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Chapter 

INTRODUCTION 

Consider the linear, coupled, ordinary differential equations of 

motion 

B~ ( t) = A~ ( t) + ~ ( t) ( 1.1) 

where A and B are n x n matrices of constant coefficients, 

~(t) is an n x 1 vector of generalized coordinates, ~(t) is an n x 1 

vector of generalized forces, and t is the independent variable~ an 

overdot representing differentiation with respect to t. We wish to 

solve for ~(t). To this end, we consider the algebraic eigenvalue 

prob 1 em 

A. Bu. = Au. 
1 -1 -1 

i = 1,2, ... ,n. ( 1 . 2a) 

Because matrices A and B possess no symmetries, we must also consider 

the adjoint eigenvalue problem. 

T T >..B v. =Av. 
1 -1 -1 i = 1,2, ... ,n. (1 .2b) 

Although Eqs. (1.2) possess the same eigenvalues, ;\i' the right and 

left eigenvectors, ~i and yi' respectively, are generally different. 

The right and left eigenvectors possess the biorthogonality 

property, which can be expressed as 

T TT v.Bu. = u.B v. = 0 
-1 -J -1 -J 

From Eqs. (1.2) it follows that 

T v.Au. = 
-1 -J 

T T u.A v. = 0 
-1 -J 

i f j 

i f j 

i,j = 1,2, ... ,n. 

i ,j = 1,2, ... ,n. 

( 1 . 3a) 

( 1 . 3b) 
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The right and left eigenvectors provide the basis for a transfonnation 

permitting the diagonalization of A and B, and hence the diagonaliza-

tion of Eq. (1.1). The resulting decoupled equations of motion can 

then be solved independently. 

Let us suppose matrices A and B can be expressed as 

B = B0 + B1 (1.4) 

where A1 and B1 are small in comparison to A0 and B0, respectively. 

Henceforth, we shall refer to matrices A1 and B1 as perturbations. Let 

us suppose that the unperturbed eigenvalues and eigenvectors, \Oi' 

~Oi and Yo; (i = 1,2, ... ,n), corresponding to A= A0 and B = B0 are 

known. The objective is to produce the perturbed eigenvalues and 

eigenvectors, \ 1., u. and v1. (i = l ,2, ... ,n), in tenns of known 
-1 -

quantities, namely the unperturbed eigenvalues and eigenvectors and the 

perturbation matrices A1 and B1. Furthermore, we wish to avoid solving 

a new eigenvalue problem. This objective can be achieved, provided no 

difference between two unperturbed eigenvalues is small, which is to 

say that the unperturbed eigenvalues are "clearly distinct." Alterna-

tively, if the unperturbed eigenvalue problem possesses multiple, or 

nearly multiple, eigenvalues, then an eigenvalue problem of the same 

order as the multiplicity, or near multiplicity, must be solved, and 

the above stated objective is only partially achieved. 

Various authors have investigated this problem. Franklin [l], 

Wilkinson [2] and Lancaster [3] present equivalent perturbation 

analyses based upon the statement of the eigenvalue problem itself, 

which utilize the biorthogonality of the unperturbed eigenvectors, and 
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which are dependent upon the unperturbed eigenvalues being clearly 

distinct. Franklin and Lancaster begin with the assumption that each 

eigenvector perturbation must be biorthogonal to the corresponding un-

perturbed eigenvector. Lancaster presents an analysis for the case 

when the unperturbed eigenvalue problem possesses multiple eigenvalues, 

and then generalizes to include nearly multiple unperturbed eigenvalues. 

His procedure entails solving an eigenvalue problem that is of the same 

order as the multiplicity. Wilkinson also presents an analysis based 

on Gerschgorin's discs that is valid irrespective of the distinctness 

of the unperturbed eigenvalues. Aubrun [4] presents a perturbation 

analysis that is based on the statement of the eigenvalue problem. His 

analysis uses right and left eigenvectors for the determination of 

eigenvalue perturbations. Perturbations to the right eigenvectors are 

determined using right eigenvectors and a weighting matrix. 

Huseyin [5] and Ziegler [6] provide valuable insight regarding 

the nature of gyroscopic systems with and without damping and/or circu-

1 atory effects. Chen and Wada [7] address the problem of a damped, 

nongyroscopic system and use a perturbation analysis not only in the 

eigensolution analysis, but also in the determination of the response. 

The perturbation techniques presented in this dissertation were 

developed in response to the following considerations. Space 

structures have become relatively large in recent years. Thus, the 

need arises for computationally efficient algorithms whereby the 

dynamic response of large order systems can be determined. Note that 
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the necessity of performing such computations is encountered in the 

more general problem of controlling such structures. See, for example, 

Meirovitch and Baruh [8]. Meirovitch, [9] and [10], has shown how the 

eigenvalue problem for an undamped, noncirculatory gyroscopic system 

can be solved in terms of real quantities with relative ease. However, 

if damping and/or circulatory effects are added, the eigensolution 

analysis becomes considerably more difficult. Thus, perturbation 

techniques have been developed so that the assumed small effects of 

damping and/or circulatory forces can be included in the eigensolution 

without resolving the eigenvalue problem (see Meirovitch and Ryland 

[11]). 

The perturbation techniques presented in the following chapters 

are quite general. Indeed, they should be applicable to many seemingly 

different eigensolution analyses, some of which are as follows. Con-

sidering Eqs. (1 .2) and (1 .4), one could regard matrices A1 and B1 as 

errors associated with matrices A0 and B0, respectively. The perturba-

tion procedures then provide the means of calculating the corresponding 

eigensolution error. Conversely, given approximate eigenvectors, the 

matrices that take the place of A1 and B1 can be regarded as a measure 

of the accuracy of these eigenvectors. The perturbation techniques 

should be useful to the analyst who wishes to incorporate small design 

changes, and yet avoid a complete new solution of the eigenvalue 

problem. Indeed this is the stated objective of Chen and Wada [7], 

and Ryland and Meirovitch [12]. The techniques are also applicable to 

the control problem in which control forces are weak, and are propor-

tional to the generalized coordinates and/or velocities, as is 
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common practice. Indeed, this is the application used by Aubrun [4]. 

In the following chapters, a perturbation procedure, based upon 

the biorthonormality of the perturbed eigenvectors, is presented for 

clearly distinct unperturbed eigenvalues. The eigenvalue problem for 

slightly damped and/or circulatory gyroscopic systems is discussed and 

the perturbation theory is applied to such a system. The perturbation 

theory is generalized to include multiple unperturbed eigenvalues, and 

is then further generalized to include nearly multiple unperturbed 

eigenvalues. Rayleigh's quotient is discussed and then used to define 

a more general basis for application of a perturbation analysis, where-

upon an iterative procedure is described. Computation of the dynamic 

response is described. Examples are given where appropriate. 



Chapter 2 

GENERAL PERTURBATION THEORY 

Consider the algebraic eigenvalue problem 

>..Bu.= Au. 
1 - 1 - 1 

i = 1,2, ... ,n (2.la) 

and its adjoint 

T T >..B v. =Av. 
1 - 1 - 1 

i = 1,2, ... ,n (2. lb) 

where matrices A and B possess no symmetries. The eigenvalues of both 

eigenvalue problems are the same, which follows from the fact that the 

determinant of a matrix is equal to the determinant of the transpose of 

that matrix. Thus, for each eigenvalue, >.i, there is a corresponding 

right eigenvector, ~i' and a left eigenvector, ~i· The right and left 

eigenvectors satisfy the biorthogonality relations 

T T 0 i t j i ,j l ,2, ... , n v.Bu. = u.B v. = = 
- 1 -J - 1 -J 

T T T 0 i 1 j i ,j 1,2, ... ,n v.Au. = u.A v. = = 
-1 -J - 1 -J 

If the eigenvectors are normalized such that 

T _ T T _ v. Bu. - u. B v. - + l or -1 , 
-1 -1 -1 -1 

we can state the biorthonormality relations 

T T T i ,j 1,2, ... ,n v.Bu. = u .B v. = /::. .. = 
-1 -J - 1 -J lJ 

(2.2a) 

T u'.ATv A.I::. •• i,j 1,2, ... ,n v.Au. = = = 
-1 -J -1 -j 1 lJ 

(2.2b) 

where/::. .. is a modified Kronecker delta; it is zero when i 1 j, and 
lJ 

when i = j it is either plus or minus one, depending on the value of i. 

6 
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Allowing the eigenvectors t6 satisfy either a plus or minus one 

nonnalization may seem unnecessary at this stage. However, there are 

instances where this normalization is convenient. 

A word about normalization of right and left eigenvectors is 

pertinent. For the moment, let us suppose that the right and left 

eigenvectors are related in some simple fashion, so that in reality we 

must address only one set of eigenvectors. Then in applying Eq. (2.2a) 

to normalize the ith eigenvector, we have one equation to determine one 

norma 1 i zation constant, and there is no ambiguity. Alternatively, 1 et 

us suppose the right and left eigenvectors are not related to one 

another. Then application of Eq. (2.2a) to normalize the ith right and 

left eigenvectors yields a single equation involving two normalization 

constants. In the following work, we divide the weighting equally by 

setting the two normalization constants eaual to each other. 

Equations (2.1) and (2.2) can be regarded as alternate bases for 

an eigensolution analysis. Let us compare them. According to Eqs. 

(2.1), once the eigenvalues are known, the eigenvectors are the cor-

responding nontrivial solutions. Furthermore, the right-left eigen-

vector pair corresponding to a distinct eigenvalue is biorthogonal to 

the remaining eigenvectors. However, if an eigenvalue is repeated, 

Eqs. (2.1) do not require biorthogonality among the corresponding 

eigenvectors. In particular, let us suppose that Al = A2 = ... =Am' 

m < n. Then the condition 

v~Bu. = 0 - J -1 
i 1 j i,j = 1,2, ... ,m 

must be imposed in addition to Eqs. (2.1). We also observe that 
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eigenvector normalization is not demanded by Eqs. (2.1). Alternatively, 

Eqs. (2.2) demand that u., v. and A. (i = 1 ,2, ... ,n) satisfy not only 
-1 -1 1 

the eigenvalue problem, but also biorthogonality and normalization. 

Now since the objective of an eigensolution analysis is to produce a 

set of biorthogonal vectors, which can be used as a transformation to 

diagonalize coefficient matrices, regardless of eigenvalue multiplicity, 

it is more fitting to base an eigensolution analysis on Eqs. (2.2). 

Thus, the perturbation analyses that follow are based on biortho-

normality relations. Franklin [l], Wilkinson [2] and Lancaster [3] 

present perturbation analyses based upon the statement of the eigen-

value problem itself, i.e., Eqs. (2.1). An adaptation and discussion 

of their analyses is presented in Appendix A. 

At this point let us change to a modal representation, in which 

we construct matrices U and V from the right and left eigenvectors ~i 

and v. (i = 1,2, ... ,n) as follows: 
-1 

U = [u -1 

v = [yl 

~2 

The diagonal matrix of eigenvalues A is constructed as 

A -

and the modified Kronecker deltas can be arranged in the diagonal matrix 
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Equations (1 .2) and (1 .3) can now be expressed as 

and 

BUA = AU 

BTVA = ATV 

Let us suppose matrices B and A are given as 

B = B0 + B1 

(2.3a) 

(2.3b) 

(2.4a) 

(2.4b) 

(2.5) 

where the norms of matrices B1 and A1 are significantly smaller than 

the norms of matrices B0 and A0 respectively. This difference in 

magnitude can be used to define an ordering scheme in which matrices B0 
and A0 are 0(0) quantities while matrices B1 and A1 are 0(1) quanti-

ties. The scheme can be extended to higher orders, i.e. smaller 

quantities, which are referenced as 0(2), 0(3), etc. 

Substituting Eqs. (2.5) into Eqs. (2.3) and (2.4), we obtain 

(B0 + B1)uA = (A0 + A1)u 

(BT + BT)VA = (AT + AT)V 
0 1 0 1 

( 2. 6a) 

(2.6b) 
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and 
T v (B0 + s1)u = & (2.7a) 

vT(Ao + Al)U =A& (2.7b) 

Let us suppose, for the moment, that A1 = B1 = 0. Then Eqs. (2.6) and 

(2.7) appear as 

and 

BoUoAo = Aouo 
T T BoVoAo = Aovo 

VbBoUo = & 

T voAouo = Ao& 

(2.8a) 

(2.8b) 

(2.9a) 

(2.9b) 

We refer to Eqs. (2.6) and (2.7) as the perturbed eigenvalue problem. 

Its solutions, U, V and A, are called the perturbed eigensolutions. 

Similarly, Eqs. (2.8) and (2.9) are referred to as the unperturbed; 

or 0(0), eigenvalue problem, while its solutions are called the un-

perturbed, or 0(0), eigensolutions. Quantities smaller than 0(0), i.e. 

0(1), 0(2), ... ,etc., are called perturbations, the order of smallness 

being indicated by the subscript. 

Let us assume that the 0(0) eigensolutions, satisfying Eqs. 

(2.9), are available. Our objective, then, is to develop solutions to 

the perturbed eigenvalue problem, based upon the known 0(0) eigen-

solutions and matrices B1 and A1. Furthermore, in generating this 

solution, we wish to avoid solving another eigenvalue problem. As it 

turns out, these goals can be met if the 0(0) eigenvalues are 11 clearly 

distinct 11 , which is to say that the difference (A 0. - A0 .), i ~ j 
. l J 
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(i,j = 1,2, ... ,n), is an 0(0) quantity. For the remainder of the 

present chapter, we assume this to be true. In Chapters 6 and 7, we 

allow some of the O(O) eigenvalues to be less than clearly distinct. 

Consider transformation matrices E and r, which relate U and V 

to u0 and v0, respectively, as 

U = U E 0 

V = V r 0 

Note that Eqs. (2.10) can also be written as 

n 
u. = UO e. = I ~Oq 6 qi -1 -1 q=l 

i = 1,2, ... ,n 

n 
v. = VO y. = I ~Op ypi -1 -1 p=l 

i = 1 ,2, ... ,n 

( 2. 1 Oa) 

(2. lOb) 

(2.lla) 

(2.llb) 

where ~i and !i are the ith columns of E and r, respectively, and where 

eqi and ypi are the (q,i)th and (p,i)th elements of E and r, 

respectively. Equations (2.11) and hence Eqs. (2.10) can be written 

because the ~Oq (q = 1 ,2, ... ,n) and Yap (p = 1,2, ... ,n) both span the 

space Ln in which u. and v. (i = 1 ,2, ... ,n) are given. 
-1 -1 

Substituting Eqs. (2.10) into Eqs. (2.6) and (2.7), we obtain 

(B0 + B1)u0EA = (A0 + A1)u0E (2.12a) 

T T T T (B0 + B1)v0rA = (A0 + A1)v 0r ( 2. l 2b) 

and 

( 2. l 3a) 

(2.13b) 
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If we premultiply Eq. (2.12a) by Vb and Eq. (2.12b) by Ub, then use of 

Eqs. (2.9) allows Eqs. 12.12) and (2.13) to be expressed as 

and 

where 

A A 

(6 + B)EA = (A06 + A)E 

(6 + BT)rA = (A06 + AT)r 

rT(6 + B)E = 6 

rT(A06 + A)E = A6 

(2.14a) 

(2. l 4b) 

(2.15a) 

( 2. l 5b) 

(2.16) 

are 0(1) quantities. Now according to Eqs. (2.14) and (2.15), E and r 

appear as matrices of right and left eigenvectors, which would indicate 

that we must solve the algebraic eigenvalue problem for E, r and A. 

However, as mentioned previously, we wish to avoid this task. 
" "' ..... " Since B and A are small, matrices (6 + B) and (A06 + A) are 

nearly diagonal. Then from Eqs. (2.15), we can argue that the trans-
A A 

formation matrices E and r, which diagonalize (6 + B) and (A06 +A), 

must be near identity transformations. Thus we assume the expansions 

E = I + El + E2 + E3 + (2.17a) 

r = I + rl + r2 + r3 + (2.17b) 

and 

A = AO + Al + A2 + A3 + ... (2.18) 

where I is the identity matrix, and where the subscripts indicate order 

of smallness. We assume these expansions to be convergent, which is to 

say that any one term is one order of magnitude smaller (larger) than 
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the term before (after) it. ·Indeed, Wilkinson [2] defines a small 

parameter, which typifies the smallness of A1 and B1, or equivalently 
A A 

of A and B, and then argues as to how the perturbed eigenvalues and 

eigenvectors are expressible as power series in this small parameter. 

In writing the expansions of Eqs. (2.17) and (2.18) we assume that, as 

the perturbing matrices A1 and B1 tend to zero, we must have 

which is to say that 

E -+ I 

r -+ I 

or, equivalently 

We note that these expansions are infinite. In practice only a finite 

number of terms are determined, thus the determination of A, E and r, 

and hence of U and V, is merely approximate. 

Let us embark upon the perturbation analysis. We substitute 

Eqs. (2.17) and (2.18) into Eqs. (2.15) and separate according to order. 

0 ( 0): 
(2.19a) 

( 2. l 9b) 
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0 ( 1 ) : 

T A 

t.E1 + r l t. = - B 

A0t.E1 + riA0t. = - A+ A1t. 

0 (2): 

0 ( 3): 

Now from Eqs. (2.20), we have 
A T B = - (t.E1 + r1t.) 

A T 
A = - (Aot.El + rlAOt.) + Alt. 

A A 

Substituting for Band A in Eqs. (2.21) and (2.22), we obtain 

0 ( 2): 

and 

0 ( 3): 

(2.20a) 

(2.20b) 

(2.2la) 

(2.2lb) 

(2.22a) 

(2.22b) 

(2.23a) 

(2.23b) 

(2.24a) 

(2.24b) 

(2.25a) 

(2.25b) 
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The 0(0) equations, Eqs. (2.19), are satisfied identically, as 

anticipated. 

Turning attention to the 0(1) equations, Eqs. (2.20), let us 

inspect homologous elements on both sides of these equations. We have 
A 

~ii 6 lij + Ylji ~jj = - bij i,j = 1,2, ... ,n (2.26a) 

i,j = 1,2, ... ,n (2.26b) 

where elij and ylij are the (i,j) elements of E1 and r 1, respectively, 
,... " ,... " 

and where bij and aij are the (i,j) elements of Band A, respectively. 

When i 1 j, we can solve Eqs. (2.26) independently for elij and Ylji' 

to obtain 

i 'I j i ,j = 1 ,2, ... ,n 

A 

a .. - Ao. b .. 
1 J 1 1 J 

ylji = - ~jj AOj - AOi i 'I j i,j = 1,2, ... ,n 

Alternatively, when i = j, Eqs. (2.26) appear as 
A 

~ .. (e1 .. + y 1 .. ) = - b .. 
11 11 11 11 

i = 1,2, ... ,n 

A0 . ~- .(e1 .. +Yi .. ) = - a .. + A11. ~-. 
1 11 11 11 11 11 

i = 1,2, ... ,n 

Clearly, these equations indicate that 
A A 

A1 . =~ .. (a .. - A0 . b .. ) 
1 11 11 1 11 

i = 1,2, ... ,n 

yet they provide no unique solution for e1 .. and Yi .. (i = 1,2, ... ,n). 11 11 

We note that this is the same sort of ambiguity as that encountered in 
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normalization of unrelated. right and left eigenvectors. To divide the 

weighting equally, let us take 

i = 1,2, ... ,n 

which is consistent with the condition that E1 and r1 tend to zero as 

A1 and B1 tend to zero. Thus we have 
A 

a .. - b .. >.. 0 . 
!::.. • lJ lJ J 

11 A.Qi - A.Oj 
i :/ j i ,j = 1,2, ... ,n (2.27a) 

i = j = 1,2, ... ,n ( 2. 27b) 

i :/ j i , j = l , 2 , ... , n ( 2 . 27 c ) 

A 

>.. 11. = 1::. • • (a .. - >.. 0 . b .. ) 
11 11 l 11 

i = 1,2, ... ,n (2.28) 

Determination of the perturbed eigensolution is now complete through 

0(1). The rationale for our assumption of clearly distinct 0(0) eigen-

values should be evident from Eqs. (2.27). We also note that the 

validity of the expression for A.li (i = 1,2, ... ,n) is not subject to 

the assumption of clearly distinct 0(0) eigenvalues. In fact, Eq. 

