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CHAPTER I 

INTRODUCTION 

During the past decade many economists have dealt with the subject 

of social security's impact on economic growth. To the writer's 

knowledge, no attempt was made to examine this topic in the setting of an 

uncertain economic future. This paper incorporates the alterations in 

individual savings behavior, caused by a simplified social security 

program, into stochastic economic growth models. This enables one to 

examine how a social security program affects uncertain future wages and 

interest rates. Two forms of uncertainty are examined, namely, 

production and labor force participation. This requires the integration 

of three economic fields of study: (1) the consumption-savings decision 

of individuals in a two period model, (2) the portfolio decisions of 

individuals and (3) stochastic economic growth. 

The recent arguments on how social security impacts on individual 

savings behavior are first presented and evaluated in Chapter II. 

Feldstein's tax and benefit effects are presented and alternative 

theories by Hunnell and Barro are introduced to counter them. Buchanan's 

reply and Feldstein's rebuttal follow and a conclusion is made that the 

negative tax and benefit effects are the two dominant forces influencing 

individual savings behavior. 

In Chapter III individual consumption-savings decisions in a 

certainty setting are incorporated into a neo-classical growth model. A 
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social security program is then imposed to show how equilibrium wages and 

interest rates change. In the latter part of Chapter III, production 

uncertainty is introduced and long-run stochastic equilibrium is derived. 

Social security is shown to raise stochastic interest rates and lower 

stochastic wages. 

Additional questions concerning social security are analyzed within 

the production uncertainty in Chapter IV. They include: (1) determining 

the optimal amount of social security taxes and benefits for a particular 

generation, (2) examining the effects of a fully funded social security 

program on wages and interest rates, (3) studying the relationship 

between the rate of growth of labor force participation and private 

investment, (4) relaxing the assumption of identical wage rates and then 

determining how individuals' optimal amount of social security differs 

and (5) introducing technological growth into the model. 

An alternative form of uncertainty, future labor participation, is 

examined in Chapter V to determine whether social security's impact on 

wages and interest rates varies, depending on the form of uncertainty. 

The results indicate that both forms of uncertainty yield the same result 

of lower wages and higher interest rates. The labor growth uncertainty 

model also shows that a social security program increases the variance of 

uncertain future wages. 



CHAPTER II 

SURVEY OF RECENT LITERATURE 

This Chapter reviews and evaluates recent arguments concerning the 

effect of social security on private savings behavior. The conclusions 

in this section will determine how social security affects wages and 

interest rates in the latter chapters. There are three theories that are 

proposed by Feldstein, Munnell and Barro. All three theories assume that 

individuals live for two periods; they work the first period and retire 

sometime during the second. Feldstein's main argument is that social 

security reduces personal savings by taxing current wage income and 

promising to pay benefits during retirement. Munnell argues that 

Feldstein's negative tax effect does not exist and that the benefit 

effect is largely offset by the early retirement effect, caused by the 

social security program. In the latter part of this chapter, Barra's 

theory, that social security does not significantly reduce savings, but 

merely shifts the composition of savings between the older and younger 

generation, is analyzed. A conclusion is then drawn, which incorporates 

replies made by Feldstein and Buchanan to Barra's article. 

Il-l Feldstein's Tax and Benefit Effects 

Since Martin Feldstein's 1974 Journal~ Political Economy article, 

"Social Security Induced Retirement and Aggregate Capital Accumulation," 

both academic and public interest in this program has risen sharply. 

Feldstein uses an extended life-cycle model to analyze the impact of 
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social security on individual decisions concerning retirement and 

savings. He argues that social security reduces personal savings because 

people substitute private assets for expected retirement benefits. 

However, this program may have an offsetting positive savings effect 

because it tends to lengthen the period of retirement over which 

accumulated assets will be spread. He concludes that the net effect of 

social security will depend on the relative strength of these two 

forces. 

