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I. INTRODUCTION 

In applied statistics, we test hypotheses about 

·unknown population parameters using a sample of observations. 

When the population variance is unknown, the function used to 
In (~-µ) test the population mean µ is t, defined by t = , s 

where n is the sample size, x is the sample mean and s is 

the sample standard deviation. Under the same condition 

(unknown variance), the test function used to test the null 

hypothesis that two population means are equal (µ 1 =µ 2) is u, 

defined by u = xl - x2 
:::============================- , where x1 and x 2 

are sample means for the first sample and second sample 

respectively, si and s~ are their sample variances, and N1 
and N 2 are their sample sizes. For testing the homogeneity 

of k groups of means in a one-way classification in the 

analysis of variance, the test function w is defined by 

~ - - 2 ~ n.(x. -x ) /(k-1) 
1=1 1 1 ••• 

w = 
k ni 
,. 1 ? 1 cx .. -x. >21<N-k) 
1= J= 1) 1. 

where x •• is the observation 
1) 

in the i-th row (group) and j-th column, x. is the i-th 
1. 

row (group) sample mean,x •• is the 

sample size for the i-th group, and 

grand mean, n. is the 
k 1 

N = I ni is the total 
1=1 

' . 
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number of observations, Jn the case of two sets of 

observations, the equality of the variances ~ay be tested 
2 

sl 
= 2 

2 2 , where s 1 and s 2 are by usin8 the test statistic v 
s2 

the respective sample variances, 

Under some assumptions, the distributions of the t 

and u statistics have "Student's" t-distribution, while w 

and v have F distributions, We will call the t and u tests 

the one sample t-test and the two sample t-test respectively, 

and call the w and v tests the test of analysis of variance, 

and the test for the equality of two variances, respectively. 

The underlying assumptions which give rise to the t 

and F distributions are as follows: 

(1) The experimental errors are normally distributed. 

(2) Error variances are homogeneous. 

(3) The experimental errors are uncorrelated. 

In practice we can never be sure that these assumptions 

all hold, and often there is good reason to suspect that 

at least one of them fails. The failure of an assumption 

will affect both the significance level and the power of 

the t and F tests. For instance, an experimenter may think 

that he is testing at the 5% level, whereas he actually may 

be testing at the 8% level. 

When the normality assumption is relaxed~ the 

distribution of the t and u statistics will not be the 
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"Student's" t.:Odistribution nor will they have the same 

distribution. The distributions of the w and v statistics 

will not be the F distribution nor will they have the same 

distribution. \Je will discuss these two cases respectively 

in Chapter IV and Chapter V. 

Since in this study we always use the Ed~eworth series 

in representing a density function, we give a simple 

description of this series in the Appendix. 

The whole study is concerned with the question: in 

the case of the t-tests, the test of analysis of variance, 

or the test for the equality of two variances, is the test 

size a: sensitive to chanr,es in the form of distribution? A. 

SLatistical test which is insensitive to departures from 

the underlying assumptions is called "robust", a term 

introduced by Box (4). Studies of robustness have been 

carried out by many writers. In this study, we review 

several of the most interesting and most important works on 

the subject of robustness to non-normality, and discuss their 

results. We also tabulate the true significance levels of 

the "Student's" t-test, the test of analysis of variance 

and the test for the equality of two variances for some 

specified alternative disLribution forms. The discrepancy 

between the true significance levels and the normal theory 

significance levels is one useful measure of the effects of 

non-normality on these tests. Therefore, this paper should 
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be of some a.id to anyone who uses the "Student's" t or 

F tests in experimental situations in which there is 

serious doubt concerning the underlying assumptions of 

normality. 



9 

II. REVIEW OF THE LITERATUR[ 

Many papers have been written on the subject of effects 

of non-normality on the t-test and the r-test. The 

earliest paper was written in 1929 by Rider (23), who 

investigated the distribution of "Student's" ratio computed 

from samples of size four independently drawn from a 

rectangular distribution, He compared the distribution 

thus obtained with the classical distribution based on 

normal theory. Using the same technique, Pearson and 

Adyanthaya (21) considered sampling from specified non-normal 

populations with regard to effects of skewness and kurtosis 

of the parent populations on the derived distribution of 

"Student's" ratio. These experimental results showed that 

the t-test is more sensitive to changes in skewness than 

kurtosis. 

In 1935 Bartlett (1) was the first author to investigate 

this problem theoretically. He obtained an approximate 

density function fort, assuming the parent population to 

be represented by the first three terms of an Edgeworth 

series. He observed that skewness in the parent population 

exerts a much greater effect on the level of significance 

than does kurtosis, which confirms results of Pearson's (21) 

experimental investigationo Bartlett also showed that for 

moderate departures from normality 9 the t-test may still be 
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used with confidence. 

Geary (16) obtained an expression for the density of 

t in samples of any size drawn from a slightly asymmetrical 

population specified by the first two terms of the Edgeworth 

series. 

Gayen (13) considered the effects of both the skewness 

A3 and the kurtosis A4 parameters by using the first four 

terms of the Edgeworth series. His approximation is superior 

to these of previous investigations, and as a consequence 

his results are adopted by many authors in their explana-

tions of the effects of non-normality on the t-test. 

In his unpublished doctoral dissertation, Bradley (5) 

made the first analytical study of the effects of non-normality 

on the t- and F-tests for a general class of populations with 

specified density functions, He also obtained correction 

factors for the two-sample t-statistic and for the F-statis-

tic in the case of high levels of significance. Part of his 

doctoral dissertation was later published in 1952 (6) (7), 

In 1950 Gayen (15) extended his previous work (13) to 

the two-sample t-test, He derived the distribution of the 

test statistic used for testing equality of two means when 

each of the populations is specified by an Edgeworth series. 

His study showed that the significance level is seriously 

affected when the difference of the skewness x3 in the two 

populations is not small. In cases where the samples are 
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taken from the same population, non-normality seems to have 

little effect. 

Some empirical work on departures from normality has 

been carried out with the aid of electronic computers. 

Using an IBM 650 computer, Boneau (3) computed a large 

number of values of "Student's'' ratio based on rando~ samples 

drawn from distributions having specified density functions. 

Levels of significance as determined from the empirical 

frequency distribution compared favorably with those based 

on the normal assumption. 

The above paragraphs have dealt primarily with the 

distribution of "Student's" t-statistic under non-normal 

distribution theory. We turn now to the case of the 

variance ratio F for testing (a) equality of a set of means 

in the one-way classification analysis of variance under 

the fixed model, and (b) equality of two population 

variances using random samples drawn from each. 

Early work in this area was done by Pearson (22) by 

way of sampling experiments. The effect of non-normality 

on the frequency distribution of the variance ratio F was 

first investigated theoretically by Geary (17), who based 

his work on the assumption of large samples~ and considered 

~he effect of kurtosis onlyo He gave an approximate for~ula 

for the.probability of w. 

In 1950 Cayen (14) derived the density functions of 
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w and v for non-norr.al populations specified ty the first 

four terms of the Ldr,eworth series. The results of his 

study are widely quoted. There are, however, a few mathe-

matical errors in this paper, which were pointed out by 

Srivastava (24) and Tiku (25). 

The F-test used for testinr, equality of a set of neans 

in the fixed model, one-way classification analysis of 

variance and the' t-tests possess the property of "robustness" 

to non-nornality. This property is not shared, however, by 

the test for equality of two variances. Box (4) showed that 

the sensitivity to non-normality is even preater when the 

number of variances to be compared exceeds two. This means 

that Uartlett's test for equality of several variances is 

very sensitive to non-normality. 

Tiku (25) in 1964 investigated the effect of non-

normality on the F-test in the analysis of variance for the 

case in which the error distribution from group to eroup is 

not identical. 
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III. A sr::1ur::s ru:rn:sr:HTATION or THE CUMULATIVE DISTRIBUTION 
FUNCTION or t FOR A SINGLE SAMPLE FROM A CLASS OF NON-
rrnrrrAL POPULATIONS 

·3,1 Cu~ulative distribution 

Consider drawing samples from a population with density 

function f(x) which satisfies the following conditions: 

(a) f(x)>O for all -•<x<~. 

(b) f(x) is a continuous function of x for -•<x<•, 

dkf(x) . (c) k is a continuous function of x for -•<x<• 
dx 

and k=l,2,,,. 

Bradley (5) (6) derived the cumulative distribution of t for 

samples from this type of population 9 namely, 

[3. l] 
nn/2 1 

GN(t)=l-[~r(n) <no )t-nclN(O;O, ••• ,O)DlN(O;O ••• ,O) 

+ • • • • • + 

l 
COl"1D. 

a +.~.+a =k o n 

for any positive 

nn/2 
[3o2] GN(t)=~ n. 

(n+k)/ 2k' +k 1 ( +k) n . r(n)(n k- ) t- n 
cn+k) ! 

value of t, and 

r(n) (n-01 >1t!-n c co o o>n* co o > lN ; p•••t iN ; , ••• ,O 
n+k 

+ •••• 

r 
comb. 

a +, •• +a =k o n 

+ n-Z- k! r(n) cn+k-l>ltl-(n+k) 
(n+k)! k 

a ) + • • n 



for any negative value of t, 

where n=N-1 represents the degrees of freedom, N is sample 
,•: 

size, and ClN' n1N arid DlN will be defined later. It 

happens that c1N·is independent of the particular population 

and need be evaluated only once for each set of values 

a 0 +a1+a 2+ ••• +an=k; we will give the values of c1N in the 

following section. 

3.2 The values of ClN 

Bradley (5) showed that c1N vanishes for all odd values 

of k, he calculated c1N for k=0,2,4 and 6, Theyare suffi-

cient for obtaining the first four terms of the expansions 

of GN(t). We list the values of c1N for k=0,2,4 and 6 

below, and omit the detailed calculation procedure, ·for 

which the reader may refer to reference (5), 

2rrn/2 
S 1= , N = sample size, n=N-1 degrees of freedom. 
n- r l~l 

k=O 

c1NCO;O, ••••••••••••••• ,,.,,,O)=Sn-l 

k=2 

ClN( 2; 

ClN ( 2; 

k=4 

ClN(4; 

C1N(4; 

2. 