(2.28) can be derived from Rayleigh's quotient, as we shall see in 

Chapter 8. It is pleasing to note that as A1, B1 + 0, elij' Ylij 

and A.li tend to zero linearly. Solutions to the 0(2) equations can be 

generated similarly. These are 
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n 
+ I [(>.0 . - 1.0 .)li .. e1 . e1 . 

p= l l J l l l p PJ 

+ (>. 0 - >. 0 .)yl . Li el .] p J p1 pp PJ 

ifj, i,j=l,2, ... ,n(2.29a) 

+ Yl · Yl . Li .. ) pl l p 11 
i=j, i=l,2, ... ,n 

(2.29b) 

n 
+ p~l [(>.Op - >.Oj)ylpj Lipp elpi 

+ (>.01· - 1.0.)yl . yl. Li .. ] J PJ l p 11 

i :f j , i,j = 1,2, ... ,n (2.29c) 

n 
A2i = A1;(€1;1· + Y1;;) +Li;; I (>.Oi - Ao h, . Li e, . p=l p pl pp pl 

i = 1,2, ... ,n (2.30) 

Recalling that e1 .. , y1 .. and 1. 1 . (i,j = 1,2, ... ,n) tend to zero l J l J l 
linearly as A1 and B1 tend to zero, we note that e2ij' Y2;j and >. 2; 

(i,j = 1 ,2, ... ,n) tend to zero in a quadratic fashion as A1 and B1 tend 
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to zero. Third-order eigenvalue perturbations are 

i = 1,2, ... ,n . (2.31) 

It is felt that third-order eigenvector perturbations are unnecessary. 

We observe that \ 3i tends to zero in a cubic fashion as A1, B1 + 0. 

The accuracy of the above perturbation procedure is of prime im-

portance. One method of judging accuracy is by simply comparing the 

magnitudes of successive terms in the expansions of Eqs. (2.17) and 

(2.18). A less direct, but perhaps more pertinent, measure of eigen-

vector accuracy is how well the expansions of Eqs. (2.17) diagonalize 
A A 

matrices (6 + B) and (A06 +A). In the examples, such a computation 

will be referred to as a 11 biorthonormal ity check." 

In su1T1Tiary, a third-order perturbation analysis has been developed 

for the algebraic eigenvalue problem 

(A0 + A1)u. = \.(B0 + B1)u. 
-1 1 -1 

i = 1,2, ... ,n 

T T (Ao+ Al) v. =\.(Bo+ Bl) v. -1 1 -1 
i = 1,2, ... ,n 

where matrices A1 and B1 are perturbations, where ~i and ~i are the 

respective right and left eigenvectors and where \i is an eigenvalue. 

Eigensolution perturbations, due to the presence of matrices A1 and B1 , 

are derived from the biorthonormality relations 

T v. ( B0 + B1 ) u. = 6 .. -1 -J lJ 

T v. ( A0 + A1 ) u . = A. 6 .. -1 -J l lJ 

i,j = 1,2, ... ,n 

i,j = 1,2, ... ,n 
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The eigenvalue and eigenvector perturbations are expressed in terms of 

matrices A1 and B1, and the unperturbed eigenvalues and eigenvectors, 

which satisfy biorthonormality relations 

T Ba fl .. i ,j 1,2, ... ,n VO. uo. = = - l - J lJ 

T Ao "oi fl .. i ,j 1,2, ... ,n VO. uo. = = - l - J lJ 

The validity of the results hinges on the smallness of the perturbing 

matrices and upon the distinctness of the unperturbed eigenvalues. In 

Chapters 6 and 7, we present perturbation analyses for which some of 

the 0(0) eigenvalues may not be clearly distinct .. 



Chapter 3 

GENERAL DAMPED, CIRCULATORY, GYROSCOPIC SYSTEMS 

The linear equations of motion describing an n degree of freedom, 

damped, circulatory gyroscopic system can be written in matrix form as 

where 

M q(t) + (G + C)q(t) + (K + H)q(t) = Q(t) 

M =real, symmetric, positive definite n x n mass matrix 

G = real, skew symmetric n x n gyroscopic matrix 

(3.1) 

C = real, symmetric, positive semidefinite n x n damping matrix 

K =real, symmetric n x n generalized stiffness matrix including 

elastic and centrifugal effects 

H = real, skew symmetric n x n circulatory matrix 

9(t) = n x column vector of generalized coordinates 

g(t) = n x column vector of generalized forces 

Note that the above descriptions of the coefficient matrices can 

be generalized. Indeed, recalling that any real matrix can be expressed 

as the sum of two real matrices, one symmetric and the other skew sym-

metric, one can regard matrices Kand H as the respective symmetric and 

skew symmetric parts of the matrix of coordinate coefficients. 

Similarly, G and C can be regarded as the skew symmetric and symmetric 

parts, respectively, of the matrix of velocity coefficients. 

It is anticipated that Eqs. (3.1) are the results of the 

linearization about some equilibrium point, and then the discretization 

of some partial differential equations whereby the spatial dependence 

20 
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is purged. It must be emphasized that all discretization procedures 

do not yield coefficient matrices possessing the above specified 

symmetries and definiteness. The interested reader may wish to con-

sult Meirovitch [14] for a detailed discussion of various 

discretization procedures. 

We recall that matrix K is referred to as a "generalized" stiff-

ness matrix. Indeed, the typical element of this matrix is of the form 

k - a2m, where k is a bona fide elastic stiffness coefficient, a is an 

angular velocity, and m is an inertia. We assume that the discreti-

zation procedure is such that the matrix of stiffness coefficients is 

real, symmetric and positive definite or positive semidefinite accord-

ing to whether or not the system under consideration is constrained. 

Then if a= 0, the generalized stiffness matrix possesses the same 

definiteness. However, if a 1 0, it should be clear that K may not 

possess the same definiteness. In fact, if a is large enough, K can 

be negative definite! The eigenvalue problem corresponding to Eq. 

(3.1) is 

A~ M q. + A.(G + C)q. + (K + H)q. = 0 1 _, 1 _, _, - i = 1 , 2, ... , 2n ( 3 . 2a) 

where Ai and qi (i = l,2, ... ,2n) are the ith eigenvalue and eigen-

vector, respectively. Due to the symmetry and skew symmetry of the 

various coefficient matrices, we must also address the adjoint eigen-

value problem 

or 

A~ Mp. + A.(-G + C)p. +. (K - H)p. = Q 1 _, 1 _, . _, i = 1 , 2 , ... , 2n ( 3. 2b) 
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We refer to Eq. (3.2a) as the 11 right 11 eigenvalue problem, and its 

eigenvectors, the q. (i = l,2, ... ,2n), as the 11 right 11 eigenvectors. _, 
Similarly, we refer to Eq. (3.2b) as the 11 left 11 eigenvalue problem, and 

the Pi (i = l,2, ... ,2n) as the 11 left 11 eigenvectors. Although the right 

and left eigenvectors are generally unrelated, the eigenvalues of Eqs. 

(3.2a) and (3.2b) are the same. To show this, let us write the 

characteristic polynomial corresponding to Eqs. (3.2). We have 

FR(A) = IA2M + A(G + C) + (K + H) I 

FL(A) = IA2MT + A(GT +CT)+ (KT+ HT)I 

(3.3a) 

(3.3b) 

where FR(A) and FL(A) can be regarded as the determinants of n x n 

matrices. Now since the determinant of a matrix, and the determinant 

of its transpose are the same, the polynomials in A, FR(A) and FL(A)' 

are identical, and hence they possess the same roots. We note that 

since the coefficient matrices M, G, C, Kand Hare real, the coef-

ficients in the characteristic polynomial are also real. Thus if an 

eigenvalue is complex, there must be another eigenvalue that is its 

complex conjugate. Let us order the complex eigenvalues according to 

A.+ = ~. A. = Complex 
i n i i 

Introducing primed subscripts by the example i 1 - i + n (i = 1,2, ... ,n), 

this relation can be written more compactly as 

Ai = Complex (3.4) 

According to Eq. (3.4), the corresponding eigenvectors must also occur 

in complex conjugate pairs as 

-q. I : q • _, _, -p •I : P• 
- l - l 

A. = Complex 
l 

(3.5) 
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An eigenvalue, and hence the corresponding eigenvectors, can also be 

real. We indicate th1s as 

~i , ~i = Real A. = Real 
l 

(3.6) 

However, there appear to be no simple relations, analogous to Eqs. 

(3.4) and (3.5), for real eigenvalues. Due to the presence of matrices 

C and H, we do not anticipate pure imaginary eigenvalues. 

It is convenient to express the equations of motion in state form. 

To this end, we write Eqs. (3.1) as 

rM 0 ]{q(t)} [ (G+C) 

lo (K+H) ~(t) + -{K+H) 
(K+H)]{g(t)} = {g(t)} 

0 g(t) Q 

We introduce the 2n x 1 state vector 

?S ( t) 
• T I T T 

- {9(t) : 9(t)} 

and the 2n x 1 vector of excitations 

X(t) 
T I T T 

- {Q(t) I Q } 
- I -

as well as the 2n x 2n matrices 

K* = [ 
(G + C) 

-(K + H) 

so that Eq. (3.7) can be written compactly as 

(3. 7) 

(3.8a) 

(3.8b) 

(3.9a,b) 

(3.10) 

The reader may notice that the inclusion of matrix H in the respective 

lower right and left corners of matrices M* and K*, respectively, is 

optional. In fact, Eq. (3.7) remains valid if His deleted from these 
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locations. However, its inclusion at this stage leads to convenient 

symmetries which allow net reductions in computation effort. Follow-

ing the spirit of the above manipulations, we express the right and 

left eigenvalue problems in state form as 

>...M*x. + K*x. = 0 i = l,2, ... ,2n 1 -1 -1 (3.lla) 

>...M*Ty. + K*Ty. = 0 i = l,2, ... ,2n 
1 - 1 -1 

(3.llb) 

where M* and K* are given in Eqs. (3.9) and where 
I I 

=: {A.i 
T T}T =: {-.\i p '. T}T x. q. I q. y. I p. -1 _1 I - 1 _1 _l I -1 

i = 1 ,2, ... ,2n 
I I 

Upon normalization, the right and left eigenvectors, x. and y. 
-1 -1 

(i = 1 ,2, ... ,2n) respectively, satisfy biorthonormality relations 

y'.° M* x. = x'. M*T y. = ~ .. _l -J -1 -J lJ 

y '.° K* x . = x '.° K* T y . = -~ . . A. • 
- 1 -J -1 -J 1 J 1 

i ,j = 1 ,2, ... ,2n 

i ,j = 1 ,2, ... ,2n 

(3.12a,b) 

( 3. l 3a) 

(3.13b) 

where~ .. is the modified Kronecker delta discussed earlier. Note that lJ 
because the eigenvalues occur in complex conjugate pairs, we can state 

relations analogous to Eqs. (3.5) and (3.6) 

-x. J : x. 
-1 -1 

x. , y. = Rea 1 -1 _l 

-y. I : Y• - 1 _1 

>... = Real 
1 

A.i = Complex (3.14) 

(3.15) 

Due to the general lack of symmetry of matrices M* and K*, the left and 

right eigenvectors are not related to each other. Furthermore, the 

eigenvalues, and hence the eigenvectors must be regarded as generally 

complex. Computation of such eigensolutions can be tedious, especially 

for high order systems. Now on physical grounds, the dissipative and 
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circulatory effects described by matrices C and H, respectively, are 

often small. Then assuming matric~s C and H small, we now have the 

justification for applying a perturbation analysis in which matrices 

C and H are regarded as perturbations. The motivation for applying a 

perturbation analysis becomes evident if we observe that when 

C = H = 0, matrices M* and K* become symmetric and skew symmetric, 

respectively, and the eigensolution can be determined with relative· 

ease, as we shall see in the following chapter. Indeed, one could 

apply a perturbation analysis to the eigenvalue problem, as stated in 

Eqs. (3.11) with M* and K* defined in Eqs. (3.9). However, let us 

first reduce the equations of motion, and the eigenvalue problem, to a 

quasi standard form. 

Referring to Eq. (3.10), we observe that a bona fide standard 

form can be obtained if we premultiply by M*-l. Such a maneuver is un-

desirable because computation of M*-l can be a laborious task, 

especially for large order systems. Furthermore, even if we neglect 

matrices C and H, the product M*-l K* has no symmetries. 

Consider the 2n x· 2n matrix 

M* = rM OJ 
0 Lo K 

and express it as 

(3.16) 

where the 2n x 2n matrices Land Dare real, where Lis a lower tri-

angular matrix, and where D is a diagonal matrix, with entries equal 
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to either plus or minus one. Note that this decomposition is possible 
* because the matrix M0 is real and symmetric. Determination of 

matrices Land Dis accomplished by a procedure similar to the Cholesky 

decomposition, where the matrix D has been inserted to accommodate 

minus signs. Note that the end result of such a decomposition is the 

same as that obtained using Gaussian elimination without row inter-

changes. Furthermore, we note that the inverse of matrix L is also a 

lower triangular matrix. See Meirovitch [13]. 
* Due to the partitioned nature of matrix M0, matrices L and D can 

also be written in partitioned form as follows: 

(3.17a,b) 

where L1, D2 are n x n matrices, and where 

M = ( 3. 18a ,b) 

where the elements of L1, L2, D1 and D2 are determined as discussed 

above. 

Let us inspect Eq. (3.18a). Because the matrix Mis positive 

definite, o1 is in fact the identity matrix. Thus the determination of 

L1 from M, as in Eq. (3.18a), represents a bona fide Cholesky decomposi-

tion. Turning attention to Eq. (3.18b), we recall that no sign 

definite properties have been atributed to matrix K. This stems from 

the fact that the stiffness matrix includes not only elastic stiffnesses, 

but also centrifugal effects. Hence we cannot generally say that D2 
is the identity matrix. 
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Next, let us rewrite Eq. (3.10) as 

(3.19) 

Then if we define 

B:: L-lM*L-T A:: - L-lK*L-T (3.20a,b) 

(3.2la,b) 

Eq. (3.19) can be written compactly as 

B~(t) = A~(t) + ~(t) . (3.22) 

Performing the same manipulations with Eqs. (3.11), we obtain 

A.Bu. = Au. 
1 -1 -1 

T _ T LB v. - A v. 1 -1 -1 i = l ,2, ... ,2n (3.23a,b) 

where matrices A and Bare defined in Eqs. (3.20), and where 

- LT u. = x. -1 -1 
- LT v. = y. 

-1 -1 
i = l ,2, ... ,2n (3.24a,b) 

The biorthonormality relations now appear as 

T v. Bu. = 1:,. •• -1 -J lJ 
T v. Au. = 1:,. •• .A. -1 -J lJ 1 i,j = l,2, ... ,2n (3.25a,b) 

Relations analogous to Eqs. (3.5) and (3.6), or Eqs. (3.14) and (3.15), 

are 

-U •I : U • -1 -1 

u., v - Real -1 -i -

V •I : V • 
-1 -1 

.Ai = Real 

L = Complex 
1 

(3.26) 

( 3. 27) 

The eigensolution must be regarded as generally complex, with left and 

right eigenvectors that are n.ot related to one another. 

It is instructive to express matrices B and A in their par-

titioned forms. Indeed, substituting into Eqs. (3.20) from Eqs. (3.9) 

and (3.17), we obtain 
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B = [~ (3.28a) 

A = 
-Lj1(L2o2 + H L~)i 

(3.28b) 
0 J 

With an eye toward applying a perturbation analysis, let us assume 

matrices C and H small, and write 

B = Ba + B1 A = A0 + A1 

where we take 

B = D = [~ 0 l B = ~O 0 
02J 1 0 

r _, G L-T 
-1 l -Ll 1 -Ll OL202 

A = 0 T -T L 02 L2 Ll 

-1 L2 
0 -T] 
H L2 

rljl 
A = 
1 -1 

L2 

C L-T 
1 

H L-T 
1 

(3.29a,b) 

(3.30a,b) 

H C~l 
0 J 

(3.3la,b) 

We note that the matrix B0 is diagonal, matrices B1 and A0 are skew 

symmetric, and that matrix A1 is symmetric. Furthermore, since the 

product L~ 1 L2 o2 is lower triangular, matrix A0 is banded, with half 

bandwidth n. Thus if matrices C and H, and hence B1 and A1 are 

neglected, we address an eigenvalue problem characterized by a real 

diagonal matrix, and a real skew symmetric matrix, the eigensolutions 

of which can be generated with relative ease, as we shall see in the 

following chapter. At this stage, the equations of motion, Eq. (3.22), 

the statement of the eigenval~e problem, Eqs. (3.23), and the 
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biorthonormality relations, Eqs. (3.25), with matrices Band A given 

by Eqs. (3.29), are expressed using notation similar to that used in 

Chapter 2. 



Chapter 4 

UNDAMPED, NONCIRCULATORY GYROSCOPIC SYSTEMS 

Consider the eigenvalue problem for an undamped, noncirculatory 

gyroscopic system. In Eqs. (3.28), we set C = H = 0, with 

the result B = D and A = A0 • Then inserting a zero subscript to indi-

cate this special case, Eqs. (3.23) now appear as 

T , A0 .ov0 . = A0v0 . 
l - l - l 

i = 1 ,2, ... ,2n (4.la,b) 

where A0 is a real skew symmetric matrix, and where D is a diagonal 

matrix, the elements of which are either plus or minus one. From Eqs. 

(3.25), the biorthonormality relations corresponding to Eqs. (4.1) are 

T T 
Yoi 0!:!oj = llij ' YoiAo!:!oj = lliioi i,j = l,2, ... ,2n (4.2a,b) 

We recall that the right and left eigenvalue problems, Eqs. (4.1), 

possess the same eigenvalues, as can be concluded if we note that the 

characteristic polynomials, 

are the same. Now since A0 is skew symmetric, Eq. (4.3b) can be 

written as 

or as 

30 

(4.3a) 

(4.3b) 

(4.4) 
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Then comparing Eqs. (4.3a) and (4.4), we conclude that if AO is an 

eigenvalue, then -A 0 is also an eigenvalue. Note that this observation 

is due to Ziegler [6], Sec. 3.1. Recalling the notion of primed sub-

scripts, we have 

i = 1,2, ... ,n (4.5) 

Let us repeat the statement of the right eigenvalue problem, Eq. 

(4. la) 

AO~Oi = A0 .ou0 . i =1,2, ... ,n 
l - l 

(4.6a) 

and write the left eigenvalue problem, Eq. (4.lb), as 

T = Ao. ,ov0 .• i 1,2, ... ,n AoYo; • = . 
l - l 

(4.6b) 

The skew symmetry of A0 , and Eq. (4.5), allow Eq. (4.6b) to be written 

as 

i = 1,2, ... ,n. 

Then comparing Eqs. (4.6a) and (4.6c), we conclude that 

v0 .• = u0 . 
- l - l 

from which it follows that 

Yo; = ~o; . 

i = 1,2, ... ,n 

i = 1,2, ... ,n 

(4.6c) 

(4.7a) 

(4.7b) 

Equations {4.5) and (4.7) are q~ite convenient, and apply to all un-

perturbed eigenvalues and eigenvectors. 

We recall the eigensolution properties, indicated in Eqs. (3.4), 

(3.26) and (3.27), for the damped, circulatory, gyroscopic system. 

Since the undamped, noncirculatory system presently under consideration 

is a special case of that in Chapter 3, these properties are certainly 
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applicable. We have 

uo.' VO. = Real "oi = Real 
- l - l 

(4.8) 

"oi• = ~Oi "oi = Complex (4.9) 

- - Complex Uo •I = uo. v0 .• = VO. "oi = 
- l - l - l - l 

(4.10) 

Comparing Eqs. (4.5) and (4.9), we conclude that if an unperturbed 

eigenvalue is complex, then it is imaginary. Thus we can state that 

the unperturbed eigenvalues, "oi (i = 1 ,2, ... ,2n) are either real or 

imaginary. If an unperturbed eigenvalue is real, we can make no addi-

tional statements regarding the corresponding eigenvectors, other than 

Eqs. (4.7) and (4.8). Alternatively, if an unperturbed eigenvalue is 

imaginary, Eqs. (4.7) and (4.10) yield the convenient property 

-vo. = uo· - l - l "oi = Imag . (4.11) 

In summary, all unperturbed eigenvalues and eigenvectors satisfy Eqs. 

(4.5) and (4.7). If an eigenvalue is real, the corresponding eigen-

vectors are also, as indicated in Eq. (4.8). If an unperturbed eigen-

value is complex, it is imaginary, and the corresponding eigenvectors 

satisfy not only Eqs. (4.7), but also Eq. (4.11). He note that when the 

stiffness matrix K is positive definite, we can guarantee that all the 

unperturbed eigenvalues are imaginary, and hence that the corresponding 

right-left eigenvector pairs are complex conjugates of each other. 

Sadly, the positive definiteness of matrix K cannot be guaranteed. 
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The property indicated in Eq. (4.11) is most desirable. However, 

as will be shown in the following discussion, we cannot always produce 

right and left eigenvectors, corresponding to an imaginary eigenvalue 

AOi' that are complex conjugates of each other, and satisfy a plus one 

normalization. Let us suppose that eigenvalues and unnormalized right 

and left eigenvectors, denoted as ~Qi and ~Oi (i = l,2, ... ,2n), 

respectively, have been determined. To normalize the ith right-left 

eigenvector pair, we compute the product 

T b0 . D a0 . -
- l - l 

(4.12) 
A 

If Ao; is real, then ~Oi and ~Oi' and hence dii' are real. Alterna-
A 

tively if Ao; is imaginary, then Qo; = ~Oi' and once again dii is real. 
A 

Thus we can say that d;; (i = l ,2, ... ,2n) is real. Let us consider 

the possible configurations. 
A 

i) If d;; is positive, then its square root is real, and we form 

normalized right and left eigenvectors according to 

.r:;- - ;r--Uo· = a0 ./ d .. , v0 . - b0 ./ d .. 
- l - l 11 - l - l 11 

A 

, d .. = Pos. 
11 

(4.13) 

Note that a plus one normalization, i.e. ~ .. = + l, is maintained, and 
11 

if Ao; is imaginary, then Eq. (4.11) remains valid. 
A 

ii) If d;; is negative, then its square root is imaginary. 

