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(ABSTRACT) 

A method of cepstrum analysis is developed for the pur-

pose of resolving thin-beds. The method relies on the de-

tection of periodic pulses of the cepstra of reflectivity 

functions, which are isolated by computing a sub-cepstrum and 

a sum-cepstrurn, and highlighted with a discriminator, where 

the sub-cepstrum of the functions f 1 (t) and f 2 (t) is the 

difference between the cepstra of the two functions, the 

sum-cepstrum of f 1 (t) is the sum of the sub-cepstra of f 1 (t) 

and fk(t), k=2,3,4, ... , and the discriminator is the product 

of the sum-cepstrum and the autocovariance of the sum-

cepstrum. The technique requires at least two reflected 

wavelets generated by the same source. 

The method was applied to synthetic thin lens models. 

The method is shown to be sensitive to the ratio of the re-

flection coefficients at the top and bottom of the thin-bed. 

Specifically, the resolution depends on the ratio of the re-

flection coefficients. Optimum resolution is achieved when 

the reflection coefficients at the top and bottom of the 

thin-bed are equal in absolute magnitude. In addition, in 



the noise-free case, the absolute magnitude of the cepstral 

pulses can be used to determine the absolute magnitude of the 

ratio of the reflection coefficients. The technique is also 

sensitive to the sample interval used. The finest sample 

interval provides the best resolution because it produces the 

sharpest cepstral pulses and resolves the thinnest beds. The 

resolution of the method is drastically reduced by random 

noise, although thin-bed thicknesses are still detectable 

when the S/N of the synthetic seismic section is 15/l and the 

upper frequency of the bandwidth of the noise is 1.1 octaves 

above the upper frequency of the bandwidth of the source 

wavelet. 
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INTRODUCTION 

One of the challenging problems of geophysics is the 

detection of thin-beds. Thin-beds such as coals seams and 

hydrocarbon bearing sand stringers are common thin-bed tar-

gets because of their economic value. Widess (1973) defines 

a thin-bed as a layer with a two-way traveltime less than one 

fourth the period, T, of the source wavelet in the bed. He 

showed that if the two-way traveltime in the bed decreased 

from T/4 to 0 sec, the shape of the reflection would be vir-

tually unchanged. Therefore resolving the thickness of a 

thin-bed by a traditional method of wave shape analysis is a 

formidable task. 

An application of homomorphic analysis is 

herein for the purpose of resolving thin layers. 

developed 

The method 

is a form of cepstrum analysis, which relies on the detection 

of periodic pulses of the cepstrum of reflectivity functions. 

The method is advantageous because, as with homomorphic de-

convolution (Ulyrch, 1971, Oppenheim and Schafer, 1975), it 

makes no assumptions about the source wavelet. However, un-

like homomorphic deconvolution, the method discussed within 

avoids the problem of unwrapping the phase of the complex 

cepstrum (Jin and Eisner, 1984, Childer et al., 1977) by us-

ing only the cepstrum. The technique requires at least two 

reflected wavelets generated by the same source. 

1 



The method was tested on synthetic models of a thin 

lens. The results indicate that where numerous reflections 

from a thin-bed are available the method of cepstrum analysis 

can be effective. It is also shown that the resolution of 

the method is reduced by random noise when the bandwidth of 

the noise exceeds the bandwidth of the reflection. 

2 



THEORY 

The Cepstrum 

Let f(t) be a real time function with Fourier transform 

00 

F(w) = l f(t)exp(-iwt)dt. ( 1 ) 
-oo 

The complex cepstrum (Oppenheim and Schafer, 1975) of f(t) 

is 

00 

x ( t) = ( 1/2 ir ) J ln [ IF ( w ) I exp ( i ~ ( w) ) ] exp ( i wt) dw ( 2) 
-oo 

00 

= (l/2ir)l [ln!F(w)I + i~(w)]exp(iwt)dw 
-oo 

00 

= c(t) + i(l/2ir)J ~(w)exp(iwt)dw 
-oo 

where ~(w) is the phase of F(w) and c(t) is the cepstrurn 

(Bogert, Healy, and Tukey, 1963) of f(t), and 

00 

c(t) = (l/2ir)l [ln!F(w) I ]exp(iwt)dw ( 3) 
-oo 

= (x(t)+ x(-t))/2. 
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Whereas f(t) is in the time domain, the cepstrum and complex 

cepstrum are in the quefrency domain. 

The Cepstrum of a Wavelet 

If f(t) is a source wavelet its z-transform is 

(Oppenheim and Schafer, 1975, p 501) 

m µ 

Azrrr (1 - ak/z) IT (1 - bkz) 
k=l k=l 

F( z) = ( 4) 

p p 
rr (1 - ck/z) rr (1 - dkz) 

k=l k=l 

where I ak I , I bk I , I ck I , and I dk I are less than unity. If z 

is exp(-iw), then z=ak and z=l/bk are zeros outside and in-

side the unit circle, respectively, and z=ck and z=l/dk are 

poles outside and inside the unit circle. A is some real 

constant and zr represents a time lag of r time units. If 

the wavelet has not been time shifted, as will be assumed, r 

is equal to 0. The logarithm of F(z) yields, 

4 



m • p -
ln[F(z)] = lnlAI - I I aknz-n/n + I I cknz-n/n 

k=l n=l k=l n=l 

µ - p -n n n n + I I bk z /n - I I dk z /n. ( 5 ) 
k=l n=l k=l n=l 

The absolute value of A is used in the logarithmic expression 

to insure that the operation is analytical. In arriving at 

the expression for ln[F(z)] the following power series ex-

pansion was used; 

-
ln(a +by) = I (-l)m(by)m+l/(m+l)am+l; lbl < lal. (6) 

m=O 

ln[F(z)] is the z-transform of the complex cepstrum, x(n); 

therefore, 

x(O) = lnlAI (7a) 

m p 

x(n) n n = -1/n I ak + 1/n I ck n > 0 (7b) 
k=l k=l 

5 



x(n) 

• 
µ 

-n = l/n l: bk 
k=l 

p 
-n l/n l: dk ; 

k=l 
n < 0. 

Then the cepstrum is 

c(O) = lnlAI 

c(n) 
m p 

n = (l/2)[-1/n( l: ak 
k=l 

µ p 

n 
l: ck ) 

k=l 

+ l/n( l: bk -n -
k=l 

-n 
l: dk ) ] . 

k=l 

(7c) 

(Sa) 

(Sb) 

The cepstrum, c(n), and complex cepstrum, x(n), of the 

wavelet decay at a rate that is proportional to l/n. 