111 

4, 

39 

O,,,,,.,,,,,,,,.,, , 0) =S l n-
- 1 

1 11 0 ~ • , •• , ••• o •••• , 0) = S n-l ( -2) 
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s 2 
c1?JC4; 2, li 1, o, ••••••••• ,O)=Ncn-1 <- n -3n+2) 

l n+2) 2 

k=G 
' s 

C ( 6 • 6 o · o) n-1 lN ' ' ' • • ' ' ' • ' ' ' ' '. '.' •·' ' = 2 ''. N (n+2) (n+4) 
15n2 

s 1 
0 ' • • ' • • • • • • • • • '0) = 2 n-

N (n+2)(n+4) 
s 

o, ....••••..•• ,O)= 2 n-1 
N (n+2)(n+4) 

s 
ClN(G; 4, 1, 1, 0, ••••••• ,,,0)= 2 n-1 [-~ (n2-5n+4)] 

N (n+2)(n+4) 

s 1 3 
ClN(G; 3, 3, 0, •••••••••••• ,0)= 2 n- [-~ (3n2+2)l 

N (n+2)(n+4) 
s 

ClN(G; 3, 2, 1, o, ••••• ,,,,,O)= 2 n-1 [-3(n3-3n2+4n-2)] 
N (n+2)(n+4) 

s 3 2 c1NCG; 3, 1, 1, 1, O,,,,,,,,O)= 2 n-1 [3n -lln +12n-4] 
N (n+2)(n+4) 2 

s 4 3 2 
C1NCG; 2, 2, 2, o, •• ,,,,,,,,O)= 2 n-1 [n -n +6n -14n+8] 

H (n+2)(n+4) 
s 4 3 2 c1NC6; 2, 2, 1, 1, o, •••• ,,,O)= n-1 [-n -7n +24n -38n+20 

N2Cn+2)(n+4) · 4 

s 
ClN(6: 2, lp 1, 1, lp 0, 00 .,0): 2 n-1 

· N (n+2)(n+4) 

4 3 2 , 
[n -lOn +35n -50n+24l •. 
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s 
( ) n-1 ClN 6; 1, 1, 1, 1, 1, 1, O, ••• ,O =-.2-----------

4 3 2 . 
1_n -lOn +35n -50n+24] 

48 
1'r 

3,3 Evaluation of n1N and DlN 

Bradley gave 't;he definitions 
N+K 

N (n+2)(n+4) 

N-r 
DlN= t I I ao. al. • • • • •an. 

J•faO(x) fal (x) ••••••••• fan(x) xn+k dx 
0 

where fai(x) is the ai-th derivative of f(x) .and 

N+K 
* u-r-

D1N= I I ao.a1·•••••••• a ! n 
J• fao(-x) fa1(-x) • • ,fa'n( ... ,x) ·xn+k dx. 

0 

If the density f(x) is symmetric 9 then it is clear that 

3,4 The application of the series expansion to a particular 
non-normal population. 

In this section we shall consider the application of the 

above series expansion of the cumulative distribution function 

of t to a particular non-normal population. We will then 

compare the significance level of the t-test for the non-

normal population with the significance level based on normal 

theory. The example we consider here (Bradley (5)) is the 

Cauchy distribution with density function f(x)=nci1+ x1 

-•<x<•. It satisfies the required conditions: 

(a) f(x)>O for all -•<x<•. 
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(b) f(x) is a continuous function of x for -mcxcm. 

(c) 
dkf(x) 
----~- is a continuous function of x for -mcxcm. 

dxk 

We may write this density in another form, namely 

-1 
f ( x > = 1 = n -1 at an x • 

nCl+x 2 > a* 
Now we express the v-th derivative of f(x) as fv(x)=n- 1v! 

C-l)vsinv+ly sin(v+l)y where sin y=Cl+x 2 >-~, sinv+ly its 

(v+l)th derivative, and cosy= .x2 t • The coefficients 
( 1 +x ) a 

n1N can be calculated by the following formula (since the 

* Cauchy distribution is symmetric, we observe n1N=D1N>. 

(N+K) 
2 Im a 

a 0 a1 n D~k f (x) f · (x) ••• f .. '(xhc dx 
0 

where 

sin(a +l)y ••••• sin(a +l)y. o n 

By the relation x=cot y and the fact that the Jacobian 

dx 
dY =---.. 1- we find . 2 sin y 

N+K 2n 
-r -Ne >k f D1N=N n -1 

0 

n+k cos y sin(a0 +l)y sinCa1+1) •••. 

sin(an+l)y csc y dy 
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We further note that when k=O, a0 + a 1 + a 2+ •••• +an=O 

N rr I 2 
'1 -N J n . n d D1N=N Tl cos y sin y y 

0 

and by using the Beta function 

f 
n/2 

~(x,y)=e (sin t) 2x-l(cos t) 2Y-l dt~ 
0 

we obtain 
N 

N'1 n+l n+l 
•••••• 0 ••••••••••••• '0) =:-::i:r ~ <-r,-r>. 

2H 
When k=2 and when a0 =2 with a 1 , a 2 , ••••• ,an all zero, we 

N+2 -r -N find D1N(2; 2, o, ••........••••••• ,O)=N Tl 

ITl/2 n+2 . n-1 si'n 3 d cos y sin y y ~ 

0 

Upon writing sin 3y=3sin y - 4sin 3y this at once becomes 
N+2 

2, 0,•••••••••••••••••10l=N-:- r/2 
Tl 0 

( 3 n+2 . n 
COS y Sl.n y 

4 n+2 . n+2 ) d - cos y sin y y 
N+2 

=N -r (l 6 (*'*) -2: 
TIN 2 ~ ~ 

For the calculation of other terms see the Appendix of 

Bradley (S)o Results are summarized below for the remaining 

case of k=2 and for the required.cases of k=4 and k=6u 

I; 



k=2 

·k=4 -

DlN ( 4; 3, l, 
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lH2 

0 1 • • • • • • • • • • • • • • • ,O)=N ~ (2B (~'~) J 
11 

tJ+4 
N"'Z 5 

• • • • • • • • • • • • • • • • • , 0 ) =-r:r- ( ~ 
n 

(n+S,n+l) 10 . ,.... -r - f. 

N+4 
.N-r 

0, • • • • • • • • • • • • • • • ,O)= N 
.Jl 

[8B(~'~)-4 

N+4 

DlN(4; 2, 2, Oi•••••••••••••••iO)-N~ [f B(~'~)-12 1 
n 

N+4 

D ( 4 2 1 1 0 0) N 2°9 [ 6 B (~' ~) -8 .· lN ; ' ' ' ' • • • • • • • • • • • • ' =--rr- .&. L. 

k=6 

n 

N+4 

o, ••••••••• ,O):.N~ (BB(~'~)J 
n 

N+4 

D (6 6 0 Ow.NZ- [32B C!!!-!l'ni. 1 )-40'.·. lN 1 11 · , a • • • • • • • • • •••• • a • o , ,-~ it. 
n 
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N+6 

D1N<6: s, 1, o, ••...•...•...•.••• ,o>=N: [32B(n~l3,n;l)-32 
Jt 

M+6 -. N 2 
0, •••••••••••••••••• ,OF=-rr-

Jt 

B c!:.!2' !!.:!1.) + 64 B (~' !!.:!:.?.) -32 B c!:.!2' !!:tl) J 2 2 2 2 2 2 
N+--6.. 

(6. 4 1 1 n-N--Z- r n+9 ,n+l , DlN , , , , O,•••••••••••••••,ur---,:r- ~lOB(~ -r-)-40; 
n 

N+6 
. 2 

DlN(6: 3, 3, 0, .................. ,0)=N N (32B(n;l3,n;l)-32 
Jt 

N+6 

D (6 3 2 l 0 O'-NT [2413(~'!:.!.!.)-12.·. lN : 1 ' ' 1 • ' • • • • • • • 0 • • • • • ' r-~ 2 2 
Jt 

B (~'~)-32B(!!:!:!.!'~)+16B(!!!.2,'!!.:!1,) J 
~ ~ 2 2 2 2 

N+6 

0 m· N~ [ 32 (n+l3,n+l) 16 . ' • • • • • • • • • • • • ·"'1=--,:r- B ~ 2 - . 
TI 

N+6 
~ 

0 n· N £3J-B (n2+7 '~)-54 .· 1••o••o•o••o••o•rv1= N ~ ~ 
rr 

12ac!!.:!1.0!!:!:2.>-32sc!?.!21 .!:.:!:l>J 2 2 2 2 

.. 
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N+6 

D (6 2 2 1 l 0 0) NZ- [18a(~'n+21)-48 lN ; ' · ' ' ' ' ' • • • • • • • • • • • • ' =--n- IJ ~ n 

DlN(6; 2, 1, l, 1, 1, 

B(n+ll,n+3)] -;:- -r 

N+6 

0 0) NZ- [24a(~,n+21)-32 , • • • • • • • • • , =---rr- IJ ~ 

n 

N+6 

DlN ( 6; 1, 1, 1, l, 1, 1, o, •••••• ,O)=N~ [32f3(~,n;l>J~ 
n 

We now have to calculate the values of 

co~b. ClN(k;ao,al, •••• ,an)DlN(k;ao,al, •••• ,an) and 
a + •• +a =k o n 

l 
comb. 

a + •• +a =k o n 

calculate the cumulative distribution of t defined in [3.1] 

and L3.2J for samples from a Cauchy distribution. 

When k=O 

When k=2 we obtain 

l ~lN(k;a0 ,a 1 ,~o,an)D1N(k;a0 ,a1 ,o.~an) 
combo 

a +o.+a =k o n 
e[ClN(2;2,0,o.,O)DlN(2;2 1 0, •• ,0)+C1N(2;1,l,O, •• O) 



DlN(2;1,l,O, •• ,O)J 

N+2 

22 

s -r 
- n-1 NN [~f3(~,f121)-213(~'~)-f3(~'~)J. 

JI 

Dy using the following relationships 

8(~' ~) = 1 B{n+l, 
1 -r ~) 

acn;3, ~) n+l 8(~, ~) = 4(n+2) 

B(~' ~) n+3 S(~' ~) = 4(n+2) 

the result for k=2 may be written 

l 
coml.J. 

a +a1+ •• a =k o n 
~ n+l 

8n-l lJ 2 a ~-i-1 ~) 2 n+l 
(n+2) • 

Similar reductions in the cases k=4 and k=6 yield, for k=4, 

l 
comb. 

a a 1+ •• +a =k o n 
n+l 

5n-l N"2 
48TIN 

and for k=6 
n+l 

5n-l N-r 
1440TIN 

2 3 4 5 
S(~,~) lS(n+l) (48+3274n+3927n -1460n -37Sn -14n ) • 

(n+2) (n+4) (n+6) 
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We have thus obtained all of the functions required for 

calculating the cumulative distribution function of t 

defined in formula [3.1] for samples from the Cauchy 

'distribution. Placing these values into formula [3.1] we 

obtain 

N n-2 
2'2 N n 

. GlN=l- It (N+l) /2 
(~'~) 

B · 2 2 
f(!l) tn 

2 

, 1+n2 (n+l) 1n 3 (n+l) (14+29n-sn2-2n3 ) 
2(n+2> 2t 2 2 2 21(n+~) 2 (n+4) 2 t4 

n4 (n+l) (48+3274n+3927n2-1460n3-37Sn4-14n5) 
+ 233l(n+2) 2(n+4) 2 (n+6) 2t 6 +--------] 

for positive values of t. 

* /x..s we -have·. said ·for: the Cauchy distribution o1N=DlN' we note 

that 

Thus for negative values of t, 

+n4 (n+l) (48+3274n+3927n2-l460n3-37Sn4-14n5 
2331(n+2) 2 (n+4) 2 (n+6) 2t 6 +-----------J. 