Following the spirit of Eqs. (4.13), we form normalized eigenvectors 

according to 

- .r;;-uo. - ao ./1 -d .. - l - l 11 
- .;;;-Vo. - b0 ./1 -d .. - l - l 11 

, d .. = Neg. 
11 

(4.14) 

Now although Eqs. (4.14) indicate normalized eigenvectors that obey 
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a plus one nonnalization, these eigenvectors possess undesirable 

properties. If AOi is imaginary, then Eq. (4.11) ceases to be valid! 

Alternatively, if AOi is real, Eq. (4.14) indicates nonnalized eigen-

vectors that are imaginary, which is rather unorthodox. One way to 

obviate this awkwardness is to admit a minus one normalization, i.e. 

~ii= - 1, and then form the normalized eigenvectors according to 

~ ~ UQ. = a0 ./ -d .. VQ. = b0.; -d .. 
- l - l 11 - l - l 11 
A 

d .. = Neg. ~ .. 
11 11 

= - 1 (4.15) 

The relationship between the sign definiteness of the stiffness 

matrix Kand the positive versus negative unity normalization can be 

brought into sharper focus if we return to the "original" variables. 

Recalling Eqs. (3.16), (3.24), and (3.12), we have 

M'Q :: L D LT 

- LT uo. = XO. - l - l 

or 

vo. = LT Y . 
- l -01 

i = l,2, ... ,2n 

(4.16a,b) 

( 4. l 6c ,d) 

( 4. l 6e) 

:: {-AOi ~Qi} ' 1. = Yo· l,2, ... ,2n. (4.16f,g) 
- l 

Po. - l 

For i = j, the use of Eqs. (4.16) allow Eq. (4.2a) to be written as 

2 A 
A 

~ .. = - "a· m .. + k .. i = l,2, ... ,2n {4.17) 
11 l 11 11 

where 
T A T m .. - Po· M qo. k .. - Po. K qO. i = l,2, ... ,2n (4.18) 

11 - l - l 11 - l - 1 
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and where we assume that the vectors q0 . and p0. (i = 1 ,2, ... ,2n) have 
- l - l 

been normalized so that ~ii (i = l,2, ... ,2n) is either plus or minus one. 

Once again, we investigate the possible configurations. 

CASE 1) If the stiffness matrix K is positive definite, then the 

eigenvalues are imaginary, p0. = q0. (i = 1 ,2, ... ,2n), and the 
- l - l 2 A A 

quantitives -A 0. m .. and k .. are guaranteed real and positive, thus 
l 11 11 

fl;;=+ 1 (i = l,2, ... ,2n). 

CASE 2) If the stiffness matrix K is not positive definite, the 

eigenvalues may be either real or imaginary. 

i) If Ao; is imaginary, then ~Oi = §o;• and the quantities 
A 

and k .. are real. 
11 

Furthermore, although the quantity 
A 

is positive, we must regard k;; as sign variable. Thus the 

possibility exists that the quantity (-A 0~ ~-· + k .. ) is negative in-, 11 11 

dicating that fl;;= -1. 

ii) If AOi is real, then ea; and 9o; are real yet unrelated, and 
2 A A 

although the quantities -Ao; m;; and k;; are real, we can make no 

statements regarding their sign definiteness. Thus, once again, minus 

one normalizations become a possibility. 

We note that the positive definiteness of matrix K is sufficient, 

but not necessary, to ensure plus one normalizations for all the 

eigenvectors. As we shall see later, the matter of positive or nega-

tive unity normalization plays a role in the determination of 

stability. We note that according to the ordering indicated by 

primed subscripts, we have 
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[',..I• I : f':.. • 
l l 11 

i = 1,2, ... ,n (4.19) 

The eigensolutions of Eqs.· (4.1) must be regarded as generally 

complex, thus they are undesirable from a computational point of view. 

In the following, we reduce Eqs. (4.1) to a single eigenvalue problem 

involving a single real matrix, possessing real eigensolutions. We 

note that the procedure is a slight generalization of that presented by 

Meirovitch [ 9], which was developed under the assumption that the 

stiffness matrix K is positive definite. 

Recalling the skew symmetry of matrix A0, Eqs. (4.1) can be 

written as 

i = l,2, ... ,2n 

k = 1 ,2, ... ,2n 

Premultiplication of Eqs. (4.20) by - A0 D yields 

- Ao D Ao ~Qi = 2 - Ao; Ao D ~Qi ; = l,2, ... ,2n 

- Ao D Ao Yo; = A Qi 
2 Ao D Yo; i = l,2, ... ,2n 

(4.20a) 

(4.20b) 

(4.2la) 

(4.2lb) 

Now the matrix D has the convenient property that it is its inverse, 

i.e. 

or o2 = I , (4.22) 

thus Eqs. ( 4. 21) can be written as 

- Ao D Ao ~Qi = - >.Qi AO ~Qi ; = l,2, ... ,2n (4.23a) 

- Ao D Ao Yo; = A Qi Ao Yo; ; = l,2, ... ,2n (4.23b) 

Regarding the right sides of Eqs. (4.23), Eqs. (4.20) can be used to 

express Eqs. (4.23) as 
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- Ao D Ao ~Oi 2 = - "oi D UQ. - l 
i = l ,2, ... ,2n (4.24a) 

- Ao o Ao '!.oi 2 = - "oi D VQ. - l 
i = l ,2, ... , 2n (4.24b) 

which can also be written as 

2 Ca "oi UQ. - - UQ. - l - l 
i = l ,2, ... ,2n (4.25a) 

2 
CO "oi VQ. = - VQ. - l - l 

i = l ,2, ... ,2n , (4.25b) 

where 

(4.26) 

Comparing Eqs. (4.25), we observe that u0. and v0. (i = l ,2, ... ,2n) 
- l - l 

satisfy the same eigenvalue problem, thus one need solve only one 

eigenvalue problem. As was mentioned earlier, the matrix c0 is real, 

and since 1- 0~ is real, the eigenvectors are also real. On balance, the 

matrix c0, as expressed in Eq. (4.26), possesses no symmetries. 

Furthermore, each eigenvalue 1- 0~ (i = l ,2, ... ,2n) has multiplicity two, 

thus the determination of orthogonal eigenvectors may be slightly 

awkward. 

Let us suppose that then eigenvalues 1- 0~, each with multiplicity 

two, and the corresponding real, orthogonal eigenvectors, of the 

matrix c0 are available. The question arises as to how these results 

should be interpreted. If the eigenvalue 1- 0~ (1 .::_ i .::_ n) is positive, 

then 1-0 . = +,/:J0~ and 1- 0 .• = -R0~ (1 < i < n), and we can 
l l l l - -

regard the corresponding eigenvectors of c0 as ~Oi and '!.oi (1 .::.. i .::_ n). 

Equations (4.7) provide the eigenvectors ~Oi, and '!.Qi'" Alternatively, 

if the eigenvalue 1- 0~ (l.::.. i.::.. n), is negative, then "o; = + iJ-1- 0~ 
and 1-0., = - i)-1- 0~ (l < i < n), and, recalling Eq. (4.11), we ·can 

l l - -
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regard the corresponding pair df eigenvectors as the real and 

imaginary parts of ~Oi and Yoi (1 .::_ i .::_ n). ·once again, Eq. (4.7) 

provides the eigenvectors ~Oi, and Yoi'. We note that when the stiff-

ness matrix K is positive definite, matrix D is the identity matrix, 

and c0 is not only symmetric but also positive definite. The eigen-

values AO~ are all negative leading to eigenvalues AOi (i = 1 ,2, ... ,2n) 

that are imaginary. 

To summarize, the algebraic eigenvalue problem for the undamped, 

noncirculatory gyroscopic system, described by Eqs. (4.1), has been 

reduced to a single eigenvalue problem, defined by a single real 

matrix, and possessing real eigensolutions. 



Chapter 5 

PERTURBED, GYROSCOPIC SYSTEMS 

Let us return to the general damped, circulatory, gyroscopic 

system discussed in Chapter 3, and regard the damping and circulatory 

effects as perturbations. We consider the eigenvalue problem as 

expressed in Eqs. (3.23) with matrices B and A given in Eqs. (3.28) -

(3.31). Note that solution of the corresponding unperturbed eigenvalue 

problem was discussed in Chapter 4. 

~n the present chapter we discuss some special properties that 

result from the various symmetries of matrices B0, B1, A0 and A1, and 

then apply the perturbation theory to a rotating beam with a lumped mass 

at its center. Note that these special properties will be derived from 

the results of Chapter 2, thus excluding the possibility of not clearly 

distinct unperturbed eigenvalues. 

From Chapter 3, we recall that in addition to being real, 

matrices A0 and B1 are skew symmetric, matrix A1 is symmetric, and 

matrix B0 =Dis diagonal, its elements being either plus or minus one. 

These properties indicate that all unperturbed eigenvalues and eigen-

vectors satisfy 

,\Oi I = - >-oi i = 1,2, ... ,n (5.la) 

VQ. = Uo •I i = 1,2, ... ,n (5.lb) 
- 1 - 1 

uo. = v0 .• i = 1 , 2 , .... , n (5. lc) 
- 1 - 1 

39 
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Furthermore, we recall that th-e unperturbed eigenvalues may be either 

real or imaginary. If one of these eigenvalues is real, then the 

corresponding left and right eigenvectors are also real. Alternatively, 

if an unperturbed eigenvalue is imaginary, we have, in addition to 

Eqs. (5. lb,c) 

vo· = uo. - 1 - 1 Ao; = Imag 

Equations (5.lb,c) and (5.2b) indicate that 

-Uo • t : Uo • - 1 - 1 
-Yo;•= Yo; Ao; = Imag 

(5.2) 

(5.3) 

Let us state a convenient rule regarding primed subscripts. 11A sub-

script with two primes can be replaced by the same subscript with no 

primes. 11 To exemplify the use of this rule, let us prime both sides of 

Eq. (5.lb), to obtain 

Yo;· = ~0; 11 

but uo·11 = uo·· thus - 1 - 1 

v0 ., 
- 1 = uo. - 1 

i = 1,2, ... ,n 

which is the same as Eq. (5.lc). Thus we need have stated only one of 

Eqs. (5. lb) and (5. lc). 

For the following endeavor, it is convenient to reexpress cer-

ta in quantities as follows. In place of 
A - T A - T A = VO Al UO B = v 0 B1 Uo (5.4a,b) 

we use 

T A T a .. = ~Oi Al uo. b .. = Yo; Bl UQ. lJ - J lJ - J 
i,j = l,2, ... ,2n. 

(5.5a,b) 
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Furthermore, we recall the eigenvector expansions 

U = u0 (I+ E1 + E2 + ... ) (5.6a) 

v = v0 (I+ r 1 + r 2 + ... ) (5.6b) 

which can also be represented as 

2n 
u. _, = l ~Ok ( <\i + 6 lki + 6 2ki + ... ) i = 1,2, ... ,2n (5.7a) 

k=l 

2n 
v. = l Yak ( <\i + ylki + y2ki + ... ) _, 

k=l 
i = 1 ,2, ... ,2n ( 5. lb) 

Let us write 

u. = uo. + ul. + u2. + i = l,2, ... ,2n (5.8a) _, 
- l - l - 1 

v. = VQ. + vl. + v2. + i = l,2, ... ,2n (5.8b) _, 
- l - 1 - l 

Then comparing Eqs. (5. 7) and (5.8), we conclude that 

2n 
ul. = l ~Ok 61 ki - l k=l 

i = 1 ,2, ... ,2n (5.9a) 

2n 
u2. = l ~Ok 6 2ki - l k=l 

i = 1 ,2, ... ,2n (5.9b) 

2n 
vl. = l Yak yl ki - l k=l 

i = 1 ,2, ... ,2n (5.9c) 

2n 
V2. = l Yak y2ki - l k=l 

i = 1 ,2, ... ,2n (5.9d) 

Let us look for convenient properties that can be derived from 

Eqs. (5.1) and the respective symmetry and skew symmetry of matrices 
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A1 and B1. One can show that 

a .. , = a .. , 
lJ J l 

i,j = 1,2, ... ,n ( 5. 1 Oa) 

Recalling the rule pertaining to primed subscripts, we note that Eq. 

(5.10) also indicates that 

a .. = a.,., 
l J J l 

a.,. = a.,. 
l J J l 

We also have 
A A 

b. •I : -b ••I 
lJ J l 

It fol lows that 

Vl • I : - Ul • - l - l 

i ,j = 1 ,2, ... ,n 

i ,j = 1 ,2, ... , n 

i ,j = 1 ,2, ... ,n (5.lOb) 

i = 1,2, ... ,n (5. lla) 

i,j = 1,2, ... ,n (5. llb) 

i = 1,2, ... ,n (5. llc) 

Turning attention to the higher order perturbations, one can show that 

A2i I = - A2i i = 1,2, ... ,n ( 5. l 2a) 

62ij I = y 2i I j i ,j = 1,2, ... ,n (5.12b) 

V2·1 = u2. i = 1,2, ... ,n (5.12c) 
- l - l 

A3i I = A3i i = 1,2, ... ,n (5.12d) 

Equations (5.11) and (5.12) allow us to write 

A. I = - :A.Qi + Ali - A2i + A3i + i = 1,2, ... ,n 
l 

( 5. l 3a) 

V •I = UQ. - ul . + u2. + ... i = 1,2, ... ,n _, 
- l - l - l 

(5.13b) 

We note with pleasure the alternating signs in Eqs. (5.13). 
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The above relations are convenient and labor saving. We note 

that their existence is dependent upon the inclusion of matrix H in 

the lower left and right corners of matrices A1 and B1, respectively. 

Indeed, additional labor saving properties can be derived from the fact 

that the Ao; (i = 1 ,2, ... ,2n) are either real or imaginary. 

Let us suppose Ao; is real. We can then show that 

A 1 i ' A2i' A3; = Real AOi = Real (5. l 4a) 

ul . ' u2., Vl . , v2 . = Real AOi = Real ( 5. l 4b) 
- l - l - l - l 

These results are pleasing in that if an unperturbed eigenvalue is 

real, then the corresponding perturbed eigenvalue, summarized through 

0(3), is also real. Furthermore, the corresponding perturbed eigen-

vectors, summarized through 0(2), are also real, in agreement with 

Eq. (3.27). Alternatively, let us suppose that Ao; is imaginary. It 

fo 11 ows that 

Ali = Rea 1 

v,. 
- l 

v2. - l 

-ul. 
- l 

= Imag 

-= U2. - l 

= Real 

Ao; = Imag ( 5. l 5a) 

= Imag ( 5. l 5b) 

Ao; = Imag (5.15c) 

Ao; = Imag ( 5. l 5d) 

Ao; = Imag (5.15e) 

From Eqs. ( 5. 11 a) , ( 5. l 5a), ( 5. l 2a) , ( 5. l 5c) , ( 5. l 2d) and ( 5. l 5e) , we 

can write 

Ao; = !mag . (5.16) 

Thus if A0., and hence A0.,, is imaginary, the corresponding perturbed 
l l . 
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eigenvalues, summarized through 0( 3), occur in complex conjugate pairs, 

in agreement with Eq. (3.4). Furthermore, from Eqs. (5.llc), (5.15b), 

(5.12c) and (5.15d), we can write 

u., = u0 . + u1 . + u2 . + ... -1 - l - l - l Ao; = Imag . (5.17a) 

Similarly, we have 

v., = v0 . + v1 . + v2 . + -1 - l - l - l Ao; = Imag . ( 5. l 7b) 

Thus, if AOi' and hence AOi'' is imaginary, then the corresponding per-

turbed eigenvectors, surrrnarized through 0(2), occur in complex 

conjugate pairs, in agreement with Eq. (3.26). 

Equations (5.15a) and (5.15c) suggest an interesting analog. Let 

us consider the homogeneous equations of motion describing a single-

degree-of-freedom spring, mass and dashpot system. We have 

q(t) + 2yw0 q(t) + w6 q(t) = 0 

h d 2 "t. w ere y an w0 are pos1 lve. The eigenvalues are 

Assuming y to be small, we can write 

The second term, which is 0(1), is real, as is Ali' while the first 

and third terms, which are 0(0) and 0(2), respectively, are imaginary, 

as are Ao; and A2;, respectively. Sadly, the analog cannot be carried 

to higher order terms. 

The stability of a dynamical system is of great importance, thus 

we focus attention on the real parts of the eigenvalues. The purpose 
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of the present chapter is to investigate the effects of damping and/or 

circulatory forces on the undamped, noncirculatory gyroscopic system. 

Since Ali (i = l ,2, ... ,2n) is real, and because it is the largest 

eigenvalue perturbation, we wish to discuss whether it tends to 

stabilize or destabilize the unperturbed system. It is instructive to 

express Ali in terms of "original" va ri ables as 

2 A A 

Ali = t,. •• (AO. c .. + A Qi h .. ) i = l,2, ... ,2n ( 5. l 8a) 
11 1 1 1 1 1 

where 
T A T c .. - Po· c qo. h .. - Po· H qo. i = l,2, ... ,2n (5.18b) 

11 - 1 - 1 11 - 1 - 1 

Let us suppose Ao; is imaginary. Then p0. = q0. and the quantity 
- 1 - 1 2 A 

AOi cii is real because of the symmetry of the matrix C, and is nega-

tive (nonpositive) due to the positive definiteness (semidefiniteness) 

of the matrix C. Then, if t:.ii = l, we observe that the dissipative 

effects of the matrix C do indeed attenuate the free response. The 
A 

quantity A0. h .. is also real because of the skew symmetry of the 
1 11 

matrix H. However, we can make no statement regarding the sign of 

this quantity. Then, even if t:.ii = 1, the possibility exists that the 

inclusion of circulatory effects can lead to unstable solutions. This 

variety of instability is discussed by Ziegler [6] and Huseyin [5], and 

is known as flutter. 

Alternatively, let us assume that AOi is real. Then, ~Oi and 

q0. are real, but we cannot make any statements regarding the sign of 
- 1 

cii" In general, there are two ways that Ali can be negative, and two 

ways that it can be positive. We list them as the following four 

cases. 



Case i. 

!::. •• 
11 

= 1 

Case i i . 

!::. •• = 1 
11 

Case iii . 

!::. •• = - 1 
11 

Case iv. 

!::. •• = - 1 
11 
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2 A A 

"oi c .. + "oi h .. < 0 => Ali < 0 
11 l l 

(5.19a) 

2 A A 

"oi c .. + "oi h .. > 0 => "1 i > 0 
11 11 

( 5. l 9b) 

(5.19c) 

2 A A "a· c .. +"a· h .. > o => "11· < o l 11 l 11 
( 5. l 9d) 

Consider the small bending motions of a slender, rotating beam 

with a rigid disk afixed at its center, as depicted in Fig. 5.1. Co-

ordinates X, Y and Z are inertial while x, y and z are fixed in the 

shaft. Due to the assumption of small deflections, the coordinates Z 

and z are approximately coincident along the shaft, while x and y rotate 

with respect to X and Y at the constant angular speed e = ~. The disk 

has mass M, while the shaft has a constant mass per unit length m0. 

The shaft has constant, distributed stiffnesses Ely and Eix in the 

local directions ex and ey' respectively. At the ends we specify zero 

deflections and restoring moments that are proportional to the angular 

9eflections, via the concentrated stiffnesses K1 at z = 0 and K2 at 

z = L, which are independent of the coordinates X and Y or x and y. 

Furthermore, we include constant distributed internal dissipation that 

is proportional to the local speed via the constant c. Similarly, we 

assume constant distributed external dissipation, that is proportional 

to the absolute velocity via the constant h. 
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Figure 5.1 

A Rotating Beam 
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Note that the deflections X(z,t) and Y(z,t) are related to the 

deflections x{z,t) and y{z,t) according to 

X{z,t) = x(z,t) cos e - y(z,t) sin e 

Y{z,t) = x(z,t) sin e + y(z,t) cos e 

where e = Qt. We observe that 

x2(z,t) + v2{z,t) = (x(z,t) - y{z,t)Q) 2 

+ (y(z,t) + x(z,t)Q) 2 

(5.20a) 

(5.20b) 

(5.21) 

where the overdots represent partial derivatives with respect to t. 

The kinetic energy is 

z=L 
T(t) = ~I [mo + Mo{z - } L)](X2(z,t) + v2(z,t))dz 

z=O 

l Jz=L l = 2 [m0 + Mo{z - 2 L)] 
z=O 

• 2 • ) 2 [(x(z,t) - y{z,t)Q) + (y(z,t) + x(z,t n) ]dz 

while the potential energy is 

z=L · 
V(t) =} f ~=O [EIY(x 11 {z,t)) 2 + Eix{y 11 {z,t))2]dz 

+ } Kl [( x I ( 0 ' t )) 2 + ( y I ( 0 ' t ) ) 2 J 

+ t K2[(x'(L,t)) 2 + {y'{L,t)) 2J 

where the primes represent partial derivatives with respect to z. 

