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I. INTRODUCTION 

The study of the mechanics of circular membranes has various tech-

nological applications. In the chemical process industry, for example, 

thin metal discs, called rupture discs, are used to protect process 

vessels from deformation or failure due to internal over-pressure. In 

this application, the discs are installed in a vent line from the vessel, 

and, as the vessel pressure increases, the disc bulges and finally rup-

tures, thus providing a vent for pressure release. The pressure at 

which rupture occurs ·is based upon the safe working limits of the vessel, 

and, as is known from personal experience, manufacturers of rupture discs 

rely heavily upon destructive testing to determine rupture pressures. 

In the case of axial symmetry, the circular membrane problem is 

formulated in terms of a single spatial variable, the radial coordinate. 

In this sense, the problem then becomes a one dimensional problem. The 

equations of motion, written in the radial and vertical directions, are 

a pair of second-order, non-linear, partial differential equations which 

are coupled in first derivatives. Both circumferential and meridional 

stress components appear in the equations; thus, the equations are com-

plicated to such an extent that a closed-form solution appears to be all 

but impossible to obtain. 

This problem has been studied experimentally by various authors, 

but the analytic approach appears to have received limited attention. 

Generally, the analytic solutions that have been obtained are based on 

various simplifying assumptions which are discussed later. 
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The objective of this work is to obtain a numerical solution to the 

problem of a circular membrane subjected to an impulsively applied 

pressure of constant magnitude, distributed uniformly across the mem-

brane. The governing equations are derived and are classified as com-

pletely hyperbolic. The solution is obtained using the method of 

characteristics and finite difference techniques on a digital computer. 

The membrane material is considered to obey a linearly elastic con-

stitutive relation and is isotropic and homogeneous. This study is 

intended to be preliminary to the investigation of similar problems in 

plasticity and composite materials. 



II. REVIEW OF PERTINENT LITERATURE 

The dynamic deformation of a membrane is a problem area which has 

received limited theoretical analysis. Due to the presence of a two-

dimensional state of stress, the complete equations of motion are quite 

complex. However, various authors have considered the problem under the 

assumptions of perfectly plastic material behavior and neglecting the 

elastic phase of the deformation. Under these assumptions, the equations 

of motion are considerably simplified and solutions have been obtained. 

G. E. Hudson [l] considered the case of a circular membrane clamped 

at the periphery and given a uniform velocity in the axial direction. 

Elastic effects were neglected by assuming that the initial elastic wave 

has infinite speed and that the stress jumps from zero to the yield 

stress. The material behavior was then considered to be that of an 

ideal incompressible plastic material. The assumed mode of deformation 

of the membrane is shown in Figure 1. A hinge developed at the boundary 

and moved inward toward the center. The movement of the hinge separates 

the membrane into two regions: an outer region which is assumed rigid 

and conical; and a flat circular region which moves upward with constant 

velocity and decreases in size. Once the hinge reaches the center it is 

assumed to remain there, and the membrane becomes conical in shape. 

D. Frederick [2] considered the problem in a manner similar to 

Hudson. Frederick investigated the deformation of a circular membrane 

for the cases of both ideal plasticity and work hardening, and compared 

the theoretical deformations to those obtained experimentally by sub-

jecting steel plates to underwater explosions. Some of the results are 

3 



v 
0 

Plastic Flow 

Figure 1. Membrane mechanism of Hudson and Frederick. 
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shown in Figure 2. The theoretical profile is conical as in Hudson's 

analysis, and the deflections calculated for ideal plasticity are seen 

to be somewhat lower than the experimental value. This discrepancy is 

due in part to the assumption of rigidity in the outer section and 

neglecting the elastic deformations. It is also seen that the deflections 

calculated using work-hardening are in poorer agreement with experiment 

than those for the ideal material. 

G. Munday and D. M. Newitt [3] studied the deformation of a circu-

lar membrane subjected to a transverse pressure loading. The complete 

equations of motion for the membrane were derived as were the equations 

for the deflection of an extensible wire under similar conditions. 

Munday and Newitt concluded that the equations for the wire are hyper-

bolic differential equations which can be solved by the method of 

characteristics. The conclusion for the membrane, however, was that the 

inclusion of the circumferential stress precludes any characteristic 

solution. As will be shown in this study, the membrane equations are 

also hyperbolic and may in fact be solved numerically by the method of 

characteristics. 

By assuming the change in membrane thickness to be negligible and 

that the stress throughout the membrane was equal to the yield stress, 

Munday and Newitt simplified the equation of motion in the transverse 

direction to a form such that a solution for the vertical deflection 

could be found using the method of Laplace transforms. In order to 

verify the solution, experiments were performed using copper discs with 

the loading exerted by a shock tube. The deflections of the discs were 

observed and measured using high speed photography. The mechanism of 
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deformation was seen to agree with that of Hudson and Frederick, and 

the shape of the disc in its final deformed position was found to be 

in good agreement with the theoretical solution at the instant when the 

hinge reaches the center. 

Probably the most extensive treatment of the mechanics of circular 

membranes is that given by N. Cristescu [4]. Various technological 

applications are discussed, and a fairly complete review of the litera-

ture is presented. In examining the mathematics of the problem, 

Cristescu first considered the case in which the circumferential stress 

is neglected in order to find some indication of the phenomena involved. 

The equations of motion are formulated, assuming a finite constitutive 

equation, and found to be hyperbolic partial differential equations 

possessing four families of characteristics. A procedure for numerical 

solution using the method of characteristics is outlined but no results 

given as the formulation is not specialized to a particular loading or 

constitutive equation. 

Cristescu has also examined the more general case taking into 

account the circumferential stress. The membrane is considered to 

deform under the action of an axially symmetric transverse pressure 

which may vary with both time and position. The analysis is given for 

both finite and differential constitutive equations, and it is shown 

that the equations for both cases may be solved numerically, in theory, 

by the method of characteristics. For the case of a finite constitutive 

equ?tiont four families of characteristics exist representing the pro-

pagation of both transverse and longitudinal waves in the membrane. A 

detailed procedure for numerical integration along the characteristic 
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lines is given, and initial and boundary conditions are discussed for 

several example problems. A similar analysis is given for a differential 

constitutive equation except that no numerical procedure is presented. 

Again for the general case, no numerical results are presented as the 

analyses are completely general in regard to loading and constitutive 

relation. 

Related studies have been performed on the deformation of membranes 

having geometries other than circular. F. J. Kay and G. D. Whitehouse 

{5] have obtained a solution for the plastic deformation of a clamped 

rectangular membrane subjected to an impulsive load. A hinge concept 

similar to that of Hudson and Frederick is used. The shape of the hinge 

line is assumed to be a hyper-ellipse. This hyper-elliptic formulation 

embodies the assumption that the hinge develops at the boundary and is 

also consistent with the experimental evidence that deformation deep 

into the corners does not occur. By reducing the rectangular solution 

to that for a circular membrane, the results were shown to be in agree-

ment with those of both Hudson and Frederick. B. Karunes and E. T. Onat 

[6] considered the case of a rectangular membrane attached to two parallel 

fixed supports. The deformation is due to an impulsive velocity dis-

tributed uniformly across the membrane. In any plane normal to the 

supports a cross section through the membrane will move like an extensi-

ble string. The analysis is presented using the analogy with strings for 

a material which is plastic/rigid and linear strain-hardening. 



III. ANAI.YSIS OF THE GOVERNING EQUATIONS 

General Problem 

The membrane is initially planar and at t = 0 lies in the r - e plane 

of a cylindrical coordinate system. The periphery of the membrane is 

rigidly clamped. The loading is considered to be axisymmetric but may 

be a function of radial position and/or time. It is assumed that body 

forces acting on the membrane are small in comparison to the applied 

loading and are neglected. 

Equations of Motion 

The equations of motion are written in reference to the element of 

the membrane depicted in Figure 3. A system of cylindrical coordinates 

is used, with the origin taken at the center of the membrane. The 

initial, or Lagrangian, coordinate is r , while r is the actual coordi-o 

nate. The vertical axis is taken positive downward so that 3r/3s and 

the radius of curvature are positive. 

The meridional and circumferential directions will be denoted by 

the subscripts l and 2, respectively. Thus, the meridional and cir-

cumferential stresses are cr1 and cr2 , respectively. The third stress 

component, cr3 , is normal to the membrane and is neglected because the 

membrane thickness is small in comparison to the radius. 

The forces which act on the element are 

R3 == Prd8ds 

9 

(1) 
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where h is the thickness of the element and s is the arc length of the 

element in the meridional direction. 