Feldstein proposes that the program induces earlier retirement 

because a potential recipient, one who is age 65 or over, loses his 

social security benefits, if he earns more than a certain amount per 

month due to the earnings test. In order for one to receive his 

benefits, he is required to retire from regular employment. For an 

individual, who does not alter his retirement age, Feldstein maintains 

that social security benefits have an unambiguous effect of reducing 

savings. In figure 1 he illustrates the benefit and retirement effects 

on savings. In this diagram the horizontal axis measures income and 

consumption before 65; the vertical measures income and consumption after 

65. This figure represents two different cases. The first case is where 

an individual would have retired at age 65 regardless of social security; 

the other is where he retires earlier because of the program. In the 

first case the individual's earnings are Y1A in period 1 and zero in 

period 2. Given the opportunity to save and earn an interest of r, he 

will choose the pair of consumption levels denoted by the point I. In 

period 1, he consumes c1A and saves (Y 1A- c1A). Point B describes the 

individual's initial position under social security, assuming that the 
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program pays a normal rate of return. His first-period income is reduced 

by the payroll tax to YlB and his second-period income is increased to B. 

In this case, social security does not alter the individual's budget 

line, thus the individual will not alter his consumption pattern. The 

reduction in disposable income plus the future retirement benefits cause 

savings to decline from (YlA - ClA) to (YlB - ClA), which is the amount 

of the payroll tax, (YlA - YlB). If social security promised a rate of 

return larger than r, the decrease in savings would be greater than the 

payroll tax. 

In the second case the individual had planned to work after 65. In 

figure 1 point C is the individual's initial position, where he earns 

income YlA while he is young and income C when he is old. Equilibrium 

consumption is represented by point II. In the first period he consumes · 

Clc and saves (YlA - c1c). When social security is introduced, causing 

him to retire completely at age 65, his initial position shifts from C to 

B, where first period disposable income is reduced by the payroll tax, 

and second period disposable income falls, because wage earnings are 

reduced to zero. With point B as his new initial position, the 

individual chooses the consumption pair at point I. The effect of social 

security is to change savings from (YlA - Clc) to (YlB - ClA). If (YlB -

ClA) is greater than (YlA - Clc), then social security can increase 

savings. 

Feldstein believes that the positive savings effect caused by 

earlier retirement is small, relative to the negative asset substitution 
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and payroll tax effects. He concludes, that the net effect of social 

security on savings, is negative. 

In the latter part of Feldstein's paper, he attempts to estimate the 

program's effects on personal savings. He concludes from his results, 

that the payroll tax and the anticipated benefits, combined to reduce 

savings in 1971 by $61 billion. This was approximately equal to the 

total personal savings for that year. 

II-2 Munnell's Reply to Feldstein 

In response to Feldstein's claim, that social security has reduced 

private savings by half, Alicia Munnell, in her article, "The Effect of 

Social Security on personal Savings," estimated, that the reduction in 

private savings for 1969 was only $3.6 billion, as compared to 

Feldstein's 1969 figure of $38.2 billion. Munnell used a more detailed 

approach to derive her estimates of savings reduction. She argues that 

Feldstein left out the unemployment rate in his estimate, which she 

believes would influence savings and is highly correlated with social 

security wealth. By leaving this data out, Munnell contends that 

Feldstein over-estimated the negative benefit effect on savings. 

Munnell claims that there is no additional negative impact from the 

payroll tax. She argues that the program does not reduce disposable 

income in the aggregate; that transfers of income from workers to 

retirees would have only a very small effect on savings. She is saying 

that the reduction in savings, caused by the payroll tax, can be offset 

by an increase in savings by the retirees, who receive these benefits. 
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Munnell also points out that Feldstein does not include a variable 

for the retirement effect in his estimations. She argues that social 

security affects retirement in three ways. One effect is that retirement 

benefits moderate the reduction in income, that workers face when they 

retire. According to Munnell, this is a pure income effect that 

encourages older workers to choose leisure instead of work. The second 

way is that the earnings test makes it impossible for most workers to 

receive benefits without cutting back on work effort. The third result 

is that social security may contribute to the idea that sixty-five is the 

normal retirement age. She concludes that these three factors, which 

encourage an earlier retirement, almost entirely offset the decline in 

savings from social security benefits. Munnell claims that social 

security has caused only a small decrease in aggregate personal savings. 

