to inaccurate or incorrect results. In this study, we 

formulate the signal deconvolution task as a blind source separation problem, and develop novel 

unsupervised deconvolution methods within the Convex Analysis of Mixtures (CAM) 

framework, for characterizing multi-scale tissue heterogeneity. We also explanatorily test the 

application of Significant Intercellular Genomic Heterogeneity (SIGH) method.  

 

Unlike existing deconvolution methods, CAM can identify tissue-specific markers directly from 

mixed signals, a critical task, without relying on any prior knowledge. Fundamental to the 

success of our approach is a geometric exploitation of tissue-specific markers and signal non-

negativity. Using a well-grounded mathematical framework, we have proved new theorems 

showing that the scatter simplex of mixed signals is a rotated and compressed version of the 

scatter simplex of pure signals and that the resident markers at the vertices of the scatter simplex 
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are the tissue-specific markers. The algorithm works by geometrically locating the vertices of the 

scatter simplex of measured signals and their resident markers. The minimum description length 

(MDL) criterion is applied to determine the number of tissue populations in the sample. Based on 

CAM principle, we integrated nonnegative independent component analysis (nICA) and convex 

matrix factorization (CMF) methods, developed CAM-nICA/CMF algorithm, and applied them 

to multiple gene expression, methylation and protein datasets, achieving very promising results 

validated by the ground truth or gene enrichment analysis. We integrated CAM with 

compartment modeling (CM) and developed multi-tissue compartment modeling (MTCM) 

algorithm, tested on real DCE-MRI data derived from mouse models with consistent and 

plausible results. We also developed an open-source R-Java software package that implements 

various CAM based algorithms, including an R package approved by Bioconductor specifically 

for tumor-stroma deconvolution. 

 

While intercellular heterogeneity is often manifested by multiple clones with distinct sequences, 

systematic efforts to characterize intercellular genomic heterogeneity must effectively 

distinguish significant genuine clonal sequences from probabilistic fake derivatives. Based on the 

preliminary studies originally targeting immune T-cells, we tested and applied the SIGH 

algorithm to characterize intercellular heterogeneity directly from mixed sequencing reads. SIGH 

works by exploiting the statistical differences in both the sequencing error rates at different 

nucleobases and the read counts of fake sequences in relation to genuine clones of variable 

abundance.  
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Chapter 1  

Introduction 

1.1 Background  

1.1.1 Tissue Heterogeneity 

Tissue heterogeneity, arising from multiple subpopulations, serves as both a major confounding 

factor in studying individual subpopulations and an underexploited information source in 

characterizing complex tissues [1, 2]. Since the interactions between subpopulations are 

fundamental to both normal development and disease progression, molecular analysis of 

subpopulations in their native microenvironment provides the most accurate picture of their in 

vivo state
 [3, 4]

. Often defined by subpopulation-specific marker genes (genes whose expressions 

are exclusively enriched in a particular subpopulation [5, 6]), complex tissues can then be 

characterized regarding the identity, composition, and expression profile of possibly novel 

subpopulations [7]. Tissue heterogeneity cannot be resolved directly by global profiling methods, 

because they can neither identify differentially expressed genes between different subpopulations 

nor distinguish between contributions of different subpopulations to the total measured gene 

expression [1, 7]. Therefore, it is not possible to tell whether expression change reflects a change 

in subpopulation composition, a change in subpopulation-specific expression or both. 

 

A more specific, but highly relevant phenomenon – intratumor heterogeneity, has been found in 

many cancers as evidenced by deep sequencing selectively applied to different parts of the same 

tumor [8, 9]. Cancer cells display remarkable phenotypic variability, including ability to induce 

angiogenesis, to seed metastases, and to survive therapy [4, 10, 11]. Advanced solid tumors often 

contain vascular compartments with distinct pharmacokinetics, comprising hypoxic regions and 

spatially mixed irregular vasculature that is leaky and inefficient[12, 13]. The complexity of 

heterogeneity has clinical implications. A more heterogeneous tumor is more likely to fail 
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therapy due to increased drug-resistant variants[4, 10], and characteristics of the dominant cell 

type will not necessarily predict the behaviors of interest rooted in specific cells[11].  

 

Occurring in multi-scale biological activities, including gene expression, DNA methylation, 

DNA copy number alteration, and biomedical imaging, characterizing tissue heterogeneity has 

attracted great attention from biologists, pathologists and engineers working in bioinformatics 

domain. Currently, an experimental solution to mitigate tissue heterogeneity is to isolate 

subpopulations before molecular profiling, via supervised cell sorting or microdissection [1, 14]. 

Cell sorting separates cells according to various properties of different cells, and the three major 

types of cell sorting techniques are fluorescent activated cell sorting (FACS), magnetic cell 

selection and single cell sorting. FACS is a popular experimental method used to sort a 

heterogeneous mixture of cells. Laser capture microdissection (LCM) can target and isolate cells 

of interest from a heterogeneous tissue specimen [15]. 

 

However, these experimental approaches are expensive, biased, inapplicable to previously-

assayed samples, and may alter the original gene expression [5, 7]. Many computational methods 

have been developed to address tissue heterogeneity, but most of them perform a supervised 

deconvolution that either estimates cell-specific expressions based on externally-obtained 

constituent proportions [2, 4, 11, 16], or estimates constituent proportions using previously-

acquired cell-specific signatures [5, 17-22]. Since getting the prior information relies largely on 

experimental solutions [1, 4, 23], the most relevant limitations remain unsolved. Moreover, 

marker gene expressions are context-specific [3, 21, 24] and novel subpopulations are often 

undetectable using standard histopathology and so greatly limit supervised approaches.  

 

1.1.2 Multiform molecular heterogeneity  

Tissue heterogeneity can happen at multiple levels of biological units or processes, such as 

molecular level, phenotypic or functional level. 

 

Gene Expression 

At molecular level, gene expression is the product of a process called gene transcription, i.e., 

mRNA that serve as the basic unit for synthetizing a functional gene product - proteins. Gene 
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expression profiling is the measurement for the activity of tens of thousands of genes 

simultaneously. Gene expression profiles provide a global picture about various cellular function 

[25]. DNA microarray is a high throughput technology that can measure the expression levels of 

tens of thousands of genes simultaneously.  Sequence based techniques, especially the next-

generation sequencing (NGS) has become more and more popular in recent years. RNA 

sequencing (RNA-Seq) provides an alternative to microarrays to discover and profile the 

transcriptome [26]. Compared to microarrays, RNA-Seq has higher specificity and sensitivity, 

and enhanced detection of differential genes, but its cost is also much higher than microarrays. 

 

DNA Methylation 

DNA methylation occurs at the cytosine bases of eukaryotic DNA, which are converted to 5-

methylcytosine by DNA methyltransferase enzymes. Methylation has been observed to play a 

crucial role in mediating gene expression. Studies show that methylation near gene promoters 

varies considerably depending on various cell type. The more methylated of promoters, the lower 

the gene expression levels [15]. Moreover, although overall methylation levels are similar in 

individual humans, the specific methylation levels between different tissue types and between 

normal cells and cancer cells from the same tissue can be significantly different. 

 

The role of differential methylation in cancer progression has been studied [27], and there are a 

number of surveys on DNA methylation in other common diseases [15, 28]. However, robust 

association of specific methylation alterations with a common disease by a comprehensive 

genome-wide methylation analysis has not yet been demonstrated [29]. One of the reasons is that 

DNA samples available for methylation analysis are generally derived from heterogeneous cell 

populations, and each of the functionally distinctive cell subpopulations in one sample has its 

unique DNA methylation signatures [26]. Cellular heterogeneity may act as a potential 

confounder when investigating DNA methylation. 

 

Dynamic Contrast-Enhanced Magnetic Resonance Imaging 

Magnetic resonance imaging (MRI) is a medical imaging technique used to investigate 

the anatomy and physiology of the body. It has been widely used for medical diagnosis in 

medical institutes. Dynamic contrast-enhanced magnetic resonance imaging (DCE-MRI) is one 

http://en.wikipedia.org/wiki/Medical_imaging
http://en.wikipedia.org/wiki/Anatomy
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way to analyze blood vessels generated by a tumor. It provides a noninvasive in vivo method to 

evaluate tumor vasculature architectures based on contrast accumulation and washout [13, 30].  

 

While DCE-MRI can potentially depict the intratumor heterogeneity of vascular permeability 

[31], the quantitative application of DCE-MRI has been hindered by its inability to accurately 

resolve mixed vascular compartments with distinct pharmacokinetics due to limited imaging 

resolution [13, 32]. This indistinction among the contributions of different compartments to the 

mixed tracer signals can confound compartment modeling and deep phenotyping for association 

studies [11, 33, 34].  

 

1.2 Objectives and Problem Statement  

While accurate characterization of tissue heterogeneity plays a critical role in understanding 

disease mechanism and inter-cellular crosstalk, effective analytical tools to address this problem. 

To characterize complex tissue heterogeneity, we propose to identify cell-specific markers 

directly from multiple heterogeneous samples, and to estimate subpopulation proportions based 

on marker expressions.   

 

Basically, the expression level of a heterogeneous sample is the weighted sum of every 

underlying subpopulation’s expression [7, 35, 36]. Mathematically, the relationship between the 

heterogeneous samples and the underlying cell subpopulations can be expressed as X = AS , 

where X is the measurement signal, such as gene expression signals, methylation signals or 

imaging pixel values obtained from heterogeneous samples, A is the mixing matrix (the 

proportions) of underlying cell subpopulations, and S  is the measurement signals of pure cell 

subpopulations. Supervised methods often rely on the prior knowledge, e.g., A and X to identify 

S, or S and X to estimate A. These methods can achieve accurate estimation only when the prior 

knowledge is accurate, relevant and reliable, thus would be limited in many real world 

applications. 

 

Blind source separation (BSS) algorithms, which are used to blindly separate from observed 

signals X into source signals S, may provide viable paths to address tissue heterogeneity. 
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However, most classic BSS algorithms are based on certain assumptions that cannot be satisfied 

in many biological applications. For instance, Independent component analysis (ICA) requires 

that original sources should be independent and non-Gaussian [37], while most biological 

processes are highly correlated. For example in gene expression, most genes are housekeeping 

genes that have similar expression levels in almost all the cell types, which means that the 

correlation coefficient of gene expression profiles between two different cell types can be as high 

as 0.9. Principal component analysis (PCA) transforms a set of observations into a set of linearly 

uncorrelated variables. This property cannot be satisfied by most biological measurements. 

Nonnegative matrix factorization (NMF) decomposes observations into two nonnegative 

matrices without constraint on data distribution [38], and its solution can easily get stuck in local 

optima depending on algorithm initializations. 

 

Motivated by the importance of computationally resolving tissue heterogeneity, we propose to 

address this problem within a well-grounded mathematical framework, called Convex Analysis 

of Mixtures (CAM). CAM provides new theorems that show that the scatter simplex of mixed 

signals is a rotated and compressed version of the scatter simplex of pure signals and the resident 

markers at the vertices of the scatter simplex are the tissue-specific markers. The minimum 

description length (MDL) criterion can be used to determine the number of subpopulations in the 

mixtures. We combined CAM framework with nonnegative independent component analysis 

(nICA) or convex matrix factorization (CMF) methods to develop a completely unsupervised 

algorithm to accurately dissect tissue heterogeneity from the original signal mixtures.  

 

We have successfully applied this approach to gene expression, methylation, protein and DCE-

MRI data, achieving promising results validated by ground truth. It provides the only validated 

tool to identify marker genes and to resolve tissue heterogeneity in the pubic datasets. The 

significant advantage of our method is its ability to detect novel marker genes in an unsupervised 

way using the data obtained from complex tissue samples. Importantly, CAM does not require 

the presence of pure-subpopulation samples (phenotypic archetypes) [39, 40], and by exploiting 

solely the mixing diversity in scatter space, CAM is more powerful to distinguish between 

phenotypically similar subpopulations. Supported by the MDL model selection, the benefits of 
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CAM method include its wide and unbiased applicability, and exciting potential for 

characterizing subpopulations in tissue remodeling 

 

Another effort we have made is to characterize intercellular genomic heterogeneity by 

distinguishing significant genuine clonal sequences from probabilistic fake derivatives. The 

method is called Significant Intercellular Genomic Heterogeneity (SIGH), which works by 

exploiting the statistical differences in both the sequencing error rates at different nucleobases 

and the read counts of fake sequences in relation to genuine clones of variable abundance. 

 

In summary, the specific objectives of this research include: 

1. Develop a fully unsupervised signal deconvolution method based on the CAM framework, 

aimed to address tissue heterogeneity problem 

2. Apply CAM algorithms to gene expression and methylation data for characterizing molecular 

tissue heterogeneity 

3. Apply CAM to DCE-MRI data for dissecting intratumor vasculature heterogeneity 

4. Develop CAM software tools to implement various CAM based algorithms 

5. Test and apply SIGH algorithm to characterize intercellular heterogeneity directly from 

mixed sequencing reads. 

 

1.3 Organization of the Dissertation 

The remainder of this dissertation is organized as follows. In Chapter 2, we introduce the CAM 

(Convex Analysis of Mixtures) framework, in which we develop a series of newly proven 

theorems to demonstrate the feasibility and applicability of this framework for separating non-

negative and dependent signals. We then propose and implement practical and effective 

algorithms under this framework to perform signal deconvolution in various real world scenarios. 

In Chapter 3, we validate and apply the proposed methods to resolving tissue heterogeneity on 

multiform data - gene expression, methylation and DCE-MRI data. We also introduce Java-R 

CAM software package and its useful features. In Chapter 4, we discuss the specific solution for 

two-source deconvolution for tumor-stroma dissection, and our UNDO R package. In Chapter 5, 

we introduce the Significant Intercellular Genomic Heterogeneity (SIGH) methodology and its 
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application to immune sequencing data. Finally, the major contributions of this work and the 

future work are summarized in Chapter 6.   
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Chapter 2  

Convex Analysis of Mixtures  

2.1 Introduction 

2.1.1 Machine Learning Algorithms for Signal Deconvolution 

 

The existing machine learning methods for signal deconvolution are either supervised or 

unsupervised with some assumptions. Linear regression and ordinary least squares based data 

deconvolution approaches have been used to resolve tissue heterogeneity problem [7, 36, 41-43]. 

Although these supervised methods are very easy to use and can be highly effective, the major 

disadvantage is that the accuracy of the signal deconvolution depends highly on the quality and 

relevance of the required prior knowledge. When the prior knowledge is inaccurate in relation to 

the specific applications, the deconvolution results can be unreliable or even incorrect. 

 

On the other hand, Blind Source Separation (BSS) approaches, including PCA, NMF and ICA, 

are unsupervised methods for signal deconvolution. They are based on various assumptions and 

principles, thus are applicable to different applications. PCA represents the most popular matrix 

factorization method that uses an orthogonal transformation to convert a group of possibly 

correlated variables into a set of linearly uncorrelated variables. Although multivariate normality 

is not a strict requirement, PCA works well when this assumption is satisfied. The use of lower-

rank PCAs to represent the original data is probably the most widely used dimension reduction 

technique in practice [44]. 

 

The NMF method was first proposed by Lee and Seung [38] with the main application to face 

recognition. With specifically designed learning algorithms for matrix factorization, NMF 

produces parts-based representation of original data using so-called ‘eigen-faces’ or prototype 

faces. The differences arise from different constraints imposed on the matrix factors. The 

original NMF only allows non-negative entries in the two matrix factors. The principle behind 
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NMF is that the non-negativity constraints can be interpreted intuitively as ‘combining the parts 

to form the whole’. The major unresolved problem associated with the original NMF method is 

that the factorization solution is generally non-unique and depends highly on the initial 

conditions of the learning algorithm. Thus, in real world applications, the matrix factorization 

may always produce a meaningful pattern from the data. In fact, although NMF exploits the non-

negativity of the hidden variables, the statistical dependencies among the variables or parts are 

largely ignored. In other word, NMF cannot capture the “syntactic” relationships among different 

parts. To address this problem, several relevant algorithms, mainly by exploiting different 

constraints, have been reported, including sparse NMF [45, 46], constrained NMF [47], and 

graph regularized NMF [48], however with only limited success.  

 

Unlike classic PCA, the ICA approach assumes that the underlying sources are non-Gaussian and 

statistically independent. Two popular definitions of source independence in ICA are used to 

seek decomposition solution. One is to minimize the mutual information between the estimated 

sources, measured by the Kullback-Leibler Divergence or maximum entropy. Another one is to 

maximize the non-Gaussianity, measured by the kurtosis or negentropy rooted in the central limit 

theorem (CLT).  ICA, as a widely used BSS method, has two ambiguities. One is that the scales, 

including the signs for the source and mixing matrix entries are unknown, and another one is that 

the order of the independent components cannot be determined [49]. The two ambiguities exist 

in most BSS algorithms, but they are often insignificant in most applications and can be 

eliminated by adding extra constraints.  

 

These methods have been successfully applied to solve many BSS problems in many areas. The 

applications of these methods to biomedical data have been problematic, because the major 

assumptions behind these methods are no longer valid in many biological data. For example, 

many biological processes and their gene products are highly dependent. In fact, most genes 

participate in more than one biological process, implying that those processes are correlated. 

This is why the algorithms based on the independency assumption, such as ICA and its variants, 

will fail when analyzing biological problems. While the non-negativity assumption in NMF is 

largely valid in many biological applications, the decomposition results obtained by NMF is 

often difficult interpret, in addition to the non-uniqueness of the solutions. Although imposing 
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additional sparsity constraint can result in unique solution, there is no evidence to show that the 

co-occurrence of biological process should be sparse. 

 

Another critical and highly relevant issue, which has not been resolved, is how to determine the 

number of underlying sources in BSS problems. Model selection is still a pending issue and most 

BSS algorithms assume that the number of underlying sources is known. Clearly, determining 

the correct number of sources is a prerequisite step in developing a fully unsupervised 

deconvolution approach. 

 

2.1.2 Our approach 

Motivated by the concept of convex analysis, we propose a novel method to solve nonnegative 

BSS problems, called Convex Analysis of Mixtures (CAM). Within the CAM framework, the 

independent/uncorrelated assumption for underlying sources is no longer required. Instead, the 

CAM principle can be derived from the assumption of local dominance/well-grounded points 

among the sources [50, 51]. We assumed that, for each of non-negative sources, there is at least 

one point that has positive value in this source, and have the value of ‘zero’ in all the other 

sources. The assumptions can be expressed as, where P(.) denote a probability measure: 

 

{ 0} 0, 1,2,...,iP S i m                                                                         (2-1) 

{ 0, 0} 0, , 1,2 ..., ,i jP S S i j m i j    ，                                                    (2-2) 

 

These two assumptions are often satisfied in real world biomedical applications. For example, 

the values of image pixels are always nonnegative and there are often non-overlapped image 

regions. Moreover, gene expressions are always non-negative and distinct subpopulations are 

logically defined by the subpopulation-specific genes whose expressions are exclusively 

enriched in that subpopulation. 

 

When these assumptions are satisfied, the mixtures of sources confine an affine hull, and can be 

projected on a simplex resulting in a convex hull. Our method aims to find the vertices of the 

convex hull, which correspond to the column vectors of the mixing matrix. We then formulate a 

model selection scheme based on the Minimum Description Length (MDL) criterion, rooted in 
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the information theory, to determine the optimal number of underlying sources. In the next few 

sections, we review the basic concepts in the CAM framework, followed by the discussions on 

the algorithms we developed to solve the BSS problem under the CAM framework.  

 

2.2 Formulation and Identifiability of the CAM Model 

In the CAM framework, we only consider linear instantaneous mixture of nonnegative sources. 