Due to axial symmetry, there is no motion in the circumferential 

direction, and the equations of motion may now be written with reference 

to Figure 4. The angles used to write the equations are 

Clr aw sin4>3 = cosii> = - cos4>3 == sin1>1 =-1 as 

cos<P2 
ar aw ds sin1>2 = aw + ar =----as as R as as c 

where R is the radius of curvature, given by c 

as 

ds 
R c 

and w is the deflection in the vertical direction. 

(2) 

(3) 

Writing Newton's second law in the radial and vertical directions 

and neglecting higher order terms, the equations of motion are 

and the continuity equation is 

rhp 
dr 

0 = r hp -o o o ds 

where h is the initial thickness of the membrane, p and p are the 
0 0 

(4) 

(5) 

actual and initial densities, and P = P(r,t) is the applied pressure. 
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Figure 4. Meridian line of the membrane. 
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Denoting the radius of the membrane by R and the maximum value of 

P(r,t) by P , the equations of motion are made non-dimensional by intro-o 

ducing 

= .!_, w 
~ 

h T =[Rh:~o] 1/2 n R w = R' = h' t, 
0 

r p R 
PR 0 

l/J 
s 0 no =- = R' po =-- p = - • R ' h ' h 

0 0 

Substituting these variables, equations (4) become 

p a 2n = .L aw a · cr 1 an ~n::;- 2 n 3,,, + a·" ( ~n -P 3,,,), 
"'o ClT Po "' 'I' o 'I' 

and equation (5) is 

If we set p = p , the equations are identical to those obtained by 
0 

Munday and Newitt [3]. 

(6) 

(7) 

(8) 

In order to write the equations of motion in terms of the Lagrangian 

coordinate n , the strain components 
0 

nae-n ae n 0 - 1 £2 = =-
no no 

h 1 s - 1 €:3 = - - "" h 
0 

(9) 
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will be introduced. Using the definition of the strain components toget-

her with equation (8), the equations of motion can now b...-! written 

a2 aw + a (J 02 n __!1_ = L ( sn i an ) - (1+£1) s 
0 d1"2 Po nan- an- 1+£ pan- Po 0 0 1 0 0 

a2 an a sn crl aw -n ~ = L nan -an- (-1+£ p -ar;-) o anz po 0 0 1 0 0 

(10) 

Equations (1) are identical to those obtained by Cristescu [4] as 

equations (4.8), page 316, and by Cristescu and I.Suliciu [11] as 

equations 2.8, page 46. 

The Constitutive Relation 

If we consider a finite constitutive equation, we may write 

(11) 

Then from the last of equations (11), it follows that the constitutive 

equations may be written 

(12) 

and the parameter s is 
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Classification of the Equations of Motion 

Chou and Perry [7] have shown that a system of two second order, 

quasi-linear, partial differential equations 

(14) 

where ui = ui(x,t), may be classified according to the number of real 

and repeated characteristic roots and the number of distinct compati-

bility relations. 

If, along a curve C, in the x - t plane we write 

• du' 1 = u"dx + u'dt 1 1 
• du = 1 

. . . 
uidx + u1dt (15) 

du' = u"dx + ~'dt 2 2 2 
• . . . 

du2 = u2dx + u2dt , 

then equations (14) and (15) form a system of six equations in the six 
II .. •• . ' • unknowns u" ' In matrix form: l' u2' ul' u2, ul' u2. 

'\ Bl cl Dl El Fl u" 1 Rl 

A2 B2 c2 D2 E2 F2 u" 2 R2 
• 0 0 dt 0 dx 0 ul du1 
• (16) 0 0 0 dt 0 dx u2 du2 

dx 0 0 0 dt 0 . ' du' ul 1 
0 dx 0 0 0 dt • I du' u2 2 
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Letting N denote the determinant of the coefficient matrix and Mi denote 
th the determinant of the matrix obtained by replacing the i column of 

the coefficient matrix by the column vector 

tion (16), the characteristic roots are the 

on the right side of equa-
dt values dx which satisfy 

N = O, and the compatibility relations are given by Mi = 0 (i = 1, 2, 

•••• , 6) for each characteristic root. 

Returning to the membrane and introducing 

an u = --an ' 
0 

aw v = --an ' 
0 

an x =-dT 
aw 

y=~:r' 

the equations of motion can be written 

dX n - -
0 d't 

+ 

2 au 
(F + 1~£ Fl) 

UV n an - n 1+£1 0 0 1 0 

(1+£1) 
0"2 nP--- v - uF + u(l+e2-u) -t,; 
po Po 

n!- u + vF - v(l+E2-u) F2 = O. 
0 

av 
Fl an 

0 

F2 = 0 

Now letting u1 = n, u2 = w and solving N = 0 yields the four 

characteristics roots 

dn 
_o=±IF 
dT 

dn 
0 --= dT 

(17) 

(18) 

(19) 

(20) 
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which are identical to those obtained by Cristescu [4]. Denoting the 

wave speeds by CI and ell, we have 

G2 F 
l+e:2 E,;ol 

(21) = =-
I 1+£1 Po 

2 1+£2 a ( t;o 1) 
(22) CII = F + (1+£ )F = --

dEl 1 1 p 
0 

For the problem being considered, the pressure is constantly applied and 

hence there is no unloading. Thus, the characteristic roots given by 

equations (19) and (20) are real since e:1 , £2 and o1 are always positive. 

Substituting each of the characteristic roots into M. = 0 
]. 

(i = 1,2, •••• ,6) yields four distinct compatibility relations: 

± c1 (w dn - n ) - (w dn - n dwT) 
no no no no T n 

0 

1+£1 
fo2 - (1+£1) pn} dT 0 --- w = 

nopo no 

± CII(nn dn +w dw ) - (n dn + w dw ) 
no no no no T n T 

0 0 

l+El 02 
(l+c1) (l+c2 - nn ) --- {t;- nn + Fz no 0 0 0 

- (l+e:1) F} dT = 0, 

(23) 

(24) 

where the subscripts denote differentiation. The relations (23) and (24) 

are satisfied along the characteristics (19) and (20), respectively. 

Equations (23) differ from equations (5.19), (5.31) and (5.32) given by 

Cristescu [4], page 321-2, in that he obtained n rather than n in the 
0 

last term on the left hand side. However, Cristescu's equation (5.29) 
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contains the correct term, n. Identical errors are found in the paper 

by Cristescu and Suliciu [11]. For large radial motion, this discrep-

ancy could cause appreciable error in the numerical results. 

From the above analysis, it is seen that the membrane equations 

have four real characteristic roots and four distinct compatibility 

relations. The system is said to be completely hyperbolic and may be 

solved by the method of characteristics (Chou and Perry [7]). 

By considering the jump relations, Cristescu [4] has shown that 

the characteristics defined by equations (19) are transverse wave 

fronts that affect the shape of the membrane, and those given by 

equations (20) represent longitudinal wave fronts which produce an 

extension of the membrane. 

Numerical Procedure 

For numerical calculation, the n - T plane is divided into a 
0 

network by the characteristic lines, and the characteristic and com-

patibility equations are written in finite difference form in terms of 

the dependent variables at the mesh points of the network. There are 

four families of characteristic lines, with each characteristic inter-

secting every one of the other three characteristic families. The 

resulting network is too complex for practical calculation, and, for 
+ simplicity, only c11 and c11 characteristics are used as the main net-

work. At the mesh points of the main network, the C~ and C~ character-

istics are also drawn, and both sets of characteristic relations are 

then used to calculate the dependent variables at the mesh points 
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(Chou and Mortimer [8]). A conceptual model of the network is shown 

in Figure 5; the characteristics are represented as straight lines for 

illustrative purposes only, since in reality they are functions of 

strain. 

The numerical procedure will be outlined in reference to Figure 6, 

which represents an interior loop of the network. The values of all 

required functions at points 1, 2 and 3 are known from previous calcu-

lations, and we seek the values of all variables at point 4. The 

characteristic lines 1-4 and 3-4 are approximated as straight lines, 

calculating the slopes using the values of E1 and E2 at points 1 and 3, 

respectively. Once the slopes are known, equations (20) are solved 

simultaneously to given (4) and T(4). 
0 

In order to locate points 5 and 6 in the n0 - T plane, the lines 

5-4 and 6-4 are also approximated as straight lines using the values 
1 1 El= 2 [E1(1) + E1(3)] and E2 = 2 [E2(1) + E2(3)] to calculate the 

slopes. Equations (19) and (20) are then written as 

(25) 

and are solved simultaneously for n (5) and T(5). Similar relations 
0 

written along 6-4 and 6-3 are solved simultaneously for n (6) and T(6). 
0 

Using the now known locations of 5 and 6, linear interpolation 

along 2-1 and 2-3 is used to obtain all required functional values at 

points 5 and 6, respectively. Specifically, the values obtained are 

the two spatial derivatives, two time derivatives and the strain com-
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Figure 5. Main characteristic mesh. 
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4 
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2 

Figure 6. Interior loop of the characteristic network. 
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ponents. We now have sufficient information to complete the solution 

at point 4. 

