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Chapter I 

INTRODUCTION 

over the last two decades a large amount of financial 

research has been devoted to the proposition that the rate 

of return a security earns is proportional to the rate of 

return on the market portfolio.i Additional research has 

employed models which explicitly assume such a relation-

ship.2 Moreover research concerning this proportiona1ity 

(measured by the security•s "beta") has been fruitful enough 

for practitioners to have adopted.the concept. For example, 

Francis and Archer (1979, p. 67) in their widely adopted 

textbook state: 

In contrast to the traditional practice of ponder-
ing over numerous financial ratios for each poten-
tial investment, modern risk-return-oriented 
financial analysts focus their attention on only 
one statistic for each potential investment -- the 
beta coefficient. This practice is based on the 
be1ief that the beta coefficient subsumes the 
information contained in all the traditional 
financial ratios and summarizes it into one single 
number. 

JThe precise definition of the market portfolio and the 
resulting impact on market model parameters is an issue not 
addressed in this study (cf. Black (1972), Roll (1977), 
Roll (1978), Ross (1978), Hayers and Rice (1979), and Roll 
(1979) • 

2For example, studies which utilize residual analysis such 
as Kaplan and Roll (1972), Hong, Kaplan and Mandelker 
(1978) and Keown and PinKerton (1981). 

1 
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The assertion that beta reflects the traditional 

financial ratios is supported by the work of Thompson (1976) 

in which he, in part, calculated the correlation coef fi-

cients between common stock betas and various financial rat-

ios; as well as by the research of others.3 That two of the 

major investment advisory services now report a measure of 

this proportionality• along with the other information they 

provide for each security is an indication that practition-

ers are now using beta coefficients in their analysis of 

securities. Beta coefficients are not, however, directly 

observable. They must be estimated, and the substantial use 

of beta in the investment industry indicates that it is 

desirable to inquire into biases which may exist and to pro-

pose ways to correct them. 

3See, for example, Beaver, Kettler and Scholes (1970). 
study and others are discussed at length in Lev (1974, 
202-210) and more briefly in Thompson (1976) • 

This 
PP• 

•Value Line reports beta coefficients. Koody•s, in their 
Pact Sheets report a measure of performance which is simi-
lar to the beta coefficient provided the measure is com-
puted during a period when the market is rising. 
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1.1 ~ESTIMATION MODELS 

The capital asset pricing model (CAPM) s derives from 

capital asset pricing theory and is written as 

where 

( 1.1) 

Rit is the return on security i in time period t 

Rft is the risk free interest rate in time period t or 

the return on the minimum variance zero-beta port-

folio in time_period t 

Rmt is the market return in time period t 

81 is tne constant of proportionality (the "beta .. ) 

for security i 

E:it is the stochastic error term for security i in 

time period t 

SFor a complete review of the derivation of the CAPM see 
Copeland and ieston (1979) or Francis and Archer (1979). 
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The CAPK assumes that Si is constant over the time period 

during which the model is fitted to the data. It requires 

that what otherwise vould be the intercept, be equal to the 

risk free rate of return or the minimum variance zero-beta 

portfolio, both of which change over time. 

Unlike the capital asset pricing model, the m.arket 

model is !!.Q1 supported by asset pricing theory; it is a sta-

tistical relationship. The market model assumes that the 

joint distribution of Rit and Rmt is bivariate normal.6 A 

result of this assumption is that Rit may be expressed as a 

linear function of R , i.e., the market model may be writ-mt 
ten as 

( 1.2) 

where a 1 is the intercept term for security i. 

Another important consequence of the bivariate normal 

assumption is that the disturbance term, eit' is independent 

of Rmt and therefore coV(€it' Rmt) 

shown that E(e 1 ) 
-----------------~--

= 

6See Fama (1976, p. 66) 

7Fama (1976, pp. 69, 70) 

O and 

= o. Further, it can be 

is a constant.7 



5 

Additional assumptions are that there is no serial correla-

tion in the error terms and that the error terms are not 

correlated across securities.a 

The market model also assumes that the slope and 

intercept parameters are constant over the time period dur-

ing which the model is.fitted to the data. Comparing (1.1) 

and (1.2) we have for a 1 that 

where 

(1.3) 

a 1 t is the intercept term for security i in time 

period t 

Rf t and 1\ are as previously defined 

Thus in adopting the market model (1.2) the implication 

exists that Rft varies insufficiently to reject a 1 t from 

being treated as a constant, a 1 , for each security i. For 

this research it will be assumed that the market model is an 

appropriate model and it will be used exclusively. 

&fiawawini (1977, p. 60) 
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To estimate Bi in the market model ex post prices and 

dividends are typically used to calculate holding period 

returns as 

(1.4) 

where 

Rtt is the return on security i in time period t 

pit is the price of security i at the end Of time 

period t 

Dit are the dividends received for security i in 

time period t 

Pi, t-1 is the price of security i at the end of the 

time period just previous to t 

or 

(1.5) 
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where 

ln denotes the natural logarithm 

The parameters of the market model are then estimated by 

ordinary least squares regression (see equation 1.2). Thus 

8i is the estimated historical (ex post) 8 for security i. 

Of course, estimates of future Rit and Rmt could be used to 

secure an ex ante estimate of 81 , but these considerations 

are beyond the scope of this research. 

1.2 BIASES!.! !:fm. ESTinATED ~]!.! 

There are certain criteria which must be met if the 

ordinary least squares estimates of the beta coefficients 

are to be unbiased. The model must be appropriate (in par-
-ticular, it must not be underspecified) and E(Eit> must be 

zero. These points were addressed in the previous section. 

A more bothersome point is that the independent variable is 

usually assumed to be non-stochastic in proofs of unbiased-

ness. Fama (1976, pp. 85, 86) has asserted that even though 

R is a random variable, the· beta estimate is still unbi-
mt 

ased. The purpose here is not to address the ordinary least 

squares requirements. Rather the purpose of this study 

examines conditions in the calculation of Rit(see equations 

(1.4) and (1.5)) which may cause a bias in the estimates of 

the market model parameters. 
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1.3 P.lfFERENCI!Q l,!TERVAL J!I!g 

The length of the holding period over which returns 

are calculated is termed the "differencing" interval. For 

illustrative purposes, the beta estimate for IBft common 

stock was calculated for the period 8/26/76 through 8/30/77 

for various differencing intervals. 

Table 1.1 .. 

The results appear in 

As shown by the table, the level of the estimated beta 

increases with the length of the differencing interval. 

This differencing interval effect on the estimation of beta 

has been examined extensively by, among others, Poque and 

Solnik (1974), Levhari and Levy (1977}, Hawawini (1977), 

Smith (1978) and Cohen, Hawavini, Maier, Schwartz and Whit-

comb (1980b}, and these studies are reviewed in Chapter II. 

Cohen, Hawavini, naier, Schwartz and Whitcomb (1980a) 

have suggested that the intervaling effect has a more funda-

mental cause: delayed price adjustments due to friction in 

the security trading process. One such friction could be 

less-than-continuous trading. some widely held stocks are 

traded almost continuously, but others have infrequent trad-

ing. Therefore information that affects the market return 

today may not affect the price of security i until tomorrow 

or later. A recommended approach for correcting this bias 

is to include lead and lag terms in the model to estimate 
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I t 
I TABLE 1.1 I 
I I 
l I 
I I 
I Estimates of Beta I 
I I 
I I 
I I 
I IBM Common stock I 
I t 
l "' I 
I Differencing Interval a t 
I I 
I 1 Day .865 I 
I I 
r 3 Days .930 I 
l I 
I 5 Days .959 I 
l ' I 10 Days .978 l 
I I 
I 15 Days .992 t 
I I 
l Period covered: 8/26/76 - 8/30/77 t 
I t 
I I 
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beta.9 Another approach is to estimate the amount of the 

bias from a proxy measure of the expected price-adjustment 

delay.10 

1.4 ONE-EIGHTH EFPECT BIAS 

Another possible source of bias in the estimates of 

beta has been termed the "one-eighth effect" (Schwartz and 

Whitcomb 1977b). Common stocks• prices usually change in 

multiples of one-eighth of a dollar .. 11 A price change of any 

magnitude will introduce some friction into the trading 

process and may consequently bias the beta estima.tes 

obtained from the rounded ex post prices. llhile the .bias 

introduced by the rounding is of little consequence for 

high-priced securities, the bias could be substantial for 

low-priced securities. It is also possible that the amount 

of bias introduced in the beta estimates varies with both 

the differencing interval and the one-eighth effect. The 

purpose of this dissertation is to determine the degree of 

bias in the estimates of beta for low-priced securities 

9This technique has been proposed by Scholes and Williams 
(1977), Dimson (1979) and Cohen, Hawawini, Maier, Schwartz 
and Whitcomb (1980b). 

i 0 This approach is developed further in 
Maier, Schwartz and Whitcomb (1980a} 
reviewed in Chapter II. 

Cohen, Hawawini, 
and is- extensively 

1 JA few securities are traded in integral multiples of one-
sixteenth of a dollar. 
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resul.ting from the one-eighth effect. 

1.5 ORGANIZA~IO' Ql.!lfl S~UDY 

In this chapter two beta estimation models have been 

briefly discussed. Conditions in the data which could cause 

bias in the estimates of beta coefficients for these models 

were reviewed with particular emphasis on two conditions in 

the calculation of Rit fro• which bias might arise. An 

examination of one of these, termed the one-eighth effect, 

was identified as the area of research for this disserta-

tion, and the purpose of the dissertation was explicity 

stated. 

In Chapter II the relevant literature for this study 

is reviewed. The first part includes previous studies of 

the one-eighth effect and the intervaling effect, while the 

second part of the chapter focuses on the composition and 

characteristics of co11mon market indexes. The analytical 

considerations are discussed in Chapter III. The price gen-

erating mechanism and the constraint placed upon it by one-

eighth price rounding are explicity stated. Alternative 

rounding procedures are presented and their implications 

discussed. rn the next section the characteristics of the 

rounding functions are discussed. Finally, expressions for 

the amount of bias in beta estimates introduced by the one-
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eighth price rounding are derived for both logarithmic 

returns and holding period (arithmetic} returns. 

In Chapter IV the methodology used to secure the 

results presented in Chapter V is reviewed. The simulation 

itself is discussed as well as the statistical and ad hoc 

procedures used to evaluate the results. The results pres-

ented in the next chapter also include the results pertinent 

to two ancilliary issues discussed in Chapter IV, namely, 

how many repLications are needed and how reproducible are 

the results. Chapter VI summarizes the findings, draws a 

conclusion, and suggests extensions of the study. 



Chapter II 

LITERATURE REVIEW 

Areas of previous research relevant to this study are: 

(1} the one-eighth effect, (2) the intervalinq effect, and 

(3) the composition and properties of market indices. Each 

of these will be reviewed in a separate section of this 

chapter. 

2.1 ~ ONE-Eifil:!!l! EFFECT 

The one-eighth effect has for the most part been 

ignored in financial research. Schwartz and Whitcomb 

(1977b) addressed the problem briefly in their investigation 

of the causes of residual autocorrelation arguing that the 

one-eighth effect increases the variance of returns. What 

would be a smooth price series if infinitely small price 

changes occurred, becomes a lumpy price series as a result 

of limiting price changes to one-eighth of a dollar. 

Although a rounding of the price away from the mean is as 

likely as a rounding of price toward the mean, the squared 

deviations of price rounding away from the mean will out~ 

weigh those toward the mean .1 2 

1 zwhile Schwartz 
ance inflation 
ithms of price 
holding period 

and Whitcomb did not 
happens only because 

relatives as returns. 
returns are used. 

13 

so state, this vari-
they use the logar-
It will not occur if 
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Schwartz and Whitcomb further explained, 

Clearly, the lowest price stocks and the least 
volatile stocks have ~he greatest 1/8 effect. The 
lower the price, the qreater the return implied by 
a price change of 1/8; the lower the standard 
deviation (given a mean of 0), the less likely is 
a 1/8 return to occur in the absence of roundinq; 
thus for lov price, low standard deviation stocks, 
rounding is more apt to generate abnormally large 
returns, thereby inflating variance. (1977b, p. 
302) 

The magnitude of the one-eighth price change effect on 

variance was investigated by Schwartz and Whitcomb by simu-

lating a series of "true" and "rounded" returns from normal 

returns distributions with mean zero and selected standard 

deviations. The "rounded" returns were calculated from the 

"true" prices vhich had been rounded to the nearest one-

eighth of a dollar. The ratio of the averaqe variance of 

"rounded" returns to the average variance of returns of the 

true series of returns was then calculated revealing signif-

icant differences between the two variances. Further, the 

simulation demonstrated that the upward bias in logarithmic 

return variance introduced by the one-eighth effect dimin-

ishes as the holding period is increased. 

2.2 THB INTERVJLING EFFECT 

Unlike the one-eighth effect, the intervaling effect 

has been extensively covered in the literature. For exam-

ple, Young (1971) and Schwartz and Whitcomb (1977a, b) have 
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reported that the variance of returns decreases as the 

length of the differencing interval increases. With respect 

to the market model, Altman, Jacquillat and Levasseur 

(1974), Pogue and solnik (1974}, Schwartz and Whitcomb 

(1977a., b), Levhari and Levi (1977) , Hawawini (1977) and 

Hawawini and Michel (1979) have all shown that the coeffi-

cient of determination, RZ, increases with the length of the 

differencing interval. That the skewness of return distrib-

utions is affected by the differencing interval was noted by 

Folger and Radcliff (1974) who found returns for the Stand-

ard and Poor•s composite index between 1948 and 196.9 to be 

positively skewed when measured over yearly intervals but 

neqatively skewed when measured over semi-annual or quar-

terly·intervals. 

