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I • INTRO DUCT! ON 

Composite materials have existed for centuries. They have been 

used in a wide variety of man-made structures, from houses and 

bridges to furniture, laminated tennis rackets, and skis. However, 

the idea of designing a composite for a specific purpose is compar-

atively recent. 

In the past, the engineer was forced to choose from available 

materials to design a particular structure. Soon, however, he may 

be in a position to prescribe material properties in the expectation 

that an appropriate composite will be fabricated. For example, 

consider the case of a proposed laminated composite for future 

building applications. It has been suggested that such a composite 

might have an outside layer comprising a structural and insulating 

sandwich covered with a weather-resistant film. In addition, it 

could have an inside skin consisting of a metallic sheet to provide 

either radiant heat or cooling along with a fluorescent material 

for internal lighting. The task of fabricating such a composite 

is form·idable. 

The main structural problems that have been solved by these 

materials are those involving strength, weight, and stiffness. 

Thus, they have been used in the construction of ships, submarines, , 
aircraft radomes, wing and empennage structures, and helicopter 

blades. The use of composites increases the capacity of a commercial 

1 
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plane for passengers and cargo. Composite helicopter blades provide 

lower inertial loads while maintaining stiffness and providing good 

damping and fatigue properties. 

Materials that can provide strength and are at the same time 

corrosion-resistant, rot-proof, thermally insulating, and nonmagnetic 

are obviously desirable in ship construction. Materials like GRP 

(glass fiber reinforced plastic composites) have been used in the 

sonardome, master fairing, and superstructures of submarines and in 

the mast, cutaway rudder, and ventilation system of surface ships. 

In aircraft, these materials have been used in the honeycomb sandwich, 

nose radome, fuselage, wings, and even the jet engine compressor 

blades. 

Composites have not been utilized to great extent in space 

vehicles. However, they have potential structural application as 

propellant tanks, payload shrouds, and rocket nozzles of launch 

vehicles; pressure vessels, antennas, meteoroid shields, and trusses 

of spacecraft; thermal shields, aeroshells, and deployable decele-

rators for entry vehicles; and energy absorbers, framework, and 

cabin walls of landing craft. Hence, bright prospects are antici-

pated for the broad application of these materials in space vehicles 

and allied fields. The present obstacles are results of the 

relative newness of the technology, limited design methods, and 

occasional low reliability. All these are characteristic of an 

inmature technology; future research and development will overcome 

them. 
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The objectives of this dissertation are to investigate the 

distribution of stresses around holes in composite plates under 

pure bending and to calculate the stress concentration factor, which 

plays an important role in structural design. The analysis is also 

intended to provide information that is especially important in such 

engineering problems as the fatigue and fracture of these materials. 

At this point, a review of some current theories that may be apposite 

to the analysis will be reviewed. 

The lamination theory, first introduced by Smith and further 

developed by many authors, was capable of describing the gross 

responses of laminated composite plates. This theory, based on the 

classical plate assumptions, took the structural geometry and the 

anticipated deformation characteristics into account in order to 

arrive at simplified governing equations, which were appropriate 

for the analysis of a larger class of plate configurations. 

Modified lamination theory, also called high-order theory, has 

been introduced by releasing some assumptions of classical plate 

theory. In this way, the effects of transverse shear deformation 

and rotary inertia can be included. This approach is applicable 

for thick laminates and sandwich construction for which classical 

lamination theory fails to give accurate gross responses because of 

the relatively soft interlaminar shear modulus in high performance 

composites. 

The continuum theory of homogeneous materials has also been 

developed for the laminate analysis. However, it obviously cannot 
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be used for determining local stress or strain fields at discontin-

uities because it represents a heterogeneous composite possessing 

discontinuous materials as an equivalent homogeneity. 

Of all the aforementioned theories, modified lamination theory 

is appropriate for analyzing the stress concentration around a hole 

in a laminated composite plate since this approach takes into 

account the contribution of shear deformations and provides the 

interlaminar shear stresses that are especially important in the 

neighborhood of the free edge of a hole in a composite plate. To 

familiarize the reader with the theory and the assumptions on which 

it is based, derivations of the governing differential equations 

and their boundary conditions are discussed in Chapter III. This 

discussion reveals the nature of the problem: solving the governing 

differential equations with appropriate boundary conditions. 

Unfortunately, until now no general form of solution for these 

general differential equations has been presented. However, the 

scope of this dissertation is limited to the case of laminated 

heterogeneous composites; hence, the governing differential equations 

may be solved with the techniques presented here. 

In the theoretical treatment of classical two-dimensional 

problems, the application of the method of complex stress functions 

was very successful. This fruitful method was developed primarily 

by the Russian mathematician Muskhelishvili and his followers. With 

the application of conformal mapping, it was possible to solve many 

important problems involving stress concentrations. In reviewing 
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its past history, this technique has been used to solve for the 

stress distribution in infinite composite plates with a hole under 

pure bending; the method is discussed in Chapter IV. The application 

of the technique for a circular and an elliptical hole is described 

in Chapter V, and for general curvilinear holes in Chapter VI. 

However, significant mathematical difficulties will be encountered, 

especially for the establishment of ·suitable conformal mappings; 

and therefore, one is not able to solve all problems of arbitrary 

cases of stress concentration even in this way. 

It must be stated that numerical analytical techniques are also 

very important in the investigation of stress concentration problems. 

Some cases of two- and three-dimensional stress concentration 

problems have been investigated by the finite element method. The 

accuracy of this method, however, is limited. But for many engin-

eering and design problems, the finite element method is of great 

importance. In view of these facts, the finite element analysis is 

presented in Chapter VII. The solutions have been compared with the 

results obtained from the analytical method. It can be seen that the 

two methods generally agree. 



II. LITERATURE REVIEW 

The classical lamination theory for the bending of composite 

plates laminated of thin orthotropic plates, or plies, was first 

introduced by Smith [l]*in 1953. He investigated plates that 

possessed two perpendicular axes of elastic symmetry. All plies 

were assumed to be identical in thickness and elastic properties. 

Kirchhoff's approximations and the assumptions of small deflections 

and displacement gradients were used to formulate the governing 

differential equations. In 1959, Pister and Dong [2] studied the 

problem of nonlinear bending of plates comprising two or more 

bonded, thin isotropic layers. Their results showed that for 

large deflections, the transverse and in-plane deflections were 

coupled; however, this coupling disappeared when the deflections 

were small. Therefore, for the latter case, solutions may be 

obtained directly from corresponding single-layer plate problems 

by transposing composite plate parameters. 

Reissner and Stravsky [3] were the first to recognize the 

coupling phenomenon between in-plane stretching and transverse 

bending for non-symmetric laminated plates. Stravsky [4] also 

showed that, even for the small deflection theory of Pister and 

Dong [2], no simple transposition of single-layer plate solutions. 

was possible because stretching and bending are still coupled 

*Numbers in brackets [ ] refer to references listed in REFERENCES. 

6 
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through the boundary conditions, even though the differential 

equations were uncoupled. The coupling phenomenon does not occur 

in the theory of homogeneous plates and thus had been overlooked 

by earlier authors. 

A general small deflection theory for the elastostatic 

extension and flexure of thin, laminated anisotropic shells and 

plates was formulated by Dong, Pister, and Taylor [5]. The multi-

layered composite was composed of an arbitrary number of bonded 

layers, each of a different thickness, orientation, and/or anisotropic 

elastic properties. In their theory, the Kirchhoff-Love assumptions 

were retained, the effects of transverse shear deformations were 

neglected, and the interlamina shear stresses were derived from the 

equilibrium equations. 

The previously described theory, called the classical 

laminated plate theory, CLT, is clearly outlined and discussed in 

detail in references [6] through [9]. Numerous example problems 

are presented in references [8] and [9]. 

Currently, with wider application of advanced composite 

materials, there is increasing use of thick laminates and sandwich 

construction. In these applications, because of the relatively 

soft interlaminar shear modulus used in high performance composites, 

the classical laminated plate theory is not accurate for determining 

such gross responses as plate deflection and the internal stress 

distribution. Also, the CLT fails to predict the interlaminar 

shear stresses at the intersection of the interfaces and free edges, 
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where the stress gradients are very steep. Therefore, a theory for 

laminated plates analogous to that presented by Reissner [10] and 

Mindlin [11] for isotropic plates assumes greater importance. The 

introduction of shear deformation into laminated plate theory was 

evidently first accomplished by Stravsky [12] for isotropic layers 

having identical Poisson's ratios. Ambartsull\}'an [13] developed a 

slightly different approach, in which the transverse shear stresses 

were defined to satisfy the required continuity conditions at the 

layer interfaces. This bending theory allowed for the specification 

of three boundary conditions per edge. Whitney [14] recently 

extended Ambartsumyan's approach to solve certain specific boundary 

value problems involving more general material and geometric proper-

ties than those considered by Ambartsull\}'an [13]. 

The most general linear laminate theory is attributed to Yang, 

Norris, and Stravsky [15], who extended Mindlin's theory [11] for 

homogeneous plates to laminates consisting of an arbitrary number of 

bonded anisotropic layers. Although this approach is much less 

cumbersome than that of Ambartsumyan [13], its consequences have 

not been explored because of a lack of solutions to specific boundary 

value problems. They only solved the frequency equations for the 

propagation of harmonic waves in a two-layer isotropic plate of 

infinite extent. 

Recently, Sun, Achenbach, and Herrmann [16] proposed a continuum 

theory called the effective stiffness theory, in which they treated 

the problem of a laminated system comprising a large number of 
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alternating layers of two different isotropic materials. This theory 

has exhibited reasonable agreement with ~xact elasticity solutions 

for dispersion curves. However, the theory is not intended for 

detennining internal stresses in more complex composite systems, 

which is the goal of the study presented herein. 

Owing to the rapid development of modern high-speed electronic 

computers, matrix techniques and finite element methods have received 

much attention by engineers. Pryor (17] recently presented a finite 

element method for laminated anisotropic plates consisting of rec-
, 

v 
tangular 28 DOF (degrees of freedom) element, which was employed in the 

analysis of rectangular anisotropic laminated plates. Later, Lin (18] 

presented an improved version of this element, which was an isopara-

metric, 72 DOF element developed for the three-dimensional analysis 

of laminated composites. The results of Pryor and Lin were in good 

agreement with exact elasticity solutions. Application of the 72 DOF 

element for determining stress concentration factors near holes in 

laminated composites under uniform in-plane tension was described 

by Barker, Dana, and Pryor [19]. The good results of these investi-

gators provided the motivation for using similar finite element 

methods in the present work. 

Because of the complicated geometry and boundary conditions, 

analytical solutions for the stress distributions around holes in 

laminated composite plates have not been presented in general form 

in the literature. Solutions obtained by classical plate ~heory, 

as given in references (20] through [22], provided inaccurate 
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internal stress distributions near the edge of the hole. To date, 

only one three-dimensional finite ele~nt analysis [19] has been 

presented for the state of stress around a circular hole in a 

laminated composite under uniform tension. Several experimental 

investigations were made, as reported in references [23], [24] and 

[25]; however, these techniques are basically two-dimensional in 

nature. 

This study presents a detailed investigation of the stress 

distributions around holes in laminated plates composed of an 

arbitrary number of bonded anisotropic layers, each having one plane 

of material synmetry parallel to the central plane of the plate. 

The theory developed in references [13] and [14] is employed for 

formulating the governing equations. General solutions for the 

system of governing equations are generally not available owing to 

the considerable difficulties in the mathematical analysis. However, 

techniques for obtaining exact solutions, as developed in references 

[22], [10], and [20] for circular and elliptical holes and in 

references [26], [27], and [28] for general curvilinear holes, are 

used to obtain solutions for the case of isotropic, laminated composite 

plates. 



III. FORMULATION OF GOVERNING EQUATIONS 

3.1. Introduction 

The basic equations presented in this dissertation to describe 

the behavior of composite materials were originally derived by 

Ambartsu1T1.Yan [13]. These equations, together with the assumptions 

on which they are based, form a theory of thick elastic plates, 

which is commonly referred to as Rei ssner' s shearing deformation 

theory. To allow for as much understanding as possible, the deri-

vation of the theory is carried out in this chapter. It proceeds 

by first describing the underlying assumptions of the theory. This 

is followed by derivations of the expressions which relate stresses 

and displacements in a composite, the equations of motion of a 

plate element, and the boundary conditions that are to be used with 

the theory. 

Before proceeding to the aforementioned topics, the laminated 

composite plates to be studied are described. The composite plate 

is to be a thin, multi-layered plate consisting of an odd number 

( 2m + l) of uni form anisotropic 1 ayers arranged symmetri ca 1 ly with 

respect to the plate middle plane xoy (see Figures 1 and 2). In 

general, a rectangular cartesian coordinate system is used with its 

origin located in the middle plane and with its positive z axis. 

downward normal to the plane. The layers are bonded to each other 

and numbered in a sequence as shown in Figure 2. It is also assumed 

that each layer possesses a plane of elastic symmetry parallel to 

11 
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Figure 1. Configuration of Laminated Composite Plate 
and Coordinate System 
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- Figure 2. Stacking Sequence of Laminated 
Composite Plate 
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xoy plane and obeys the generalized Hooke's law. In addition, all 

layers remain elastically bonded together and do not slip against 

each other during deformation, nor are there traction forces on 

the top and bottom boundaries of the composite plate. These boundary 

conditions are expressed as 

Txy(x, y, ± h/2) = 0, Tyz(x, y, ± h/2) = 0, (3.1) 

az(x, y, ± h/2) = O . (3.2) 

3.2. Basic Assumptions 

The theory is based on the fo 11 owing postulates: 

( i) 

{ii) 

(iii) 

The displacement w normal to plate middle plane does 
not depend on the z coordinate. 

The deflections, slopes, and rotations of the plate are 
sma 11. 

The shear stresses Txy and Tyz or the corresponding strains 
Yxv and Yyz change according to a postulated law with 
re~pect to the z coordinate. 

As mentioned in section 3.1, certain continuity conditions must 

be satisfied at each interface of layers. According to reference 

[30] this task is fulfilled when the following expressions hold: 

·+1 
= u1 {x, y, hi+l) , 

and 



where 
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. i+l 
T;z(x, y, hi+l} = Tyz (x, y, hi+l} ' 

. i+l 
cr~(x, y, hi+l} = crz (x, y, hi+l} (3.4} 

i = 1, 2, 3, ••. , m+l , 

u,v,w = displacement components in the x, y, and z direction, 
respectively , 

Tas = shear stress components , 

a, S = x, y, z , 

cra = normal stress , 

a=x,y,z, 

h = thickness of the composite plate , 

and index i stands for the ith layer. 

In assumption (iii), the selection of the function that governs 

the relation of Txz and Tyz to the coordinate should preferably be 

based on the analysis of the shear stress distribution T and Tyz' . xz 
using the sufficiently accurate theories for the bending of thick 

plates [10, 29 ]. This analysis shows that shear stresses Txz and 

Tyz for the case of thick as well as thin plates have a parabolic 

distribution. Therefore, for each layer the stresses T!z and T~z 

can be expressed as 
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i [l i ( h 2 2 ) 4] L = ~ - - z + A. ·tP( x y) yz 2 44 4 l ' 
(3. 5) 

where ~{x, y) and ~{x, y) are two arbitrary undetennined functions, 

and B~5 and B~4 are the com~onents of stiffness matrix for ith layer. 

They are discussed later. The constants A~ and A1 are parameters 

for ith layer. They are used for making the shear stresses satisfy 

the continuity condition equations {3.4) as well as the boundary 

condition Eqs. {3.1). By considering the symmetry condition with 

respect to the middle plane of the plate, expressions for Ai and A~ 

are obtained as follows: 

5 if 1 l(h2 2 ) a a+l Ai = l 2 -4 - h {B55 - B55 ) , a=l a+l 

i-1 l 2 ) l A4 = l -(!!. - h2 {Ba - Ba+ ") 
l a=l 2 4 a+l 44 44 ' 

a a a a 
Ai = A2m+2-i' A1 = A2m+l = 0, a= 4,5, 

and i = l , 2, 3, •.• , m+ l • {3.6) 

Assumption {iii) permits reference of all derivations and 

calculations to the original configuration of the plate and, together 

with Hooke's law, assures that the resulting theory will be linear, 

el as tic one. 

The assumption that the displacement w does not depend on the 

z coordinate implies no transverse nonnal strain. It is expected 

that this assumption will be generally valid for thin plates except 
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in the vicinity of highly transverse concentrated loads. As a 

consequence of the first and second postulates, the strain-displace-

ment equations for the arbitrary ith layer can be expressed as 

ei a i ei _ avi i = {)Ui avi =~ - Cly , y zy +-x ax , y ay ax 

i = ('.)\'I + l!:i i i 
y Yyz =~+~ ( 3. 7) 

xz ax az ' ay az • 

3.3. Displacement Functions 

As stated in previous sections, each uniform anisotropic layer 

possesses a plane of elastic symmetry parallel to the xoy plane; 

thereby, the constitutive equations of the anisotropic material 

having such an elastic symmetric plane for the ith layer can be 

shown as 

e all al2 al 3 a16 crx x 

e a12 a22 a23 a26 cry y 
= 

Yzy al6 a26 a36 a66 a z 

e a13 a23 a33 a36 T't:j i z i i 
(3.8) 

(Yxl [a55 •45 J rxzl 
Yy."'.. • a45 a44 Ty z . 

1 1 
( 3. 9) 
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where the aij values are the elastic constants with syrrmetric 

properties, a .. = a ..• In general, thirteen independent elastic 
lJ Jl 

constants are needed in this system. However, if a given layer is 

a fiber-reinforced composite material, it can be treated as an 

orthotropic sheet. The axes of material symmetry are parallel and 

normal to the fiber direction; thus, only nine rather·than thirteen 

coefficients are independent in this case. 

