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CHAPTER I 

INTRODUCTION 

The purpose of this dissertation is to examine the 

problem of estimation of a univariate probability density 

function. Let Y1 ,Y2 , ... ,Yn be a sample of n independent 

observations, each distributed according to an unknown con-

tinuous density function f(y). Given this sequence of 

observations, how can one estimate f(y)? Let the estimator 

be denoted by fn(y). 

Several estimators of a univariate density function have 

·been proposed in recent years. Estimators of the conditional 

probability density and of the conditional mean or regression 

line have also been investigated. While most of the results 

have been concerned exclusiv~ly with independent observations, 

a few have been developed when the observations are dependent. 

Many of these papers will be discussed briefly as we proceed. 

Historically, Rosenblatt (1956) is credited with for-

mulation of the problem of estimating a density function. 

However, it should be noted that estimation of the spectral 

density function when sampling a stationary sequence was 

developed before that· of probability density estimation. The 

results obtained in both areas are similar but are much more 

simplified for the probability functions. Except for the 

last ten years, little research of this type considered 

1 
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probability density estimation as indicated by a quote from 

Watson and Leadbetter (1963). "Many authors have considered 

the problems of estimating the spectral density of a station-

ary time series from observations of the series throughout a 

time T. The corresponding problem of estimating pr_obabili ty 

densities has received less attention in the literature." 

Not long after Rosenblatt's article, the Royal Statis-

tical Society's Symposium on the Spectral Approach to Time 

Series (1957) delved into the subject of estimating a 

spectral density. Whittle's (1957) contributed paper seemed 

to deal more with estimating a probability density. The 

symposium led to future papers by Whittle (1958), Daniels 

(1962), and Priestly (1962), while Rosenblatt's article led 

to papers by Parzen (1962) and Nadaraya (1963). 

Whittle (1957, 1958) discusses the difficulty in con-

structing smooth curves. He introduces a Bayesian argument 

in order to accomplish the desired smoothing and to find an 

optimal weighting function. 

The work originated by Rosenblatt and then extended by 

Parzen will be presented in a separate section since their 

papers have played such an important role in the many articles 

written on density estimation. Bartlett (1963) improves upon 

the order of the mean square error for the results proposed 

by Rosenblatt. He also considers spectral densities. 

Watson and Leadbetter (1963) use estimators of the same form 



3 

as Rosenblatt's kernel estimator. They minimize the mean 

integrated square error, which is considered to be a global 

error, as opposed to the local mean square error. In the 

paper, they showed that the optimal fn(y) would be obtained 

by inverting an expression involving the characteristic 

function of the true density f(y). Loftsgaarden and Quesen-

berry (1965) estimate a d-dimensional density function by 

specifying the number of points which should lie within the 

radius of a hypersphere and then determining the minimum 

radius. This approach is from the opposite direction, since 

the usual process is to count the number of points in a 

hypersphere of a given radius. Cacoullos (1964, 1966) 

adapted Parzen's univariate estimator to provide estimators 

of a multivariate density. His results for asymptotic 

unbiasedness, consistency, and bounds for bias and mean 

square error of the estimate are straightforward extensions 

of the univariate results. Murthy (1965a) relaxed Parzen's 

assumption of an absolutely continuous distribution F(y), 

and showed that the estimators still consistently estimate 

the true density at all points which are continuity points 

of both F(y) and f(y). He also proves the sequence of 

estimators to be asymptotically normally distributed. 

Murthy (1966) extended his own results to the multivariate 

case. Nadaraya (1965), using Parzei's kernel estimator, 

investigated the asymptotic behavior of th~ maximum deviation 
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of the estimator f (y) from f(y). This was also considered n . 
by Woodroofe (1967). Other articles were published by 

Nadaraya (1963, 1964, 1966. 1970) on the estimation of: 

i) a univariate density,. ii) a bivariate density, and 

iii) a regression curve. Curiously, as it was noted by 

Gaskins (1972), Nadaraya (1964a) gives a subset of the 

Parzen paper without reference to Parzen. 

Craswell (1965) proves that fn(y) and fn(z) are inde-

pendent and normally distributed as n + oo. under certain 

regularity conditions. Van Ryzin (1966) introduces a 

Bayesian analysis for classification procedures and examines 

asymptotic properties based on the methods of Cencov (1962) 

and of Parzen (1962). Elkins (1968) forms two estimators 

of a multivariate density function by counting how many 

sample points lie within a d-dimensional cube and by counting 

how many sample points lie within ad-dimensional sphere. 

Elkins' method is a multi-dimensional extension of Rosenblatt's 

naive estimator (see section 1.1). Epanechnikov (1969) 

determines what the optimal kernel function should be in 

order to minimize the global error. He also indicates the 

insensitivity of the integral of the square of the kernel to 

the shape of the kernel for nonnegative weight functions. 

Several other methods of density estimation exist which 

differ from the kernel estimation method. The first of these, 

to be discussed briefly, is the orthogonal series represen-
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tation of a-density function. Cencov (1962) developed a 

class of estimators of f (y) by expansion of an orthogonal 

set with respect to some weight function. Schwartz (1967), 

using Hermite functions, considers the univariate case. 

Kronmal and Tarter (1968) estimate the density function by 

means of generalized Fourier series. In particular, they 

chose a special case, namely the trigonometric systems 

{cos kny}, {sin kny}, {cos kny, sin kny}. Watson (1969) 

also discusses density estimation by orthogonal series. In 

addition, we mention that Kronmal and Tarter (1968) showed 

that it is possible to express the orthogonal series esti-

mators in the form of the kernel estimators. 

Another method is that put forth by Boneva, Kendall, 

and Stefanov (1971). Their method transforms the classical 

histogram into a smooth curve or histospline. While there 

exists a one-to-one relationship between histograms and 

histosplines, a definite disadvantage inherent in their pro-

cedure is that the curve is negative at some parts. 

Another method similar to the kernel method is the rank 

kernel method of Hendrickson (1972). The kernels of this 

method depend on the ranks of the order statistics within 

the sample. This method is discussed more thoroughly in 

Chapters I I and I I I. 

Finally, we mention the modified maximum likelihood 

estimator of a probability density function, proposed by 
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Good (1971). A maximum likelihood estimate of a density 

function would give a Dirac delta function assigning mass of 

l/n at each of the n observations. Because this is obviously 

too rough an estimate, Good suggests subtracting a roughness 

penalty (a function of f(y)) from the log-likelihood. Thus, 

he proposes to use an estimator which maximizes the function 

w = L log f(y.) - ~(f) 
. l 
l 

where ~(·) is the roughness penalty. 

Other articles which are of interest and which have 

much in common with the aforementioned literature are listed 

below in chronological order: Maniya (1961), Blaydon (1967), 

Lin (1968), Moore and Henrichon (1969), Pelto (1969), 

Pickands (1969), Schuster (1969, 1972), Van Ryzin (1969, 

1972), and Specht (1971). A more extensive tabulation can 

be found in the bibliography. 

1.1 The Rosenblatt Tradition 

(The Kernel Estimates of Rosenblatt and Parzen) 

Let Y1 ,Y2 , ... ,Yn be independent identically distributed 

random variables with continuous density function f(y). Let 

fn(y) denote any estimator of f(y). Rosenblatt (1956) 

presents an obvious estimator of f (y) given by 

(1.1.1) 
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where Fn(·) is the sample distribution function and h = h(n) 

is a function of n, which approaches zero as n -+ 00 

He shows the asymptotic mean square error to be 

(1.1.2) 

as h -+ 0 and n -+ 00 • Next, the question of an optimal choice 

for his considered in order to minimize equation (1.1.2). 

This is found to be 

h = k n-l/ 5 where k - y { 9 . f ( ) }l/ 5 
- 2" [f"(y)]2 

Rosenblatt also considers the minimization of the mean 

integrated square error or global error 

00 

J 
-oo -oo 

The optimal h for this error is no longer a function of y. 

The corresponding value of h is given as 

h = k n-l/ 5 where 

Rosenblatt suggests a more general class of estimators, 

which contains those given by -(1.1.1). This is the class of 

kernel estimators defined by 

1 n 
= n I j=l 

w (y - y.) n J (1.1.3) 
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where the nonnegative sequence of weights wn(·) satisfies 

the following two conditions: 
00 

-co 

(b) f wn(u)du + 1 for any£ > O as n +co 

lul <£ 

Note that estimators of this form are themselves a density. 

He then states that if 

w (u) n 

lzl < 1 

(1.1. 4) 

otherwise 

then equation (1.1.3) reduces to equation (1.1.1) where h + 0 

as n + 00 Using the class of estimators given by equation 

(1.1.3), Parzen (1962) changes the notation and extends the 

results in much greater detail. His estimator is given as 

1 n K (y-n--Yj )· fn ( y) = =r l 
. Ill! . 1 J= 

(1.1. 5) 

Parzen shows that if the spreading coefficient h = h(n) is 

chosen such that h + 0 as n + 00 then the estimator given by 

equation (1.1.5) is asymptotically unbiased; that is, 

lim E[fn(y)] = f(y) . 
n+oo 
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The conditions on K(•) are the following: 

(a) sup I K(x) I < 00 

-oo<x<oo 

00 

(b) J I K (x) I dx < co 

-co 

(c) lim Ix K(x)I = 0 and 
x+oo 

00 

(d) J K(x)dx = 1 
-oo 

The estimator fn(y) is also shown to be consistent in 

quadratic mean in the sense that 

n + oo 
h(n) + 0 

nh(n) + co 

If it is assumed that K(•) is an even function (in this 

connotation called a weighting function), the sequence 

{fn(y)} is proven to be asymptotically normal in the sense 

that 

lim P n . n < c = ~(c) [
f (y) - B[f .(y)] ] 

n+oo IVar[fn(y)] -

where ~(·) is the standard normal cumulative distribution 

function. Parzen also proves that if the probability density 

f(y) is uniformly continuous, then for every E > O, 
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P [ sup I fn (y) - f (y) I < E ] -+ 1 
-co<y<co 

as n -+ co and nh2 -+ co • 

Finally, he presents results corresponding to those of 

Rosenblatt for determining the optimal h such that the mean 

square error (M.S.E.) is minimized. The M.S.E. is given by 

co 

E[fn(y) - f(y)]2 .,. f~t? J 
.,.co 

where r is the characteristic exponent of the Fourier trans-

form k(u) of the weighting function K(•), 

co 

f(r) (y) - -(2n)-l J exp{-iuy}lulr~(u)du , 
-.co 

and ~(u) is the characteristic function of f(y). The optimal 

h is given by 

Parzen does not consider an optimal h for the mean integrated 

square error but it would be given by 

One very important disadvantage to the generic form of 
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the optimal,h derived by Rosenblatt and by Parzen should 

be noticed immediately (this is also true for Watson and 

Leadbetter). This is that the optimal his necessarily a 

function of f(y), the true unknown density, which we are 

trying to estimate. The interpretation of these results 

would be that of a "bootstrap method". In other words, if 

we know f (y) then we would be able to optimally estimate 

it by fn(y). Epanechnikov (1969) attempted to eliminate the 

difficulty involved here, but was unable to do so. He found 

the optimal kernel form K(•) and then found the optimal 

spreading coefficient h(n). Significantly, K(•) is inde-

pendent of the true probability density function, the sample 

size, and the dimensionality of the space; however, this is 

not true of the optimum h. Unfortunately, h is still a 

function of the unknown density f(y). 

In closing this section, we again mention Cacoullos' 

(1964, 1966) multivariate extension of the material presented 

by Parzen. Also, Rosenblatt (1970) considered estimates of 

a density function when the observations are dependent. The 

asymptotic results are essentially the same as those in the 

case of independent ob~~rvations. 
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1. 2 · Ap'pTication·s· ·o·f D'e'risity 'Estimation 

Various applications of density estimation can be found 

in the following articles: classification or discriminatory 

analysis (Fix and Hodges (1951, 1952), Stoller (1954), 

Gupta (1964)); derivatives of a density function 

(Bhattacharya (1967), Lin (1968), Schuster (1969)); empirical 

Bayes (Martz and Krutchkoff (1969), Bennett (1970)); hazard 

and reliability analysis (Watson and Leadbetter (1964a,b), 

Murthy (1965b), Martz and Hailey (1971)); regression 

(Nadaraya (1964c, 1965, 1970), Rosenblatt (1969), Schuster 

(1972)); and signal detection (Cooper (1964)). 

Let us now consider a practical application of density 

estimation from reliability analysis. Reliability is defined 

as the probability of a component (or system) performing its 

purpose adequately under the operating conditions encountered 

for the period of time intended. Mathematically, the 

reliability function is represented by 

R(t) = Pr[T > t] 

00 

= J f(-r)d-r 
t 

where the random variable T is the time to failure of the 

compone_nt and f(•) is the failure density. Consequently, 
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estimating f (t) enables us to estimate R(t) by performing 

the integration in equation (1.2.1), 

00 
A 

R(t) = J . (1.2.1) 
t 

where the "roof" indicates an estimate. 

Another fundamental problem of interest to reliability 

engineers is the estimation of the hazard function (sometimes 

called the failure rate). The hazard function, z(t), is the 

probability that an item, operating at time t, will fail in 

the interval [t, t+~t]. Mathematically, the hazard function 

is represented as 

_ .. 'f (t) 
z (t ) - 1-F ( t) = 'f Ct) 

R(tJ 

Therefore, we can estimate the hazard function by 

"' . f(t) 
z (t) = ~ 

R(t) 

(\ 

(1.2.2) 

(1.2.3) 

where R(t) is obtained as indicated above. The theoretical 

failure rate curve is high initially, decreasing with time, 

followed by a time period where the function is relatively 

constant. Finally, the failure rate increases with time as 

components reach the end of their useful life. This curve 

is appropriately named the "Bathtub Curve" and the three time 
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periods correspond to the region of early failures (inf ant 

mortality), the region of random failures (useful life), and 

the region of wearout failures (adult mortality). 

For th.is reason, it is easier to formulate models based 

on z(t) rather than on f(t); however, any analytical proce-

dure that is applied to the hazard curve to determine a model 

directly produces models for both f(t) and R(t). By means 

of equation (1.2.2), it can be shown that 

f(t) = z(t) exp[-Z(t)] 

t 

where Z(t) = J z(T)dT. In other words, to any nonnegative 
0 

function z(t) for which Z(00 ) = 00 there corresponds a distri-

bution and. conversely. 

Many existing techniques used to estimate the relia-

bility of a device or component assume a specified form of 

the underlying failure density. Typically, these forms are 

one of a fami.ly which include the exponential, Weibull, and 

. gamma distributions. The initial step in the treatment of 

failure data is to first compute a piecewise continuous 

failure density and hazard rate. The choice of the model 

which sufficiently explains the data is then determined from 

these graphs. Suppose N items are placed in operation at 

time t = O, and let n(t) be the number of survivors at time 

t. The. empirical density function over the time interval 
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t. < t < t .. + lit. is given by th.e ratio of the number of 
l. l. l. 

failures occuring in this interval to the size of the 

original sample, divided by the length of the time interval; 

that is, 

. [.n (t .) .-.. n (.t1 ... + .. titi).]./N 
. l. 

Similarly, the empirical hazard rate over the same time 

interval is defined as the ratio of the number of failures 

occuring in the interval to'the,number of survivors at the 

beginning.of the interval, divfded by the length of the time 

interval; that is, 

[.n (ti) .. .n (ti .+. liti) ]/ri (ti) 

ilt. 
l. 

A discussion of the choice of ti and liti can be found in 

Shooman (1968). 

Thus, the initial procedure in the choice of a failure 

model is to plot the histogram for zd(t). The general con-

tour of this empirical function is perhaps the best indica-

tion of the model that should be chosen -- constant failure 

rate model, linearly increasing or decreasing failure rate 

model, Weibull model, et cetera. Then a suitable model is 

chosen by inspection of the zd(t) function. Finally, 

statistical techniques· can be applied to efficiently process 
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the data and obtain "best" estimates of the parameters in 

the model. These techniques include least squares, moment 

estimation, and maximum likelihood. Notice that all of these 

methods require an underlying failure or hazard model to be 

assumed. 

Several other methods of reliability es~imation are 

presented in the articles by Taylor and Lochner (1965) and 

Schwartz, ·Seltzer, and Stehle (1965). Shoeman (1968) dis-

cusses an estimate based on the sample distribution function. 