Francis (1975) also examined the skewness of returns 

in his empirical investigation of whether or not investors 

prefer investments which have positively skewed distrib-

utions of rates of return. Returns for 113 large mutual 

funds from January 1960 to December 1968 comprised the sam-

ple. Francis (1975, p. 168) commented, 

Since annual returns average larger than qua+terly 
returns, the raw third moment of annual returns 
will be larger than the third moment of quarterly 
returns. To av·oid such scale problems, skewness 
{that is the third moment normalized by dividing 
it by the standard deviation cubed) was used to 
compar~ monthly, quarterly, and annual returns. 
However, even in terms of skewness the annual 
returns of the vast majority of the mutual funds 
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in the sample were still more positively sKewed 
than their quarterly returns. And, the quarterly 
returns were likewise more positively skewed than 
monthly returns. some funds' skewness statistics 
even changed from negative monthly values to posi-
tive annual values. 

Of more direct interest for this study are previous 

studies which address the effect of .the differencing inter-

val on beta. A selected few of these will be reviewed 

below: 

In their empirical study of common stock returns in 

eight countries, Pogue and Solnik ( 1974) examined differenc-

ing intervals for a day, a week, two weeks, and one month. 

With one exception, the average heta estimate increased as 

the differencing interval was lengthened.1~ They attributed 

this as most likely resulting, "from lags in the adjustment 

of stock prices to changes in market levels.a (Pogue and 

Solnik 1974, p. 926} The authors further explained that, 

Adjustment laqs result from the failure of stock 
prices to fully adjust to market changes during 
the trading day. Instead the adjustment may be 
spread over two or more days. This can be caused 
either by the lack of trading in the stock, or 
failure to comprehend market conditions when 
delays in index reporting exist. The result is 
that the price will "catch up 11 for previous market 
activity during later days. ··~ In an efficient 
market, where such lags were absent, the expected 

l 3The average beta estimates were the beta estimates aver-
aged across the sample firms in each country. The excep-
tion to the direct relationship between the average beta 
estimate and the length of the differencing interval was 
Germany where the beta estimate for· a one-month differenc-
ing interval was less than for a two-week interval. 
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value of beta should be invariant to the return 
measurement interval. (1974, pp. 923, 926) 

Pogue and Solnik used holding period (arithmetic) returns. 

Levhari and Levi (1977) analytically demonstrated that 

the beta estimate for aggressive securities (true beta 

greater than one) increases with the differencing interval 

and decreases for defensive securities (beta less than one} • 

An average risk stock would not change. The authors showed 

this to be tautological due to the covariances of returns 

for the n single periods being included in the differencing 

interval. For empirical verification of their results they 

selected ten clearly defensive and ten clearly aggressive 

NYSE stocks and computed each stock •s betas for fourteen 

differencing intervals ranging from one month to thirty 

months within a sample period of twenty years. The tabu-

lated betas showed weak support for their hypothesis. They 

generally declined or increased in the predicted manner, nut 

there were numerous exceptions. Levhari and Levi's returns 

were multiplicative in that returns for differencing inter-

vals of more than a month were calculted from the product of 

the one-month wealths included in the interval. 

Smith (1978) examined the intervaling effect using a 

sample of monthly returns for two hundred common stocksl4 

l•The first two hundred on the CRSP file for which complete 
data was available. 
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over a twenty year period (1950-1969). In addition to the 

full tventy year horizon, subsets of it were also used. 

They were: (1) three overlappinq ten-year horizons, (2) four 

non-overlapping five-year horizons, and (3) four non-over-

lapping three-year horizons. 

as 

where 

Smith calculated the annualized geometric mean returns 

(2 .1} 

G1 is the annualized geometric mean return of secu-

rity i 

T is the number of months per horizon (e.g., T = 
sixty for five years) 

Rij is the wealth relative return for security i in 

period j and is given by 
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[ 
t=mj ] 

Rij == Pi' mj + I D f P . t=m(j1i)+1 i,m(J-1)+1 
(2 .2) 

where 

m is the number of months per interval, hence 

T/m is the number of intervals 

j indexes intervals 

t indexes periods of time 

Pit is the price of security i at the end of period 

t 

Dit is the dividend paid during period t for secu-

rity i 

The market and riskless returns were similarly calculated. 

Nine differencing intervals ranging from one to twenty 

months were used. 

Smith calculated the beta for each differencing inter-

val for the several horizons (as well as the coefficient of 

variation for the returns and their relative skewness) and 

then performed a one-way analysis of variance using the dif-

ferencing interval as the treatment. Although tne hypothe-

sis of equal betas across differencing intervals was 
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rejected, the observed pattern was not consistent. While 

the largest average beta was calculated from annual data, 

the smallest betas were associated with one and twenty month 

differencing intervals. 

Smith, by grouping individual securities into deciles 

based on beta provided a direct test of the Levhari-Levy 

proposition that intervaling effects are dependent on the 

level of systematic risx. He then performed a two-way ANOVA 

using levels of beta and differencing interval as th.a two 

treatments. Smith (1978, p. 321) concluded, ~clearly these 

findings are supportive of the proposition. Just as impor-

tant is the single observation that estimates of beta for a 

given asset ••• varied considerably -- as much as fifty per-

cent -- depending on the chosen interval! 8 

Hawawini (1Y77 and 1980) has extensively studied the 

intervaling effect. As to his theoretical work on the 

effect of beta he concluded, 

Systematic risk is invariant to the length T of 
the differencing interval over which it is esti-
mated if no correlations are present. In the 
presence of intertemporal cross-correlations 
between securities• unit returns and the market 
portfolio•s unit returns, the level of systematic 
risk may be subject to an intervaling effect whose 
direction will depend upon the sign and relative 
magnitude of the intertemporal cross-correlations 
and marKet•s serial correlations. The level of 
systematic risk may be either directly or 
inversely related to T. ( 1977, pp. 207, 208) 
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The above conclusion requires the assumption that returns 

are additive, that is, returns computed over differencing 

intervals are equal to the sum of returns over the constitu-

ent smaller intervals of the differencing intervals. This 

is a property of returns computed from the logarithm of 

price relatives. (Bawavini 1977, p. 204) 

Assuming the existence of first order correlations 

only in the market returnsis Hawawini (1977, p. 64) derived 

that 

where 

= 0 if ql = 2 p l im m (2 .3) 

< 0 if q ~ m < 2 P ~ 

~S 1 (T) is the incremental value of the slope in the 

market model for returns measured over differ-

encing intervals of length T for security i 

isHawawini presented empirical evidence to justify this 
assumption. 
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nl is the security's first order q-ratio for unit -::iim 

where 

returns of security i and the market unit 

returns and is given by 

qt = im 

p+I + p-1 im im 
Pim 

Pti: and PiJ 

(2 .4) 

are the first order intertemporal cross-corre-

lations coefficient between security i's unit 

returns and the market unit returns when secu-

rity i's unit returns respectively lead and lag 

the market's unit returns 

Pim is the contemporaneous cross-correlation coef-

ficient between security i•s unit returns and 

the market's unit returns 

p 1 is the first order serial correlation coefficient m 

for the market returns (1977, p. 204) 

Hawawini's (1977 and 1980) empirical vor.IC supported 

his theoretical derivations. Using a random sample of fifty 

NYSE securities over the period January 1, 1970 to December 

3, 1973 and three market indexes, he found ali but one of 
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the securities to have positive intertemporal 

cross-correlations of more than twice the value of the mar-

ket first order serial correlation. Further, the beta of 

each of these securities was directly related to the length 

of its differencing interval. The single security with pos-

itive cross-correlations less than twice the value of the 

market first order serial correlations had a calculated beta 

inversely related to the length of the differencing inter-

val. 

Cohen, Hawavini, ftaier, Schwartz and Whitcomb (1980a) 

have suggested three approaches to reducing or· eliminatinq 

the differencing interval bias in beta. The first, also 

proposed by Scholes and Williams (1977) and Diason (1979), 

is to account for delayed stock price adjustments by adding 

leading and lagged terms to the estimating equation.16 The 

second approach proposed by Cohen et al estimates the asymp-

totic value of beta as the differencing interval increases 

without bound. This is accomplished by varying the length 

of the differencing interval. Their third approach is to 

estimate the difference between the observed beta for any 

differencing interval and the asymptotic beta as a function 

of the expected delayed price adjustment;t7 Cohen et al 

••Cohen, Hawawini, ftaier, Schwartz and Whitcomb (1980b) 
gives the development of their first approach. 

17The basis for this third approach is given by Propositions 
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proposed the inverse of the value of shares outstanding as a 

proxy. 

Because the estimation of the asymptotic value of beta 

(Cohen, Havawini, Maier, Schwartz and Whitcomb's second 

approach) is particularly relevant to the research proposed 

here it will nov be reviewed in detail. 

The authors• sample was fifty NYSE listed stocks ran-

domly selected from a stratified sample. The population of 

common stocks which remained listed on the NYSE fro• January 

1, 1970 to December 31, 1973 vas divided into deciles of 

market value of shares outstanding as of the last trading 

day of 1971 and five stocks were randomly drawn froa each 

decile. Their returns were the loq of price relatives 

adjusted for cash and stock dividends. 

To estimate the intervaling effect on each security•s 

beta coefficient, a two-pass reqression analysis was 

employed. First the market model was used to estimate the 

beta coefficient for each of the fifty sample securities for 

Pive and Six in Cohen et al (1980b). 
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fourteen differencing interval lengths as 

where 

(2 .5} 

riLT is the return for security i in period T and for 

a differencing interval L 

ail> is the first-pass intercept term for security i 

and differencinq interval L 

s c 1 > is as a< 1 > above except is the . slope coefficient iL iL 

rMLT is the market return in period T for differenc-

ing interval L 

eill is the first-pass error term for security i in 

period T for differencing interval L 

i = 1, ••• , 50 and is the index for the security 
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L = 1, ••• 6, a, 10, 12, 14, 15, 16, 18, 20 and is 

1' = 

the differencing interval expressed in days 

1, ••• I 960/L and is the time period as aeas-

ured in lenqths pf L, e.q., 1'=2 for L=2 encom-

passes T=3 and T=4 for L1 

Hext the i.ntervalinq ef feet was estimated by regress-

ing the estimated beta coefficients for each security 

obtained from the first pass against the inverse of the 

lenqth of the corresponding differencing intervals raised to 

the positive power n as 

where 

(2 .6) 

... Bft> is the slope coefficient estia ated in the 

first-pass regression above for security i and 

differencing interval L 

a <f > is the second-pass intercept term for security i 

( 
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13<f > is the second-pass slope coefficient for secu-

rity i 

£fl> is the second-pass error term for security i and 

differencing interval L 

i, L are as in the first-pass reqression 

n is a positive number 

If it is true that the strength of the delayed price 

adjustment is reduced as the length of the differencing 

interval increases, and hence in the limit as the length of 

the differencinq interval increases without bound, the OLS 

estimation of beta will approach an asymptote that is a con-

sistent estimation of true beta, then equation (2.6) is 

appropriate. That is, the OLS estimation of beta, the 

dependent variable in (2.b}, for a dif ferencin9 interval of 

L approaches an asymptote, the intercept in (2.6) , as the 

independent variable, L, increases without bound. 

If there is no intervaling effect, then 
A 

e< 2 > should 
i 

not be significantly different from zero. If there is an 

intervaling effect, securities whose betas increase with 

increasing differencing intervals will have negative slopes, 
... 
s<2>, so that the right hand side of equation (2.6) will 

i 
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increase with increasing L and approach the intercept term 

for large L. Those securities whose betas decrease with 

increasing differencing interals vill have positive slopes 

so that as L increases and the second right hand side term 

of (2.6) becomes smaller, the entire right hand side will. 
A 

also become smaller. The absolute value of B<f > will be 

larger the stronger the intervaling effect. 

Prom the results of their empirical. work, Cohen et al 

noted that using the second pass regression to estimate the 

asymptotic value for beta. results in substantial adjustments 

to betas estimated from short period (e.g., daily) data. 

Additionally, a cross-sectional regression showed that the 

proportional. difference between unadjusted one-day beta 

estimates and estimated asymptotic betas is significantly 

related to the logarithm of value of shares outstanding. 

They observed a c1ose association between tthe inferred 

asymptotic betas obtained using the intervalinq effect --

thinness• a relationship to correct a stock's short period 

beta19 and the estimated asymptotic betas obtained from the 

second pass regressions. 

________________ ,......., ____ _ 

ia1s derived from the proxy variable, 
shares outstanding." 

t9Their "third" approach, noted earlier. 

"market value of 
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2.3 ~~£!DEXES 

It is an obvious characteristic of studies utilizing 

the market model or (similar models) that they employ a mar-

ket index series. There are a number of these readily 

available, and each has its peculiar characteristics and 

composition. Since this study uses a market index, it is 

appropriate to review the different indexes in common use 

and the issues relevant to them. 

As with studies of the differencing interval effect, 

there are numerous articles on market indexes in the litera-

ture. Since the choice of market indexes to be used in this 

study is not crucial to tne study and is fairly limited by 

practical considerations,zo only a few selected articles 

will be reviewed here. 

Lorie and Hamilton (1971) have reviewed three impor-

tant issues arising in the construction of indexes: 

1. Selecting stocks for inclusion (the sample) • 

2. Determing the relative importance or weight of 

each included stock. 

z 0 The indexes to be used should be reasonably available as 
daily quotes over the same extended period. They should 
also be representative of the market as a whole. The lat-
ter rules out such indexes as the Dow-Jones Utility Index 
or using the returns of a specialized mutual fund as an 
index. 
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3. Combining or averaginq included stocks (primarily 

an issue of geometric mean versus arithmetic aver-

ages) • 

They also described the major indexes in current use.21 

on the first isb"11e Lorie and Hamilton (1971, pp. 79, 

81) explained that the sample size of modern, popular 

indexes ranges from the thirty stocks comprising the Dow-

Jones Industrials to all those listed on an exchange, as in 

the Nev York Stock Exchange and American Stock Exchange 

indexes.22 StocJcs of relatively few companies constitute a 

large proportion of the value of the stocks of all compa-

nies. consequently if large companies are considered more 

important than small, as is true when one is interested in 

changes in the market value of all stocks, th is concentra-

tion of value contributes to the power of small samples. 