In terms of the elastic stiffnesses, Eqs. (3.8) and (3.9) 

become 

crx 811 812 B15 e a13 x 

cry = 812 822 826 ey a23 crz 

TXY 816 826 866 . yxY a36 (3.10) 
i 1 i 

(3.11) 

where the Bij values are the components of the elastic stiffness 

matrix. They relate elastic constants aij in the following relations: 

r ~2266 1 1816 _ 1 r ~2126 
-

1•55 8111 844 

1 

:~:J 
= - 855 = ~ r44 6 

-•1266 866 •1122J B45 -a45 
(3.12) 
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and 

-aijkl = aijakl - aikajl (3.13) 

2 
~ = (a12a26 - a22al6)al6 + (a12al6 - alla26)a26 + (alla22 - al2)a66 

D = a44a55 - a!5 . (3.14) 

No\'1 the displacement functions ui and vi can be derived in terms of 

w and two unknown functions, ¢ and ip, by integrating the last two 

equations of Eq. (3.7) with respect to z. It should also be noted 

that the strains Y!z and yiz are given by Eq. (3.9) while the shear 

stresses T!z and T~z are given as assumed in Eq. 3.5. After some 

manipulation, the expressions for the displacement functions are 

obtained as 

ui = -z~~ + (J~55 + R~55 + za~5A~)¢(x,y) + (Jl45 + R!45 + zal5Aj)ip(x,y) 
(3.15) 

vi = -z~; + (Jl44 + Rl44 + zal4A~)ip{x,y) + (J~45 + R~45 + zal5A~)<1>(x,y) 
(3.16) 

where JyaB and RyaS are functions designed to guarantee that the 

displacement functions u1 and vi are continuous across the interface 

between the layers. By substituting Eqs. (3.15) and (3.16) into (3.3) 

the values for JyaS and ~aB are obtained as follows: 
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and 

R~~ = 0, y = 4, 5, a,8 = 4, 5 • ( 3.17) 

Knowing the displacement functions, the strains can be calculated 

from Eq. (3.7) and stresses from Eq. (3.10). As can be seen, the 

strains and stresses are linearly distributed across the thickness 

of the plate. Because the thickness is small, it is convenient to 

integrate the stress distributions through the thickness of the 

plate and to replace the usual consideration of stresses with a 

consideration of statically equivalent stress resultants and stress 

couples. In this way, the variations with respect to z are completely 

eliminated thereby giving a two-dimensional theory. 

3.4. Stress Resultants and Stress Couples 

As normally defined in plate theory, the stress resultants and 

stress couples are given by 

h/2 
f (a , cry, a ).zdz -h/2 x xy , 

h/2 
f (ax, cry, crxy)dz 

-il/2 

h/2 
= f {Txz' Tyz) .dz -h/2 , 

(3.18) 

(3.19) 
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It should be noted that the stress resultants and stress couples 

are defined per unit of length on the middle plane. Notice, in 

these.equations, that the in-plane stress resultants Nx, NY, and 

N.xy disappear beca·use of the nature of the symmetric property of 

the plate with respect to the middle plane. This result can also 

be justified immediately since the stresses cr!, cr~, and T!Y are an 

odd function in the z variable. 

The stress resultants are to be found by integrating the 

stresses given by Eqs. (3.10) across the plate. However, this 

integration cannot be completed yet since the value of cr! has not 

yet been determined. 

The normal stress cri for each layer can be determined by z 
examining the third equation of stress equilibrium, which is given 

by 

acraz -as= o, a = x, y, z • (3.20a) 

Eq. (3.20a) holds true at every point in the composite plate, and 

for each individual layer. Therefore, for the ith layer it can be 

rewri tten as 

(3.20b) 

To solve Eq. (3.20b) for cr!, it is first necessary to substitute 
i i for the shear stresses Txz and Tyz from Eq. (3.5) and then to inte-

grate with respect to the z coordinate. The final result is in the 

following. 
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(3.21) 

where Sa.a<a. = 4, 5) are integration constants designed to ensure 

that the normal stress is continuous across the interface between 

the layers. I'n view of the last equation in the continuity Eqs. 

(3.4), the value of Sa.a is given by 

. h3 1 i -1 [h . h2 2) . J 1 Ct J S 1 = - B + l _l (- - h • ( B 1 - B - ) + (A~ - A . ) h • ( 3. 22) 
a.a 24 a.a J=2 2 4 ,l a.a a.a J J-1 J ' 

i = 1,2,3, ... , m+l, Ct = 4, 5. 

Having the displacements ui and vi and normal stress cr i in terms z 
of three unknown functions w, <P' and iJJ, the expressions for the 

stresses can be determined through Eq. (3.10) and strains through 

(3.7) in terms of these unknown functions. In the interest of 

brevity, the intermediate steps are not presented; instead, the 
. . i 

final expression for the stresses cr~, cr~, and Txy are given by 

· ( · a2 · a2 i 2 ) · * i i * i -i i lYL (Jl = -z Bl ---1'L+ 281 w + B aw + {B212J444+ B26J445 + B2C4)ay y 12ax2 26~ 22 ay2 

(3.23) 
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. ( . 2 . '\2 . '\2 ) . *. . *· ; i 
,.... 1 = -z Bl a w + 2B1 _a _w_ + Bl ;:__.!!!.. + (Bl Jl + Bl Jl + -B C )_Q.ill. 
vx 11 ax2 l6axay 12ay2 11 555 16 545 1 5 ax 

(3.24) 

*· * . + (Bi J 1 + Bi Ji + B-1 Ci )E-1 
66 545 16 555 6 5 ax ' (3.25) 

where 
* i i () in i J 0 = J 0 z + za 0 A. + R 0 , naµ naµ aµ 1 naµ 

Ci = Jni (h2_ z2) +A~ Si n 2 nn 4 1 - nn' 

a, B = 4, 5, 

n = 4, 5 . 

Now the stress resultants and stress couples may be obtained 

in terms of the unknown functions w, ¢, and ~1. By substituting 

Eqs. (3.23) through (3.25) into (3.18) the relationships between 

the stress couples and the three unknown functions are obtained 

in the following way. 
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2 5 p4 -5 -4 I.?_! \ 012 016 d w M o,, 
ax2 plll6 pl216 P1116 x 1216 ax 

~y o12 022 026 
·a2w 5 4 -5 -4 dl/J - - + pl226 p2226 p2226 pl226 ay2 ay 

acp 
Mxy 016 026 066 2& 5 4 -5 -4 dy pl666 p2666 p2666 pl666 axay 

di/> 
dY. 

( 3. 26) 

The expressions for the resultant shear forces Qx and QY can 

also be calculated by substituting Eq. (3.5) into Eq. (3.19}. This 

results in the following: 

Q K5 0 x 
= 

0 ' (3.27) 

where the constants Oij' Pijkl' Pijkl and Ki, respectively, have 

been defined as 

_ ~[ m+l 3 + m 3 3 s J D1• J. - 3 B . . hm+ l l ( h - h l ) B • • lJ s=l s s+ lJ 
(3.28) 

Pn,.J.kl = 2[s~l5m+l + Bm+lJm+l + sm+lcm+l+ I (BC:.Jet .. +Bet Jet + B<lC<l)J lJ nnn kl n45 k n a=l lJ nnn kl n45 k n 
(3.29) 

-n [ m+l-m+l m+l-m+l m a -a a -et J P,.J.kl = 2 B .. J 45 + Bkl J n + l (B .. J 45 + 8klJ ) lJ n n n et=l lJ n nnn (3.30) 
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{ 2 h2 m - } K = 2 Bm+lh (4h - m+l) +An 1h 1 I [Ba Ja + An(h - h~1 )J (3.31) 
n nn m+l 3 m+ m+ a=l nn n a ex u.• 

n = 4, 5; i, j, k, 1 = 1, 2, 6, and where 

3.5. Equations of Equilibrium 

h cx-1 
, n = 4, 5 

It is now appropriate to establish the relationships that 

e~press the equilibrium of a fundamental element of a composite 

plate. For linear static elasticity without body forces, the 

stress equations of motion at any point are given in 

(3.38a) 

(3.38b) 

(3.32) 

(3.33) 

(3.34) 

(3.35) 

(3.36) 

(3.37) 
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(3.38c) 

These equations hold everywhere in the domain of interest. 

However, since by means of integrations through the thickness, the 

consideration of stresses has replaced consideration of stress 

resultants and couples, it is appropriate to alter the definition 

of the fundamental element of a composite plate accordingly. As 
1 

shown in Figure 4 such an element extending throughout the thickness 

is acted upon by the internal stress resultants and couples defined 

in the preceding section. Therefore, the equilibrium equations of 

this element should be in terms of stress resultants and couples. 

Of the many procedures available for the derivation of the force 

equations of motion of a composite plate, the approach of direct 

integration of Eqs. (3.38) is chosen. By multiplying Eqs. (3.38a) 

and (3.38b) by the z coordinate and integrating them, respectively, 

accross the plate thickness, the two force equations of motion as 

given in Eqs. (3.39a) and (3.39b) are obtained. To derive the last 

equation, the eva 1 ua tion of a z from the previous section is reca 11 ed. 

By integrating either Eq. (3.38c) or (3.20b) across the plate thick-

ness and noting the condition that was stated in Eq. (3.1), the 

third equation of motion is obtained. Following these procedures, 

the results are 

aMX aM 
-+_!:l_-Q =O ax ay x ~ (3.39a) 



y 
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Figure 3. Boundary Element and Boundary 
Conditions 
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a _____ .,. x 

y 

Figure 4. Nomenclature for Stress Resultants 
and Stress Couples 
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aM aMV 
~+--t--Q =O, 

ax ay Y 
(3.39b) 

(3.40) 

This completes the derivation of the differential equations of 

motion in terms of stress resultants and couples. In fact, however, 

Eqs. (3.39) and (3.40) are not used directly, since it is desirable 

to obtain the solution in terms of the unknown functions w, $, and l/J. 

Thus, the whole problem can be reduced to the solution of the 

governing equations for these three unknown functions. For this 

purpose, the stress resultants and couples given by Eqs. (3.26) and 

(3.27) are substituted into Eqs. (3.39) and {3.40). After some 

algebraic combinations and reductions the following governing 

differential equations are obtained. 

a3w a3w a3 a3w 5 2 
011 -3 + 3016 + (012 + 2066) w + O - - plll6 ..d...4 

ax ax2 ay axay2 26 cw3 ax2 

s ~ a2 $ -5 ~ -4 a21/J 
(Pl666 + 1216) axa.Y - P2666 ay2 - Plll6 ax2 

-4 4 2 4 a21/J - (pl 666 + p ) ~ - p - + K $ = O 1216 axay 2666 ay2 5 

~3w ~3 ~3 ~3 5 2 0 CJ ( 0 + 2 0 ) CJ w + 3 0 CJ ~ + 0 ,g_J!_ - P _a~ j_ 
16 ax3 + 12 66 ax2ay 26 ax;/ 22 ay3 1666 ~ 

(P5 + p5 ) a2
<1> _ j>S i.m, _ j>4 fi 

2666 1226 axay 2226 ay2 1666 ax2 
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4 -4 2 4 2 
- (P2666 + pl226) il_ - p U + K VJ = O axay 2226 ay2 4 

K 2.!I>..+ K 21= 0 5 ax 4 aY • (3.41) 

Now the problem has been reduced to the solution of the system 

of equations above for three functions w, ~' and '1J, which must also 

satisfy the appropriate boundary conditions. 

3.6. Boundary Conditions 

In addition to the governing differential equations, it is 

necessary to specify the boundary condi°tions in order to prescribe 

the problem fully. For convenience in later derivations, an 

arbitrary curvilinear boundary shape is considered as shown in 

Figure 3. The arc length s is measured along a neutral line from 

initial points =Oto a general points, and its unit normal at 

that point is n. In general, either the displacements of the 

stresses on the boundaries can be specified. For the case of 

force-specified boundar.Y, conditions an infinitesimal element P, 

which is just above the point s, is considered. Acting on it is 

the state of stress: crx, cry, Txy' Txz' and Tyz• If the specified 

infinitesimal forces per unit length fn, fs, f z act on the element, 

then the force equi 1 i bri um conditions for this element can be 

written as 

fnds = [crxx cos(n, x) + Txy cos(n, y)]dsdz (3.42a) 

• 
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f5 ds = [Txy cos(n, x) +cry cos(n, y)]dsdz (3.42b) 

fzds = [Txz cos(n, x} + Tyz cos(n, y)]dsdz (3.42c) 

As mentioned in the previous section, the consideration of 

stresses has been replaced with the consideration of stress resul-

tants and couples. Therefore, it is appropriate to alter the fonn 

of Eqs. (3.42). If the integrals below are examined 

h/2 h/2 
f fnzdz, f fszdz, 

-h/2 -h/2 

h/2 
and f f zdz, 

-h/2 

it is quite obvious that the first integral becomes the applied 
- -normal moment Mn, the second becomes the applied shear moment Mns' 

and the last becomes the shear force Qn. In light of these conse-

quences, the boundary conditions in terms of stress resultants 

and couples can be derived by the integration of Eq. (3.42c) as well 

as Eqs. (3.42a and 3.42b) across the plate thickness after multiplying 

by the z coordinate. The definitions of stress resultants and 

couples given in Eq. (3.18 and Eq. (3.19) should also be recalled. 

These final considerations lead to the following 

-
Mn = Mx cos(n, x) + ~\y cos(n, y) , (3.43a} 

(3.43b} 

Qn = Qx cos(n, x) + QY cos(n, y) • (3.43c) 
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It should be noted that three boundary conditions as contrasted with 

two in classical laminated plate theory are required in the present 

theory. 



IV. COMPLEX VARIABLE METHOD 

4.J. Introduction 

Eqs. (3.41) are recognized as the governing differential 

equations for multiple-layer, laminated plates. The coefficients 
n Dij and Pijkl are constants but vary with different materials and 

geometries. Eqs. (3.41) are more general than those given in ref-

erence [13]. They include the normal stress and consider anisotropic 

rather than orthotropic materials. 

No general solution of Eq. (3.41) is available at present, 

but some special problems have been solved, e.g., a simply supported 

plate undergoing cylindrical bending and the buckling of such a 

plate. The frequency equations for certain wave propagation 

problems have also been solved and are given in references [13], 

[14] and [8). The problem of stress distribution near a hole has 

not been solved because it is a more complicated boundary value 

problem and requires a more general solution. Mathematical analysis 

to obtain a general solution is very difficult. Ambartsumyan 

attempted to solve these equations following the Lekhnitsky [21] 

approach of solving the generalized plane stress problem by intro-

ducing an auxiliary function (also called a generalized function). 

Thereby, the system of equations can be reduced and described by 

a single equation of higher order. In classical plate theory, 

this single differential equation is in the form of 

33 
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j+kF 
\a , with j + k = 4. Its solution is shown to be a poly-· 
L jk axjaxk 

harmonic function. In the shear deformation theory, this reduced 

single differential equation becomes a sixth-order irreducible 
j+kF 

equation in the form of l:ajk . k , with j + k = 6. This causes 
xJ x 

the problem to be very difficult to solve. Little data are given 

in the literature for the characteristics of this differential 

equation. So far, insufficient mathematical techniques are available 

to solve this equation. Further studies in this aspect are 

necessary. To date, only approximate numerical solutions of these 

equations have been obtained. 

For the case of heterogeneous, isotropic 1 aminated composite 

plates, the coefficients Dij and P~jkl can be reduced to a simple 

form in terms of the Young's modulus, Poission's ratio, and thickness 

of the plate. Thus, the system of Eqs. {3.41) can be reduced and 

simplified to a biharmonic equation and a Helmholtz equation. 

These, in turn, can be solved by analytical methods. At this point, 
instead of solving the general Eqs. (3.41), attention will be 

limited to the solution of the special equations for heterogen~us 

isotropic medium since such a medium will provide a clear picture 

of the way stresses are transfered between the layers. 

4.2. Heterogeneous Isotropic Composites 

In the case of isotropic laminates, the stress-strain 

equations of the ith layer given in Eq. {3.10} are simply expressed 
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in the following form: 

(J E VE 0 . 

•x l x l -v2 l-v2 

~ E 0 (Jy = 

:~J. 
l -v2 l-v2 

T XY • 0 0 E 
l 2""( l+v) i 1 ( 4.1) 

E 0 2( l+v) 
= 

0 E 
2(l+v) 

By recalling Eqs. (3.21), (3.22), and (3.36) as well as the defin-

itions of K4 and K5 in the case of a heterogeneous isotropic 

composite plate, it can be seen that cr~ vanishes automatically. 

Thus cri does not appear in Eq. (4.1). Comparing Eq. (4.1) with z 
(3.10) the following correlations are obtained: 

B - B - E 11 - 22 - --, l -\12 

l = -
G ' 

B _ vE 
12 - :;-::2 ' 1-V 

(4.2) 

where G is shear modulus and in association with the vanishing 

of crz ; c4 = c5 = 0. 
n i i For an isotropic medium, the values of Ai, JyaB' and RyaS 

defined in Eqs. (3.6) and (3.7) become 
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J = Ji = ~ (~2 - z2) 
a nan 2 4 3 ' 

m-i+l . 
Ri = Ri = ·.E [hJ·+l(a1+1A.+l - aiA.)], n = 4, 5 (4.3} nnn i=l l 1· 

where ai = al4 = a~ 5 = i l/G • In the consideration of Eq. (4.3}, 

the displacement functions u1 and vi in Eqs. (3.15) and (3.16} 

are changed to the fo 11 owing forms : 

ui = -z ~~ + [~ (( ~2) + z :: + Ri}, 

. [ (h2 2 A. .] 
vl = -z ~~ + ~ 4 - ~ ) + z G~ + Rl ip. (4.4} 

Now, the expressions for the stress resultants and coup 1 es 

for this case yield the following: 

M 011 012 0 ·c/w 
p 11 "12 0 0 

()cjl 
x ax2 ax 

My =- 012 D11 0 a2w + "12 "11 0 0 ~ 
ay2 ay 

2 aip M 0 0 066 2~ 0 0 p66 p66 xy axay Cly 
£]!_ 
ClX . ( 4. 5) 
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(4.6) 

where the constant Dij is still in the form given in Eq. (3.26). 

However, the other expressions change as indicated below. 

n -n ( m+l -m+l ~ a -a)· P. · = piJ"kl = piJ.kl = 2 B .. J + l B;J· J ' 
l .J 1 J a=l 

(4.7) 

{
Em+l h 2 h2 

K = K = K = 2 m+ l (!!. - m+ l ) + A h 
4 5 2(l+vm+I) 4 3 m+l m+l 

+ I E Ja + A ( h - h ) m [ a - ]} 
a=l 2(l+va) a a a+l 

(4.8) 

2 3 2 
yn+l = 3m+l 

4 
= 3m+l = 3m+1 = h3 (~ _ hm+l) + hm+l Am+l + hm+lRm+l 

5 nnn · m+l 12 ~ 3 Gm+l 2 

h 
_ [ 3( 2 2 ) 2 3 A 2 2 J I a-1 Ja = z b__ - L + - ·-+ - Ra 

12 30 3 Ga 2 
h a 

(4.9) 
(4.10) 

In view of Eqs. (4.7) through (4.10) and (4.2), relationships 

between the material constants D;j and Pij can be determined as 

follows: 

(4. lla) 

and 

{4.llb) 
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With the aid of the results given above, the system of Eqs. (3.41) 

become 

2 2 L(o a w + 0 a w) _ P a2,.. a2,.. a21Jr 
ax 11 ax2 11 ay2 11 ~- P ~- (P + P12)-.. + k<f> = 0, ax2 66 aY2 66 axay 

21 + 211!. = 0 ax ay • 

(4.l2a) 
2 

ti+kip=O, 
ay2 
(4.12b) 

(4.12c) 

Eqs. (4.12) are simpler than those of (3.41). These sets can be 

solved in several ways one of which, the complex variable method, 

is used for Eqs. (4.12). In order to do this, they must be reduced 

to such a form that the complex variable method can be employed. 

