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CHAPTER ONE 

Introduction 

The subject of the dissertation- is the cost variance investigation 

problem. This introductory chapter has three objectives. First, it 

provides a general description of the problem. Second, it explains--in 

general terms--the methodology to be used. Finally, an outline of the 

remaining chapters of the disse.rtation is provided. 

1.1 Nature of the Problem 

In a standard costing system, once the deviations of the actual 

performance from the standard performance are isolated, they are subject 

to investigation. The investigation is necessary because management, in 

order to take corrective actions, needs to know not only the size of the 

variances, but also 11 ••• where the variances are originated, who is 

responsible for them, and what caused them to arise. 111 

On the other hand, in real life situations, the actual performance 

is rarely (if ever) equal to the standard performance. That is, a vari-

ance is likely to result for every cost item. Consequently, in prac-

tice, so many variances occur that it would be impractical to investi-

gate all of them. The investigation process may also be extremely 

costly and hence, for small variances, unprofitable for the business 

enterprise. 

As a result of these two conflicting factors--the necessity of 

investigating cost variances and the impracticality of investigating all 

1National Association of Accountants, Report No. 22: The Anal~sis of 
Manufacturing Cost Variances. (New York: NAA, 1952, p.2 
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the variances--management is confronted with the question of which 

variances to investigate. 2 

In making the decision of which variances to investigate, 

management has employed two criteria, namely, the absolute size of the 

variance and the relative size of the variance to the standard cost. 

For example, rules such as 11 investigate all variances exceeding $1 ,000, 

or 20% of the standard cost, whichever is lower, 11 are widely used by 

managers. Such rules are based upon the intuition of the manager. 

Recently, several quantitative models for solving the cost variance 

investigation problem have been proposed by researchers. These models 

are divided into two groups. The first group includes models that do 

not take into consideration the costs and benefits of the investigation. 

This group of models is exemplified by the Zannetos, Jeurs, Luh, 

Koehler, and Probst models. 3 The second group of models includes models 

that consider both the costs and benefits of the investigation. The 

2As noted by Horngren the question of which variances are worthy of 
investigation is the 11 ••• most·troublesome aspect of feedback, 11 

C. T. Horngren, Introduction to Management Accounting, 5th ed. 
(Englewood Cliffs, New Jersey: Prentice-Hall, Inc., 1981), p. 186. 

3z. A. Zannetos, "Standard Cost as a First Step to Probabilistic 
Control: A Theoretical Justification, an Extension and Implica-
tions", The Accounting Review (April 1964), pp. 296-304. D. A. 
Jeurs, "Statistical Significance of Accounting Variances", Manage-
ment Accounting (October 1967), pp. 20-25. F. Luh, "Controlled 
Costs: An Operational Concept and Statistical Approach to Standard 
Costing 11 , The Accounting Review (January 1968), pp. 123-132. R. W. 
Koehler, 11 The Relevance of Probability Statistics to Accounting 
Variance Control", Management Accounting (October 1968), pp. 35-41. 
F. R. Probst, "Probabilistic Cost Controls: A Behavioral Dimen-
sion", The Accounting Review (January 1971), pp. 113-118. 
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models in this group include the models suggested by Bierman, Fouraker, 

Jaedicke, Kaplan, Dyckman, and Duvall. 4 

These models are reviewed and evaluated in Chapter Three. In 

evaluating the models, t~ree criteria are used, namely, answering the 

cost-benefit question, capturing the essence of the real problem, and 

the feasibility of the model. 

As will be shown in Chapter Three, the first group of models 

suffers basically from ignoring the costs and benefits of the investiga-

tion. The models in the second group fail to handle the problem of 

imprecision that surrounds the cost variance investigation decision. 

Moreover, these latter models suffer from the lack of applicability; 

they call for precise measures that cannot be obtained. Furthermore, 

the models are based on the 11 law of the excluded middle 11 ; i.e. the 

models do not allow for the transition between what is in-control and 

what is out-of-control. Stated differently, the models assume that the 

performance can only be either in-control or out-of-control. This 

assumption is an oversimplification of the real problem. Finally, 

because of the demand for high levels of precision in measuring the 

variables and in describing how they are related, the models lose part 

4H. Bierman, Jr., L. E. Fouraker, and R. K. Jaedicke, 11 The Use of 
Probability and Statistics in Performance Evaluation 11 , The 
Accounting Review (July 1961), pp. 409-417. R. S. Kaplan, 11 0pti-
mal Investigation Strategies with Imperfect Information 11 , Journal 
of Accounting Research (Spring 1969), pp. 32-43. T. R. Dyckman, 
11 The Investigation of Cost Variances 11 , Journal of Accounting 
Research (Autumn 1969), pp. 215-244. R. M. Duvall, 11 Rules for 
Investigating Cost Variances 11 , Management Science, Vol. 13 (1967), 
pp. B-631 - B-641. 
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of their relevance to the real world through ignoring some relevant 

items just because these items are incapable of precise measurement. 

Taking these deficiencies into consideration, the objective of this 

dissertation is the development of a new cost variance investigation 

model; a model that· takes into account the costs and benefits of the 

investigation; the imprecision surrounding the investigation decision; 

and the fact that there are intermediate states between the in-control 

and out-of-control states. Moreover, the model is intended to reduce 

the need for precise measures that are difficult, if not impossible, to 

obtain. 

1.2 Methodology 

In developing the new model, the calculus of fuzzy set theory will 

be utilized. Fuzzy set theory was introduced by Zadeh5 in 1965 to pro-

vide a mathematical framework wherein imprecise phenomena in decision 

making can be dealt with in a precise and rigorous manner. Moreover, 

the theory represents a vehicle for reducing the need for precise 

measurements. Finally, fuzzy set theory, through its basic concept of 

membership function, relaxes the 11 law of the excluded middle 11 assumed by 

the traditional quantitative models. Consequently, the theory appears 

to be well suited for handing the cost variance investigation problem. 

The model to be developed will be applied, through a pilot study, 

to an actual cost variance investigation problem encountered by a manu-

facturing firm. Such an application may provide an insight into the 

5Lotfi A. Zadeh, 11 Fuzzy Sets 11 , Information and Control, Vol. 8 (1965), 
pp. 338-353. 
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problems that may arise when the model is applied in real world 

situations. This is important to the cost variance investigation and 

the fuzzy set theory because (1) as indicated by Koehler, Anthony, and 

Magee available cost variance investigation models have not been used 

in practice and (2) as noted by Flander and Kickert the literature on 

fuzzy set theory lacks practical applications. 6 

1.3 Outline of the Study 

The dissertation is comprised of seven chapters. In the next 

chapter, Chapter Two, an introduction to the basic elements of fuzzy 

set theory is provided. The chapter also discusses some of the theory's 

applications in the decision making area. Chapter Three includes a 

review of the available cost-variance investigation models. Also, in 

Chapter Three, some of the problems encountered by these models are 

identified and discussed. The new model for the cost-variance investi-

gation decision is presented in Chapter Four. The model is extended in 

Chapter Five. Chapter Six is devoted to discussing the actual applica-

ti on of the proposed model. Finally, in Chapter Seven, summary and 

implications for future research are presented. 

6see R. W. Koehler, "The Relevance of Probability Statistics to 
Accounting Variance Control", p. 35; R. N. Anthony, "Some Fruitful 
Directions for Research in Management Accounting'', in N. Dopuch and 
L. Revsine (edsL~ Accounting Research 1960-1970: A Critical Evalu-
ation (Center for International Education and Research in 
Accounting: University of Illinois, 1973), p. 52; R. P. Magee, 11 A 
Simulation Analysis of Alternative Cost Variance Investigation 
Models", The Accounting Review (July 1976), p. 529; \~. Kickert, 
Fuzz Theories on Decision-Makin (Netherland: Martinus Nijhoff 
Social Sciences Division, 1978 , p. 158; and P. Flander, "An 
Example of A Fuzzy System", Kybernetes, Vol. 6 (1977), p. 229. 



CHAPTER TWO 

Fuzzy Set Theory 

As explained earlier, the objective of the dissertation is the 

development of a new model for the cost-variance investigation decision. 

The model to be developed is based on fuzzy set theory introduced by 

Zadeh in 1965. This chapter provides a discussion of the basic elements 

of the theory. Also included is a discussion of some of the theory's 

applications in the decision-making area. 

2. l Elements of Fuzzy Set Theory 

A close look at human-centered systems (systems with human 

interaction) reveals that fuziiness is a major source of inexactness in 

many humanistic systems. 1 For example, statements and terms such as 

"we expect our sales to be much higher than $10,000, 11 11 President Carter 

won the Wisconsin primary with a comfortable margin, 11 11 if the inflation 

rate is very high, the government spending should be substantially 

reduced, 11 "young man," "experienced manager," "good-looking girl," and 

"high profit," are common in humanistic systems. 2 

1see, for example, L.A. Zadeh, "Fuzzy Sets", Information and Control, 
Vol. 8 (1965), pp. 338-353, and L. A. Zadeh, "Outline of a New 
Approach to the Analysis of Complex Systems and Decision Pro-
cesses'', IEEE Transactions on S stems, Man, and C bernetics, Vol. 
SMC-3 (1973 , pp. 28-44. Political systems, economic systems, and 
educational systems are examples of humanistic systems. 

2Fuzziness in those statements and terms lies with the imprecise 
meaning of the underlined words. 

6 
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Since 1965 Zadeh has argued that there is a need for the 

differentiation between fuzziness and randomness. 3 According to him, 

fuzziness has to do with classes with no sharp transitions between 

membership and nonmembership. 4 Randomness, however, deals with the 

uncertainty (in terms of probability) concerning the occurrance or 

nonoccurrance of an event. 

An example may clarify the difference between uncertainty and 

fuzziness. The term "cool weather", for example, involves fuzziness; 

there is no sharp transition between what is cool and what is not. How-

ever, the question about the probability of having rain tommorrow 

involves uncertainty. The event is well described, either it rains or. 

it does not; the uncertainty lies with the occurrance or nonoccurrance 

of the event. 5 

Moreover, Zadeh has argued that applications of the conventional 

quantitative techniques to the study of humanistic systems are often 

unsuccessful because: (1) they are not equipped to handle fuzziness 

which is a major source of inexactness in many humanistic systems, and 

3For references, see footnote number 1. 
4L. A. Zadeh, "Fuzzy Sets", p. 339. 
5Note that the u~certainty, as measured by probability, can be related 

to fuzzy events. For example, one may ask about the probability 
of having cool weather tomorrow. 
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(2) they call for high levels of precision that cannot be obtained. 6 

In addition to not being obtainable, the high levels of precision 

required by the conventional quantitative methods are--according to 

Zadeh--unnecessary for an effective study of the systems. 7 This is 

mainly because people--unlike computers--can understand and respond to 

imprecise instructions. For example (from Yager ·and Sasson) people can 

respond to the fuzzy conmand: 11 tall people in the back and short 

people in the front 11 ; however, computers as well as the conventional 

quantitative techniques are not capable of handling such an 
. t t• 8 ms rue 1 on. 

To reflect the distinction between randomness and fuzziness and to 

lessen the requirement of precise numerical inputs to decision analysis, 

Zadeh introduced the fuzzy set theory. The underlying philosophy of the 

theory is to provide a mathematical framework, wherein imprecise pheno-

mena in humanistic systems can be dealt with in a precise and systematic 

manner. 

6see, for example, L. A. Zadeh, 11 The Linguistic Approach and Its 
Application to Decision Analysis 11 , in Y. C. Ho and S. K. Mitter 
(eds.) Directions in Large-Scale Systems (N.Y.: Plenum Press, 
1976)., p. 340. A. Kaplan also considers the demand for precise 
measures to be one of the major problems encountered by models. 
See A. Kaplan, The Conduct of Inquiry (California: Chandler 
Publishing Company, 1964), p. 283. 

7L. A. Zadeh, 11 0utline of a New Approach to the Analysis of Complex 
Systems and Decision Processes 11 , p. 29. 

8R. R. Yager and D. Sasson, 11 Decision Making with Fuzzy Sets 11 , 

Decision Sciences, Vol. 6 {1975), p. 590. 
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According to Zadeh, a fuzzy set is a class of objects with no sharp 

boundaries to separate those objects belonging to the class from those 

not belonging. 9 For example, the set 11 old women 11 and the set 11 tall men 11 

are fuzzy sets. Similarly, classes described by adjectives such as 

large, small, substantial, significant, important, etc., are fuzzy sets. 

Mathematically, a fuzzy set A of the universe E is defined by: 

(1) 

where uA(x), called the membership or compatibility function, represents 

numerically the degree to which an object, x, belongs to the set A. 10 

The membership function is similar to the characteristic function 

for a set in the ordinary set theory. However, instead of treating the 

presence or absence in a binary manner, as in the ordinary set theory, 

the membership function in the fuzzy set theory takes its values in the 

closed interval from zero to one. 

That is, in the ordinary set theory the characteristic function for 

a set A [denoted by uA(x)] can take on only the value 1 or 0. An 

element x1sE can be either a member of A [uA(xi) = l] or a nonmember of 

A [uA(xi) = OJ. However, in the fuzzy set theory, the compatibility 

function for a fuzzy set~ [denoted by uA(x)] takes any value in the 

closed interval from zero to 1. The closer xi is to satisfying the 

requirements of the set A the nearer uA(x) is to 1, and vice versa. 

9 L. A. Zadeh, 11 Fuzzy Sets 11 , p. 339. 

lOThe intergration sign in the context of fuzzy set theory indicates 
the union. That is, A is the union of its constituent singletons 
[uA(x)/x]. 
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Thus, an element xiEE may be a nonmember of~ [uA(xi) = OJ, could be 

slightly a member of~ [uA(xi) near zero], may more or less be a member 

of~ [uA(xi) close to .5], could be strongly a member of~ [uA(xi) near 

l], or finally, could be a member of A [uA(x.) = l]. 11 
- 1 

An example of a fuzzy set may clarify the concept of membership 

function. Let 

E = {10, 20, 30, 40, 50, 60, 70, 80, 90, 100, 110} 

be the set of possible weather temperatures. Then the fuzzy set ~ of E 

representing "moderate temperatures" can be subjectively defined by: 

A= {(.5/50), (.8/60), (1.0/70), (.8/80)} 

As another example, consider the fuzzy set A = {young person} whose 

membership function is defined by 

Thus, the compatibility of a person who is 25 years old with the set 

"young person" is 0.5 while the compatibility of a person who is 50 

years old with the same set is 0.2. The fuzzy set representation of the 

above membership function is provided in Figure 1. 

A fuzzy set, A, is classified as normal if its height is equal to - . 

1, while it is classified as subnormal if its height is less than one. 

The points in the universe, E, at which uA(x) > 0 constitute the support 

11 Stated differently, in fuzzy set theory i•... th.e concepts of yes/no, 
true/false, black/white, and good/bad are replaced by concepts 
where partial truth and partial falsity reside and where transi-
tions between what 1 is 1 and what 'is not' are admitted." J. P. 
Gigch and L. L. Pipino, "From Absolute to Probable and Fuzzy in 
Decision Making", Kybernetes, Vol. 9 (1980), p. 51. 
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u {x) 
Young · 

1.0 

0.5 

..-..------ - t- ----·-
0.0 ~~~~~~---"·~--~~~~~~~~-

x Age (Years) 

Figure 1. Compatibility Function for 11 Young Person 11 • 
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of the fuzzy set~' while the points at which uA(x) = 0.5 are the 

crossover points of A. 

Reflecting the distinction between the membership function and the 

characteristic function, the mathematical techniques of the fuzzy set 

theory are different from those of the ordinary set theory. This will 

be shown below. 

The calculus of the fuzzy set theory is based on several 

operations, namely, the intersection, union, and complementation. Let E 

be a universal set, let~ ~E with uA(x)sM = [O, l], and let·§~ E -with u8(x)sM = [O, l], then the intersection (~), union (~~) and 
-complementation (~) are given, respectively, by: 

and 

~~ = JcuAn8(x)/xJ, 

~~ = j[u~U§(x)/x], 

~ = JcuA(x )/x], 

where the membership functions are defined by: 

and 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

12The symbols 11A11 and 11V11 denote the operations of taking the minimin 
and the maximum, respectively. 
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As an example, let E = {x1, Xz, X3, X4}. Moreover, let A and S be 

two fuzzy subsets of E defined by 

A= {(.2/x1), (O/xz), (.8/X3), (l/X4)}, 

S = {(.8/x1), (.5/xz), (.l/X3), (O/X4)}. 

Then, using equations (2)-(7) the intersection (Ans), union (AUS), and 

complementation (A) are given by: 

(AnB) = {.2/x1), (O/xz), (.l/X3), (O/x4)}, 

(AUS)= {(.8/xi), (.5/xz), (.8/X3), (l/x4)}, · 

and 

It should be noted that, in the case of ordinary sets--where 

M = {O, l}--the minimum and maximum operators are equivalent to the 

boolean product(.) and the boolean sum(+) operators, respectively. 

However, as can be verified by the above example, these equivalence 

relations do not hold in the case of fuzzy sets where M = [O, l]. 

Moreover, in the case of fuzzy sets, unlike in ordinary set theory, the 

negation is not complementary. That is, as can be verified by the above 

example, 

13The other properties of an ordinary set hold in the case of fuzzy 
sets. That is, fuzzy sets have the following properties: commu-
tativity, associativity, idempotence, distributivity, and invo-
lution. DeMorgan 1 s Theorem also holds under the fuzzy set theory. 
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As a result the algebra is no longer in the sense of ordinary set 

theory; the structure is that of a vector lattice. 

In addition to the intersection, union, and complementation 

operations, other fuzzy set operations are defined in the Appendix to 

this chapter. 

2.2 Applications of Fuzzy Set Theory in the Decision Making Area14 

Bellman and Zadeh15 were the first to provide a methodology for 

decision making in a fuzzy environment. According to them1 if G is a 

fuzzy goal with a membership function uG(x) and if ~ is a fuzzy con-

straint with a membership function uc(x), then~ is a fuzzy decision 

which results from the intersection of § and ~ with a membership 

14since its introduction, fuzzy set theory has attracted many 
researchers. As a result, the literature on the theory has grown 
rapidly. For example, in 1966 only two papers on fuzzy set theory 
111ere published. In 1977, Gains and Kohout published a bibliography 
on fuzzy set thoery and related topics containing 1164 references 
of which 763 were classified as fuzzy. See 8. R. Gains and L. J. 
Kohout, "The Fuzzy Decade: A Bibliography of Fuzzy Systems and 
Closely Related Topics", International Journal of Man-Machine 
Studies, Vol. 9 (1977), pp. 1-68. A more recent bibliography has 
been published by Kandel and Yager. It contains 1799 papers on 
fuzzy set theory and its applications. See A. Kandel and R. Yager, 
"A 1979 Bibliography on Fuzzy Sets, Their Applications, and Related 
Topics", in M. M. Gupta, R. K. Ragade, and R. R. Yager (eds.), 
Advances in Fuzz Set Theor and A lications (Amsterdam: North-
Holland Publishing Company, 1979 , pp. 621-744. The applications 
of the theory cover many fields such as system theory, automata 
theory, decision theory, switching theory, pattern recognition, and 
medicine. Since this dissertation is intended to apply fuzzy set 
theory to a decision problem, namely, the cost variance investiga-
tion decision, some of the theory's applications in the decision 
making area are reviewed in this section. 

15R. E. Bellman and L. A. Zadeh, "Decision-Making in a Fuzzy 
Environment", Management Science, Vol. 17 (1970), pp. B-141 -
B-164. 
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function u0(x) = uG(x~C(x). The optimal decision is any alternative 

in X which maximizes u0(x), where X is the set of the available alterna-

tives. Using the above concepts of fuzzy goal, fuzzy constraint, and 

fuzzy decision Bellman and Zadeh suggest a method to solve the problem 

of multistage decision making for finite state fuzzy systems. 

Jain16 presents a decision model for selecting the optimal 

alternative under three situations, namely, (1) the knowledge about the 

sys_tem is fuzzy with non-fuzzy utilities; (2) the utilities associated 

with the alternatives are fuzzy with non-fuzzy system; and (3) fuzzy 

knowledge about the system with fuzzy utilities. In these three situa-

tions, the utilities associated with each alternative constitute a fuzzy 

set. To obtain the optimal alternative Jain uses the concept of 

maximizing set which is introduced by Zadeh. 17 

Watson, Weiss, and Donne11 18 present a method that takes into 

consideration the imprecision that surrounds the probabilities and 

utilities used in a decision tree. Since the probabilities and 

utilities are assumed to be fuzzy, the resulting expected utilities for 

the available actions are also fuzzy. The problem then is to determine 

which alternative is preferable. That is, to what extent do the 

16R. Jain, 11 Decisionmaking in the Presence of Fuzzy Variables", IEEE 
Transactions on Systems, Man, and Cybernetics, Vol. SMC-6 (1976), 
pp. 698-703. 

1\. A. Zadeh, "On Fuzzy Algorithm", Memo No. ERL-M325, Electronics 
Research Laboratory, University of California, 1972. 

18s. R. Watson, J. J. Weiss, and M. L. Donnell, "Fuzzy Decision 
Analysis 11 , IEEE Transactions on Systems, Man and Cybernetics, Vol. 
SMC-9 (1979), pp. 1-9. 
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membership functions for the alternatives imply that one alternative is 

better than the others. This problem is known in fuzzy set theory as 

the problem of deriving the "degree of truth" of an implication. The 

implication problem is discussed by Zadeh. 19 

Baas and Kwakernaak20 propose a method to deal with multiple-aspect 

decision making in the presence of fuzziness. Their method is based on 

straightforward rating and ranking method, where the weights and 

ratings. are represented by fuzzy variables. With fuzzy ratings and 

fuzzy weights the final ratings of the alternatives become fuzzy. To. 

obtain a single optimal alternative, the concept of fuzzy sets induced 

by mapping is used by Baas and Kwakernaak. The concept of fuzzy sets 

induced by mapping is discussed by Zadeh. 21 Fuzzy multiple-aspect 

decision making is also considered by Yager, Jain, and Van Velthoven. 22 

19L. A. Zadeh, "A- Theory of Approximate Reasoning", Memo UCB/ERL 
M77/58, University of California, Berkeley, 1977, p. 27. 

20s. M. Baas, and H. Kwakernaak, "Rating and Ranking of MultiQle-Aspect 
Alternatives Using Fuzzy Sets 11 , Automatica, Vo1. 13 {1977), 
pp. 47-58. . 

21 L. A. Zadeh, "Fuzzy Sets", pp. 346. 
22R. R. Yager, "Multiple Objective Decision-Making Using Fuzzy Sets'', 

International Journal of Man-Machine Studies, Vol. 9 (1977), 
pp. 375-382. R. Jain, "A Procedure for Multi-Aspect Decision 
Making Using Fuzzy Sets", International Journal of Systems Science, 
Vol. 8 (1977), pp. 1-7. G. Van Velthoven, ''Fuzzy Models in 
Personnel Management", Proceedin s of International Con ress .of 
Cybernetics and Systems, Bue arest 1975 . 
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Fuzzy group decision making is introduced by Blin, and Blin and 

Whinston. 23 The preference of a group (A) is defined as a fuzzy rela-

tion with a membership function (uR) that associates with each pair 

(ai' aj) in Ax A its compatibility with the group preference. More-

over, a method is suggested to obtain a final group decision from the 

fuzzy group preference. The proposed method is based on the concept of 

an a-level set introduced by Zadeh. 24 

In the mathematical programming area (decision making under 

constraints), Zimmermann25 extends the conventional linear programming 

problem into fuzzy linear programming through the fuzzification of the 

objectives and constraints. Then, he applies his method of fuzzy linear 

programming to a decision on the size and structure of a truck fleet. 

Zimmermann26 also extends the linear programming with several objective 

functions into a fuzzy environment. 

A more general method for decision making (i.e., the linguistic 

approach) is suggested by Zadeh. 27 The linguistic approach to decision 

23J. M. Blin, "Fuzzy Relations in Group Decision Theory", Journal of 
Cybernetics, Vol. 4 (1974), pp. 17-22. J.M. Blin and A. B. 
Whinston, "Fuzzy Sets and Social Choice", Journal of Cybernetics, 
Vol. 3 (1974), pp. 28-36. 

24 . 
L. A. Zadeh, "Fuzzy Sets", p. 342., 

25H. J. Zimmermann, "Description and Optimization of Fuzzy Systems", 
International Journal of General Systems, Vol. 2 (1976), pp. 
209-215. 

26H. J. Zimmermann, "Fuzzy Programming and Linear Programming with 
Several Objective Functions 11 , Fuzzy Sets and Systems, Vol. 1 
(1978), pp. 45-56. 

2\. A. Zadeh, "The Linguistic Approach and Its Application to Decision 
Analysis", pp. 339-369. 
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making uses words, in place of numbers, to describe the values of 

variables, the relations between variab1es, as we11 as the values of 

probabilities. 28 According to Zadeh, 11 The rationale for ... employing 

words in place of numbers is that verbal characterizations are intrin-

sically approximate in nature and hence are better suited for the 

description of systems and processes which are as complex and as ill-

defined as those which relate to human judgment and decision making. 1129 

The central concept in the linguistic approach is the linguistic 

variable; a variable whose values are words or sentences instead of 

numbers. 3° Formally, a linguistic variable is defined by a quintuple 

[X, T(X), U, G, M(x)], where 

and 

X = name of the variable, 

T(X) = collection of the variable linguistic values, 

U = universe of discourse, 

G = semantic rule which associates with each x s T(X) its meaning 

M(x), 

M(x) =meaning of the linguistic value x. 

28The linguistic app~oach to decision making is not a qualitative 
method of making decisions. Instead, it is a combination of the 
quantitative and qualitative methods. Words are used when numbers 
are not adequate. Then, numbers are used to make the words more 
precise. Ibid., pp. 340-341. 

29L. A. Zadeh, 11 The Linguistic Approach and Its Application to 
Decision Analysis", p. 340. 

30 rbid. 
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For example, the variable "temperature", whose universe of 

discourse may be defined by the temperatures between zero and 110 

degrees, is called a linguistic variable if it takes on values such as 

cool, moderate, hot, ···~ etc. In this case, and T(X) are given by: 

u = {0, ... ' 110}, 

and 

T(X) ={cool, moderate, hot, ... }. 

The linguistic values in T(X) are defined by fuzzy sets of the universe 

U. That is, each value in T(X) is described by a compatibility function 

which associates with every u s U its compatibility with the linguistic 

value. Figure 2 is the fuzzy set theory representation of the linguis-

tic variable "temperature". The figure shows the interrelationships 

between the concepts of linguistic variable, linguistic values, and the 

meanings of the linguistic values. 

Two other important concepts in the linguistic approach are the 

relational assignment equation and the fuzzy restriction concepts. 

Propositions related to a linguistic variable, such as "X is x, 11 where x 

is the linguistic value of the linguistic variable X, can be translated 

into relational assignment equations by Rx(u) = x. 31 In this case, x 

31 Relational assignment equations can also be obtained for propositions 
involving two or more interrelated linguistic variables, such as, 
conjunctive, disjunctive, and conditional propositions. .Moreover, 
prdpositi.ons .involving a linguistic truth value, such as true, very 
true, more or less true, etc., can also be translated into rela-
tional assignment eq~ations through.the use of the rules of 
truth-functional modifications. Ibid., pp. 346-350. 
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can be considered as a fuzzy restriction on the values that may be 

assigned to the base variable u. 

The above con~epts are used by Zadeh to solve the problem of 

optimization under multiple criteria. The linguistic approach is well 

suited for solving the multicriteria problem because 

... when more than one criterion of performance is involved, 
the trade-offs between the criteria are usually poorly 
defined. In such cases ... linguistic characterizations of 
trade-offs or preference relations provide a more realistic 
conceptual framework for decision analysis than the conven- 32 
tional methods employing binary-valued preference relations. 

2.3 Summary 

As indicated in Chapter One, the objective of the dissertation is 

to develop a new model for the cost-variance investigation problem. 

Since the calculus of fuzzy set theory is to be utilized in developing 

the new model, this chapter is devoted to the discussion of the basic 

elements of fuzzy set theory. 

The central concept in the fuzzy set theory is the membership 

function which associates with each element in the universe its compat-

ibility with the fuzzy set. Unlike the characteristic function for an 

ordinary set, the membership function takes its values in the closed 

interval from zero to one; the closer the element is to satisfying the 

requirements of the set, the closer its grade of membership is to one, 

and vice versa. 

Because it allows for varying degrees of membership--through the 

concept of compatibility function--fuzzy set theory provides a means 

32 Ibid., p. 354. 
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for handling fuzziness which is a major source of inexactness in many 

humanistic systems. 

Since it was introduced, fuzzy set theory has been applied to many 

fields such as decision theory, automata theory, pattern recognition, 

and system theory. Because this dissertation is intended to apply fuzzy 

set theory to a decision problem, namely, the cost-varianc~,Jny_estiga-
•. , "' -·. <!. 

tion decision, some of the theory's applications in the decision making 

area are also reviewed in the chapter. 



CHAPTER THREE 

Cost Variance Investigation Models 

Several quantitative models for solving the cost-variance 

investigation problem have been suggested by researchers. These models 

are reviewed and evaluated in this chapter. Since any evaluation should 

be based on certain standards, the first section of the chapter is 

devoted to discussing some of the criteria to be used in evaluating the 

existing cost-variance investigation models. 

3. l Criteria for Evaluating Cost-Variance Investigation Models 

In evaluating the existing cost-variance investigation models, 

three criteria are used. First, a model should take into consideration 

the costs and benefits of the investigation. This criterion is 

initiated by the cost-benefit philosophy of management accounting which 

states that actions should be taken only if their potential benefits 

exceed their incremental costs. 1 The cost-variance investigation action 

is no exception; it should be subject to the cost-benefit test. Conse-

quently, any cost variance investigation model should consider both the 

costs and benefits of the investigation. 2 

1As noted by Horngren "The cost-benefit theme provides innate appeal to 
both the hard-headed manager and the theoretician. Managers have 
been employing the cost-benefit test for years even though they 
may not have expressed it as such. Instead, they may have 
referred to the theme as 'having to be practical' despite what 
theory may say." C. T. Horngren, Introduction to Management 
Accounting, 5th ed. (Englewood Cliffs, New Jersey: Prentice-Hall, 
Inc., 1981), p. 16. 

2Horngren also indicates that any model for the cost-variance 
investigation decision must" ... answer the cost-benefit question." 
Ibid., p. 187. 

23 
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Second, a cost-variance investigation model--like any other model--

should capture the essence of the real problem. 3 If a reasonable degree 

of isomorphism (similarity) between the model and the problem is not 

preserved then 11 The Mathematical solution of [the] problem formulated in 

terms of the model may not be even an approximate to the corresponding 

prob 1 em in the rea 1 case .• .4 

It should be noted that realism in the model is related directly to 

the realism of the assumptions introduced in the model. Over-simplified 

assumptions--or as indicated by A. Kaplan 11 ••• having too much of a good 

thing, 115--may lead to contrived isomorphism between the model and the 

problem. Consequently, the results obtained from the model are more 

likely to be false. 