Each of these approximations of the true reliability 

function are variations of the basic histogram. 

The foregoing material has briefly discussed some 

techniques for approximation of the reliability function and 

the hazard rate. In Chapters II-IV, we introduce some other 

estimation procedures which may be applied to reliability 

analysis. 

Using any of the estimators presented in Chapters II-IV 

in conjunction with equations (1.2.1, 1.2.3), we can then 

form estimates of either the reliability function or the 

hazard function, respectively. An example is shown in 

Chapter V. 
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1.3 Outline of Succeeding Chapters 

The estimator of the unknown density function developed 

in Chapter II is similar to those estimators of Rosenblatt 

and of Parzen. However, the kernel we consider is a function 

of the rank of each observation. We use, as our kernel, the 

asymptotic distribution of the order statistics of a sample. 

As is usually the case, we wish to determine the optimal h. 

Chapter III uses the estimator of Chapter II as the 

basis for the development or another estimation procedure. 

The method employed is the method of successive substitution 

in which the solution at each iteration is used to generate 

the next solution until convergence is obtained. 

In Chapter IV; a sequential procedure is developed for 

estimation of a probability density function. Initially, 

a normal density with mean x and variance s 2 is fitted to the 

data and a goodness of fit test is performed to ascertain the 

degree of approximation. This hypothesis rejected, a 

sequential procedure employing the concept of spline func-

tions is used. 

Several examples are given in Chapter V which compare 

the various methods of density estimation introduced in the 

preceeding three chapters. These examples have been selected 

to illustrate both good and bad features of the estimators. 

Two examples illustrate the application of the estimators to 
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reliability analysis. 

Finally, relevant computer programs (Fortran) and 

descriptions of their utilization appear in the appendices. 

Appendix A .contains the computer program for Chapters II and 

III while Appendix B contains the computer program for 

Chapter IV. 



CHAPTER II 

A RANK KERNEL. 'ESTIMATOR OF A DENSITY FUNCTION 

2 .1 Introduction 

In this chapter we are concerned with the estimation of 

a probability density function f (y) of a univariate random 

variable from a sample of size n. Suppose that we know 

nothing about the density f(y) except that it is continuous. 

Let Y be a univariate random variable and let Y1 ,Y2 , ... ,Yn 

be a sample of n independent obs~rvations, each being 

distributed according to the common continuous density 

function f(y). In order to eliminate repetition, we mention 

that the above discussion is also relevant to the introduc-

tion of each chapter and will not be given again. 

The estimator discussed in this chapter was introduced 

by Hendrickson (1972) and is similar to one proposed by 

Rosenblatt and by Parzen (see equations (1.1. 3) , (1.1. 5)) . 

The estimator differs from theirs by having kernels which 

are functions· of the ranks of the observations. 

The order statistics are obtained by arranging the 

sample in ascending order, 

y . y 
kl < k - 2 

< ••• < yk 
n 

(1 < k1. ~ n, k. f k.) , 
1 J 

and setting Xr = Yk (r = l, ... ,n). Let p (0 < p < 1) denote 
r 

19 
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a fraction such that F(y) = p and assume that there exists a 

unique solution £or y such that ;f(y) 'I O. This solution is 

called the quantile of order p and is denoted by ~p; that is, 

I 1 h th ·1 f h f n an ana ogous manner, t e p quant1 e o t e set o 
" n observations is defined as the value ~p such that the pro-

portion of observation~ ~ ~p is ~ p and the proportion of 
" 

observation~ > ~ is > l•p. Thus, we can define the func-- p -
" tion ~p in terms of the ordered observations as 

" " 
X[np]+l if np ¢ I 

~p - ~p{X1,X2,···,Xn) = 
xnp if np E I 

where I is the set of integers and [np] denotes the greatest 

integer not exceeding np. 

We shal~ now state several theorems that play an impor-

tant role in the formulation of our estimator, fn(y), of the 

true density f(y). These theorems may be found in Kendall 

and ·stuart (1969) and Rao (1965). It is well-known that the 

probability element of the rth order statistic from a sample 

of size n is given by 
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...... n.! ..... 
gr(x)dx = 

(r-1)·! (n-r) ! 
(2.1.1) 

In addition·, by letting r and n tend to infinity with their 

ratio, ~ = p, held constant, the asymptotic dis·tribution of 

~p is normal with mean ~p and variance p(1,;,p)/n[f(~p)] 2 ; 
2 . 

abbreviated N(~p,crp). 

In the following section, we show how these theorems 

are applied to form our estimator. 

2. 2 · A Clas·s of· Estimators Of A Density' Function 

Consider 'the estimator given in equation (2.2.1), which 

is essentially a weighted average of the sample distribution 

function, 

00. 

= J ~ K( r_:_!_) n I1 dFn(x) 
-oo 

K (~). 1 n 
= . l .ill 1 r= 

.(2.2.1) 

Instead of using the estimator above (Parzen's estimator), 

let us consider a kernel K(•) .which is a function of the 

rank of each of the order statistics. The estimator we 

propose is defined by 
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1 n ·(·0) = IlK l Nr 11 
r=l 

(2.2.2) 

where 

In .d Cs .) = . . .p. 
/Zn p(l-p) { 2 } 

. 1 nd Cs ) 2 
exp - ~ p(l-p~ y -oo<y<oo , (2.2.3) 

d(•) is some density function, and s is the pth quantile of p 
d(·). We will refer to the estimator given by equation 

(2.2.2) as the normal rank kernel estimator. In order to 

prevent division by zero when r = n, we will redefine the 

quantity p to be r/(n+l) .. It is evident that estimates of 

this form are themselves density functions. 

The function d(•) is an initial guess for the density 

from which the observations were generated. Because we 

choose a particular algebraic representation in order to 

ascertain the corresponding probability densities Nr(·), this 

does not imply that the sample was actually produced by such 

a population. Obviously, if we knew the parent distribution, 

there would be no need for estimation. Thus, our assumption 

for d(·) is analogous to Parzen's assumption of a particular 

kerne 1 K ( • ) . 

The rationale for our estimator is given by an inter-

esting result of order statistics stated in Theorem 2.2.1. 

By ranking the observations and using the limiting process 

mentioned previously, we obtain a kernel which varies 
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according to the location of each observation within the 

entire sample. In forming our rank kernel estimator, we 

have replaced the distribution of the rth order statistic, 

on the left hand side of the result stated in Theorem 2.2.1, 

by the asymptotic normal distribution. 

So that notation is not confused, we restate that 

f (y) is the true density function, 

gr(y) is the true density function of the rth order 

statistic, and 

d(y) is an initial estimate of f(y). 

Theorem 2.2.1 Given the densities, gr(·) r = l, ... ,n, of 

the rth order statistic then 

1 n 
n l gr(y) = f(y) · 

r=l 

The proof follows from the following equation: 

n n! 
1 l [F(y)]r-1[1-F(y)]n-rf(y) 
n 'r=l (r~l) ! (n-r) ! 

= f (y) r-1 n-r p q 

where p = F(y) and q ~ l~F(y). The above result is an appli-

cation of the binomial theorem. 

One might consider using h (•) as a kernel where h (·) r r 
is the density of the rth order statistic obtained from the 
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assumed form ford(•). However, to use a kernel of this 

form would indeed require laborious computations. 

2.3. Asymptotic Properties of the Estimator 

If the quantity p =. ·~l of equations (2.2.2) and (2.2.3) n . 

is replaced by F(xr), where Fis the true cumulative distri-

bution function, one should expect the estimator to be 

asymptotically unchanged up to a given order of magnitude 

depending on h. When this is done, the kernels (2.2.3) 

depend solely on the values of xj and not on the ranks. For 

fixed y, this estimator is of the form of equation (1.1.5) 

given by Parzen (1962) where K(xr) is written 

( h(y-xr) ) 
K y - . h 

These kernels, however, do not satisfy the symmetry require-

ment. It is clear that, unless the initial guess d(•) is 

close to f(·), the estimator given by (2.2.2) and (2.2.3) 

has no advantage over the less complicated form of Rosenblatt 

and Parzen. In the next chapter we give a procedure which 
A 

replaces d(•) by the estimate£(·). Hendrickson (1973) has 

given asymptotic results when d(•) is replaced by£(•). We 

discuss these results without proof. 
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Sample Percentiles 

The estimator given by C2.2.2) and (2.2.3) has the same 

variance (within 0 ck)) and bias Cwi thin 0 ch~) = 0 (~)) as 

that obtained by using m sample percentiles provided: 

i) 

ii) 

the sample percentiles satisfy FCxr) = 

l·s 1 d by r-~ p rep ace ---m- , 

r-~ 
m 

iii) n is replaced by m and h is replaced by 1, and 

iv) n m = nz-
The choice p = FCxr) = r~~ is essential for the bias of the 

two procedures to be ~ithiri o(~). The procedure is consid-
. r-~ r erably improved by using ---m- rather than m+l . Thus, althougr 

the use of m~l as done in the next chapter is instructive, 
r-~ better results should be expected by using m 

Bias 

The mean of fn(y) when dC·) = fC·) is 

ECfnCy)) = fCy)Cl 

where a(y) is defined by 

cr(y) = 
v'F(y) (1-F(y)) 

f (y) 

2 
+ 0 (!:!__) n (2.3.1) 

(2.3.2) 
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Hendrickson ·(1973) gives an adjustment to the estimator 
h2 which eliminates the value 2n . Usually, cr(y) has little 

curvature. 

Variance 

The variance of fn(y) is 

Var(fn(y)) -
f(y) 1 h2 

+ o(- + -) 
2/nn rn n 

(2.3.3) 

h2 This is similar to Parzen's result (1962) with - equal to n 
his h 2 . 

2.4· Determination of Anh 

In order to employ equation (2.2.2) we must first choose 

a value for h. · Obviously, the choice of h will influence 

the resulting estimate. However, instead of indiscriminately 

selecting a value for h, an optimal h is usually determined 

by minimizing the mean square error. Unfortunately, as 

illustrated by the principles applied by Rosenblatt and by 

Parzen, a different value for h is required for each value 

of y at which the density f (y) is estimated. 

Suppose one has a sample of size n. As stated in the 

previous section, one can choose m sample percentiles by the 

equation 



27 

F(x.) ~ i-~ 
1 m 

and use these m points to obtain the estimator with a value 

of h = 1. Alternatively, one can employ all of the n data 

and use a value of h 2 = n/m. In this section we discuss the· 

case when the xi are chosen by 

(2.4.1) 

One cannot obtain the same estimator by using all the data 

with a fixed spreading coeffi~ient because the xi are not 

centrally located in m equal frequency intervals. In this 

section we consider.using points defined by (2.4.1) and 

choosing a spreading coefficient h* which minimizes the bias 

of the estimator. 

The bias of the estimator can be asymptotically obtained 

by replacing (2.4.1) with the true percentiles satisfying 

i F(xi) - n+l . (2.4.2) 

These points are not random, but represent the mean. Let 

fn(y) be the expected density defined by the estimator given 

by the points (2.4.2). Since the bias depends on y, we will 

choose h* by minimizing the mean integrated square error 

(M.I.S.E.), 
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00 

(2.4.3) 
-oo 

The weight function w(•) is usually taken to be identically 

one or f(·). 

By using the M.I.S.E., only a single value of his 

required for all values of y. This measure is difficult to 

obtain numerically. We will consider a slightly different 

criterion to obtain the value of h to use in equation (2.2.2). 

The criterion we use is to minimize the average square error 

calculated at the observations, 

(2.4.4) 

The value of h for which this minimum is attained, denoted 

h*, is determined only when the true density is known. 

Equation (2.4.4) is a Riemann sum for (2.4~3) provided the 

xi are midpoints of the n equal frequency intervals corres-

ponding to the density w(•). Thus there is little difference 

between (2.4.3) and (2.4.4) for arbitrary xi, provided w(•) 

is appropriately chosen. Equation (2.4.4) measures the 

performance of fn(y). 

For a given density f(y) we generate the true 

percentiles by (2.4.2). Using these data, x1 ,x2 , ... ,Xn, the 

estimate fn(y) is formed and then the average square error 
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(A.S.E.) is ·calculated for various values of h. From the 

tabulation of h versus A.S.E., the· value of h* corresponding 

to the minimum average square error is ascertained. In our 

simulation study, the value of h* yielding the minimum A.S.E. . . 

has been determined to four decimal places since very little 

decrease in the average square error resulted from more 

significant digits. 

To test the performance of the estimator presented in 

this chapter and also the estimator introduced in Chapter III, 

we have chosen to simulate density functions which are 

representative of a ~road class of densities. We classify 

these densities as ligh.t-tailed, medium-tailed, and heavy-

··tailed. The light-tailed distributions are represented by a 

uniform density; the medium-tailed by a normal density'; and 

the heavy-tailed by a cauchy density function. In addition, 

we simulate a weibull density and an exponential density since 

they are bften used reliability models and·because they are 

also unsymmetric. These five density functions are 

abbreviated in the tables as UNIF, NORM, CAUC, WEIB, and EXP 

respectively. The specific values of the parameters of each 

density used in the monte carlo studies are given in Table V. 

Besides using the true density f (y) in the formula for 

calculating the variance, we have chosen, for the sake of 

comparison, to replace f (x) by the density 
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d (x) = 1 

We refer to this density as the underlying density and label 

this as type I when the uniform density is used, and type II 

when the true density is used. The sample sizes are n = 10, 

20, 40, 60, 80, 100. 

For a given true density, underlying density, and sample 

size we have used the true percentiles to determine the value 

of h* yielding minimum A. S. E.. This value of h* was then used 

for estimating the density of twenty random samples generated 

from the true density. For each sample, the average square 

error was computed and then the average of the average square 

error for the twenty experiments was also calculated. The 

same random sample was used in computing the estimate for the 

two underlying densities so that their individual estimates 

can be compared both separately and collectively. 

Tables I and II contain the values of h* and the 

corresponding.minimum average square error for each of the 

six sample sizes for the five simulated densities. Tables 

III and IV contain the average of the average square errors 

for the twenty random samples and also the median of the 

average square errors for the twenty experiments. The median 

was included since it will be less affected than the average 

by an occasional large error. 



31 

Tables ·I and II indicate that as the sample size 

increases the average square error continually decreases for 

each of the five densities. Furthermore, for the type I 

underlying density, the smoothness of the estimated curves 

using h* for the true percentiles tends to decrease at the 

tails of the estimate with the appearance of more noticeable 

bumps as n increases. The estimated curves using the type II 

underlying density for the true percentiles are much smoother 

in the sense that the bumps have been entirely elil)linated. 

In addition, the type II density yielded estimated curves 

which are very hard to visually distinguish between one 

another for the various sample sizes. 1 This. is in contrast 

-with the type I estimates where the tails become much more 

bumpy as n increases. 

For both types of underlying density, values of h less 

than that value (h*) yielding minimum A.S.E. produce curves 

which become extremely oscillatory as h decreases while 

values of h greater than that value yielding minimum A.S.E. 

produce curve~ which become smoother as h increases. _However, 

as the value of h increases, the estimated density be .. gins to 

1The exception is the rate at which the exponential 
density estimates reach their maximum for different n. Also, 
for the uniform density function, the estimates are steeper 
(more vertical) at the extremes as n increases. 
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assume the characteristics of a normal density function. 2 

Aesthetically, the "best" estimates using the type I 

density are for these. values of h since even the slightest 

protuberance (in the estimated curve using h*) has been 

smoothed out. At the opposite extreme, as the value of h 

decreas~s, the estimate is no longer a single curve but a 

group of n disjointed curves. 

For a given sample size and underlying density, it is 

difficult to distinguish between the shape of one estimated 

density and another for var~ous values of h with accuracy 

greater than one decimal place once the oscillatory nature 

of small h is overcome. For accuracy greater than two 

·decimals, it is impossible to visually differentiate between 

estimated densities. 

Unfortunately, Tables I and II do not indicate a general 

trend in the value of h* that minimizes the A.S.E. as n 

increases~ For the weibull type I estimates, the value of 

h* decreases for n = 10 through n = 40 and-then increases, 

wh.ile for the· weibull type I I estimates the value of h* 

continually increases. For both the exponential and uniform 

type I and II estimates, the value of h* decreases for all 

n but less noticeably as n approaches 100. For the normal 

type I estimates, the value of h* decreases from n = 10 

2The estimates of the expone~tial density do not respond 
to this principle as rapidly. 
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through n =~a and then increases, while for the normal type 

II estimates the value of h* increases for all n. Finally, 

for the cauchy type I estimates, the value of h* decreases 

for all n, while for the cauchy type II estimates the value 

of h* increases from n = 10 through n = 60 and then decreases. 