4.3. Complex Variable Method 

From Eq. (4.12c) note that a function x can be defined such 

that it is satisfied identically. 

<I> = - ~ 1" = £x. (4.13) ay ' ax • 

This new function is known as the stress function. Now, by 

substituting Eq. (4.13} and the relationships between the Dij and 

Pij given in Eq. (4.11), Eqs. (4.12a} and (4.12b) are altered 

to t~e forms 

d 2 () 2 Ro11 v w) + ay(-Kx + P66v x} = o , ( 4.14a} 

a 2 a 2 · ay(o11v w} - a;c(-Kx + P66v x} = o , (4.14b) 
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where ti- is the two-dimensional Laplacian operator defined as 

a2 a2 
v=-:-z+-. ax ay2 

In Eqs. (4.14), the quantities o11 v2w and -Kx + P66fx satisfy the 

Cauchy-Reimann conditions. Therefore, these two quantities are 

harmonic functions and conjugate to each other. Of several available 

ways to solve Eqs. (4.14), the complex variable analysis based on 

conformal mapping techniques will be used. Let the function X be 

separated into two parts in such a way that 

(4.15) 

where <I> is a harmonic function that satisfies the Laplacian 

equation v2<I> = O, and the function Xo is chosen to satisfy the 

Helmholtz equation below, 

v2Xo - JS_ x = o • 
p66 ° (4.16) 

It follows from Eqs. (4.15) and (4.16) that Eqs. (4.14) are 

separated into two parts; one is Eq. (4.16) and the other is given 

in the following form: 

K 'd<I> 
ax ' 

(4.17) 

Obviously, Eq. (4.17) can be further simplified and reduced tot. 

harmonic equation by eliminating the function <I>. The result is 
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(4.18) 

Now the problem is reduced to the solution of the beharmonic Eq. 

(4.18) and the Helmholtz Eq. (4.16), as well as the harmonic 

function cI> through Eqs. (4.17). Therefore, the problem is solvable 

as long as solutions may be found for the biharmonic and Helmholtz 

equations. The biharmonic equation has been solved and its solution 

is given in the references [22], [31], and [20]. Expressed in 

terms of general functions the solution for w has the form 

w = Zn(Z) + z n(Z) + w(Z) + ~(Z) (4.19) 

where Z is a complex variable defined as x + iy and the Z is the 

conjugate of Z. (Note: the complex variable Z should not be 

confused with the coordinate Zin the x, y, z.) The functions n(Z) 

and w(Z) are harmonic functions of a complex variQb1e Z, and n(Z) 

and ~(Z) are the conjugate functions of n(Z) and w(Z), respectively. 

From Eqs. (4.17) and (4.19}, the function cI> can be obtained in 

terms of n(Z). The result is 

4011 {- - \ 
cI> = - -K- n'(Z) + n'(Z)J (4.20) 

where n'(Z) is defined as dn(Z) and n'(Z) is defined as .Qg(Z) • 
dZ dZ 

Recalling the identities 

L= ax (L + .L) az az d () • (() () ) an - = l -:-r - -aY aL - ' . az 
(4.21) 
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Eqs. (4.15) can be modified in terms of complex coordinates (Zand Z) 
as fol lows. 

~ = a'Xo + i a~ 
az a7 az ' 

lx axo . a~ = - - 1 
az a2 az 

(4.22) 

Integrating Eqs. (4.22) along with the value of~ given in Eq. (4.20), 

the final results are obtained as follows, 

4011 -
x = Xo + i T [n'(Z)- n'(Z)J • (4.23) 

For convenience later in employing tensor notation, the complex 

coordinates (Z, Z) are denoted as (Z1 , z2). 

Z • zl = x + 1y = ' - . 2 z = x - 1y = z • (4.24) 

The Cartesian coordinates x, y, and z will be denoted by x1, x2 and 

x3, respectively. In this way, the stress resultants and stress 

couples in complex coordinates cz1 ' z2, x3) may be evaluated from 

the stress resultants and stress couples in Cartesian coordinates 

(X1, x2, x3) by the tensor transformation formula 

Trs = azr az5 Mmn , m, n, r, s = 1, 2, 3 (4.25) 
axm ax" 

where Tr5are contravariant stress resultant components. Recall that 

in Cartesian coordinates covariant and contravariant tensor components 
· mn are identical. Therefore, M = Mmn' and Mmn are also the physical 
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stress resultants. Eq. (4.25) can also be written in expanded 

form as follows. 

Tll = Mll - M22 + 2iM12 = Mxx - Myy + 2iMxy 

T22 = M - M - 2iM xx yy xy 

T12 = M + M xx yy 

Tl3 = Q + iQ x y 

T23 = Q - iQ x y (4.26) 

Now with the help of Eqs. (4.5), (4.6) ,(4.13), (4.19) and (4.23), 

Eqs. (4.26) can be written in terms of the complex potential functions 

n(Z) and w(Z) and function Xo in the following way. 
2 

rll = 8 {;p66 a ~ - o66 [Zn" (Z) + w(Z)J} - ~2 o11 P66n' 1 '(T), 
a22 

T22 = s{-iP66 ::~ - o66[ZiJ" (Z) + w" (Z)]} - ~2 o11 P66n" '(Z), 

r12 = -4(o11 + o22)[n'(Z) + n'(Z)] , 

-a . 
r23 = -2Ki Xo - 80 n II ( Z) 

az 11~' • (4.27) 



43 

As for the displacements, ui +iv; can also be expressed in 

terms of w(Z) and x through Eqs. (4.4) and (4.13), leading to the 

following results: 

; + . ; 2Z aw + 2[z (h2 z.2) + A; + R;J· ax (4.29a} u 1 v = - az 2 4 - 3 z G i 1 az 

With the help of Eqs. (4.19) and (4.21), Eq. (4.29a) can be expressed 

in terms of n(Z), w(Z), and x as follows: 
0 

+ z ...+ + R 1 ] ~ + i -1..L n" ( Z) 
A. . [ax 4D, , _ _ J 
G, az K (4.29b) 

Up to this point, stress resultants and couples as well as the 

displacements have been expressed in the basic complex variable 

formulation. The conformal transformation is employed to extend 

the basic complex variable formulation to the transformed problem. 

4.4. Conformal Transformation 

The curvilinear coordinate system (t;, n, ) with the F,-curve 

and n-curve form an orthogonal system. Let its complex variables 

be defined as follows: 

-
i; = r, +in, i; = r, - in. (4.30) 

Consider the transformation Z = F(d which maps the points 

(t;, n, z) of region Ri; in the i;-plane into points (x1, x2, x3) of 

a region Rz in the Z-plane of a rectangular cartesian coordinate 
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system. Now assume that 

( 4. 31) 

where J and e: are real values. For convenience in later work, 

the coordinate system(~, n, z) is replaced by (e1, e2, x3), and 

its complex coordinate system(~,~' x3) is replaced by (~1 , ~2 , x3). 

Then the square of a general line element in space is expressed as 

Therefore, the metric tensors gij and gij corresponding to ea-curves 

are obtained as 

Now Eq. (4.25) can be expressed as 

(4.34) 

where the rrS is denoted as the contravariant stress tensor in 

complex coordinates (~, ~' z). 
In the system (e1, e2) the contravarian.t tensor Mnm is not 

equal to Mnm' the physical stress tensor, but they are related 

by the following formula: 

M = lig /g'"' ' Mmn m, n = 1 , 2, 3 • mn mn (4.35) 
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From Eq. (4.33), Eq. (4.35) can be rewritten in expanded form as 

follows: 

ME;E; = J2ME;E;' Mnn = J2Mnn, MnE; = J2MnE;' QE; = JQE;' Qn = JQn. 

(4.36) 

The transformation from rrS in coordinates (~1 , ~2 , x3) to the 

rrS in coordinates (Z1, z2, x3) can be formulated by the tensor 

transformation law; it is given in the following form: 

(4.37) 

By means of Eq. ( 4 .• 31), Eq. { 4. 37) becomes 

{4.38) 

Now from Eqs. {4.34) and {4.36) the rrS in terms of the physical 

stress resultant component referred to E;, n-curves are given as 

follows: 

rll = 

r22 = J-2{M - M - 2iM ) 
E;l;; nn l;:n ' 
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(4.39) 

Comparing Eqs. (4.38) and (4.39) yields the following useful 

expressions, which transform the stress components in Cartesian 

coordinates (x, y, z) to the curvilinear coordinates (~, n, z). 

These transformation equations· are 

(4.40) 

Now the stress components M~~' Mnn' M~n' Q~, and Qn in curvilinear 
coordinates (~, n, z) can be expressed in terms of complex potential 

functions Q(Z), w(Z) and function x0 by substituting Eqs. (4.27) 



47 

into (4.40) and noting the definition of~ and ~ given in Eq. (4.30); 

the results are 

_ 32 0 p n .. , c z )} 
K 11 66 

M + M = -4 c o + o ) [n' < d + n' < 2) J 
ss nn 11 12 . F' F' 

(4.41) 

where F' is defined as dF/ds and F' is a conjugate function of F'. 

Ms~ - Mnn - 2iM~n and Qs - iQn are the conjugate functions of 

M - M + 2iMc and Qc + iQ , respectively. n11 (Z), w'' {Z), and 
~s nn sn s n 

n'' '(Z) are defined as 

n" (Z) = n" ( S) (-9.~ )2 + Q I ( S ) ( i S ) ( d S ) ' 
dZ dZ2 dZ 

w" (Z) = w" (s)(ds)2 + w'Cs>(~)(ds), 
dZ dZ2 dZ 

a"' ( Z) = a" ' (d (~~ )3 + 30" ( d (::i)(~~ )2 

(4.42) 
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4.5. Boundary Conditions 

In the preceding chapter the boundary conditions on an arbitrary 

curv~ S are given by Eq. (3.40) or (3.39). However, in this analysis 

it is preferable to express them in terms of complex coordinates -(Z, Z). Suppose that an infinitesimal element is cut off from the 

edge contour S, and the shear forces Qx, QY and stress couples Mx, 

MY, and Mxy are acting on this element in positive directions as 

shown in Figure 4. Then the moment about the x- and y-axes can be 

written as 

dl = -Mydx - M dy + yQydX + yQ dy xy x 

(4. 43) 

-where L and L' are the components of the couple M about the x-

and y-axes, respectively. dl and dl' represent the differential 

quantities. x and y are the coordinates of an arbitrary point on 

the contour, which is considered a function of the arc length s 

taken from a certain initial point to that point. The integral 

of Eq. (4.43) with respect to the arc length s from a certain 

initial point (say s = 0) to the variable point s has the following 

fonn: 
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_,,, ~ 

Let e1 and e2 be the base vectors in coordinates (x, y} and a1 
-"' 

and a2 be the base vectors in complex coordinates (Z, Z); therefore, 

the ''transformation between the ei and ai is 

(4.45) 

From Eqs. (4.24) and (4.45), e1 and ~2 can be evaluated in 
_,._ ->. 

terms of a1 and a2 as 

(4.46) 

As usual, the couple M can be expressed either in Cartesian 

coordinates (x, y) or in complex coordinates (Z, T) through Eq. 

(4.46). That is, 

...... ,...... l ...... 1 ...... 
M = Le1 - L e2 = il + iL' )al + t<L - iL' )a2• 

(4.47) 

By using Eq. (4.44) and the expressions for Trs in Eq. (4.26), 

after some algebraic combinations and reductions Eq. (4.47) is 

transformed to the fol lowing expression 
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m = - l f[(T12 - ZT23)dZ - (T11 - ZT13 )dZ] (4.48) 
2 s 

where m is the conjugate function of m. If the boundary is along 

the contour where Z is a constant line and the moment along this 

edge is denoted by me, then 

me= -1 ·{CCT12 - ZT23)dZ - (T11 - ZT13)dZ]. (4.49) 

Thus, Eqs. (3.43a) and (3.43b) are then replaced by one Eq. (4.49) 

in the present analysis. Similarly, the last Eq, (3,43c) can also 

be expressed in terms of x or x0 and function n(Z), by substituting 

Qx and QY given in Eqs. (4.6) and (4.13), and by writing cos(n, x) 

and cos(n, y) in terms of the arc length s of the contour in the 

following form: 

This leads to 

( ) - dy cos n, x - dS , 

dx cos ( n , y) = dS • 

(4.50a) 
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The integral of Eq. (4.50a) along the arc lengths, as with the 

moment, is given by 

Fz = -Kx = -KXo - 4o11 i[n1 (Z) - n'{Z)] {4.50) 

where Fz is the specified shear force on the boundary. Similarly, 

me can be expressed in terms of functions n{z) and x{Z) by substi-

tuting the Eq. {4.27) into Eq. (4.49). After some manipulations 

the final form is obtained as follows: 

( 4. 51) 

Eqs. (4.50) and {4.51) are the two boundary conditions in this 

analysis in contrast to the one boundary condition for classical 

plate theory [5].[21] when the complex variable method is used. 

Now consider a composite plate containing an unstressed hole 

loaded by uniform force or moment on the boundary, then the shear 
force Fz and moment me vanish at the hole boundary. For this case, 

then Eq. (4.50b) becomes 

4011 - -
x0 + i -K- [n' (Z ) - n' (Z ) ] = o • ( 4. 52) 
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Multiplying Eq. (4.52) by iKZ and replacing the term iKZx0 in 

Eq. (4.51) with 4D11 z[~ 1 (~) - n'(Z)], an expression of Eq. (4.51) 

is obtained as follows: 

- - - - 16 - --2(3D11 + o12)n(z) + 4D66 [w'(z) + zn'(z)J + K o11 P66n11 (z) 

ax 
- 4P i -2. = 0 66 az · ( 4. 53) 

Now the problem has been reduced to simply seeking harmonic functions 

n(Z) and w(Z), and a function x0 which satisfies the Helmholtz 

Eq. (4.16). These functions must satisfy the boundary conditions 

(4.52) and (4.53) at the hole edge as well as (4.50) and (4.51) at 

the outer boundary. 

In addition to the aforementioned requirements, these functions 

should provide single-valued stresses and displacements within the 

deformed region. In the fo 11 owing section the properties of the 

complex potential functions 0.(Z) and w(Z) and the function Xo• 

which will ensure meeting the criterion mentioned above are discussed. 

4.6. Complex Functions 0.(Z) and w(Z) 

If the complex function n(z) is replaced by n(z} + icz +a+ i13, 

and w(Z) is replaced by (J)(Z) +(a'+ i13 1 )Z +a"+ iS", where a, a', 

13 ,13', a", B" and c are rea 1 cons tan ts, then the stress sys tern given 

by Eq. (4.27) is unaltered, but from (4.19) and (4.29), the displace-

ments w and u + iv become 



53 

w =original w -(a.+ ex' - iB + i13 1 }Z - {ex+ ex'+ i13 - ia1 )Z - 2a.11 

(4.54) 

and 

ui + vi =original (ui + vi) + 2(a + a' + iB - iB') • 

(4.55) 

The additional displacement represents a rigid body motion of the 

whole plate. Excluding the terms which represent rigid-body motion, 

it is discovered that the constants c and 611 can be chosen arbi-

trarily since they do not affect the stresses and displacements. 

Usually these constants are considered to be zero. 

From references [22] and [3l] it is seen that any holomorphic 

function (a function that is analytic at every point of a region R 

is called a holomorphic function in R) is a solution of the Laplacian 

equation. Therefore, in nature nunrorous forms of the holomorphic 

function may be chosen. However, the selection of the function 

is based completely on the boundary conditions, loading conditions, 

and the geometric shape of the plate. If an infinite plate containing 

an unstressed hole bent by a uniform moment at infinity is considered, 

then the selected complex potential functions n(Z) and w(Z), as 

suggested in references [22] and [31], are given in the following 

form: 

B + iB 
n(Z) = BZ + lo z 2 + O(l/Z2), 

11 
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(4.56) 

In Eq. (4.56) the rigid-body motion has already been excluded. If 

M1, M2 are the applied principal stress couples at infinity and a 

is the angle between M1 and the x-axis, then Xo and its derivatives 

vanish at infinity. From Eqs. (4.50b) and (4.51) at infinity, the 

constants Band (ae - is2) are obtained in the .following form: 

Thus, Eq. (4.56) becomes 

n(Z ) 

w (z) 
(Ml - M )e-2ia (a + ia ) 

2 z2 + KlnZ + 4 ~4 
8(011 - D12) Dllz2 

(4.58) 

The remaining constants are determined from the inner boundary 

condition at the hole edge and are discussed later. 

Examining Eq. (4.56), it is seen that the complex potential 

function consists of two parts: the first will provide the stresses 

at infinity through the terms BZ in n(Z) and J-<~ + iB2)z2 in w(Z), 
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and the others will provide zero stresses at infinity. The terms 

that will provide bounded stresses at infinity·will be denoted 

by n0(Z), %(Z), respectively. Taking s1Z) = q,Cz) and iJ.Z) = fA\J(Z) 

and resubstituting these new functions into Eq. (4.27) a result 

is obtained that is the same as the plate under bending stresses 

without a hole. Therefore, functions Q (Z) and w (Z) are referred 
0 0 

to as the bending state of stress of the plate. The remaining 

terms in Eq. {4.58) are referred to as the local stress state due 

to the presence of a hole of any shape in the plate. 

Generally, in Eq. {4.58) terms to any high order may be used. 

However, from the function Xo and the boundary conditions, it is 

discovered that only the constants I<', B1, B2, a4, and s4 have 

non-zero values. Therefore, the form given in Eq. (4.58) does not 

lose its generality. 

4.7. Function x0 

As mentioned in section 4.5, the function Xo is a solution of 

the Helmholtz equation. Upon examining the Helmholtz Eq. (4.16), 

it is seen that a different type of function Xo will be obtained 

for different coordinate systems. Therefore, the basic difficulty 

of this problem in comparison with the corresponding problem of 

the classical Kirchhoff theory, is the necessity of solving the 

Helmholtz equation in which the variables are separated for dif-

ferent coordinate systems. For the sake of convenience in analysis, 

the following three cases are considered: circular hole, elliptical 

hole, and an arbitrarily shaped hole. 



