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(ABSTRACT) 

Several new nonlinear algorithms for speed control of 

electrical drives are developed. They are compared with the 

algorithms for integral-proportional (I-P) control, sliding 

mode control (SLM) and adaptive control which uses the torque 

and parameter observer. To achieve fast and robust response, 

all algorithms use very large gains. 

In a new, variable limit PI (VLPI) control algorithm, 

integrator windup is completely prevented by using a high 

gain, "variable dead zone" nonlinearity as a local feedback 

over the integrator. 

Recently proposed soft variable structure (SVS) control, 

derived by using the Liapunov direct method, is modified so 

that the algorithm can be implemented with only the output 

measurements. Proper operation is achieved for any value of 

the output variable. The new control is very robust, but 

exhibits a steady state error. 



Two versions of the adaptive PI (API) control algorithm 

are developed that have fast and robust transient response 

with zero steady state error. The SVS API version operates 

similarly as the modified SVS control, but does not have its 

drawbacks. The SLM API version operates like the SLM control 

during large transients, and like VLPI control when close to 

the steady state. The local stability of the control is 

proved using the "small gain theorem". Its global behavior 

is analyzed by describing functions. 

Very good operation of the SVS API speed control within 

the proportional position loop is demonstrated. Faster 

transient response is achieved by implementing the SLM adap-

tive proportional control in the position loop. The opera-

tion is the same as the operation of the SLM API control in 

the speed loop. 

Similarity between modified SVS control, 

and classical adaptive algorithms is shown. 

API control, 

All the algo-

ri thms are simulated and compared for twofold and tenfold 

changes in plant parameters. The experimental verification 

of the results for I-P control, SLM control, and modified SVS 

control, are presented. 

Theory of the new algorithms is general, such that the 

results are applicable to any SI SO plant that can be stabi-

lized. 
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NOMENCLATURE 

Some of the symbols and abbreviations used in the text are 

defined below. 

~ 

• Approximate value; estimate. 

• Equilibrium value. e 

I • I Eucledean norm on n R ; absolute value. 

• Laplace or z- transform. 

•' Transpose of a vector or a matrix. 
A 
• Offset by a constant. 

R Field of real numbers. 

Rn n-dimensional linear vector space with elements in R. 

PI Proportional plus Integral (control) 

SVS Soft Variable Structure (control) 

SLM Sliding Mode (control) 

API Adaptive PI (control) 

SAPI Sliding API (control) 

SVSPI Soft variable structure API (control) 

SISO Single Input Single Output 

VLPI Variable limit PI (control) 

x 



Chapter 1 

INTRODUCTION 

Electrical motors are literally the driving force of the 

modern industry. In most applications they need to be con-

trolled ii:i a closed loop system. Until the 1950' s the con-

trol was implemented using Ward-Leonard sets, amplidynes, 

magnetic amplifiers and similar electromechanical and 

electromagnetic devices. High cost and large dimensions of 

these systems limited their widespread use, which to a great 

extent hampered the development of industry automation. 

The invention of power semiconductor devices and devel-

opment of power electronic circuits marked the emergence of 

the new generation high performance and reliable, compact and 

economical, solid-state motor drives. Due to the availabil-

ity of cheaper drives the industry automation increased very 

fast, which then increased demand for high-quality, con-

trolled electrical drives. This has resulted in vast im-

provements in electrical machine performances, power 

electronic circuit techniques, power semiconductor device 
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characteristics, and in nonlinear control theory. The effect 

of this development was that in the 1970's, old systems were 

completely replaced by electronically controlled motor 

drives, which also found many new application areas. 

The advances in analog and digital signal processing 

electronic components, especially the advent of micro-

processors, made the implementation of more complicated con-

trol algorithms possible. That enabled the development of 

sophisticated motion control systems, like numerically con-

trolled machine tools, precision manipulators, high density 

disc·drives, etc. [10]. 

Today, the electronic control of electrical drives is a 

maturing technology. Further developments will be mainly 

directed towards technological refinements on one side, and 

towards meeting ever increasing performance standards on the 

other. The latter requires very fast, highly accurate and 

robust designs. 

1.1. ELECTRICAL MOTOR CONTROL SYSTEM 

The general block diagram of a motor control system is 

shown in Fig. 1.1. The objective of the control is to effi-

ciently convert the supplied electrical energy into useful 
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mechanical energy, in such a way that the output variable ~ 

is some predetermined function of the reference input R. 

The central part of the system is the electrical motor 

which actually performs the electromechanical conversion. 

Its inputs are voltages (v) and currents (i), and outputs are 

the developed torque T and the speed w at its shaft. e 
The power processing unit is an electronic converter, 

which transforms electrical energy from the easily available 

form, to the form suitable for the motor. The energy flow 

is continuously directed by the control unit, in such a way 

that the objective of the control is achieved. For the 

proper operation of the converter, a feedback loop from the 

motor electrical variables v and i , to the converter 

control input a is usually necessary. 

For a long time, and still today, de motors are used for 

high performance, motion control applications. However, with 

the new developments in motor construction, in power elec-

tronic devices and circuits, and in the nonlinear control 

algorithms, this situation is rapidly changing. Electron-

ically commutated de motors (also called brushless de mo-

tors), synchronous motors, and induction motors, are used 

more frequently instead of the classical de motors. They 

provide the same performance characteristics, with the added 

benefit of lower maintenance, cost, volume, and weight [ 8, 

66, 31]. By using the fie.ld oriented control, any of these 
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motors together with the power processing unit and the asso-

ciated control, can be treated as an equivalent, current 

driven de motor, as shown in Fig. 1.2. 

The mechanical torque and speed, developed by the motor, 

always undergo some kind of "motion transformation", before 

the final output variable 

system, together with the 

usually referred to as load. 

is obtained. This part of the 

delivered mechanical energy, is 

The amount of energy demanded by the load is, in prac-

tically all applications, a stochastic variable. Therefore, 

it is standard to consider this quantity as disturbance. In 

a control system, it is convenient to represent the effect 

of this disturbance, as an additional input to the plant 

which, when referred to the motor shaft, becomes the load 

torque, T£. 

In many cases, load can be represented as a single in-

ertia and damping. In such case, load parameters can be 

lumped together with the parameters of the motor mechanical 

part. If the output variable ~ , is proportional to the 

position of the motor shaft 8 , the simplest block diagram 

of the motor control system can be represented as shown in 

Fig. 1.2. 

Because the load parameters are never exactly known, the 

feedback control must be used in order to achieve the objec-

tive of the control. Therefore, measurement and estimation 
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of the system variables is necessary. Beside the inner cur-

rent and/or voltage loop, the speed control loop is always 

present and in most applications it is placed within an 

outer, output control loop. The control algorithms that are 

used in these feedback loops depend on the application and 

on performance requirements. 

1.2. PROBLEM FORMULATION 

The major performance characteristics of any motor con~ 

trol system are: 

• 

• 

• 

• 

transient response, 

accuracy, 

robustness, 

cost . 

In motion control, the requirements are usually severe. Very 

fast and non-oscillatory transient response is required to-

gether with high accuracy (usually better than 0.01%). Such 

per£ ormance has to be maintained for a very wide range of 

system parameters variation, up to the ratios of 1 to 100 in 

some robotics applications. Such requirements cannot be met 

with classical linear control algorithms. Therefore nonlin-
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ear algorithms, like the sliding mode control or adaptive 

control, have been used recently in motion control systems. 

Another motive for the application of robust algorithms 

in the motion control systems is. a need for the electrical 

drive systems which do not have to be adjusted for each ap-

plication. The elimination of the infield tuning and setup 

time, reduces the cost of the motion control systems, which 

is very important for the further enhancement of the industry 

automation. 

The objective of this research was to investigate the 

possibilities of using nonlinear control algorithms in the 

speed loop of electrical drives, for achieving very fast 

transient response, very high accuracy, and high degree of 

robustness to parameter variations and external disturbances. 

The investigation consisted of analyses of several known 

control algorithms and their modifications, of proposing new 

control algorithms, and of comparing their merits and demer-

its. 

The speed control loop was selected because the system 

parameters which are varying are contained within this loop. 

Al so, the speed of response and accuracy of the outer loop 

is directly related to the transient response and accuracy 

of the speed loop. 

A de motor was selected as the sample electrical drive, 

because it is the simplest to mode 1 and experiment with. 
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This in no way limits the results of this work because, as 

mentioned earlier, the other commonly used electrical drives 

can be treated as equivalent de motors, if the field oriented 

control is used within the inner control loop. 

Al though the cost is a very important performance re-

quirement because it includes such important factors as ef-

ficiency, complexity, reliability, manufacturing costs, 

installation costs, maintenance costs, etc. - which are all 

influenced by the selection of the control algorithm - it is 

only marginally considered in this research. 

1.3. DISSERTATION OUTLINE 

The presentation of the material follows two patterns. 

First, the chapters are mainly ordered by ascending complex-

ity and novelty of the material presented. Second, most of 

the derivations and formal proofs, as well as the practical 

details, are presented in appendices. The exception is Ap-

pendix A, which contains models of the de motor which are 

referred to, throughout the text. 

In the following chapter, the major problems that are 

encountered in the application of the high gain 

proportional-plus-integral (PI) control are presented. Two 
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ways of alleviating the problem of integrator wind-up, are 

also demonstrated. 

The third chapter introduces the concept of the sliding 

mode (SLM) control and gives an example of its implementation 

for the speed control of the voltage driven de motor. 

In Chapter 4, a recent concept of the soft variable 

structure (SVS) control is explained. The major problems in 

the original version of that concept are analyzed, and the 

new, modified SVS control algorithm is proposed. 

The results that were developed in the first four chap-

ters led to the development of a new, adaptive PI (API) con-

trol algorithm. Its principles are presented in Chapter 5. 

Two versions of the algorithm, the soft variable structure 

PI (SVSPI) control, and the sliding API (SAP!) control are 

analyzed in detail. 

Chapter 6 presents the performance comparison between 

the algorithms developed in previous chapters, particularly 

from the aspect of robustness. 

For the purpose of completing the assessment of the new 

algorithms, already known adaptive control results, are dis-

cussed and compared with the SVS and API control in Chapter 

7 . 

Chapter 8 briefly investigates the properties of the 

position control with SVSPI control implemented in the speed 
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loop. A possibility of using the SAPI control concept in the 

position loop itself, is also presented. 

In the last chapter, the summary, conclusions and clos-

ing remarks are given. 



Chapter 2 

NONLINEAR ELEMENTS IN Pl CONTROL 

The linear proportional plus integral (PI) regulator is the 

most widely used one in control of motor drives, as well as 

in many other applications. Its wide acceptance can be 

chiefly attributed to its accuracy in steady state; namely 

to the property that in the equilibrium, the output is always 

exactly equal to the reference input, regardless of the pa-

rameter values or constant external disturbances. Other ad-

vantages of the PI control are its uncomplicated design and 

relatively good transient response in many applications. 

However, it has the serious disadvantage in that the control 

dynamics is quite sensitive to parameter variations and non-

linearities of the plant. 

In his classical text on synthesis of feedback systems, 

Horowitz [ 40], presented many methods of designing robust 

control systems - or as he stated" ... achieving objectives 

despite ignorance" by using classical, linear control 

theory. As repeatedly pointed out in [40], most of these 

12 
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results fail in the presence of "severe nonlinearities". One 

often encountered nonlinearity is saturation, and its effect 

on the PI control is the subject of this chapter. 

2.1. PI CONTROL AND INPUT SATURATION 

The basic structure of a system with PI control is shown 

in Fig. 2 .1. Here, G(s) is the plant transfer function, 

d is the unmeasurable disturbance, and are 

proportional and integral gains, respectively. The transfer 

function of the controller from Fig. 2.1 is 

u 

e 
= g + p 

g. 
]. 

s 

s + z c 

s 
( 2. 1) 

The PI control is usually quite sensitive to plant parameter 

variations, especially for higher order plants. One way to 

reduce the sensitivity in any feedback control system, is to 

increase the loop gain. However, if the plant G(s) in Fig. 

2.1 has two more poles than zeros, the closed loop system is 

very oscillatory for the large loop gains. With larger num-

ber of poles the system may become unstable. Even if insta-

bili ty does not occur, or if it is avoided by the use of 

additional compensators, the problem of reaching saturation 

effects becomes prominent, whenever the large controller 

gains are used. 
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s 

Fig. 2.1: Basic proportional plus integral (PI) control with 
the plant input saturation. 
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n 

Fig. 2.2: Linear feedback system with saturation. 
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To investigate the effect of saturation, consider the 

system on Fig. 2. 2. If u(t) is larger than u m 

-r feedback loop is practically open, although the state 

the 

vari-

able within G (s) is changing according to e(t). This will c 
definitely deteriorate the system response, and can be the 

~cause for instability. It is of interest to find the sta-

bility conditions in this case. 

The sufficient conditions for the system in Fig. 2.2 to 

be globally asymptotically stable is that G (s)·G(s) c has 

no poles with positive real part, and that the Nyquist dia-

gram of G (jw)·G(jw) c lies completely to the right of the 

vertical line passing through the point ( -1, 0) . Proof of 

this statement is based on the circle criterion and is given 

in Appendix B .1. These conditions are quite conservative, 

i.e., there exist many systems which do not satisfy them but 

are still stable. A useful technique for investigating the 

stability of such systems is the describing function analy-

sis. An example of its use, for the system that does not 

satisfy the above conditions, is given in Appendix B.2. 

In motor control, saturation is always present. For 

voltage controlled drives, both the input voltage and the 

armature current (a state) are limited. In the case of cur-

rent drives, the voltage limit is seldomly reached under 

normal operating conditions, so that the plant can be re-

presented with the single saturation at the input, as in Ap-

pendix A. 3. Using the transfer function, of the current 
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controlled motor with output filter, as G(s), from (A.22) 

we have 

G(s) 
s ( s + 2 · 10 3 ) 

If the proportional and integral gains are chosen as 

32 5·103 

the controller transfer function G (s) is c 

s + 160 
G (s) = 32·----c s 

(2.2) 

(2.3) 

(2.4) 

and the closed loop poles within the linear region are 

S1 = - 250 I s 2 = - 640 , S3 = - 1100 ( 2. 5) 

If the disturbance input d (which for the motor is the load 

torque T£.), is taken into account, the plant output is, from 

(A.26), given by 

y = 
36·10 3 

--------•(u - 50·T£.) 
S•(S + 2•10 3 ) 

(2.6) 

'-i Due to the saturation, this system will have different 

transient response for different input amplitudes. In order 

to illustrate that effect, the system was simulated with the 

very small step change in the speed command r , which is 
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shown in Fig. 2.3a, and with the larger step change shown in 

Fig. 2.3b. In both cases, the disturbance rejection of the 

system was tested by applying the step in the load torque ~ 

shown in Fig. 2.3c. 

The wavef orrns of speed, armature current, integral and 

proportional components of the control (which correspond to 

y, u, u. 
1 

and in Fig. 2.1, respectively) for the small 

command step, are shown in Fig. 2.4. If the saturation were 

not present the same waveshapes would be obtained for any 

step amplitude. However, if the saturation is present, with 

(2.7) 

the response of the system to the larger command step from 

Fig. 2.3b, is shown in Fig. 2.5. It can be observed that the 

large overshoot of the output is primarily caused by the un-

controlled increase of the integral component while the sys-

tern was in saturation. This phenomenon is usually called the 

integrator windup. 

From this discussion, it follows that high gain PI con-

trol should be avoided whenever saturation is present, unless 

some modifications are made. The problem of the integrator 

windup has been studied.in the literature for a long time, 

and many solutions have been suggested [77, 61, 50, 11, 32, 

y 

67]. Two examples of modifying the PI regulator in order to*' 

reduce the negative effects of the integrator windup, will 

be presented in the following sections. These results were 
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motivated by the solutions given in the above references, but 

they are new in some details. 

2.2. I-P CONTROL WITH FIXED INTEGRATOR LIMITS 

High gain is used in the PI control, in order to in-

crease the speed of response and robustness of the closed 

loop system. If only the proportional control is used, the 

problem of the integrator windup is avoided, but the system 

has steady state error. 

In the "pseudo-derivative feedback", developed in [61], 

or in the "integral-proportional" ( I-P) control, suggested 

by Harashima [34], the high gain proportional feedback loop 

is closed first, in order to achieve the desired transient 

response and reduction in sensi ti vi ty. This closed loop 

system is then considered as a new plant for which an inte-

. gral regulator is designed in order to eliminate the steady 

state error. 

The idea is illustrated in Fig. 2.6. Here, F is the 

output feedback gain, and the gain l+F is used in the direct 

path to restore the steady state gain of the plant. The 

concept works if the output feedback alone can produce sat-

isfactory transient response and robustness. The added PI 

(or just I) control will slow down the system somewhat, but 

it will assure zero steady-state error. The above condition 
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is generally not valid if the plant is not dominantly 

single-pole, or dominantly double-pole, with both poles real. 

However, the desired transient response may still require an 

integral gain large enough for saturation to be reached. 

Since large overshoots are caused by an uncontrolled 

increase of the integrator output during saturation, the idea 

of limiting that output may be considered, [77]. One way of 

implementing such limits, motivated by [77] and [2], is shown 

in Fig. 2.7. 

The nonlinear feedback over the integrator was ori-

ginally suggested by West and Somerville [77]. Its purpose 

is to limit the output of the integrator in such a way that 

the plant would not be driven into saturation if u p were 

zero. To explain this, consider the differential equation 

governing the integrator: 

. 
u. 

l 
g .• e - g .. µ(u.,U) 

i v i i m 

whereµ(•,•) is given by 

µ(x,X) = { 0 
µ 0 • [x - X ·sign(x)] 

lxl < X 

lxl ~ X 

(2.8) 

(2.9) 

and is shown on Fig. 2.8. If lu. l<U , integrator output 
i m 

is within the limits, and normal integral action takes place. 

When the limit is exceeded, (2.8) becomes 

• u . = g . . e - g . . µ . [ u . - U · s i gn ( u . ) ] 
l l v l 0 l m l 

(2.10) 
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If is very large (ideally µ 0 ~~), the equation (2.10) 

is singularly perturbed, and after a very short transient the 

equilibrium point that is reached, is 

u. = U ·sign(u.) 
1 m 1 

(2.11) 

Even with this control, during the initial part of a 

transient, the plant input may be driven into saturation by 

the proportional component alone. Thus, the change in u. 
1 

is still uncontrollable, in the sense that its effect does 

not influence the plant. Actually, limiting with ( 2. 9), 

gives only an upper bound on the possible overshoots under 

varying operating conditions, [67). 

A further improvement can be expected if an additional, 

"limited field of view", nonlinearity is placed in front of 

the integrator, as shown in Fig. 2.7. Its effect is to zero 

the input to the integral part of the controller at the be-

ginning of the transient, when the error e is large. In 

that way the integral action will be present only for small 

errors, when the proportional part g .e p is small so that 

the saturation is not reach~d. The cut-in value of the er-

ror, o, must be sufficiently large, to al low the propor-

tional feedback to bring the error within the "field of 

view", for the worst case of plant parameter variations and 

external disturbances. However, if these variations are to 

large, the effect of the limited field of view, will be con-

siderably diminished. 
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The control in Fig. 2. 7 was implemented for the speed 

control of a voltage driven de motor. The motor model is 

described in Appendix A.2. In the linear region, the motor 

with the input amplifier and output filter can be represented 

by the transfer function (A.12): 

G(s) = 
K v (2.12) 

The parameter values are given by (A.4), (A.11) and (A.13). 

If the desired closed loop dominant time constant is 

T = 30 ms, then the output feedback should move the motor c 

dominant pole beyond -1/T . c With the choice of the output 

feedback constant as 

F = 20 (2.13) 

the closed loop poles are 

S1 = -140 I s 2 = -1800 , S3 = -3 10 4 . (2.14) 

The PI control can then be designed, around the above loop, 

and with 

s + 33 
G (s) = 6·------~ c s 

the final closed loop poles are 

S1 = - 30 I Sz,3 = - 1000 ± j 870 

(2.15) 

(2.16) 



27 

Assuming that in the worst case an input of u = u m will be 

able to overcome the influence of al 1 disturbances, the 

"field of view" is determined as 

r = 

where V = 12 from (A.6). m 

2 (2.17) 

This system was simulated, and its step response is 

shown in Fig. 2.9. The result shows a small overshoot and 

a very fast transient response. 

The system was experi~entally tested with the same 

structure and parameter values. An analog controller, using 

oper~tional amplifiers, was built. For the implementation 

of the "limited field of view" nonlinear characteristic a 

waveform shaping network, consisting of operational amplifi-

ers and diodes was used. The circuit schematic of the con-

troller is shown in Appendix F.4. The experimentally 

measured waveforms are given in Fig. 2.10, and although the 

result is generally satisfactory, it is somewhat oscillatory. 

The problem with this kind of control is the exceptional 

severity of the "limited field of view" nonlinearity. 

Atherton (2, pp. 190-193] has shown that this nonlinearity 

can cause oscillatory behavior and even "jump phenomena". 

This behavior was not observed in the simulations, but it did 

appear in experiments as can be clearly seen in Fig. 2. 10. 

The oscillatory behavior was even more pronounced when the 
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gain Kv was increased, as is shown in Chapter 6, together 

with the other robustness related experimental and simulation 

results. 

2.3. VARIABLE LIMIT PI (VLPI) CONTROL 

From the discussions in the preceding sections, a more 

general idea is emerging: If some nonlinear elements are 

present in the plant, for optimum performance these nonline-

arities have to be accounted for, by appropriate nonlinear 

effects in the controller. The question of which nonlinear 

effect is appropriate, has to be answered for each class of 

plants, as is usually the case with nonlinear control. In 

the PI control of a plant with an input saturation, the clue 

is to limit the controller variables in such a way, that the 

input limit is never exceeded. Then all changes of the con-

troller output have effect on the plant, and therefore a 

closed-loop feedback exists at all times. 

achieving this is presented in this section. 

One way of 

Consider the system in Fig. 2.11. In the proportional 

branch of the controller, a fixed, saturation type, nonline-

arity is added, so that u p never exceeds ±U m The inte-

gral component has a variable feedback limiter, the output 

of which is given by 
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- u m - u p < u. 
l 

< u m - u p 

(2.18) µi(ui,up,Um) 
lu 1::;u P m 

= { 0 , for 

µ Q ' { U • - [ u Si gn ( U • ) - U l } / elsewhere. 
i m i p 

This nonlinearity has the same form as the one shown in Fig. 

2.8 with x u. , and variable limits 
l 

m u m 

M = U u 
m P 

u p 
(2.19) 

Operation of this limiter is also similar to the one de-

scribed in the previous section. During the interval when 

I u. +u I <U , the system operates as linear PI. 
i p m When the 

limit is even slightly exceeded, u. is governed by 
l 

u. = g 1.{e - µ 0 • [u. - U 0 sign(u.) + u l} 
i i m i p (2.20) 

Since µ 0 is large, after a very short time we have 

u u. 
l 

(2.21) 

Therefore, the input limit is never exceeded considerably, 

and the sign of u. 
l 

is preserved. Obviously, for 

u = u p m the integral component is u. is equal to zero. 
l 

This control algorithm was implemented for the speed 

control of a current driven de motor. Except for the added 

nonlinearities, the system is exactly the same as the one 

simulated in Section 2.1. For the very small step-input from 
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Fig. 2.3a, the response is exactly the same as in Fig. 2.4. 

For the larger step-input from the Fig. 2. 3b, the response 

is shown in Fig. 2.12. An improvement of the transient re-

sponse is clearly seen when compared with Fig. 2. 5. . It is 

important to note that the overshoot in Fig. 2.5 varies with 

the input-·step amplitude, whereas the response in Fig. 2. 12 

is the same for all amplitudes for which saturation is 

reached. 

The improvement achieved in this particular case is ap-

parent. However, we were unable to generalize this approach, 

although intuitively at least some level of generalization 

should be possible. A short discussion of the stability 

concerns is given in Appendix B.3. 

The VLPI control is quite similar to the methods of 

avoiding the integrator windup by using the fixed feedback 

limiting of the integrator, [ 77, 50] . However, because the 

integrator limiting function µ 1 is varying, the plant input 

saturation is never exceeded in the VLPI control, which is 

not the case with the fixed limiting. In this way, the 

overshoot is completely avoided if the linear controller has 

real poles. The idea presented here was derived from the 

work of Franke [28], where the same kind of limiter was used, 

however, in a particular nonlinear controller, which is de-

scribed in Chapter 4. 