However, she proposes, that in the future, due to the large benefit 

increase of the early 70's and the leveling off of participation of the 

aged in the labor market, the negative impact on savings in the future 

will be greater. 

II-3 Barro's Bequest Effect 

A totally different argument concerning the effects of social 

security on savings is presented by Robert Barro, in his article, "Are 

Government Bonds Net Wealth?". In this paper Barro builds a model based 

on intergenerational transfers. He concludes, that people will offset 

social security benefits and payroll taxes, by changing the amount they 

transfer to members of other generations, within their family. 
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Barro assumes a static economy where population and technology are 

constant. In Barro's world people live for two periods. In the first 

period individuals work and receive a wage of W, at the beginning of the 

period, for work done during that period. Members born in period t will 
y 

allocate W between consumption while they are young, denoted by Ct, and 

savings, denoted by A~, upon which interest is paid immediately. This 
y 

means that if an individual wants to have savings of amount At at the 
y 

beginning of period t+1, then it will cost him (1-r) At at the beginning 

of period t. In the beginning of the second period when a member of 

generation t retires, he receives a bequest from his parents of amount 
0 

At_1• With this bequest, plus the wealth he saved when he was young, 
0 y 

the individual's total wealth is At-1 + At• He will allocate this wealth 
0 

between consumption, Ct, to be used when he is old, and savings, to be 
0 

left in the form of a bequest, At' on which he immediately receives 

interest. The budget constraint of a member of generation 1, who is old, 

is 

(II-1) 

The budget constraint of a member of generation 2 is 

(II-2) 
0 

W + (1-r)A1 = 
y 0 0 

c 2 + (1-r)c2 + (1-r)2A2• 

Barro assumes that individuals derive utility from consumption when they 

are young, when they are old, and from the anticipated consumption levels 

of their offspring. For a member of generation 1 their utility is a 
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function of consumption when they are young, when they are old and the 

utility of their children as shown in equation (II-3): 

(II-3) 

where 

* 0 u2 = w + (1-r)A1• 

It is important to note that Barra assumes that utility depends on the 
* 0 endowment of their children, Uz, rather than on the gross bequest, A1; 

and that transfers of resources to the younger generations can only be 

made in terms of unrestricted purchasing power. 

When a member of generation 1 becomes old, he determines his 

allocation of resources, so as to maximize U1, subject to the 

constraints below: 

(II-4) 

and 

0 
(II-5) W + (1-r)A1 

y 0 0 
c 2 + (1-r)c2 + (1-r)2A2, 

y o o o o o cy 
where A1, A1, Ao, Az, C1, Cz, 2 and W ) 0. 

The amount of the bequest, by a member of generation 1, takes into 
0 * account the effect of A1 on generation 2's resources, u2, which is an 

argument in generation 1's utility function, U1· He also notices the 

* * chain dependence of Uz on U3 and U3 on U4. If an individual of 
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generation 1 is going to leave a positive bequest to his children, then 

the budget constraint of this individual is 

(II-6) 
y 0 

W + A1 + Ao 

Equation (II-6) can be called generation 1's social budget constraint. 

Writing the budget constraint this way shows that generation 1's 

opportunity set is increased if his offspring's wage increases. 

The maximization problem facing an individual of generation 1, who 

is currently old, can be graphically shown in figure 2. Consumption is 

on the vertical axis and the anticipated consumption level of his 

offspring is located on the horizontal axis. It is assumed that the 

* individual will leave a positive bequest, meaning that U2 > W. The 

individual maximizes his utility by choosing the optimal allocation, 

which in this graph is at point I. In this case he will leave a bequest 
Ao 

of amount, A1, for his offspring. If the individual does not desire to 

leave a bequest, then he would be in a corner solution at W, because 

Barro assumes that the individual cannot leave a negative bequest. 