Moreover, there is a tendency of all stocks to move 

together. Hence when th.e purpose of the index is to 

21The American StocK Exchange Index has changed since the 
article was written. Their new index is a va1ue-weighted 
index and is more fully described in American Stock 
Exchange, Inc. (1973). The new index was begun in Septem-
ber 1973 and was calculated back to 1969 (Coleman 1980) • 
The new index, like the old, is calculated from all secu-
rities listed on the American Stock Exchange, and does not 
include dividends. 

22Additionally, the center for Research on Security Prices 
(CRSP) now computes daily and monthly indexes which are 
based on all stocks in both ~he New Yorx and American 
Stock. Exchanges. 
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represent changes in the value of all stocks, small samples 

can be used 11ith very great confidence. For example, the 

Dow-Jones Composite Average, based on only sirty-f ive 

stocks, included stocks having a value equal to 27.5 percent 

of all stocks listed on the NYSE in December 1970. The 

stocks included in the standard and Poor•s 500 Composite 

Index constituted about 80 percent of the value of all NYSE 

listed stocks in 1970. 

On the second issue, Lorie and Hamilton noted, 

The reason for weighting is to insure that the 
index reflects the relative importance of each 
stock in a way suited to the index. The aost com-
mon ways of weighting stocks are in accordance 
with market value or by assigning equal weights to 
relative price changes.23 The former method is 
appropriate for indicating changes in the aggre-
gate market value of stocks represented by the 
index while the latter is more appropriate for 
indicating movements in the prices of iypical or 
average stocks. Changes in general market· value 
are more important for studies of relationships 
between stock prices and other things in the 
national economy. Value-weighted indexes also 
have the desireable property ••• (that) it is pos-
sible for al1 investors to hold portfolios in 
which the individual stocks have a relative impor-
tance equal to the relative magnitude of the 

2 3By equal weigh ting, Lorie and Ham.il ton meant an index 
based on the assumption that equal dollar amounts are 
invested in each stock. They did not mean the process 
used in constructing the Dow-Jones Averages by which 
prices of included stocks are added up and divided hy the 
numDer of stocks (adjusted for stock splits). (p. 81, fn. 
1) 

one of the CRSP indexes is an equally weighted index. 
There are no popular, readily-available equally-weighted 
indexes since the demise of the first ASE Index. 
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values of all outstanding shares. 

on the other hand, indexes based upon equal 
weighting are better indications of the expected 
change in prices of stocks selected at random. 
For some purposes-, such an index is a more appro-
priate benchmark than a value-weighted index.z• 
(1971, pp. 81-82) 

All of the most widely used indexes are based on 

arithmetic means except the Value Line Index. Lorie and 

Hamilton explained that if there is any variation through 

time in the prices making up the index, there will be a dif-

ference between the value of an arithmetic mean of the 

prices and the geometric mean. The index based on the geo-

metric mean will increase more slowly and decrease more rap-

idly than an index based on the arithmetic mean. The degree 

of divergence will be greater the greater the variability in 

the constituent prices. 

The authors addressed the clai.11 that the arithmetic 

mean is biased upvard and the geometric mean has a downvard 

bias. They illustrated the former point by supposing a $10 

z•cootner (1966, pp. 99-100) cautioned that they still are 
not appropriate for a 1?2~.ttolio chosen at randon. He 
restricts their usefulness to, 1tan investment advisor with 
a relatively small clientele who intends to select ten 
individual stocks to •outperform the market• without giv-
ing any portfolio advice. rn this case he is trying to 
demonstrate his ability to choose the stocks which will 
perform best and his customers can, and would be expected 
to, invest equally in all. In such a case the selective 
ability of the advisor is measured by a single unweighted 
arithmetic index. Any portfolio decisions are made by the 
customer and are a different matter from the choice of 
stocks.•• 
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stock goes to $20 and a $20 stock goes to $10. i'he arithme-

tic average of the re1ative changes is +25 percent. If they 

then return to their original prices, the arithmetic averaqe 

of the relative changes is still 25 percent even though the 

total value of the stocks is unchanged. A geometric 11.ean 

adjusts for this. They asserted that a property of arithme-

tic averages, "is that ~ver long periods of time, an arith-

metic index will outperform most of the components. This is 

due in part, however, to the economic characteristics of 

stock prices. Since there is a lover, but no upper, limit 

to price changes, their distributions vill not be symme-

tric.• (1971, p. 85) 

Lorie and Hami1ton gave a brief description of each 

popular index, and candidate indexes to be used in this 

study will be reviewed at the end of th.is chapter. 

Cootner (1966) has rebutted three popularly held 

notions about stock aarket indexes (which he termed "falla-

cies">· He asserted that the downward bias in a geometric 

mean is a tautalogical. result. As long as there is any var-

iability among the constituents of the index, a geoaetric 

index vill grov more slowly or decline aore swiftly than the 

corresponding identically constituted arithmetic index. 

This will always be true. It does not depend upon any par-

ticular performance of the stock market. As previously 11en-
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tioned, the only popular geometric index is the Value Line 

Index. About this index Cootner (1966, p. 95) remarked, 

"Indeed for almost all relevant uses, the Value Line Index 

is a very poor choice." 

An opposing notion, mentioned by Lorie and Hamilton 

(1971) and illustrated above, is that the arithmetic mean is 

upward biased. Cootner noted that to a close approximation, 

the change in the logarithm of price is symmetrically dis-

tributed. 2s Therefore, stocks are equally as likely to rise 

to N times their initial value as to fall to 1/N of that 

initial value. 

The result is that the distribution is asymmetri-
cal; it will have a longer "tail" of large price 
increases than of large price decreases. Now this 
asymmetry means... , that the ~~rag~ of these 
price changes will not coincide with the ~O§t fre-
quent outcome. • •• this means that a much larger 
number of stocks will rise by less than the aver-
age for the market than will rise by more than the 
average. • •• The point is that this is not bizarre 
behavior -- it is to be expected and is no indict-
ment of the Dow or any other arithmetic index. 
(1966, PP• 98-99) 

Cootner further cautioned that a geometric index is unsuita-

ble as a performance index for portfolios. Since two or 

more stocks chosen as random will of necessity tend to 

behave like their average (the more stocKs, the more like 

the average of all stocks), substantially more than half of 

25This is just a more precise statement of the Lorie and 
Hamilton (1971) explanation above. 
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all random portfolios will outperform a geometric index. 

Finally, Cootner addressed the argument than an 

unweighted index is preferable since individual portfolios 

are not weighted. Though doubting the latter point, he 

argued that all outstanding shares must be heJ.d by someone. 

If it is assumed that all portfolios hold either equal dol-

lar amounts or an equal number of shares of every stock in 

the portfolio, then, "there must be many more portfolios 

with AT&T than with Lukens Steel." (1966, p. 99) Therefore 

the expected outcome for a portfolio chosen at random is as 

a weighted index. 

Latane et al (1971} have examined the question of 

portfolio allocation and reallocation implicit in the metho-

dology used in each index. They sub-di.vided the popular 

indexes into those that are comparable to a buy-and-hold 

strategy, a periodic reallocation and a continuous 

allocationz& and exercised each type through hypothetical 

situations. 

For their empirical work, they constructed seven 

monthly indexes for a thirty-five year period and 233 stocks 

that were continuously listed on the NYSE from January 1926 

26Qf the generally available indexes, only one uses a peri-
odic allocation (the United Press International Market 
Indicator, which is reallocated at the end of eacn trading 
day) and one corresponds to continuous reallocation (the 
Value Line average) • 
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through December 1960. The seven indexes included no real-

location (buy-and-hold), periodic reallocations of twelve 

aonths, six months, three months, two months, and one month, 

and a continuous reall.ocation index. (The first six used 

equally weiqhted arithmetic means, and the last was an 

equally weighted geometric mean·> 

The index value at the end Of the thirty-five year. 

period was largest for the one month reallocation and 

declined as the reallocation period was lengthened to about 

one-third of that value for a buy-and-hold strateqy. How-

ever, the continuous reallocation index was only about one-

seventh of the one month reall.ocation index value. Hence 

their work qives stronq support to Cootner•s assertion that 

the geometric mean index will always be lower than a compa-

rable index based on the arith11etic mean. Latane et al con-

eluded that their results, ••• nclearly indicate that the 

reallocation procedure employed by particular stock market 

indexes can make a substantial difference in the level and 

movements of these indices. The difference depends on 

whether individual stock prices tend to follow trends or 

aove in a random fashion.• (1971, p. 83) 

Fisher (1966) introduced at least. tvo concepts not 

widely discussed. The first is that of an investment per-

formance index, an index that includes cash dividends (as 

well as capital changes and changes in price quotations). 
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Fisher argued that indexes of price alone may give a fairly 

accurate picture of investment performance in the short run 

(because in the short run dividends are only a small part of 

investment performance) , but are not very useful in the long 

run. 

His second new concept was that of an index using both 

an arithmetic and a geometric mean. Fisher tried an arith-

metic average with the index based on link (wealth) rela-

tives.27 He found the rate of return indicated by this index 

for the period January 1926 through December 1960 was con-

siderably higher2a than that he had previously gotten using 

other methodology.29 He then tried an approximation of a 

geometric index and found that rates of return computed from 

it shoved downward bias that was somewhat greater in ma9ni-

tude than the upward bias found in the arithmetic index. As 

2 "Fisher• s procedure was to compute an average rate of 
return for a single month by dividinq the price of each 
stocK (adjusted for dividends, splits, etc., that have 
taken place during tn.e month) by the price of the stock at 
the end of the previous month, sum these results, aivide 
by the number of stocKs and subtract one. The link 
(wealth) relative is one plus the return. To find the 
rate of return for more than one month, he multiplied suc-
cessive link relatives together and then took the appro-
priate root. 

2art is interesting that part of the bias he thought existed 
in his arithmetic mean index, he supposed miqht be fron 
non-synchronous closing prices of the constituent stocks. 
This effect was previously discussed. 

29As reported in Fisher and Lorie (1964) 
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a result, he built an index from monthly returns that was a 

weighted average of arithmetic mean returns and geometric 

mean returns. 30 

2.4 DESCRIPTION Qi: SELECTEp INDEXES 

2.4.1 ID!. pow-Jones lpdust~ial Aversg~ .9DJ! I!!~ Qow-
Jon~s £2mposite .ayeraqe 

The Dov-Jones Industrial Average is probably the most 

familiar of stock price measures. It is an unweighted 

average~i of the price of thirty industrial stocks. These 

thirty stocks are large, wel1 established companies. In 

1970 they comprised 23.8 percent of the market value of all 

common stocks on the New York stoc.it Exchange. Therefore it 

may be argued that these ttbl ue chip" stocks are not repre-

sentative of an average portfolio and as a result are poor 

measures of market performance. However, for some purposes, 

as when one is interested in changes in the market value of 

all stocks (as opposed to considering each company to be 

equally important), this concentration of value is very 

helpful. Although the stocks in this average are not value-

weighted, the selection process produces about the same 

30The weights were .56 for the arithmetic average and .44 
for the geometric average. 

31ftovever, as explained later, it takes on some of the char-
acteristics of both a value-weighted and a price-weighted 
index. , 
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results. 

The DJI is computed by addinq the prices of the compo-

nent stocks and dividing by the number of stocks adjusted 

for stock splits and for stock dividends qreater than ten 

percent. The method of adjustment is rathe~ pragmatic -- a 

new divisor is calculated such that the average is unaf-

fected on the transition date. Hence, each new stock split 

or dividend reduces the divisor. One result is that there 

is no equivalence between points in the average and dollars 

and cents. Another result is that the change in the divisor 

reduces the importance of the split stocx relative to that 

of other stocks. This 9ives it somewhat of the characteris-

tic of a price-weighted index. "The major criticisms of the 

aethodology are this somewhat whimsical system of implicit 

price weights, the possibility of bias resulting from the 

adjustments, and the failure to adjust for small stock divi-

dends.• (Lorie and Hamilton 1971, p. 86) The Dov-Jones Com-

posite Average is very similar to the DJI except that its 

sample includes, in addition to the thirty stocks in the 

DJI, twenty transportation industry ·common stocks and fif-

teen utilities. Both technically are averages rather than 

indexes since they are not indexed to a particular value at 

a given point in time. (Lorie and Hamilton 1971) 
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2 .4.2 ~ Stapdard iY}g !!Q..Q~'s 290 fpmp9site !~£ 

This index of 500 stocks includes 425 industrials, 

twenty railroads, and fifty-five utilities. Hence its cov-

erage is much broader than Dow-Jones averages. The relative 

importance of the prices (the weiqhting) is determined by 

the number of shares outstanding.32 

The aggregate market value of the stocks in the 
index is expressed as a percentage of the avera~e 
market value in 1941-43. This percentage is 
divided by ten, which was selected as the value of 
the index in the base period. This was done in 
order to make the index in line with the actual 
average of stock prices. (Lorie and Hamilton 
1971, P• 87) 

The S&P 500 was first pUblished in 1957. Relying on a 

previous index,33 it has been extended back to 1928 on a 

daily basis. 