Combining the above results for negative and positive values 

of t, we obtain the following four terms of the required 



expansion 
N n-2 2-r 

P(ltl>t .)_2N n 
0 r-:+1 

rr 2"9 
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+n4 (n+l) (48+3274n+3927n 2-1460n3-37sn4-14n5) 
2 331 (n+2) 2 (n+4) 2 (n+6) 2t 0

6 

+-------J ------------ i3.3] 

These probabilities have been calculated and are shown in 

Table 1 for n = 1, 2, 3, and 4 and for values of t 0 

corresponding to given significance levels obtained from 

"Studentgs" t-distribution, We denote by ~ the sigriificance 

level of the two-sided "Student's" t-test, and denote by 

Pc=P(ltl>t0 ) the true· level of significance in the case of 

samples from a Cauchy distribution using only the first 

four terms in -C3, 3], 

Table 1 True significance levels (Pc) of the two-sided 
t-test for samples from a Cauchy distribution 

Degrees of 
freedom n=N-1 

1 

1.000 
1.,376 

~ 

o.s 
0,4 

p 
c 

. 0 .4 7 
0.,32 

1: 
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Degrees of t Pc freedom n=N-1 0 

1 

1.963 o.3 0.21 
3.708 0.2 0.13 
6.314 0.1 0.06 

12.076 0.05 0.03 
63.657 0.01 0.006. 

2 

0.816 0. 5 . 
1.061 0~4 o.57 

1.386 0.3 0.27 
1.886 0.2 0.13 
2.920 0.1 Oo05 
4.303 0.05 Oo023 
9.925 OoOl 0.004 

3 

0.765 o.5 
0.978 o.4 
1.250 Oo3 0.3 
20353 Ool Oo05 
3ol82 OoOS Oo002 
50841 0.01 0.003 

4 

Oo741 o.s 
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Degrees of t a: Pc freedom n=N-1 0 

4 

0.941• 0.4 
1.190 0.3 
1.533 0.2 
2.132 0.1 o.os 
2.776 o.os 0.019 
4.604 0.01 0.002 

The series given in equation [3.3J converges very slowly 
for large values of N and small values of t 0 • It is .for 
this reason that some values are omitted from the table. 
For example, using the first four terms only, one obtains, 
when t 0 =0.816 and n=2, Pc=l.47, while when t 0 =0.765 and 
n=J, Pc=-9.561. 
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IV• THE DISTRIBUTION OF t FOR 81\MPT .. ES FROM l\ NON-NORMAL 
POPULl\TION REPRESENTED DY THE EDGEWORTH SEPIES 

It happens frequently that we do not know the density 

function of a random variable x, but we do know the moments 

of its distribution. In such a case we cannot use the 

technique described in Chapter III to obtain the distribution 

of t. In this chapter we try another approach to solve this 

problem. 

4.1 One-sample t-test 

A. The Distribution of t 

Let the density of the parent population be specified 

by the first four terms of the Edgeworth series 

A3 3 A4 4 lOA~ 6 [ ] f(x)=t(x)-3T ~ (x)+ifT t (x)+~ t (x) ..• 4.1 

x2 

where t(x)= 
-"".2 -1:.... e i tv(x) 

m 
is its v-th derivative and 

terms of central moments ur=E(x-u)r about the mean u. The 

parameters A3 and A4 are sometimes called coefficients of 

the '"skewness" and "kurtosis" respectivelyo 

Gayen (13) derived the t-distribution for a single 

sample of size N randomly drawn from any population.which 

can be represented by the first four·terms of the Edgeworth 
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series as specified by formula L4.l]. He gave the 

following form for the derived density function: 

where 

3 f (t)-[3(N-l)t-(2N-l)t ] 
13 2 N+J 

G(N-1) 12NIT(l+N:l)-r-

3(N-l)-6(N+l)t2+(N+l)t4 
2 tJ+4 

t -r 
(l+N-l) 

3 (N-1) 2 (2N+ll) -9 (N-1) (N+3) (2N-l) t 2 
r<~> 4 

f 2<t>= 
13 

~ -3 N+l 2N+l3 t + N+i 

2 N+6 
144N (N-1) 312 rrr (N+s, (l+ t ) Z-r °T N-l 

and where f 0 (t) is the normal-theory density of t for a 

sample of size N. The terms £1 (t), fX (t) and f 2 Ct) are 
.3 .. 4 13 

the corrective terms due to the parameters 1 3 and140 

B. Tail area probability 

We are interested in the tail area of these corrective 

terms and so consider the intergrals 
to . 

J_
00
f(t)dt and Joo f (t)dt • 

t . 
0 

Integrals of the above form for "Studentgs" density f 0 (t) 
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have been tabulated extensively. For example, a table 

accurate to four decimal places is provided by Owen (20). 

The integral f A (t) is antisymmetric. It is positive 
3 

.for the lower tail and negative for the upper tail. For 

two-sided tests it cancels itself out. The integrals 

fA (t) and f 2 (t) are symmetric. These integrals may be 
4 A J 

tabulated for given values of N and t 0 , either directly 

from their algebraic expressions or more conveniently by 

using the Incomplete Beta function table of Pearson. For 

the sake of completeness we shall give here expressions for 

F, (t ), F, (t) and F 2 (t ). Thus, for the lower tail, the 
A3 0 A4 0 A 0 

3 

corrected probability integrals F(t0 ) will be given by 

• F ( t ) = F ( t 0 ) +A J F, ( t ) -. A 4 F, ( t ) +A 23 F 2 ( t ) 
0 0 A3 0 A4 0 A 0 

3 

[4.2J 

in which F (t ) has been tabulated extensively, and where 
0 0 

•t . 
FA (t )=J 1 ofA. (t )dt=fm fA (t)dt 

4 O -m 4 O t 4 · 
0 



• and 

= 1 
I2(N-i) 

-t 
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r (~) 
In (N-l) r <¥) 

3 3t (N-1) 
t - 0 o 0-i+i) 

t2 N+2 
(l+ 0) -r 

N-l 

F (t >=J 0 f (t)dt =Jm f (t)dt--2 ~-J+_s __ .._ 
~ 2 o -m ~ 2 t ~ 2 36(N-1) 2 

3 3 0 3 

2t3 (2N-7) (N-1) 3 (-2N+ll) (N-1) 2 t 0 

[4.4] 

in tN-1> r <¥> 

x 
ts + o 

0 ---cN-+-1~)-c-2~N-+-s-) - (N+l) (N+3) (2N+S) 
t2 N+4 

(l+ 0)"""29 N-l 

+ (N-1) (2N 2 +SN+l2) I (N+3 l) (N-1) (2N2 +SN+l2) I (~HS 1)] 
24N X ~'~ - 72N .. X ~'~ 

0 0 

[4.S] 

where t 
0 

is any typical value of t, its tr~nsforrnation is 

given by x0 = ---1--t2 
0 

l-N-l 

, and Ix (p,q) is the Incomplete Beta · 
0. 

function as defined by Pearson. 



31 

In the following paragraph we will give an example to 

illustrate how to calculate these integrals for given values 

of the sample size N and critical point t 0 • 

Let us consider a sample size of five (N=5) and a 

significance level of 2.5%. The critical t 0 obtained from 

the usual t table is 2.7764. 

Now x = 1 2 = 0.3416 and from Pearson's Incomplete Beta 
0 t 

0 
l-N-l 

Function Table we find 

N-1 1 Ix (~,~)=Io.3416(2,0.S)=0.025 
0 

Ix C~'l)=I 0 3416 (3, l)=0.0399 
0 • 

Using formulas [4.JJ, l4.4] and [4.5] we obtain FA (t0 ) 
3 

=0.0217, F, (t )=0.0028, F 2 ct )=0.0131, while we already 
~4 o A o 

3 
know that F0 (t0 }=0.0250. Knowing these integrals, we are 

able to calculate approximately the true significance levels 

of the t-test for samples of size five, at a significance 

level of 2.5%, and for non-normal populations specified 
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by various values of the parameters >. 3 and >. 4 • These 

significance levels are compared in Table 2 with those of 

"Student's" distribution, which is given by >. 3=>. 4=o. F9r a 

·two-sided test in the case of a sample size of 5 at 2.5% 

nominal value, we note that 

t 
PCltl>t )=1-f 0 f(t) -o 

2 d t= 2 [ F ( t ) - ). 4 F, ( t ) +). J F 2 ( t ) J 
0 0 . ~4 0 ). 0 

-t 
0 

3 

[ 4. 6] 

The function F 2 ct) does not appear in formula (4.6), 
). 0 

3 
because it is cancelled out in two-sided tests. 

Table 2 True significance levels for the two-sided t-test 
(sample of size 5) for various values of >. 3 and >. 4 
when a:=0.05 

~ o.oo 0.04 0.09 0.16 0.25 4 
~ 

' 

Q.O o.0500 0.0510 0.0524 0.0542 0.0566 
o.s 0.0472 0.0482 0.0496 0.0514 0.0534 
1.0 0.0444 0.0454 Ou0468 0.0486 0.0510 
1.5 0.0416 0.0426 0.0440 0.0458 0.0482 
2.0 0.0384 0.0398 0.0412 0.0430 0.0454 

In the case of a one-sided test, the tail-area will differ 

for the upper tail and the lower tailo We note that 
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for the lower tail-area, whereas 

P(t>to)=Fo(to)-A3FA3 (to)-A4FA4 (to)+A~FA2<to) 
3 

for the upper tail-areao 

In Table 3 we show these tail-areaso 

Table 3 True significance levels for the one-sided t-test 
(sample of size 5) for various values of~ and A4 
when ac=0.025 

~ 
-0.2 o.o 0.2 0.3 0.4 o.5 

0.04 o.o 0.04 0.09 0.16 0.25 

Upper 0.0298 0.0250 0.0212 0.0197 0.0184 0.0175 o.o 
Lower 0.02~2 0.0250 0.0298 0.0327 0.0358 0.0391 

Upper 0.0284 0.0236 0.0198 0. 01'83 0.0170 0.0161 
o.5 

Lower 0.0198 0.0236 0.0284 0.0313 0.0344 0.0377 

Upper 0.0210 0.0222 0.0184 0.0169 0.0156 0.0147 
1.0 

Lower 0.0184 0.0222 0.0270 0.0299 0.0330 0.0363 

Upper 0.0256 0.0208 0.0170 0.0155 0.0142 0.0133 
1.5 

Lower 0.0170 0.0208 0.0256 0.0205 0.0316 0.0349 

2.0 Upper 0.0242 0. 019,2 0.0156 0.0141 0.0128 0.0119 
Lower 0.0156 0.0192 0.0242 0.0271 0.0302 0.0335 

It can be seen from both Table 2 and Table 3 that the effect 

of skewness A3 ·is rather serious while that of kurtosis .A 4 

is not. In the case of the one-sided tests, we find from 
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Table 3 that different proportions of the area fall in 

the two tails when the sampled population is asymmetrico 

As the sample size increases~ the level of significance 

in the case of a non-normal population with given skewness 

and kurtosis approaches that for a normal populationo 

This may be observed by comparing the corresponding entries 

in Table 4, which follows, and Table 2. 

Table 4 True significance levels for the two-sided t-test 
(sample of size 10) for various values of A3 and A4 

when a:=0.05 

~ ' o.o 0.04 0.09 0.16 0.25 

o.o 0.0500 0.0508 0.0516 0.0530 0,0548 

Oe5 0.0486 0.0494 0.0502 0.0516 0.0534 

1.0 0.0472 o.o4ao 0.0488 0.0502 0.0520 

1.5 0.0458 0.0466 0.0474 0.,0488 0.0506 

2.0 0.0444 0,0452 0,0460 0,0474 0,0492 

From Table 4 we observe, for samples of size ten, that the 

effect of non-normality on the significance level is not 

very serious for the ranges of skewness and kurtosis 

parameters studied. 