Barro's next step is to impose a social security program, which 

gives amount S to the current older generation, that is financed by a 

lump sum tax on the younger generation. Barro makes the assumption that 

individuals know the program will eventually be terminated. Without 

altering Barro's model or results, it can be assumed, that the program is 

retired after two periods. This means that when generation 2 retires, 

each member will receive an amount S from generation 3, after which the 

program is aborted. The effect of social security on each member of 



0 

' ' ' ' \ 

12 

* ~----~--------~~--------~----~'~----uz w 

Figure 2 

Optimal Bequest 



13 

generation 1 is to increase their individual wealth by amount S and to 

decrease the wealth of members of generation 2 by rS, since they pay 

taxes of amount S while they are young and receive benefits of amount S 

when they retire. The decrease in wealth experienced by a member of 

generation 3, in present value terms, is (1-r)S. The individual budget 

constraints for generations 1, 2 and 3 are written below: 

(II-7) 
y 0 

A1 + Ao + S 

0 
(II-8) W + (1-r)A1 - rS 

and 

0 
(II-9) (1-r)W + (1-r) 2A2 - (1-r)S 

y 2 0 3 0 C3(1-r) + (1-r) C3 + (1-r) A3. 

Members of generation 2 see the anticipated consumption levels of their 

children as 

* 0 (II-10) u3 = (1-r)W + (1-r) 2Az - (1-r)S. 

An individual of generation 1, seeing the loss in income to his children 

of amount rS, and knowing that their children see the loss in income to 

their children, generation 3, of amount (1-r)S, view their children's 

consumption level as 

* 0 (II-11) u2 = W + (1-r)A1 - S. 

The social budget constraint for a member of generation 1 is 

(II-12) 
y 0 

A1 + Ao + W + S - rS - (1-r)S 
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The result is that the social budget constraint has not changed. Barra 

reasons that if the individual was going to leave a bequest before social 

security was introduced, then the introduction of the program, will cause 

members of generation 1, to save an additional amount, S, in order to 

offset the loss in social income of their children. For a member of 

generation 2, the loss in income when he is young is amount S, however, 

since he knows that he will now receive a bequest, that is larger by the 

amount (1+r)S, when he retires, he will not alter his consumption 

pattern. The result is that he will reduce savings while he is young by 

amount S. The total effect of social security on savings is to change 

the composition of savings. Older people will save more and younger 

people will save less, however, total savings will be the same as without 

the program. Barro concludes that social security does not affect net 

capital accumulation. 

II-4 Feldstein's Reply to Barro 

In response to Barro's article, Feldstein questions two crucial 

assumptions that Barro makes. The first assumption is that transfers are 

made only in the form of unrestricted purchasing power left in a bequest. 

Feldstein argues that most families make intergenerational transfers in 

the form of support to their offspring's consumption, when they are 

children. An example of this is parental support for education. In this 

case, even if social security causes the older generation to make larger 

transfers of resources to their heirs, these transfers may not constitute 

a sizable increase in the older generation's bequests of unrestricted 

purchasing power. 
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Feldstein also questions Barro's assumption that the econo~J is 

static and that people believe that the social security program will 

eventually be terminated. These two assumptions are crucial to Barre's 

results. Feldstein claims that the post tax return on interest earnings, 

denoted by rn' is likely to be less than the growth rate of the wage 

base, denoted by g, for the social security program. If rn is less than 

or equal to g and people do not believe the program will be terminated in 

the future, then social security will create wealth in Barro's model. 

For example, assume that rn equals g, then with the introduction of 

social security, the wealth of members of generation 1 increases by 

amount S. For a member of generation 2 the program taxes him by amount S 

when he is young and pays him back, in present value terms, amount 

S(1+g)/(1+rn). The individual's life time wealth is not altered by the 

program. For an individual of generation 3, social security, in present 

value terms, will tax him by amount S (l+g) / (1+rn) and pay him back 

S(1+g) 2/(1+r) 2 , when he retires. The effect of social security on total 

social debt is 

co (rn-g)t 
(II-13) f - Se dt - S(l-1) = 0. 