* * * 
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The influence of the plant-input saturation on the per-

formance of the systems with PI control has been discussed 

and illustrated in this chapter. Several ways of dealing 

with the problem are also presented. Although none of these 

methods infer an increased robustness explicitly, they none-

theless imply it, by allowing the use of higher gains without 

detrimental effect on transient performance and stability. 

A completely different and totally nonlinear approach 

to the problem of system robustness is presented in the next 

chapter. 



Chapter 3 

SLIDING MODE CONTROL 

Sliding mode control is a control algorithm which inten-

tionally introduces discontinuous (i.e. , switching) action 

in the feedback, in order to increase the robustness of the 

closed loop system. In the ideal case the system response 

is insensitive to plant parameter variations and external 

disturbances. In fact this is the only control algorithm 

which can guarantee (at least theoretically) total system ~ 

invariance for a wide class of plants and disturbances [17]. 

Due to this unique property it has attracted a great deal of 

interest in recent years. 

There are already many papers presenting applications 

of the sliding mode (SLM) control to de drives [ 14, 15, 73, 

46, 35, 47, 24] and in several cases to ac drives [ 63, 64, 

4, 58, 9]. However, there are hardly any commercial drive 

systems that use SLM control. This discrepancy can be par-

tially attributed to the novelty of the method, but it also 

36 
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indicates the presence of practical difficulties in imple-

menting the SLM control. 

This chapter presents some of the problems in using SLM 

control for speed control of de motors, and ways to solve 

them. The same problems were treated in detail by Balestrino 

et al. in [ 3], where they used SLM in the model reference 

adaptive control. The major reason for including the treat-

ment of SLM control in this work, is to provide a common 

reference against which the robustness of other control al-

gorithms can be evaluated. 

3.1. STRUCTURE AND OPERATION OF THE CONTROLLER 

There exists already a vast amount of references on an-

alyses and design of systems with sliding modes, most of it 

is in the Soviet literature. However, much is available in 

English, either as translations, or original works [69, 42, 

70, 18, 79, 71, 78]. Only a special case of designing SLM 

control for a linear, second order, single input single out-

put (SISO) plant, will be described here. 

Consider a plant in phase canonical form: 

1 
] • [ :: ] + [ : l v + [ _: ] • d (3.1) 



38 

{ u u > u u u 
v u ui s u s u (3.2) u 

ui / u < ui 

where d is a constant but unknown disturbance. Suppose that 

it is desirable to drive the state x 1 to the origin from some 

initial condition x 10 , with a transient that is character-

ized by a single time constant T, i.e., c 

( -t ) x 10 .. exp - T 
c 

. Since x 1 = x 2 the above condition is satisfied whenever 

where 

" -
1 
T c 

(3.3) 

(3.4) 

(3.5) 

If the plant parameters and the disturbance d were precisely 

known, the design objective (3.3) could be achieved with a 

simple state feedback. However, in a practical situation, a 

different kind of control is necessary. 

In SLM control, the idea is to keep the equation (3.4), 

at least approximately satisfied, by using a special 

switching-type control. The control that achieves this for 

the plant (3.1), (3.2) is given by, [42, 46], 
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u = - I/I 1' X1 - 1/12' X2 - o•sign(o) (3.6) 

{ ex 1 I X1 • o > 0 
"'1 = (3.7) 

f) 1 I X1•0 < 0 

{"' I X2•0 > 0 
"12 = (3.8) 

f) 2 X2·0 < 0 

The operation of the controller is illustrated in Fig. 3.1, 

where a trajectory of the system is shown in the phase plane. 

Equation (3.4), representing a straight line in that plane 

is called sliding line. If the system was originally at 

point A, the control (3.6) will be 

(3.9) 

because x 1 <O, x 2 > 0 and o < 0 . The coefficients in (3.9) 

have to be such as to move the system towards the sliding 

line, preferably as fast as possible. This corresponds to 

the segment A-C in the figure, where the part B-C shows the 

system in saturation. After crossing the sliding line at 

point C, o changes sign while x 1 and x 2 do not, so that 

the control is 

(3.10) 
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A 

Fig. 3.1: Sliding mode trajectory. 
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The coefficients in (3.10) now have to be such that the sys-

tern is forced back across the sliding line. This corresponds 

to the segment C-D. At D, another change of the sign of o 

is detected, so the control given in (3.9) is applied again. 

The above described process repeats, which results in a 

chattering motion along the sliding line to the origin. If 

it is possible to detect the sign-changes, and switch the 

control as soon as they are occur, the chattering will be 

negligible, and the motion of the system (3.1), after leaving 

the saturation, will be described by (3.3). 

The values of coefficients in (3.6), that will guarantee 

this behavior, can be found from the sufficient condition for 

existence and reachability of the sliding mode [71], which 

is 

. 
O·O < 0 , ¥ X except when o - 0 (3.11) 

For our system, this conditions are satisfied if the follow-

ing relations hold. 

(3.12) 

u . u < 0 u 2. (3.13) 

at 
<l 1 ~ - - ~ ~ 1 (3.14) 

b 
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h 
o > - •max ( I d I ) 

b 

(3.15) 

(3.16) 

The conditions ( 3. 12) and ( 3. 13) are necessary due to 

the presence of the saturation at the input of the plant. 

The first one requires that the open loop plant is stable, 

so that starting with any initial conditions the system will 

come within the input limits. The second one ensures that 

the origin (equilibrium state) is within the limits. 

The conditions (3.14)-(3.16) assure the reachability and 

existence of sliding mode, within the limits. They are eas-

ily obtained from (3.11) by performing the differentiation 

and then substituting (3.1) and (3.6) into it. The following 

expression is obtained 

- b·o•o.sign(o) - o·h·d (3.17) 

and then by using (3.7) and (3.8), the conditions follow di-

rectly. Stability of the system, when operating in the 

sliding mode, is automatically assured by T being positive. c 
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The remarkable result is that the relations 

(3.14)-(3.16) are single sided, i.e., given any plant param-

eters and disturbances, an appropriate set of control param-

eters can be found, such that these relations hold. Even 

more, if the parameters and the disturbances are varying but 

bounded, choosing the controller parameters in such a way 

that (3.14)-(3.16) are always satisfied, will guarantee com-

plete invariance, i.e., the system response will still ·be 

governed by ( 3. 3), as desired. 

there is no theoretical limit on T c 

Also, from (3.14)-(3.16) 

However, for T ~ 0 I c 
from (3.15) it follows that a 2 ~ ~ , so some practical limit 

must be imposed. 

In many cases, much simpler control can be used to ob-

tain the sliding mode. If the plant is open-loop stable, as 

required by (3 .12), then a bounded input produces bounded 

output. So, there are bounds on x 1 and x 2 that correspond 

to the bounds on the input v. From (3.17) it is then obvious 

that there exists some o, such that (3.11) is satisfied even 

In that case, the resulting control 

u - O·sign(o) , (3.18) 

is extremely simple. However, in practical implementations, 

such control very often results in excessive chattering. 

In practice, a successful implementation depends on the 

ability to switch the input fast at the right instants. Fast 
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switching is usually not a problem with the modern power 

electronic devices. But, accurate observation of the system 

states is by no means trivial. Some states may not be meas-

urable, so some kind of state estimation must be used. Also, 

noise is always present and filtering has to be employed,-¥ 

which causes delays. In digital implementation there is also 

computational delay. Combined effect of all or some of these 

factors makes the estimation of the right instants of 

switching very difficult in most cases. This results in the 

chattering along the sliding line, instead of ideal "slid-

ing". These oscillations may cause excessive power dissi-

pa ti on, strain on system components, and they can excite 

higher order resonances that may be present in the system. 

Some of these problems are illustrated in the next section. 

3.2. IMPLEMENTATION OF SLM CONTROL FOR SPEED REGULATION 

A sliding mode control algorithm described in the pre-

vious section was implemented for de motor speed regulation. 

A voltage controlled motor was used. Its model and block 

diagram are given in Appendix A. 2. The appropriate phase 

cannonical form, with speed and speed derivative as state 

variables, is given in Appendix A.4. Speed measurement y, 

is obtained through the output filter with the time constant 

Tf' Fig. 3.2. The desired time constant of the closed loop 
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system was chosen to be 100 times smaller than the motor me-

chanical time constant T , m 

T c 3 ms (3.19) 

Using the parameter values from (A.13), (A.35) and (3.19), 

the conditions (3.14)-(3.16) were evaluated and the system 

was simulated. The motor response to step changes in command 

and torque is shown in Fig. 3.3a. Very fast transient re-

sponse and excellent disturbance rejection are exemplified. 

These results are just theoretical. For the control 

that will ensure the existence of the sliding mode along the 

sliding line, the knowledge of both states x 1 and x 2 is 

necessary. However, only the speed measurement y is known. 

Since the system is observable, an observer can be used. If 

the classical Luenberger observer [ 55] is used, the 

robustness of the SLM control is lost, since the observer 

does not provide an accurate estimate if the plant parame-

ters, and all inputs (including Ti) are not known. A common 

way out is to neglect the output filter dynamics and assume 

that 

(3.20) 

Although (3.20) can be satisfied with small error, the esti-

mation of x 2 based on (3.20) can be very erroneous. This is 
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due to the fact that the dynamics of the armature current and 

therefore of the x 2 = x1 , is much faster than the output 

filter dynamics (Te<< Tf). To illustrate this effect the 

SLM control system was simulated with the same parameters as 

for Fig. 3. 3a, -but instead of the original states, x 1 from 

(3.20) and was used. The result is shown in Fig. 

3.3b. The armature current oscillations are now limited only 

by the current limit. Although the speed response may still 

be acceptable, the increased power dissipation is intolera-

ble. 

In order to reduce the current oscillations, a choke may 

be added in the armature circuit if a voltage control is 

used. For the current controlled drive, an integrator may 

be added in front of the current controller, as was done in 

[ 15] . In both cases the armatu~e current dynamics is slowed 

down enough, so that the estimation of x 2 based on the ap-

proximation (3.20) is possible. In the current controlled 

case, it was also possible to build an unbiased, robust ob-

server. However, such an approach can be used only if a slow 

transient response of the closed loop system is desired. In 

our case, the objective is to achieve a transient response, 

and instead of an observer, the nonideal differentiator is 

used: 

s -~2 (3.21) 
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This implies that for the approximation x2 ::: x 2 to hold, at 

least the following has to be satisfied: 

T > T > Tf c e (3.22) 

Since we are using the voltage control, a choke was added, 

so that the armature circuit inductance is increased to 

which resulted in 

L = 5 mH 

T == 2.17 ms e 

(3.23) 

(3.24) 

so that, with Tc = 3 ms and Tf = 0.5 ms, (3.23) is barely 

satisfied. With these values, the new set of the system pa-

rameters is given by (A.38). Then the conditions 

( 3. 14 )- ( 3. 16) are evaluated again and the following values 

are chosen: 

c = 5 

S1 = -1.5 

S2 = -0.2 (3.25) 
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With the new parameter values from ( 3. 24) and ( 3. 25) the 

system was simulated again, and the result is shown in Fig. 

3.4a. The resulted chattering is considerably reduced. 

An experimental sliding mode controller was designed, 

based on the diagram in Fig. 3.2. A nonideal differentiator 

(3.21) and the control components S1 e, ~ 2 e, and S2 e were im-

plemented by using analog amplifiers. Detection of sign 

changes necessary for synthesizing the control (3.6)-(3.8) 

was done using the fast comparators and logic circuitry. The 

circuit diagram is shown in Appendix F.5. The controller and 

motor parameters are the same as those used in the simu-

lation, equation ( 3. 25). Experimentally measured waveforms 

are shown in Fig. 3. 4b, and good agreement with the simu-

lation can be observed. 

Further simulation and experimental results are pre-

sented in Chapter 6, where they are compared with other types 

of control, for different plant parameters. 

* * * 

The basic principles used in designing a sliding mode 

control for de motor speed regulation were presented in this 

chapter. A major obstacle in implementing SLM control is the 

problem of accurate estimation of instantaneous values of 

state variables. One way to resolve the difficulty in the 

specific case, was presented and the validity of the approach 
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Fig. 3.4: Transient response of the SLM control system when 
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a) Simulation with the inputs from Fig. 2.9a. 

b) Experiment with the step speed command from 
Fig. 2.9a, and T~ = 0.017 N·m . 
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was testified by simulation and experimental results. How-

ever, the problem of chattering remains as the major draw-

back. Methods of retaining the robustness of SLM control and 

eliminating the undesired chattering,. are still the object 

of current research, [65, 24, 58]. In the next two chapters 

some new results in the same direction are presented. 



Chapter 4 

SOFT VARIABLE STRUCTURE CONTROL 

In the control of electrical drives a simple output feedback 

usually provides satisfactory transient response. The PI 

control assures that the equilibrium error is always, zero, 

but it is sensitive to plant parameter variations. On the 

other hand, the SLM control described in the previous chap-

ter, provides excellent robustness. A method of directly 

combining last two algorithms in such a way that their good 

properties are retained, and that their drawbacks are elimi-

nated, does not exist. 

has to be searched for. 

Therefore, some kind of compromise 

Recently, two significant theoretical results have been 

reported, which combine some kind of integral control with 

very high gain feedback control, in such a way that sliding 

motion is avoided. One method is due to the German re-

searcher Franke [28, 27, 29], and the method is named the 

soft variable structure (SVS) control. Another one was in-

53 
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dependently developed by Soviet scientists Emelyanov 1 and 

Korovin [20, 19, 22, 23, 21], and it is called the integral 

coordinate-parametric feedback. The two concepts are char-

acteristically similar, although SVS just permits the use of 

an infinite gain, whereas the integral coordinate-parametric 

feedback uses the infinite gain explicitly through the "sign" 

function. Also, Franke' s formulation is much less struc-

tured. 

The present research was concentrated on the SVS control 

and its application to the electrical drives. In this chap-

ter the concept of SVS is introduced first; then the struc-

ture of the modified controller suitable for speed control 

of electrical drives, is formulated. Finally, implementation 

results are presented. 

4.1. CONCEPT OF SVS CONTROL 

Soft variable structure control evolved from the study 

of bilinear systems [26], and the control algorithm is de-

rived by Liapunov's direct method (45]. The results were 

originally obtained for multivariable, as well as distributed 

It is interesting to note that Emelyanov headed the re-
search group which developed in 1960s the first system-
atic theory of sliding modes. 
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parameter, linear systems [28, 27]. However, for our pur-

poses, only a single-input, single-output (SISO) case is of 

interest, and it will be presented here in a somewhat sim-

plified form. 

Consider a SISO plant described by the following 

equations: 

x = A.x + b.v 

y = c'x 

v = { u 
U . sign u m 

u,v,y e R 

lul 

u m 

> u m 

(4.1) 

(4.2) 

It is assumed that the plant is stable and that it has unity 

steady state gain, i.e. 

(4.3) 

Assumption (4.3) is for notational reasons, and does not in-

fluence the generality. Under these assumptions a soft var-

iable structure controller is given by: 

u r + P·Y (4.4) 

p (4.5) 
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(4.6) 

where r is a reference input, x s is desired equilibrium 

point of x, and µ2 is given by: 

µ2(p,y,r,Um) = 
I rl <Um 

Function 

0 - u m - r ~ PY ~ u m - r 

(4.7) 