Then, the linear latent variable model can be expressed as 

 

X = AS                                                              (2-3)  

 

where 
M N

X  is the observation matrix with M  denoting the number of observed mixtures, 

and N denoting the data length. 
M K

A  is the mixing matrix with K being the number of 

underlying sources; and K N
S  is the non-negative source matrix. The key difference 

between our CAM framework and NMF is that, the CAM formulation only assumes sources S to 

be non-negative, while the mixing proportions A or observations can be negative. The equation 

(2-3) can also be rewritten in a vector format as 

 

1

, 1,2,..., , 1,2,...,
K

i ik k

k

x j a s j i M j N                        (2-4) 

 

where ika is the ikth entry of mixing matrix A, ix j  is the measurement level of the 𝑗th data 

point in ith observed signal/sample, and ks j  represents the measurement level of the 𝑗th data 

point in kth source signal. In most applications, we have /N M K . 

 

2.2.1 Basic Assumptions and Relevant Concepts 

The goal of BSS is to retrieve source and mixing matrices from the observation matrix. The word 

“blind” in the name came from this concept. We first discuss the necessary and sufficient 

conditions, in the form of assumptions, to assure the identifiability of the CAM model.  
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Assumption 1. The number of observations is larger than the number of sources, i.e., M K ; 

Assumption 2. The mixing matrix A has full column rank; 

Assumption 3. Every source is well-grounded, that is, for each source there exists at least one 

data point h  at which ( ) 0is h  and ( ) 0js h , , 1,..., ,i j K j i ; 

Assumption 4. Each row sum in A is unity, i.e. 
1

1
K

ij

j

a . 

Assumption 1 and Assumption 2 are the two basic mathematical requirements for any valid 

matrix inversion operation, thus are not the specific assumptions made for the CAM principle. 

Assumption 4 is simply for the mathematical convenience but not a strict requirement for the 

CAM algorithm and this assumption can be easily met by mathematical transforms. It should be 

noted that Assumption 3 is a unique requirement by the CAM framework, and serves as both a 

necessary and sufficient for the identifiability of the CAM model. This assumption again is valid 

in many real world applications, particularly in biomedical data. For example, in sparse data at 

many data points there will be positive values in one sample, and zero value in all the other 

samples. In molecular profiling, the expression values of marker genes would be highly and 

exclusively enriched in one subpopulation thus represent exactly the well-grounded points.  

 

Based on the BSS model, a series of concepts in convex analysis should be introduced to help 

understand the solution to such problem. We briefly introduce several important concepts first to 

make the following algorithms readily understandable. 

 

A cone C  means that for every x C  and 0  , we have x C  . A convex cone is convex 

and cone, which means that for any 1 2
,x x C  and 1 2

, 0   ,we have 1 1 2 2
x x C   . 

 

A set 
nC  is affine if any point on the line through two distinct points in C  also lies in C . 

This idea can be generalized to more than two points, i.e., a point 1 1 ...   k kx x , where 

1 ... 1k     and 1,..., kx x C , is an affine combination of points 1,..., kx x , and also belongs to 
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the affine set C . The set of all affine combinations of points in some set 
nC   is called the 

affine hull of C , and denoted as affC  [52]: 

 

affC  =  1 1 1 1... | ,..., , ... 1        k k k kx x x x C                         (2-5) 

 

Convex set has quite similar definition as affine set except that the parameters must be 

nonnegative. A set C  is convex if the line segment between any two points in C  lies in C . A 

point of the form 1 1 ...   k kx x , where 1 ... 1k     and 1,..., kx x C , along with 

0, 1,...,i i k  is the convex combination of the points 1,..., kx x . A set can be called convex if 

and only if it contains all the convex combinations of its points. Convex hull of a set C  is the set 

of all convex combinations of points in C , which  is defined as [52]: 

 

 1 1 1 1conv ... | ,..., , ... 1, 0, 1,...,k k k k iC x x x x C i k           (2-6) 

 

It is the smallest convex set that contains C . 

 

Polyhedra are an important family of convex sets, which can be defined as the solution of a finite 

number of linear equalities and inequalities, so a polyhedron can be viewed as intersection of a 

finite number of halfspaces and hyperplanes.  A polyhedron is defined as: 

 

{ | , 1,..., , , 1,..., }T T

i i j jP x a x b i m c x d j n                                 (2-7) 

 

Simplex is a special case of polyhedron. Suppose there are 1k  points 
0 ,..., n

k
 that are 

affinely independent, which means that 1 0 0,..., k  are linearly independent. Then the 

simplex defined by these points is: 

0 0 0 0conv ,..., = ..., | ,..., 0,1 1T

k k k k
                   (2-8) 
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An important concept in convex set is the extreme point, which has many good properties to 

make it useful in solving convex optimization problems. An extreme point of convex set C  in a 

real vector space is a point in C  not lying in any line segment joining two points of C .  

 

2.2.2  Identifiability of CAM model  

We now discuss identifiability of CAM model under the aforementioned assumptions via the 

following definitions and theorems. 

 

Definition 2.1 (Vertex) Consider a polyhedron P . A point 0x P  is called a vertex if 0x  is the 

unique solution of n  linearly independent equations from x A b . 

 

Definition 2.2 (Well-grounded points) The source data points which satisfies 
WGP(j)( ) e ji s are 

called well-grounded points (WGPs), where {e }j  are the standard bases which are the axes of 

the first quadrant. 

 

Given a polyhedron P  and 0x P , 0x  is a vertex if and only if it is an extreme point. According 

to Minkowski-Carathéodory Theorem  [53, 54], a convex set can be represented by using the 

extreme points of the convex set.  Thus, if we know the coordinates of the vertices of the convex 

set, the entire point set can be represented in terms of the vertices. In another word, if we know 

the vertices of a convex set, we actually know the whole set. 

 

After introducing these basic concepts, let us get back to equation (2-4). Since ija  and 

js , the source matrix and observation matrix define two convex cones. An easy operation, 

called perspective projection can help us project the two convex cones on a standard simplex. 

The standard n -simplex is the subset of 1n given by [26, 27].  

 

1

0{( ,..., ) | 1 , 0 and =1,..., }n n

n i ii
t t t t i n                                (2-9) 

 

Then we can get two convex sets, which are very helpful in the problem formulation. 
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'

1

kj

kj K

kjk

s
s

s





                                                            (2-10) 

'

1




ij

ij K

iji

x
x

x
                                                            (2-11) 

It is easy to conclude from the above two equations that the difference between /kj ijs x  and 

' '/kj ijs x  is up to only a scale. 

 

In the following sections, we will use 
ijx  to represent 

'

ijx , 
ijs  to represent 

'

ijs  and X  to represent 

'
X , S  to represent 

'
S  for the sake of convenience, except when we specifically mention the 

ijx  

and 
ijs  before projection.  

 

Lemma 2.3 Suppose that Assumptions (2) holds. The vertices of the convex hull  conv A  

formed by mixing matrix are column vectors 1{ ,... }Ka a  of mixing matrix A up to a positive scale 

ambiguity. 

Proof of lemma 2.3 According to the definition of convex hull,  conv A  can be expressed as: 

   1 1
= | , 1, 0, 1,.on .c .,v

K K

i i i i ii i
i K  

 
    A a a A  

Since A is full rank, , 1,...,i i Ka  are linearly independent, so we can conclude that 

1
0

K

i ii



 a  if and only if 0, 1,...,i i K  a .  Thus, , 1,...,i i Ka  can only be a trivial convex 

combination of 1 2, ,..., Ka a a . Then definition 2.1 helps us finish the proof of lemma 2.3. 

 

Lemma 2.4 Suppose that Assumption (3) is satisfied. The vertices of the convex hull  conv S

formed by source matrix are 1 2{ , ,..., }Ke e e  where ( 1,..., )ie i K  is the unit vector with thi entry 

equal to 1. 

Proof of lemma 2.4 According to lemma 2.3, the convex hull confined by K standard bases {e }j  

projected on K-1 simplex has 1 2{ , ,..., }Ke e e  as the vertices.  
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1
conv{E} { e | e E, 0}

K

j j j jj
 


    

Since assumption (3) is satisfied, we have well-grounded points in each source. we have 

 1
conv{S} ( )e | ( ) 0

K

j j jj
s i s i


   

The proof of lemma 2.4 is completed. 

 

Lemma 2.5 When Assumptions (2) and (3) hold, the convex hulls  conv A  and  conv X  are 

identical. 

Proof of lemma 2.5 In the light of definition of convex hull, any point  convv X  can be 

represented by 

     
1 1 1

n n n

i i ii i i
i i i  

  
    v x As A s , 

where 0i   and  
1

n

ii
i

 s  is a K dimensional non-negative vector. Therefore,  convv A . 

We have    conv convX A . 

 

On the other hand, let 
    WGP 1 WGP

, ,
K

i i  be the indices of a WGP set, where 
  WGP k

ix  is WGP 

set of source k. For any point  v A , it can be represented by  

     WGP1 1

WGP

K K k
k k kk k

k k

i
s i




 
  v a x  

where 0k  ,  1, ,k K  . Obviously, 
  WGP

0k k k
s n  , so  convv X , and we have 

proved    conv convA X .        

 

From Lemma 2.3 and 2.4, the mixing matrix of observed matrix can be determined by the 

vertices of  conv X . 

 

Theorem 2.6 (Unsupervised identifiability) When Assumptions (1), (2) and (3) are satisfied, 

the column vectors 1{ ,... }Ka a  of mixing matrix A can be determined by the coordinates of 



17 

 

vertices of  conv X  with scale ambiguity. This ambiguity can be eliminated when Assumption 

(4) holds. 

Proof of theorem 2.6 In lemma 2.5, we have proved that  conv X  and  conv A  are identical. 

With the help of lemma 2.3, this theorem is readily proved. 

 

The critical point of solving BSS problem in our formulation is to find vertices of the convex set 

defined by the observed matrix X, which can subsequently help determine the mixing matrix. 

Then the source matrix can be computed by using nonnegative least square algorithm to make 

sure the sources are nonnegative. It is not a trivial work to identify those vertices, especially 

when the interference of noise cannot be ignored or the number of data points is too large to be 

searched exhaustively.  

 

2.3 CAM Algorithms 

So far, we have discussed the CAM framework, under ideal scenarios, for solving BSS problems, 

in which the four assumptions are satisfied. In this section, we develop a series of algorithms that 

implement the CAM framework in real world scenarios, in the presence of noise or outliers.  

 

2.3.1 Data Preprocessing 

The first step in data preprocessing is to implement equations (2-11) on the original observed 

data to construct a convex hull. Then the properties of convex hull we discussed in the previous 

sections can be exploited in the data decomposition.  

 

In signal processing, to achieve expected results, how to eliminate or reduce the influence of 

noise is a crucial task that cannot be ignored. Clustering is an effective strategy for noise 

reduction. Besides, when the number of data point is up to tens of thousands, the efficacy of 

algorithms will be downgraded greatly. Clustering can be viewed as a procedure that down-

samples the original datasets. Many classic clustering methods, such as K-means clustering [55], 

hierarchical clustering [56],  have been extensively used in science and engineering areas. 

However, hierarchy in hierarchical clustering is often complex and difficult to interpret. Another 
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problem of hierarchical clustering is that every decision is deterministic. Once a point is 

incorrectly grouped into one group, it cannot be reevaluated in the later stage. All determinations 

are based on local decisions, and using different distance metric often results in different 

clustering results. K-means is a quite effective technique. It is fast and easy to interpret, while the 

major disadvantages include: (1) it is very sensitive to the initial choice of clusters; (2) the 

number of clusters has to be defined in advance; (3) it often converges to local optima. 

 

In 2007, Frey and Dueck [57] proposed a novel clustering method called Affinity Propagation 

Clustering (APC) which performs clustering through passing messages between data points. 

Cluster centers, or exemplars as called in APC, are not chosen randomly. The initial choice is 

relevant with “preference” that can be specified by users before running the algorithm, and often 

leads to solution close to optimal one. Negative Euclidean distance is used to measure similarity 

between all the data points, and the similarity matrix is the input of APC. A nice property of 

APC is that the number of clusters does not need to be specified since the algorithm can 

determine this by evaluating the value of preferences, which are the values on the diagonal of the 

similarity matrix. The data points with larger values are more likely to be chosen as exemplars.  

 

Two kinds of messages - responsibility and availability - exchange between data points. 

Responsibility ( , )r i k  is sent from data point i  to candidate exemplar k , which indicates that 

how strongly each data point favors the candidate exemplar over other candidate exemplars. 

Availability ( , )a i k  is sent from candidate exemplar k  to data point i  which indicates to what 

degree each candidate exemplar is available as a cluster center for the data point. 

 

Initially, all the availabilities are set to zero: ( , ) 0a i k  . Responsibilities are computed as: 

 

' '

' '

. .

( , ) ( , ) max { ( , ) ( , )}
k s t k k

r i k s i k a i k s i k


                                 (2-12) 

 

This step makes all candidate exemplars compete for ownership of a data point. The effective 

values of input similarities will decrease while candidate exemplars will be removed from 

competition. 
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The update of availabilities is as below: 

 

' '

'

. . { , }

( , ) min 0, ( , ) max{0, ( , )}
i s t i i k

a i k r k k r i k


  
  

  
                       (2-13) 

 

Self-availability ( , )a k k  reflects the evidence that k is an exemplar based on positive 

responsibilities sent to candidate exemplar k from other points 

 

' '

'

. . { , }

( , ) max{0, ( , )}
i s t i i k

a k k r i k


                                    (2-14) 

 

After clustering, the data points clustered into multiple clusters. The number of clusters depends 

on the pattern of the data we want to analyze. In our applications, this number is usually from ten 

to hundreds. Then the exemplar in each cluster can be used to represent all the points in this 

cluster.  

 

 

2.3.2 Vertex Clusters Searching 

To identify the vertices of convex set X (scatter simplex of mixed expression profiles), we 

performed CAM on the obtained M cluster centers  gm  of gene vectors. We assumed K true 

vertices and conducted an exhaustive combinatorial search (with total M

KC  combinations), based 

on a convex-hull-to-data fitting criterion, to identify the most probable K vertices. We used the 

margin-of-error  

 

 
1

, 1,... 1 1,... 2

min ,  0,  1,g g
 

   
  

    M
K

K

K K

m k k k km K C k k
                  (2-15) 

 

to quantify the distance between mg  and convex set X defined by  1,...,g k K , where we have 

 , 1,...
0M

Km K C



  if gm  is inside X. We then select the most probable K vertices when the 
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corresponding sum of the margin-of-error between the convex hull and the remaining “exterior” 

cluster centers reaches its minimum [58-60]: 

 

 
 

 1*,..., * , 1,...1
1,...

=argming  

 M

KM
K

M

k K m K Cm
K C

.                                     (2-16) 

 

Subsequently, we identify the indices of well-grounded points based on the memberships 

associated with  1*,..., *g k K , i.e.,  *WGPk ki i  g . 

 

Although exhaustive search provides a feasible way to find the optimal solution, the 

computational time increases exponentially as the number of clusters increases. As we know 

from previous theorems, data points inside  conv X  has no influence on the fitting criterion, so 

it is not necessary to search all the cluster centers. Instead we only need to search the cluster 

centers that are the vertices of the simplex formed by observations. In ideal scenario without 

noise and outliers, those vertices correspond to column vectors of mixing matrix with scale 

ambiguity. When noise or outliers exist, although clustering has helped us reduce the impact of 

noise and outliers by using the cluster center to represent each cluster, it is still possible that 

some cluster centers will be outside the convex hull formed by the columns of mixing matrix. In 

another word, the number of vertices of  conv X  may be larger than the number of sources 

under non-ideal scenario. The searching can be performed only on all the vertices but not on all 

the cluster centers.  

 

The QuickHull algorithm [61] provides us a fast and efficient way of calculating a convex hull of 

a point set. QuickHull uses the divide and conquer strategy, an important algorithm design 

paradigm. Its core idea is recursively breaking down a problem into two or more sub-problems of 

the same type, until they become simple enough to be solved directly. The QuickHull algorithm 

in high dimension space is much more complex than the case in two or three dimensions. Before 

we introduce the general case, we need to know some definitions in convex hull. The boundary 

elements of a facet are called ridges. A facet is visible for a point if the point is above the facet. 
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The boundary of the visible facets is the set of horizon ridges for the point. A point is in a facet’s 

outside set only if it is above the facet. 

 

QuickHull Algorithm: 

From the previous analysis, the dimension for the convex hull defined by observed data points is 

1M  , the number of data points is the number of cluster centers J  

(1) Create an initial simplex of M  points by selecting points with either a maximum or 

minimum coordinate; 

(2) For each facet F  and each unassigned point p , if p  is above F , it is assigned to F ’s 

outside set; 

(3) For each facet F  with a non-empty outside set, select the furthest point p of F ’s outside set; 

(4) Initialize the visible set V to F ; 

(5) For all unvisited neighbors N  of facets, if p is above N , add N to V . The set of horizon 

ridges H  is the boundary of V ; 

(6) For each ridge R  in H , create a new facet from R  and p , and link the new facet to its 

neighbors; 

(7) For each new facet 'F  and each unassigned point q  in an outside set of a facet in V , if q  is 

above 'F , assign q  to 'F ’s outside set; 

(8) Delete the facets in V . 

 

QuickHull can help us find all the vertices of the convex hull defined by observed mixing signals, 

based on which the search for the most possible K vertices representing the columns of mixing 

matrix can be performed with high efficiency. After the mixing matrix is determined, the sources 

can be calculated by using nonnegative least square algorithm. 

 

2.3.3 Nonnegative Independent Component Analysis (nICA) 

The previous subsection provides a straightforward way to determining the mixing matrix by 

directly finding the coordinates of vertices. Alternatively, this problem can be solved from a 

totally different perspective.  
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Nonnegative ICA (nICA) algorithm was proposed by Oja and Plumbley in 2004 [62]. Suppose 

that s  is a vector of nonnegative well-grounded independent unit-variance sources , 1,...,is i n . 

Let y Us . U  is a square orthonormal rotation. Then if and only if all iy  are nonnegative, the 

elements 
iy  of y  are the permutation of the sources is [63].  

 

To reduce the BSS problem to finding the correct orthogonal rotation, the first stage is to whiten 

the observation matrix, that is, to find a n n  whitening matrix V that satisfies 

 ( )( )T

nz
E z z z z I     with { }Ez z , where z Vx . Suppose that E is the orthogonal 

matrix of eigenvectors of the data covariance matrix  ( )( )T

x
E x x x x    and 

1( ,..., )ndiag d dD is the diagonal matrix of corresponding eigenvalues. Then, a suitable 

whitening matrix is 
1/2 1/2 T

x

  V ED E  with 1/2 1/2 1/2

1( ,..., )ndiag d d  D . To avoid losing 

information about the nonnegativity of the sources [64], we do not remove the mean of the data. 

With successful whitening, the axes of the original observations become orthogonal to each other 

as shown in Fig. 2.1. 

 

 

                                                            (a)                                                                            (b) 

Figure 2.1 (a) The scatter plot of original data  (b) The scatter plot of whitened data 

 

When we rewrite y Us  as y Wz  with z being the whitened observation vector and W  

being an unknown orthogonal rotation matrix, the problem is transformed into finding an 
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orthogonal matrix W  to rotate the whitened observed matrix z to make all the whitened 

observation nonnegative after rotation. Thus, a suitable cost function used to determine whether 

we have found the optimal W  is quite critical, and can be constructed as [63]: 

 

   
22

( ) ,TJ E E    W z z z W y                                 (2-17) 

1( ,..., ),ny y  y  

max(0, )i iy y   

 

Specifically, we want to find a matrix W  that minimizes the cost function defined above, with 

the minimum value of zero. This can only be obtained when all the iy  are nonnegative, 

otherwise, the truncation process will truncate the negative iy , and the result of above cost 

function will be larger than zero. The cost function has another desirable property that it has no 

local minima in the Stiefel manifold of rotation matrices.  