0 

Since there is no social debt created, but wealth of amount S was created 

for each member of generation 1, the social security program has created 

wealth. In this case, a member of generation 1 will increase both his 

consumption when he is old and the amount he will transfer to his 

children. 
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Figure 3 demonstrates how the increase of amount S in generation 1's 

wealth affects his behavior. Assuming that both goods are normal, he 

Ao Ao 
will increase, both his consumption from C1 to C1 and his expenditures on 

Ao Ao 
bequest, from (1-r)A1 to (1-r)A1. A member of generation 2 will increase 

his planned consumption in both periods and increase his bequest 

expenditures to his children, because he expects to receive a larger 

Ao Ao 
bequest, from his parents, of amount (1-r)(A1 A1). The result is that 

Ao 
savings of generation 1 will go up by amount (1-r)(A1 

Ao 
A1); savings of 

generation 2 will go down by amount S, plus an additional amount, equal 

to the increase in generation 2's current consumption, caused by the 

larger bequest they expect to receive. The net effect on savings will be 

negative. If rn is less than g, this would cause a further decrease in 

savings. 

II-5 Buchanan's Reply to Barro 

In another response to Barro's article, James Buchanan questions one 

of the main assumptions in Barro's model. This assumption is that people 

fully discount the payroll taxes in the future. If this is true, then 

this would mean that deficit spending does not affect the net sum of 

government and private savings in an economy. It would also mean that 

politicians would be indifferent to a pay-as-you-go and a fully funded 

social security program. In addition, it would mean that politicians and 

people would be indifferent toward taxation and deficit spending. This 

does not appear to be true. 
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II-6 Conclusion 

Barro's emphasis on bequests is an interesting extension of the 

life-cycle model, however, it does not seem likely that people would 

fully, or even substantially, offset the debt created by the social 

security program. In addition, Munnell's claim that the positive 

retirement effect of social security on savings offsets the negative 

benefit effect, loses some of its force once the program is fully mature. 

One of her arguments for early retirement is that social security has an 

income effect for older individuals. This has been true in the past 

because people who received benefits had paid very little into the 

program. This will not be true in the future. It is not likely that a 

mature social security program will create a substantial income effect 

for retirees in the future. Finally, Munnell's claim, that aggregate 

savings are unaffected by transfers of income from workers to retirees, 

is false in a mature social security program. Retirees do not view their 

benefits as transfers, rather, they have planned to receive these 

entitlements and have based their consumption plans on these expected 

benefits. 

In the rest of this paper it is assumed that Barro's bequest effect 

and Munnell's retirement effect are negligible in a mature social 

security program. Future analysis will be limited to how Feldstein's 

benefit and payroll tax effects influence individual savings in both 

certainty and uncertainty settings. By incorporating Feldstein's effects 

on individual consumption-savings and portfolio decisions, it is now 

possible to examine the impact of a social security program on wages and 

interest rates. 



CHAPTER III 

DETERMINISTIC AND RANDOM GROWTH MODELS 

In this section individual savings behavior is incorporated into 

single-sector, neo-classical growth models. The purpose of this chapter 

is to demonstrate how savings behavior affects long-run equilibrium 

capital-labor ratios and wage rates. Once these growth models are 

developed, a simplified pay-as-you-go social security program is imposed. 

The impact of the Feldstein benefit and tax effects on savings behavior is 

then followed through the model, to show how social security influences 

long-run equilibrium in both the deterministic and random growth models. 

III-1 Deterministic Model 

This section examines how a mature, pay-as-you-go social security 

program affects equilibrium wages and interest rates. In this model, 

which is based on Peter Diamond's 1965 article in American Economic 

Review, "National Debt In a Neoclassical Growth Hodel," it is assumed that 

the economy has an unchanging constant return to scale aggregate product-

ion function: 

(III-1) Y F(K,L). 

All decisions are made at the end of each period. These decisions include 

the allocation of wealth between current consumption and investment in 

equity for future consumption. The capital argument in the aggregate 

19 
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production function is equal to net savings plus the capital stock 

employed in the previous period. It is assumed that there is no 

depreciation and that labor grows at the rate of n percent each period. 