The drastic change in the value of h* evident in Table II for 

the cauchy estimates is explained by the fact that the 

analysis of the plot of h versus A.S.E. for each n had two 

local minimums. One of these minimums was the global minimum 

for n < 60 while the 0th.er minimum was global for n > 80. -
No other type I and II estimates had more than one minimum. 

Generally, for each sample size, the value of h* 

yielding minimum A.S.E. for the type I estimates is less than 

that obtained for the type II estimates 3 whereas the average 

square error for the type I estimates is greater than that for 

the type II estimates. 4 From the latter result and the fact 

that the estimated densities are much smoother, the type II 

estimates afford the "best" estimates. 

Now let us turn our .attention to Tables III and IV which 

tabulate the computations of the twenty random experiments. 

These tables, as did the previous two, indicate that the 

3The reverse is true for the uniform type II density 
estimates. 

4For the uniform density, the differences are so small 
that there is no practical difference and neither the type I 
or the type II estimates are preferable to the other. 
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general tend.ency of the average of the average square error 

is decreasing for each of the simulated-densities as the 

sample size increases. The type I estimated densities for 

the random samples are mostly polymodal; however, the general 

characteristics (shape, skewness, and kurtosis) of each is 

that of the parent distribution. The exceptions to the latter 

portion of this statement occur for samples of size ten. Once 

again, the type II estimates are smoother in the sense that 

many of the bumps have been eliminated. In fact, the poly-

modal character has been significantly reduced and many of 

the estimates are unimodal or bimodal. 

For the most part, the average A.S.E. for the type I 

estimates are greater than those for the type II estimates 

as is also true of the median values.· Again, this indicates 

the preferableness of the type II estimates. 

Finally, ·we mention several exceptions. The exponential 

type II densities overestimate in the neighborhood of T moreso 

than the type I, which explains why the fit is worse in terms 

of the average of the average square error. On the other 

hand, the general characteristics of the type II estimates 

are more indicative of an exponential density. Again the 

difference between the uniform type I and II estimates are 

not large enough to warrant preference for either underlying 

density over the 0th.er. And, the extreme change in the value 

of h* mentioned previously for the cauchy type II estimates 

is also.reflected in the average of the average square errors. 
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TABLE V 

SIMULATED DENSITIES 

p = 2 e = 3 

· 1 ·[-cr8--r) J f (y) = e exp -

e = 2 T = 1 

f (y) ".' 1 
a~y~ S-a. 
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f (y) = . 1 
exp [-

1 
2 v7TI a 

. a =· /2 µ = 10 

f (y) = l a 
TI a2 + (y-µ) 2 

a = • 3 µ = 5 

y > T 

T = 1 

y ?._ T 

s 

( y~µ )2] -oo < y < ()() 

-oo < y < ()() 



CHAPTER III 

AN ITERATIVE ESTIMATOR OF A. DENSITY FUNCTION 

3.1 The Iterative Estimator 

The estimator in the preceeding chapter had the generic 

form 

1 n rn d(~p) 
= iili l r=l l2rrp (1-p) 

whereas the estimator we propose in this chapter is given by 

where 

f~(y) 

N (z) · = r . 

m = 1,2, ... 

The superscript m denotes the iteration count. 

(3.1.1) 

The estimator in equation (3.1.1) uses the successive 

substitution method of iteration. Thus, we call this 

estimator the iterative estimator. Equation (3.1.1) uses a 

recursive relationship instead of an underlying density 
1 2 m A sequence of approximations fn,fn, ... ,fn is 

computed from a starting value f~ by means of the following 

procedure: choose f~(xj) for all j (j = l, ... ,n) and hence 

40 
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define f!(y); using f!Cxj) for all j define f!(y); and 
m-1 continue with this process until, for some m, fn (xj) is 

within a givens of fm(x.) for all j. This gives the 
n J 

estimate of .the true density function as 

1 n rn f~(xr) 
= - l 

n r=l /2np(l-p) 

By means of computer simulations, we have found that the 

choice of f~(xr) for each r (r = 1,2, ... ,n) to begin the 

iteration procedure is not critical as long as it is positive. 

Intuition leads one to suspect that too small an initial 

guess for f~(xr) for each r will serve to increase the value 

of f!Cxr). Likewise, too large an initial guess for f~(xr) 
1 for each r will serve to decrease the value of fn(xr). 

The same effect will occur on each subsequent iteration until 

convergence is obtained. For convenience, the reciprocal of 

the sample range was used for the starting values, 

r = 1,2, ... ,n. 

The iteration procedure was tern.inated for the data in 

Appendix A when for all r = 1, 2, ... ,rL 
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The iterative estimator converged for all of the computer 

simulations conducted. Furthermore, whenever a variety of 

different starting values (some of which were absurd) for 
0 fn(xr)' r = 1,2, ... ,n, were tested, the resultant estimates 

were identical. 

3.2 Comparison of the Rank Kernel Estimator 

and the Iterative Estimator 

As we did in Section 2.4, we have performed an experi-

mental analysis using both true percentiles and random data 

for the thirty combination~ of five true densities and six 

sample sizes. Table VI contains the number of iterations 

required to obtain convergence and the resultant average 

square error for the true percentiles for each combination 

of true density and sample size. These values of the average 

square error correspond to those found in Tables I and II. 

The results of each set of twenty random samples are 

presented in Tables VII and VIII. Again, the same random 

samples that were used for both the type I and type II 

estimates in Chapter II-were used here so that the experimen-

tal outcomes would be directly comparable. Table VII contains 

the average of the average square errors and also the median 

for each set of twenty monte carlo studies. The contents of 

this table correspond to those found in Tables III and IV. 
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Finally, the average, the medium, the minimum, and the 

maximum number of iterations required for convergence of the 

random experiments are found in Table VIII. 

Before presenting the analysis between the estimates of 

the rank kernel estimator and the estimates of the iterative 

estimator, let us first discuss the tabulations of the latter. 

Table VI indicates, for each simulated density, that 

both the average square error and the number of iterations 

needed to obtain convergence continually decreases as the 

sample size increases. In addition, the smoothness of the 

estimated density curves is quite similar to the smoothness 

of the type II estimates. If you recall, the type I estimates 

are bumpy in the tails while the type II estimates eliminated 

this protuberancy. Generally, for a given sample size, it is 

difficult to visually differentiate between the curve of the 

iterative estimate and that of the type II estimate using h* 

for the true percentiles. 

The tabulations in Table VII also indicate the general 

tendency of the average of the average square errors .to 

decrease with increasing sample size. The median values 

occassionally behave erratically, but the trend is to decrease 

as the sample size increases. Also, the median values are 

consistently less than their ~orresponding averages, as 

expected due to the occassional large error, but the 

magnitude of the differences decreases as n increases. 
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The estimated densities for the random samples are 

mostly polymodal; however, the general characteristics of the 

estimates are indicative of their parent population. The 

iterative estimates are inclined to accentuate oscillations 

where a concentration of data occurs and to de-emphasize 

them where data is sparse such as outlying observations. Thus, 

the densities are smoother in the tails than the type I 

estimates of Chapter II but have more pronounced fluctuations 

at the interior of the estimates. 

Upon comparison of the average square errors in Tables 

I, II, and VI, we find that the iterative estimates are 

preferrable to the type I estimates while the type II estimates 

are preferrable to the iterative estimates. The only 

exception is that both the type I and II uniform estimates 

are preferred to the iterative uniform estimates. A similar 

comparison of Tables III, IV, and VII reveals that the 

iterative procedure yields the largest average A.S.E. and 

median values. Consequently, both types of the rank kernel 

estimate are favored to the iterative estimator. 

Therefore, in our attempt to eliminate, by using the 

iterative estimator, the necessity to determine that value 

of h yielding minimum A.S.E. (h*) used in the rank kernel 

estimator, we have sacrificed precision in terms of the 

average square error. On the other hand, the iterative 

estimates are generally smoother than the type I estimates 
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but not as smooth as the type II estimates. 

3. 3 Estimation Using Sample Percentiles 

The results in this chapter were obtained using the 

true percentiles. When random data are given, the density 

estimator is obtained by using sample percentiles. By using 

a subset of the data, rather than all the data as done in 

Rosenblatt's kernel method, a significant amount of computer 

time and, consequently, expenses is conserved. This saving 

is esp'ecially realized for very large samples. 

Two examples ar~ given in Chapter V which illustrate the 

employment of the sample percentiles and also how these 

·estimation pro·cedures may be applied to grouped data. 

As mentioned earlier, the results we have obtained 

apply to the case when the k sample percentiles are defined 

by the relationship 

r 
K+T r = 1,2, ... ,k (3.3.1) 

We refer the reader to Hendrickson (1972) to similar proce-

dures where the estimator is altered by considering other 

possible percentiles defined similarly to (3.3.1). These 

procedures alter the bias, discussed in the previous section, 
1 by an order of magnitude equal to K" These results are 

extencied by Hendrickson (1973) to' the multivariate densities. 
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CHAPTER IV 

A SEQUENTIAL SPLINE PROCEDURE FOR 

ESTIMATION OF A DENSITY FUNCTION 

4 .1 Introduction 

Within the last few decades, spline functions have 

received considerable attention in the literature, mainly 

for the purpose of interpolation. Spline approximation has 

been discovered in several independent studies for four 

different criteria of optimality in the context of approxi-

mation of functions and best quadrature formulas. Splines 

(the word "splines" is frequently used as a synonym for 

spline functions) were first introduced in the middle 1940's 

by Schoenberg (1946) while investigating problems pertaining 

to the smoothing of equidistant data. The name spline 

function was derived from the mathematical analogy of a 

mechanical spline, a flexible device used by draftsmen to 

draw smooth curves by attaching weights at various locations 

on the spline in order to pa~s through specified points. 

The two free ends of the mechanical spline are straight, 

suggesting the tefminology n~tutal spline function (to be 

defined shortly). Basically, a spline function is a piece-

wise polynomial satisfying continuity conditions of the 

function and its derivatives that are less strigent then 

those of a polynomial. As such, they are direct generaliza-

49 



50 

tions of polynomials. Before giving the formal definition 

of a spline function, let us first present a brief historical 

background. 

Schoenberg and Whitney (1953) obtained criteria for 

the existence of a particular type of spline interpolation. 

In 1957, Holladay demonstrated the minimum curvature property 

of cubic splines for interpolation; that is, minimization 

of the integral square measure of approximation to the second 

derivative. Ahlberg, Nilson, and Walsh (1962) extended this 

propeity to periodic cubic splines, and then exhibited the 

minimum norm property for periodic splines of odd degree 

(1965c). DeBoor (1963) and Schoenberg (1964a) investigated 

various approximation properties for nonperiodic splines of 

odd degree. The convergence of higher order spline approxi-

mations to derivatives was first obtained by Ahlberg, Nilson, 

and Walsh (1962) while Birkhoff and de Boor (1964) also 

considered spline approximation of derivatives. 

The existence and uniqueness of bicubic spline surfaces 

of interpolation were demonstrated by deBoor (1962) after 

Birkhoff and Garabedian (1960) had extended the problem of 

spline approximation to two dimensions. Later, Ahlberg, 

Nilson, and Walsh (1965b) further extended these results to 

multidimensional splines. Also, Birkhoff and deBoor (1965) 

discuss splines of several variables. 

The concept of trigonometric spline functions was 
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introduced by Schoenberg (1964b), which he related to a 

linear differential operator. The application of spline 

functions to linear differential operators was also investi-

gated by Greville (1964), Ahlberg, Nilson and Walsh (1964, 

196Sa), and deBoor and Lynch (1966). 

The preceeding articles are but a few of the prolifera-

tion of literature treating various approximations by spline 

functions. Several more recent papers and texts are Greville 

(1967, 1969), Karlin and Ziegler (1966, 1967), Reinsch (1967), 

and Schoenberg (1967, 1969). In addition, at least two dozen 

articles by such authors as deBoor, Golomb, Hall, Karlin and 

Karon, Meir and Sharma, and Schoenberg have appeared in the 

Journal of Approximation Theory since its inception in 1968. 

For an extensive bibliography, see Sard and Weintraub (1971). 

The formal definition of a spline function is presented now. 

A spline function S(x) of degree m is a function 

chara~terized over the real line, R, by the following two 

properties: 

(a) S(x) is given in each of the r+l intervals 

cei,ei+l) for i = 0,1, ... ,r by a polynomial of degree at 

most m where e 0 = -oo and e = oo r+l ' 
(b) S(x) and its derivatives of order 1,2, ... ,m-l 

are continuous on R. 

The sequence of real numbers e1 ,e 2 , ... ,er are called knots 

(or nodes) and satisfy the relationship e. < e. if i < j. 
1 J 
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A spline of ·odd degree m ~ 2k-1 is called a natural spline 

if, in addition to satisfying properties (a) and (b), it also 

satisfies property (c): 

(c) S(x) reduces to a polynomial of degree k-1 in 

each of the intervals (- 00 ,e 1 ) and (er, 00 ). 

It is the third degree (cubic) spline function that approxi-

mates the behavior of the mechanical spline. 

Thus, a spline function is a class of functions defined 

by piecewise polynomial arcs of degree m in each interval 

(ei,ei+l) such that the composite function has continuous 

derivatives through the (m-l)st. In the special cases when 

m = 0 or m = 1, a spline is a step function (and condition 

(b) is non-functional) or a piecewise linear function 

(polygon), respectively. Another special case is for r = 0 

for which a spline is a single polynomial on R. 

Schoenberg and Whitney (1953) showed that any spline 

S(t) 0£ degree m can be represented in the form 

S(t) 
r 

= P (t) + I c.(t-e.)! 
m . j =l J J 

(4.1.1) 

where Pm(·) denotes a polynomial of degree m. The subscript 

"+" is used to denote the truncated power function defined as 

0 t < 0 . 
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In the case of a natural spline, equation (4.1.1) becomes 

r 
sCt) = Pk_ 1 Ct) + I 

j=l 
c.(t-8.)2k-l 

J J + 
(4.1.2) 

It is evident that s(t) satisfies property (c) in the inter-

val (- 00 ,8 1). However, to satisfy this property in the 

interval (8r, 00 ), we must equate to zero the coefficient of 

powers greater than k-1 of t; or this implies 

r 
I 

j=l 
i c.8. = o 

J J 
i = 0,1, ... ,k-l . 

Now let us turn our attention to the development of our 

spline estimator. 

4. 2 The. Spline Estimator 

Given a set of data Y1 ,Y2 , ... ,Yn obtained by experi-

mentatio~, we want to estimate the density function f (y) 

from which the observations were produced. Using the concept 

of a spline function presented in the preceeding section, 

we define an estimator of the unknown density function. The 

estimator is denoted by p(y) and its mathematical form is 

given in equation (4.2.1); 
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p(y) = exp{S 2 (y)} 
(4.2.1) 

k . 2 \ = exp{a1y + by + c1 + l 
i=2 

2 
C- (y-a.) }. 

l l + 

With slight modification in subscripts and parameters the 

function s2 (·) is recognized as a spline of degree two. We 

will call this estimator of the unknown probability distri-

bution, the exponential spline estimator (or just spline 

estimator). Obviously p(y) ·~ 0 for ally; however, in 

order that ihe spline estimator fulfill the requirements of 

a probability density function, we will require 

00 

f p(y) dy = 1 . 
-oo 

Using the.method of maximum likelihood, we 

mine estimates of the unknown parameters {ai}f, 

can deter-

b; and hence, an estimate of f(y). Therefore, in principle, 

the problem o·f determining the "best" approximation to f (y) 

is reduced to the simultaneous solution of Zk+l equations. 

The equation we desire to maximize is given by 

n 
L = l ~n p(y3.) -

j=l 

00 

A [ I p (y) dy - 1] 
-oo 

(4.2.2) 

where A. is t.he Lagrangian multiplier and the term in brackets 
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is the restriction that the estimate integrate to one. 