It is inappropriate to construe the above statement as urging that 

models should be based on no assumptions; assumptions are necessary to 

make the model solvable. Instead, what is needed are models 11 ••• whose 

assumptions can be met without distorting the conditions existing in the 

problem. 116 

The third criterion for evaluating cost-variance investigation 

models is the feasibility of the model. Or, stated differently, a 

cost-variance investigation model should be implementable. 

3This does not mean that the model should be a reproduction of reality. 
4A. Kaplan, The Conduct of Inquiry (California: Chandler Publishing 

Company, 1964), p. 281. 
5Ibid. 
6 J. P. Gi gch and L. L. Pi pi no, 11 From Ab so 1 ute to Probab 1 e and Fuzzy in 

Decision Making 11 , Kybernetes, Vol. 9 (1980), p. 51. 
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One aspect of implementation is the obtainability of the data 

required to operate the model. If the data are not obtainable, then, as 

indicated by Kaczka, the model builder 11 ... may find he has given birth 

to a model which is incapable of reasonably answering the questions it 

will be asked. 117 

The obtainability of the data--and consequently the feasibility of 

the model--is affected by the level of precision required by the model. 

As noted by A. Kaplan "Models are often improperly exact: they call for 

measures that we cannot in fact obtain. 118 

Note that undue emphasis on exactness may affect adversely the 

relevance of the model to the real world. Models are likely to ignore 

some relevant items just because these items are incapable of precise 

measurement or the inclusion of them may complicate the model. This 

can be explained by the Principle of Incompatability which is stated by 

Zadeh as follows: 

... as the complexity of a system increases our ability 
to make precise and yet significant statements about its 
behavior diminishes until a threshold is reached beyond 
which precision and significance (or relevance) become 
almost exclusive characteristics.9 

Again, it is not appropriate to interpret the above statement as 

urging that models should be imprecise. Instead, what is meant by the 

7E. E. Kaczka, "Computer Simulation", Decision Sciences, Vol. 1 (1971), 
p. 177. 

8A. Kaplan, The Conduct of Inquiry, p. 283. 

\. A. Zadeh, "Outline of a New Approach to the Analysis of Complex 
Systems and Decision Processes", IEEE Transactions on Systems, Man, 
and Cybernetics, Vol. SMC-3 (1973), p. 28. 
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statement is that if a choice between precision and relevance is to be 

made, 11 . . . there is in fact no choice but to go for the 

[relevanceJ. 1110 

3.2 Review of Cost-Variance Investigation Models 

The available cost variance investigation models can be divided 

into two groups. The first group includes models that do not take into 

consideration the costs and benefits of the investigation action, while 

the second includes models that encompass both the costs and the 

benefits of the investigation decision. 

The first group of models is exemplified by the Zannetos, Jeurs, 

Luh, Koehler, and Probst models. 11 This group of models is based on the 

classical statistical theory. According to these models, the expected 

value and standard deviation of the cost distribution are assumed to be 

known when the process is in control. Then, the probability that any 

given cost observation could have come from the assumed distribution is 

calculated. The investigation is undertaken if the calculated 

probability falls below a given level. 

10A. Kaplan, The Conduct of Inquiry, p. 284. 
11 z. A. Zannetos, 11 Standard Cost as a First Step to Probabilistic 

Control: A Theoretical Justification, an Extension and Implica-
tions11, The Accounting Review (April 1964), pp. 296-304. D. A. 
Jeurs, 11 Statistical Significance of Accounting Variances 11 , 

Management Accounting (October 1967), pp. 20-25. F. Luh, 
11 Controlled Costs: An Operational Concept and Statistical 
Approach to Standard Costing 11 , The Accounting Review (January 
1968}, pp. 123-132. R. W. Koehler, 11 The Relevance of Probability 
Statistics to Accounting Variance Control 11 , Management Accounting 
(October 1968), pp. 35-41. F. R. Probst, 11 Probabilistic Cost 
Controls: A Behavioral Dimension 11 , The Accounting Review (January 
1971), pp. 113-118. 
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This process is facilitated through the use of control charts such 

as the simple X-Chart suggested by Shewhart. 12 Essentially the X-Chart 

consists of control limits placed on either side of the standard. 

Variations falling outside the control limits are attributed to control-

lable factors, however, variations inside the limits are considered the 

result of noncontrollable factors. Consequently, an investigation is 

warranted only when the cost observation falls outside a control limit. 

The second group of models extends the probability analysis to 

include the costs and benefits of the investigation actiDn. In the 

accounting literature three models can be identified, namely, the 

Bierman, Fouraker, and Jaedicke (BFJ) model; the Kaplan model; and the 

Dyckman model. 13 

In the BFJ model, the cost distribution is assumed to be known when 

the process is in control. Moreover, the model assumes the costs (C) 

and the benefits (L) of the investigation action to be known. Proba-

bility analysis is then used to compute the probability (P) that any 

given cost observation could have come from the known in-control distri-

bution. The decision rule is to investigate the variance if the cost of 

investigation is less than (1 - P)L. 

12w. A. Shewhart, The Economic Control of the ualit of Manufactured 
Profit (New York: MacMillan, 1931 . 

13H. Bierman, Jr., L. E. Fouraker, and R. K. Jaedicke, 11 The Use of Prob-
ability and Statistics in Performance Evaluation 11 , The Accounting 
Review (July 1961), pp. 409-417. R. S. Kaplan, 11 0ptimal Investiga-
tion Strategies with Imperfect Information", Journal of Accounting 
Research {Spring 1969), pp. 32-43. T. R. Dyckman, 11 The Investiga-
tion of Cost Variances 11 , Journal of Accounting Research (Autumn 
1969), pp. 215-244. 
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According to the BFJ model, the expected benefit is defined as the 
11 ••• present value of the costs that will be incurred in the future if 

an investigation is not made now. 1114 This method of estimating the 

expected benefits is criticized by Kaplan for ignoring the fact that 

future actions may be taken to correct an out-of-control situation. 15 

The BFJ model is also criticized by Dyckman for not considering prior 

information. 16 

The second model in this group is the multiperiod Bayesian model 

developed by Kaplan. The model assumes a two-state (in-control, out-of-

control), two-action (investigate, do not investigate) system.· The 

system is described by a Markovian chain. Bayes' theorem is then 

employed to calculate the posterior state probabilities. Moreover, 

dynamic programming is used to calculate the break-even probability 
* (qi}. When the number of periods increases, the break-even probabili-

* ties converge to a limiting value, q , which is the steady state value. 
* This q is then used to determine whether a cost variance is worthy of 

investigation. The decision is made to investigate the variance if the 
* posterior probability for the peri ad is 1 ess than or equa 1 to q 

It should be noted that Kaplan's model does not include a 

consideration of the implementation and information costs. Moreover, 

the distributions of the in-control and out-of-control costs must be 

14H. Bierman, Jr., L. E. Fouraker, and R. K. Jaedicke, "The Use of 
Probability and Statistics in Performance Evaluation", pp. 414-415. 

15R. s. Kaplan, "The Significance and Investigation of Cost Variances: 
Survey and Extensions", Journal of Accounting Research (Autumn 
1975), p. 319. 

16r. R. Dyckman, "The Investigation of Cost Variances", p. 221. 
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known. However, Kaplan's model does consider the implications of future 

decisions. 

The third model in this group is the single-period Bayesian model 

developed by Dyckman. In his paper "The Investigation of Cost 

Variances 11 , 17 Dyckman discusses three situations: (a) A process once 

corrected remains in the in-control state; otherwise changes between 

states are not permitted, {b) A process is in the state of control 

initially but may move.to the out-of-control state with probability Pat 

the start of any period. However, the process cannot shift from the 

out-of-control state to the in-control state, and (c) Changes in both 

directions are possible with the process being in-control initially. 

For situation (a), Dyckman presents a revision of the BFJ 

formulation. According to Dyckman, the investigation decision is based 

on the priors, the observed cost 1 eve l, and the con di ti ona 1 probability 

distribution rather than being based on only the most recent cost 

observation. 

For situations (b) and (c), Dyckman provides a model similar to 

Kaplan's. ·However, instead of using dynamic programming to obtain the 

break-even probability, Dyckman uses the equation f*(e1) =LL c, where 

C and L represent the costs and benefits of the investigation, 

respectively. 

Because it is similar to Kaplan's model, Dyckman's model is 

restricted by the same limitations. Dyckman's model also is faced 

17 . . Ibid., pp. 215-244. 
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with a new difficulty, namely, ignoring the effects of future 
d . . 18 ec1s1ons. 

In addition to the three models which appeared in the accounting 

literature and are discussed above, the second group of models includes 

the Duvall model which appeared in the management science literature. 19 

In his model, Duvall allows the in-control costs to be described by 

a continuous probability distribution. Moreover, the model assumes that 

any deviation from the standard can be divided into two parts, namely, 

deviations caused by non-controllable factors and deviations caused by 

controllable factors. The two types of deviations are assumed to be 

normally distributed and statistically independent. Duvall suggests a 

method to obtain the parameters of the two distributions. In addition, 

Duvall assumes the savings from the investigation process to be directly 

related to the size of the controllable variance. After obtaining a 

cost variance, the conditional probability of the controllable devia-

tions is determined. Then, the expected net savings are calculated. 

The decision is to investigate the variance if the expected net savings 

are greater than zero. 

18v. Li, 11 A Note on the Investigation of Cost Variances", Journal of 
Accounting Research (Autumn 1970), p. 282. 

19R. M. Duvall, 11 Rules for Investigating Cost Variances", Management 
Science, Vol. 13 (June 1967), pp. B-631 - B-641. A similar model 
(but not directly related to the cost-variance investigation 
problem) appeared in the statistical literature. See, G. A. 
Bather, "Control Charts and the Minimization of Costs", Journal of 
the Royal Statistical Society, Vol. 25 (1963), pp. 49-70. 
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Duvall's model is criticized by Kaplan for not taking into 

consideration the fact that actions may be taken in the future. 20 

Kaplan also questions the validity of Duvall's procedure for using only 

25 observations to calculate the parameters of the controllable cost 

distribution. 21 The model is also criticized by Kaplan for not being 

consistent; the model assumes stationarity, however, it ignores previous 

information. 22 Finally, Dyckman criticizes the model for assuming that 

the total deviation is equal to the sum of the controllable and 

noncontrollable deviations. 23 

20R. S. Kaplan, "The Significance and Investigation of Cost Variances: 
Survey and Extensions", p. 328. 

21 Kaplan states, "Just how we know that 25 is the right number of 
observations to be taken for estimating sample means and standard 
deviations is never discussed. Nor are we told what to do if some 
of the early observations indicate an out-of-control situation. 
Must we still wait until we get the full 25 observations before 
taking action?" Ibid., p. 329. Duvall' s method of estimating the 
mean and standard deviation of the controllable cost distribution 
is also criticized by Dyckman who states that the method 11 ••• 

does not appear to be operationally helpful, and it delays deci-
sions over substantial time periods. 11 T. R. Dyckman, "The 
Investigation of Cost Variances 11 , pp. 240-241. 

22According to Kaplan, if stationarity is assumed, then the decision of 
investigation should be based on all the observations. R. S. 
Kaplan, "The Significance and Investigation of Cost Variances: 
Survey and Extension 11 , p. 328. Dyckman also criticizes Duvall 's 
model for basing the investigation decision on only the most 
recent observation. See T. R. Dyckman, "The Investigation of Cost 
Variances 11 , p. 241. 

23Dyckman states: 11 The ... model is unsatisfactory in that it permits 
negative costs if a long enough period is assumed. A model of the 
[multiplicative] form is perhaps more intuitively appealing." 
T. R. Dyckman, "The Investigation of Cost Variances 11 , p. 236. 
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3.3 Deficiencies of the Models 

Although it may be hard to believe, several ~uthors have noted that 

managers do not seem to be using the investigation models which have 

appeared in the academic literature. For example, Koehler reported that 
II in some general inquiry from some prominent corporations, I was 

unable to find a single use of statistical procedures for variance 

control. 1124 

Anthony also reported that 11 .•• few if any managers believe that 

statistical techniques ... are worth the effort to calculate them. 1125 

Finally, Magee said: 11 While researchers have suggested various methods 

of making this decision ... it seems that these methods are seldom 

used, at least formally, in practice. 1125 

Different reasons for the lack of application of these models have 

been suggested by several authors. According to Koehler, the models 

are rarely used in practice because of the lack of statistical know-

ledge among accountants. 27 On the other hand, Anthony attributes this 

lack of application to the inappropriateness of the models; the 

24R. W. Koehler, 11 The Relevance of Probability Statistics to Accounting 
Variance Control", p. 35. 

25R. N. Anthony, 11 Some Fruitful Directions for Research in Management 
Accounti ng 11 , in N. Dopuch and L. Revs i ne (eds. ), Accounting 
Research 1960-1970: A Critical Evaluation (Center for Inter-
national Education and Research in Accounting: University of 
Illinois, 1973), p. 52. 

26R. P. Magee, 11 A Simulation Analysis of Alternative Cost Variance 
Investigation Models", The Accounting Review (July 1976), p. 529. 

27R. W. Koehler, 11 The Relevance of Probability Statistics to Accounting 
Variance Control 11 , p. 35. 
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stochastic processes assumed by these models are not similar to the 

actual processes. 28 

Magee states: 

There are a number of possible explanations for managers not 
choosing to use the existing 'sophisticated' cost investiga-
tion models, even if the stochastic cost process assumed by 
the models is a reasonable approximation of reality.29 

According to him, the models are not used in practice because they do 

not capture the real world problem. For example, the models ignore 

important factors such as: (1) the cost of operating a more complex 

model, (2) the manner in which the decision maker's performance is 

evaluated, and (3) the shape of the decision maker's utility function. 

Besides the deficiencies already noted and based on the criteria 

discussed in the fir.st section of this chapter, other deficiencies in 

the models can be identified. 

The first group of models does not meet the first criterion for 

cost-variance investigation models; the models in this group fail to 

consider the costs and benefits of the investigation. 

In addition to this major problem, the first group of models 

suffers from being based purely on objective evidence; 11 ••• objective 

evidence may be lacking, too expensive, or a new process may be 

involved, etc. 1130 Second, the models ignore the information from 

28R. N. Anthony, "Some Fruitful Directions for Research in Management 
Accounting 11 , p. 52. 

29R. P. Magee, "A Simulation Analysis of Alternative Cost Variance 
Investigation Models 11 , p. 532. 

30M. Onsi, "Quantitative Models for Accounting Control", The Accounting 
Review (April 1967), p. 324. 
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previous observations of the process. Third, there is no consideration 

of the possible implications of future actions. Fourth, the models do 

not consider the implementation costs and information requirements. 

The second group of models meets the test of addressing the 

cost-benefit question. However, the models in this group suffer from 

not capturing the real world problem (over-simplifying assumptions) and 

from the lack of applicability. In support of these contentions, the 

following observations regarding the models are offered. 

First, the models assume that the inexact knowledge about the state 

of the system may be attributed to uncertainty (i.e., randomness). For 

example, Kaplan reports: "The situation is complicated because the 

states must be inferred from observation of the outputs of the system, 

in the form of operating reports. But outputs of the system do not bear 

a unique relationship to the states. Thus, merely observing the outputs 

does not give complete state information so that there is some 

uncertainty about the optimal action. 1131 

However, as Kaplan's statement may imply, the sort of inexactness 

that comes into play here is better represented by the notion of fuzzi-

ness (or imprecision) than that of randomness (or uncertainty}; the 

knowledge about the system is not complete because there is no precise 

relationship between the outputs and the states of the system. In 

support of this claim, consider what is reported by Kaplan and by 

Duva 11: 

31 R. S. Kaplan, "Optimal Investigation Strat~gies with Imperfect 
Information", pp. 33-34. 
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Presumably f1(x) is such that most of the probability is 
concentrated about low costs and fz(x) has most of its mass 
at a higher cost. However, in the general formulation of 
the problem, there is the possibility of obtaining high 
costs when in control as well as low costs when out of 
contro1.32 [Emphasis added]. ~ 

For small values of x, A(x) should be near zero indicating 
the greater likelihood that the observation was obtained 
while the system was in control. Conversely, for large 
values of x (i.e., costs), A(x) should be large indicating 
that large costs are more likel to arise from an out of 
control situation.33 Emphasis added]. 

A deviation which occurs when the activity is being 
properly performed will be referred to as noncontrollable 
deviation. Similarly, a deviation which occurs due to 
nonstandard performance will be referred to as a controll-
able deviation. It may be that the nonstandard performance 
was due to causes which were, in fact, noncontrollable, and 
in these cases the terminology is inappropriate.34 
[Emphasis added] • 

. . . Table l gives [the] cost deviations for twelve days 
when it has been determined that close to standard condi-
tions prevailed. If we average these twelve deviations, we 
get w* = ... = $.0724 which is close to zero, our assumed 
value for u , and indicates that the standards are probably 
about right~35 [Emphasis added]. 

If [the] probability is small it is assumed that nonstandard 
procedures made the actual de~iation very ~and an 
investigation is undertaken.3 [Emphasis addedJ. 

These statements include imprecise or ill-defined terms such as large, 

most, small, high, low, more likely, probably, close, near, properly 

performed, etc. It is believed that these terms, and not the randomness 

32 Ibid., p. 34. 
33 Ibid. 
34R. M. Duvall, "Rules for Investigating Cost Variances", p. B-631. 
35 Ibid., p. B-632. 
36 Ibid., p. B-633. 
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or uncertainty, are the reasons for the inexact knowledge about the 

state of the system. Stated differently, the inexact knowledge about 

the state of the system is attributed to the fact that we are dealing 

with fuzzy classes--classes that do not have crisp boundaries that 

separate those objects belonging to the class and those not belonging. 

Second, the models are based on the 11 law of the excluded middle 11 ;. 

they do not allow for the transition between what is 11 in 11 what is 11 out 11 • 

In other words, the models assume that the performance can only be 

either in-control or out-of-control. This is an oversimplification of 

the real problem. Kaplan, for example, reports: 

There are at least two other assumptions that may limit the 
application of this approach. One is the heroic simplifica-
tion of the process to a two-state system, in-control and 
out-of-control, with sudden transitions between the states. 
While we have seen that this model is frequently used in the 
quality control literature, the process by which a controll-
able cost process suddenly moves from in control to out of 
control is rather difficult to articulate. Intuitively it 
is more appealing to consider a process that gradually 
drifts away from standards through an evolutionary process 
of neglect and lack of proper supervision. In such a case, 
the forced dichotomy between in control and out of control 
may be an unrealistic aggregation of reality. One solution 
is to expand the number of states to allow for varying 
degrees of out-of-controlness. For example, we might allow 
S states""TS = 5 or 10, say) with state 1 representing 
perfectly in contol, state 2 representing slight 
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deterioration, and state 5 being well out of contro1. 37 
[Emphasis added]. --

Third, the above models do not allow the decision maker to express 

his perceived imprecision of his estimates. Stated differently, the 

above models assume that the accuracy and precision of the information 

required for the analysis is fixed. This can be exemplified by the 

following statement: II certain variables which are a part of the 

control system will be treated as parameters, i.e., their levels will be 

assumed fixed (although perhaps unknown). These parameters [include] 

the accuracy and precision of the information. 1138 

However, in real life situations, the accuracy and precision of the 

information are not always fixed. That is, in real world, some human 

judgments are 11 harder 11 than others. This fact is implied by Dyckman•s 

statement: 11 ••• the estimation of the parameters p and g in this case 

is more difficult than estimating the parameter p in the transition 

37R. S. Kaplan, 11 The Significance and Investigation of Cost Variances: 
Survey and Extensions 11 , pp. 322-323. This quote also supports the 
fact that we are dealing with fuzziness rather than randomness. 
The terms perfectly in-control, slight deterioration, and well out-
of-control represent fuzzy classes. In the Duvall model, a dif-
ferent dichotomy is used, namely, the dichotomization between 
controllable and noncontrollable deviations. This dichotomy may 
also not capture the real world problem. For example, Duvall 
reports: 11 It may be that the nonstandard performance was due to 
causes which were, in fact, noncontrollable, and in these cases 
the terminology is inappropriate. 11 R. M. Duvall, 11 Rules for 
Investigating Cost Variances 11 , p. B-631. Kaplan also considers the 
dichotomy between controllable and noncontrollable deviations to be 
one of the major problems encountered by the Duvall model because 
one may not be able 11 ••• to separate out the effects of normal 
fluctuations (noise) from changes in the level of the process 11 • 

R. S. Kaplan, 11 The Significance and Investigation of Cost Vari-
ances: Survey and Extensions", p. 330. 

38T. R. Dyckman, 11 The Investigation of Cost Variances 11 , p. 217. 

/\ ;,.; 
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matrix P. 1139 The same fact is also recognized by Bierman and Dyckman, 

who write 11 Reliable estimates of the investigation a·nd correction 

costs •.. should be easy to obtain. On the other hand, the benefits 

from an investigation are more difficult to determine with precision. 1140 

Fourth, the models are based on the implied assumption that each of 

the judgments called for in the analysis can be represented accurately 

by a single precise number. Stated differently, the models demand high 

levels of precision in measuring the variables and in describing how 

they are related. However, in most cases these levels of precision are 

not attainable. 

For example, the models require exact values of the benefits 

obtained from the investigation. However, as indicated by Duvall, the 

precise determination of the benefits resulting from the investigation 

is usually difficult to attain. 41 

Moreover, the determination of the precise shapes of cost 

distributions is necessary for the analysis. This can be exemplified by 

the following statement: 11 In order to use Bayes' theorem, the condi-

tional probability of the observed cost under each state must be 

known. 1142 However, in real life situations, the shapes of the distri-

butions are known only imprecisely. This fact is recognized by Dyckman 

who writes: "Suppose ... that the cost distributions in question are 

39 Ibid., p. 228. 
40H. B" J ierman, r., and T. Dyckman, Management Cost Accounting (New York: 

The MacMillan Company, 1971), p. 504. 
41 R. M. Duvall, "Rules for Investigating Cost Variances", p. 638. 
42T. R. Dyckman, 11 The Investigation of Cost Variances 11 , p. 222. 
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normal or approximately normal. 1143 [Emphasis added]. The same fact is 

also implied by Kaplan who states: "One alternative might be to compute 

optimal policies under a number of different cost distributions ... to 

determine the sensitivity of the optimal policy to the precise form of 

these cost distributions. 1144 

Fifth, as a result of being based on precise measures, the models 

are likely to lose. much relevance to the real-world problem. In other 

words, the models ignore some relevant items just because these items 

are incapable of precise measurement and/or the inclusion of them may 

lead to the complexity of the models. 

To support the above claim, consider, for example, the following 

statements: 

Finally, an investigation, once initiated, may fail to dis-
close a situation requiring adjustment; or alternatively, 
adjustment, once undertaken, may fail to restore the desired 
state. This last embellishment will be ignored ... 45 

wi 11 
An additional assumption ... is that a full investigation 
will always reveal the cause of an out-of-control situation, 
which can then be immediately corrected.46 

The probability that the process will be discovered to be 
out of control in period n is given by the expression: 

43Ibid., p. 222. 
44R. S. Kaplan, "Optimal Investigation Strategies with Imperfect 

Information", pp. 42-43. 
45r. R. Dyckman, "The Investigation of Cost Variances", p. 217. 
46 I bi d • , p. 218. 
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[
n-k 
~ Nx[xc,k; E(X/82), cr(X/8 2)] 

kf ( (1 - Nx )(xc ,n; E (X/ei) [cr(X/01 )JJ) J J 
Due to the complexity of this expression, the estimate 

of p discussed earlier may be satisfactory.47 

From these statements it is clear that some relevant items are ignored 

because they are incapable of precise measurement and/or their inclusion 

may increase the complexity of the model. 

Sixth, the demand of precise measurements may well explain the 

uneasiness of the potential users of the models. This uneasiness 

concerns the decision maker's ability to provide precise measurements 
' 

necessary for the models to give reliable answers. 

3.4 Summary 

Two groups of cost-variance investigation models have appeared in 

the accounting literature. In this. chapter, these two groups of models 

are reviewed and evaluated. 

The evaluation of the models is based on three criteria, namely, 

(1) answering the cost-benefit question; 

(2) capturing the real-world problem, i.e., reality of 

assumptions; and 

(3) feasibility of the model, i.e., the obtainability of the 

data required to operate the model. 

47 Ibid., p. 225. 
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As shown in the chapter, the first group of models does not answer 

the cost-benefit question. The second group of models, althou~h meeting 

the first criterion, fails to capture the real-world problem {over-

simplified assumptions). For example, the models assume that inexact-

ness--whatever its nature--can be equated with randomness. However, 

the sort of inexactness involved in the investigation decision is better 

represented by fuzziness {or imprecision). Second, the models are based 

on the assumption of a two-state system, in-control and out-of-control. 

This assumption is an oversimplification of the process. Third, the 

models assume a fixed level of accuracy and precision. However, some 

human judgments are 11 harder 11 than others. 

The models in the second group also suffer from the lack of 

applicability. They require precise numerical inputs to the analysis; 

however, in real-life situations, the required level of precision is not 

obtainable. 

As a result of the insistence on precise measurements the models 

are likely to lose part of their relevance to the real-world problem 

through ignoring some relevant items. Furthermore, the demand for 

precise numerical values may be the reason for the uneasiness of the 

potential users of these models. 



CHAPTER FOUR 

Application of Fuzzy Set Theory to the Cost 

Variance Investigation Problem 

In this chapter a new model for the cost variance investigation 

decision that may overcome some of the problems encountered by the 

available cost variance investigation models is developed. A brief 

discussion of the cost variance investigation process is provided first. 

4.1 Cost Variance Investigation Process 

In a standard costing system, performance reports are prepared 

regularly to report on performance during different periods. For any 

period, the performance report indicates the standard performance, 

actual performance, and the variance. The variance specifies the condi-

tions of the performance which are known as the states of the perfor-

mance. The set of the performance states will be represented by: 

( 1 ) 

Faced with a performance report, the decision maker should make an 

investigation decision. The set of permissible decisions is represented 

by: 

(2) 

Associated with each djsDt and s;sSt' is an output state, sksSt+l· 

The set of the output states, denoted by: 

42 
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(3) 

is related to St through a transformation function which is represented 

by: 

( 4) -

Moreover, with each siESt, djEDt, and skESt+l there is a return or 

objective function that measures the effectiveness of the decision being 

made and the output arising from that decision. The return function 

will be represented by: 

( 5) 

For any siESt, the net benefits associated with the different combina-

tions of the decisions and the output states can be represented in 

matrix form as illustrated in Figure 3. In the figure, Bijk represents 

the net benefit that may be obtained if the new state is sk given that 

the current state is si and decision dj is· made. 

4.2 Fuzzy Set Theory Approach to the Cost Variance Investigation 

As was seen in Chapter Three, the available cost variance 

investigation models fail to handle the imprecision surrounding the 

cost-variance investigation problem. Stated differently, according to 

the available models, the states of the performance are defined by 

characteristic functions that take only the values of zero or 1. More-

over, most of the available models dichotomize between completely 
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out-of-control and completely in-control states. 1 Since such a 

cichotomization does not capture the real world problem, the need for 

allowing for varying degrees of out-of-controllness was recognized by 

R. Kaplan. 

Allowing for different degrees of out-of-controllness as well as 

for fuzziness that surrounds the investigation decision can be achieved 

by using the calculus of fuzzy set theory which will be utilized in 

developing the new model. 

In the new model, in contrast to what was assumed by the available 

models, the set of the performance states, St, may include not only the 

two states, in-control and out-of-control, but also intermediate states. 

For example, St may include, in addition to the extreme states, the more 

or less out-of-control state. 

Moreover, in the new model, every state siESt will be described by 

a fuzzy set represented by: 

S; = ~s; (vt)/vt] (6) 

The membership function u : u ~ [0,1] associates with every variance s. 
l 

in the universe V = {0,1,2, ... } its compatibility with the state si. 

For example, the in-control state may be described by: 

1R. Kaplan, "The Significance and Investigation of Cost Variances: 
Survey and Extensions", Journal of Accounting Research (Autumn 
1975), pp. 322-323. In the Duvall model, a different dichotomy 
is used, namely, the dichotomization between controllable and 
noncontrollable deviations. However, as was shown in Chapter 
Three, footnote No. 37, such a dichotomy may not capture the 
real world problem. Also, the Duvall model, like the other 
models, is subject to the limitation of not handling fuzziness 
that surrounds the investigation decision. 
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1 ' if 0 < v < 100 

uin(v) = (7) 

1 if v > 100 
(v - 100) 2 

100 

Thus, the compatibility of a variance of $400 with the in-control state 

is approximately 0.1, while the compatibility of a variance of $800 with 

the same state is 0.02. Figure 4 is an example of three compatibility 

functions for the three states in-control, more or less out of control, 

and out-of-control. 
As was also mentioned in Chapter Three, the net benefits from the 

investigation are difficult to determine with precision. Consequently, 

it is more appropriate to assume that the net benefits can only be 

determined fuzzily (imprecisely). 

In the new model the estimates of the net benefits, Bijk' will be 

allowed to take the form: approximately $800, near $1,000, etc. The 

estimates may also take the form of linguistic values such as high, very 

high, medium, low, and very low net benefits, where these values are 

fuzzy sets represented by: 

(8) 

The compatibility function u8 : u + [0,1] associates with every net 
i jk 

benefit bl in the universe B = {0,1,2, ... } its compatibility with the 

fuzzy set Bijk' For instance, low (L), medium (M), and high (H) net 
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benefits may be subjectively defined by: 

L = {{.4/100}, (1.0/200}, (.5/300)} , 

M = {(.2/200}, (.4/300}, (.7/400), (l.0/500}, (.7/600}, (.4/700}, 

(. 2/800}}, 

H = {(.5/700}, (1.0/SOO}, (.5/900}, (.2/1000}} . 

These fuzzy sets can be diagranuned as in Figure 5. 

As indicated earlier, the set St+l is related to the set St 

through a transformation function. This function can be' deterministic, 

stochastic, or fuzzy. At this level of the discussion, the transforma-

tion function is assumed to be deterministic. (This assumption will be 

relaxed in Chapter Five.} 

Under the above assumption, the net benefits associated with the 

different combinations of the input states and the decisions can be 

represented in matrix form as in Figure 6. In the figure, Bij repre-

sents the net benefits that may result when the state of performance is 

si and decision dj is made. 