The four basic unknowns at point 4 are the derivatives n , w n 
T}O T\O' T 

and w . With equations (23) and (24) written in finite difference form T 

along the proper characteristic lines, we have a system of four equa-

tions involving the four derivatives at point 4 and the known quantities 

at 1, 3, 5 and 6. Simultaneous solution of this system yields n (4), no 
w (4), n (4) and w (4). The actual coordinates of point 4 are now no T T 

calculated from the relations 

dw = dW dn + dW dT an o 3T 
0 

integrated as finite differences along c11 and c1 characteristics, 

respectively. 

(26) 

The strain components £1 (4) and £2 (4) are computed from the defining 

equations (9), and c3 (4), o1 (4) and o2 (4) are found from the constitutive 

relation written in the form of equations (12). 

A second iteration is now made to find the solution to a closer 

approximation. The procedure is the same as before except the slopes 

1-4 and 3-4 are calculated using 

(27) 
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and similarly for £ 2 • The value of c1 is calculated using the values 

e::1 (4) and t: 2 (4) from the first approximation. 

At the right hand boundary, Figure 7, two of the characteristics 

are missing. However, since n = w = 0 and n = n = 1 are known from 
't 't 0 

the boundary conditions, the two characteristics that are available are 

sufficient to solve for all unknown quantities. ·The value of Tis 

+ found by integrating (20) along the c11 characteristic. By solving 

simultaneously equations (23) and (24) along c; and c;1 , the values of 

nno and wno are found. 

The conditions of symmetry along the line n = 0 are such that this 
0 

line may be treated as a boundary also. The boundary conditions used 

along this line are: n = n = 0 and n~ = w = o. 
0 ' no 

Thus, the two 

characteristics available at n = 0 are also sufficient for calculating 
0 

all unknowns. 

Alternate Numerical Procedure 

An alternate numerical procedure as outlined by Cristescu [4] may 

be realized if the compatibility equations (23) and (24) are rewritten 

in a different form. Introducing the relation 

(28) 

and, from Figure 4, 

ns nn 
0 

1>1 -;:; --:::: cot w w ' s no 
(29) 



2 

0 

Figure 7. Characteristic mesh at the boundaries. 
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we can write 

Recalling the definition of the meridional strain 

and introducing El into equation (30) yields 

... -

1 + (cot ~ ) 2 
1 

If R denotes the position vector of a point on the membrane of 

Figure 4, we may write 

* -+ -+ K = nel + We2 

(30) 

(31) 

(32) 

(33) 

h -+ d -+ • 1 h d di i i w ere e1 an e2 are unit vectors n t e r an z rect ons, respect ve-

ly. Differentiating (33) with respect to the non-dimensionalized arc 

length $ we obtain 

dR .... .... 1 .... .... 
dllJ = n$el + w$ e2 = l+El <nno el + wno e2) (34) 

The velocity of the. point considered is 

.... dR v =-= dT (35) 

and the unit vectors normal and tangential to the membrane are given by 

(36) 
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(37) 

Writing equation (35) in differential form 

+ + dv = dn e 1 + dw T T (38) 

The normal and tangential velocity components are then given by 

+ + + 1 (dv) = (dv) • e = - - (w dn - n dw) n n l+s n T n T 1 0 0 
(39) 

+ + + 1 (dv)T = (dv • eT) = l+s <nn an +w dw ) 
T \) T 1 0 0 

(40) 

respectively. For use in the compatibility relations, equations (39) 

and (40) are written as 

+ w an - n dw = - (l+E ) (dv) no T Tl T 1 n 
0 

(41) 

+ 
nn dn + w dw == (l+s1) (dv)T 

1" Tl T 
0 0 

(42) 

Finally, using equation (31), we have 

(43) 

Substituting equations (32), (41), (42) and (43) into equations 

(23) and (24), the compatibility relations become 

+ 1 - (l+c:1) pn} + c d1>1 + (dv) - -- {sa2 w dT == 0 - I n nopo n 0 
(44) 

+ 1 cr2 
± c11 de: - (dv)T {sp- nn + (1+£1) (l+t::2 - nn ) 1 no F2 0 0 0 

(45) 
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In this form, the compatibility relations show that on the transverse 

wave fronts the variations in the angle ~l and the normal velocity 

component are related, while on the longitudinal wave fronts the varia-

tions in radial strain and tangential velocity are related. 

In order to solve numerically for the desired variable values, 

equation (44) will be written in a different form. Solving equations 

(42) and (43) for dw and dw and substituting in (44) yields 
no 1' 

Tl,,o + 
± CI dn - dn1' - 1+£1 [± CI 0£1 - (dv)T] 

no 

Similarly, solving for dn and d~T and substituting 
no 

w + 
± CI dw - dw no [± CI d£1 - (dv)T] 

no T - 1+£1 

nn 
+ 0 { ~0'2 wn - (1+£1) pn} (l+E1)n p 

0 0 0 

d't' = o. 

gives 

d'! = o. 

(46) 

(47) 

When written in finite difference form along the proper character-

istic lines, equations (45), (46) and (47) form a system of six equa-

tions in the six unknowns El' VT' nn , n1', Wn and W'!. Following a 
0 0 

procedure similar to that previously outlined, the six equations are 

solved to give the values of the six variables at each mesh point of 

the main characteristic network. The alternate numerical procedure was 

not used in this work as it involves more programming effort and since 

the first procedure gave satisfactory results. The alternate approach 

is detailed here, however, since it may be more appropriate for 

different loadings or initial conditions. 
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Linearly Elastic Action 

The analysis will now be restricted to an isotropic, linearly 

elastic membrane. For such a material, the stress-strain relation as 

given by Frederick and Chang [9] is 

(i,j = 1,2,3) (48) 

where E is the modulus of elasticity, v is Poisson's ratio, e:kk is the 

first strain invariant and oij is the Kronecker delta. 

The principal stresses in the membrane may now be written in 

definite form, and equations (11) become 

(49) 

and equation (13) is 

(50) 

Substituting in equations (21) and (22) yields for the wave speeds 

c2 = E 1 l+e:2 
(l+e:3) (e:l + ve:2) I ~ Po l+e:l 1-v 

(51) 
2 E l+e:2 

{v~l [2e:1 + (l+v) e:2] + 1 } c11 =-
l-v2 po 

For values of v in the physically meaningful range, (-l<V<~), it 

can be shown that c11 > c1 , provided the values of strain do not exceed 
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50%. Thus, it is certainly reasonable to assume that c11 is always 

greater than c1 for the elastic case. This is significant since the 

numerical procedure previously outlined is valid only for c11 > c1 . 

If, at some instant, c1 > c11 , the c1 characteristic mesh would become 

the main network, and the numerical procedure would change. Two 

programs would be required, and automatic switching would be necessary. 

Initial Conditions 

A small radial extension is performed, and the membrane is then 

clamped along a boundary of radius R. Thus, there is an initial 

radial stress, cr1 , which will be denoted by T0 • The initial conditions 

are then 

01 = 02 = T 
0 

n = no 
1-v w = 0 £1 = sz =-T E o (52) 

E:3 = - 2v T 
E o 

and 

c2 (1 - 2v T ) 
T 

0 
= I E o po 

(53) 

2 E+(l-V)T0 E - 4v T0 
CII = E (1-v) po 

The second of equations (53) differs from that given by Cristescu [4] 
2 since the term (1-v) in the denominator replaces the term (1-v ). 



IV. RESULTS 

Physical Parameters 

The numerical solution obtained is for a membrane material having 

physical properties: 

Elastic modulus, E = 10 x 6 10 psi 

Poisson's ratio, " = 0.3 

Mass density, p = 0.003 3 slugs/in 
0 

The properties selected correspond approximately to hard-drawn aluminum 

having a proportional limit in tension of 20,000 psi (Timoshenko and 

Young [10]). 