(This) composite index has several advantages. 
The coverage is broad, and the weighting is 
explicit. . Moreover, no adjustments for splits is 
necessary. Critics have argued that the index is 
dominated by large companies, and that value 
weights can create an upward bias. These criti-
cisms are much less universal than those aimed at 
the Dow-Jones Industrials. (Lorie and Hamilton 
1971, p. 87) 

32Such a weighting is often termed a value-weighting, even 
though the weight itself is the number of shares outstand-
ing. The total contribution to the index, the number of 
shares outstanding times the market price, is the value 
outstanding of the stock. An opposing idea is equal 
weighting. see fn. 23 for an explanation of equal weight-
ing. (Lorie and Hamilton 1971) 

33The Standard and Poor•s 425 Index. 
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2.4.3 

The 'ew York Stock Exchange Composite Index. is a val-

ue-weighted index comprised of all the common stocks listed 

on the Nev York exchange. The index vas set to a level of 

fifty on December 31, 1965 to make it comparable to the 

actual stock price average on that date of $53.33. rt is 

available on a daily basis beginning May 28, 1964~ (Lorie 

and Hamil ton 1971) 

2.4.4 

This index is almost identical to the New York Stock 

Exchange Index except that the component assets are all the 

common stocks, American Depository Receipts (ADR 1 s) and war-

rants listed on the American stock Exchange. It is a value-

weighted index and its level was set at $100.00 at the close 

of August 31, 1973. It is available on a daily basis from 

January 2, 1969. Prior to the establishment of this marJCet 

value index, the American Stock Exchange published a price 

level index (an unweighted index) • The price level index 

was first begun April 29, 1966 and vas calculated back to 

October 1962. (American Stock Exchange, Inc. 1973; Coleman 

1980) 
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2.5 SUPIHARY 

The literature relevant 

reviewed in this chapter. First 

to this study has been 

the Schwartz and Whitcomb 

article on serial correlations in market model residuals, 

was reviewed. Next reviewed were several studies of the 

intervaling effect. There was general agreement in the 

studies that there was an intervaling effect, but lack of 

agreement as to its magnitude and direction under varying 

circumstances. 

The remaining sections of the chapter were devoted to 

market indexes. The literature reviewed first covered 

issues arising in the construction of these indexes, i.e., 

what stocks to include in the sample, how to weight them, 

and what kind of average to use on them. Ancilliary issues 

were also discussed. These included such considerations as 

how to treat stock dividends or stocks that have split. 

Chapter II concluded with a description of five of the most 

commonly used indexes. 



Chapter II.I 

ANALYTICAL CONSIDERATIONS 

In the first section of this chapter the price gener-

a ting process for this study is developed from the mark.et 

model and the one-eighth price rounding is explicitly 

stated. Three alternative rounding procedures are developed 

in the next section, and the implicatioons of each are dis-

cussed. The characteristics of the rounding functions are 

discussed in the following section. Finally, the amount of 

bias introduced by one-eighth price rounding when both 

(arithmetic) holding period returns and loqari thmic returns 

are used, is derived. 

3.1 .!!!;§.PRICE CONSTRAINT 

Assuming the market mod~1 (equation 1.2) 

(3 .1) 

where 

Rit is the return on security i in time period t 

"Ruit is the market return in time period t 
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ai is the constant of proportionality (the "beta") 

for security i 

ai is the intercept term for security i 

. e:it is the stochastic error term for security i in 

time period t 

and given a return-price relationship such as 

where 

(3 .2) 

pit is the price of security i at the end of period 

t 

Pi.t-1 is the price of security i at the end of the 

period previous to t 

Rit is the holding period return on security i in 

time period t 

and then substituting (3.1) in (3.2), we have as a "true" 
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price generating process 

(3.3) 

It is the true price that would prevail if the true ai , B1 
and eit were known and price change is not constrained. 

From equation (3.3) it is evident that the observed 

Pit will not chanqe from the observed Pi,t-l unless one or 

more of Pi,t-l , a 1 , Bi , Rmt or eit are sufficiently large 

to change Pi by at 1east one-eighth of a do1lar,3• or to 

change Pi by an amount such that investors perceive the 

change to be at 1east one-eighth of a dollar. .Furthermore, 

if Pit as given by (3.3) has any value different from a aul-

tiple of one-eiqhth of a dollar, the observed prices will be 

different from the "true" prices indicated by (3.3). As 

indicated in Chapter I, if the observed betas are calculated 

from an ex post series of stocit prices, a bias may be intro-

duced in the estimated betas, a result of the one-eighth 

rounding constraint on price movements. 

3•0r one-sixteenth of a dollar for those securities traded 
in one-sixteenth dollars. 
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In the presence of the one-eighth constraint on price 

movements, the observed price will be a function of (1) the 

market-generated price (equation 3.3) and (2) a rounding 

adjustJient of such magnitude to bring the price to a multi-

ple of one-eighth of a dollar, specifically 

where 

-
(3 .4) 

Pit is the observed price of security i at the end of 

period t 

Pit is the market-generated price of security i at 

the end of period t in the absence of a price 

change constraint i.e., as given by (3.3) 

~it is a price adjustment for security i at the end 

of time period t such that Pit will be a multiple 

of one-eighth of a dollar 



47 

3.2 !.!!! ROUND!!Q .f!OCEDURE~ 

It will be assumed that the rounding rule for rounding 

price to a multiple of one-eighth of a dollar is an unbiased 

rule. That is, the mean of the rounding function is zero. 

If the rounding rule were biased, then over a period of time 

price would gradually move either up or down as a result of 

the bias regardless of other price movement. It would be 

necessary for the market to occasionally "correct" the price 

to eliminate the accumulated rounding error. Such a correc-

tion nas not been observed in reported financial research. 

It is more logical to assume that any correction occurs 

synchronously with trades, thus resulting in an unbiased 

rounding rule. 

Excluding biased rounding rules precludes investors• 

perceiving a price increase differently (with respect to 

rounding) from a price decrease of equal magnitude. For 

example, 

the next 

investors might perceive a price increase to be to 

multiple of one-eighth of a dollar before ntrue" 

price gets one-sixteenth shy of that level, but perceive a 

"true" price decrease of more than one-sixteenth of a dollar 

to still be the original price. The common rounding rule of 

rounding to the nearest integral multiple of the minimum 

unit of trading is an example of an unbiased rounding 

rule.3s The simplest rounding procedure that can be con-
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structed using this rule is to assume that investors ignore 

any previous rounding adjustments to price. With this 

assumption, (3.2) becomes, letting the superscript <1> indi-

cate values under this first rounding procedure 

(3 .5) 

Substituting (3.5) into (3.4), the observed price is 

pc l > ' 1 + (P 11 > ' 1) (R i ) + 6 o > i,t- ,t- t it (3 .6) 

Equation (3.6) specifies that the return given by the market 

model (3.1) is to be earned on the actual invested amount at 

the beginning of period t (the observed price, Pf !i~ 1 ) and 

that the amount of this return is to added to the actual 

invested amount, the resultant sum of which is then to be 

rounded to the nearest integral multiple of one-eighth of a 

dollar to determine the observed price for period t, Fil>'. 

35There must also be a suitable rule for ties such as round-
ing up if the preceding digit is even and rounding down if 
it is Odd. 
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The alternative rounding procedures to be reviewed below 

differ in these particular aspects. 

There is the possibility that the rounding adjustments 

to price reflect past over-adjustments. For example, con-

sider an initial price of one dollar and 0 true" upward price 

movements in the next two periods of slightly more than 

one-sixteenth of a dollar each. If the above rounding pro-

cedure is followed, the closing price at the end of the sec-

ond day will be $1-1/4, 

price to be only $1-1/8. 

whereas investors may perceive the 

There are at least two ways of implementing a rounding 

adjustment which reflects past rounding adjustments. one 

way is to readjust each period the observed price in period 

t-1 in the amount by which it was originally adjusted. It 

then follows that, as in the previous rounding procedure, 

~it rounds price to the ~~st integral multiple of one-

eiqhth of a dollar. Letting the superscript <2> notation 

stand for this particular rounding procedure, (3 .4} becomes 

p(2)' : p(Z) • ~(2) 
it it it 

(3. 7) 
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and (3.2) adapted to this procedure becomes 

(3 .8} 

Set ting t = t-1 in ( 3. 7) and then substituting (3. 7) in 

(3 .8) 

(3 .9) 

which can be recognized as identical to (3.2), a result 

which is expected when one considers that this procedure 

converts the last period's adjusted price to a tttrue" price. 

Finally, substituting (3.9) in (3.7) obtains 

Pf 2 >' + Pl 2 > 1 + (P ( 2 > 1) (R ) + t;,, < z > t ,t- i,t- it it (3. 10) 

Equation (3.10) specifies that the return given by the 

market model (3 .1) is to be earned on the calculated "true" 
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invested amount at the beginning of period t (not the actual 

invested amount) and that the amount of this return is to be 

added to the calculated "true" invested amount, the resul-

tant sum of which is then to be rounded to the nearest inte-

gral multiple of one-eighth of a dollar to determine the 

observed price for period t, Pf~>'. A comparison with (3.6) 

shows that calculated ("true") previous prices have replaced 

actual invested amounts. 

A different rounding procedure which utilizes past 

rounding adjustments to compute the present rounding adjust-

ment is obtained by adjusting the current price rather than 

the previous price for past over or under adjustments. For 

each price rounding adjustment to reflect all past rounding 

adjustments, it is necessary only that each adjustment 

reflect the previous adjustment (since the previous adjust-

ment reflects all rounding adjustments prior to it, etc.). 

Therefore (3.4) becomes for this procedure 

where 

p< 3)' 
it 

(3. 11) 
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P1~>' is the observed price of security i at the end 

of period t and is an integral multiple of -

one-eighth of a dollar 

p~3) 
it is the marKet-generated price of security i at 

the end of period t as given by (3.3) 

is a price adjustment for security i at the end 

of period t of such size that p<3>' will. be an it 
integral multiple of one-eighth of a dollar, 

i.e., 6 1<t3> price rounds (P 1<3t> - 6<3> ) to the i,t-1 
nearest one-eighth of a dollar 

6<3> ·is the price adjustment for security -i made in i,t-1 
the period just prior to period t and is of 

such size that (Pf :~-l - 6L3i--t was rounded to 

the nearest integral multiple of one-eighth of 

a dollar. 6<3> is undefined at t=O i,t-1 

PI t>' has the same role as pc2> 1 , 
it but for any given 

observation of price may have a different value. Procedur-

ally, Pf~> is first decreased (increased) by any upward 

(downward) adjustment made to p<a> - 6<3> in the preced-i,t-1 i,t-2 
ing period to accomplish the one-eighth rounding. Then the 

resultant sum is adjusted by ~<3> to the nearest integral it 
multiple of one-eighth of a dollar. 
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In the presence of the one-eighth constraint on 

prices, equation (3.2) expressed in the notation for this 

procedure becomes 

Pf~> = (3.12) 

Equation (3.12) specifies that the end-of-period •true" (not 

rounded) price is calculated from the return given by the 

market model (equation 3.1) applied to the actual investment 

at the beginning of period t; that is, the observed price at 

the end of the previous period. Substituting (3.12) into 

(3.11) gives 

Pf~>' = pf 3)' 1 - t:. ( 3 ) 1 i,t- i,t-

+ (3.13) 



But from (3.11), replacing t by t-1 and t-1 by t-2 

pC3) 1 - ,6(3) = pC3) - d(3) 
i,t-1 i,t-1 i,t-1 i,t-2 (3 .14) 

Substituting (3.14) into (3.13) 

p(3)' = pC3) - d(3) 
it i,t-1 i,t-2 

+ (PC3J' ) (R ) + a<3> i,t-1 it it (3 .15) 

Equation (3.15) specifies that the return given by the 

mar.1tet model (3.1) is to be applied to the actual investment 

at the beginning of the period (the observed price at the 

end of the preceding period). But the dollar amount to 

which the dollar return is to be added, to .obtain the cur-

rent "true•• price, is the ••true" price at the end of the 

previous period readjusted by the rounding to price for the 

period previous to that. The resultant sum is then adjusted 

by 6f ~> to the nearest integral multiple of one-eighth of a 

dollar .. Equation (3.15) then describes a second possible 

rounding procedure which utilizes information about past 

rounding adjustments. 
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In summary, the three rounding procedures reviewed 

above are 

(1) Pf:>' = Pf 1~:1 + (Pf:~:1> (Rit) + llf l) (3 .6) 
' 

(2) p~ 2)' = Pf ~~-1 + (Pf~~-1) CR1t> + llff> (3. 10) it 

(3) p ( 3)' 
it 

= pC3) 
i,t-1 

- ,!l(3) 
i,t-2 

+ (P (3 >' ) (Hit} + ,!l(3) (3. 15) i,t-1 it 

They all derive from the market model and a premise that 

observed price is equal to a "true" price (calculated from 

the market model} plus a rounding adjustment. They differ 

in the amount of investment to which the return is applied 

and in the beginning investment to which the amount of 

return is added to get a true ending price which is then 

rounded to the nearest one-eighth. The first and third pro-

cedures apply the rate of return to the actual amount of 

investment at the beginning of the period (the onserved 

price). The second method applies it to the "true" price. 

In the first method the amount of. return for the period is 

added to the observed beginning price. In the second proce-

dure, it is added to the "true" beginning price; and in the 
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third, it is added to the "true" beginning price adjusted by 

the previous period's rounding adjustment. In all three 

procedures the role of the rounding function is the saae. 

It rounds the sum of the other terms on the right hand side 

to the nearest one-eighth of a dollar giving as a result the 

observed price at the end of period t. 

3.3 ~~~RACTERISTI~S Ql THE ROUNDING fp.JCTION 

It will be assumed that the Pit of equation (3.4) or 

the sums which replace it in (3.6), (3.10) or (3.15) are 

continuous and that ties (as to which integral multiple of 

one-eighth of a dollar is nearer) are extremely unlikely. 