Since the states of the performance and the net benefits associated 

with the different combinations of the states and decisions are assumed 

to be known fuzzily, one cannot use the statistical decision theory to 

obtain the optimal decision. This is because the statistical decision 

theory is not equipped to handle fuzziness or imprecision. Taking this 

into consideration, a method based on fuzzy set theory will be suggested 

to obtain the optimal alternative. 
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The method to be presented is based on formulating a fuzzy set 

00 = [u00 (dj )/dJ (9) 

representing a fuzzy optimal decision set. The grade of membership 

in this set, uD (dj)' reflects the relative merit of the decision dj. 
. 0 

The optimal alternative is, then, the decision having the highest grade· 

of membership in the set D0 . 

To obtain D0 , one first obtains the net benefits associated with 

every alternative. The extension principle2 can be used to induce for 

each decision, dj' a fuzzy net benefit which reflects the fuzzy know-

ledge about the state of the performance. The net benefits associated 

with decision djEDt is given by: 

where 

B . = Ju B ( B .. ) I B .. l , 
J ~ j 1J ijj 

max 
s .. E r 1 (s.) 

1J J 

( 1 a) 

( 11) 

It should be noted that the set Bj is a fuzzy set of fuzzy sets. 

This set should be reduced to a fuzzy set of nonfuzzy net benefits. 

This can be accomplished through the use of the operation of 

fuzzification. 

As defined by Zadeh, the operation of fuzzification has the effect 

of 11 • • • transforming a fuzzy (or nonfuzzy) set A into an 

2The extension'.~~inciple is mainly a principle that allows the domain 
of a mapping to be extended from points in the universe into 
fuzzy sets of the universe. A more detailed discussion of the 
extension principle is provided in the next chapter. 
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approximating set~ which is more fuzzy than A. 113 Two types of 

fuzzification are available, namely, the S-fuzzification and the G-

fuzzification. Only the S-fuzzification, in which every point in the 

supportof the nonfuzzy (or fuzzy) set is fuzzified, will be discussed. 

The basis for S-fuzzification is the point fuzzification which maps 

points in X into fuzzy sets K(x). The fuzzy sets K(x) are called the 

kernel of the fuzzification. 

The point fuzzification can be extended from mapping elements in X 

into mapping fuzzy subsets of X. Let X be a set with each xcX being 

mapped into a fuzzy set K(x). If A is a fuzzy subset of X, then A can 

be mapped into a fuzzy set F(A;K) which is given by: 

F(A;K) =I. uA(x) • K(x), ( 12) 

where uA(x) is the membership function of A; K(x) is the kernel of 

fuzzification; and uA(x) • K(x) is the product of uA(x) and K(x). 4 

It should be noted that the operation of fuzzification provides a 

means for handling situations in which the elements in the initial set X 

are fuzzy sets of another set. For example, if A is a fuzzy set of X 

and each xcX is a fuzzy set of another set, say Y, then A can be 

expressed as a fuzzy set of Y as follows: 

A= [uA(y)/yl 
where 

3L. A. Zadeh, "A Fuzzy Set Theoretic Interpretation of Linguistic 
Hedges", Journal of Cybernetics, Vol. 2 (1972), p. 17. 

4Ibid., p. 18. The integration sign indicates the union. 

( 13) 
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uA(x) is the membership function of A, 

and 

ux(y) is the membership function of x. 

As an example, let X, Y be two sets defined by 

and 

Moreover, let K be a mapping from X to fuzzy sets of Y such that 

and 

Finally, let A be a fuzzy set of X defined by 

A= {(.5/x1), (.3/x2)}. 

Then, by applying equations (13) and (14), A can be expressed by: 

A= {.5[(.3/y1), (.6/y2), (.5/ya)]}, {.3[(.6/y1), (.5/yz), 

(.8/ya)]} 

= {(.l8/y1), (.3/yz), (.25/ya)}. 

( 14) 

As was mentioned earlier, set Bj is a fuzzy set of fuzzy sets. The 

operation of fuzzification can be used to reduce this set Bj into a 

fuzzy set of nonfuzzy net benefits, Bjl' which is given by: 

( 15) 



where 

and 

bl€B .. , lJ 
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u8 (bl) = m!X . [u8 (81.J.) • u8 (bl)] . 
jl bl€f 1 (Bjl) j ij 

(16) 

The optimal decision may now be selected either on the basis of the 

maximum net benefit, bl' or on the basis of the highest grade of member-

ship, u8jL(bL)' in the sets Bjl•s. These two methods of selecting the 

optimal decision may lead to an improper decision. If the choice is 

based on the maximum net benefits associated with the decisions, there 

may be only a small possibility of receiving this net benefit. On the 

other hand, if the choice is based on the highest grade of membership, 

it may happen that the net benefit associated with the highest grade of 

membership is very small. 

As an illustration, consider two decisions 1 and 2 whose B1L and 

B2L are given by: 

Bll = {{.2/1000), (.6/3000), (.1/10000)}, 

B2L = {{.8/1000), (.9/3000), (.5/5000)}. 

If the decision is based upon only the maximum net benefits, then the 

decision maker would choose decision 1 to obtain the $10,000 net bene-

fit. However, the $10,000 has a compatibility of only .1 with B1L. On 

the other hand, if the decision is based on the highest possibility of 

obtaining any net benefit, then the decision maker would choose decision 

2 as the optimal decision since it has the greatest possibility of 
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obtaining a net benefit. However, the net benefit associated with the 

highest u8 is only $3,000. 
2L 

If, however, the decision maker is attempting to maximize the net 

benefits to be derived in the long run, he would consider both the value 

of the net benefit and the possibility of obtaining the net benefit. 

That is, the selection of the optimal decision should be based on both 

the maximum bl's associated with the decisions and the grades of 

membership associated with the net benefits. 

This can be accomplished by using the concept of a maximizing set 

for a function f introduced by Zadeh4 and extended by Jain5 to the case 

where the function f is replaced by a set Y. According to Jain, 11 ••• 

the maximizing set M(Y) of a set Y [is] a fuzzy set such that the grade 

of membership of a point y£Y in M(Y) represents the degree to which y 

appro£imates to sup Y in some specified sense. 116 

To use the concept of a maximizing set, one needs to fonn the set Y 

which consists of all possible net benefit values. Mathematically, the 

set Y is given by: 

m 
Y = • U bl EBJ.L. 

J=l 
(17) 

Then, the maximizing set for decision dj£Dt (de~oted by Bjm) is given 

by: 

5 L. A. Zadeh; 11 0n Fuzzy Al gorithm 11 , Memo No. ERL-M325, Electronic 
Research Laboratory, University of California (1972), p. 10. 

6R. Jain, "Decisionmaking in the Presence of Fuzzy Variables", IEEE 
Transactions on Systems, Man, and Cybernetics, Vol. SMC-6 (1976), 
pp. 698-703. 

7 Ibid., p. 700. 
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(18) 

where 

(19) 

bmax =sup Y, (20) 

and n is an integer chosen depending on the application. 

After obtaining the maximizing set Bjm' a fuzzy set Bjo is formed 

by the intersection of the sets Bjm and BjL" The membership function of 

the fuzzy set 

Bjo = ~Bjo (bl)/b~ (21 ) 

is given by: 

(22) 

Now, the fuzzy set 00 = {u0 (d.)/d.} representing the fuzzy optimal 
. 0 J J 

decision space can be formulated. The grade of membership, u0 (dj)' of 
0 

each decision djsDt is given by: 

u D ( d j ) = V u B • ( bL) • 
o L JO 

(23) 

The optimal decision, d0 , is then the one having the highest grade of 

membership in the set 00 . That is, the optimal alternative is the one 

which has 

(24) 
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4.3 Numerical Example 

Let St= {s1, s2, s3}, where s1, s2, and s3 represent the 

in-control, more or less out of control, and out-of-control states, 

respectively. Moreover, let Dt = {d1, dz, d3}, where d1, d2, and d3 
represent the investigation, explo~atory investigation, and no-investi-

gation actions, respectively. Let the net benefits matrix be given 

by:a 

Decision State 
s, s2 S3 

dl VL M VH 

d2 L M H 

d3 · .. L L VL 

where L, VL, M, H, and VH are defined as follows: 

VL = {(l.0/100), (.4/200)} ' 

L = {(.4/100), (1. 0/200)' (. 5/300)} ' 

M = {(.4/300), (.7/400), (1.0/500), (.7/600), (.4/700)} ' 

H = { (. 5/700)' (l.0/800), (.5/900)} , and 

VH = {(.5/900), ( 1. o I l ooo) } . 

Moreover, let a performance report indicate a variance of $500. Assume, 

also, that the indicated variance has compatibilities of .4, .5, and .6 

8vL, L, M, H, and VH denote very low, low, medium, high, and very high 
net benefits, respectively. 
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with the in-control, more or less out of control, and out-of-control 

states. That is, us (500) = .4, u5 (500) = .5, and us (500) = .6. 
l 2 3 

Using equations (10) and (11), one can obtain the sets 81, 82, and 

83 as follows: 

81 = {(.4/VL), (.5/M), (~6/VH)} , 

82 = { (. 4/L), (. 5/M), (.. 6/H) ~ , 

B3 = {(.4/L), (.5/L), (.6/VL) = (.5/L), (.6/VL)}. 

Using the definitions of VL, L, M, H, and VH, the sets B1 , B2, and 

B3 can be rewritten as follows: 

Bl = {(.4/[(l.0/100), (.4/200)]), 

. (.5/[(.4/300), (.7/400), (1.0/500), (.7/600), (.4/700)]), 

(.6/[(.5/900), (1.0/1000)])} ' 

82 = {(.4/[(.4/100), (1.0/200), (.5/300)]), 

(.5/[(.4/300), (.7/400), (1.0/500), (.7/600), (.4/700)]), 

(.6/[(.5/700), (1.0/800), (.5/900)])} 

83 = { (. 5/[ ( .4/100)' (1. 0/200)' (. 5/300)])' 

, (.6/[(l.0/100), (.4/200)])} . 

The sets B1 , B2, and B3 which are fuzzy sets of fuzzy subsets can 

be reduced to the sets BlL' B2L' and B3L' respectively, by using Eqs. 

(15) and (16) as follows: 

Bll = {(.4/100), (.16/200), (.2/300), (.35/400), (.5/500), 

(.35/600),. (.2/700), (.3/900), (.6/1000)} ' 
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B2L = {(.16/100), (.4/200), (.2/300), (.2/300), (.35/400), 

(.5/500), (.35/600), (.2/700), (.3/700), (.6/800), 

(. 3/900)} 

= {(.16/100), (.4/200), (.2/300), (.35/400), (.5/500), 

(.35/600), (..3/700), (.6/800), (.3/900)}, 

B3L = {(.2/100), (.5/200), (.25/300), (.6/100), (.24/200) 

= (.6/100), (.5/200), (.25/300)} . 

Using Eq~ (15), the set Y can be obtained as follows: 

y = {100, 200, 300, 400, 500, 600, 700, 900, 1000} u {100, 200, 

300, 400, .500, 600, 700, 800, 900} u {100, 200, 300} 

= {100, 200, 300, 400, 500, 600, 700, 800, 900, 1000} • 

It should be noted that bmax = Sup Y = 1000. Then using n = 2 and Eqs. 

(18) and (19), the maximizing set for decision d1 can be obtained as 

foll cws: 

[( 1 oo 2 ) r 200 2 · ) r. 300 2 ) /i 400 2 ) 81m = C1000) /lOO '\(1000) 1200 '\(1000) 13oo '~1000) 14oo ' 

= {{.01/100), (.04/200), (.09/300), (.16/400), (.25/500), 

(.36/600), (.49/700), (.81/900), (1.0/1000)} . 

Similarly, the sets s2m and s3m are obtained as follows: 
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82m = {(.01/100), (.04/200), {.09/300), (.16/400), (.25/500), 

(.36/600), (.49/700), (.64/800}, (.81/900)} ' 

83m = {(.01/100), (.04/200)~ ·(.09/300)}. 

Now, Eqs. ( 21 ) and ( 22 )_ can be us.ed to obtain the set 810 as 

follows: 

010 = { (. 41\. 011100), {. 16A 041200), (. 2/\. 091300), 

(.35/\.16/400), {.s/\.25/500), (.351\.36/600), 

(. 21\.49/700), (.3/\a11900), (. 6/\1. 011000) 1 

= {(.01/100), (.04/200), (.09/300), (.16/400), (.25/500), 

(.35/600), (.2/700), (.3/900), (.6/1000)} . 

Similarly, the sets 820 and 830 are given by: 

820 = {{.01/100), (.04/200), (.09/300), (.16/400), (.25/500), 

(.35/600), (.3/700), (.6/800), (.3/100)}, 

830 = {(.01/100), (.04/200), {.09/300)i • 

To obtain the grade of membership of d1 in the set D0, Eq. (23) may 

be used as follows: 

UD (dl) = {.01V.04V.09V.16V.25V.35V.2V.3V.6) = .6. 
0 

Similarly, u0 (d2) = .6 and u0 (.d3) = .09. That is, D0 = {(.6/d1), 
0 0 . 

(.6/d2), (.09/d3)}. The optimal decision is then either d1 or d2. 
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4.4 Summary 

In this chapter a new model for the cost-variance investigation 

decision is proposed. The model is intended to overcome the problems 

encountered by the existing cost-variance investigation models. 

The proposed model allows for varying degrees of out-of-

controllness. That is, the model is not subject to the limiting assump-

tion of a two-state system. Moreover, the proposed model allows for the 

imprecision surrounding the states and the net benefits through the use 

of the compatibility function concept. 

Furthermore, the model allows the decision maker to express his 

perceived imprecision about his judgments. Stated differently, the 

model is not subject to the limiting assumption of constant level of 

precision. 

Finally, the model does not require a high level of precision in 

measuring the variables. That is, the model reduces the need for 

precise measures that are difficult to obtain in real life situations. 

The proposed model is based on the assumption that the performance 

is described by a deterministic function. This assumption will be 

relaxed in the next chapter. 



CHAPTER FIVE 

Extension of the Model 

As mentioned eariier, the transformation function, St+l = f(St' 

Dt)' can be deterministic, stochastic, or fuzzy. In the previous 

chapter, the deterministic transformation.function was assumed. In 

this chapter, the model is extended to cover the stochastic and fuzzy 

transformation function cases. 

5.1 Stochastic Transformation Function 

In this section, the performance is assumed to be stochastic whose 

state at time t+l is a probability distribution over St+l which is 

conditioned on St and Dt. That is, for each input state .sie:St' the 

probabilities that the performance will be in state ske:St+l when deci-. 

sion dje:Dt is taken are represented in matrix form as in Figure 7. In 

the figure, Qijk represents the probability that the new state will be 

sk given that the current state is si and decision dj is made. 

As mentioned in Chapter Three, the precise values of the 

probabilities (i.e. the precise shapes of the probability distributions) 

are not obtainable. Moreover, the fact that some probability judgments 

are "harder" than others should be captured within the decision analy-

sis. Consequently, it is more appropriate to assume that the 

probability values can only be determined imprecisely. 

In the new model, the decision maker is allowed to express his 

judgments about the probabilities by using statements like "about 30%11 , 

"approximately 40% 11 , and "roughly 20%". The judgments may also take 

th~ form of linguistic values such as: "quite likely", "almost 

62 
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5t+l 
Dt 

sl . . . . . . sk ...... Sn 

dl Qill . . . . Qilk .... Qiln . . . . . . . . . . . . . . . . 
d. 

J Q .. 1 1J . . . . Q .. k 1J .... Qijn . . . . . . . . . . . . . . . . 
dm . Q. · 1 im . . . . Qimk .... Qimn 

Figure 7. Probabilities matrix for a single input state. 
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certainly", "better than even 11 , "pretty 1 ikely", etc. Each fuzzy 

probability can be defined by a fuzzy set represented by: 

Qijk = [uQijk (qk)/qJ ' 

where the compatibility function uQ. 'k(qk) associates with each 
lJ 

( 1 ) 

qkE: {0,.1,.2, •.. ,1} its compatibility with the fuzzy set Qijk. For 

example, the probability judgment of "about 30%11 , can be subj~ctively 

defined by: 

Q = {(.1/.20), (.6/.25), (l.0/.30), (.6/.35), (.1/.40)}. 

For each change in the performance (i:e., for every combination of 

djE:Dt, siE:St' and skE:St+l) there is a corresponding net benefit. Given 

siE:\ to be the input state, the net benefits resulting from the dif-

ferent combinations of djE:Dt and skE:St+l can be represented i~ matrix 

form as shown in Figure 3, Chapter 4. The net benefit, Bijk' will be 

assumed to be defined fuzzily as in the deterministic case. That is, 

Bijk = tBijk(bk)/bk J (2) 

where the compatibility function, u8 (bk)' associates with each 
ijk 

bksB = ~0,1, ... } its compatibility with the fuzzy set Bijk" 

The above situation (fuzzy probabilities, fuzzy net benefits, and 

fuzzy states) can be dealt with by first obtaining the expected net 

benefit (denoted by EBij) associated with every djEDt given si to be 

the input state. 

In the probability theory, the expected value of an action 

(denoted, for example, by EBij) is given by: 
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n 
EB .. = l B. "k • Q. "k , 

lJ k=r 1J 1J 
(3) 

where the Bijk•s are real numbers and Qijk•s are points in the interval 

[0,1]. 

The basic question is how to calculate the expected net benefit, 

EBij' for each djcDt given si to be the input state when the net bene-

fits and the probabilities are assumed to be fuzzy. Before suggesting a 

method to calculate the expected net benefits, a brief discussion of the 

extension principle is provided. 

As defined by Zadeh, the extension principle is a principle that 
11 • allows the domain of the definition of a mapping or a relation to 

be extended from points in U to fuzzy subsets of U. 111 Let f be a 

mapping from X to W s.t. f(x) = w, where xcX and wd~. Moreover, let A 

be a fuzzy set of X given by: 

Then, by the extension principle, the image of A under f is a fuzzy set 

of W defined by: 

(4) 

where 

w = f(x), ( 5) 

and 

1L. A. Zadeh, 11 The Concept of a Linguistic Variable and Its Application 
· to Approximate Reasoning 11 , Part I, Information Sciences, Vol. 8 

(1975), p. 236. 
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(6) 

The extension principle can be applied to cases where the function 

f is an n-ary function. For example, let f be a mapping from the 

Cartesian product ~ x Y to a space W s. t. w = f(x,y), where xe:X, ye:.Y and 

we:W. Moreover, let A and B be fuzzy sets of X and Y, respectively, 

defined by: 

and 

Then, the image of (A,B) under f is a fuzzy set of W defined as: 

f(A,B) = {uf(A,B)(w)/w} , (7) 

where 

w = f (x ,y), (8) 

and 

uf(A,B){w) = max min[uA(x), u8(y)]. (9) 
(x,y)e:f- 1 (w) 

As an example, let X = Y = R and let A and B be fuzzy sets of X and 

Y, respectively, defined by: 

A=~= approximately 2 = {(.6/1), (1/2), (.3/3)}, 

and 

B = 6 = approximately 6 = {(.8/5), (1/6), (.7/7)} 

Moreover, let f: Xx Y + W s.t. w = x + y, where x, y, and w denote the 
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generic points in X, Y, and W, respectively. Then, using Equations 

(7)-(9), one can obtain 2 + 6 as'follows; 

2 + 6 = {(.6/6), (.8/7), (1/8), (.7/9), (.3/10)} . 

The extension principle can be used to extend the definition of the 

expected value given in Equation (3) from points in B and Q into fuzzy 

sets of B and Q. Let Qijk's be fuzzy probabilities described by compati-

bility functions uQ .. k(qk)'s, where qk is the generic point associated 
lJ 

with Qijk" Moreover, let Bijk(bk)'s be fuzzy net benefits desc~ibed by 

compatibility functions u8 .. k(bk)'s, where bk is the generic point 
lJ 

associated with Bijk" As a direct application of the extension 

principle, the expected net benefit, EBij' is given by: 

EBij = ~EBij (bl)/b~ ' ( 1 a) 

where 
n 

b = \' q • b 
L k~l k k' 

(11) 

and 

(12) 

The above expression for EB;j which is obtained by a direct 

application of the extension principle, does not take into account the 

fact that the Qijk's are related to each other through the condition 
n I qk = 1. To account for such a condition, the expression for EB .. k=l . . lJ 

given above needs to be changed to the following: 
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and 
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EB .. = GEB (EB .. )/bl.J ' l J . . l J lJ 

n 
I qk • 
=l 

bl = 

0, 

uEB (EB .. ) = ij lJ 

bk, 
n 

if I qk = 1 
k=l 

elsewhere 

n 
if I qk = 1 

k=l 

elsewhere 

( 13) 

(14) 

( 15) 

Once the expected net benefits for the decisions are obtained, one 

can construct a table as the one in Figure 8. In the figure, EB;j 

represents the expected net benefit that may result when the state of 

the performance is si and decision dj is made. 

After obtaining the expected net benefits, it becomes possible to 

reduce the solution of the problem under consideration to that of the 

deterministic case; the expected net benefits can be treated as the net 

benefits were treated in the deterministic problem. That is, to obtain 

the optimal alternative the following steps are to be taken: 

(1) ' Obtain the expected net benefits associated with each decision 

dj. Using the fuzzy knowledge about the state of the performance, the 

expected net benefits associated with decision dj (denoted EBj) is 
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st 
Dt 

sl S; Sn . . . . . . ...... 
dl EB11 . . . . EBil .... EBnl 
. . . . . . . . . . . . . . . . 
..... EBlj EB .. EBnj I.I• .... . ... 
J 1J . . . . . . . . . . . . . . . . 

I dm EBlm .... EB;m . ... EB nm I 
Figure 8. Expected net benefits associated with the different 

combinations of input states and decisions. 
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obtained by: 

EB. = [uEB (EB .. )/EB .. l , J j lJ ijj ( 16) 

where 

u EB ( EB .. ) = max us . ( v t ) . 
j lJ -1( ) l EB .. c:.f EB. lJ J 

(17) 

(2) Reduce the set EBj' which is a fuzzy set of fuzzy sets, to a 

fuzzy set of nonfuzzy benefits. This can be accomplished by obtaining 

the fuzzy set EBjL which is given by: 

where 

and 

EBjl = [uEBjl (bl )/bl] , 

blc:.EB. . , lJ 

( 18) 

( 19) 

(3) Obtain the maximizing set. To do this one first obtains the 

set Y which is given by: 

m 
Y = U blc:.EBJ.L . 

j=l 
(20) 

Then the maximizing set for decision djc:.Dj (denoted by EBjm) is given 

by: 

(21 ) 

where 
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(22) 

bmax = sup, Y ' (23) 

and n is an integer. 

(4) Obtain the intersection of the sets EBjL and EBjm· This can 

be done by obtaining the set EBjo w~ich is given by: 

EBjo =f rnjo (bl)/bJ 

where 

(5) Formulate the fuzzy optimal decision set. This can be 

accomplished by obtaining the set 00 which is given· by: 

Do = Goo (dj )/dJ. 

where 

(24) 

(25) 

(26) 

(27) 

The optimal decision is dj which has the highest grade of membership.in 

the set 00 . 

5.2 Numerical Example I 

Let St= {s1,s2}, where s1 and s2 denote the in-control and out-

of-control states, respectively. Let Dt = {d1,d2}, where d1 and d2 

represent the investigate and do-not-investigate actions, respectively. 
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Let the Qijk and Bijk matrices for s1 and S2 be given by: 

where 

st Dt 
Q .. k 1J B .. k 1J 

S1 S2 

d1 Q1 Q2 

S1 
dz Q3 Q4 

d1 Qs Q6 

S2 
dz Q7 Qs 

Q1 = 11 .3 11 = {{.8/.2), (1/.3), (.6/.4)}, 

Q2 = 11 .7" = {(.8/.6), (1/.7), (.6/.8)}, 

S1 

B1 

Ba 

Bs 

B1 

Qa = Qs = likely= {(.5/.8), (.8/.9), (1/1)}, 

Q4 = Q6 =unlikely= {{1/0), (.8/.1), (.5/.2)}, 

Q 7 : II, 611 : { ( • 6/, 4) t ( 1. 0/, 6)' ( • 6/ • 8)}' 

Q8 = 11 .4 11 = {(.6/.2), (1.0/.4), (.6/.6)}, 

B1 = low= {(.4/100), (1.0/200), (.5/300)}, 

B2 = B5 = 88 = very high= {(~5/900), (1.0/1000)}, 

83 = high = {(.5/700), (1.0/800), (.5/900)}, 

84 = B1 =very low= {(1.0/100), (.4/200)}, 

86 =medium= {(.7/400), (1/500), (.4/600)}. 

S2 

Bz 

B4 

86 

Be 
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Finally, assume that a performance report indicates a variance of $600 

whose compatibilities with s1 and s2 are .8 and .4, respectively. 

Using Equations (13)-(15), one can obtain the sets EB11, EB21, 

EB12, and EB22 as follows: 

EB11 = {(.4/580), (.5/620), (.4/640), (.5/660), (.6/680), (.5/690), 

(.5/720), (.4/730), (.4/740), (1/760), (.5/780), (.5/790), 

(.4/820), (.6/840), (.5/860)}, 

EB21 = {(.5/800), (.5/820), f.4/840), (.5/850), (.5/860), (.4/870), 

(.5/880), (.5/900), (.4/920), (.7/940), (.8/950), (.4/960), 

(1 /1000)}, 

EB12 = {(.5/580), (.4/600), (.5/640), (.4/650), (.5/660), (.4/680), 

(.5/700), (.8/730), (.5/740), (.4/760), (1/800), (.5/820), 

(. 4/830), (. 5/900)}' 

EB22 = {(.5/260), (.6/280), (.4/340), (.4/360), (.5/420), (1/460), 

(.4/480), (.4/520), (.5/580), (.4/620), (.6/640), (.4/680)} .. 

Using Equations (16) and (17) and the fact that us 1(600) = .8 and 

us 2(600} = .4, one can obtain the sets EB1 and EB2 as follows: 

and 

Using the definitions of EB11. EB21. EB12. and EB22. and Equations 

(18) and (19), one can obtain the sets EB1L and EB2L as follows: 
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EBlL = {(.32/580), (.4/620), (.32/640), (.4/660), (.48/680), 

(.4/690), (.4/720), (.32/730), (.32/740), (.8/760), 

(.4/780), (.4/790), (.32/820), (.48/840), (.4/860), 

(.2/800), (.2/820), (.16/840), (.2/850), (.2/860), 

(.16/870), (.2/880), (.2/900), (.16/920), (.28/940), 

(.32/950), (.16/960), (.4/1000)} 

= {(.32/580), (.4/620), (.32/640), (.4/660), (.48/680), 

(.4/690), (.4/720), (.32/730), (.32/740), (.8/760), (.4/780), 

(.4/790), (.32/820), (.48/840), (.4/860), (.2/800), (.2/850), 

(.16/870), (.2/880), (.2/900), (.16/920), (.28/940), 

(.32/950), (.16/960), (.4/1000)} 

EB2L = {(.4/580), (.32/600), (.4/640), (.32/650}, (.4/660), 

(.32/680), (.4/700), (.64/730), (.4/740), (.32/760), 

(.8/800), (.4/820), (.32/830), (.4/900), (.2/260), (.24/280), 

(.16/340), (.16/360), (.2/420), (.4/460), (.16/480), 

(.16/520), (.2/580), (.16/620), (.24/640), (.16/680)} 

= {(.4/580), (.32/600), (.4/640), (.32/650), (.4/660), 

(.32/680), (.4/700), (.64/730), {.4/740), (.32/760), 

(.8/800), (.4/820), (.32/830), (.4/900), (.2/260), (.24/280), 

(.16/340), (. 16/360), (.2/420), (.4/460), (.16/480), 

(.16/520), (.16/620)}. 

From the definitions of EB1L and EB2L' one can easily verify that 

sup Y = 1000. Then, using bmax = sup Y = 1000, n = 2, and Equations 

(21) and (22), one can obtain the maximizing sets EB1m and EB2m as 

follows: 
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EBlm = {(.34/580), (.38/620), (.41/640), (.43/660), (.46/680), 

(.47/690), (.52/720), (.53/730), (.55/740), (.57/760), 

(.61/780), (.62/790), (.67/820), (.70/840), (.74/860), 

(.64/800), (.72/850), (.76/870), (.77/880), (.81/900), 

(.85/920), (.88/940), (.90/950), (.92/960), (1/1000)} 

EB2m = {(.34/580), (.36/600), (.41/640), (.42/650), (.43/660), 

(.46/680), (.49/700), (.53/730), (.55/740), (.58/760), 

(.64/800), (.67/820), (.69/830), (.81/900), (.07/260), 

(.08/280), (.12/340), (.13/360), (.18/420), (.21/460), 

(.23/480), (.27/520), (.38/620)} . 

Now, Equations (24) and (25) can be used to obtain the sets ·EB10 
and EB20 as follows: 

EB10 = {(.32/580), (.38/620), (.32/640), (.4/660), (.46/680), 

(.4/690), (.4/720), (.32/730), (.32/740), (.57/760), 

(.4/780), (.4/790), (.32/820), (.48/840), (.4/860), 

(.2/800), (.2/850), (.2/870), (.2/880), (.2/900), (.16/920), 

(.28/940), (.32/950), (.16/960), (.4/1000)}, 

EB20 = {(.33/580), (.32/600), (.4/640), (.32/650), (.4/660), 

(.32/680), (.4/700), (.53/730), (.4/740), (.32/760), 

(.64/800), (.4/820), (.32/830), (.4/900); (.07/260), 

(.08/280), (.12/340), (.13/360), (.18/420), (.21/460), 

(.16/480), (.16/520), (.16/620)}. 

Using Equations (26) and (27) and the above definitions of EB10 and 

EB20 , one can obtain the set 00 as follows: 



76 

The optimal decision is then dz. 

5.3 Fuzzy Transformation Function 

In this section the fuzzy transformation function case is. 

discussed. More specifically, in what follows, the performance will be 

described by a fuzzy relation2 R: St x Dt - St+l' where St' Dt' and 

St+l are the set of input states, the set of available decisions, and 

the set of output states, respectively. 

For any given decision dj£Dt, the relation R is described by the 

fuzzy set 

R(St' st+1 I ldj) = {uR(s;, ski ldj)/(si' ski ldj)}, (28) 

where si £ \' sk £ St+l' dj £ Dt' and uR(s; ~ ski ldj) is the membership 

function which associates with every pair (si' sk) s St x St+l its com-

patibility with the fuzzy set R. In matrix form, this relation can 

be represented as in Figure 9. In the figure, uijk stands for 

uR(si' ski ldj). 

2A fuzzy relation R between two sets E1 and E2 is a fuzzy subset of 
their Cartesian product E1 x Ez. Mathematically R is defined by: 

~ = J (uR(x,y)/(x,y)), 
(x,y) £ E1 x Ez -

where xsE1, y£E2, and uR(x,y) is the membership function of the 

fuzzy relation~· L. A. Zadeh, "Fuzzy Sets", Information and 
Control, Vol. 8 (1965), p. 345. 
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d. 
J 5t+l 

sl ...... sk . ..... Sn 
st 

sl uijl .... uijk . ... uijn 
. . . . . . . . . . . . . . . . 
Si uijl . . . . uijk .... uijn . . . . . . . . . . . . . . . . 
Sn unjl . . . . unjk .... unjn 
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For every change in the performance (i.e., for every combination of 

dj E Dt, si E St~ and sk E St+l) there is a corresponding net benefit. 