The pressure input is p = 20,000 psi. Note that this is not actual 
0 

pressure, but is related to actual pressure through the scaling equa-

tion 

' (54) 

where P is the actual pressure, R is the membrane radius and h is the 
0 0 

initial membrane thickness. The scaling used makes possible the examina-

tion of a large number of pressure-radius-thickness combinations through 

the single parameter p • Some of the possible combinations are shown in 
0 

Table I for p = 20,000 psi. The results are interpreted for a 6 inch 
0 

diameter membrane, 0.005 inch thick, which is subjected to an impulsive 

pressure of 33.3 psi. 

30 
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TABLE I. Some possible pressure-radius-thickness 
combinations corresponding to p = 20,000 psi. 

0 

p 
0 

(psi) 

10.0 

20.0 

33.3 

333.3 

10.0 

20.0 

30.0 

R 

(in) 

3 0.0015 

3 0.003 

3 0.005 

3 0.050 

4 0.002 

4 0.004 

6 0.009 
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Numerical Convergence Data 

The numerical calculations were performed on an IBM 360/65 digital 

computer using the Fortran IV programming language. Since the charac-

teristics are functions of strain, it was not possible to draw them a 

priori, nor was it possible to perform the calculations using either a 

fixed time or space increment. Only the initial number of space inter-

vals along the radius of the membrane may be specified; the location of 

subsequent points in both time and space being determined by the program 

itself. 

The initial number of spatial intervals was increased with each 

computer run in order to make the characteristic mesh finer each time. 

Increasing the number of intervals decreases both time and space incre-

ments between each calculation and should improve accuracy each time. 

In order to determine convergence, the meridional stress, cr1 , was 

selected as the criterion variable. The stress component was selected 

because it reflects changes in both e1 and e2 , and should be highly 

sensitive since it is determined using a large coefficient involving 

the modulus of elasticity. The vertical and radial displacements were 

considered as convergence variables but rejected as they are small when 

considering the elastic case and do not truly reflect convergence. The 

various derivatives were also rejected as convergence variables since 

all are directly involved in calculating e1 and £ 2 and hence are reflect-

ed in the value of the meridional stress. 

The initial set of calculations was performed with the radius 

divided into 20 equal intervals; that is, nn = 0.05. Subsequent 
0 
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calculations used 40, 80, 120, 160 and 320 initial intervals. After 

each run, the spatial distribution of meridional stress was plotted for 

a fixed time after application of the load. By superposing the stress 

distribution for each run, it was determined that convergence was ob-

tained for 160 initial space intervals. The meridional stress distri-

bution for the various runs is shown in Figure 8. Another method of 

determining convergence is to plot the stress at a given spatial point 

versus initial interval size. This plot is shown in Figure 9. 

Propagation of the Strain Wave 

As stated in the analysis of the governing equations, the c11 

characteristic families represent longitudinal waves which produce an 

extension, or straining, of the membrane. In Figure 10 is shown the 

leading C~I characteristic which emanates from the fixed boundary at 

t = 0. This characteristic represents the initial strain wave which 

propagates toward the center as the membrane deflects upward and hence 

must be extended since it is fixed around the periphery. At t ; 13 

microseconds, the leading wave front has reached the center of the 

membrane and appears to be reflected outward. In actuality, the "re-

flected11 wave is the wave front which originated at a point diametrically 

opposite on the fixed boundary and has now passed through the center of 

the membrane. This wave front then propagates outward until, at t ~ 26 

microseconds, it is reflected inward from the boundary. The reflected 

characteristic is not drawn beyond t ; 28 microseconds since beyond this 

time it is found that the values of the stresses in the membrane exceed 
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the elastic limit and the numerical procedure is no longer valid. 

The numerical results show that the c11 characteristics are straigli: 

lines. Thus, the strain waves propagate with an essentially constant 

velocity during the elastic phase of the deformation. From the slope 

of the characteristics in Figure 10, the strain wave velocity is 

2.3 x 105 inches per second. Recalling the last of equations (51) 

if the values of the strain components are taken to be small in com-

parison to unity, substituting the values for E, v and p results in 
0 

{SS) 

5 c11 = 2.3 x 10 inches per second which is in agreement with the value 

from the complete numerical solution. 

The effect of the strain wave is seen by examining the state of 

stress in the membrane at various times. Figures 11 through 13 give the 

spatial distribution of meridional stress at successive time intervals 

during the deformation. As shown in Figure 11, at t = 5 microseconds 

the leading strain wave front has moved inward a distance of about 40% 

of the radius, and at this point the jump in the meridional stress com-

ponent is 250 psi. To the left of the leading wave front, the stress 

state in the membrane remains unchanged from the initial conditions as 

in this portion the effect of the fixed boundary has not been felt. To 

the right of, or behind the wave front, a high gradient exists, with the 

stress increasing non-linearly toward the boundary. The increasing 

stress behind the leading wave front represents the action of successive 

wave fronts originating at the boundary and beginning to propagate 
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across the membrane. As the leading wave front continues toward the 

center, the stress distribution behind it shifts upward and to the left 

while maintaining approximately the same shape. The jump in meridional 

stress increases inversely with the distance from the center of the 

membrane to the wave front and has increased to 750 psi when the wave 

front has moved across 95% of the radius. 

Figure 12 shows that the leading wave front reaches the center of 

the membrane at t = 13 microseconds. At this time, two wave fronts 

moving diametrically toward each other interact to give a jump in stress 

of 3400 psi at the center. Following the interaction of the leading 

waves, the stress at the center increases very rapidly due to the 

arrival and interaction of succeeding wave fronts. At t = 15 micro-

seconds the stress at the center has increased to a magnitude of 

15,200 psi. The reflected wave front has started to move back toward 

the fixed boundary from the center. From Figure 12 at t = 16 micro-

seconds and Figure 13 for 18, 20, 22, 24 and 26 microseconds, the out-

ward movement of the reflected wave front is readily observed. 

The stress distribution for t = 26 microseconds shows that the 

outer 25% of the membrane has been stressed beyond the elastic limit 

and yielding has occurred. A comparison with the last curve in 

Figure 13 shows that within 2 microseconds all points in the membrane 

have reached the yield state. Thus, the assumption made by Hudson, 

Frederick and others that the stress everywhere is equal to the yield 

stress appears to be justified from the numerical results for the 

elastic phase. 
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In the latter stages of deformation, a negative gradient in 

meridional stress is noticeable near the boundary. This occurs, in 

fact, at all times although it is not shown on the figures due to the 

scale used. At the boundary, the circumference of the membrane is 

fixed; thus, the circumferential strain component is fixed at its initial 

value. In order to satisfy the boundary condition and maintain con-

tinuity, there exists a thin region at the outer edge of the membrane 

in which the circumferential strain increases rapidly. High gradients 

ex'ist in both meridional and circumferential stress in this region as 

each is dependent on circumferential strain. As an example of this 

"boundary layer" effect, the meridional stress at t = 28 microseconds 

is 18,000 psi at the boundary while at f = 0.98 it is 24,000 psi. 

Propagation of the Inertia Wave 

The propagation of the inertia wave is evidenced by the changing 

shape of the membrane with time. Due to the fixed support along the 

periphery of the membrane, a discontinuity in slope develops and moves 

toward the center as the membrane deforms. This phenomenon corresponds 

to the hinge concept of Hudson and Frederick. The location of the dis-

continuity in slope at various times is shown in Figure 14. After an 

initial accelerating period of 4 microseconds, the discontinuity moves 

inward with a constant velocity of 12.2 in/msec as determined from the 

slope of the straight portion of the curve. At t = 28 microseconds, 

the slope discontinuity has propagated inward by a distance equal to 

15% of the radius. As an example, this represents less than ~ inch 
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for a six inch diameter membrane. The curve is not extended beyond 

t = 28 microseconds since the stresses exceed the elastic limit and 

the analysis is no longer valid. 

That the location of the slope discontinuity is the point at 

which the effect of the fixed boundary is felt is verified by observing 

the axial velocity distribution across the membrane at various times. 

Velocity distributions at three different times are shown in Figures 15, 

16 and 17. In each case, there is a central section of the membrane 

in which each point is moving upward with the same velocity, and an 

outer section in which the velocities decrease to zero at the fixed 

boundary. By direct comparison of Figure 14 with Figures 15, 16 and 17, 

the point at which the slope discontinuity occurs corresponds identi-

cally to the location at which the velocity changes from uniform to 

decreasing. It is interesting to note that the axial velocity curves 

are composed of two linear portions connected by a non-linear segment. 

This result is as expected since for the elastic case and the 

corresponding small deflections the non-linear behavior should be 

limited to the immediate vicinity of the wave front. 