Individuals in this economy live for two periods; they work the first 

period and retire during the second period. Each person has a utility 

function, U, which is a function of consumption during the two 

periods of his life: 

1 2 
(III-2) U = U(et, et+l), 

where e 1 is consumption in period t by an individual of the younger 
t 

generation and e2 is consumption in period t+l by a member of the 
t+l 

older generation. It is assumed that there is no bequest motive. It is 

also assumed that all markets are competitive and that there is no 

uncertainty concerning the future. 

By studying the behavior of a representative individual born in 

period t, it is possible to examine the market relationships in this 

economy. The individual works during period t. In return, he receives a 

wage, wt, at the end of this period, which is equal to the marginal 

product of labor: 

He allocates this wage between current consumption and investment in 

equities for future consumption in order to maximize his utility. The 

rate of return on investment between t and t+l, denoted by rt+l' is equal 

to the marginal product of capital. By investing in equities, the 
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members of the younger generation make up the supply side of the capital 

market. In period t the individual consumes the difference between his 

wage and the amount he invests in the capital market: 

(III-4) e1 = Wt - St. 
t 

In period t+l he consumes his savings plus the return on his investment: 

The capital demanders in this economy are firms, who wish to employ 

capital, for production during period t+l. These firms will demand 

capital up to the point where the marginal product of capital equals the 

interest rate: 

The aggregate production function can be written as 

where 

This implies a relationship between the marginal product of labor and 

capital, which is known as the factor price frontier: 

(III-8) W = ~(r). 

Since the marginal product of capital is equal to the interest rate and 

the remainder of the output goes toward wages, 
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(III-9) W = f(k) - kf'(k), 

an explicit relationship between wages and interest rates can be derived. 

This is brought about by expressing the capital-labor ratio as a function 

of the interest rate: 

(III-10) k = h(r); 

differentiating kt, with respect to r: 

(III-11) dkt = h'dr; 

and then differentiating W, with respect tor, which results in equations 

(III-12) and (III-13): 

(III-12) dW f'(k)h'dr- kf"(k)h'dr- h'f'(k)dr 

= -kf"(k)h'dr, 
and 

(III-13) dW/dr = -kf"(k)h' = cp'(r). 

Since h' = dk/dr and dr = f"(k)dkt, then h' 

into equation (III-13) produces 

1/f"(k). Substituting this 

(III-14) dW/dr -k < 0, and d2W/dr2 = -1/f"(k) > 0. 

This negative relationship between equilibrium wages and interest rates, 

known as the factor price frontier, is represented by figure 4. Figure 4 

demonstrates that, given any interest rate, the wage rate is determined 

for that period. In order to find the interest rate, it is necessary to 

explore the capital market. 
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The supply side of the capital market is the summation of savings 

from the younger generation. Their objective is to maximize life-time 

utility. The maximization problem is 

(III-15) Max U(e 1, e2 ), 
1 2 t t+1 

et,et+1 

subject to 

An individual's first period consumption can be expressed as, wt-st, 

and his second period consumption as, st(1+rt+1). The maximization 

problem for a representative individual can be rewritten as 

(III-16) Max U(Wt - St, st(1+rt+1)). 
St 

The first order condition with respect to St is 

where 

Equation (III-17) can be rewritten as 

(III-18) u1 

Equation (III-18) shows the marginal rate of substitution between present 

and future consumption. Equations (III-16) and (III-18) demonstrate that 
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the quantity saved is a function of the wage and the interest rate as 

shown below: 

It is assumed that st is differentiable and that savings is a normal 

good, meaning, 0 < os/oW < 1. However, os/or may be positive or 

negative. 

To produce the supply schedule of capital, the individual savings 

functions are aggregated. This is shown in equation (III-20): 

The demand curve for capital, which relates the capital stock in period 

t+1 to the interest rate, is the marginal product of capital as a 

function of the capital-labor ratio. This relationship is demonstrated 

in equation (III-21): 

where 

The equilibrium condition in the capital market is determined by equating 

demand and supply: 

(III-22) Kt+l St, 

producing equation (III-23): 
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Equation (III-21) implies that the demand curve is downward sloping, but 

the supply curve may be positively or negatively sloped. It is assumed 

that the supply curve always intersects the demand curve from above as 

shown in figures 5A and 5B. This assumption excludes the example shown 

in figure 5C. In this case an increase in the supply of capital causes 

the equilibrium quantity supplied and demanded to decline, and the 

equilibrium interest rate to rise. 