Expanding equation (4.2.2) we obtain 

n 2 n n k 2 L = al I y. + b I Y· + nc 1 + I I c.(y.-a.) 
j=l J j=l J j=l i=2 l J l + 

A[L ci(y-ai)~}dy-1]. 
(4.2.3) 

exp{a1y2+by+c1 + 
k 
I 

i=2 

Differentiating equation (4.2.3) with respect to the unknown 

parameters and the Lagrange multiplier, and setting the 

resultant. equations equal to zero yields the following set 

of equations: 

n 
I 

j=l 

n 
I 

j=l 

00 

y~ = A J y 2 p(y) dy 
-oo 

00 

Yj = A f y p(y) dy 
-oo 

00 

n = A J p(y) dy 
-oo 

(4.2.4a) 

(4.2.4b) 

(4.2.4c) 

(4.2.4d) 

i = 2, .•. ,k 
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Oo n I ., 

I (yj-ai)+ = A. (y:..ai) +P (y) dy (4.2.4e) 
j=l -co 

i = 2' ... 'k 
c. 

l f 0 

co 

f p(y)dy = 1 (4.2.4£) 
-co 

From equations (4.2.4c,f) we find that A. = n. There-

fore,.we can reduce the set· of equations (4.2.4) to the 

following: · 

(4.2.Sa) 

y = E(y) (4.2.Sb) 

co 

1., ( )2= n f n l YJ· -ai + j=l a. 
l 

co 

i = 2, •.. ,k 

(y-ai)p(y)dy (4.2.Sd) 

i = 2, .•• ,k 
c. f 0 

l 
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00 

f p (y) dy = 1 (4.2.Se) 
-oo 

The equations (4.2.Sa,b) are equivalent to the maximum 

likelihood equation for the variance. Let us mention here, 
. k that the parameters· {ai} 2 may·be chosen by the experimenter, 

in which case the conditions given by equation (4.2.Sd) are 

inoperative. We will say that these parameters are fixed 

if they are known a priori and that they are free if equation 

(4.2.Sd) is functional. 

In order that the spline estimator p(y) convey more 

meaning we alter the general form of equation (4.2.1) and 

rewrite it as follows: 

k 
. I 1=2 

2 
c~ (y-a*) -1 1 + ct (y-a2l =}-

( 4. 2. 6) 

Now the 2k+l unknown parameters are B1 , u, {cr}f, and {a!}~. 
The reader may verify that the same conditions as those given 

by the set of equations (4.2.5) must be satisfied. Most of 

the conditions are easily verified, but some difficulty is 

encountered in showing equations (4.2.Sa and 4.2.Sd for 

i = 2). 

Thus, using the estimator in equation (4.2.6), if we 

set c~ = 0 for all i (i = l, •.. ,k) and u = y, then the 
1 

exponential spline estimator becomes the normal density 
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f t . "th d · and s 2 t• 1 unc ion w1 mean an variance, y respec 1ve y. 

This is the initial stage of our sequential procedure for 

determining the estimate p(y) of the unknown true density 

function f(y); that is, we fit a normal distribution with 

mean y and variance s 2 to the data. Using the null 

hypothesis 

- 2 f (y) ~ N(y,s ) 

we perform a goodness of fit test. If we reject this test, 

we proceed to fit a spline estimate with one knot. Again, 

we perform a goodness of fit test with the hypothesis 

H0 f(y) ~ p(y) with one knot. 

This procedure may be repeated with as many knots as needed. 

As we .have mentioned previously, the experimenter may choose· 

to use a predetermined set of knots. In this case, he may 

want to dispense with a goodness of fit test after the 

addition of each knot. 

Several examples employing the spline estimator are 

given in Chapter V while the computer program, along with a 

description of its usage, is presented in Appendix B. 



CHAPTER V 

EXAMPLES AND CONCLUSION 

5.1 Introduction 

Having presented three different estimators of a proba-

bility density function in the preceeding chapters, we now 

give several examples utilizing these estimation methods. The 

examples use data that are both simulated and real. These 

examples have been selected to illustrate some good and bad 

features of these estimators. In addition, one example 

illustrates the application of density estimation to relia-

bility analysis. 

The examples employing simulated data are given first, 

followed by. the examples using real data. Furthermore, 

several of the examples have been chosen in such a manner that 

they are distinctively related. 

5. 2 Examples 

Example 5.2.1 - The first example uses the exponential 

density with parameters T = 1 and e = 2 to illustrate a 

principle discussed in Chapter II. The plots of the estimated 

density functions using h* for sample sizes n = 10 and n = 100, 

and both the type I and type II underlying densities are given 

in Figures 1. Notice the appearance of more protuberances 

in the tails of the type I estimates as the sample size 
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increases from n = 10 to n = 100. This is illustrated in 

Figure la. On the other hand, the type II estimates given in 

Figures lb and le are much smoother in the sense that the 

bumps have been entirely eliminated. The latter two estimates 

are shown on separate graphs because of the difftculty in 

distinguishing one estimate from the other. Finally, notice 

the change in the rate ( for both type I and type II estimates) 

at which the exponential estimates reach their maximum as 

the sample size increases. 

Example 5.2.2 - This example also uses the rank kernel 

estimator of Chapter II. The type I and type II underlying 

densities were used to compute estimates for a random sample 

of size n = 20~ The observations were generated from a 

normal distribution with mean and variance, ten (10) and two 

(2), respectively. The type I estimate is plotted in Figure 

2a while the type II estimate is plotted in Figure 2b. The 

true probability density function has been superimposed on 

each to facilitate comparison of the estimated and true 

densities. 

The polymodal tendency which is characteristic of the 

type I estimates is evident in Figure 2a, whereas the elimi-

nation of the polymodal effect by the type II density is 

noted in Figure 2b. The average square errors for the two 

estimates are .00337 and .000693, respectively. 
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Example·S.2.3 - The next example uses the iterative 

estimation procedure of Chapter III to estimate the exponen-

tial density function discussed in example 5.2.1 for a sample 

of size n = 100. In addition, we have used this estimate to 

illustrate the application of density estimation to relia-

bility analysis. Using the estimated density, fn(y), in 
"' "' conjunction with e·quations (1.2.1, 1.2.3) for R(t) and z(t), 

we have computed estimates of both the reliability and hazard 

functions. 

Figure 3a illustrates the similarity of the smoothness 

of the iterative estimate to that of the type II estimate 

. given in Figure le. Each iteration has been plotted to 

·illustrate convergence of the estimation procedure. Notice 

that the small bumps which are present in the first iteration 

have been smoothed out in the final solution. Seven itera-

tions were required to obtain convergence. 

The exponential distribution implies a constant hazard 

rate, 1/8, and an exponential reliability function. The 

corresponding estimated functions are given in Figures 3c 

and 3b, respectively. The true hazard rate function has been 

superimposed on the plot of the estimated hazard rate function 

whereas the true density function and true reliability func-

tion have not been since the estimated and true curves are 

very similar. 
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Example·s.2.4 - The iterative estimator was used to 

compute the estimate for the same random sample of size n = 20 

from a normal probability density function that was introduced 

in example 5.2.2. Figure 4 illustrates the tendency to 

accentuate oscillations where a concentration of data occurs 

and to smooth the humps at the extremes. Comparing this plot 

with Figure 2a, we see the more pronounced fluctuations pre-

sent in the iterative estimate than in the type I estimate. 

The average square error is .00833. Again the true 

density function has been superimposed on Figure 4. 

Example 5.2.5 - The final.example employing simulated 

data uses the spline estimator of Chapter IV. The uniform 

density function over the domain [0,10] was used to generate 

a sample of size n = 39 using true percentiles. Two fixed 

knots were chosen at a~ = 1 and a~ = 9 and we dispensed with 

the goodness of fit test. The estimated density has been 

plotted in Figure 5. 

In the next two examples, we consider the estimation of 

a probability density function from real data. The data were 

taken from Bliss (1967) in the form of grouped data. In order 

to employ our estimation procedures with grouped data, we have 

taken the number of observations occurring within each group 

and assumed that they are equally spaced within the interval 

width of the group. 
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Example 5.2.6 - This example is taken from Bliss' (1967) 

Chapter 5 on the normal distribution. The data describes the 

lengths, recorded to the nearest centimeter, of 578 ears of 

corn in an F3 cross of Missouri dent by Tom Thumb pop. The 

data was grouped into a fourteen (14) cell frequency table over 

the domain [10.5, 24.5] with cells of width one (1) centimeter. 

In Figures 6a and 6b the normalized histogram has been drawn 

along with the estimated densities. Figures 6a and 6b plot 

the estimates obtained from the iterative estimator and the 

spline estimator, respectively. The iterative estimation 

procedure required nine (9) iterations to obtain convergence 

using only fourteen (14) percentiles. Each of these itera-

tions has been plotted in Figure 6a. One fixed knot at 

az = y = 17.12 was used for the spline estimate. 

Example 5.2.7 - Our final example is data given in 

Chapter 7 of Bliss (1967) for the lengths of survival in 

days of 1110 mice inoculated uniformly with malaria in 

genetic studies of resistance. The data is presented in the 

form of a frequency table over the domain [3, 33] with thirty 

(30) cells of width one (1) day. Again, we illustrate the 

use of percentiles from the sample. However, we have used 

only twenty-eight (28) percentiles since the first and last 

cell of his frequency table contain no observations. Note 

that the normalized histograms given in the Figures 7a and 7b 

are bimodal. Bliss discusses this phenomenon as representing 
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a mixed distribution. The cause of death in the short-lived 

(~ 11 days) mice is attributed to severe toxemia while the 

cause of death in the long-lived (~ 14 days) mice is attri- · 

buted to anoxic anemia. 

The iterative estimation procedure required seven (7) 

iterations to obtain convergence; however, only the final 

solution has been plotted in Figure 7a. The spline procedure 

used one knot at the middle of each of the two histogram 

cells with the greatest frequencies and also one knot at the 

middle of the histogram cell with the least frequency; that 

is, az = 5.5, a~ = 10.S, and a4 = 20.5. The spline estimate 

is plotted in Figure 7b. 
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APPENDIX A 

PROGRAM K-TTER 

The computer program contained in Appendix A has been 

entitled "K-Iter" - "K" for kernel and "Iter" for iterative. 

The program has a dual purpose in that by proper choice of an 

input parameter, the program will be executed either for the 

rank kernel estimator of Chapter II or for· the iterative 

estimator of Chapter III. Several statements within the 

program have been coded on the far right hand side, corres-

ponding to columns 73 - 80, with the codes A~L, Wand IT. 

These will be explained as necessary. 

The program is written in Fortran and.involves several 

plotting subprograms (SCALE, PLOT, LINE, and AXIS). The IBM 

1627 Digital Plotter (Calcomp) was used to produce the figures 

presented in Chapter V. 

The required input data stream contains the sample size 

on the first card (Format #100) and the values of the program 

control parameters on the second card (Format #100) while 

subsequent, if any, data cards (Format #102) contain the 

sample observations. If the program is to generate the sample 

observations, only the first two data cards are required. The 

control variables and their options are described below: 

IPARM = code for true distributions; ·equals eight (8) if the 

true density function is unknown (real data); 

90 
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ICO(l) - code for simulated data; equals zero (O).for random 

data and one (1) for true percentiles; 

ICO(Z) = code for type of estimator; equals zero (O) if the 

program is to be. executed for the rank kernel 

estimator and one (1) for the iterative estimator; 

IC0(3) = code for estimated cumulative distribution function; 

equals zero (0) for no plot and one (1) for plot; 

IC0(4) = code for sample cumulative distrubition function; 

equals zero (0) for no plot and one (1) for plot; 

ICO(S) = code for reliability analysis; ~quals zero (O) for 

no plots and one (1) for plots; 

IC0(6) =code for histogram;.equals zero (0) for no plot and 

one (1) for plot; 

IC0(7) = code for sample percentile option; equals zero (O) 

if estimator is to use the entire sample and one (1) 

if estimator is to use the sample percentiles; 

NUM = number of sample percentiles (if IC0(7) = 1) and/or 

number of histogram cells (if IC0(6) = l); 

YS = code for plotting of estimated density function for 

the iterative estimator (ICO(Z) = 1); equals YES 

if desire piot of each iteration. 

An example of a data card containing the control parameters 

is given below: 
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Column Fonnat Code 

1-3 I3 8 
4 Il 0 
5 Il 1 
6 Il 0 
7 Il 0 
8 Il 1 
9 Il 1 

10 Il 0 
11.,.13 I3 10 
14-16 A3 NO 

In this example, the options indicate tha,t the true density 

is unknown, the data is random, and the iterative estimation 

procedure is to be employed. Also, the plots of the relia-

bility analysis and the ten (10) cell histogram have been 

requested. The entire sample is to be used and only the 

final solution is to be plotted. 

The description of other important variables and of the 

IBM subroutines used in the program are given next according 

to the order of appearance. 

IX = seed used for producing random data from IBM sub-

routine RANDU; must be odd number containing no more 

than nine digits; 

SVE2 = value exceeding expected maximum of the estimated and 

true probability densities; contains code ALLl-1; 

SVE3 = value exceeding expected maximum of the estimated and. 

true hazard functions; contains code·ALLl-2. 
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The last two variables are used so that both the corresponding 

estimated and true functions (when known) will be plotted on 

the same scale. Furthermore, if the iterative estimator is 

used, then SVE2 is used so that when plotting each iteration, 

they will be on the same scale,. If the true functions are 

not known or if only the final solution is-to be plotted, then 

these values, SVE2 and SVE3, are·not critical. 

N = sample ·size; 

RHO, TAL, THETA = correspond to the parameters. p, · 1-, and e 
of the weibull distribution (see Table V); 

coded Wl-2 through Wl-4; the remaining 

variables followi~g RXM in the COMMON 

statement are used as parameters of the 

other four densities. 

The right hand code W represents the weibull distribution. 

The cards coded Wl-1 through Wl-5 define the parameters of 

the simulated weibull distribution, while the cards coded 

W2-l and W2-2 compute the sample observations Yi. Each of 

the five sets of cards containing W codes must be replaced 

by the corresponding sets of cards for the particular true 

distribution being simulated. These principles are illus-

trated by the computer program "E-Spline" presented in 

Appendix B. Note how the five sets of W codes have been 

replaced by the sets of U codes (for uniform density). 

Similar substitutions. are made for any choice of a probability 
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density function that one desires to simulate. 'The card coded 

ALLZ-1 is used to produce the data representing the true 

percentiles. 

RANDU = IBM subroutine which generates uniform random numbers 

on the interval (0,1); coded ALLZ-2; 

X = array containing the observations; 

A,B = minimum (maximum) value of abscissa for which the 

true _density is computed; coded W3-2 (W3-3); 

Al,Bl = minimum (maximum) value of abscissa for which the 

estimated density is computed; coded W3-4 (W3-S). 

If no distribution is being simulated but real data is being 

used, then the only cards that need.to be inserted (after 

removing existing W coded cards) are the two cards corres-

ponding to the cards coded W3-4 and W3-5 unless the limits 

y ! Ss are permissible •. However, often the~e limits will be 

much greater than needed for support of the estimated density. 

Consequently, the histogram of the data may yield better 

limits for Al and Bl than these calculated internally. Also, 

if the observations are not generated by the program but are 

"read in", then the loop Do 4 should be replaced by the 

statement 

READ ( 5 , 10 2) (X (I) , I = 1 , N) ." 
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XMIN,DX =where X may represent Y, G, R, F, W, C,-or X; used 

D = 

H = 

to check if corresponding plots of estimated and 

true functions or each iteration are on the same 

scale; XMIN is the minimum value of either the 

abscissa or ordinate and DX is the number of units 

per inch; 

array corresponding to d(F~p) or f~(xi) as the case 

may be; card coded ITl-1 defines initial values of 

either d(~p) 0 or fn(xi); 

corresponds to h in rank kernel estimator; equals 

one (1) for iterative estimator; c6ded ITl-2. 

The cards coded ITl-1 and ITl-2 need to be changed to repre-

sent the required underlying density and value bf h. For 

example, a weibull type II estimate would require replacement 

of the card coded ITl-1 by the following cards: 

YFL = FLOAT (I)/(XN+l.) 

XX= TAL + (-THETA*ALOG(l.-YFL))**RXM 

D(I) = GX(XX). 

Similar replacements exist for other distributions. 

JP = corresponds to iteration counter m in the iterative 

estimator; controls termination of the program if the 

number of iterations required .to obtain convergence 

exceeds 250; 
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E = array corresponding to f~(xi) used to test for con-

vergence of the iterative estimation procedure; 

AREA = area of estimated density function, estimated by 

rectangles; 

FCT = function subprogram corresponding to equations 

(2.2.2, 3.1.1); 

QATR = IBM subprogram which integrates a function. 