4. 2 u-test (two sample t-test) 

Let us assume that random samples arc independently 
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drawn from each of two populations with parameters l~, 1• 4 

and l), 14 , respectively, whose densities can be expressed 

by the first four terms of the Edgeworth series 
2 

13 3 l4 4 l3 6 
f (x) = t(x) - 'IT~ (x) +41 t (x) +'1! ~ (x) • 

Gayen (15) derived the density function of the u statistic 

defined in the introduction as follows: 

f (u) 1 1 + 
2 n+l 

(l+~ ) -r 
n 

2 n+4 
3 Jn{~n (n+l) (l+~ ) ~ n 

---------------------------------------------(4.7] 
where n=N1+N2-2 is the number of degrees of freedom, and 
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2 2n · 
n+3 l 

6n2 
- n+3 l 

2n(n-2)J 
n+3 

1 (N2-Nl)2 2 2 3 1 N2-Nl 
( ) ( , '") n n ('' '") n22 =1 >-4+A4 C N N n+2 - (n+2) (n+3)1+1 A4-A4 n+2 

x 

1 2 

n2 2n2 (n+4) 
(n+2) + (n+2) (n+3) l 

2 
4 (n -4n+6)1-f.!.(>. '->. ") 2 

n+3 ·•· 4 3 3 

(N -N ) 2 2 2 1 [(n-4)(n+2) (n+3)-12N1N2n(n+l)J 
NlN2 . 2 

(n+2) (n+3) 

4n[3(n+l) (n+2) 2+2N1N2 (2n2+3n+4)J 

+ (n+l) (n+2) 2(n+3) 

. 2 
l . 0 · 2 (N2-Nl) (Sn-B) 36 1 2 2 

(ns1>•'P03+>.!) t SN N + n ]+"'(>.' ->." > 11 J 1 2 5 (n+J) -: If. ~ 3 



2 
4(3n -4n+l8)] tl(>.'->.")2 

5 (n+3) · 4 3 3 

(N2-Nl) 2 ( (Sn-8) (n+3) (n+2) 2-4Nl N2 (n+l) (11~+12) J 
x SN 1N2 (n+2) (n+J) 

4n[9 (n+l) (n+2) 2+2N 1N2n (2n-l) J 

+ 5 (n+l) (n+2) 2 (n+3) 

(n (5n+4) (n+2) 2 (n+3) -4nN1N2 (n+l) (7n+l6)] 

(n+2) (n+3) 

4n2 [3 (n+l) (n+2) 2-2N1H2 (2n 2+9n+8) J 

+ 5 (n+l) (n+2) 3 (n+3) } 
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n2 (n+2) 2 (n+3) ( Sn+l6) -12N1 N2n 2 (n+l) (n+4) 

{------------------------------------(n+2) (n+J) (n+4) 

4n3 [J(n+l) (n+2) 2+2N 1N2 (n+4) (2n+l)] 

5 (n+l) (n+2) j (n+J) (n+4) } • 

In the particular cases of samples of equal size drawn from 

the same or different populations, and samples of unequal 

size from the same population, the distribution of the 

u-statistic may be easily deduced from formula [4,7). The 

distribution in the case of equal-sized samples from two 

different populations is studied in the following paragraph. 

In the case for which N1=N2=N, n=2N-2, the density 

function of u will be given by 

re~> 
f (u)a -----------2...._n-+-r + i<Aj-Aj) 

/fiii r(~) (l+* > ~ 

12 (n+3) lnnr (~) 

1 
6nl2ft(n+2) 

4 2 3u _ . 
(u -6u +rrnJ 

2 n+S 
(l+~ ) -r 

n 

[3nu-(2n+l)u3 J 
2 n+4 

(1+!!. ) -r 
n 

r<~> 
2 2 

(u6 9 4 9nu Ju ) 
- u +n+2 1 (n+2) (n+4) 

12nlnn r(~) 
2 

(l+*->~ 
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1 2 + (,'-,") 't 1\3 1\3 
(2n2+9n+lO)u6-3(2n2+1711+1B)u4 

{ 2 ~ 144nlnnr.<~> 

9n(2n2+3n+2)u2 3(2n2+15n+lO)u2 
n+2 - (n+2) (n+4) 

2 n+7 
(l+~ ) -r 

n 

(l~) n 

} 

[ 4. B] 

where f (u) is the normal-theory density function of u. 
0 

The expressions fi(u) remaining in formula (4.8) are called 

the corrective factors due to the population values of the 

>.-coefficients appearing with them. 

-u ' 
The integrals J_.0 t 3 (u)du and J• f 3 (u)du are equal 

uo 

in magnitude but opposite in sign, the former being 

positive. All other such corrective factors have symmetric 

integrals. Considering the negative tail of the distribution, 

we write 

-u 
P(uc-u0 >=J_.0 f(u) du•F0 (u0)+~(>.j->.j)F3 (u0>-jc>.4+>-4>F4 Cu0 ) 

{4.9] 
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-u · f 0 1 n 1 where F (u0 )• f (u) du=1 Ix <111> 
0 -- 0 0 

.is the normal-theory cumulative u distribution. 

(2n+l)u~ 
[l+ 0 1 n 

2 n+2 
{l+~) -r n 

(n+2)u~-3nu0 
2 n+3 

(l+~)-r 
n 

• n [Ix (!:.n~) - 2Ix . (!!.!1,~) 8(n+2)(n+3) ~·~ ~ ~ 
0 0 

5 3 2 [u (n+2) (n+4)-4u n(n+4)~3n u ] 
0 0 0 

2 n+S . 
(l+uo)-r 

n 
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n 
= 4 (n+2) (n+3) (n+5) 

[ (2n+S) (~+4) (n+2) 2u5 +2 (2n+l) (n+4) (n-2) nu30-3n2u ( 2n2+15n+l0) J 
0 0 

n 
x 24 (n+i) {n+2) (n+J) (n+5) 

where I (p,q) is the Incomplete Beta function, and x = X0 O 

l 
~ • For the positive tail, we write 

u 
1+-2. n 

P (u>u0 ) =I: f (u) du=F 0 (u0 >-}o.3->.j) F 3 (u0)-~0.4+>.4> F 4 (u0 ) 

0 

[4ol0] 
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In the two-sided case the corrective term F3 (u0 ) cancels, 

and we write P(lttl!_u0 )=2F0 (u0 )-(>.,i+>.4>F4 (u0 )+!<>-j+>.j) 2F5 Cu0 ) 

[4.11) 

Thus, we can calculate approximately the true significance 

level for samples of equal size frbm two different popula-

tions the density function of which can be approximated by 

the first four terms of Edgeworth series. The values of 

F3 (u0 ), F4 Cu0 ), F5 (u0 ) and F6 (u0 ) at the 2.5% nominal 

level of significance for n = 2, 4, 6, B, 12, 20, 30, 40, 

60, 120 and m has been tabulated by Gayen (15) in Table 5 

of his papero His table is wrong, however, in column 5 and 

column 6. His column 5 and column 6 should be interchanged. 

We will show in the following Table 5 the corrective values 

of F3 (u0 ), F4 (u0 ), F5 (u0 ) and F6 (u0 ) at the 2.5% nominal 

level of significance for n = 2, 4, 6, a, 12, 20, 24, 30, 

and 40. 
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Table 5 Correction factors due to population skewness and 
kurtosis for approximating the true significance 
level for the u-test at the 2.5% nominal level of 
significance for samples of equal size 

n Correction Factors 
degrees uo of r 3 Cu0 ) F4(uo) F5(uo) r6(uo) fTooilnm 

2 4.3027 0.0149 0.0024 0.0042 0.0094 
4 2.7764 0.0199 0.0024 0.0027 0.0113 
6 2.4469 0.0206 0.0019 0.0014 0.0103 
8 2.3060 0.0202 0.0015 0.0007 0.0090 

12 2.1788 0.0188 0.0010 0.0002 0.0071 
20 2.0860 0.0161 0.0006 0.0000 0.0049 
24 2,0639 0,0151 0,0005 0.0000 0.0042 -
30 2.0423 0.,0139 0.0003 0.0000 0.0035 
40 2.0211 0,0123 0.0003 0.0000 0.0027 

Using the correction factors shown in Table 5 and the appro-

priate formulas shown in (4,9], [4.10] and [4.111, we can 

approximate the true significance ievels in the case of 

equal-sized samples for one-sided or two-sided testso In 

Table 6 we show the approximate true significance levels in 

the case of samples of size 5 from each of two different 

mesokurtic populations CA4=A4=0). A nominal significance 

level of 2o5% was assumed for the case of one-sided test and 

a 5% level of significance for the 'two-sided test., In 

Table 7.we show such significance levels for similar samples 

but from two symmetric populations (Aj=Aj=O)., 
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Table 6 True significance levels for the one-sided u-test 
(«=0.025) and the two-sided u-test (•=0.05) for 
samples of size 5 from two different mesokurtic 
<~4=~4=0) populations 

~~ -0.2 o.o 0.2 0.4 o.5 

Upper tail 0.0250 0.0231 0.0214 0.0197 0.0190 
Lower tail 0.0250 0.0271 0.0294 0.0319 0.0332 

-0.2 
Both tails 0.,0500 0.0502 0.0508 0.,0516 0.0522 

Upper tail 0.0271 0.0250 0.0231 0.0214 0.0205 
Lower tail 0.0231 0.0250 0.0271 0.0294 0.0307 

o.o 
Both tails 0.0502 0.0500 0.0502 0.0508 0.0512 

Upper tail 0.0294 0.0211 0.0250 0.0232 0.0223 
Lower tail 0.0214 0.0231 0.0250 0.0212 0.0203 

0.2 
Both tails o.o5oa 0.0502 0.0500 0.0504 0.0506 

Upper tail 0.0319 0.0294 0.0272 0.0251 0.0241 
Lower tail 0.0197 0.0214 0.0232 0.0251 0.0261 

o.4 
Both tails 0.0516 o.osoa 0.0504 0.0502. 0.0502 

Upper tail 0.0332 0.0307 0.,0283 0.0261 0.0252 
Lower tail 0.0190 0.0205 0.0223 0.0241 0.0252 

o.5 
Both tails 0.0522 0.0512 0 .. 0506 0.0502 0.0504 
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Table 7 True significance levels for the two-sided u-test 
(•=0.05) for samples of size 5 from two symmetric 
(Aj=Aj=O) distributions 

1"- • 0.5 "~ -1.5 -1.0 -0.5 o.o 1.0 1.5 A1t 

-1.5 0.0545 0.0538 0.0530 0.0523 0.0515 0.0500 o.osoo 

-1.0 0.0538 0.0530 0.0523 0.0515 0.0500 0.0500 0,0492 

-o.5 0.0530 0.0523 0.0515 o.o5oa 0,0500 0.0492 0.0485 

o.o Oe0523 0.0515 o.o5oa Oe0500 0.0492 o.0485 0,0478 

o.5 0.0515 0.0500 0.0500 0.0492 0.0485 0,0478 0.0470 

1.0 0.0500 0.0500 0.0492 0.0485 0.0478 0.0410 0.0463 

1.5 o.osoo 0.0492 0.0485 0.0478 0.0410 0.0463 0.0455 

The effect of non-normality in this test is seen not to be 

very serious. Using Table 6 we observe that the significance 

level will be slightly af ftected if the difference in the 

skewness A3 of the sampled populations is not small. For 

the case in which samples are taken from the symmetrical 

populations or from the same population with moderate skewness, 

the effect of non-normality is small, and the normal theory 

u-test appears to be valid. 
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V. VARIANCE-RATIO TEST 

The variance-ratio is commonly used for testing the 

equality of a set of means in the fixed model, one-way 

classification analysis of variance. It is also used for 

testing the equality of two variances. 

s.1 The analysis of variance test for the case of non-
normal errors 

In the one-way classification analysis of variance; we 

assume the following model 

x .. =m+B.+e .. 
l.J l. l.J 

where xij is the observation in the i-th row and j-th 

column i=l, 2, 3, ••••• ,k and j=l, 2, 3, ••••• ni' mis the 

overall effect, B1• is the row effect and e .. is the 
l.J 

experimental erroro 

If the eij are normally and independently distributed, the 

ratio. of "between treatment" and "within treatment" mean· 

squares 
k 2 l n.(x. -x .. ) /(k-1) 

i=l 1 . 10 

w=· .... R---.n~.~----------------
~ ~i - 2 1. 1. {x1• 1-x1 •• ) /(N-k} 

i•l j=l .., 

is distributed as F with k-1 and N-k degrees of freedom. 