Given that the case shown in figure 5C is ignored, a higher wage in 

period t results in an outward shift of the supply schedule, which causes 

an increase in equilibrium savings and a lower interest rate. By 

altering the wage levels in period t, the equilibrium interest rates in 

period t+l, can be traced out. This relationship is denoted as 

(III-24) rt+l 

It is assumed that ~ is differentiable. The relationship between the 

current wage, Wt, and next period's interest rate, rt+l' is determined by 

differentiating equation (III-23) by Wt• The results are shown in 

equation (III-25): 

Equation (III-25) implies that an increase in wages in period t causes 

individuals to save more at a given interest rate. This increase in 

savings results in a decline in the interest rate. 
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The economy is represented in figure 6. This diagram contains both 

the factor price frontier shown in figure 4, and the wage-interest rate 

relationship in equation (III-22). A necessary condition for the 

economy to have a stable equilibrium is that the $ function intersects 

the ~ function from below. Given this assumption, the economy can start 

at any point on the factor-price frontier and a path can be traced toward 

long-term equilibrium. For example, if the economy is at point I, the 

interest rate is r 1• The wage rate, Wl, is determined by the 

factor-price relationship. Once wl is known, the interest rate for the 

next period is determined by the ~ function. At point E the economy is 

in long-run equilibrium where the wage rate, W*, and the interest rate, 

r*, remain constant over time. The capital-labor ratio will also remain 

constant. 

III-2 The Effect of Social Security on Wages 
and Interest Rates 

It is now possible to introduce a simplified social security program 

into the economy to examine how it affects long-run equilibrium wages and 

interest rates. In this model it is assumed that the social security tax 

rate, T, is constant over time. Current benefits will depend on the tax 

rate, the current wage and population growth. In order to find the 

program's effect on savings, it is necessary to investigate the supply 

side of the capital market, where individuals make their consumption-

savings decisions. The representative individual earns a wage of Wt 

which is taxed at the rate of T in the first period of his life. He 

allocates his net income between current consumption in period t and 
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savings for future consumption. In period t+1 the individual consumes 

his social security benefits plus his savings. In formal terms the 

optimization problem faced by a representative individual is 

(III-26) Max U(e 1, e2 ), 
1 2 t t+1 

et,et+1 

subject to 

The term, SSt+1, is the social security benefit an individual receives in 

the second period of his life. It is assumed that current social 

security tax payments are equal to current benefits as shown below: 

(III-27) sst+1 = • wt+1(1+n). 

T Wt is the payroll tax he pays during his working life. The 

maximization problem can be rewritten as 

(III-28) U(Wt(1-T) - St, St(1+rt+1) + T Wt+1(1+n)), 
st 

where 

The first order condition, with respect to savings, is 

(III-29) -u 1 + U2(1+rt+1) 0. 
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In order to find out how social security affects savings, equation 

(III-29) is totally differentiated with respect to St and T. The result 

is represented in equation (III-30): 

The first term in the numerator shows that social security decreases 

disposable income, causing the individual to reallocate some of his 

intended savings toward current consumption. This term is known as the 

Feldstein payroll tax effect. The second part of the numerator 

demonstrates that social security increases second period income, causing 

a reduction in the need to save, which leads to a further reduction in 

savings. This second term is Feldstein's benefit effect. 

Equation (III-30) implies that social security reduces the amount 

individuals save at a given wage rate. This means that the supply of 

capital is reduced, causing the ~ function to shift out as shown in 

figure 7 and equation (III-31): 

(III-31) drt=1/dT = (f"3s/3T)/(l+n-f"3S/3rt+1) ) 0. 