The Cepstra of a Dipole and Doublet 

Now consider the reflectivity function, r(t}, where 

(9) 

· R0 and R1 are the reflection coefficients at the top and 

bottom of a layer; respectively, o(t) is the kronecker delta 

6 



function, and t is the two-way traveltirne through the layer. 

The z-transforrn of r(t) is 

(10) 

The logarithm of R(z) is 

.. 
n-1 n nt ln ( R ( z) ) = ln I R0 I + t ( -1) ( R1/R0 ) ( z /n) ; 

n=l 

(11) 

or 

.. 
n-1 n nt ln(R(z)) = lnlR1 1 + t (-1) (R0/R1 ) (z /n); 

n=l 

( 12) 

Then the complex cepstrurn of r(t) is given by; 

x(O) = lnlR0 1 ( 13a) 

n-1 n x(t) = (-1) /n (R1/R0 ) o(t - nr); 

IR0 1 ~ IR1 1, n = ~ 1,2,3 ... (13b) 

7 



or 

x(t) n-1 n = (-1) /n (R0/R1 ) o(t - nt); 

IR1 1 ~ IR0 1, n = ~ 1,2,3 ... 

and the cepstrum is 

or 

c(O) = lnlR0 1 

c(t) = ((-l)n-l/2n)(R1/R0 )no(t - nt); 

IR0 1 ~ IR1 1, n = ~ 1,2,3 ... 

c(t) = ((-l)n-l/2n)(R0/R1 )no(t - nt); 

IR1 1 ~ IR0 1, n = ~ 1,2,3 ... 

The cepstrum has pulses at t=O and t=nt. 

(14a) 

(14b) 

(lSa) 

(lSb) 

(16a) 

(16b) 

In addition, the 

amplitudes of the pulses decay at a rate that is proportional 

to l/n; therefore, the thickness of the layer can be deter-

mined from the time between decaying pulses of the cepstrum 

8 



of r(t) and the ratio R0/R1 can be determined from equation 

(16b) in the noise-free case. 

The cepstrum of r(t) will give the two-way travel time 

through a layer with a reflectivity function modeled by a 

dipole or a doublet. As used here, a dipole is a pair of 

reflection coefficients, not necessarily equal, of opposite 

polarity; a doublet is a pair of reflection coefficients of 

the same polarity. The formula for the cepstrum of the 

reflectivity function of a layer indicates that the evenly 

spaced pulses of the cepstrum of a dipole are negative, 

whereas, the adjacent, evenly spaced pulses of the cepstrum 

of a doublet are alternating positive and negative. 

The Spectrum of the Cepstrum 

The first and second derivatives of ln[R(z)] show that 

the amplitude spectrum of the cepstrum of a dipole or doublet 

has a fundamental period of l/•. In particular, the ampli-

tude spectrum of the cepstrum of a dipole peaks at the fol-

lowing harmonic frequencies; 

(17) 

and the amplitude spectrum of the cepstrum of a doublet 

peaks at the following harmonic frequencies; 

9 



f = ( 2n + 1 ) /2 t n (18) 

Once recognized, the fundamental period of l/t can be used 

to compute the thickness of the layer. 

Cepstrum Analysis of a Dipole and Doublet 

To illustrate the theoretical results, the cepstrum and 

spectra of a doublet and dipole with two-way traveltimes of 

23.4 ms were computed and illustrated in Figure 1 and 

Figure 2. The frequency spectrum of each cepstrum has a 

fundamental period of approximately 42.7 Hz or 1/23.4 ms; for 

instance, the adjacent pulses of each cepstrum occur at an 

interval of 23.4 ms. Therefore, the layer thickness can be 

easily determined from analyses of the frequency spectrum and 

the cepstrum. 

Reflection from a Thin Layer 

If s(t) is a reflection from a layer, then 

s(t) = r(t)*f(t). (19) 

The z-transform of s(t) is 

S(z) = F(z)R(z). (20) 

10 
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Spectra and cepstrum of doublet: Amplitude 
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of the two-way travel time, 23.4 ms. 
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cur ever Note that the vertical axes have been 
normalized such that the largest amplitude is 
1. 
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equal to the reciprocal of the two-way 
traveltime, 23.4 ms. In addition, the 
cepstral pulses (see arrows) occur every 23.4 
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normalized such that the largest amplitude is 
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Furthermore, 

ln [ S ( z ) ] = ln [ F ( z ) ] + ln [ R ( z ) ] (21) 

so that the cepstrum of the reflection is the sum of the 

cepstrum of the source wavelet and the cepstrum of the 

reflectivity function. 

The cepstrum of the reflectivity function peaks period-

ically. Therefore, if the cepstrum of the source wavelet is 

smooth and flat in comparison to the cepstrum of the 

reflectivity function, the two-way traveltime can be deter-

mined from the periodic pulses of the cepstrum of the 

reflectivity function. However, if the cepstrum of the 

source wavelet is neither smooth nor flat, it will distort 

or completely obscure the periodic pulses of the cepstrum of 

the ref lecti vi ty function; thus limiting resolution in the 

quefrency domain. Resolution in the quefrency domain is dependent 

on the ease with which periodic cepstral pulses can be identified. 

The resolution provided by the cepstrum of the 

reflectivity function also depends on the ratio of the mag-

ni tudes of the reflection coefficients. Specifically, the 

amplitudes of the cepstral pulses increases as IR1/R0 1 in-

creases when IR1 1 2 !Roi and as IR0/R1 1 increases when IR0 1 

2 IR1l · 
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The Sub-cepstrum and Sum-cepstrum 

Identifying the periodic pulses of the cepstrum can be 

facilitated by subtracting the cepstrum of the source wavelet 

from the cepstrum of the reflectivity function. If the 

source wavelet is known, then the cepstrum of the source 

wavelet can be computed and then subtracted from the cepstrum 

of the reflection; hence only the cepstrum of the 

reflectivity function wi 11 remain. However, if the source wavelet 

is unknown, the cepstrum of the source wavelet can be eliminated by 

subtracting the cepstra of two reflections each of which contains the same 

source wavelet. This is possible because convolution in the 

time domain is equivalent to addition in the quefrency do-

main. For example; let si(t) and sj(t) be reflections gen-

erated by the source wavelet f(t). The cepstrum of s.(t) is 
1 

(22) 

where c . ( t) is the cepstrum of the reflectivity function, 
ri 

r i ( t), and cf ( t) is the cepstrum of f ( t) . 