 

Finding the minimum point of the cost function is to search a rotation matrix W  that can rotate 

all the whitened data points into the first quadrant. A natural idea is to consider gradient 

algorithm under the orthogonality constraint. A way to do the constrained minimization by 

gradient descent is to divide each descent step into two parts [62]: a step in the direction of the 

unconstrained gradient, followed by a subsequent projection of the new point onto the constraint 

set. For vector w i , the update rule is the unconstrained gradient descent step with step size   

 

 w w w 2 min(0, )
w

i i i i

i

J
E y z 


   


                                     (2-18) 

 

The vector T

iw  is projected onto the orthonormal constraint set: 

 

1/2( )T W WW W                                                         (2-19) 
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where W  is the one with row vector T

iw . In our algorithm, we performed nICA on all the data 

points from the K vertex clusters we got from the vertex searching step. 

 

 

2.3.4 Convex Matrix Factorization (CMF) 

Since Lee and Seung first proposed NMF in 1999, many algorithms and variants are developed 

based on the original algorithm.  It has been primarily applied to unsupervised decompositions in 

image and natural language processing. Most recently, this approach has found its way into the 

domain of computational biology [65] [66]. 

 

The simplest model used in NMF is of the form equation (2-3). There are many different 

strategies to define the cost function ( )D X AS  leading to different NMF variants, while most 

of them still make use of multiplicative or projected gradient [38, 67].  

 

Although the original NMF has been successfully used to learn part-based representation in face 

recognition, deconvolution of astronomical images, it has the drawback of being ill-posed, which 

means that it is easy to get stuck in local optima of the cost function with different initial values.  

 

Sparse NMF [68, 69] is one way to make NMF become more well-posed. Adding sparseness 

constrains to NMF can make it find parts-based representations in the scenarios where basic 

NMF does not work, but for datasets that are not inherent sparse, this constraint may destroy the 

true structure of the data. For example, gene expression data can never be sparse, since most 

expression profiles are house-keeping genes, which have similar positive expression levels in 

most subpopulations, only a few genes may have sparse values across all the subpopulations. In 

the copy number data, the number of copies is two in normal condition. Only when homo-

deletion or hemi-deletion happens, the number becomes zero or one, while amplification happens, 

this number becomes larger than two, so copy number data can seldom be sparse. However, the 

property of well-grounded point reminds us that even for the non-sparse data, we may find a 

subset that can be sparse across all the sources, such as marker genes in molecular biology. The 

underlying sparse structure in data can be accurately located on the vertices of the convex hull 

confined by the whole dataset. Thus, we can make use of CAM to find the sparse subset from the 
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original data if such sparse subgroup indeed exists. Then sparse NMF can be used to perform the 

optimal factorization based on the sparse group. 

 

2.4 Model Selection Strategy 

2.4.1 Introduction 

Previous analysis has provided a way to solve BSS problems under a well-grounded CAM 

framework, but this still leaves out the issue of determining the appropriate model order for the 

particular problem. This problem cannot be decided simply by maximizing the likelihood 

function, since it usually leads to excessively complex models and over-fitting.  

 

As we know from previous analysis, the number of sources is equal to the number of vertices in 

noise-free scenario, which means that the model order has been determined after we confirm all 

the vertices of the convex hull formed by observations. However, in most cases, the impact of 

noise cannot be ignored, so we usually obtain more vertices than the number of true sources. On 

the other hand, when the strict well-grounded point does not exist, there may be more vertices 

than expected. 

 

Model selection is a critical task in BSS, which has not yet been successfully solved in most BSS 

related algorithms. To assure that CAM provides a completely unsupervised method, we 

proposed to use a widely-adopted and consistent information theoretic criterion, namely the 

minimum description length (MDL) [70-72] to realize model selection. The major thrust of this 

approach is the formulation of a model fitting procedure in which an optimal model is selected 

from several competing candidates, such that the selected model best fits the observed data. 

MDL formulates the problem explicitly as an information coding problem in which the best 

model fit is measured such that it assigns high probabilities to the observed data while at the 

same time the model itself is not too complex to describe.  

 

The general formulation for MDL can be easily written as: 
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   MDL log log
2

K f  
Θ

X Θ X                                     (2-20)     

            

where Θ  is the set of free parameters, Θ  is the cardinality of Θ . The first term corresponds to 

the model fitting error, and the second one is model complexity. MDL basically tries to find the 

balance between the model fitting error and model complexity based on the principle of Occam’s 

razor. 

 

2.4.2 MDL Formulation in CAM Framework 

MDL calculates the total number of ‘bits’ that are required to encode/explain both the ‘data’ and 

‘model’. When the model is given (or estimated), only the information about ‘mismatch’ 

between model and data needs to be explained (or encoded). From the MDL principle, we 

propose and derive two MDL formulations for this specific BSS problem.  

 

In the first formulation, we follow the definition of MDL. 

 

       
( 1)

MDL log | log( ) log
2 2

K M KN
K K N M


    X             (2-21) 

 

where    denotes the joint likelihood function of the clustered compartment model, X  

denotes the set of all data points,  K  denotes the set of freely adjustable parameters in the 

clustered compartment model, and K is the number of underlying sources. The first term 

(negative joint likelihood) in the MDL determines exactly the ‘bits’ for explaining the ‘data’ 

conditioned on the given model. The second and third terms represents the ‘penalty’ on the 

model complexity, that is, the total number of bits for explaining the model. 

 

Different parameters have different precisions, depending on the number of “data points” they 

explain. Specifically, in equation (2-21), choosing one WGP corner  ka  (column vector) from 

N candidates requires  log N  bits to specify this parameter that contains  1K M  free 
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variables, and estimating one source ks  (row vector) based on M  mixtures requires  log M  

bits to specify this parameter that contains KN  free variables. Thus, each parameter  ka  

explains N data points, and each parameter ks  explains M  data points.  

 

In the second formulation, we naturally adopt and extend the clustered models into the MDL. 

This model allows all data points belonging to the same cluster to share the same cluster center, 

thus greatly reducing model complexity for a given value of J clusters. 

 

       
( 1)

MDL log | log( ) log
2 2

c

K M KJ
K K J M


    X           (2-22) 

 

where cX  denotes the set of clustering center points, so here the number of “data points” 

becomes J. 

 

We compute MDL(K) by setting K equal from 2 to a possible upper bound. In most cases, we 

would get a U-curve with optimal K corresponding to minimum value of MDL(K). 

 

max2,...,

ˆ arg min  MDL( )
K K

K K


                                               (2-23) 

 

The difficult point in (2-22) and (2-23) lies in calculating the negative joint likelihood. In 

formula (2-22), the first term is: 

 

   

2

2

=1

log log ( )
2

1
                       = log ( - )

2

K

N

j

NL
f

NL
j j

NL

 



X Θ

x As

                       (2-24) 

 

For formula (2-23), it is formulated as: 

 

   

2

2

=1

log log ( )
2

1
                       = log ( - )

2

K

J

j

JL
f

JL
j j

JL

 



X Θ

x As

                         (2-25) 
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2.5 Evaluation Criteria 

After we obtain the deconvolution result, one crucial question is how to evaluate the results we 

obtain. This question needs to be answered from two aspects: one is whether the original signals 

have been successfully recovered; the other is that how accurate the mixing proportions are 

estimated compared with the real mixing proportions. 

 

To evaluate the performance of CAM, we need to test it on data sets with ground truth available. 

Pearson product-moment correlation coefficient [73, 74] is a measure of the linear correlation 

between two variables, giving a value between -1 and +1 inclusive. It is widely used in statistics 

to measure the degree of linear dependence between two variables. This can be one way to 

evaluate the correlation between original sources and recovered sources, since we know that if 

the sources are perfectly recovered, then the absolute correlation between them should be 1 

according to the definition of Pearson correlation coefficient. The formula for calculating the 

correlation between original and recovered sources is: 

 

,

[( )( )]cov( , ) E
r

 

   

 
  s s

s s

s s s s

s ss s
                                    (2-26) 

 

where s  and s  are mean of original source s  and recovery source s  respectively.  s  is the 

standard deviation of original source s , and  s  is the standard deviation of recovered source s . 

 

E1 is a measurement of evaluating the similarity between the estimated mixing matrix and true 

mixing matrix. The performance index is defined as： 

 

1

1 1 1 1

1 1
max max

d d d d
ij ij

i j j ik ik k kj

p p
E

p p   

   
      
   
   

                            (2-27) 
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where 
ijp is the thij element of matrix P=WA, W is the estimated demixing matrix and A is the 

mixing matrix. This measurement is invariant to the permutation and scales, thus it measures 

how close matrix W is to the true demixing matrix 1A . It is nonnegative and the smaller it is, 

the closer the two matrices are, so the lower bound is zero and the upper bound for E1 depends 

on the dimension of the matrix P, which is 
22 2N N  where N is the dimension of matrix P. 
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Chapter 3  

Validation and Application of CAM Approach 

3.1 Introduction 

Many biological processes are accompanied by changes of cell subpopulations in corresponding 

tissues [41]. For example, tumor samples often consist of malignant and nonmalignant cells in 

varying proportions dependent on the tumor development process. Cells from distinct phases of 

the cell cycle show phase-specific transcriptional patterns [75]. Thus, the key molecular events 

contained in these processes may be obscured by tissue heterogeneity and hard to be identified.  

 

Subpopulation-specific marker (or marker gene) is a widely accepted and adopted concept [2, 5, 

17, 18, 20-22, 76]. Subpopulation-specific markers are defined as the markers whose expressions 

are exclusively enriched in a particular subpopulation [5, 6, 18, 20].  

 

 MG MG

1 1

( )
( )

max ( )

M M
j

m

m m m n j

m
S S m j

n




  

 
 

   
  

                               (3-1) 

 

where ( )j n is the arithmetic mean of the expression levels for gene j ( 1,...,j N ) under 

subpopulation m ( 1,...,m M ). The denominator term of the above equation is the maximum 

mean expression level of all of the remaining subpopulations and m  is the predefined threshold 

dependent on the data we are analyzing. Here expression level refers to gene expression level, 

methylation level or protein expression level. 

 

Concerning the key assumption on the existence of subpopulation-specific markers for our CAM 

approach, the justification is twofold. First, the assumption on the coexistence of distinct 

subpopulations and subpopulation-specific marker genes is logic, since the definition of a 
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distinct subpopulation would require a set of MGs that are ‘unique’ to that subpopulation, in 

other words, a subpopulation may not be considered ‘distinct’ if it does not have associated 

unique MGs. Second, since in our newly proved theorems, the coexistence of distinct 

subpopulations and subpopulation-specific marker genes is proven to be both a sufficient and a 

necessary condition for a successful deconvolution; thus, if the assumption on the coexistence of 

distinct subpopulations and subpopulation-specific marker genes is not true, a successful 

deconvolution of mixed expressions (validated by the ground truth) is not possible; and if a 

deconvolution of mixed expressions is successfully achieved, the coexistence of distinct 

subpopulations and subpopulation-specific marker genes would be guaranteed. 

 

It should be noted that the indices and expression levels of markers are condition dependent. 

Thus, unsupervised methods for detecting condition-dependent and subpopulation-specific 

markers are preferred as compared to supervised methods. For example, since expression data is 

often noisy and relevant literature is often incomplete, simply using a priori markers may not 

provide accurate information for data deconvolution [76]. Moreover, from several lines of 

evidence notably our own work in Novartis with sorted cells [77], we know that there are other 

populations that also express CD14 when concerning the makers of monocytes. Specifically, in 

addition to CD14+ cells (monocytes), CD14 is also significantly expressed in CD15 positive 

cells, as well as moderate expression level in both CD4 positive and CD56 positive cells. This 

means that the sorted CD14 positive cells actually represent a mixture of significant monocytes 

and some fraction of CD15, CD4 and CD56 positive cells. Furthermore, CD15, CD4 and CD56 

cells also express CD14 epitope. This is not a technical artifact but inherent to using CD14 as a 

marker for monocytes. In the paper by Kuhn et al., the authors state that “Monocyte-specific 

genes (e.g. FCN1, CD163) were expressed at very low levels and we did not further consider the 

contribution of monocytes.” The potential reason is that the markers used for monocytes are not 

‘unique’ when using a supervised approach. Since monocytes play some important roles in the 

study, the exclusion of monocytes in the analysis may affect the accuracy of relevant estimation 

on other component, e.g., the correlation coefficient between the estimated and actually 

proportions on lymphocytes varies between 0.58 and 0.8. 
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The definition of cell specific genes echoes well-grounded points in CAM algorithm, in which 

well-grounded points can be pinpointed before deconvolution. CAM can be applied to identify 

subpopulation-specific marker genes directly from mixed expressions, a critical task [5, 17], 

without requiring any prior information, since the scatter simplex of mixed expressions is a 

rotated and compressed version of the scatter simplex of pure expressions whose vertices host 

the marker genes. Fig. 3.1 gives an illustration of how to connect the unsupervised deconvolution 

method with the tissue heterogeneity problem. Tissue samples to be analyzed by CAM contain 

unknown number and varying proportions of distinct subpopulations. In these samples, the 

contributed expression of a gene in a particular subpopulation is modeled as being linearly 

proportional to the abundance of the subpopulation [5, 7] (Fig. 3.1c) (without log transformation 

[78]). Because many genes are often co-expressed across subpopulations, CAM instead identifies 

the marker genes by detecting the simplex vertices of mixed expressions. The minimum 

description length (MDL) criterion is applied to determine the number of subpopulations in the 

samples [79]. 

 

In this chapter, we validated CAM by using reconstituted mixed expressions and then performed 

CAM on several different biological applications. The promising analysis results we got from 

CAM can give us some guidelines for further biological analysis. 
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Figure 3.1 The illustration of tissue heterogeneity problem (a) The mixing process of three subpopulations with marker genes 

highlighted and corresponding to the column vectors of mixing matrix. (b) The illustration of scatter plots from mixing samples 

and underlying subpopulations. The scatter plot of pure subpopulations composes a rotated and compressed triangle inside the 

scatter plot of mixing samples. (c) The illustration of mixing process. 
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3.2 CAM Validation and Applications on Gene Expression  

3.2.1 Robust Detection of Marker Genes on Numerically Mixed Expressions  

To validate CAM’s ability of blindly detecting marker genes from mixed gene expression 

profiles, we numerically generated three different sets of mixtures using the profiles of pure liver, 

brain and lung tissues [7], corresponding to 30
o
, 45

o
 and 60

o
 simplex rotations and arbitrary 

compressions. The mixing matrices corresponding to the three angles are listed below. 

 

A1 = [
0.6056 0.0582 0.3362
0.3264 0.6264 0.0472
0.0277 0.3368 0.6355

] 

 

A2 = [
0.5488 0.0325 0.4186
0.4032 0.5805 0.0163
0.0168 0.4164 0.5668

] 

 

A3 = [
0.4743 0.0278 0.5007
0.4738 0.5184 0.0078
0.0359 0.4881 0.4760

] 

 

We performed standard differential analysis (one-versus-everyone [6]) on the gene expression 

profiles of the three pure tissues to construct a ‘gold standard’ set of 884 marker genes. We 

applied CAM to these mixtures and compared the marker genes blindly detected by CAM to the 

gold standard set, assessed by both sensitivity and specificity. In these experiments, we set K=3 

that is also supported by MDL based model selection. Using these blindly detected marker genes, 

we estimated the constituent proportions in each of the mixtures and subpopulation-specific 

expression profiles. 
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(a) 

 

(b) 
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(c) 

 

Figure 3.2 CAM validation on synthetic GSE19830 (a) Upper left: Scatter plot for gene expression profiles of liver, brain and 

lung mixture with mixing matrix equal to 30 degree rotation. Upper right: The sensitivity and specificity of marker genes 

identified by CAM compared with those from classic fold change method. Lower left: The Venn diagram that represents the 

overlap of marker gene set found by CAM and fold change. Lower right: Scatter plot of measured and estimated mixing 

proportions (b) The scatter plot and comparison results when the rotation degree is 45 degree. (c) The scatter plot and comparison 

results when the rotation degree is 60 degree. 

 

From the Venn diagrams in Fig. 3.2, we can see that fold change can find a few marker genes 

when the rotation angle is small. The larger the rotation angle is, the fewer marker genes can be 

detected by fold change in the mixtures. While CAM works well no matter how large the 

rotation angle is. The sensitivity of the marker gene detection is around 95% in all the three cases. 

 

3.2.2 Performance of Supervised Methods When Prior Knowledge is Inaccurate 

To compare the performance between unsupervised CAM approach and supervised methods, we 

analyzed the same benchmark datasets with supervised methods [5, 7]. Since a priori 

information used in supervised methods is prone to various errors and is often condition-specific, 
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we mainly assessed the reliability of these methods by numerically perturbing the baseline 

constituent proportions [7] or reference signatures [5].  

 

In the first experiment, we perturbed the mixing matrix by randomly increasing, decreasing or 

unchanging the value of each entry to compare the correlation of recovery sources and measured 

sources of all the genes/OVEDEGs. We increase the proportion by adding 0~0.3 to the original 

value, and decrease the proportion by subtracting 0~0.3 from the original value. Once the value 

is negative, it is set to 0, and after perturbing, each row sum of the entire mixing matrix is 

normalize to 1. To reduce random impact, under each perturbation rate, the experiment is 

performed 1000 times.  The change of correlation coefficients can be observed in Fig. 3.3, which 

illustrated that the accuracy of mixing proportions has huge impact on the deconvolution results 

in terms of correlation between the measured and estimated pure expression profiles, especially 

across marker genes. 

 

In the second experiment, after averaging the replicate samples, we have 3 pure samples, and 10 

mixture samples (the one with dominant lung is discarded in Shen-Orr’s method). In this 

experiment, we randomly selected one mixture sample from the 10 mixtures, and changed the 

mixing proportion of this sample arbitrarily. The mixing proportions for the other 9 samples are 

unchanged. Then we performed the supervised method in [7] – multiple linear regression on the 

mixtures with the new mixing matrix. Fig. 3.4 shows similar phenomenon as in Fig. 3.3. 
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Figure 3.3 The curve of correlation coefficient change when the perturbation rate increases from 0 to 0.3. 
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Figure 3.4 The boxplots of correlation coefficients between measured and estimated pure expression profiles of liver, brain and 

lung over all genes and marker genes in 500 times run. 

 

Another popular supervised deconvolution method highly depends on the prior knowledge of 

marker gene selection and the expression level of marker genes. We want to know whether the 

estimation will be inaccurate when the marker gene indices are mislabeled or when the marker 

gene expression levels change.  
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The dataset we used includes pure and mixed RNA from rat primary neurons, astrocytes, 

oligodendrocytes and microglia [41]. The proportions for mixed samples are listed in Table 3.1. 

 

Table 3.1 The fractions of pure RNA in mixed samples from rat [42] 

 

 

In the first experiment based on GSE19380, two of the three marker genes are replaced by two 

randomly selected genes in each cell type. The proportions are computed by using the method in  

[41] and compared with ground truth in terms of correlation coefficients. This experiment is 

repeated 1000 times.   
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Figure 3.5 The histogram of correlation coefficients of mixing proportions between ground truth and estimated proportions from 

Kuhn’s method 

 

We next randomly perturbed the reference signatures with ±1~50% expression variations and 

compared the estimated constituent proportions against ground truth via correlation coefficient 

[5]. These comparison experiments were performed on a large number of replications. 

 

Figure 3.6 The curve of correlation coefficient change when the reference signal variation changes from 0 to 50%. 
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3.2.3 Accurate Estimations of Mixing Proportions and Pure Expression Profiles from CAM 

on Biologically Mixed Samples 

We used CAM to perform deconvolution on two benchmark public datasets. In the first dataset, 

cRNA derived from rat brain, liver and lung biospecimens from a single rat are mixed in 14 

different proportions, three of which were from each of the tissues in isolate (100% lung, 100% 

brain and 100% liver). The 11 other mixtures included RNA from each of the three tissues at 

varying proportions. Each of the samples was analyzed in triplicate, so there are 42 samples in 

total. To suppress noise, we took the average of triplicate samples for each proportion and 

summarized the proportions of all the 11 mixing samples in Table 3.2. This dataset can be 

accessed through accession code GSE19830. 