um.sign(p·y) - r 1 
~~~~~~~~~-! , elsewhere. 

y J' 

has the same form as µ depicted in Fig. 2.8 

with x corresponding to p, and the variable limits 

m = 

M 

- U - r m 

y 

U - r m 

y 

(4.8) 

In [28, 27] Franke proved that this system is globally 

asymptotically stable if q > 0, and Q1 is a solution of 

(4.9) 
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where is any nxn positive definite matrix. We have 

found a flaw in Franke's proof, so that it does not hold if 

reference input r is equal to zero. 

The fact that the system is not asymptotically stable 

when r = 0 can be directly observed from equations 

(4.1)-(4.6). If r = 0 it follows from (4.6) that 

x = 0 , and then from (4.5) and (4.1) the equilibrium values s 
of the plant output and states are also equal to zero. How-

ever, from ( 4. 4), the controller state p , can have any 

value in equilibrium. Therefore, the system is not 

asymptotically stable by definition. The problem is further 

elaborated in Appendix C.l. 

However, if r1'0 the system is stable, and therefore 

throughout this section we will assume that r1'0. Much of 

the research effort that will be presented in the rest of 

this chapter and in the next chapter, is directed towards 

removing this deficiency. 

Control (4.4) can be viewed as an output feedback with 

adaptive gain p. The mechanism of adaptation is then given 

by ( 4. 5). In order to increase the speed of adaptation 

process, the gain q in (4.5) is usually very large. 

The transient response of the SVS control can be divided 

into three modes of operation. In which mode the system op-

erates, depends mainly on the size of the state error 

Ix - x I s 
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Input limit mode: Ix - x 1>>1 s 
If y~ 0, due to very large q, IPI is very large, and p 

will reach the limit, set by the function after very 

short transient. Thereafter p is given by 

p = (4.10) 
y 

as obtained from (4.5), after substituting (4.7) and letting 

Hence, the plant input is u = U ·sign(p·y), i.e., m 

the "feedback gain" p is continuously adjusted to the value 

just large enough to keep the plant in the limit. 

Integral action mode: 

Due to (4.3) it follows from (4.4) that in equilibrium 

pe = 0, and therefore p is not in the limit, in this mode. 

Also, y = y , so from (4.4) and (4.5) it follows that the e 

input to the plant is 

t 
u = r - q·y2 •J(x - x )'·Q1 ·b·dt e 0 s (4.11) 

This shows that an integral-type feedback is present when the 

system is very close to steady state. 

Ix - x 1<<1 s Transition mode: 

The system operates in this mode during the transient between 

the two previous modes. The action of the limiting function 
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µ 2 during the input limit mode has a profound effect on the 

operation of the system in this transient. If were 

identically equal to zero, the variable gain p would have 

increased considerably beyond the limits during the input 

limit mode. In that case, there will be some delay from the 

moment when (x-x )'Q 1 by changes sign, until the plant input s 
u comes within the limits. For sufficiently large q, such 

effect would produce a limit cycle with u(t) varying as: 

= U -sign[(x - x )'·Q1 ·bl m s y -f. 0 ( 4. 12) 

The control of this type was considered in Section 3.2, and 

from equation (3.18) it follows that a sliding mode control 

will result along the sliding line: 

(4.13) 

However, with µ 2 given by (4.7), the system will leave the 

input limit mode immediately after 

(i.e. p ) changes sign. Then, because the system is globally 

asymptotically stable, the state error will reduce enough for 

the system to enter the integral action mode. 
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This discussion shows that the SVS control possesses the 

features of the high gain output feedback, and of the inte-

gral control. Also, a close proximity of the SVS control and 

SLM control (also called variable structure systems) can be 

observed. This implies a possible robustness of the SVS 

control. In [29) Franke has actually derived the conditions 

under which the soft variable structure control is invariant 

to parameter variations and external disturbances. Although 

these conditions are not satisfied in most cases, it has been 

shown that the control nonetheless has excellent robustness, 

due to the large gain q 

There are two major problems with the SVS control. One 

is, as already mentioned, lack of asymptotic stability for 

r = 0. The condition that y~O, which was needed in qual-

itative description of the regions of operation is directly 

related to this problem. Even if y is close to zero, it 

is seen from (4.5) and (4.11) that the influence of the large 

gain q is diminished. Hence, the system will be more sen-

sitive in this region. 

Another problem is that an output feedback was at-

tempted, but the full state feedback resulted. In particular 

cases, b and Q1 may contain many zeros, so that just a 

partial state vector may be necessary for the controller 

synthesis. The SVS control can be pure output feedback only 

if 
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c'·b # 0 (4.14) 

The proof of this statement is in Appendix C.2. The condi-

tion (4.14) is very restrictive, because it requires that the 

number of plant poles is exactly by one smaller than the 

number of zeros, [ 78] . This is not satisfied for many 

plants, and specifically not for de motor. 

The severity of the second problem is even more pro-

nounced in systems with unmeasurable disturbances. For, even 

if all the necessary states are accessible, their equilibrium 

values are no longer given by (4.6) since they also depend 

on disturbances. 

4.2. MODIFIED SVS CONTROLLER 

Due to the problems outlined in the previous section, 

it was not possible to implement the SVS control in its ori-

ginal version. In a de motor there are two states: rotor 

speed and armature current. The equilibrium value of the 

armature current is almost solely determined by the applied 

torque, i.e. unmeasurable disturbance, and therefore the 

current cannot be used in the SVS controller. In order to 

solve the problem, the system (4.1) is augmented with the 

new, "dummy" state variable z, such that 
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• z - A.·z + A.·v (4.15) 

where v is the input to the plant. Then the equation that 

governs the adaptation of the feedback gain p is given by 

p = - q • [ k 1 • ( y - r) + k 3 • p. y + k 4 • ( z - r) ] • y + 

(4.16) 

instead of (4.5). In Appendix C.3 it is proved, that for any 

there exist some positive 

* 
* A. and 

k 4 such that the system ( 4 .1) with the control ( 4. 4), 

(4.7), (4.15) and (4.16) is globally asymptotically stable 

* * for all A. > A. and k 4 > k 4 , provided that (4.1) has all 

poles with negative real part. 

The major improvements over the original Franke's con-

trol are: 

i) High-gain, output-only, feedback is possible, re-

gardless of the plant structure, (4.1). 

ii) The 

Ir I 

system is asymptotically 

< u m (including r = 0). 

stable for all 

The price paid for these improvements is the addition of a 

new state z to the controller, and the presence of the 

factor E•p. 
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The dummy state variable z, may appear as an observer 

which substitutes for the ignored state variables of the 

plant. However, it is not, because only one variable is 

needed regardless of the order and structure of the plant, 

and it has only lower boundary on the value of its pole \. 

Consequently, \ may be chosen as infinite. In that case, 

from (4.15) 

z :::: u = r + P·Y (4.17) 

which gives 

(4.18) 

In this way, equation ( 4. 15) can be completely eliminated 

from the controller. 

Factor E. p 

tation mechanism 

provides additional dynamics to the adap-

(4.16) and assures the stability for 

r = 0. The system is stable with any E > 0, but if E is 

very large (say E :::: q), the feedback becomes quite weak. 

This is obvious from (4.16), because the plant output then 

has much smaller influence. The problem is especially pro-

nounced for r - 0, i.e. when y :::: 0. Therefore, the system 

still does not have satisfactory performance when the output 

is close to zero, al though the theoretical problem of sta-

bility at r = 0 has been solved. To alleviate the problem, 

all the variables in the plant model (4.1) can be offset by 
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their maximum negative equilibrium values. Since it was as-

sumed that the plant gain is unity, (4.3), the offsetting is 

done as 

..... 
V = V + u / m 

" y y + u m 

The plant model is then 

" x 

• A. ,.. A. 

x = A x + b v 

u m 

x - A- 1 • b-U m 

u > 2 u m 

o ~ G ~ 2 u m 
u < 0 

" u = u + u m 

(4.19) 

(4.20) 

(4.21) 

(4.22) 

With offsetting, the case "' "' r = y = 0 is placed outside the 

range of interest, so that the global stability is not re-

quired. The offset system is still asymptotically stable in 
A. the domain 0 < r < 2U , even with E = 0. m 

With the modifications (4.18) and (4.19), the modified 

SVS control of the plant (4.20)-(4.22), is given by 

.... " " I.( = r + P·Y 
(4.23) 
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where (4.3) still holds, and 

""' r 
-) ..... y 

,.. " 
µ 3 (p,y,r,Um) 0 -.... 

O<r<2U m 
r 

µ o • IP -
L 

" 2·U - r 1 
m I 

" J y 

r = r + u m 

...... 
r ~ 

"' " P·Y < - .r 

"' "" P·Y ~ 2·U - r m 

..... "' P·Y > 2·U - r m 

(4.24) 

(4.25) 

Variable µ 3 serves the same function as µ 2 , except it is 

also offset by u . m It still has the form depicted in Fig. 

2.8, with x corresponding to p, and the limits 

"' r 
m = - -,.. 

y 
(4.26) 

2 ·U " - r 
M m = 

A y 

4.3. IMPLEMENTATION RESULTS 

The modified SVS controller described by equations 

(4.19)-(4.26) of the previous section was implemented for the 
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de motor speed control. The block diagram of the system is 

shown in Fig. 4.1. The plant is the voltage driven de motor, 

whose model and parameter values are given in Appendix A.2. 

An output filter is used for noise reduction, and the plant 

steady state gain is unity, as explained in Appendix A. 2. 

Upper and lower limits of p, (m and M) are calculated ac-

cording to equation (4.26) with two dividers needed to per-

form that calculation. In addition, two multipliers are 

necessary to perform the noted multiplications. The rest of 

the algorithm is simple, and is easily realized using scaled 

summers. 

The whole system was simulated and built experimentally. 

Analog components were used in the experiment, and the cir-

cuit diagram is shown in Appendix F.6. 

The modified SVS controller has five parameters: u I m 
U is given by the plant saturation level, m 

and in our case it is the voltage limit v m from ( A . 6 ) . The 

constant should be as large as possible, limited only 

by the available gain. In our case, µ 0 ~ 10 5 • The remaining 

three parameters can be reduced to two, q·k1 , and k 2 /k 1 , 

by factoring k 1 in front of the brackets in equation (4.23). 

The effect of different values of q is shown in Fig. 

4.2. Both simulation and experiment show considerable im-

provement in the transient response when q is increased. 

So, the gain q should be chosen as large as possible, lim-

ited only by the noise level in the measurement signals. 
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The magnitude of q does not influence the steady state 

error, as can be observed in Fig. 4.2a. From (4.23) the 

equilibrium value of P·Y is 

and then 

A 
v e 

A 

r e (4.27) 

Using (4.27) and the motor model in Appendix A.2, it is eas-

ily obtained that 

where R, c, D 

A 
r e 

k 2 /k 1 R·c 
------·T 9. (4.28) 

kfri + R·D 

and k m are motor parameters, and T9. is 

load torque. It is now obvious that the equilibrium error 

does not depend on q, but on the ratio k 2 /k 1 . 

From ( 4. 28) it follows that the error would be zero if 

k 2 = 0. However, from the stability analysis in the previous 

* section and in Appendix C. 3 it follows that k 2 > k 2 > 0. 

The effect of the various values of k 2 /k 1 is shown in Fig. 

4.3. Both, simulation and experiment are in the excellent 

agreement with the theory: large k 2 /k 1 causes large equi-

librium error, and too small k 2 /k 1 causes instability. 



70 

8 
k2/k1=0.l 

~ iii 
~<D r ~ 

~8 ,_g _{_ U) • 

'"' o:! Z· wm a: a:: 0: a:: 
~~ :J 

0" 
u~ 

w:! W· a::o w :J a.. .... 
(1)8 a 

~ii! 8 a_ 
' 

~ 
k2/k1=0.0l 

"' iii - ~<D 

~ 

rf ~8 
U) • ,_g 
'"' o:! Z· wm a a:: a:: a:: 
~8 ::J · 1 uo 
0" w~ v\t. w:! ~ w a::o 
a.. ::J 
U)g 

.... a i:::o 
8 a::co a...: 

' 

8 k2/k1=0.001 
"' 0 

~ 0 m - ~" <D 

~ 
~8 
U) . .... ~ oa: 
'-2! Z· 

I~~~ 
"'~ 

0- w'" a a:: a:: a:: .... 
~8 ::J z 

U!:! w oa:: 
0" wci "'O:: w:! a::' ca w ::J a.. .... 
U)g a w 'a:: i:::co al::i 8 a::<-

a·~ 
..... -a 'i::: a:: a 

0 
~ 
"': 

0.00 0.03 0.06 0.09 0. 12 o. 15 0.00 0.03 . 0.06 0.09 o. 12 0. JS 
TI ME I, I TIME Is I 

a) b) 

Fig. 4.3: Transient response of the modified svs control 
system for different values of k2/k1 I and 
q = 10 3 k1 = 30 I 

a) Simulation with the inputs from Figures 2.3b 
and 2.3c. 

b) Experiment with the step speed command from 
Fig. 2.3b, and Ti = 0.017 N·m 



71 

From these results it follows that the only critical 

parameter of the controller is k 2 /k1 • From Appendix C.3 and 

equation (4.18), a lower bound on can be found as a 

function of and the Liapunov function of the plant. 

Since a Liapunov function is never unique, it is very diffi-

cult to estimate the smallest In our case, direct· 

* simulation showed to be quite simple, and the minimum k 2 

was obtained by trial and error. 

Finally the controller parameters that we have decided 

upon, are 

q 500 

30 (4.29) 

Simulation and experimental results for the motor 

start-up, when these parameters are used, are shown in Fig. 

4.4. 

In order to investigate the effect of the asymmetry of 

controller operation induced by offsetting, (4.19), the 

steady state error and the small signal bandwidth were eval-

uated over the operating region. Variation of the steady 

state error for a nominal torque, as obtained by simulations, 

is shown in Fig. 4.5. Measured small signal bandwidth vari-

ation is shown in Fig. 4.6. Both results show that the var-
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iation of the system performance over the operating region 

is quite small, and that asymmetry is negligible. 

The controller was further tested, and the results re-

lating to robustness are presented in Chapter 6. 

4.4. DIGITAL IMPLEMENTATION 

The controller shown in Fig. 4 .1, with the parameter 

values from (4.29) was also implemented on a microprocessor 

system with INTEL 8751 as the main processor. This imple-

mentation, and its analysis was reported by Lee in his mas-

ter's thesis, [53]. Detailed description of the hardware and 

software used, as well as simulation and experimental results 

are presented there. 

It has been demonstrated that digital implementation of 

the SVS algorithm is considerably simpler than the analog 

one. The hardware configuration was minimal, i.e. the same 

as is necessary for implementation of even the simplest speed 

control algorithm. The whole software was successfully exe-

cuted within a cycle time of 1 ms, which is sufficiently fast 

for most applications. 

However, the nonlinearities present in the SVS control-

ler, in conjunction with the offsetting of variables 

(equations (4.19), (4.23)) caused problems which were not 

present in the analog implementation. To explain these 
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problems consider equation (4.23) near steady state, where 

"' " y = y and µ 3 = 0. e In s-domain we then have 

" " i> "2 S•p = - q·k1·Y ·(y - - q·k2·Y ·P e - e-
or ,. 

q•k1·Y 
A .E) e (4.30) E = • (:£. -

"2 s + q·k2·Y. e 

This linearized form of the SVS algorithm shows that, around 

steady state, the feedback gain p is changing as a filtered 

error. The filter is of the first order, with a variable gain 

and a variable pole. However, throughout the operating range 

" (0 < y < 2U ) the pole is always negative and real. e m This 

assures the "well-behavedness" of the system in analog im-

plementation. 

The same is not true for the digital implementation. 

The discrete time version of equation (4.23), which was used 

by Lee [53, pp. 53-55] is (in our notation): 

"" " p(n)-y(n) = p(n-1)-y(n-l) + 

- T · q·k1 • [y(n) - ~(n)][y(n)] 2 + s 
- Ts· q·k1·P(n-l)·y(n-l)· [y(n)] 2 (4.31) 

where T the is sampling period. Close to steady state we s 
have 

A A A 
ye = y(n) = y(n-1) (4.32) 
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and the z-domain equivalent of (4.30) is then from (4.31) and 

(4.32), given by 

A (4.33) 
z - ( 1 - T · q · kz • y ) s e 

This again represents a first order filtering of the error, 

with the filter pole given by 

(4.34) 

With the digital, scaled range of .... " Ye (0 <ye< 16), and the 

values of the constants ( T = 0. 7 ms, q = 500, k 2 = 1/64) s 

used in [53], z 1 lies in the interval 

-0. 4 < z 1 < 1 (4.35) 

Although (4.35) assures stability, it is also known [51], 

that negative real poles in the z-domain produce an alter-

nating sequence in the time domain. Hence, a considerably 

increased fluctuation of the control input, and therefore of 

the armature current, was noticed for positive speeds 
.... 

(8 < ye < 16) than for negative speeds " (0 < y < 8) / e Fig. 

4.7. This effect was also aggravated by the increase of gain 

in (4.33), at positive speeds. 
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The problem outlined above, can be solved by decreasing 

the sampling time and/or decreasing gain q. However, using 

a faster microprocessor will unduly increase the cost of the 

system, and using smaller q causes deterioration of .the 

performance of the SVS control algorithm (see Fig. 4.2). 

* * * 

In this chapter, a novel, modified SVS control algo-

rithm, for use in de motor speed control, was presented. The 

control system is robust and has very fast response without 

significant overshoot. It is easy to design, although some-

what complex to implement. 

ent. Due to large gains 

The steady state error is pres-

and offsetting, there are are 

serious problems in the digital implementation. 

The difficulties experienced in the digital implementa-

tion directed further research towards finding the control 

algorithms which can operate satisfactorily at the plant 

output close to zero, and therefore avoid the offsetting. 

These results are presented in the next chapter. 



Chapter 5 

ADAPTIVE Pl CONTROL 

One way of implementing a control algorithm which combines 

the properties of the output feedback integral control and 

the very high gain feedback, but avoids sliding mode, has 

been presented in the previous chapter. The resulting modi-

fied SVS control achieved very fast and smooth transient re-

, sponse and excellent robustness. However, a steady state 

error was still present, and offsetting of the system vari-

ables produced undesired chattering in the digital implemen-

tation. 

In this chapter, a method of directly combining a PI 

control with an SVS control, is presented. The method, named 

adaptive PI (API) control, has operation and performance 

characteristics between SLM and PI control, and does not ex-

hibit the problems present in the modified SVS control. 

79 
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5.1. CONCEPT OF API CONTROL 

In order to eliminate the steady state error present in 

the SVS control, the SVS controller can be used in parallel 

with a constant gain integrator. In that case, the input to 

this composite controller has to be the error between the 

reference signal and the plant output, instead of the plant 

output itself, as was in the SVS control. 

The functional block diagram of the proposed API control 

system is shown in Fig. 5. la, whereas the details of the 

controller are shown in Fig. 5.lb. The API control is es-

sentially a PI control with an adaptive proportional gain 

p, because the input to the plant G (s) is given by s 

u u p + u. 
]. 

t 
= p·ef + gi· ~ef·dt 

The block Gf(s) in the figure, is an output filter. 

adaptation mechanism is given by 

(5.1) 

Gain 

(5.2) 

where q, E, and gp are positive constants. Function µ 4 

is 

(5.3) 
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where µ 2 is defined in (4.7). H is a linear operator on 

ef and it may depend, linearly or nonlinearly on the adap-

tive gain p, i.e., 

(5.4) 

The integral component of the control is given by 

. u. 
]. 

g .• ef + g .• µi(u. ,u ,U ) 
l. l. l. P m (5.5) 

where µ 1 is given by (2.16), and g. 
]. 

is a positive constant. 

Operation of the controller can be explained in the 

following way. The limiting function µ 4 restrains the val-

ues of the adaptive gain p, in such a way that the propor-

tional component of the control u p never exceeds 

±U . m Then the limiting function µ 1 assures that the total 

control u = u + u. does not exceed the plant saturation p l 

limit, in the same way as was explained in Section 2.3. 

The adaptation gain q is always chosen much larger 

than E and g., and therefore p 
]. 

is in ·the limit whenever 

the error is large. In this case u p is equal to either 

U or -U so that the integral control u. is reset to zero m m i 

by the limiting function µ 1 . This corresponds directly to 

the operation in the input limit mode of the SVS control 

(Section 4.1), where the "feedback gain" p is continuously 
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adjusted to the value just large enough to keep the plant 

input in the saturation. 

When ef = 0, and both limits 

zero, it follows from (5.2) that 

• p = - E •(P - g ) p 

so that in equilibrium 

µ 1 and µ 4 are equal to 

(5.6) 

(5.7) 

Therefore, from (5.1), (5.5) and (5.7) it follows that in 

equilibrium or very close to it, 

t 
u = gp. ef + gi·~ef dt (5.8) 

i.e. the control reduces to the constant gain PI control. 

This corresponds to the integral action mode of the SVS al-

gorithm described in Section 4.1. The transition between 

these two modes of operation depends on the nature of H, as 

well as on the parameter values. 

The main advantage of the API control over the standard 

PI control is in the possibility of using much larger gains. 

Namely, a constant gain PI control of the form ( 5. 8), used 

with large g. 
l 

and small gp' will produce slow and/or 

oscillatory transient response. If is also large, in-
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stability may occur. However, in the API control, the adap-

tive proportional gain p, is adjusted in such a way that it 

is large during the initial part of the transient, and small 

when most of the transient is over. Depending on the choice 

of H, this can result in fast and robust behavior. 

In order to investigate the structure of the API con-

troller further, let us introduce the following change of 

variables: 

p - g p 

Then, equations (5.1), (5.2) and (5.3) become 

u 

. 
P1 

(5.9) 

(5.10) 

(5.11) 

(5.12) 

respectively. From (5.10) it follows that the control u 

can be separated in two components, given as: 

u c 

u = u + u c a 

u a 

(5.13) 
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The component with u. 
l. 

given by (5.5), represents a 

control which would be generated by the VLPI controller, de-

scribed in Section 2.3. The other component 

an additional, adaptive, SVS control. 

u a is then, 

Block diagram of the transformed system is shown in Fig. 

5.2a. When close to equilibrium, the limiting function, µ 1 

is zero, so that the variable limit PI control becomes a 

linear one, with the controller transfer function 

same as in (2.1): 

G ( s) c g + 
p 

g. 
l. 

s 

G ( s) c 

( 5. 14) 

In this region, API control from Fig. 5. 2a, can be repres-

ented as shown in Fig. 5. 2b, where the SVS control part, 

given by (5.11), is applied to the linear "plant" 

The difference from the modified SVS control described in 

Section 4.2, is that now both the input and the output of the 

"plant" are equal to zero in equilibrium, regardless of the 

reference value r or any constant disturbance. This results 

in uniform operation of the API controller for any given 

value of the reference input r and output y. 

Obviously, the performance and stability of the system 

depend on the choice of H. Two alternatives will be pre-

sented in the following sections. 
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Fig. 5.2: Representation of the API control as a combination 
of the VLPI controi and the modified SVS control. 
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5.2. SOFT VARIABLE STRUCTURE PI (SVSPI) CONTROL 

The modified SVS control described in Chapter 4, is fast 

and robust, but not accurate enough. If it is implemented 

together with the VLPI control, as shown in Fig. 5.2, all 

three design objectives are achieved. This, soft variable 

structure PI (SVSPI) control is developed in this section. 

5.2.1. CONTROLLER STRUCTURE: Suppose that the VLPI control 

subsystem in Fig. 5.2 is asymptotically stable, i.e. 

= 0 ¥ r E ( -u , U ) m m (5.15) 

From equations (4.16)-(4.18), the modified SVS control algo-

rithm is given by 

u = r + P·Y 
(5.16) 

If the VLPI subsystem is now considered as a plant which is 

controlled by the SVS algorithm ( 5. 16), then with the fol-

lowing change of notation 

(5.17) 
U = + U1 P = - P1 