Given dj, the net benefits resulting from the different combinations of 

si E St and sk E St+l can be represented in matrix form as shown in 

~igure 10. The net benefit, Bijk' is assumed to be defined fuzzily as 

in the deterministic and stochastic cases. That· is, Bijk is given by: 

Bijk = {uB. "k(bl)/bl}, 
lJ 

where the compatibility function, u8 .. (bl)' associates with each 
1Jk . 

bl e: B = {O, 1, ... }its compatibility with the fuzzy set Bijk" 

This situation, fuzzy transformation function and fuzzy net 

(29) 

benefits, can be dealt with by first obtaining the fuzzy net benefits 

(denoted Bj) associated with each decision. Before sug~esting a 

method to obtain Bj' a brief discussion of the compositional rule of 

inference is provided. 

As defined by Zadeh, the compositional rule of reference is an 

extension of the process of inferring the value of y given y = f(x) and 

x = a. 3 More specifically, let 

and 

X = {xi , ••. , xn}, 

R = fuzzy relation from X to Y whose compatibility function is 
uR(x, y), 

3L. A, Zadeh, "The Concept of a Linguistic Variable and Its Application 
to Approximate Reasoning11 ,. Part III, Information Sciences, Vol. 9 
(1975), p. 57. 
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dj st+1 
s1 . . . . . . sk ...... Sn 

st 

51 B. ·1 1J . . . . B .. k 1J .... 8ijn . . . . . . . . . . . . . . . . 
Si B. ·1 1J . . . . B. 'k 1J .... 8ijn . . . . 
.• . . . . . . . . . . . 
Sn 8nj1 .... 8njk . ... 8njn 

Figure 10. Net Benefits associated with the different combinations 

of si € st and sk € St+l for a given dj. 
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A= fuzzy set of X whose compatibility function is uA(x). 

Then, by the compositional rule of inference, one can infer the fuzzy 

set B (fuzzy set of Y) from R and A. The compatibility function for the 

set B is given by: 

(30) 

As an example, let X and Y be defined by: 

and 

Moreover, let A be a fuzzy set of X defined as: 

Finally, let R be a fuzzy relation from X to Y described by: 

X1 .6 .9 .3 

R = X2 • 5 .8 • 6 

X3 .4 .8 .9 

Then, by the compositional rule of inference, the fuzzy set B (a fuzzy 

set of Y) is given by: 

The compositional rule of inference can be used to obtain, for any 

decision dj e: Dt' the set St+l given St. By applying Equation {30), 

the set St+l is given by: 
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(31) 

where 

ust+l (ski Is;, dj) = ~~~[ust (si);\ 1.L.R(si' ski ldj)J, , . 

(32) 

(33) 

and uR(s;, ski ldj) is defined as above. 
Once St+l is obtained; one can determine the fuzzy net benefits 

associated with each decision, namely Bj. By the extension principle, 

Bj is given by: 

B. = {uB (B .. k)/B .. k}, J j 1J 1J 
(34) 

where 

u B • ( B; j k ) = ma~ 1 u S ( s k II s i , d j ) . 
J B •• kEf ( B • ) t+ l -1J . J 

{35) 

It should be noted that the set Bj is a fuzzy set of fuzzy net 

benefits. To reduce Bj into ~.fuzzy set of nonfuzzy net benefits, the 

operation of fuzzification can be used. By the operation of 

fuzzification, the reduced set, denoted BjL' is given by: 

(36) 

where 

and 

(37) 
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Now, the maximizing set, Bjm' can be obtained. First, one obtains 

the set Y which is given by: 

m 
y = .u bl E BJ. l. 

J=l . 
(38) 

Then, the maximizing.set is given by: 

(39) 

where 

(40) 

bmax = sup Y, (41) 

and n is an integer • 

. The intersection of the sets Bjl and Bjm ·(denoted Bj 0 ) is given by: 

(42) 

where 

uB. (bl)= uB. (bl)/\uB. (bl). 
JO Jl Jm 

(43) 

The fuzzy optimal decision set can be fonnulated by obtaining the 

set . 

(44) 

where 

u0 (dj) = V UB. (bl). 
0 L JO 

(45) 

finally, the optimal decision is obtained.. The optimal decision is 

dj which has the highest grade of membership in the set 00 • 
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5.4 Numerical Example II 

Let St= St+l = {s1, Sz} Where S1 and Sz represent the in-control 

and out-of-control states, respectively. Moreover, let Dt = {d1, dz}, 

where d1 and dz represent, respectively, the investigation and no-inves-. . 
tigation actions. Let·the transformation functions and.the net benefits 

matrices be given by: 

5t+l 
d1 S1 Sz 

S1 1. .4 
st 

Sz .6 .5 

st+l 
dz S1 Sz 

S1 .7 .6 
st 

Sz .4 .9 

where VL, L, H, VH are defined as: 4 

and 

VL = {(1/100), (.4/200)}, 

L = {(.4/100), (1.0/200), (.5/300)}, 

H = {(.5/700), (l.0/~00), (.5/900)}, 

VH = {(.5/900), (l.0/1000)}. 

st+1 
d1 S1 Sz 

S1 L VL 
st 

Sz VH VL 

st+l 
dz S1 Sz 

S1 H VL 
st 

Sz H L 

4vL, L, H, and VH indicate Very Low, Low, High, and Very High net 
benefits, resp~ctively. 
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Finally, let a performance report indicate a variance of $1000 whose 

compatibilities with the input states are .5 and .8, respectively. That 

is, US1(lOOO) = 0.5 and US2(lOOO) = 0.8. 

By Equations (31)-(33) the set St+l for d1 and d2·are obtained as· 

follows: 

Then, by Equations (34) and (35) the fuzzy net benefits associated 

with the different decisions are obtained as follows: 

81 = {(.6/L), (.6/VH),, (.5/VL), (.5/VL)} 

= {(.6/L), (.6/VH), (.5/VL)}, 

B2 = {(.5/H), (.5/H), (.8/VL), (.8/L)} 

= {(.5/H), (.8/VL), (.8/L)}. 

Using the definitio~s of VL, L, H, and VH the sets 81 and B2 can be 

rewritten as: 

81 = {.6[(.4/100), (1.0/200), (.5/300)], 

.6[(.5/900), (1.0/1000)], 

.5[(1/100), (.4/200)]}, 

82 = {.5[(.5/700), (1.0/800), (.5/900)], 

.8[(1.0/100), (.4/200)], 

.8[(.4/100), (l.0/200), (.5/300)]}. 
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It should be noted that 81 and 82 can be reduced into fuzzy sets of 

nonfuzzy net benefits as follows: 

B1L = {(.24/100), (.6/200), (.3/300), 

(.3/900), (.6/1000), 

(.5/100), (.2/200)} 

= {(.5/100), (.6/200), (.3/300), 

(.3/900), (.6/1000)} 

B2 L = {(.25/700), (.5/800), (.25/900), 

(.8/100), (.32/200), 

. (.32/100), (.8/200), (.4/300)} 

= {(.25/700), (.5/800), (.25/900), 

(. 8/100), (. 8/200), (. 4/300)}. 

By the inspection of 81 L and B2 L' one can see that 8max = $1000. 

Then, using n = 2 and Equations (39) and (40), the maximizing sets are 

obtained by: 

81m = {(.01/100), (.04/200), (.09/300), 

(.81/900), (l/1000)} 

B 2m = { (. 49/700), (. 64/800), (. 81 /900), 

(.01/100), (.04/200), (.09/300)}. 

Now, the sets 810 and 820 can be obtained. By Equations (42) and 

(43), 810 and 820 are given by: 

810 = {(.01/100), (.04/200), (.09/300), (.3/900), (.6/1000)}, 

820 = {(.25/700), (.5/800), (.25/900), (.01/100), 

(.04/200), (.09/300)}. 
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The fuzzy optimal decision set is given by 00 = {(.6/d1), (.5/dz)} 

and the optimal decision is d1. 

5.5 Sunmary 

In this chapter, the new cost variance investigation model 

presented in the previous chapter is extended to cover the cases in 

which the performance is described by: (1) stochastic transformation 

function, and (2) fuzzy transformation function. Numerical examples 

are also provided •• 



CHAPTER SIX 

Pilot Study 

In this chapter the proposed cost variance investigation model is 

applied--through a pilot study--to an actual cost variance investiga-

tion problem encountered by a manufacturing firm. The study consists 

of two parts, namely, the computerization and the application of the 

model. These two parts are discussed in the chapter. The objectives 

of the study are presented first. 

6.1 The Objectives of the Pilot Study 

The major objective of the study is to demonstrate the feasibility 

(i.e., applicability) of the model as well as to provide insight into 

the problems that may arise when the model is applied to real world 

situations. This is important to cost variance investigation and fuzzy 

set theory because (1) as indicated by Koehler, Anthony, and Magee 

available cost variance investigation models have not been used in 

practice, and (2) as noted by Flander and Kickert the literature on 

fuzzy set theory lacks practical applications. 1 

1see R. W. Koehler, "The Relevance of Probability Statistics to 
Accounting Variance Control", Management Accounting (October 1968), 
p. 35; R. N. Anthony, "Some Fruitful Directions for Research in 
Management Accounting", in N. Dopuch and L. Revsine (eds.) 
Accounting Research 1960-1970: A Critical Evaluation (Center for 
International Education and Research in Accounting: University of 
Illinois, 1973), p. 59; R. P. Magee, "A Simulation Analysis of 
Alternative Cost Variance Investigation Models'', The Accounting 
Review (July 1976), p. 529; W. Kickert, Fuzzy Theories on Decision-
~ (Netherland: Martinus Nijhoff Social Sciences Division, 
1978), p. 158; and P. Flander, "An Example of A Fuzzy System", 
Kybernetes, Vol. 6 {1977), p. 229. 
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In the application, the model will be used to obtain optimal 

investigation decisions for some cost variances that have occurred in 

the manufacturing company. These decisions wi 11 be compared to the 

actions suggested by the decision maker. The objective of such compari-

son is to examine whether there are systematic differences between the 

two sets of actions. 2 This may provide an input for further research. 

2Note that the comparison is not intended to see whether the model 
results in the same actions made by the decision maker. In fact, 
as in the case of other deci:sion models, the conflict between the 
two sets of .actions is possible and even expected. Horngren, for 
example, states, 11 A fascinating aspect of [using decision models] 
is the possible conflict between what the decision model might 
indicate as optimal action and what the manager might perceive as 
optimal. 11 C. T. Horngren, Cost Accountin --A Mana erial Em hasis, 
5th edition (N. J.: Prentice-Hall, Inc., 1982 , p. 761. The 
reasons for the conflict are many. First, the decision maker may 
not act rationally all the time. G. M. Becker and C. G. Mcclintock, 
11 Value: Behavioral Decision Theory 11 , Annual Review of Psychology, 
Vol. 18 (1967), pp. 240-241. Second, the decision maker may have 
other information which may affect his decision. D. J. l~hite, "The 
Nature of Decision Theory", in D. J. White and K. C. Bowen (eds.}, 
The Role and Effectiveness of Theories of Decision in Practice 
(London: Hodder and Stoughton, 1975), p. 11. In fact, as argued 
by Demski, 11 ••• the optimal decision determined by means of the 
[formal] model is one--but not necessarily the only--determinant of 
the decision maker's ultimate choice. 11 J. S. Demski, Information 
Anal)sis (California: Addison-Wesley Publishing Company, Inc., 
1972 , p. 27. Third, individual decision makers may act in a way 
to optimize their measured performance rather than acting in the 
best interest of their organizations. C. T. Horngren, Cost 
Accounting--A Managerial Emphasis, p. 761. Examples of situations 
in which individual decision makers made decisions that were not 
in the best interest of their organizations have been reported in 
the -accounting literature. See, for example, Y. Ijiri, R. K. 
Jaedicke, and K. E. Knight, "The Effects of Accounting Alternatives 
on Management Decisions", in R. K. Jaedicke, Y. Ijiri, and O. 
Nielsen (eds.), Research in Accounting Measurement (Chicago: AAA, 
1966), pp. 186-199. Fourth, the conflict may occur because of 
problems in the experimental settings. For example, White indi-
cates: "If a theory is not in conflict with present observational 
knowledge, it does not mean it is true. Neither does the fact that 
it conflicts with observational knowledge mean that it is false, 
since errors will be made in recording observations or the results 
might be distorted because the operations involved in verification 
actually change the condi ti ans we may think are fixed. 11 D. J. 
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6.2 Computerization of the Model 

Three computer programs were written: Fuzzy-9, Fuzzy-10, and 

Fuzzy-11. These three programs correspond to the three cases discussed 

in Chapters Four and Five, namely, the deterministic, stochastic, and 

fuzzy transformation function cases. The listings of these programs are 

presented in Appendix I to this chapter. 

The programs were validated through the use of the data appearing 

in the numerical illustrations discussed in Chapters Four and Five. The 

White, Decision Theory (Chicago: Aldine Publishing Company, 1966), 
p. 120. One major problem with studies that use businessmen as 
subjects (such as the current study) is the absence of a system of 
rewards and punishments. As a result of such absence, the subject 
may not act in an experimental setting as he acts in real situa-
tions. 11 The subject had no reason to perform we 11, except for the 
intrinsic interest of the task and his pride in his performance. 
While both of these may be very strong motivating forces to some, 
they are difficult for the experimenter to measure. 11 J. G. 
Birnberg and R. Nath, 11 Laboratory Experimentation in Accounting 
Research 11 , The Accounting Review (Jan. 1968), p. 45. Fifth, the 
conflict may occur because of the inability of human decision maker 
to correctly process complex data necessary for optimal decisions 
and their use of simplified heuristics that may result in biases. 
11 To reduce cognitive strain, they resort to simplified decision 
strategies, many of which lead them to ignore or misuse relevant 
information." P. Slavic and S. Lichtenstein, "Comparison of 
Bayesian and Regression Approaches to the Study of Information Pro-
cessing in Judgment 11 , Organizational Behavior and Human Performance 
(November 1971), p. 724. Finally, one may argue that the human 
decision makers are difficult to predict and that they display 
inconsistency in their actions. Bowen, for example, indicates: 
11 There is ... something paradoxical about the human decision maker. 
Whatever his stated framework for choice, he still retains the 
freedom to make decisions which are not consistent with that frame-
work for choice, he still retains the freedom to make decisions 
which are not consistent with that framework. Again, he can order 
preferences differently on two occasions when faced with what is 
apparently the same situation and the same data. 11 K. C. Bowen, 
11 Models and Decision Process", in D. J. White and K. C. Bowen 
(eds.), The Role and Effectiveness of Theories of Decision in 
Practice, p. 394. 
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computer programs produced results identical to the results obtained by 

the manual solution of the illustrations. 3 Consequently, it was 

concluded that the computer programs were correct. 

An input-output flow diagram required for the computerized model is 

presented in Figure 11. As shown in the diagram, the inputs to the 

model include: 

(1) The amount of the cost variance; 

(2) Number of performance states with each state being described 

by a compatibility function; 

(3) Number of available decisions; 

(4) Type and shape of the transformation function; and 

(5) Estimates of the net benefits with each net benefit being 

described by a compatibility function. 

The outputs of the cdmputer model include: 

(1) A summary of the input data; and 

(2) An optimal decision. 4 

The first input to the model, the amount of the cost variance, can 

be obtained from the performance reports that are prepared for a certain 

level of management. The performance reports usually include, in 

3The outcome obtained from each computer program is presented at the end 
of the corresponding program .in Appendix I to this chapter. In 
validating the programs, the intermediate results obtained by the 
programs.were also compared to those obtained by the manual solu-
tion of the illustrations. The programs produced results identical 
to those obtained by the manual solution. 

4As defined in Chapters Four and Five, the optimal decision is the 
decision djEDt which has the highest compatibility u0 (d.) with the 
fuzzy optimal decision set 00 • o J 



Source 

Source 

INPUT 

Perfonnance Report 

l. Standard Perfonnance 
2. Actual Performance 
3. Variance 

Oeci s ton Maker 

l. Possible System States. 
Each State Described by 
a Compatability function 

2. Possible Investigation 
Oeds1ons 

3. Estimates of the Het 
Benefits from the 
Investigation Actions 

4. Type and shape of trans-
formation function 

OUTPUT 

Computer.ized Cost- ~11. S·u. nmary of. Input Variance lnvestigatiofl Data 
Model Based on fuzzy ·· 2 An Optimal Decision 
Set Theory · 

Figure 11. Input-Output Flow Diagram for the Computerized 
Cost-Variance Investigation Model. 

'° __. 
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addition to the standard cost and actual cost, the amount of the 

variance. 

The remaining inputs to the model are provided by the decision 

maker. That is, the decision maker determines the number of states, the 

number of avai.lable decisions, the type and shape ·of the fransformation 

function, and the estimates of the net benefits. Moreover, the decision 

maker provides compatibility functions to describe the states, the 

estimates of the net benefits, and the transformation function. 

As indicated by Watson, Weiss, and Donne11 5, there are two modes in 

which the decision maker can provide the required membership functions. 

In the first mode, the decision maker provides the membership functions 

at the time of the decision. In the second mode, membership functions 

are stored in the computer and, at the time of the decision, the deci-

sion maker selects the appropriate membership function. Regardless of 

the mode being used, the membership functions are determined subjec-

tively; the closer an element is to satisfying the requirements of a 

set, the closer its grade of membership to one, and vice versa. 

Some authors, such as Watson, Weiss, and Donne11 6, and Watanabe7, 

have attacked the subjectivity involved in determining the membership 

functions and called for empirical derivation of the membership func-

tions, i.e., more precise membership functions. However, one must 

5s. R. Watson, J. J. Weiss, and M. L. Donnell, "Fuzzy Decis.ion 
Analysis", IEEE Transactions on Systems, Man, and Cybernetics, Vol. 
SMC-9 (1979), p. 6. 

6Ibid., p. 6. 
7s. Watanabe, "A Generalized Fuzzy-Set Theory", IEEE Transactions on 

Systems, Man, and Cybernetics, Vol. SMC-8 (1978), pp. 756-760. 
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realize that subjectivity is the essence of fuzziness, and a methodology 

to handle fuzzy problems is needed. Moreover, other decision making 

techniques (such as Bayesian Theory and Utility Theory) also involve 

subjectivity. Finally, as pointed out by Zadeh, during the 1977 IEEE 

Conference on Decision and Control, 11 ••• it is not in keeping with the 

spirit of fuzzy set approach to be too concerned about the precision of 

(the grades of membership] 11 • 8 

Several researchers, in reaction to the above criticism, have 

suggested methods for deriving empirical membership functions. 9 Most of 

these methods are variations of the traditional method for measuring the 

strength of belief (i.e., asking the subject to indicate on a scale 

based on semantic differential how strongly he agrees or disagrees with 

a given statement}. 

8This was reported in S. R. Watson, J. J. Weiss, and M. L. Donnell, 
"Fuzzy Decision Analysis", pp. 2-3. 

9see, for example, T. Saaty, "Measuring the Fuzziness of Sets 11 , Journal 
of Cybernetics, Vol. 4 (1974}, pp. 53-61; M. Kocken and A. Badre, 
11 0n the Precision of Adjectives Which Denote Fuzzy Sets", Journal 
of Cybernetics, Vol. 4 (1974}, pp. 49-59; H. M. Hersh and A. 
Caramazza, 11A Fuzzy Set Approach to Modifiers and Vagueness in 
Natural La.ngua9e 11 , Journal of Experimental Physhology: General, 
Vol. 105 (1976),.pp. 254-276; H. M. Hersh, A. Caramazza, and H. H. 
Brownell, "Effects of Context on Fuzzy Membership Functions", in 
M. Gupta, R. Ragade, and R. Yager (eds.}, Advances in Fuzzy Set 
Theory and Ap}lications lAmsterdam: North-Holland Publishing 
Company, 1979 , pp. 389-408; H. H. Brownell and A. Caramazza, 
11 Categorizin9 with Overlapping Categories", Memory and Cognition, 
Vol. 6 (1978), pp. 481-490; P. J. Macvicar-Whelan, "Fuzzy Sets, 
The Concept of Height, and the Hedge Very 11 , IEEE Transactions on 
Systems, Man, and Cybernetics, Vol. SMC-8 (1978), pp. 507-511; and 
M. Nowakowska, 11 Fuzzy Concepts: Their Structure and Problems of 
Measurement", in M. Gupta, R. Ragade, and R. Yager .(eds.), Advances 
in Fuzzy Set Theory and Applications, pp. 361-387. 
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To summarize, there are two approaches for obtaining the required 

membership functions; the subjective approach and the empirical approach. 

The position adopted in this study follows the position of Zadeh, who 

indicates that: II the grades of membership are subjective, in the 

sense that their specification is a matter of definition rather than 

objective experimentation or analysis. 1110 

6.3 Actual Application 

As mentioned earlier, the second phase in the pilot study is to 

apply the model to an actual cost variance investigation problem faced 

by a manufacturing firm. A brief descr.iption of the company is provided 

first. Then the procedures employed in collecting the data used in the 

application are presented. The results of the application are discussed 

in Section 6.4. 

The Company 

The firm used in this study is the Blacksburg, Virginia branch of a 

manufacturing company. The branch manufactures heavy equipment and its 

operations encompass six production departments (bonding, auto lines, 

press, finish, flange, and plating departments) and two service depart-

ments (inspection and service packing departments). 

The branch has been using a standard costing system for about four 

years. Initially, the branch used standards developed by the corporate 

office. Because these standards were very high for branch operations, 

lOL. A. Zadeh, 11A Fuzzy Set Theoretic Interpretation of Linguistic 
Hedges", Journal of Cybernetics, Vol 2 (1972), p. 5. In Appendix 
II to Chapter Six, the application is replicated by using empirical 
membership functions. 
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the engineering department in the branc~ began developing new standards 

for the branch. The process of replacing the corporate office standards 

by special standards is continuing. That is, the standards used by the 

branch at the time of this application were mixed standards; some of the 

standards were corporate standards and some were set by the branch. The 

departments that used corporate standards were the auto lines, press, 

and finish departments. 

The data related to the actual costs are accumulated by the 

accounting dep~rtment, which also prepares weekly an4 monthly perfor-

mance reports that include the standard cost, actual cost, and the vari-

ance for material, labor, and overhead costs used by the several depart-

ments. The reports are presented to the heads of the cost centers 

(production and service departments), the controller, and the plant 

manager. The company does not use any of the available cost-variance 

investigation models, but rather it bases its investigation decisions on 

the managers' intuition and judgment. 

In addition to the standard costing system, the branch employs a 

flexible budgeting system. That is, after cost variances are calcu-

lated, they are divided into two components: variances caused by the 

deviation from planned production and variances caused by the deviation 

from the standard costs for the actual production. The second kind of 

variances is divided into efficiency and price (or rate) variance. 

Collecting the Data 

The performance reports used in this study are those presented to 

the controller of the branch. They include data related to the costs of 
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the different resources (such as material, labor, and overhead) used 

within the different production and service departments. 

Forty-eight variances relating to the total direct labor cost in 

the eight departments were obtained. These variances covered a period 

of six months, January 1980 through June 1980. A summary of these 

variances is presented in Figure 12. 

The remaining data required for the model were obtained through 

several meetings with the controller. 11 In these meetings I explained 

the model to the controller, queried him about it, and provided him with 

choices related to the required data. The controller provided answers 

and made choices. 

After explaining the meaning of the input states and output states 

to the controller and after telling him that he could use more than the 

two extreme states, in-control and out-of-control, he elected to use 

three states, in-control, more or less out of control, and out-of-

control. The controller was also told that the decision space could 

include actions such as exploratory investigation in addition to the two 

decisions of investigate and do-not investigate. He elected.to use the 

two-decision space. 

The controller was also informed about the three types of 

transformation functions--deterministic, stochastic, and fuzzy. He was 

told that he could use any of these functions. The controller elected 

to use the fuzzy transformation function. That is, he viewed the 

11 The researcher met with the controller eight times. Each meeting 
lasted for about 90 minutes. The meetings were conducted over a 
period of two months, mid June to mid August 1980. 



Department 

Bonding 
Auto Lines** 
Press** 
Finish** 
Flange 
Plating 
On-Line Pack 
Serv Pack 

Department 

Bonding 
Auto Lines** 
Press** 
Finish** 
Flange 
Plating 
On-Line Pack 
Serv Pack 
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January 1980 

Actual 
Cost 

$ 9044 
31764 
16295 
26778 
23342 
28837 
26888 
8303 

February 1980 

Actual 
Cost· 

$ 7680 
29596 
18196 
24229 
22353 
25023 
23532 
10051 

Standard 
cost -

$ 7057 
22301 
10686 
19941 
18330 
36701 
23007 

4131 

Standard 
·Cost 

$ 7419 
21890 
14171 
17212 
16949 
29046 
18808 
4022 

U and F indicate unfavorable variances, respectively. 
** Corporate standards were used in these departments. 

Figure 12. Summary of the Variances. 

* Variance 

$ 1987 u 
9463 u 
5609 u 
6837 u 
4962 u 
7862 F 
3881 u 
4172 u 

* Variance 

$ 261 u 
7706 u 
4025 u 
7017 u 
5404 u 
4023 F 
4724 u 
6029 u 
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March 1980 

* Department Actual Standard Variance 
Cost Cost 

Bonding $ 7329 $ 6918 $ 411 u 
Auto Lines** 23457 17300 6157 u 
Press** 19726 14184 5542 u 
Finish** 26115 21110 5005 u 
Flange 20179 14656 5523 u 
Plating 25246 29515 4269 F 
On-Line Pack 26985 21656 5329 u 
Serv Pack 6223 2747 -3476 u 

April 1980 

* Department Actual Standard Variance 
Cost Cost 

Bonding $ 6765 $ 4198 $ 2567 u 
Auto Lines** 24019 15908 8111 u 
Press** 23268 14254 9014 u 
Finish** 29375 19219 10156 u 
Flange 17245 10589 6656 u 
Plating 23737 22899 838 u 
On-Line Pack 27943 18678 9245 u 
Serv Pack 12196 3743 8453 u 

* U and F indicate unfavorable and favorable variances, respectively. 
** Corporate standards were used in these departments. 

Figure 12 (Can't). Summary of the Variances. 
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May 1980 

* Department Actual Standard Variance 
Cost Cost 

Bonding $ 5803 $ 4180 $ 1623 u 
Auto Lines** 15635 10816 4817 u 
Press** 19081 11545 7536 u 
Finish** 26973 18173 8800 u 
Flange 11406 7368 4038 u 
Plating 16680 19705 3225 F 
On-Line Pack 21277 15124 6153 u 
Serv Pack 7729 2812 4917 u 

June 1980 

* Department Actual Standard Variance 
Cost Cost 

Bonding $ 4850 $ 3973 $ 877 u 
Auto Lines** 21258 15799 5459 u 
Press** 15017 9691 5326 u 
Finish** 24027 16596 7431 u 
Flange 14196 8911 5285 u 
Plating 18580 20292 1712 F 
Inspection 20317 13999 6318 u 
Serv Pack 8132 3065 5067 u 

* U and F indicate unfavorable and favorable variances, respectively. 
** Corporate standards were used in these departments. 

Figure 12 (Con't). Summary of the Variances. 
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relationship between the input states and the output states to be a 

fuzzy relationship. 

The fuzzy transformation function, as provided by the controller, 

is presented in Figure 13. This function was obtained by asking the 

controller to associate with every combination of input state, si s St, 

output state, sk s St+l' and decision, dj s Dt' a number between zero 

and one representing the strength of the relationship between si' sk' 

and dj. (Not~ that there were 18 combinations--3 input states X 2 

decisions X 3 output states.) The stronger the relationship, the closer 

the number is to one, and vice versa. 12 For example, as can be seen 

from Figure 13, the controller assigned 0.9 for the combination of 

and 

current state 

action 

(s.) =in-control (s1), 
1 

(d.) = investigate (d1), 
J 

output state (sk) =in-control (s1), 

while he assigned 0.1 for the combination of 

and 

current state 

action 

(s.) =in-control (s1), 
1 

(d.) =investigate (d1), 
J 

output state (sk) =out-of-control (s3). 

The controller viewed the relationship between the elements in the first 

12 rn the language of possibility theory, this number can be interpreted 
as the possibility that the output state will be Sk given that the 
current state is Si and decision dj is made. The greater the 
possibility, the closer the number is to one, and vice versa. See 
L. A. Zadeh, "Fuzzy Sets as a Basis for a Theory of Possibility", 
Fuzzy Sets and Systems, Vol. 1 {1978), pp. 3-28. 



Input State, Si E st 

si = s1 = in-control 

s. = s2 =more or less 
1 out-of-control 

s. = S3 =out-of-control 
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** Decision 

dj E Dt 

d1 

d2 

** Decision 

d. 
J E Dt 

d1 
-

d2 

** Decision 

d. 
J E Dt 

d1 

d2 

Output State, sk E St+l 

S1 S2 S3 

.9 .4 . 1 

.8 .4 .3 

Output State, Sk E st+1 

S1 S2 S3 

.8 .5 .2 

.4 .8 .7 

Output State, Sk E st+l 

S1 S2 S3 

.7 .4 . 3 

• 1 .6 .9 

s1, s2, and S3 indicate in-control, more of less out-of-control, and 
out-of-control states, respectively. 

** d1 and d2 indicate investigate and do-not investigate actions, 
respectively. 

Figure 13. Fuzzy Relation s·t+l = f(st, Dt). 



102 

the first combination to be strong, while he considered the relationship 

between the elements in the second combination to be weak. 

With respect to the expected net benefits, the controller was told 

that his estimates of the net benefits resulting from the different com-

binations of decisions and states could take the form of 11 about $5000, 11 

or the form of linguistic values such as 11 very large 11 • He chose the 

linguistic value approach because, he felt, it would be easier to use. 

The estimated net benefits--in linguistic form--for the different 

combinations of decisions, input states, and output states are presented 

in Figure 14. 13 The letters S, VS, VVS, M, L, VL, and VVL stand for 

small, very small, very very small, medium, large, very large, and very 

very large, respectively. These values were defined, by the controller, 

as follows: 

vvs = {(1/1000), (.5/2000)}, 

vs= {(.7/1000), (1/2000), (.7/3000)}, 

s = {(.6/2000), (.9/3000), (1/4000), (.6/5000)}, 

M = {(.2/3000), (.5/4000), (.7/5000), (1/6000), (.7/7000), 

(.5/8000), (.2/9000)}, 

L = {(.6/6000), (.8/7000), (1/8000), (.8/9000), (.6/10000)}, 

VL = {(.6/8000), (.8/9000), (1/10000), (.8/11000), (.6/12000)}, 

VVL = {(.4/9000), (.6/10000), (.8/11000), (1/12000)}. 