 

Table 3.2 The mixing proportions of 11 mixtures in GSE19830 

 Liver (%) Brain (%) Lung (%) 

Mixture 1  5 25 70 

Mixture 2 70 5 25 

Mixture 3 25 70 5 

Mixture 4 70 25 5 

Mixture 5 45 45 10 

Mixture 6 55 20 25 

Mixture 7 50 30 20 

Mixture 8 55 30 15 

Mixture 9 50 40 10 

Mixture 10 60 35 5 

Mixture 11 65 34 1 

  

Then we perform CAM-nWCA to deconvolute the 11 mixtures. As shown in Fig. 3.7, MDL 

curve suggested three as the optimal source number. 
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Figure 3.7 The MDL curve of GSE19830 

 

 

In Fig. 3.8, we use scatter plot to compare the estimated expression level and measured 

expression value before and after log transformation. 
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Figure 3.8 The scatter plots of measured gene expression vs. estimated gene expression in liver, brain and lung (a-c). The 

scatter plot between measured expression profiles and estimated expression profiles for liver, brain and lung. The 

expression level is raw data without log transformation. (d-f) The scatter plot between measured expression profiles 

and estimated expression profiles for liver, brain and lung. The expression level is after log transformation. 

 

 

Table 3.3 The estimated mixing proportions for brain, liver and lung in 11 mixtures 

 
Liver Brain Lung 

Mixture 1 0.0545 0.2881 0.6574 

Mixture 2 0.6938 0.0318 0.2744 

Mixture 3 0.1966 0.7527 0.0507 

Mixture 4 0.6163 0.3277 0.0560 

Mixture 5 0.4054 0.5053 0.0893 

Mixture 6 0.5369 0.2272 0.2359 
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Mixture 7 0.4723 0.3414 0.1863 

Mixture 8 0.5064 0.3513 0.1423 

Mixture 9 0.4495 0.4620 0.0885 

Mixture 10 0.5295 0.4278 0.0427 

Mixture 11 0.5700 0.4234 0.0066 

 

 

E1 calculated based on the estimated mixing matrix is 0.1267, which means that the estimated 

mixing matrix is close to the measured one from pathologist observation. 

 

Another benchmark public dataset consists of mixture of immune cell lines from human blood 

[80]. The process of deconvoluting mixtures of cells was developed using a system of four 

transformed cell lines of immune origin: Raji, IM-9 (both from B cells), Jurkat (from T cells), 

and THP-1 (from monocyte) cells. Each of the four pure cell lines has three duplicates. Mixtures 

of the cell lines were created in defined proportions in triplicate. The proportions of the four 

mixtures are in Table 3.4. 

Table 3.4 The ground truth of mixing proportions 

% Jurkat IM-9 Raji THP-1 

MixA 25 12.5 25 37.5 

MixB 5 31.7 47.5 15.8 

MixC 1 49.5 16.5 33 

MixD 0.2 33.3 33.3 33.3 

 

 

Adopting the same procedure as in Abbas et al. [18], we use MAS 5.0 to perform data 

normalization without logarithm transformation on the data, thus assuring a valid linear latent 

variable model [78]. As aforementioned, probesets with small norms are easy to be contaminated 

by noise and those with very large norms may be outliers. Thus, in our analysis, we remove the 

probesets with small norms and very large norms, and leave about 13,000 probesets for further 

analysis.  
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Fig. 3.9 represents the model selection result of this data, in which 4 is the optimal source 

number, and In this case, the bound for E1 is from 0 to 24. The E1 is 2.60 based on the estimated 

mixing matrix. 

 

 

Figure 3.9 The MDL result of the deconvolution 

 

 

Table 3.5 The true and estimated proportions of four cell lines in four average mixture samples 

True proportion /estimated 

proportion (%) 

MixA MixB MixC MixD 

Jurkat 25/28.39 5/8.40 1/2.85 0.2/1.73 

IM-9 12.5/9.62 31.7/19.95 49.5/45.42 33.3/27.99 

Raji 25/24.55 47.5/52.22 16.5/18.21 33.3/33.66 

THP-1 37.5/37.44 15.8/19.43 33/33.52 33.3/36.62 

 

 

 

 

2 3 4 5 6 7 8
0.7

0.8

0.9

1

1.1

1.2

1.3
x 10

6

Source Number

M
D

L



47 

 

 

 

 

 

 

 

 

Table 3.6 The true and estimated proportions of four cell lines in twelve mixture samples 

% MixA MixB MixC MixD 

GT 1 2 3 GT 4 5 6 GT 7 8 9 GT 10 11 12 

Jurkat  25 30.46 29.68 30.51 5 8.09 9.23 7.92 1 2.10 1.60 3.10 0.2 1.39 1.02 0.78 

IM-9 12.5 7.12 6.46 7.99 31.7 18.51 21.72 19.63 49.5 45.43 44.02 45.73 33.3 28.18 25.02 27.21 

Raji 25 23.80 25.12 22.67 47.5 52.57 49.89 52.84 16.5 17.18 19.57 16.54 33.3 31.55 35.01 32.38 

THP-1 37.5 38.62 38.73 38.83 15.8 20.83 19.17 19.60 33 35.30 34.81 34.62 33.3 38.88 38.95 39.62 
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Figure 3.10 The comparison of measured and estimated proportions of four cell lines.  (a) The scatter plot of mixing proportions 

in average mixing samples. (b) The scatter plot of mixing proportions in all 12 mixing samples. 

 

In Fig. 3.10, we compared the estimated mixing proportions and measured proportions from 

average samples, and from all the mixing samples. To test whether the pure subpopulation 

expression profiles are dependent, we calculate the cross-correlation coefficients between 

different sources, we can see from Table 3.7 that even among different pure subpopulation 

expressions are highly correlated when assessed using all genes. This should be expected 

because majority of genes are not differentially expressed. In contrast, when assessed using only 

marker genes reported in Table 3.8, the cross-correlation is very low, reflecting the 

‘independency’ between different subpopulations. 

 

To assess whether the performance of our unsupervised method CAM is comparable to that 

achieved by the supervised methods, we compare the results obtained using CAM (without using 

any form of a priori information, Fig. 3.12) and the results obtained using correct supervised 

information. From Tables 3.11 and 3.12, we can see that CAM not only performs comparably 

with supervised method but also outperforms slightly.      
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Figure 3.11 The heat map of 301 marker genes that are blindly detected by CAM. 
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Figure 3.12 The scatter plots of estimated and measured expression profiles of four blood cell lines 

 

 

Table 3.7 The correlations between the pure cell line data (all probe sets) 

 Jurkat IM-9 Raji THP-1 

Jurkat 1 0.9366 0.9256 0.9160 

IM-9 - 1 0.9588 0.9230 

Raji - - 1 0.9103 

THP-1 - - - 1 
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Table 3.8 The correlations between the pure cell line data (OVEDEGs) 

 Jurkat IM-9 Raji THP-1 

Jurkat 1 -0.0840 -0.0723 -0.1298 

IM-9 - 1 -0.0951 -0.1955 

Raji - - 1 -0.2527 

THP-1 - - - 1 

 

 

Table 3.9 The correlations between the pure cell line and estimated cell line from CAM (all probesets) 

Estimated vs Pure 

Jurkat 

Estimated vs 

Pure IM-9 

Estimated vs 

Pure Raji 

Estimated vs 

Pure THP-1 

0.9682 0.9824 0.9906 0.9314 

 

 

Table 3.10 The correlations between the pure cell line and estimated cell line from linear regression (all probesets) 

Estimated vs Pure 

Jurkat 

Estimated vs 

Pure IM-9 

Estimated vs 

Pure Raji 

Estimated vs 

Pure THP-1 

0.9590 0.9841 0.9862 0.9225 

 

 

                Table 3.11 The correlations between the pure cell line and estimated cell line from CAM (OVEDEGs) 

Estimated vs Pure 

Jurkat 

Estimated vs 

Pure IM-9 

Estimated vs 

Pure Raji 

Estimated vs 

Pure THP-1 

0.9521 0.9758 0.9745 0.9633 

 

 

 

Table 3.12 The correlations between the pure cell line and estimated cell line from linear regression (OVEDEGs) 

Estimated vs Pure 

Jurkat 

Estimated vs 

Pure IM-9 

Estimated vs 

Pure Raji 

Estimated vs 

Pure THP-1 

0.9342 0.9677 0.9403 0.9537 
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3.2.4 Cell cycle dynamics identified by CAM analysis 

The interactions between cells are fundamental to many biological processes including 

repopulation dynamics [4]. As a more challenging case involving only a single cell type, we 

further analyzed and cross-examined yeast grown under varying conditions to reinterpret cell 

cycle dynamics on the basis of their gene expression time-courses [17, 81].  

 

This analysis uses the CDC28 from Cho et al. [82], where cdc28-13 cells were collected at 17 

time points taken at 10 min intervals, covering nearly two full cell cycles (Synchronous yeast 

cells growing in G1, S, G2, M, and M/G1 phases). There are 6,208 transcripts in total. 

 

In identifying cell cycle relevant genes, a comparative study reported by de Lichtenberg et al. 

[83] reveals that Spellman’s method [81] outperforms other methods in identifying periodically 

expressed genes. In Spellman’s paper, Fourier transformation was used to assign a CDC score to 

each gene, and genes with CDC score higher than a threshold were identified as cell cycle 

regulated genes. The authors selected the CDC score threshold to be exceeded by 90% known 

cell cycle regulated genes (104 genes verified by traditional method), and accordingly, 800 genes 

were identified as cell cycle regulated by this method. The 800 genes were identified by using 

three datasets, alpha factor, CDC15 and CDC28. Our experiments use CDC28, because the alpha 

factor and CDC15 contains too many missing values. In the 800 genes, 113 genes belong to 

M/G1 phase; 300 genes belong to G1 phase; 121 genes belong to G2 phase; 71 genes belong to S 

phase; 195 genes belong to M phase. Among the 800 genes selected by Spellman et al. [81], 781 

genes can be found in CDC28.  

 

 

 

 

 

 

 



54 

 

 

 

 

 

 

 

Figure 3.13 yeast cell cycle dynamics across two cell cycles 

 

 

 

 

CAM automatically detected phase-specific marker genes of yeast cells and uncovered 

subpopulation dynamics across cell cycles (Fig. 3.13). These results correlate well with the 

patterns reported by a supervised method in the same dataset [17]. We also cross-examined these 

results by comparing with the phase-specific patterns generated by the marker genes of Spellman 

et al. [81] and obtained high accordance (Fig. 3.13). Gene enrichment analysis with DAVID 

confirmed the biological plausibility of the 187 phase-specific marker genes blindly identified by 

CAM [84] (Fig 3.14) 
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Figure 3.14 The phase-specific time-course patterns generated by the marker genes selected by Spellman et al. [79]. 
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(a) 
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(b) 
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(c) 
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(d) 

 

Figure 3.15 CAM Marker Gene Enrichment Analysis on cell cycle data by DAVID. 187 phase-specific markers genes are 

blindly detected by CAM, and the functional enrichment analysis on these marker genes is done using DAVID knowledge base. 

(a) Enriched functions associated with G1 phase. (b) Enriched functions associated with S phase.  (c) Enriched functions 

associated with G2/M phase. (d) Enriched functions associated with M/G1 phase. 

 

 

3.3 CAM-CM on DCE-MRI Data 

Tumors to be analyzed often contain unknown numbers of distinct vascular compartments. The 

pixel-wise tracer concentration in a particular vascular compartment is modeled as being 

proportional to the local volume transfer constant of the vascular compartment. To discover and 

characterize intratumor vascular heterogeneity, the true number of the underlying tissue 
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compartments is an unknown ‘structural’ model parameter and must be estimated from the data 

[58, 85]. 

 

CAM identifies those pure-volume pixels present at the vertices of the clustered pixel time series 

scatter simplex, without any knowledge of compartment distribution. When the number of 

underlying vascular compartments is detected using the MDL criterion, our method provides a 

completely unsupervised approach to characterize intratumor heterogeneity. CAM using DCE-

MRI has the potential to reveal functional intratumor vascular heterogeneity, without any type of 

external information, thus is an unbiased and data-driven approach. 

 

3.3.1 DCE-MRI Data Characteristics 

For the characterization of complex phenotypes and therapeutic responses [4, 13, 32], a major 

outstanding issue is how to accurately quantify intratumor vascular heterogeneity that may be 

severely confounded by the varying partial-volume effect [13, 86]. 

 

Dynamic contrast-enhanced magnetic resonance imaging (DCE-MRI) provides a noninvasive in 

vivo method to evaluate tumor vasculature architectures based on contrast accumulation and 

washout [13]. While DCE-MRI can potentially depict the intratumor heterogeneity of vascular 

permeability [31], the quantitative application of DCE-MRI has been hindered by its inability to 

accurately resolve vascular compartments with distinct pharmacokinetics due to limited imaging 

resolution [13, 32]. 

 

3.3.2 Real Data Analysis 

In this section, we analyzed a group of mouse breast tumor DCE-MRI data from John Hopkins 

Medical School. The original data is a 4-dimensional matrix including 128*128*4*26 entries 

that contains image information from 26 time points. Time point 1 is pre-contrast, and time 

points 2-26 are post-contrast. The first post-contrast acquisition is done 3 minutes after contrast 

injection, and the following post-contrast acquisition are done at every 5 minutes interval. Each 

time point includes a 3-D matrix, consisting of four sections from the tumor. Fig. 3.16 shows the 

colored images of the four sections changing trend over time. 
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Due to intratumor heterogeneity and limited imaging resolution, the concentrations of the 

contrast agent at many image pixels often represent a mixture of more than one vascular 

compartment, each with distinct and characteristic perfusion and permeability. The existence of 

near-pure compartment pixels allows us to use CAM to identify distinct vascular compartments 

and their spatial distributions within a tumor. 

 

 

Figure 3.16 Colored images of the four sections changing trend over time. 

 

Combining all pixels from the four sections, we can get a 2-D data matrix with size equal to 

65536*26. We remove all the black pixels in the images, since the black background has no use 

in the further analysis and nearly all the time points have the same background. After this 

process, the data matrix is downsized to a 18622*26 matrix. We also removed the first two time 

points to get a 18622*24 matrix. To make MDL and CAM-CM work smoothly, we use a mean 

filter to downsample the data matrix. After this step, we have a 4655*24 matrix. Then we 
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perform MDL and CAM-CM on this dataset. Below figure is the MDL curve with three being 

the optimal source number. 

 

 

Figure 3.17 Model selection results on the 3-D DCE-MRI dataset 

 

 

In the following experiment, we assumed that the number of sources is 3 to explore the pattern of 

the tracer concentration. Fig. 3.18 shows the TCs of this dataset when we assume that the source 

number is 3. The TC parameters can be found in Table 3.13. Fig. 3.13 is the colored curves of 

plasma input, fast flow and slow flow. 

 

The fast-flow compartment has a fast tracer clearance rate (see Fig. 3.18) and dominates the 

peripheral “rim” of the tumor (see Fig. 3.19). The slow-flow compartment shows very slow 

tracer kinetics (see Fig. 3.18) and dominates the inner “core” of the tumor (see Fig. 3.19). The 

identification of fast-flow and slow-flow pools is plausibly consistent with previously reported 

intratumor heterogeneity [87, 88]. The defective endothelial barrier function of tumor vessels 

results in spatially heterogeneous high microvascular permeability to macromolecules [87, 88]. It 

has been reported that the peripheral “rim” of advanced breast tumors often have active 

angiogenesis that is essential to tumor development [87]. This rapidly proliferating 

neovasculature is often abnormal, and forms leaky and chaotic vessels, giving rise to a rapid 
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tracer uptake and washout pattern, forming the fast-flow pool [88]. On the other hand, the inner 

“core” of the tumor has significantly lower blood flow and oxygen concentration because the 

tumor growth requires a large portion of its blood supply and also neovessel maturation, forming 

the slow-flow pool with much slower tracer accumulation and washout [88].  

 

 

Figure 3.18 TC curve assuming the source number is 3 

 

 

Table 3.13 Tissue-specific kinetic parameter estimated by TSCM on mouse DCE-MRI experimental data. 

 trans

fK (/min) 
trans

sK (/min) 
ep, fk (/min) 

ep,sk (/min) 

Kinetic parameter 0.190 0.052 0.652 0.205 
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Figure 3.19 Colored deconvolution images of the four sections changing trend over time. 

 

 

3.4 CAM Software in R-Java 

Based on the previous CAM theory and algorithm, we developed a user-friendly software [89], 

which has potential contribution for the community in dealing with BSS problem. The CAM 

package offers several attractive features: (1) instead of using proprietary MATLAB, its analytic 

functions are written in R, which makes the codes more portable and easier to modify; (2) 

besides producing and plotting results in R, it also provides a Java GUI for automatic progress 

update and convenient visual monitoring; (3) multi-thread interactions between the R and Java 

modules are driven and integrated by a Java GUI, assuring that the whole CAM software runs 

responsively; (4) the package offers a simple mechanism to allow others to plug-in additional R-

functions. 

 

In this software, R module implements core algorithms, and Java module implements GUI. Users 

can simply use GUI to run the whole software, while they can also run the R module alone in R 

environment. Except CAM algorithm, several classic BSS algorithms – ICA, NMF and factor 
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analysis – are also contained in this software. Besides, a plug-in mechanism is designed to help 

users readily add their own algorithms or the algorithms they want to analyze into the software. 

The flowchart for the package is shown in Fig. 3.20. 

 

 

Figure 3.20 Schematic and illustrative flowchart of R-Java CAM package. 

 

The CAM package mainly consists of R and Java modules. The R module is a collection of main 

and helper functions, each represented by an R function object and achieving an independent and 

specific task. The R module mainly performs various analytic tasks required by CAM: figure 

plotting, update, or error message generation. The Java module is developed to provide a GUI. 

We adopt the model-view-controller (MVC) design strategy, and use different Java classes to 

separately perform information visualization and human-computer interaction. The Java module 

also serves as the software driver and integrator that use a multi-thread strategy to facilitate the 

interactions between the R and Java modules, such as importing raw data, passing algorithmic 

parameters, calling R scripts, and transporting results and messages.   

 

The R module performs the CAM algorithm and facilitates a suite of subsequent analyses 

including CM, nICA, and nWCA. These tasks are performed by the three main functions: CAM-

CM.R, CAM-nICA.R, and CAM-nWCA.R, which can be activated by the three R scripts: Java-

runCAM-CM.R, Java-runCAM-ICA.R, and Java-runCAM-nWCA.R. The R module also 

performs auxiliary tasks including automatic R library installation, figure drawing, and result 

recording; and offers other standard methods such as nonnegative matrix factorization [38], Fast 

ICA [37], factor analysis [90], principal component analysis, affinity propagation, k-means 
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clustering, and expectation-maximization algorithm for learning standard finite normal mixture 

model.  

 

The Java GUI module allows users to import data, select algorithms and parameters, and display 

results. The module encloses two packages: guiView contains classes for handling frames and 

dialogs for managing user inputs; guiModel contains classes for representing result datasets and 

for interacting with the R script caller. Packaged as one jar file, the Java GUI module runs 

automatically. 

 

We adopt the open-source program RCaller (http://code.google.com/p/rcaller) to implement the 

interaction between R and Java modules, supported by explicitly designed R scripts such as Java-

runCAM-CM.R. Specifically, five featured Java classes are introduced to interact with R for 

importing data or parameters, running algorithms, passing on or recording results, displaying 

figures, and handing over error messages. The examples of these classes include 

guiModel.MyRCaller.java, guiModel.MyRCaller.readResults(), and guiView.MyRPlotViewer. 