V. SOLUTIONS FOR CIRCULAR AND ELLIPTICAL HOLES 

5.1. Circular Hole Case 

In this section, consider the case of a circular hole extending 

through a laminated, composite plate of infinite extent with the 

hole located at the origin of rectangular coordinates (xoy), A 

uniform bending moment is applied on the edge of the plate away 

from the hole. For the analysis in the vicinity of the circular 

hole a polar coordinate system (R, e) is used. Its origin is chosen, 

as indicated in Figure 5, at the same origin as the rectangular 

coordinates - xoy. By using the conventional coordinate transfor-

mations Eq. (4.16) may be expressed in the polar coordinates in 

the following form: 

2 a2 v2x -- _K_ x = o, and v2 = L + a + ( 5. l) 
0 P66 ° aR2 RaR" R2ae2 

Eq. (5.1) is a second-order partial differential equation. Its 

solution is given as follows: 

2·e e Xo = [(Cl + iC2)e, + (ci - ic2)e-2i ][dK2(AR) + d'I2(AR)] 

(5.2) 

where A= (K/P66 )112 , and Cl' C2, d and d' all are real constants. 

K2(AR) and r2(AR)are modified Bessel functions of the second kind. 

I2(AR) is bounded but K2(AR) tends to be infinity as R ~ O. On the 

56 
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other hand, I2( AR) tends to be infinite and K2( AR) tends to be zero· 

as R + 00• In order to satisfy the boundary conditions at infinity, 

the function I2(AR) must be dropped. This is done by choosing the 

constant d' to be zero. Eq. (5.2) then becomes 

where cld and c2d are absorbed in new real constants c1 and c2, 

respectively. These two constants will be determined from the 

boundary conditions. 

From Figure 5 the complex coordinates (Z, Z) and polar coor-

dinates (R, e) are related by Z = x + iy = Reie, and i = x - iy = Re_;e. 

Their differential operators, ~7 and 3_, then have the following forms. 
QI- az 

.L = l (L + . _a_) i a! 2 a R 1 Rae e , 
a i(a a ) -i6 al= 2 aR - i Rae e • <5 ·4) 

In addition, the recurrence relations for Kn(AR) which will be used 

in later calculations are given as 

where 

K~(AH) (5.5) 

Obviously, once the functions x0 , n(Z) and w(Z) are determined, 
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the problem is solved. Then there remains the task of determining 

the constants c1, c2, B1, B2, a4, B4, and K' from the boundary 

condition. 

Substituting the function x0 as given in Eq. (5.3) and 

functions n(Z) and 1o(Z) as given in Eq. (4.58) into the boundary 

conditions (4.52) and (4.53) at the hole edge (R =a), the following 

algebraic equations are obtained: 

(5.6a) 

(5.6b) 

(5.6c) 

Replacing "i" in the expressions above with 11 -i 11 , there arises 

three conjugate expressions for Eqs. (5.6a), (5.6b) and (5.6d), 
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respectively. Therefore the system of Eqs. (5.6) represent seven 

equations for seven constants - c1, c2, B1, B2, a4, s4, and K'. 

Solving these seven equations for the seven constants gives 

From Eqs. (4.41) and (4.29) with functions x0 , n(z), and w(Z) 

given by Eqs. (4.58) and (5.3), and the constants given by Eqs. (5.7), 

the solutions for the displacements and stresses are sought. However, 

for this problem, of primary interest is the distribution of stresses 

around a hole edge. This information may be obtained directly from 
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Eqs. (4.27). That is, T12 = Mx + l'Ay =MR+ Me. Since the quantity 

MR at the hole edge is equal to zero, the only non-zero term is Me· 

Therefore, by calculating the r12 tenn and setting R = a, gives M0 
at a hole edge as follows: 

{5.8) 

Also from Eqs. {4.27), the shear forces QR and Q0 can be calculated. 

The results are given in the following form, 

and 

sin2{e - a). {5.10) 

Setting R =a in Eq. (5.10) gives the shear force, Q0, distribution 

around the edge of a circular hole as 

{5.11) 
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By different combinations of bending moments M1 and M2 and angle a, 

several types of loading are specified. Several examples follow. 

(Case 1) - taking a = O = M2 = 0 and M1 = M0 , gives the case of a 

uniform bending moment acting along the edge x = constant. (Case 2) -

taking a = O = M1 = O, M2 = M0 gives the case of uniform bending 

moment acting along the edge y = constant. (Case 3) - taking a = 0, 

M1 = -M0 , M2 = M0 gives the case of uniform twisting of the plate 

along rectangular edges. Here for brevity, case 1 is selected as 

an illustrative example. Letting a= M2 = 0, M2 = M0 in Eqs. (5.8) 

and {5.11) and defining M8/M0 as SCF*, Q8/M0 as SCQ**; yields the 

following for SCF and SCQ. 

2(011 + 012)K2(Aa) 
SCF = 1 - ------------COS20, (o11 + o12 )K2(Aa) + 2011 K0 (Aa) 

2011 >.K1 (>.a) 
SCQ = - ------------Sin2e. 

(o11 + o12)K2(>.a) + 2011 K0 (>.a) 

(5.12a) 

(5. l 2b) 

Examining Eqs. (5.12) it is seen that the SCF will have a maximum 

va 1 ue when the ang 1 e a is 90°; however, the SCQ will have a maxi mum 

value when the angle a is 45°. For future reference, the maximum 

values for SCF and SCQ are given as follows: 

* SCF is a stress concentration factor for the bending moment. 

**SCF is a stress concentration factor for the transverse shear force. 
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M8(a, 90°) 2(011 + o12 )K2(Aa) 
-..,..,,.---- = 1 + -----------

Mo · ( 011 + o1 2) K2 ( Aa) + 2 011 K0 { Aa) 
{5.13) 

and 

Qe(a, ~) = - 2D11AK1(Aa) (5.14) 
M0 {Dll + o12)K2(Aa) + 2D11 K0 (Aa) 

To compare the results with Reissner's solutions, the laminated 

composite plate is degenerated to a single-layer plate. Thus, the 

values of 011 , 012 , and A for this case may be evaluated from Eqs. 

{4.7), (4.8), (4.9) and (3.24). The final results are given as 

follows: 

2Eh3 2vEh 3 ( 10 )1 /2 
D11 = 3(1 - v2)' . 012 = 3(1 - v2)' and A = h2. (5.15) 

With the values of 011 , 012 and A given in E~s. (5.15) Eqs. (5.12) 

reduce to the following expressions: 

SCF = l (5.16) 

~ 10 K (~no) . 
SCQ = - h 1 h sin2e • 

l + v K (~lftr) + K (!lfO) 2 2 h 0 h 
(5.17) 
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Eqs. (5.16) and (5.17) are exactly the same as Reissner's 

solutions for a homogeneous isotropic plate including the effects 

of transverse shear deformation. 

By examining the value of A in Eqs. (5.15), it is seen that 

the dimension of A is reciprocal of length. Upon examining the 

dimensions of Pij and Kin Eqs. (4.7) and (4.8), the same conclusion 

is obtained. However, the value of A is not only a function of 

plate thickness but is also a function of the constitution of the 

material, stacking sequence, and volume fraction of laminated 

composite plate. Therefore, the constant A can be expressed as 

A= A/h, where A is a real number which is constant once the 

laminated composite plate is specified. Table I indicates the 

variation of A for a sandwich composite plate of 2-inch thickness 

with different volume fractions and stacking sequences. Now, upon 

specifying the stacking sequences and volume fractions of the 

composites, the constant A is specified. For the case of a thin 
a plate (h <<a), Aa(= hA) becomes very large. Then Eq. {5.13) can 

be viewed as a thin plate solution by using the asymptotic 

expressions for K2(Aa) and K0 (Aa) as given in reference (31]; that is, 

K (Aa)"' /n e-Aa(1 + 4n2 - 1), n = 0, 1, 2, • • • • (5.18) 
n V~ 8Aa 
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TABLE I. VALUES OF D12to11 AND A FOR VARIOUS CONFIGURATIONS OF A 
LAMINATED PLATE 

No. of Young's Poisson's Thick-
layers Modulus ratio ness 
(n) ( E ) ' (vn) (h ), in. A, n n oc1oh in. -1 A 

106 QSi 

1 28 0.30 1.0 
0.309 1.317 2.634 

2 10 0.32 0.9 

1 28 0.30 1.0 
0.301 1.086 2.172 

2 10 0.32 0.5 

1 28 0.30 1.0 
0.300 1. 749 3.498 

2 10 0.32 0. 1 

1 10 0.32 1.0 
0.302 1. 724 3.448 

2 28 0.30 0.5 

1 10 0.32 1.0 
0.315 2.073 4. 146 

2 28 0.30 0.5 

1 10 0.32 1.0 
0.319 1.857 3.714 

2 28 0.30 o. 1 
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After some manipulation the final form of Eq. (5.13) for thin 

plates is 

M (a, ¥) 3 l 011 + 3012 
8 = - + - Aa -+ 00 

Mo 2 2 012 + 3011' 
(5.19) 

Eq. (5.19), which is the same form as that derived from the 

classical plate theory by Lekhnitsky [21], is referred to as a thin 

plate solution. When the composite plate degenerates to a single 

layer, Eq. (5.19) is reduced to a familiar form; i.e., 

Me (a, ; ) = 1 + l l + 3v , Aa -+ CX> • 

M0 2 '2" 3 + v (5.20) 

This solution is given in the well known book by ~/oinowsky-Kriger 

and Timoshenko [32] on plates and shells. 

The other extreme case, which is opposite to the previous one, 

occurs when Aa -+ O. In this case the functions K2(Aa) and K0 (Aa) 

approach .infinity. However, the function K2(Aa) becomes infinite 

to a higher order than the function K0 (Aa), and consequently Eq. (5.13) 

becomes 

M8(a, ~) 
___ c._ = 3 Aa -+ 0 Mo , . (5.21) 
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This case corresponds to the limit of vanishing hole diameter. 

Eqs. (5.13} and (5.19} are plotted with respect to D/h (Dis the 

diameter of the hole} for different material combinations as 

indicated in Figures 6, 7, and 8. It is clear that hole size does 

affect the stress concentration factor, and that the stress concen-

tration factor increases as D/h decreases. Hhen D/h goes to zero, 

the stress concentration factor converges to the value of 3. Figure 

7 indicates that, even for a hole five times as wide as the plate 

thickness, the value of MefM0 , according to the theory studied 

herein, is still more than 2% greater than the value obtained by 

application of the classical plate theory. Figures 6, 7, and 8 

illustrate M8(a, ir}/M versus D/h for different material combinations. 2 0 

In Figures 6 and 8 it is seen that not only Poisson's ratio but 

also Young's modulus will influence the stress concentration factor. 

This phenomenon does not hold for a single-layer isotropic plate. 

The same results can also be found by comparing Eqs. (5.12} with 

(5.16} and (5.17) for the same Poisson's ratio. In computing the 

shear force, it is seen that when the value of Aa (= ~} becomes 

very large, the first of the asymptotic expressions of K2(Aa} and 

K0 (Aa) may be used. Therefore, Eq. {5.9} and (5.10} are reduced 

to 

Q -· 4·D11Mo [-a)2 jf -).a(R- i)J ~ ----- ( - aR e a cos2e, 
R - R(D + 30 } R 12 11 

(5.22} 
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R ) . -;\a - + 1 : (1 + ~R)e (. J sin2e. (5.23) 

If we let R = a+ nh where n is a real constant, then the exponential, 

- ;\a(~ - 1) = (-An) is obtained. Thus it follows that for a very 

thin plate at a distance of the order of magnitude of the plate 

thickness away from the edge of the hole, the second terms in 

Eq. (5.22) and (5.23) vanish. Hence the shear resultants have the 

following form: 

(5.24) 

Eqs. (5.24) are exactly those obtained by solving the classical 

thin plate theory. In comparing Eqs. (5.22) and (5.23) with 

Eqs. (5.24), it is seen that the resultant QR increases from its 

value of zero at the hole edge rapidly to the edge value of 
4D1 1M 

(D 0 ) of thin plate theory. The case for D/h ~ oo in 
a 12 + 3011 
Figure 9 corresponds to either a very thin plate or a very large 

hole. Figure 9 shows that classical lamination theory fails to 

apply in the re·gion very close to the hole edge. 
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Also noteworthy is the behavior of the function representing 

Q8 in Eq. (5.23). Upon examining the case for h <<a in Eq. (5.23), 

the following expression arises: 

(5.25) 

This shows that, for theory presented herein, the edge value of Q6 
is of opposite sign from the value according to Eq. (5.24). 

Therefore, for thin pl ates, Q8 according to the theory of this study 

is of an entirely different order of magnitude than that given by 

the classical plate theory. For a given plate thickness, its value 

no longer decreases with increasing hole diameter. This shows that, 

with transverse-shearing deformation taken into account, there are 

portions of the plate where the transverse shear force is the same 

order of magnitude as the primary bending moment, no matter how thin 

the plate may be. 

Therefore, a boundary layer phenomenon exists in the region near 

the hole edge. Figures 10, 11, and 12 give the variation of Q8/M0 

versus ~ (=R - D/2) for (Al/St/Al/St)s and (St/A1/St/Al) 5 laminated 

composite plates with different hole diameters. Figures 13, 14 and 

15 give the variation of QR/M0 versus ~. They show that at the hole 

edge the value of Q6/M0 , as well as the boundary layer thickness, 

will increase with increasing D/h. Also, as can be seen in Table II~ 

as D/h becomes very large with constant plate thickness, the value 



80 

TABLE I I. BOUNDARY LAYER EFFECT IN (AL/ST/AL/ST) 5 LAMINATED COMPOSITE 
PLATES NEAR EDGE OF APPROXIM/\TELY ZERO CURVATURE 

H=0.8in D/h = 12 ,500 D/h = 1875 D/h = 1250 

E; QR Oe QR Qe QR Oe 
0.000 0.0000 -2.4120 0.0000 -2.4120 0.0000 -2.4120 
0.080 0.0000 -1. 7631 0.0002 -1.7508 0.0003 -1.7507 
0 .160 0.0001 -1.2887 0.0004 -1.2696 0.0006 -1.2693 
0.240 0.0001 -0.9273 0.0005 -0.9205 0.0007 -0.9202 
0.320 0.0001 -0.6778 0.0006 -0.6680 0.0009 -0.6677 
0.400 0.0001 -0.4877 0.0006 -0.4843 0.0010 -0.4839 
0.480 0.0001 -0.3565 0.0007 -0.3510 0.0010 -0.3506 
0.560 0.0001 -0.2565 0.0007 -0.2546 0.0011 -0.2542 
0.640 0.0001 -0. 1875 0.0007 -0. 1844 0,0011 -0. 1840 
o. 720 0,0001 -0. 1349 0.0008 -0. 1335 o. 0011 -0. 1331 
0,800 0.0001 -0.0986 0.0008 -0. 0967 0.0012 -0 .0963 
0.880 0. 0001 -0.0709 0,0008 -0.0699 0.0012 -0.0695 
0,960 0.0001 -0.0518 0,0008 -0.0505 0.0012 -0.0501 
l. 040 0.0001 -0. 0372 0,0008 -0.0364 0,0012 -0.0360 
1. 120 0.0001 -0 ,0272 0.0008 -0.0262 0.0012 -0.0258 
l. 200 0.0001 -0.0195 0.0008 -0.0188 0,0012 -0 .0184 
l.280 0,0001 -0.0142 0.0008 -0. 0134 0.0012 -0.0130 
1. 360 0.0001 -0 .0102 0.0008 -0.0095 0.0012 -0.0091 
l. 440 0,0001 -0.0074 0.0008 -0.0067 0.0012 -0.0063 
1 .520 0,0001 -0.0053 0.0008 -0.0046 0,0012 -0.0042 
1 ,600 0. 0001 -0.0039 0.0008 -0. 0031 0.0012 -0.0027 
1. 680 0.0001 -0.0027 0.0008 -0.0021 0,0012 -0. 0017 
1. 760 0.0001 -0.0020 0.0008 -0. 0013 0.0012 -0,0009 
l .840 0 .0001 -0.0014 0.0008 -0.0007 0,0012 -0.0003 
1. 920 0.0001 -0.0010 0.0008 -0.0003 0.0012 0,0001 
2.000 0.0001 -0.0007 0.0008 0.0000 0,0012 0.0004 
2.080 0.0001 -0.0005 0.0008 0.0002 0.0012 0.0006 
2. 160 o. 0001 -0.0003 0.0008 0,0004 0,0012 0,0008 
2.240 0,0001 -0.0002 0,0008 0.0005 0,0012 0.0009 
2.320 0.0001 -0.0001 0,0008 0.0006 0. 0012 0,0010 
2.400 0.0001 -0.0000 0,0008 0.0006 0.0012 0.0010 
2,480 0.0001 0.0000 0.0008 0,0007 0.0012 0. 0011 
2,560 0. 0001 0,0000 0.0008 0.0007 0,0012 0 ,0011 
2.640 0.0001 0.0001 0,0008 0,0007 0,0012 0.0011 
2. 720 0.0001 0,0001 0,0008 0.0008 0,0012 0 .0011 
2,800 0.0001 0,0001 0.0008 0.0008 0,0012 0,0012 
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of Q0/M0 at the hole edge will be a constant. For example, from 

Table II for a (Al/St/Al/St)s laminated composite plate, this constant 

at the ho 1 e edge has the va 1 ue 2 .4120. Therefore, as the curvature of 

the free edge becomes small and nears zero, the value of Q0/M0 for 

a specified laminated composite will be constant. This indicates 

a discrepancy in the singularity phenomena, which was found by Pipes 

and Pagano [38] [33] for a straight· free edge. Figure 16 compares 

Q0/M0 versus t; for a (Al/St/Al/St)s composite with hole diameters of 

0.5, 1.0, 2.2, and infinity. The boundary layer thickness for very 

large D/h is approximately equal to the plate thickness. Figure 9 

gives a similar plot for QR/M0 • 

In comparing Eq. (5.12) with Reissner's solution given by Eq. 

(5.16), it is seen that for a homogeneous, single-layer plate the 

stress concentration factor is strongly influenced by Poisson's 

ratio and the ratio a/h; however, for a laminated composite plate, 

two parameters, 0121011 and Aa, play essential roles instead of 

Poisson's ratio and a/h. Also, it should be kept in mind that 

012 , 011 , and A are functions of Poisson's ratio, Young's modulus, 

and the volume fraction of each layer of the laminated composite 

plate. Tables I and III give values of 0121011 and A for different 

combinations of composite plates. Figure 7 gives values of M0/M0 

for different D/h values for (Al/St)s, and (St /Al)s sandwich plates. 

It shows that at the same values of D/h and volume fraction, the 

soft-core sandw)ch plate will produce a higher stress concentration 

factor than that of a hard-core sandwich plate. The values of 
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TABLE III. VALUES OF D12!D11 AND A FOR DIFFERENT THICKNESSES IN (ST/AL) 5 LAMINATED COMPOSITE 

PLATES WITH 0.5% VOL, 2.5-INCH-DIAMETER HOLE 

h, in. 20 10 4 2 l.6 l. 0.4 0.2 0.02 0.002 

D12/Dll 0.329 0.330 0.328 0.329 0.331 0.330 0.328 0.329 0.329 0.329 

A 0.10 0.23 0.57 l.14 1.43 2.28 5.71 11.42 119.8 1142. 