Since the inertia wave does not reach the center of the membrane 

during the elastic phase of deformation. the central portion remains 

flat, and the only force acting on it in the axial direction is the 

resultant of the applied pressure. Figure 18 shows the axial velocity 

of the center of the membrane which is seen to be a linearly increasing 

function of time. As measured by the slope of the velocity curve, the 

center of the membrane moves upward with a constant axial acceleration 

of 27 in/msec2. A similar analysis shows that any point between the 
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center and the inertia wave front moves upward with the same constant 

axial acceleration. After the inertia wave passes the point, the 

acceleration of that point is reduced by the vertical component of the 

meridional stress acting along the sloped portion of the membrane. 

The time history of the velocity of a typical point is shown in Figure 

19. 

Although it has not been analyzed numerically here, the phenomena 

occurring at the center of the membrane will remain the same during 

the plastic phase of the deformation. The center will continue to move 

upward with a constant acceleration until such time as it is reached by 

the inertia wave. After this time, the center will be decelerated until 

equilibrium is reached or, as is most likely, until the membrane 

ruptures. 

Radial Velocity 

In the analysis by Hudson [l], it was assumed that the stress state 

was such that the stress everywhere was equal to the yield stress. As 

Hudson's approach used the principles of work-energy and impulse-

momentum, the elastic phase of deformation was not neglected completely 

as is reflected by his words: "Although the initial elastic effects 

occur very rapidly, they may result in a radial velocity distribution 

of significantly large order of magnitude." To include this elastic 

effect, Hudson assumed an initial velocity distribution that increases 

from zero at the center to a maximum at the boundary. The radial 

velocity distribution at the end of the elastic phase is shown in 
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Figure 20. The radial velocity increases from zero at the center to a 

maximum at a distance of about 90% of the radius. In the vicinity of 

the fixed boundary, however, a negative velocity gradient exists in 

order to satisfy the boundary condition of zero velocity at the fixed 

edge. The magnitude of the radial velocity component is as high as 

20% of the corresponding axial velocity at some points. Thus, Hudson's 

assumptions are in good agreement with the numerical results from the 

complete equations of motion. 

Effect of Pressure Magnitude on Yield Point 

The preceding results show that for the membrane considered, an 

applied pressure of 33.3 psi resulted in an elastic phase of 28 micro-

seconds duration. Yielding was observed to first occur near the fixed 

boundary, and a short time thereafter yielding had occurred throughout 

the membrane. In order to determine the effect of increased pressure 

on the position at which yielding first occurs, numerical results were 

obtained for an applied pressure of 66.6 psi with the membrane size and 

initial conditions unchanged. 

Figure 21 gives the meridional stress distribution at several 

different times just after the leading strain wave front reaches the 

center of the membrane. The lower curve corresponding to t = 13 micro-

seconds shows that the stress at the center of the membrane is 13,300 

psi. The upper curve which corresponds to t = 14 microseconds reveals 

that in a time interval of only one microsecond, the stress at the 

center has increased to 20,500. Thus, the material at the center of 
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the membrane has yielded while the remainder of the membrane is still 

in the elastic state. 

The results for the increased pressure are in contrast to the 

previous results where yielding was found to first occur near the fix-

ed boundary. This phenomenon is accounted for by the fact that increas-

ing the applied pressure also increases the jump in stress existing 

across the strain wave fronts. As the first and succeeding wave fronts 

reach the center of the membrane, they interact with wave fronts 

travelling diametrically opposite. The result is that the stress at 

the center increases very rapidly and exceeds the yield point before 

the reflecting waves have any appreciable effect on the outer portion 

of the membrane. 

The result of increased pressure on yielding is twofold: (1) as 

would be expected, yielding occurs in a shorter time interval which 

reduces the total time of the elastic phase of the deformation; (2) the 

position at which yielding first occurs changes with pressure. 

Axial Deflection 

For the material considered, the deflection at the center of the 

membrane is small during the elastic phase of deformation. At the end 

of the elastic period the central defl~ction is only 0.03 inch for a 

six inch diameter membrane. In order to exhibit the effect of the 

inertia wave on the membrane, numerical results were also obtained for 

a hypothetical elastic material having an elastic modulus of 100,000 

psi. The membrane diameter and thickness as well as the applied 



55 

pressure were unchanged. The profiles of the hypothetical membrane 

at various stages during the deformation are shown in Figure 22. The 

flat central portion ahead of the inertia wave front is apparent, and 

it is seen that the membrane becomes conical in shape as the wave 

front approaches the center. It must be pointed out that for this case 

the strain components are on the order of 5%, and it would be more 

appropriate to introduce logarithmic strain components. 
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V. CONCLUDING REMARKS 

Using the method of characteristics, a numerical solution has been 

obtained for the elastic deformation of a circular membrane subjected 

to an impulsive pressure loading. The total time for the elastic phase 

of the defonnation was found to be less than 30 microseconds for the 

membrane and loading considered. The corresponding maximum elastic 

deflection is six times the initial thickness of the membrane. Al-

though the deflections are small, both radial and axial velocities 

are found to be large enough in magnitude to merit taking them into 

account in extending the study to the plastic phase of deformation. 

The inertia wave propagates inward from the fixed boundary as a 

discontinuity in the slope of the membrane. At the end of the elastic 

phase, the slope discontinuity is located 15% of the radius inward from 

the fixed boundary. Thus, the membrane profile is that of a flat, 

circular region connected to the fixed boundary by an outer region 

which is conical in shape. Both the propagation of the slope dis-

continuity and the membrane profile are in agreement with the experi-

mental results obtained by Munday and Newitt [3], and the assumed mode 

of deformation of Hudson [l] and Frederick [2]. The membrane material 

in the flat region moves upward with a constant acceleration due to 

the pressure loading while the conical region is decelerated by forces 

resulting from the components of stress in the axial direction. 

The velocity of the strain wave is such that the leading wave 

front propagates completely across the membrane and is reflected from 

the fixed boundary. For an applied pressure of 33.3 psi, yielding 
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occurs first near the fixed boundary, and the entire membrane then 

reaches yield in a very short time. Thus, the observed discontinuity 

in slope is not a plastic hinge of the type encountered when bending 

is taken into account; rather, it is simply an inertia effect. This 

observation is reinforced by the results for an applied pressure of 66.6 

psi. These results show that yielding first occurs at the center of 

the membrane while the slope discontinuity has again propagated only 

a small distance inward from the boundary. 

As shown in the analysis of the governing equations, the character-

istics are functions of the strain components and were expected to be 

curved lines. However, the numerical results show that both inertia 

and strain waves propagate with essentially constant velocity during 

the elastic deformation. Thus, the characteristics are straight lines, 

and the variation due to changes in the magnitudes of the strain com-

ponents is not significant in the elastic range. If the observation 

that the characteristics are linear is taken into account, it should be 

possible to simplify the equations of motion such that an approximate, 

closed-form solution can be obtained for the elastic deformation. 

The general method of analysis presented is applicable to any 

finite constitutive equation; in particular, the method may be used to 

study the deformations corresponding to plastic constitutive equations. 

In modifying the numerical procedure to include plasticity, it would 

be necessary to include the appropriate yield criteria as a switching 

mechanism. When yielding occurs at a point, the program would be 

switched such that subsequent calculations are then performed using the 
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plastic constitutive equation. If, however, the previously mentioned 

approximate, closed-form solution can be obtained for the elastic 

deformation, the results may be used as input data for the plasticity 

computations. The complete numerical procedure for the elastic phase 

would not be required nor would the automatic switching based on the 

yield criteria. Thus, both programming effort and computation time 

would be significantly reduced. The latter approach will be used in 

seeking to extend the study to the domain of plastic material behavior. 