Following the User’s Manual, users can easily learn how to use this software to analyze BSS 

problems and add their own algorithm into it through the plug-in mechanism. 
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Figure 3.21 The Java GUI of CAM software 

 

The CAM package has been successfully applied to various datasets. The following two figures 

illustrate the software running results on one DCE-MRI dataset and one gene expression dataset.  
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(a) 
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(b)                                                                                                 (c) 

 

Figure 3.22 Results of applying CAM-CM algorithm to data of a typical DCE-MRI case. (a) Tables displaying contrast/ 

tracer concentration results and CM estimated kinetic parameter. (b) Figure showing convexity visualization. (c) 

Figure showing tracer concentration results 
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Figure 3.23 Dissecting results and a scatter plot of gene expression data 

 

All the R functions called by the software are contained in the folder “r_func”. Each of them can 

be used separately to implement a specific purpose.  

 “affinity.R” performs Affinity Propagation Clustering algorithm. 

 “SL_EM.R” performs Expectation-Maximization (EM) algorithm. 

 “measure_conv.R” performs minimum-error-margin convex optimization algorithm to 

identify vertices of a convex hull that best confines a set of points. 

 “PCA.R” performs principal component analysis for dimension reduction. 

 “multinorm.R” evaluates a multidimensional Gaussian value at a specified point with 

given mean vector and covariance matrix. 
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 “ve_cov_Jain.R” deals with the singularity problem and the “realmin” problem, being 

used in “multinorm.R”. 

 “nnls.R” implements the Lawson and Hanson method for solving the least squares 

problems with non-negativity constraints. 

 “nnls_wrapper.R” is the wrapper function of the “nnls.R”. 

 “Whiten.R” is used to transform the input matrix to the form of “white noise” that is 

uncorrelated and has uniform variance. 

 “nICA.R” is to perform nonnegative independent component analysis to separate a 

multivariate signal into two matrix, mixing matrix and nonnegative sources. 

 “Preprocess.R” is to perform centering for input matrix. 

 “remmean.R” is to remove the mean of input matrix. 

 “Gradient.R” is called by nICA.R to minimize the cost function in nICA algorithm. 
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Chapter 4  

Unsupervised Deconvolution of Mixed Tumor-

Stroma Expressions in Tumor Samples 

4.1 Introduction 

Based on previous well-grounded mathematics framework, we proposed a shortcut algorithm to 

solve two-source deconvolution problem, and reported a Bioconductor R package – UNDO, 

which implements a completely unsupervised method for deconvoluting mixed expressions in 

tumor samples, exploiting the existence of marker genes that do not need to be known in advance. 

 

UNDO begins by detecting the marker genes (genes whose expressions are exclusively enriched 

in tumor/stroma) located on scatter radii of mixed expressions in tumor samples. Based on the 

expression values of detected marker genes, UNDO estimates cell proportions by standardized 

average, and deconvolute the mixed expressions into tumor/stroma profiles via matrix inversion.     

 

To validate the feasibility and efficiency of our package, we composed mixed expressions by 

multiplying pure tumor-stroma expressions by pre-designed proportions. Solely using mixed 

expressions, UNDO accurately estimated the marker genes and mixing proportions (rp = 0.99). 

Comparing the estimated expressions in tumor/stroma with pure expressions showed an almost 

perfect correlation (rp = 0.99, rc = 0.99), indicating a successful unsupervised deconvolution. 

 

We also analyzed the benchmark gene expression data of biologically mixed samples with 

varying proportions of brain and heart cells [91]. In contrast to supervised methods, the 6 pure 

samples were not referenced by UNDO but simply served as the ground truth for assessment. In 

analyzing the 6 heterogeneous samples, UNDO blindly and accurately estimated the cell 
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proportions (rp = 0.99) and the expression profiles of pure cells (rp = 0.96-0.99). These results 

strongly suggest the existence of cell-specific marker genes and UNDO’s ability to detect them 

blindly and correctly. 

 

We then tested UNDO on tumor-stroma mixed expressions where the mRNA extracted from 

MCF7 and HS27 are biologically mixed to mimic tumor samples with varying tumor-stroma 

abundances. Again, UNDO accurately estimated the cell proportions (rp = 0.99), and 

tumor/stroma-specific expression patterns (rp = 0.99, rc = 0.98). These results indicate that using 

a linear model in UNDO and two heterogeneous samples can yield accurate expression estimates 

for most genes. Assessment of biological plausibility with Ingenuity’s IPA shows that those 

‘blindly’ detected marker genes are functionally enriched in breast cancer and stromal cells.  

 

Lastly, we estimated tumor purity on three TCGA datasets (ovarian, breast and glioblastoma) to 

provide additional ‘cross’ validation of the UNDO method, and compared the UNDO estimate 

with the estimate made by BACOM 2.0 [92] and ABSOLUTE [93] on the same datasets, 

including recently acquired protein data under the CPTAC (Clinical Proteomic Tumor Analysis 

Consortium). The experimental results show that the tumor purity estimate made by UNDO 

(based on gene expression data) correlates quite well with the estimate made by BACOM 2.0 and 

ABSOLUTE (based on copy number data), consistently achieving an average ‘cross’ correlation 

coefficient of 0.5~0.6. The ‘cross’ correlation coefficient is considered reliable since the purity 

reference in the comparisons was provided by the two independent methods (BACOM 2.0 and 

ABSOLUTE) where a stringent quality control criterion was applied to selecting the tumor 

samples with consistent purity estimates by both BACOM 2.0 and ABSOLUTE. 

 

4.2 Theory and Methods 

Supported by a well-grounded mathematical framework, we argue that both tumor/stroma 

proportions and tumor/stroma-specific expressions in tumor samples can be estimated in a 

completely unsupervised mode when tumor/stroma-specific marker genes exist. We adopt the 

linear latent variable model (Equation (4-1)) and apply the concept of tumor/stroma-specific 

marker genes (MG) [5, 42, 94], i.e., genes whose expression is highly and exclusively enriched 
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in a particular cell population in the context of interest, or mathematically s(iMG-tumor) ≈ [αi 0]
T
 

and s(iMG-stroma) ≈ [0 βi]
T
. It is noted that only raw measured expression values can be used under 

a linear/additive latent variable model [5, 91, 95] and our UNDO approach adopted the same 

strategy. Specifically, the UNDO approach normalized gene expression values using either the 

log-transformed or raw measured expression levels [96], while performed data deconvolution 

using the ‘normalized’ raw measured expressions values (i.e., if log-transformed signals were 

used in normalization, they will be converted back to the raw measured values via anti-log 

transformation). 

 

We adopt the linear latent variable model of raw measured expression data, given by (bold font 

indicates column vectors), for genes i =1,…,n,  

 

 

 
 

 
     sample1 tumor11 12

1 tumor 2 stroma

sample2 stroma21 22

= ,
x i s ia a

i s i s i
x i s ia a

    
      
    

x a a      (4-1) 

 

where stumor(i) and sstroma(i) are the gene expression values in pure cells, xsample1(i) and xsample2(i) 

are the gene expression values in heterogeneous samples, respectively; and ajk are the mixing 

proportions with a11 + a12 = a21 + a22 (after signal normalization). Note that our method is built 

upon a linear mixture of normalized raw measured data without log-transformation [91]. We 

further adopt the concept of cell-specific marker genes (MG) [97], i.e., genes whose expressions 

are exclusively enriched in a particular cell population, or mathematically s(iMG-tumor) ≈ [αi 0]
T
 

and s(iMG-stroma) ≈ [0 βi]
T
. Since raw measured gene expression values are non-negative, when 

cell-specific marker genes exist for each cell type, the linear latent variable model (1) is 

identifiable using two or more mixed expression profiles, supported by the following newly 

proved theorems: 

 

Theorem 4.1 (Scatter compression). Suppose that pure cell expressions are non-negative and 

x(i) = a1stumor(i) + a2sstroma(i) where a1 and a2 are linearly independent, then, the scatter plot of 

mixed expressions is compressed into a scatter sector (Fig. 4.1a, the set of light blue cross)  

whose two radii coincide with a1 and a2. 
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Proof of Theorem 1. Since a1 and a2 are linearly independent, without loss of generality, we 

assume that 

12 11
12 21 11 22

22 21

  ,  i.e.,  < .
a a

a a a a
a a

   

Multiply both sides by sstroma(i) and add a11a21stumor(i) to both sides. Since raw measured 

expressions are non-negative, we have 

 

stroma stroma12 21 11 22( )  ( ).s i s ia a a a  

tumor stroma tumor stroma11 21 12 21 11 21 11 22( ) ( )  ( ) ( ).s i s i s i s ia a a a a a a a   

 

When the measured expression is zero, the left and right parts of the above inequality are both 

equal to zero. This is the reason that the ‘less-than’ operator becomes ‘equal to or less than’ 

operator. Then we factor the common multiplier a21  on the left bracket and a11  on the right 

bracket, respectively. 

     

   tumor stroma tumor stroma

tumor stroma

tumor stroma

11 12 21 11 21 22

11 12 11

21 22 21

( ) ( )  ( ) ( )

( ) ( )

( ) ( )

 ,

                .

s i s i s i s i

s i s i

s i s i

a a a a a a

a a a

a a a

 





 


 

Since x(i) = a1stumor(i) + a2sstroma(i), we have  

 

sample1

sample2

11

21

( )

( )
  .

i

i

x a

x a
  

Using a similar strategy, we can show that 

 

sample1
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  ,

i
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So far, we have proved that the range of  sample1

sample2

( )

( )
 

i

i

x

x
falls into [ 11

21

a

a
, 12

22

a

a
], that is to say, through 

calculating the maximum and minimum ratio between the expression values from mixed sample 
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1 and mixed sample2, we can detect the two radii of scatter sector that coincide with 11

21

a

a
 and 

12

22

a

a
.                                                                                                                                     Q.E.D. 

 

Theorem 4.2 (Unsupervised identifiability). Suppose that pure cell expressions are non-

negative and cell-specific marker genes exist for each constituting cell type, and x(i) = a1stumor(i) 

+ a2sstroma(i) where a1 and a2 are linearly independent, then, the two scatter sector radii a1 and a2 

of mixed expressions can be readily estimated from marker gene expression values.   

 

Proof of Theorem 2. Based on the definition of cell-specific marker genes, i.e., s(iMG-tumor) = [αi 

0]
T
 and s(iMG-stroma) = [0 βi]

T
, and the existence of cell-specific marker genes for all constituent 

tissue types, we have 

   1 2MG-tumor MG-stroma= , = .i ii i x a x a  

Thus, the values of  11

21

a

a
 and 12

22

a

a
 correspond to the ratio of two phenotypes (tumor and stroma), 

defined by the gene expression values of the marker genes between the two mixed samples, 

respectively. By the standardization with 11 12 21 22+ = +a a a a  and the conclusion of Theorem 1, we 

complete the proof.                                                                                                                Q.E.D.  

 

Corollary 4.3 (Invariance of differential expression). Supposing that pure tissue expressions 

are non-negative and that x(i) = a1stumor(i) + a2sstroma(i) where a1 and a2 are linearly independent, 

the rank of between-tissue differentially expressed genes is mixing-invariant.    

 

Proof of corollary 1. Without loss of generality, we assume that   

12 11
12 21 11 22

22 21

tumor tumor
tumor stroma tumor stroma

stroma stroma

                 ,  i.e.,  < ,

and 

( ) ( )
  ,  i.e., ( ) ( ) < ( ) ( ).

( ) ( )

a a
a a a a

a a

s j s i
s j s i s i s j

s j s i
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Since a1 and a2 are linearly independent and a12a21 < a11a22, multiplying both sides by (a11a22 - 

a12a21) and adding a11a21stumor(i)stumor(j) and a12a22sstroma(i)sstroma(j) to both sides, we have 
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Simple mathematical reorganizations lead to 
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Since x(i) = a1stumor(i) + a2sstroma(i), we complete the proof with 

sample1 sample1
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s j s i x x
                                                             Q.E.D. 

 

Based on Theorem 2, we can (in principle) directly estimate a1 and a2 by locating the two radii 

that most tightly enclose the scatter sector of mixed expressions. Moreover, Corollary 4.3 

enables between-tissue differential analysis from mixed expressions without deconvolution.  

 

Supported by the newly proved theorems, the UNDO algorithm performs the following major 

steps (Fig. 4.1c): 

1. Preprocessing: quality control and removal of the minimally-expressed genes whose norm is 

less than a pre-fixed positive small real number, and outlier genes whose norm is bigger than 

a pre-fixed positive large real number on normalized raw data; 

2. Dimension reduction when the sample number larger than two; 
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3. Marker gene detection: identify the indices of cell-specific marker genes located around the 

two radii of scatter sector that correspond to the genes with minimum/maximum ratio 

between the two mixed samples (Fig. 4.1 a-b , the set of orange diamond); 

4. Estimate tumor-stroma proportions using marker gene expressions; 

 

 

 

 
1 2

MG-tumor MG-stromaMG-tumor MG-stroma

1 1
ˆ ˆ,  ,

i i

i i

n ni i 

  
x x

a a
x x

                  (4-2) 

where MG-tumor and MG-stroma are the index sets of marker genes, and 𝑛MG−tumor and 

𝑛MG−stroma  are the numbers of marker genes, for tumor and stroma, respectively; and ||.|| 

denotes the vector norm; 

5. Estimate cell-specific expression profiles using matrix inversion. 

 

 

Figure 4.1 The illustration and flowchart of UNDO algorithm  (a) The scatter plot of mixing gene expression profiles (MCF7 

and HS27 cell lines), which forms a scatter sector (a sector-shaped distribution). (b) The scatter plot of recovered pure cell gene 

expression profiles (MCF7 and HS27 cell lines). (c) The flowchart of UNDO algorithm. 
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We now complete the description of our algorithm by considering the identification of marker 

genes or mixing matrix, and its application to data deconvolution. While the mixing matrix can 

be estimated theoretically using one marker gene per tissue type, a more accurate solution, with 

practical applicability, is to estimate a1 and a2 using multiple marker genes. It is true that marker 

gene identification is a key step in the UNDO algorithm. As stated in Theorems 1 and 2, the two 

radii of the scatter sector of the mixed gene expression profiles host cell-specific marker genes 

and actually correspond to the mixing proportion vectors. Accordingly, these unknown marker 

genes can be identified by geometrically locating the two radii, and the mixing proportions can 

be estimated by using the expression values of the marker genes. Our unsupervised 

deconvolution begins by detecting the cell-specific marker genes directly from mixed 

expressions, in which the differential analysis of gene expressions is performed on all genes. 

Mathematically, MG is defined as an index set. 

 

sample2 sample2

sample1 sample1

max 1 max min min 2

( ) ( )

( ) ( )
MG + ,

i i

i i

x x
i k k k k

x x
 

     
         

        

             (4-3) 

 

where kmax and kmin are the maximum and minimum ratios of xsample2(i) over xsample1(i) across all i, 

respectively; and ε1 and ε2 are the two empirically determined parameters. The values of ε1 and ε2 

are usually between 0.01 and 0.5 (can be selected freely by the users), with a default value of 0.1 

that appears to be able to generate accurate and stable results in most cases. The parameter 

setting can also be obtained by multiple tries. When the marker gene set is stable within certain 

range, the parameter setting is typically optimal in this range.  

 

To obtain a reliable set of marker gene indices, some pre-processing steps are required, including 

normalization and removal of minimally-expressed and outlier genes. Normalizing gene 

expression data by global mean/mode is one of the simplest normalization methods [98]. It is 

performed based on the histogram mean/mode of the raw measured gene expression profile 

associated with a sample [96, 98, 99] so that all the samples have the same mean/mode in signal 

intensity. Other normalization methods, such as PLIER, RMA and MAS5 on Affymetrix, or lumi 

Bioconductor package on Illumina can also be used to process the raw expression data. If log-
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transformed signals were used in normalization, they should be converted back to the raw 

measured values via anti-log transformation [5, 91, 95].  

 

On the basis of the expression values of detected cell-specific marker genes, the mixing matrix is 

estimated using standardized sample averages (Eq 4-2) and then the resulting â1 and â2 are used 

to deconvolute the mixed expressions into cell-specific profiles via nonnegative least squares 

techniques.  

 

We use five complementary evaluation criteria and known ground truth to evaluate the 

performance of the proposed unsupervised deconvolution method. To assess the accuracy of 

tissue proportion estimates, in addition to the classic correlation coefficient, we adopt the E1 

criterion [100] given by 

 

2 2 2 2

1 1 1 1

1 1 1 ,
max max

ij ij

i j j ik ik k kj

p p
E

p p   

   
      
   
   

                              (4-4) 

 

where pij is the ijth element of the matrix [â1 â2]
-1

[a1 a2] with â1 and â2 being the estimated 

column vectors of mixing matrix. Note that E1 is invariant to permutation and scaling, and E1=0 

when the estimation is perfect. To evaluate the accuracy of estimated cell-specific expression 

patterns, we calculate the correlation coefficient between the estimated expression profile and 

ground truth over ‘marker genes’ and ‘all genes’ respectively. We also use concordance 

correlation coefficient [101] to evaluate the agreement between the estimated expression profile 

and ground truth. Moreover, to assess the membership (and rank) match (and mismatch) between 

the marker genes detected from pure versus mixed expressions, we use Venn diagrams and 

Spearman’s rank correlation coefficient. 

 

It is worth noting that when the number of heterogeneous samples exceeds 2, the aforementioned 

approach cannot be directly implemented. Dimension reduction method is required to reduce the 

sample dimension to 2.  
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In UNDO package, we apply eigenvalue decomposition (PCA) to computing eigenvalues and 

eigenvectors of mixing expression matrix X. The eigenvectors associated with first two principal 

eigenvalues are used as transformation matrix P, a 2 × m dimensional matrix. Based on the two 

artificial samples PX, we can estimate the mixing matrix  A′ and pure expression profiles S. 

The real mixing matrix can then be computed using equation (4-4). 

 

Â = (PTP)−1PTA′                                                          (4-5) 

 

Beside the method provided here, users can also choose other methods to reduce sample 

dimension before performing UNDO. One simple approach is to randomly select two samples 

for deconvolution, and after recovering the pure expression profiles S, the mixing proportions of 

heterogeneous samples can be determined by using S and all sample expressions (𝐀 = 𝐗𝐒−𝟏). 

This method cannot take advantage of information from the complete sample set. Alternatively, 

one can group all the samples into two clusters, and use the cluster centers as two artificial 

samples to perform deconvolution. After recovering S, A can be estimated by using original 

mixed expressions and estimated pure expression S. Other strategies, such as Nonnegative matrix 

factorization (NMF) or random projection can also be used to reduce the sample dimension.  

 

Concerning the potential loss of information with dimension reduction (e.g., PCA), the actual 

loss of information would be theoretically minimal when dealing with multiple samples while 

the number of underlying true sources is limited to two. Consider the generic linear latent 

variable model X=AS, for two-source mixed samples, the rank of matrix S is 2; accordingly, 

since A is a full rank matrix, the rank of the resulting matrix X remains 2. That is, geometrically, 

the scatter plot of the two ‘pseudo/virtual’ samples (constructed from PCA dimensional 

reduction as the linear combinations of the original samples) is intrinsically two-dimensional 

while living in a multidimensional ‘original’ sample space. Ideally, there will be no loss of 

information with eigenvalue decomposition when all underlying assumptions are valid.  
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4.3 UNDO Package Overview 

Based on the aforementioned theory and methods, we developed a Bioconductor package - 

UNDO by using statistical computing language R for ease of use.  

This package includes six functions, which implement the selection of marker genes and 

calculate the mixing matrix and pure expression profiles. To run UNDO package, the following 

software is required: 

R (>=3.1): For installation of R, please refer to http://www.r-project.org. 

 

To install UNDO package, use the below command lines: 

> source("http://bioconductor.org/biocLite.R") 

> biocLite("UNDO") 

 

Once installed, UNDO package is loaded by: 

> library(UNDO) 

 

A single successful deconvolution requires only one input – two/more mixed expression profiles 

in the form of data matrix or ExpressionSet object. Users can also input the real mixing matrix (if 

known beforehand), so as to compare the ground truth with the deconvolution results from 

UNDO package. 