Here x. is the sample mean of observations receiving the l. Q -i-th treatment, x •• is the grand mean, n1 is the sample size 
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for the i-th treatment, and N = 

of observations. 

k 
Y n. is the total number l=l l. 

The analysis of variance test w is based on several 

assumptions; for example, see Eisenhart (12). One important 

assumption is normality. That is, the experimental errors 

e .. are normally distributed. In the following paragraphs 
l.J 

we will study the robustness to non-normality of these 

errors in the analysis of variance test. 

Consider k groups of observations xi. (i=l, 2 1 oe 1 k1 
J. 

j=l, 2, •• ,ni) drawn from a population the density function 

of which may be approximated by the first four terms of the 

Edgeworth series 

Gayen (14) derived the density function of w as 

[Sol] 
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is the F density and the other terms fA (~) and f 2 Cw) may 
4 >. 3 

be called correction functions due to population parameters 

A 3 arid A 4 • Tre ramaining: ~ymbols are defined as follows: 

[2N1N2+(k 2-k 12 ) (N1+N 2+2)) 
·V22= S(N1+N 2+i) (N1+N 2+2) 

{2N1N2 [N 1 CN1+N 2+7)-(N2-22))+(k2-ka 2) (N1+N 2+2) (4N1-SN2+16)} 
V31= 24(N1+N 2+i) (N1+N 2+2) (N1+N 2+4) 

{2N1Nif'\(1\:tll\_+7)-(N2-lO)]+(k2-kw 2) (N1+N 2+2) (4N1-SN 2+4)} 
V 32= · 24 (N l +N 2+l) (N l +N2+2) (Nl +N2+4) 

{2N1N2 [N1 (N1+N2+7)-(N2+14))+(k2-k 12 ) (N1+N2+2) (4N1-SN2-20)} 
V34= 24(N1+N2+1) (N1+N 2+2) (N1+N 2+4) 

2 .k 1 2 2 2 2 2 where k 0 =N l (--) [k 0 =k if n:•s are equallu 6k =k -kv o . 1 n. . ~ 
l.= l. 

We are now in a position to evaluate the tail-area of the 

above density ,tunet~on of Wo Consider the following function 

F(w0 >=J: f(w)dw=F0 (w0 )+A 4 [Pv>.4(w0 )+{6k2)P"A 4 Cw0 )] 

0 
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[5.2] 

where F0 (w0 ) is the tail-area of the F-distribution, and 

the other terms are correction functions due to population 

parameters A3 ,and A4 • The functions P'A (w ), P"A (w ), 
4 0 4 0 

and P 2 cw ) have been tabulated for values of 
A o 

3 
N1 = 1, 6, 8, 12, 24 and N2 = 1, 6, a, 12, 20, 24, JO, 40, 

60, 120 and ~ by Gayen (14) at the 5% significance level 

of the normal-theory w. we give these values in Table 10 

at the end of this chaptero 

In the following paragraph we apply formula [5.2] and 

the values shown in Table·lO to tabulate the approximate 

true significance levels of the test of analysis of variance 

in the case of observations drawn ·from non-normal 

populations. For simplification, we consider only the case 

of equal numbers of observations in each group. The case 

we consider is five groups of five observations each. Thus 

'the term Ak2 is formula [5.2] is zero, thus simplifying our 

computation. The results are shown in Table a. 
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Table 8 True signification levels for the variance-ratio 
test (w) with four and twenty degrees of freedom 
when a:=0.05 

~ o.oo 0.10 0.25 0.50 

-1.5 0.0536 0.0537 0.0538 0.0541 
-1.0 0.0524 0.0525 0.0526 0.0529 
-o.s 0.0512 0.0513 0.0514 000517 
o.o 0.0500 000501 0.0502 0.0505 
0.5 0.0488 000489 0.0490 0.0493 
l.O 0.0476 000477 0.0478 0.,0481 
1.5 0.0464 000465 0.0466 000469 

It can be seen that non-normality of the error terms 

exerts only a slight effect on level of significance in the 

analysis of variance test. This means that the F-test for 

the one-way classification analysis of variance is robust 

to the normality assumption. From Table 8 we also note that 

while the w-test is practically unaffected by lack of 

symmetry, it is slightly affected if the distribution of 

experimental errors is either very flat or very peaked as 

indicated by A4 o 

It is well known that the t-test is a particular case 

of the analysis of variance test procedure. Thereforep for 

the case k=2~ the conclusion is the same as in our previous 

discussion of the u-test (two sample t-test). 



51 

s.2 The test for the equality of two variances 

A. Distribution of the variance-ratio v for two 

independent samples. 

Here we assume that x1 , x2 , ••••• , xn and y1 , y 2 ••• yn 
1 2 

are two samples drawn from two different populations with 

parameters >.j, A,i and Aj, ~4, respectively, and that their 

population density functions are specified by the first 

four terms of the Edgeworth series. 

Let n· 
2 r1 Cxi-x)/Cn1-l) 