The dissipative function is 

(5.22) 

(5.23) 
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F(t) = i c (x2(z,t) + y2(z,t)) + i h (X2(z,t) + v2(z,t)) 

= i c (x2(z,t) + ; 2(z,t)) 

+-} h [(x(z,t) - y(z,t)~) 2 + (y(z,t) + x(z,t)~) 2 J (5.24) 

Application of Hamilton's principle, see Meirovitch [14], yields the 

equations of motion and boundary conditions. These are 

ex: [m0 + Mo(z - i L)](x(z,t) - 2QY(z,t) - ~2x(z,t)) 

+ (c+h)x(z,t) + EIY x""(z,t) - h~y( z 't) = Fx(z,t) ( 5. 25a) 

x(O,t) = 0 ' EIY x"(O,t) - Kl x I ( 0 't) = 0 (5.25b,c) 

x(L,t) = 0 ' EIY x"(L,t) + K2 x'(L,t) = 0 (5.25d,e) 

+ [m0 + Mo(z - } L)](y(z,t) + 2~x(z,t) - ~ 2y(z,t)) ey 
+ (c+h)y(z,t) + EIY y1111 (z,t) + h~x(z,t) = Fy(z,t) (5.26a) 

y(O,t) = 0 ' EI x y II ( 0 't) - Kl y I ( 0 't) = 0 (5.26b,c) 

y(L,t) = 0 ' EIX y"(L,t) + K2 y'(L,t) = 0 (5.26d,e) 

where Fx and FY are the components of the nonconservative forces, 

resolved along the local directions ex and ey, respectively. 

We wish to discretize Eqs. (5.25a) and (5.26a), which is to say 

that we wish to eliminate the spatial dependence. The interested reader 

may wish to consult Meirovitch [13,14] for a discussion of various 

discretization procedures. In the following, we shall use Galerkin's 

method with admissible functions, and integrate by parts to include the 

natural boundary conditions. Admissible functions, suitable for both 

the ex and ey motions, can be generated from the simpler problem of a 
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uniform, simply supported, nonrotating beam. These functions are 

j=l,2, ... ( 5. 27) 

Let us take 

p 
x(z,t) = l qi.(z) q.(t) 

j=l J J 
(5.28a) 

2p 
y(z,t) = l ¢j(z) qj(t) 

j=p+l 
(5.28b) 

where ¢j(z) = ¢j+p(z) (j = 1,2, ... ,p). We substitute these expansions 

into Eqs. (5.25a) and (5.26a), then multiply Eq. (5.25a) by q>i(z), 

(i = 1,2, ... ,p) and multiply Eq. (5.26a) by ¢i(z), (i = p+l, ... ,2p). 

Upon integration with respect to z from z = 0 to z = L, the resulting 

ordinary differential equations of motion can be written in the matrix 

form 

M q ( t) + ( G + C ) q ( t) + ( K + H ) q ( t) = Q ( t) ( 5 . 29 ) - ..., - -
which is identical to Eq. (3.1) if we take 2p = n. Then x n co-

efficient matrices in Eq. (5.29) are partitioned into p x p sub-

matrices 

(5.30a) 

G = [ 
0 

(5.30b,c) 
-Gl2 
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[ 
0 

H -
-Hl2 

the elements of which are given as 

z=L 
[M11 JiJ. = [M 22J,.J· = J ¢.(z)[m0 + Mo{z - } L)]¢.(z)dz , 

z=O 1 J 

i ,j = 1 '2 ' ... 'p 

L 2M . hr . j7T 
= mo 8 i j + sin 2 sin 2 

= ( c+h) L o •. lJ 

i,j = 1,2, ... ,p 

i,j = 1,2, ... ,p 

i,j = 1,2, ... ,p 

i,j = 1,2, ... ,p 

i,j = 1,2, ... ,p 

(5.30d,e) 

(5.3la) 

( 5. 31 b) 

(5.3lc) 

z=L 
[ K ] = J ¢ . ( z ) { EI ¢ '~" ( z) - sl [ m0 + Mo ( z - -21 L) J ¢ J. ( z ) } dz 

11 ij z=O i y J 

z=L - (¢ ! ( z) EI ¢I~ ( z) 
, x J z=O 

z=L 
= (¢ . ( z) EI ¢ '!I ( z) 

1 y J z=O 

z=L 
+ J { ¢ '! ( z) EI ¢ '! ( z) 

z=O 1 y J 

- ¢.(z) a2[m0 + Mo(z - -21 L)]¢.(z)}dz 
1 . J 
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[ K1 l ] . . = • ! ( L ) K2 • ~ ( L ) + • ! ( 0 ) Kl • ! ( 0 ) lJ l J . l J 

z=L 
+ J {•~(z) EI •~(z) 

z=O 1 y J 

- •i(z) n2[m0 + Mo(z - ~ L)]~j(z)}dz 

= 2(K2 cos i'rr cos jir +Kl) .if jI 
+ EI [iir\ 2 [jir\ 2 L o .. - ri,2[M J 

y --CJ LJ lJ 11 ij 

i ,j = 1 , 2, ... , p 

Similarly 

[K J 2( K . . K ) i'rr jir 22 ij = . 2 cos iir cos Jir + 1 LL 

+ EI [iirJ 2 [jir l 2 L o.. 2[M J x L L) lJ - ri 11 ij 

=-hnLo .. lJ 

i ,j = 1 ,2, ... 'p 

i,j = 1,2, ... ,p 

i,j = 1,2, ... ,p 

(5.3ld) 

(5.3le) 

(5.31f) 

The vector Q(t) of nonconservative forces is also partitioned. Its 

elements are given by 

z=L 
/ J z=O ~ j ( z) F x ( z, t) dz j = 1,2, ... ,p 

(5.32) 
\ z=L 

Jz=O •j(z) FY(z,t) dz j = p+ 1 , ... , n 

The eigenvalue problem associated with Eq. (5.29) is 

A~ M q. + A.(G + C) q. + (K + H) q. = 0 l _, l _, _, i = l,2, ... ,2n (5.33) 
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In the sums of Eqs. (5.28), let us take p = 3, so that the sub-

matrices M11 , G12 , c11 , K11 , K22 and H12 have dimensions 3 x 3. 

Matrices M, G, C, K and H have dimensions 6 x 6, so that the equations 

of motion and the eigenvalue problem have dimensions 12 x 12 when 

expressed in state form. Let us choose the numerical values 

mo = 1 kg/m (5.34a) 

M = 1 kg (5.34b) 

L = 1 m ( 5 . 34c) 

EI = 4L3/5~2 = 0.081,057 n m2 
.Y 

Eix = 9L3/5~2 = 0.182,378 n m2 

K1 = K2 = L2/20 = 0.05 nm 

c = h = 0.25 n sec/m , 

For the first example, let us take 

~ = ~12 = 1.570,796 rad/sec 

The coefficient matrices are 

[ 3~0 0 

Mll = M22 = 1.0 

-2.0 0 

0 

612 = -3. 142 

-2~01 
3.0 

[9.:25 
6.283 0 

6.:83] 
-9.425 

(5.34d) 

(5.34e) 

(5.34f) 

(5.34g) 

(5.35) 

(5.36a) 

(5.36b) 



[
o. 5 

c11 = c22 = o 
0 

= [::: 

= 112.:37 
Lio. 857 

0 

0.5 

0 

0 

131.759 

0 

0 

289.673 

0 

0 

-0.393 

0 
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o:J (5.36c) 

10 .8571 

649 ~913 
(5.36d) 

10 .8571 

1449 ~351 
(5.36e) 

-0.:J (5.36f) 

Following the developments of Chapters 3 and 4, let us regard 

matrices C and H as perturbations. In reducing the eigenvalue problem 

to quasi-standard form,J we find that the 6 x 6 matrix o2 is the identity 

matrix, which is an indication that K is positive definite. Upon 

solving the unperturbed eigenvalue problem, we find that all of the 

unperturbed eigenvalues are imaginary and clearly distinct from each 

other. All of the corresponding unperturbed eigenvectors satisfy plus 

one normalizations. 

The perturbation analysis described in Chapter 2 is applicable to 

the problem presently under consideration. In the following tables 

and figures, we list a few pertinent results from that analysis. In 

Table 5.1 we present the first six eigenvalues summarized through 

various orders, along with exact eigenvalues for comparison. Because 
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the eigenvalues indexed 7 through 12 are the complex conjugates of the 

eigenvalues indexed 1 through 6, we do not list them. Recalling the 

properties listed in Eqs. (5.15), we observe that the eigenvalue 

perturbations Ali and A3i (i = 1 ,2, ... ,12) are indeed real, while the 

eigenvalue perturbations A2i (i = 1 ,2, ... ,12) are imaginary. Because 

the real parts of all the eigenvalues are negative, we conclude that the 

system under consideration is stable. In particular, because Ali 

(i = 1,2, ... ,12) is not only real, but negative, and because ~ii=+ 1 

(i = 1 ,2, ... ,12), we observe that all the Ali are in the Case i 

category, described in Eq. (5.19a). In Table 5.2 we present the eigen-

vector ~l summarized through various orders, along with the exact 

eigenvector for comparison. A more meaningful measure of eigenvector 

accuracy is available in the form of a biorthononnality check in which 

we inspect the products ZT(A0 + A1)W and zT(B0 + B1)W. In place of the 

trial vectors W and Z we use the respective right and left eigen-

vectors, summarized through various orders. Note that if exact eigen-

vectors are used in place of the trial vectors W and Z, the product 

zT(B0 + B1)W is the diagonal matrix of modified Kronecker delta's. In 

Table 5.3 we present the upper left 3 x 3 portion of the matrix 

zT(B0 + B1)W as representative of the entire 12 x 12 matrix. We observe 

that by considering only the upper left 3 x 3 portion, we restrict our 

attention to the eigenvectors indexed 1, 2 and 3. Note that three 

generally complex values are presented at each location in this table. 

The uppennost is the result of using the unperturbed eigenvectors ~Oi 

and v0. (i = 1,2,3) as trial vectors, while the second and third values 
- 1 

were computed using the perturbed eigenvectors summarized through 0(1) 



TABLE 5.1 

Eigenvalue Summary, c = h = 1/4, n = n/2 

0(0) O(O)+O(l) O(O) + ... + 0(2) 0(0) + ... + 0(3) Exact 

A.l i0.455,727 -0.053,213 -0.053,213 -0.053,198 -0.053,198 
+i0.455,727 +i0.453,851 +i0.453,851 +i0.453,849 

A.2 i 11 . l 50 '651 -0.243,245 -0.243,245 -0.243,244 -0.243,244 U1 +ill.150,651 +i 11 .148 ,030 +ill .148,030 +ill .148,030 O'I 

A.3 il 9. 786 ,046 -0.216,605 -0.216,605 -0.216,601 -0.216,601 
+il9.786,046 +il9.784,345 +il9.784,345 +il9.784,345 

A.4 i3.799,358 -0.109,946 -0.109,946 -0. 109 '967 -0.109,967 
+i3.799,358 +i3.798,118 +i3.798,118 +i3.798,118 

A.5 il7.520,408 -0.256,755 -0.256,755 -0.256,756 -0.256,756 
+il 7. 520 ,408 +il7 .518,511 +il7 .518,511 +il7 .518,511 

A.6 i29.990,346 -0.220,236 -0.220,236 -0.220,234 -0.220,234 
+i29.990,346 +i29.989,158 +i29.989,l58 +i29.989,158 



0(0) 

0.0 
+i0.366,442 

0.0 
+iO.O 

0.0 
-i0.005,138 

0.137,286 
+iO.O 

0.0 
+iO.O 

-0.001 ,338 
+iO.O 

0.659,713 
+iO.O 

0.0 
+iO.O 

-0. 214 ,311 
+iO.O 

0.0 
-i0.598,542 

0.0 
+iO.O 

0.0 
+i0.086,263 
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TABLE 5.2 

Eigenvector Summary for ~l , 

c = h = 1/4, ~ = ~12 

0(0) + 0(1) 0(0) + ... + 0(2) 

-0.021,980 -0.021 ,980 
+i0.366,442 +i0.366,909 

0.0 0.0 
+iO.O +iO.O 

0.000,409 0.000,409 
-i0.005,138 -i0.005,131 

0.137,286 0.136,892 
+i0.011,038 +i0.011 ,038 

0.0 0.0 
+iO.O +iO.O 

-0.001,338 -0.001,329 
-i0.000,166 -i0.000,166 

0.659,713 0.658,925 
-i0.038,819 -i0.038,819 

0.0 0.0 
+iO.O +iO.O 

-0. 214 ,311 -0.213,957 
+i0.007,979 +i0.007,979 

-0.022,303 -0.022,303 
-i0.598,542 -i0.596,732 

0.0 0.0 
+iO.O +iO.O 

-0.000,605 -0.000,605 
+i0.086,263 +i0.086,126 

Exact 

-0.022,019 
+i0.336,911 

0.0 
+iO.O 

0.000,409 
-i0.005,131 

0.136,891 
+i0.011,036 

0.0 
+iO.O 

-0.001,329 
-i0.000,165 

0.658,933 
-i0.038,788 

0.0 
+iO.O 

-0.213,959 
+i0.007,971 

-0.022,171 
-i0.596,737 

0.0 
+iO.O 

-0.000,618 
+i0.086,127 



TABLE 5.3 

Biorthonormality Check of First Three Eigenvectors, 

c = h = 1/4, n = n/2 

I 

1.0 + i0.062,089 l 0.0 + iO.O : 0.0 + i0.001,627 
1.003,148 - i0.000,130 : 0.0 + iO.O : -0.000,055 + iO.O 
0.999,991 - i0.000,234 : 0.0 + iO.O : 0.0 - i0.000,003 U1 

- -- -- - --- -------------- ---- ----•--- ___ ....; ___ ---- ---- -- -- -- -- -- -- -- -- -- -L-- - - -- - -- - -- -- ---- - --- -- -- -- --- CX> I I • 
0. 0 + i 0. 0 : l . 0 + iO. 000 '606 : 0. 0 + l 0. 0 
0. 0 + iO. 0 : 0. 999 ,888 + iO. 0 : 0. 0 + iO. 0 
0.0 + iO.O : 1.0 + iO.O : 0.0 + iO.O 

-------------------------------~------------------------------------L-------------------------------
0. 0 + i0.001,627 : 0.0 + iO.O : l .0 + i0.000, 107 

-0.000,055 + iO.O : 0.0 + iO.O : 0.999,944 + iO.O 
0. 0 - iO. 000 '003 : 0 . 0 + iO. 0 : l . 0 + iO. 0 

I I 
I I 
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and 0(2), respectively. In summary, it appears that the perturbation 

theory of Chapter 2 ·has produced reasonably accurate representations of 

the eigenvalues and eigenvectors. 

For a second example, let us retain the values listed in Eqs. 

(5.34), and set 

G = 121:6 ~ = 14.600,803 rad/sec. ( 5. 37) 

The coefficient matrices M11 = M22 and c11 = c22 remain as given in 

Eqs. (5.36a) and (5.36c), respectively, while the other coefficient 

matrices become 

[-87 .605 0.0 58.403] 
Gl2 = 0.0 -29.202 0.0 

58.403 0.0 -87.605 

(5.38a) 

r-629 .681 0.0 432.2891 
Kll = 0.0 -78. 957 0.0 

L 432. 289 0.0 17.765 

[-619.811 0.0 432.2891 
K22 = 0.0 78.957 0.0 

432.289 0.0 817.203 

(5.38c) 

[3 .650 0.0 0.0 

Hl2 = 0.0 -3.650 0.0 I 
0.0 0.0 -3.650 

(5.38d) 

In reducing the eigenvalue problem to quasi standard form, we find that 



D = 2 

-1 
-1 

+1 
-1 
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(5.39) 

+l 
+l 

The unperturbed eigenvalues A02 and A08 are real, while the remaining 

unperturbed eigenvalues are imaginary. The unperturbed eigenvectors 

indexed 1, 2, 7 and 8 satisfy -1 normalizations, while the remaining 

unperturbed eigenvectors satisfy +l normalizations. Because the un-

perturbed eigenvalues are clearly distinct, the perturbation analysis 

of Chapter 2 is once again applicable. The results of this analysis 

are presented in Tables 5.4 - 5.6. 

Let us inspect Table 5.4. Note that the eigenvalues indexed 7, 

9, 10, 11 and 12 are the complex conjugates of the eigenvalues indexed 

1, 3, 4, 5 and 6, respectively, thus, they are not listed. We also 

note that the eigenvalues indexed 2 and 8 are real, and since A2 is 

positive, we conclude that the system is unstable. We observe that the 

0(1) eigenvalue perturbations A12 and A18 are negative. Then since 

~22 = ~88 = -1, these perturbations are examples of Case iv, as in 

Eq. (5.19d). Alternatively, the 0(1) eigenvalue perturbations All and 

A17 are positive. Then, because ~ll = ~77 = -1, these perturbations 

are examples of Case iii, as in Eq. (5.19c). The remaining 0(1) eigen-

value perturbations are negative, and since the corresponding un-

perturbed eigenvectors satisfy plus one normalizations, they are 

examples of Case i, as in Eq. (5.19a). Thus, the system is unstable 

due to one eigenvalue that is real and positive, and due to two 
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eigenvalues with positive real parts. From Table 5.5 we observe that 

the eigenvector ~2 is real, as was predicted earlier. Table 5.6 

presents a biorthonormality check, following the same format as 

Table 5.3. Once again, it appears that the perturbation theory has 

produced reasonably accurate representations of the system's eigen-

values and eigenvectors, although not as accurate as in the first 

example. 



TABLE 5.4 

Eigenvalue Summary, c = h = 1/4, Q = 121:"6 n 

0(0) 0(0) + 0(1) 0(0) + ... + 0(2) 0(0) + ... + 0(3) Exact 

Al il2.394,400 0.189,662 0.189,662 0.187,768 0. 187 ,815 
+il2.394,400 +il2.379,192 +il2.379,192 +il2.379,469 

A2 2.692,432 2.565,343 2.565,395 2.565,409 2.565,408 O'I 
N 

A3 iB.799,942 -0.158,855 -0 .158 ,855 -0.158,846 -0.158,846 
+iB.799,942 +iB.798,580 +iB.798,580 +iB.798,580 

A4 il6.805,929 -0.352,790 -0.352,790 -0.350,904 -0.350,951 
+il6.805,929 + i 16. 821 , 616 +il6.821,616 +il6.821,338 

A5 i29.325,467 -0.372,910 -0.372,910 -0.372,924 -0.372,924 
+i29.325,467 +i29.323,856 +i29.323,856 +i29.323,856 

A6 i40.434,096 -0.278,016 -0.278,016 -0.278,018 -0.278,018 
+i40.434,096 +i40.432,571 +i40.432,571 +i40.432,571 

AB -2.692,432 -2.819,522 -2.819,575 -2.819,561 -2.819,561 



O(O) 

0.0 

0.222,939 

0.0 

0.0 

-0.203,329 

0.0 

0.0 

0.735,760 

0.0 

0.0 

-0.671,043 

0.0 
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TABLE 5.5 

Eigenvector Summary for ~ 2 , 

c = h = 1/4, Q = 121:6 7f 

0(0) + 0(1) 0(0) + ... + 0(2) 

0.0 0.0 

0.218,363 0.218,226 

0.0 0.0 

0.0 0.0 

-0.197,437 -0.197,476 

0.0 0.0 

0.0 0.0 

0.755,388 0.755,848 

0.0 0.0 

0.0 0.0 

-0.683,271 -0.683,963 

0.0 0.0 

Exact 

0.0 

0.218,227 

0.0 

0.0 

-0.197,474 

0.0 

0.0 

0.755,869 

0.0 

0.0 

-0.683,986 

0.0 
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TABLE 5.6 

Biorthonormality Check of 

First Three Eigenvectors, 

c = h = 1/4, st= 12'1:6 1T 

-1 .0 - i0.021,920 
-1.004,805 + i0.000,064 
-1.000,059 + i0.001,044 

I 

: 0.0 
: 0.0 
I 
I 

+ iO.O 
+ iO.O 
+ iO.O 

I I 

0.0 + i0.003,096 
0.000,297 + iO.O 
0.000,002 - i0.000,036 

-------------------------~-------------------~------------------------
0.0 + iO.O : -0.954,350 + iO.O : 0.0 + iO.O 
0.0 + iO.O : -0.998,449 + iO.O : 0.0 + iO.O 
0.0 + iO.O : -0.999,938 + iO.O : 0.0 + iO.O 

I I -------------------------,-------------------,------------------------
0. 0 + i0.003,096 : 0.0 + iO.O : 1.0 + i0.006,705 
0.000,297 + iO.O : 0.0 + iO.O : 1.000,030 + iO.O 
0.000,002 - i0.000,036 : 0.0 + iO.O : 1.0 + i0.000,003 

I I 
I I 
I I 



Chapter 6 

PERTURBATION THEORY FOR MULTIPLE UNPERTURBED EIGENVALUES 

The assumption in Chapter 2 regarding clearly distinct 0(0) 

eigenvalues is indeed necessary for the validity of the expressions 

for e1 .. , y1 .. , e2 .. lJ lJ lJ and y2ij' i ::/ j. We also note that the expres-

sions for e1 .. , yl .. , e2 .. and y2 .. and for Al., A2. and A3. do not 
11 11 11 11 l l l 

involve division by (AOi - AOj)' i ::/ j, and hence are not directly 

affected if some of the 0(0) eigenvalues are not clearly distinct. 