We have tried to present sufficient details for use of 

this computer program without extreme explanations. The 

remaining variables and subprograms are s~lf ~explanatory or 

can be figured out with some thought. 
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COMMON Yl6003J,G(60031,F(6003J,R(6003), 
l OC200J,Xf202J,EC200), 
2 CDF{202J,IC0(71,VMIN,DY.IB 1 ID, 

N,PI,H,XN,XHN,SVE1,SVE2,SVE3, 
RHO,TAL 1 THETA,RXM 1 UM,VAR,VARS, 
ALPHA,SALPHA,SIG,BETA 

0.1\TA YfS/ 1 YESt/ 
IX:::l3795 
p 1=3,. llt1593 
SVE2-=.75 
SVE3=5.0 
READ(5,100J N 
Nl=~~-1 

XN·=N 
REA0(5,1COJ IPARM,(ICOCIJ 7 I=l,1J,NUM,YS 
WRITE(6,101) IPARM,ICOCllrIC0(2J,VS, 

ALL 1-1 
At.Ll-2 

1 (ICO(IJ,I-=3,7J,NUM 
PAR i'\~11 ETC: P.S DF SI MUU\ TED TR \J F DENSITY 
l1JEIBUU. { IPARM=U \H-1 
RH0=2.C Wl-2 
TAL=l~O Wl-3 
THETA=3.0 Wl-4 
RXM=l./RHO ~l-5 

DO 4 I=l,N 
ICO(lJ=O RANDOM DATA 

=l UNIFORM CDF DATA 
IF(ICO(l}} 37,2,l 
YFL=FLOAT(J)/{XN+l.J 
GO TO 3 
CfJ .. LL RA1\lDU(IX,IY,YFLl 
IX=IY 
WEIBULL CIPARM=lJ 
X(J)=TAL + (-THETA*ALOGCl*-YFLll**RXM 
CONT HllJE 
no 5 1~1,N1 

DO 5 J=I,N 
IFIX(IJ.LE.X(Jl) GO TO 5 
TEMP=XfJ) 
X(J)=X(1} 
X(I}=TEMP 

ALL2-1 

,f!.tL2-2 
t\l L2-3 
kr2-l 
\'12-2 

i:; COMTINUF 
WRITE(6,103) N, IXf 11,I=l,N) 

C IC0(6)=0 DO NOT PLOT HISTOGRAM 
C =1 PLOT HISTOGRAM 

IFUC0{6) ,,.EQ .. U CALL HISTOHJM) 
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C ICOC7J=O USE ENTIRE DATA 
C =l USE SAMPLE PERCENTILES 

c 

c 

IFCICOl7J .EQ. 11 CALL SAMPINUM) 
S2=0 .. 
XBA.R=O. 
00 6 I=l,N 
CDFIIJ=FLOAT(l)/XN 
S2= $2 + X(I)**2 

6 XBAR=XBAR + XCI) 
S2= CS2 - XBAR**2/XN)/XN 
XBAR=XBAR/ XN 
Al= XBAR - 5.*SQRT(S2) 
Bl= XBAR + 5 .• *SQRT{S2) , 
WRITE(6,104) XBAR,S2,Al,81 
WEIBULL CIPARM=l) 
A=TAL 
B=A + 7,., 
Al=A - l. 
Bl=B 
IB=(Bl-Al l*lOO. + 1. 
WRITE(6,105} IB 
ID=IB + 2 
DO 7 I=l:rIB 
S=FLOATCI-ll*l.E+50/l.E+52 +Al 
Ft U=S 

7 Y(I)=S 
SCALE CONTROL FOR ABSCISSA AXIS 
Y{JB+l}=AINTCAl) - l~ 
X HHl )=Y( IB+l} 
Xtl=Y( I3+1) 
YCIB+2J=AINTCB1) + l. 
X OH2)=Y( IB+2) 
CALL SCALECY, I0,8.0,VMIN,OY,ll 
WRITE(6,ll2} YMIN,DY 
CALL PLOTC2~0,3.0,-3l 

DO 8 l=l,M 
8 DCIJ=l*/(X(NJ-Xll}) 

H=l. 
WRITE(6yll0l H 
XHN=XN*H 

C******************************************** c 
C LOOP FOR CONVERGENCE OF DENSITY 
c 
C******************************************** 

!<CT=O 

W3-l 
W3-2 
W3-3 
W3-4 
W3-5 

ITI-1 
ITl-2 
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JP=l. 
IC0{2}=D 

=1 
DO l\!OT ITERATE 
ITERATE 

If {I CO { 2) • EQ. 0} GO T 0 16 
9 00 13 I=l,N 

XX=X(I) 
13 E<I.)·=f=-CT{X.X) 

DO 15 IR=:t,N 
IFCABSCD(IRJ-ECIRJJ.GT •• OOl)GO TO 17 

15 COMTINUF 
16 KCT=l 

IFOUH2}J 19,:20,19 
17 MPITEf6d06} (0(Ud=1 1 N) 

C YS=YES PLOT FACH ITERATION 
C =NO PLOT FINAL SOLUTION ONLY 

IF(YS-YESJ 28,20,28 
19 WRITE(6,107J JP 

WRITEC7,108) (0(1),I=l,NJ 
\,JRITE{6d06) (D( I) ,I=l~N} 

20 DO 2li· J:=1, IB 
XX=f{I) 

2l1- G(Il=FCHXXl 
AH EA=O-. 
0026 I=l,IB 
R{I}=Gfl} 

26 AREA=AREA + GCIJ 

C******************************************** c 
C PLOT OF THE ESTIMATED DENSITY 
c 
C******************************************** 
C SCALE CONTROL FOR ORDINATE AXIS 

S\/El=O . .,Q 
G{ IB+1 l=SVEl 
G{ 18+2 J=SVE2 
CALL SCALE(G, ID,S.O,GMIN,OG,lJ 
WRITEC6,ll31 GMIN,DG,AREA 
IFIKCT~E0.0] GO TO 27 
CALL AXIS( o.o,o.o,6HX AXIS,-6,e.o, 

l O.O,YMIN,OYJ 
CALL AXISI o.o,o~o,BHPDF AXIS, 8,5.0, 

1 90~0,GMIN,DGJ 
C IC0(6}=0 00 NOT PLOT HISTOGRAM 
C =1 PLOT HISTOGRAM 

IFCIC0(6J ~EO~ 1) CALL HISTlCNUMI 
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27 CALL PlOTCYC l 1 1 0.0,3) 
CALL PLOTIY( l ),GI l J,21 
CALL llNE(Y,G, 18,1) 
CALL PLOTtYf IB),G( 18),3) 
CALL PLOTlY! IB) 1 0.0 1 2J 
IFtKCT.EQ.lJ GO TO 30 

28 00 29 IR=l 1 N 
29 D(IHl=F.<IRl 

JP=JP +1 
IF{JP .LE. 250) GO TO 9 
WR!TE(6.,109) 
GO TO 36 

30 IF(1COl3J.EQ.O.AND.IC0(5).EQ.O)GO TO 31 
CALL ECDF{ Xll .& 

C ICOl5}=0 00 NOT PLOT RELIABILITY 
C =l PLOT RELIABILITY 

IF(IC0(5J .EQ* l) CALL REL 
C IPARM -.=8 TRUE DENSITY KNOWN 
C =8 TRUE DENSITY UNKNOWN 

31 IF(IPARM .NE. 8J CALL TRUEIA 1 8 1 Al 1 Bl) 
C ICOl4)=0 DO NOT PLOT SAMPLE CDF 
C =l PLOT SAMPLE CDF 

IFIICOC4l .EQ. lJ CALL ESCDF 
CALL PLOT(13.o,o.o,-3) 

36 CALL PLOTCO.o,o.o,-4) 
37 STOP 

100 FORMATCI3,711,13,A3) 
101 FORMAT( 1 1IPARM= 1 ,I2,4X,'IYFL= 1 ,I2/ 

1 ITER='112,~X,'VS= 1 ,A3/ 
2 1 CDF=',12,4x,•scoF=',I2/ 
3 1Rfl=' 1 12,4X, 1 HIST=',I2/ 
4 w ISAM=',12,5K,'NUM=•,I3l 

102 FORMAT<BF10.6J 
103 FORMAT{ 1 00ATA, N=',13/ 

1 (1X,51El6&6,4X)/)J 
104 FORMAT( 1 0XBAR=',El6.6,3X,'S2= 1 ,El6.6/ 

1 ' Al=',E16.6,3X, 1 Bl=' 1 El6.6J 
105 FORMAT('OIB= 1 ,I5J 
106 FORMAT(///ClX,5CE16.6,4X)Jl 
107 FORMAT('ODISTRIBUTION CONVERGED IN 1 1 

l 14, 1 ITERATIONS') 
108 FORMATl5El6.6J 
109 FORMAT( 1 00ENSITY OIO NOT CONVERGE') 
110 FORMAT(~OH=',El6.6) 
112 FORMATC/ 1 YMIN=',E16.6,3X1'0Y= 1 ,El6.6/} 
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113 FORMAT(' GMIN= 1 ,El6~6,3X,'DG= 1 1 El6~6, 
1 3X, 4 AREA=' 1 El6.6J 

FND 

FUNCTION FCTIXXI 
(******************************************** 
c 
C EVALUATION OF DENSITY ESTIMATE 
C AT A POINT XX 
c 
(******************************************** 

COMMON Yl6003},G(6003),F{6003J,R{6003J, 
1 0(200),X(202J,El200J, 
2 CDFC202J,ICOl7J,YMIN,OY,IB,ID, 
3 N,PI,H,XN,XHN,SVEl1SVF2,SVE3, 
t,. RH 0 , TA l ·t T HE TA ., RX M , !.JM, VAR. , V f, F S , 
5 ALPHA,SALPHA,SIG,BETA 

1'l.R=O ~ 
DO l IR=l,M 

Q=l,.-P 
Dl=D(IR} 
TPQ=SQRT(XN/(P*Cll*Dl 
XYZW=SQRTIXN/IP*O*PI*2~ll*D1 
Z=tXX-XCIR)l*TPQ/H 
IF(ABS(ZJ.GT. ?~J GO TO 3 
ff (Z ,. • O .. ) GO TO 2 
ZT=Z *"i' 2/ 2. 
XPQR,=F XP {-ZT) 
HP =XP ,:,XY7.l4 
GD TO l 

2 HP=XYH4 
GO TO 1 

:3 HP=O .. 
1 l\R=AR + HP 

FC T=14R/XHN 
RETUPN 
END 
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SUBROUTINE REL 
C******************************************** 
r 
l_., .... 

C PLOT OF RELIABILITY AND HAZARD 
c 
C******************************************** 

COMMON Vf6003J,Gl6003J,F(6003J,R(6003), 
1 0(200),Xl202J,E(200J, 
2 CDF(202J,IC0(7),YMIN,OV,IB,IO, 
1 N,PI,H,XN,XHN,SVE1,SVE2,SVE3, 
4 RHO,TAL1THETA,RXM,UM,VAR1VARS, 
5 ALPHA,SALPHA,SIG,BETA 

R { IB+l)=l~O 
R(IB+2)=0.,0 
.f < rn+1 )=o,.o 
F ( IB+'.2 }=:SVE3 
CALL PLOTC13.0,0~0,-3l 

CALL SCALEIR,ID,5~0,RMIN,DR,lJ 
CALL SCALEIF,I0,5~0,FMIN,Of,lJ 

WRITEC6,1001 RMIN,DR,FMIN,OF 
CALL AXIS(Oe0,0.0,6HX AXIS,-6,a.o, 

1 Oa0 7 YMIN,OYJ 
CALL AXIS!0~0,0~0 1 9HRITJ AXIS,9,5.0, 

1 90~0,RMIN,DR) 

CALL PLOTIYCIB+l),R(IB+l),3) 
CALL PLOT(Y(l),RCIB+lJ,21 
CALL LINEIY,R,IB,1) 
CALL PLOT(13~o,o~o,-3} 
CALL AXISC0.0,090,6HX AX1S,-6,B~O, 

1 0$0,YMIN,DYJ 
CALL AXIS(O.o,o.o,9HZ(T) AXIS,9,5~0, 

l 90~0,~MIN,OF) 

CALL PLOT(YC1),F(l},3J 
DO 2 I=2dB 
IF{F{ U .,EQ. O.) GO TO l 
CALL PLOTIY(IJ,F(IJ,2] 
GO TO 2 

1 CALL PLOT(Y(I),F(I},3) 
2 CONTINUE 

RETURN 

END 
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SUBROUTINE HIST(NUMJ 
C******************************************** 
c 
C PLOT OF HISTOGRAM 
c 
(******************************************** 

D I ME 1\J S I 0 N lt!1 2 3) , W ~! ( 2 2 ) 
COMMON Yf60031,G{6003),F(60031,Rl60D3), 

l 0(200l,X(2021,E(200I, 
2 COC(202),IC0(7),VMIN,OY,IB,10, 
3 N7 PJ,H,XN,XHN,SVE1 1 SVE2,SVE3, 
4 RHO,TAL,THETA,RXM,UM,VAR,VARS, 
S ALPHA,SALPHA,SIG,BETA 

F!\l=NUM 
WX=IXCNJ-X(l)]/FN 
WY=viX/2., 
WX=(X(NJ-X(lJ+WXJ/FN 
ST=X(l)-WY 
f\Jl=NUflii +1 
DD 1 I=l,Ml 
A.=I-1 
\,;J{ I l=ST + A;:<l•JX 

1 lrJl;H I ) =G. 
TN=N. 
TN·=l .. /TN 
,JJ=l 
DO 4 I=l,N 
DO 2 J=JI,NUM 
JJ=J 
I F {X { I ) $ G F .,. ?J L! ) • AJJ fL~ 

l X ( I ) .. LT., ~HJ+ 1 } ) GO T 0 3 
2 CONTINUE 
3 WW{JJJ=WW(JJ] +TN 
4 ,JI =JJ 

F'.fTUR!\J 
ENTRY HISTl!NUM} 
IC=NUM + 2 
\rHH IC}=SVE2 
\.,J (IC }=X( N+l) 
h!( IC+l )'=X{N+2) 
ICl=IC+l 
CALL SCALEtw,1c1,a.o,wMIN,ow,11 
CALL SCALECWW,IC15.01CMIN,DC,l) 
WRITE(6,115l WMIN,DW,CMIN,DC 
CALL PLOTIWll),0*0,3) 
CALL PtOT01( 1} .,\:H'1( 1) ,2} 
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DO 5 1=2,Nl 
CALL PLOTtW(1),WW(I-1J,2l 

5 CALL PLOTCWCIJ,WWCIJ,2) 
RETURN 

115 FCRMAT(/' WMIN=j 1 Fl6~613X,'0W= 1 ,El6.6/ 

l ~ CMIN=',El6.6 1 3X,'DC= 1 ,El6.6J 
END 

SUBROUTINE SAMP(NLJM) 
(******************************************** c 
C COMPUTATION OF SAMPLE PERCENTILES 

(******************************************** 
COMMON YC6003J,G(6003),F(6003) 1 R(6003), 

1 0(200),X(202J,E(200), 
2 CDFC202J 1 IC0(7J,YMIN,OY,IB1lD, 
3 N,PI,H,XN,XHN 1 SVE1,SVF2,SVE3, 
4 RHO,TAL 1 THETA,RXM,UM,VAR,VARS, 
5 AlPHA,SALPHA,SIG,BETA 

Nl=NUM +l 
XNl=Nl 
OQ 2 J=l,NUM 
XK=FLOAT(J*N)/XNI 
K=XK 
YK=K 
IF(YK ~ • XK) GO TO 1 
XCJJ=X(K+l) 
GO TO 2 

1 X(J)=X(KJ 
2 CONTINUE 

WRITE(6,1001 NUM,(X{IJ,J=l,NUM) 
N=NUM 
XN=N 
RFTURN 

100 FORMATl'OSAMPLE PERCENTILES, NUM=~,13/ 

l 11X,5CE16.6,4Xl/1) 
END 
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SUBROUTINE ECDF(XllJ 
[************************************~******* 
c 
C PLOT OF THE ESTIMATED CDF 
c 
C******************************************** 