sl i=l v= -,:= n2 s2 r (y.-y)/(n2-l) 
jal J 

Ga yen (14) found the distribution of v to be given by 

[5 0 3] 
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nl 
2-l 

~~~v~------ as the f 
nl+n2 

density and 

n 1 n 2 <t<i4+1~)fn 1 n 2 Cn 1 +n 2 +2)-2Cn 1 -n 2 )J 
N21= 

-t< A 4- A 4 ) [ n 1n2 ( n 1-n2 + t~) + 2 ( n 1+n2 ) ] } 
8(n1+1)(n 2+1)(n1+n 2 )cn1+n 2+2) 

-t<i4-14)[n1n 2 Cn1-n 2-4)-2(n1+n 2 )J} 

N23= 8(n1+1)(n 2+i)(n1+n 2 )Cn1+n 2+2) 

2 
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B. The Tail-area 

We are interested in the tail-area; and, therefore, we 

consider the function 

-~(>."~+>.'~)F- 2<vo)-~(>.";->.•;)r 2<vo) 
>. 3 ~3 

[5.4] 

The functions F>.(v0 ) are tabulated in Table 10 for N1 =1, 2, 

3, 4, 5, 6, 8, 12> 24 and N2=1, 2, 3, 4, 5, 6, 8, 12, 20, 

24, 30, 40, 60, 120 and 00 • Usinr, formula [5.4] and Table 10 

we can calculate approxirnatley the true significance levels 

for the F-test of the equality of two variances in the case 

of non-norr:'lal errors. In Table 9 we show these true levels 

of significance for the case n 1 =5, n 2=21, >-3=>-3 and >.4=>-4. 

The comparison leads to an F-test with four and twenty der,rees 

of freedom. In the normal the significance limits are the sar:'le 
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at the 5% level as for the analysis of variance test 

discussed in Section 5.1. 

Table 9 True signif icancc levels for the variance-ratio 
test (v) with four and twenty degrees of freedom 
when a:=0.05 

~ o.oo 0.10 0.25 o.50 

-1.5 0.0112 0.0107 0.0099 0.0087 
-1.0 0.0241 0.0236 0.0228 0.0216 
-o.5 0.0311 0.0366 0.0358 0.0346 

o.o 0.0500 0.0495 0.0487 0.0475 
o.5 0.0630 0.0625 0.0617 0.0605 
1.0 0.0759 0.0754 0.0746 0.0734 
1.5 0.0889 0.0884 0.0876 0.0864 

As will be seen by comparison with Table 8, the effect of 

non-normality on this test is much more serious than in 

the analysis of variance test. Box (4) showed that the 

sensitivity to non-normality is even greater when the 

number of variances to be compared exceeds two. The dis-

crepancy does .not decrease if the sample size is increased 

or if the samples contain an equal number of observations. 

whereas '- ~ h.-:t~>, little Gf.fcwt. 
~ 



55 

Table 10 Corrective functions for determining the tail 
probabilities of (i)w and (ii)v in terms of their 
upper 5% normal-theory significance levels 

(Test for equality of (Test for equality of 
a set of means) two variances) 

. N2'' P' (w Pi (wo) P' (w ' P" (w ) Fr (vo> F>.(vo) F 2 (v) F 2 (v ) >-4 0 2 o· >.~ 0 - 0 >. 0 4 >. 3 4 ~ >.3 ~ 

N1=1 

1 -0.0027 -0.0055 0.0054 0.0055 0.0021 -0.0042 -0.0000 0.0000 
2 -0.0048 -0.0060 0.0084 0.0047 0.0066 -0.0077 0.0022 -0.0022 
3 -0.0052 -0.0052 0.0073 0.0037 0.0096 -0.0091 0.0034·-0.0034 
4 -0.0048 -0.0042 0.0055 0.0031 0.0110 -0.0093 0.0037 -0.0037 
5 -0.0043 -0.0034 0.0039 0.0028 0.0116 -0.0089 0.0035 -0.0035 

6 -0.0038 -0.0028 0.0028 0.0025 0.0117 -0.0083 0.0032 -0.0032 
8 -0.0030 -0.0020 0.0015 0.0021 0.0114 -0.0070 0.0025 -0.0025 

12 -0.0020 -0.0012 0.0005 0.0016 0.0103 -0.0048 0.0016 -0.0016 
20 -0.0011 -0.0006 0.0001 0.0011 0.0086 -0.0021 0.0008 -0.0008 
24 -0.0009 -0.0005 0.0000 0.0010 0.0080 -0.0013 0.0006 -0.0006 

30 -0.0007 -0.0004 0.0000 0.0008 0.0074 -0.0004 0.0004 -0.0004 
40 -0.0005 -0.0003 0.0000 0.0006 0.0067 0.0006 0.0002 -0.0002 
60 -0.0003 -0.0002 0.0000 0.0004 0.0059 0.0016 0.0001 -0.0001 

120 -0.0002 -0.0001 0.0000 0.0001 0.0050 0.0028 0.0001 -0.0001 
ao 0.0000 0.0000 0.0000 0.0000 0.0000· 0.0000 0.0000 0.0000 

N -2 1-

1 -0.0023l-0.0029 0.0053 0.0031 0.0021 -0.0042 "-0.0017 -0.0017 
2 -0.0043 -0.0032 0.0091 0.0026 0.0071 -0.0079 0.0024 -0.0024 
3 -0.0050 -0.0029 0.0094 0.0019 0.0112 -0.0095 0.0042 -0.0037 
4 -0.0052 -0.0026 0.0082 0.0015 0.0142 -0.0099 0.0052 -0.0042 
5 -0.0050 -0.0023 0.0066 0.0012 0.0159 -0.0095 0.0055 -0.0039 

• 
6 -0.0047 -0.0020 0.0053 0.0010 0.0170 -0.0087 0.0055 -0.0035 
8 -0.0041 -0.0015 0.0033 0.0009 0.0179 -0.0068 0.0052 -0.0024 

12 -0.0030 -0.0010 0.0013 0.0007 0.0180 -0.0033 0.0046 -0.0005 
20 -0.0019 -0.0006 0.0002 0.0005 0.0170 0.0012 0.0040 0.0014 
24 -0.0016 -0.0005 0.0000 0.0005 0.0167 0.0026 0.0039 0.0019 

30 -0.0013 -0.0004 -0.0001 0.0004 0.0161 0.0042 0.0038 0.0024 
40 -0.0010 -0.0003 -0.0001 0.0003 0.0154 0.0060 0.0060 0.0029 
60 -0.0006 -0.0002 -0.0001 0.0002 0.0146 0.0079 0.0038 0.0034 

1120 -0.0003 -0.0001 -0.0001 0.0001 0.0136 0.0101 0.0039 0.0038 
ao 0.0000 0.0000 0.0000 0.0000 0.0124 0.0124 0.0042, 0.0042 
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Table 10 (continued) 

(Test for equality of (Test for equality of 

N2 a set of means) two variances) 
P ~ (w) P~ (w) P 1 2 (2) .P" 2 (w) Fr cv > F (v ) F 2 (v ) F 2 Cv ) 

4 0 ). 0 - 0 . 0 
3 4 ). 3 ). 3 -4 ). 3 ~3 

N =3 1 

1 -0.0020 -0.0020 0.0051 0.0022 0.'0022 -0.0041 -0.0018 -0.0018 
2 -0.0037 -0.0022 0.0091 0.0019 0.0074 -0.0080 0.0024 -0.0025 
3 -0.0046 -0.0020 0.0102 0.0014 0.0102 -0.0099 0.0046 -0.0040 
4 -0.0049 -0.0018 0.0095 0.0010 0.0154 -0.0105 0.0058 -0.0046 
5 -0.0049 -0.0016 0.0082 0.0008 0.0178 -0.0101 0.0063 -0.0046 

6 -0.0047 -0.0014 0.0069 0.0006 0.0194 -0.0093 0.0064 -0.0042 
8 -0.0042 -0.0012 0.0047 0.0005 0.0213 -0.0073 0.0062 -0.0031 

12 -0.0034 -0.0008 0.0022 0.0003 0.0225 -0.0031 0.0056 -0.0010 
20 -0.0023 -0.0005 0.0005 0.0003 0.0225 0.0026 0.0050 0.0015 
24 -0.0019 -0.0004 0.0002 0.0002 0.0222 0.0046 0.0049 0.0022 

30 -0.0016 -0.0003 0.0000 0.0002 0.0218 0.0067 0.0048 0.0029 
40 -0.0012 -0.0002 -0.0002 0.0002 0.0213 0.0092 0.0048 0.0036 :. 

60 -0.0008 -0.0002 -0.0002 0.0001 0.0206 0.0119 0.0049 0.0043 
120 -0.0004 -0.0001 -0.0002 0.0001 0.0196 0.0151 0.0051 0.0050 

CD 0.0000 0.0000 0.0000 0.0000 0.0185 0.0185 0.0056 0.0056 

N -4 1-

1 -0.0017 -0.0015 0.0050 0.0017 0.0023 -0.0040 -0.0016 -0.0016 
2 -0.0032 -0.0016 0.0090 0.0015 -0.0015 -0.0080 0.0025 -0.0025 
3 -0.0041 -0.0015 0.0105 0.0011 0.0123 -0.0102 0.0047 -0.0042 
4 -0.0044 -0.0014 0.0102 0.0008 0.0160 -0.0110 0.0060 -0.0050 
5 -0.0045 -0.0012 0.0093 0.0006 0.0187 -0.0108 0.0066 -0.0051 

6 -0.0045 -0.0011 0.0081 0.0004 0.0206 -0.0101 0.0068 -0.0049 
8 -0.0041 -0.0009 0.0059 0.0003 0.0231 -0.0081 0.0067 -0.0039 

12 -0.0034 -0.0006 0.0031 0.0002 0.0251 -0.0037 0.0060 -0.0018 
20 -0.0024 -0.0004 0.0010 0.0001 0.0259 0.0029 0.0051 0.0008 
24 -0.0021 -0.0003 0.0005 0.0001 0.0258 0.0052 0.0049 0.0016 

30 -0.0017 -0.0003 0.0002 0.0001 0.0256 0.0078 0.0048 0.0024 
40 -0.0013 -0.0002 -0.0001 0.0001 0.0252 0.0108 0.0048 0.0033 
60 -0.0009 -0.0001 -0.0002 0.0001 0.0247 0.0143 0.0049 0.0041 

120 -0.0005 -0.0001 -0.0002 0.0000. 0.0239 0.0183 0.0051 0.0049 
CD 0.0000 0.0000 o.oood 0.0000 0.0228 0.0228 0.0056 0.0056 
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Table 10 (continued) 

(Test for equality of (Test for equality of 
a set of means) two variances 

N2 P)_ (w) p II (w) P' 2 (w) P" 2 (w) F- (v F >. (v F_2<vo) F 2 (v o> 
4 ). 4 ). 3. ). 3 ). 4 0 ~ 0 ). 3 l3 

N1=5 

1 -0.0015 -0.0012 o.oo4a 0.0014 0.0024 -0.0039 -0.0013 -0.0013 
2 -0.0029 -0.0013 0.0089 0.0012 0.0016 -0.0080 0.0025 -0.0025 
3 -0.0037 -0.0012 0.0107 0.0009 0.0124 -0.0104 0.0048 -0,0044 
4 -0.0040 -0.0011 0.0107 0,0007 0,0163 -0.0114 0.0061 -0.0053 
5 -0.0042 -0.0010 OoOlOO o.ooos 0,0191 -0.0114 0.0068 -0.0056 

6 -0,0042 -0.0009 0,0089 0,0004 0,0213 -0.0109 0,0071 -0,0054 
8 -0,0040 -0.0007 0,0069 0.0003 0,0241 -0.0090 0,0069 -0.0046 

12 -0.0034 -0.0005 0,0040 0.0001 0,0268 -0.0046 0,0061 -0.0026 
20 -0.0025 -0.0003 0.0014 0.0001 0.0282 0,0026 0,0050 0.0000 
24 -0.0021 -0.0003 0,0009 0.0001 0,0283 0,0051 0.0047 0,0008 

30 -0.0018 -0.0002 0,0004 0.0001 0,0282 0,0081 0 .. 0046 0,0017 
40 -0.0014 -0.0002 0.0001 0.0001 0.0200 0.0116 0,0044 0,0026 
60 -0.0010 -0.0001 -0.0001 0.0000 0,0276 0.0156 0,0044 0.0035 

[20 -0.0005 -0.0001 -0.0002 0.0000 0,0269 0,0204 0,0047 0.0044 
CID 

' 
0.0000 0.0000 0.0000 0.0000. 0,0259 000259 0.0052 0,0052 

~1=6 t-. -

' 
1 -0~0014 -0.0012 0.0048 0.0011 0.0024 -0.0038 -0.0011 -0.0011 
2 -0.0026 -0.0011 0.0088 0.0010 0,0076 -0.0080 0.0025 -0.0025 
3 -0.0033 -0.0010 0,0107 0,0008 0,0125 -0,0106 0,0048 -0.0045 
4 -0.0037 -0.0009 0.0110 0,0006 0.0164 -0.0118 0,0062 -0.0055 
5 -0.0039 -000008 0.0104 0,0005 0.,0194 -OoOli.20 0,0069 -0,0059 

6 -0.0039 -0.0008 000096 0.0004 0,0217 -0.0116 0,0072 -0,0059 
8 -0.0038 -0.0006 0,0076 0.0002 0,0248 -0 .. 0099 0.0071 -0.0052 

12 -0.0033 -0.0005 0.0047 0.0001 0.0279 -0.0055 0.0062 -0.0034 
20 -0.0025 -0.0003 0,0019 0.0001 0.0297 0,0019 0,0049 -0.0001 
24 -0.0022 -0.0002 0.0013 0.0001 0,0300 0.0047 0.0046 0.0001 

30 -0.0018 -0.0002 0.0001 0 .. 0000 0.0301 0.0079 000043 0.0010 
40 -0.0014 -0.0001 0.0003 0.0000 0.0301 0.0118 0.,0040 0.0019 
60 -0.0010 -o·. 0001 0.0000 0.0000 0,0298 0.0164 0,0039 0,0029 

120 -0.0005 -0.0001 0.0000 0.0000 0.0292 0 .. 0210 0,0041 0,0038 .. 0.0000 0.0000 0.0000 0.0000 0,0283 0,0283 0 .. 0045 0,0045 
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Table 10 (continued) 

I 
(Test for equality of 

a set of means) 
N2 

P ~ (w) P" (w) p' (w) .P' 2 (w) 
4 ). 4 ). 2 . ). 

3 3 
N -8 1-

1 -0.0011 -0.0008 0.0046 0.0009 
2 -0.0021 -0.0008 010087 0.0000 
3 -0.0028 -0.0008 0.0108 0.0007 
4 -0.0031 -0 .. 0007 0.0113 0.0005 
5 -0.0033 -0~0006 0.0111 0.0004 

6 -0.0034 -0.0006 0.0104 0.0003 
8 -0.0034 -0.0005 0,0088 0.0002 

12 -0.0030 -0.0004 0.0059 0.0001 
20 -0.0024 -0.0002 0.0028 0.0000 
24 -0.0021 -0.0002 0.0020 0.0000 

30 -0.0018 -0.0002 0.0013 0.0000 
40 -0.0015 -0.0001 0.0007 0.0000 
60 -0.0010 -0.0001 0.0002 0.0000 

120 -0.0006 0.0000 -0.0001 0.0000 
CD 0.0000 0.0000 0.0000 0.0000 

N =12 1 

1 -0,0008 -0.0005 0,0045 0.0006 
2 -0.0016 -0.0005 0.0084 0.0006 
3 -0,0021 -0.0005 0,0107 0,0005 
4 -0.0024 -0,0005 0,0116 0.0004 
5 -0.0026 -0,0004 0,0117 0,0003 

6 -0.0027 -0.0004 0,0014 0.0002 
8 -0,0027 -0.0003 0.0101 0.0002 

12 -0.002~ -0.0002 0.0015 0.0001 
20 -0,0022 -0.0002 0,0043 0.0000 
24 -0.0020 -0.0001 0.0033 0.0000 

30 -0.0017 -0.0001 0,0023 0.0000 
40 -0.0014 -0.0001 0.0014 0.0000 
60 -0.0011 -0.0001 0.0007 0.0000 

120 .;.-.0.0006 0.0000 0.0001 0.0000 
CD 0.0000 0.0000 0.0000 0.0000 

(Test for equality of 
two variances) 

F- (v ) F). (v ) F_2 CvJ F 2 (v ) 
: ). 4 0 !!-4 0 ). 3 ). 0 

-3 

0.0026 -0.0037 -o. 0000 La. 0000 
0.0077 -0.0080 0.0025 -0.0025 
0.0125 -0.0109: 0.0048 -0.0046 