With the above assuaptions, has a uniform continuous 

distribution between minus one-sixteenth and plus one-six-

teenth of a dollar and is zero everywhere else. Its first 

mo•ent is 

11/16 

= c xd:x 

- 1/16 

= 

1/16 
c 
-x2 = 0 
2 

-1/16 

(3 .16) 

where 
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µli 1s the· first moment of the frequency distribution 

of flit 

c is a constant and is the frequency distribution of 

flit , i .e •, f (X) 

x is the variable representing the axis along which 

is distributed 

The second moment of flit is 

3 
-1/16 

-cf~~~: 
-1/16 

1/16 
c 

= 

It can be further shown that all odd moments of 

(3.17) 

fl will be it 
zero and all even moments will be non-zero, a property that 

follows naturally from the symmetry of flit• 
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3.4 ~ rn li! HgLDING fll!OD RET!IBl!.§ 

Por holding period returns (vis-a-vis logarithmic 

returns, to be discussed in the next section), rearranging 

(3.2) gives 

pit - Pi,t-1 

Pi,t-1 

and therefore for the observed returns, Rit 

R~t 
Pit - Pi,t-1 = 

Pi, t-1 

(3. 18) 

(3.19) 

Assuming that the data has been standardized to a mean 

of zero, the observed beta, bi_, will be given by 

IRmtRlt I Rmt 
Pi_t - Pf,t-1 

Pi_,t-1 t t 
b' = = (3 .20) i 

I~ IR~t t t t 
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substituting (3.4) into (3.20) 

I (pit + t.it - Pi,t-1 - Ai,t-1) 
Rmt 

t pi t-1 + t.i,t-1 b' , (3.21) = i J::R2 
t mt 

But in the absence of the one-eiqhth price constraint, the 

beta that would be observed, bi, would be 

IR2 
t mt 

(3 .22) 

From (3.21) and (3.23), the change in the observed beta due 
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to the one-eighth price constraint is 

b' - b i i 

But from (3 .16) 

= 0 

IRZ 
t mt 

(3.23) 

(3 .24) 

Therefore, if Ait is statistically independent of Pi,t-l' 

Rmt' and Ai,t-l (and similarly, Ai,t-l independent of Pit' 

Rmt' and Pi,t-l) then, using (3.2q) in (3.23), gives 

E (b' - b ) = 0 i i (3.25) 

If Ait is not statistical.ly independent of Pi,t-l' then the 

bias introduced to beta by the one-eighth rounding of price 



61 

(and using holding period returns) is that given by equation 

(3.23). 

3.5 ~ ~ I! 1QGARITHMI£ RETURNS 

For logarithmic returns, 

= ln ( Pit ) 
Pi,t-1 

(3.26) 

where ln indicates the natural. logarithm. solving (3 .26) 

for P 1 t, (3 .2) becomes 

= 
Rit 

e •P. t 1 
l.' -

(3 .27) 
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and the thre~ roundinq procedures become 

R 
(1) pc 1 >' = e it.pCl)' + Ll.Cl) (3. 28) it i,t-1 it 

R 
(2} pc 2 >' = e it.pc2> + f!,(2) (3. 29) 

it i,t-1 it 

nit 6(3) ] 
(3) pc~>' = [p<» - 1,t-1 + tlf~> (3 .30) it e i,t-1 eRit 

The holding period return expressions for the three rounding 

procedures (equations 3.6, 3.10, 3.15) provided for two sep-

arate uses of price: (l} a price to be mul tip led by the 

rate of return to get the dollar amount of return for the 

period, and (2) an invested quantity to which the dollar 

return for the period was added. The price was not neces-

sarily the same for these two uses. No such separation 

exists in (3.28 - 3.30). However it could be obtained by 
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R. 
· th · · for e J.t using e series expansion , namely 

Rit Rft R.ft 
e = 1 + Rit + ~ + 

2! 3! 
+ ••• co (3.31) 

Moreover, it can readily be seen that using the first order 

approximation to (3.31) in (3.28 - 3.30) produces identi-

cally the holding period expressions for rounding rule pro-

cedures (3.6, 3.10, 3.15). 

The lack of such a separation while complicating tne 

interpretation of (3.30), does not appear to alter the role 

of ~it in any way. Therefore it is assumed that ~it retains 

the properties previously discussed, namely that it has, {l) 

a uniform continuous distribution between minus one-six-

teenth and plus one-sixteenth of a dollar and is zero every-

where else, (2) all odd moments equal to zero, and (3) non-

zero even moments. 

Using (3.26) the observed returns, Rj_t are 

(3 .32) 



64 

and again assuming that the data has been standardized to a 

mean of zero the bias equation (3.23), for logarithmic 

returns becomes 

. 
pit + 

l:R t ln 
t m pi. t-1 + 

b' -b = i i 

But 

- ln 

ft.it ']-IR pit )] ln 
6 t mt 

,Pi. t-1 i.t-1 

l:R~t 
t 

6 

(:it L lnC~ ] 
i,t-1/ 1~ i,t-1 

p ' 
i,t-1 

(3 .33) 

(3 .3'4) 
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Substituting (3 .34) into (3.33) 

6 it· +-

pi t-1 
b' - b = ----------------~ i i (3 .35) 

For small x 

ln (1 + X) ·:; X (3.36) 

6 6 
Both :u._ and i.t-l are small for high-prices stocks. 

pit p i,t-1 
Therefore, using (3.36) in (3.35), for a first order approx-

imation 

IR (;1t -6;1..,-1 ) t mt p 
b' - b :;;:. it i.t-1 (3.37) i i 

Ia:t 

If 6it is statistically independent of ~t and Pit , and 
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reca.l.ling that 

E ( 6it) = E ( ~i, t-1 ) = O 

we have 

to a first order approximation. If 6it is not statistically 

independent, then (3. 37) gives, to a first order approxima-

tion, the bias introduces by the one-eighth price rounding. 

.For low-priced stock.s, price is small compared to 6it 

!J.£_ and as a result is not smalJ., and the first order 
pit 

approximation, ln (1 + X} = x, is not appropriate. The 

series expansion of ln (1 + x) is, for -1 < x ::s: 1 

ln(1 + x) = x - ~ + ~ ••• (ID (3 .39) 
2 3 4 
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Applying (3.39) to (3.35) results in the follovinq terms in 

the numerator of (3.35) 

fj,2 
1.t-1 + 

p2 
i9t-l 

6 t.t-1 
p~ 

i9t-l -··1} (3.40) 

Prom equations (3.16) and (3.17) and the discussion follow-

ing them, the odd moments of tJ.1 are zero but the even 
t 

11011ents are not. Therefore even if Ait is statistically 

independent of Rmt and Pit the numerator of (3.35) does not 

vanish when expectations are taken and we have for low-

priced stocks that 

E(b' - b ) * 0 i i 
(3 .41) 

It may be concluded that for low-priced stocks the one-

eighth price rounding does introduce a bias in the observed 

beta coefficients. Its direction is not clear. But that it 
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exists (and always exists for 

firm foundation to this study. 

low-priced stocks) gives a 

Its magnitude may be small 

perhaps too small to be material -- but that is a result 

to be determined in this study. 

3.6 SUMKARY 

The rounding procedures must be unbiased. There are 

at least three plausible unbiased rounding procedures which 

can be developed, and that has been done above. The forms 

applicable to holding period (arithmetic) returns provide 

for the separation of price into two distinct uses: ( 1) the 

investment to which the rate of return is to be applied to 

compute the amount of return, and (2) the amount of invest-

ment to which the result of (1) is to be added; and the 

price need not be the same for each purpose. The forms for 

logar~thmic returns do not provide for this separation in 

the use of price. 

The rounding function itself has a uniform continuous 

distribution between plus and minus one-sixteenth of a dol-

lar, and has zero odd moments and non-zero even moments. 

Because of these moment characteristics, when returns are 

calculated from the usual holding period expression (3.18), 

the amount of bias introduced into estimates of beta by the 

one-eighth rounding is zero if the rounding variable is sta-
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tistically independent of the other random variables; other-

wise it is non-zero. However, if the loqarithmic expression 

for returns is used (3.26), then the beta bias is always 

non-zero. If the rounding ~ariable is statistically inde-

pendent of the other random variables, then the bias enters 

only from the even moments of the rounding function and is a 

second and higher (even) order effect. Otherwise the bias 

is a first order effect. 



Chapter IV 

THE RESEARCH METHODOLOGY 

In this chapter the design of the simulation program, 

the techniques, and the statistical procedures used to prod-

uce the results described in Chapter v are reviewed. The 

procedures followed in the simulation program are discussed 

in some detail, as are the statistical procedures which were 

used to aid in the general analysis of results from the sim-

ulation. The techniques used to address the question of how 

many replications were needed are described next. A tangen-

tial but important issue is what disturbance term to use 

when generating the 11true" price series from the mar..k:et 

model. The technique used to determine this is described in 

the next section. The last section of the chapter describes 

tests used to determine how well results can· be reproduced; 

that is, if the simulation proqram is presented with differ-

ent random number streams, will the beta estimates be mate-

rially different? 

70 
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4.1 OVERVIEW Ql. ~SIMULATION fill! 

For each simulation3• a starting point in the marKet 

index price level series was randomly chosen. Using this 

price and subsequent prices selected from the index series 

for a specified differencing interval, market returns were 

calculated to the end of the predetermined time period.37 

Using the specified "true" beta and "true" alpha for this 

particular simulation, the market returns described above, 

and an initial market price for the simulated security, a 

price series for the security was calculated from the price 

generating process described in the previous chapter for 

36The terminoloqy used here is that a simulation includes 
the exercise of all steps associated vith one pass through 
the marxet price level time series. one or more simula-
tions constitute a simulation run. Simulations in which 
the controlling parameters differ only with the starting 
point of the market index price level series serve as rep-
lications for the statistical analysis. 

37For simplicity a simulation is described in this overview 
as if it were completed in its entirety before another 
simulation was bequn. In actuality each simulation was 
completed only to the point of determining the required 
observations from the market index series and then subse-
quent calculations were performed for all simulations in 
the run. This procedure is more fully explained in the 
next section. 
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arithmetic returns, • 

(3 .3) 

or the equivalent of (3.3) for logarithmic returns, 

(4 .1) 

'l'he "true" price series for the hypothetical security was 

then rounded to the nearest one-eighth of a dollar using the 

second rounding procedure developed in Chapter III, namely, 

for arithmetic returns 

p< 2 )f: = p< 2) 
it i,t-1 

+ (P<2> } (R ) + 
i,t-1 i.t 

(3. 10) 
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or the equivalent of (3.10) for logarithmic returns 

R 
p<2>• = e it.p<2> + t\<2> 
it i,t-1 it 

(3 .29) 

Returns for the security, either arithmetic or logarithmic, 

were then calculated from the rounded price series and an 

ordinary least squares regression {OLS} was performed on the 

series of returns using the corresponding series of market 

returns and the marKet model, equation (1.2). Hence tne 

observed alpha and beta were obtained for the simulation. 

To provide the desired number of replications the simulation 

was repeated using a different randomly chosen starting 

point in the index series each time while holding fixed the 

other specified parameters, namely, differencing interval, 

initial price, "true" alpha and "true0 beta. These parame-

ters were also varied and the desired number of replications 

was provided for each combination of the specified parame-

ters by using a randomly chosen starting point in the market 

index price level series for each replication. 
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4.2 ~SIMULATION PROGBAK 

The simulation program produced a file containing the 

results of each simulation including: the observed alpha and 

beta, the replication number of the observation., the speci-

fied differencing interval, "true" alpha, ntrue 11 beta, ini-

tial price, type of return used, and the market index used. 

To produce this file, a series of constants which governed 

the operation of the simulation program was specified at the 

beginning of the program as follows: 

The random starting point in the mar~et index price 

level series was governed by a specified seed for the uni-

form random deviate generator3a and a specified ~range" con-

stant which multiplied the generator output (in the interval 

0-1). An offset was also provided so that tne range would 

not begin prior to the specified number of observations of 

the offset constant. (However, the off set feature was not 

used in the resul.ts reported here.) The length of the 

period, measured from the random starting point, for which 

observations were to be selected from the market series at 

the specified differencing interval, was also specified. 

For example, a specified offset of 500, range of 1,000, 

length of 3,000 and differencing interval of two, produced 

3BThe random deviate generator is described in 
Council ( 1979, p. 443) and Lewis, Goodman 
(1969). 

Helwig and 
and Miller 
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for each replication a series of 1,500 inaex prices randomly 

b09inning somewhere between the 501st through the 1,501st 

observation of the actual market series. 

The additional parameters specified for a run were the 

market index to be used, the type of return(s) (arithmetic 

or logarithmic), initial price(s), "true" alpha(s), tttrue" 

beta (s), differencinq interval (s) , and number of replica-

tions. Additionally, an option was included which allowed a 

"true" alpha to be e::.'timated from an assumed annual risk-

free interest rate and the "true" beta and differencing 

interval in use at that point. The calculation used was 

that given by equation (1.3) assuming that a 1 is constant 

over t for eacn combination of "true•• beta and differencing 

interval. More precisely, the expression for the specified 

true alpha was, 
" 

where 

Rf is the assumed annual risk-free interest rate 

INT is the differencing interval 

S i is th a assumed "true" beta 

(4 .2) 
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All but the first of these additional parameter lists were 

executed in hierachial fashion in the order listed; that is, 

the specified number of replications was performed for each 

of the specified differencing intervals, all of which in 

turn were done for each of the specified betas, all of which 

in turn were done for each of the specified alphas, and so 

on. The results, therefore, for all desired combinations of 

the parameters for a particular market index would be 

obtained in a single run. In practice, however, this would 

have made the run entirely too large. 

The first part of the simulation proqraa, using the 

parameters described above, computed the observations from 

the market index series which were required to perform all 

the simulations specified by the parameters. (There typi-

cally would be, of course, many duplications.) This file 

was then sorted by observation number and match-merged39 

with a copy of the market index file from which all holidays 

had been dropped.•o The resulting file was then sorted by 

index, type of return, initial price, alpha, beta, interval, 

replication number, and observation number. Thus it was the 

3•In match-merging, observations in two or more files that 
have the same value of a common matching variable, in this 
case the observation number, are joined to produce a new 
observation. Thus each entry in the file of required 
observations additionally has the market index price level 
for that observation after this step has been performed. 

• 0 In this study only trading days were recognized. 
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same as the original required observations file except that 

the corresponding market index price levels had been added. 