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control law (5.16) becomes 

(5.18) 

. 
P1 = q.(k1 .ef- k2·P1 .ef) .ef - µ4 - E ·P1 (5.19) 

for r 1 = 0 . With these substitutions, the limiting function 

( 4 . 7 ) , this is the same as if the 

constant q.µ 0 is denoted as a new constant µ 0 • However, 

because the plant saturation nonlinearity in Fig. 5.2 is at 

the input u , and not u 1 , the limiting function µ4 has 

to be defined as in (5.12). 

The control (5.18)-(5.19) is the same as the one in Fig. 

5.2 with (5.10)-(5.12), and with 

(5.20) 

Therefore, according to the results in Appendix C. 3, the 

system in Fig. 5. 2 with H given by (5.20), is globally 

asymptotically stable, provided that the VLPI subsystem is 

stable, q, E, and k 1 are positive, and k 2 is greater than 

* some positive constant k 2 • 

In order to obtain a form of the control system suitable 

for implementation, let us first backsubsti tute p 1 from 

(5.9) into (5.18) - (5.20). Then 



• p = 

u = u.+ 
l 
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(5.21) 

p).e2 - µ4 - E(p - g ) f p 

The adaptation gain q is usually impractically large for 

implementation. However, it can be evenly distributed by the 

following substitutions 

Substituting (5.22) into (5.21), and denoting 

k = 

it follows that 

where the gain q is now 

g' 
p 

(5.22) 

(5.23) 

(5.24) 

(5.25) 

(5.26) 

The limiting function µ 5 is equal to µ 4 defined in (5.3) 

with the substitutions ( 5. 22), and with q 1 • µ 0 considered 
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as a new µ 0 • Then, by using (4.7), µ 5 can be expressed 

as 

0 IP2e1I ~ u m 

µs(P2,e1,Um) = (5.27) 

r U .sign(p2 ) 1 
µo · IP2 

m 
I elsewhere. - I ei I L J 

The block diagram of this controller is shown in Fig. 5. 3. 

The filter Gf(s) is a simple first order filter given by 

1 (5.28) 

5.2.2. CONTROLLER OPERATION: The SVSPI algorithm can be 

directly applied to the motor speed control. For the sta-

bility of the system it is required that the plant together 

with the VLPI controller (i.e. the VLPI subsystem in Fig. 

5.2) is stable. Therefore, it is irrelevant whether the 

plant is a current or a voltage driven de motor, because a 

stable, constant gain PI control system can be designed for 

either one. 

The system shown in Fig. 5.3 was implemented and simu-

lated for the current controlled motor described in Appendix 

A. 3. The stable, VLPI control for that drive was already 

designed in Chapter 2. The combined plant and filter trans-

fer function, is given by (2.2), and the PI 
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controller transfer function by (2.4). The closed loop poles 

are given by (2.5), and they are all real. 

The system was simulated with the following values for 

the adaptive controller parameters 

ql = 500, E - 200, k = 0.1 (5.29) 

The waveforms of the motor speed, armature current, adaptive 

gain p = p 2 q 1 and the integral control u., are shown in 
]. 

Fig. 5. 4 for the small step input from Fig. 2. 3b. and the 

step disturbance from Fig. 2.3c. In steady state p is equal 

to 32 so that the proportional gain is as in (2.3). The in-

tegral component, u. has the value.necessary to support the 
]. 

constant load torque that is present. 

After the step command is applied at t = 0.01 s in 

Fig. 5.4, three distinct modes of operation can be observed 

in the resulting transient. In the input limit mode, the 

integrator output ui is reset to zero, and p is decreased 

by the limiting functions µ 1 and µ 5 , so that the plant input 

is exactly enough to keep the current in saturation. Due to 

the very large q 1 , the adaptive gain p is increased 

hyperbolically as the error ef is decreasing, assuring that 

the current stays in saturation almost until becomes 

zero. The small overshoot in speed, at the end of this mode, 

is due to the phase lag, introduced by the filter Gf(s). 
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The moment when ef becomes zero, marks the beginning 

of the transition mode. Because the effective proportional 

gain p is large at this moment, the overshoot is very small, 

and the speed returns below the reference value, in very 

short time. The error is very small and the factor 

becomes dominant in the adaptation law ( 5. 25) . 

As a consequence, the adaptive gain p is reduced very fast, 

so that the onset of oscillations is prevented. At the same 

time the integrator output u. 
J. 

starts to increase faster. 

This is the end of the transition mode, and the system enters 

the integral action mode. 

This last stage of the transient is characterized by 

resetting of the adaptive gain p to its steady state value 

gp' by increasing of the integral control component ui' and 

by decreasing of the output error e to zero. The rate of 

change of these variables is determined by the values of the 

gains E and g., and to some extent, by the plant parameters. 
J. 

However, the exact dependence is quite complicated because 

the system is still truly nonlinear. 

When the step in the load torque is applied, similar 

behavior of p and u. 
J. 

results, providing for the negligible 

influence of the disturbance. Unless the load step is larger 

than rated, the input limit mode is absent in this transient. 

The same system was simulated with a moment of inertia 

increased 10 times. The waveforms for the same inputs, are 

shown in Fig. 5.5. As can be observed, p increased con-
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siderably more during the transient, than in the case of 

small inertia. This prevented the oscillatory behavior which 

would be otherwise rather pronounced because the integral 

component u. 
l 

would increase much beyond the necessary 

equilibrium value, due to the slowness of the plant. The 

residual effect of such an oscillation can still be observed 

in Fig. 5.5 at the beginning of the integral action mode. 

5.2.3 PARAMETER SELECTION: From the discussion of the con-

troller operation, several conclusions can be made, regarding 

the parameter selection. First, if the parameter k is 

small, from ( 5. 25) and Figures 5. 4 and 5. 5, it follows that 

the adaptive gain p is always increased during transients. 

The increase of p is larger for a slower plant, i.e. for a 

plant with lower gain. This is the major source of 

robustness of the algorithm. With a smaller increase of the 

controller gain for a plant with a larger gain, and a larger 

increase of the controller gain for a plants with a smaller 

gain, the effective "loop gain" is approximately constant 

during transients. Therefore, the VLP I subsystem should be 

designed for the fastest plant that will be encountered in 

the application. The value of the adaptation gain q 1 should 

be chosen as the largest one, that will not cause excessive 

overshoot and ringing for the fastest plant. The actual 

value will have to be determined by simulations. The re-
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sponses of the same system, with the same inputs as for Fig. 

5.3, but with different values of q 1 are shown in Fig. 5.6. 

Second, from ( 5. 25) it follows that the parameter E 

determines the rate at which the adaptive gain p is reset-

ting to its steady state value gp , at the end of a tran-

·sient. Since it is desirable to have the overall transient 

settied .as fast as possible, E should be relatively large. 

However, if it is too large, the effect of the increasing 

gain p is diminished, and an oscillatory behavior may re-

sult for slower plants. The optimum value, again, has to be 

found through simulations, and in the cases that were con-

sidered, it was always between the values of and 

The system responses for different values of are shown 

in Fig. 5.7. 

Third, the influence of the parameter k is not quite 

clear. From the stability proof in Appendix C. 3 and from 

(5.23), there is a lower bound on k. On the other hand, for 

the operation described previously it is necessary that the 

factor (1 - k·p2 ) in equation (5.25) is always positive. 

This sets the upper bound on k. If k > l/g' , the gain p 

p will be decreased, instead of increased, during transient. 

Al though, possibly, this may be desirable in some applica-

tions, _for our case such value of k should be avoided. 

Again, the final choice has to be made by simulations. The 

system responses for different values of k are shown in Fig. 

5.8. An interesting result is that a satisfactory step re-
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sponse is obtained for k = 0. We have also obtained prac-

tically the same response even for k < 0. This is in 

conflict with the stability proof, and shows that either the 

conditions used in the proof are overly conservative, or that 

with k ~ 0 only local stability is achieved. The influence 

of k on stability and performance, clearly needs further 

investigation. At this stage, the "rule-of-thumb" is that 

0 < k < 1/g' p (5.30) 

Due to the nonlinear nature of the SVSPI control, and 

relatively large number of parameters, it was not possible 

to derive an exact design procedure. However, the previous 

examples demonstrated that large variations in the controller 

and plant parameters do not adversely effect the performance 

of the system. Therefore, high performance and robust SVSPI 

control system can be designed simply by using the presented 

guidelines, while the precise tuning is not necessary. 

5. 3. SLIDING API (SAPI) CONTROL 

The sliding mode control described in Chapter 3 is al-

most completely invariant to plant parameter variations and 

external disturbances. It would be desirable to obtain the 

same properties, but without the characteristic chattering. 
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Suppose that the conditions for the existence of the sliding 

mode, (3.11)-(3.16), can be satisfied with ~ 2 =o=O. Then the 

control (3.6) will be in the form 

(5.31) 

where in (3.7) it was taken that a 1 =-6 1 =a. Variable x 1 is 

the output error and can be denoted by -e. Also, the sign 

function can be realized by using an integrator with infinite 

gain and limits. Then the function realized by (5.31) can 

be implemented as 

• p = 

u = e•p 

q.[(e + T ·e)·el - µ(p,a) c 

(5.32) 

(5.33) 

where µ is given by (2.9). Indeed, if q ~ ~, from (5.33) 

p 

of 

will be equal either to -a or a, depending on the sign . . 
(e+T e)·e, which is the same as (5.31). c 

The control given by (5.32)-(5.33) has almost the same 
• form as the API control in (5.1)-(5.2), with H = e + T •e. c 

It is of interest to investigate whether this control, with 

the finite q, can be realized as a stable API control. 
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5.3.1. CONTROLLER STRUCTURE: The output error e in (5.32) 

- (5.33) cannot be obtained exactly due to noise, so that the 

filtered error has to be used instead. Also, if • e is 

not measurable directly, it can be estimated by using a non-

ideal differentiator as was done for SLM in (3.21), i.e. 

s 

Now, by setting 

the API control from (5.1)-(5.2) becomes 

u = u p + u. 
l 

u p 

(5.34) 

(5.35) 

(5.36) 

where u. is given by (5.5). From (5.36), the proportional 
l 

part of the API control has the same form as the sliding mode 

controller described by ( 5. 33), except for the resetting 

factor E(p-g ). If the adaptation gain q is not infinitely p 

large, this controller has the same modes of operation as the 

general API algorithm. In the transition mode it may be 
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expected that the system behaves similarly to the SLM con-

trol. Hence the name sliding-adaptive PI (SAPI) control. 

In order to make the resulting controller easier to im-

plement, the gain q can be distributed in the same way as 

was done for SVSPI control with substitutions (5.22). 

the controller is given by 

u 

where 

u. 
l 

g' 
p 

Then 

(5.37) 

(5.38) 

(5.39) 

and µ 5 is given by (5.27). The block diagram of this con-

troller is shown in Fig. 5.9. 

Even though the system (5.37)-(5.39) is very similar to 

the previously described SVS controllers, it was not possible 

to use the same Liapunov methods to prove stability. This 

is due to the absence of the stabilizing factor 

equation ( 5. 38), which was introduced in the modified SVS 

algorithm in order to substitute for the unobserved states. 

For that reason, the theory of input-output (I/O) stability 

for nonlinear systems was used instead. Even then, a truly 
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global result could not be obtained. Two assumptions, which 

reflect the conditions present in the practical systems had 

to be made. 

First, due to the physical limitations, variables e 1 

and e 2 in Fig. 5. 9 do not take infinite values, but always 

belong to some restricted domain. This is explicitly ac-

counted for, by placing the saturation-type limits in the 

controller, as shown in Fig. 5.10. 

The second assumption deals with the influence of the 

plant input saturation, and limiting functions µ 1 and µ 5 , 

on the stability. The system in Fig. 5.10, in which these 

nonlinearities are not present, is identical to the system 

in Fig. 5.9 for very small perturbations around steady state. 

Therefore, if the system in Fig. 5.10 is globally 

asymptotically stable, the system in Fig. 5. 9 is at least 

locally asymptotically stable. 

Using the small gain theorem from the theory of I/O 

stability (13, 39], it is proved in Appendix D.1 that the 

system in Fig. 5.la, with the controller shown in Fig. 5.10, 

and with Gc(s), Gf(s) and Gd(s) given by (5.14), (5.29) 

and ( 5. 34) re spec ti vely, is globally asymptotically stable 

provided that 

i ) E: > 0 

ii) the constant gain subsystem, defined as 
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(5.40) 

has all poles with negative real part; 

(5.41) 

(5.42) 

where F is the maximum absolute value of the function m 

F ( j w) (5.43) 

Several remarks can be made about this result. First, 

as already mentioned, the statement assures only the local 

stability of the original SAFI control system with the con-

troller in Fig. 5. 9. Second, when the conditions (i)-(iii) 

are evaluated numerically, impractically conservative bounds 

on the gains q 1 and q 2 are obtained. 

Nonetheless, the result is very important theoretically 

for several reasons. It indicates that the stability of the 

constant gain PI control subsystem is an important require-

ment for the overall stability. From (5.41) and (5.43), it 

follows that the product of the adaptation gain and the max-

imum gain of the linear subsystem, has an upper bound, which 
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can be useful in design. Most important, the result shows 

that there exists a region of stable operation, which justi-

fies the use of approximate methods (like describing func-

tions) for the estimation of maximum allowable gains, and the 

region of stability. 

5.3.2. DESCRIBING FUNCTION ANALYSIS: The nonlinear parts 

of the controller in Fig. 5.9, which were omitted in the I/O 

proof of stability, are the plant input saturation, and the 

limiting functions µ 1 and With such nonlinearities, 

instability is usually manifested through the existence of a 

limit cycle. An appropriate method of investigating this 

possibility is the method of harmonic balance, or describing 

functions. In order to derive the describing function for 

the system in Fig. 5.9, some simplifications have to be made. 

Let us consider the original SAFI controller, given by 

(5.36). It was explained in the Section 5.1 that in the input 

limit mode of operation, the proportional component of con-

trol, up, is equal to either U or m 
component u. 

l. 
is equal to zero. 

-U while the integral m' 
After leaving the input 

limit mode, the plant input is not in saturation, and 

µi=µs=O. In this region the system is stable according to 

the proof of I/O stability, unless it again enters the input 

limit mode. Therefore, the only way for the limit cycle to 

exist, is that the proportional component u p oscillates 

between U and -U . The existence of a limit cycle is even m m 
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more probable if the limiting function is replaced by 

the saturation function at the output of the proportional 

part of the controller, as shown in Fig. 5.11. Therefore, 

if the conditions for existence of the limit cycle for the 

controller in Fig. 5. 11 are not satisfied, it is even less 

probable that the limit cycle will exist in the original SAPI 

control system. 

In Appendix D.2, describing function relating 

ef in Fig. 5.11, for the frequences of 

w > 10·E 

u p and 

(5.44) 

is shown to be given by the following set of equations: 

N(a,w) = g + P(a,w) p 

a 

(5.45) 

P ( a, w ) = f 1 ( p ) • ( gp + p 0 ) - gp + f 1 ( p ) • -:/- •exp ( j ¢ p) , ( 5 . 46) 

where 

q.a 2 .g (w) z cos[¢ (w)] Po = 2•E z 

q.a 2 .g (w) z a = 1 p 2-(4·w 2 + E 2 ) 72 

</JP = ¢z(w) - tan- 1 (2w/E) 

(5.47) 



--·~~~ 
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+ Z1 Q 22 1 q 
+ s 
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gp 

Fig. 5.11. Modified structure of the SAPI controller used in 
the derivation of the describing function. 
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g (w).exp[j- (w)] z z 

1 

a 3 = [ ( p 0 + g ) 2 + a . ( p 0 + g ) • cos ( - ) + ( a /2 ) 2 ] ~ p p p p p 

and f 1 (p) is the describing function of the unit saturation 

function given in (B.7). 

The block diagram of the original SAPI control system, 

with the nonlinear part represented by the describing func-

tion is shown in Fig. 5.12a. From N(a,w) in (5.45) it is 

obvious that and g./s 
l 

can be again combined to form 

the constant gain PI controller G ( s). c The resulting system 

is shown in Fig. 5.12b. 

Finally, using the harmonic balance method (Atherton [2, 

pp. 114-116]), a limit cycle of amplitude a, and frequency 

w may exist if the following equation is satisfied 

1 
G1 (jw) = (5.48) 

P(a,w) 

where is the transfer function of the linear part 

in Fig. 5.12b, and it is same as the one given by (5.40). 

It is convenient to test the condition ( 5. 48) graphically, 

in the complex plane. The linear transfer function 

is relatively easy to calculate, and/or measure, as a func-
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tion of frequency. Then its Nyquist plot can be drawn in the 

complex plane. 

Function -1/P(a,w), given by (5.46) and (5.47) is quite 

cumbersome. However, being in the closed form it is an easy 

task to program it on a digital computer. Since P(a,w) is 

a complex function of two variables, -1/P(a,w) is repres-

ented in the complex plane as a family of curves for varying 

a , with w as the running parameter, or vice versa. It is 

of interest to find the region in the complex plane where 

this family of curves is located, if such bounded region ex-

ists. Then if the Nyquist plot of G1 (jw) lies complet~ly 

outside that region, the condition ( 5. 48) cannot be ful-

filled, and a limit cycle most probably will not exist. 

The calculation of the function -1/P(a,w) from 

equations (5.46) and (5.47) has been programmed on a com-

puter. It has been found that for any given w , the function 

-1/P(a,w) is contained within the third quadrant of the 

complex plane. As the amplitude a increases from zero to 

infinity, the function -1/P(a,w) changes from -(~+j~) to 

some finite value, close to the origin, and then decreases 

again. Therefore, the region of the complex plane which 

contains all the points of -1/P(a,w) lies below the nega-

tive real axis and to the left of the boundary function 

C (wJ. With the parameter values which 

(5.51)-(5.58) below, the boundary function 

are given in 

C(w) for 

.w/(2~) > 2 kHz is shown in Fig. 5.13, and the the region of 
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below the negative real axis, and to the left of 
C(w). 
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the complex plane which contains -1/P(a,w) 

indicated by shading. 

for a > 0 is 

5.3.3. CONTROLLER OPERATION: The operation of the SAPI 

controller, and the ways for selecting the adaptation gain 

q, will be illustrated on a somewhat abstract example. The 

example is chosen so that the salient features of the opera-

tion can be easily observed. 

Let us apply the controller from Fig. 5.9 to the current 

driven de motor given in Appendix A.2, in a closed loop ar-

rangement shown in Fig. 5.la. Since.the controller was de-

rived from the SLM control, the similar problems may be 

expected in i·mplementing it. These problems, as pointed out 

in Chapter 3, are the estimation of the speed derivative 

e 2 /q 1 , and the resulting current chattering. In order to 

prevent the onset of these problems, in this example the ar-

mature current control parameters are changed to 

L = 1 mH 20 (5.49) 

and the filter time constant is decreased to 

10 µs (5.50) 
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This value is unrealistic in most applications, but it allows 

us to theoretically investigate the case when the speed de-

rivative can be estimated with very small error. 

rhe current limit is set to a round value of 

I = 4 A = U m m (5.51) 

With the rest of the motor drive parameters being the same 

as in Appendix A.2, from (A.6), (5.28) and (5.34) we have 

360•10 3 

G ( s) = s (s + 0.36)(s + 22•10 3 ) 

(5.52) 

10 5 

Gf(s) = 
s + 10 5 

(5.53) 

10 5 • s 
Gd(s) = 

s + 10 5 
(5.54) 

If the PI controller parameters are chosen, close to 

ones given in (2.3), as g =20 p and gi=5000, we have from 

(5.14) 

s + 250 
G (s) = 20•~~~~ c s 

(5.55) 

The dominant time constant of the closed loop system in the 

transition mode, is chosen as 

(5.56) 
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The parameter has the same effect as in the SVSP1 

control, i.e. it determines the rate at which the system 

settles to the steady state in the integral action mode. 

Since this final part of the transient should not be much 

slower than the response in the transition mode, the reason-

able choice of E, . considering 1/T = 500 rad/s , may be c 

e = 100 rad/s (5.57) 

The initial estimate of the values of adaptation gains 

q 1 and q 2 can be obtained by using the relations (5.41) and 

(5.42) from the conditions for I/O stability. However, the 

results are very conservative. With the smallest physically 

justifiable value for the error limit E in Fig. 5.10, the 

values that are obtained are q 1 =10 and q 2 =50 . From (5.39) 

this gives the value of the total adaptation gain of 

q=5·10 4 • For this reason, the gain values were selected 

such that the total adaptation gain is close to the one used 

in SVSPI control, (5.29). Therefore, 

q 1 = 100 q 2 = 500 

which gives 

5·108 (5.58) 
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With these values, the system was analyzed and simu-

lated. Function is calculated by substituting 

(5.52), (5.53) and (5.55) into (5.40). The Nyquist diagram 

of is plotted in Fig. 5.14a together with the de-

scribing function boundary C( w) • The details around the 

origin from Fig. 5.14a are shown in Fig. 5.14b, together with 

the sample plot of the describing function -1/P (a, w 2 ), for 

It is easily observed that, although 

huge q was used, the condition for the existence of a limit 

cycle is not satisfied. 

The whole control system has also been simulated in the 

time domain. The system response to small step change in 

speed command from Fig. 2. 3b, and the step change in load 

from Fig. 2.3c, is shown in Fig. 5.15a. The state plane tra-

jectory of the response to the step command, is shown in Fig. 

5.15b. As can be observed, the system is in saturation 

(i.e. , moving as fast as possible) unti 1 the line with the 

slope -1/T c is reached. From that point, the system behaves 

as a first order system with a time constant T . c 
Now, suppose that the control system remains unchanged, 

but that the motor inertia is decreased 2.5 times. (This is 

physically impossible for the experimental motor we are us-

ing, but may represent a model of a motor with 2. 5 times 

larger torque-to-inertia ratio). The plant transfer function 

is then 
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2.5·360-103 

(s + .9l)(s + 22·10 3 ) 

(5.59) 

while the describing function remains unchanged. The Nyquist 

diagram, transient response, and the state plane trajectory 

of the new system are shown in Fig. 5.16. The conditions for 

the existence of a limit cycle are again not satisfied, but 

a short oscillatory period - or equivalently nonideal sliding 

mode - is present during the transition mode of operation. 

The transient response is still dominantly single-time-

constant, and unlike in the SLM control, the chattering dis-

appears in steady state. 

If the moment of inertia is further decreased, so that 

it is 10 times lower than the original one, the plant trans-

fer function is 

G ( s) = s 

10·360·103 

(5.60) 
(s + 3.6)(s + 22·10 3 ) 

Diagrams characterizing this system are shown in Fig. 5.17. 

It is obvious from the Nyquist diagram, that the existence 

of a limit cycle is now very likely. Indeed, the time re-

sponse and the state plane trajectory show that the nonideal 

sliding mode is now present. If this is undesirable it can 

be avoided by decreasing the gain q. However, if the sliding 

mode behavior is acceptable, the armature current fluctuation 

can be reduced by further increasing the armature inductance. 