The above definitions of the linguistic net benefits were derived 

as follows. First, a set of possible net benefit values (B) was 

13The estimates of the net benefits were provided by the controller 
based on his experience as well as his expectations; the branch did 
not keep any records related to the costs and benefits that might 
result from the investigation action. 
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si = si = in-control 
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** Decision 

dj E Dt 

di 

dz 

** Decision 

d. 
J E Dt 

di 

dz 

** Decision 

d. 
J E Dt 

di 

dz 

Output State, sk E St+l 

Si Sz S3 

s vs vvs 

M s vs 

Output State, sk E St+l 

S1 Sz S3 

L s vs 

L s s 

Output State, sk E St+l 

S1 Sz S3 

VL s vs 

VVL M vs 

s1, sz, and S3 indicate in-control, more or less out-of-control, and 
out-of-control states, respectively. 

** d1 and dz indicate investigate and do-not investigate actions, 
respectively. 

Figure 14. Estimated Net Benefits Associated with the Different 
Combinations of Input States, Decisions, and Output States. 
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obtained. This was done by determining the smallest and largest 

possible net benefits. The controller elected to use $1,000 and $12,000 

as the lowest and highest possible net benefits, respectively. 14 Then, 

by using an increment of $1,000, the set of possible net benefits was 

determined as B = {$1000, $2000, ... , $11000, $12000}. (An increment of 

less than $1,000--such as $500--can be used.) 

Second, the controller was asked to provide a compatibility 

function for each linguistic value. More specifically, he was asked to 

associate with each possible net benefit a number between zero and one 

representing the compatibility of the net benefit value with a certain 

linguistic value. As an example, the controller was asked to assign a 

number from zero to for each net benefit in B = {1000, 2000, ... ' 
12000} representing its compatibility with very very small net benefits. 

He assigned 1 for $1000, .5 for $2000, and zero for every value greater 

than $2000. Thus, the controller provided the following compatibility 

function for very very small net benefits: 

14rn determining the lowest.and highest possible net benefits, the 
controller was asked to consider the smallest and the largest vari-
ances over the period. The largest variance was $10,156 and the 
smallest variance was $216 .. Then, he was asked to adjust these 
values to the cost of investigation and additional benefits from 
the investigation--such as the effect of the investigation on the 
employees• behavior--to get the lowest and highest possible net 
benefits. The adjustments were based on the experience of the con-
troller as well as his expectation; no attempt was made to deter-
mine the exact costs and benefits. This method may not provide 
precise measures of the expected net benefits. However, one must 
remember that 11 The difficulty of measuring likely benefits may be 
the major barrier to the implementation of [the existing cost vari-
ance investigation] models." [Emphases added]. C. T. Horngren, 
Cost Accounting: A Managerial Emphasis, p. 876. 
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1.0, if net benefit= 1000 

uVVS = .5, if net benefit = 2000 

0.0, if net benefit > 2000 

Stated differently, he defined very very small net benefits as follows: 

vvs = {(l.0/1000), (.5/2000), (0/3000), (0/4000), (0/5000), 

(0/6000), (0/7000), (0/8000), (0/9000), (0/10000), (0/11000), 

(0/12000)}. 

This definition of VVS can be shortened as follows: 

vvs = {1/1000), (.5/2000)}. 

The second step was repeated with different linguistic values of net 

benefits to obtain the compatibility functions for the remaining 

linguistic net benefits. 

Regarding the compatibility functions for the states, the 

controller was told that he had two options for providing the compati-

bilities of the variances with the different states. The first option 

was to derive (either subjectively or empirically) membership functions 

for the states. Then, variances could be plugged into the formula to 
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obtain their compatibilities with the states. 15 (The problem with this 

approach is the need to revise the derived functions when there is a 

shift in either the standards or the variances.) The second option was 

to provide directly--at the time of the decision--the compatibilities of 

the variances with the different states. 

The controller selected the second option (i.e., he preferred to 

provide directly the compatibility of each variance with the different 

15As an example, let the in-control and out-of-control states be 
described by the following compatibility functions: 

1 , if o 2. v 2. 1 oo 
uin(v) = 

1 if v > 100 
1 + (v - 100/' 

100 
and 

1 if 200 < v < 400 
1 + V' - 400 2 ' - -

( 400 ) 
uout(v) = 

1 , if v > 400. 

Then, the compatibilities of a variance of $200 with the two states 
are uin(200) = .50 and uout(200) = .80, while the compatibilities 
of a variance of $300 with the two states are uin(300) = .20 and 
uout(300) = .94. 
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states). 16 The compatibilities obtained from the controller for the 48 

variances used in this study, with the different input states, are 

presented in Figure 15, column 3. 

The above data were used with the computer program (Fuzzy-11) to 

obtain the optimal decision for every variance of the 48 variances used 

in the study. (The cost of running the program was only $1.04.) The 

results are presented in Figure 15. The figure also includes the 

decisions suggested by the controller for the 48 variances. 

6.4 Discussion of the Results 

By examining Figure 15, one can see that there were 12 differences 

(related to variances 4, 5, 6, 12, 15, 18, 19, 25, 27, 28, 35, and 43) 

between the actions indicated by the model and those suggested by the 

controller. (For reasons to explain these difference, the reader is 

referred to footnote No. 2, this chapter.) 

In order to provide insight into these 12 differences and to 

achieve the second objective of the application--examining whether there 

are any systematic differences between the actions indicated by the 

16The controller felt that by doing so he would have more flexibility to 
reflect his state of mind at the time of the decision. Consider, 
as an example, the second variance in Figure 15. The amount of the 
variance ($9,463) is considered to be large when compared to other 
variances. In spite of its size, this variance was classified as 
in control by the controller. (The variance was assigned compati-
bility of .9 with the in-control state and .2 with the out-of-
control state.) When asked about this, the controller responded 
that the standard was difficult to meet because it was set by the 
corporate office. (The variance was expected to be large because 
the standard was very high.) As another example, consider variance 
28. Although this variance was the largest variance ($10,156), the 
controller did not classify it as out-of-control because the stan-
dard was high; the variance was assigned a compatibility of 0.7 
with the in-control state and a compatibility of only 0.5 with the 
out-of-control state. 
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Compatability with States D . . 2 ec1s1ons 

Var. Var. 1 More or Suggested Indicated A or c3 
No. Amt. In- less out Out of by by 

Control of control Control Controller Model 

1 1987 u .8 .6 .5 D D A 
2 9463 u .9 .4 .2 D D A 
3 5609 u .7 .7 .8 D D A 
4 6837 u .7 .7 .8 I D c 
5 4962 u .6 .8 .8 D I c 
6 7862 F .7 .7 .7 I D c 
7 3881 u .8 .7 .6 D D A 
8 4172 u . 5 .8 .9 I I A 

9 261 u .9 .3 .2 D D A 
10 7706 u .9 .3 .2 o. D A 
11 4025 u . 7 .7 .7 D D A 
12 7017 u .7 .7 .6 I D c 
13 5404 u .6 .7 .8 I I A 

. 14 4023 F .8 .6 .7 D D A 
15 4724 u .6 .7 .7 D I c 
16 6029 u .4 .8 .9 I I A 

17 411 u .9 .4 .3 D D A 
18 6157 u .8 .5 .4 I D c 
19 5542 u .7 .6 .6 I D c 
20 5005 u . 7 .6 .6 D D A 
21 5523 u .6 .7 .7 I I A 
22 4269 F .8 .7 .7 D D A 
23 5329 u .7 .8 .8 D D A 
24 3476 u .6 .8 .8 I I A 

1u and F indicate 'unfavorable' and 'favorable' variances, respectively. 
2I and D indicate 'investigate' and 'do-not investigate' actions, 

respectively. 
3A and C indicate that the decisions are 'in agreement' and 'in 

conflict', respectively. 

Figure 15. Decisions for the 48 Variances. 
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Compatability with States Decisions2 

Var. Var.1 More or Suggested Indicated A or c3 
No. Amt. In- less out Out of' by by 

Control of control Control Controller Model 

25 2567 u .7 .5 .4 I D c 
26 8111 u .8 .4 .3 D D A 
27 9014 u .7 .5 .5 I D c 
28 10156 u .7 .5 .5 I D c 
29 6656 u .6 .5 .7 I I A 
30 838 u . 7 .5 .7 D D A 
31 9245 u .6 .7 .7 I I A 
32 8453 u .5 .8 .9 I I A 

33 1623 u .8 .4 .4 D D A 
34 4819 u .9 .5 .3 D D A 
35 7536 u .7 .6 .5 I D c 
36 8800 u . 7 .6 .5 D D A 
37 4032 u .6 .7 .7 I I A 
38 3225 F . 7 .7 .7 D D A 
39 6153 u .8 .8 .8 D D A 
40 4917 u .5 .8 .9 I I A 

41 877 u .9 .4 .4 D D A 
42 5459 u .9 .5 .3 D D A 
43 5326 u .7 .6 .5 I D c 
44 7431 u .7 .6 .5 D D A 
45 5285 u .6 .7 .7 I I A 
46 1712 F . 7 .8 .7 D D A 
47 6318 u .6 .8 .8 I I A 
48 5067 u .5 .9 .9 I I A 

Total 36 12 

1u and F indicate 'unfavorable' and 'favorable' variances, respectively. 
2r and D indicate 'investigate' and 'do-not investigate' actions, 

respectively. 
3A and C indicate that the decisions are 'in agreement' and 'in 

conflict', respectively. 

Figure 15 (Can't). Decisions for the 48 Variances. 
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model and those suggested by the decision maker--the variances were 

classified in three different ways. First, the variances were divided 

into extreme and non-extreme variances. The extreme variances included 
17 12 variances: 2, 8, 9, 10, 16, 17, 32, 34, 40, 41, 42, and 48. The 

remaining 36 variances were classifed as non-extreme variances. The 

results for the extreme and non-extreme variances are reproduced in 

Figures 16 and 17, respectively. 

By examining Figure 16, one can see that actions indicated by the 

model and actions suggested by the controller were the same for the 

extreme cases. However, as shown in Figure 17, there were 12 dif-

ferences between the actions indicated by the model and those suggested 

by the controller for the non-extreme cases. 

Second, the variances were divided into favorable and unfavorable 

variances. Five variances (6, 14, 22, 38, 46) were classifed as favor-

able. The remaining 43 variances were unfavorable. Figures 18 and 19 

17A variance is considered to be an extreme case if it has a 
compatibility of .9 (or more) with either the in-control or out-of-
control state. Also, to be classified as an extreme case, the 
variance should have a large difference (of at least .4) between 
its compatibility with the in-control and out-of-control states. 
For example, variance number 2 is considered to be an extreme case 
because it has a compatibility of .9 with the in-control state, 
while its compatibility with the out-of-control state is only .2. 
Similarly, variance number 8 is classified as an extreme case 
because it has compatibilities of .5 and .9 with the in-control 
and out-of-control states, respectively. Note that the amount of 
the variance, the standard, as well as the attainability of the 
standard should be reflected in the compatibilities of the vari-
ance with the different states. The attainability of the standard 
may well explain why some large variances (such as variance 2) are 
classified as in control. The attainability of the standard also 
explains why variance 28 ($10,156) was not classified as an 
extreme out-of-control. The standard was difficult to attain; 
consequently, the variance was expected to be large. 
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Compatjbility with States D . . 2 ec1s1ons 

Var. Var. 1 More or Suggested Indicated A or c3 
No. Amt. In- less out Out of by by 

Control of control Control Controller Model 

2 9463 u .9 .4 .2 D D A 
8 4174 u .5 .8 .9 I I A 
9 261 u .9 .3 .2 0 D A 

10 7706 u .9 .3 .2 D D A 
16 6029 u .4 .8 .9 I I A 
17 411 u .9 .4 .3 D D A 
32 8453 u .5 .8 .9 I I A 
34 4819 u .9 .5 .3 D D A 
40 4917 u .5 .8 .9 I I A 
41 877 u .9 .4 .4 D D A 
42 5459 u .9 .5 .3 D D A 
48 5067 u .5 .9 .9 I I A 

·Total 12 0 

1u indicates 'unfavorable' variance. 
2r and D indicate 'investigate' and 'do-not investigate• actions, 

respectively. 
3A and C indicate that the decisions are 'in agreement• and 'in 

conflict', respectively. 

Figure 16. Results for Extreme Variances 
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Compatibility with States Decisions2 

Var. Var. 1 More or Suggested Indicated A or c3 
No. Amt. In- less out Out of by by 

Control of control Control Controller Model 

1 1987 u .8 .6 .5 D D A 
3 5609 u .7 .7 .8 D D A 
4 6837 u .7 .7 .8 I D c 
5 4962 u .6 .8 .8 D I c 
6 7862 F .7 .7 .7 . I D c 
7 3881 u .8 .7 .6 D D A 

11 4025 u .7 .7 .7 D D A 
12 7017 u .7 .7 .6 I D c 
13 5404 u .6 .7 • 8" I I A 
14 4023 F .8 .6 .7 D D A 
15 4724 u .6 .7 .7 D I c 
18 6157 u .8 .5 .4 I D c 
19 5542 u .7 .6 .6 I D c 
20 5005 u .7 .7 .6 D D A 
21 5523 u .6 .7 .7 I I A 
22 4269 F .8 .7 .7 D D A 
23 5329 u .7 .8 .8 D D A 
24 3476 u .6 .8 .8 I I A 
25 2567 u .7 .5 .4 I D c 
26 8111 u .8 .4 .3 D D A 
27 9014 u .7 .5 .5 I D c 
28 10156 u . 7 .5 .5 I D c 
29 6656 u .6 .5 .7 I I A 
30 838 u .7 .5 .7 I I A 
31 9245 u .6 .7 .7 I I A 
33 1623 u .8 .4 .4 D D A 
35 7536 u .7 .6 .5 I D c 
36 8800 u .7 .6 .5 D D A 

1u and F indicate 'unfavorable' and 1 favorable 1 variances, respectively. 
2I and D indicate 'investigate' and 'do-not investigate' actions, 

respectively. 
3A and C indicate that the decisions are 'in agreement' and 'in 

conflict', respectively. 

Figure 17. Results for Non-Extreme Variances. 
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Compatibility with States Decisions2 

Var. Var. 1 More or Suggested Indicated A or c3 
No. Amt. In- less out Out of by by 

Control of control Control Controller Model 

37 4032 u .6 .7 .7 I I A 
38 3225 F .7 .7 .7 D D A 
39 6153 u .8 .8 .8 D D A 
43 5326 u .7 .6 .5 I D c 
44 7431 u .7 .6 .5 D D A 
45 5285 u .6 .7 .7 I I A 
46 1712 F .7 .8 .7 D D A 
47 6318 u .6 .8 .8 I I A 

Total 24 12 

1u and F indicate 1 unfavorable 1 and 1 favorable 1 variances, respectively. 
2I and D indicate 1 investigate 1 and 'do-not investigate• actions, 

respectively. 
3A and C indicate that the decisions are 1 in agreement' and 'in 

conflict', respectively. 

Figure 17 (Can't). Results for Non-Extreme Variances. 
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summarize the results for the favorable and unfavorable variances, 

respectively. 

As can be seen from Figure 18, for the favorable variances (except 

for variance 6), the actions indicated by the model were the same deci-

sions suggested by the controller; do-not investigate. In the case of 

variance 6, the controller elected the investigation action. For the 

unfavorable variances, as shown in Figure 19, there were 11 differences 

between what the model indicated as optimal action and what the 

controller perceived as optimal action. 

Third, the variances were divided into variances that occurred in 

departments using corporate standards and variances that occurred in 

departments using branch standards. The first group occurred in the 

auto lines, press, and finish departments. Consequently, this group of 

variances included 18 variances (2, 3, 4, 10, 11, 12, 18, 19, 20, 26, 

27, 28, 34, 35, 36, 42, 43, and 44). The remaining 30 variances 

occurred in departments using branch standards. The results for the 

two types of variances are presented in Figures 20 and 21, respectively. 

As can be seen from Figure 20, there were 8 differences related to 

variances (4, 12, 18, 19, 27, 28, 35, 43) occurring in departments that 

used standards set by the corporate office. For the variances from 

branch standards, as shown in Figure 21, there were only 4 differences 

between the actions indicated by the model and those suggested by the 

controller. 

To summarize, there were 12 differences between what the model 

indicated as optimal actions and what the decision maker perceived as 

optimal actions. None of these differences were related to extreme 
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Compatibility with States Decisions2 

Var. Var. 1 More or Suggested Indicated 
No. Amt. In- less out Out of by by 

Control of control Control Controller Model 

6 7862 .7 .7 .7 I D 
14 4023 .8 .6 .7 D D 
22 4269 .8 .7 .7 D D 
38 3225 .7 .7 .7 D D 
46 1712 .7 .8 .7 D D 

Total 

l All variances are 1 favorab1e 1 • 

2I and D indicate 'investigate• and 'do-not investigate' actions, 
respectively. 

3A and C indicate that the decisions are 'in agreement• and 'in 
conflict•, respectively. 

Figure 18. Results for Favorable Variances. 

A or c3 

c 
A 
A 
A 
A 

4 
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Compatibility with States Decisions2 

Var. Var. 1 More or Suggested Indicated A or c3 
No. Amt. In- less out Out of by by 

Control of control Control Controller Model 

l 1987 .8 .6 .5 D D A 
2 9463 .9 .4 .2 D D A 
3 5609 .7 .7 .8 D D A 
4 6837 .7 .7 .8 I D c 
5 4962 .6 .8 .8 D I c 
7 3881 .8 .7 .6 D D A 
8 4172 .5 .8 .9 I I A 
9 261 .9 .3 .2 D D A 

10 7706 .9 .3 .2 D D A 
11 4025 .7 .7 .7 D D A 
12 7017 .7 .7 .6 I D c 
13 5404 .6 .7 .8 I I A 
15 4724 .6 .7 .7 D I c 
16 6029 .4 .8 .9 I I A 
17 411 .9 .4 .3 D D A 
18 6157 .8 .5 .4 I D c 
19 5542 . 7 .6 .6 I D c 
20 5005 .7 .6 .6 D D A 
21 5523 .6 .7 .7 I I A 
23 5329 .7 .8 .8 D D A 
24 3476 .6 .8 .8 I I A 
25 2567 .7 .5 .4 I D c 
26 8111 .8 .4 .3 D D A 
27 9014 .7 .5 .5 I D c 
28 10156 .7 .5 .5 I D c 
29 6656 .6 .5 .7 I I A 
30 838 .7 .5 .7 D D A 
31 9245 .6 .7 .7 I I A 

1All variances are 'unfavorable'. 
2r and D indicate 1 i~vestigate 1 and 'do-not investigate• actions, 

respe~tively. 

3A and c·indicate that the decisions are 'in agreement• and 'in 
conflict•, respectively. 

Figure 19. Results for Unfavorable Variances. 
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Compatibility with States D • . 2 ec1s1ons 

Var. Var. 1 More or Suggested Indicated A or c3 
No. Amt. In- less out Out of by by 

Control of control Control Controller Model 

32 8453 .5 .8 .9 I I A 
33 1623 .8 .4 .4 D D A 
34 4819 .9 .5 .3 D D A 
35 7536 .7 .6 .5 I D c 
36 8800 .7 .6 .5 D D A 
37 4032 .6 .7 .7 I I A 
39 6153 .8 .8 .8 D D A 
40 4917 .5 .8 .9 I I A 
41 877 .9 .4 .4 D D A 
42 5459 .9 .5 .3 D D A 
43 5326 .7 .6 .5 I D c 
44 7431 . 7 .6 .5 D D A 
45 5285 .6 .7 .7 I I A 
47 6318 .6 .8 .8 I I A 
48 5067 .5 .9 .9 I I A 

Total 32 11 

1A11 variances are 'unfavorable'. 
2I and D indicate 'investigate' and 'do-not investigate' actions, 

respecitvely. 
3A and C indicate that the decisions are 'in agreement' and 'in 

conflict', respectively. 

Figure 19 (Can't). Results for Unfavorable Variances. 
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Compatibility with States Decisions2 

Var. Var. 1 More or Suggested Indica-Ced A or c3 
No. Amt. In- less out Out of by by 

Control of control Control Controller Model 

2 9463 u .9 .4 .2 D D A 
3 5609 u .7 .7 .8 D D A 
4 6837 u .7 .7 .8 I D c 

10 7706 u .9 .3 .2 D ·D A 
11 4025 u .7 .7 .8 0 D A 
12 7017 u .7 .7 .6 I D c 
18 6157 u .8 .5 .4 I D c 
19 5542 u .7 .6 .6 I D c 
20 5005 u .7 .6 .6 0 D A 

26 8111 u .8 .4 .3 D D A 
27 9014 u .7 .5 .5 I D c 
28 10156 u .7 .5 .5 I D c 
34 4819 u .9 .5 .3 D D A 
35 7536 u .7 .6 .5 I D c 
36 8800 u .7 .6 .5 D D A 

42 5459 u .9 .5 .3 D D A 
43 5326 u .7 .6 .5 I D c 
44 7431 u .7 .6 .5 D D A 

Total 10 8 

1u indicates 'unfavorable' variance. 
2r and D indicate 'investigate' and 'do-not investigate' actions, 

respectively. 
3A and C indicate that the decisions are 'in agreement' and 'in 

conflict', respectively. 

Figure 20. Results for Variances Related to Corporate Standards. 
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Compatibility with States Decisions2 

Var. Var. 1 More or Suggested Indicated A or c3 
No. Amt. In- less out Out of by by 

Control of control Control Controller Model 

1 1987 u .8 .6 .5 D D A 
5 4962 u .6 .8 .8 D I c 
6 7862 F .7 .7 .7 I D c 
7 3881 u .8 .7 .6 D D A 
8 4172 u .5 .8 .9 I I A 

9 261 u .9 .3 .2 D D A 
13 5404 u .6 .7 .8 I I A 
14 4023 F .8 .6 .7 D D A 
15 4727 u .6 .7 .7 D I c 
16 6029 u .4 .8 .9 I I A 

17 411 u .9 .4 .3 D D A 
21 5523 u .6 .7 .7 I I A 
22 4269 F .8 .7 .7 D D A 
23 5329 u .7 .8 .8 D D A 
24 3474 u .6 .8 .8 I I A 

25 2567 u .7 .5 .4 I D c 
29 6656 u .6 .5 .7 I I A 
30 838 u .7 .5 .7 D D A 
31 9245 u .6 .7 .7 I I A 
32 8453 u .5 .8 .9 I I A 

33 1623 u .8 .4 .4 D D A 
37 4032 u .6 .7 .7 I I A 
38 3225 F .7 . 7 .7 D D A 
39 6153 u .8 .8 .8 D D A 
40 4917 u .5 .8 .9 I I A 

1u and F indicate 'unfavorable' and 'favorable' variances, respectively. 
2r and D indicate 'investigate' and 'do-not investigate' actions, 

respectively. 
3A and C indicate that the decisions are 'in agreement• and 1 in 

conflict', respectively. 

Figure 21. Results for Variances Related to Branch Standards. 
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Compatibility with States Decisions2 

Var. Var. 1 More or Suggested Indicated A or c3 
No. Amt. In- less out Out of by by 

Control of control Control Controller Model 

41 877 u .9 .4 .4 D D A 
45 5285 u .6 .7 .7 I I A 
46 1712 F .7 .8 .7 D D A 
47 6318 u .6 .8 .8 I I A 
48 5067 u .5 .9 .9 I I A 

Total 26 4 

1u and F indicate 'unfavorable' and 'favorable' variances, respectively. 
2I and D indicate 'investigate' and 'do-not investigate' actions, 

respectively. 
3A and C indicate that the decisions are 'in agreement' and 'in 

conflict', respectively. 

Figure 21 (Can't). Results for Variances Related to Branch 
Standards. 



121 

variances. One of these differences was related to a favorable 

variance, and 11 were related to unfavorable variances. Eight of these 

11 differences were related to corporate standards, and three were 

related to variances occuring in departments using branch standards. 

Based on these results, one may conclude that special care should 

be exercised when the model is applied to situations where the standards 

are set by corporate office. It could be that such care was not exer-

cised by the controller. That is, because of being unrewarded for his 

performance during the study, the controller might not spend enough time 

and/or efforts to provide accurate estimates of the inputs (such as the 

compatibilities of the variances with the different performance states) 

required for the model. There was also the learning factor; it was the 

first time for the controller to be exposed to the idea of fuzzy sets 

and the concept of membership function. This learning factor may be 

demonstrated by examining Figure 22 which gives the results classified 

by months. As one can see from the figure, there were three differences 

between actions indicated by the model and actions suggested by the 

controller in the first month, January. (These differences relate to 

variances 4, 5, and 6.) However, there was only one difference in each 

of the last two months, May and June. (They are related to variances 

35 and 43.) 

Taking these results into consideration, the application was 

replicated, eighteen months later, by using a new set of variances 
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Compatibility with States Decisions2 

Var. Var. 1 More or Suggested Indicated A or c3 
No. Amt. In- less out Out of by by 

Control of control Control Controller Model 

January: 

1 1987 u .8 .6 .5 D D A 
2 9463 u .9 .4 .2 D D A 
3 5609 u .7 .7 .8 D D A 
4 6837 u .7 .7 .8 I D c 
5 4962 u .6 .8 .8 D I c 
6 7862 F .7 .7 .7 I D c 
7 3881 u .8 .7 .6 D D A 
8 4172 u .5 .8 .9 I I A 

Total 5 3 
Februar.}'.'.: 

9 261 u .9 .3 .2 D D A 
10 7706 u .9 .3 .2 D D A 
11 4025 u .7 .7 .7 D D A 
12 7017 u .7 .7 .6 I D c 
13 5404 u .6 .7 .8 I I A 
14 4023 F .8 .6 .7 D D A 
15 4724 u .6 .7 .7 D I c 
16 6029 u .4 .8 .9 I I A 

Total 6 2 

1u and F indicate 1 unfavorable 1 and 1 favorable 1 variances, respectively. 
21 and D indicate 1 investigate 1 and 1do-not investigate• actions, 

respectively. 
3A and C indicate that the decisions are 1 in agreement• and 1 in 

conflict•, respectively. 

Figure 22. Results for the 48 Variances Classified by Months. 
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Compatibility with States Decisions2 

Var. Var. 1 More or Suggested Indicated A or c3 
No. Amt. In- less out Out of by by 

Control of control Control Controller Model 

March: 

17 411 u .9 .4· .3 D D A 
18 6157 u .8 .5 .4 I ·D c 
19 5542 u .7 .6 .6 I D c 
20 5005 u .7 .6 .6 D D A 
21 5523 u .6 .7 .7 I I A 
22 4269 F .8 .7 .7 D D A 
23 5329 u .7 .8 .8 D D A 
24 3476 u .6 .8 .8 I I A 

Total 6 2 
Aeril: 

25 2567 u .7 .5 .4 I D c 
26 8111 u .8 .4 .3 D D A 
27 9014 u .7 .5 .5 I D c 
28 10156 u .7 .5 .5 I D c 
29 6656 u .6 .5 .7 I I A 
30 838 u .7 .5 .7 D D A 
31 9245 u .6 .7 .7 I I A 
32 8453 u .5 .8 .9 I I A 

Total 5 3 

1u and F indicate 1 unfavorable 1 and 1 favorab1e 1 variances, respectively. 
2I and D indicate 1 investigate 1 and 'do-not investigate 1 actions, 

respectively. 
3A and C indicate that the decisions are 'in agreement' and 'in 

conflict•, respectively. 

Figure 22 (Con't). Results for the 48 Variances Classified by 
Months. 
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Compatibility with States Decisions2 

Var. Var. 1 More or Suggested Indicated A or c3 
No. Amt. In- less out Out of by by 

Control of control Control Controller Model 

May: 

33 1623 u .8 .4 .4 D D A 
34 4819 u. .9 .5 .3 D D A 
35 7536 u .7 .6 .5 I D c 
36 8800 u .7 .6 .5 D D A 
37 4032 u .6 .7 .7 I I A 
38 3225 F .7 .7 .7 D D A 
39 6153 u .8 .8 .8 D D A 
40 4917 u .5 .8 .9 I I A 

Total ; 1 I 

June: 

41 877 u .9 .4 .4 D D A 
42 5459 u .9 .5 .3 D D A 
43 5326 u .7 .6 .5 I D c 
44 7431 u .7 .6 .5 D D A 
45 5285 u .6 .7 .7 I I A 
46 1712 F .7 .8 .7 D D A 
47 6318 u .6 .8 .8 I I A 
48 5067 u .5 .9 .9 I I A 

Total 7 l 

1u and F indicate 'unfavorable' and 'favorable' variances, respectively. 
2I and D indicate 'investigate' and 'do-not investigate' actions, 

respectively. 
3A and C indicate that the decisions are 'in agreement' and 'in 

conflict', respectively. 

Figure 22 (Con 1 t). Results for the 48 Variances Classified by 
Months. 
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covering a period of six months (July 1981 - December 1981). 18 A 

summary of these variances is provided in Figure 23. The compatibili-

ties of the variances with the different performance states as well as 

the deci.sions suggested by the controller are presented in Figure 24, 

columns 3 and 4, respectively. 

The variances ~nd their compatibilities with the different states 

were then used with the data presented earlier (the fuzzy transformation 

function and the estimated net benefits for the different combinations 

of states and decisions) and the computer program to obtain optimal 

investigation decisions for the variances. The results are provided in 

Figure 24, column 5. 

By examining Figure 24, one can see that there are no differences 

between the decisions indicated by the model and those suggested by the 

controller. This may suggest that ~he differences between the two sets 

of actions when one kind of standard is being used will be less than the 

number of differences that may occur when two kinds of standards are 

being used by the company. Further research, however, is needed before 

generalizing this result. 

The first objective of the application--as mentioned earlier--is to 

demonstrate the applicability of the model and to provide insight into 

the problems that may arise when the model is applied in actual 

18As indicated earlier, the process of replacing corporate standards by 
branch standards was continuing at the time of the application. As 
a result, during the new period the branch used more branch stan-
dards and less corporate standards than it used during the period 
covered in the application. Moreover, during the replication the 
controller was asked to exercise more attention in providing the 
required data. 
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Press 
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Serv Pack 
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Serv Pack 
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July 1981 

Actual 
Cost 

$ 9020 
28655 
17419 
38200 
26829 
29685 
34993 
6343 

August 1981 

Actual 
Cost 

$ 9394 
37552 
16934 
38103 
26451 
35329 
41374 

5832 

Standard 
Cost 

$ 8852 
24827 
13201 
28014 
17796 
26963 
28321 

3263 

Standard 
Cost 

$ 9851 
29539 
10829 
28483 
17054 
29020 
34988 
2817 

* Variance 

$ 168 u 
3828 u 
4218 u 

10186 u 
9033 u 
2722 u 
6672 u 
3080 u 

* Variance 

$ 457 F 
8013 u 
6105 u 
9620 u 
9397 u 
6309 u 
6386 u 
3015 u 

U and F indicate unfavorable and favorable variances, respectively. 