As an example of the difficulties caused by the 0(0) eigenvalues 

not being clearly distinct and to motivate the following manipulations, 

let us inspect the expression for elij given in Eq. (2.27a). We 

suppose that m of the 0(0) eigenvalues are close to each other and 

that the remaining n-m 0(0) eigenvalues are clearly distinct. Without 

loss of generality, let us say that the 0(0) eigenvalues that are not 

clearly distinct are indexed 1, 2, ... ,m. Thus 

i ,j = 1 , 2, ... ,m 

and 

when i and j are not simultaneously in the range (1 ,2, ... ,m). We have 

e1 .. ~ 0(0) 
lJ 

i ,j = 1 , 2, ... ,m 

which is contrary to our assumption that elij (i,j = 1,2, ... ,n) be an 

O(l) quantity. Note that when i and j are not simultaneously in the 

range (1,2, ... ,m), the expression for elij remains valid, as do those 

65 
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for ylij' e2ij and Y2ij" Thus, perturbations to the remaining n-m 

eigenvectors can be constructed as in Chapter 2. 

The message here is that eigenvector perturbations at one order 

of magnitude larger than O(l), namely 0(0), must be allowed. However, 

these perturbations need affect only the first m eigenvectors. 

In the present chapter we address the extreme of not clearly 

distinct O(O) eigenvalues. We assume the 0(0) eigensolution to have 

multiplicity m, which is to say that m of the O(O) eigenvalues are 

equal, and that the remaining n-m 0(0) eigenvalues are clearly distinct. 

We have 

i ,j = l ,2, ... ,m (6 .1) 

and 

when i and j are not simultaneously in the range l ,2, ... ,m. In the 

following chapter we generalize to include nearly multiple 0(0) eigen-

vectors. 

Let us return to Eqs. (2.10) and modify them to read as 

U = u0 E E 

v = v0 G r 

(6.2a) 

(6.2b) 

where matrices E and G are the respective O(O) right and left eigen-

vector perturbations. The n x n matrix E has the partitioned form 



ell el2 elm 

e21 e22 e2m 

E = 
eml em2 emm 

0 0 0 

0 0 0 
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0 

0 

0 

. 
0 

0 

0 

. 
0 

0 
. 
1 

which is to say that, excepting the upper left m x m portion, matrix E 

is the identity matrix. Matrix G has the same form. Note that we have 

specifically constructed matrices E and G so that only the first m of 

the 0(0) eigenvectors are affected. 

Substituting for U and V from Eqs. (6.2) into Eqs. (2.7), we ob-

tain 

rT GT v6 (Bo+ Bl) Ua EE= 6 

rT GT v6 (Ao+ Al) Ua EE= A6 

Use of Eqs. (2.9) and (2.16) allows Eqs, (6.3) to be written as 

rT(GT6E + GTBE)E = 6 

rT(GTA06E + GTAE) E = A6 

(6.3a) 

(6.3b) 

(6.4a) 

(6.4b) 

We substitute the expansions of Eqs. (2.17) and (2.18) into Eqs. (6.4) 

and separate according to order. We obtain· 

0 ( 0): 

0 ( 1 ) : 

GT 6E = 6 

T G Aa6E = Ao6 

GT6EE + GTBE + rTGT6E = o 
1 1 

T r TT .,.._ G Ao6EE1 + G AE + rlG Ao6c - A16 

(6.5a) 

(6.5b) 

(6.6a) 

(6.6b) 
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The use of Eqs. (6.5) allows Eqs. (6.6) to be written as 

T TA 6E1 + r 16 = - G BE (6.7a) 

T TA 
Ao6El + r1Ao6 = - G AE + A16 (6.7b) 

Let us restrict attention to the upper left m x m portion of these 

matrix equations. Subject to this restriction, it is necessary to con-

sider only the upper left m x m portion of A0. Then since the first 

m 0(0) eigenvalues are the same, we can write Eqs. (6.5) and (6.7) as 

0 ( 0): 

0 ( 1 ) : 

GT6E = 6 
T AoG 6E = Ao6 

6E1 + r~6 = - GTBE 

T TA 
Ao(6E1 + rl6) = - GAE+ A16 

(6.8a) 

(6.8b) 

(6.9a) 

(6.9b) 

Note that Eqs. (6.8a) and (6.8b) are the same. Regarding Eqs. (6.9) we 

observe that due to the multiplicity of the 0(0) eigenvalues, we cannot 

solve for the elements of matrices E1 and r1 as in Chapter 2. However, 

let us combine Eqs. (6.9) so as to eliminate the common quantity 
T (6E1 + r16). We obtain 

GT(A - BA0)E = A16 (6.10) 

Inspection reveals that Eqs. (6.8a) and (6.10) are in fact the bi-

orthonormality relations for them x m right and left eigenvalue 

prob 1 ems 

(A BA0)e. = .\ 6 e. ; = 1 , 2 , ... ,m 
-1 1 i -1 

(6. lla) 

(AT - A0sT)~i = Ali 6 g. i = 1 , 2, ... ,m _l (6.llb) 
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where them x l vectors ~i and ~i (i = l ,2, ... ,m) are the ith columns 

of matrices E and G, respectively. Solution of this eigenvalue 

problem yields the respective 0(0) eigenvector perturbations, E and G. 

As a bonus, we obtain the 0(1) eigenvalue perturbations Ali 

(i = 1,2, ... ,m). Let us assume that Ali (i = l ,2, ... ,m) to be clearly 

distinct, that is 

i " j i , j = l , 2 , ... ,m 

As we shall see, this assumption is made for the same reasons that the 

0(0) eigenvalues are assumed clearly distinct in Chapter 2. 

At this stage we are faced with a choice. We can either continue 

the analysis as begun above, or absorb the 0(0) eigenvector perturba-

tions E and G, and begin anew. Having investigated both alternatives, 

we choose the latter. Let us redefine 

where the redefined u0 and v0 are referred to as 11 0(0) perturbed" 

eigenvectors. Conversely, eigenvectors u0 and v0 that do not include 

0(0) perturbations are referred to as 11 0(0) unperturbed" eigenvectors. 

Note that the above redefinition is reflected in the perturbing 
A A 

matrices A and B. In particular, Eq. (6.10) now appears as 
A A 

A - A0B = A16 (6.12) 

which is to say that the off-diagonal elements in the upper left m x m 
A A 

portion of the matrix (A - A0B) are zero. The diagonal elements of 

Eq. ( 6. 12) yield 
A A 

Ali = 6;;(aii - Ao; b;i) i = 1,2, ... ,n (6.13) 
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which are identical to those given in Eq. (2.28). 

We wish to determine O(l) eigenvector perturbations. The expres-

sions given in Eqs. (2.27) for elij and ylij are valid when i and j are 

not simultaneously in the range (1,2, ... ,m). However, when 

i,j = 1,2, ... ,m, Eq. (6.12) indicates that the expressions given for 

elij and Ylij' i f j, in Eqs. (2.27a) and (2.27b) are indeterminate. 

This indeterminacy is of course a direct consequence of using 0(0) 

perturbed eigenvectors. To determine elij and ylij (i,j = 1 ,2, ... ,m) 

we address Eqs. (2.24) and combine them so as to eliminate the common 

quantity (~E2 + r~~). The result is 

where 
:::: 
A - -

- -

For clarity, 

A a .. 
lJ 

(6.14) 

T 
r 1 A0~E 1 

T + A0r 1 ~E 1 

T 
r 1 A0~E 1 

T + r 1 ~E 1 A0 (6.15) 
:::: 

the ( i ,j) element of A can be written as 

i ,j = 1,2, ... ,n (6.16) 

Note that we need consider only the upper left m x m portion of matrix 
" A. We now solve Eqs. (2.20a) and (6.14) for e1 .. and yl .. lJ lJ 
{i,j = 1,2, ... ,m) as in Chapter 2. As a bonus, we obtain an expression 

for ;.. 2i (i = 1,2, ... ,m). The results are 

~ . . ( ~ . . - b . . Ji. lJ. ) 
- - _, , __ ,.><-J __ , J,,____..;:.._ 

Ali - Alj 
i f j i,j = l , 2, ... ,m (6.17a) 
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i = j i = l ,2 , ... ,m (6.17b) 

ll .. (~ .. - A,. b .. ) 
11 Jl J Jl 

Ali - Alj 
i 'I j i,j = 1,2, ... ,m (6.17c) 

A21· = ll .. (~ .. - A11· b .. ) 11 11 11 i = l , 2 , . - . ,m (6.18) 

Thus the 0(1) eigenvector perturbations are fully determined. The 

reason for our assumption of clearly distinct 0(1) eigenvalue perturba-

tions, Ali (i = 1,2, ... ,m), should be evident from Eqs. (6.17a) and 

(6.17c). We note that the expressions for elii and ylii given in Eqs. 

(2.27b) and (6.17b) are indeed the same. Furthermore, if we substitute 
A 

for aii and bii into Eq. (6.18), we obtain the same expression for A2i 

as that given in Eq. (2.30). 

Let us pursue 0(2) eigenvector perturbations. We note that the 

expressions for e2ij and y2ij' given in Eqs. (2.29) are valid whenever 

i and j are not simultaneously in the range 1,2, ... ,m. To determine 

e2ij and Y2;j {i,j = 1,2, ... ,m) we address the 0(3) biorthonormality 

relations, Eqs. (2.25), and combine them so as to eliminate the conmon 

quantity (t1E3 + r~ll). We obtain 
T T A A 

A1llE2 + r2Alll = - r,(A - AoB)El + A3ll (6.19) 

For clarity, it is best to work with the (i,j), (i,j = 1,2, ... ,m) 

element of the first matrix on the right side of Eq. (6.19). Substitu-
A 

ting for A and B from Eqs. (2.23), we obtain 
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n A 

p,~=l Y1p;(apq - Ao; bpq)elqj 

= q~l ~=~+l Y1p;('op - 'o;l'PP •1pqJ•1qj 

n 
- I yl pi Al pt.pp e1 pj p=l 

n 
[ n + I ylpi l ylqp(AOq - 'o · )• •1 ·] • p=l q=m+l l qq qJ 

i , j = 1 , 2 , ••. ,m (6.20) 
A A 

From Eq. (6.16), we recognize the defined quantities a. and a .. 
l p PJ 

Thus, 

n A 

p,~=l Ylpi(apq - Ao; bpq)elqj 

n "' I (a. e, . +Yi . Alp t.PP elpJ· + Y1 . aPJ.) p= l l p PJ p1 p1 

i ,j = 1 , 2, ... ,m • ( 6. 21) 

and Eq. (6.19) can be expressed as 

T ~ T T~ 
A1t.E2 + r2Al~ = - (AEl + r,A,t.El + r,A) + A3~ 

Finally, we substitute for A from Eq. (6.14) to obtain 

Equations (2.24a) and (6.23) can now be solved for e2ij' Y2ij and 

A3; ( i ,j = 1 ,2, ... ,m). The results are 

(6.22) 

(6.23) 
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- (A 2 .il .. e1 .. + yl .. A2 .il .. ) l 11 lJ Jl J JJ Ll •• 
11 

e2ij = Ali-Alj n 
+ l [(Al .-A, .)il .. e,. e, . + (Al -A, .)il Yi .e, .] p= l l J 11 l p PJ p J pp pl PJ 

i 'f j , i , j = 1 , 2 , . . . , m ( 6 . 2 4a ) 

- 1 n 
62ii = Y2;; - 2 Ll;; p~l (ilii 61ipelpi + Llppylpi 6 1pi + Lliiylpiylip) 

i = j , i = 1 ,2, ... ,m ( 6. 24b) 

- (A 2 .il .. e1 .. + yl .. A2 .il .. ) J JJ Jl lJ l 11 

+ (A 1.-A1 .)il .. yl .y,.] l J 11 PJ l p 

i 'f j , i ,j = 1,2, ... ,m (6.24c) 

n 
A3i = A2i(elii +Yi;;) + Ll;; p~l (Ali-Alp)Llppylpi 6 1pi 

i = 1 , 2 , ... ,m (6.25) 

Thus the 0(2) eigenvector perturbations have been fully determined. 

Once again we note that the expressions for e2ii and Y2ii given in Eqs. 

(2.29b) and (6.24b) are the same. Manipulations to show that the 

expressions for A3i given in Eqs. (2.31) and (6.25) are identical, 

follow those between Eqs. (6.19) and (6.23). 

In summary, the manipulations of Chapter 2 have been modified to 

include multiplicity in the 0(0) eigensolution. As in Chapter 2, 

eigensolution perturbations are derived from the biorthonormality 
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relations, and hence nonnalization is preserved through the order to 

which eigenvector perturbations are determined. Note that the defini-

tion of the quantity aij allows the results of the present section to 

be presented in forms that are analogous to the corresponding results 

of Chapter 2. 

As an example of the developments in this chapter, we consider 

the eigenvalue problem in standard form 

Au. = >...u. 
-1 1-1 i = 1,2, ... ,n (6.26a,b) 

and the associated biorthonormality relations 

T 0 .. T A.. o .. i,j = 1,2, ... ,n (6.27a,b) v.u. = v .Au. = 
-1-J lJ -1 -J l l J 

where 

A = A0 + A1 (6.28) 

Let us take 

[ 3/2 13/4 

: l [-1~10 
1/10 2/10] 

A0 • 13~4 5/2 Al = 0 1/10 (6.29) 

0 -2/10 -1/10 0 

A few comments are in order. Because the real matrices A0 and 

A1 are symmetric and skew symmetric, respectively, the sum (A0 + A1} 

possesses no symmetries, so that the perturbed eigensolution is generally 

complex, with unrelated right and left eigenvectors. However, since the 

sum A0 + A1 is real, any complex eigenvalues, and the corresponding 

eigenvectors, must occur in complex conjugate pairs. Because the eigen-

value problem under consideration here is of dimension 3 x 3, and because 

complex quantities must occur in conjugate pairs, we are guaranteed 
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that at least one eigenvalue, and the corresponding eigenvectors, is 

real. 

We now turn our attention to the 0(0) eigenvalue problem 

Aouo. = "o·uo. - l 1- l "o·vo. l - l 

and the associated biorthonormality relations 

i = 1,2, ... ,n (6. 30a ,b) 

T 
VO. u0 . = 6. · - l - J lJ i ,j = 1,2, ... ,n (6.3la,b) 

Because the matrix A0 is real and symmetric, the 0(0) eigenvalues must 

be real. As is the usual practice, we shall express the corresponding 

eigenvectors in terms of real quantities. However, we observe that 

neither the statement of the eigenvalue problem, nor the associated 

biorthonormality relations, require that the eigenvectors, correspond-

ing to the real eigenvalue of a real matrix, be real. Indeed, in the 

latter part of the next chapter we shall encounter complex eigenvectors 

corresponding to the real eigenvalue of a real matrix. 

The 0(0) eigenvalue problem possesses the eigenvalues 

"01 = "02 = 3 "03 = 1 ' (6.33) 

thus we have multiplicity two. The corresponding real, unnonnalized 

eigenvectors are 

(6.34) 
where the presence of the real, arbitrary parameters a and bis due to 

the multiplicity. We observe that ~03 is orthogonal to ~Ol and ~02 . 

Demands that ~Ol be orthogqnal to ~02 yields the single relation 
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ab + 4 = 0 (6.35) 

Equation (6.35) is certainly satisfied if we pick the convenient values 

a = - 2 b = + 2 (6.36) 

however, we must emphasize that this choice is by no means unique. 

Using these values for a and b, we obtain the normalized 0(0) eigen-

vectors 

[ 
o. 353,553 

u0 =v0 = o.612,372 

-0.707,107 

0.353,553 

0.612,372 

0.707,107 

0.866,025] 
-0.5 

0.0 

( 6. 37) 

Note that the unperturbed eigenvectors satisfy the biorthonormality 

relations 

(6.38) 

where the elements of the diagonal matrix A0 are given in Eq. (6.33). 

Let us form the product 

0.186,603 

0.0 (6.39) 

From Eqs. (6.11) and (6.39), we have the 2 x 2 right and left eigen-

value problems 
A 

A e. = "1i e. i = 1 ,2 (6.40a) 
-1 -1 

ATg. = "1i g. i = 1 ,2 (6.40b) _, _, 
The eigensolution is 
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A -1 -

[- i 0 . 1 86 '603 
+i0.186,603 ] (6.41) 

[ 0.707,107 0.707,107 0.0 

I E = -iO. 707, 107 i0.707,107 0.0 

0.0 0.0 1.0 

(6.42a) 

[ 0.707'107 0.707,107 0.0 

1 G= i0.707,107 -i0.707,107 0.0 

0.0 0.0 1.0 J 

(6.42b) 

We now construct 0(0) perturbed eigenvectors from the products u0E 

and v0G. 

0.25 0.25 0.866,025 -i0.25 +iO. 25 

u = 0.433,013 0.433,013 -0.5 (6.43a) 0 -i0.433,013 +i0.433,013 

-0.5 -0.5 0 -i0.5 +i0.5 

[ 0.25 0.25 0.866,025 +i0.25 -i0.25 

VO = 
0.433,013 0 .433 ,013 -0.5 (6.43b) +i0.433,013 -i0.433,013 

I -0.5 -0.5 0 L+io.5 -i0.5 

Comparing Eqs. (6.37) and (6.43), we note that ~03 and v03 are un-

changed since these vectors correspond to the distinct eigenvalue 

>-03 = 1. We also note that the above eigenvectors satisfy biortho-

normality relations 
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and (6.44) 

which are the same as those given by Eqs. (6.31). Using Eqs. (6.43), 

we compute the redefined perturbation matrix 

-i0.186,603 0 0.011,603 
-i 0. 111 '603 

~ 0 .011 ,603 A = 0 iO .186 ,603 +i0.111,603 (6.45) 

-0.011,603 -0.011 ,603 0 -i0.111,603 +i0.111,603 

where the zeros in the (1,2) and (2,1) locations are a direct conse-

quence of solving the 0(1) eigenvalue problem, Eqs. (6.40). 

From the diagonal elements of Eq. (6.45), we have the O(l) eigen-

value perturbations 

A = 1 
[

-i0.186,603 

+i0.186,603 (6.46) 

Furthermore, from Eq. (6.45) we can determine the elements of E1 and 

r1 for which i and j are not simultaneously in the range (1,2). From 

these elements, we can construct 

-0.006,295 

"' 0. 006'160 
A= -i0.001,295 

0.006,160 
+i0.001,295 

-0.006,295 (6.47) 

from which the remaining elements of E1 and r1 can be determined. The 

result is 
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0 0.003,470 -0.005.801 
-i0.016,506 +i0.055,801 

El = 0.003,470 0 -0.005,801 (6.48a) +i0.016,506 -i0.055,801 

-0.005,801 -0.005,801 0 -i0.055,801 +i0.055,801 

rl 
T = - El (6.48b) 

Second-order perturbations are as follows 

A = 2 

[-0. 006 ,295 
-0.006,295 

0.012,590 J (6.49) 

0.001,716 -0.001,540 -0.005,206 
-i0.000,324 -i0.000,541 

E - -0.001,540 0 .001 '716 -0.005,206 (6.50a) 2 - +i0.000,324 +i0.000,541 

0.004,265 0.004,265 0.003,147 -i0.000,443 +iO. 000 ,443 

0.001,716 0. 001 ,540 -0.005,206 
-i0.000,324 +i0.000,541 

r = 0.001,540 0.001 ,716 -0.005,206 (6.50b) 2 +i0.000,324 -i0.000,541 

0.004,265 0.004,265 0.003,147 +i0.000,443 -i0.000,443 

Third-order eigenvalue perturbations are 

-i0.000,481 

A = 3 +iO. 000 ,481 ( 6. 51 ) 

0.0 
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A summary is in order. In Table 6.1 we present a compilation of 

eigenvalue estimates produced by the perturbation analysis, along with 

exact eigenvalues for comparison. Note that estimates for A2 are not 

listed as they are the complex conjugates of Al. In Table 6.2 we 

present the right eigenvectors ~l and ~ 3 summarized through various 

orders. Note that ~2 is not listed because it is the complex conjugate 

of ~l. Inspection of Tables 6.1 and 6.2 reveals that, after the a(a) 

eigenvector perturbations are included, convergence appears to be uni-

form. Because a tabulation of the left eigenvectors reveals the same 

convergence qualities, they are not displayed. 