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The SAPI control has also been implemented and simulated 

for the speed control of the same current driven de motor, 

as was the SVSPI controller. Therefore, the same constant 

gain subsystem, given by (2.2)-(2.4), is used. From (2.2), 

the filter time constant is Tf = 0.5 ms , so that the noni-

deal differentiator Gd(s) in (5.39) is then specified. The 

adaptive controller parameters were chosen through simu-

lations, and the following values were finally used: 

T c 2 ms, E - 200 rad/s, q 1 100, q2 = 100. 

The system transient response is shown in Fig. 5.18. 

(5.61) 

High 

amplitude oscillations of the armature current can be ob-

served in the transition mode. They correspond to the noni-

deal sliding mode in the previous examples. The larger 

amplitude and lower frequency, are caused by the larger phase 

lag which is now present in the output filter and 

differentiator. This control system is further compared with 

other algorithms, in the next chapter. 

* * * 

This chapter has illustrated that it is feasible to 

achieve a high-gain adaptive controller which has fast tran-

sient response, zero steady-state error, and excellent dis-

turbance rejection. The resulting adaptive PI control 
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algorithm has nonoscillatory transient response in the SVS 

design, and may have somewhat oscillatory response in the 

sliding-adaptive case. The controller has the structure, 

operation and properties between those of the VLPI control 

and the SLM control. However, the two are not merged by 

simply switching between the algorithms (as was done, e.g. , 

in [ 58]), but through the original use of the soft variable 

structure concept, thus guaranteeing stability and well be-

haved operation. 



Chapter 6 

PERFORMANCE COMPARISON 

In previous chapters several different control algorithms 

were described. All of them were implemented for the speed 

control of either a current or voltage driven de motor. Some 

were implemented also experimentally. The common objectives 

in all designs were accuracy, fast transient response, and 

robustness to parameter variations. Accuracy and fast tran-

sient response were demonstrated for each algorithm in cor-

responding chapters. However, robustness was only implied 

by the stability proofs and the fact that in all algorithms, 

exceptionally large gains had been used. The purpose of this 

chapter is to comparatively demonstrate the robustness of the 

algorithms for large changes of plant parameters. 

All the algorithms studied are nonlinear. Furthermore, 

due to large gains, the plant is also forced to operate in 

the nonlinear region. Finally, we are interested in the 

robustness to large parameter variations. Therefore, none 

of the sensitivity results for linear systems that are 

128 
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available [40, 60, 80] can be applied. This situation has 

forced us to assess the robustness of the algorithms by ex-

amining their transient response and disturbance rejection 

obtained through simulations and/or experiment, for varying 

plant parameters. 

Algorithms implemented for the voltage controlled drive 

are presented in the first, whereas the algorithms used with 

the current controlled drive are examined in the second sec-

ti on. 

In order to facilitate the comparison all variables are 

normalized with respect to the following base quantities 

WB = 100 rad/s iB I /2 1. 8 A m 
(6.1) 

R•J 
tB kz T~ 0.036 N·m 

m 

where R, k and nominal value of J m are given in (A. 2). 

Base quantity for time tB , was changed accordingly, when 

the total moment of inertia was changed. 

6.1. VOLTAGE CONTROLLED DRIVE 

The control algorithms that were applied to the voltage 

driven de motor are: 
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I-P control with fixed integrator limits (Section 

2.2), 

sliding mode control (Chapter 3), 

modified soft variable structure control.(Chapter 4). 

The motor model used for the first and third algorithm is 

given in Appendix A.2, and the model used for SLM control is 

given in Appendix A. 4. Even though different models were 

used, plant structure is the same and is shown in Fig. A.2. 

Nominal plant parameter values are those given in (A.2), with 

the exception of the SLM control, where the choke of 5 mH 

was added in the armature circuit. The controller parameters 

for the I-P control are given in (2 .13), (2 .15) and (2 .17), 

for the SLM control in (3.25), and for the modified SVS con-

trol in (4.29). 

In the linear region, the transfer function of the plant 

(i.e., motor and the output filter) is given by (A.12). From 

the transfer function it follows that the influence of all 

plant parameters can be examined by varying just three of 

them. Since the electrical time constant T is not dominant e 

in I-P and SVS control, only the changes in Kv' Tf and Tm 

need to be examined. In the SLM control, the electrical time 

constant becomes important due to addition of the choke in 

the armature circuit. However, from the discussion in Sec-

tion 3.2, it is obvious that actually only the ratio 
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is important, the influence of which may be studied again 

through the change in Tf. 

As was described in the re spec ti ve sections, all three 

controllers were designed, simulated and experimentally 

tested. Simulation test inputs are shown in Fig. 6. la, and 

the experimental test signal is shown in Fig. 6. lb. Due to 

the unavailability of the apparatus for abrupt torque loading 

of the motor, only the response to the step in reference 

command was tested experimentally. 

The responses of the three control systems, with the 

plant having nominal values, are shown in Fig. 6.2. It may 

be observed that very fast transient response has been 

achieved for all three control laws. 

The systems' responses, when the output filter time 

constant was increased two times, are shown in Fig. 6.3. The 

most significant change can be observed in the response of 

the SLM control system, where a considerable increase in the 

amplitude of chattering appeared. 

The influence of a twofold increase in the power ampli-

fier gain ga (and therefore in Kv), is illustrated in Fig. 

6.4. 

I-P 

From simulation result it could be concluded that the 

control responded also reasonably well to this large 

change. However, the system was very oscillatory in the ex-

periment. Combined influence of several factors may be the 

cause for this discrepancy. First, the 11 limited field of 

view" nonlinear characteristic (Fig. 2. 7) is extremely se-
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Transient responses of the motor control systems. 
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2 times. 

b) Experiment with the moment of inertia increased 
3 times. 
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vere, and its experimental implementation has many parasitic 

elements (finite negative gain, diode capacitances, etc. ) . 

Also, the plant itself, has higher order effects which were 

neglected in simulation (finite amplifier bandwidth, mechan-

ical and amplifier nonlinearities, etc.). These oscillations 

show that, although this algorithm may be theoretically via-

ble, it has serious practical limitations. 

In Fig. 6. 5 the response of the control systems, with 

the increased moment of inertia (and therefore Tm), is 

shown. It may be observed that I-P control, although still 

stable, departed strongly from the required performance. The 

SVS control became somewhat slower, while there is almost no 

difference in the SLM control response. 

In order to quantify, at least to some extent, the re-

sults presented, six performance characteristics are defined. 

They are: 

e - steady state error s 

t - settling time to command change sr 
ov - overshoot to command change r 

tst - settling time to load torque change 

ovt - overshoot to load torque change 

pds - relative increase in the steady state power 

dissipation. 
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e: 

-- reference speed 
--- theoretical time-op tirnurn 
- real response 

e: = 0.001 

TIME ( p. u.) 

Fig. 6.6: Definitions of the transient performance charac-
teristics. 
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Definitions of the settling times and overshoots are clear 

from Fig. 6.6. 

Steady state error is defined as the maximum absolute 

value of the difference between the reference speed and the 

actual speed, for any steady state operating speed and load 

torque in the range between zero and two times the base val-

ues from (6.1). 

Steady state power dissipation is increased only for the 

SLM control, due to the chattering. Therefore, pds is de-

fined as the increase in power dissipation relative to the 

minimum possible power dissipation, at rated speed and half 

of the rated torque. 

Since all quantities are normalized, the performance 

characteristics are relative to the base values ( 6 .1), and 

are expressed as percentages. 

These performance characteristics were evaluated from 

simulations, first for the nominal plant parameters for each 

control algorithm, and then reevaluated for all three vari-

ations of the parameters that were simulated. 

are given in Table 6.1. 

The results 

From the obtained results, the following general remarks 

can be made about the quality of performance. 

TRANSIENT RESPONSE: SVS control has the fastest transient 

response, with the overshoot within its steady state error. 

SLM control, contrary to the previous assertions (34] can be 
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Table 6.1: Performance characteristics of the three 

control laws for different parameter values. 

All entries are in %. 

Par am- Con-
e t t ov ov p 

eters trol s sr st r t ds 

I-P 0.0 5 16.4 0.26 0.40 0 
Nomi-

SLM 0.24 5 5.1 none 0.05 20 
nal 

svs 0.46 0. 05· 1. 8 0.01 0.02 0 

I I-P 0.0 11. 8 14.3 0.83 0.46 0 
I 

2 T I SLM 0.56 4.9 4.9 none 0.05 60 
f I 

I svs 0.46 1. 1 4.3 0.53 0.12 0 

I I-P 0.0 11. 2 1 16.3 0.56 0.22 0 
I 

2 K I SLM 0.35 4.1 0.5 none 0.03 50 
v I 

I svs 0.40 0.6 0.3 0.32 0.22 0 

I I-P 0.0 15.3 2 7.8 2 1.46 0.34 0 
I 

2 T I SLM 0.12 1. 42 0.5 2 none 0.0 10 
m I 

I svs 0.46 0.3 2 none none 0 

1 Experimentally this was much longer. 
2 Base time is two times longer. 
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designed to be very fast, and there is no possibility for 

overshoot. Although a fast I-P control can be also obtained, 

the design is very critical. 

STEADY STATE PERFORMANCE: I-P control has by far the best 

steady state accuracy, under any operating conditions. SVS 

control has a steady state error. Al though that error can 

be changed by adjusting the parameters, the practical minimum 

possible error, under the full torque, was found to be around 

0.1%. In SLM control, the steady state error is basically 

determined by the amplitude of the speed chattering. The 

excess power dissipation, present in the SLM control, can be 

adjusted to a relatively small value, but depends heavily on 

operating conditions and plant parameter variations. 

ROBUSTNESS: SLM control is almost completely insensitive to 

torque disturbances and changes of the moment of inertia. 

However, inasmuch it is insensitive to variations of the me-

chanical part of the system, it is sensitive to changes in 

the electrical part. SVS control, aside of the steady state 

error, is very robust. As expected, the I-P control was the 

most sensitive to parameter variations. 
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6.2. CURRENT CONTROLLED DRIVE 

The control algorithms that were applied to the current 

driven motor are: 

PI control with variable integrator limits (Section 

2 • 3) t 

soft variable structure PI control (Section 5.2), 

sliding API control (Section 5.3). 

All the algorithms were implemented for the same motor model 

given in Appendix A. 3. Nominal plant parameter values are 

given in (A.2), (A.6), (A.8) and (A.14). The constant gain 

part of each of the controllers is also the same, and is given 

in (2.2)-(2.4). Other controller parameters for the SVSPI 

control are given in ( 5. 29), and for the SAPI control in 

(5.61). 

In the linear region the approximate transfer function 

of the plant is given by (A.24). It can be observed that for 

the current driven motor, the influence of all plant parame-

ters can be examined by changing just two of them: the gain 

ckm/J , and the filter time constant Tf. 

As was described in the respective sections, all three 

controllers were implemented and simulated on a digital corn-

puter. However, these controllers were not experimentally 

tested at this stage, but it is expected that the exper-
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imental results would have the same degree of agreement with 

the simulations, as was shown for the voltage driven motor. 

It also should be noted, that these three algorithms are in 

no way restricted to the current controlled drives. They 

could be equally well applied for the voltage controlled 

drives. 

Simulation test inputs used, are shown in Fig. 6. la. 

The transient response of the three control systems is shown 

in Fig. 6. 7, for the nominal plant parameters. All three 

algori thrns show fast transient response and excellent dis-

turbance rejection. 

The systems' responses for the moment of inertia in-

creased two times (thus decreasing the gain ck /J), are shown m 

in Fig. 6.8. All three algorithms responded exceptionally 

well to this large parameter change. If the moment of iner-

tia is increased even further, to ten times the nominal one, 

the responses are as shown in Fig. 6. 9. In this case the 

advantage of adaptive change of the proportional gain in the 

API control becomes more pronounced, preventing overshoot and 

oscillations that appeared in the PI control. 

The influence of a twofold increase in the filter time 

constant is shown in Fig. 6.10. Overshoot is slightly 

larger in the case of VLPI control and SVSPI control. How-

ever, there is a significant increase of the armature current 

oscillations in the SAFI control. This was to be expected 

due to the critical dependence of the sliding API algorithm 



Fig. 6.7: 

144 

~ .... ~ - •(T) 
:::i 
a. 

"":!j; 
...... 

8 :::i. 
~l'-i .o 

a.. w VLPI 0:: 
0:: 

OSI :::ii;i 
W· W, 
WO WO 
85 a:: 

::i 

SI tis l: . 
0 a::-CI: I 

0 .... ~ - •(T) 
:::i 
a. 

"":6; 
...... 
s -::i . 

~l'-i .o 
a. w I .3VSPI 0:: a:: r o111 :Jo 
w<I! WlJ'. 
1.JJO WO 

.__ 
II a.. a:: Ul ::i 

~ 
tis r-l: . a::-Q a: I 

0 .... ~ 
•(T) 

:::i 
a. 

"":6; 
...... 

8 ::i . 
~l'-i .c 

a. w 
0:: SAPI a:: 

om a~ w<I! 
t..JO WO 
P£I a:: 

::i 

8l tis l: . 
0 a::-<J: I 

0.00 0.10 0.20 0.30 0.40 a.so 
TIME CP .U. J 

Transient responses of the motor control systems, 
with the nominal plant parameters. 



Fig. 6.8: 

145 

C! .... ~ 
·m 

:J 
0.. 

~lii 
...... 

8 :J . t-N .o 
a. Z· 

VLPI w 
0:: 
0:: 

OlJl :Jo 
w. w~ 
wo WO a. 0:: c.o :J 

~ 
lis l: . o::-0 CI I 

0 .... ~ - ·m 
:J 
0.. 

~lii 
...... 

8 :J . 
~N .o 

SVSPI a. w 
0:: 
0:: 

om :Jo 
wO! UUl 
wo WO 
~ 0:: 

:J 

al lig 
l: . 

0 o::-CI I 

0 .... ~ - ·CT) 

:J 
0.. 

~lii 
...... 

8 :J . 1-N .o 
a. z 

SAPI w 
0:: 
0:: 

om :Jo 
w<I! UUl 
wo WO 
0.. 0:: (J) :J 

8l lis l: . 
0 o::-CI I 

0.00 0.10 0.20 0.30 0.40 0.50 
TIME [ p. u.] 

Transient responses of the motor control systems, 
with the moment of inertia increased 2 times. 



Fig. 6.9: 

146 

~ '"'~ - .... 
:::::l 
0.. 

""':9 
...... 

8 :::::l. 
~r-.i .-a.. w VLPI a:: a:: 

ol!l a~ W· wo WO 
fu a:: 

:::::l 

Si ~8 
::i:::. 

0 ~· 

~ ...,£1 - •(T) 
:::::l 
0.. 

""':i;; 
...... 

8 :::::l. 
~r-.i .o 

a.. w a:: SVSPI a:: 
om i35l wO! wo WO 
55 ~ 

S! ~8 ::i:::. 
0 ff7 

0 .... 5l - •(T) 
:::::l 
0.. 

"":!ii 
...... 

8 :::::l. 
~r-.i .o 

a.. w SAPI a:: a:: 
om a~ W· 
iJ.10 WO a.. a:: U) :::::l 

~ 
~8 
::i::. a::-0 CJ: I 

0.00 0.10 0.20 0.30 0.40 a.so 
TIME [p .u. J 

Transient responses of the motor control systems, 
with the moment of inertia increased 10 times. 



147 

q .... ~ - ·m 
::::J 
a. 

'"":i;; 
...... 

8 :::>. 
~l'i .o 

a. LL.I .... a: VLPI a: 
om :::::lfil 
1JJ • W, 
IJJO LL.lo 
55 a: 

::::J 
1-o 

~ 
C!o l: . a:-0 (!I 

'! .... ~ - ·m 
::::J 
a. 

'"":i;; 
...... 

0 
0 :::>. 

~l'i .o 
a. LL.I .... a:: SVSPI c:: 
oSl :Jo 
1JJ • w~ 
LI.JO LL.lo 
55 a: 

:::i 

~ 
tt8 l: . a:-0 (!I 

q .... ~ - ..... 
:::i 
a. 

'"":i;; 
...... 

8 :::i. 
~l'i .o 

a. LL.I SAPI a: c:: 
oSl 3~ LL.I. 
UJO LL.lo . Po c:: 

:::l 

~ 
tt8 l: . 

0 ~· 
a.co 0.10 0.20 0.30 0.40 0.50 

TJME CP .U. J 

Fig. 6.10: Transient responses of the motor control systems, 
with the fi 1 ter time constant T f increased 2 
times. 



148 

on the accurate estimation of the speed error and its deriv-

ative. 

As a conclusion, the simplest of the three algorithms 

compared, the VLPI control manifested very good robustness 

to large plant parameter changes. The SVSPI control is the 

fastest and most robust. It should be used when ultimate 

performance is required. The SAPI control is inclined to 

produce larger oscillations, especially when the plant gain 

is increased and/or the measurement filter bandwidth reduced. 

These are exactly the same problems that appear in the slid-

ing mode control; however, the proposed SAPI control has the 

distinct advantage of operating without chattering in steady 

state. 



Chapter 7 

ADAPTIVE CONTROL 

The central objective of the research presented so far, was 

investigation of possibilities of using the soft variable 

structure concepts for handling large parameter variations 

and nonlinearities of the plant. For that reason, not much 

attention has been devoted to study of the various, formal-

ized, adaptive control concepts, that are available in the 

literature [ l] . However, any comparison of robust control 

systems would be incomplete, if at least some possibilities 

of the adaptive control algorithms are not mentioned. With-

out any attempt at being exhaustive on this vast subject 

area, we will just point out the main results and some prob-

lems in using adaptive control in electrical drives. Simi-

larities and differences between adaptive algorithms and the 

algorithms derived in this work will be discussed. 

149 
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7 .1. SURVEY OF PREVIOUS RESULTS 

The first example of systematic and formal application 

of the adaptive control to electrical drives was presented 

by Courtiol and Landau in 1974 [ 12]. They used a linear-

model-following algorithm, augmented with the model-

reference adaptive control. The control was applied to a de 

motor driven by line-commutated thyristor converter. The 

objective was to compensate for the nonlinearities of the 

converter in the discontinuous conduction mode, as well as 

for the changes in the mechanical load. The adaptation 

mechanism was the standard model-reference adaptive algorithm 

[ 52] . 

A similar result was reported most recently by Nai toh 

[ 57], with the controller implemented on a microprocessor, 

in the discrete-time form. 

Both examples demonstrated significant improvement of 

transient response, over PI control, when the moment of in-

ertia, or field current, are changed. In [ 12] excellent 

handling of converter nonlinearities is also illustrated, 

while in (57] very good disturbance rejection is shown. 

Characteristically, neither paper discusses the influ-

ence of the adaptation gain magnitude on the system perform-

ance. (For that matter, even the values of the gains used 

in the implementations, are not given). This influence is 

very important because for faster adaptation, larger gains 
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are needed. However, large gains may cause instability, es-

timator wind-up, and other phenomena peculiar to the adaptive 

algorithms [ 49]. This is especially true when approximate 

modeling and simplified algorithms are used, as was done in 

(12,57]. 

In an earlier paper, Naitoh (56] demonstrated successful 

correction of the nonlinearities of a line-commutated 

thyristor converter in the discontinuous conduction mode, 

using a model-reference adaptive control in the current loop. 

Another specific application of adaptive algorithms was 

reported by Dote et al. (16], who used the fuzzy set theory, 

to adaptively change the parameters of a digital filter ap-

plied·to processing signals from a tachometer or torquemeter.. 

Considerable noise reduction was achieved with very small 

distortion of the signal. 

A different approach to the adaptive control is in com-

bining model-reference control and sliding mode control, 

which was proposed originally by Young [ 79]. In this algo-

rithm, the error between the reference model output and the 

plant output is used as the switching function. This gener-

ally allows somewhat easier tailoring of the transient re-

sponse than a simple SLM control, especially in the case of 

nonlinear and higher order plants. However, in the case of 

a de motor, the response is same as with the simple SLM con-

trol described in Chapter 3, but the controller structure and 

design are unjustifiably more intricate. Although Young al-
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ready illustrated application of the algorithm to de drives, 

Balestrino et al. [3] recently presented a detailed analysis 

of the application, together with the experimental results. 

The major quality of the last paper is that it includes a 

detailed discussion and some solutions to the problem of ex-

cessive chattering in practical applications. 

An adaptive control strategy, different from the model-

reference approach mentioned so far, is the self-tuning con-

trol. In that approach, controller parameters are 

continuously adjusted according to the adaptively estimated 

plant parameters and disturbances. This type of algorithm 

was used by Weihrich [75, 76], who implemented an adaptive 

parameter and torque observer. We will further elaborate on 

this result in order to demortstrate some of the problems in 

implementing adaptive control. 

7.2. ADAPTIVE CONTROL WITH TORQUE AND PARAMETER ESTIMATION 

The differential equation, governing the rotor speed of 

a de motor, from (A.27), is given by 

D k m . + -·l • w = - -·w 
J J 

Usually, the damping coefficient 

a 

1 
-·T 

J Q, 
( 7. 1) 

D, is very small and can 

be omitted. For the current drive described in Appendix A.3, 
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the speed measurement y is equal to C•W , and armature 

current i can be considered equal to the current command a 
* i . Then from (A.23), the model of the current driven motor 

can be approximated with 

C•k c • m -·T y •U -
J J Q. 

~ d (7.2) g.u -

* where u = i when the input is not in the limit, Fig. A.2. 

From (7.2) it is obvious that estimation of the torque alone, 

is not possible if the moment of inertia is changing or not 

exactly known. Therefore, the algorithms which use only 

torque observers, as in [ 59] , are very sensitive. In order 

to achieve robustness, Weihrich estimates both g and d , 

as well as y . The controller that he has presented in [75, 

76] has the form 

1 ~ 
u=-·[K·(r-y) +d] 

- p g 

By substituting (7.3) into (7.2) one obtains 

g g ,.., 
y = ~·K ·(r - y) + ~·d - d ,.., p ,., 

g g 

~ 
,.., 

If g g and d = d , from (7.4) 

(7.3) 

(7.4) 
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. 
y = (7.5) 

and the system dynamics is independent of plant parameters 

g and d , while zero steady state error is also achieved. 

When there is a change in plant parameters and disturbance, 
,., 

parameters and d have to be changed adaptively, in order 

for (7.5) to hold. In [75, 76] a Luders-Narendra adaptive 

observer [ 54, 41] is used, which for the plant ( 7. 1), ( 7. 2) 

has the form 

- ... ,.., 
y = g·i - d + K2 ·e a 

~ K0 ·e·i g = a 

,:, 
d = K1 ·e 

,.., 
e = y - y 

and the control, instead of (7.3) becomes 

1 
u = ,.., 

g 
[K ·(r - y) + d] 

p 

( 7 . 6 ) 

( 7. 7) 

The equilibrium point of the system (7.1), (7.2), (7.6), and 

(7.7) is easily obtained as 

i = d/g ae (7.8) 
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d 
(7.9) 

g 

The plant has a unique and desired equilibrium point (7.8), -but adaptive gains 
,... 
g and d have a continuum of equilibrium 

points, belonging to the line (7.9). In order that 

g 
,... 
d = d e (7.10) 

the plant input r must be "sufficiently rich", or, as it 

is usually called in the estimation theory, "persistently 

exciting". If this condition is satisfied, in [76, 41] it 

is proved that the equilibrium point (7.8), (7.10) is 

globally asymptotically stable. 

What i s " s u ff i c i en t" , i s st i 11 a qu e st i on . Theo re-

tically, the input should contain as many independent time 

functions as there are adaptive parameters (in our case two, 

-g and 
~ 

d). However, if the amplitude of the persistently 

exciting input is too small, convergence to (7.10) is very 

slow. Large amplitude wi 11 cause larger chattering of the 

system state variables, which may be unacceptable in many 

applications (as it was not acceptable with sliding modes). 

If the input is not sufficiently rich, adaptive gains will 

tend to drift, especially with the periodic disturbances. 

This is usually referred to as estimator wind-up [1]. 
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In the case when higher order dynamics of the plant is 

not modeled (as it is not in (7.1)), a drift of the adaptive 