cepstrum of s.(t) is 
J 

Similarly, the 

(23) 

where c . (t) rJ is the cepstrum of the reflectivity function 

r.(t). 
J 

Subtracting c.(t) from c. (t) gives; 
J 1 

14 



B .. (t) = c . (t) - c .(t) 1J ri rJ (24) 

For convenience, Bij(t) will be refered to as a sub-cepstrum 

of s. ( t) and s. ( t). As wi 11 be seen, there can be an infinite 
1 J 

number of sub-cepstra of si ( t). I f r i ( t ) and r j ( t ) are 

equal, then B .. (t) is zero at all times, t. But assuming that 
1) 

ri(t) and rj(t) are any unequal combination of a dipole and 

doublet, then B .. ( t) contains the periodic pulses of the 1J 
cepstrum of each reflectivity function. 

The cepstral pulses of si(t) can be isolated by comput-

ing several sub-cepstra of si ( t). Each sub-cepstrum of 

si(t) will contain the periodic pulses of ci(t). If each of 

the sub-cepstrum is computed with a unique second reflection, 

sk(t), k = 1,2,3 ... , then the occurrence of the pulses of 

c . (t) in each sub-cepstrum confirms the reliability of these ri 
pulses as good indicators of the correct two-way traveltime 

corresponding to ri(t). 

If the sub-cepstra are summed the amplitudes of the 

pulses of the 

tudes of the 

c . (t) 's will increase relative to the ampli-ri 
pulses of the crk(t) 's, as long as the pulses 

of the crk(t)'s do not always interfere constructively. The 

summation of the sub-cepstra can be expressed as; 

15 



M~(t) = Bil(t) + Bi2 (t) + ... + Bik(t) 

k 
= ! B .. (t) l.J 

j=l 

= kcri (t) - (crl (t) + cr2 (t) + ... + crk(t)). (25) 

Hereafter the summation of the sub-cepstra of si(t) and sk(t) 

function will be called the sum-cepstrum and s. (t) will be 
1 

called the reference trace. 

Periodicity Discriminator 

A function has been defined to discriminate between the 

periodic and aperiodic amplitudes of the sum-cepstrum. The 

discriminating function is called the discriminator, D(t). 

It is the product of the sum-cepstrum and the autocovariance 

of the sum-cepstrum. Therefore; 

D(t) = M~(t) J M~(t)M~(t-t)dt 
1 1 1 

(26) 
-oo 

k The autocovariance of M. (t) peaks at intervals of the domi-
1 

k nant period of Mi ( t), so that the product of the two func-

tions enhances the periodic pulses of the sum-cepstrum while 

smoothing the random intermediate amplitudes. Consequently 

16 



any periodicity of the sum-cepstrum also occurs in the 

discriminator. 

17 



APPLICATION TO SYNTHETIC GEOLOGIC MODELS 

Synthetic Models: Thin Lens 

The method of cepstrum analysis discussed was applied 

to synthetic geologic models; four of which contain a thin 

high speed lens and one which contains a thin low speed lens. 

Each lens has an horizontal extent of 2000 m and a maximum 

thickness of 25 m. The depth section (Figure 3) correspond-

ing to the lens models was created by AIMS® (Advance Inter-

pretative Modeling System) version 3.0. 

Reflection coefficients of the model were computed by 

using AIMS®. The reflection coefficients were generated 

while assuming a velocity of 4000 m/s within the lens, a ve-

locity of 3000 m/s above and beneath the lens, and normal 

incidence raypaths from each interface of the lens. 

Final two-way traveltime sections were created by the 

modifying the reflection coefficients produced by AIMS®. It 

was necessary to change the AIMS® model because a reflection 

coefficient created by AIMS® is not a simple pole. A re-

flection coefficient generated by AIMS® is filtered such that 

in the amplitude spectrum of the reflection coefficient am-

plitudes at frequencies between 0 HZ and 4 HZ increase line-

®Registered trademark of GeoQuest International, Inc. 
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arly from 0 to 1 and amplitudes at frequencies between 7 /8 

the folding frequency and the folding frequency decrease 

linearly from 1 to O; at all other frequencies the amplitude 

is 1. Consequently, the AIMS® reflection coefficient is a 

broad pulse containing at least two poles of same polarity. 

Accordingly, a layer modeled with AIMS® consists of at least 

four reflection coefficients, two at the upper interface and 

two at the lower interface. In contrast, conventionally a 

layer is modeled by two reflection coefficients, one at the 

top interface and one at the bottom interface, for instance 

by a dipole or doublet. Therefore, final two-way traveltime 

sections were created by changing the reflectivity functions 

produced by AIMS® to dipoles. 

Resolution in the Quefrency Domain 

The effect of the ratio of the reflection coefficients 

Given the cepstra of two reflectivity functions, each 

from a thin layer, the difference between the two cepstra is 

proportional to the difference between the ratios (R1/R0 if 

IR0 1 ~ IR1 1 , or R1/R0 if IR1 1 ~ IR0 1) of the respective co-

efficients. The difference between the two cepstra is 

(27) 

= ((-l)n/2n)(an-l + an-28 + an-382 + ... 

n-1 n-1 + aS + e )o(t-nt)(a-S) 

20 



where there are n terms in the expression. a is the ratio 

of the reflection coefficients of one reflectivity function 

and ~ is the ratio of the reflection coefficients of the 

other reflectivity function. Because I ex I ::_ 1 and I~ I ::_ 1, 

as the difference between ex and ~ increases, D. ( t) also in-

creases at all times nt. 

Using CDP 77 of models 1 through 4 as reference signals, 

it is shown that resolution in the quefrency domain is pro-

portional to the ratio of the reflection coefficients. A 

sample interval of 1/2 ms was used to generate models 1 to 

4. 

Model 1 

In model 1 Figure 4) the reflection coefficients of 

the lens are R0=1 and R1=-l. Therefore at CDP 77 IR1/R0 i=l 

(Figure 5). The two-way traveltime at CDP 77 is 10 ms. As 

indicated by eqautions (15) and (16) the absolute magnitudes 

of the troughs of the cepstrum of the reflectivity function 

(Figure 5) at times 10 ms, 20 ms and 30 ms are 0.50, 0.25, 

and 0.17. 