Another area of interest is the deformation of membrane materials 

which exhibit anisotropic behavior. The analysis presented is directly 

applicable to anisotropic materials as long as the behavior is such 

that axial symmetry is preserved. A specific problem of interest is 

the study of a membrane having both radial and circumferential re-

inforcement. In this case the material behavior is orthotropic, and 

axial symmetry is maintained. 
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APPENDIX A 

Listing of Fortran programs used to obtain numerical results. 
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c 
c 

IMPLICIT AL*B (A-H,O-Z) 
COMMJN CTW0(2,201,2J,ETA(2,201),FTAOl2,20ll, (2,2011,DETADT(2 

l,201),E1(2,201), 2(2,20111E3(2,20ll,TAU(2,201),F2(2,20l),Hl(2,201J 
,DETAN0(2,20lJ,SGll2,201J, (2,2 l),OMEGC2,20ll,DOMEGT(2,201), 

3E5(202),CONE6(2021tEtGNU,P RO,TZERO,MAPROX,L,K,J 
EAD 15 1 1! GNU, ,P,TZERO,J 

l FORMATroe.3,Fl2.2,F9.2,F8.2,[4) 
AOC5,31 NX,NY,NU 

3 FDRMATl314) 
PZERU=P 
INT VL=J/2 
W~lTE(6,2) INTRVL 

Z FOR~AT( l 1 41HINJTIAL 

DEFINE INITIAL CONDITIONS 

DU 5 K=l,J,l 

EP OF ETA ZERO INTERVALS IS 114 ) 

Elll,K)= 11.DO-GNUl/E*TZERO 
E2(1,KI= El{l,KJ 
f3(1,K)= -c2.oo• El ERO 
SGl(l,Kl=TZERO 
SG2(1,KJ= SGl{l,K> 
cr~o11,K,l)=(( +Cl. }*TZfRO)•(E-3.DO*GNU*TZERO-GNU**2.0•TZERO 

11/CPZERO*Cl.DO-G .O)*E>l**0.5 
CT ll,K,2J=CTWOCl,K,lJ 
W=K-1 
Z=2*INTRVL 
ETA(l,KJ=W/Z 
FTAOll,K>=ETACl,KI 
OMEGll,KI= O.DO 
~TANG{l,KI= 1.oo+ElCi,K) 

11,KJ~ O. 0 

l 
2 

3 
4 
5 
6 
1 
8 
9 

11 
12 
1 3 
14 
15 

18 
l8A 
19 
20 
21 
22 
23 

0\ 

"'"' 



c 
,... 
\ .. 

DETAOT{l,KI= o.no 24 
OOMfGTCl,KI= O.DO 25 
TAUll,KJ= O. 26 
F~'( 1,K}=l.DG/(PlEFO~::f l.DO+Elf l,KJ) )'*( l{ l,K)*(l.DO+E2(l,K) )*GNU/(2 

lGNU-l.OOJ+(l.DO+E2(1,K))*(l.DO+E3(1, )J *E/(l.DO-GNU**2.0}+(l.0233 
20+E3Cl,K))*SGl(l,KJl 

CONE5CK+ll=IC1. .oo•GNU/E*TZEROl•TZERO/PZER0}**0.5 29 
5 CONE&CK+l)=CONE5CK•l) 

El':i:=El(l,U 31 
[16=f'.15 32 
E2 15=FH11ll 33 
E26=E25 34 
E35=E311,1J 35 
E 36:::[35 36 
SG15=SG1C1,11 37 

lfr;;: lS 
SG25"" 15 
SG26= Ei 
OETAN5= l.DO + El5 
DGMEG5= O.DO 
DETAN6= DtTAN.5 
DOMEG6= l') 

INil'lAtIZE TD ID IFY FIRST APPROKIMATl 

38 
39 
40 
41 
42 
43 
44 
45 
46 
47 

l==l 48 
/\PRfJX= l 49 

i'!::::,J-? 
TAU(2 1 1J= TA Cl12)/CTWOll,2,JJ 

10 K=l,!V;,2 
IFCK.E .lt GO TO 9 
TAUl2 1 KJ=(ETAD{l,K+lt-ETAO(l,K-IIJ/(CTWO(l 1 K+l,L)•CTWO(l,K-1 1 LI) 61 



c 

9 fTAOl2 1 KJ= TAOCl 7 K+ll-CTWOCl,K•l,L)*TAU(2 1 K) 
DOMEGr(2,Kl=-(l.OO+El51*(1. ~J•TAUl2,KI 

MH ( ;?,. t K ) ""D f ( l , K+ l ) 
UOMEGN(2,KJ=OOMEGN(l,K+l) 
DEf 2,KJ=OETANG(l,K+ll 
El(2,Kl=Fl(l 1 ~+1J 
E2(2,Kl=E2Cl,K+ll 
E3C2,K)=£3(1,K+l) 

1(2,K)=SGl(l,K+lJ 
S (2,K)=SG2ll,K+ll 
F2(2 1 Kl=F2{1 1 k+l) 
ETA(2,KJ=ETAOf2,K) 
OMEGC2,Kl=DOMEGTf 2,K)/2.DO*TAUC2,K) 

lQ C HNUE 
ET<\0( 2,J}::::l .. DO 
ET;.\ ( 2, ,J ) -:.: l .. DO 

C.H2,Jl=O.OO 
DETt:dJT<2,J)=O.DO 
G (2,J)=0,..00 
E2t2,JJ=Cl.DO- )/ RO 
T~Ul2 7 J)=CETA0(2,Jl-ETAOC1,J-l)J/CTWO(l,J-1,LJ 
DOM 121J>=CC1.DO+fl5)•Cl.DO+E25l* (2,JJ} 5{J) 
DETAN0(2,Jl=DETAN0(1,J-l) 
EH 2,. J}:::: ( DETANf.H 2' J )¥ *2.. MFGN( 21 .. o **2· en **O. 5-l. 
E3(2,J) ( l.DOl*(E1{2 1 JJ+E2(2,J)J 

1(2,J)=E/Cl.DO-GNU**2.0)*(ElC2,JI *E2(2,J11 
SG2(2,JJ=E/(1. *2.0)*IE2(2,J} *ElC2,JJ) 

1 

FZI ,J)=l.DO/(PZF CI.DO+E1C2,JJ))*I (2,J)*(l.DO+E2(2,J))*GNU/(49 
IGNU-l.00)+(1. O+E2(2,J)l*(l.OO+l312,JJ) /(1. .O)+{l.050 
20+E3(2,Jl)*SG1(2,JJl 

PH fSUl rs F Fl ST [!~1 

111 
112 



c 113 
WRif (6, 9} 114 

fll FUR~t,l(lHO,t+,l(.4METAlJ,l3X,,:mETA,14X,4HC1'-lEG,14X. ,15X,2HE1,l5X,2115 
lHE2,l~X,2HE3//27X,3HSGl,l5X,3 G2,13X16HDOMEGN,llX,6HOO"EGT,IlX,6Hl 
2DETADT,llX,6HGETANO) 

WRITE(6,100J IETA0(2,Kl,fTAl2,~J,OMEGl2,Kl,TAUt2,Kl,Elt2,Kl,E2{2,Kl18 
l),~3{2,KJ, 1(?,K),SG2(2,~J,DOMEGNC2,Kl,DOMEGT(2,K),DETADT(2,KJ, 119 
?TAN0(2,~},K=NX,J,NYJ 

M=J-1 

LX=Ntl 
:~ 0 13 ,M,2 

lf(K.E .tl GO TO 42 
lf(K .. EQ .. ,,n TO 43 
crwca2,1,.lJ=( /{l.DO-GNUi:.<'f2,. l*Cl.DO+E2{2,lll/P RO*(GNU/f l.00127 

1)*(2. *E1C2,1J• 2(1,21+GNU*f21l,2))+1.DOIJ**0.5 128 
Hl(NC,K+IJ=lll.VO+E3(~0,K+lJJ G2(NO,K+ll*DETANOINO,K+l)/P (l.156 

lOO+El(NO,K+lll*ll.DO+E2C ,K+lJ-DETANO( ,K+11t*f2(NO,K+l)-(l.DO+ 57 
l2CNO,K+lJJ*ll.DO+EJCNO,K+l))• llNO,K+lJ /PZERO)/ETAOINO.K+ll 158 

A CTWO(Nn,K+l,Ll=IE/{t.DO-G 2.0J*ll. 2(NO,K+l)J/PZERO*CGNU/(GN151 
lU-l.DO)*C2.00*EllNO,K+l)+E2(NO,K+l)+GNU*E21NO,K+l)}+l.OOll**D.5 152 

22 TAU { 2 ,K) ~<ETA K+l )-Er AO{ NO,K-1) +cnmt NO, K-1, l l*T AU( N!J, K-l HCTWl 53 
l ( ,K+l,LJ*TAU(NO,K+l)l/(CTWOl~O,K-1,l)+CTWOINO,K+l,L)) 154 
ETAG(2,K)=ETAO(NO,K-IJ+CT~Q(NO,K-l,l)*(TAU(2,Kl-TAU(NO,K-1)} 155 
IFCHAPRJX.EQ.2) GO TO 20 164 
ElC2,Kl=0.5DO*CEllNO,K-l)+El(NO,K+llt 
F2{2 1 K)=0 .. 5DO (f:2( ,K-l)+1:2(N{J,K+l)l 
EJC2,K)=S~U/IGNU-l.00)*(~1(2,K)+[2(2,KIJ 166 
C 0 I\! E: ( K ) "" { { l • 0 0 + E 3 ( 2 , K ) } l','t I { 1 .. PC-GNU** 2 .. 0 ) * ( E H 2 , 10 +GNU* E 2 ( 2 , !O ) * f 161 