gains (g, rJ d) may be induced by large adaptation gains (K 0 , 

K1 ), and/or high frequency components of the input signal 

("too rich input"), [ 49, 62]. 

The control (7.6), (7.7) was implemented for the current 

driven de motor from Appendix A. 3. From (A.5) and (A.26), 

the plant parameters in (7.2) are 

g :: 18.2 d :: 15.2 (7.11) 

The block diagram of the control system is given in Fig. 7.1. 

Smoothing filters are added in the paths of - ,., d-y I g I and 

i These filters are not necessary in simulations, but in a 

practice they are required in order to eliminate excessive 

noise, as was done in [76]. Additional input v provides 

for the persistent excitation of the control system, and its 

waveform is shown in Fig. 7.2. Gain K was set so that the p 

effective proportional feedback gain, g , was the same as p 

in the previous examples of PI control (Section 2.1): 

K = g .g = 32·18.2 :: 582 p p 

Filter time constants which were used, are 

Tf = 0.5 ms Tfi = 0.1 ms 

(7.12) 

( 7. 13) 
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so that Tf is same as in the previous examples. The values 

of the adaptation and observer gains were first chosen as 

given in [ 7 6] , and then adjusted by trial-and-error. 

Finally, the values used are 

Ka 10 5 / 2 10 4 I 2 10 3 (7.14) 

When the initial values for the adaptive gains are cho-

sen close to the true parameter values (7.11), as 

-g 18 I . 

,.., 
d 15 (7.15) 

the simulated waveforms of the motor start-up are shown in 

Fig. 7. 3. Very smooth and fast response without overshoot 

can be observed. The adaptive gains, after some perturba-

tion, return close to the true values. 

In Fig. 7. 4 the waveforms of the motor start-up, when 

the moment of inertia is increased ten times, are shown. The 

controller is the same, with the same initial settings as in 

Fig. 7.3. Although the response is still very good, pararne-

ter gains settled far from the true values, which now are 

g :: 1.82 d :: 1.52 (7.16) 

The same kind of behavior was observed by Weihrich (76]. 
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When the small input-step from Fig. 2.3b, and the torque 

change from Fig. 2.3c are applied, the waveforms for the mo-

tor with nominal parameters are shown in Fig. 7.5. Excellent 

behavior is again exemplified in the speed and current 

waveforms. However, adaptive gains showed a peculiar change 

after the load torque was applied. The change in disturbance 

should have caused only the change in d , because the plant 

gain g remained constant. But adaptive gain 
.., 
g decreased 

considerably, which also caused increased current chattering, 

because the excitation input v , is now divided by a smaller 

number. 

When the series of torque pulses between T = 0 £ and 

T1 = 0.02 N m is applied to the motor, the resulting 

waveforms are shown in Fig. 7.6. Drift in the adaptive gains 

is obvious. If this condition would persist, gain -g. will 

decrease so much that the current chattering will become un-

acceptable, and unstable operation may occur. 

In [75, 76] Weihrich proposed a modified algorithm which 

ensures convergence of the adaptive gains to their true val-

ues. However, the rate of convergence is extremely slow, so 

that the drift conditions of Fig. 7.6 are still present and 

may lead to instability. 

The problems that were illustrated, appeared in the 

particular example. But, according to the literature cited 

earlier, they are common for all adaptive control algorithms. 

Al though the resulting dynamic behavior and robustness of 
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adaptive algorithms are very good, these problems still pre-

vent their widespread application. 

7 . 3 . SVS CONTROL AND ADAPTIVE CONTROL 

All adaptive control systems can be represented by the 

general block diagram in Fig. 7. 7, [ 38]. Structures of the 

"feedback control law" may be very diverse, but action of 

each adjustable coefficient, c. , may be represented as in 
]. 

Fig. 7.8, by the equation 

w. 
]. 

c. (n,z,t) z. 
]. ]. 

(7.17) 

The vector z is a linear function of the output vector 

y , and the control vector u c is a linear function of the 

vector w Variable n is the "generalized error", repres-

enting in some sense, deviation of the actual controlled 

process from the assumed or desired process behavior. Fune-

tions c. (n,z,t) 
]. 

represent the tuning or adaptation algo-

rithm. If the Liapunov direct method is used for the 

derivation of this algorithm, almost invariably the resulting 

function has the form 

c. 
l 

K n z. 
l 

(7.18) 
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where K is adaptation gain. It is relatively simple to show 

that the SVS control of Chapter 4, and two versions of the 

API control of Chapter 5, have the general form of Fig. 7.7 

and equation (7.18). 

• SVS control: 

The actual controlled process is the plant itself, 

together with offsetting, in Fig. 4.1. 

Feedback control law is the output feedback P•Y in 

(4.23), with p being the adjustable coefficient. 

Since p y = u - r , (4.23) can be rewritten as 

(7.19) 

By comparing with (7.18) it follows that the gener-

alized error is the linear combination of the 

output and input errors. 

• SVSPI control: 

Actual controlled process in Fig. 5. 2, is the VLPI 

control subsystem. 

Feedback control law is the proportional feedback 

p 2 •e 1 in (5.24), with p 2 being the adjustable co-

efficient. 
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• 
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u - u. 
l 

(5.25) can be rewritten as 

(7.20) 

The generalized error is now a linear combination of 

the output error and the "error" of the controller 

integral part. 

• SAFI control: 

Actual controlled process and the feedback control 

law are the same as in the SVSPI control. 

Equation (5.38) is 

. 
P2 = (7.21) 

and because the generalized error is a 

linear combination of the output error and its de-

rivative. 

From equations (7.19)-(7.21), the difference between the 

standard adaptive control and the control algorithms proposed 

in this work is apparent: 

i) Our controllers explicitly include nonlinear limit-

ing function µ. This allows employment of large 
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adaptation gain q without the possibility of the 

adjustable coefficient growing out-of-bounds, and 

causing instability. 

ii) In modified SVS control, offsetting of the output y 

assured that y in (7.19) never becomes zero within 

the domain of opera ti on. In this way, the equilib-

rium of the adjustable gain p is unique, so that 

drifting of p is impossible. In the API algorithms 

there is the resetting component e:(pz - g') p which 

prevents drifting. 

In this way, the major problems present in the adaptive con-

trol are avoided. The proofs in Appendixes C and D are at 

least to some extent, general, so that the results presented 

are not restricted to the speed control of de drives. They 

can be used in solving the problems of adaptive control for 

a wider class of SISO systems. 



Chapter 8 

POSITION CONTROL 

In the control systems of high performance electrical drives, 

the speed control loop is almost always operating within an 

outer control loop. Therefore, the performance quality of 

any speed control algorithm cannot be fully assessed, if its 

operation is not examined within such a system. The variable 

which is controlled by this outer loop, in many cases is di-

rectly proportional to the position of the motor shaft, i.e., 

to the integral of the motor speed. Position control systems 

are very often referred to as servo systems. 

This chapter presents a short discussion of design re-

quirements for the position loop, and gives an example of the 

SVSPI speed control operating within the loop. A possibility 

of improving the performance of the position control, by ap-

plying the SAPI concept in the position loop itself, is dem-

onstrated. 

170 
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8.1. POSITION CONTROL WITH SVSPI SPEED CONTROL 

The block diagram of a position control system for the cur-

rent controlled de motor is shown in Fig. 8.1, with the new 

symbols having the following meaning. 

e - rotor position: (A) / 

re - position command, 

Ye - position measurement, 

CS - position measurement gain, 

ea - position error, 

Ge - position controller, 

G - speed controller, w 
Q - speed limit. 

The plant model differs from the model for speed control only 

in the presence of the output integrator. This makes the 

plant a Type 1 system, so that the output e is constant when 

the error e 9 is equal to zero. 

The performance requirements of the position control 

system are the same as for the speed control~ accuracy, fast 

transient response, and robustness. The major difference is 

that, due to physical restrictions in most applications, an 

overshoot in the transient response cannot be tolerated. 

In the classical approach, design is usually done in two 

stages. The speed control loop is designed first to produce 
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fast and well behaved transient response characterized by a 

single, or at most double, time constant. It should also 

compensate for external disturbances and parameter vari-

ations. 

Once the satisfactory speed control is designed, the 

position controller should provide desired accuracy and po-

sition transient response. Since there is already an 

integrator at the output of the plant, integral control is 

not needed for accurate positioning. Namely, in equilibrium 

e = 0 a even if the position controller G8 is just a con-

stant gain g 8 . On the other hand, if there is an integral 

component in G8 , an overshoot is likely happen, either due 

to the speed limiting, or because the higher order system is 

more likely to have oscillatory response. Therefore, a sim-

ple proportional feedback is almost always used in the posi-

tion loop. 

With the proportional control in the position loop, 

satisfactory positioning (i.e., response to the step input 

r 8 ) is usually obtained. However, in tracking, both r 8 and 

a are changing as a function of time. In that case w is 

not zero and therefore e 8 in Fig. 8.1 cannot be zero. This 

means that y8 (t)~r 8 (t) . The problem is usually solved, 

without an additional integrator, by introducing the rate 

feedforward control. In that case, u in Fig. 8.1 is not w 

any more uw = G8 (r8 - y 8 ) , but is given by 
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( 8. 1) 

In this way, provided that the speed loop has zero steady 

state error, after the initial transient, we have . 
y8 (t) = r 8 ( t) and y ( t) = r 8 ( t) as required. For posi-I w 
tioning r 8 ( t) = const. so that the same operation is ob-

tained as without the feedforward. 

The design considerations mentioned so far are just the 

fundamental ones. The problems in the position control are 

much more elaborate, and usually are strongly related to a 

particular application. However, the subject of this re-

search was speed control, so the detailed treatment of posi-

tion control will be omitted. Also, although the tracking 

performance is of the utmost importance in servo systems, 

only the positioning will be examined here. This will still 

enable us to observe some phenomena characteristic for posi-

tion control and suggest a possible solution. 

The system in Fig. 8. 1 was simulated with the speed 

controller G implemented as a SVSPI control, described in w 
Section 5. 2, and shown in Fig. 5. 3. The speed controller 

parameters are given in (5.29) and the motor parameters in 

Appendix A.3. The motor speed of w = ±100 rad/s was arbi-

trarily selected as the maximum allowable speed, so that with 

the output scaling of c = 0.05 , the speed limit is 

Q = 5 (8.2) 
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The position measurement gain was chosen to be the same 

as the speed measurement gain c , so 

0.05 (8.3) 

The proportional gain is selected relatively large in order 

to achieve very fast transient response without overshoot. 

For our system with nominal parameters, it was 

g = 30 e (8.4) 

The test inputs used are shown in Fig. 8. 2. The step 

in the position command is large enough for the speed limit 

Q to be reached. After the transient to the position command 

is over, a step in the load torque is applied, in order to 

test the disturbance rejection of the overall system. 

Simulation results are shown in Fig. 8.3. Very smooth 

and very fast transient response can be observed. Due to 

excellent disturbance rejection by the speed control loop, 

no influence on the position can be observed after the load 

torque was applied. Actual maximum deviation of position is 

less than 0.003 rad. 

In Fig. 8.4 the results of simulation of the same con-

trol system, but with the moment of inertia increased 10 

times, are shown. The disastrous behavior resulted from the 



176 

8 . 0 
0 

~ 
m I' 

I U) 

0 
I 
I 

'-'8 * 
! 0 o· :Lo 

~i Zr-'. I ....... (T) 
,;::: 
l: w 

I 88 :J 
Go ! . a::o zo a· I o"' 1-!:: - I .... 0 - cr 

~8 Oo i _Jo a. . 0 m 
I 

0.00 l.00 2.00 3.00 4.00 5.00 
TIME [ s l 

Fig. 8.2: Test inputs. 



177 

8 
0 
~ 

z~ -a:a> 
D 

8 
c 

8 
"II' -,...., 

a: I ...... I 
..... ~ zo w a:: a:: 
::::l8 u. 

"II' 
I 

8 0 c 
0 - ..... 

,...., 
U)8 ca a: . ,. 

~&3 Cle a:!' 
a:: 

z ...... 
oa 8 -. o· t-o wo _.., 

Wm 
CJ) a.. 0 

Ulo a.. 
0 

8 0 -0 I 

0.00 1.00 2.00 3.00 4.00 5.00 
TIME [ s] 

Fig. 8.3: Transient response of the servo system with pro-
portional control, for g 6 = 30 

Nominal plant parameters. 



178 

8 
0 ..,. 

~8 
JI( • 

0 
N 

z ..... 
CI Dg 

0 

8 ..,. 
..., 
er· ...... 

0 
I-~ zo 
w 
0:: 
0:: ::::::ig u . ..,. 

I 

8 0 
0 

~ 0 
U) 

...,8 ws o. 
~8 "' . o~ ...... - CI 

0:: 

~8 
'-'g 

1-0 ao w--U> w' CJ) 
0 0... 
a.. (.J'.)o 

0 

8 0 en 
0 I 

0.00 1.00 2.00 3.00 4.00 5.00 
TI ME I s l 

Fig. 8.4: Transient response of the servo system with pro-
portional control, for g 8 = 30 

Moment of inertia increased 10 times. 



179 

presence of two nonlinear (saturation) functions in the con-

troller. The current limit restrained the maximum available 

acceleration in this case, to so small a value, that the 

speed could not be reduced enough before a large overshoot 

in position has happened. This then produced decaying but 

large amplitude oscillations·. 

The only way of avoiding the above problem is to reduce 

the proportional gain g 8 The standard way of designing 

the position loop is actually to design the system for the 

largest possible inertia, and then to accept a much slower 

than optimal response for the low inertias. 

of 

3 

With the gain 

(8.5) 

and inertia still ten times larger than nominal the response 

is shown in Fig. 8.Sb. With the nominal inertia, and the same 

low-gain control, the response is as shown in Fig. 8.Sa. 

The examples in Fig. 8. 5 demonstrated that the speed 

loop with SVSPI control has almost ideal performance within 

the position loop. First, the transient response after 

leaving both saturations (speed and current limits) is gov-

erned by the single time constant irrespective of the moment 

of inertia. The time constant evaluated from the simulations 

in Fig. 8.5 was the same for both cases and it is 
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's ~ o.33 s (8.6) 

From (8.5) and (8.6) it follows that the speed loop with the 

SVSPI control, when not in saturation, behaves like a block 

with constant gain equal to unity. Second, as already men-

tioned, the disturbance rejection is so good that the load 

step from about 40% to about 80% of the rated value, caused 

less than 0.003 radians of deviation in position. 

8.2. SLIDING-ADAPTIVE POSITION CONTROL 

Excellent performance of the SVSPI speed control, within the 

standard constant gain position feedback loop, was demon-

strated in the previous sec~ion. However, one cannot be 

fully satisfied with the operation of the position control-

ler, because very long settling time has resulted. 

The total transient time in Fig. 8.5 can be divided into 

two parts. During the initial part the system operates with 

some of its variables in saturation. This means that the 

response is as fast as possible for the given plant. 

has to be chosen such that the portional gain gs 

leaves this mode 

Pro-

system 

of operation early enough to reach the 

steady state without overshoot. The resulting small value 

of gs then causes very slow settling in the final part of the 

transient when the system operates mostly in the linear mode. 
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Now suppose that a control system is used in the high-

performance servo drive with a required accuracy of 0. 01%. 

In that case the appropriate definitions of the transient 

times are: 

tt - transient time: from the moment when step input 

is applied until the output is within 99.99% of the 

steady state value; 

t. - initial settling time: from the moment of the step 
lS 

application until the output is 95% of the steady 

state value; 

t - final settling time: f s t. 
lS 

The transient response of the high gain system shown in Fig. 

8.3 has the initial se~tling .l.... L..lme t. = l s 
lS 

c:.nd the final 

settling time tfs= 0.19 s For the low gain system in Fig. 

8.Sa we have tis= 1.35 s and tfs= 2.07 s. The 35% increase 

of the initial settling time is necessary in order to achieve 

proper operation for both low and high inertia, but the 

tenfold increase in the final settling time is an undesired 

consequence. Obviously is would be convenient to operate the 

system with low gain during the initial part and with larger 

gain during the final part of the transient. 

The SAFI control described in Section 5.3 has variable 

gain which provides for different time constants during 

transient and steady state. This property makes it suitable 
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for application in the position loop. Since the integral 

component of the control is not needed in the position loop, 

it can be omitted. Then, the sliding-adaptive proportional 

(SAP) control is obtained. If the resulting controller from 

( 5. 38) is applied in the position loop instead of the con-

stant gain Ge in Fig. 8.1, the following position control 

algorithm is obtained. 

u = Pe·e1 w 

• q2 · ( e i T .e 2 ).e 1 E • ( g e Pe + + c 

e1 = q1. ee 

• e2 = e1 

q1 .(re 

• ql (re -

0 

I 
µo·IP8 -

L 

- Ye) 

y w) 

- Q ~ Pe·e1 

Q • s i gn ( p e ) l 

I e i I J 

(8.7) 

- Pe) - µ5 (8.8) 

(8.9) 

(8.10) 

(8.11) 

elsewhere. 

In (8.10), the derivative of the position is calculated di-

rectly, instead of using the nonideal differentiator as was 

done for the speed control. This was done because the speed 

measurement is readily obtainable and it is assumed that 

the derivative of the position command is also available. 

Parameter T c is chosen in such a way that the system 

enters sliding mode early enough, so that the steady state 
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is reached without overshoot, in case of the largest expected 

inertia. From the example in Fig. 8.Sb and from (8.6), for 

our system 

T = 0.33 s c (8.12) 

The gain g 8 is selected to be equal to the largest gain that 

provides . satisfactory response with the smallest inertia. 

From Fig. 8.3 and from (8.4) we have 

30 (8.13) 

For the selection of adaptation gains 

the resetting gain the appropriately modified Theorem 

D.l, or the describing function method from Appendix D.2, can 

be used. However, since the methods are either overly con-

servative or approximate, the final decision has to be made 

through simulations. The values we have used are 

10 t 

The limiting gain µ 0 

have used µ 0 = 10 4 

30 t E 30 . (8.14) 

should be as large as possible 2.nd we 

The system in Fig. 8. 1 with the position controller 

c 8 implemented by the SAP nonlinear equations (8.7)-(8.11), 

was simulated. The speed loop remained the same SVSPI con-
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trol that was used for Figures 7.3-7.5. The waveforms that 

resulted after the test inputs from Fig.8.2 were applied, are 

shown in Fig. 8.6a. The state plane diagram for the same 

system, is shown in Fig. 8.6b. During the end of the initial 

part of the transient the system is in the nonideal sliding 

mode characterized by the time constant T c During the 

final part of the transient the system leaves the sliding 

mode and enters the linear mode characterized by the proper-

tional gain 

To :: l/go . 

tfs =: 0.41 s 

g = 30 , which corresponds to the time constant a 
The resulting final settling time is 

(a fivefold improvement over the response in -

Fig. 8. Sa), with the initial settling time practically un-

changed. 

The simulation results of the same control system with 

the moment of inertia increased ten times are shown in Fig. 

8.7. The same decrease in the settling time can be observed 

again, while no overshoot has appeared. 

If the chattering that is present during the sliding 

mode operation is unacceptably large, it can be reduced by 

decreasing the gains involved. The simulation results for 

nominal and a ten times larger moment of inertia with the 

gains changed to 

5 f q2 = 20 f E = 20 I (8.15) 
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Fig. 8. 7: Transient response of the servo system with SAP 
control, for q 1 = 10 , q 2 = t = g 8 = 30 , and 
moment of inertia increased 10 times. 

a) Time domain. 

b) State plane. 
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Fig. 8. 8: Transient response of the servo system with SAP 
control, for q 1 = 5 , g 2 = E = g 8 = 20 

a) Nominal plant. 

b) Moment of inertia increased 10 times. 
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are shown in Fig. 8.8. Duration of the period when the system 

with low inertia is in the sliding mode, is considerably re-

duced, while the general shape of response remained un-

changed. In the case of large inertia the response is 

changed only slightly. 

The sliding mode can be completely eliminated if even 

lower values of gains are used, as shown in Fig. 8.9, where 

the gains are 

20 / 5 / 10 I E - 10 . (8.16) 

The price that is paid for the reduction or elimination of 

sliding moqe is in the reduction of steady state gain g 8 . 

This reduction results in the increase of the equivalent ...... L..lme 

constant for the small signals. 

Improvement achieved by the use of the SAP control in 

the position loop is not only manifested in the step re-

sponse. For the very small perturbations around steady state 

the effective proportional gain is It is much larger 

than the one which would be possible if the constant gain 

controller is used. This results in the significantly de-

creased small signal time constant, or equivalently in a 

significant increase of the small signal bandwidth. There-

fore, the small signal properties of the control system are 

improved, which is very beneficial for tracking and other 

performance requirements. 
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Fig. 8. 9: Transient response of the servo system with SAP 
control, for q 1 = 5 , q 2 = e = 10 , g 8 = 20 . 

a) Nominal plant. 
b) Moment of inertia increased 10 times. 
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The systems presented in this chapter were also simu-

lated for the very small step change of the position command. 

The step amplitude was 1 radian so that the speed limit is 

not reached. Then the equivalent small signal time constant 

and bandwidth were evaluated based on the following defi-
. +- . 

n1~1ons. 

'e - equivalent small signal time constant: 

A 

'e log 2 (10 4 ) 

where tt is the transient time defined before, for 

the step amplitude of 1 rad. 

Be - small signal bandwidth: 

~ 1 8e 2.,,..,e 

The numerical results for all five cases presented in 

this chapter are summarized in Table 8.1. Besides the points 

already discussed, the robustness of the new algorithms is 

apparent. For the last three cases a tenfold increase in 

inertia resulted in only 20% increase of the large signal 

transient time and virtually unchanged small signal band-

width. 

* * * 
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Table 8.1: Dynamic performance of the position control 

algorithms, with SVSPI control in speed loop 

I 
I 

I I Case Con- qz t. tfs Te Be lS 
from trol O' ql = J l I 

I 
oe n 

Fig. Ge E (sec.) (sec.) (sec) (Hz) 
I 

I ' I I I I I 

7.3 I I 1 1. 00 I 0.19 I 0.033 I 4. 70 
: Prop. i 30 0 0 

7. 4 I I 10 oscillating 
I 
I 

7.5a I 1 1. 35 2.07 0.331 0.48 
1 Prop. I 3 0 0 

I 7.5b I I 10 1. 65 2.06 0.330 0.48 
L_ 
I 

7 , , . () 1 1. 31 0 . .+ 1 0. 036 4.39 
SAP 30 10 30 L 

7.7 10 1. 65 0.42 0.039 4 .12 
I 

I 7.Sa I 1 1. 19 0.39 0.052 3.02 
f-----1 SAP 20 5 20 
I 7.8b I 10 1. 61 0.37 0.053 3.00 

7.9a 1 1. 19 0.42 0.052 3.00 
SAP 20 5 10 

7.9b 10 1. 61 0.44 0.055 2.89 

l ~foment of inertia normalized to the motor moment: of inertia 
from Appendix A, equation (A.2). 
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The preliminary results presented in this chapter are 

mostly illustrative in nature. Only one of the proposed 

speed-control algorithms was tested within a position loop. 

The SAP control that was proposed for use in the position 

loop has not been analyzed in any detail, nor were the rules 

for its design. A consistent comparison with other possible 

algorithms is also missing. These items' need further inves-