0.0165 -0.0124 0,0063 -0.0058 
0.0195 -0~0129 0.0071 -0.0064 

0.0220 -0.0128i 0.0075 -0,0065 
0.0254 -0.0116: 0.0074 -0.0061 
0.0291 -0.0075: 0,0064 -0.0045 
0.0317 0.0001 0.0047 -0.0020 
0.0322 0.0031 0.0042 -0.0012 

I 
0.0326 0.0068 0.0031 -0.0003i 
0,0328 0.0112 0.0033 0,0007 
0.0328 0.0167 0.0030 0.0016 
0.0324 0,0234 0.0029 0,0025 
0,0316 0,0316 0.0033 0,0033 

0.0027 -0.0036 -Q.0005 -0.0005 
0,0077 -0.0079 0,0025 -0.0025 
0.0125 -0.0112 0.0049 -0.0047 
0.0164 -0,0131: 0.0065 -0,0062 
0,0195 -0.0142i 0,0073 -0_. 0069 

0.0220 -0,0145i 0,0078 -0,0073 
0,0257 -0.0140' 0.0078 -0,0072 
0.0299 -0.0109: 0.0069 -0,0060 
0,0335 -0.0036. 0.0048 -0,0037 
0.0343 -0.0005; 0,0041 -0.0028 

0.0350 0.0035 0,0033 -0.0020 
0.0355 g.0087 0. 0 02 5, -0.0010 
0.0359 0.0153 0.0018 -0.0001 
0.0359 0.0240 0,0013 0.0001 
0.0354 Q,0354 0.0013 0.0013 

,. 
r 
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Table 10 (continued) 

(Test for equality of (Test for equality of 

N2 
a set of means) two variances) 

P' (w) p~ (W) P' 2 (w) P" 2 (w) F- (V ) F>. (V0 ) F_2(VO) P 2<vo) >. 4 4 >. 3 >. 3 >. 4 0 ~ >. 3 !.3 
N1=24 

1 -0.0005 -0.0003 0.0043 0.0003 0.0029 -0.0034 -0.0000 0.0000 
2 -0.0009 -0.0003 0.0081 0.0003 0.0078 -0.0079 0.0026 -0.0026 
3 -0.0012 -0.0002 0.0104 0.0003 0.0124 -0.0116 0.0049 -0.0049 
4 -0.0014 -0.0002 0.0111 0.0002 0.0161 -0.0142 0.0066 ~0.0065 
5 -0.0015 -0.0002 0.0122 0.0002 0.0192 -0.0159 0.0011 -0.0075 

6 -0.0016 -0.0002 0.0122 0.0001 0.0211 -0.0170 0.0082 -0.0001 
8 -0.0017 -0.0002 0.0116 0.0001 0,0254 -0.0178 0.0086 -0.0084 

12 -0.0017 -0.0001 0.0097 0,0001 0.0300 -0.0169 0.0019 -0.0078 
20 -0.0016 -0.0001 0.0067 0.0000 0,0344 -0.0117 0.0058 -0.005P. 
24 -0.0015 -0.0001 0.0056 0.0000 0.0355 -0.0090 0.0049 -o.ooso 

30 -0.0014 -0.0001 0,0044 0.0000 o.0367 -0.0051 0.0038 -0.0041 
40 -0.0012 0.0000 0.0032 0.0000 0.0378 0.0004 0.-0025 -0.0032 'r 

60 -0.0009 0.0000 0.0019 0.0000 0.0387 0.0084 0.0012 -0.0022 
120 -0.0006 0.0000 0.0007 0.0000 0,0394 0.0204 -0.0003 -0.0014 - 0.0000 0.0000 0.0000 0.0000 0,0396 0,0396 -0.0013 -0.0013 

The approximate true probabilities are given by: 

+>.4{Pi4<wo)+6k2PA4 (wo)}+>.~{P~2<wo)+6k2PA2<wJl 
3 3 

(i) 

lii) +j<>.4+>.4>Pr <vo>-j<>."~+>.'~)P~2<vo> 
. 4 >. 3 

+jc>.4-A4>Pl.t Cv~)-~C>."~->. 0 ~) P 2 Cv0 ) 

- !.3 



60 

VI. EMPIRICAL STUDY OF THE EFFECT OF NON-NORMALITY ON THE 
DISTRIBUTIONS OF u AND w STATISTICS 

A number of studies have empirically examined the 

effect of departures from the underlying assumptions in the 

case of the t, u, w and v tests. Some of these are Pearson 

(21), (22), Norton (19), Hack (18), and Boneau (3). Among 

these works Norton and Boneau's studies are the most 

comprehensive and significant. We will give a brief 

summary of their studies hereo 

6.1 The Norton Study 

To investigate the effect of non-normality upon the 

distribution of the w test, Norton constructed "card popu-

lations" of 10,000 cases eacho He used these "card 

populations" to represent the parent population from which 

samples were takeno Six distributions which are most frequently 

met in educational and psychological research were investi-

gatedo Figure 1 presents by histograms a representation of 

the distribution of each of these populations. Population 1, 

except for a finite range and lack of complete continuity, 

is essentially a normal distribution~ and was included as 

a check on the sampling procedure employed. From each of 

these populations independentlyp Norton selected 3 1 000 sets 

of k random samples of n cases eacho EAch set thus corre-

sponded to a hypothetical simple randomized experiment with 
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k treatments and n cases in each treatment group. For 

each set (or experiment) the ratio of the mean squares 

for "between-treatment" and "within-treatment" was 

computed. An empirical distribution of 3,aaa w's was 

thus obtained for each of the six populations. The dis-

crepancies, in the critical upper-tail area between the 

empirical distribution thus obtained and the normal-theory 

w distribution are described by the data in Table 11. 

Table 11 True significance levels for the variance ratio 
te~t (w) in empirical distributions when•=0.1 0 
a.as, o.02s, a.01 

a: l · a. 05 Number of Type of points 0.1 o.a2s 
population population k n d.f. d.f .=2,6 3.46 5.14 7.26 

d.f .=3.16 2.46 3.24 4.08 

1 Normal 4 5 3916 a.0998 a.as51 o.a291 

2 Leptokurtic 3 3 2,~ a.1293 a.a783 a.0463 

2 Leptokurtic 4 5 3,16 a.1126 a.a656 0.0376 

3 Rectangula.r 3 3 2,6 o.11s4 0.0601 0.0324 

lJ Mod. Skew 4 5 3,16 a.1028 a.os1s o.a21s 

s :Cxt. Skew 3 3 2,6 a.0967 0.0477 0.0201 

5 - Ext. Skew 4 5 3,16 0.1016 0.0476 o.a233 
- - ' ·s J-Shape 3 3 2,6 0.0943 0.0480 0.0257 

a.al 
10.92 

5.29 

a.0144 

0.0276 

0.0163 

a.0177 

0.0132 

0.0000 

o.001c 

0.0010 

From Table 11 we can see that the significance level of 

. the test of analysis of variance is almost unaffected by the 

'r 



Io Normal II. Leptokurtic 

III. Rectangular IV. Moderately Skewed 

D 

Vo Markedly Skewed VIo J-Shape 

Figure lo Histograms of populations for which empirical 
F-distributions were obtained in the Norton Study 

I~ 
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skewness, and is only slightly affected by the kurtosis of 

the parent population. This result agrees with the 

theoretical investigation made by Gayen (14). 

Compared with other tests, [see for example (4)] the 

test of analysis of variance is relatively insensitive to 

the form of the distribution of the parent population; this 

can be seen from Table 11. For example, in the case of 

•=0.05, the significance level is 0.0783 for a leptokurtic 

population as one extreme discrepancy and 000476 for an 

extremely skewed distribution as another. 

The data in the first row of Table 11 provided a check 

on the sampling procedure employed in this study. As will 

be noted, the empirical distribution of w for samples drawn 

from Population l contained a larger proportion of upper-

tail area than the theoretical. This may imply that the 

discrepancies reported in the remainder of Table 11 are due 

in part to the method of sampling, rather than to lack of 

normality alone. In this event, the effect of non-normality 

on the test of analysis of variance would actually be smaller 

than those reported in Table llo 

6.2 The Boneau Study 

To investigate the effe.cts of non-normality on the u-

test Boneau used an IBM 650 electronic computer to compute 

a large number of u valuesa Each of these uQs was based 

" 
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upon samples drawn at random from a population having a 

specified density. He then constructed a frequency 

distribution of the u's thus obtained. The populations 

he selected for this study were the translated exponential 

CJ-Shaped with a skew to the right) having a density 
. -Cx+l) · · · · function of y=e -l<X<m and the uniform distribution. 

These distributions represent extremes of skewness and 

flatness for comparison with the normal. 

In the following paragraphs we will study the effects 

of samples from the translated exponential and uniform 

distributions on the significance levels of the u-test. 

In Figure 2 we compare the theoretical u distribution 

and the empirical distribution obtained from two samples of 

• J ·Z -1 o I 
VA.LUL o+ U. 

Figure 2. Empirical dis-
tribution of u's from 
EC0,1)5-E(O,l)E* and the 
theoretical distribution 
with 8 d.f. * E stands for translated 
exponential distribution, 
the first number in the 
parenthesis is the mean 
of the distribution 9 
while the second number 
is the variance; the 
number following the par-
enthesis is sample size. 

size 5 from the translated 

exponential distributiono The 

fit is fairly close, but the 

proportion in the tails seems 

less for the empirical 

distribtuion than for the theo-

reticalo By count, the 

significance level is 3ol% for 

the empirical distribution of 

u 9 s from the translated 

exponential population 9 compared 

to the nominal 5\ value. If 



both s~mple sizes are raised to 15, the correspondine 

percentage of u's obtained is 4%. If both samples are of 

size 5 from the same rectanr,ular distribution, the fit of 

the theoretical u-distribution to the empirical u-

distribution thus obtc.ined is better than the previous 

case of samples from the translated exponential distribution. 

The result is as shown in rir,ure 3. The percentace of the 

obtained u's which exceed 

the noninal 5% values is 5.1%. 

··I I 
~ :: J 1' ,, 
ff <·L ! 

For the case in which the 

sample sizes are both 15, the 

-~----------·--·. __ i -+ -3 - 2 -1 0 3 't 
VAlUE of I.I. 

Figure 3. Empirical dis-
tribution of u's from 
~(0,1)5-R(0,1)5* and the 
theoretical distribution 
with 8 d.f. 
* R stands for rectanGu-
lar districution, the 
first number in the 
parenthesis is the ~ean 
of the distribution, 
while the second number 
is the variance, and 
the number f ollowinr, the 
parenthesis is the sample 
size. 

fit is equally good, with 5.0% 

of the cases falling outside 

the nominal 5% bound. 

All Boneau's experimental 

results on the subject of the 

rob11stness of two-sar:lple 

u-test to non-normality are 

summarized in Table 12. 
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Table 12 True significance levels for the u-test when 
•=0.05 and 0.01 

Symmetric Obtained significance at 
distribution 0.05 level 0.01 level 

N(0,1)5-NC0,1)5 0.053 0.009 
E(0,1)5-E(0,1)5 0.031 0.003 
E(0,1)15-~(0,1)15 0.040 0.004 
R(0,1)5-R(0,1)5 0.051 0.01 
R(0,1)15-RC0,1)15 o.050 0.015 

Asymrnetr-ic Obtained siirnificance at 
distribution 0.05 level 0.01 level 

trot al Larger Total Larger 
tail tail 

EC0,1)5-I:H0,1)5 0.064 0.05 0.033 0.025 
EC0,1)15-R(0,1)15 0.056 0.039 0.016 0.012 

Explanation: The letters N, E. and R refer to the popula-
tion from which the sample was drawn, N for 
normal, E for the translated exponential, 
R for rectangular. The first number in the 
parenthesis is the mean of the distribution, 
in all cases zero, while the second number 
is the variance, the number following the 
parenthesis is the sample size. 

The data in the first row of Table 12 provided a check on 