A biorthonormality check can also be used to judge eigenv~ctor 

accuracy. In Table 6.2 we present the product zT(Aa + A1)w, where 

in place of W and Z we take the respective right and left eigenvectors, 

summarized through various orders. At each location in this table, we 

present four generally complex numbers, the first of which was computed 

using W = Ua and Z =Va, where Ua and Va are unperturbed a(a) eigen-

vectors. The second number was computed using the a(a) perturbed 

eigenvectors Ua and Va , while the third and fourth were computed 

using UaE(I +El)' VaG (I+ rl) and using UaE(I +El+ E2)' 

VaG(I + r1 + r2), respectively. We recall that if exact eigenvectors 

are used, then the product zT(Aa + A1)w is the diagonal matrix of 

eigenvalues. 



0(0) 

"1 3.0 

'-3 1.0 

TABLE 6.1 

Eigenvalue Summary, Multiple 0(0) Eigenvalues 

0(0) + 0(1) 

3.0 
-i0.186,603 

1.0 

0(0) + 0(1) + 0(2} 

2.993,705 
-i0.186,603 

1 . 012 ,590 

0(0) + ... + 0(3) 

2.993,705 
-i0.187 ,084 

1.012,590 

Exact 

2.993,721 
-i0.187 ,086 

1.012,559 

OJ 



TABLE 6.2 

Right Eigenvector Summary, Multiple 0(0) Eigenvalues 

0 ( 0) 0 ( O) Corrected O{O)+O(l) 0(0) + 0(1) + 0(2) Exact 

0.353,5531 10.25 0.241,717 0.245,374 o.245,486 I co 
-i0.25 -i0.293,331 -i0.294,448 -i0.294,362 N 

~l I 0.612,372( i0.433,013 0.430,268 0.428,072 0.428,175 
-i0.433,013 -i0.396,462 -i0.397,510 -i0.397,442 

-0. 707'107 J l-0.5 -0.509,988 -0.510,238 . -0.510,056 
-iO. 5 -i0.506,518 -i0.508,308 -i0.508,416 l 0.866,025) 1 0.866,025 ) l 0,891,025) l 0.890,877 ) l 0.890,848 ) 

~3 -0.5 -0.5 -0.456,699 -0.463,250 -0.463,243 

l 0.0 0.0 0.061,603 0.066,268 0.066,339 



TABLE 6.3 

Biorthonormal ity Check, Multiple\0(0) Eigenvalues 

3.0 + iO.O 
3.0 - i0.186,603 
2.983,409 - i0.186,443 
2.993,687 - i0.188,530 

0.186,603 + iO.O I 

0.0 + iO.O : 
0.009,240 + i0.001 ,942 : 
0.009,132 + i0.002,522 : 

I I 

0.016,408 + iO.O 
0.011,603 - i0.111,603 
0.011 ,409 + i0.000,653 
0.000,096 - i0.000,331 

----------------------------r---------------------------1---------------------------
-0. 186,603 + iO.O : 3.0 + iO.O : -0.157 ,830 + iO.O 
0.0 + iO.O : 3.0 + i0.186,603 : 0.011 ,603 + i0.111,603 
0.009,240 - i0.001,942 : 2.983,409 + i0.186,443 : 0.011,408 - i0.000,653 
0.009,132 - i0.002,522 : 2.993,687 + i0.188,530 : 0.000,096 + i0.000,331 

I I 

----------------------------r---------------------------~--------------------------
-0.016,408 + iO.O 
-0.011,603 - i0.111,603 
0.011,299 - i0.001,707 
0.000,060 - i0.000,168 

l 0.157 ,830 + iO.O : . 
: -0.011,603 + i0.111 ,603 : 
: 0.011,299 + i0.001,707 : 
: 0.000,060 + i0.000, 168 : 

1.0 + iO.O 
1.0 + iO.O 
1 .006,295 + iO.O 
1.012,624 + iO.O 

CX> w 



Chapter 7 

PERTURBATION THEORY FOR NEARLY MULTIPLE 

UNPERTURBED EIGENVALUES 

In the present chapter we extend the derivation of Chapter 6 to 

include nearly multiple 0(0) eigenvalues. Let us suppose that the 

difference between any two of the 0(0) eigenvalues indexed (1,2, ... ,m) 

is an 0(1) quantity, and that the remaining n-m 0(0) eigenvalues are 

clearly distinct. This is to say that 

i ~ j i , j = 1 , 2 , ... ,m ( 7. 1 ) 

and 

when i and j are not simultaneously in the range 1,2, ... ,m. 

Let us define an average of the nearly multiple 0(0) eigenvalues 

and distinguish each one via a deviation from that average. To 

simplify the notation, we redefine Ao; (i = 1 ,2, ... ,m) as the average 

and refer to the deviation as oAOi (i = 1,2, ... ,m). We have 

Ao; -+ Ao; + OAOi (; = 1 ,2' ... ,m) 

where the Ao; (i = 1,2, ... ,m) now satisfy Eq. (6.1), and where oAOi 

(i = 1,2, ... ,m) is an 0(1) quantity. 

For convenience let us construct the n x n diagonal matrix 

84 
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CA = 0 

0 

0 

Equations (2.9) now appear as 

T -vo Bo uo - t:. 

T v0 A0 u0 = (A0 + oA0}t:. 

and the eigenvalue expansion of Eq. (2.18) must be modified to 

A= Ao+ (oAo +Al)+ A2 + A3 + ... 

The use of Eqs. (7.2) allows Eqs. (6.4) to be written as 

rT(GTt:.E + GTBE)E = t:. 

rT(GTA0t:.E + GToA0t:.E + GTAE)E =At:. 

(7.2a) 

(7.2b) 

(7.3) 

(7.4a) 

(7.4b) 

Substituting the expansions of Eqs. (2.17) and (7.3) into Eqs. (7.4) 

and separating according to order, we obtain 
GTt:.E = t:. 

0 ( 0 ): T 
G Aot:.E = Aot:. 

GTt:.EE + GTBE + rTGTt:.E = o 1 1 
0 (1): 

GTA0t:.EE1 + GT(oA0t:. + A)E + riGTA0t:.E = {oA0 + A1)t:. 

Use of Equations (7.5) allows Eqs. (7.6) to be expressed as 

(7.5a) 

(7.5b) 

(7.6a) 

(7.6b) 
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0 ( 1 ) : 
(7.7a) 

(7.7b) 

Restricting attention to the upper left m x m corner of these matrix 

equations, we can write Eqs. (7.5) and (7.7) as 

GTt.E = t. 
0 (0): T AOG t.E = Aot. 

(7.8a) 

(7.8b) 

(7.9a) 

(7.9b) 

As in Chapter 6, Eqs. (7.8a) and (7.8b) are identical. We combine Eqs. 
T (7.9) so as to eliminate the common quantity (t.E1 + r 1t.). The result is 

(7.10) 

Equations (7.8a) and (7.10) represent biorthonormality relations for 

the m x m right and left eigenvalue problems 
A A 

(A+ OA.0t. - BA0) e. = (ot.0. + 1. 1.) e. i = 1,2, ... ,m (7.lla) -1 l l -1 

AT AT (A + s11.0t. - 11.0B) g. = (01.0. + 1.1 .) g. , i = 1,2, ... ,m (7.llb) _1 l l _, 

Solution of the O(l) eigenvalue problem, Eqs. (7.11), yields the 0(1) 

eigenvalue perturbations "li (i = 1,2, ... ,m) and the 0(0) right and 

left eigenvector perturbations E and G, respectively. 

Following the manipulations of Chapter 6, we redefine 

A 

and redefine B accordingly. Due to the near multiplicity of the 0(0) 
A 

eigenvalues, the redefinition of A is not so straight forward. It is 
A 

simplest to express the redefined matrix A as 
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(7.12) 

where u0 and v0 are the respective 0(0) perturbed right and left 

eigenvectors, and where A0 is the diagonal matrix of redefined 0(0) 

eigenvalues, the first m of which are the same. If we perfonn the 

substitution 

the remaining analysis can be taken from Chapter 6. 

As an example of the developments presented earlier in the 

present chapter, let us consider the eigenvalue problem in standard 

form 

Au. = A.u. 
-1 l -1 

T . Av.=A.v. 
-1 1-1 i = 1,2, ... ,n (7. l 3a ,b) 

and the associated biorthononnality relati~ns 

T T A . cS •• i ,j 1,2, ... ,n (7.14a,b) v .u. = cS •• v. Au. = = 
-1-J lJ -1 -J l lJ 

where 

A = Ao + Ao (7.15) 

Let us take 

[ 3/2 
(13/4 + 1/10) 2/10 

A = (/3/4 - 1/10) 5/2 1/10 (7.16a) 0 
-2/10 -1 /10 3 

[1 ~10 
-1/10 -211 al 

Al = 0 -1/10 (7.16b) 

2/10 1/10 0 



88 

Thus the exact eigensolution of the example in Chapter 6 becomes the 

0(0) eigensolution for the present example. Furthermore, since the 

perturbing matrix of the present example is the negative of that 

in Chapter 6, the exact eigensolution of the present example should 

be the 0(0) eigensolution of the example in Chapter 6. Indeed the 

objective here is to investigate how well this challenge is met. 

The 0(0) eigensolution is 

0.245,486) 
-i0.294,362 

~01 = 0.428,175 
-i0.397,442 

-0.510,056 
-i0.508,416 

-
~02 = ~01 ' I 

l 0.890,848) 
~03 = -0.463,243 

0.066,339 

AOl = 2.993,721 - i0.187,086 

A02 = >;:01 
A03 = 1.012,559 

0.261 ,886 
+i0.207,875 

Yo1 = 0.433,394 (7.17a) +i0.470,668 

-0.490,422 
+i0.495,158 

(7.17b) 

l 0.840,817) 
y03 = -0.549,900 

-0.056,944 

(7.17c) 

(7.18) 

Note that Eqs. (7.17) and (7.18) satisfy the biorthonormality relations 

(7.19) 

Let us say that AOl and A02 are nearly multiple, and hence re-

define 

AOl = A02 = 2.993,720 (7 .20a) 
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oAOl = -i0.186,603 

We compute the product 

0.012,527 -0.006,187 
+i0.188,057 -i0.001,301 

VTA u A -0.006,187 0.012,527 
0 1 0 = = +i0.001 ,301 -i0.188,057 

and address the 0(1) eigenvalue problem 

where 

(A+ Mo)e. = (oAO. +Al .)e. -1 l l -1 

AT 
(A + M0)g. = (oA 0 . +Al .)g. 

_l l l -1 

A +i0.000,971 [ 
0. 012 '527 

(A+ OA0) = 
-0.006,187 

+i0.001 ,301 

i = 1 ,2 

i = 1 ,2 

-0. 006 '187] -iO .001 ,301 

0.012,527 
-i0.000,971 

Solutions of Eqs. (7.22) are 

- [ 0.006,277 
01\0 + Al -

0.018,774] 

0.705,326 0.682,790 
+i0.092,283 +i0.199,496 

E = 0.709,225 -0.709,225 
+i0.054,778 +i0.054,778 

0.0 0.0 
+iO.O +iO.O 

0.0 
+iO.O 

0.0 
+iO.O 

1.0 
+i 0. 0 J 

(7.20b) 

(7 .21) 

(7.22a) 

(7.22b) 

(7.22c) 

(7.23a) 

(7.23b) 
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0.682,790 0.705,326 0.0 
-iO .199 ,496 -i0.092,283 +iO.O 

G = 0.709,225 -0.709,225 0.0 (7.23c) +i0.054,778 +i0.054,778 +iO.O 

0.0 0.0 1.0 
+iO.O +iO.O +iO.O 

We now construct the 0(0) perturbed eigenvectors from the products u0E 

and v0G 

0.358,293 0.036'110 0.890,848 +i0.037,249 -i0.347,337 

u = 0.620,581 0.046,198 -0.463,243 (7 .24a) 0 +i0.064,518 -i0.444,372 

-0.702,431 0.087,060 0.066,339 -i0.073,027 -i0.837,417 

0.417,407 0.029,549 0.840,817 -i0.043,395 +iO. 284 ,227 

v - 0.722,969 0.067,527 -0.549,900 (7.24b) 0 - -i0.075,162 +i0.649,529 

-0.556,769 0.074,731 -0.056,944 +i0.057,883 +i0.718,821 

Comparing Eqs. (7.17c) and (7.24), we note that ~ 03 and ~03 are un-

changed since they correspond to the distinct eigenvalue A03 = 1.012,559. 

Using the vectors expressed in Eqs. (7.24), we construct the re-
A 

defined matrix A according to Eq. (7.12). 

0.006,279 0 0 

A 0.016,397 A = 0 0 .018 ,774 +i0.157,723 (7 .25) 

0 -0.016,397 -0.025,053 +;o. 157 '723 
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Note that while the zeros in the (1 ,2) and (2,1) locations are a 

direct consequence of solving the 0(1) eigenvalue problem, the zeros in 

the (1,3) and (3,1) locations are unexpected boni! 

From the diagonal elements of Eq. (7.25), we have the 0(1) eigen-

value perturbations 

[
o. 006 ,279 

Oi\0 + Al = 0 .018 '774 

-0.025,05J 
(7.26) 

From Eq. (7.25) we determine the elements of E1 and r1 for which i 

and j are not simultaneously in the range (1,2). From these elements, 

we construct 

0 

-0.012,692 I (7. 27) 

from which we can determine the remaining elements of E1 and r1. The 

result is 

0 0 0 

El = 0 0 -0. 008 ,277 
-i0.079 ,611 (7.28a) 

0 -0.008,277 0 +i0.079,611 

r = 1 
ET - 1 (7.28b) 

Second order perturbations are 



and 

0 

0 

0 

0 

-0.012,692 

0 

0.003,203 

0. 000, 183 
-i0.001 ,761 

0 

0.003,203 

-0.000,183 
- iO . 001 , 7 61 
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+0.012 ,69J 

0 

0. 000, 183 
+i0.001 ,761 

0.003,203 

0 

-0.000,183 
+iO. 001 , 761 

0.003,203 

Third-order eigenvalue perturbations are 

0. 000 ,281 

-0.000,28J 

(7.29) 

(7 .30a) 

(7.30b) 

(7.31) 

In Table 7.1 we present a summary of eigenvalue estimates pro-

duced by the above perturbation analysis, along with exact eigenvalues 

for comparison. Estimates for A2 are not included as they are the 

complex conjugates of A1. Table 7.2 presents the right eigenvectors 

summarized through various orders. Once again, we observe that after 

the 0(0) eigenvector perturbations are included, convergence appears 

to be uniform. Because a tabulation of estimates for the left eigen-

vectors reveals the same conver~ence qualities, they are not listed. 
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The results of a biorthonormality check, with respect to the matrix 

A0 + A1, are presented in Table 7.3 using the same format as Table 6.3. 

We recall the brief discussion following Eqs. (6.31) regarding 

the existence of complex eigenvectors corresponding to the real eigen-

value of a real matrix. Furthermore, we recall that the exact eigen-

vectors of Table 7.2 should coincide with the 0(0) unperturbed eigen-

vectors of Table 6.2. Comparing these tables, we find the same values 

for ~ 3 , yet we do not find the same values for ~l and ~ 2 . This 

apparent discrepancy can be removed if we divide the exact representa-

tions of ~l and ~ 2 , as given in Table 7.2, by their first elements, 

yielding the real, unnormalized eigenvectors 

l 1.0 ) 
~l = 1.732,051 

-1.960,495 
ll.O ) 

~2 = 1.732,051 

2.998,777 

(7.32a) 

A similar manipulation with the left eigenvectors yields 

l 1.0 ) 
y 1 = 1 . 7 3 2 '051 

-1.333,877 
ll.O ) 

y2 = 1 .732,051 

2.040,301 

(7.32b) 

The vectors of Eqs. (7.32) remain biorthogonal, which is to say that 
T T 

y 1 ~ 2 = y 2~ 1 = 0. Then recalling the arbitrariness of the parameters 

a and b, used in Eqs. (6.34) and (6.35), we conclude that the exact 

eigenvectors of Table 7.2 are indeed equivalent to the 0(0) unperturbed 

eigenvectors of Table 6.2 



TABLE 7.1 

Eigenvalue Summary, Nearly Multiple 0(0) Eigenvalues 

0 (0) 0(0) + 0(1) 0(0) + 0(1) + 0(2) 0(0) + ... + 0(3) Exact 

l.O 

2.993,721 .p. 

"1 -iO. 187 ,086 3.0 3.0 3.0 3.0 

"2 
2.993,721 3.012,495 2.999,802 3.000,083 3.0 +i0.187,086 

"3 1.012,559 0.987,505 1 . 000'198 0.999,917 1.0 



TABLE 7.2 

Right Eigenvector Summary, Nearly Multiple 0(0) Eigenvalues 

0 ( 0) 0 ( o) Perturbed 0(0) + 0(1) 0(0) + 0(1) + 0(2) Exact 

0.245,486 0.358,293 0.358,293 0.358,293 0.358,293 
-i0.294,363 +i0.037 ,249 +i0.037,249 +i0.037,249 +i0.037,249 

!J 1 
0.428,175 0.620,581 0.620,581 0.620,581 0.620,581 

1-iO. 397 ,442 +i0.064,518 +i0.064,518 +i0.064,518 +i0.064,518 

-0.510,055 -0. 702 ,431 -0.702,431 -0.702,431 -0.702,431 
-i0.508,416 -i0.073,027 -i0.073,027 -i0.073,027 -i0.073,027; l.O 

<..Tl 

0.245,486 0.036'110 0.028,737 0.029,016 0.028,942 
+i0.294,363 -i0.347,337 -i0.276,415 -i0.279,096 -i0.278,385 

!J2 
0.428, 175 0.046,198 0.050,032 0.050,096 0.050,129 

1+iO.397 ,442 -iO .444 ,372 -i0.481,251 -i0.481 ,859 -i0.482,176 

-0.510,055 0.087,060 0. 086 ,511 0.086,802 0.086,790 
+i0.508,416 -i0.837 ,417 -i0.832,135 -i0.834,935 -i0.834,813 l 0.890,848 ) l 0.890,848 ) l 0 • 862 • 898 ) l 0.866,370 l l 0.866,025 ) 
-0.463,243 -0.463,243 -0.499,002 -0.5 ~3 -0.499 ,695 J 
0.066,339 0.066,339 -0.001 ,049 0.000,654 0.0 



TABLE 7.3 

Biorthonormality Check, Nearly Multiple 0(0) Eigenvalues 

3.006,247 + i0.000,971 
3.0 
3.0 
3.0 

-0.006,187 - i0.001 ,301 
0.0 
0.0 
0.0 

I 
I 
I 
I 
I 
I 
I 
I 
I 

I I 

-0.020,269 + i0.110,963 
0.0 
0.0 
0.0 

---------------------------~---------------------------~---------------------------

-0.006,187 + i0.001,301 
0.0 
0.0 
0.0 

3.006,247 - i0.000,971 
3.012,495 
2.980,078 
3.000,873 

I I 

-0.020,269 - i0.110,963 
0.016,397 + i0.157,723 

-0.000,258 - i0.002,479 
0.000,161 + i0.001,551 

---------------------------~---------------------------~---------------------------

-0.002,990 + i0.112,759 
0.0 
0.0 
0.0 

• I 
I I 

: 0.002,990 - i0.112,759 : 
: -0.016,397 + i0.157,723 : 
: 0.000,258 - i0.002,479 : 
: -0.000,161 + i0.001,551 I 

0.987,505 
0.987,505 
0.993,590 
1.000,289 

l.O 
O'I 



Chapter 8 

RAYLEIGH'S QUOTIENT 

Rayleigh's quotient can be used to improve eigenvalue estimates. 

For the eigenvalue problem given by Eqs. (2.1), we can express 

Rayleigh's quotient as 
T z.Aw. 

-1 -1 
Ri = T 

z.Bw. 
-1 -1 

i = 1,2, ... ,n 

where the trial vectors ~i and ?i are approximations to ~i and yi 

(i = 1,2, ... ,n), respectively. 

( 8. 1) 

For the moment, let us suppose~= yi and w = ~i' there yi and 

~i are the ith left and right eigenvectors of Eqs. (2.1, respectively. 

Then 
T v.Au. 

- -1 -1 Ri - -T--
v .Bu. 
-1 -1 

Recalling Eqs. (2.2), we observe that 

(8.2) 

(8.3) 

We wish to investigate the sensitivity of Rayleigh's quotient to small 

variations in the trial vectors when z and w are near a left-right 

eigenvector pair. 

For self-adjoint systems, Meirovitch [13] has shown that Ray-

leigh's quotient is stationary when the trial vectors are in the 

neighborhood of an eigenvector. Lancaster [3] proves stationarity 

for non-self-adjoint systems, however his proof is based upon a more 

general non-self-adjoint system than that under consideration here. 