tigation before the SVS and API control concepts can be ap-

plied in practice. 

Nonetheless, these preliminary examples have already 

demonstrated the potential of the API control in achieving 

fast, well behaved, accurate and robust position control. 

Specifically, the SAP position control with the SVSPI speed 

control is faster than the sliding mode position control re-

cently presented by Harashima [37], while the chattering in 

the steady state is avoided, and the high degree of 

robustness maintained. 



Chapter 9 

SUMMARY AND CONCLUSIONS 

Eight very diverse algorithms for speed control, and two al-

gorithms for position control of electrical drives, have been 

presented. 

A simple, linear PI algorithm, which was presented in 

Chapter 2, demonstrated the inability of the linear control 

to satisfactorily deal with nonlinearities like saturation. 

The problem of the integrator wind-up was somewhat smaller 

in the PI control with constant integrator limits. However, 

this algorithm had a quite unsatisfactory performance in the 

experiment and can hardly be suggested for future use. 

The PI control with variable limits, completely elimi-

nated the problem of integrator wind-up. This enabled the 

employment of large controller gains for the design of less 

sensitive and faster control systems. Since the variable 

limits are relatively simple to implement, this algorithm 

seems to be the simplest and most straightforward way to im-

prove the performance of speed controllers for electrical 

drives. 

194 
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The sliding mode control presented in Chapter 3 is 

unquestionably the most robust, and also relatively simple. 

The unavoidable chattering, however, diminishes its useful-

ness. It is important to note that the increased chattering 

is not a consequence of the slow power processing devices, 

but of the inability to estimate the system states accurately 

and timely. Therefore, the reduction in chattering, without 

sacrificing the performance, can only be achieved by using 

higher quality and more expensive transducers and measurement 

devices. 

Recently proposed soft variable structure control, was 

analyzed in Chapter 4. The analysis resulted in the devel-

opment of the new, modified SVS cont~ol. If used as an output 

feedback, this algorithm has the disadvantage of having a 

steady state error, and is not very suitable for micro-

processor implementation. Otherwise, as was demonstrated in 

Chapter 4 and Chapter 6, it has excellent transient response 

and very good robustness. 

Merging of the SLM, PI and SVS concepts resulted in the 

adaptive PI control, described in Chapter 5. The API control 

is essentially an adaptive control with a resetting mech-

anism. The adaptation process takes place during the tran-

sient, and the controller resets to the VLPI control during 

steady state. The SVS version of the API control has per-

forrnance characteristics similar to the modified SVS control, 

with the steady state error eliminated. From the simulation 
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results, it seems to be the best of the presented algorithms 

for speed control of electrical drives, regarding speed of 

response, accuracy and robustness. 

The sliding API control suffers from the same problems 

as SLM control when applied for speed control. However, the 

sliding/adaptive proportional (SAP) control, applied in the 

position loop in Chapter 8, demonstrated superior performance 

with respect to the simple proportional control, and the SLM 

control examples that have been published so far. 

When implementing the adaptive control with parameter 

and torque observer in Chapter 7, the same problems as re-

ported by other authors were encountered. They are the drift 

of the adaptive gains, and limitations on the maximum value 

of adaptation gains. 

From the analyses of all the algorithms, and especially 

from the comparison in Chapter 6, the following general con-

clusions can be made. 

• Very fast and nonosci llatory transient response, high 

accuracy, good disturbance rejection, and robustness to 

large parameter variations, cannot be obtained with 

classic linear control. 

• It was possible to design all the presented nonlinear 

control algorithms to approach the above performance re-

quirements very closely. 
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• All the nonlinear algorithms are quite complex to imple-

ment. 

• There are no simple and straightforward design rules for 

the nonlinear algorithms. Most of the theory is still 

devoted to proving the stability. 

• There is a remarkable similarity between the SLM, SVS, 

API and standard adaptive control algorithms. 

Regarding the possible practical applications of the 

nonlinear control algorithms in the near future, the follow-

ing remarks seem appropriate. 

• Because the performance requirements will keep increas-

ing, there will be more and more attempts to apply non-

linear algorithms for the control of electrical drives. 

• These algorithms will not have widespread use, until 

simple and straightforward design methods are developed. 

• At this stage of development, the choice between differ-

ent nonlinear algorithms will not be based on their rel-

ative merits, but on the familiarity of designer, with 

the particular methodology. 

The results presented in this work are not restricted 

to the control of electrical drives. All the algorithms 

presented in the dissertation applied are equaly applicable 

to any stabilizable SISO system. 



APPENDIX A 

MOTOR MODELS 

In this appendix, different motor models used in analyses and 

simulation, are presented. Parameter values are also given. 

A.l. DC MOTOR MODEL 

The most common model (25, 33] of a constant field de 

motor is shown in Fig. A.l where the symbols represent 

va - armature voltage 

i - armature current a 
R - armature resistance a 
L - armature inductance a 
k - electromechanical constant m 
D - mechanical damping m 
J - motor moment of inertia m 
w - rotor speed 

Ti - load torque (including constant friction torque). 

198 
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The parameters k , D , and the friction part of Tn are usu-
m m "' 

ally nonlinear. This was accounted for, to some extent, in 

simulations (see Appendix E) . In theoretical analyses k m 

and Dm are assumed constant, and Te, = 0 . 

It is customary to include the output impedance of the 

power amplifier that generates in the model of the ar-

mature circuit with the lumped resistance and inductance of 

R and L, respectively. Similarly, mechanical ~oad may be 

combined with the motor model, and in the simplest case, J 

and D represent total mechanical moment of inertia and 

damping. Under these conditions the motor speed is given by 

w 
k m 

(s•L + R)·(s•J + D) + k2 •(ya -m 

S•L + R 
--k--·!e,> 

m 
(A.l) 

From the Appendix F.l, at w = 100 rad/s, the parameter 

values are: 

R = 2.3 Q J 55•10- 6 kg m2 

L 80 µH D = 2•10- 6 N•s/rad (A.2) 

k 0.02 V•s/rad m 

From equation (A.l), if Te. , the motor transfer function is 

v -a 
= 

K • s . s m e m (A. 3) 
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Fig. A.3: Current controlled de drive. 



201 

where numerically 

K ~ 50 rad/(V s) m 

1 3·104 rad/s (A.4) s ~ 

e T e 
1 3.3 rad/s s :::! 

m T m 

T is mechanical time constant, and T is electrical time m e 
constant. 

From Appendix F.l it follows that a constant, friction-

type torque of 

T~ ~ 0.017 N·m (A.5) 

is present at all times. 

A.2. VOLTAGE CONTROLLED DRIVE 

To complete a drive, a power amplifier is connected to 

the armature terminals of a motor, and a speed measurement 

device is attached to the rotor shaft. In the voltage drive, 

an auxiliary, current limiting circuit, must be added to the 

power amplifier, for protection purposes. The block diagram 

of such system is shown in Fig. A.2, where the symbols rep-

resent 

u - control input 

* v - reference voltage 



Vm - voltage limit 

I - current limit m 
g - amplifier gain a 
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c - speed measurement gain 

y - speed measurement 

DCM - de motor 

From Appendix F.2, 

v = 12 v m I = 3.6 A m (A.6) 

By using Figures A.l and A.2, and equation (A.l), the speed 

measurement y , within the linear region of operation is 

given by 

y = 

Gains 

u = 5 

Then 

C•k m 
(s·L + R}(s·J + D) + k 2 ·(ga·~ -

m 

S•L + R 
k Ii> 

m 

and c are adjusted so that in steady state 

v ==> w = 100 rad/s =:> y = 5 v 

for Ti = canst. = 0.017 N·m 

ga = 0.8 c = 0.05 V·s/rad 

(A.7) 

(A.8) 

(A. 9) 
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From (A.7) and (A.3) if T~ = 0, the transfer function is 

where 

y 
= u 

K v 
(s.T + 1)-(s·T + 1) e m 

K = g •C•K = 2 v a m 

The constants T and T are given by (A.4). e m 

(A.10) 

(A.11) 

If the output filter is used to eliminate the noise from 

the speed measuring device, the transfer function is 

From Appendix F.3 

K v 

Tf = 0.5 ms 

and obviously from (A.4), T can be neglected. Then e 

K v 
(S·Tm + 1)-(s·Tf + 1) 

A.3. CURRENT CONTROLLED DRIVE 

(A.12) 

(A.13) 

(A.14) 

Block diagram of the current controlled drive is shown 

* in Fig. A.3, where i is a current reference, and the rest 

of the symbols are the same as in the previous section. Here, 
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the current feedback is present at all times. From Figures 

A.l and A.3, the speed measurement is given by 

:L = 
C•k .g * m a 

(sL + R + ga)(sJ + D) + k~ ·(i 
sL + R + ga 

k . g m a 
·T ) 
-~ 

(A.15) 

If T = 0 
~ 

the transfer function within the linear region 

* where i 

H. ( s) 0. = l 

or 

y 
u 

u , is given by 

c·k m·ga = (s·L + R + g )(s·J a 

K.•S1•S2 
l H. ( s) = l (s + s 1 ) ( s 

If the current controller gain is 

g = 100 a 

the parameter values in (A.17) are 

+ 

kz + D) + m 

S2) 

K. :: 1 70 I 
l. 

s 1 :: 0.11 rad/s , s 2 :: l.3•10 6 rad/s . 

(A.16) 

(A.17) 

(A.18) 

(A.19) 

Obviously, s 1 :: 0 and s 2 is undominant so that (A.17) can be 

approximated with 

or 

H. (s) :: 
l s 

C•k m 

s•J 

18 
(A.20) 

s 



where 
1 

l m 
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c 
H. (s) = 

i s.r 

k m = = -J-
m 

m 

360 rad/(A·s2 ) 

(A.21) 

(A.22) 

If the load torque is taken in the account, from (A.15) and 

(A.20), the speed measurement is 

y ~ 

C•k m ---•U -
S•J 

c 
---•T 

-~ S•J 

In the case when output filter is present we have 

c 
Hi.f(s) = ( T 1) S·'!m S• f + 

or numerically 

36·103 

For T~~O , instead of (A.25) we have 

2·10 3 

y = --------. ( 18. 2 u - 900•T ) 
-~ 

(A.23) 

(A.24) 

(A.25) 

(A.26) 
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A.4. STATE SPACE MODEL 

The motor model in Fig. A.2 can also be represented in 

the state space form 

• w 

• i a -

D --y 

k m 
°L 

k m 
J 

R 
L 

1 0 w --y 
+ .va + ·T £ 

1 i 0 a L 

(A.27) 

For the voltage drive in Fig. A.2, supposing that the current 

is in the limit only when the voltage is in the limit, we have 

D k 1 . m 0 w --y J w J 
* • T = + •V + £ 

• k R ga m i - r:- i 0 a L a L 

(A.28) 

{ v U1 > v m m 
* v = U1 I U1 I ~ v m 

-v U1 < v m m 

where the symbol u 1 was used instead of u . Now, if the 

input and load torque consist of the constant values and 

perturbation, 
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U1 r + U 

from (A.28) the equilibrium values of we 

found. Then by substitutions 

and i ae 

12.. ·( b + w ) + J c e 

k m . 
--·l -J a 

1 -·(T + d)J1 
J £.e 

* v r + v 

u = v r u m 

ull = v r m 

(A.29) 

can be 

(A.30) 

(A.31) 

the system (A.28) can be transformed into its phase canonical 

form 

1 H :: l + [ : l· v + [ _: J. d 
(A.32) 

= { :u I u > u u 
v u ll ~ u ~ u (A.33) u 

u ll I u < u .e. 

where 
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R·D + k2 
m ai J•L 

R + D a2 L J 
(A.34) 

c.k m'ga 
b = J·L 

h c·R 
J·L 

Using (A.2), (A.6) and (A.9), numerically we obtain 

v 12 v m 
(A.35) 

b !:' l.8·105 h !:' 2.6·10 7 

As mentioned in Appendix A.2, 

adjusted that for T = 0.017 N°m £.e 

and c in (A.9) are so 

the system has unity 

steady state gain, i.e., ye= ewe= r Therefore, in this 

case 

X1 = C•W - r 

• (A.36) 
X2 = C•W 

For the sliding mode control, an external choke was 

added in order to reduce the armature current oscillations. 

With 

L = 5 mH ext (A.37) 
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the total armature inductance becomes 

model parameters for (A.30) become 

L + L t , and the ex 

(A.38) 
b ::: 2.9·10 3 h ::: 4.2 ·10 5 

With I = 3. 6 A a maximum operating torque corresponds to m 

1.8 A; hence 

maxldl ::: 0.036 N·m (A.39) 
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APPENDIX B 

PROOFS FOR CHAPTER 2 

In this appendix a discussion of stability for some cases of 

the PI control with nonlinear elements, is presented. 

B.l. STABILITY OF PI CONTROLLER WITH INPUT SATURATION 

For a linear system with a linear compensator, in which 

plant input has a saturation, the following statement can be 

proved as a corollary to circle criterion. 

LEMMA B: Consider the system on Fig. 2.2. Then if 

i) r(t) = r = const., and an equilibrium point for this 

ii) 

iii) 

r exists; 

G (s)·G(s) has no poles with positive real part; c 

Re [G (jw)·G(jw)] > -1 , c ~ w E R I (B.l) 

the system is globally asymptotically stable. 
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PROOF: If the equilibrium point exists, the model of the 

system in Fig. 2.2 can be transformed into its perturbed form 

by offsetting the variables e(t), u(t) and y(t), by their 

respective equilibrium values. The new model obviously, has 

the origin as its equilibrium point. Its structure is the 

same as that of the original model, except for the nonline-

arity n, which is translated, but still passes through the 

origin. 

After this transformation the assertion comes as a di-

rect consequence of the circle criterion. The special case 

of that criterion (Vidyasagar, [74, pp. 278-281]), which is 

applicable to our case, states that the sufficient condition 

for the absolute stability of a system with nonlinearity 

v n(u), which lies between the straight lines v = 0 and 

v = $·u, is that the linear part of the system has no poles 

in the open right half plane, and that 

In our case $ 

REMARKS: 

inf {Re[G (jw)·G(jw)]} 
w E R c 

+ _L > 0 
$ 

l, and the assertion follows. 

0 

1. The condition (i), that the equilibrium point exists, 

is indispensable for the saturation nonlinearity. 
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Consider a case when G ( 0) = oo, (as in PI control), c 
and G ( 0) = k = const. Then for any r > k•U , m an 

equilibrium point does not exist and the system is 

unstable. However, in practice, this condition is 

always implicitly assumed. 

2. The conditions of the Lemma are sufficient for the 

absolute stability, i.e. , for any nonlinearity that 

lies in the sector [0,6]. The statement also refers 

to any linear G(s) and G (s), not specifically to the c 
PI control. Hence, it may be expected that the con-

dition (B.1) is quite conservative, in our case. 

3. Condition (B.l) has a simple graphic interpretation. 

It requires the Nyquist plot of Gc(jw)·G(jw) to com-

pletely lie to the right of the vertical line passing 

through the point (-1,0) in the complex plane. 

B.2. EXAMPLE 

An abstract example of a system which does not satisfy 

Lemma B, is analyzed using describing functions. Consider a 

system in Fig. 2.2 with 

s + 3 
G ( s) = 6. c ( B. 2) 

s 

2 
G(s) = (B.3) 

s + 1 
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u = 1 m (B.4) 

If there were no nonlinearity, i.e., v - u, the closed loop 

transfer function would be 

y 12 • ( s + 3) 
T(s) ~ (B.5) 

r (s + 9)(s + 4) 

In the case when a nonlinearity is present, its effect can 

be studied with the aid of describing functions. For satu-

ration, the describing function is (Atherton (2, p. 86]), 

N(a) = m·f1 (o/a) (B.6) 

where 

(B.7) 

Variable a is the amplitude of the first harmonic of an 

assumed periodic signal at the input of the saturation; m 

is the slope (gain) of the linear part of the saturation 

function; and o is the value of the input at which the satu-

ration is reached. In our case m = o = 1. 

The Nyquist diagram of G (jw)·G(jw) is shown in Fig. B.1 c 

together with the function -1/N(a). It can be observed that 

the linear part of the system does not satisfy the condition 
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Fig. B.l: Describing function of the saturation nonlinear-
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of the system. 
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Fig. B.2: Transient response of the system with PI control 
and input saturation, for the unit step input. 
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(B.1) of the Lemma B, but also that the Nyquist plot does not 

intersect with the loci of -1/N(a). Therefore, although the 

sufficient conditions for stability are not satisfied, nei-

ther are the conditions for the existence of limit cycle 

(Atherton [2, p. 115]). 

The time response of the system ( B. 2) - ( B. 4), to unit 

step is shown in Fig. B.2 and stable behavior can be ob-

served. 

B.3. STABILITY OF SYSTEMS WITH INTEGRATOR LIMIT 

The stability results that are available for handling 

controller limiting, such as the one shown in Fig. 2.11, are 

not satisfactory. Both, the absolute stability approach by 

Jury and Lee [44], Glattfelder and Schaufelberger [32], and 

the use of Liapunov direct method by Celenteno and Marino 

[11], have two shortcomings: 

i) The nonlinearities are fixed. 

ii) The results depend on restraining the nonlinearities 

to some sector [a,~]. 

In our case, 

with µ 0 --;. ~, 

the nonlinearity µ 1 (u.,u ,U) given by (2.18), 
1 p m 

belongs to the sector (O,~}, even with u fixed. p 

Therefore, the direct application of the above results is 

either impossible, or extremely conservative. 
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The system is singularly perturbed while the limit is 

exceeded; however it is not, when within the limits. This, 

formally, results in that the fast subsystem has continuum 

of equilibrium points, instead of isolated ones. In such a 

case an existing theory o~ singular perturbations is not ap-

plicable [ 48] . 

In spite of these theoretical problems, some conclusions 

seem to be self-evident. Consider the system in Fig. 2 .11 

without the nonlinearities in the controller (i.e., u - u p p 

and µ 1 = 0), but with the input saturation still present. 

If this system is asymptotically stable it seems plausible 

to claim that the system will remain asymptotically stable 

when the controller nonlinearities are included. Indeed, 

from ( 2. 18 )- ( 2. 21), it follows that the controller nonline-

arities just ensure that the plant input saturation is never 

exceeded by the controller output, and otherwise the system 

is the same. Examples in Fig. 2.12 clarify this statement. 

In view of this discussion the following conjecture is 

proposed. 

CONJECTURE: 

If the system in fig. 2. 11, with the controller 

nonlinearities removed, is globally asymptotically 

stable¥ r E (a,b), then there exists a positive con-

* · stant µ 0 , such that the system with the nonlinear-
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ities included, is 

globally asymptotically stable .r.t- r E (a,b) and 

It was not possible to find the proof of the conjecture. 

However, numerous examples and the reasoning outlined above, 

led to belief that it is generally true. 

In many cases in this work, the proofs of stability rely 

on the validity of the conjecture. The asymptotic stability 

is proved for a system without the limiting nonlinearities 

in the controller, (but with the plant nonlinearities). Then 

the total system global stability is implied by the v~rtue 

of the conjecture. The conclusions are then verified by 

simulations and experiments. 
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APPENDIX C 

PROOFS FOR CHAPTER 4 

In this appendix, the proofs of some stability related 

statements, given in Chapter 4, are presented. 

C.l. COUNTER EXAMPLE TO THE FRANKE'S PROOF 

In [28, p. 349] Franke considers the SISO system, which 

(in his notation) is described by 

with the control 

P1 (t) = 

~(t) = A·x(t) + b·u(t) 

y(t) = c'·x(t) 

where w is a constant reference input, and s x s 
librium solution of (C.l) when U = koW . s Further, 

(C.l) 

(C.2) 

is equi-
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1 
ko = (C.4) 

(C.5) 

and Q1 is a solution of 

He claims that the system (C.1)-(C.6) is globally 

asymptotically stable, provided that A is Hurwitz, R1 is 

any positive definite matrix, and 

It will be shown that the claim fails if w = 0. s 

(C.7) 

ASSERTION: 

for w = 0 s 

System ( C. 1) - ( C. 6) is not asymptotically stable 

, if rdO,pi) = 0 

PROOF: In equilibrium, if 

come 

w = 0, equations (C.1)-(C.3) be-s 

0 = A•x + b·p1 • c'·x 
(C.8) 
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Trivial solution to (C.8) is xe = 0, ple = 0. However, if 

r 2e = 0, there is a continuum of equilibrium solutions, de-

scribed by 

x = 0 e (C.9) 

In that case the system is not asymptotically stable by de-

finition. 

0 

REMARKS: 

1. Franke's proof obviously fails due to (C.7). If that 

condition is changed to strict'relation 

(C.10) 

his proof is correct. 

2. Since Franke's assertion fails on a particular exam-

ple which is derived from the general case of multi-

variable systems in [27], the general case is not 

true either. 

3. In the modified SVS algorithm, described in Section 

4.2, condition (C.10) is satisfied by requiring 

£ > 0, in equation (4.16). 
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4. Existence of a continuum of equilibrium solutions is 

standard problem in adaptive control, [ l] . There, 

the adaptive gains usually have an equilibrium sol-

utions on a state space manyf old, not in a single 

point, (49]. Asymptotic stability is then assured 

by requiring the inputs to be "persistently exci t-

ing", what Franke did not. 

persistently exciting, the case 

ically excluded. 

If the input is 

w - 0 s is autornat-

C.2. SVS CONTROL AS AN OUTPUT FEEDBACK 

LEMMA C: Consider the system (4.1)-(4.9). The necessary 

condition for 

(C.11) 

to hold, is that 

c'•b ~ 0 (C.12) 

PROOF: Because y - r = c'.(x - xs) , and (C.11) has to hold 

for all x, it follows that equality Q1 b = k·c has to be 

fulfilled. Then, since is positive definite due to 

(4.9), the following reasoning is true: 
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Ql•b = k•C 

~ b = k·Qi1 • c 

~ CI• b : k •CI• Qi l, C 

=:> c'·b ~ 0 

D 

C.3. PROOF OF STABILITY FOR MODIFIED SVS CONTROL 

THEOREM C: Consider the system 

• x = A•x + b·v 

. z = - A•Z + \ · v 

y = c'x 

{
u 

v = 
Um •Sign U 

z,v E R 

y,u E R 

juj > u m 

(C.13) 

(C.14) 

(C.15) 

(C.16) 
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(C.17) 

with the control 

u = r + P•Y (C.18) 

• p - q·{[k1• (y - r) + k3·P·Y + k4•(Z - r)l•Y + µz} - E•P 

where µ 2 = µ 2 (p,y,r,Um) 

following conditions 

is given by (4.7). 

i) Matrix A is Hurwitz; 

ii) r = const. E (-Um,Um) ; 

iii) g > 0 I E > 0 I ki ~ 0 

are satisfied, there exist some finite 

* k4 > 0, such that the system is globally 

* * stable for all \ > \ and k4 > k4 

(C.19) 

Then, if the 

* \ > 0 and 

asymptotically 

PROOF: We consider two cases, depending on the value of c'b. 

If c'b~O , the proof is based on the Franke's proof, Lemma 

C, and Appendix C. 1. It is obvious that there exists a 

Liapunov function for the system (C.13), (C.14) in the form 
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V = [x' z]·Q·[:] (C.20) 

Q = [ ~I (C.21) 

where satisfies (C.6). Using ( C. 11) and ( C. 1 7), and 

substituting Q instead of Q1 in (C.3) we obtain 

. 
P1 = _]_ • [ ( y - r) · k. y + k 4 • ( z - r) · y + r 2 · p 1 l q2 

(C.22) 

This equation is same as (C.19) with the following substi-

tutions 

1 ki k k3 0 (C.23) p = P1 q = = = q2 

µ2 £ 

r2 = -- + (C.24) p q 

From the conditions of the theorem, and (4. 7), it follows 

that in (C.24) is always positive. Then from the 

Franke's proof [27] with the correction (C.10), the global 

asymptotic stability follows. 

If c'b = 0 , the system (C.13), (C.14) can be repres-

ented, without loss of generality, by 
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. 
a' 0 0 y a y y yr . x 

l!t. . x = a A 0 x + b v r ry r r r 
. 

0 z z 0 -),. z >.. 

(C.25) 
E n-1 x R r 

The equilibrium point of this system, with the control 

(C.18)-(C.19) is a solution of the following system of non-

linear equations. 

x = - A - 1 • b. ( r + p . y ) e e e 

z e 

= - c'· A- 1 .b.(r + p .y) e e 

r + P .y e e 

r + p ·Y e e 

(C.26) 

(C.27) 

(C.28) 

(C.29) 

Equation (C.29) has a trivial solution pe = 0, and that is 

the only one. Indeed, if p #0, (C.29) can be multiplied by e 
p . Then, due to the assumption (iii) and k 4 > 0, the only e 

solution is p = 0, which is a contradiction. e 
the equilibrium point is unique, and is given by 

x e = - A- 1 b r z e 0 . 

Therefore, 

(C.30) 
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Now define a Liapunov function for the system, as 

v (C.31) 

where 
y - r 

x - x r re (C.32) w = r x -

z -
z - r 

qy q~y qzy qzy 
Qi 

Q = qry Qr qrz = qrz (C.33) 

qzy q~z qz qzy q~z qz 

and Qi is a solution of 

(C.34) 

For v to be a Liapunov function it is necessary that Q 

is p.d. Matrix Qi is positive definite (p.d. ), because A 

is Hurwitz, and then Q is p.d. if det(Q) > 0. Using the 