D/h 0.125 0.250 0.625 1.25 1.56 2.50 6.25 12.5 125. 1250. 

A = 2.284 

co 
w 
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0121011 and A for (St/Al)s sandwich plates are 0.324 and 4.036, 

respectively; and for (Al/St) sandwich plates are 0.329 and 2.282, s 
respectively. Table III gives values for different thicknesses 

for (St/Al)s sandwich plates for a given hole diameter and volume 

fraction. 

The distributions of M8/M0 and Q8/M0 around a hole are given 

in Figures 17 and 18 for different constituents, stackino 

sequences, and volume fractions. The pronounced influence of 

these factors on the stress distributions can be observed. 

It is also worthwhile to examine the transfer of stress from 

one layer to another. By examining the stress distribution through 

the plate thickness, the mechanism for the transfer of stress can 

be understood. From Eqs. (3.21), (4.2), and (4.19), 

. . 4Ei 
a1 + a1 = -z [n•(Z) + n'(Z]. (5.26} 
x y 1 - ) 

Eq. (5.26) can also be rewritten in a polar coordinate system through 

the use of Eqs. (4.40). Obviously, from Eqs. (4.40), it should be 
i ; i i noted that aR + a = a + a . e x y 

edge for the case of M1 = M0 , 

i 

(ae) -
Ma R=a - -( 1---"'"""'i )-(-o1_1_+-o1_2_) 

Therefore, the value of a8/M0 at hole 

a = 0 is given as 

(1 - vi)~o11 + o12)K2(Aa) + 2011 K0 (Aa)] 

(5 .27) 
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Figure 18. Distribution of M8/M0 and Q8/M0 Around Circular Hole 
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i i Similarly, shear stresses TRz and Tez can be derived from Eqs. (4.40) 

and expressed in the following form: 

and 

-k K2()..R)] cos2a, 

(5.28) 

. . i 
At the hole edge, expressions for TRz/M0 and Tez/M0 are obtained 

by substituting R = a in Eqs. (5.28) and (5.29) as follows. 

(5.30) 

Note that T.R (a, e)/M vanishes at the hole edge. z 0 

Numerical examples for laminated composite plates of 

(St/Al/St/Al)s and (Al/St/Al/St)s stacking sequences are shown in 

Figures 19 and 20. Results for (St/Al) and (Al/St) sandwich s s 
composite plates are given in Figures 21 and 22. It should be 
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noted that the stress distribution patterns through the thickness 

are completely different for different stacking sequences and for 

different numbers of layers in a laminated composite plate. 

5.2. Elliptical Hole Case 

The previous section presented a study of the case of a 

circular hole. In this section a laminated, infinite composite 

plate containing an unstressed elliptical hole, under a uniform 

bending moment at infinity is considered. The origin of the coor-

dinate system, for convenience in analysis, is located at the 

center of the elliptical hole as shown in Figure 23. The elliptical 

coordinate system (~, n, z), as shown in Figure 23, is the appropriate 

coordinate system for this study. The basic complex variable 

formulation given in the previous section can be extended to the 

transformed problem by choosing a proper conformal mapping function. 

This is 

Z = F( d = Z cosh r; (5.31) 

where r; is a complex variable defined as r; = ~ + in. The function 

F(r;) maps points in a region in the r;-plane into points in a region 

in the Z-plane. As usual, it is assumed that the transformation 

between a region in the r;-p 1 ane and a region in the Z.-p 1 ane is 

one-to-one and invertible, so that by selecting a particular branch 

of the inverse transformation r; = F-l(z), the corresponding one-to-one 
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Figure 23. Elliptical Coordinates (~, n, z) 
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mapping from Z-plane to ~-plane may be defined. Now, to preserve 

the basic complex variable formulation, it is assumed, in addition, 

that F(~) is holomorphic in the ~-plane and that F'(~) I O for 

all ~ belonging to regions in the ~-plane. 

Therefore, the new potential functions~(~) and w(~), which 

are holomorphic, single valued in the region of interest in ~, 

and give bounded stresses as ~ + ~ can be chosen as shown below. 

In these equations C is the focal length of the elliptical hole, 

which is used to mandate the size of the hole and a1, a1 K', 

a4, and s4 are constants which will be determined from boundary 
condi ti ons • 

Now one important problem still remaining.is finding a 

solution to the Helmholtz equation in elliptical coordinate system. 

The basic difficulty here is that the solution of the Helmholtz 

equation in a region of ~-plane cannot be obtained from a region of 

z-plane by the usual conformal mapping techniques. Therefore, it 

is necessary to solve the Helmholtz equation directly in the elliptical 
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coordinate system. From Eq. (5.31) it follows that 

L = 1 ( L - i !_) L = 1 (~ + i ~) az 2c sinr; ar; an ' az 2c sin~ ar; an • (5.34) 

Now the Helmholtz Eq. (4.16) can be expressed in terms of 

elliptical coordinates by using Eq. (5.34) and the mapping function 

of Eq. (5.31). After some manipulations, the final results expressed 

in the following form are obtained: 

(5.35) 

2 
where q = ~ • Eq. (5.35) can be solved by the technique of 

4P66 
separation of variables in terms of Mathieu equations, which have 

the form 

and 

d21~(n) + (a + 2q cos2n)l/J(n) = O, 
dn 2 

2 
d ~(~) - (a + 2q cosh2~)~(~) = O, 
d~2 

(5.36) 

(5. 37) 

(5.38) 

The constant a in Eqs.(5.36) and (5.37) is often referred to as a 

separation constant; in general it is a function of q. For some 
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physically important solutions, the function ~(n} must be periodic, 

of period 7T or 27T. It can be shown that there exists a countably 

infinite set of characteristic values a (q}, which yield even 
r 

periodic solutions to Eq. (5.36}; and another countably infinite 

sequence of characteristic values br(q) exists, which yield odd 

periodic solutions to Eq. (5.36). These characteristic values are' 

of basic importance in obtaining the general solution of the differ-

ential equation for arbitrary parameters a and q. 

Eq. (5.36) is called Mathieu's equation, and Eq. (5.37} is 

called the modified Mathieu's equation. Solutions for both equa-

tions can be derived as indicated in reference [35]. In the interest 

of brevity the theory of these differential equations and the 

procedures to derive their solutions are not presented. Instead, 

the final solution of Eq. (5.35) is given as 

... 
where C~ and en are arbitrary constants. The functions Cen(n, -q} 

and Sen(n, -q) are called Mathieu functions of the first kind akin 

to trigonometric cosine and sine functions. The functions Fekn(~,_ -q) 

and Gekn(~, -q) are called Mathieu functions of second kind and 

are akin to Bessel functions. 

The functions Cen(n, -q) and Sen(n, -q) ~ill decay to become 

cos(nn) and sin(nn), respectively, when q approaches zero. The 
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functions F k (s, -q) and Gek (s, -q} become proportional to modified e n n 
Bessel functions In and Kn, depending on whether q is positive or 

negative as s tends to infinity. However, when s becomes a small 

value, the functions Fekn(s, -q} will remain finite, while Gekn(~, -q) 

becomes infinite. For convenience in future analysis, Eq. (5.29) 

is rewritten as 

where s0 is the value of s at the edge of the hole. Again, c2n 

and C2n are arbitrary real constants that are determined from the 

boundary conditions. Now the boundary conditions at the hole edge 

given in Eqs. (4.53) and (4.52) can be expressed in terms of the 

complex variable r; as 

. 4011 [n'(~) n•cr;>]-
Xo (r) + 1 - - - - 0 

., K F'"' ( "E) FI {I;) 
(5.41) 

[~'(;)~"(r;) _ ~ 1 (~)~"(~)] 4p i axo 1 = o. (5.42 
., - 66 ar; f• (~) 
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By substituting as indicated into Eq. {5.41), the following 

algebraic equation is obtained: 

As in reference (36], se2{n, -q) and ce2{n, -q) are expressed as 

00 r 2 = I {-1) B2r+2sin(2r + 2)n, 
r=O 

00 r 2 = I {-1) A2r+2cos(2r + 2)n 
r=O 

(5.44) 

2 2 where B2r+2 and A2r+2 are called normalized Fourier coefficients in 

the series expansions of se2(n, -q) and ce2(n, -q) in terms of the 

functions sin(2r + 2)n and cos(2r + 2)n, respectively. Taking 

advantage of the orthogonality properties of se2(n, -q) and ce2(n, -q), 

the coefficients C2 and c2 are obtained as follows: 

00 r -(2r+2)s 
32a1 I ( ~J e 0s2r+2 

r=O c = -----------
2 

c2 = -----------

kc2 I (A~r+2 ) 2 
r=O 

{5.45) 
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Or, upon simplifying, they become 

-2~ ? 
32e B2r+2cx1 c = ~,......__.,,,____ ___ _ 

2 kC2 r (BZ )2 ' 
2r+2 

r=O 

-2 E-0 2 
32e A2r+2B1 c• ------.-

2 - kC2 E (A2 )2 
2r+2 

r=O 

(5.46) 

Now the remaining constants cxl' Sp ~' s4, and K' are determined 

from the boundary condition Eq. (5.42) by substituting Eqs. (5.32) 

and (5.33) and the mapping function given in Eq. (5.31) into Eq. 

(5.42). After some tedious manipulations and reductions, the values 

of these constants are finally obtained as 
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(5.47) 

with 

Now, with these constants given as stated in Eqs. (5.47}, the 

function x0 and complex potential functions n{~} and w{~} for 

elliptical holes are determined. Then the stresses and displace-
\ 

ments of the problem are found through Eqs. (4.41} and (4.29b} 

given in the previous chapter. However, for this problem, the 

stresses.near the edge of the hole are more important than those 

elsewhere. As stated in Chapter IV the stress couple around 

the edge of the hole is given as 

Mn = -4{D11 + o12)[n'{~)/F'{~) + 0 1 {~)/F'{~}],with ~ = ~o 
(5.48) 

With the known potential function n(~) and mapping function F(~), 

Eq. (5.48) for this case can be expressed as follows: 
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Ol 1 + Ol 2 
Mn(so' n) = (Ml + M2) + - 2011 

Ml - M2 e2Soe2io)(cos2n - e-2so) 
2 

(5.49) 
[ 30 + 0 4P -2S ( G k I )~ 11 12 + 66 e 0 2 + e 2 (cosh 2s - cos 211) 

4011 ~ Vz 0 

Considering the case of M1 = M0 , M2 = 0, and a = O, the following 

is obtained: 

-2s0 zk (o11 + o12)(cos 2n - e )A2 
= 1 + -·---------- (5.50) 

2011 (cosh 2s0 - cos 2n) 

~* 
where A2 is defined as 

Eq. (5.50) gives the moment distribution around an elliptical 

hole in an infinite composite plate under pure bending along the 

edge of x = constant. When the laminated composite plate reduces 

to a single-layer of homogeneous material, the previous relation 

given in Eq. (5.15) holds. Consequently, for this case Eq. (5.50) 

becomes 
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1 2so -2so "01 - e )(cos 2n - e ) 

[ 3 + v · 2h2 -2so ( Gek2 )] -- + ::-::z e 2 + ~ ( cosh2s0 - cos2n) 
4 SC e 2 

(5.51) 

Note that Eq. (5.51) is the solution given by Naghdi [34]. In 

comparing the solution for a single-layer plate with that for a 

laminated composite plate, it should be noted that the same results 

as stated in the previous section hold; the Young's modulus as well 

as the Poisson's ratio affect the stress distribution. The expres-

sions for the shear forces, Qn and Qs can also be calculated from 

Eqs. (4.40) and (4.41). Around the perimeter of the hole edge, 

the shear force Qn is more significant than Qs; therefore, only 

the expression for Qn is calculated. From Eqs. (5.47), (5.40), 

(5.32), and (5.33) and Eqs. (4.40) and (4.41), the final expression 

for Q is obtained as 
n 

I 

1 2s -2s0 ( Gek2) 
i{l - e 0 )e 2 + Gek2 sin 2n 

- 1 

[ 3011 + D12 + _4P_6_6 e -2so (2 + G/2)1J2 
-..,....,40 ........ 1-1 - kc2 Gek2 ~ 

where J is defined as c2 sinhs sinh ~ • 

(5.52) 

Again, for a single-layer composite plate, the shear force Qn 

around the hole edge is obtained by degenerating Eq. (5.52) through 

the use of Eq. (5.15). The final expression is 
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(5.53) 

Again, this agrees with the solution given by Naghdi [34]. 

For the follo\'Jing discussion and comparative study, Eqs. (5.50) 

and (5.52) are rewritten in terms of the parameters of the major 

and minor axes of the elliptical hole. Suppose that a and B are the 

ratios of h/a and b/a, respectively; where a is a semi-major axis 

and bis a semi-minor axis. They are related to the parameter ~o 

through 

a = C cosh ~0 , b = C sinh ~o • (5.54) 

Then Eqs. (5.50) and (5.52) can be expressed in terms of a and B 

as follows: 
D + D 

( 11 12 )s[(l - B) - (1 + B)cos2n] 
M 2011 
_n = 1 +-------------------------
Mo [30 +D 4P Gk'~ 11 12 +( 66) 1 (2 + e 2) [(1 + 82) - (1 - B2)cos2n] 

4011 ~ (l+B)2 Gek2 

(5.55) 
I 

( G k2 ) 3i = _______ 1Zr_2_s _2_+_~....._k=-2 _s_i n_2_n ___________ _ 

Mo l3D + D 4P G k' ~ 11 12+ 66 (2+ e2)(1+s)[(l+B2) 
a 4011 ka2(l+s) 2 Gek2 

2 !,; 
- ( 1 - B ) cos 2n] 2 

(5.56) 
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Eqs. (5.55) and (5.56) are much more convenient than Eqs. (5.50) 

and (5.52) for studying the following special cases: 

Case a - the case where ~ ~ oo, that is, the case where the 

elliptical hole tends to be a circular hole (see Figure 23). From 

reference [39], the functions below behave as indicated: 

S' S' 
Gek2( i:-, -q) + -1_ K ( qef;) = _£ K (Ar) 

"' 1T 2 1T 2 

where Sl is a constant defined in references [36] and [35]. Now for 
C t;o - t;o C t;o - t;o th i s case , a = ~ e + e ) ~ r 0 , b = 2< e - e ) + r 0 as ~ ~ oo. 

Therefore, 

where K2 is a modified Bessel function of second kind, and K2 is 

the derivative of K2 with respect to its argument. For this case, 

the value of B is equal to one. Then Eqs. (5.55) and (5.56) become 

Q 
~=- (S.57) 
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Recalling Eq. (5.12), it can be seen that Eq. (5.57} is exactly 

the same expression as (5.12). 

Case b - the classical laminated composite plate solution can 

also be derived from Eqs. (5.55} and (5.56). From Table III note 

that the value of A(i.e., ka2/P66} increases in magnitude of order 

(2/h) with decreasing plate thickness. Therefore, if the hole 

dimension is specified for the case of h << 1, then the tenn P66/ka2 

in Eq. (5.55) and (5.56) will approach zero. For this case, Eq. 

(5.55) then becomes 

M 2(D11 + o12)s[(l - B) - (1 + S)cos2n] 
-11. = l + (5 .58) 
Mo (3o11 + 012)[(1 + s2) - (1 - B2)cos2n] 

Eq. (5.58) is a solution of classical lamination theory. In order 

to make a comparison with the solution for a homogeneous single-

layer classical plate given in reference [20] (page 231), a new 

parameter E is introduced, defined as 

b cosh ~o - s inh ~o -2~0 
E = a - = = e = 

a + b cosh ~o + sinh ~o 
l - B ( } l + B • 5.59 

Introducing the parameter c and the relationship in Eq. (5.15) for 

a single-layer composite plate, Eq. (5.58} becomes 

M 2(1 + v}(l - E)(E - cos 2n} 
__.!]_ = 1 + ----------
Mo (3 + v}(e:2 - 2e: cos2n + 1) 

(5.60) 
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This solution was given by Savin [20] for a single-layer 

classical plate. Notice from either Eq. (5.58) or (5.60) that 

the effects of the plate thickness are not included. Hence, as 

long as the eccentricity of the ellipse is specified, the stress 

distribution given by classical lamination theory is not influenced 

by the size of the hole. Figure 24 compares the deviation between 

the classical lamination theory and the present theory. Unlike the 

circular hole case, for the elliptical hole the limiting case of 

vanishing hole size is not provided. This case is difficult to 

obtain from the expression presented because of the lack of inform-

ation in the recurrence relation on the Mathieu function Gek2• 

Figure 24 shows ~\, (f;0 , ir/2) /M0 versus a/h for St/Al /St and 

Al/St/Al laminated composite plates. The result is the same as 

that for the circular hole case - that is, the hard-core sandwich 

plate has a lower stress concentration factor than the soft-core 

sandwich. This figure also presents the solution by classical 

lamination theory for a Al/St/Al sandwich plate. Note that the 

deviation of Eq. (5.50) from Eq. (5.58) is vast since the value 

of a/h is less than one. Figures 25 through 30 present the distrib-

utions of M (f;0 , n)/M around a hole with the same eccentricity but n o 
of different hole sizes. The solid line is for a (St/Al/St) 

sandwich plate, and the broken line is for a (Al/St/Al) sandwich 

plate. The applied moment in Figures 25 through 26 is along the 

edge which is perpendicular to the major axis of the elliptical 

hole, whereas for Figures 29 through 30 it is along the edge that 
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is parallel to the major axis of the hole. It is also noteworthy 

to examine the stress distribution through the plate thickness. 

It provides information on the mechanism for transferring stress 

from layer to layer. Using the procedure employed for the case 

of the circular hole, the normal and shear stresses at the hole 

edge are calculated as 

and 

z2) + Ai](2 + :e~2)sin2n. 
e 2 

(5.62) 

The numerical results of Eq. (5.61) for a (St/Al/St) laminatec 

composite plate with a 0.5% volume fraction are given in Figure 31. 

The ratio of the major axis to the minor axis is 1.22, The 

stress was computed at the point n = 90°. It may be noted that the 

finite element solution and analytical results agree. 
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VI. CURVILINEAR HOLE CASE 

6. l. Introduction 

It is obvious from Chapter V that the solution of the 

Helmholtz equation depends on the coordinate system selected. 

For the case of a circular hole, a polar coordinate system was 

used, and the Helmholtz equation in the polar coordinates was 

transformed to a modified Bessel equation. This equation, its 

solution, and properties are well known and have been widely 

reported. However, for the case of an elliptical hole, an 

elliptical coordinate system was used because of its convenience; 

and the Helmholtz equation in this coordinate system was separated 

into Mathieu and modified Mathieu functions as shown in Eqs. 