the sampling procedure employed in this study. 

From Table 12 we can see that the u-test is slightly 

sensitive to changes in skewnessp and insensitive to 

changes in kurtosis of the sampled P.Opulation. When the 

sampled population is symmetric 9 the u-test is remarkedly 

,, 
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robust, such as samples taken from a rectangular 

distribution. This result agrees with Gayen's (15) 

theoretical study. 

All results and discussion in Boneau's study were 

limited to the two-tailed u-test, with some exceptions. The 

conclusions he reached, however, can be applied directly to 

the one-tailed test as well. The exceptions involve those 

distributions which are intrinsically asymmetric (see 

Table 12). In these distributions a preponderance of the 

sample u's fall in one tail. 
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VII. DISCUSSION AND CONCLUSIONS 

The results of this study may prove useful to any one 

who contemplates using the t- or F-tests in experimental 

situations in which there is serious doubt about tl1e 

underlying assumption of normality. 

The theoretical and empirical investigations discussed 

in this paper show that the t-test is slightly affected by 

lack of symmetry, but in general the effect of non-normality 

is not serious. For the u-test, if the two sample sizes are 

equal or nearly so 9 and the assumed underlying populations 

are of the same shG:Peor nearly so, the non-normality has 

little effect on its test significance level. When the 

sample size is increased, 'the effect of non-normality will 

be even smaller. Based on these results, we can conclude 

that unless the departure from normality is so extreme that 

it can be easily detected by mere inspection 9 the use of the 

ordinary t-test and its associated table will result in 

probability statements which are relatively accurate. 

In the F-test of the analysis of variance, the 

distribution of theF-statistic is practically unaffected by 

lack of symmetry~ but is slightly affected if the underlying 

population is roughly symmetrical but either very flat or 

very peakedo Since most non-normal distributions met in 

practice are non-normal primarily because of lack of 
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symmetry rather than because of lack of the "normal" 

degree of peakedness, the departure from normality will 

probably have no appreciable effect on the validity of the 

F-test of analysis of variance, and the probability read 

from the F table may be used as close approximations to 

the true probabilities. 

The situation is quite different for the F-test on the 

equality of two variancesG this test is very sensitive to 

non-normality and will under some conditions yield signi-

ficant result even when the variances are equai. 
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VIII. APPENDIX 

THE EDGEWORTH SERIES 

Let Y1 , Y2 , ••••• ,Yn be a sequence of n independent 

random variables with finite mean_µ and variance d 2 • If 

we denote by F (x) and f (x) the distribution function and n n · 

density function of the standardized variable (8.1) 

x= 

n l (Y. -µ.) . 1 l. l. l.= 

{ I\ 2 
l a. . 1 l. l.= 

then Fn(x) and fn(x) can be expressed bf 

their respective series as follows: 

(8.2) 

(8. 3) 

'2 
- l Aj -3 1 ).4 ~ 10 A3 -6 

F n (x) = ,!(x)-TI""ii .! (x) +41 n .! (x) +br n .! (x) 
n 

). ' ). 9 ). ' ).'J 
l 5 -:-5 ( ) 3 5 3 4 T 7 ( ) 2 8 0 3 -:-9 ( x) -'ST :171 .!. x -'IT -::rn .!. x -91 -::srr .!. 

n n n 

'2 
1 A5° 5 35 A3'A49 7 280 A3 9 --rr ~ . ' (x} -n 02 ~ (x) -91 ~,~ (x) 

- 1 Ix . where !(x)=--- ·~(t)dt~ 

/Tri -· . 

x2 
1 -r 

·~(x)=- e 
l2n 

-v v 
~ ~ { x) v ~ ( x) a re -

v-th derivatives, and).' is the cumulant of the variable v 

I:· 
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). ' v If we use the relationship >.v= -;;vT'!_ , where >.v 

is the v-th order cumulant of the variable x, we obtain the 
-1 expansions of Fn(x) and fn(x) to order of n as follows: 

(8.4) 

(8. 5) 

The convergence and asymptotic properties of these 

series have been studied by Cramer (8) (9). In practical 

applications it is of little value to know the convergence 

properties of these expansions. What we really want to 

know is whether a small number of terms, usually not more 

than two or four, suffice to give a good approximation to 

Fn(x) and fn(x). This leads us to be concerned about the 

asymptotic properties of the expansions (804) (8.5) o In 

the following paragraph we will give the conditions under 

·which the series (8.4) (8.5) give an asymptotic expansion 

of Fn(x) and fn(x)o 

Here we only consider the case that the component 

random variables Yv of (Sol) have the same distribution func-

tion with mean lJ and variance a2 o The series (8.4) gives 

an asymptotic expa~sion of Fn(x) if the following conditions 

are satisfied1 (a) the absolute moment Bk=Ulxlk> of order 

'· 



72 

k~3 is finite1 (b) the component distributions are 

absolutely continuous. This condition is not satisfied 

for discrete distributions, but Wilks (26) said "••• as a 

matter of fact, even if Fn(x) has no p.d.f. (that is, 

F (x) may be a discrete c.d.f.), [8.4) is still a useful n 
approximation ••••• ". 

In addition to the above two conditions, if the 

derivative F~(x) is of bounded variation in the whole domain 

-•<X<•, then the series (8.5) gives an asymptotic expansion 

of fn(x). 

Conditions for the validity of the asymptotic expansion 

for sums of non-identically distributed random variables are 

somewhat more restrictive. These conditions have been 

proved by Cramer (9). 

For large values of x, the expansion (8.5) will some-

times yield small negative values for fn(x). This fact is 

one objection to using the Edgeworth series in representing 

the density function. For this point, Barton and Dennis (1) 

have pointed out that when A4 lies roughly between 0 and 
2 2.4 and A35_0.2 6 the series (B.5) gives a positive definite, 

unimodal function. 

In the following paragraph we will give a numerical 

example and use x2 test of goodness of fit to test how good 

the Edgeworth series (Bo5) fits an actual set of observations. 

(This example is· quoted from Cramer (5) P• 44L) 

If 
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Table 13 The distribution of the breadth of n=l2000 beans 

class Dread th Observed Expected frequency npi 
number of freqw~ncy 

i bean mm .1 Normal First app, Secorrl app. 

l 6,70-6,95 32 67,6 17,5 26,6 

2 6,95-7.20 103 132,2 98.3 90.4 
3 7.20-7.45 239 309,8 291,5 277.2 
4 7,45-7.70 624 617,3 648,9 636,8 

5 7.70-7,95 1187 1045,7 1142.2 1141.1 

6 7.95-8,20 1650 1505,8 1630,4 1639,9 

7 8,20-8,45 1083 1842,3 1918.l 1931.6 

8 8.45-8 .. 70 1930 1919.9 1892.4 1906.2 
9 8.70-8,95 1638 1697 .. 9 1587,3 1599.5: 

10 8,95-9,20 1130 1277.3 1158.8 1163,5 · 

11 9,20-9,45 .737 817.0 752.4 745.l 
12 9.45-9.70 427 444.2 441.9 427.3 

13 9,70-9.95 221 205.3 235,6 223-.8 

14 9,95-10,25 110 80.7 112.7 109.l 
15 10025-10,50 57 27.0 47.5 49.7 
16 10.50-10.75 32 10.0 24.5 32.2 

Total :12000 12000 12000 :12000 

y=8,512 
x~l96. 5 x2_34,3 x2=14.9 s=0,6163 

gl=-0.2878 
(13 d.f.) (12 d,f.) 11 d.f.) 

g2= 0,1953 

The table shows the distribution of the breadths of n=l2000 

beans1 it gives· also the expected frequencies calculated by 

the following formulas, and the corresponding values of x:2 · 

(tests of goodness of fit) 
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2 x 
(a) normal • • • • • • • • • • • • • • • • • • • 1 -r •<x>=--e 

ITii 

(b) first app. • • • • ••••••••••• 

(c) second app. • • • • 

where g1 and g2 , the estimates of ~ 3 and ~ 4 , respectively, 

are calculated from the grouped sample, using Sheppard's 

corrections. The estimated standard deviation s in the 

table, also calculated from 

Sheppard's correction 2 1 s =-n 

\ 

the grouped 
n _2 

.E ni(yi-y) -
1=1 

sample, uses 

h2 where I! , 

Yi=y1-Ci-l)hp h is the class interval and yi is the i-th 

class expected value. 

From the x2 values in Table 13,· we observe that, in 

the first two cases, the deviations of the sample from the 

hypothetical distributions are highly significant, while in 

the third case the agreement is satisfactory. 

Figure 4 shows by means of a histogram the agreement 

between the sample of l2g000 breadths of beans and the 

hypothetical density function of the corresponding population 

as approximated by the Edgeworth expansion (B.S)o 
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-\o -.S o s 10 

Figure 4 Histogram for the breadths of 12000 beans and 
frequency curve according to Edgeworth's serieso 
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ABSTRACT 

A statistical test is called "robust" if it is 

insensitive to departures from the underlying assumptions, 

t~is term was introduced by Box (4). 

Theoretical study made by Gayen (13) 1 (14) and (15) 

showed that "Student's" t-test and the closely related 

F-test of analysis of variance are insensitive to departures 

from normality. But the F-test on the equality of two 

variances is very sensitive to such departureso 

Empirical studies made by Norton (19) and Boneau (3) 

agree with Gayen's theoretical conclusionso Norton studied 

the effect of non-normality on the F-test of analysis of 

variance,and ·showed that the form of the sampled population 

had very little effect on this test. For example, for the 

case of three groups of sample sizes 3, for the 5% level, 

the percentages exceeding the theoretical limits were 7.83 

and 4.77% respectively for sampling from a leptokurtic and 

an extremely skewed population. Such property of robustness 

to non-normality on the F-test of analysis of variance is 

also possessed by t-testo Boneau's empirical study on the 

effect of non-normality on the two-sample t-test showed that 

for two samples of size s~ the significance level is 

respective.ly 3.1 and s.1% for the empirical distribution of 

t•s from the exponential and uniform distribution compare to 
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the nominal 5% value. The discrepancy is decreased when 

sample size is increased. 
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