expression for the determinant of a partitioned matrix, this 

is true iff 

q > r q q' 1 Q- i z L zy rz J' 1 ' (C.35) 
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The derivative of V is 

•• , ' • 1 • V = w •Q•W + W •Q•W + 2·-q-·P·P (C.36) 

Upon substituting (C.13)-(C.19), (C.25), (C.30) and (C.32) 

into (C.36), and taking (4.7) into account, it follows that 

. 
V = - T1 - 2·T2 - 2•f 3 

T1 = - w'·R·w 

q' · b + A· q ry r zy 

I 

k 1 • (y - r) + k 4 • (z - r) - w~ Qr·br + \·qrz 

I 

R = 

q' ]·PI - A) rz 

q' · b + A· q rz r z 

2·\-q z 

. . . 

(C.37) 

•P·Y 

T3 is p.d. function of p , due to the assumption (iii) and 

because µ 2 .p ~ 0. Then if T1 is p.d. and T2 = 0, V will 

be negative definite. Matrix R (and therefore the function 

T 1 ) is p.d. iff 
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2 · \ · q 2 > [ q 2 y q~z J . ( \ I - A) 2 • 

Function f 2 in the expanded form is 

fz = P·Y·{[k1 - (q' + \.q )]•(y - r) + ry zy 

+ [k 4 - (q' ·b + \.q )]·(z - r)} rz r z 

It is identically equal to zero if 

1 -·Q ·b \ r r 

(C.38) 

(C.39) 

( c .40) 

(C.41) 

If the conditions (C.39)-(C.41), (C.35) and (C.38) are sat-
• i sfied then V and -V are p. d. and the assertion of the 

theorem follows. Now, we will show that there exist positive 

\ and k 4 such that the above conditions are satisfied. 
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Because Q1 is p.d., from Rayleigh's principle [30, p. 

142] it follows that there exists a positive scalar a = a(A) 

such that 

¥x (C.42) 

Similarly, because (AI - A) 2 is p.d. ( det(\I - A) = 0 iff 

\ is an eigenvalue of A, but\ > 0 and A is Hurwitz), there 

exists a scalar S = S(A) such that 

V-x (C.43) 

By substituting (C.39)-(C.41) into (C.35) and (C.38), and 

then by applying (C.42) and (C.43), the following two re-

lations are obtained. 

\•k4 + b'·Q ·b > a·[(k1 - q' ·b ) 2 + b'•Q 2 ·b] r r r ry r r r r (C.44) 

2\·(A·k4 + b'·Q ·b) >(A+ 6) 2 ·[(k1 - q' ·b ) 2 + b'·Q2 ·b l r r r ry r r r r 

(C.45) 

The first one is easily satisfied with large enough \. 

However, the second one requires large \. and k 4 , to be 

* satisfied. Actually for any k 4 > k 4 , where 
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* 1 k4 = -2 ·[(k1 - q' ·b ) 2 + b'·Q2 ·b l ry r r r r (C.46) 

* * there exists some A such that for any A > A (C.44) and 

(C.45) hold. 

0 



APPENDIX D 

PROOFS FOR CHAPTER 5 

In this appendix, the stability conditions and the describing 

function, of the sliding-adaptive PI control, are derived. 

D.l. PROOF OF STABILITY 

First, let us define the nomenclature used in this sec-

tion. 

Euclidean norm of the vector in n R ; absolute value 

of the complex number. 

II• II Induced Euclidean norm of the linear operator that 

maps 

L2 Linear space of all measurable vector valued func-

tions, f(t), which satisfy 

00 

J lf(t)l 2 ·dt < 00 

231 
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The space is defined over the field of real numbers. 

For notational brevity, the dimension of the vector 

f(t) is not explicitly noted, but it is implicitly 

understood from the context. 

L2 -norm, i.e., the norm of the functions in 

space defined as 

00 
l 

1 I f < t) I 2 • dt J ~ II f ( t) 112 A 

We want to prove stability of the control system in Fig. 

5. la with SAPI control from Fig. 5. 10. This system can be 

directly transformed to the system in Fig. D.l, if the sub-

stitution 

is used. 

P1 = P2 - g' p 

The transfer functions and G c given in (5.29) 

and (5.14), satisfy condition (D.3) below. Then the stabil-

ity follows from the following theorem. 

THEOREM D: Consider the system in Fig. D.l with 

e > 0 / (D. 1) 



r + e -/ -
J, -

E 

[Z] up 

~0~ ~ 1 
e2 ~ Tc f--?o q2 -- -- s •1•+ ' \ 

' 

Gd(s) £ f-
P1 

' E 
II 

[Z] 
< 

e1 - - 0 . ~ 

ql ua 

ef Uc ''+ 
Gf (s) - Gc(s) -~ Gs (s) - + Vs 

Fig. D. 1: SAPI control system, for which the global 
asymptotic stability is proved. 

y . -

N 
w 
w 
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r = const. , (D.2) 

Gf(O) = const. , G (0) = oo c (D.3) 

The sufficient conditions for the equilibrium point e = 0 , 

to be globally asymptotically stable, are: 

i) The linear subsystem 

is exponentially stable. 

ii) The transfer function Gd(s) is exponentially 

stable. 

iii) 

where 

F m 

l/(12·E·F ) m 

qz < E/(f2·E) 

2 2 k: 
= sup { I G 1 ( j w ) I · [ 1 + Tc · I Gd ( j w ) I l 2 } 

wER 

(D.4) 

(D.5) 

(D.6) 

(D.7) 

REMARK: Generally, it may not be necessary to require global 

asymptotic stability. However, if only the I/O stability is 
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stated, the question of convergence of the adaptive gain p 1 

is not answered. 

Before proving the theorem we need to transform the 

system in Fig. D.1, and prove several auxiliary results. 

FACT D.l: The stability of the system in Fig. D.1 is 

a lent to the stability of the system 

~ = 0 I and c \) I 

"' I 

a given as 

~ 
4 

r::1 \) ~ r~:1 "' 
~ r::1 I I I 

PROOF: Because G (0) = ~, the input c 

in Fig. D.2, 

~ r~:1 a . 

to the block 

equiv-

with 

(D.8) 

G ( s) c 
in Fig. D.1, must be equal to zero in equilibrium. Then, from 

(D.2) and Fig. D.1 it follows that in equilibrium 

e e = P1 = 0 (D.9) 

Since this is true for any constant r, and because the non-

linear part of the system depends only on the variable e 1 , 

it is obvious that the stability of the system is uniform 

in r Then, it is sufficient to consider only the case 

r = 0 



u 
l 
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y 
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y 

236 

+ u CJ - G(s) -
/ - --

¢ 
f (.) 

a) Multivariable linear system with memoryless 
nonlinear feedback. 

+ 
:~ Gs - Gf - ql - -,,-

Ge -

- Gd - Tc - -

b) Linear part of the system. 
E 

[Z] - fl 1 Y1 G - -- - -
J\ 

E 
, I 

0 Y2 ,,+ G f 2 2 
-~ 0 • > - ~ x 
+ 

f 3 3 - -1 -~ 
c) Nonlinear part of the system. 

yl 
-

Y_2 -

Fig. D.2: Multivariable feedback representation of the sys-
tem from Fig. D.1 with r = 0 . 
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The system in Fig. D.l can be rearranged into the form 

shown in Fig. D.2a, so that the linear dynamic part is sepa-

rated from the nonlinear memoryless part of the system. If 

r = 0 , and the variables in the new notation are defined as 

(D.10) 

the linear part of the system can be represented as shown in 

Fig. D.2b, and the nonlinear part as in Fig. D.2c. The re-

sulting system has three outputs and two inputs, but the 

dummy input has been added to make the number of 

inputs and outputs equal. This simplifies notation and does 

not influence the results in any other way. 

The matrix transfer function of the linear part is 

q 1·Gi(s) 0 0 

a q1·Tc·G1 (s) 0 Gd(s) 0 0 u .6 G(s) .u (D.11) - I 

0 0 G ( s) p 

where 

( D. 12) 
S + E 

The nonlinear feedback is described by equations 
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Y1 • Y3 
0 

-(Y1 + Y2)·Y1 
] "f(o) , 

where y 1 and y2 represent the limited values of 

y 2 , respectively, as in Fig. D.2c. 

FACT D.2: Consider the system in Fig. D.2a, and let 

G(s) 
- 1 d. C-(sI - A) ·B 

( D. 13 ) 

Y1 and 

D 

(D.14) 

where (A,B,C) is any minimal state space realization of 

G( s). This system is globally asymptotically stable for 

~=o I if 

i) it is L2 -stable for ~ E L2 , and 

ii) the linear part (D.14), has all poles with negative 

real part. 

PROOF: The following proof closely parallels the proof of a 

related theorem by Vidyasagar [74, Theorem 6.4.1, pp. 

240-242]. 

If the system in Fig. D. 2a, with (D. 14) can be 

described by 
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t 
x(t) = x(O).exp(At) - J exp[A(t - t)]·B·U(t).dt (D.15) 

0 

u(t) = ¢(t) (D.16) 

o(t) = C·x(t) (D.17) 

We need to show that x(t) ~ 0 as t ~ oo , provided that (i) 

and (ii) are satisfied. Since the state space realization 

is assumed to be minimal, the pair (A,C) is observable, and 

the ref ore 

lim c.x(t) = 0 <=> lim x(t) = 0 (D.18) 
t~oo t~oo 

Then it is sufficient to show that o(t) ~ 0 as t ~ oo. 

From (D.15)-(D.17): 

t 
o(t) = C·x(O).exp(At) - C•f exp[A(t - t)]·B·¢(t).dt . (D.19) 

From the conditions (i) and (ii): 

( i ) <=> ( ~ E L2 => u,o,¢, E L2 ) (D.20) 

(ii) => ~exp(At)~ < a·exp(-at) , a,a E R+ (D.21) 

=> II exp(At) II E L2 (D.22) 

=> C·x(O)·exp(At) E L2 (D.23) 
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Therefore if we set 

~(t) = C·x(O).exp(At) (D.24) 

from (D.23) and (D.20) we have 

(D.25) 

By defining the auxiliary variable z as 

t 
z ( t) d J exp [A ( t - t ) ] • B · ¢ ( t ) • d t (D.26) 

from (D.19) and (D.24) it follows that 

o(t) = ~(t) - C·z(t) (D.27) 

Vidyasagar [ibid.] has shown that z(t) -)> O as t ~ OO I 

provided that (D.22) and (D.25) hold. Then, from (D. 21), 

(D.23), (D.24) and (D.27) it follows that o(t) -)> 0 as 

D 

FACT D.3: Sufficient conditions for the system in Fig. D.2a 

to be L2 -stable are: 
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i) Linear part G(s), is proper and has all poles with 

negative real part. 

ii) 3l I 0 < l < 00 

iii) r ·sup II G ( j w) II < 1 
wER 

lf(o)I ~ l·lol , ¥ o 

PROOF: This fact is a direct consequence of the small-gain 

theorem, (Desoer and Vidyasagar [ 13, pp. 40-43], Harris and 

Valenca [39, pp. 178-180]). If that theorem is applied to 

.the system in Fig. D.2a, with G(s) being matrix rational 

transfer function, and f(o) continuous memoryless function, 

the resulting conditions for L2 -stability are: 

a) a solution exists; 

t 
b ) 1 g ( t - • ) · u ( • ) • d • II 2 ~ r 1 • II u ( t ) II 2 

0 

where g(t) is the inverse Laplace transform of G(s); 
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The proof is now obvious. The system in Fig. D.2a is con-

tinuous, so a solution exists. From (i), G(s) is exponen-

tially stable, and in that case, (b) is satisfied with, [13, 

p. 139]: 

o 1 = sup II G ( j w ) II 
wER 

(D.28) 

From (ii), (c) is satisfied with o2 = o, and then (d) au-

tomatically follows from (iii). 

0 

FACT D.4: Nonlinear vector function (D. 13) from Fig. D. 2c 

satisfies 

if(o)I $ 12·E·lol (D.29) 

PROOF: From Fig. D.2c 

2 2 
Y1 $ E 

_2 2 
Y2 $ E (D.30) 

Also, always 

_2 2 
$ Y1 + Y2 (D.31) 
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Then from (D.13) 

2 2 2 2 
If< o > I = <'Y1 y3) + <'Y1 + Y2) Y1 

2 2 2 2 2 2 
= Y1 • Y3 + <'Y1 + 'Y2>·'Y1 + 2·'Y1·Y2·Y1 

2 _2 2 _2 _2 
~ E • Y3 + 2·E • ( y l + Y2) 

2 2 2 2 
~ 2·E • ( y 1 + Y2 + y3) 

2 2 
=2·E·lol (D.32) 

D 

We can now prove Theorem D . 

PROOF OF THEOREM D: From Facts D.l and D.2 it follows that 

the system in Fig. D.l is globally asymptotically stable if 

the system in Fig. D.2, with (D.8) is L2 -stable. 

Next, we apply Fact D.3. By using (D.11) and (D.12), 

the condition (i) of Fact D.3 follows from (D.l) and condi-

tions (i) and (ii) of the theorem. The condition (ii) of Fact 

D.3 follows from Fact D.4, with 

r = .f2·E (D.33) 

By definition 
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II G ( j w) II 
l 

~ {A [G' (-jw) ·G(jw) ]}~ max (D.34) 

From (D.11) 

2 2 2 2 
q1·IGi(jw)I .[l+Tc!Gd(jw)I l O O 

G'(-jw)·G(jw) = 0 

0 

and the eigenvalues are 

2 2 2 2 
A.i(w) = q1° IGi(jw) I • [1 +Tc· IGd(jw) I 1 

A. 2 = 0 

2 
A 3 ( w ) = I Gp ( j w) I 

From (D.7) and (D.12) 

l 
sup A. 1 ( w ) l ~ = 
wER 

l 
sup A. 3 ( w) l ~ 
wER 

and therefore from (D.34) 

sup ii G ( j w ) !I = 
wER 

=-
E 

0 0 
2 

0 IG (jw)I p 

(D.35) 

(D.36) 

(D.37) 

(D.38) 

(D.39) 



245 

Now, by substituting (D.5) and (D.6) from the condition (iii) 

of the theorem, into (D.39), we obtain 

sup II G ( j w) II < max [ 1/ ( /2 · E) , 1/ ( /2 · E) ] 
wER 

(J;).40) 

Combining (D·.33) and (D.40) yields the condition (iii) of 

Fact D.3 and the assertion of the theorem follows. 

D 

D.2. DESCRIBING FUNCTION 

We propose to derive describing function for the non-

linear system in Fig. 5.11, under the assumptions 

i) 

ii) 

lcos ¢ I > 0.5 z 

w > 10·E, 

where ¢ 2 is defined in (D.45) below, and w is the angular 

frequency of the first harmonic of ef 

Suppose that ef in Fig. 5.11 is the sinusoid 

ef = a.cos(wt) 

If the first harmonic of u in Fig. 5.11 is p 

(D.41) 
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,.., 
up = u •COS(wt + ¢ ) P up (D. 42) 

the describing function N(a,w) is defined as 

u 
N(a,w) ~ -1?.. .exp ( j ¢ ) a up (D.43) 

From Fig. 5.11, with ef given by (D.41), it follows 

that 

z 1 = a·g .cos(wt + ¢ ) z z 

where 

Then 

z 2 = z 1 • a.cos(wt) 

= 
az.g 
~-~z-·[cos(¢ ) + cos(2wt + ¢ )] z z 2 

Variable p in Fig. 5. 11 is a linear function of 

g , given by p 

p = 
q 

·~2 + 
S + E 

Therefore, by superposition 

----·g 
E -P s + 

(D.44) 

(D.45) 

(D.46) 

z 2 and 

(D.47) 
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P = g + Po + a •Cos(2wt + ¢ ) p p p (D.48) 

where 

g.a2.g 
z •COS(¢ ) Po = 

2·e z (D.49) 

g.a2.g 
z a = l p 2 · ( 4w 2 + E 2) ~ 

(D.50) 

- 1 

¢p = <f>z - tan (2w/e) (D.51) 

Then 

z 3 = p·a·cos(wt) 

a . a 
= (gp +Po)· a·cos(wt) + ~-P~-·cos(wt + ¢ ) + 

2 p 
a ·a 

+ p •COS(3wt + <f> ) 

2 p 
(D.52) 

If the conditions (i) and (ii) are satisfied, from (D.49) and 

(D.50) we have 

a 
Po > 20· __E_ 

2 
(D.53) 

so that the third harmonic in (D.52) can be neglected. Then 

(D.54) 

where 
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l 
a 3 = [(g + p 0 ) 2 +a ·(g + po)·cos(¢ ) +(a /2) 2 ]~. (D.55) p p p p p 

Now, the first harmonic of u p is 

(D.56) 

where is the describing function of the unit satu-

ration function given by (B.7), and 

A. p = 
u m (D.57) 

From (D.43), (D.52), (D.54)", and (D.56) it finally follows 

If we set 

then 

a 
N (a, w) = f 1 ( p ) • [ gp + p 0 + y ·exp ( j ¢ p) l 

N(a,w) = g + P(a,w) p 

a 
P(a,w) = f i ( p ) • ( g + po ) - g + f 1 ( p ) • _E...exp ( j ¢ ) p p 2 p 

(D.58) 

(D.59) 

(D.60) 



APPENDIX E 

SIMULATION PROGRAM 

The SUPER*SCEPTRE simulation program was used for simu-

lations. The de motor from Appendix F.l is modeled with the 

equivalent electric circuit. Coulombic friction is modeled 

by the table function TJMW, and the nonlinear damping by the 

resistance RMU. Listing of the source program in the 

SUPER*SCEPTRE code, used in the simulation of the SVSPI al-

gori thm for generating Fig. 5. 4, is given on pages 250 and 

The FORTRAN function subroutine FMl emulates the non-

linear function given by (2.18), an the subroutine FM5 

emulates µ 5 given by (5.27). The function subroutine FPLOT 

is used for outputting the data for plotting. Source 

listings of these subroutines are given on page 252. 

On pages 253 and 254 is listing of the JCL statements, 

which were used for running the program on the IBM 3084 

processor with OS/VS2 Revision 3.8 operating system. 
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The source listing of the main simulation program in 
SUPER*SCEPTRE code is given below. 

TRANSFER FUNCTION DESCRIPTION 
MODEL FILTER 

K=2E3 
D=-2E3 

MODEL DESCRIPTION 
MODEL DCM CA1-A2-Ml-M2) 

******* PANCAKE DC MOTOR C9FBT) MODEL 
ELEMENTS 

LA,A2-A3=80E-6 
RA,A3-A4=2.3 
EB,Al-A4=XlCPK3EVCMWl 
JMU,Ml-M2=X2CPK3EILA) 
CMW,M2-Ml=SSE-6 
RMU,M2-Ml=X3Cl./C2E-lO*VCMW3EVCMW+lE-30)) 
JMW,M2-Ml=XX01C.0334*XTABLECTJMW,VJMW)) 

DEFINED PARAMETERS 
PK=.02 
DPOS=X4CVCMWl 
POS=O 

******* 

FUNCTIONS 
TJMW=-l.OlOOOE-Ol,-5.00000E-Ol,-l.OOOlOE-03,-5.00000E-Ol, 

-l.OOOOOE~03,-6.00000E-Ol,O,O, 
l.OOOOOE-03, 6.00000E-01, l.OOOlOE-03, S.OOOOOE-01, 
l.OlOOOE-01, 5.00000E-01 

MODEL POWER AMPLIFIER CSATURATION) 
M=lOO 
Y=25 

MODEL CURRENT LIMITER CSATURATIONl 
M=l 
Y=3.72 

CIRCUIT DESCRIPTION 
**** SVS ADAPTIVE PI 
**** PANCAKE DC MOTOR 
**** JM=l., GA=l., TF=l. 

*** CURRENT DRIVE; GI=SE3, GP=32, SF=2E3 *** 
*** Ql=SOO, EPS=200, K=O.l, MO=l.E7 *** 
*** SMALL INPUT STEP & TORQUE *** 

ELEMENTS 
DM,Al-A2-Ml-M2 = 
PA, 1- 2-A2-Al = 
CL, 3- 2- 4- 2 = 
OF, 5- 2- 6- 2 = 
EV, 2- 1 = PVA 
EC, 2- 3 = PU 
EF, 2- 5 = PE 
JTL, M2-Ml = TL 

DEFINED PARAMETERS 
PC = . 05 . 
PGI = SE3 
PGP = 32 
PQl = 500 
PES = 200 
PK = .1 
PMO = 1E7 

MODEL DCM 
MODEL POWER AMPLIFIER 
MODEL CURRENT LIMITER 
MODEL FILTER 

PVA = XlPCEOCL-ILADMl 
PU = X2PCPUP+PUI) 
PE = X3PCPC*CPWR-VCMWDM)) 
PEI = X4PCPQl*EOOF) 
PUP = XSPCP2*PE1) 
PMS = FM5CP2,PE1,3.72,PM0) 
PMl = FMlCPUI,PUP,3.72,PMO) 
PS = X6PC1-PK*P2) 
DP2 = X7PCPS*PEl*PEl-PES*CP2-CPGP/PQlll-PM5) 
DPUI= X8PCPGI*EOOF-PM1) 
PP = X9PCPQl*P2> 
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PWR = Tl 
P2 = .064 
PUI = .884435 
PPLOT=FPLOTCTIME,VCMWDM,ILADM,PP,PUI,PS) 

FUNCTIONS 
Tl=0,100, .01,100, .01,110, .15,110 
TL=O,O, .09,0, .09,.02, .15,.02 

INITIAL CONDITIONS 
VCMWDM = 100 
IL ADM = . 845 

OUTPUTS 
VCMWDMCSPEED>,ILADMCI.ARM>,PP,PUI,PS 
PPL OT 

RUN CONTROLS 
COMPUTER TIME LIMIT = 2 
INTEGRATION ROUTINE = IMPLICIT 
STARTING STEP SIZE= l.E-5 
STOP IF CXSTPNO.GT.10000) 
STOP TIME = .15 
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The source listings of the FORTRAN function subroutines used 
in simulation are given below. 

c ********************************************************************* DOUBLE PRECISION FUNCTION FMlCUI,UP,UM,MO> 
c ********************************************************************* DOUBLE PRECISION UI,UP,UM,MO,UIMIN,UIMAX 

c 

UIMIN=-UM-UP 
UIMAX=UM-UP 
IF CUIMAX.LT.0.0) UIMAX=O 
IF CUIMAX.GT.12.) UIMAX=l2. 
IF CUIMIN.GT.0.0) UIMIN=O 
IF CUIMIN.LT.-12.) UIMIN=-12. 
IF CUI.LT.UIMIN) GO TO 10 
IF CUI.GT.UIMAX> GO TO 20 
FMl=O. 
RETURN 

10 FMl=MO*CUI-UIMIN) 
RETURN 

20 FMl=MO*CUI-UIMAX) 
RETURN 
END 

c ********************************************************************* DOUBLE PRECISION FUNCTION FMSCP,E,UM,MO) 
c ********************************************************************* DOUBLE PRECISION P,E,UM,MO,PM 

c 

E=DABSCE) 
IF CE.LT.0.01) GO TO 10 
PM=UM/E 
GO TO 20 

10 PM=l2. 
20 IF CP.LT.-PM) GO TO 30 

IF CP.GT.PM) GO TO 40 
FMS=O. 
RETURN 

30 FMS=MO*CP+PM) 
RETURN 

40 FMS=MO*CP-PM> 
RETURN 
END 

c ********************************************************************* DOUBLE PRECISION FUNCTION FPLOTCT,A,B,C,D,E) 
c ********************************************************************* DOUBLE PRECISION T,A,B,C,D,E 

WRITE C7,l00) T,A,B,C,D,E 
100 FORMAT ClP6Dl2.5) 

FPLOT=l. 
RETURN 
END 



253 

The JCL statements used for running the simulation program 
are given below. 

//AOOOXXXX 
/3EJOBPARM 
//SUPERSEP 
// 
// 
//SUPER 
//STEPLIB 
//FTOlFOOl 
// 
//FT02F001 
// 
//FTOSFOOl 
//FT06 FOO! 
//FTlSFOOl 
// 
//FT16F001 
// 
//SCEPTl 
//STEPLIB 
//FTOlFOOl 
//FT03F001 
//FT04F001 
// 
//FTOSFOOl 
//FT06F001 
//FT08F001 
// 
//FT08F002 
// 
//FT09F001 
//FORT 
//SYSIN 
// 
// 
//SYSLIN 
// 
//SYSPRINT 
//SYSPUNCH 
//LKED 
// 
//SCEPTSIM 
//SYSLIN 
// 
// 
//SYSLMOD 
// 
//SYSPRINT 
//SYSLIB 
//SYSUTl 
//GO 
//FT02FOOl 
// 
//FT03F001 
//FT04F001 
//FT06 FOOl 
//FT07F001 
//FT08F001 
//FTl OFOOl 
// 

JOB 99999,SVSPI,TIME=l,MSGLEVEL=C0,0),PRTY=IDLE 
LINES=3,CARDS=30000 

PROC LKLIB='A529D8.SUPER.SCEPTRE.LINKLIB', 
OVLIB='A529D8.SCEPTRE2.0VERLAY', 
LKDPARM=,MAXERR=l 
EXEC PGM=SUPER 
DD DSN=&LKLIB,DISP=SHR 
DD UNIT=SYSDA,SPACE=CCYL,C2,l)),DSN=&&SCR1, 

DCB=CRECFM=FB,LRECL=80,BLKSIZE=800),DISP=C,PASS) 
DD UNIT=SYSDA,SPACE=CCYL,C2,l)),DCB=3E.FT01F001, 
DSN=&&SCR2,DISP=C,PASS) 
DD DDNAME=INPUT 
DD SYSOUT=T 
DD DSN=&&SOURCE,UNIT=SYSDA,SPACE=CCYL,C2,l)), 

DCB=*.FTOlFOOl,DISP=C,PASS) 
DD DSN=&&LOGIC,UNIT=SYSDA,SPACE=CCYL,(2,1)), 

DCB=3E.FT01F001,DISP=C,PASS) 
EXEC PGM=SCEPTREl,COND=C&MAXERR,LT) 
DD DSN=&LKLIB,DISP=SHR 
DD DSN=&&SCRl,DISP=COLD,PASS) 
DD DSN=&&SCR2,DISP=COLD,DELETE) 
DD UNIT=SYSDA,SPACE=CCYL,(2,1)), 

DCB=CRECFM=FB,LRECL=80,BLKSIZE=800) 
DD DSN=&&SOURCE,DISP=COLD,DELETE) 
DD SYSOUT=A 
DD DSN=&&PGMSAV,UNIT=SYSDA,SPACE=CCYL,(2,1)), 

DCB=CRECFM=FB,LRECL=80,BLKSIZE=3200),D!SP=C,PASS) 
DD DSN=&&DTASAV,UNIT=SYSDA,SPACE=CCYL,C2,l)), 

DCB=CRECFM=FB,LRECL=80,BLKSIZE=l680),D!SP=C,PASS) 
DD UNIT=SYSDA,SPACE=CCYL,C2,l)),DCB=3E.FT04F001 
EXEC PGM=IGIFORT,COND=C&MAXERR,LT) 
DD DSN=&&PGMSAV,DISP=COLD,DELETE,DELETE> 
DD DSN=&&LOGIC,DISP=COLD,DELETE) 
DD DDNAME=FORTSRC 
DD DSN=&&LOADSET,DISP=C,PASSl,UNIT=SYSDA,SPACE=CCYL,(2,1)), 

DCB=CRECFM=FB,LRECL=80,BLKSIZE=3200) 
DD SYSOUT=A 
DD SYSOUT=B 
EXEC PGM=IEWL,PARM='OVLY,SIZE=Cl80K,50K),&LKDPARM', 
COND=C&MAXERR,LT) 
DD DSN=&LKLIB,DISP=SHR 
DD DSN=&&LOADSET,DISP=COLD,DELETE,DELETE) 
DD DSN=&OVLIB,DISP=SHR 
DD DDNAME=FORTOBJ 
DD DSN=&&GOSETCMAIN),DISP=C,PASS),UNIT=SYSSQ, 

SPACE=CCYL,C2,l,l)) 
DD SYSOUT=A 
DD DSN=VSP.FRTHXLIB,DISP=SHR 
DD UNIT=SYSDA,SPACE=CCYL,Cl,l)) 
EXEC PGM=*.LKED.SYSLMOD,COND=C&MAXERR,LT) 
DD UNIT=SYSDA,SPACE=CCYL,C3,3)), 

DCB=CRECFM=VBS,BLKSIZE=l028,LRECL=l024) 
DD DSN=&&SCRl,DISP=COLD,DELETE) 
DD UNIT=SYSDA,SPACE=CCYL,(2,1)) 
DD SYSOUT=T 
DD SYSOUT=B 
DD DSN=&&DTASAV,DISP=COLD,DELETE) 
DD DSN=&&TEMP,UNIT=SYSDA,DISP=CNEW,PASS), 

DCB=CRECFM=FB,LRECL=80,BLKSIZE=l600),SPACE=CCYL,C2,l)) 
//END PEND 



//STEP2 EXEC SUPERSEP,MAXERR=S 
//SUPER.INPUT DD * 
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Source code of the main simulation program 

/* 
//FORT.FORTSRC DD* 

/* 
// 

. 
Source code of the FORTRAN subroutines 



APPENDIX F 

EXPERIMENTAL CIRCUITS 

Specifications, circuit diagrams, and photographs of the 

hardware used in experiments, are shown in this appendix. 

All designs are functional, although they have not been op-

timized in any way. Operational amplifiers operate with the 

±15 v supply. 

F.l. DC MOTOR 

Manufacturers specifications of the 9FBT, printed-

circuit-rotor, homopolar, permanent magnet, de 

tachometer, are given in Table F. 1. 

that have been measured, directly or 

Total armature circuit resistance 

Armature circuit inductance 

The parameter 

Stiction 

Friction 

Damping 

indirectly, 

2.3 Q 

80 µH 

0.02 N 

0.017 N 

2 10 - l 0 

are: 

m 

m 

w2 

motor-

values 

N s/rad 

Rotor inertia 55 io-G kg mz 

A photograph of the motor is shown in Fig. F.l. 
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Table F.l: Specifications for the de motor type 9FBT 

Parameter 

Power 

Torque 

Speed 

Voltage 

Current 

Terminal Resistance 

Max. Continuous 
Stall Current 

Pulse Torque 

Torque Constant 

EMF Constant 

Rotor Inertia 

Friction 

Mech. Time Constant 

Armature Inductance 

Tach. Output Gradient 

Tach. Output Ripple 

Tach. Output Impedance! 
I 

Nominal value in 

Customary units I SI units 

1/40 HP 18 w 
9.0 oz-in 0.063 Nm 

2600 rpm 272 rad/s 

12.0 v 

5.40 A 

0.85 Q 

6.40 A 

101 oz-in 0.713 Nm 

2.80 oz-in/A 0.0198 V s/rad 

2.07 V/krpm 0.0198 V s/rad 

0.007 oz-in-s 2 50 10- 6 kg m2 

3.0 oz-in 0.021 Nm 

0.154 s 

100 µH 

1.03 V/krpm I 0.0098 V s/rad 

5.0 % p-p 

1. 0 Q 
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Fig. F.l 
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F.2. POWER AMPLIFIER 

The circuit diagram of the power amplifier is shown in 

Fig. F.2. The components are: 

OAl - 1/4 of TL074 i 

PA - Apex µtech 0PA12A 

RL - 0.24 Q I 1% I 6 w 

RC - 1 Q I 0.1% 32 w 

Rl - 13 kQ 5% 1 w 

R2 - 16 kQ 5% 1 w 

All other resistors are 1% I 1/4 w 

The current limiting resistors, RL, set the current 

limit to approximately ±3.6 A. 

The voltage limit of the input variable U is approxi-

mately ±12 V due to the ±15 V supply for the operational 

amplifiers. 

The resistor RC is used for the current sensing. 
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0 

FIG. F. 2 

+25V 
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Rl 

RL 
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F.3. INTERFACE CIRCUIT 

The interface circuit contains the circuitry for gener-

ating the reference signal R , and for processing the 

tachometer output. 

components are: 

Its diagram is shown in Fig. F.3a. 

OAl - 1/4 of TL074 ; 

OA2 - µA741 with input offset voltage null circuit; 

All resistors are 1% , 1/4 W ; 

All potentiometers are 15-turn , 3/4 W. 

The 

A photograph of the interface circuit and the power am-

plifier is shown in Fig. 3b. The board on the right hand 

side, also contains additional circuitry, which was not used 

in the experiments. 
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Fig. F.3b 
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F.4. I-P CONTROL 

The circuit diagram of the I-P controller with fixed 

integrator limits from Fig. 2.7, is shown in Figures F.4a and 

F.4b. The components are: 

OAl - 1/4 of TL084 

OA2 - 1/2 of TL083 with input offset voltage null 
circuit; 

D - 1N4148 

Rl - 5 kQ I 0.1% I 1/2 w 
All other resistors are 1% , 1/4 W ; 

All potentiometers are 15-turn , 3/4 W. 

The circuit was built on a protoboard. 
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F.5. SLM CONTROL 

The circuit diagram of the SLM controller from Fig. 3.2, 

is shown in Figures F.5a and F.5b. The components are: 

OAl - 1/4 of TL084 ; 

OA2 - TL081 with input offset voltage null circuit; 

ASW - AD7512DIKN 

XOR - 1/4 of SN74LS86 

All resistors are 1% , 1/4 W ; 

All potentiometers are 15-turn , 3/4 W. 

The circuit was built on a protoboard. 
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F.6. SVS CONTROL 

The circuit diagram of the modified SVS controller from 

Fig. 4.1, is shown in Figures F.6a and F.6b. The components 

are: 

OAl - 1/4 of TL074 ; 

ICl AD534KD in the multiplier configuration; 

IC2 AD534KD in the divider configuration; 

D - 1N4148 ; 

Rl - 10 kQ 0.1% 1/2 w 
R2 - 20 kQ 0.1% 1/2 W 

R3 - 1 kQ I 0.1% I 1/2 w 
All other resistors are 1% , 1/4 W . 

All potentiometers are 15-turn , 3/4 W. 

Because the positive voltage range is the same as 

u = 12 v I the m signals at the inputs of the controller are 

divided by 2 and offset by 6 V, and the signal at the output 

of the controller is multiplied by 2 and offset by -6 V. 

A photograph of the circuit is shown in Fig. 6c. 
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