Model 2 

The reflection coefficients of the lens of model 2 

Figure 6) are R0=1 and R1=-3/4. At CDP 77 of model 2 IR1/R0 1 
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Figure 4. 
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Lens Model 1: The reflection coefficients at 
the top and bottom of the lens are 1 and -1; 
respectively. The sample interval is 1/2 ms. 
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(MODEL 1) 
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Figure 5. I R1/R0 I =l: The ~epstrum of the ref lee ti vi ty 
function at CDP 77 of model 1. The two-way 
traveltime is 10 ms and the sample interval 
is 1/2 ms. 
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is 3/4 (Figure 7) and the two-way traveltime of the lens is 

10 ms. Therefore at times 10 ms, 20 ms, and 30 ms the abso-

lute magnitudes of the troughs of the cepstrum of the 

reflectivity function (Figure 7) are 0.38, 0.14, and 0.07. 

Model 3 

The reflection coefficients of the lens of model 3 

(Figure 8) are R0=1 and R1=-l/2. At CDP 77 of model 3 

IR1/R0 i=l/2 (Figure 9) and the two-way traveltime of the lens 

is 10 ms. Therefore at times 10 ms, 20ms, and 30 ms the ab-

solute magnitudes of the troughs of the cepstrum of the 

reflectivity function (Figure 9) are 0.25, 0.063, and 0.021. 

Model 4 

The reflection coefficients of model 4 (Figure 10) are 

R0=1 and R1=-1/4. For the reflection coefficients at CDP 77 

of model 4 IR1/R0 1=1/4 (Figure 11) and the two-way traveltirne 

of the lens is 10 ms. Therefore at times 10 ms, 20 ms and 

30 ms the absolute magnitudes of the troughs of the cepstrum 

of the reflectivity function (Figure 11) are absolute magni-

tudes of 0.13, .016, and 0.0026. 
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Figure 6. 
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Lens Model 2 The reflection coefficients 
at the top and bottom of the lens are 1 and 
-3/4; respectively. The sample interval is 
1/2 ms. 
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Ra=1 R1 =-3/4 (MODEL 2) 
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The two-way traveltime is 10 ms and the sample 
interval is 1/2 ms. 
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Figure 8. 
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Lens Model 3 : The reflection coefficient at 
the top and bottom of the lens are 1 and -1/2; 
respectively. The sample rate is 1/2 ms. 
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R0 =1 R1 =-1 /2 (MODEL 3) 
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reflectivity function at CDP 77 of model 3. 
The two-way traveltime is 10 ms and the sample 
interval is 1/2 ms. 
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Figure 10. 
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Lens Model 4 The reflection coefficient 
at the top and bottom of the lens are 1. and 
-1/4; respectively. The sample interval is 
1/2 ms. 
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Ra= 1 R1 =-114 (MODEL 4) 
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cepstrum of the 
reflectivity function at CDP 77 of model 4. 
The two-way traveltirne is 10 ms and the sam-
ple interval is 1/2 ms. 
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Comparison of the cepstra of Models 1 to 4 

Observation of the cepstra of the refelctivity functions 

at CDP 77 of models 1 to 4 reveals a reduction in the the 

absolute magnitudes of the troughs of the cepstrum as IR1/R0 1 

decreases. For instances, whereas the first cepstral trough 

is -0.5 when IR0/R1 i=l (Figure 5) the first cepstral trough 

is -0.13 when IR1/R0 i=l/4 (Figure 11). In addition, as 

I R1/R0 I decreases, the rate of the decay of the absolute 

magnitudes of the troughs of any given cepstrum increases. 

Therefore resolution in the quefrency domain diminishes as 

I R1;R0 I decreases. Optimum resolution is achieved when I R1/R0 1 =1 

The effects of reversing the order of the reflection coefficients. 

Al though changing the ratios of the reflection coeffi-

cients changes the resolution in the quefrency domain, re-

versing the reflection coefficients does not change the 

cepstrum or its related functions. The reflectivity function 

at CDP 77 of model 5 is used to illustrate this point 

(Figure 13). A sample interval of 1/2 ms was used to gen-

erate model 5. The reflection coefficients of the lens of 

model 5 are R =-1/4 and R =1 · 0 1 I 
for instance, the model con-

tains a low speed lens. The reflection coefficients of model 

5 occur in the reverse order of those of model 4. 

(Figure 11). However, by refering to Figure 11 and 

Figure 13, it becomes clear that there is no difference be-

tween the cepstra of the two reflectivity functions. 
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Figure 12. Lens Model 5 . The ref lee ti on coefficient 
at the top and bottom of the lens are -1/4 
and 1; respectively. The sample interval 
is 1/2 ms. 
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Figure 13. Ref lecti vi ty function of model 5: The 
reflectivity function at CDP 77 of model 5 
is shown. The reflection coefficients of the 
reflectivity function are in the reverse or-
der of those of the reflectivity function at 
CDP 77 of model 4 {Figure 11); in every other 
aspect the two reflectivity functions are 
identical. Although the reflection coeffi-
cients are reversed, the cepstra of both 
reflectivity functions are identical. 
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Figure 14. Source wavelet: The Klauder wavelet used 
to generate reflections from the lens of 
model 1 is shown. The basic period, T, of 
the wavelet is ~3 ms and the amplitude spec-
trum is bandlimited between 15 HZ and 45 HZ. 
The cepstrum of the Klauder wavelet is also 
shown. The wavelet is sampled every 1/2 ms. 
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The source wavelet 

A tapered Klauder wavelet ( Figure 14), sampled every 

1/2 ms, was convolved with the reflectivity functions of 

model 1 (Figure 4) to create reflections from the thin lens 

(model 6 (Figure 15) contains the reflections from the lens 

of model 1). The Klauder wavelet is bandlimited between 15 

HZ and 45 HZ and has a basic period of 33 ms, as measured from 

trough to trough (Figure 14) . The cepstrum of the Klauder 

wavelet is irregular and conceals the pulses of the cepstra 

of the ref lecti vi ty functions of the lens. However as is 

shown below, by computing the sub-cepstrurn and sum-cepstrum 

the effects of the cepstrum of the wavelet are eliminated. 