Next, for each series, the market return for each 

period was calculated similarly to either (1.4) or to (1.5} , 

depending upon whether the returns were to be arithmetic or 

loqarithmic respectively. An appropriate standard error of 

regression was computed to be used as the standard deviation 

of the random disturbance term (this computation is· dis-

cussed in section 4.5 of this chapter), and an ending price 

for the period was calculated from (3.3) or (4.1) using the 

disturbance term, the market return for the period, the 

specified "true" alpha and beta, and the "true" (not 

rounded) price for the previous period. The ending price 

was rounded to the nearest one-eighth of a dollar and the 

security's return for the period was computed using this 

rounded price and the rounded price for the previous period 

in (1.4) or (1.5). These steps were repeated for every 

holding period in each series (replication} • 

After all returns for every series were computed, var-

ious descriptive statistics (mean, standard deviation, maxi-

mum, minimum and range) for price, rounded price, rounded 

return and market return using the replications within each 

combination of parameters were calculated. The statistics 

for price were particularly useful in determining if the 
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price series for a particular combination of parameters was 

well-behaved. Finally, the series of security returns for 

each replication was regressed on the corresponding market 

returns series (recall that at this point the corresponding 

market returns are part of the same file) using the market 

aodel (1.2). The resulting observed alphas and betas along 

with the specified parameters which produced them and the 

replication number were added to the output file of the sim-

ula tion run. 

4.3 llfl §!ATISTICAL ANALYSl~ 
I 

The output files from the simulation runs or combina-

tions of these files produced various descriptive statistics 

and were used for several statistical tests. Two such 

tests, ( 1) determining the appropriate nWBber of replica-

tions to be used, and (2) examining the repeatability of the 

experiment, will be separately described in following sec-

tions of this chapter. The most pertinent of various other 

procedures used will be described in this section. 

For each replication, the bias in the observed beta 

(i.e., "true• beta minus observed beta) was computed. For 

each unique combination of specified index, type of return, 

initial price, "true" al.pha and beta, and differencing 

interval; the mean, standard deviation, minimum, and maximum 
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of the beta bias, observed beta, and observed alpha were 

computed. A one-sample Student• s t test·u was performed to 

test the null hypothesis of zero beta bias. The probability 

of ITI > ttl was computed and listings were obtained and 

sorted by: (1) the mean of the beta bias, (2) the probabil-

ity IT l > It I for the beta bias, and (3) the standard devia-

tion of the beta estimates for each combination of the spec-

ified parameters. These listings were then examined to see 

which combinations were causing extreme results. An n-way 

analysis of variance,•Z with interactions, was also per-

formed using as factors the specified parameters which 

changed during the simulation run and the amount of bias in 

the beta estimates as the response variable. 

4.4 I!m, DETERMINATION Ql !!!.~ APPROPRI!I! !!!lm.ml Q1. 
,B,gPLICATIONS 

Following simulation runs using 150 replications, the 

replications for each combination of specified parameters 

were divided into groups of the first 10 replications, the 

next 20, the next 30, LW, and 5 O. Then for each combination 

of specified parameters, a one-way analysis of variance•3 

•lThis test is discussed in a variety of standard statisti-
cal tests, for example, Ott (1977, p. 103). 

•2For a discussion of this procedure, see any standard sta-
tistical text such as Ott (1977, p. 430). 

•3See, for example, Ott (1977, p. 354). 
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was run using the number of replications as 

amount of bias in the beta estimates as the 

the factor and 

response. A 

Duncan's multiple range test,•• as extended to unequal cell 

sizes by Kramer ( 1956) , was then perf armed to see if. there 

were significant differences in the means for the differing 

number of replications. For some combinations of parameters 

this procedure was repeated for groups of replications of 

sizes 5, 10, 15 and 20, and for sizes of 50 and 100. 

An additional procedure used to check the stabiliza-

tion of the beta estimates was to compute a cuaulative aver-

age for each replication of each combination of specified 

parameters. The average amount of bias in the beta esti-

mates versus replication number was then plotted for each 

combination and visually inspected to identify the point at 

which the beta estimates became relatively stable. 

4.5 !l!E DETERK.NATIQ! Ql !! !fPROPRIA,IE STAND.!!U!. ERROR 

In the qeneration of a price series using (3.3) or 

(4.1) the disturbance ter• was generated usin9 a normal ran-

dom deviate generator (Helwig and Council 1979, p. 444). 

The mean vas set at zero, but the appropriate standard devi-

ation to use was open to question. If the value chosen was 

too small, then there was little value in using a disturb-

••see, for example, ott (1977, p. 392). 
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ance term. If too large, the price series became ill-be-

haved. 

Using daily price data from another study,• 5 averaqe 

standard errors of regression of the market model were com-

puted for 92 over-the-counter stocks, 58 New York Stock 

Exchange stocks, and 43 American Stock Exchange stocks. The 

average price of each stock for the first 100 days was also 

computed. The results are shown Table 4.1 below. Prom 

Table 4.1 it can be seen that the average standard error or 

regression varies considerably. The range of average prices 

indicates that the stocKs traded on the New York StocK 

Exchange are higher priced than are the others. Higher 

priced stocks would have their standard errors inflated less 

by one-eighth price rounding, so the average of the New York 

Stock Exchange group was chosen as the appropriate standard 

error for one day differencing intervals. Since the stand-

ard error varies with the differencing interval46 it was 

necessary to devise an appropriate adjustment to the one day 

differencing interval standard error for longer differencing 

intervals. 

•sKeown and Pinkerton (1981) • 

•6See Schwartz and Whitcomb (1977b) and Smith (1978). 
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I I 
I Table 4.1 I 
I I 
I I 
I Average Standard Errors And Prices I 
I I 
l I 
I Number Average Average Price I 
I of Stocks Exchanqe Std. Err. Minimum Maximum I 
I I 
I 92 OTC .0268 1.24 34.67 I 
i t 
I ' I 58 NYS .0242 4.48 58.31 I 
I I 
I I 
I 43 ASE .0309 2.22 43.90 I 
I I 
I I 
I I 
I 193 .0269 I 
I I 
l I 
l I 
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It can be shown that where the number of observations, 

n, is sufficiently large compared to the number of paraae-

ters to be estimated in a regression k, so that n-k : n-1 

then 

where 

SE 
__!}; (4 .3) 

SE is the standard error of regression at a differ-n 

encinq interval of length n 

SB1 is the standard error of regression at a differ-

encing interval of length l 

R2 is the coefficient of determination at a differ-n 

encing interval of length n 

R2 is tbe coefficient of determination at a differ-
! 

encing interval of length 1 
l 

In their Table I, Cohen, Hawawini, Maier, Schwartz and Whit-

comb (1980a) reported R2 for differencing intervals of 1, 2, 

3, 4, 5, 10, 15, and 20 days. Additionally Smith (1978) 

reported R2 for differencing intervals of two months (about 
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42 trading days), three months (about 63 trading days), 12 

months (about 2q3 trading days) and others. Using the Cohen 

et al data extended by the Smith data in equation (4.3) pro-

vides the adjustments shown in Table 4.2. Using an equation 

of the form 

y = alog x +b (4 .4) 

and adjusting slightly so that SEn/SE1 =1 at n = 1, and 

using the previously discussed standard error at n = 1, we 

have 

where 

s'En;;:: .0242[1-(.05644){ln{INT))1 (~ .5) 

SEn is the standard error of regression for a dif-

ferencing interval of length n 

ln(INTl is the natural logarithm of the differencing 

interval 
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The result of (4.5) then becomes the appropriate standard 

deviation to use with the normal random deviate generator to 

produce the disturbance term for the price series genera-

tion. 

4.6 EXAftINATION Ql THE lmf!ODUCIBIL~T! OF !!!! EXPERIMENT 

For a f ev selected combinations of the specified par-

ameters, simulation runs were made using the fol.loving vari-

ations: 

1. the "control" run 

2. same as (1) except using a different seed for the 

random number generator which picks the starting 

point in the market index series 

3. same as ( 1) except using a different seed for the ,,. . . 

random number generator which creates the disturb-

ance term. 

Paired difference t tests•7 were performed on each pair of 

the above.•• The paired differences were also tested for 

•7For a discussion of this test, see ott (1977), p. 244). 

••su1tiple pair-vise tests suffer a degradation in their 
ability to avoid type I errors overall. However for three 
pairs the degradation is not large, an a of about .035 
being required for eacn individual test in order to give 
an overall error rate of .10. 
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I 
t Table 4.2 
t 
I 
l Standard Error Adjustments 
I 
I 
I Differencing Ratio 
l Interval SE /SE 
I 
I 1 1.00000 
I 
I 2 .96868 
I 
I 3 .96217 
I 
I 4 .94646 
I 
I 5 .92619 
I 
I 10 .88356 
I 
l 15 .86850 
I 
l 20 .81776 
I 
l 42 .. 77848 
I 
I 63 • 75834 
I 
I 243 .6899~ 

I 
I 
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normality using the Kolomogorov-Smirnov D-statistic•9 and 

the differences were further tested using the non-parmetric 

tests, Wilcoxon 1 s signed-rank test and Fisher's sign test.so 

It should be noted that the question of reproducibil-

ity is closely allied with the question of how many replica-

tions are required for the beta estimates to stahlize, which 

was discussed in Section 4.4. If the estimates do not sta-

blize sufficiently in the number of replications which were 

made, then a different random number stream will likely 

produce different beta estimates. 

4.7 SOftHARY 

In section 4.1 the simulation program has been concep-

tually discussed. Briefly, the simulation procedure was to 

determine which observations in the market index price level 

series were required to perform the specified simulation 

run, then get them, return each series to its original 

order, perform the required regressions and place eacn simu-

lation•s alpha and beta estimates in a file along with other 

information describing the simulation. Section q. .2 

described how this was done. Section 4.3 reviewed the 

49See Stephens (1974) • 

s 0 These two tests are discussed in Ott (1977, pp. 
and in Hollander and Wolfe (1973, pp. 27, 39) 
in various other statistical texts. 

307, 313) 
as well as 
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descriptive statistics produced from the simulation runs and 

the various orders into which they were sorted to facilitate 

analysis. Statistical inference about the population mean 

of the amount of bias in the beta estimates was also intro-

duced. 

The use of Duncan's multiple range test and also plots 

of the cumulative average for the replications to address 

the question of how many replications were needed was pres-

ented in Section 4.4. In section 4.5 the determination of 

the appropriate standard deviation of the price-generating 

model's random disturbance term was discussed. Data from 

another study was used to estimate an appropriate standard 

error of regression for a one-day differencing interval. 

R2's reported in two other studies were used to estimate the 

relationship between the standard error for a one-day dif-

ferencing interval and the standard errors for larger inter-

vals, and an empirical equation was derived to implement 

this estimation. Lastly, the statistical procedures used to 

test the robustness of the simulation runs to changes in the 

randon number streams were described in Section 4.6. 



Chapter V 

THE RESULTS 

The results of two procedures intended to resolve the 

questions of how many replications to use, are presented in 

the first section of this chapter. The next section 

addresses the very important question of how reproducibile 

are the results. If the random number streams are differ-

ent, will the results be materially different? The results 

of a number of runs and procedures are reviewed in order to 

answer this question. The third section of this chapter 

contains the principal results of this study, namely the 

amount of bias in the observed betas for different combina-

tions of the specified parameters. Results are presented 

for a broad set of specified parameters (for logarithmic 

returns) and then contrasted with results for a set which is 

similar but uses different choices for the assumed "true" 

alpha. The results for logarithmic returns are also con-

trasted with the results for· holding period (arithmetic) 

returns. 

5.1 !HA DETERftIHATION Ql I!!! APPROPRI!tE !!!!m.!R Q! 
REPLICATIO~ 

The results from Duncan•s multiple range tests in gen-

eral were of little help in establishing the appropriate 

89 

,, 
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number of replications to be used. Eighteen runs were 

produced from the possible combinations of the following 

specified parameters: 

•Initial Prices: .s, 1, 1.5 

• True Betas : .2, 2 

• Intervals : 10, 20' 60 

True alpha's were calculated from (4.2) at Rf = .06 annu-

ally. For logarithmic returns, with the S&P 500 as the mar-

Ket index, no starting point offset, starting point range of 

1,000 trading days and a series length of 3,450 trading days 

only four of the combinations produced any significant dif-

f erences in the means of the observed betas for replications 

of 50, 40, 30, 20 and 10 in number. These four are shown in 

Table 5.1 below. The vertical bars span treatment classess1 

which are not significantly different from each other at an 

alpha level of .os. 
The results in Table 5.1 suggest, although not 

strongly,s2 that of the number of replications compared at 

this point either 40 or 50 replications is pref erred. Since 

these are at the upper end of the alternatives, an 

s1rn this particular analysis the treatments are the differ-
ent number of replications used each time. 

s2Recall that 1~ of the 18 combinations indicate that there 
is no statisticaliy significant difference (at an alpha 
level of .05) in the means of observed betas for numbers 
of replications of 10, 20, 30, 40 or 50. 
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l 
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I 
I 
I 
I 
I 
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TABLE 5.1 

Siqnif icant Differences in Observed Beta 

Values of 
Parameters 

Initial Price: 1 
True Beta . .2 • 
Interval : 10 

Initial Price: 1 
True Beta . .2 • 
Interval : 20 

Initial Price: 1 
True Beta . .2 . 
Interval : 60 

Initial Price: 1.5 
True Beta . .2 . 
Interval : 20 

Number of 
Replications 

50 
I 40 

I I 20 
I 10 

30 

I 40 
I t 20 
I I so 
I I 30 
I 10 

I 10 
I 50 
I 40 
I 30 
I 20 

I 50 
I 30 
I 4 0 

I I 20 
I 10 

Kean 
Observed 

Beta 

.214 

.210 

.208 

.175 

.167 

.215 

.211 

.191 

.176 

.156 

.263 

.197 

.188 

.178 

.165 

.209 

.206 

.204 

.184 

.159 

- --------- - JI 
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additional run vas made using replications of 50 and 100. 

None of the means of the observed betas for the coabinations 

of specified parameters were significantly different for the 

additional replications. 

Lack of a statistical difference in the means of 

observed betas for the different numbers of replications can 

be explained by one of two possible reasons: (1) the between 

treatments sum of squares is small, hence the sample means 

of the observed betas are close together for the differing 

numbers of replications, or (2) the within treatments sum of 

squares is large, hence the difference in sample means of 

the observed betas for differing numbers of replications may 

be sizeable. The first illustration in Table 5.2 shows the 

range of mean observed betas having the largest variation 

for the different numbers of replications for a specified 

combination of parameters, the last illustration shows the 

saallest. The smallest variation is within acceptable lim-

its; but the largest is larger than desirable, albeit per-

haps not prohibitively so. 