DIMENSION AUX(lO) 
COMMON Yl6003J,GC6003J,F[6003J,R(60031, 

l 0(200),X(202J,El2001, 
2 CDFl202},ICOC7J,YMIN,OV,IB,IO, 
3 N1 PI,H,XN,XHN,SVE1,SVE2,SVE3, 
4 RHO,TAL,THETA,RXM,UM,VAR,VARS, 
5 ALPHA,SALPHA,SIG,BETA 

EXTERNAL FCT 
TFMP=C,. 
NDTM=lO 
EPS=,.001 
G't IB+l >·=O .. O 
G{ IB+2l=LO 
on t" I=ldB 
X X=F { J} 
CALL QATRIXll,XX1FPS1NDIM,FCT,ANS, 

l IER,AUXJ 
G{J)=TEMP + ,1\NS 
P Q Z= 1 .• -G { I ) 
IFIPQZ .LE •• 005) GO TO 2 
FlU=RtIUPQZ 
GO TD 3 

2 Ft U=O .. 
3 Rf I)=PQZ 

TEMP=G!I} 
4 XLL=XX 

WRITE(6,lll1 Gf IB),RCIBJ 
C ICOl3)=0 DO NOT PLOT ESTIMATED COF 
C =l PLOT ESTIMATED CDF 

, 
/l. 

l 

IFIIC0(3J .EQo OJ RETURN 
CALL PLOT(lJ~o,o~o,-JJ 
CALL SCALF( G ,ID,5.0,GMIN,OG,11 
WRITEC6,1141 GMIN,DG 
CALL AXIS(O*o,o.o,6HX AXIS,-6,a.o, 

o.o,YMIN,DYJ 
CALL AXIS(O.o,o.o,BHCOF AXIS,8,5~0, 

90.0,GMIN,OGJ 
CALL PLOTCYC1J,0.0,3J 
CALL PLOTIYl1],Glll,2J 
CALL LlNEIY,G, IB,1) 
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CALL PLOT(Y( 181,GI IDJ,31 
CALL PLOT(V( IDJ,GI 10) 1 2) 
RETURN 

Ill FORMAT('OG=l 1 El6~6/ l R=',El6.61 
114 FORMAT(/ 1 GMIN=',El6.6,3X,~DG= 1 ,Fl6.6/l 

END 

SUBROUTINE ESCDF 
C******************************************** c 
C PLOT OF THE SA~Plf CDF 

C******************************************** 
COMMON Yl6003J,GC6003l,Fl6003),Rl6003), 

J. 0{200l,X(202J,E!200), 
2 CDF{202),IC0(7),YMIN,DY,JB,IO, 
3 N,PI,H,XN,XHN,SVE1,SVE2,SVE3, 
4 RHO,TAL,THETA,RXM,UM,VAR,VARS, 
5 ALPHA,SALPHA,STG,BETA 

COF(N+l)=O,. 
CDF~N+2}=1,. 

IC=N+Z 
CALL Pl0Tfl3$0,050,-3) 
CALL SCALE(X ,IC,890,XMIN,JX,11 
CALL SCALE(CDF,JC,5.0,CMIN,OC,l) 
WP1TE(6,115l XMIN,OX,CMIN,DC 
CALL AXIS(O.o,o.o,6HX AXIS,-6,a.o, 

1 O.O,XMIN,OXJ 
CALL AXISro.o,c~0,8HCDF AXIS,R,5~0, 

90aO;tCMIN,DC) 
CALL PLOT(X (l},0.0,3) 
CALL PLOT(X Hl,CfJF{l}~2) 

DO l I=2,N 
CALL PL DT ( X ( I l ., CD F { I - U , 2 ) 

1 CALL PLOT(X 111,CDF(I),2) 
Cl\Ll PLOT(X (IC),COF(JC},2) 
RET!JR!\l 

115 FORMAT(/' XMIN= 1 ,El6.6,3X,~Dx=~,El6~6/ 

l t CMIN=',El6.6,3X,~OC='1El6e6l 

Ef\W 
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SUBROUTINE TRUECA,B,C,OJ 
C******************************************** c 
C PLOT OF THE TRUE DENSITY AND TRUE 
c 
(******************************************** 

c 
c 

COMMON Y(6003),G(6003),F(6003) 1 R(6003J, 
1 0(200J,X(202J,EC200) 1 

2 CDFC202),IC0(7),YMIN,DV,IB,JD, 
3 N,PI,H,XN,XHN,SVE1,SVE2,SVE3, 
4 RHO,TAL,THETA,RXM,UM,VAR 1 VARS, 
~ ALPHA,SALPHA,SIG,BETA 

IB=tB-AJ*lOO. + 1. 
\•JRITE!6 1 100~ IE\ 
DO l I= l, IB 
XX=FLOATCI-1J*l~E+50/l.E+52 +A 
Y( U =XX 
F{U=FX(X:O 
G( U=GX{XX) 

l R ( I}c=l $-HU 
Y(IB+lJ=AINT(CJ - l. 
Y(IB+2l=AINTCOl + 1. 
F( IB+l)=O,~D 
F < rn+21=1.0 
G( 18+1.)=SVEl 
G( IB+2)=SVE2 
ID=IB+2 
CALL Pl0T(l3~o,o~o,-3) 
CALL SCALE(Y ,10,a.o,YMIN,DY,l) 
C 14LL 
CALL 

l 

SCALE( F ,!D,5~0,FMIN,DF,lJ 
AXISCo.o,c.o,6HX AXIS,-6,8$0, 

O.O,YMIN~DYJ 

1 
,~~ 

CALL AXISCO~o,o.o,BHCDF AXIS,8,5.0, 
90.0,FMIN,DF) 

CALL PLOT(Y(lJ,o.o,3) 
CALL PLgT{YllJ,Flll12) 
CALL LINEIY,F, IB,1) 
CALL PLOT(Y(IB )9F(ID),JI 
CALL PLOT(YllO J,Fll0),2) 
IC0(5J=O DO NOT PLOT RELIABILITY 

=l PLOT RELIABILITY 
IFllCOf5J .EQ. 0) GO TO 4 
DO 3 I=l,IB 
IF(R(I] .LEo ~005) GO TO 2 
FCI)=GIIJ/RCIJ 
GO TO 3 



2 FllJ=O. 
3 CONTINUE 

CALL RFL 
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4 CALL PLOT(13.o,o.o,-3) 
CALL SCALE( G ,10,s.o,GMIN,oG.ll 
WRITE(6,101) YMIN,DY,GM!N,OG,FMIN,DF 
CALL AX1S(O$o,o.o,6HX AXIS,-6,8~0, 

1 O.O,YMIN,DY) 
CALL AXISI0~0,0~0,8HPOF AXIS,B,5.0, 

1 9090,GMIN,DGI 
CALL PLOTIY(l),0~0,3) 

CALL PLOTCYllJ,Gll),2) 
CALL lINEIY,G, IB,11 
CALL DLOT(Y( IBJ,G( IBl,3J 
CALL PLOT(Y{ IBl 1 0.0,21 
AVGSE=O. 
no 5 I=l,N 
XX=X{I) 

S AVGSE=AVGSF + (~CT(XXJ-GXCXX11**2 

AVGSE=AVGSE/XN 
WRITE!6,102J AVGSE 
RETURN 

100 ~ORMAT( 1 018= 1 1 15) 
101 FORMAT(/' YMIN= 1 ,El6.6,3X,'0Y= 1 ,Fl6.6/ 

l f GMIN=',El6.6,3X,'DG=t,£16~6/ 

2 ~ FMIN= 1 ,El6.6,JX, 9 0F=',fl6~6J 

102 FORMAT{//' AVG SQ ERROR= 1 1 El6.61 
END 

.FUNCTION F X {XX 1 
C***************~**************************** 
c 
C EVALUATES TRUE CDF 
(. 

C******************************************** 

c 

·1 

'· 
.2 
3 
Lr 

5 

COMMON Y(6003J,G(6003),F(6003J,F(60031, 
D{200J,Xl202J,El200J, 
CDF(202J,ICOl7J,YMIN,DY,IP,ID, 
N9 PI,H,XN,XHN,SVE1,SVE2,SVE3, 
RHO,TAL,THFTA,RXM,UM,VAR,VARS, 
ALPHA 1 SALPHA,SJG,BETA 

WEIBULL tIPARM=l) 
FX=l~-EXPl-tXX-TAll**RHO/THFTA) 

i'J.4-1 
?J ti--2 



FFTURN 
END 

FUNCTION sxrxx1 
(******************************************** c 
C EVALUATES TRUE PD~ 

(******************************************** 
COMMON Y(6003J,GC6003),F(6003J,R{6003J, 

1 0(200J,X(202J,E(200), 
2 CDF(202J,IC0(7),YM[N,DY,IB,101 
3 N,PI 1 H,XN,XHN,SVE1,SVE2,SVE3, 
4 RHO,TAL,THETA,RXM,UM,VAR,VARS, 
5 ALPHA,SALPHA,SIG,BETA 

c WEIBULL (IPARM=lJ 
GX=RHO*(XX-TAL1**fRHO-l.l* 

l EXP(-(XX-TAL)**RHO/THETAJ/THETA 
RETURN 
END 

W5-1 

W5-2 



APPENDIX B 

PROGRAM·E-SPLINE 

The computer program contained in Appendix B has been· 

entitled "E-Spline" for the exponential spline estimator of 

Chapter IV. Again, several statements hav~ been coded with 

the codes ALL and U (for uniform density). Their meanings 

and necessary manipulations are identical as those described 

in Appendix A since the two computer programs have been 

structured to be as compatible as possible. 

The input data stream for E~Spline hets c,hanged slightly. 

The sample size and the maximum number of knots to be used 

plus two (2) are contained on the first data card (Format 

#111) and the values of the program control parameters are 

contained on the second card {Format #100). The parameter 

IC0{2) is ignored by this program. A.ny dat0- cards (Format 

#102) containing the observations follow this card (remember 

to replace loop DO 4 by the READ statement). The next data 

card (Format #102) contains the critical value of the 

Kolmogorov-Smirnov goodness of fit test. Subsequent data 

cards (Format #101 of the first subroutine NOD), if any, 

contain the subscript and the value of ·the fixed knots. 

Many of the variables used in this program have been 

discussed in the preceeding appendix.. Please refer to it 

for the description of the following variables; I PARM, ICO ( ·), ·· 

NUM, YS, IX, SVE2, SVE3, N, RANDU, X, A, B, Al; Bl, XMIN, DX, 

110 
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QATR, and AREA. The £o.11owing important variables· appear. 

only in the program given in Append.ix B. 

NPl =maximum number knots to be used +2; 

Ul =corresponds to parameter uin·equation (4.2.6); 

BB - corresponds to parame.ter B1 in equation (4.2 .. 6); 

D == array correspondin_ g to the·· parameters ·a*• i'· 
Cl ... array correspond~ng to.the para~et;ers cf; 

XKS --critical value of Koimogorov.:.smirnovtest; 

KSTEST = subroutine for the Ko.lmogorov..;Smirnov .test~ 

We mention in Chapter IV that the gpridness.of.fit test may be 

eliminated. This can be . done b.y removing the: two cards 

containing the code TEST, and replacing the.second cardby 

IF(Il.EQ.NP1) GO TO 23 

Finally, there are two subroutines name.d NOD·contained 

in the program listing. ·The· first one is used when the knots 

are fixed while the second.subroutine NOD is used for free 

knots. 

Again, we mention that we have only tr~ed to present· 

sufficient details for use· of·. this computer program. 
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c 
c 

c 

113 

IF<ICOf,6) 
ICCH 7) =O 

,.,fQ., 1) CALL HiST(MUM) 
USE EMTIRE D/'lT,1'\ 

=l 
IFOCOt7) 
S=O~ 

U=O,. 
DG 6 I=l,N 

USE SAMPLE PERCENTILES 
~EQ4 1) CAll SAMPINUMJ 

c DF { n =FLOi\T { n /XN 
S=S + X{I}~Ul<2 

6 tJ=tJ -t- X(l} 
U= U/.XN 
S: ( S-XNo.'<l.J>l:lJ) 1xr,1 
Ul=U 
Sl=S 
BB=l~/SQRTl2.*PI*SJ 
SO=St:lRH S) 

Bl=U + 5.»l:SQ 
WRITE(6,10~) U,S,Al,Bl 
UNIFORM CIPARM=6J 
!\=ALPHA 
B=BET.~ 

/U=A -2 .. 
R1=B +2,. 
D{ U=Al 
D{2)=Bl 
CUl l=O .. 
CUZ>·=JJ. 
IB=IBl-AlJ*lOO. + 1. 
~'lPITE(6,105) IB 
ID=IB + 2 
OD 7 I=l,IB 
S=FLOAT(l-13*1.E+50/l@E+52 + Al 
FU }=S 

7 Y(Il·=S 
C SCALE CONTROL FOR ABSCISSA AXIS 

Y(IB+lJ=AINT(AlJ - 1. 
X {N+l}=Y(HH1) 
Vf IB+2)=AINT(BlJ + 1. 
;x. HH2)=Y{ IB+Z} 
CALL SCALE(Y, ID,8.0 1 YMIN,DY 1 ll 
WRITEl6,ll21 YMIN~DY 
CALL PlOTl2e0,3.0,-31 

C READ CRITICAL VALUE OF K-S TEST 
RFA0(5 7 1 } XKS 

U3-1 
U3-2 
U3-3 
U3-4 
U3-5 



c 
c 

114 

TEST NORMAL DENSITY, MEAN=Ul 
VARIANCE=Sl FOR FIT 
KNOT=O 
CALL KSTEST(OIF~ 

IF(DIF .LE. XKSJ GO TO 23 
WRITEl6,117J KNOT,OIF 

C******************************************** 
c 
C LOOP FOR CONVERGENCE OF SPLINE FUNCTION 
c 
C******************************************** 

KCT=O 
11=3 

40 KNOT=ll-2 
NP=KNOT 
CALL NOD 
NP=NP+l 
DO 9 I=2,NP 
AB(l)=O. 
DO 9 J=l,N 
IFIX(JJ-0(!)) 9,9,8 

8 ABCIJ=AB(I) + CX(JJ-DC1})**2/XN 
9 CONTINUE 

AB(l}=Sl + CU-0(211**2 - ABl2J 
WRITE(6,114) CABll),1=1,NP) 
JN=Il-II 
00 10 I=l,JN 

10 Cl(ll-11=0.0 
(******************************************** 
c 
C LOOP FOR CONVERGENCE OF Ul 
c 
C******************************************** 

00 20 12=1,1500 
KCON=O 
QO=Ul 

(******************************************** c 
C LOOP FOR CONVERGENCE OF Cl(IJ)'S 
c 
C******************************************** 

DO 15 IJ=l,NP 
NL=IJ 
ICl{Nl)=O 
BIN=O{Nl} 
IF!Nl-1} 12,12,11 

TEST 



11 AA=D( NU 
EN=D!IU 
GO TO 13 

12 AA=D(2) 
EN=AA 

1.3 C=Cl<Nll 
CALL ARE(3,SS,5,S4) 
S IG=AfH Nl) 
C=C-!SIG-SS}/S4 

115 

IF(ABSCC-Cl(NLJJ~LE •• 001) GO TO 14 
GO TO 15 . 