The sub-cepstrum, sum-cepstrum and discriminator 

To show that the cepstrum of the source wavelet can be 

removed from the cepstrum of the reflection, the sub-cepstrum 

of the reflections at CDP 77 and CDP 60 (Figure 16) of model 

6 is shown in Figure 17. The reflectivity functions at CDP's 

60 and 77 of model 1 are shown in (Figure 18) . The sub-

cepstrum of the reflectivity functions are shown in 

Figure 19. The sub-cepstrum of the reflections is identical 

to the sub-cepstrum of the reflectivity functions. There-

fore, subtraction in the quefrency domain has eliminated the 

cepstrum of the source wavelet. 

The two-way traveltime at CDP's 60 and 77 are 2.5 ms and 

10 ms; respectively. The two-way travel time of 2. 5 ms is 
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Figure 15. Lens Model 6: The reflections from the lens 
of model 1. The sample interval is 1/2 ms. 
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Figure 16. 
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Reflections at CDP' s 60 and 77 The re-
flections at CDP' s 60 and 77 of model 6 are 
shown. The cepstra of the reflections are 
also shown. The two-way traveltime at CDP 
60 is 2.5 ms and the two-way traveltime at 
CDP 77 is 10 ms. The sample interval is 1/2 
ms. 
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Figure 17. Analytic functions of reflections: The sub-
cepstrum, sum-cepstrum and discriminator 
(dark line) of reflection at CDP's 60 (two-
way travel time of 2. 5 ms) and 77 (two-way 
traveltime of 10 ms) of model 6 are depicted. 
The discriminator has amplified the troughs 
occurring every 10 ms. In this and subse-
quent figures,. the discriminator has been 
normalized such that its maximum amplitude 
equals the maximum amplitude of the sum-
cepstrum. 
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Figure 18. 
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Reflectivity functions at CDP's 60 and 
77: The ref lee.ti vi ty functions at CDP 1 s 60 
(two-way traveltime of 2.5 ms) and 70 (two-
way travel time of 10 ms) of model 1 are 
shown. The cepstrum of each function is also 
displayed. 
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Figure 19. Sub-cepstrum of. reflectivity functions: The 
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at CDP's 60 and 77 (Figure 18) of model 1 are 
shown. 
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equal to the interval separating the peaks of the sub-

cepstrum and sum-cepstrum (Figure 1 7); the travel time of 10 

ms is equal to the period between the troughs of the same 

functions. Significantly, neither period is as conspicuous 

in the cepstrum of the reflection at either CDP (Figure 16) 

because the cepstrum of the source wavelet has masked the 

cepstral pulses of the reflectivity functions. 

The effectiveness of the discriminator is demonstrated 

in Figure 17. For instance, the discriminator has amplified 

the periodic troughs relative to all other amplitudes of the 

sum-cepstrum, thereby correctly highlighting the 10 ms period 

of the troughs of the sum-cepstrum. The correct period of 

the sum-cepstrum is not 2. 5 ms. Al though within each trio 

of peaks of the sum-cepstrum, there is a period of 2.5 ms, a 

fourth peak is missing at each interval of 10 ms. 

The effects of the sample interval 

In cepstrum analysis, the sample interval affects re-

solution. For example, by equations (15) and (16), the min-

imum two-way travel time (thin-bed thickness) that can be 

detected with multiple pulses of the cepstrum is two sample 

intervals. In addition it is shown that the sample interval 

affects the shape of cepstral pulses. Reflections at CDP 55 

and CDP 77 of model 6 (Figure 15) are used to illustrate 

these facts. 
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At CDP 55 the lens has a two-way travel time of 2 ms. 

This two-way traveltime is confirmed by the 2 ms period be-

tween troughs of the sum-cepstrum and discriminator of the 

reflection at CDP 55 of model 6, which are shown in 

Figure 20. The period of 2 ms is evident between times t=O 

ms and t=l6 ms. The sum-cepstrum and discriminator were 

computed by using the reflections at CDP's 60 through 75. 

To demonstrate the importance of the sample interval, 

the thin lens (Figure 3) was sampled every 1 ms and the 

Klauder wavelet, also sampled every 1 ms, convolved with the 

reflectivity functions. As with model l, the reflection co-

efficients at the top and bottom of the lens are 1 and -1, 

repectively. The sum-cepstrum and discriminator (Figure 21) 

of the reflection at CDP 55 were computed as above. Because 

the sample interval was increased, the troughs of the sum-

cepstrum broadened (Figure 21) and can only be traced between 

times 0 ms and 10 ms. In the discriminator, periodic troughs 

occurs only at 2 ms and 4 ms. Effectively, the increased 

sample interval has reduced the resolution by broadening the 

periodic troughs and reducing the number of distinctive pe-

riodic troughs. 

Next, th·e thin lens (Figure 3) was sampled with a sample 

interval of 2 ms and the reflections generated with the 

Klauder wavelet, which was also sampled at 2 ms. Reflection 

coefficients at the top and bottom of the lens were also 1 

and -1. The test was repeated for the reflection at CDP 55 
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Figure 20. Reflection at CDP 55 of Model 6: The refer-
ence signal is the reflection at CDP 55 of 
model 6. The sample interval is 1/2 ms. the 
sum-cepstrum is based on reflections at CDP's 
60 to 75. At CDP 55 the two-way travel time 
of the lens is 2 ms. The 2 ms traveltirne is 
resolved in the sum-cepstrum and 
discriminator as a period of 2 ms between 
troughs. 
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Figure 21. Reflection at CDP 55 (dt=l ms) : The refer-
ence signal is the reflection at CDP 55. The 
new sample interval is 1 ms. The sum-
cepstrum is based on reflections at CDP's 60 
to 75. Increasing the sample interval from 
1/2 ms (Figure 20) to 1 ms has reduced re-
solution in the quefrency domain by broaden-
ing the periodic troughs and reducing the 
number of visible periodic troughs. 
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Figure 22. Reflection at CDP SS ( dt=2 ms): The refer-
ence signal is the reflection at CDP SS. The 
new sample interval is 2 ms. The sum-
cepstrum is based on reflections at CDP's 60 
to 7S. The 2 ms traveltime is not resovled 
in the sum-cepstrum nor the discriminator 
because the sample interval is too large. 