The following proof parallels that of Meirovitch closely. 
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Let us express the trial vectors f and was linear sums of the 

left and right eigenvectors, respectively. 

n 
z = l SpY.p 

p=l 

Let us suppose that 

z "' v. - -1 and 

n 
W = l aq~q 

q=l 

w "' u. . - -1 

Without loss of generality, we can set 

a. = s. = 1 • 
l l 

Then the near equalities (8.5) indicate that 

s « 1 p 

a << 1 q 

p f i 

q ., i 

p = 1,2, ... ,n 

q = 1,2, ... ,n 

(8.4) 

(8.5) 

(8.6) 

(8.7a) 

(8.7b) 

We substitute Eqs. (8.4) into Eq. (8.1), and use the biorthonormality 

relations (2.2) to obtain 

n 

R = p~l aPSP~PPAP 
n 

p~l aPSPt:.PP 

Equations (8.6) and (8.7) allow us to write 

n 
A. + ~ .. l a S ~ A 

l 11 p=l p p pp p 

R = pti 
n 

1 + ~ .. l aPSP~PP 11 p=l 
pr'i 

(8.8) 

(8.9) 
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We carry out a binomial series expansion of the denominator to obtain 

R = >-,. + t:,. •• 
1 1 

n 
l (8.10) 

p=l 
p;i 

Due to the absence of terms linear in the a's and S's, it is clear that 

Rayleigh's quotient is stationary when the trial vectors are in the 

vicinity of a left-right eigenvector pair. This is to say that if we 

define a small parameterµ to typify trial vector error, then Rayleigh's 

quotient provides an eigenvalue estimate that errs by µ2. 

The use of trial vectors wi and f;• in place of the unperturbed 

eigenvectors ~Oi and Yo; (i = 1 ,2, ... ,n), respectively, leads to a more 
A A 

general definition of the perturbing matrices A and B than that given 

in Eq. (2.16). In the process of determining these generalized per-

turbing matrices we use Rayleigh's quotient to compute improved eigen-

value estimates. Then, let us assume the availability of matrices W 

and Z, the columns of which are the trial vectors wi and fi· The latter 

are reasonably accurate approximations to the exact eigenvectors ~i 

and yi (i = 1,2, ... ,n), respectively. In analogy with Eqs. (2.10), let 

us take 

U = WE (8. lla) 

v = zr (8.llb) 

and substitute into Eqs. (2.4) to obtain 

rTzTBWE = t:,. ( 8. l 2a) 

rTzTAWE = M (8.12b) 
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Let us express the products zTBW and zTAW as 

zTBw = & + BR 

zTAw = R& + AR 

(8.13a) 

(8.13b) 

Now the elements of the diagonal matrix R can be determined according 

to Rayleigh's quotient as 

R. = 
1 

T z.Aw. _, _, 
T z.Bw. -1 _, 

i = 1,2, ... ,n 

A A 

Once these eigenvalue estimates are known, matrices AR and BR are 

given by 

8 = zTBw - & R 

A = zTAw - R& R 

(8.14) 

( 8. l 5a) 

(8.15b) 

Since we have assumed ~i = ~i and ~i = yi (i = l ,2, ... ,n), it follows 
A A 

that matrices AR and BR are small. Substitution of Eqs. (8.13) into 

Eqs. (8.12) yields 

rT(& + BR)E = & (8. l 6a) 

(8.16b) 

which are identical in form to Eqs. (2.15). Thus the perturbation 

analyses of the previous chapters can be used in their entirety. 

We now have two bases upon which a perturbation analysis can be 

applied, namely that given in Eqs. (2.9), (2.15) and (2.16) and that 

given in Eqs. (8.14) - (8.16). The latter basis is more general, and 

hence preferable, in that its use is independent of trial vectors that 

satisfy an eigenvalue problem. Furthermore, the latter basis provides 
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more accurate eigenvalue estimates since they are determined from 

Rayleigh's quotient. 

Let us suppose Eqs. (8.14) - (8.16) are used as the basis of a 

perturbation analysis. Then, from Eq. (2.28), 
A A 

;... 11. = l\ .. ( aR. . - R . bR .. ) 
11 11 l 11 i = 1,2, ... ,n (8 .17) 

From Eqs. (8.15b) and (8.14), we have 

T 
T z.Aw. 

aRii = z.Aw. -1 -1 l\ .. -1 -1 T 11 z.Bw. -1 -1 
i = 1,2, ... ,n (8.18) 

which can be expressed as 

T z.Aw. T -1 -1 - l\ . . ) aRii = -T- (z.Bw. -1 -1 11 z.Bw. -1 -1 
i = 1,2, ... ,n (8.19) 

Then, bearing in mind Eqs. (8.14) and (8.15a), we have 
A 

aRii = Ri bRii i = 1,2, ... ,n. (8.20) 

It follows from Eqs. (8.17) and (8.20) that 

i = 1,2, ... ,n. (8.21) 

We note that if some of the Ri (i = 1 ,2, ... ,n) are not clearly distinct, 

Eq. (8.21) remains valid if the appropriate 0(0) eigenvector perturba-

tions, matrices E and G from Chapters 6 or 7, are included in the 

trial vectors. When the Ri (i = 1 ,2, ... ,n) are clearly distinct, the 

developments of Chapter 2 are applicable, and Eq. (8.21) indicates 

convenient simplifications. Alternatively, when some of the Ri 

(i = 1,2, ... ,n) are not clearly distinct, Eq. (8.21) is a liability 

because multiple 0(1) eigenvalu~ perturbations are specifically 
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excluded from the developments in Chapters 6 and 7. Thus if some of the 

R. (i = 1 ,2, ... ,n) are not clearly distinct, a perturbation analysis 
1 

based on Eqs. (8.14) - (8.16) must use Ri (i = 1 ,2, ... ,n) generated from 

0(0) unperturbed trial vectors, thereby invalidating Eq. (8.21). 

Bearing in mind that the Ri (i = 1,2, ... ,n) are derived from Ray-

leigh's quotient, Eq. (8.21) implies that the information usually con-

tained in >- 1; (i = 1,2,. . .,n) is included in R; (i = 1,2,. .. ,n). 

Evidence of this speculation is provided by taking 

W· = u0 . -1 - 1 ' y. = VO. -1 - 1 
i = 1 ,2, ... ,n (8.22) 

Then substituting Eqs. (8.22) and (2.5) into Eq. (8.14), we obtain 

T 
Yo; (Ao + Al )~Oi 

R. = 
1 T 

Yo; (Bo+ Bl)~Oi 
i = 1,2, ... ,n 

Use of Eqs. (2.9) and (2.16) allow Eq. (8.23) to be expressed as 

R. = 
1 

A 

"o .t:. .. + a .. l 11 11 
A 

!:. • . + b .. 
11 11 

i=l,2, ... ,n 

We expand the denominator to obtain 

R. = 1.0 . + 1:. •• (a .. - 1. 0 . b .. ) + 
l l 11 11 l 11 

i = 1 ,2, ... ,n 

(8.23) 

(8.24) 

(8.25) 

Comparison with Eq. (2.28) indicates that Eq. (8.25) can be written as 

i = 1,2, ... ,n (8.26) 

Equation (8.26) is pleasing in that it vividly exemplifies the 

stationarity, and hence the improvement of accuracy, afforded by the 

use of Rayleigh's quotient. Furthermore, we observe that the perturba-

tion analysis and Rayleigh's quotient do indeed provide the same 0(1) 
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eigenvalue perturbations. As a footnote, if we substitute for wi and 

~i the ith columns of u0 (I + E1) and v0(I + r1), respectively, it can 

be shown that 
R. 

l = "oi + "1i + "2i + "3i + ... i = 1,2, ... ,n (8. 27) 

Equation (8.27) once again exemplifies the stationarity of Rayleigh's 

quotient. 

From the above, computation of Rayleigh's quotient emerges as a 

means whereby the numerical accuracy of reasonably accurate eigenvalue 

estimates can be enhanced. Alternatively, if accuracy is not of great 

importance, or if the perturbing matrices A1 and B1 are extremely 

small, computation of Rayleigh's quotient is a means whereby eigen-

value estimates can be upgraded to include the effects of B1 and A1 , 
~ ~ 

or equivalently of B and A. During the course of actual computations, 

Rayleigh's quotient is relatively simple to compute, especially if 

biorthonormality computations have already been performed as a check on 

eigenvector accuracy. 

To exemplify the use of Rayleigh's quotient, let us return to 

the examples of Chapters 5-7. In Tables 8.1 and 8.2 we present a sum-

mary of eigenvalue estimates, computed via Rayleigh's quotient, using 

eigenvectors from the two examples of Chapter 5 summarized through 

various orders. Comparison of Tables 8.1 and 8.2 with Tables 5.1 and 

5.4, respectively, reveals the increased accuracy afforded by the use 

of Rayleigh's quotient. The results presented in Tables 8.3 and 8.4 

were computed using eigenvectors from the examples of Chapters 6 and 7, 

respectively. Once again, comparing Tables 8.3 and 8.4 with Tables 6.1 

and 7.1, respectively, the increase in accuracy is evident. 



0(0) 

Al 
-0.053,009 
+i0.459 ,019 

).2 -0.243,245 
+ill . 150' 798 

).3 -0.216,605 
+il9.786,069 

).4 -0.109,940 
+i3.798,539 

A5 
-0.256,755 
+il7.520,309 

A6 
-0.220,236 
+i29.990,330 
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TABLE 8.1 

Summary of Rayleigh's Quotients, 

Using First Example in Chapter 5, 

C = h = 1/4, Q = n/2 

0(0) + 0(1) 0(0) + ... + 0(2) 

-0.053,198 -0.053,198 
+i0.453,850 +i0.453,849 

-0.243,244 -0.243,244 
+ill .148,030 +ill .148,030 

-0.216,601 -0.216,601 
+il9.784,345 +il9.784,345 

-0.109,967 -0.109,967 
+i 3. 798 '118 +i3.798,118 

-0.256,756 -0.256,756 
+il7.518,511 +il7.518,511 

-0.220,234 -0.220,234 
+i29,989,158 +i29.989,158 

Exact 

-0.053,198 
+i0.453,849 

-0.243,244 
+ill .148,030 

-0.216,601 
+il9.784,345 

-0.109,967 
+i3.798, 118 

-0.256,756 
+il7 .518,511 

-0.220,234 
+i29.989,158 



Al 

A2 

A3 

A4 

A5 

A6 

AB 
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TABLE 8.2 

Summary of Rayleigh's Quotients, 

Using Second Example in Chapter 5, 

c = h = 1/4, st= 12'1:61T 

0 (0) 0(0) + 0(1) 0(0) + ... + 0(2) 

0.189,571 0.187 ,778 0.187 ,816 
+il2.390,245 +il2.379,277 +il2.379,475 

2.559,263 2.565,406 2.565,408 

-0.158,848 -0.158,846 -0. 158 ,846 
+i8.801 ,007 +i8.798,580 +i8.798,580 

-0.352,698 -0.350,907 -0.350,952 
+il6.800,243 +il6.821,612 +il6.821,331 

-0.372,904 -0.372,924 -0.372,924 
+i29.323,904 +i29.323,856 +i29.323,856 

-0.278,016 -0.278,018 -0.278,018 
+i40.433.685 +i40.432 ,571 +i40.432,571 

-2.813,974 -2.819,559 -2.819,561 

Exact 

0.187,815 
+il2.379,469 

2.565,408 

-0.158,846 
+i8.798,580 

-0. 350 '951 
+il6.821 ,338 

-0.372,924 
+i29.323,856 

-0.278,018 
+i40.432,571 

-2.819,561 



0(0) 

.\1 3.0 

.\3 1.0 

TABLE 8.3 

Summary of Rayleigh's Quotients, 

Using Example in Chapter 6, 

Multiple 0(0) Eigenvalues 

0 ( 0) Perturbed 0(0) + 0(1) 0(0) + 0(1) + 0(2) 

3.0 
-i0.186,603 

1.0 

2.993,683 
-i0.187,085 

1.012,669 

2.993,721 
-i0.187,086 

1.012,559 

Exact 

2.993,721 
-iO .187 ,086 

1.012,559 

0 
C'\ 



0(0} 

3.006,247 
Al +i0.000,971 

A.2 
3.006,247 
-i0.000,971 

A.3 0.987,505 

TABLE 8.4 

Summary of Rayleigh's Quotients, 

Using Example in Chapter 7, 

Nearly Multiple 0(0} Eigenvalues 

0(0} Perturbed 0(0} + 0(1} 

3.0 3.0 

3.012,495 3.000,003 

0.987,505 0.999,997 

0(0} + 0(1} + 0(2} Exact 
_, 
0 
-......i 

3.0 3.0 

3.000,001 3.0 

0.999,999 1.0 



Chapter 9 

AN ITERATIVE PROCEDURE 

In the present chapter, we utilize the generalized basis for 

perturbation analyses, expressed by Eqs. (8.14) - (8.16), as the basis 

for an iterative eigensolution procedure. We use a superscript in 

parentheses to indicate the iteration number. 

Following the developments between Eqs. (8.11) and (8.16) we 

presume the availability of the matrices w(k) ~ U and z(k) ~ V, that 

are approximately biorthonormal with respect to matrices A and B as in 

Eqs. (2.4), along with the corresponding diagonal matrix of eigenvalue 

estimates R(k) and the error matrices A(~) and B(~), where 

Let us take 

w(k+l) = w(k)E(k)(I + E~k) + 

z(k+l) = z(k)G(k)(I + r~k) + ... 

(9.la) 

(9. lb) 

(9.2a) 

(9.2b) 

Using R(k), A(~) and B(~) in place of A0, A and B, respectively, we 
. . (k) (k) (k) (k) (k) determine the elements of matrices E , E1 , ... , EP , G , r 1 , 

... , r(k) according to the results of Chapters 2, 6 and 7. We recall p 
that if all of the R~k) (i = 1,2, ... ,n) are clearly distinct, matrices 

1 

E(k) and G(k) become the identity matrices and we use the results of 

Chapter 2. Otherwise, we use the results of Chapters 6 or 7, as 

appropriate. Because the expansions indicated in Eqs. (9.2) are 
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finite, the matrices w(k+l) a-nd z(k+l), although more accurate than 

w(k) and z(k), respectively, remain approximations to U and V, respec-

tively. Thus we compute the products z(k+l)TBW(k+l) and z(k+l)TAw(k+l). 

From the diagonal elements of these products, we compute eigenvalue 

estimates according to 

z ~ k+ 1 )T Aw~ k+ 1 ) 
- 1 - 1 

= _(...,...k+--=l,......,) T~8~( k-+ l~) 
z. w. _, -1 

= 1,2, ... ,n 

whereupon the error matrices A(~+l) and B(~+l) can be constructed 

according to 

s(k+l) = z(k+l)T8w(k+l) 
R 

A(k+l) = z(k+l)TAw(k+l) _ R(k+l)~ 

(9.3) 

(9.4a) 

(9.4b) 

This completes one iteration. We consider convergence to have been 
A A 

attained when the elements of matrices AR and BR are smaller than some 

previously specified threshold value. 

A few comments are in order. We note that the utility of the 

iteration procedure hinges upon the availability of initial trial 

vectors w(l) and z(l) for which the matrices A~l) and B~l) are suf-

ficiently small that the perturbation analyses of Chapters 2, 6 and 7 

are applicable. The procedure is indeed iterative since the expansions 

of Eqs. (9.2) are finite. Of course, the user is at liberty to retain 

as many terms as are deemed necessary- more terms retained should 

indicate fewer iterations to convergence and vice versa. Let us define 

the small parameter µ(k), which typifies the smallness of the matrices 

A(k) and B(k). This is to say that 
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AA(k) BA(k) - (k) 
R ' R µ 

Then, if we retain tenns through O(p), as indicated in Eqs. (9.2), 

subsequent iterations yield 

A ( k+ n 
R 

8(k+l) -
R 

(µ(k))p+l 

A(k+2) 
R 

8(k+2) -
R 

(µ(k))(p+1)2 

,A.(k+3) 
R 

8(k+3) 
R 

- ( µ ( k ) ) ( p+ 1) 3 

Thus the convergence for eigenvector estimates is fairly rapid. 

Furthermore, due to the Rayleigh's quotient method in which eigenvalues 

are estimated, the eigenvalue estimates will be as accurate as the 

eigenvectors computed in the next iteration. 

As a final point we mention that the procedure set forth here 

does not allow the accumulation of computational errors from one 

iteration to the next. This is due to the fact that in each iteration 

we use trial vectors w(k) and z(k) to determine nearly diagonal matrices 

(~ + B(k)) and (A(k)~ + A(k)) based upon the original matrices A and B. 

Toward presenting an example, let us use the iterative procedure 

in its simplest form, thus, in the eigenvector expansions of Eqs. (9.2) 

we retain terms only through 0(1), and assume clearly distinct eigen-

values. Equations (9.2) appear as 

( 9 . 5a) 

(9.5b) 

Let us use the iterative procedure, based upon Eqs. (9.5), to generate 

the exact eigenvalues and ei~envectors of the example in Chapter 6. 
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Nominally, this example is a poor one in that this example 

possesses nearly multiple eigenvalues while the expansions of Eq. 

(9.5) presume clearly distinct eigenvalues. This difficulty is neatly 

obviated if we use the O(O) perturbed eigenvectors of Eqs. (6.43) as 

starting trial vectors. 

From Eqs. (6.26) - (6.29) we have the eigenvalue problem 

Au. = t...u. Arv. = t...v. i = 1 ,2 ,3 (9.6a,b) -1 1-1 -1 1 -1 

where 

[ 3/2 ./3/4 + 1/10 2/10] 
A = ./3/4 - 1/10 5/2 1/10 (9. 7) 

-2/10 -1 /10 3 

From Eqs. (6.43) we have the starting trial vectors 

0.25 0.25 0.866,025 -i0.25 +i0.25 

W(O) = 0.433,013 0.433 ,013 -0.5 -i0.433,013 +i0.433,013 (9.8a) 

-0.5 -0.5 0.0 -iO. 5 +i0.5 

z(o) = w(o) (9.8b) 

As a means of monitoring the computations, we present the matrices 

A~k) and the eigenvalue estimates R(k) (k = 1,2,3, ... ). Note that the 

procedure does converge to the exact eigenvectors presented in Table 

6.2. 



k = 1 iteration: 

0.0 
+iO.O 

AR(l) = 0 .0 
+iO.O 

-0. 011 '603 
+i0.111 ,603 

R(l) = [ 3.0 
-i0.186,603 

k = 2 iteration 

-0.009,288 
-iO. 001'154 

AR(2) = 0.015,268 
-i0.003,209 

-0.000,007 
-i0.000,697 

R(2) = r 2.993,741 
-i0.187'190 

k = 3 iteration 

-0.000,868 
+i0.000,2a3 

AR(3) = 0.000,047 
-iO. aao ,010 

o.oaa,oo5 
-i0.000,010 

R(3) = j 2.993,721 
L -io. rn1 ,086 
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a.a a.all ,603 
+iO.O -i 0. 111 '6a3 

a.a 0.011 ,6a3 
+iO.O +ia.111 ,6a3 

-0.011 ,6a3 o.a 
+iO. 111 ,6a3 +iO.O 

3.0 
1.0 J +i0.186,603 

-a.015,268 a.aaa,136 
+i0.0a3,209 -i0.000,684 

-O.Oa9,288 o.ao0,136 
+iO.Oal,154 +io.aa0,684 

-0.000,007 -0. aa6 ,210 +iO.OOa,697 

2 .993 ,741 l ,012,558 J +i0.187'190 

o.oaa,047 o.ooa,oa7 
+i0.000,010 +iO.a00,009 

-0.000,868 0.000,007 
-iO.a00,203 +io.oao,009 

0.000,005 -o.aao,029 +i0.000,010 

2.993,721 1,012,559] +i0.187,086 

The elements of A~4 ) are less than lo-6, while the eigenvalue estimates 

remain unchanged. The rate of convergence is more easily grasped if we 

inspect the norm of A~k) (k = l ,2, ... ), presented in Table 9.1. 
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TABLE 9.1 
A ( k) -Nonn of AR (k - 1 ,2, ... ) 

k II A ( k)ll 
R 

1 0.224 x 10° 
2 0.265 x 10-1 

3 0.126xl0-2 

4 0.313 x 10-6 

5 0.249 x 10-13 



Chapter 10 

DYNAMIC RESPONSE 

Consider the set of linear, coupled ordinary differential equa-

tions 

B~(t) = A~(t) + ~(t) (10.1) 

where B and A are constant n x n coefficient matrices, ~(t) is the n x 1 

column vector of coordinates, ~(t) is an n x l column vector of excita-

tions, which are g_enerally functions of the time t. 

A direct approach to the solution of Eq. (10.1) is to write it as 

(10.2) 

from which the solution can be written as 

-r=t 
u(t) = ¢(t) ~(O) + J,=o d-r ¢(t--r) s- 1 ~(-r) (10.3) 

where 

is the so-called state transition matrix. The incremental form is often 

more useful. This is 

{ J-r=t+cSt } 
~(t+ot) = ¢(at) ~(t) + ¢(t--r) s-1u(-r) 

-r=t 
( 1O.4a) 

If we allow the approximations 

¢(t--r) ~ ¢(0) = I t < T < t + cSt 

~(T) ~ ~(t) t < T < t + ot , 

114 
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then Eq. (10.4a) can be written in discrete time form as 

k = 0,1,2, ... ( l 0. 4b) 

where T is the increment. Implementation of this result can be diffi-

cult. In particular, computational difficulties may be encountered in 

the determination of ~(T) from the matrix series 
-1 

~(t) - e8 AT= I+ (B-1A)T + ~! (B-1A) 2f + ... (10.5) 

especially if matrices B and A are large. 