(5.95) and (5.96). Therefore, the basic difficulty in using 

theory presented herein compared to the corresponding classical 

Kirchhoff theory, is the necessity of solving the Helmholtz 

equation by the method of separation of variables for different 

coordinate systems. 

In view of this, for a simply connected region the solution 

of Eqs. (4.14) can be obtained only for circular and elliptical 

holes. However, in the latter case an infinite system of alge-

braic equations arise and it is necessary to expand the Mathieu 

functions in terms of trigonometric functions in order to match 

the solution of the biharmonic equation on the boundary. Therefore, 

116 
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it is more profitable, when solving Eqs. (4.14) for curvilinear 

holes, including elliptical holes, to use the method of "boundary 

shape perturbation." This method was proposed earlier by Lekhnitky 

[21] and was continuously extended by Savin [20],[37]. The method 

to be used here will be the same as that used by Savin on the stress 

concentrations near an arbitrary hole whose contours have no 

angular points. 

By using the boundary shape perturbation method, the difficulty 

mentioned above can be avoided. The solution of the system of 

Eqs. (4.14) for a curvilinear hole can be obtained approximately 

by the series of solutions for circular holes by selecting an 

appropriate mapping function. 

6.2. ~ethods of Analysis 

Next, a mapping function (transformation equation) is intro-

duced that will conformally map the exterior of the unit circle 

into a region representing the exterior of the hole under consid-

eration. This mapping function is given in the form 

z = n(~) (6.1) 

with Z = Re18 , Z = x + iy, and ~ = peie For convenience in later 

analysis, a dimensionless quantity is introduced as follows: 

z = ~ = x + i y = re i 8 
o r0 o o (6.2a) 
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and 

z0 = w(~) = ~ + Ef(~) (6.2b) 

where r = R/r0 , The function w(d was given by Savin [38] and 

Muskelishnili [31]. The function f(~) is a holonomic function 

at infinity. The parameter E is assumed to be a real constant; 

its value is \'Jithin the range 0 < e: « 1, and it is designed to 

characterize the degree of deviation of the examined hole from 

a circular hole. Using the equations above, Eq. (6.2) can be 

rewritten in the parametric form as 

x = 0 
E: 

cos 8 + ~ f + 1) ' 

y0 = sin e - i ~f - f.) (6.3) 

where 1 is the conjugate function of f(s). Eqs. {6.3) represent 

a curvilinear, orthogonal coordinate system with coordinate curves 

of P = constant and e - constant, as shown in Figure 32. The 

angle e can be found from Eq. (6.3), expressed as 

Y sine-ic(f-1) e -1 0 -1 2p = tan - = tan -------
xo cos e + L ( f + 1) 

2p 

(6.4) 

As for the angle a shown in Figure 32, it is found by the following 



119 

Figure 32. Curvilinear Coordinates (p, e, z) 
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procedure. First, differentiate Eq. (6.2} along the curve 

e = constant; thus, an expression for dz0 is obtained as 

(6.5} 

Then, from the re 1 ati on d?o = I d1) e i a, with the value of d7t, given 

by Eq. (6.5}, the following expression of eia is obtained: 

(6.6) 

where the lw'(t)I is the absolute value of the function w'(t), 
which is equal to [w'(dw'{t)]112 • Obviously, the expression for 

the angle 13 may now be obtained. It is written as 

eiS = ~w'(t)'W1'"Zf 
p[w'(t)w'(t)J112 

6.3. Perturbation Expansion _ 

( 6. 7) 

So far the angles a, S, and e have been presented in terms 

of a mapping function. It can be inferred from these results 

that all magnitudes which depend on rand e can be expanded in 

powers of the small parameter E. Before proceeding with the ana-

lysis, the coordinates rand e must be expressed in terms of the 

small parameter E. From Eq. (6.3), by taking the square root of 

the sum of x2 and y2, an expression for y may be obtained in the form 



121 

By expanding the right-hand side of Eq. (6.8) in a binomial series 

and collecting terms which have the same power of e:, the follm·ling 

expression for y is obtained: 

(6.9a) 

For the e coordinate, by expanding the right-hand side of Eq. (6.4) 

and using the properties of the triqonometric functions given in 

the Appendix {page 188) an expression for e is obtained in the 

form 

2 3 e = e + e:e1 + e: e2 + O(e: ). (6.9b) 

The various quantities in Eqs. (6.9) are defined as follows: 

l (- -, 1 (- -,2 Yl = -2 z;;f + z;;f ' y 2 = - - z;;f - z;;f ' 
2p . 8p4 

e1 = .:.1. [(f + f) sine+ i(f - f) cos 0] , 
2P 

1 2 2 2 2 e2 =-[(f +1) sin 20+ i(f -f )cos e]. 
4p2 

(6.10) 
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Since cos B and sin B will be used later, their expansions are also 

presented here for convenience. From Eq. (6.7) it is known that 

eiB can be expressed in terms of l;, f(l;), and£ by substituting 

w(l;) and w'(l;) from Eq. (6.2). The resultant expression has the 

following form: 

where 

B1 =~[sf - "2"f + s"2°(f' - f' )J, 
2p 

(6.11) 

~ -
B = - 1(2 ff+ b + 2f' f + f 12 + 2f'f' - 3f' 2 - 2f' !_ - 2 f.. f'). 

2 8 l;l; ~ l; l; l; 
. (6.12) 

Then expansions for sin B and cos B are obtained by using Euler's 

formula and Eq. ( 6. 11) : 

cos B 

It can now be shown that all of the pertinent quantities and functions 

depend on r, 0 and f3 can be exoanded in rowers of.a small 
parameter £· For example, the general arbitrary function G(r, e, £) 

can a 1 so be rewritten as 
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When E = O, the function G becomes G(p, 0). Therefore, the 

function G(r, e, E) can be expanded in Taylor series around the 

function G(p, 0) as follows: 

[ 2 }aG ( 2 )aGJ G{r,e,E) = G{p,e) + p{Erl + E r2 + ••• a;;+ E81 + E 82 + ••• ao 

1 [ 2 2 2 a2G 2 + 2! p (Eyl + E Y2 + • • •} -2 + 2P{Eyl + e Y2 + • • •) 
d() 

2 a2G £0 E20 2 a2GJ {Eyl + E Y2 + • • •) -- + ( 1 + 2 + • •.) -2 + • • • apae a0 
(6.14) 

Substituting Eq. (6.10) into {6.14), and then collecting terms 

that have the same power of E, the following expression is obtained: 

G{r, e, d = G(p, e) + E(r1 !__+ r2 L)G{p, e) 
ap ae . 

a2 d () ) I5 -2 + !6 - + I7 - G{p' e) + ••• 
30 ap ae 

{6.15) 

where the quantities Im(m = 1, 2, 3, ••. , 7) are defined as 

1 - &\ ~- &\2 r1 = t;<i:f + i;:f1, r3 = ~i;:f + i;:f, , 
4p 
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, ) c &\ J _, ,- n2 1 = - [; (r - f cos e - f + f, s; n e , 16 = ---:-\3 z:;f - z;f , 
2 2p 4p 

I = z:;f + sf [i(f - f)cos 0 - (f + f) sin G], 
4 4p2 

l ( 2 -=2) - ( 2 _2) ] 15 = ~ f + f cos 20 - 2ff - i f - f sin 20 , 
4p 

17 = .1_[(f2 + t2)sin 20 + i(f2 - °T2)cos 20] . 
2 z:;z; 

The pattern of Eq. (6.15) may also extend to derivatives. For 

example, ·a2G/ay2 may be expanded in the same form as shown in Eq. 
a2G(p 0) 

(6.15) by replacing G(p, 0) with 2' . The stress resultants 
()y 

and couples given in Ch apter IV may be expanded in terms of the 

small parameter e: also. However, the coordinates employed in this 

section are dimensionless quantities. For consistency, Eqs. (4.5) 

and (4.6) are rewritten in terms of the dimensionless polar coor-

dinate ( r, e): 

2 2 2 
M = -0 ~ - D ( a w + d\'I ) + 2P (--.Lx_ -~) 

r ay2 12 r2a82 rar 66 rarae r2ae 



125. 

2 2 2 . M = _20 ( a ,,., _ aw ) + P ( a x _ a x + £x_) 
re 66 ra rae r2ae 66 r2a 82 a r2 ra r 

Q = k £L Q = -k Ex r rae' e ar (6.17) 

where Mr' M8 , Mre' and Q8 are related to MR' M3 , MRE' QR, and QRE 

in the fol lowing way: 

{MR' M=, MR=)=~ {Q 'Qe)' (QR, Q=)= _l {Qr' Qe). - - r r - ro 
0 (6.18) 

In Eqs. (6.17), each term such as a2w/ar2, a2w/r2ae2, aw/rar, 
2 2 2 2 . a x/rarae, a x/rarae, a x/ar , and ax/rar may be expanded in a 

Taylor series in the same way as indicated in Eq. (6.15). Using 

the relations stated in Eq. {6.18) the final form can be expressed 

as 

MR 

M= 

MRE 

QR 
Q= 

+ I ~+ !7 ~ )] 6 ()p ae 

-
MP 

Me 
M p0 (6.19) 
-
~p 
Qe 
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where 
K .£x. 

- y-- 'I ' 
I 0 0p 

M = - -20 a w - _o - + p a X - o X + ~ - 1 [ ( 2 "W ) 2 "2 " )~ 
p0 r2 66 papae pae 66(p2ae2 a;z p()p • . 

0 . (6.20) 

The components of the stress resultants and couples in curvi-

linear coordinates (p, o) may be derived from the stress resultants 

and couples in the polar coordinates (R, ~) by the stress tensor 

transformation law mentioned in Chapter IV. For simplicity, the 

transformation equations are written in the form: 
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QP = QR cos S + Q~ sin S, Q0 = -QR sin 8 + Q~ cos s. 
(6. 21) 

The deflection function W and stress function x may also be 

expanded in terms of the small parameter £, 

w = 
00 

\ i l £ ~1., 
i=O 1 

00 • 

and x = l £ 1X·· 
i=O 1 

(6.22) 

Equations (6.22) indicate that, when i = O, the terms W0 and x0 

provide the solution for the circular hole case. In addition, 

the higher order terms provide the solution for the hole which 

deviates from circular hole. Substitution of Eqs. (6.19), (6.20), 

(6.22), and (6.13) into Eq. {6.21) yields a highly complicated 

set of expressions for the stress resultants and couples. In 

the interest of brevity, the intermediate steps are not presented. 

Instead, the final expression is written in the form: 

00 

{Mp, Me, Mp8' Qp, Qe) = 1~0£ [Mp(i)' Me(i)' Mp0(i)' Qp(i)' Oe(i)] 

(6,23) 

where 
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Q = Q-; + i~l (Li-mQ-m + l Li-mQ-m _ Li-mQ-m) 
e(i) e ~ 1 e 2 2 e 3 e m=O 

The quantities Lm(n = 1, 2, 3) are differential operators. The 
n 

zero, first and second order operators Lm are given as 
n 

Lo = L0 = L0 = O , 
1 2 3 

L~ = }Cff + r;f)P~P -¥i(f - t) cos O + (f + f) sin OJ p~O, 

1 1 1 [-( -) - --] .L2 = 0, L3 = 2;r;-z;-Xs f' - f' + r;f - r;f , 
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The notations J 1, J2 , J 3, J 4 , J 5 , J6 , and J7 are given in the 

following form: 

J2 = . 1 2~{1'.;,f- l;;f + z;l;;(f 1 - f'}][i(f 1 - f} cos 0 - (f + f) sin 0], 
41z; z; 

J 1 (- -}2 3 = - z;f + sf , 8z:s 

J4 = 4~l; (z:f + l;,f}[i(f - f} cos G - (f + f) sin 0], 

J5 = __)___ [2iff - i(f2 + ~} cos 20 - (f2 - "f2} sin 20], 
8H;l;, 

- 1 (- 7\2 J6 - a-- l;,f - l;,f J ' z; l;,p 

Expressions for Mi, M0;, Mi 0 , Qi, and Qi in Eq. (6.24} have the p - p- p 0 

same form as in Eq. (6.20}, but W and x are replaced by W. and X·, 
l l 

respectively. For future reference, expressions 
-; -. Q , and Q1 are stated in the form 

P e 

-; -i -; 
of M ' Me, M 0' p - p-
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.... 1 ax. 
Ql = - k _, e y0 cip • 

6.4. Conformal Transformation 

(6.27) 

Some properties of conformal transformation have already been 

mentioned in Chapter V. This section treats some detailed properties 

and ways to choose the appropriate mapping function for the problem 

under study. Recall Eq. (6.1), the conformal mapping function 

Z • n(z;) is a single-valued analytic function relating every point 

z; of E plane to some definite point Z in the Z plane. These 

latter points will cover some region S in the Z plane. Conversely, 

let it be assumed that each point Z of S, by the Eq. (6.1), corresponds 

to some definite point of E. It may then be noted that Eq. (6.1) 

determines an inevitable single-valued conformal transformation of 

the region S into the region E (or the converse). 
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The transformation is called conformal because, under the 

transformation Z = n(r,:), the angle between any b10 curves passing 

through any point Z at which dZ/ds r O is preserved, and its 

sense remains unchanged. As is well known, a transformation from 

E to Z is conformal when n(r,:) is holomorphic and dz/ds r 0 for 

all r,: in E. In light of these considerations, a holomorphic func-

tion is the function being sought. 

The regions E and S may be finite or infinite (and, in 

particular, one of them may be finite while the other is infinite). 

If, for example, the region E is finite and S is infinite, the 

function n(r,:) must become infinite at some point of E ( since other-

wise there would be no point of E corresponding to the point at 

infinity in S). Thus, it can be easily proved that n(r,:) must have 

a simple pole at that point; i.e., assuming for simplicity that 

Z = 00 corresponds to r,: = 0, then 

n(r,:) = £ + holornorphic function r; (6.28) 

where C is a constant. No other singularities can occur in E; 

otherwise the transformation would not be reversible and single-

valued. If E and S are both infinite and the points at infinity 

correspond to each other, the function n(r,) must, for the same 

reason, have the form 
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w(r;} = Rr; +a holomorphic function (6.29} 

where R is a constant. Recall that a function, holomorphic in an 

infinite region, is understood to be one that is holomorphic in 

any finite part of this region and which, 'for sufficiently large 

l~I, may be represented by a series of the form 

(6.30) 

Further, it may be shown that the derivative n'(~) cannot become 

zero in r; otherwise, the transformation would not be reversible 

and single-valued. 

Consider now the case where two regions are simply connected 

and bounded by simple contours. The transformation of Eq. (6.1) maps 

the exterior of the circle onto the exterior of an examined hole. 

In light of the preceding arguments, the function n(~) is assumed 

in the form 

n(d ( 6. 31) 

Generally, Eq. (6.31) can be used to transfer any shape of contour 

in the z plane to a circular contour in the ~ plane by choosing 

proper values of Rand ai (i = 1, 2, 3, ••• ). Obviously, if only a fi-

nite number of terms of the series in Eq. (6.31) is considered, 
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the shape of the hole that will be obtained is not the precise one 

examined but will be a hole with curvilinear sides and rounded-off 

angles. The degree of deviation of the contour may serve as a 

criterion for the accuracy of the function constructed. 

Muskhelishvili [31] and Savin [20] gave a function of the 

two terms for mapping elliptical, rectangular, and equilateral 

triangle contours. They showed that mapping functions are very 

accurate. Because of its simplicity this is clearly practical. 

For this study the simple mapping function, which is given in the 

form below, will be selected 

or 

{6.32) 

By properly selecting the values of E and N, mapping functions 

for different holes are obtained: {a) for elliptical holes, 

E =a - b/(a + b), N = 1, and r0 = (a+ b)/2, where a and bare 

the semi-axis of an elliptical hole, respectively, along the x and 

y axes. When E > 0, the major axis of the ellipse is on the x-axis, 

while when E < 0, the ellipse rotates 90°, and its major axis is 

then on they axis. Since the !El << 1, the elliptical hole is 

very close to a circular hole. (b) For an equilateral triangular 

hole, N = 2, and the value of E = + 1/3 or+ 1/4. (c) For a 

square hole, N = 3, and the valu~ of E = + 1/6 or+ 1/9. The 



134 

magnitude, or the size, of the hole depends on the value of r • 
0 

An understanding of the criterion for choosing the type of 

function f(t) given in Eq. (6.2) was presented in the previous 

paragraph. As noted earlier, in this analysis the function f(t) 

is chosen to be t-N. As a summary of all derivations presented 

in this section, it is clear that as long as the function f(t) 

is obtained, the perturbation expansions of the problem are accom-

plished by substituting f(d = t-N into Eqs. (6.21), (6.24), (6.25), 

and (6.26). The remaining tasks are those of repeating the steps 

of Chapter V and computing the highly complicated set of algebraic 

expressions. In general, any desired order of solution may be 

obtained. However, for brevity, only the zero and first-order 
-N solutions are presented. For reference, Ea. (6.25) for f(t) = t 

is expressed in the following form: 

Lo - Lo - Lo3 -- 0, 1 - 2 -

L~ = p-N[cos(l + N)0 ~P - sin(l + N)0 p~e} 

1 N + 1 1 L3 = PN+l sin(l + N)0, L2 = 0, 

2 l [ 2 a2 a2 ( 1 ) L1 = - 2N cos (1 + N)e 2 - sin 2(1 + N)e a ae -
2p ()p p p 

2 2 
+sin (1 + N)~ (-a-+ P ~)l, 

2 ae2 ap '_I 
p 
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L2 = -P-2(N+l)(l + ri) 2 sin2(1 + N)e 2 . ' 

L2 = (N2 - llsin 2(1 + N)0 + (N + 1) sin 2(1 + N} a 
3 2P2N+2 2P2N+l ap 

(N + 1)2 sin2(1 + N)e a 
2N+2 ae • p 

(6.33) 

The zero and first-order solutions for the stress resultants 

and couples associated with the function f(z;) = z;-N may be obtained 

from Eq. (6.24). They are expressed in the form 

-1 
M p 

-1 
M e 

O(E) 

M = M1 + L(~os{l + N)e ~ - sin{l + N)e ~0 J p0(1) p0 pN Clp po-

Q 
P(l) 

-1 
Q 
0 
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... 0 -o 
M M 

p p0 

Mo -o -M 0 p0 

-o + N + l sin (1 + N)e (Mo - Mo) (6.35) M 
p0 N+l 0 p p 

QO 
p 

qo 
0 

-o -o 
Q0 -Q 

p 

-0 -o - -o Equation (6.35) is a general expression. MP, M0, MpO' QP 
-o and Q0 are the stress resultants and couples corresponding to the 

circular hole case. The terms M~, M~, M~0 , Q~ and Q 1 are calculated 

from Eq. (6.27), and they also relate to the circular hole solution. 