Figure 23. Summary of a New Set of Variances. 
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September 1981 

Actual 
Cost 

$10099 
37420 
17848 
40332 
32380 
34911 
39940 
7302 

October 1981 

Actual 
Cost 

$ 9564 
26927 
13426 
34666 
27709 
26520 
27601 
3456 

Standard 
Cost 

$10855 
27393 
12010 
30409 
22625 
32340 
43597 
3968 

Standard 
Cost 

$11477 
22388 
10072 
26222 
18480 
25350 
30072 
2229 

* Variance 

$ 765 F 
10027 u 
5838 u 
9923 u 
9755 u 
2571 u 
3657 F 
3334 u 

* Variance 

$ 1913 F 
4539 u 
3354 u 
8444 u 
9229 u 
1170 u 
2471 F 
1227 u 

U and F indicate unfavorable and favorable variances, respectively. 

Figure 23. Summary of a New Set of Variances. 
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November 1981 

Actual 
Cost 

$ 7782 
24292 
11617 
30819 
25971 
22668 
30838 
6703 

December 1981 

Actual 
Cost 

$ 7172 
22294 
8691 

22370 
26758 
20690 
25960 
6180 

Standard 
Cost 

$ 8757 
20981 
8350 

22175 
16327 
22485 
29821 
4560 

Standard 
Cost 

$ 8456 
19865 
6659 

15808 
17360 
21731 
26497 
4365 

* Variance 

$ 975 F 
3311 u 
3267 u 
8644 u 
9644 u 

183 u 
1017 u 
2143 u 

* Variance 

$ 1284 F 
2429 u 
2032 u 
6562 u 
9398 u 
1041 F 

537 F 
1815 u 

U and F indicate unfavorable and favorable variances, respectively. 

Figure 23. Summary of a New Set of Variances. 
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Compatibility with States Decisions2 

Var. Var. 1 More or Suggested Indicated 
No. Amt. In- less out Out of by by 

Control of control Control Controller Model 

~: 

1 168 u 1.0 . l . l D D 
2 3828 u .9 .3 .2 D D 
3 4218 u .5 .6 .6 I I 
4 10186 u .5 .6 .8 I I 
5 9033 u .6 .7 .8 I I 
6 2722 u .8 .3 .2 D D 
7 6672 u .6 .7 .8 I I 
8 3080 u .4 .6 .8 I I 

August: 

9 457 F 1.0 . l .o D D 
10 8013 u .5 .5 .6 I I 
11 6105 u .4 .6 .8 I I 
12 9620 u .5 .6 .7 I I 
13 9397 u .5 .6 .8 I I 
14 6309 u .4 .5 .7 I I 
15 6386 u .5 .6 .7 I I 
16 3015 u .3 .7 .9 I I 

SeEtember: 

17 756 F 1.0 .0 .0 D D 
18 l 0027 u .4 .5 .6 I I 
19 5838 u .5 .6 .7 I I 
20 9923 u .5 .6 .7 I I 
21 9755 u .5 .7 .8 I I 
22 2571 u .9 .8 .2 D D 
23 3657 F 1.0 .0 .0 D D 
24 3334 u .4 .6 .8 I I 

1u and F indicate 'unfavorable' and 'favorable variances, respectively. 
21 and D indicate 'investigate' and 'do-not investigate' actions, 

respectively. 

Figure 24. Results for the New Set of Variances. 
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Compatibility with States Decisions2 

Var. Var. 1 More or Suggested Indicated 
No. Amt. In- less out Out of by by 

Control of control Control Controller Model 

October: 

24 1913 F 1.0 .0 .0 D D 
26 4539 u .8 .6 .3 D D 
27 3354 u .7 .6 .5 D D 
28 8444 u .5 .6 .7 I I 
29 9229 u .4 .6 .8 I I 
30 1170 u .9 .7 • 1 D D 
31 2471 F 1.0 .0 .0 D D 
32 1227 u .5 .6 .7 I I 

November: 

33 975 F 1.0 .0 .0 D D 
34 3311 u .8 .7 .2 D D 
35 3267 u .7 .6 .5 D D 
36 8644 u .5 .6 .7 I I 
37 9644 u .5 .6 .7 I I 
38 183 u .9 . l .0 D D 
39 1017 u .9 . 1 . l I D D 
40 2143 u .5 .6 .7 I I 

December: 

41 1284 F 1.0 .o .0 D D 
42 2429 u .8 .6 .2 D D 
43 2032 u .6 .5 .4 D D 
44 6562 u .5 .6 .7 I I 
45 9398 u .5 .6 .7 I I 
46 1041 F 1.0 .0 .0 D D 
47 537 F 1.0 .o .0 D D 
48 1815 u .7 .5 .4 D D 

1u and F indicate 1 unfavorable 1 and 'favorable variances, respectively. 
21 and D indicate 1 investigate 1 and 1 do-not investigate• actions, 

respectively. 

Figure 24 (Con't). Results for the New Set of Variances. 
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situations. As the application may indicate, the proposed model can be 

applied in real world si.tuations. However, several problems may be 

encountered when such an application is attempted. 

First, the model allows for (1) different transformation functions 

(deterministic, stochastic, and fuzzy); (2) many investigation actions; 

and (3) many performance states. As a result of such flexibility, a 

choice must be made with respect to the number of actions available, 

number of performance states, and type of transformation function. 

In the application two actions (investigate and do-not investigate), 

three states (in-control, more or less out of control, and out-of-

control), and the fuzzy transformation function were used. Some users, 

however, may prefer to add a third action (such as exploratory investi-

gation) to the basic two actions--investigate and do-not investigate. 

Others may elect to use more than three performance states. Finally, 

the deterministic or stochastic transformation function can be used in 

place of the fuzzy transformation function. The choice is highly 

affected by the users preferences. 

Second, the compatibilities of the variances with the different 

states are needed. There are two ways in which these compatibilities 

can be obtained. One way is to derive membership functions for the 

states. Then variances can be plugged into the derived functions to 

obtain their compatibilities with the states. The problem with this 

approach is the need to revise the derived functions when there are 

major shifts in either the standards or variances. 

The second way is to allow the decision maker to provide directly--

at the time of the decision--the compatibilities of the variances with 
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the different states. This method may provide the decision maker with 

more flexibility to reflect his/her state of mind at the time of the 

decision. However, if this approach is to be used, care should be exer-

cised especially when standards are set by the corporate office (i.e., 

when mixed standards are used by the company). 

Third, there is the problem of estimating the net benefits for the 

different combinations of decisions, input states, and output states. 

These net benefits are difficult to determine with precision. However, 

one must remember that the new model--as the rest.of fuzzy decision 

models--is mainly to reduce the need for precise measures that are 

difficult, if not impossible, to obtain. 

In the application, single estimates of the net benefits were 

obtained from the controller.· These estimates were in linguistic form. 

It is possible to use the form of 11 approximately $500 11 to describe. the 

net benefits. Moreover, the net benefits can be broken into their com-

ponents of different costs and benefits. The components are then com-

bined--by using the extension principle discussed in chapters four and 

five--to obtain the estimates of the net benefits. 

Finally, there is the problem of using empirical versus subjective 

membership functions. The position adopted in the application is that 

of Zadeh who considers the derivation of compatibility functions to be a 

matter of definition rather than empirical experimentation. 

To examine the effect of using the empirical approach rather than 

the subjective approach, the application was replicated in Appendix II 

to Chapter Six by using empirical membership functions. The Hersh and 

Carmazza method for deriving empirical membership functions was used to 
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derive membership functions for (1) the expected net benefits, and 

(2) the fuzzy transformation function. 19 The derived membership func-

tions were then used with the remaining data and the computer program to 

obtain the optimal decisions for the 48 variances used in the study. 

As shown in the appendix, the empirical membership functions were 

quite different from the subjective ones. However, only four decisions 

(out of the 48 decisions) were reversed when the empirical membership 

functions were used in place of the subjective membership functions. 

This may indicate that the model is not very sensitive to the shape of 

the membership functions. However, additional research is needed before 

generalizing this finding. (See the appendix for a full description of 

the replication of the study.) 

6.5 Summary 

In this chapter, the proposed cost variance investigation model is 

applied to an actual cost variance investigation problem encountered by 

a manufacturing firm. The main objective of the application is to 

demonstrate the applicability of the model and to provide insight into 

the problems that may arise when the model is applied in actual situa-

tions. A second objective is to compare the decisions indicated by the 

model to those suggested by the decision maker for some cost variances 

to determine if there are any systematic differences between the two 

sets of actions. 

19H. M. Hersh and A. Caramazza, 11 A Fuzzy Set Approach to Modifiers and 
Vagueness in Natural Language••, pp. 254-276. See, also, H. M. 
Hersh, A. Caramazza, and H. H. Brownell, "Effects of Context on 
Fuzzy Membership Functions", pp. 389-408. 
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As indicated in the chapter, the major problem that may arise when 

the model is applied to real situations is the problem of using subjec~ 

tive versus empirical membership functions. Subjective membership func-

tions were used in the application. In Appendix II to this chapter, the 

study is replicated by using empirical membership functions. As shown 

in the appendix, the empirical membership functions differ from the sub-

jective ones. However, only four decisions (out of the 48 decisions) 

are reversed when empirical functions are used in place of the subjec-

tive ones. This may indicate that the model is not sensitive to the 

shapes of the membership functions; however, further research is needed 

before generalizing this result~ 

Regarding the second objective and as shown in the chapter, there 

are 12 differences between the decisions indicated by the model and 

those suggested by the controller. Most of these differences are 

related to variances that occurred in departments using corporate 

standards. 

The application was replicated by using a new set of variances 

covering a period of six months (July 1981 December 1981). During 

this period the branch used less corporate standards than it used during 

the application. Moreover, during the replication the controller was 

asked to exercise more care in providing the required data. As shown in 

the chapter there were no differences between the decisions indicated by 

the model and those suggested by the controller for the new set of vari-

ances. This may suggest that the differences between the two sets of 

actions when one kind of standards being used will be less than the 
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number of differences when the two kinds of standards are being used. 

However, further research is needed before generalizing this result. 



CHAPTER SEVEN 

Summary and Implications for Further Research 

7.1 Summary 

The problem of when to investigate cost variances has received 

much attention in the accounting literature. The discussion of the 

problem in terms of management's judgment and intuition has been 

rejected and several quantitative models for solving the problem have 

been suggested by researchers. These models are reviewed and evaluated 

in Chapter Three of this dissertation. 

The models are divided into two groups. The first group includes 

models that do not consider the costs and benefits of the investigation 

action, and the second group are models that take into consideration 

both the costs and the benefits of the investigation decision. The 

first group of models is exemplified by the Zannetos (1964), Jeurs 

(1967), Luh (1968), Koehler (1968), and Probst (1971) models. The 

second group includes the Bierman, Fouraker, and Jaedicke (BFJ) model 

(1961), the Kaplan model (1969), the Dyckman model (1969), and the 

Duva 11 mode 1 ( 1967). 

In evaluating the available cost variance investigation models, 

three criteria are used. First, the model should consider the costs and 

benefits of the investigation action. Second, the model should capture 

the essence of the real world problem (i.e., reality of the assump-

tions). Third, the model should be feasible (i.e., obtainability of the 

data required to operate the model). 

136 
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As shown in Chapter Three, the first group of models suffers 

basically from ignoring the costs and benefits of the investigation 

action. Moreover, the models in this group encounter additional prob-

lems. First, they are based on purely objective evidence which may be 

unrealistic. Second, they ignore the information from previous obser-

vations of the process. Third, there is no consideration of the pos-

sible implications of future actions. Finally, the models do not 

consider the implementation costs and information requirements. 

The models in the second group consider the costs and benefits of 

the investigation decision. However, they fail to capture the essence 

of the real world problem. For example, the models assume that inexact-

ness, whatever its nature, can be equated with randomness; however, this 

is an erroneous assumption. Second, the models are based on the assump-

tion of a two-state system. This assumption is an unrealistic aggrega-

tion of reality. Third, the models assume constant leveJ of accuracy 

and precision. However, some judgments are harder than others. 

In addition to not capturing the essence of the real world problem, 

the models in the second group suffer from the lack of applicability 

(i.e., feasibility). As shown in Chapter Three, the models require pre-

cise numerical inputs to the analysis; however, in practice the required 

level of precision is difficult, if not impossible, to attain. 

As a result of demanding precise measurements, the models lose part 

of their relevance to the actual problem through ignoring some relevant 

items just because these items cannot be precisely measured. Moreover, 

the insistence on demanding precise numerical values may be the reason 

for the uneasiness of the potential users of these models. 
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Taking this into consideration, the objective of this dissertation 

is the development of a new cost variance investigation model that may 

overcome some of the above problems. The model utilizes the calculus of 

fuzzy set theory which was introduced by Zadeh in 1965. A brief discus-

sion of the basic elements of fuzzy set thoery is provided in Chapter 

Two. The chapter also includes a discussion of some of the theory's 

applications in the decision making area. 

As defined by Zadeh, fuzzy sets are classes of objects with no 

sharp transition between membership and nonmembership. For example~ the 

classes of "experienced managers 11 , "young men 11 , "corporations with high 

profits 11 , "large variances", and 11 good-looking girls" are fuzzy sets. 

The basic concept in fuzzy set theory is the membership 

(compatibility) function for a fuzzy set which associates with every 

element in the universe its compatibility with the fuzzy set. Unlike 

the characteristic function for an ordinary set, the membership func-

tion takes its values in the closed interval from zero to one. That is, 

instead of treating the presence or absence in a binary manner, the 

fuzzy set theory allows for gradual membership. 

Reflecting the distinction between the membership function and the 

characteristic function, the calculus of fuzzy set theory is different 

from the calculus of the ordinary set theory. Moreover, because it 

allows for varying degrees of membership, through the concept of com-

patibility function, the calculus.of fuzzy set theory is well suited for 

dealing with fuzziness which is a major source of inexactness in many 

humanistic systems. 
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The new cost-variance investigation model is presented in Chapter 

Four. First, the problem of cost-variance investigation is formulated 

as follows: 

where 

and 

st--• f t+1 = f(st,ot)j 

1 
B = b(St,Dt,St+l) 

St = set of input states = {s1, ... , si' ... , sn}, 

Dt =set of available decisions= {d1, ... , dj' ... , dm}' 

St+l =set of output states= {s1, ... , sk' ... , sn}' 

B = set of possible net benefits resulting from the different 

combinations Of Si € St' Sk € St+l, and dj € Dt. 

The set of output states is related to the set of input states 

through a transformation function St+l = f(St,Dt). This transformation 

function can be.deterministic, probabilistic, or fuzzy function. (The 

deterministic case is discussed in Chapter Four while the remaining two 

cases are discussed in Chapter Five.) 

Methods are suggested to obtain the optimal decision for the three 

cases of transformation functions. These methods are based on 
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formulating a fuzzy optimal decision set 

where the membership function u0 (dj) represents the compatibility of 
0 

each decision with the optimal decision set D0 (i.e., it reflects the 

relative merit of the decision). It is worth noting that the knowledge 

about the state of the performance, the possible net benefits, and the 

possibility of obtaining the net benefits are reflected in the optimal 

decision set. The optimal decision is the decision having the highest 

compatibility with the fuzzy optimal decision set. 

Numerical examples are provided in Chapters Four and Five to 

illustrate how one can formulate the set D0 and obtain the optimal 

decision for the three types of transformation functions. 

In addition to allowing for different transformation functions, the 

proposed model allows for varying degrees of out-of-controllness. That 

is, in contrast to what was assumed by the available cost variance 

investigation models, the new model allows the set of performance 

states, St' to include not only the two states, in-control and out-of-

control, but also intermediate states. For example, St may include, in 

addition to the extreme states, the more or less out-of-control state. 

Moreover, in the proposed model, each state si s St is described 

by a fuzzy set whose membership function associates with every variance 

in the universe V = {0, l, 2, ... }its compatibility with the state si. 

That is, the model allows the states to be defined imprecisely. 

The model also provides for the imprecision surrounding the net 

benefits from the investigation action. As an example, the estimates of 
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the net benefits are allowed to take the form: approximately $800, near 

$1,000, etc. The estimates may also take the form of linguistic values 

such as high, very high, medium, low, and very low. Any of these values 

is described by a fuzzy set, Bj' whose compatibility function u8 .(bk) 
J 

associates with every net benefit bk s B = {O, 1, ... }its compatibility 

with the fuzzy set Bj. 

Finally, the proposed model allows the decision maker to express 

his judgment about probabilities by using statements like "approximately 

30% 11 , "about 30% 11 , or "roughly 30% 11 • The judgments may also take the 

form of linguistic values such as: "quite likely", "almost certainly", 

"better than even", "pretty likely", etc. Any of these values is 

defined by a fuzzy set, Pk' whose compatibility function up (p) asso-
k 

ciates with every p s {0, .1, .2, ... , l} its compatibility with the 

fuzzy set Pk. 

As indicated earlier, available cost variance investigation models 

have not been used in practice. Similarly, the literature on fuzzy set 

theory lacks practical applications. Taking this into consideration, 

the proposed model was applied--through a pilot study--to an actual 

cost variance investigation problem encountered by a manufacturing 

company. First, the model was computerized. Three computer programs 

were written. These programs correspond to the three cases of transfor-

mation functions. (Copies of the programs appear in Appendix I to 

Chapter Six.) The programs were validated by using data from the 

numerical illustrations discussed in Chapters Four and Five. The 

results obtained by the programs were as those obtained by the manual 

solution of the illustrations. 
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Second, the new model was applied to an actual cost-variance 

investigation problem encountered by a branch (located in Blacksburg, 

Virginia) of a manufacturing company. Variances related to direct labor 

cost over a period of six months were obtained. The controller of the 

branch elected to use the fuzzy transformation function, three perfor-

mance states (in-control, more-or-less-out-of-control, and out~of-

control), and two decisions (investigate and do-not-investigate). The 

controller provided the estimates of the net benefits--in linguistic 

form--for the different combinations of decisions and performance 

states. He also provided compatibility functions for the linguistic net 

benefits. Finally, the controller provided the transformation function 

and the compatibilities of the variances with the different performance 

states. The data were then used with the computer program to obtain the 

optimal investigation decision for every variance of the 48 variances 

used in the study. 

One problem that may be encountered in applying the model to real 

situations is the problem of deriving the required compatibility func-

tions. As indicated in Chapter Six, there are two approaches to 

deriving compatibility functions, namely, the subjective and empirical 

approaches. The position adopted in the application is that.of Zadeh 

who considers the derivation of compatibility functions to be a matter 

of definition rather than empirical experimentation. 

To examine the effect of using the empirical approach rather than 

the subjective approach, the application was replicated in Appendix II 

to Chapter Six by using empirical membership functions. The Hersh and 

Caramazza method for deriving empirical membership functions was used to 
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derive membership functions for (1) the expected net benefits, and 

(2) the fuzzy transformation function. The derived membership functions 

were then used with the remaining data and the computer program to 

obtain the optimal decisions for the 48 variances used in the study. 

As shown in the appendix, the empirical membership functions were 

quite different from the subjective membership functions. However, only 

4 decisions (out of the 48 decisions) were reversed when the empirical 

membership functions were used in place of the subjective membership 

functions. This may indicate that the model is not very sensitive to 

the shape of the membership functions. However, additional research is 

needed before generalizing this finding. 

7.2 Implications for Future Research 

Fuzzy set theory was introduced by Zadeh as a means to provide a 

mathematical framework wherein imprecise phenomena in decision making 

can be dealt with in a precise and rigorous manner. The theory also 

reduces the need for precise measurements that are difficult, if not 

impossible, to obtain in real world situations. 

Since its introduction, fuzzy set thoery has been applied to many 

fields such as system theory, decision theory, automata theory, medi-

cine, and pattern recognition. In this dissertation the theory is 

applied to an accounting problem, namely, the cost variance investiga-

tion problem. This lays the groundwork for further research to investi-

gate how fuzzy set theory can be used in solving other accounting 

problems. 
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Available cost variance investigation models have not been used in 

practice. Similarly, the literature on fuzzy set theory lacks practical 

applications. In the dissertation the proposed cost variance investiga-

tion model is applied to an actual cost variance investigation problem. 

Further research involving actual applications of cost variance 

investigation models and fuzzy decision theories is needed. 

In the application part of the study, the sensitivity of the model 

to the shape of membership functions was examined. Examining the sensi.;. 

tivity of the model to the other variables (such as the number of states, 

number of decisions, and the compatibilities of the variances with the 

different performance states) represents another area for future 

research. (A simulation study may be used in such research.) 

Finally, extending the model to cover the cost variance 

investigation decision over many periods is another avenue for future 

research. Such an extension may be achieved by employing both the fuzzy 

set theory and dynamic programming. 
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Appendix to Chapter Two 

Fuzzy Set Operations and Fuzzy Relations 

In addition to intersection, union, and complementation operations, 

other fuzzy set operations can be defined: 1 

Algebraic Product: The algebraic product of ~ and ~ (denoted by A·B) is 

defined by: 

where 

A•B = ~ (uA•B(x)~x) , 
xe:E 

" Algebraic Sum: The algebraic sum of two fuzzy sets (denoted by A + B) 

is defined by: 

~ ~ ~ = ~E (uA~B(x)/x) ' 
XE: - -

where 

It should be noted that if M = {O,l}, that is, if we are in the case of 

ordinary sets, then: 

"' AUB=A+B 

1The definitions in this appendix are mainly from L. A. Zadeh, "Fuzzy 
Sets", Information and Control, Vol. 8 (1965), pp. 338-353. 
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However, this is not true for M = [0,1], except in a very few trivial 

cases. It should be noted that U is not distributive with respect. to 
"' (.)and(+) and likewise fl. However, the operation(.) i.s distributive 

A 

with respect to l,J and (). The operation (+) is also distributive 

with respect to U and (). 

Disjunctive Sum: The disjunctive sum of two fuzzy subsets (denoted 

~ffi~) is defined by: ~ffi~ = (~fl~)U (~fl~). This operation 

corresponds to 11 fuzzy disjunctive or 11 • 

Difference: The difference between two fuzzy subsets (denoted ~ - ~ 

is defined by ~ - ~ = ~ () !· 
Equality: The two fuzzy subsets ~and~ are equal (denoted A= B) 

if and only if uA(x) = u8(x), ~ x EE. 
- -If there is at least one x E E such that uA(x) r uB(x) then Ar B. 

- -
Inclusion: A fuzzy subset~ is included in the fuzzy subset ~ (denoted 

~C~) if uA(x) 2_ u8(x), Y x EE. 

The set ~ is strictly included in ~ (denoted as ~cc~) if 

uA(x) 2. u8(x), 'fl x EE, with at least one uA(x) and u8(x) between which 
- -there exists a strict relation. 

Convex Combination: The convex combination of two fuzzy subsets ~ and 

~ is given by: 

a~+ (1 ,_a)~= J (auA(x) + (1 - a)u8(x)/x), 0 <a< 1. 
XEE - -

Concentration: The concentration of A is given by: 

CON (A) = J [uA (x )/x] 
XEE -
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Dilation: The dilation of ~ is given by: 

OIL (~) = I (uA 5 (x)/x) 
xe:E -

Contrast Intensification: The contrast intensification of ~ is given 

by: 

[CON(~) , x such that uA(x) < 0.5 
INT (~) = -

OIL(~) , x such that uA(x) ~ 0.5 

This has the property of increasing membership if greater than 0.5 and 

decreasing membership if less than 0.5. 

Blurring: The blurring of a fuzzy subset ~ is given by: 

[OIL(~) , x such that uA(x) < 0.5 
BLR(A) = -

CON(A) , x such that uA(x) ~ 0.5 

This has the property of decreasing membership if greater than 0.5 and 

increasing membership if less than 0.5. The level of 0.5 is chosen 

arbitrarily. 

Fuzzy Relations: Let x be an element of set E1 and y be an element of 

set E2. Then, the set of ordered pairs (x,y) def1ned their Cartesian 

product set E1 X E2. A fuzzy relation ~ between E1 and E2 is a fuzzy 

subset of their Cartesian product E1xE2 Mathematically, a fuzzy 

relation is defined by: 

R = 

where 

uR(x,y) is the membership function of the relation ~· 
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Composition of two Fuzzy Relations: Let xsE1, ysE2, zsE3 and let ~l 

and ~2 be two fuzzy relations on E1xE2 and E2xE3, respectively. Then, 

the max-min composition of ~l and ~2 (denoted as ~l o ~2 ) is a fuzzy 

relation on E1xE3. The max-min composition is given by: 

~l o R2 = J (uR 0 R (x,z)/(x,z)), 
- {x,z)sE1xE3 -1 -2 

where 

uR 0 R {x,z) = V {uR (x,y)j\uR (y,z·)) 
-1 -2 ysE2 - l "'2 

The max-product composition is given by: 

~l • ~2 = ~ (uR • R (x,z)/(x,z)) 
(x,z)sE1xE2 -1 -2 · 

where 

UR • R (x,z) = y~E {UR (x,y) • UR (y,z)) 
_, -2 2 -1 -2 

A relation R is said to be: 

Reflexive if uR(x,x) = l '\/ x E E X E 

Anti reflexive if uR{x,x) = O V x E E X E 

Syrrmetric if uR(x,y) = uR(y,x), '\]'(x,y) EE XE 

Antisymmetric if uR(x,y) ~ uR(y,x}, V (x,y) E E X E 

·Max-Min transitivity- if:uR(x,z) ~max min (uR (x,y) ,uR (y,z)), 
- YEE -1 -2 

Vx,y,z,EE; 

Min-Max transitivity if uR(x,z) ~min max (uR (x,y),uR (y,z)), 
- ys-E -1 -2 

'v'x ,y, z, EL 
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A fuzzy relation is said to be a pre-order if it is reflexive and has 

max-min transitivity. It is a similarity relation if it is reflexive, 

sylTITietric and has a max-min transitivity. It is a resemblance relation 

if it is reflexive and symmetric. 



Appendix I to Chapter Six 

Computer Programs 
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PRO~HAM N•M~I fUllY-~ 
~~U~kAMMfR; ~WNl M. Zlb~A 

OlCllO~tRY Of VARl~oLE~: 
~-~------------.-----

VbCt,J,Ll ;. 

qq1,J,i:.. -
Vt:1lJ(J,l,L) ::; 

l.~OIJ,l,L) :;t 

V~RC.tll. ;;; 
l..lilJM/.X CJ, l r L) = 

C.blJlJIJ ,1,LJ ;; 

l.BM#\ XJ ( J) :: 

l = 
J = 
L = 

MA lR 1 X TU ~ TlJIH: 
M A 1 tU }( T li ~ 1 GK t 
tH:Nt: f·ll S . 
MA 1 ~ I }( T 0 ~ 1 l'K l: 
THt: OlLl~lON~ 

l~l VALUt OF lHt ~~NlflT$ 
lH~ LUMPAlAeJLllY Of THE 
lH~ UENEflTS ASSOtl~T~O WITH 

MA fK.L'\ ro !>ltJRt If-I[ LOMP,.lAUlllTY Of THI: 
bElnt-llS A!:iSUC.l1·lH) w1·1H IM:'l.Jl:CJSlUN!> 
VtLl l'R I l ~I u~ l lt;l (llMPA I.A~ 1 Ll lY' UF rHE 
VA~lANLt Wllh th~ JNPUI ~TAlES 
MAlRI>', lU ~TOKt 11-tt tOMPt..IAfABlllTY Of TH~ 

' btNtFll~ JN fHL MAAlMlll~b StlS A~SULlATEW 
WlTH THt UltlsauN~ . . . . 
·M~li{lJ\ fu !:.101-\L Tht: kESULl OF lHE lNlEl\SECTlON· 
Lif CUD ANO C~OMAX . . 
Vt:C.ro1, TO !)'(Ukt 111[; CUMPAIAblLITY (J~ HtE 
UEll~lON~ WlfH lh~ UPTJMAL DlClS!ON ~ET 
AN l~U~X U~tV A~ A LO~NTLk, ANO AS A SU~StRlPl 
TU t'.l:Pkl:!:il:NT A PAkl lCULAll lNPUf STATI; . 
AN INOlX U~l:.L) A!.l A CUUNl l:Ky AND A~ A ~UBSCRlPT 
lU RtPKl:S~NI A PAKllLULAK OELlSION . . 
AN IND~X L~EO I~~ tOUNJER,·ANU A~ A ~UUStKIPl ru KlPKl:~~Nl A PA~lJLULA~ tl~H~Nl IN A FUZZY~~' 

.... ----- ... ---~- .... -~-~~-~---------- ----------~-- ... ~--.. -----~---.---... --~ 

__, 
O'I w 



lSN OOl.l 
l~N CiOL~ 

JS~ OOU't 

lSN OOCJ5 
1 SN uo l:o 

l .S N c.; li Cl 
lSN 0Uut. 
ISN OUU'I 
J ~N <.t)lu 

J SN 0011 
J~N 001~ 

lSN C•Ul3 

I SN 00 l't. 
lSN Cul!; 
l~N (;(;lt. 

c: 
(.. 
t c 
(. 
c 
(. 
c 
( 
(. 

t 
C.lOuO 

10 
( 
C.1001 

20 

(. c 
40 
3.0 c 1002 
50 c c c c 

t'kt::bl\AM l-l~l ll>1l.: 

IJ1Ml:N5 JOf'H 
-------~~ ~lMlNSJON VUl3t3t~f,CU(~lJ'StzV8~l3,l,5),tUD(3,3,~, 
~lMEN~lUN VAkC(3J,Lttu~AX J,),Jl,LdDLlJ13t5.,tfiMAXJ 3) 
kE~O IN DAfA: 
--------------
~EAu(5,1u•~~lAl,Nul~.~~L~M -
·~ H J T l I u , 1 0 U ~ J N 5 A T , :·wt (. a I~ I:.. LEM • . . • 
f UKM AT t :JX t 1 1~ !) TA l • • , l;;,, ~ X, t l'U>t t-• t l::; ,5 X, •Ni:. LEH• ' yl ::SJ 
t-llKMA T C:H d 
READ(5,~0) (VAHC.tll1.;l1NSlAll 
wl<lltlo,lUOlJ (VARLt.d ,I:;:.t,NSlAl, 
t-URHAf(////lH ,•V~KL 1 ,l/r3fb~3)· 
flJKMA l t ~f-.3. l) 
ulJ j(., J=l tNl.Jt:L 
()U 4C l=lpNSlAl 
I-~ Lt U t !.i , :;, 0 J & t\IB ( J a l , L ) , L::.. t , N t L l t\) , ( (. {i t J t 1 'L ) t l = l t Nl L l M ) ) 
Wk 1 I t I b t l OU~ ) J t l , I Vu l J , l r L J , L:;;; l t N l. l l M ) 
~I K 1 1 U tq l 0 u 2 ) J , L , ( Ct: l J , J , L J , L :;:; l , N l Ll M ) LONllNUc . 
CONT JN l.Jt 
h.JRMJI r c 1111 1 ttx,•1; •, n, :.x, • J= •, l J, ;ft.' a 
t-l.JKMA T ( ~t-b. l, ~t-j. 1) . 