1 .DO•E2C2,K})/(ll.D0+~1(2,K))~PlER0))*•0.5 168 
CUNE6CKJ=CONE5(K) 



20 EONE=0.500*(El(l,K)+El(NO,K-l)) 170 
ETW0=0.5DO*(E2Cl,K)+E2(NO,K-l)) 171 
CTWO(l,K,ll=CE/(l.DO-GNU**2•0)*(1.00+ETW0)/PZERO*lGNU/(GNU-l.00)*(172 

12.DO*EONE+ETWO+GNU*ETWO)+l.00))**0.5 173 
EONE=0.5DO*(El(l,K)+El(NO,K+l)) 174 
ETW0=0.500*(E2(1,K)+E2(NO,K+l)) 175 
CTWOll,K,2)=(E/Cl.OO-GNU**2•0)*(1.0o+ETW0)/PZERO*CGNU/CGNU-l.OOJ*(l76 

12*EONE+ETWO+GNU*ETWO)+l.00))**0•5 177 
T AU5= ( CONE5C Kl *T AUC 2t K )+CTWO ( l,K, 1) *TAU( l,K )+ETAO ( l ,K)-ETAOC 2, K)) /178 

l(CONE5CK)+CTWO(l,K,l)) 179 
ETA05=ETAOCl,Kl-CTWOCl,Ktll*CTAU5-TAU(l,KJ) 180 
TAU6=CCONE5(K)*TAUC2,KJ+CTWOC1,K,2J*TAU(l,KJ-lETAOCl,KJ-ETA0(2,K)J181 

1 )/( CONE5CKJ+tTWOC l,K,2)) 
ETA06=ETAO(l,KJ+CTWOC1,K,2J*(TAU6-TAU(l 1 K)I 
BlO=CETA05-ETAOC1,K))/(ETAOCNO,K-1J-ETAO(l 1 KJJ 
61 l =C TAU5-TAUC l ~-&(')JI (TAU( NO, K-1 )-TAU( i,l()) . , ..... ,.,.,.. .~· 

Bl2=(ETA06-ETAO(l,KJ)/(ETAO(NO,K+l)-ETAO(l,Kt) 
Bl3=<TAU6-TAUCl,K)J/CTAUCNO,K+lJ-TAU(l,K)J 
DETAN5=DETANOC1,K)+(OETANOCNO,K-1J-OETANO(l,Kl)*810 
OOMEG5=DOMEGN(l,K)+(DOMEGNCNO,K-l)-DOMEGN(l,K)J*Bl0 
DETAT5=0ETAOT(l,K)+(OETADTCNO,K-1J-OETADTC1 1 K))*Bl1 
OOMET5=00MEGT(l,K)+(DOMEGTCNO,K-1J-OOMEGT(l,K))*6ll 
OETAN6=0ETANO(l,KJ+COETANOCNO,K+1J-OETANO(l,KJ)*812 
DOMEG6=DOMEGN(l,K)+(DOMEGNCNO,K+l)-00MEGN(l,K))*812 
DETAT6=DETAOT(l,K)+(DETAOTCNO,K+lJ-DETADT(l,K)J*813 
OOMET6=DOMEGT(l,K)+(00MEGT(NO,K+l)-OOMEGTf l,K))*813 
El5=El(l,Kl+(El(NO,K-l)-El(l,KJ)*Bl0 
E25=E2(1,K)+(E2(NO,K-l)-E2(1,K))*Bl0 
E35=GNU/(GNU-l.DO)*(El5+E25) 
E16=El(l,K)+(El(NO,K+l)-El(l,K))*Bl2 
E26=E2Cl,K)+(E2CNO,K+l)-E2(1,K))*Bl2 
E36=GNU/IGNU-1.DO)*(El6+E26) 

183 
184 , .•.•. .,185 

186 
187 
188 
189 
190 
191 
192 
193 
194 
195 
196 

199 
200 
201 
202 



25::: /(l.DO-GNU**?.Ol*(E25+GNU*E:l5) 
$(;..2fr= /{L.DO-GNU**2.0l*( 26+GNU* 16) 
C =ll.DO•E15)*((1.DO+E35)*SG25~DOM 

1.00+[25)) 
Cl6={1.DO+El6J*((l.DO+E )*SG26*00M 

I. H ) ) 
OT 5=TAU(2,KJ-TAU5 
0Tt'.\U6=T AU ( 2 1 I< )-TAIJb 
IFtK.tQ.2J CO TO 300 
C21=11.DU+EltNO,K-ll)*~lCNO,K-lJ 
GO 10 301 

300 c21~:::0.oo 

301 C23=11.DO+El(NO,K+l)J*HlCNO,K+lJ 
U 1 =TAP ( 2 , K. ) - TA 1. J ( NO , I< - l ) 

DTAU3=TAU(2,Kl-JAUINO,K+l) 
Al=OO~EGN{NU,K-lJ 
Bl=DETANOCNO,K-lt 
Ol=DO~EGT(NO,K-1) 
H2=Df (NC,K-11 
A3= ~EGNtNU 1 K+lt 
B3=DETANO{h0,k+ll 
03= DOME GT { K + 1} 
H3=0ETAOlfNO,K+l) 
A 5=0DME 
fl5:. lAN5 
05=DGMET5 
E5=0ETAT5 
Ao=OO~H:G6 

6=DETAN6 
D6=DOMET6 
f6::::f) TAT 6 

(ETA 

Gl=( rw IN ,K-l,L)-CONF5(KI)/(( E6(K)+CDNE5(K)} 

ER0)-(1.DO+El6)•(1 



G2=CTWO(NO,K-l,l)+Al/Bl*Gl*(CONE6(K)*A6/66+CONE5(K)*A5/B5)+CONE5(K 
l) *Al/Bl*A5/B5 

G3=A3/B3*A5/B5 
G4=A3/B3*(CTWO(NO,K+l,l)+CONE5(K))/(CONE6(K)+CONE5(K)) 
G5=1.DO+G3+G4*(A6/B6-A5/B5) 
G6=CTWO(NO,K+l,LJ-G3*CONE5(KJ+G4*(CONE6(Kl*A6/86+CONE51Kl*A5/B5) 
G7=G5+G6/G2*ll.OO-Al/Bl*Gl*(A6/B6-A5/B5)+Al/8l*A5/B5) 
G8=A5/B5*E5-A6/B6*E6 
G9=Cl6/B6*DTAU6-Cl5/B5*DTAU5 
STAR=A3/83*CC15/B5*DTAU5+05-A5/B5*E5) 
DETADT(2,K)=l.DO/G7*lCTWO(NO,K+l,L)/B3*(B3**2•0+A3*A3 )+H3+A3/B3* 

103-C23/B3*0TAU3-G4*(G8+G9+06-05)-G6/G2*lC21/81*DTAUl+CTWOlNO,K-l,l 
2)*Bl-H2+Al/Bl*lCTWO(NO,K-l,l)*Al-Ol-Gl*G8-Gl*G9-Gl*l06-D5J+Cl5/85* 
3DTAU5+05-A5/B5*E5)J)-STAR/G7 

IFCOETADT(2,K).LT.0.00) DETAOT(2,KJ=O.OO 
DETAN0(2,K)=l.DO/G2*lC21/Bl*OTAUl+CTWO(NO,K-l,l)*81-H2+0ETAOT(2,KJ 

l+Al/Bl*lCTWO(NO,K-l,LJ*Al-Ol-Gl*IA6/86-A5/B5)*DETAOT(2,K)-Gl*G8-Gl 
2*G9-Gl*(06-05)+Cl5/85*DTAU5+05+A5/B5*0ETADT(2,Kl-A5/B5*E5J) 

OOMEGN(2,K)=l.00/(CONE6(K)+CONE5(K))*(OETAN0(2,KJ*(CONE6(KJ*A6/86+ 
lCONE5(K)*A5/85)+0ETADTl2,K)*lA6/B6-A5/B5)+G8+G9-D5+06) 

OOHEGT(2,KJ=Cl5/B5*0TAU5+05+CONE5(K)*OOMEGN(2 1 KJ-CONE5(K)*A5/85*DE 
1TAN0(2,K)+A5/B5*CDETAOT(2,K)-E5) 