Therefore, as long as the solution for the circular hole is provided, 

the perturbation solution for any hole shape may be obtained. Note 

that the expressions obtained in Chapterv are not convenient for 

the analysis in this section. The work of ChapterV will not be 

repeated in Section 6.5; instead, Eq. (4.14} is solved directly 

to obtain the appropriate expressions for the displacement function 

Wand stress function x in terms of dimensionless quantities. 
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6.5. Functions W and x 

The system of Eqs. (4.14) in the dimensionless polar coordinates 

(r, e) can be expressed as 

(6.36) 

or as 

a -2 a 2 -2 - (v DH) = ~ ( r kx - P v x) rae ar o 66 (6 .37) 

where v2 is a dimensionless Laplacian operator def~ned as 
2 2 - r k 

_a - +_a_+ a , and ;.2 is defined as r2;.2 = ( 0 ). The 
ar2 rar r2ae2 o P66 
solution of the system Eqs. (6.36) and (6.37) can be taken 

from Chapter V. They are given in the following form: 

-x(r, e) = F0 K0 (;.r) 
00 ~ - (En) 40(1 _ n)(Cn)]sin ne + l K (;.r) + · 

n=l n Fn - krgrn On cos ne 
(6.39) 
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where A , F , An, B , C , D , E , and F are all constants and will o o n n n n n 
be detennined from the boundary conditions. The functions W(p, 8) 

and x(p, e) can be calculated directly from Eqs. (6.38) and (6.39) 

by changing (r, e) to (p, o). Referring to Eq. (5.22), W.(p, O) 
l 

and Xi(p, e) are obtained and expressed as follows: 

xi(p, e) 

-

(c; .11 sin ne 
01 )Jcos ne n 

(6.40) 

where Kn(Ap) is a modified Bessel function. Substituting Eq. (6.40) 

into (6.27) yields a complicated set of algebraic expressions. 

After simplification and combination, the final expression for Eq. 

(6.27) becomes 

Mi D11 - D12 i 1 oo [ 2DG6n(n + 1) 
P = 2 2 A + -Z I - n n+2 

r p r n=l r p 0 0 0 
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0 - 012 Ai + ~1 ~ [2D66n(n + 1) 
2 2 o 2 l n n+2 r p r n=l r n 0 0 0 

+ . 

( t2 t3 )(C~) - 2p*Nl 
+ n-2 n + n n+2 0; + n 

ro P rap n 

(BA~,:) f ( 2t4 t3 )(c~ 3 (Ei ]sin ne 
rn-2 n + rn n+2 0 i) + p*Nn F ~) ne n o P oP n n cos 

[ 
Ei qi = f + ~ K 6p) ( ~-) + 40n(l - n) 

p n= l · r 0 n F 1 n+ I n+ I n ro P 

; 
(~ )]c~s ne , 
D sin no n 

Q = _ L ~K'6p}Fi _ f [~k K'(~p) (E~) + 4D+n(l _ n) (C~1:·)]sin no 
0 r0 o o n=l r 0 n Fl ?I n+l n 0 p n cos no 

{6.41) 

.t = 8P66011 2 ----'-'- n(l - n } , P* = P66 
3 k 
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(6.42) 

K~Gp) is defined as the derivative of the modified Bessel with 
- dKn(Xp) 

respect to its argument, i.e., K~(Ap) = _ 
d(Ap} 

In Eq. (6.41), by letting the superscript i equal zero, 
- - -o - -expressions for M0 , M0°, M 0 , Q0 , and Q0~ are obtained. When i is p - p-

p -1 -1 -1 -1 -1 set equa 1 to 1, express ions for MP, M0 , Mpe, QP, and Q0 are obtained 

in a similar way. To avoid the tedious work of writing them, 

the expressions for these quantities are not presented in this 

dissertation. With expressions obtained for M~, M~, M~0 , Q~, Q~, 
-1 -1 -1 -1 -1 M , M0 , M 0 , Q , and Q0, the zero and first-order expressions for p - p- p 
the stress resultants and couples are obtained and given below: 

[2066n(n + 1) 
0 

D - 012 o 00 

c~) Mp(O) = 2 2 Ao + l n+ 2 n+2 
rop n=l r P 

0 n 

( t2 0 0 

; t3 ) (n) + 2np* Nl t"l ros ne (6.43a) rn n - n+z n+2 0o r2 n F0 sin n0 op ro P n o n 
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+ 0 0 
+ (i + t3 (Ocon ) + 2np* Nl (En) ] cos n0 

rnpn rn+2Pn+2) 2 (6.43b) r n F0 sin nB o o o n o n 

N0p* ..o · oo [- 2066n ( n + 1) (Aon 
M - t~ + + · 

p0(0) - 7 o n~l rn+2 n+2 80) 
o o P n 

+ (2t4 + t 3 ) (c~) + p*N~ (E~ )J sin ne 
n n n+2 n+2 o ~ o , r 0 p0 r 0 p D n r 0 F n cos n a 

(6.43c) 

Qp(O) 
= _ k~ K'():p)Fo _ f [~k K'(~p) (E~) + 4.on(l _ n) ·(c~)];sin ne 

ro o o n=l ro n Fo rn+I n+l ooJ 'cos 0 , n o P n n 

(6.43d) 

Qci ) = k~ K'G )Fo - r [~k K'():) (E~) + 4Dn(l - n) (C~) ]sin nB 
- 0 ro o P o n=l ro n P Fo n+l n+l Do cos nB 

n ro P n 

(6.43e) 

In 0(£) form, they are 

- ~1 2(0 - 012) o p*(N + l)N3 
Mp(O) - MP - 2 N+j A0 cos(l + N)e + 2 N+l ° F0 sin(l + N)e 

~p ~p 0 

+ l y { (1 - N)t1 (A~) + -2(1 + N)t4 (1 - N}t3 (coo~) 
2 n+2 n+N+3 o n n+N+l + n+2 n+r·1+3 n=l r p B 1 o n rop ro P n 
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+ 2H~~ (E~) LJ cos(n - N - 1 )o + .l_ I { (2n + N + 3)t1 (A8~0 ) 
2 Fo . ( N l)e 2 1 n+2 n+N+3 r 0 n s l n n - - - n= r 0 p n 

[
2(1 + N)t4 - 2nt2 (2n + N + 3)t31 (c~) -

+ n n+N+1 - + n+2 n+N+3 0o + 
rop ro P ... n 

-1 0 } ~(E") X 
r2 Fo 
o n 

cos(n + N + l)e 

sin(n + N + 1)0 
(6.44a) 

-1 2(0 - 012) 0 
Me(l) = rit0 + 2 l'J+J A cos(l 

ro o 

p*(l + N)N~ 
+ N)e - 2 N+l 

r P 
F~ sin(l + N)0 

:;: 2H~ ~ (~ l} cos ( n - N - 1 ) 0 + .l_ f {-
r2 F0 sin(n - N - 1 )0 2 n=l o n 

0 

0 
(2n + N + 3)t1 (A") 

n+2 n+N+3 80 ro P n 

[
2(1 + N)t4 + 2nt; + (2n + 3 + N)t3] ( C~) 2H~ 1 (E~)}cos(n + N + 1)0 

n n+N+l n+2 n~~ o - 2 o 
r 0 p r 0 p On r 0 Fn sin(n + N + 1)0 

(6.44b) 



143 

M = ~,1 + p*No P o 2(0 - 012)(1 + N) Aos1·n(l + N)0 
p0(l) rp0 2 NJ Fo cos(l + N)0 - 2 N+3 o 

rop rop 

+ l oo {+ 2(n + N + 2)t1 (Ag) +[4n(n - 1)(1 + N)D66 + 2(2 + n + N)t3] 
f ~l n+2 n+n+3 80 n n+n+l n+2 n+N+3 

n- r o P n r oP r P 

( C~0 ) + ~(E~)}sin(n - N -1)0 + J_ ~ _}4D66n(n + l)N (A~) 
2 o 2 l + n+2 n+N+3 80 

On r 0 F n cos ( n - N - 1)0 n=l r p n 

+ [4D66n(n - 1)(1 + n + N) + 2(2 + n + N)t3J (C~) + H~2(E~)} 
n n+N+ I n+2 n+N+3 0o 7 Fo X 

rap r P n o n 

-
Qp(l) = Q' 

p 

(~) l cos(n 
F~ j sin(n 

~kK (~p) 
0 

rop N+l 

sin(l + n + N)0 

cos(l + n + N)0 

o 1 • { 4Dn(l - n)N 
F0 sin(l + N)0 + z l n+l n+N+2 

n=l r p 
0 

- N - 11 O 1 • { 4Dn ( 1 - n )( 2 + 2n + N) 
+ - l N 1) 2 _1 n+l n+N+2 - - 0 n- r p 

0 

(~) }c~s (n + N + 1)0 

Fn sin (n + N + 1)0 

(6.44c) 

(:: )+ 
H+3 
n 

ro 
n 

0 ~3 
(:~) + -')( Fa 

n n 

(6.44d) 
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... ikK"(~p) l ro [ c0 
o~(l) = O! - o Fo cos(l + N)E> + - l .. 4Dn(l - n}N ( n) 
I::'> --a r N o 2 n=l + rn+l n+N+2 00 op o P n 

H~4 (E~~sin(n - N - 1)0 1 00 

- - +- l 
ro F0 cos(n - N - l}e 2 n=l 

n 

[+ 4Dn(l - n)(2 + 2n + N} (c
0
n
0
°) 

· n+l n+N+2 
ro n 

where 

_ ~~4 (~ )l sin(n + N + l)e 
ro F~ ~ cos(n + N + 1)0 

""2 
H+4 _ k:\ K" - - ~-n P n 

-n:\k K' + n(l + N)k K 
--rtFT n N+2 n • P n 

(6.44e} 

(6.45) 

dN 
The notation N signifies ~d n • From the preceding chapter, it n, P P 
is seen that the solution given in Eqs~ (6.38) and (6.39) corresponds 

to the local effect since, when p goes into infinity, the solution 

of Eqs. (6.38) and (6.39) will vanish. Therefore, the stress 

resultants and couples given in Eqs. (6.43) and (6.44) are the 
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local stress distributions and vanish at infinity. As mentioned 

before, the entire stress field includes the local and plate 

bending states of stress. The bending states of stress are denoted 
00 00 00 00 00 

by MP, Me, Mpe' QP, and Qe; therefore, the complete stress field is 

expressed as follows: 

MT ~ Mp(n) p p 

T 00 

Me Me M e(n) 
00 

MT 00 I e:n = Mpe + M pe n=O pe(n) 

QT p Qoo p Qp(n) 

QT 00 

(6.46) Qe Qe(n) e 

where the superscript T in the left-hand side of Eq. (6.46) represents 

the quantities for the total field. 

Now consider the case of an infinite plate subject to the 

bending moment M1 along the edge where x = constant and bending 

moment M2 along the edge where y = constant. The hole is located 

in the center of the plate and is free from loading on its edge. 

Before applying the boundary conditions at infinity, the applicable 

bending moments M1 and M2 in the rectangular Cartesian coordinate 

are transformed to curvilinear coordinates (p, e) using the 

transformation laws. 
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~ = 0 4p • (6.47) 

By using Eq. (6.6), Eq. (6.47) takes the following form: 

nro l l N(Ml - M2) 
iviP = ~M1 + M2) + ~M1 - M2) cos 20 + N+l [cos(l + N)0 - cos(N-1)0] 

2p 
2 

e: N(Ml - M2) 3 
+ 2N+2 [cos 2(N + 2)0 - cos 20] + O(e: ), 

2p 

-ro 1 . e:N (Ml - M2) . 
M = .;;-(2 Ml - M2) sin 20 - N+l [sin (N + 3)0 +sin (N - 1)0] 

p0 2r 
e:2ri2 (r-11 - M ) 

- zN+2 2 [sin 2(N + 2)0 - sin 20] - O(e:3), 
2p 

6.6. Boundary Conditions 

tr = o. p (6.48) 

From the boundary conditions of Eq. (3.43), the boundary 

conditions at infinity and on the hole edge are given below. 
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At infinity, p ~ oo: T ...D:J T - 00 T 00 

M = MP, M 0 = M 0, Q = Cf • (6 .49) p p- p- p p 

T T T At the hole edge: MP = 0, Mpe = 0, QP = O • (6.50) 

Note that the second parenthesis in Eq. (6.46) vanishes when p goes 

into infinity. Eq. (6.49) may then be rewritten as follows: 

00 -= 00 .,....()() 00 tr° M = M M = M = P p' P 0 Pe' Q p P' (6.51) 

If the second boundary condition Eq. (6.50) is applied along 

with Eqs. (6 .51), (6.48), and (6.46), the fol lowing equations are 

obtained for the zero and first orders of E: 

Q = o. 
P(O) 

(6.52) 

O(E): 

M + ~ M1 - M ){ cos ( N + 3) e - cos ( N - 1 ) O }= 0, 
P(l) 2 
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Q = o. 
p(l) 

(6.53) 

From Eqs. (6.52) and (6.43) the follm11ing non-zero coefficients are 

obtained: 

o (Ml - M2) K2 r~ 
C2 = - ---------

2[{o11 + o12 )K2 + 2011 K0 ] 

Similarly, the following expressions are obtained from 

Eqs. (6.44) and (6.53): 

-1 4066 0 1 l 
MP - ---;r A0 cos(l + N)0 + 2U~-l cos(N - 1)0 + ~~+J cos(N + 3)0 

0 

N + 2U11 - M2)[cos(N + 3)0 - cos(N - 1)8] = o, 

-1 4066(1 + N) ) 1 o 
MpG - r 2 A~ sin(l + N 0 - 2vN-l sin(N - 1)0 

0 

N 
- 2<M1 - M2)[sin(N + 3) + sin(M - l)e] = o, 
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Q: + ~ w~-l cos(rJ - l)e +} w~+J cos(N + 3)0 = o, (6.55) 

where the quantities u?, v0
1., and H?(i = N-1, N+3) are defined as 

l l 

(1 - N)t1 
r4 

0 

0 (N + 7)t1 [2(1 + N)t4 - 4t2 (N + 7)t3] 0 2H~l 0 
UN+3 = A~ + + C2 + -t-£2, r4 r2 r4 r 

0 0 0 0 

+2 
2(N + 4)t1 0 [8(1 + N)D66 2Nt3] 0 H2 0 

- - --4-- A2 - - + ""T C2 + -2- E2 ' 
r r 2 r r 

0 0 0 0 

0 
H+3 

WN-1 = _ BON Co + :..:.z._ Eo 
3 2 r 2' r o 

0 

80{6 + N) -3 
0 H 

WN+3 = Co+ 2.. Eo (6.56) 
r3 2 r0 2 • 

0 

-1 -1 -1 -1 -1 The quantities MP, Mpe' M0, QP, and Q0 are obtained from Eq. (6.41) 

when i = 1. Substituting these quantities into Eq. (6.55) yields 

the following: 
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2066 Al J 2066m{m + 1) l [2{m - l)[{D + 012 } - mo66 ] 
+ I - A + 

r2 o m l r2+m m rm 
0 0 0 

2 1 
- 8p*Dm{l - m } 'J 1 2p*mN il .,..,o 

cm + 2 m E 1. cos me - u cos me = o , k m+2 r m _ m ro 0 . 

2 3 I 2066m{m+l) l l2D66m(m-1) 8p*Dm(l -m)J l p*Nm l} 
I~- A - + 2 c +-Ex 
m l rml· 2 m rm k rm+ m r2 m 

0 0 0 0 

sin me - V° sin me = o m ' 

\[km (- ) 1 4Dm(m - 1) 1]· o 
l - K J.p E - m+ 1 Cm cos me + Wm cos me = 0 m ro m m r 

0 (6.57) 

where m = N - 1 , N + 1 , and N + 3 and if>, rf, i = N - l , N + l , 
1 1 

0 
N + 3, and HN+l are defined as 
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0 
WN+l = 0 • (6.58) 

By solving the algebraic equations, the constants in Eq. (6.57} are 

obtained as follows: 

w0 m+l krmK l mro o m 1 
C = ---- + -,-.---- Em, 
m 4Dm(m + 1) 4D(m - 1) 

A1 = l §{2(m - l)[(D + 012) - 2mD66 Jr~ - lG~*Dm(l - m2 }JC~ 
m 4D66m( m + 1) -~ 

+ p*rm(2mN1 + N3)E1 - rm+2D° - vm+2v<> 1 
0 m m m 0 m 0 m n (6.59) 

with m 'I O. 

Now consider the case for N = l, which corresponds to the 

elliptical hole case. The value of m for this case will be zero; 

hence Eq. (6.58) cannot be applied directly. However, the solution 

for this case can be calculated by directly inserting the value of 

m = 0, 2, 4 into Eq. (6.57). By calculating this set of algebraic 

equations, it is found that the results have the same formula as 

Eq. (6.59) but the m will now stand for N + l and N + 3 only and 

the value of Ab will no longer be zero. 
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Substituting the non-zero coefficient into Eqs. (6.46), (6.44), 

and (6.43), the solution for the complete problem is obtained. In 

most cases, only the stress around the hole edge is of interest. 

This problem can be solved by directly setting p = 1 in Eq. (6.46). 

However, the simplest way to calculate M~ around the hole edge is to 
T T evaluate the sum of Me and M0 and then set o = 1 on the hole edge 

since the value of MT is zero when p = 1. In this way, the expres-
P 

sion for MT around the hole edge can be obtained as follows: 
0 

+ c-[- s(o11 + 012 ) \' 4(m - 1)(011 + 012 ) 1 
c. ----- c~ cos(N + 3)0 + l cm cos 

r2 m rm 
0 0 

(6.60) 

T The resultant shear stress, Q0, can be evaluated directly from Eq. 

( 6 .46) in the form 

Q~ = -[~2(X)E~ + ~ c~] sin 2e + e:{-e . =l ro r p 0 . 

+4 

\"" [~k K'(;}El + 4Dm(m - 1) c1]sin me - .!(+ 83° C~ + ~ E~)sin{l - N}e 
l r 0 m m rm+ I m 2 r r 0 m o o 
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+ H~~ (6 + N)C~ - ~~4 E~J sin(3 + N)e} + o(.2) (6.61) 

where the m is equal to N - 1, N + 1, and N + 3 when N f 1. For 

N = 1, them will be N + 1 and N + 3 only. 

In Eq. (6.60), when only the zero-order term is retained and 

the coefficient C~ in Eq. (6.54) is used, the zero-order solution 

of M~ with p = 1 is obtained as 

(6.62} 

Eq. (6.62) is exactly the same expression as Eq. (5.8} for the 

circular hole case. This is the expected result. Similarly, for 

'the resultant shear Q~, the following expression applies for zero 

order: 

= 
(6.63} 

Eq. (6.63) is the same expression as Eq. (5.11} for the circular 

hole case. 