Table 4.1 Function summary 

Function Name Description 

two_source_deconv Read in expression profiles and output the mixing 

proportions, estimate pure expression and E1 

measurement (main function) 

gene_expression_input Detect the validity of input expression 

http://www.r-project.org/
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dimension_reduction Reduce the sample dimension to two 

marker_gene_selection Select marker genes 

mixing_matrix_computation Compute the mixing proportions 

calc_E1 Calculate E1 measurement 

 

Parameter settings are detailed below: 

1. two_source_deconv: This main function calls all subfunctions to implement the entire 

deconvolution process. It requires an n by m gene expression data matrix or 

ExpressionSet object as input. To remove the genes with extremely low expression values 

or the genes with saturated expression values, we order the genes by L2 norm.  Users may 

select the percentage of genes to keep with the norm in reasonable interval. Parameter 

“minimum” (default = 0.4) and “maximum” (default = 0.1) control the percentage of 

genes with extremely low and high L2 norm to be removed, respectively. Depending on 

data quality, users can also choose to set the “epsilon 1” (default = 0.01) and “epsilon 2” 

(default = 0.01) which control the number of marker genes in the two sources 

(tumor/stroma). The Boolean argument “return” controls return of the estimated pure 

expression profiles. When “return” is set to 1, the output of this function includes both 

estimated mixing matrix and estimated pure expression profiles. If the real mixing matrix 

is provided, the output also includes E1 measurement. The estimated mixing matrix and 

expression profiles are saved in a newly generated folder under the workspace; 

2. gene_expression_input: This function is called by two_source_deconv() to detect whether 

the input gene expression data matrix or ExpressionSet object is valid. If the input is null, 

or contains negative values, the algorithm generates error information and terminates. If 

the input contains a missing value, the corresponding rows are deleted and warning 

information is provided. If the correlation coefficients between two samples are equal to 

one (the two samples are identical), the algorithm also terminates. The output of the 

function is the gene expression data matrix after passing the sanity check; 
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3. dimension_reduction: When the input expression data contains more than 2 samples, 

eigenvalue decomposition is used to reduce the sample dimension from m to 2. The 

function returns the expression values and dimension reduction matrix used to recover the 

mixing matrix for all m samples; 

4. marker_gene_selection: This function implements the selection of marker genes. The 

output contains the marker gene list in two sources, and the slopes of the marker genes 

used to calculate the estimated mixing matrix; 

5. mixing_matrix_computation: This function computes the mixing matrix and pure 

expression levels based on the output of the function marker_gene_selection(); 

6. calc_E1: This function calculates the E1 measurement when the real mixing matrix is 

provided. As E1 approaches 0, the estimated mixing matrix approaches the real mixing 

matrix. When the real mixing matrix is unknown, E1 is set to null. 

A simple example in the following illustrates the use of UNDO package for tumor-stroma 

deconvolution. Two numerically mixed samples and a predefined mixing matrix are provided in 

the package for comparison of the estimated and actual mixing matrices. 

 

> library(UNDO) 

> #load tumor stroma mixing tissue samples 

> data(NumericalMixMCF7HS27) 

> X <- NumericalMixMCF7HS27 

> #load mixing matrix for comparison 

> data(NumericalMixingMatrix) 

> A <- NumericalMixingMatrix 

 

The mixtures are from MCF7 and HS27 cell line expression with varying mixing proportions. 

There are 22215 probe sets in total. We use PLIER to perform normalization. The mixing 

proportions used are shown as below: 

 

> A 
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                   V1               V2 

[1,] 0.7747503   0.2252497 

[2,] 0.1501265   0.8498735 

In the gene expression data, genes with extremely low norm are removed since they are easily 

influenced by noise. Genes with extremely large norm are removed, since they may saturate, thus 

losing their proportional relation to population size.  

 

> two_source_deconv(X,lowper=0.4, highper=0.1, epsilon1=0.01, epsilon2=0.01, A, return=0) 

$Estimated_Mixing_Matrix 

                  [,1]             [,2] 

[1,] 0.7745182   0.2254818 

[2,] 0.1503423   0.8496577 

$E1 

[1] 0.001434569 

 

The output displayed above indicates that the estimation of mixing matrix is accurate. The 

estimated pure expression profiles are written to an output folder under the workspace. 

 

4.4 Simulation and Real Data Experiment 

4.4.1 Algorithm Validation on Simulation Datasets 

To validate our algorithm, we numerically mixed gene expression profiles from two breast 

cancer cell lines MCF7 (cancer) and HS27 (stroma). The full rank 2×2 mixing matrices were 

generated by sampling a standard uniform distribution.  

The estimation of cell-specific expression values and mixing matrix are solely based on the 

reconstituted expression mixtures. We repeated this experiment 1000 times. The mean 

correlation coefficient between the ground truth and the estimated expression profile was 1.00 

over all the genes and marker genes, and the mean of E1 criterion was 0.0295 with variance 

equal to 2.73E-15. This experimental result shows that in a noise-free scenario, our method can 

perfectly recover cell-specific gene expressions and unknown mixing proportions. Fig. 4.2 
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includes the scatter plot of mixtures in one implementation, and the deconvolution results of 

proportions and expression profile scatter plots in this specific experiment. 

 

(a)                                                                          (b) 

 

(c)                                                                            (d) 

Figure 4.2 Deconvolution results on MCF7-HS27 mixed cell lines (a) Scatter plot between the two numerically mixed samples 

from MCF7 and HS27, X1 and X2 represent gene expression profiles of the two mixed samples; (b) Comparison of measured 

proportions and estimated proportions, the correlation coefficient rp between estimated and measured proportions is 0.99, and E1 

criterion on the mixing matrix is 0.0295; (c)(d) Scatter plots of deconvoluted MCF7 gene expression values vs. measured MCF7 
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expression values (left panel) and deconvoluted HS27 expression values vs. measured HS27 gene expression values (right panel). 

The correlation coefficients between estimated and measured MCF7 expression profiles based on all genes and marker genes 

(228 probe sets) are both 1. The Pearson correlation coefficients between estimated and measured HS27 expression profiles based 

on all genes and marker genes (128 probe sets) are also both 1.0, so are the concordance correlation coefficient. 

 

Biological signal noise is a significant confounding. To evaluate the efficiency of our package, 

we tested it under a noise scenario. We imposed additive Gaussian noise N(0, σ)  on the 

numerically mixed samples. To simplify the discussion, the standard deviation σ of noise level 

was set to the same value for all genes. Deconvolution was then performed on the mixed 

expression data with noise interference. Specifically, the standard deviation σ was set from 1 to 

100, and the aforementioned experiments were repeated 100 times for each σ value. Fig. 4.2 

presents correlation coefficients between estimated and pure cell line expression profiles for this 

performance evaluation. 
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(b) 

Figure 4.3 The performance of the algorithm in noise scenario when the noise standard deviation σ varying from 1 to 100. 

Experiment repeated 100 times for each standard deviation value. (a) The E1 criterion between the estimated mixing matrix and 

real mixing matrix (b) The average Pearson correlation coefficient between pure and estimated expression levels from two cell 

lines MCF7 and HS27. 

 

In the following experiment, we tested how much information may be lost due to dimension 

reduction in Gaussian noise environment. We again used the two pure cell lines - MCF7 and 

HS27, and randomly generated the mixing proportions following uniform distribution. Here we 

assumed that there are 5 mixed samples. 

 

We performed eigenvalue decomposition on the five mixed samples and calculated the ratio 

between the sum of first two eigenvalues and the sum of all five eigenvalues with the signal-to-

noise ratio (SNR) varying from -10 dB to 30 dB.   

p =
∑ λ

i
2
i=1

∑ λ
i

M
i=1

 

 

where  λ
i
 is the ith eigenvalue, and M is the number of mixed samples. The ratio p represents 

the proportion of information that is preserved in the first two dimensions.  
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Figure 4.4 The preserved proportion information when the SNR varies from -10 dB to 30 dB. 

 

Here, we suppose the noise level in each sample is the same in order to simplify the problem, so 

SNR is defined as the mean of the square of the expression levels of all the genes across all the 

mixed samples over the noise variance (σ2).  

SNR =

1
MN

∑ ∑ (𝑥𝑖𝑗)2N
𝑗=1

M
𝑖=1

σ2
 

 

where  xij is the expression value of gene j in mixed sample i; M is the number of mixed samples, 

and N is the number of genes. 

 

By setting SNR from -10 dB to 30 dB, we can calculate the value of σ under each SNR, and then 

generate Gaussian additive noise by following N(0, σ). 
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In Fig. 4.4, under each SNR, the experiment is repeated 100 times. Each point represents the 

average proportion ratio p from the 100 experiments. From the curve in this figure, we can 

clearly see that when the SNR is larger than 5dB, over 90% information is preserved within the 

first two dimensions. 

 

Nevertheless, from an information-theoretic point-of-view, we should acknowledge that there 

may be some information loss due to high noise contamination or other unknown factors [79]. 

 

4.4.2 Analysis of Real Expression Data 

Performance of UNDO in evaluating real expression data best reflects its utility in tackling the 

tumor/stroma heterogeneity problem. With this in mind, we applied UNDO to a data set with 

ground truth. We then evaluated deconvolution results by comparing the estimated pure 

expression profiles to ground truth and by performing gene enrichment analysis on the marker 

genes. 

In our experiment(s), the raw measured gene expression data were generated by our collaborators 

at Georgetown University Medical School, where the mRNA was derived from MCF7 and HS27 

cell lines, and then biologically mixed to obtain mixed mRNA expression profiles. mRNA 

samples from two breast cancer cell lines were extracted and mixed at proportions designed to 

mimic actual biological tumor samples (Table 4.2).  

Table 4.2 Deconvolution of biological mixtures of two breast cancer cell line expressions. 

Sample/Tissue MCF7 (breast cancer) 

(assigned/estimated) 

HS27 (fibroblasts) 

(assigned/estimated) 

Sample 1 0.75/0.7622 0.25/0.2378 

Sample 2 0.25/0.2424 0.75/0.7576 

 

After the amplification and microarray experiment, UNDO accurately estimated the mixing 

proportions with E1=0.0778 (and the Pearson correlation coefficient rp = 0.99) (Table 4.2 and 

Fig. 4.5). Estimated cell-specific expression patterns correlated strongly (average Pearson 
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correlation rp  = 0.99 and the concordance correlation coefficient rc = 0.98) to the measured 

expression pattern in the pure cell line (Fig. 4.5). The high correlation between the estimated 

proportions/tissue-expressions and ground truth suggests that unsupervised deconvolution of 

tissue-specific expression profiles from two-source heterogeneous samples using a linear model 

should yield accurate expression estimates for most genes.  

 

(a)                                                                       (b) 

 

(c)                                                                     (d) 

Figure 4.5 Deconvolution results on biologically mixed MCF7-HS27 cell lines. (a) Scatter plot between the two biologically 

mixed samples from MCF7 and HS27, X1 and X2 represent gene expression profiles of the two mixed samples; (b) Comparison 
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of measured proportions and estimated proportions. The correlation coefficient rp between estimated and measured proportions is 

0.99, and E1 criterion on the mixing matrix is 0.0778; (c)(d) Scatter plots of deconvoluted MCF7 gene expression values vs. 

measured MCF7 expression values (left) and deconvoluted HS27 expression values vs. measured HS27 gene expression values 

(right).   

To maximize the information obtained from mixed expressions, our method also enables the 

extended detection of differentially-expressed genes (DEGs) beyond marker genes. To assess the 

specificity and sensitivity of DEG detection without deconvolution, we compared the ranked 

index subsets of DEGs between samples to a ‘gold standard’ set of DEGs identified from pure 

cell line measurements, on both numerical and biological mixtures of MCF7 and HS27 cell lines. 

In addition to the Venn diagram and Spearman’s rank correlation coefficient (rrank=0.92), 

receiver operating characteristic (ROC) curve analysis showed detection of DEGs based on 

mixed expressions (Corollary 4.3) to be both highly specific and sensitive with an area under the 

curve of 0.85 (Fig. 4.6). 

 

Corollary 4.3 suggests that the differential analysis can be directly performed on the mixtures 

due to the rank invariant property. Since differential analysis is based on the fold change between 

the two pure cell types, we first computed the expression ratio for each gene between pure MCF7 

and HS27 cell lines. To validate the conclusion of Corollary 4.3, we also computed the 

aforementioned ratios for the two numerical mixtures and compared the ranking of the two ratio 

vectors. Spearman's rank correlation coefficient was used to measure the similarity of the 

orderings between the two ratio sets. In this noise-free numerical linear mixing, the rank 

correlation was 1. The two methods identified the same genes, confirming the validity of our 

approach (Fig. 4.6a). Finally, we tested two biological mixtures derived from MCF7 and HS27. 

The rank correlation was 0.9201. We used an ROC curve to show the detection power of 

differentially expressed genes based on the mixed samples. The area under the curve is 0.8468 

(Fig. 4.6c). All these experiments confirm the ability of our approach to pick the DEGs without 

deconvolution. 

Red circle:DEGs from mixtures

Blue circle: DEGs from pure cell lines
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                             (a)                                                                             (b) 

 

(c) 

Figure 4.6 Differential analysis results from numerical and biological mixtures of MCF7 and HS27. (a) Venn diagram of 

DEGs from pure cell lines and numerically mixed expression profiles; the two circles are completely overlapped; (b) 

Venn diagram of DEGs from pure cell lines and biological mixed expression profiles when the false positive rate is 

0.20; (c) ROC curve on the detection power of DEGs based on biologically mixed expression profiles. 

 

To assess biological plausibility of the “blindly” detected cell-specific marker genes, we 

conducted pathway enrichment analysis using the Ingenuity Pathway Analysis (IPA, 

http://www.ingenuity.com) knowledge database. The top associated pathway networks suggested 

by IPA showed that the cell-specific marker genes were detected statistically and functionally 

enriched (Fig. 4.7-4.8). Specifically, among the MCF-7 (estrogen receptor positive - ER+) 
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marker genes, we found genes associated with ER function and steroid hormone receptor 

function including the receptor co-regulator NCOA3 (also known as AIB1, SRC3, ACTR, 

TRAM-3, or RAC3), the progestin regulated SOX-4, the estrogen-regulated HES-1, carbonic 

anhydrase XII (associated with ER+ breast cancer), and the phenol sulfotransferase that sulfates 

estrogens[102]. HS27 fibroblast marker genes were associated with fibroblast cell structure and 

function, including smooth muscle actin and tropomyosin that are expressed in the fibroblasts 

frequently found in breast tumors [103]; syndecan-2, which is highly expressed in fibroblasts, 

and the actin bundling protein fascin-1 are both involved in cell matrix adhesion, a key 

functional role of these cells in maintaining mammary gland structure. Below are the top 3 

pathway networks associated with the marker genes specific to MCF7 (247 probe sets) and HS27 

(96 probe sets), respectively. 

 

MCF-7 Breast Cancer cell line: 
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Figure 4.7 The top pathway networks associated with marker genes in MCF7 cell line. 

 

 

HS27 fibroblasts cell line: 
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Figure 4.8 The top pathway networks associated with marker genes in HS27 cell line. 

 

4.4.3 Methods Comparison 

In this section, we compared the performance of UNDO with existing deconvolution methods 

and several popular unsupervised BSS algorithms.  

 

Recently, a few articles have reported semi-supervised methods that focused on dissecting two-

source mixed gene expressions. Gosink et al. used (known) expression data from a single cell 

type to determine the proportion (and subsequently, the expression profile) of each cell type in a 

heterogeneous sample [42]. This method detects the minimum of a proportion that provides a 

good estimate in noiseless or simulation data. Built upon this work, Clarke et al. developed a 

geometry-based method that more accurately estimates this minimum in noisy real data and that 

can be applied when one or multiple heterologous samples are available [43]. However, these 

methods assume a linear mixture of log-transformed expression levels that has recently been 

shown to be invalid [95]. Ahn et al. proposed a statistical approach for deconvoluting linearly 

mixed cancer transcriptomes in individual sample under various raw measured data scenarios 

[91]. Nonetheless, this practical (most likely) solution again requires a prior knowledge of gene 

expressions of one tissue type from similar samples and applies various heuristics. Moreover, 
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most of these methods did not provide feasible softwares for readers to replicate their results or 

test on new datasets. 

 

In Table 4.3, we list the required input and produced output from most recent supervised or semi-

supervised methods and our method. 

 

Table 4.3 Comparison of UNDO method with recent supervised methods 

Tumor-stroma Deconvolution 

Method (software name if 

available) 

Required prior knowledge                  Produced outcomes 

marker 

signature 

/pure sample 

mixture 

proportion 

cell-specific 

profile & markers 

mixture 

proportion 

Our unsupervised method 

(UNDO) 

  + + 

Gosink et al., 2007 ×  + + 

Clarke et al., 2010 ×  + + 

Ahn et al., 2013 (DeMix) ×  + + 

Shen-Orr et al., 2010   × +  

Kuhn et al., 2011 & 2013  ×  + + 

Yoshihara, et al., 2013 ×  + + 

 

In discussing unsupervised deconvolution, some widely known algorithms, such as Independent 

Component Analysis (ICA) [49], Nonnegative Matrix Factorization (NMF) [104], and Principle 

Component Analysis (PCA) [105], seem like viable alternative options. However, their 

assumptions or non-unique solutions restrict their application in gene expression deconvolution. 

ICA assumes that underlying sources are non-Gaussian and statistically independent from each 

other, which does not apply to gene experssion data due to the high correlation between 

biological signals. PCA is a commonly used dimension deduction method that converts a set of 

observations into linearly uncorrelated variables.  Moreover, the deconvolution results from ICA 

or PCA often contain negative values despite the characteristic of nonnegativitiy in gene 

expression data. NMF is easily stuck in local optima, and different initializations may result in 

different decomposition results. Although many current papers about NMF variations are putting 
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efforts in searching for global optima and factor initialization,  none specifically focus on 

expression data. 

To compare our method with aforementioned unsupervised deconvolution methods, we 

generated numerically mixed expression data based on MCF7 and HS27 (described in Section 

4.1), and deconvoluted the mixtures using fastICA, PCA, NMF and UNDO. By changing the 

proportions of MCF7 and HS27 randomly, we repeat this experiment 100 times. The correlation 

coefficients (measured expression profiles vs. estimated expression profiles) from the four 

methods are presented in Fig. 4.9. By these measures, our method surpassed the existing 

unsupervised BSS methods for expression profiling deconvolution . 

 

Figure 4.9 The box plot of correlation coefficients between measured and estimated expression profiles from UNDO, NMF, ICA 

and PCA deconvolution results. 

 

4.5 Application of UNDO to TCGA and CPTAC Datasets 

To estimate the tumor purity of samples in TCGA datasets and evaluate the utility of UNDO in 

analyzing large scale datasets, we selected tumor samples from the TCGA ovarian, glioblastoma 

and breast cancer datasets, which contain expression and copy number information. Proteomic 

analysis from CPTAC (Clinical Proteomic Tumor Analysis Consortium) project was available 
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for part of ovarian cancer samples. Proteins are quantified by using Isobaric tags for relative and 

absolute quantitation (iTRAQ) technique. After preprocessing and normalization, protein 

expression data are generated. 

 

Yu et al. proposed a statistically principled approach – BACOM 2.0 to estimate genomic deletion 

type and normal tissue contamination using copy number data acquired by SNP array 6.0  [92]. 

ABSOLUTE is a computational method that infers tumor purity and malignant cell ploidy from 

somatic DNA alterations [93]. Both BACOM 2.0 and ABSOLUTE are based on copy number 

data from Affymetrix Genome-wide SNP array. In the following experiments, we performed 

UNDO on gene expression data and then compared the tumor purity estimate by UNDO with the 

estimates by BACOM 2.0 and ABSOLUTE (based on copy number data). Analysis results from 

ABSOLUTE are obtained from Supplementary Information of Carter et al.’s paper [93]. In the 

absence of definitive ground truth about the tumor purities in real samples; the validation of a 

new method for unsupervised deconvolution of mixed gene expressions is always problematic. A 

reasonable alternative is to perform some form of ‘cross’ validation by exploiting the ‘orthogonal’ 

information structures provided by the independent sources related to a common set of states of 

nature [106]. Here we have adopted this sensible strategy. 