4Sa 



SAMPLE INTERVAL OF 2 MS 

TWO-WAY TRAVELTIME OF 2 MS 

SUM-CEPSTRUM BASED ON COP'S 60-75 

REF"ERENCE SIGNAL (COP NO. SS) AMPLITUDE SPECTRUM 

0.4 
0.3 

~ 0.2 
:::> 0. I 
1-
::J 0.0 
§E -0. l 
<( -0. 2 

-0.3 

Ulil 
0 100 200 

FREQ (HZ) 

-0.4'-"~~-'-~~_._~~...u 

w 
0 
:::> 

3 

2 

~ 0 
_J 
0. ::2 - I 
<( -2 

1280 1320 1360 1400 
TIME (MS) 

CEPSTRUM 

' 

-3~~~~~~~~~~~~~~~~~~~~~~~ 

8 
6 

w 4 
0 
:::> 2 
~ 0 
_J 

0. -2 
::2 
<( -4 

-6 

0 10 20 30 40 50 60 . 70 
TIME (MS) 

SUM-CEPSTRUM ANO DISCRIMINATOR (COP NO. SS) 

"""'-. sum·cepstrum 

-a.__~~~~~~~~'--~--'~~--'~~--'~~--'~--' 
0 10 20 30 40 50 60 70 

TIME (MS) 

45 



(Figure 22). The two-way traveltime of 2 ms cannot be dis-

tingui shed in either the sum-cepstrum or the discriminator 

when the sample interval is 2 ms. Although there is a trough 

in the sum-cepstrum at 2 ms, no periodic troughs occur. The 

sample interval of 2 ms is too large for the detection of 

layers with two-way traveltimes of 2 ms or less. 

The effects of the sample interval were investigated 

further by using the reflectivity function at CDP 77 of model 

6 as the reference signal. At CDP 77 the lens has a two-way 

traveltime of 10 ms, therefore the sample intervals of 1/2 

ms, 1 ms and 2 ms are small enough for detection of the two-

way traveltime. The tests were repeated with sample inter-

vals of lms and 2 ms. Figure 23 through Figure 25 show the 

results obtained for the different sample intervals. 

For each test the correct two-way travel time of 10 ms 

has been resolved. However, the resolution decreases as the 

sample interval increases. Troughs of the sum-cepstrum and 

discriminator broadened as the sample interval increased. 

In short, the finest sample interval produced the best re-

solution in the quefrency domain. 

The effects of random noise 

The effects of random noise on resolution in the 

quefrency domain was studied by analyzing reflections to 
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Figure 23. Reflection at CDP 77 of model 6: The re-
flection at CDP 77 is the reference signal. 
The sample interval is 1/2 ms. The sum-
cepstrum is based on reflections at CDP's 60 
to 75. The two-way traveltime at CDP 77 is 
10 ms. The two-way traveltime is resolved 
in the sum-cepstrum and discriminator as a 
period of 10 ms between troughs. 
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Figure 24. Reflection at CDP 77 ( dt=l ms) : The ref er-
ence signal is the reflection at CDP 77. The 
sample interval is 1 ms. The sum-cepstrum 
is based on reflections at CDP' s 60 to 75. 
A comparison of the sum-cepstrum and 
discriminator of Figure 23 shows that the 
larger sample interval of 1 ms has broadened 
the troughs of the . sum-cepstrum and 
discriminator. 
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Figure 25. Reflection at CDP 77 ( dt=2 ms) : The ref er-
ence signal is the reflection at CDP 77. The 
sample interval is 2 ms. The sum-cepstrum 
is based on reflections at CDP' s 60 to 75. 
Increasing the sample rate from 1 ms 
(Figure 24) to 2 ms has increased the width 
of the troughs of the sum-cepstrum and the 
discriminator. 
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which synthetic noise was added. 

with added noise, then 

sn(t) = s(t) + n(t) 

If s (t) is a reflection n 

(28) 

where s(t) is the reflection without added noise and n(t) is 

the noise. 

Synthetic noise 

Synthetic noise was created from random numbers gener-

ated by SUBROUTINE URAND (Forsythe et al.(1977, p246)). The 

amplitude spectrum of each set of random numbers was 

bandlimited between 5 HZ and 100 HZ. Two examples of sets 

of random noise are shown in Figure 26. The highest fre-

quency of the bandwidth of the noise lies 1.1 octaves above 

the highest frequency of the bandwidth of the source wavelet 

and the lowest frequency of the bandwidth of the noise lies 

1. 5 octaves below the lowest frequency of the bandwidth of 

the source wavelet. 

The signal to noise ratio (S/N) 

As defined here, the S/N of a synthetic section is the 

ratio of the maximum root mean squared amplitude of the re-

f lections of the section to the maximum root mean squared 

amplitude of synthetic noise of the section. For each noise 
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model, identical series of random numbers were bandlimited 

and scaled to produce the synthetic noise. 

The S/N ratio of the synthetic section is the best S/N 

ratio of any reflection on the section. Reflections from the 

middle of the lens have the best S/N ratio, because the root 

mean squared amplitudes of the reflections are largest. At 

the edges of the lens, near to CDP's 55 and 110, the root mean 

squared amplitudes of the reflections are approximately 1/5 

the maximum root mean squared amplitude of the reflections. 

Therefore, at the edges of the lens the S/N ratio is approx-

imately 1/5 the S/N ratio of the section. 

The noise analysis 

Reflections of a synthetic section with a S/N ratio of 

15/1 are shown in Figure 27. Because the S/N varies across 

the section, six different reflections were analyzed. The 

six reflections are from CDP's 55, 57, 70, 71, 76, and 77. 

Adjacent or near CDP's were tested to increase the possibil-

ity of resolving the two-way traveltime of the lens at each 

locale. The two-way travel times of the lens at the CDP' s 

are; 2 ms at CDP' s 55 and 57, 6.5 ms at CDP 70 and 71, and 

10 ms at CDP' s 76 and 77, thereby representing different 

thicknesses of the lens. 

Reflections at 75 CDP' s were used to compute the sum-

cepstrum of the six reference signals. The 75 CDP' s used 

are CDP's 2 to 12, 55 to 110, and 121 to 133. These CDP's 
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were chosen because the associated reflections showed the 

least apparent distortion. 

Reflections from model 6 at CDP's 55, 57, 70, 71, 76 and 

77 were used as controls for the noise experiments. As with 

the noisy reflections, the sum-cepstra of the reflections 

were computed by using the reflections at CDP's 2 to 12, 55 

to 110 and 121 to 133. Therefore, any differences between 

the results obtained from analyses of the noisy reflections 

and the noise-free refelctions is attributed to the synthetic 

noise. 