14 KCON=KCON +l 
ICU l\ll)=l 

15 CUNL J=C 
BIN=D{ U 
EN=DUU 
CALL AREll,AR,01DUM) 
GlA=L./AR 
BB=BB*GlA 
CALL AREC2,AX,4,AX21 
Ul=Ul + (U-AX):f.:$1/(AX2-Ul*AX) 
CALL ARECl,AR,O,DUM) 
GlA=l,,./AR 
BB=BB*GLA 
IFCKCON-NP) 16,18,16 

16 TF{ABS(Ul-QO) L.E-3) 17,17,19 
17 IC2=1 

GO TO 20 
18 IFIABSIUl-QOJ.LE. 1.E-3) GO TO 21 
19. IC2=0 
20 CflNT HWE 

WRITEf6,115) 
WRITE(6,106J BB,Ul,AR,AX,(Cl(MJ,M=l,NP) 
WRITEl6,llBJ (1Cl(Ml,,Ml=l,NP),JC2 
GO TO 28 

21 WRITE{6,110l 12 
WRITE(6 7 106} BB,Ul,AR,AX,(Cl(MJ,M=l,NPJ 
Q=O,. 
DO 22 J=l,NP 

22 Q=Q + Cl(J)*AB(Jl*XN 
Q=Q + XN*IU-Ull**2/(2.*Sl) 

1 + XN*.5 - XN*ALOGCBB} 
WRITE(6,109) Q 
CAll KSTEST(Oif) 
IF(DIF .LE. XKS) GO TO 23 TEST 
WRITEl6,117} KNOT,DIF 



116 

C YS=YES PLOT EACH ITERATION 
C =NO PLOT FINAL SOLUTION ONLY 

IF(YS-YESl 28,24 1 28 
23 WRITEl6,116) KNOT,XKS,OIF 

KCT=l 
24 JX=l 

JP=l 
tT=l 
DO 25 l=l,IB 
XX=F{I) 
IF(KNOT .EQ. 0} GO TO 25 
DO 41 KJ=JP,NP 
IFCXX-O(KJ)) 42 1 41,41 

41 JX=KJ 
42 JP=JX 
25 G{I}=FT(XX) 

AREA=O. 
DO 26 I=l,IB 
R{IJ=G(IJ 

26 AREA=AREA + G(I) 
AREA=AREA*~Ol 

C******************************************** c 
C PLOT OF THE ESTIMATED DENSITY 
c 
C******************************************** 
C SCALE CONTROL FOR ORDINATE AXIS 

SVEl=O.O 
GCIB•lJ=SVEl 
G(IB+2J=SVE2 
CALL SCALEtG, 10,s.o,GMJN,DG,ll 
WRITEC6,ll3) GMIN,DG,AREA 
IF(KCT.EQ.0) GO TO 27 
CALL AXIS{ o.o,o.o,6HX AXJS,-6,e.o, 

l o.o,YMIN,OV} 
CALL AXIS( o.o,o.o,eHPDF AXIS, e,s.o, 

1 90.0,GMIN,DGl 
C ICOl6)=0 DO NOT PLOT HISTOGRAM 
C =1 PLOT HISTOGRAM 

IF(ICOl6} aEQ. 1) CALL HISTlCNUM) 
27 CALL PLOTCV( 1 ),0.0,3) 

CALL PLOT(Y{ 1 ),GC l },21 
CALL LINECY,G, IB,l) 
CALL PLOTIYI IB1,G( IB},3) 
CALL PLOTCYC IBJ,0.0,21 
IFIKCT~EQ.l) GO TO 30 
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28 Il=Il + 1 
If(ll .LE. NPlJ GO TO 40 
GG TO 36 

30 IF(IC0(3).EQ.O.AND.ICOl5J*EQ.O)GO TO 31 
Cl'\.LL ECDF 

C ICOl5J=O DO NOT PLOT RELIABILITY 
C =l PLOT RELIABILITY 

IFtlC0!5i .-EQ .. l} CALL REL 
C IPARM ·-.=8 TRUE DENSITY KNOlAiN 
C =8 TRUE DENSITY UNKNOWN 

31 IFU:PA,RM .. NE .. R) C.6,LL TRUE<A,8,,1\.1,tBU 
C IC0(4J=O OD NOT PLOT SAMPLE CDF 
C =l PLOT SAMPLE COF 

IF(IC0{4) ;.EQ,. U CALL ESCDF 
CALL PLOT(l3~o,o.o,-3J 

36 CALL PLOTCO~o,o.o,-4) 

37 STOP 
100 FORMATII3,7Il,I3~A3J 
101 FORMATl'lIPAR~= 1 ,I2,4X,'IYFL=~,I2/ 

i isx,~vs=•,A3/ 

2 ' CDF= 1 ,l21 4X,'SCOF= 8 1 12/ 
3 ' 1REl='tI2,4X, 1 HIST=',12/ 
4 t ISAM= 1 ,12 7 5X, 1 NUM= 1 ,I3J 

102 FORMAT(8Fl046) 
103 FORMAT( 1 0DATA, N= 1 ,13/ 

1 (1X,51E16.6,4X)/)) 
104 FORMAT( 1 0XBAR= 1 ,El6~6,3X,'S2=' 1 El6.6/ 

l ' Al= 1 ,El6.6,3X 1 1 Bl=',El6~6J 
105 FORMAT( 1 01B= i,J5) 
106 FORMATC5X, 1 BB=',E16~6,5X,~Ul=',fl6~6/ 

l 5X, 1 AREA= 1 ,El6.6,3X, 
? 'EXPECTED VALUE=',El6.6/5X, 
3 1 THE ClfJl 11 S ARE 1 /(3X,4E16.6J) 

109 FORMATf5X,lNEGATIVE LOG-LIKELIHOOD=', 
1 El6.6) 

110 FORMATl5X, 1 SPLINE HAS CONVERGED IN 1 , 

1 I5 7 1 ITFRAT10N$f} 
111 FDRMATII3,I2J 
112 FORMAT(/ 1 VM1N= 1 1 El6.6,3X, 1 DY=',El6.6/J 
113 FORMAT( 1 GMIN= 1 ,El6.6,3X,'DG= 1 1El6.6, 

1 3X,&AREA=~,E16.6) 

114 FORMAT(/! AB 11 $ 1 /(5X,4El6.6)) 
115 FORMAT(' SPLINE HAS NOT CONVERGED') 
116 FORMATC//// 1 ACCEPT K-S TEST, KNOT= '• 

1 13/' XKS= 1 ,F6~3 1 5X, 1 DIF= 1 1 F6.3/l 
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117 FORMATC//// 1 REJECT K-S TEST, KNOT= ~, 

1 I3,5X, 1 DIF= 1 ,~6.3////J 

118 FORMAT( 1 1Cl 11 S 1 /(1X,15I2)J 
Fi\!D 

SUBROUTINE KSTESTCOIFJ 
C******************************************** c 
C GOODNESS OF FIT TEST 
c 
[******************************************** 

1 
.i. 

2 
1 
4 

6 

DIMENSION AUX(lOJ 
COMMON Y(6003),G{6003J,F(6003J,R(60031, 

X(202J,CDF{202J,Cl(151,Dll6J, 
IC0(7),YMIN,OY,IB,fO,N,PI,XN, 
SVF1 1 SVE2 1 SVE3 1 Ul,Sl,BB,LT,AA, 
EPS,NDIM,JI 1 JX,BIN,EN,NP,KNOT, 
RHO,TAL,THETA,RXM,UM,VAP,VARS, 
ALPHA,SALPHA,SIG,BETA 

FXTFRNL\l FT 
Xtt=X !N+U 
LT=l 
DIF=O. 
TEMP=O,. 
~lX=l 
.JP= 1 
DCI 1 I=l, M 
XX:::X(i) 
IF(KNOT @EQ. OJ GO TO 4 
DrJ 2 J=JP,NP 
IF(XX-DCJ)) 3,2,2 

2 JX=J 
3 JP=.JX 
4 CALL QATR(XLL,XX,FPS,NDIM,FT,SZ,IR,AUX] 

TFMP =T~~tip + SZ 
DIFl=ABSITEMP - CDFCIJJ 
IFIDIFl .GT~ DIFJ DIF=DIFl 

1. Xlt=XX 
RFTURN 
END 
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SUBROUTINE NOD 
(******************************************** 
r 
C DETERMINATION OF FIXED NODES 
c. 
C******************************************** 

COMMON V(6003J,G(6003J,F(6003),Rl6003J, 
1 X(202J,CDF(202J,Cl(l51,D(l6), 
2 I (7),VMIN 1 DY,IB,ID,N,PI,XN, 
3 SVE1,SVE2,SVE3,Ul,Sl,BB,LT,AA, 
4 EPS,NOIM,II,JX,BIN,EN,NP,KNOT, 
5 RHO,TAL,THETA,RXM,UM,VAR,VARS, 
6 ALPHA,SALPHA,SIG,BETA 

READl5,101) V,11 
LP=NP+2-II 
DO 1 JJ=l,LP 

l DfNP+3-JJ)=DINP+2-JJ) 
O(Il}=V 
NS=NP+2 
WRITE(6,102J IO(J),J=l,NSJ 
RETURN 

101 FORMATIF6~2112J 
1J2 FORMAT(// 1 D(JJ*'S 1 /(5X,4El6.61] 

END 

SUBROUTINE NGO 
C******************************************** 
r 
j·.·· 

C DETERMINATION OF FREE NODES 
c 
(******************************************** 

DI MENS I ON AL { 5 0) , S l\ ( 5 0) 
COMMON Yl6003J,G(6003J,F(6003J,RC6003), 

1 X(202J,CDF( 2J,Cl{l5J,Dl16J, 
2 JC0(7J,YMIN,OY,IB,IO,N,PI,XN, 
3 SVE1,SVE2,SVE3,Ul,Sl,BB,LT,AA, 
L EPS,NOIM,11,JX,BIN,EN,NP,KNOT, 
5 RHO,TAL,THETA,RXM,UM,VAR,VARS, 
6 ALPHA,SALPHA,SIG,BETA 

i\lf\l=30 
XNN=NN 
H=(X(N J-X(l)]/XNN 
U=Xll)-H 



DO 3 I=l,NN 
U=U+H 
W=O. 
DO 2 IP=l 1 N 
IF(X(IP)-U) 2,2,1 

1 W=W + CX(IP)~Ul**2 
2 CONTINUE 
J SAlll=W/XN 

BIN=X(lJ-H 
EN=DCNP+l) 
DO 4 10=1,NN 
BIN=BIN+H 
AA=BIN 
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CALL ARE(3,SY,0 1 DUM) 
4 AL{ID}=SY 

U=Xll)-H 
XMAX=O. 
00 B l=l,NN 
DIF=ABSCAL{l)-SA(I)} 
U=U+H 

6 IFIDIF-XMAX) 8,7,7 
7 XMAX=DIF 

AW=U 
8 CONTINUE 

00 q I=l,NP 
J=l+l 
IF(O(!J .LT. AW .AND. O(J) .GT. AW) 

1 GO TO 10 
9 CONTINUE 

10 II=J 
LP=NP+2-J 
00 11 JJ=l 1 LP 

11 DCNP+3-JJl=DCNP+2-JJ) 
D{J}=AW 
NS=NP+2 
WRITEC6,l01) AW,XMAX 
WRITEC6,l02l (OCJJ,J=l1NSJ 
RETURN 

101 FORMATI////' AW=' ,El6.6,3X, 
1 'XMAX=',E16.6/J 

102 FORMAT(//' DfJ) 1 'S'/{5X 1 4E16~6)) 
END 
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SUBROUTINE AREILT1,SY,LT2 1 SX) 
C********************.*********************** c 
C DETERMINES LIMITS OF INTEGRATION 
c 
C******************************************** 

DIMENSION AUXllO) 
COMMON Vl6003},G(6003J,FC6003J,RC6003), 

l Xl202),CDF(202),Cl(l5),0{16J, 
2 IC0(7),VMIN,OY,IB,ID,N,PI,XN, 
3 SVE1,SVE2,SVE3,Ul,Sl,B8,LT,AA, 
4 E P S , N 0 I M , I J , J X , BI !'>!, E N .1 N P , K 1\1 OT ., 
5 RHO,TAL,THETA,RXM,UM,VAR,VARS, 
6 ALPHA,SALPHA,SIG,BETA 

EXTERNAL FT 
SY=O. 
SX=O. 
DD 1 Jl=l,NP 
lf{DCJl+lJ-BINI 1 1 1 1 2 

2 1FCDIJ1)-BINJ 4,3,3 
3 Xl=D(Jl) 

GO TO 5 
4 Xl=BIN 
5 IFIDCJl+lJ-fN) 6,6,7 
6 X2=0{Jl+U 

JX=.H 
LT=LTl 
CALL QATR{Xl,X2,EPS,NDIM,FT,SZ,IR,AUX1 
SY=SY+Sl 
IFCLT2 .EQ. OJ GO TO l 
LT=LT2 
CALL QATR(Xl,X2,EPS,NDIM,FT,SZ,JR,AUX) 
SX=SX+SZ 

1 CONTINUE 
RETURN 

7 X2=EN 
JX=Jl 
lT=LTl 
CALL QATRCXl,X2,fPS,NOIM,FT,SZ,IR,AUX) 
SY=SY+SZ 
IF(LT2 .EQ. OJ RETURN 
lT=LT2 
CALL QATRCX1,X2,EPS,NDIM,FT,SZ,IR,AUXJ 
SX=SX+SZ 
RETURN 



GN:.:J 
Ncn1:H.:i 

(, >:<>:<;f'!\f'!I;(< z =1 :::l 
z*,;. (V\/-XX l=Mi'' ZI 

i'Jdfll::l ti 
z,:,~<XX.>:< Z=l::I 1 T 

Nt!O.LJd 
1'1iM>:< Z=l::! 

Z>:<* (V\7-XX )=J'i1M 01 

Z=.L::I 3 
ll'CZI11I'OI'6'8J 01 09 L 

"'O=Z 9 
L Dl D9 

t Z(J-) dX3>i<88=1 
9 OL 09 c~sE ~1s~ Z0):.:Jl 

11s*·z11z**'1n-xx1 + M=ZO ~ 
Z**l(Zr)U-XX)*lZrl1J + M=M E 

X f' 'Z=Zf' ·r.: fJU 

Z**l(Z)G-XXJ*(1)1J=M 1 
Z'l'l n-xfLH 

V138'9IS'~HdlVS'VHdlV 9 
'SciVA'UVA'wn•wx~'Vl3Hl'lVl'OH~ 
'lON~'dN1N3'NIB'Xr'11•w1GN'Sd3 
'VV111'88'IS'10'E~AS'Z3AS'l3AS 

'NX'Id'N'GI'8I'AO'NIWA'IL}UJI 
'(91)Q'lS1J1J'l20Z)JGJ'lZOZlX 

'(E009)M'CE009)~1IE009)8'CS009)A 

********************************************] 
XX lN IOd v l'if Si\JO I L>NO::i d 3H1U J 

QNV 31V~11S3 A1ISN3J ~a NOI1~n11A3 J 

********************************************j (XX U.J NU 11 'Jt\lfl::I 

UN:l 

ZZ1 
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SUBRntHI REL 
C******************************************** c 
C PLOT OF RELIABILITY ANO HAZARD 

(******************************************** 
COMMON V{6003),G(6003J,Fl60031,R(6003J, 

1 Xf202),COF(2021,C1(15),0(16J, 
2 IC0{7) 7 YM1N,DY,IB,ID,N,Pl,XN, 
3 sv~1,SVF2,SVE3,Ul,Sl,BR,LT1AA, 

~· EPS,NDIM,II,JX,BIN,EN,NP,KNOT, 
5 RHO,TAL,THETA,RXM,UM,VAR,VARS, 
6 ALPHA,SALPHA,SIG,BFTA 
R(IFHU=l.C 
P{IB+2)=D.O 
F{IB+l}=O.O 
f( 18+2 )=SVF3 
CALL PLOT(13.0,0$0,-3J 
CALL SCAL~CR,ID,5.0,RMIN,DR,lJ 

CALL SCAL~(F,ID,5.0,FMIN,OF,1] 

WPITE(6,100J RMIN,DR,FMIN,DF 
CALL AXIS(0.0,0~0,6HX AXIS,-6,a.o, 

l O.O,YMIN,DYl 
CALL AXIS(O.o,o.o,9HR{T) AXIS,9,5~0, 

l 90.0,RMIN,DR) 
C.!.\Lt PLOT{Y{IB+l),P( 18+1),3) 
CALL PLOT(Y(lJ,P(IB+lJ,21 
CALL LINECY,~,IB,l) 

CALL Pl0T{l3.0.0~0,-3J 

CALL AXIS(0.0,0.0,6HX AXIS,-6,a.o, 
l O~O,YMIN,DY) 

CALL AXtSIO~o,o.0,9HZ(T) AXIS,9,5~0, 

l 90.0,FMIN,DFJ 
CALL PLGT(Y(ll,F(1J,3J 
DD 2 I=?,IB 
lf(FII) .EQ. O.J GO TO l 
CALL PLOT(Y(I),F(IJ,21 
GO TO 2 

1 C.llLL PLOT(Y<J),f(I),3) 
2 COf\iTI\!UE 

RETURN 
100 FORMAT{/' RM1N=',E16.6 1 3X 1 1 DR:•,E16.6/ 

1 I FMif\!:=',E16 .. 6,3X, 1 DF=•,fl6 .• 6) 
E~<lO 
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SUBROUTINE HISTINUMJ 
(******************************************** c 
C PLOT OF HISTOGRAM 
c 
C******************************************** 