UbTAlN!NG HLNlfll!) A~SULlAT~O WllH OlLl~lON~; 
--------------------~----------------------
lJO t(i J=l,NLH:C. 
(JlJ 11.J l=lrf~~l~l 
L'll :3 l L:;:.} , Nf. Lt. M 

........ 
O'I 
~ 



I !:>N 001 ·1 
SN {>l; Hi 

1 ~N (1(, ! 11 80 
lSN 00;.:u 70 
lSN c:u~l bO 
lSN <".~'~ 
l~N UC~~ 
J SN l'l1~4 I !>N ('(J t5 90 

SN Gv'-.L' 
ISN COL? 
I SN Ql,,U 
1 SN Ou :.o 
lSN 00~1 
1 SN Ovj2 120 
1 ~N Ou ~3 110 
1 SN uu~'t 100 
lSN 0021~ 
1 ~N (JU3o 
l~N CG~b 
ISN CC:l9 
lSN 00-;l 
l SN Uli't~ c c c 

(. 
ISN OU't't 
lSN 00'1!i 
lSN lll.J't-b 
lSN 00't7 
l~N Ou'+d 
1 N Cv!ICJ 1 !>O 
lSN uu~l 140 
l SN uo ~l 130 c 

C· c c 

VbD(J,J,L)=V~lJtl1Lt . 
C~DCJ,lrLJ=VhKC(l)•L~(J,l,~J 
C.UNl lNLl: . 
tUNl !1~UL 
C.CJNl INUL 
KKK=l 
KK=l 
K.:: 1 
T~MP=VbO(~~K,K.K,() 
LIU lliO l=l,N~lAl 
(.1(1 110 L=ltNl:Lh'• 
1 r ( Vo U (KKK , 1 , L ) • N l • I t MP I & lJ l 0 l l f• . 
C.BDlKKK1ltL)=~M~~l((lO(K.KK,l,Lt,tbUCKKK,l,Ktl 
l~U(~K.~tltK.)=ljLJ(KKK,11L) 
C.ONl lNU: 
CON-1.lNuE 
CLNl lNUl:. 
K=K-t l 
lf(K.Lt.NELlM) ~O lC 9~ 
1\1\=K.~-t.} 
lr(KK.Lt.N~l~Tt bO lU 90 
KKK.=KKK-tl 
lf-lKK~.L[:.NtH:ll l,,li lLt 'tu 
UbTAIN.lNG T111:: t'iAJ<.iMUM IH.Nt:flT. t ti' MAJ!.t: 

l>MAX=o.u 
l•O 130 J= l ,NUl::l 
DO l 4tv l =- l, N ~ 1 Id 
UL l~O L:ol,NELtM 
l F ( v t:' [J ( J ' 1 ' I.. ' • (;.' • t) M ,, ,q bl11\ x.: v eu' J ' l 'L ) 
COl-..il lNUl: 
tuNT .lNoE 
CuNTlNUt: 

0ElAlN1Nb Ttit.: ~AX!MlllN'-• !>·t:'l,U(JMI, l\NO lHl. !:,tl blJU)I 
--------------------------~------------------------- .... 

_.. 
Cl) 
01 
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DEC. COMP. 

l 0.600 
2 O.o{iCi 
~ o.·090 

OPTlMAL. Dt::CISIGN --> l OR 2 



fRUGRAM NAMl: fUZLY-10 
PROGkAMMEK: AwNl t-'1. ZUWA 

DECTIONARV OF VAKIAb[ES: 

VB ( J , I , K. , L ) = 
CU(J 1 1 1 K,L) = 
VU ( J , I , K , L ) = 
lQ(J,I,K,L) = 
VBQ(J,I,K,L,l) = 
CBQ(J,J,K,L,l) = 
\J E 1j ( J, 1 t I\ t L * tf.I\ ) -CEl3(J,J,K,L**K) = 
Vl:BU ( J, l ,K, L**K) = 
Cl:l!O(J 1 I,K,L~>fK) = 
CE80MX(J 1 1 1 K1 L**K)= 

CEbUO(J,I,K,L**K) = 
CE~MXJ(J) = 
VARC.(I) = 
l = 

J = 
K = 
L = 

MAlRIX TO SlORE lHE VALU~ Of THE BENEFITS 
MAlRlX TU SlORE THE COMPAlABILITY OF THE BENEfllS . 
~ATRIX TO STORE THE VALUE OF TUE 
PKObAbILI 11 ES 
MATRIX TU SlORl THl COMPATAblLllY OF THE 
PROBAbllITllS . 
MATRIX TO STORE lHE RESULT OF MULTIPLYJ~G 
VB ev VQ 
MATklX TO SlORE THE COMPAlABILITY OF THE 
RESULT OF MULTIPLYING V8 BY VQ 
MAlKlX TO STORE TH£ f-XPECH:D l:RNEFITS 
MATRIX TO ~TOKE lHE COHPATABILITY OF THE 
EXPECTED bLNtfllS 

MATRIX JO STORE THE EXP~CrED BENEFITS 
ASSOCIATED WITH THE DECISIONS . 
MATRIX TO STORE lHE COMPAfAollllTY OF THE 
EXPEC.lEO ~ENEflTS ASSOCIATED WllH THE 
0£:CJSIONS 
MATKIX ro STURE: THE COMPAlAbllllTY OF lHE 
EXP EC T E: 0 11 t N l: f 1T S I N UH: MAX l M I l l NG SE T S 
~. s~oc l ~TEO w ITH THE DECISIONS 
MATKIX 10 SlURE THE RESULl OF THE INTERSECTION 
OF CEBO ArJO CtBOMX . 
VECTOR TO ST~RE THE COMPATABILITY OF THE 
Ol:CISIONS wllH THE OPTIMAL OlCISlON Sl:l 
VECTOR TO STORE THE COMPAlAlilLITY Of ThE 
VARl~NCE: ~ITH Thl: INPUT STATES 
AN INGtX USED AS A COUNTERI AND AS A SU~SCRIPT 
10 kl:PRl:5ENI A PAkTICUL~k NPUl Sl~TE 
AN INDEX US(U AS A COUNTER, ANO AS A SUBSCRIPT 
TO RlPRESlNT A PARTICULAR DECISION 
AN INDEX USEU AS A COUNTER, ANO AS A SUBSCRIPT 
TU REPRESENT A PAKlICULAR OUlPUT STATE 
AN IN&EX us~o AS A COUNTER, AND AS A SUbSCRIPl 
TO RE~Rl:SENT A PARTICULAR ELEMENT IN A FUZZY SEl . 

--I 

O"I 
00 



ISN 0002 
JSN 0003 
ISN 0004 
ISN 0005 
ISN OOOb 
ISN 0007 

I SN 0008 
ISN OOO<i 
ISN 0010 
ISN 0011 
ISN·0012 
ISN 0013 
ISN 0014 
ISN 0015 

ISN 0016 
ISN 0017 
ISN 0018 

ISN 0019 
ISN 0020 
ISN 0021 
ISN 0022 
ISN 0023 

ISN 0024 
ISN 0025 
ISN 002b 
ISN 0027 

c 
C PROGRAM LISTING: 
c --------------~ c 
C DJ MENS JOI\: 
(. c 

c c 
E 

c c 

DIMENSION vac3,3,3,5),CB(J,3,3,5),VQ(3p313,5),C. 0(313,3,5) 
DIMENSION VBQC3,3131515)rCBQ(3,3,315 15JeVEB(3f3,51 25) 
DIMENSION VEB0(3 13,5,l25J!CEBDC3,3i51125) 1 CEB 3 1 3 1 5 9 125) 
DIMENSION CEBOMX 3 1 3,5,12~),CEBOOC3 1 3,5,1Z5) DIMENSION VARCC3) 1 LE6MXJ(3) 9 K0(3)' . · 
DATA KD/3*0/ 
READ IN DATA: 

READC5fl0)NSTAT,NDEC,NOSTAT,NELEH 
10 FORMAT 4I2) 

READ(5l20) IVARCll)1l=l1NSTAT) 
20 FORMAT 2F3 .1) 

40 
35 
30 

DO 30 J=l,NDEC 
DO 35 I=l1NSTAT 
00 40 K=l NOSTAT 
REA0(5,45JccvB(J,1,K,L),L=l1NELEM)lCCB(J,1,K,L),L=l,NELEM)) 
WR1TE(b,l002)J 1 1 9K1 (V8(J,J,K,L) 1 l= 1 NELEH) 
WRITEl611002)J,J,K,(CBCJ,I,K,L),L=l 9 NELEH) 
CONTINUE . 
CONTINUE 

C 10C2 
45 

CONTINUE 
FORMAl(////14X1'I=•,13,2x,•J=•,I3,3X,•K=•,I3,5FB.2) FORMATC5F8.L,5f3.l) . 

c c 

DO 50 J=l,NOEC 
DO 5 5 I = l t NS TAT 
DO 60 K=l NOSTAT 
REA0(5,b5JttVQ(J,I,K,L),L=l1NELEM){CCQ(J,I,K1l)1l=l 1NELEH)) 
WRITEC6,1002)J,J,K,(VQtJ 1 1 1 K,L) 9 L= 1 NELEM) 
WRITE(b,l002)J,I,K,(CQCJ 1 I,K,L) 1 L=l 1 NELEH) 60 CONTINUE . . . . . 

55 CONTINUE: 
50 CONTINUE 
65 FORMATC5F8.2 1 5F3.l) 

()) 
w 



E c 
(. 

ISN 0026 
ISN 0029 
ISN 0030 
ISN 0031 
ISN 0032 
15N 0033 
15N 00~4 
ISN 0035 
ISN 0036 
ISN 0037 

(. c 
~ c 

ISN 0038 
ISN 0039 
ISN 0040 
ISN 0042 
ISN 0043 
ISN 0044 

(. c c c 
ISN 0045 
ISN 0046 
ISN 0047 
ISN 0048 
JSN 0049 
ISN 0050 
ISN 0051 
ISN Ou52 
t~N 0053 

MULTIPLYING lHE BENEFITS BY THE PROBA81LITIES: 

DO 70 J=l,NOEC 
M=l 
DO 80 l=l,NSTAT 
M=l 
00 90 K::l,NOSTAT 
M=l 

100 CONTINUE 
00 110 L=l ,NELEM 
VBQ(J,J,K,M,L)=VQ(J,l1KrMl•VBCJJiiK,L) 

. CBQfJll,K,M,l)=AMINl(LQ J,J,K,M ,LBtJ,I,K,L)) 
WRITE b,996) J,I,K,H,L,VBUCJ l 1 K1 M L) 

998 FORMA c1,1ox 1 •va~ ··:•,1,3x1 1J=•,1l,2x,•1=•,13,2x,•K=•,13,2x, * 1 M='tl3,2Xt L= 1 ,I3,ZX,5f8.z) 998 FORMA C5Xs'VEB ••• •,3x,•J=•,13,2x, •1=•,13,2x, 1 N4='• 
*13,2X, 1 L= ,J3,2X,2F8.2J 

110 CONTINUE 
M=H+l 
IFCH.LE.NELEM) GO TO 100 

<JO CONTINUE 
80 CONTINUE 
·10 CONTINUE 

OBTAINING EXPECTED BENEFITS ASSOCIATED WITH DECISIONS: ------------------------------------
00 120 J:;:l ,NOEC 
K=l 
DO 120 J:;:l,NSTAT 
K=l 
CO 120 N4=l,NELEM 
K=l 
00 120 N3:;:1,NELEH 
DO 120 N2=1,NELEM 
DO 120 Nl=l,NELEH 

__. 
'-I 
0 



isN 0054 H=l 
15N 0055 MH:::Z 
ISN 0056 MHM=3 
I ~N 0051 Al=VBQ(J,I,M1N41N3) 
ISN 0058 A2==VBQ(J,I,HM,N4 1N2) 
ISN 00~9 A3=VBQ(J,I,MMH 1N4 Nl) 
ISN 0060 VEBCJ,I,N4JK)=Al+A2+A3 
ISN 0061 GO TO (2,3 ,NOSTAT 
ISN 0062 3 CONTINUE 
ISN 0063 T~MPl=~MINllCBQ(J,IrM1N4,N311CBQ(J1l{MM,N41N2)) 
ISN 0064 CEB(J,I,N4,K)=AH1Nl CUQ(J,l,MMH1N4 1N ) 1 T~MP1) 
ISN 0065 2 CEB(J l,N4,K)=TEMP1 c WRITElo,998) J,I,N4,K,VE8(J,I,N4 1K) 1CEBCJ 1 1 1N4 1K) 
ISN 0066 K•K+l 
ISN 0067 120 CONTINUE 
ISN 0068 L3;NELEM**3 
ISN 0069 DO lbO J:::l ,NDEC 
lSN 0010 ISN 00 1 

00 180 I=l{NSTAT 
DO 180 N4= ,NELEM 

ISN 0072 00 180 L;l,L3 --' 

JSN 0013 VEBD(J,J,N41L);VE8(J,J,N41LI ........ 

JSN 0074 CEBO(J I,N4!L)=VARC(I)*CEBfJ1l1N41l) --' 

C WRlTE(b,100 )J,J,N4,L1VEBD J,I,N4,L),CEBO(J 1 1 1N4 1l) 
ISN 0075 180 CONTINUE . 

Cl003 FORMAll5X,•J:::•,13,2x,•J=•,13,3x,•N4=•.13,3x,•L:::•,13,3x, 
C •2Fb.2) . · 

lSN 0076 Ml=l 
15N 0077 M2=1 
ISN 0076 M3=l 
ISN 0079 M4:::l 
ISN OOUO 220 TEMP=VEBDtM4,M3,H2,Ml) 
ISN 0061 DO 230 l=l NSTAT 
ISN 0062 00 230 N4:::{,NELEH 
lSN 0083 00 230 L=l,L3 
I SN 00.84 lflVEBOlM4,l 1 N4,L).NE.TEMP) GO TO 260 
ISN 0086 EEBDfM4,lJN4~L)=AMAX~lCEBDlM4~11N4,L),CE60(H41l1N4,Hl)) 
ISN 0081 EBO M4,M 1M ,Ml)=CE60(M41l1N ,L) 
ISN OObb 2b0 CONTINUE . 
ISN 0069 230 CONTINUE 



c c c c 
JSN 0090 
ISN 0091 
JSN 0093 

SN 0094 
1 SN 0096 
I SN 009·1 
ISN 009'i 
1 SN 0 lGO 
ISN 0102 
ISN 0103 
ISN O 104 
ISN 0105 
ISN OlOb. 
ISN 0101 
ISN 0109 270 
I SN 0110 
ISN O 111 999 c 

(. 
c c 

ISN 0112 
lSN 0113 
ISN 0114 
I SN 0115 
1 SN 0 llb 
ISN 0117 
ISN 0116 310 c c c c 
I SN 0119 
I SN 01 LO 
ISN 0121 

OBTAINING ltlE MAXIMUM BENl:.Fll W MAX): 

~l=Ml+l 
JF(Ml.Ll.L3) GO TO Z2u 
M2=M2+1 
lF(M2.Ll.NELlM) GO TO 2~0 
M3=M3+1 
IF(M3.LE.N~TA1) GO TO 220 
M4=M4i-l 
lf(M4.Ll.NDlC) GO TO 220 
BMAX=O.C 
DO 270 J=l ,NOEC 
DO 2 70 l = l , N ST A T 
00 270 N4=1,N~LEM 
DO 270 L=l,L3 
lFCV~BDCJrlrN4,L).Gl.BMAX) BMAX=VEBO(J,I,N4,L) 
CONTINUE . 
WR l TE ( 6 1 999) lH11A X 
FURM~l(//,lOX, 1 BMAX= 1 1 Fl.3) 
UBTAINlNG THl MAXIMIZING S~l, EBIJM), ANO THE SEl Eb(JO): 

DO 310 J=l,NDEC 
DO 310 l=l 1 NSlAT 
~O 310 N4=l,NELEM 
OU 3 10 L = l , L 3 
ClBDMX(J I,N4,L)=(VEBD(J,J,N4,L)/BMAX)**2 
CEBOO(J 1 f,N4,L)=AMINl(ClBDMX(J,11N4,L),CEBD(J,J,N4,l)) 
CONTlNUt 
OBTAINING THE OPTIMAL OECI~ION SET AND THE OPTIMAL DECISION: 

1-tCOMP=L.~ 
WRITE I 6 , 40 (1 ) 
00 3~0 J=l ,NDi:(. 

__. 
'-J 
N 



ISN 0122 
ISN 0123 
JSN 0124 
lSN 0125 
lSN 0126 
JSN 0121 
ISN 0129 
ISN 0130 
ISN 0131 
l~N 0133 I N 0135 
ISN Ol3b 
ISN 0138 
ISN 0139 c 
ISN 0140 

(. c 
ISN 0141 
ISN 0142 

(. 
ISN 0143 
ISN 0144 
l~N 0145 

CEBMXJCJ>=O.O 
00 360 I=l{NSTAT 
00 3b0 N4= 1NELEM 
00. 360 L=l,L3 
BZ=CE8DOtJ,I,N41LI . 
1FCCE8DOCJ 11 1N41ll.GT.CEBHXJ(J)I CEBHXJ&Jl=BZ 

3C>O CONTINUE 
KDtJ):::J 
lf(CEBMXJ&Jl.GT.HCOMP) JJ=J 
IFICEBMXJCJ).GT.HCOMP) HCOMP=CEBMXJ(J) WR TE(b,390) J CEBHXJCJ) 
lf(KO(J).NE.JJJ KK=KDCJ) 

350 CONTINUE 
GO TO CU1JJ 
If (JJ.EQ.z) GO TO 1 

1 WRlTECo,420) JJ 
7 WRITE(b,420) JJ 

WRITEC6~42l) JJ1KK 
400 fORHAT(//,lOX1 1 0PTIHAL DECISION SET 1 e//,9X,•------ ----------

•--1,//f l3X,1DtC.'15X1'COMP.1,//) · 
390 FORMAT l2X11316X1~6.~I 
421 FORMAT(//,10X, 1 0PTIHAL DECISION•13x,•--->•,2x,12,2x,•0R•,2x,121 
420 FORHAT(//1lOX, 1 THE OPTIMAL DEC.IS ON 1s•,3x,•-~-> ,5x,• • 1 ,12, 1 * , ., . 

SlOP 
END 

....... 
'-.J w 
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OPTIMAL DECISION SET 
--------

DEC. COMP. 

i o.s7e 
2 0.640 

THE OPTIMAL DECISION IS -> 2 



PROGRAM N~ME: 
PROGRAMMER: 

FUZZY-11 
AWNI M. ZEBDA 

bECTIONARY OF VARIABLES: --------------
VB l J , I , I<. , L I 
CBIJ,I,K,LI 
RC(J,I,K) 
VARC(I) 

VBD(J,1,K,L) 

CBD(J,1,K,L) 

CBDMAX(J,I,K,L) 

CBDO(J,I,K,L) 

CBDMXJ(J) 

TEMP(J,I,K) 

ROSDC(J,K) 

I 

1 

J 

K 

L 

= MATRIX TO SlORE THE VALU~ Of 1HE BENEFITS 
= HATRlX TU SlORE lHE COMPA1AB1Ll1Y OF TH~ 

BFNF.f.ITS 
"" MATRIX TO STORE TIIE FUZZY TRANSFORMATION FUNCTION 
.,. VECTOR TO STORE THE COMPATABILITY OF THE VARIANCE 

WITH THE INPUT STATES 
• MATRIX TO STORE TUE NET BENEFITS ASSOCIATED WITH 

THE DECISIONS 
• MATRIX TO STORE THE COMPATABILITY OF THE NET 

BENEFITS ASSOCIATED WITH THE DECISIONS 
• MATRIX TO STORE THE COMPATABILITY OF THE UENEFlTS 

IN TUE MAXIMIZING SETS ASSOCIATED WITH THE 
DECISIONS 

• MATRIX TO STORE THE INTERSECTION OF CBD AND 
CBDMAX 

.. VECTOR TO STORE THE COMPATABILITY OF THE DECISIONS 
WITH THE OPTIMAL DECISION SET 

= HATRIX TO STORE THE RESULT OF FINDING THE MIN.nruM 
OF RC AND VARC 

.. ·MATRIX TO STORE THE FUZZY TRANSFORMATION FUNCTION 
GIVEN VARC = AN INDEX USED AS A COUNTER{ AND AS A SUBSCRIPT 

TO REPRESENT A PARTICULAk NPUT Sl~TE = AN INDEX USED AS A COUNTER, ANO AS A SU05CRJPT 
TO REPRESENT A PARTICULAR DECJSION = AN INDEX USED AS A COUNTER, AND AS A SUBSCRIPT 
TO REPRESENT A PARTICULAR OUlPUT STAlE 

=AN INDEX US~D AS A COUNTER, ANO A~.A SUBSCRIPT 
T 0 REP R l: SEN 1 A P AR T l CU l AR EL EH EN 1 l N A F U Z Z Y s E: 1 

------------------------------------------------------------------

'-I 
U'1 



c CJIHEN51UN: c ---------ISN 0002 DlMlNSION VB(3,313l5),CBl3,3,J,5),VB0(3!333!5),C60(3,3r3r51 
ISN 0003 DIMENSION VAR<-(;,, BUMAX(3,3,3,~tiCB00(", , ,~ ,CBMAXJ 3 . 
lSN 0004 DIMENSION RC(3,3,~l,R05UL(3,31,T~MP(3,3,3). 

(. c READ IN DATA: c -------------c 
I SN 0005 READ(5,10)NSTATfNOEC,NO~TA1,NELEM . 

C WRllE(6 1 lOOO)NS 4T,NDEt 1 NOSTA1,NELtM 
lSN OOCJb 

ClOOO FORMATt~X, 1 NSTAT= 1 113,5X, 1 NOEt=• ,13,5X, 1 NOSTAT=•,13,5X, 1NELEH= 1 ,13 
10 FORHA1(412) . 

I SN 0007 RE:AlJ(5,2CJt lVARCll) 1=1 NSTAT) 
C WRITE(b,1001) (VARtlt»,f=l,NSIATt 

ISN 0008 
ClOOl fORMATf/1//lH t 1 VARC 1 r//,jfb.Jt 

20 FORMAT ,jf3.l) c __, 

lSN 0009 DO 30 J=l,NUEC ...... 
O'I 

ISN 0010 DO 4(; l=l,NSlA"I 
lSN 0011 DU 45 K=l NOSlAI . . 
lSN OU12 READ(5,soltlVU(J,I,K,L),L=ltNELEM),(CBCJ,l,K,L),L=ltNELEM)) 

( WRITE(b,lOOl)J,l,KilVB(J,I,K,L),L=lrNtL~M) c WRlTE(o,l002)J,l,K,(LB(J 1 1,KrlteL=liNELEM) 
ISN 0013 45 CONTINUE . 
I SN 0014 40 CONTINUI:: 
ISN 0015 30 CONTINUf: 
lSN 0016 

Cl002 FURMATl////,4X,•i=• 1 13,lX, •J::.•,13,2x, 1 K.=d,l3r2X,5F8.2) 
5 0 F 0 RM AT ( !> F- a • 2 , !> f 3 • 1 ) . . 

ISN 0017 DO 51 J=l,NOtC 
lSN OOlH DO 52 l=l,NSTAT 
ISN Oli 19 RE AO ( 5 t 5 ::s )(RC ( J 11 K) ,K = 1, NUS 1 AT) c WRilf:(b,lOOl)J, ,(RL(J,I,K),K=lrNO~TATt 
ISN 0020 52 CONTINUE 
lSN 0021 ; 1 C.ONT INUE 
ISN 002£ 53 .FORMAT (3f4.2) 

ClOOl FORMAT(////r4X, 1 J= 1 113,~x,•1=•,J3,4X,3f6.2) 



ISN 
ISN 
ISN 
ISN 
ISN 
ISN 
ISN 
ISN 
ISN 
ISN 
ISN 
lSN 
ISN 
ISN 
lSN 
ISN 
ISN 
ISN 
ISN 
ISN 
lSN 
ISN 
ISN 
ISN 
ISN 
ISN 

ISN 
ISN 
ISN 
ISN 
lSN 
ISN 
ISN 
ISN 

0023 
0024 
0025 
002b 
0021 
0028 
0029 
0(1:;)0 
oo::n 
0032 
0033 
0034 
0035 
0036 
0038 
003'1 
0040 
0041 
0042 
0043 
0044 
OO't5 
0046 
0047 
0048 
0049 

0050 
0051 
0052 
0053 
00~4 
005~ 
OO~b 
OL•57 

c 
(. 
c 
(. 

(. 
(. 

OBTAINING BtNEflT~ A~SUC.lATEO WITH OEClSlONS: 
--------------------------------~-----------

OU 5'+ J=l,NUEC:. 
DO 55 K=l,NOSTAT 
DO ~b I=l,NSTAl . 
lEMP(J,l,K)=AMlN1lVARC(l),KCCJ,1,K)) 
WRlTECo 11003)J 111K1llMP(J,I,K) 

5b CONTINUE 
55 C.UNllNUt . 
54 C.UNllNUt: 

1003 FOKMAl(////,4X,·J~•,13,2x, •1=•,13,2x,•K=•,13, .. x,F&.2) 
DO 57 J=l ,NDEC 
l•O 5t- K=l1NO~TAT 
RODCl=Ci.L 
DO 59 l=l,NSTAT 
1Fl1EMP(J,1 1 K.).GT.ROOC1) RODCl=TEMPCJ,l,K.) 

59 CONT lNUt 
ROSDC(J,K.)=RODCl . 
WRITE(b,l004)J~K 1 R05~C(J,K) 

58 LONTlNUt: 
57 CONTINUE 

1 004 F 0 RM AT ( I 111 ' 4 x ' • J = I , 13 ' 2 x ' I K. = • ti 3 ' 4 x ' F 8. 2 ) 
00 oO J=l 1 NOH~ 
00 70 l=l,NSTAT 
00 75 K=l1NOSTAT 
00 80 L=l 1NE U:M 
VbO(J,I,K,L)=VBCJ,I,K,L) 
CBD{Jf I,k1L)=kOSDCCJ,K)*CB(JrltK1L) WRITE 6rlU02)J,I 1 VBDIJ,l,L). 
WR 11 E c 6' lOJ2) J '1, ceo c·J' I' L , 

80 CUNT lNUI:: 
75 LONTINUt: 
10 C.UNTINUE 
60 CONI INUt.: 

Ml=l 
M2=1 
M3=1 
M4=1 

__, 
.......... 
......... 



ISN 005b 
ISN 0059 
ISN OObO 
ISN 0061 
ISN 00b2 
ISN 00b4 
ISN 00b5 
ISN OObt> 
ISN 00b7 
lSN 0068 
ISN 00b9 
ISN 0070 
ISN 0071 
ISN 0073 
ISN 0074 
ISN 0076 
ISN 0077 
ISN 0079 
ISN 0080 

1sN ouu2 
ISN 00H3 
lSN CJOU4 
ISN 0085 
ISN OU rlb 
ISN 0067 
ISN 0089 
ISN 0090 
lSN 0091 
lSN 0092 

c 

90 i~M~l=VBD(M41H3,M~tMl) 
DU 100 l=l,N:;,1Al 
UO 10~ K=l,NOSTAT 
UO 110 L=l N~l~M 
lf (VED(M4,{,K,L).Nc.TEMPl) GO TO 120 
CB 0 ( M 4 ,l , K , ~ ) =AMA ~ ll C 8 D ( M 4 , I , K t L ) , CBO ( M4 , I , K , H 1) ) 
CBO(M4,Mj,M2,Ml)=CBu(M4 1 1 1 K1 L) 

120 CONTINUt: 
110 CONT lNUE 
105 CONllNUE 
100 CONTINUE. 

Ml =Ml+ l 
lf(Ml.LE.NELEM) ~O TO 90 
M2=ML+ l .. 
lf(M2.Lc.NOSTAT) GO 10 90 
M3=M3+1 
IFCM3.LE.NSTAT) GU TO 9U 
M't =Mtt+ l . 
lf (M4.LE.NDEC) GO TO 90 

C OBlAlNlNG THt M~XlMUM BENEFIT , (li MAX): 
c ---------------------------------------( 

c: 

flMAX=O.O 
00 130 J=l,NDE:C. 
DO 140 1=1 1 NSTAl 
OU 145 K=l,NUSTAT 
DO l.50 L=l,NEU:M 
lf(VUU(J,I,K,L).~T.~MAX) 

150 CONTINUE 
145 LONl lNUl: 
140 CONTINUE 
130 CUNlINUE 

8MAX=VBD(J,l,Krl) 

_.. 
....... 
CX> 



lSN 00'13 
lSN 0094 

.ISN 0095 
ISN 0096 
ISN 0097 
JSN 0098 
l SN 0099 
lSN 0100 
lSN Olul 
ISN 0102 

I SN Olli3 
ISN 0104 
ISN 0105 
ISN 0106 
JSN 0107 
ISN 0108 
ISN 0109 
ISN 0110 
ISN 0112 
ISN 0113 
ISN Oll't 
ISN 0115 
JSN 0117 
ISN 0119 
ISN 0120 
!SN 0121 
!SN 0122 
ISN 0123 
lSN 0124 
lSN 0125 
ISN 0120 

c c 
(. 

c 
(. c c 

180 
175 
170 
160 

ObTAlNlNG THt MAXlM!ZlNG Sl:T 1 B(JM), ANO THl SET B(JO): ----------r""'----------------'i----------------------------
DO lt>O J=L,NCH:C. 
DU 170 l=l,NSTAl 
DG 17~ K=l,NOSTAT 
DO loO L=l,NtLEM 
CBOMAX(J,l,KJL)=(VBO(J,l1KCL)/BMAX)**2 
CH00(J 1 1,K,L =AMINl(C.BDMAX J,l,K,l),CBO(J,1,K,Lt) CONTINUE . . · 
CUNllNU(; 
CONl lNUI: 
CONl lNUt 
OBTAINING THE OPTIMAL UECISION SET AND THE OPTIMAL DECISION:. --------------------------------_____________ ..., __________ _ 
HCOMP=O. Ci 
WR IT EC 6, 2 lO) 
OU 190 J=l,NDEC 
C.BMAXJ(J)=O.O 
00 200 1=1,NSTAT 
DO 205 K=l,NuSTAT 
00 210 L=l,Nl:Ll:M . 
If (CtDO( J,I, K, L) .GT. Ct3MAXJ ( J)) CBHAXJ ( J) =CHOO( J, I tK ,La 

LlO CONTINUE . 
205 CONT INUt: 
200 CONTINUE 

IFtt:.BMAXJ(J) .&T.HCOMP) JJ:J 
lF(CeMAXJ(JJ.GT.hCOMP) hCUMP=LtlMAXJlJ) 
WRIIL(o,221) J,CtlMAXJ(J) 

190 CONl INUl 
WRITU6,230) JJ 

2l0 FORMAl(////,1cx,•uPTlMAL UEClSJON SET •,11,9x,•-------------------* ---• ' I I • 1.3 x I I 0 H. • I • 5 x ' I (.OM p •• '11 ) 
221 FORM/If (12X, 3,4X,F6.J) 
230 FOkMAT(////,lUX,'OPTl~AL DfCl~ION•,~x,•--->',12) 

5TUP 
t:NO 

-......i 
l.D 
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OPTIMAL CECISION SET 

DEC.. COMP. 

l 0.600 
2 o.soo 

OPTIMAL DECISION --> l 



APPENDIX II TO CHAPTER SIX 

The Empirical Approach to Membership Functions 

As indicated in Chapter Six, membership ftinctions can be obtained 

either subjectively or empirically. The subjective approach was used in 

the application. In this appe~dix, empirical membership functions are 

derived for (1) the linguistic net benefits, and (2) the fuzzy trans-

formation function. The derived functions are then used with the 

remaining data (presented in Chapter Six) to obtain the optimal investi-

gation decisions for the 48 variances used in the application. The 

results are presented at the end of this appendix. 