Results of the noise analysis 

The accurate two-way traveltime of the lens at each of 

the six CDP' s was recovered from the noise-free reflections 

by identifying 

discriminators. 

through Figure 33. 

the periods 

These results 

of the troughs of the 

are displayed in Figure 28 

The discriminators are typically smooth 

except for periodic troughs. In these cases the periodicity 

of the discriminators are obvious and the two-way traveltimes 

easily determined. 

Figure 34 through Figure 39 show the results of the an-

alyses of the reflections with added noise. The first 

troughs (after 0 ms) of the discriminator are the most reli-

able for resolving the two-way travel times, because as can 

be seen in the noise-free examples, these troughs have the 

largest absolute magnitudes. Periodicities were not evident 
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Figure 28. Reflection without noise; CDP 55: The re-
flection at CDP 55 of model 6 is the refer-
ence signal. The sum-cepstrum is based on 
reflections at CDP's 2-12, 55-110, and 
121-133. Troughs of the discriminator and 
sum-cepstrum occur at intervals of 2 ms, 
which is equal to the two-way travel time of 
the lens at CDP 55. 
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Figure ·29. Reflection without noise; CDP 57: The re-
flection at CDP 57 of model 6 is the refer-
ence signal. The sum-cepstrum is based on 
reflections at CDP' s 2-12, 55-110, and 
121-133. Troughs of the discriminator and 
the sum-cepstrum occur at intervals of 2 ms, 
which is equal to the two-way travel time of 
the lens at CDP 57. 
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Figure 30. Reflection without noise; CDP 70: The re-
flection at CDP 70 of model 6 is the refer-
ence signal. The sum-cepstrum is based on 
reflections at CDP's 2-12, 55-110, and 
121-133. Troughs of the discriminator and 
the sum-cepstrum occur at intervals of 6.5 
ms, which is equal to the two-way traveltime 
of the lens at CDP 70. 
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Figure 31. Reflection without noise; CDP 71: The re-
flection at CDP 71 of model 6 is the refer-
ence signal. Troughs of the discriminator 
and the sum-cepstrum occur at intervals of 
6.5 ms, which is equal to the two-way 
traveltime of the lens at CDP 70. 
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Figure 32. Reflection without noise; CDP 76: The re-
flection at CDP 76 of model 6 is the refer-
ence signal. The sum-cepstrum is based on 
reflections at CDP's 2-12, 55-110, and 
121-133. Troughs of the discriminator and 
the sum-cepstrum occur at intervals of 10 ms, 
which is equal to the two-way traveltime of 
the lens at CDP 70. 
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Figure 33. Reflection without noise; CDP 77: The re-
flection at CDP 77 of model 6 is the refer-
ence signal. The sum-cepstrum is based on 
reflections at CDP's 2-12, 55-110, and 
121-133. Troughs of the di.scriminator and 
the sum-cepstrum occur at intervals of 10 ms, 
which is equal to the two-way traveltime of 
the lens at CDP 77. 
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in the discriminators of the reflections at CDP's 71 

(Figure 37), and 77 (Figure 39); therefore the two-way 

traveltimes could not be determined. In the discriminators 

of the reflections at CDP's 55 (Figure 34) and 57 

(Figure 35), the first three troughs occur at 1.6 ms, 4.0 ms 

and 6.0 ms, and 1.5 ms, 4.0 ms, and 6.0 ms, respectively. 

In each case the troughs lie within 1 sample interval of in-

teger multiples of the two-way traveltime of 2 ms. There-

fore the two-way traveltime at CDP's 55 and 57 are resolved 

as periods of 2 ms within the corresponding discriminators. 

In addition, the discriminator of the reference signal at CDP 

70 (Figure 36) has troughs at 6.5 ms and 13 ms, which indi-

cates a two-way traveltime of 6.5 ms. Similarly the 

discriminator of the reference signal at CDP 76 (Figure 38) 

has troughs at 10 ms and 20 ms, which indicates a two-way 

traveltime of 10 ms. 

Although the two-way traveltimes were resolved for the 

reference signals at CDP's 55, 57, 70 and 77, noise has se-

verely reduced the resolution in the quefrency domain. The 

analyses show that because of added noise, the cepstrum of 

the source wavelet was not completely removed. 

Jin and Rogers (1983) showed how the effects of noise 

on homomorphic deconvolution can be expressed analytically. 

A similar approach is taken here to explain the degradation 

of the sum-cepstrum by the synthetic noise. 

(28), the Fourier transform of sn(t) is; 

From equation 
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Figure 34. Reflection with added noise; CDP 55: The 
reflection at CDP 55 of the noise section is 
the reference signal. The sum-cepstrum is 
based on reflections at CDP's 2-12, 55-110, 
and 121-133. In the discriminator troughs 
occur at 1.6 ms, 4.0 ms and 6.0 ms (see short 
arrows). Each trough lies within one sample 
interval of integer multiples of the two-way 
travel time of 2 ms, therefore the two-way 
traveltime of 2 ms has been resolved. Note 
that the discriminator and sum-cepstrum are 
shown between times 0. 5 ms and 77 ms. The 
inset shows the functions between 0 ms to 76 
ms. The same arrangements are maintained in 
Figure 35 to Figure 39. 
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REFLECTION WITH ADDEO NOISE 
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Figure 35. Reflection with added noise; CDP 57: The 
reflection at CDP 57 of the noise section is 
the reference signal. The sum-cepstrum is 
based on reflections at CDP' s 2-12, 55-110, 
and 121-133. In the discriminator troughs 
occur at 1.5 ms, 4.0 ms and 6.0 ms. (see 
short arrows). Each trough lies within one 
sample interval of integer multiples of the 
two-way travel time of 2 . ms, therefore the 
two-way traveltime has been resolved. 
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REFLECTION WITH ADDED NOISE 
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Figure 36. Reflection with added noise; CDP 70: The 
reflection at CDP 70 of the noise section is 
the reference signal. The sum-cepstrum is 
based on reflections at CDP's 2-12, 55-110, 
and 121-133. In the discriminator troughs 
occur at 6.5 ms and 13 ms (see short arrows), 
therefore the two-way tr.avel time of 6. 5 ms 
has been resolved. 
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REFLECTION WITH ADDED NOISE 
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Figure 37. Reflection with added noise; CDP 71: The 
reflection at CDP 71 of the noise section is 
the reference signal. The sum-cepstrum is 
based on reflections at CDP' s 2-12, 55-110, 
and 121-133. The discriminator does not in-
dicate a periodicity within the sum-
cepstrum, therefore the two-way travel time 
of 10 ms has not been resolved. 
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REFLECTION WITH ADDED NOISE 