Since the use of Duncan's multiple range test did not 

give a clear indication of the appropriate number of repli-

cations to use, the cumulative average procedure described 
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I ' I TABLE 5.2 I 
I I 
I I 
I Range of Means of Observed Betas l 
I I 
l I 
I aean I 
I Values of Number of Observed I 
l Parameters Replications Beta I 
I I 
I I 
I 30 2.23 f 
I 50 2.18 I 
I Initial Price: o.s 100* 2.17 I 
I True Beta . 2.0 40 2.14 t . 
I Interval . 60 50* 2.11 I . 
l 20 2.09 I 
I 10 1.94 I 
I I 
I I 
I I 
I 10 2.22 I 
I 30 2.17 I 
I Initial Price: 1.0 50* 2.16 I 
i True Beta . 2.0 20 2.13 I . 
I Interval . 60 100* 2.12 l . 
I 40 2.12 I 
I 50 2.11 I 
I I 
f I 
I I 
l 50* 2.04 I 
I 10 2.03 I 
I Initial Price: 1.5 20 2.02 I 
t True Beta . 2.0 so 2.02 l . 
I Interval . 10 40 2.02 I . 
l 30 2.01 I 
I 100* 2.01 I 
I I 
t I 
I *From a run using replications of 50 and 100. t 
I Remainder are from a run of replications of I 
I 10, 20, 30, 40 and so. Theretore, each of the I 
I 50 replications use different random number I 
r streams for the starting point. I 
I I 
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in section 4.4 of Chapter IV was used for all of the combi-

nations of specified parameters mentioned earlier in this 

section, as vell as various others. The number of replica-

tions was 150. Figure 5.1 is an illustratioon of these 

plots and is for an initial price of $0.50, a true beta of 

2 .o, and an interval of 20 trading days. From visual 

inspection of these plots, it was concluded that the number 

of replications required for the bias estimate to stablize 

was quite variable, but for all combinations of parameters 

it was reasonably well accomplished53 within the 150 repli-

cations. For a few combinations of specified parameters, 

255 replications were tried, and 500 was tried for one com-

bination. No new information was obtained from these 

extended runs. Therefore it was assumed that 150 replica-

tions was an appropriate number to use for subsequent si.mu-

lation runs. 

saA reasonable stabilization was assumed to be when the mean 
of the bias in beta came within ± .OS of its value at 150 
replications and stayed within that range for the remain-
der of the replications. 
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5.2 EXAftINATION Ql Ill! REPRODUCIBIL!!!. Q.l !!m, EXPERIMEN! 

Table 5.3 displays the results of the three simulation 

runs mentioned in Section 4.6 of Chapter Iv.s• It can be 

seen that for many of the parameter combinations the results 

either do not differ greatly between runs or the amount of · 

bias is so small that it is not material that the results 

differ.ss However, the variation in results for several of 

the combinations is disturbingly large as revealed in the 

box in Table 5.3. Other large variations are indicated by 

an asterisk. 

The entry with the largest variation in bias in Table 

5.3 was studied further. Runs were made at 255 replications 

instead of 150. Also a differencing interval of two trading 

days was used in addition to the ten trading day interval 

which was previously examined. The results are shown in 

Table 5.4. Runs 4, 5 and 6 correspond to Runs 1, 2 and 3 of 

Table 5.3 in their use of random nmaber generator seeds. 

Run 7 used only 150 replications, but employed different 

random number streams than Runs 1-3. Runs 4-7 show a dis-

turbinq amount of variation in the mean amount of bias 

s•Run 1 is the control run. Run 2 has a different seed for 
the random number qenerator which picks the starting point 
in the market index series. Run 3 is the same as Run 1 
except that the seed for the random number generator for 
the disturbance term is different. 

sspor an example of the latter, see the first entry in Table 
5.3. 
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r ---------------

l t 
I TABLE 5.3 I 
I I 
l Mean Amount of Bias in Beta I 
l (150 Replications) I 
l I 
I Mean Amount of Bias t 
t I 
I Initial True I 
I Price Beta Interval Run 1 Run 2 Run 3 I 
I - I l . I 
I 0.5 .2 10 .007 -.009 -.008 I 
I o.s .2 20 .ooo -.002 .004 I 
l •0.5 .2 60 -.026 .008 -.~Q1 I I 
I I *o.s 2 10 .056 .01a .}07 I 
I o.s 2 20 -.039 .028 -.028 I 
I o.s 2 60 -.153 -.162 -.15'1 I 
l I 
I 1.0 .2 10 .ooo -.005 -.007 I 
I 1.0 .2 20 .oos -.005 .oos I 
I 1.0 .2 60 .009 .010 .010 I 
1 1.0 2 10 -.024 -.009 -.030 I 
I •1.0 2 20 -.039 -.043 -.076 I 
I 1.0 2 60 -.134 -.144 -.129 I 
I I 
I 1.5 .. 2 10 .ooo .ooo -.012 I 
l 1.5 .2 20 .ooo .001 -.002 I 
I 1.5 .2 60 .002 .009 -.002 I 
l 1.5 -'" 2 10 -.021 -.043 -.038 I 
I *1.5 2 20 -.oso -.060 -.031 I 
I 1.5 2 60 -.141 -.146 -.139 I 
I I 
t •Displays large between-run variation in mean I 
I amount of bias I 
l I 
I l 
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obtained. However, at an interval of ten trading days, the 

results displayed in Table 5.4 are all. within the range 

established by the results in Table 5.3, and the variation 

is somewhat less. At an interval of two trading days the 

variation is substantially small.er, being about 11~. 

To further examine the question of reproducibility, 

paired difference tests were employed on each pair of Runs 

1, 2 and 3, and the results of these tests as well as the 

results of tests to see if the paired differences are nor-

mally distributed, are presented Table 5.5. The t tests 

indicate insufficient evidence in the data to reject the 

null hypothesis ,H , of zero differences at any reasonable 
0 

significance level. However the Kolmogorov-Smirnov tests 

indicate that the paired differences of Runs 2 and 3 clearly 

should not be assumed normal, and the differences of Runs 1 

and 3 could only marginally be considered as normal. There-

fore the non-parametric Wilcoxon signed-rank test and 

Pisher•s sign test was run on the paired differences. The 

results of both of these ~ests indicated that there was 

insufficient evidence in the data to reject H at any rea-o 
sonable level of significance.s6 

s•Recall, however, that the paired difference tests are 
tests for a location difference in the two sets of read-
ings. Differences between the readings for each pair can 
be material, but if one is not somewhat systematically 
higher or lower than the other, the paired difference test 
will indicate a failure to reject H0 : the differences are 
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' I l 
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TABLE 5.4 

Mean Amount of Bias in Beta 
(255 Replications) 

Initial Price: 0.5 

True Beta : 2.0 

Mean Amount of Bias 

Interval Run q. Run 5 Run 6 

10 .068 .023 .060 

2 .405 .. 429 .431 

*150 Replications 

Run 7* 

.098 

I 
I 
t 
I 
t 
I 
I 
I 
l 
I 
t 
I 
I 
I 
I 
I 
I 
I 



100 

I I 
I TABLE 5.5 I 
I I 
I Paired Difference and Normal Tests I 
I I 
l Runs 1-2 Runs 1-3 Runs 2-3 I 
l I 
I I 
I I tests I 
I I 
I t statisticl .97 -.14 -.70 I 
I l 
I p-value .34 .87 .so I 
I l 
I I 
I Kolmogorov-Smirnov Tests I 
t I 
I D statisticZ .95 .92 .79 I 
I I 
I p-value .49 .14 <.O 1 I 
I I 
I I 
t Wilcoxon Sign.fill li.n! ~ l 
I I 
I T* statistic• -1.20 -.20 .31 I 
l I 
I p-value .23 .84 • 71 l 
I I 
I I 
I Fisher's Sign Test l 
l I 
I B* statisticl -.94 -.47 .94 I 
I I 
I p-value .48 .81 .48 I 
I I 
l Note: The p-values are for two-sided tests .. I 
I I 
I T* and B* are the large sample approxi- I 
I mations for the T and B statistic. I 
I I 
I lff • The difference is O. I 
t 

0. 
l 

I Zfl • The distribution is norm al • I 
I 

. 0. 
I 
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The paired difference tests were repeated for another 

set of specified parameters, namely specified •true• betas 

of O.S, 1, 2 and 3 and differencing intervals of 20, 40, 60 

and 80 trading days. Only an initial price of 0.5 was used, 

remaininq unchanged. These combinations other parameters 

generally tended to generate larger amounts of bias than 

previous combinations. The bias means are given in Table 

5.6. As in Table 5.3, the entry havinq the largest 

between-run variation is within the box and others with 

large variations are denoted with an asterisk. The results 

of the paired difference tests and the tests for a normal 

distribution are given in Table 5.7. 

that there is insufficient evidence 

The t tests indicate 

in the data to reject 

B0 : the differences are zero, at any reasonable significance 

level. The normal~ty tests indicate that the differences 

between Runs 8 and 9 are only marginally nor11ally distrib-

uted, but the results of the two non-parametric paired dif-

ference tests agree with the t test in failing to reject H0 

at any reasonable significance level. 

zero. 
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.-- - - ---- ------ - ---

l I 
I TABLE 5.6 f 
I I 
I Hean Amount of Bias in Beta I 
I ( 150 Replications) I 

I 
I 
I 
I 
l 
I 
I 

- I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

"True" 
Beta 

o.s 
o.s 
o.s 
o.s 
1 .. 0 
1.0 
1.0 
1.0 

Interval 

20 
40 
60 
80 

20 
40 
60 
80 

Hean Amount of Bias 

Run 8 

.003 
-.009 
-.008 

.o 10 

.001 
-.021 
-.ooa 
-.o 12 

Run 9 

.001 

.oos 

.001 

.006 

-.008 
-.009 
-.007 
-.005 

Run 10 

0 
.002 

-.016 
-.031 

-.013 
-.018 
-.016 
-.oos 

*2.0 20 -.047 -.086 - .114 
I *2 .. o 40 -.191 -.119 -.244 I 

*2.0 60 -.168 -.202 -.156 
2 • 0 80 - • 164 - • 134 - • 16 5 

3.0 
3.0 
3.0 

*3.0 

20 
40 
60 
80 

1.165 
1.139 
1.046 
1.032 

1.132 
1.147 
1 .. 002 
1.062 

All initial prices are o.5 dollars. 

1.170 
1.166 
1.012 
1.099 

*Displays large between-run variation in mean 
amou11t of bias. 

I 
I 
I 
I 
I 
I 
I 
l 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
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I 
I 
I 
I 
I 
l 
l 
I 
I 
I. 
I 
I 
I 
I 
l 
I 
I 
~ 
I 
I 
I 
f 
I 
I 
I 
I 
l 
I 
t 
I 
I 
I 

103 

TABLE 5.7 

Paired Difference and Normal Tests 

Runs 8-9 Runs 8-10 Runs 9-10 

I tests 

t statistict 

p-value 

D statistic2 

p-value 

.36 

• 72 

.89 

.07 

WilcoxgA signeg ~.!!! Tests 

T* statistict 

p-value 

Fisher's Sign ~~ 

B* statistict 

p-value 

.10 

.91 

10 

.45 

.74 

.47 

.95 

.so 

-.67 

.so 

9 

.80 

.52 

.61 

.97 

.75 

-.57 

.57 

11 

.21 

Note: The p-values are for two-sided tests. 

T* is the large sample approximation 
for the T statistic 

•H : The difference is 0 
0 

2H : The distribution is normal. 
0 

I 
l 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
t 
I 
I 
l 
l 
l 
I 
I 

' I I 
I 
I 
I 
I 
I 
l 
t 
I 
I 
l 
I 
l 
I 
l 
I 
I 
I 
I 
I 
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5.3 I!!! AMOUNT Ql ~!!,~ .!! I!m OBSER,!!lQ BETAS 

5.3.1 Results ~ 1Q.Saritpm~c Returns 

Fiqure 5.2 shows the amount of bias57 existing in cal-

culatea beta coefficients at several differencing intervals 

for various levels of tttrue" beta. The differencing inter-

vals were 1, 2, 10, 20, 40, 60, and 80 trading .days. The 

levels of "true" beta used were 0.5, 1.0, 2.0, 2.5, and 3.0. 

The market index used was the S&P 500, the returns were 

loqarithmic, the initial price was 0.5 dollars, and the 

alpha values used were calculated from (4.2) using an annual 

interest rate of 6,. 
It can be seen from Figure 5.2, that the bias at 

"true" betas of O .5 and 1.0 is al111ost zero except at a dif-

ferencinq interval of one where it is slightly positive. 

For an assumed "true" beta of 2.0 the bias is decidedly pos-

i ti ve at small differencing intervals and declines for 

increasing differencing intervals, becoming zero between ten 

and twenty days and is negative thereafter. Biases for 

"true" betas of 2 .s and 3 .o are decidedly positive over the 

range of differencing intervals examined. 

Figure 5.3 displays the same data as Figure 5.2. The 

amount of bias, however, is plotted versus the "true 11 beta 

(at different levels of differencing interval) instead of 

57The amount of bias is the "true" beta minus the observed 
beta from the simulation run. 
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versus differencing interval (at different levels of beta) • 

Proa Figure 5.3 it can be seen that the amount of bias is 

substantially qreater at the hiqher betas and at the very 

short differencing intervals. 

The amounts of bias shown in Figures 5.2 and 5.3 as 

described above could be due to factors other than the 1/8th 

price rounding. one such possibility, that it is due to the 

choice of the •true• al.pha, was explored more fully and the 

results are shown in Piqures 5.4 and 5.5. 