One way to avoid this difficulty is to perform a modal analysis. 

The first stage of such an analysis entails solving the eigenvalue 

problem for the biorthogonal matrices U and V, while in the second 

stage, matrices U and V are used as the basis of a transformation 

which diagonalizes the coefficient matrices A and B. The resulting 

decoupled equations can then be solved independently. The advantage of 

a modal analysis is that the state transition matrix is rendered 

diagonal, thus alleviating the computational difficulties mentioned 

above. In balance, we .must solve the eigenvalue problem, which can be 

a tedious task. However, many problems in mechanics can be discretized 

such that the coefficient matrices A and B possess properties that ease 

the tedium of eigensolution analysis. In the present endeavor, the 

modal analysis is considered prefereable. 

We consider the algebraic eigenvalue problem 

BUA = AU ( 1O.6a) 

and its adjoint 

(l0.6b) 
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where the columns of then x n ·modal matrices U and V are the right 

and left eigenvectors, respectively, and where A is the diagonal matrix 

of eigenvalues. Let us assume that the solutions of Eqs. (10.6) are 

known, and that the eigenvectors have been normalized such that 

(10.7a) 

(10.7b) 

where ~ is a diagonal matrix, the elements of which are either +l or -1. 

Returning to Eqs. (10.1), let us take 

~(t) = U~(t) (10.8) 

where n(t) is another n x 1 column vector of coordinates. Note that 

Eq. (10.8) can also be written as 

~(t) 
n 

= l ~pnp(t) 
p=l 

(10.9) 

thus illustrating that Eq. (10.8) amounts to taking ~(t) as a linear 

combination of the right eigenvectors ~p (p = 1 ,2, ... ,n). We substitute 

Eq. (10.8) into Eqs. (10.1) and premultiply by VT to obtain 

(10.10) 

Recalling Eqs. (10.7), Eqs. (10.10) can now be written in the de-

coupled form 

(10.11) 

where 

(10.12) 
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Thus we observe that solution of the eigenvalue problem provides the 

transformation matrices, U and V, through which Eqs. (10.1) can be 

uncoupled. 

The solution of Eq. (10.11) can be written in terms of the convo-

lution integral as 

At JT=t A(t ) ~(t) = e ~(O) + dT e -T ~(T) 
T=O 

(10.13) 

where the diagonal matrix eAt is constructed as 

(10.14) 

and the diagonal matrix eA(t-T) is constructed similarly. The discrete 

time form of Eqs. (10.13), analogous to Eq. (10.4b), is 

AT 
~k+l = e {~k + T ~k} k = 0,1,2, ... (10.15) 

Once u(t) is known, we substitute into Eq. (10.8) to obtain ~(t). Note 

that ~(t) and ~(t) are related to ~(t) and ~(t), respectively, 

according to 

~(t) = U~(t) <=> ~(t) = ~VTB~(t) 

~(t) = BU~(t) <=> ~(t) = ~VT~(t) 

( l O. l 6a) 

( l 0. l 6b) 

Now in practice, exact eigensolutions are rarely available. How-

ever, let us assume the availability of approximate eigenvectors W ~ U 

and Z ~ V. Following Eq. (10.8), let us take 
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~(t) = W~(t) (10.17) 

and substitute into Eq. (10.l). Upon premultiplication by zT we ob-

tain 

Let us approximate the products zTBW and zTAW as 

Z T BW "' L Z T BW .J 

Z T AW "' L Z T AW .J 

(10.18) 

( i O. l 9a) 

( l 0. l 9b) 

where the notation r J indicates that all but the diagonal elements are 

zero. Equation (10.18) can now be expressed as 

~(t) = R~(t) + ~(t) 

where 

is a diagonal matrix, and where 

We note from Eq. (10.21) that the elements of Rare given by 

R. = 
l 

T z.Aw. 
-1 -1 
T z.Bw. 

-1 -1 

i = 1,2, ... ,n. 

(10.20) 

(10.21) 

(10.22) 

(10.23) 

The solution of Eq. (10.20) for ~(t) can be constructed as previously. 

It is pleasing to observe how the modal analysis, based upon 

approximations to the exact matrices, readily allows a Rayleigh's 

quotient interpretation of the eigenvalues, as in Eq. (10.23), and 

hence the accompanying increase in accuracy. Note that when approximate 
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eigenvectors are used, Eqs. (10.16) must be modified to read as 

~(t) = Wn ( t) => n ( t) = L z T BW ~ - l z.r Bu ( t) - - - (10.24a) 

= BW~(t) => ~(t) = L" zTBW ~-l zT~(t) ( 10. 24b) 

The preceding developments are applicable to any modal analysis, ir-

respective of how the modal matrices are determined. 

To this point in the present chapter, perturbation analyses have 

not been mentioned. Let us suppose the approximate eigenvectors W and 

Z are the result of a perturbation analysis, and thus include the ef-

fects of the perturbation matrices A1 and B1. Then, according to the 

earlier developments in this chapter, although an unperturbed response 

may have been determined, we must repeat the response computations for 

the perturbed problem. In spite of the fact that response computations 

are relatively simple to perform, one may wish to express the perturbed 

response in terms of the unperturbed response and the perturbations A1 
and B1. Taking special forms for the excitation, Chen and Wada [7] have 

done just that. However, to maintain the generality of Eq. (10.13), it 

appears that one cannot represent the perturbed response conveniently 

in terms of the unperturbed response and the perturbations A1 and B1. 

Let us return to the examples of Chapter 5 and compute the 

response of the system depicted in Fig. 5.1. Starting from zero 

initial conditions, let us suppose the system is acted upon by the force 

-+ -+ 1 F(z,t) = ex F0 o(z - 2 L) o(t) , 

F0 = 1 n/m sec (10.25) 
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Using eigenvectors, from the first example of Chapter 5, summarized 

through various orders, we compute the response according to Eqs. 

(10.17) - (10.23), along with the exact response for comparison. In 

Fig. 10.l we plot the deflection of the center of the beam in inertial 

coordinates, Y(} L,t) versus x(} L,t), with t as a parameter, for 

0 ~ t ~ 10 sec. The curve labelled 0(0) was generated using the un-

perturbed eigenvectors. We note that within the accuracy of this plot, 

the curves generated using the perturbed eigenvectors summarized 

through 0(1) and 0(2) are identical to the exact response. Once 

again, it should be evident that the system is stable. 

We repeat the response computations for the second example in 

Chapter 5 and present the results in Fig. 10.2 as a plot of Y(} L,t) 

versus x(} L,t), for 0 ~ t ~ 7 sec. The instability should be evident. 
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1 Y(2 L,t) 

0.4 

Figure 10.1 

Dynamic Response Y(} L,t) Versus X(} L,t), 

0 ~ t ~ 10 sec, c = h = 1/4, Q = n/2 

1 X(2 L,t) 
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1 Y(z L,t) 
0.6 

0.4 

0.2 

4 

Figure 10.2 

Dynamic Response Y(} L,t) Versus X(} L,t), 

0 ~ t ~ 7 sec, c = h = 1/4, n = 121:"6 ~ 

0(0) 

1 X("2 L,t) 

0.6 



Chapter 11 

CONCLUSIONS 

This dissertation concerns a perturbation theory for the algebraic 

eigenvalue problem. The perturbation scheme is based on biortho-

normality relations. When the unperturbed eigenvalues are clearly 

distinct, the perturbation theory provides expressions for the perturbed 

eigenvalues and eigenvectors in terms of the unperturbed eigenvalues 

and eigenvectors and the perturbing matrices, without solving a new 

eigenvalue problem. Alternatively, when some of the unperturbed eigen-

values are not clearly distinct, the perturbation theory requires the 

solution of an eigenvalue problem that is of the same dimensions as the 

number of not clearly distinct unperturbed eigenvalues. 

The perturbation theory should prove useful in many seemingly 

different analyses .. The topic addressed in Chapter 5 is that of 

gyroscopic systems subjected to small internal and external damping 

forces. For this application of the perturbation theory, the perturb-

ing matrices describe physical effects, namely damping, not included 

in the unperturbed eigenvalue problem. A slightly different application 

is that in which the perturbing matrices are corrections to the same 

physical effects described by the unperturbed eigenvalue problem. If 

we regard the perturbing matrices as errors, then the perturbation 

theory provides expressions for the corresponding eigenvalue and 

eigenvector errors. Conversely, given approximate eigenvectors, the 

matrices computed from these eigenvectors and the perturbing matrices, 

and taking the place of the perturbing matrices, can be regarded as 
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measures of the errors associated with the approximate eigenvectors. 

In Chapter 7 it is shown that Rayleigh's quotient provides 

eigenvalue estimates that include the first eigenvalue perturbation 

indicated by the perturbation theory. Furthermore, the use of 

Rayleigh's quotient allows the definition of a generalized vector 

basis for application of the perturbation theory, which does not 

depend on the use of eigenvectors satisfying an eigenvalue problem. 

This generalized basis allows the definition of an iterative eigen-

solution algorithm in which one iteration entails an application of the 

perturbation theory. 

The perturbation theory has been applied to the rotating beam, 

depicted in Fig. 5.1, where the beam is subject to small internal and 

external dampinq forces. This particular system is interesting in that 

one configuration of it is unstable on two accounts: one eigenvalue is 

real and positive, while one complex conjugate pair of eigenvalues 

possess positive real parts, which is to say that the system exhibits 

divergence and flutter simultaneously. 

For future endeavors, an investigation into the convergence of 

the eigenvalue and eigenvector expansions, as in Eqs. (2.17) and (2.18) 

may be fruitful. As of this writing, it appears that the perturbation 

theory for not clearly distinct unperturbed eigenvalues can be 

rendered more usable. Additional investigation of the stability and/or 

instability of slightly damped gyroscopic systems should be interesting. 
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APPENDIX 

The perturbation analyses presented in the main text are based 

upon the biorthonormality relations for the eigenvalue problem. Of 

course, these analyses could have been based upon some other condition. 

Indeed, the derivations presented by Franklin [l], Wilkinson [2] and 

Lancaster [3] are based on the statement of the eigenvalue problem 

itself. In the following, we present a derivation that has been 

adapted from these three authors, and then compare it with the develop-

ments of Chapter 2. 

Consider the algebraic eigenvalue problem in nonstandard form 

A. .Bu. = Au. J -J -J 

and its adjoint 

where 

T T A. .B v. = A v_J. J -J 

A = A0 + A1 

B = B0 + B1 

j = 1,2, ... ,n (A.la) 

j = 1,2, ... ,n (A.lb) 

(A.2a) 

(A.2b) 

and where the elements of matrices A1 and B1 are small in comparison 

with the elements of matrices A0 and B0, respectively. vJe 

assume the availability of 0(0) eigensolutions ~Oj' Yoj and A.Oj 

(j = 1,2, ... ,n), which satisfy the biorthonormality relations 

T T T /:,. .. i ,j = 1,2, ... ,n (A.3a) vo. Bauo. = uo. Bava. = - 1 - J - 1 - J lJ 
T T T A.0 ./:,. •• i ,j = 1,2, ... ,n (A.3b) vo. Aauo. = uo. Aavo. = - 1 - J - 1 - J 1 1 J 
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Let us assume the expansions 

A. J = >..Oj + Alj + j = 1,2, ... ,n (A.4a) 

u. = uo. + u,. + j = 1,2, ... ,n (A.4b) -J - J - J 

v. = VQ. + v,. + j = 1,2, ... ,n (A.4c) -J - J - J 

where >..lj' ~lj and ylj are small in comparison with >..Oj' ~Oj and Yoj 

{j = 1,2, ... ,n), respectively. Furthermore, we observe that >.. 1 ., u1 . 
J - J 

and y1j (j = 1,2, ... ,n) must tend to zero as the elements of matrices 

A1 and B1 tend to zero. We state this as 

j = 1,2, ... ,n (A.5) 

Now, because the u0 . (j = 1 ,2, ... ,n) span the space Ln in which the 
- J 

~lj are defined, we can express the ~lj {j = 1,2, ... ,n) as a linear 

combination of the u0 .. Thus, we write 
- J 

n 
ul . = l ~Op elpj j = 1,2, ... ,n 
- J p=l 

(A.6a) 

Similar arguments allow us to write 

n 
v, . = I Yap ylpj j = 1,2, ... ,n 
- J p=l 

(A.6b) 

We note that the smallness of u1 . and v1 . {j = 1,2, ... ,n) has been trans-
- J - J 

ferred to the coefficients elpj and ylpj (p,j = 1,2, ... ,n), respec-

tively. At this stage, Franklin [l] and Wilkinson [2] state that in 

order to maintain Condition (A.5), we must have 

eljj = Yljj = 0 j = 1,2, ... ,n (A. 7) 

Lancaster [3] invokes Eq. (A.7) for no stated reason. 
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Let us substitute Eqs. -(A.2) and (A.4) into the statement of the 

right eigenvalue problem, Eq. ·(A. la). ~le then substitute for u1 . 
- J 

(j = 1,2, ... ,n) from Eq. (A.6a) and premultiply the result by v0'. 
- l 

( i = 1 , 2 , ... , n) to ob ta i n 

T n 
= Yo;(Ao + Al)(~Oj + p~l ~Op 6 lpj + ... ) 

i,j = 1,2, ... ,n (A.8) 

Separation according to order yields the equations 

T T o(o): A0 .(v0 . s0u0 .) = (v0 . A0u0 .) J-1 -J -1 -J i ,j = 1,2, ... ,n (A.9a) 

i,j = 1,2, ... ,n (A.9b) 

If we utilize the biorthonormality expressed in Eqs. (A.3), and define 

T ; ,j 1 ,2, ... ,n (A.lOa) a .. - vo; AluOj = lJ 
A T b .. - v0; s1u0j ; ,j = 1 , 2, ... , n (A. 1 Ob) 
lJ 

then Eqs. (A.9) can be written more compactly as 

; ,j = 1 ,2 •...• (A. lla) 
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A 

0 ( l ) : "0·1::;· .el .. + >..o.b .. + "1 ./::; .. J 11 lJ J lJ J lJ 
A 

= "oi1::;ii 6 lij + aij i ,j = l ,2, ... , n (A.llb) 

Equation (A.lla) is an identity, as anticipated. Turning our attention 

to Eq. (A.llb), let us express it as 
A 

1::;ii("oi - "oj) 6 lij - "1j1::;ij = - (aij - "oj bij) 
i,j = 1,2, ... ,n (A.12) 

When i 1 j, 1::;ij = 0, and we can solve for elij" 

i 1 j i ,j = 1,2, ... ,n 

(A.13) 

Alternatively, when i = j, 1::;ij j 0, yet elij is no longer present due 

to the coefficient (t-0i - t- 0j). Thus we can solve for "lj 

(j = 1,2, ... ,n). 
A 

"1j = /::;jj(ajj - "oj bjj) j = 1,2, ... ,n (A .14) 

If we repeat the above derivation with the left eigenvalue problem, 

Eq. (A.lb), the results are 
A 

aji - "oj bji 
Ylij = - /::;ii "oi - "oj 

A 

"lj = 1::;jj(ajj - "oj bjj) 

i :j j i,j = 1,2, ... ,n (A.15) 

j = 1,2, ... ,n (A.16) 

At this point the analyses of Franklin, Wilkinson and Lancaster are 

complete through O(l). One may note that the above derivation can be 

readily extended through higher orders. It is reassuring to note that 
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the expressions given for>.. 1j (j = 1,2, ... ,n) in Eqs. (A.14) and (A.16) 

are identical. Furthermore, a comparison with the results of Chapter 2 

reveals that the same expressons for >..lj (j = 1 ,2, ... ,n) and for 

elij and ylij (i 'f j, i,j = 1,2, ... ,n) have been obtained. 

In the preceding derivation, we recall that the opportunities to 

determine eljj and Yljj (j = 1 ,2, ... ,n) never presented themselves. 

Then we can, in fact, relax Eq. (A.7) and accept~ expressions for 

eljj and yljj (j = 1,2, ... ,n) that are consistent with Condition (A.5). 

Thus it appears that we have the opportunity to impose some additional 

conditions on the eigensolution. Because eigenvector biorthogonality 

and normalization are desirable, let us investigate these properties 

via the product y1 B~j (i,j = 1,2, ... ,n). To this end, we substitute 

from Eqs. (A.2b), (A.4b) and (A.4c) and then from Eqs. (A.6). The 

result is 

T T n T n 
Yi B~J· = (vo. + I Yap Ylpi + ... )(Bo+ Bl)(~oJ· + I ~op 6 lpJ· 

- 1 p=l p=l 

+ ... ) i,j = 1,2, ... ,n (A .17) 

Recalling Eqs. (A.3a) and Eqs. (A.lOb), Eq. (A.17) can be expressed as 

v~ Bu. = 
-1 -J 

A 

6. •• + 6. .. e1 .. + b .. + 6. •. Yi··+ 0(2) lJ 11 lJ lJ JJ Jl 
i ,j = 1 , 2, ... , n (A. 18) 

The first term on the right side of Eq. (A.18) is 0(0), while the terms 

of interest, i.e. the second through fourth, are O(l). When i; j, we 

can substitute from Eqs. (A.13) and (A.15) for elij and Ylij 

(i 'f j, i,j = 1,2, ... ,n) to obtain 
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v'. Bu. = ~-. + O + 0(2) -1 -J lJ i ~ j i,j = 1,2, ... ,n (A.19) 

This result is pleasing in that the above first order analysis has 

produced eigenvectors that are biorthogonal through 0(1). 

Alternatively, let us write Eq. (A.18) for i = j (j = 1,2, ... ,n). 

T ~ v. Bu. = ~. . + ~ .. ( e1 .. + -v1 .. ) + b .. + 0 ( 2) 
-J -J JJ JJ JJ JJ JJ 

j = 1,2, ... ,n (A.20) 

Clearly, if we utilize Eq. (A.7), the 0(1) terms are nonzero, thus 

normalization is not preserved through 0(1). Recalling that e1 .. and 
JJ 

yljj (j = 1,2, ... ,n) were not determined in the perturbation analysis, 

it appears that the relaxation of Eq. (A.7) will allow us the addi-

tional luxury of normalized eigenvectors. Indeed, the eigenvectors 

will satisfy normalization through 0(1) if, in Eq. (A.20), we equate 

to zero the 0(1) terms. That is 

~ .. (el .. + yl .. ) = - b .. 
JJ JJ JJ JJ 

j = 1,2, ... ,n (A.21) 

Any expressions for eljj and yljj (j = 1,2, ... ,n) that satisfy Eq. 

(A.21) and Condition (A.5) are acceptable. It is pleasing to recall 

that Eq. (A.21) was addressed in Chapter 2 and that Eq. (2.27b) is an 

acceptable solution. 

Thus, it appears that if the perturbation analysis is based upon 

the statement of the eigenvalue problem, the normalization must be 

imposed as a separate condition. An alternative is to base the 

perturbation analysis upon the biorthonormality relations. Such an 

analysis is guaranteed to produce eigensolutions that satisfy the 

eigenvalue problem and normalization through any order. 
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Hopefully, the chore of reading this is at least one order of 

magnitude less than the chore of writing it! 
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PERTURBATION METHODS FOR 

SLIGHTLY DAMPED GYROSCOPIC SYSTEMS 

by 

Garnett Ryland 

(ABSTRACT) 

This dissertation concerns the development of a perturbation 

theory applicable to the algebraic eigenvalue problem. The objective 

is to express the perturbed eigenvalues and eigenvectors in terms of 

the unperturbed eigenvalues and eigenvectors and the perturbing 

matrices, without solving a new eigenvalue problem. If all of the un-

perturbed eigenvalues are clearly distinct, which is to say that the 

difference between no two of them is small, this objective can be ac-

complished. Alternatively, if some of the unperturbed eigenvalues are 

not clearly distinct, an eigenvalue problem, of the same dimension as 

the number of not clearly distinct unperturbed eigenvalues, must be 

solved. 

It is shown that Rayleigh's quotient is related to the perturba-

tion theory. The use of Rayleigh's quotient is a key ingredient in 

defining a generalized basis for application of the perturbation theory, 

which does not depend upon the use of eigenvectors satisfying an 

eigenvalue problem. This generalized basis is then used to define an 

iterative eigensolution algorithm. 

The perturbation theory was initially developed as an efficient 

means of solving the eigenvalue problem associated with linear 

gyroscopic systems for which the damping and/or circulatory effects are 



sufficiently small that they can be regarded as perturbations. The 

perturbation theory is applied to an example of such a system. One 

interesting aspect of this example is that for one of the combinations 

of parameters, it exhibits both divergence and flutter instability, 

simultaneously. Other numerical examples are given. 
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