E 1( 2, K >= ( DETANO( 2, K) **2.0+DOMEGN{ 2, K) *DOMEGN( 2, K) )**O .5-1. 00 
OMEG6=0MEGC1,K)+(OMEG(NO,K+l)-OMEGC1,K)J*Bl3 
ETA(2,K)=ETA(NO,K-l)+((OETANO(NO,K-l)+DETAN0(2,K))/2.00-(l.OO-GNU) 

l/E*TZERO)*(ETA0(2,K)-ETAO(NO,K-l))+(DETADT(NO,K-l)+DETADT(2 1 K))/2. 
2DO*(TAU(2,Kl-TAU(NO,K-l)) 

OMEG( 2 ,K )=DMEG6+0. 500*( OOMEG6+DOMEGN( 2 ,K)) *( ETAO( 2 ,t0-ETA06) +O. 500 
l*(DOMET6+DO~EGT(2,K))*(TAU(2,K)-TAU6) 

E2C2,K)=FTA(2,K)/fTA0(2,K,*(l.DO+(l.OO-GNUl/E*TZERO)-l.OO 
E3(2,K)=GNU/(GNU-l.OO)*{E1(2,K)+E2{2,K)) 229 
SG1(2,K)=E/(l.OO-GNU**2.0)*(El(2,K)+GNU*E2(2,K)) 230 



c 
c 

c 

Sf;2£ , ),:::f/fLDD~CNH* ;> .. )*P: (l,KHGNU*l:H2'1!0l 231 
F2·(;?, >=l,.:"'\O/{Pl (l .. +tl(2,l<}))~'(SGH2,K)*{l.fJO+E2(2,K))*GNU/(.232 

!Gi\Hf-L .. flCH(L. fH· fl .. '.JH:3{2,K>t*GNU* 1'1. NU**2. )+{l,.0233 
O+E312,Kll*SG1( , 
I F { M t'd' ~, X .. E tL. 2 ) TO ? 

~" ,.SD;J>!'(U( ,l<-1)+ 1~2,KI} 
F nm= fL. ::;f)(!>:< {El:~ ( Nf. 'l(- l J +Fi ( l '~ ) ) 

23lt 
235 
236 
237 
238 

CT ( ,K-1,LJ={ /11.DO-GNU•*?~Ol*Cl.DO+ETWOl/P RO*( { 1.002 
2Lt0 
2ltl 

1) * { 2. DCr>H:ONf +f T +CNO*FTWO} + 1. DO) 1**0,. 5 
EONE~0.5DO*CE11 ,K+lt+Ell2,KJJ 
FT 0=0.5DO*IE?ING,K+l)+ 12,KI) 
CT INO.K+l,Ll=I /11.DO-GNU**2.0l*ll.DO+ETWOJ/PlERO•IG 

242 
/(GNU-1.00243 

244 
/ICl.DO+Ell2~KJl*245 

246 

)>!'(2 .. DO>:<[ F+ n,,ro+GNU*fnmt+l.DO) );>;n~;0.5 
ONE5(K)=((l.OO•E~(2,Kll*(l.DO+E3(2,KJJ 

1 ZFR )}~"l<0,.5 

F 6 (Kl :::C CJNF 5 f K} 
co ro 22 

ANUJX=l 
TO 13 

CA.LL 
{; rr; 13 
CAL { SUfH;curI 

2L}9 
250 
251 
252 
253 
254 
255 

143 
l L1·4 



l),E3(2,K),SG1(2,K),SG2(2,K),OOMEGN(2,K),OOMEGT(2,K),OETAOT(2,K),OE 
2TAN0(2,K),K=LX,M,NY) 

100 FORMAT(lH0,(7(Fl2.7,5X)/l7X,2(F12.4,5X),4(Fl2.7,5X)/)) 
IFCN.EQ.2) GO TO 81 
N0=2 
M=J-1 
N=2 
LX=NU 
GO TO 83 

81 IF(SG1C2,J).GT.40000.0) GO TO 86 
NO=l 
N=l 
M=J 
LX=NX 
CALLREDEF 
GO TO 83 

A6 CONTINUE 
STOP 
ENO 

267 
268 

...... 
0 



SUBROUTINE BOUNDL 
IMPLICIT REAL*B (A-H,0-Z) 
COMMON crwoc2,201,2),ETA(2,201),ETA0(2,201),DOMEGN(2,201),0ETAOT(2 

1,201),El<21201J,E2(2,201),E3C2,201),TAU(2,201),F2(2,201),Hl(2,201) 
2,0ETAN0(2,201),SG1(2,201J,SG2{2,201J,OMEG(2,201J,OOMEGT(2,201),CON 
3E5{202J,CONE6(202),E,GNU,PZERO,TZERO,MAPROX,L,K,J 

ETA(2,1)=0.DO 4 
ETAOC2,1)=0.DO 5 
DOMEGN(2,1J=O.DO 6 
DETAOT(2,l)=O.OO 8 
CTW0(1,2,l)=((E/(l.DO-GNU**2.0)*(l.DO+E211,2JJ/PZERO)*((GNU/(GNU-19 

l.00)*(2.DO*El(l,2l+E2(1,2)+GNU*E2(1,2J)+l.OO)J)**0•5 
11 TAU(2,l)=CETA0(1,2)-ETA0(2,l)+CTWO(l,2,L)*TAU(l,2))/CTWOCI,2,L) 11 

Hl(l,2)=((1.00+E3Cl,2))*SG2{1,2)*0ETANO(l,2)/PZERO+(l.DO+El(l,2))*12 
l(l.OO+E2(1,2)-DETANO(l,2))*f2(1,2)-(l.OO+E2(1,2))*ll.DO+E3(1,2))*Sl3 
2Gl(l,2)/PZER0)/ETAO(l,2) 14 

IF(MAPROX.EQ.2) GO TO 50 17 
CONE6(1)=((1.DO+E2(1,2))*(1.Do+E3(1,2)J*SGl(l,2)/((1.DO+El(l,2)J*P 

lZER0))**0.5 
50 TAU6=(CONE6Cl)*TAUC2,l)+CTWO(l,1,2)*TAU(l,l)J/(CONE6(ll+CTWO(l,1,221 

1)) 22 
ETA06=CONE61l>*ITAU(2,l)-TAU6) 23 
OETAN6=0ETANOC1,1)+(0ETANO(l,2J-DETAN0(1,l))*IETA06-ETAO(l,1))/(ET24 

lAO(l,2)-ETAO(l,l)) 25 
OOMEG6=00MEGN(l,l)+(DOMEGN(l,2l-DOMEGN(l,l))*(ETA06-ETAOC1,l))/(ET26 

lAO(l,2)-ETAO(l,l)) 27 
DETAT6=0ETAOT(l,l)+(DETADT(l,2)-0ETAOT(l,l))*(TAU6-TAU(l,l))/(TAU(28 

llr2l-TAU(l,l)) 29 
OOMET6=DOMEGT(l 1 l)+(DOMEGT(l,2)-00MEGT(l,l))*(TAU6-TAU(l,l))/(TAU(30 

11,2)-TAU(l,l)) 31 
E 16= E l( 1, 1) + { E H l , 2 )-E 1 ( 1 , 1) ) * { ET A06- ET AO ( 1 , l) ) I ( ET A 0 ( 1, 2 )-ET AO (1 " 3 2 

11)) 33 



6=[~(1 1 J+IF2C 121-f2ll,lll*I TA~6-f1ADll,1JJ/(ETADll,21-fTAO(l,36 
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WAVE PROPAGATION IN A CIRCULAR MEMBRANE 

SUBJECTED TO AN IMPULSIVELY APPLIED PRESSURE LOAD 

by 

David Vernon Hutton 

(ABSTRACT) 

The elastic deformation of a circular membrane subjected to an 

impulsively applied pressure of constant magnitude is investigated. 

The membrane is assumed to be clamped at the periphery after being 

subjected to a small radial extension. The differential equations of 

motion are derived and classified as completely hyperbolic. Results 

are obtained using the method of characteristics and the technique of 

numerical integration along the characteristic lines. 

Both strain waves and inertia waves propagate through the membrane 

as the deformation takes place. The numerical results show that while 

the membrane material is in the elastic range, the two types of waves 

propagate with constant, but unequal, velocities. It is pointed out 

that the phenomenon of constant wave velocities could possibly be used 

to simplify the equations of motion and obtain an approximate, closed 

form solution applicable to the elastic range. 

Although only the elastic case is considered, the analysis present-

ed is applicable to material behavior obeying any finite constitutive 

relation. In particular, extension of the procedure to the study of 

plastic deformation is discussed. 
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