SAMPLE INTERVAL OF 1 /2 MS 
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Figure 38. Reflection with added noise; CDP 76: The 
reflection at CDP 76 of the noise section is 
the reference signal. The sum-cepstrum is 
based on reflections at CDP's 2-12, 55-110, 
and 121-133. In the discriminator troughs 
occur at 10 ms and 20 ms (see short arrows), 
therefore the two-way traveltime of 10 ms has 
been resolved. 
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REFLECTION WITH ADDEO NOISE 

SAMPLE INTERVAL OF 1/2 MS 

TWO-WAY TRAVEL TIME OF 10 MS 
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Figure 39. Reflection with added noise; CDP 77: The 
reflection at CDP 77 of the noise section is 
the reference signal. The sum-cepstrum is 
based on reflections at CDP's 2-12, 55-110, 
and 121-133. The discriminator does not in-
dicate a periodicity within the sum-
cepstrum; therefore the two-way travel time 
of 10 ms is not resolved. 
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REFLECTION WITH ADDED NOISE 

. SAMPLE INTERVAL OF 112 MS 
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Sn(w) = S(w) + N(w) (29) 

where S (w) is the Fourier transform of s (t), and N(w) is n n 

the Fourier transform of n(t). The Fourier transform of the 

cepstrum of the reflection is 

en ( w) = ln ( I s ( w) + IN ( w) I ) 

If 

IN(w)I << JS(w)I 

for all frequencies of s (t), then n 

C (w) ~ C(w) n 

(30) 

(31) 

(32) 

where C(w) is the Fourier transform of the cepstrum of s(t). 

Therefore if equations (31) and (32) are true then 

c (t) ~ c(t) n 

However if 

IN(w) I ~ JS(w) I 

(33) 

(34) 
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or 

IN(w)I >> IS(w)I (35) 

for some or all frequencies of s(t}, equation (32) is not 

true. In this case it is not expected that the cepstrum of 

the source wavelet will be completely removed when the sub-

cepstrum is computed. Equation (34) and (35) hold for some 

of the reflections used in the noise analysisi for example, 

those at CDP's 71 (Figure 37), and 77 (Figure 39). Specif-

ically, frequencies outside the bandwidth of the main lobe 

of the amplitude spectrum of the reflections were severely 

altered by noise. However as with the reflections at CDP's 

55 (Figure 34), 57 (Figure 35), 70 (Figure 36) and 76 

(Figure 38), IS(w)l/IN(w)I was large enough at each fre-

quency, w, to enable the detection of the two-way traveltime 

of the lens at these CDP's. 
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SUMMARY AND CONCLUSION 

A method of cepstrum analysis was developed for the 

purpose of resolving the thickness of thin-beds. The method 

relies on the detection of periodic pulses in the cepstra of 

reflectivity functions, which are isolated by computing the 

sub-cepstrum and sum-cepstrum and highlighted with the 

discriminator. Studies were performed by applying the method 

to synthetic thin lens models. 

The method is sensitive to the ratio of reflection co-

efficients of the reflectivity function. Specifically, it 

was determined that the resolution depends on the ratio of 

the reflection coefficients; for example, optimum resolution 

is achieved when IRol = IR1 1. In addition, in the noise-free 

case, the magnitude of the cepstral pulses can be used to 

determine the magnitude of the ratio of the reflection coef-

ficients. For example by equations (15) and (16), when IR0 1 

= the cepstrum of the reflectivity function will have 

non-zero values of 0.5, 0.25, 0.125, ... etc. Al though the 

technique is sensitive to the magnitude of the ratio of the 

reflection coefficients it cannot distinguish between a high 

speed layer and a low speed layer. 

The technique is also sensitive to the sample interval. 

The finest sample interval provides the best resolution be-
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cause it produces the the sharpest cepstral pulses and is 

able to resolve the thinnest beds. 

During the noise analysis it was shown that the method 

is adversely affected by noise when JN(w) I >> JS(w) I for some 

frequencies of the signal. Whatever the S/N, this condition 

will more likely happen outside the spectral bandwidth of the 

signal. Therefore it is hypothesized that the method will 

be more successful with a broadband wavelet. 

Of the six reflections examined during the noise analy-

sis, the correct two-way traveltimes were recovered from the 

four at CDP' s 55, 5 7, 70 and 76. However, the two-way 

travel time obtained from these reflections provided useful 

information about the geology. For example, the two-way 

traveltimes indicated that there was a thin-bed present which 

was thinning towards the left edge of model 6, 

traveltime thickness of 10 ms at CDP 76 

from a two-way 

to a two-way 

travel time thickness of 2 ms at CDP 55. In brief; because 

the method would be applied with multi-trace data, success 

need be achieved with only some of those traces to provide 

vital information about the geology. 
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PROPOSAL FOR FUTURE STUDIES 

The method of analysis, like most other methods, was 

adversely affected by noise. For a further study, elimi-

nation of the effect of noise on the discriminator is sug-

gested. It seems that the noise problem could be addressed 

by stacking near reflections from a suspected thin-bed where 

the thin-bed does not rapidly nor continuously change thick-

ness (wave shapes not quickly changing). The method would 

then be applied to the stacked reflections which would have 

an improved S/N ratio. Indeed, the application of stacking 

to improve the effectiveness of homomorphic deconvolution has 

been applied successfully in earthquake studies by Kemerait 

and Sutton (1982). Similarly, Otis and Smith (1977) also 

found that a form of stacking, which they called log spectral 

averaging, enhanced the results of homomorphic deconvolution. 

Because of the basic similarity between homomorphic deconvo-

lution and cepstrum analysis (they are both based on the 

theory of homomorphic systems), it is expected that correct 

application of stacking can improve the effectiveness of 

cepstrum analysis. 

Of course there are other potential problems besides 

random noise to be considered. Eventually the effects of the 

following systems must be studied; the earth filter as a 
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time-variant attenuator, instrument responses, interbed mul-

tiples ... and more. 

Finally the method must be tested with real data. The 

seismic data considered most suitable for the method of 

analysis is high-fold marine data for which the S/N ratio is 

high and in which reflections from isolated horizontal thin-

beds are contained. 
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