Empirical Membership Functions for the Net Benefits 

The estimated net benefits--in linguistic form--for the different 

combinations of decisions, input states, and output states are presented 

in Figure 13, Chapter Six. The figure includes small (S), very small 

(VS), very very small (VVS), medium (M), large (L), very large (VL), and 

very very large (VVL) net benefits values. The empirical membership 

functions for these net benefits are presented in Figure 25. The figure 

also includes the corresponding subjective functions which were 

presented in Chapter Six. 

The empirical functions for the linguistic net benefits were 

derived as follows. First, a set of possible net benefits values (B) 

was obtained. This was done as in Chapter Six where B was determined 

as: 

B = { 1000, 2000, ... , 11000, 12000}. 

181 
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Empirical: 

vvs = {(1/1000), (.9/2000), (.75/3000), (.5/4000)}~ 

vs = {(.9/1000), (1/2000), (.85/3000), (.8/4000), (.45/5000)}, 

s = {(.9/1000), (1/2000), (l/3000), (.85/4000), {.75/5000), 

(.15/6000)}, 

M = {{.7/3000), {.75/4000), (.9/5000), (1/6000), (.9/7000), 

{.9/8000), {.8/9000)}, 

L = {(.3/6000), (.4/7000), {.8/8000), {.9/9000), {1/10000), 

{.95/11000), (.9/12000)}, 

VL = {(.75/7000), (.8/8000), {.9/9000), ·(.9/10000), (1/llOOfr), 

(.95/12000)}, 

VVL = {{.1/7000), {.7/8000),·{.8/9000), {.85/10000), {.9/11000), 

{l/12000)}. 

Subjective: 

vvs = {{l/1000), (.5/2000)} 

vs = {(.7/1000), (1/2000), {.7/3000)} 

s = {{.6/2000), {.9/3000), {1/4000), {.6/5000)} 

M = {{.2/3000), {.5/4000), {.7/5000), (1/6000), {.7/7000), (.5/8000), 

(.2/9000)} 

L = {(.6/6000), (.8/7000), (l/8000), (.8/9000), {.6/10000)} 

VL = {(.6/8000), (.8/9000), (1/10000), (.8/11000), (.6/12000)} 

VVL = {(.4/9000), (.6/10000), (.8/11000), (1/12000)}. 

Figure 25. Membership Functions for Expected Net Benefits: 
Empirical vs. Subjective. 
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Second, compatibility functions for the linguistic net benefits 

were obtained. 1 This was achieved as follows. The controller was pre~ 

sented a sequence of cards (stimuli). On each card a certain linguistic 

value (such as 11 large net benefit") paired with a certain net benefit 

value (such as $3000) was recorded. Then, the controller was asked to 

answer the question of whether he thought that the linguistic value 

described the net benefit value. (He was instructed to use 1yes 1 if his 

answer was positive and 1 no 1 if his answer was negative.) The con-

troller was also asked to give a confidence rating for his answer; he 

was asked to put a mark on a scale from 1 to 5 with 5 indicating 

complete confidence and 1 indicating a pure guess. 

Each linguistic value was paired twice with every net benefit 

value. That is, two cards including the same pair of linguistic net 

benefit and a certain net benefit value were presented to the con-

troller. Consequently, the number of cards was 168 (12 possible net 

benefits x 7 possible linguistic net benefits x 2 cards for every com-

bination of possible net benefits and possible linguistic value). The 

cards were presented in random. 

1The method used in deriving the compatibility functions for the 
linguistic net benefits is based on the method suggested by Hersh 
and Caramazza for deriving empirical membership functions. See 
H. M. Hersh and A. Caramazza, "A Fuzzy Set Theory Approach to 
Modifiers and Vagueness in Natural Language", Journal of Experi-
mental Psychology: General, Vol. 105 (1976), pp. 254-276. The 
method was also used in H. M. Hersh, A Caramazza, and H. H. 
Brownell, "Effects of Context on Fuzzy Membership Functions••, in 
M. Gupta, R. Ragade, and R. Yager (eds.), Advances in Fuzzy Set 
Theory and Ap}lications (Amsterdam: North-Holland Publishing 
Company, 1979 , pp. 389-408. 
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For every card, the compatibility of the net benefit value with the 

linguistic net benefit was calculated by suing the following formula: 

Compatibility= .5 + d(r/10), (1) 

where 

d = l (if answer was 1 yes 1 ) , 

d = -1 (if answer was 'no'), 

and 

r =confidence ratio (l ~ r ~ 5). 2 

For example, if the answer was 'yes' and the confidence rating was 

5 .. (complete confidence), then the grade of membership is l . 0. On the 

other hand, if the answer was 'no' and r was 5, then the grade of 

membership is zero. 

As indicated above, two cards containing the same pair of 

linguistic net benefit and net benefit value were presented to the con-

troller. For each card, a grade of membership was calculated by Equa-

tion (1). The average of the two values (one for each card) was 

obtained. This average was used to represent the compatibility of the 

2Hersh and Caramazza say, "Although there is no clear theoretical 
justification for this mapping, the resulting scale seemed to 
reflect the important conceptual ideas implicit in fuzzy set 
theory. The extremes of definite membership and nonmembership cor-
respond to judgments that were rated highly confident. Likewise, 
judgments rated as purely guessing corresponded to the crossover 
points in a fuzzy set. 11 H. M. Hersh and A. Caramazza, 11 A Fuzzy Set 
Approach to Modifiers and Vagueness in Natural Language", pp. 267-
268. Hersh and Caramazza go on to say, "Inherent in this transfor-
mation is the assumption that equal confidence interVals reflect 
equal differential grades of membership. [The result of the study] 
tends to support this assumption," p. 268. 
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net benefit value {appearing on the two cards) with the accompanying 

linguistic net benefit. Figure 26 contains a summary of the con-

troller's responses and the calculated compatibilities for the cards. 

Empirical Membership Function for the Transformation Function 

The empirical fuzzy transformation function is provided in Figure 

27. (The figure also includes the corresponding subjective function.) 

The empirical function was derived as follows. The controller was 

presented a sequence of cards. Every card contained a combination of 

si s St' dj s Dt' and sk s St+l· (For example, one card contained in-

control as the input state, investigate as the decision, and out-of-

control as the output state.) The controller was asked to respond with 
1yes 1 or 'no' whether he thought that the output state would be sk 

given that the current state was si and decision dj was made. He was 

also asked to give a confidence rating for his response by putting a 

mark on a scale from one to five with the five indicating a complete 

confidence and the one representing a pure guess. 

There was 18 combinations of input states, decisions, and output 

states (3 input states x 2 decisions x 3 output states). Every combina-

tion was presented twice to the controller. That is, the number of 

cards used was 36 cards. The cards were presented in random. A summary 

of the different combinations as well as the responses of the controller 

is provided in Figure 28. 

For every card (i.e., for every combination) a grade of membership 

was calculated by using Equation (1). (The calculated grades of member-

ship appear in the last solumn of Figure 28.) Moreover, for every two 
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Linguistic Net Benefit Answer Confidence Membership 
Net Benefit Value Rating Grade 

vvs $ 1000 yes 5 1.0 vvs 1000 yes 5 1.0 vvs 2000 yes 4 0.9 vvs 2000 yes 4 0.9 vvs 3000 yes 3 0.8 vvs 3000 yes 2 0.7 vvs 4000 yes 2 0.7 vvs 4000 no 2 0.3 vvs 5000 no 5 0.0 vvs 5000 no 5 0.0 vvs 6000 no 5 0.0 vvs 6000 no 5 0.0 vvs 7000 no 5 0.0 vvs 7000 no 5 0.0 vvs 8000 no 5 0.0 
vvs 8000 no 5 0.0 vvs 9000 no 5 0.0 vvs 9000 no 5 0.0 vvs 10000 no 5 0.0 vvs 10000 no 5 0.0 vvs 11000 no 5 0.0 
vvs 11000 no 5 0.0 vvs 12000 no 5 0.0 vvs 12000 no 5 0.0 

vs 1000 yes 4 0.9 vs 1000 yes 4 0.9 vs 2000 yes 5 1.0 vs 2000 yes 5 1.0 vs 3000 yes 4 0.9 vs 3000 yes 3 0.8 vs 4000 yes 3 0.8 vs 4000 yes 3 0.8 
vs 5000 yes 2 0.7 vs 5000 no 3 0.2 
vs 6000 no 5 0.0 vs 6000 no 5 0.0 
vs 7000 no 5 0.0 vs 7000 no 5 0.0 

Figure 26. Summary of Data Used in Calculating Empirical Membership 
for the Linguistic Net Benefits. 
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Li ngui sti c Net Benefit Answer Confidence Membership 
Net Benefit Value Rating Grade 

vs $ 800a no 5 a.a 
vs 8aao no 5 o.a 
vs 90ao no 5 o.a 
vs 9aaa no 5 a.a 
vs laaaa no 5 a.a 
vs laaao no 5 a.a 
vs l laoa no 5 a.a 
vs l laaa no 5 a.a 
vs 12aaa no 5 a.a 
vs 120aa no 5 a.a 

s 10ao yes 4 0.9 
s 10aa yes 4 a.9 
s 2aaa yes 5 l.a 
s 2aoa yes 5 1.0 
s 3aoa yes 5 1.0 
s 3aaa yes 5 l.a 
s 4aaa yes 4 0.9 
s 4aaa yes 3 0.8 
s 5aaa yes 2 0.7 
s 5aoa yes 3 a.8 
s 6aaa no 3 0.2 
s 6oaa no 4 a. l 
s 1oaa no 5 o.a 
s 1aaa no 5 a.a 
s 8aaa no 5 o.a 
s 8aaa no 5 0.0 
s 9aao no 5 o.a 
s gaaa no 5 0.0 
s laoaa no 5 a.a 
s laaaa no 5 a.o 
s l lOaa no 5 a.o 
s l laoa no 5 0.0 
s 120aa no 5 a.a 
s 12000 no 5 a.a 

M 1000 no 5 0.0 
M 1000 no 5 0.0 
M 2aoa no 5 o.a 
M 2oaa· no 5 o.a 

Figure 26 (Can't). Summary of Data Used in Calculating Empirical 
Membership for the Linguistic Net Benefits. 
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Linguistic Net Benefit Answer Confidence Membership 
Net Benefit Value Rating Grade 

M $ 3000 yes 2 0.7 
M 3000 yes 2 0.7 
M 4000 yes 3 0.8 
M 4000 yes 2 0.7 
M 5000 yes 4 0.9 
M 5000 yes 4 0.9 
M 6000 yes 5 1.0 
M 6000 yes 5 1.0 
M 7000 yes 4 0.9 
M 7000 yes 4 0.9 
M 8000 yes 4 0.9 
M 8000 yes 4 0.9 
M 9000 yes 3 0.8 
M 9000 yes 3 0.8 
M 10000 no 5 0.0 
M 10000 no 5 0.0 
M 11000 no 5 0.0 
M 11 ooo· no 5 0.0 
M 12000 no 5 0.0 
M 12000 no 5 0.0 

L 1000 no 5 0.0 
L 1000 no 5 0.0 
L 2000 no 5 0.0 
L 2000 no 5 0.0 
L 3000 no 5 0.0 
L 3000 no 5 0.0 
L 4000 no 5 0.0 
L 4000 no 5 0.0 
L 5000 no 5 0.0 
L 5000 no 5 0.0 
L 6000 no 5 0.0 
L 6000 yes 1 0.6 
L 7000 no 5 0.0 
L 7000 yes 3 0.8 
L 8000 yes 3 0.8 
L 8000 yes 3 0.8 
L 9000 yes 4 0.9 
L 9000 yes 4 0.9 

Figure 26 (Con't). Summary of Data Used in Calculating Empirical 
Membership for the Linguistic Net Benefits. 
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Linguistic Net Benefit Answer Confidence Membership 
Net Benefit Value Rating Grade 

L $10000 yes 5 1.0 
L 10000 yes 5 1.0 
L 11000 yes 5 1.0 
L 11000 yes 4 0.9 
L 12000 yes 4 0.9 
L 12000 yes 4 0.9 

VL 1000 no 5 0.0 
VL 1000 no 5 0.0 
VL 2000 no 5 0.0 
VL 2000 no 5 0.0 
VL 3000 no 5 0.0 
VL 3000 no 5 0.0 
VL 4000 no 5 0.0 
VL 4000 no 5 0.0 
VL 5000 no 5 0.0 
VL 5000 no 5 0.0 
VL 6000 no 5 0.0 
VL 6000 no 5 0.0 
VL 7000 yes 2 0.7 
VL 7000 yes 3 0.8 
VL 8000 yes 3 0.8 
VL 8000 yes 3 0.8 
VL 9000 yes 4 0.9 
VL 9000 yes 4 0.9 
VL 10000 yes 4 0.9 
VL 10000 yes 4 0.9 
VL 11000 yes 5 1.0 
VL 11000 yes 5 1.0 
VL 12000 yes 4 0.9 
VL 12000 yes 5 1.0 

VVL 1000 no 5 0.0 
VVL 1000 no 5 0.0 
VVL 2000 no 5 0.0 
VVL 2000 no 5 0.0 
VVL 3000 no 5 0.0 
VVL 3000 no 5 0.0 
VVL 4000 no 5 0.0 
VVL 4000 no 5 0.0 

Figure 26 (Con 1 t). Summary of Data Used in Calculating Empirical 
Membership for the Linguistic Net Benefits. 
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Linguistic Net Benefit Answer Confidence Membership 
Net Benefit Value Rating Grade 

'JVL $ 5000 no 5 0.0 
VVL 5000 no 5 a.a 
VVL 6aao no 5 o.a 
VVL 6aoo no 5 a.a 
VVL 7000 no 5 a.a 
VVL 1aao no 3 0.2 
VVL aoaa yes 2 0.7 
VVL 8aoa yes 2 a.7 
VVL 9000 yes 3 0.8 
VVL 9000 yes 3 0.8 
VVL 1aooo yes 4 a.9 
VVL ioaoa yes 3 a.8 
VVL 11000 yes 4 a.9 
VVL 11000 yes 4 0.9 
VVL 12000 yes 5 l.a 
VVL 120ao yes 5 1.0 

Figure 26 (Can't). Summary of Data Used in Calculating Empirical 
Membership for the Linguistic Net Benefits. 
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s. = s1 = in-control 
1 

sk s st+l Decision 

S3 dj, s Dt 

0.0 d1 

0. l dz 

** Output State, 

S1 Sz 

.9 .4-

.8 .4 

s. = s2 =more or less out-of-control 
l 

** sk s st+l Decision 

S3 dj £ Dt 

0.15 d1 
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s. = S3 = out-of-control 
l 
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sk "" S* ~ t+l Decision 

S3 dj £ Dt 

0.3 d1 

Output State, 

S1 S2 
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.4 .8 

Output State, 
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.7 .4 

d2 0. 1 0.45 0.95 d2 • 1 .6 

Empirical Subjective 

* 

sk s st+l 

S3 

. l 

. 3 

sk s 5t+l 

S3 

.2 

• 7 

sk s st+l 

S3 

.3 

.9 

s1, s2, and S3 indicate in-control, more or less out-of-control, and 
out-of-control states, respectively. 

** d1 and d2 indicate investigate and do-not investigate actions, 
respectively. 

Figure 27. Fuzzy Transformation Function: Empirical vs. Subjective. 
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Current D . . 2 ec1s1on Output Answer Confidence Grade of 
State1 State1 Rating Membership 

IC I IC yes 5 1.0 
IC I IC yes 5 1.0 
IC I MOLOC no 4 0. 1 
IC I MOLOC no 4 0. 1 
IC I oc no 5 0.0 
IC I QC no 5 0.0 

IC D IC yes 4 0.9 
IC D IC yes 4 0.9 
IC D MOLOC no 4 0. 1 
IC D MOLOC no 4 0. 1 
IC D QC no 4 0. 1 
IC D QC no 4 0. 1 

MOL QC I _re yes 4 0.9 
MOL QC I IC yes 4 0.9 
MQLQC I MOLOC no 4 0. 1 
MOL QC I MOL QC no 4 0. 1 
MOL QC I QC no 3 0.2 
MOLOC I QC no 4 0. 1 

MOL QC D IC no 3 0.2 
MOL QC D IC no 2 0.3 
MOL QC D MOL QC yes 5 1.0 
MOL QC D MQLQC yes 5 1.0 
MOLOC D QC yes 2 0.7 
MOLOC D QC yes 2 0.7 

QC I IC yes 4 0.9 
QC I IC yes 4 0.9 
QC I MOLOC yes 4 0.9 
QC I MQLOC yes 4 0.9 
QC I QC no 2 0.3 
oc I QC no 2 0.3 

1Ic, MQLOC, and QC stand for in-control, more or less out-of-control, 
and out-of-control states, respectively. 

2I and D stand for the investigate and do-not investigate actions, 
respectively. 

3Calculated by using Equation (1). 

Figure 28. Summary of Data Used in Calculating Empirical Membership 
Function for the Fuzzy Transformation Function. 



Current 
State1 
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QC 
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D 
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D 
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Output 
State1 

IC 
IC 

MQLQC 
MQLOC oc oc 

Answer 

no 
no 
no 
yes 
yes 
yes 

Confidence 
Rating 

4 
4 
4 
3 
5 
4 

Grade of 
Membership 

Q. 1 
Q. 1 
Q. 1 
Q.8 
1.0 
Q.9 

1rc, MOLQC, and QC stand for in-control, more or less out-of-control, 
and out-of-control states, respectively. 

2r and D stand for the investigate and do-not investigate actions, 
respectively. 

3calculated by using Equation (1). 

Figure 28 (Can't). Summary of Data Used in Calculating Empirical 
Membership Function for the Fuzzy Transformation 
Function. 
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cards containing the same combination a grade of membership was 

calculated by finding the average of the two values calculated for the 

two cards. The average represented the compatibility .of the combination 

in the transformation function appeared in Figure 27. 

The empirical membership functions for the linguistic net benefits 

and transformation function were used with the data presented in Chapter 

Six {i.e., the variances, compatibilities of the variances with the 

different states, and expected net benefits for the different combina-

tions of input states, decisions, and output states) and the computer 

program {Fuzzy 11) to obtain the optimal investigation decision for 

every variance of the 48 variances used in the study. The results are 

presented in Figure 29. 

To provide insight into the sensitivity of the model to the shapes 

of the membership functions, the optimal decisions indicated by the 

model for the 48 variances {when the subjective approach for deriving 

compatibility functions is used) are also presented in Figure 29. 

When the empirical membership functions for the linguistic net 

benefits and transformation function are compared to the subjective ones 

appeared in Chapter Six and reproduced in Figures 25 and 27, one can see 

that the two types of membership functions are quite different. {See 

Figures 25 and 27.) However, as can be seen from Figure 29, only four 

decisions {out of the 48 decisions) are reversed when empirical func-

tions are used in place of the subjective functions. This may indicate 

that the proposed model is not very sensitive to the shapes of the 

membership functions. Further research, however, is needed before 

generalizing this finding. 
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Compatibility with States D . . 2 ec1s1ons 

Var. Var. 1 More or Empirical Subjective NR or R3 
No. Amt. In- less out Out of Approach Approach 

Control of control Control 

1 1987 u .8 .6 .5 I or.D D NR 
2 9463 u .9 .4 .2 D D NR 
3 5609 u .7 .7 .8 I D R 
4 6837 u .7 .7 .8 I D R 
5 4962 u .6 .8 .8 I I NR 
6 7862 F .7 .7 .7 I or D D NR 
7 3881 u .8 . 7 .6 I or D D NR 
8 4172 u . 5 .8 .9 I I NR 

9 261 u .9 .3 .2 D D NR 
10 7706 u .9 .3 .2 D D NR 
11 4025 u .7 .7 .7 I or D D NR 
12 7017 u .7 .7 .6 I or D D NR 
13 5404 u .6 ~7 .8 I I NR 
14- 4023 F .8 .6 .7 I or D D NR 
15 4724 u .6 .7 .7 I I NR 
16 6029 u .4 .8 .9 I I NR 

17 411 u .9 .4 .3 D D NR 
18 6157 u .8 .5 .4 I or D D NR 
19 5542 u .7 .6 .6 I or D D NR 
20 5005 u .7 .6 .6 I or D D NR 
21 5523 u .6 .7 . 7 I I NR 
22 4269 F .8 .7 .7 I or D D NR 
23 5329 u . 7 .8 .8 I D R 
24 3476 u .6 .8 .8 I I NR 

1u and F indicate 'unfavorable' and 'favorable' variances, respectively. 
2r and D indicate 'investigate' and 'do-not investigate' actions, 

respectively. 
3R and NR indicate that the decision was 'reversed' and 'not reversed', 

respectively. 

Figure 29. Decisions for the 48 Variances: Emoirical 
Approach vs. Subjective Approach. · 
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Compatibility with States Decisions2 

Var. Var. 1 More or Empirical Subjective NR or R3 
No. Amt. In- less out Out of Approach Approach 

Control of control Control 

25 2567 u .7 .5 .4 I or D D NR 
26- 8111 u .8 .4 .3 I or D D NR 
27 9014 u .7 .5 .5 I or D D NR 
28 10156 u .7 .5 .5 I or D D NR 
29 6656 u .6 .5 .7 I I NR 
30 838 u .7 .5 .7 I or D D NR 
31 9245 u .6 .7 .7 I I NR 
32 8453 u .5 .8 .9 I I NR 

33 1623 u .8 .4 .4 I or D D NR 
34 4819 u .9 .5 .3 D D NR 
35 7536 u .7 .6 .5 I or D D NR 
36 8800 u .7 .6 .5 I or D D NR 
37 4032 u .6 .7 .7 I I NR 
38 3225 F .7 .7 .7 I or D D NR 
39 6153 u .8 .8 .8 I or D D NR 
40 4917 u .5 .8 .9 I I NR 

41 877 u .9 .4 .4 D D NR 
42 5459 u .9 .5 .3 D D NR 
43 5326 u .7 .6 .5 I or D D NR 
44 7431 u .7 .6 .5 I or D D NR 
45 5285 u .6 .7 .7 I I NR 
46 1712 F . 7 .8 .7 I D R 
47 6318 u .6 .8 .8 I I NR 
48 5067 u .5 .9 .9 I I NR 

Total 44 4 

1u and F indicate 'unfavorable' and 'favorable' variances, respectively. 
2r and D indicate 'investigate' and 'do-not investigate' actions, 

respectively. 
3R and NR indicate that the decision was 'reversed' and 1 not reversed 1 , 

respecttvely. 

Figure 29 (Can't). Decisions for the 48 Variances: Empirical 
Approach vs. Subjective Approach. 
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In order to examine if there are differences between the decisions 

suggested by the controller and those indicated by the model when 

empirical membership functions were used, the two sets of decisions are 

compared in Figure 30. As can be seen from the figure, there were only 

5 cases in which the two sets of actions were in conflict. (None of 

these cases was related to either extreme or favorable variances. One 

of these cases was related to a variance from a standard set by corpor-

ate office--variance number 3. The remaining four cases were related 

to variances from branch standards.) 

This may suggest that using the empirical approach for deriving 

membership functions may reduce the conflict between actions indicated 

by the model and actions made by the decision maker. (Note that there 

were 12 differences when the subjective approach was used.) However, 

further research is needed before generalizing this result. 
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Compatability W·ith States Decisions2 

Var. Var. More or Suggested Indicated C or NC3 
No. Amt. In- less out Out of by by 

Control of control Control Controller Model 

l 1987 u .8 .6 .5 D I or D NC. 
2 9463 u .9 .4 .2 D D NC 
3 5609 u .7 .7 .8 D I c 
4 6837 u .7 .7 .8 I I NC 
5 4962 u .6 .8 .8 D I c 
6 7862 F .7 .7 .7 -I I or D NC 
7 3881 u .8 .7 .6 D I or D NC 
8 4172 u .5 .8 .9 I I NC 

9 261 u .9 .3 .2 D D NC 
10 7706 u .9 .3 .2 D D NC 
11 4025 u .7 .7 .7 D I or D NC 
12 7017 u .7 .7 .6 I I or D NC 
13 5404 u .6 .7 .8 I I NC 
14 4023 F .8 .6 .7 D I or D NC 
15 4724 u .6 . 7 . • 7 D I c 
16 6029 u .4 .8 .9 I I NC 

17 411 u .9 .4 .3 D D NC 
18 6157 u .8 .5 .4 I I or D NC 
19 5542 u .7 .6 .6 I I or D NC 
20 5005 u .7 .6 .6 D I or D NC 
21 5523 u .6 .7 .7 I I NC 
22 4269 F .8 .7 .7 D I or D NC 
23 5329 u .7 .8 .8 D I c 
24 3476 u .6 .8 .8 I I NC 

1u and F indicate 'unfavorable' and 'favorable' variances, respectively. 
2I and D indicate 'investigate' and 'do-not investigate' actions, 

respectively. 
3c and NC indicate that the decisions are 'in conflict' and 'not in 

conflict', respectively. 

Figure 30. Decisions Suggested by Controller vs. Decisions Indicated 
by Model When Empirical Membership Functions Were Used. 
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Compatability with States Decisions2 

Var. Var. More or Suggested Indicated C or NC3 
No. Arnt. In- less out Out of by by 

Control of control Control Controller Model 

25 2567 u .7 .5 .4 I I or D NC 
26 8111 u .8 .4 .3 D I or D NC 
27 9014 u .7 .5 .5 I I or D NC 
28 10156 u .7 .5 .5 I I or D NC 
29 6656 u .6 .5 .7 I I NC 
30 838 u .7 .5 .7 D I or D NC 
31 9245 u .6 .7 .7 I I NC 
32 8453 u .5 .8 .9 I I NC 

33 1623 u . 8. .4 .4 D I or D NC 
34 4819 u .9 .5 .3 D D NC 
35 7536 u .7 .6 .5 I I or D NC 
36 8800 u .7 .6 .5 D I or D NC 
37 4032 u .6 .7 .7 I I NC 
38 3225 F .7 .7 .7 D I or D NC 
39 6153 u .8 .8 .8 D I or D NC 
40 4917 u .5 .8 .9 I I NC 

41 877 u .9 .4 .4 D D NC 
42 5459 u .9 .5 .3 D D NC 
43 5326 u . 7 .6 .5 I I or D NC 
44 7431 u .7 .6 .5 D I or D NC 
45 5285 u .6 .7 .7 I I NC 
46 1712 F .7 .8 .7 D I c 
47 6318 u .6 .8 .8 I I NC 
48 5067 u .5 .9 .9 I I NC 

Total 5 43 
1u and F indicate 'unfavorable' and 'favorable' variances, respectively. 
21 and D indicate 'investigate' and 'do-not investigate' actions, 

respectively. 
3c and NC indicate that the decisions are 'in conflict' and 'not in 

conflict·~ respectively. 

Figure 30 (Can't). Decisions Suggested by Controller vs. Decisions 
Indicated by Model Whem Empirical Membership 
Functions Were Used. 
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A MODEL FOR THE INVESTIGATION OF COST VARIANCES: 

THE FUZZY SET THEORY APPROACH 

by 

Awni M. Zebda 

(ABSTRACT) 

Available cost-variance investigation models are reviewed and 

evaluated in Chapter Three of this study. As shown in the chapter, some 

models suffer from ignoring the costs and benefits of the investigation. 

Other models, although meeting the cost-benefit test, fail to capture 

the essence of the real-world problem. For example, they fail to handle 

the imprecision (fuzziness) surrounding the investigation decision. 

They are also based on the unrealistic assumptions of (1) a two-state 

system, and (2) constant level of accuracy and precision. In addition, 

the models suffer from the lack of applicability. They require precise 

numerical inputs to the analysis that are difficult, if not impossible, 

to attain. 

This dissertation provides a new cost-variance investigation model 

that may overcome some of these problems. The new model utilizes the 

calculus of fuzzy set theory which was introduced by Zadeh in 1965 as a 

means for dealing with fuzziness. The theory is also intended to reduce 

the need for precise measures that are difficult to obtain. Conse-

quently, the theory seems to be well suited for handling the investiga-

tion problem. (Chapter Two provides a summary of the theory and its 

applications in the decision making area.) 



The new model is presented in Chapter Four and extended in Chapter 

Five. The performance is assumed to be described by·a transformation 

function, St+l = f(St,Dt), where St' Dt' and St+l represent the sets of 

the input states, available decisions, and output states, respectively. 

The transformation function can be deterministic, stochastic, or fuzzy. 

Methods are suggested to obtain the optimal decision for the three 

cases of transformation functions. These methods are based on formu-

lating a fuzzy optimal decision set 

where u0 (d.) represents the compatibility (i.e., relative merit) of 
0 J 

decision dj with the optimal decision set. The optimal decision is the 

decision having the highest compatibility with the fuzzy optimal 

decision set. 

In addition to allowing for different transformation functions, the 

new model allows for varying degrees of out-of-controllness. The model 

also provides for the fuzziness (imprecision) surrounding (1) the states 

of performance, (2) the net benefits from the investigation, and (3) the 

probabilities. This is done by employing the basic concept in fuzzy set 

theory, namely, the membership function concept. 

The new model was examined (in Chapter Six) for feasibility. 

First, the model was computerized. Then, it was applied to an actual 

investigation problem encountered by a manufacturing company. As the 

application may indicate, the new model can be applied to real-world 

situations. 
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