 

4.5.1 UNDO Analysis on Three Cancer Type Datasets 

 

As aforementioned, we selected ovarian cancer samples that have both gene expression and copy 

number data. After performing quality control, 294 samples were selected. Since the sum of 

stroma and tumor proportions was 1 in each sample, we used the tumor purity to compare the 

estimation results in all the following experiments. 

 

The correlation coefficient between the tumor purity estimate by BACOM 2.0 and ABSOLUTE 

is around 0.71 across all the 294 samples. We believe that the tumor samples, whose purity 

estimates made by BACOM 2.0 and ABSOLUTE are consistent, are of high quality and the 

estimates are more credible. Among the selected 232 samples, the absolute difference between 

the tumor purity estimates from BACOM 2.0 and ABSOLUTE is no more than 0.2. We then 

applied UNDO to estimate the tumor purity in these 232 samples using gene expression data. 

http://en.wikipedia.org/wiki/Isobaric_labeling
http://en.wikipedia.org/wiki/Quantitative_proteomics
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The histograms of tumor purity from UNDO, BACOM 2.0 and ABSOLUTE are given in Fig. 

4.10.  

 

 

(a) 

 

(b) 
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(c) 

Figure 4.10 The histograms of stroma proportions of TCGA ovarian samples from  (a) UNDO on gene expression, (b) BACOM 

2.0 on copy number data, and (c) ABSOLUTE on copy number data. 

 

In Table 4.4, we listed the mean and standard deviation of the three groups of proportions.  

 

Table 4.4 Mean and standard deviation of tumor purities in ovarian cancer samples 

 Mean Standard deviation 

gene expression (UNDO) 0.5743 0.0933 

copy number (BACOM 2.0) 0.6530 0.1123 

copy number (ABSOLUTE) 0.7596 0.1357 

 

The Pearson correlation coefficient between the estimates of tumor purity by UNDO and 

BACOM 2.0 is 0.56.  

 

Some of ovarian cancer samples have protein expression profiles available. After taking the 

intersection of samples in previous experiment and available protein samples, total 68 samples 

were selected. In Table 4.5, we listed the correlation coefficients between tumor purity estimates 

based on protein, gene expression, and/or copy number. 
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Table 4.5 Correlation coefficients between tumor purity using three molecular profiling data. 

Correlation 

coefficient 

Gene expression 

(UNDO) 

Copy number 

(BACOM 2.0) 

Copy number 

(ABSOLUTE) 

Protein expression 

(UNDO) 

0.53 0.52 0.56 

 

Since protein analysis was not available for glioblastoma and breast cancer datasets, we only 

performed UNDO on gene expression data and BACOM 2.0 on copy number, and compared the 

proportions from the two groups of data. ABSOLUTE results can be found in part of 

glioblastoma dataset but not available for breast cancer dataset. 

 

Fig. 4.11 shows the histograms of tumor proportions of 264 glioblastoma samples in gene 

expression and copy number data. The mean of tumor proportions in gene expression data was 

0.6749 with standard deviation equal to 0.1052; the mean in copy number was 0.5843 with 

standard deviation equal to 0.1274. The sample-wise correlation coefficient between the two 

groups of purity estimates is 0.51 across all the 264 samples. Among all the samples, 40 samples 

have the purity estimates by ABSOLUTE. The correlation coefficient is 0.53 between the 

estimates by UNDO and ABSOLUTE across the 40 samples. 
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(a) 

 

(b) 

Figure 4.11 The histograms of stroma proportions of TCGA glioblastoma samples from (a) UNDO on gene expression data and, 

(b) BACOM 2.0 on copy number data. 
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The same experiments were performed on 210 breast cancer samples. The mean of tumor 

purities estimated from gene expression data was 0.5022 with standard deviation equal to 0.1338; 

the mean of tumor purities estimated from copy number data was 0.5551 with standard deviation 

equal to 0.1201. The sample-wise correlation coefficient between the two groups of purity 

estimates is 0.50 across all the 210 samples. 

 

4.5.2 Result Discussion 

In this study, we compared the UNDO estimate with the estimate made by BACOM 2.0 [92] and 

ABSOLUTE [93] on three cancer type datasets. The sample-wise correlation coefficient between 

tumor purity in gene expression profiles, copy number variation and protein expression profiles 

consistently achieved around 0.5~0.6 across three cancer types in TCGA/CPTAC datasets.  

 

The imperfect ‘cross’ correlation between the tumor purity estimates made by UNDO, BACOM 

2.0 and ABSOLUTE may be expected and well justified due to the following reasons. First, the 

estimate by UNDO was based on gene expression values, while the estimate(s) by BACOM 2.0 

and ABSOLUTE was based on copy number values. Second, though the two information sources 

are related to a common set of states of nature, they are also ‘orthogonal’ in various aspects. For 

example, copy number values are always ‘2’ across all normal cells (e.g., stroma, T-cells, 

monocytes), while gene expression values are cell type specific. In fact, there are multiple gene 

expression profiles corresponding to various normal cells. Third, copy number values are 

generally ‘static’, while gene expression values are intrinsically ‘dynamic’. Fourth, the degree of 

technical variability, e.g., noise levels, can be significantly different in acquiring copy number 

versus gene expression signals. All these differences can significantly confound the correlation 

analysis. 

 

In the recent supervised deconvolution work, called ESTIMATE, by Yoshihara et al. [97], a 

nonlinear regression function was used to map the ‘score’ by ESTIMATE [97] to the estimate by 

ABSOLUTE [93], before the comparisons. Though a higher correlation was obtained and 

validated on multiple datasets after such nonlinear mapping, it is somewhat ‘indirect’.   
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It is expected that some tumor samples may contain more than two tissue/cell types, presenting 

an additional layer of complexity to dissect mixed gene expressions. However, though the 

UNDO and relevant supervised methods [42, 43, 91, 97] currently works for two-source 

mixtures only, it is principally applicable to the situation where tumor (and non-tumor) tissue is 

assumed to have a common composition of cellular subtypes across the tumor samples. While an 

unsupervised deconvolution of mixed gene expressions with more than two cell types is beyond 

the scope of our current work, our ongoing research has produced some promising results 

towards the ultimate objective, and we will report the new progress elsewhere punctually. 
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Chapter 5  

SIGH: Identifying Significant Intercellular 

Genomic Heterogeneity in Deep Sequencing Data 

5.1 Introduction 

While every cell in an individual is expected to have the exactly same DNA sequence (germline 

inheritable genetic raw material), genomic landscape heterogeneity is commonly observed in 

some specific cell types, e.g., immune cell, cancer cell, etc. [107, 108]. Moreover, recent studies 

show that somatic mutations in conventionally-believed genomic homogeneous tissues such as 

brain and skin are much more common than previous appreciated, suggesting that intercellular 

genomic heterogeneity is a rule instead of an exception [109-111]. Intermingled intercellular 

genomic heterogeneity is often manifested by multiple clones with distinct sequences [112]. 

Intercellular heterogeneity is a major confounding factor in studying individual populations that 

cannot be resolved directly by global profiling [1]. The complexity of heterogeneity has clinical 

implications. For example, a more heterogeneous tumor is more likely to fail therapy due to 

increased drug-resistant variants, and characteristics of dominant clones will not necessarily 

predict the behaviors of driver clones [8, 10, 113].  

 

An experimental solution to mitigate intercellular heterogeneity is to isolate pure cell populations 

before sequencing; however, the methods are expensive, tedious, potentially biased and 

inapplicable to existing sequence data. On the other hand, thanks to the capacity of reading a 

genomic region multiple times, the next-generation sequencing (NGS) data potentially provides 

an alternative way to characterize genomic landscape heterogeneity. The major tasks at hand are 

to detect the genomic sequences of genuine clonal subtypes, and the number and abundance of 

clonal subtypes. Due to inevitable sequencing and other technical errors, systematic efforts to 
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characterize intercellular genomic heterogeneity must effectively distinguish genuine clonal 

sequences from fake derivatives [114] (Fig. 5.1).  

 

Figure 5.1 Illustration of genuine-fake mixed sequence clusters with variable sizes: raw sequence reads suggest five tumor 

subclones, while actually, there are only two genuine subclones. 

 

A quick and dirty approach is to simply throw away the clonal subtypes whose read counts are 

less than a pre-specified threshold. Major limitations associated with this strategy are as the 

following. (1) The threshold is often arbitrary and hard to set. Indeed, different experiments may 

require different thresholds. It is also likely that different types of fake clones such as A->C or A-

>T may necessitate a separate threshold. (2) Clonal subtypes with higher read counts than the 

threshold can be fake, and similarly, lower read counts than the threshold can come from a 

genuine clone, resulting in both large false positives and large false negatives. (3) No quantitative 

quality measure can be assigned to the selected clonal subtypes (confidence level). Specifically, 

existing approaches largely ignore (a) significant differences in the misreading error rates on 

different nucleotide types (A, C, T, G) [114] and (b) differences in the “expected” read counts of 

fake clones caused by the parent genuine clones due to highly variable (depth) read counts across 

genuine clones. 
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Let us use the Fig. 5.1 to both illustrate the limitation of existing method and suggest a viable 

solution. There are two ground-truth clones with sequences “ATGCTGCTGTGTA 

CTACTGCCTCGTGGGGC” and “ATGCTGCTGTGTACT ACTGCCTCGTGGGGC”, 

respectively. The only difference is in the middle of the sequence. Clone 1 possesses “AC” while 

clone 2 possesses “CC”. More accurately, they have only 1 nucleotide difference. However, from 

the sequence data we can see there are totally five clones, which illustrates the point that the 

number of fake clones is often larger than the one of genuine clones. It is obvious that there is no 

good threshold available, because one genuine clone has three reads and at the same time there is 

a fake clone also having three reads. If the threshold is larger than three, one genuine clone will be 

missed. If the threshold is less than three, one fake clone will be falsely detected as genuine clone.  

 

However, if we simultaneously explore the number of reads and the error rate, we may be able to 

reliably distinguish the two 3-reads clones. Suppose the error rates from A->G and A->C are 20% 

and 6%, respectively.  Note that the error rates in real sequencing data are much lower than the 

ones we assume here, but we do observe that A->G error is three times more likely than A->C 

error. For the sake of discussion, we use the middle two nucleotides to represent each of the five 

clones. For example, clone “GC” is a fake clone and clone “CC” is a genuine clone, and both 

clones have three reads. According to the error rate we expect to see 12*0.2=2.4 reads of clone 

“GC” if we assume that the reads of clone “GC” is purely due to error. Because we observe 3 

reads of clone “GC”, which is very close to the expected value, we could conclude that clone 

“GC” is likely due to error and hence fake. On the other hand, we expect to see 12*0.06=0.72 

read of clone “CC”. Compared to the real observation of 3 reads, we could conclude that clone 

“CC” is less likely due to error and hence genuine.  

 

In this chapter, we describe a statistical sequence modeling approach for detecting significant 

intercellular genomic heterogeneity (SIGH) directly from mixed sequencing reads rather than 

variant signatures. The approach was developed to identify the number and sequences of genuine 

subclones justified by model-based significance tests. In our model, the technical artifacts include 

but are not limited to the errors resulting from the sample preparation, PCR amplification, 
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sequence reading and mapping. The approach is flexible to capture all kinds of artifacts and hence 

minimize the false positives. 

 

SIGH basically works by exploiting the statistical differences in both the sequencing error rates at 

different nucleobases and the read counts of fake sequences in relation to genuine clones of 

variable abundance. We conduct a simulation study to demonstrate the performance of SIGH 

under a variety of conditions on realistic synthetic data.   

 

To our best knowledge, the work that is closest to ours is [112], which applied a finite mixture 

model to estimate the tumor subtypes. However, it is essentially a sophisticated extension of the 

threshold method and largely ignored the fundamental relationship between clones embodied by 

various error rates and variable read counts across genuine clones that we have explored. 

 

5.2 Algorithm and Methods 

5.2.1 Problem Formulation 

Consider a tissue sample that exhibits intercellular heterogeneity. Assume the sample contains M 

observed distinct clonal sequences that represent M candidate subclones. Let 𝛽𝑖𝑗 be the probability 

that the sequence of the jth candidate subclone is misclassified into the ith candidate subclone due 

to sequencing or other errors; 𝑛𝑖 be the observed number of reads in the ith candidate subclone; 

and 𝑛𝑖𝑗 be the hidden number of misclassified reads in the ith candidate subclone that originate 

from the jth candidate subclone.  

 

Hence, 𝑛𝑖𝑗  follows binomial distribution B(𝑛𝑗 + 𝑛𝑖𝑗 , 𝛽𝑖𝑗), where 𝑛𝑗 + 𝑛𝑖𝑗  can be interpreted as 

the number of total reads originating from the 𝑗th clone and 𝛽𝑖𝑗 represents the error rate that the 

𝑗th clone is misread as the 𝑖th clone. Based on the fact that in NGS data, 𝛽𝑖𝑗 is usually quite 

small (smaller than 1%) for paired-end sequencing, the binomial distribution can be 

approximated quite well by Poisson distribution with parameter of (𝑛𝑗 + 𝑛𝑖𝑗)𝛽𝑖𝑗.  
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If we assume that the 𝑖th clone is fake, it must come from its parents. Observing that multiple 

different parental sequences can give birth to the same child sequence, we consider all other 

clones as potential parental clones. So, under the null hypothesis that the 𝑖th clone is fake, we 

have 𝑛𝑖 = ∑ 𝑛𝑖𝑗
𝑀
𝑗=0,𝑗≠𝑖 .  Because 𝑛𝑖𝑗  is independent to each other for different j, 𝑛𝑖  follows 

Poisson distribution with parameter 𝜆𝑖 defined  by, 

 

𝜆𝑖 = ∑ (𝑛𝑗 + 𝑛𝑖𝑗) 𝛽𝑖𝑗
𝑀
𝑗=0,𝑗≠𝑖 ≈ ∑ 𝑛𝑗𝛽𝑖𝑗

𝑀
𝑗=0,𝑗≠𝑖 ,                            (5-1) 

 

where the last approximation comes from the expectation that the reads of fake clone are much 

smaller than its parental genuine clone, namely,  nij ≪ nj.  

Thus, under the null hypothesis that the 𝑖th clone is fake, if the number of reads associated 

with the 𝑖th clone is 𝑘, the distribution function is,                      
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                                       (5-2) 

 

i.e., the null distribution model solely due to errors. 

 

5.2.2 Method Description 

In the discussion above, we assumed the error rate 𝛽𝑖𝑗 is known, however, we often don’t know 

it a priori. Fortunately, there are many scenarios under which the error rate can be reliably 

derived based on the estimate of more fundamental quantities. For example, immune cell 

sequencing covers both the somatic recombination region and constant region, where the somatic 

recombination region can be used to define clones and the constant region can be used to learn 

the error rates. Another example is the tumor cell sequencing. The availability of paired tumor-
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normal sequences makes it possible to determine which base is misread and hence the error 

probability [114].  

 

Let S be the true nucleobase; R be the observed nucleobase; and S or R takes one of the four 

nucleobases (A, C, G, T), so there are 12 error types in total. We have observed that the error 

probability is not uniform and significantly depends on both genuine and erroneous nucleotide 

types. Hence, it is necessary to learn all 12 kinds of error probability. At a single base, the 

(misread) error probability can be estimated by Pr(R=r|S=s) = Nr/Ns, where Nr is the read counts 

with the observed nucleobase r and Ns is the read counts with the true nucleobase s. The estimate 

above illustrates the main idea, however, more care needs to be taken in real applications. Even 

in the constant region of the immune cells, polymorphisms may be confounded as errors if it is 

not recorded in the public database. A remedy trick is to disregard the seemingly extraordinary 

large error counts, because the polymorphism will appear as error of 100% for homozygous 

mutation and error of 50% for heterozygous mutation in the sequencing data for any fixed 

individual. Empirically, we found 10% is a good threshold since the real error is often less than 

1%. 

 

Thus, considering a clone is represented by a sequence containing multiple nucleotides, the 

probability of the jth candidate subclone is misclassified into the ith candidate subclone due to 

sequencing or other error is 

    Pr ,
L

ij i jl
R B l S B l                                    (5-3) 

where Bi(l) is the nucleobase at the lth location in the sequence of the ith candidate subclone, L 

is the sequence length, and ‘𝛽𝑖𝑗 = 0’ if the ith and jth candidate subclones have different 

sequence lengths.   

  

Once the error probabilities have been estimated and the number of reads supporting a clone is 

observed, we take the framework of hypothesis testing to help assess the probability of seeing 
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such a clone under the null hypothesis. Given the observed read counts 𝑛𝑖  of the ith candidate 

subclone, the p-value under the null hypothesis (the ith candidate subclone is fake) is 
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Accordingly, at the significance threshold Tα, the ith candidate subclone is considered as 

genuine if pi ≤ Tα; otherwise, it is fake. The rationale behind is simple. If the clone is unlikely to 

happen under the hypothesis of fake clone, that is, the p-value is smaller than the threshold, it 

should be considered as a genuine clone. 

 

SIGH determines Tα by controlling the false discovery rate, which is defined as the expected 

proportion of false positives among all significant hypotheses [115], via: (1) sort the p-values in 

an increasing order denoted by p(1),…, p(M); (2) find the largest m such that 𝑝(𝑚)  ≤  𝑚𝛼 ∕ 𝑀; 

(3) set 𝑇𝛼  =  𝑝(𝑚) for the significance level α. The reliability of the detected genuine subclones 

is assured by the quantitative significance measure. 

 

5.3 Simulation Studies and Results 

To demonstrate the performance of SIGH under various conditions, we conducted simulation 

studies based on real sequencing data from our in-house immune T-cells dataset. Our simulations 

adopt settings similar to [112], with L=100. We simulated sequence read data by randomly 

replacing the nucleobase s by r at each locus of the baseline sequence, according to an error 

probability table (Table 5.1).  
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Table 5.1 Parameter settings and results. The numbers of observed and genuine clonal sequence clusters identified by SIGH are 

reported. 

Probability (10-4 except diagonal)           Case                             # of clones  

          A             C           G          T             #            M       𝑀0         𝑀𝑆𝐼𝐺𝐻  

A     0.99 0.29      8.70       0.48              1                171~250        3                  3  

C     0.27 0.99      0.38       9.62             2                180~423       5                  5 

G     4.82 0.19      0.99       0.45             3                 257~625        10                10 

T     0.62  7.48      0.32       0.99                *All detections are made at p=0.05. 

 

We ran similar simulations with 𝑀0= 3, 5, 10 genuine subclones of distinct sequences for various 

clonal proportions to determine how well SIGH could identify genuine subclone sequences and 

characterize intercellular heterogeneity. The distributions of proportions of genuine clones are 

varying across the 15 datasets as shown in Table 2. Since error probability is generally much 

smaller than that of polymorphisms, only the loci with error rates smaller than 10% were used in 

the estimation. We tested SIGH on 15 datasets each with unique set of conditions. For each 

application of SIGH, mean per-sample execution time was ~2 minutes on a computer equipped 

with an Intel® Xeon ® CPU X5660 @ 2.80GHz (24 cores and 23.5 GB of RAM). 

 

Table 5.2 The proportions of each clone in each dataset and the detected results of genuine clones from SIGH 

Dataset Proportions of each genuine clone 

 

SIGH 

(all clones, 

genuine clones) 

1 (0.33,0.33,0.33) (250, 3) 

2 (0.90,0.09,0.01) (177, 3) 

3 (0.70,0.20,0.10) (195, 3) 

4 (0.831,0.166,0.003) (172, 3) 

5 (0.01,0.98,0.01) (171, 3) 

6 (0.20, 0.20, 0.20, 0.20, 0.20) (423, 5) 

7 (0.009,0.003,0.006,0.893,0.089) (180, 5) 

8 (0.71,0.17,0.02,0.09,0.01) (254, 5) 

9 (0.002,0.395,0.592,0.001,0.010) (181, 5) 
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10 (0.61,0.20,0.08,0.10,0.01) (283, 5) 

11 (0.10,0.10,0.10,0.10,0.10,0.10,0.10,0.10,0.10,0.10) (625, 10) 

12 (0.167,0.001,0.033,0.668,0.067,0.010,0.027,0.017,0.