Pigure 5.4 is similar to Figure 5.2 except that the 

curves are only at a ft.true" beta of 3.0 and only for differ-

encinq intervals of 20 to 80. Additional.ly, curves for 

•true• a.lphas of O, -0.1, and -0.02 have been added to the 

curve for a calculated value of alpha which was inc1uded in 

Figure 5.2. This f iqure shows that the amount of bias does 

vary considerably with the specified value of alpha, being 

near zero for an alpha of zero and about 2.25 for an alpha 

of -0.02 and differencing interval of 20 trading days. The 

data for Figure 5.5 was similar to that for Figure 5.4 

except that the initial price specified was one dollar and 

the choices of alpha did not include zero. The resu.lts are 

similar to Piqure S.4 except that the biases are shifted 

toward lover values. 
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The results fro11 each of the replications which form 

the means plotted in Figure 5.4 and 5.5 vary considerably. 

Therefore, there is a question of the significance of the 

differences in their means which are illustrated in Figures 

5.4 and 5.5. Although they visually appear to be different, 

they may not be statistically different. For the data prod-

ucing the results in Figures 5.4, an analysis of variance 

was performed using the replications as observations, amount 

of bias as the response, and the four choices of alpha as 

the four treatment levels. The analysis was first performed 

using the four levels of interval as the second factor in a 

two-way analysis of variance. Since the interaction term 

(cross effect} was found to be highly significant (p-value 

of .0001), the analysis was repeated as a one-way ANOVASe at 

each of the four levels of interval. In each analysis the 

null hypothesis of no difference in the bias means for eacn 

choice of alpha, was rejected at the .0001 significance 

level. Additionally, a Duncan's multiple range test for 

each AN.OVA showed all means to be siqnificantly different 

from each other at the .OS significance level except for the 

two means at a differencing.interval of 60 trading days with 

calculated and -0.02 choices for alpha. (The latter can be 

observed in Figure 5.4 as the two most closely spaced 

saAnalysis of variance. 
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responses.) 

5.3.2 Results PO{ !!oldinq Period (Arithmetic> Returns 

Figures 5.6 and 5.7 display the resu1ts for holding 

period returns. Fiqure 5.6 is a plot of the amount of bias 

versus interval at different levels of beta and roughly cor-

responds to Figure 5.2 for logarithmic returns. However, 

the initial price was one dollar instead of o.s and curves 

for differencing intervals less than 20 are not shown. 

•True• alphas were calculated from (4.2) using an annual 

risk-free rate of .06, and the index used was the S&P 500. 

Figure 5.6 is directly comparable to Figure 5.8, which 

is for logarithmic returns. In Comparing Fiqure 5.6 and 

5 .a, it can be seen that the amount of bias for hol.ding 

period returns is considerably less than for logarithmic 

returns and is considerably more erratic, thus raising the 

question of the bias pictured in Figure 5.6 being almost a 

spurious result. 

Figure 5.7 displays the same data as Figure 5.6. How-

ever, the amount of bias has been plotted versus "true• beta 

at different levels of the differencing interval. The 

alaost negl.igible amount of bias for aost a>mbinations of 

beta and interval is again evident, as is the erratic behav-

ior at some combinations. Fiqure 5.7 may be compared to 
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Figure 5.9, which is for the same combinations of parameters 

for logarithmic returns. 

Only five of the sixteen combinations of specified 

parameters illustrated in Piqures 5.6 and 5.7 have a mean 

amount of bias which is statistically different froa zero at 

the .OS level (as indicated by a one-saaple t test). seven 

of the 16 are significant at the .10 level. This contrasts 

markedly with the data for' logarithmic returns displayed in 

Figures 5.8 and 5.9 where the mean bias for all. combinations 

of specified parameters is statistically different from zero 

· at the .0005 level and 15 of the 16 coabinations have p-val-

ues of .0001 or less. 

To further test the siqnificance of the mean amount of 

bias for the holding period returns, a two-way ANOVA was 

performed using the amount of bias for each Of the replica-

tions as the response and the "true .. betas and differencing 

intervals as the two factors. The levels of the factors 

were those of the. data displayed in Fiqures 5.6 and 5.7, 

that is, assumed "true" betas of 1.5, 2, 2.5 and 3, and dif-

ferencing intervals of 20, 40, 60 and 80 trading days. The 

interaction term was significant (p-value of .0004). There-

fore the analysis was unfolded and a one-way AHOVA performed 

at each level of differencing interval. The results are 

given in Table s.a and may be conveniently reviewed in con-
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junction with Figure 5.6. At a differencing interval of 20, 

none of the means for different betas are significantly dif-

ferent from each other. At an interval of 40, the bias 

means for "true" betas of 1.5 and 2 are significantly dif-

f erent fro• those of 2.5 and 3. At 60, 3 is siqnificantly 

different from the rest; and at 80 trading days, 3, 1.5 and 

2 are not significantly different frOll each other, as are 

not 1.5, 2 and 2.s. 

5.4 SUMMARY .Ql RESULTS 

The first section of this chapter discussed the 

results obtained from two different procedures which 

addressed the problem of how ·many replications, each with a 

different randomly chosen starting point in the series of 

market index levels, are needed for each combination of 

specified parameters in the simulation runs. The use of 

Duncan's multiple range test to examine the bias means for 

groups containing differing numbers of replications (but 

which were otherwise identical) did not clearly answer the 

question. Therefore, plots of the cumulative average bias 

for each of the replications from the first through the 

150th59 vere visually examined for a number of combinations 

S9In a few cases, the 255th; and in one case, the SOOth rep-
lication. 
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TABLE 5.8 

Holdinq Period Returns 

One-Way lHOVA Results 

P-Val.ue of 
overall P Ratio 

.15 

.0002 

.0008 

.12 

Beta Groupinqs1 

3 , 1 .s , 2 , 2 • 5 

2, 1.s, 2.s, 3 

3, 1 .s , 2 , 2. 5 

3, 1 .s , 2 , 2 • 5 

•Prom Duncan•s multiple range test at the 
al.pha = .OS level. The horizontal bar 
encompasses groups whose means are not 
significantly different from each other. 

l 
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of specified param.eters. A satisfactory number of repl.ica-

tions was found to be 150. 

Next the reproducibil.ity of the experiment was exam-

ined. The results of different runs using different random 

number seeds for the random number generators controlling 

the starting point in the series of market index price lev-

els and the random disturbance term in the price generating 

function were compared by visual inspection and statisti-

cally. Statistically the differences were found to be not 

significant. Visually the results indicated that the repro-

ducibility of the means of the amount of bias for each group 

of 150 replications is about ± 0.1 or better. 

The last section of this chapter reviewed the princi-

pal findings of the study, namely, the amount of bias in the 

observed betas. Bias was observed to be extremely large for 

some combinations of specified parameters, particularly for 

large betas (2.5 and 3.0) with logarithmic returns and cal-

cul.ated "true" alphas. ff ow ever, it was also pointed out 

that the amount of bias could be almost eliminated by using 

a different choice for the specified "true" alpha. An addi-

tional result was that for arithmetic holding period returns 

the amount of bias was almost neglible for a set of combina-

tions of specified parameters which. had produced some sizea-

ble biases for logarithmic returns. 



Chapter VI 

COllCLUSION 

In this chapter a brief review of the study is pres-

ented, followed by a review of results obtained and the 

problems encountered which af feet these results. Pin ally a 

few extensions of the study will be presented. 

6.1 OVERVIEW QI THE ~TODY 

The restriction of the trading price of a security to 

aultiples of one-eighth (or one-sixteenth) of a dollar ere-

ates friction in the trading process of stocks. Another. 

source of friction, examined by other researchers, was found 

to produce systematic bias in the observed ~etas of securi-

ties. · Moreover the one-eighth effect itself has been exaa-

ined briefly by Schwartz and Whitcomb usinq a simulation 

technique and was found to increase the variance of returns. 

In the present study a simulation procedure was devel-

oped to examine the effect on observed betas calculated from 

price series constrained by one-eighth price rounding. In 

the simulation a series of unconstrained prices was con-

structed using the market model, an assumed "true" beta, an 

assumed "true" alpha, a series of market prices, a generated 

·random disturbance term., and an assumed initial price. The 

120 
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unconstrained prices were then rounded according to an 

assumed rounding rule6° and an observed beta was calculated 

for the rounded series using the market model and ordinary 

least squares regression. The observed beta and assumed 

"true" beta were then compared to obtain the amount of bias 

introduced by the price rounding. The simulation was then 

repeated for additional replications for the same specified 

parameters (but differing in their random startinq points in 

the market price series) and for different specified parame-

ters. Various descriptive statistics for the observed bias 

were computed and tests undertaken to evaluate the bias. 

6.2 ~~ Qr ~ RF.SULTS 

The magnitude of the ~andom disturbance term used in 

the price generating function was found to be critical to 

the results. If too small, the result vas as though no ran-

dom disturbance term was used and the resulting biases were 

different from the biases when an appropriate disturbance 

term was used. If too large, the effect was disrupting to 

the generated price series in the sense that the series very 

•OThe rounding rule applied was the second procedure devel-
oped in Chapter III. This procedure adjusts the rounding 
each period by the amount of rounding in the previous 
period (and hence the rounding for ~!! previous periods) • 
It was previously shown that this is equivalen~ to using 
the unrounded price for the previous period in the price 
generating function. 
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quickly went to near zero or grew to very large prices. An 

appropriate magnitude61 to use was determined from actual 

prices for a large number of firms as described in Chapter 

~v. 

The appropriate number of replications to use for each 

coabination of specified parameters was examined. Multiple 

comparisons did not provide a clear answer within a ranqe of 

replications considered viable for the experiment. There-

fore a plot of the cumulative simple averaqe of the bias 

after each succeedinq replica ti on was visually reviewed and 

was found to becoae reasonably stable within 150 replica-

tions. 

The amount of bias in the beta estimates indicated by 

the simulation procedure was found to be quite large for 

some betas of 2.5 or larger, differencinq intervals of one 

or two days, logarithmic returns, and values of alpha calcu-
• 

lated froa a correspondence with CAPft. However, it vas 

found that the bias could be changed substantially by the 

choice of the assumed •true• alpha. This was an unfortunate 

result since nothing in the study pointed to any particular 

value of alpha as being a proper choice. It may be con-

eluded that this approach to determining the amount of bias 

-~--------~ ....... -------
•tKore precisely the appropriate standard deviation for the 

normal distribution generated by the random deviate gener-
ator. The mean of the distribution was zero. 



123 

in beta estimates from logarithmic returns gives an estimate 

for the bias which is a function of the choice of a1pha, a 

somewhat arbitrary choice. The corresponding amount of bias 

for holding period returns was found to be considerably 

smaller than for logarithmic returns and for the majority of 

combinations of specified parameters exa.ained, was not sig-

nificantly different from zero. 

6.3 BJTENSIOW~ Q! i.HI STUDY 

several extensions of this study come to mind. First, 

considerably more investigation could be undertaken to 

determine if the little or no bias introduced by one-eighth 

price rounding holds true across a wide range of specified 

parameters for holdinq period returns. It would be useful 

if consistent non-zero results for bias were found in the 

coabinations of market model parameters. 

The CAPM could be used as the return generating model 

instead of the market model. Sin~e the CAP.! does not have 

an intercept, the problem of an appropriate choice of alpha 

would thus be avoided. However, results using CAPft might be 

of very limited usefulness. The use of the market model is 

widespread, and the CAPft has other problems associated with 

it. 
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A more direct approach to the problem is to perform 

additional analytical work to determine why the choice of 

alpha is so critical to the simulation and what an appropri-

ate choice should be in order to eliminate bias from this 

source. A somewhat allied approach to the problem would be 
. 

to construct artif ical market indexes with carefully con-

trolled (and simple) characteristics. The bias responses to 

choices of alpha for indexes with these known characteris-

tics could conceiveably indicate the nature of the problem 

and the solution for it. 
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BETA BIAS IN LOW-PRICED STOCKS 
DUE TO TRADING PRICE ROUN'DING 

by 

Walter Levis Young, Jr. 

(ABSTRACT) 

Stocks and similar securities are normally traded in 

prices which are integral multiples of one-eiqhth of a dol-

lar (a few are traded in one-sixteenths of a dollar). This 

price constraint may introduce a bias in the estimates of 

beta for low-priced securities, and the purpose of this dis-

sertation is to examine the bias introduced from this 

source. 

The research methodology briefly consists of con-

structiqg a price series for a hypothetical stock by comput-

ing "true" prices from an assumed "true" beta and alpha, the 

series of returns generated from a market index, and a ran-

dam disturbance term. The constructed price series is 

rounded to .the nearest one-eighth of a dollar and an 

"observed" beta for this rounded price series is calculated. 



The "observed11 beta is compared to the "true" beta to 

observe the degree of bias. Replications are made which 

differ in their randomly chosen starting point in the market 

index series; and the experiment is repeated for various 

"true" betas and alphas within the range of interest, for 

different intervals between price observations, and for dif-

ferent initial prices. 

Chapter I provides an introduction to the study. In 

Chapter II the relevant literature for this study is 

reviewed. The first part includes previous studies of the 

one-eighth effect and the intervallinq effect, while the 

second part of the chapter focuses on the composition and 

characteristics of common a ark et indexes. The analytical 

considerations are discussed in Chapter III. The price gen-

erating mechanism and the constraint placed upon it by one-

eighth price rounding are explicity stated. Alternative 

rounding procedures are presented and their implications 

discussed. In the next section the characteristics of the 

rounding functions are discussed. Finally, expressions for 

the amount of bias in beta estimates introduced by ~he one-

eighth price roundi~g are derived for both logarithmic 

returns and holding period (arithmetic) returns. 

In Chapter IV the methodology used to secure the 

results presented in Chapter V is reviewed. The simulation 

itself is discussed as well as the statistical and ad hoc 



procedures used to evaluate the results. The resUlts pre-

sented in the next chapter also include the results perti-

nent to two anci1liary issues discussed in Chapter IV, 

namely, how many replications are needed and how reproduci-

ble are the results. Chapter VI suaaarizes the findings, 

draws a conclusion, and suggests extensions of the study. 
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