In conclusion, the zero-order solutions of Eqs. (6.60} and 

(6.61} are the solutions for the circular hole case; however, their 

higher order solutions are the modified terms that indicate solutions 
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for deviations from a circular hole. These modified terms depend 

on the values of E and N, which vary for the different types of 

hole examined. In order to avoid the tedious expressions, M~ and Q~ 

at p = 1 for different hole shapes.(elliptical, diamond-shaped, 

and triangular) are not presented in this dissertation. Instead, 

the numerical solutions for different cases are given by the curves 

indicated in Figures 

6.7. Numerical Results 

Several numerical examples are presented in this investigation. 

Most are given for St/Al/St laminated composite plates. Figure 33 

gives plots of Eq. (6.60) around the hole for £ = 1/9 and N = 3; 

Figure 34 gives M~/M0 for E = 1/4 and N = 2; and Figure 35 is for 

E = 1/6 and N = 3. All these cases have the same hole size 

~ = l . 25 inch. As expected, the diamond-shaped hole case has the 

highest stress concentration factor. As the size of hole decreases, 

the stress distribution pattern for M~ around the hole changes; 

however, the stress concentration factor increases. This is 

indicated in Figures 35 and 36 for the same E and N but with a 

different value for R. The deviations between the one-term and 

two-term solutions are given in Figures 36 through 38 for different 

hole types. From Figures 38 it is seen that the perturbation solu-

tion is very close to the exact solution given by Eq. (5.50). 

Figure 39 shows the one-term and two-term solutions for the ellip-

tical hole as well as the exact solution given in Eq. (5.52). 
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From both figures it is seen that the perturbation solution of the 

first order only will give a higher value than the exact one. 

However, these solutions do agree quite well. This may also be 

justified because the elliptical hole is very close to the circular 

hole. If we examine the diamond-shaped hole in Figure 36, the 

deviation between the one-term and two-term solutions is considerable. 

Therefore, it is suspected that the two-term solution is not 

sufficiently accurate. 

In order to investigate the effect of E in the perturbation 

solution, comparisons of Eqs. (5.50) and (6.60) at e = 90° with 

N = 1 are studied for different values of E. Table VI gives the 

results. It may be seen that, since the value of E is less than 

O.l, the accuracy of the perturbation solution is less than +3%. 

This value is acceptable for both mathematicians and engineers. 

However, when the£ value is greater than 0.1, the percentage of 

accuracy drops drastically. 

A comparison of the perturbation solution with the finite 

element solution is discussed in Chapter 7. 
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2.0 

1.0 0 0 

E: = 1/9 
R = 1. 25 
N = 3.0 

1.0 

Figure 33. Distribution of M6/M0 Around Square Hole 
in (St/Al) 5 Sandwich Plate, R = 1.25 
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e: = 0.25 
R = 1. 25 
N = 2.0 

Distribution of Me/M0 Around Triangular 
Hole in (St/Al) 5 Sandwich Plate, 
R = 1. 25 
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£ = 1/6 
N = 3 
R = 1.25 

Figure 35. Distribution of M8/M0 Around Diamond-Shaped Hole 
in (St/Al)s Sandwich Plate, R = 1.25 
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----------- One-Term Solution 
-----Two-Term Solution 
e: = 1/6 
R = 0.1 
N = 3.0 

Figure 36. 

4.0 

Distribution of M8/M0 Around Diamond-Shaped 
Hole in (St/Al) 5 sandwich Plate, R = 0.1, 
for Perturbation Solution 
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Figure 38. Distribution of Mu/Mo Around Elliptical Hole 
in (St/Al) 5 Sandwich Plate for Perturbation, 
Finite Element, and Analytical Solutions 
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TABLE IV. EFFECT OF E IN THE PERTURBATION SOLUTION 

T Mo/Mo 

E Eq. (5.50) Eq. (6.60) a/b % 

0.2 2.03 2 .431 1.50 19.8 

0 .1 2.27 2.332 l.22 3 .1 

0.05 2.39 2.432 1.11 1.7 

0.01 2.50 2.513 l.02 0.5 

where a = semi-major axis, b = semi-minor axis 



VII. FINITE ELEMENT SOLUTION 

As mentioned in Chapter I!,the three-dimensional finite 

element analysis for the state of stress around a circular hole in 

a laminated composite plate under uniform tension, has been studied 

by Barker, Dana, and Pryor [19]; that work has also been extended 

by Dana [28]. They used a curved, isoparametric cubic, three 

dimensional element (see reference [28] Figure 2, or [18] Figure 12) 

with 24 nodal points and 72 degrees of freedom (DOF) to model the 

individual layers of the laminate. This element initially was coded 

by Lin [18] and tested by him for a Al-St laminate undergoing 

cylindrical bending by a sinusoidal load in comparison with results 

of Pagano [38]. Their results show that the finite element analysis 

for a three-ply laminate agreed well with the exact elasticity 

solution. A most efficient FORTRAN coded computer program was 

developed by Dana using the conjugate gradient iterative method. 

The great advantage of this technique is that it does not require 

the global stiffness matrix but only the unique element stiffness 

matrices. The nodal displacements are then determined by minimizing 

the total potential energy of the system at the element level. In 

doing this, the storage requirements are greatly reduced, and the 

roundoff errors will not accumulate during the iterative process. 

The three nodal displacements (u, v, w) at each node obtained 

from the minimization technique are used in conjunction with the 

shape function to give the six stress components at each node, In 

"164 
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this section, the same element is used to study the laminated 

composite plate under pure bending with a hole. For convenient 

discussion, this section is divided into two parts. One is for 

the isotropic homogeneous laminated composite plate with a hole. 

Its solutions are employed to compare with the analytical solutions 

obtained in Chapters 'J and VI. The second part describes orthotropi c 

homogeneous laminated composites with a circular hole. Four 

different types of stacking sequences are investigated. They are 

(90/0)s, (0/90)s, (-45/45)s and (45/-45)s fiber orientations. Since 

there are at present no analytical solutions associated with these 

types, only the finite element solutions are given in this section. 

Fortunately, the classic solution for single-layer orthotropic 

and orthotropic anisotropic plates has been given by Lekhnitskii 

[21]. A comparative investigation between the finite element 

solution and the classical solutions for single-layer plates may 

then be studied. 

The geometry of the finite element mesh for the laminated 

composite plate is shown in Figure 40. The specimen has a length 

2a, width 2b, thickness h, and a hole diameter D. The plate 

comprises three layers or 1 ami na s, each with a thickness t, and 

it is subjected to a pure rotation by applying rotational dis-

placements at x = + a. 

Two types of laminates are idealized with a finite element 

mesh. The first mesh type (Figure 40-I) is the model for the 

first group of laminated composites and orthotropic laminated 



2a 1-4-------a------i 

+ z 
t 

b 

(I) 

t-------------------1t121 -- - ----------.---- C...-=r_h 
---------------- =;:...L..x 

h/J=t 

Figure 40. Finite Element Meshes, Types I and II 
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composites with the laminates pierced by a hole. There are two 

planes of symmetry, so that only a quarter of the laminate is 

modeled. Two elements are used through the thickness of each 

lamina. The laminate dimensions are a = 1 inch, b = 1 inch, and 

h = 0.3 inch. Therefore, each element thickness is 0.05 inch; 

the diameter of the hole is 0.2 inch. Thirty elements are used, 

six of which are unique. The mesh has 287 nodal points and 861 

degrees of freedom. 

The second mesh type (see Figure 40-II) is the model for 

angle-ply laminates. From Pagano's analysis [38], it can be seen 

that for the pure bending case, there are no planes of symmetry; 

therefore, the entire laminate must be modeled. As a result, four 

times more elements are required for modeling an angle-ply laminate 

than for the cross-ply laminate. For the sake of computing time, 

only one element is used to model the thickness of each lamina. 

This type of mesh has 80 elements, of which 18 are unique. There 

are 680 nodal points with 2040 OOF. 

In the analytical solution, the stresses were expressed in 

terms of stress resultants and couples. To compare the finite 

element solution with the analytical values, the stresses given 

by the finite element solution must be converted to stress 

resultants and couples by Eqs. (3.18) and (3.19) The integration 

is performed numerically by using the trapezoidal rule through 

the thickness of each element. Stresses from the finite element 
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program may be displayed in either rectangular or polar coordinates. 

However, since the stresses around the hole are of interest the 

stress must be expressed as a function of the hole edge coo·rdinate. 

Therefore, a modified subroutine was added to transform the stresses 

to the hole edge coordinates. 

The stress M0 , as seen in Chapters V' and VI is known as 

an applied moment at the far ends of plate. In this analysis, 

the value of M0 is evaluated by averaging the far-end moments 

in the laminate. 

Experience shows that it is very difficult to specify the 

boundary condition to produce pure bending by applying in-plane 

loading on the ends of laminated plate because it is difficult to 

obtain a convergent solution. In the present analysis the pure 

bending is provided by specifying pure initial rotation at the ends 

of laminates with respect to the center of the plate thickness. 

The maximum initial displacements on the far end boundaries at 

x = + 1.0 for z = 0 and 0.3 were taken to be equal to+ 0.0006 

inch. 

The material properties of aluminum and steel were taken as 

E = 30 x 106 psi, v = 0.33, G = 11.25 x 106 psi for steel {St), 

E = 10 x 106 psi, v = 0.32, G = 3.788 x 106 psi for aluminum (Al). 

For the orthotropic material the properties were taken as follows: 

E11 = 20 x 106 psi, E22 = 2.1 x 106 psi 



169 

The comparative study of the finite element and analytical 

solutions is given in Figures 38-39 and 41-46. Figures 38 and 39 

are for the elliptical hole case; the solutions calculated using 

three different techniques agree well. Figures "41 end 42 are for 

square holes and diamond-shaped holes, respectively. They show 

the two-term perturbation and finite element solutions. It can 

be seen that the finite element solution will have a higher value 

than the two-term perturbation solution. This is not surprising 

since the accuracy of the two-term perturbation solution for this 

case suffered considerably. The higher the order of the terms 

included in the solution, the more accurate the perturbation 

solutions become, and the black dots in Figures 41 and 42 will be 

closer to the finite element solution. 

Figure 45 shows the finite element and exact solutions. 

The finite element solution is quite accurate. The nonnal stress 

distribution through the plate thickness is given in Figures 43 

and 31 for circular and elliptical holes, respectively. Upon 

examination of Figure 44, it is seen that the finite element method 

gives poor accuracy for the shear stresses. This is due to two 

reasons: (1) a coarse mesh is used through the plate thickness in 

the model and (2) the 72DOF three-dimensional element has a linear 

shape function in the thickness. Therefore, due to the latter, 

a finer mesh may be required in the plate thickness in order to 

a chi eve more accurate results. However, unfortunately, that would 
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Figure 41. Variation of M6/M0 Around Square Hole 
in (St/Al)s Sandwich Plate for Finite 
Element and Perturbation Solutions 



2.0 

0 Finite Element 
Solution 

<D Perturbation 
Solution 

1.0 

171 

0 

5.0 

0 

t:::: 0.17 
N = 3.0 

1.0 2.0 

Figure 42. Distribution of M8/M0 Around Diamond-Shaped Hole in 
(St/Al) 5 Sandwich Plate, R = 0.09, for Perturbation 
and Finite Element Solutions 
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Figure 43. Distribution of cre/M0 Through Plate Thickness at 
Circular Hole in {St/A1) 5 Sandwich Plate for 
Finite Element and Analytical Solutions 
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Figure 45. Distribution of Ma/MQ and Q8/M0 Around Cir-
cular Hole in (St/AlJs Sandwich Plate for 
Finite Element and Analytical Solutions 
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Sandwich Plates for Finite Element 
Solution 
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increase the computing time and the required computer storage. 

It would creat::: a difficulty in the program. 

A comparison of the finite element solution with Reissner's 

solution for a single-layer isotropic plate under pure bending 

is shown in Figures 47 through 49. From Figure 49 the same 

conclusion can be drawn - the shear stress distribution in the 

plate thickness definitely deviates from the Reissner's Theory. 

A comparison of the finite element solution with Lekhnitskii's 

classical solution for orthotropic plates is shown in Figure 50. 

In Figure 46, the orthotropic laminated sandwich plate is studied. 

Sandwich pl ates having two different stacking sequences, (0° /90°)s 

and (90°/0°)s' are illustrated. The distinct deviation between 

these two plates can be observed. 

In order to study the angle-ply laminated composite plate, 

the results for (45°/-45°)s and (-45°/45°)s sandwich plates are 

presented. 

The stress distributions for r13 /M0 and ~ /M0 around the hole 

for these two plates are shown in Figures 51 and 52. The point 

at which the maximum M0 occurs will shift ahead or behind the 90° 

point depending on the stacking sequence of the composite. It is 

clear that the influence of stacking sequence on the stress 

distribution is pronounced. 
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Figure 47. Distribution of Me/M0 and Oe/M0 Around Circular Hole 
in Single-Layer, Isotropic Plate for finite Element 
and Reissner's Theory Solutions 
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Finite Element and Reissner's Theory Solutions 
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Figure 49. Distribution of Tze/M0 at Circular Hole Through Plate 
Thickness in Single-Layer, Isotropic Plate for Finite 
Element and Reissner's Theory Solutions 
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Figure 50. Distribution of Me/M0 Around Circular Hole 
in Single-Layer, Orthotropic Plate for 
Finite Element and Lekhnitskii's Theory 
Solutions 
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Solution 



8. CONCLUSIONS 

The shear deformation lamination theory has been used to 

investigate the stress dis~ribution around a hole in laminated 

composites under pure bending. The analysis shows that the stress 

couples in the tangential direction and the shear resultants have 

the same order of magnitude at the hole edge. The analysis also 

presents the deviation between the classic lamination theory and 

the theory presented. The results indicate that the stress result-

ants and couples are influenced by the quantity D/h. The stress 

resultants and couples decrease and approach the classical lamin-

ation solution as the quantity D/h increases to a very large value. 

With a higher-order 1 arni nation theory, the existence of a 

so-called boundary layer near the free boundary of the hole is 

demonstrated. The thickness of the boundary layer depends strongly 

on the value of D/h. For specified laminated composite plates, 

the peak va 1 ue of Q 8/M0 at the ho 1 e edge increases as D/h increases, 

while the peak value of QR/M 0 decreases. When the curvature of the 

hole edge approaches zero (D/h + 00), the peak value of Q8/M0 reaches 

a maximum value, and the boundary layer thickness for this case 

is approximately the plate thickness. The D/h value as well as the 

stacking sequence affect the boundary layer. For example, the 

peak value of Q8/M0 for (Al/St/Al/St)s laminates is 2.412, whereas, 

for (St/Al/St/Alls laminates, it is 1.93. 
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The boundary form perturbation technique is used to investigate 

elliptical, square, and diamond-shaped holes. Owing to the alge-

braic complications, only the zero- and first-order solutions are 

presented. Comparative studies of the exact and perturbation 

solutions for elliptical holes indicate that the two-term pertur-

bation solution gives fairly good accuracy. A comparative invest-

igation of the finite element method and the perturbation solution 

for square and diamond-shaped holes shows that the results agree 

with each other. 

The 72 DOF finite element solution gives good accuracy in 

predicting the stress distribution for Me1M0 , ~/M0 around the 

hole and the ratio a0/M0 through the plate thickness. However, 

it gives poor results for the distribution of Tfz/M0 through the 

plate thickness. Therefore, in order to achieve better results 

for Tez/M0 , additional elements must be used in the thickness 

direction. Unfortunately, this extension will create difficulties 

in handling the computer program on the IBM 360 computer because 

of the requirements for wider band width and larger storage 

capacity. 
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APPENDIX 

1. Derivation of Eq. (G.9a) from (G.8): 

2 - - 2 - 1/2 
r = [P + £(sf+ sf) + £ ff] 

- - 2 2 - 2 1/2 = o[l + £(sf+ sf)/o + & ff/p J 

1 - - 2 2 - 2 = p{l + -:i£(sf + sf)/p + £ ff /p J 
2 

1 - - 2 2 - 2 
- sr£(sf + sf)/p + £ ff/p + •.• } 

2. Derivation of Eq. (C.9b): 

2 Let 8 = e + £81 + £ 82 + ., then 

1 a2 2 2 + -21 ::2"" (tan 0)(£81 + £ 82 + ••. ) + •.• , ae 
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Since 

.L (tan 0) = 1 
a0 cos20' 

a2 2 sin 0 
2 (tan 0) = 3 
a0 cos 0 

Hence, 

1 2 
tan 8 = tan 0 + 2 (£81 + £ 82 + ••• ) 

cos 0 

2 s· e 2 2 3 + - 1 n ( £ 0 + 2£ 0102 + • • • ) + • • • 
2 ! cos 30 1 

From Eq. ( 6.4), 

- -f(r;;) - f(r;;) 
sin 0 + 

2p. 
tan 8 = -------1-::--.:--

f(r;;) + f(~) 
cos 0 + 2p 

f f- f+f- 2 i-t2 = tan 0 ( 1 + £ - - £ - £ 2pi sin 0 2p cos 0 4p2 sin e cos 0 
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= tan e + tan e . £ (f - r cos e - f + f sin 0) sin e cos e 2p. 2p 1 

2 2 -2 2 -2 -
+ tan e E (- f - f + tan e f + f + ff ) 

sin o cos e 4p~ 4p2 
1 

+ • • • 

(A.2) 

Comparing Eqs. (a.l) and (A.2), the following is obtained: 

e1 = f - f cos 0 - f + f sin 0 (A.3) 
2Pi 2P 

and 

f 2 - t2 f2 t2+ 2ff - - 2 + tan 0 + 2 (A.4) 
4P; 4p 

Using (A.3) and (A.4), we have 

f 2 + f2 2 -2 e2 = · sin 20 - f - f cos 20. (A.5) 
4p2 4p? 

1 
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STRESS DISTRIBUTION AROUND HOLES IN 

LAMINATED COMPOSITE PLATES 

by 

Chi-Hung Huang 

(ABSTRACT) 

A solution is presented for the stress distribution around 

holes in laminated composite plates under pure bending. The shear 

deformation, lamination theory is derived and employed for the 

analysis of circular, elliptical, square, and diamond-shaped holes 

piercing the laminated composite plate. Each layer of the 

laminate is assum~d to be homogeneous and to have isotropic pro-

perties. Functional analysis employing complex variable methods 

is used to solve the governing equations. Using conformal mapping 

and boundary form perturbation techniques, the circular hole 

solution has been extended to the solution of the curvilinear hole 

case. 

These analytical solutions are compared with the solution 

obtained from a 72 DOF finite element method. The stress resultants 

and stress couples around the hole, the interlaminar stresses, 

as well as the tangential stress through the plate thickness are 

studied. In addition, the boundary layer phenomenon in the vicinity 

of the hole is presented. 
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