DI NSION WC23J,WWC22J 
COMMON V(6003J,Gl6003J,FC6003J,RC6003), 

1 Xl202J,CDFC202J,ClC15J,D(l6J, 
? ICOl7) 1 YMIN,OY,IB,ID 1 N,PI,XN, 
~ SVE 1, S\IE 2, S VE3, Ul, S 1, 8 8 ~ LTw t\t\, 
4 EPS,NDIM,II,JX,BIN,EN 1 NP,KNOT, 
S RHO,TAL,THETA,RXM,UM,VAR,VARS, 
6 ALPHA,SALPHA,S1G,BETA 

FN=NUM 
WX=(XCNt-XClJJ/FN 
hlY=hlX /2,, 
WX=(X(N)-X(l)+WXJ/FN 
S T=X ( U -WY 
Nl=f\!UM +1 
DO 1 1=1,Nl 
A=I-1 
h!(I)=ST + li,~J:\,.JX 

1 WWtI)=O .. 
TN=N 
TN=l,./TN 
,JI=l 
DC 4- I=l,1\I 
DO 2 J=,,II, NUM 
J J=,J 
IFIXCI) ~GE. WtJJ .AND~ 

I XtIJ .LT~ W(J+l11 GO TO 3 
? CONTINUE 
? WWIJJ}=WW(JJI +TN 
4 JI=JJ 

RETURN 
ENTRY HISTl(NUMJ 
IC=~HJM + 2 
kil\i>i{ IC)=SVE2 
l;f{ IC )=X{ N+1} 
~H IC+l )=Xf N+:(,l 
ICl=IC+l 
CALL SCALE(W,ICl,8.0,WMIN,DW,l) 
CALL SCALECWW,JC,5.0,CMIN,OC,1) 
WRITEC6,1151 WMIN,OW,CMIN,DC 
CALL PlOT(W(lJ,0.0,31 
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CALL PlOT(WllJ,WW(l),2) 
DO 5 I=2,Nl 
CALL PLOTCWCIJ,WW(I-11,21 

5 CALL Pl0T(WCIJ,WW(IJ,2J 
RETURN 

115 FORMAT(/ 1 WMIN= 9 ,E16~6,3X,'0W=',El6*6/ 

1 1 CMIN~ 1 ,El6.6,3X,~DC=',El646J 

END 

SUBROUTINE SAMP(NUMI 
(******************************************** c 
C COMPUTATION OF SAMPLE PERCENTILES 
r 
v 

C******************************************** 
COMMON Y(6003J,GC6003),Fl6003),R(60031, 

1 X(202),COF[202l,Cll15),0(16}, 
2 IC0(7J,YMIN,DY,IB,IO,N,PI,XN, 
3 SVE1,SVE2,SVE3,Ul,Sl,BB,LT,AA, 
4 EPS,NOIM,JI,JX,BIN,EN,NP,KNOT, 
5 RHO,TAL,THETA 9 RXM,UM,VAR,VARS, 
6 ALPHA,SALPHA,SIG,BETA 

Nl=NUM +1 
XNl=Nl 
on 2 J=l,NUM 
XK=flOATIJ*N)/XNl 
K=XK 
YK=K 
IFIYK .EQ. XKJ GO TO 1 
XCJJ=X(K+l) 
GO TO 2 

1 X(Jl=XIKJ 
2 CONTINUE 

WRITE(6,IOOJ NUM,IX(J),J=l,NUMI 
N=NUM 
XN=N 
RETUFN 

1nn FORMAT( 1 0SAMPLE PERCENTILES, NUM= 1 ,I3/ 
1 ClX,5(El6.6,4XJ/JJ 

ENO 
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SUBRDUTI NE FCDF 
C******************************************** 
c 
C PLOT OF THE ESTIMATED CDF 

DIMENSION AUXCIOJ 
COMMON Yl6003),G(60031 7 F{6003l 1 R(6003J, 

l X(202J,CDFl202J,Clt15J,O(l6), 
2 ICOt71 1 YMJN,OV 1 1B,IO,N,PI,XN, 
3 SVEI,SVE2,SVE3,Ul,SI,BB,LT,AA 1 

4 EPS,NDIM,II,JX,BIN,EN,NP,KNOT, 
~ RHO,TAL,THETA,RXM,UM,VAR,VARS, 
6 ALPHA 1 SALPHA,SIG 1 BETA 

FXTf::RM.t,t_ r-:r 
XLL=X{M+l) 
,JX=l 
JP=l 
LT=l 
TFMP=O,.O 
G{IB+ll=O.D 
G{ I8+2)=L.O 
DO 6 I=l,IB 
XX=F( I) 
IF(KNOT ~EO,. 0) GO TO 3 
DO 1 KJ=JP,NP 
IFIXX-DIKJ)J 2,1,1 

1 J X=K.,J 
2 JP=JX 
3 CALL QATRf XLl,XX,FPS,NDIM 1 FT ,ANS, 

l IER,AUXJ 
G {I} =TEMP + A!\!S 
POZ=L.-G(I} 
IF(PQZ ~LE, ~0051 GO TO 4 
F( I i=R{ U/PQZ 
GD TO 5 

t+ F'(l)=Oco 
5 Rn) =P 

TEMP=G(Il 
6 XL L= XX 

\4RITE{6,lll) G( IR),R£HH 
C ICOt3J=O DD NOT PLOT ESTIMATED CDF 
C =l PLOT ESTIMATED CDF 

IF{ICCH3l .. EQ,. 0) RETUHN 
CALL PLOT(1390,o.o,-3J 
CALL SCALE( G 710,s.o,GMIN,OG,l) 
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WRITE(b,1141 GMIN,DG 
CALL AXISCO.o,o~o,6HX AXIS,-6,a.o, 

1 OaO,YMIN,DY) 
CALL AXIS(O.O,O@O,BHCOF AXIS,8,5.0, 

1 
CALL 
CALL 
CALL 
CALL 
CALL 

90.0,GMIN,OG} 
PLOT(Y(lJ,0~0,3) 

PLOT(Y(l1,G(lJ,2J 
LINEIY,G, IB,l) 
PLOTIYI IBJ,GI IDJ,3) 
PLOTCYC ID),G( 10) 7 2) 

RETURN 
111 FORMATC'OG= 1 1 El6~6/ 1 R=',El6.6J 
114 FORMAT(/' GMIN=~,El6~6,3X, 1 DG=',El6*6/J 

END 

SUBROUTINE ESCDF 
(******************************************** c 
C PLOT OF THE SAMPLE CDF 
c 
(******************************************** 

COMMON Yl6003),G(6003J,F(6003),RC6003), 
l Xl202J,CDFl202J,Cl(l5J,D(l6J, 
2 IC0(7J,YMIN,DV,IB,IO,NrPI,XN, 
3 SVE1,SVE2,SVE3,Ul,Sl,BB,LT,AA, 
4 EPS,NDIM,Jl,JX 1 BIN,EN,NP,KNOT, 
S RHO,TAL,THETA,RXM,UM,VAR,VARS, 
6 ALPHA,SALPHA,SIG,BETA 
COFIN+lJ=O~ 

CDF(N+2)=1. 
IC=N+2 
CALL PLOT(l3.o,o.o,-3) 
CALL SCALE(X ,1c,a.O,XMIN,ox,11 
CALL SCALECCDF,IC,5a0 1 CMIN,OC,ll 
WRITEC6,115J XMIN,OX,CMIN,OC 
CALL AXIS{O.o,o.o,6HX AXIS,-6,a.o, 

l O.O,XMIN,OXI 
CALL AXISCO.O,O~O,BHCOf AXIS,8,5.0, 

1 90.0,CMIN,OCJ 
CALL PL ex (lJ,o.0,3) 
CALL PLOTIX (lJ,CDFCl),2) 
DO 1 1=2,N 
CALL PLOTtX (IJ,CDFCI-lJ,2) 

1 CALL PLOTCX (I),CDF(IJ,2) 
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CALL PLOT{X IICJ,CDFCICJ,2) 
RETURN 

115 FORMATl/ 1 XMIN=',E16~6,3X, 1 0X=',El6.6/ 

l ' CMIN=',El6.6,3X,'OC= 1 ,El6~61 
ENn 

SUBROUTINE TRUEIA,B,C,O) 
C******************************************** c 
C PLOT OF THE TRUE DENSITY AND TRUE CDF 
c 
(******************************************** 

COMMON Yl6003),G(6003J,Fl6003J,R(6003), 
1 Xf202l,COF(202J,Cl(l5J,OC16J, 
2 IC0(7),YMIN,DY,IB,IO,N,PI,XN, 
3 SVE1,SVE2,SVE3,Ul,Sl,BB,LT,AA, 
L EPS,NDIM,JI,JX,BIN,EN,NP,KNOT, 
s RHO,TAL,THETA,RXM,UM,VAR,VARS, 
6 ALPHA,SALPHA,SIG,BETA 

IB=!B-AJ*lOO. + l~ 
!AIRITE(6, l00., IR 
on 1 J::::1, rn 
XX=FLOATfI-l)*l.E+50/l.E+52 + A 
Y { IJ =XX 
F(!}=FX{XXJ 
G i I) =G X ( XJO 

1 RCI)=l • ...,f! J) 
Y ! IB + 1 ) = tU NlT ( Cl - 1. 
V(IB+2)=AINT(OJ + I~ 

Ff IB+l}=O.O 
FtIB+2)-=LO 
G!HHl~=SVEl 
G(IB+2)=S\!E2 
ID=IB+2 
CALL PLOT(l3.o,o.o,-3) 
CALL SCALFIY ,10,s.o,YMIN,DY,lJ 
Ct\LL SCALE\ F -~ rn,s .. o,FMit>hDfdJ 
CALL AXIS(O.o,o.o,6HX AXJS,-6,B.O, 

l O.O,YMIN,OV) 
CALL AXISCO.o,o.o,sHCDF AXIS,8,5.0, 

1 qo.O,FMIN,DFI 
CALL PLOTIV(1J,0.0,3J 
CALL PLOT(Y(l),F(l),2) 
CALL LINECY,F, IR,l} 
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CALL PLOTIYllB ) 7 FCIDJ,31 
CALL PLOTCY(ID J,F(IDJ,2) 

C ICOC51=0 00 NOT PLOT RELIABILITY 
C =l PLOT RELIABILITY 

IF { IC 0 '( 5 ) • E CL. 0) GO TO t+ 
DO 3 I=l 1 IB 
IFIRIIJ .LE. 80053 GO TO 2 
F(I}=G(T)JR{I} 
GO TO 3 

2 FU)=O .. 
3 CC!NTINUF. 

Ct,LL REL 
4 CALL PLOTC13.o,o.o,-3J 

CtlLL SC4LE( G , rn,,5_.o.,GMIN,DG,U 
WPITE(6,101J YMIN,OY,GMIN,DG,FMIN,OF 
CALL AXIS(O.o,o.o,6HX AXIS,-6,B.O, 

1 O.O,VMIN,OY) 
CALL AXIS(O.o,0$01BHPDF AXIS,a,s.o, 

l 90.0,GMIN,DGJ 
CALL PLOT[Y(lJ,o~o,3) 

CALL PLOT(Yll),Gf l) 1 2) 
CALL LINEtY,G, IB,l) 
CALL PLOTtY( IBJ,G( IBJ,31 
CALL PLOT(Y( IRJ,0~0,21 

·!\ VGS E=O. 
JX=l 
,JP=l 
lT=l 
00 5 I=L,N 
XX=X(I} 
IF{KNOT .EQ. OJ GO TO 5 
f)[I 6 !(.J·=J:P.,~\lP 

IFCXX-D(KJJ) 71 6 1 6 
6 ,JX=K.J 
7 JP=J X 
5 AVGSE=AVGSE + ( FTIXXl-GX(XX)l**2 

t\VGSE=lWGSE /XN 
WRITEC6,102J AVGSE 
FETUR~,J 

100 FORMAT{'CIB= ~d5) 
101 FORMATl/ 1 YMIN= 1 ,El6.6,3X, 1 DY=',E16.6/ 

1 l GMIN=i,f16~6,3X, 1 DG=' 1 El6.6/ 
2 ~ ~M!N=',El6.6,3X1 1 DF=',El6~6J 

102 FORMATI//' AVG SQ ERROR= ',El6.6J 
END 
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FUNCTION F:X {XX} 
C******************************************** 
r 
~. -· 

C FVALUt\TES TRUE CDF 

(******************************************** 

c 

COMMON Y(6003) 1 G(6003J,Fl60031,R,6003J, 
1 X{202},CDF{202l,Cl(15l~D(16}, 

2 IC0(7),VMIN,DY,IB,IO,N,PI,XN, 
3 SVEl,SVf2,SVE3,Ul,Sl,AR,lT,AA, 
4 EPS,NDIM,II,JX,BIN 1 fN,ND,KNOT, 
5 RHO,TAL,THFTA,RXM,UM,VAR,VARS, 
6 ALPH~,SALPHA,SIG,BETA 

UNI~ORM (IPARM=6) 
~X=(XX-ALDHAJ/(AETA-ALPHAJ 

RETURN 
Ef\10 

FU~-JCTIOM GX{XX] 
(******************************************** 
r 

C EVALUATES TRUE PDF 
c 
(******************************************** 

c 

COMMON Vl6003),Gf6003J,Fl6003J,R(6003J, 
1 X(20?J,CDF{202J,Cl(l5J,DC16J, 
2 IC0(7J,YMIN,OV,IB,I0 1 N,PI,XN, 
3 SVEl,SVE2,SVE3,Ul,Sl,BB 1 LT,AA, 
4 FPS,NDIM,1I,JX,BIN 1 EN,NP,KNOT, 
~ RHO,TAl,THfTA,RXM,UM,VAR,VARS, 
A ALPHA,SALPHA,STG,BETA 

UNIFORM (IPARM=6) 
GX=l./{BETA - ALPHA) 
RETURN 
ENO 

U<'1-.l 
U4-2 

LJ5-l 
U5-2 
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ESTIMATION OF A DENSITY FUNCTION 

WITH APPLICATIONS TO RELIABILITY 

Thomas W. Jones 

(ABSTRACT) 

The purpose of this dissertation is to. examine the pro-

blem of estimation of a univariate probability density 

function. Let Y1 , Y 2 , ..• , Yn be a sample :of n independent 

observations, each distributed according to an unknown con-

tinuous density function f(y). Given this sequence of obser-

vations, how can one estimate f(y)? Chapter I presents the 

historical background and a literature review.of existing 

methods for the estimation of a probability. density function. 

In addition, a section is devoted to the application of 

density estimatiqn. In particular,· we consider the practical 

application to reliaQility analysis. 

The estimator of the unknown density function developed 

in Chapter II is similar to one proposed by Rosenblatt (1956) 

and by Parzen (1962). However, the kernel we consider is a 

function of the rank of each observation. We use, as our 

kernel, the asymptotic distribution of the order statistics of 

a sample. We refer to this estimator as the normal rank 

kernel estimator. In order to test the performance of our 

estimator, we have performed an experimental analysis by 

monte carlo studies. 



Chapter III uses t_he estimator of Chapter II as the · 

foundation for the development of a. recursive estimation 

procedure. The technique employed is the method of successive 

substitution in which the solution at each iteration is used 

to generate the next solution until convergence is achieved. 

Consequently, we call this estimator the iterative estimator. 

Again, we have performed a simulation to compare the estimator 

of Chapter III with that of Chapter II. 

In Chapter IV, a sequential procedure is developed for 

estimation of a probability density function. Initially, a 

normal distribution with mean and variance y and s 2 , respec-

tively, is fitted to the data and a goodness of fit test is 

performed. This hypothesis rejected, a sequential procedure 

employing the concept of spline functions is used. 

Several examples are given in Chapter V which illustrate 

the various methods of density estimation introduced.in the 

preceeding chapters. The examples use data that are both 

simulated and real. Also, an example estimates both the 

reliability and hazard functions. 

Finally, relevant computer programs (Fortran) and 

descriptions of their utilization appear in the appendices. 

The program contained in Appendix A has a dual purpose in that 

by proper choice of an input parameter, the program will be 

executed for either the rank kernel estimator or for the 

iterative estimator, while Appendix B contains the computer 

program for Chapter IV. 
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