007,0.003) 

(257, 10) 

13 (0.208,0.001,0.104,0.416,0.104,0.021,0.062,0.062,0.

011,0.011) 

(395, 10) 

14 (0.152,0.001,0.061,0.606,0.121,0.009,0.030,0.015,0.

003,0.002) 

(283, 10) 

15 (0.116,0.001,0.047,0.698,0.093,0.007,0.023,0.012,0.

002,0.001) 

(279, 10) 

 

SIGH accurately learned the reading error probabilities in all datasets, with small estimation 

errors against the ground truth. The statistics (boxplot: green stars indicate the ground truths) on 

the estimated error probabilities across the 15 datasets are summarized in Fig. 5.2.  

 

Figure 5.2 Summary of error probabilities estimated by SIGH in 15 simulation datasets.  

Green stars are ground truth from Table 5.1. 
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For the heterogeneous tissue with variable subclonal proportions, SIGH correctly identified the 

number of genuine subclones from an overwhelmingly large number of fake sequences, in all 15 

datasets, reported in Tables 1&2. As a significance testing approach, measures of confidence are 

directly derived from the null distribution of 𝑛𝑖in the form of p values (Table 1).  SIGH also 

accurately estimated the proportions of genuine clonal subpopulations. As expected, SIGH works 

well on data with balanced clone population, that is, all clone proportions are similar. It is worth 

noting that SIGH also works well on very imbalanced data. For example, in data set 15, the most 

common clone has proportion of 69.8%, while the rarest clone occupies merely 0.1%, a 

difference of 700 folds. The capability of SIGN for imbalanced data may be particularly useful 

for the detection of rare clones. 

5.4 Conclusions 

Our realistic simulation studies demonstrate the feasibility of identifying intercellular genomic 

heterogeneity in the presence of inevitable and variable sequencing and other technical errors. By 

statistically modeling read-count null distributions for each of the observed sequence clusters, 

SIGH can potentially identify rare genuine subclone(s) directly from genuine-fake mixed raw or 

mutation sequence reads, despite abundance disparity between subclones. When applied to 

longitudinal studies, SIGH may also provide additional information about tumor evolution or 

clonal repopulation dynamics [8].  

 

We foresee a variety of extensions to the concepts in SIGH. For example, with further 

development, SIGH methodology can be applicable to analyzing the raw sequences of enriched 

immune cells in tumors. The potential ability to detect sequence reads associated with somatic 

immune cells is clinically significant, since somatic immune cells play a critical role in tumor 

micro-environment heterogeneity [3]. SIGH analysis on somatic immune cells may reveal 

migration of immune cells (recruitment and localization) and immune suppression. In fact, 

immune infiltration can include multiple cell types, having both pro- and anti-tumor functions 

with varying activation statuses and localizations within the tumor [3].        
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Chapter 6  

Contributions and Future Work 

6.1 Summary of Contributions 

While a handful of reports have demonstrated the potential of experimental and supervised 

computational methods to resolve or deconvolute tissue heterogeneity, these approaches require 

a priori information on the markers or composition of known subpopulations. Supervised 

methods are poorly suited to finding subpopulations that are subtle, condition-specific (their 

distinctive signatures are changed when the cells are present in different microenvironments or 

tissues), or previously unknown. Unsupervised approaches have not previously been reported, 

and yet these are necessary and urgently needed for appropriate data analysis. 

 

In this study, we report a fully unsupervised signal deconvolution approach, based on the Convex 

Analysis of Mixtures (CAM) framework. Importantly, our approach does not require statistical 

independence among source signals and does not require an equilateral structure of mixing 

matrix. Moreover, our approach requires no a priori information on the number, identity, or 

composition of the subpopulations present in mixed samples, and does not require the presence 

of pure subpopulations in sample space. CAM method estimates source signals and mixing 

matrix by finding the vertices of the convex hull confined by the observed mixed signals. The 

feasibility and applicability of this method are supported by a series of newly proven theorems. 

With our developed and publically available CAM software, CAM can identify novel marker 

genes/pixels for each of known or unknown/condition-specific subpopulations, automatically 

detect the number of distinct subpopulations present in heterogeneous samples, and deconvolute 

the mixed signals into subpopulation-specific profiles. The contributions of this research work 

are summarized as follows: 

 

Major contributions 

[1] Significant improvement of Convex Analysis of Mixtures (CAM) framework 
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We rigorously construct and prove a series of new mathematical theorems, specifically designed 

to support the CAM framework (Lemma 2.3-2.5 and Theorem 2.6). We show that the scatter 

simplex of mixed signals is a rotated and compressed version of the scatter simplex of pure 

signals, where the column vectors of mixing matrix are located at each vertex. Importantly, we 

show that the column vectors of mixing matrix can be arbitrary, i.e., the convex hull confined by 

the mixed signals can be of any shape. This is in contrast to the equilateral assumption made by 

the previous algorithms. This advantage is significant in that the CAM method and algorithms 

can achieve all of its goals using only a small number of heterogeneous samples with arbitrary 

mixtures, and are more powerful to distinguish between phenotypically similar subpopulations 

when the mixing diversity is sufficient. 

  

[2] Formulating minimum description length (MDL) based model selection 

Based on the MDL principle, we rigorously formulate various CAM-MDL model selection 

criteria for determining the unknown number of underlying sources in various signal 

deconvolution applications. Importantly, we formulate the model complexity in terms of two 

separate penalty terms, each accounting for the ‘bits’ required to encode the model parameters of 

explaining matrices A and S, respectively. This is in contrast to the single penalty term MDL 

criterion used by the previous algorithms. This advantage is significant in that, as a critical 

component of the CAM framework, new MDL criteria are now theoretically consistent with the 

CAM algorithms that simultaneously estimate both A and S matrices, resulting in the first fully 

unsupervised signal deconvolution approach. Experimental results show robust performance of 

CAM-MDL model selection in various real world applications.  

 

[3] Applying the CAM-nICA/CMF-MDL method to resolve multiform tissue heterogeneity  

We apply CAM-nICA/CMF-MDL method to multiplatform datasets-- gene expression data, 

DNA methylation data, and protein expression data, and obtained very promising results that 

have been validated by the ground truth. When the ground truth is unavailable, we assessed the 

biological plausibility of the subpopulation-specific marker genes blindly detected by CAM by 

pathway enrichment analysis using IPA or DAVID. Experimental results show that our method 

correctly detect the statistically and functionally enriched markers and accordingly estimate both 

subpopulation proportions and their specific signals. Furthermore, we also applied CAM-CM to 
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DCE-MRI data to characterize the intratumor vasculature heterogeneity, with promising 

experimental results [27]. 

 

Supporting contributions 

[4] Developing effective CAM algorithms 

Based on the CAM framework, we develop various CAM algorithm(s) and demonstrate their 

feasibility and applicability in resolving blind source deconvolutions. We integrate nonnegative 

independent component analysis (nICA) and convex matrix factorization (CMF) methods with 

CAM framework, achieving robust performance in real world applications in the presence of 

measurement noise. We develop CAM software with core functions written in R and a user-

friendly GUI written in Java [89]. It also includes the implementation of several classical BSS 

algorithms and is equipped with a plug-in mechanism to allow other developers add in more 

deconvolution methods, making our method more accessible and usable. This software tool has 

been downloaded for over 3,100 times since Nov. 2012. 

 

[5] Developing UNDO and R package for deconvoluting two-source mixtures 

We develop the UNDO scheme and implement the R package for separating two-source 

mixtures (separating tumor-stroma mixtures and neuron-glia mixtures) [29]. We obtained 

accurate deconvolutions on both simulation and real gene expression and methylation data. We 

also applied this method to estimate the tumor purity of TCGA breast cancer, ovarian cancer and 

glioblastoma, cross-validated by the estimates from an independent method BACOM 2.0 using 

copy number data. The UNDO package approved by Bioconductor has been downloaded for 

over 2,600 times since Mar. 2014 by researchers from different institutes around the world. 

 

[6] Evaluating the SIGH method for characterizing intercellular genomic heterogeneity 

We evaluate the performance of SIGH algorithm and software on the synthetic datasets 

simulated from the real DNA sequencing data of the immune cells.  We conduct a simulation 

study to demonstrate the performance of SIGH under a variety of conditions on realistic 

synthetic data. Experimental results show that, despite abundance disparity between the 

subclones, the SIGH scheme successfully identifies rare genuine subclone(s) directly from 

genuine-fake mixed sequence reads. Our realistic simulation studies demonstrate the feasibility 
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of identifying intercellular genomic heterogeneity in the presence of inevitable and variable 

sequencing and other technical errors. 

 

 

 

6.2 Future Work 

In this section, we outline several potential research directions that may deserve to be further 

explored to extend or refine the current CAM framework. 

 

[1] Extending cell-type specific deconvolution to sample-specific deconvolution 

In the previous experiments, we typically assume that the samples being analyzed share the 

common underlying cell types.  For example, when estimating the tumor purity of TCGA breast 

cancer samples, we assume that all tumor samples are the tumor-stroma mixtures with various 

mixing proportions but the same subpopulation-specific expression profiles. While this 

assumption significantly simplifies tumor purity estimation, the variability among the tumor 

samples is ignored. A feasible way to obtain sample-specific and subpopulation-specific 

expression patterns is to separately perform the data deconvolution using the multiple samples 

from the same subject. The limitation of this operation is that multiple samples from the same 

subject are required which is not always available. 

 

[2] Incorporating prior knowledge into the CAM framework 

In this report we demonstrate the advantages of unsupervised deconvolution methods in 

addressing the tissue heterogeneity problem. In practice, we sometimes have additional 

information from prior knowledge validated by multiple biological experiments/literatures. Such 

information can be used to validate the deconvolution results as well as to guide the 

deconvolution process.  

 

For instance, if the known markers are close to the marker genes from CAM in Euclidean 

distance in the feature space, we can combine them to build the OVEDEG set and estimate the 

mixing proportions. When the marker genes identified by CAM are far from the known marker 
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genes, we can use IPA or DAVID to perform gene enrichment analysis. If the marker genes from 

CAM are not enriched in any cell types, we may work with biologists to identify whether they 

are novel marker genes, or remove them in the subsequent analysis. 

 

 

[3] Broadening the applications of CAM framework  

We successfully apply CAM to multiple public datasets and validated our results by ground truth 

or biological experiments. To explore the potential of CAM, we plan to apply CAM to more real 

mixing data associated with various disease types, and to collaborate with biologists to study the 

potential novel marker genes found by CAM and the correlation between clinical information 

and the mixing proportions of specific cell type. For example, it is interesting to investigate the 

connection between the survival year of cancer patients and the mixing proportions of different 

immune cells. 

 

 

[4] Complementing the MDL model selection with alternatives 

MDL model selection achieves very promising results in our experiments, especially on 

simulation data sets. When we use MDL to estimate the source number in real data, especially 

when the data quality is low or the ground truth is unavailable, we may need one or more 

alternatives to help validate the results from the MDL based model selection approach. Using 

stability analysis, it is possible to estimate the number of sources without a statistical model. It 

calculates the normalized instability index based on the deconvolution results with different 

source numbers, and selects the one with minimum instability. Stability analysis currently lacks 

theoretical support for the optimality of the most stable model, but in terms of cross-validation, it 

might be a good choice, since it achieves promising results in our simulation experiments. 

 

[5] Reducing computational time of CAM algorithm  

While we have showed that CAM is effective in solving tissue heterogeneity on moderate size 

datasets, its long computational time limits its application to large datasets, such as those with 

thousands of samples and tens of thousands of features/data points. The main computation 
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bottlenecks of CAM are the affinity propagation clustering (APC) step and the vertex cluster 

search step.  

 

APC has the advantage of initialization free and there is no need to determine the number of 

clusters beforehand, while the main drawback of APC is its complexity in both time and space. 

The time complexity of APC is O(𝑁2T) , where N is the number of features and T is the number 

of iterations until convergence. Its space complexity is O(𝑁2)  if a dense similarity matrix is 

used. 

 

In CAM algorithm, clustering analysis serves to reduce the number of features used in the next 

step and alleviate the negative impact of noise. Clustering also reduces the number of clusters we 

need to search over in the vertex search step. Subsequent steps are not sensitive to the specific 

value of the number of clusters as long as it is within a reasonable range. Therefore, we can use 

K-means clustering instead of APC. To avoid local optima, we may run K-means for multiple 

times and use the clustering result with minimum within-cluster sum of squares. One may speed 

up the vertex search step by parallelization.  
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Appendix A  

MDL Results on Simulation Data 

In the following experiments, to validate the MDL formulations we proposed, we generated 

sources following two distributions – Dirichlet distribution and uniform distribution, and tested 

the above two formulations to see if they can detect the correct model order. 

 

(1) K sources are generated by following Dirichlet distribution. Each of them contains 300 data 

points. Since the range of the data is from 0 to 1, all the data are multiplied by 
122 =4096  to 

avoid negative entropy occurs when estimated K is small. The mixing matrix A is generated 

following uniform distribution between [0, 1], and the sum of each row is normalized to one. 

 

(a) A is an K*K matrix (K=3) 

After performing APC on the simulation dataset, 39 clusters are generated, and 7 cluster centers 

are treated as vertices by using QuickHull. Then we calculate MDL based on formula (2-23).  

 

The curves of sigma, the first term in MDL formulation, the second term in MDL formulation 

and MDL values are shown in the below.  
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Figure A.1 The curves of sigma, first term, second term and MDL when A is a 3*3 matrix based on (2-23) 

 

If we calculate MDL based on formula (2-22), the curves of these parameters are shown as 

below. 

 

 

Figure A.2 The curves of sigma, first term, second term and MDL when A is a 3*3 matrix based on (2-22) 

 

2 3 4 5 6 7
40

60

80

100

120

140

160

180

Number of Source

P
e
n
a
lt
y

2 3 4 5 6 7
100

200

300

400

500

600

700

Number of Source

M
D

L

2 3 4 5 6 7
0

1

2

3

4

5

6

7
x 10

4

Number of Source

S
ig

m
a

2 3 4 5 6 7
1500

2000

2500

3000

3500

4000

4500

5000

Number of Source

L
ik

e
li
h
o
o
d

2 3 4 5 6 7
300

400

500

600

700

800

900

1000

1100

1200

1300

Number of Source

P
e
n
a
lt
y

2 3 4 5 6 7
2500

3000

3500

4000

4500

5000

5500

Number of Source

M
D

L



124 

 

(b) A is an L*K matrix (L=4, K=3) 

After clustering, 9 clusters are generated, and 8 cluster centers are treated as vertices. 

 

 

 

Figure A.3 The curves of sigma, first term, second term and MDL when A is a 4*3 matrix based on (2-23) 
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Figure A.4 The curves of sigma, first term, second term and MDL when A is a 4*3 matrix based on (2-22) 

 

 

(2) By following Uniform distribution, we generated K sources and each source contains 300 

data points. Since the range of the data is from 0 to 1, all the data are multiplied by 
122 =4096  to 

avoid negative entropy. The mixing matrix A is generated following uniform distribution 

between [0, 1], and the sum of each row is normalized to one. 

 

(a) A is an K*K matrix (K=3) 

In this trial, 13 clusters are generated, and 7 cluster centers are vertices. 
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Figure A.5 The curves of sigma, first term, second term and MDL when A is a 3*3 matrix based on (2-23) 

 

 

  

  

Figure A.6 The curves of sigma, first term, second term and MDL when A is a 3*3 matrix based on (2-22)  
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Appendix B 

Analysis of Gene Expression and Methylation 

Data on Neuron-Glia Mixtures 

The brain consists of diverse functional regions, and samples from various regions represent 

cellular heterogeneous mixtures of neuronal and non-neuronal cell types. Figuring out the neuron 

and non-neuron balance has significant meaning in investigating brain development and function. 

To assess and validate the performance of deconvolution by UNDO, we applied UNDO to 

benchmark heterogeneous gene expression and methylation datasets and successfully estimated 

the proportions of neuron/glia.  

B.1 Rat Neuron-Glia Mixture Deconvolution on Gene Expression 

There are 26 samples in this dataset. The first 16 samples are pure neuronal RNA, astrocytic 

RNA, Oligodendrocytic RNA and Microglial RNA. Each component has 4 duplicates. Sample 

17 to 22 are composite samples of neuron and astrocyte; sample 23 and 24 are composite 

samples of neuron, astrocyte and oligodendrocyte; sample 25 and 26 are composite samples of 

neuron, astrocyte, oligodendrocyte and microglia. 

 

We only consider the composite samples consisting of two underlying sources – neuron and 

astrocyte. After removing the samples whose underlying source (sample 8) has been claimed to 

be impure, there are 3 samples (sample 17, 19, 21) left. 

 

After performing UNDO on the three mixtures, we can accurately recover the mixing 

proportions and pure expression profiles. 
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Table B.1 The comparison of measured and estimated mixing proportions 

Proportions 

(ground truth vs 

estimated) 

neurons astrocytes 

Sample 17 0.25/0.2829 0.75/0.7171 

Sample 19 0.5/0.5301 0.5/0.4699 

Sample 21 0.75/0.7841 0.25/0.2159 

 

 

Figure B.1 The scatter plot of measured vs. estimated mixing proportions 
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Figure B.2 The scatter plots of measured vs estimated gene expression of (a) neuron and (b) 

astrocyte. 

 
 

B.2 Neuron-Glia deconvolution on Methylation Data 

In this benchmark dataset, fluorescence activated cell sorting (FACS) of neuronal nuclei and 

Illumina HM450 DNA methylation profiling was performed in post mortem frontal cortex of 29 

major depression subjects and 29 matched controls. The whole dataset includes 29 pure neuron 

methylation profiles and 29 pure glia methylation profiles from depression subjects; and 29 pure 

neuron profiles and 29 pure glia methylation profiles from controls. It also provided the 

methylation profiles of brain tissues from 10 depression subjects and 10 controls. Besides, in a 

reconstitution experiment neuron and glia derived DNA from a single individual were mixed 

from 0-100% for a total of 9 mixes and followed by microarray hybridization.  

 

We performed UNDO on the reconstitution experiment in which mixture samples have known 

ground truth. Since all the 9 mixtures are from the same individual, UNDO can be readily 

applied to the data. The platform is Illumina HumanMethylation450 BeadChip. There are 

480,492 probes in total. A typical distribution of methylation array data of one sample is shown 

in Fig.B.3.  
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In Fig. B.4, it can be clearly observed that the scatter plot of two composite mixtures form a 

parallelogram due to the reason that the range of methylation measurement is from 0 to 1, and 

the points tend to be dense in the two ends. The green lines represent the two column vectors of 

predefined proportions, which almost tightly embraced the scatter plot. Fig. B.5 and Table B.2 

clearly show that CAM accurately estimate the mixing proportions of each sample. 

 

 

Figure B.3 Histogram of the methylation measurement of one sample from control individual 

brain 
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Figure B.4 The scatter plot of two composite neuron-glia mixture samples, the brown lines are 

the column vectors of predefined proportions. 

 

 

 

 

Table B.2 The real and estimated proportions of neuron in the 9 reconstitution samples 

Sample # 1 2 3 4 5 6 7 8 9 

Neuron 

proportion 

(GT) 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

Neuron 

proportion 

(Estimated) 

0.1011 0.1949 0.2808 0.3812 0.4761 0.5684 0.6674 0.7850 0.9057 
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Figure B.5 The scatter plot of measured neuron/glia proportions vs. estimated proportions of 9 

reconstitution samples 
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