The long term result of this social security program is to decrease the 

equilibrium capital-labor ratio, which leads to an increase in interest 

rates from r* to r**, and a decrease in wages from W* to W**· A 

simplified example of social security's effects on wages and interest 

rates is presented in the model below. 
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An Example 

Consider an economy with Cobb-Douglas production and utility 

functions. The utility function can be expressed as 

(III-32) U(et, et+1) - y log et + (1-y) log et+1• 

The maximization problem for a representative individual is 

(III-33) Hax y log (Wt- St) + (1-y)log(St(l+rt+l)). 
St 

The saving function derived from equation (iii-32) is 

(III-34) St = (1-y)Wt. 

Given that the production function is 

(III-35) Yt = A(k)a, 

the w function becomes 

The factor price relationship is 

a 1 a 
1-a 1-a a-1 

(III-37) Wt (1-a) a A rt 

The long-run equilibrium interest rate, r*, is determined by combining 

equations (III-36) and (III-37) which becomes 

(III-38) rt+1 = a 1-a(l-y)a-l(1-a)(1+n)1-ara, 
t 
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and then setting rt equal to rt+1, producing 

(III-39) r* = a(1+n)/(1-y)(1-a). 

The long-run equilibrium wage rate is 

1 a 
1-a a-1 

(III-40) W* =A ((1+n)/(1-y)(1-a)) 

By introducing a social security program into this economy the 

maximization problem is altered to 

The savings function derived from equation (III-41) is 

(III-42) 
I 

S = (1-y)(1-•)Wt/(1~(1+n)(1-y)). 
t 

By comparing equation (III-42) with equation (III-34), it is evident that 

social security reduces the amount people save at a given wage level. 

The ~ function in this case is 

(III-43) rt+1 = aA((1-y)(1-•)Wt/(1~(1+n)(1-y))(1+n))a-1. 

Equation (III-43) shows that an increase in the social security tax rate 

causes the ~ function to shift out. This was previously demonstrated in 

Figure 7 for the general case. 

** The long-run equilibrium interest rate, r , is 

(III-44) ** r = a(1+n)(1~(1+n)(l-y))/(1-a)(1-y)(1-•). 

The long-run equilibrium wage rate is 
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1 a 

(III-45) w** = A1-a((1+n)(1+T(1+n)(1-y))/(1-a)(1-y)(1-T))a-1• 

Comparing equations (III-44) and (III-45) with (III-39) and (III-40) 

indicates that social security causes the long-run equilibrium interest 

r~te to rise and the wage rate to fall as shown in figure 8. 

III-3 Production Uncertainty 

In this section technological uncertainty is introduced into the 

basic framework. Then the existence and properties of long-run 

stochastic equilibrium are derived and examined in order to learn how 

social security affects this equilibrium. A definition of long-run 

stochastic equilibrium is given below. 

Definition: Long-run stochastic equilibrium, or steady-state, is defined 

as a closed interval of capital-labor ratios, in which the economy's 

capital-labor ratio enters and is incapable of escaping, regardless of 

the starting point of the economy. 

In this model interest rates and wages are influenced, but are 

not totally determined, by the amount individuals decide to invest in 

firms, in order to provide income for their retirement years. After 

describing the existence and properties of long-run equilibrium, a 

pay-as-you-go social security program is introduced into the economy to 

examine how equilibrium is altered. In this economy, which has an 

infinite life, social security shifts the steady-state capital-labor 

ratio distribution to a lower level, causing wages to be lower and 

interest rates to be higher. 
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As in the certainty model, individuals are assumed to be identical 

and live for two periods. In the first period they work and receive a 

wage. They retire in the second period and then die at the end of that 

period. All consumption and investment decisions are made at the end of 

each period. In addition, it is assumed that people can perceive n 

possible states that may occur next period and can attach probabilities 

to the likelihood of each possible state. 

Firms are wholly equity financed, with each firm's production plan, 

contingent on only one possible state that may occur next period. This 

means that if a particular state does not occur the value of a firm 

becomes zero. These firms issue equity shares during the current period 

that pay off the following period, only if one particular state occurs, 

meaning, that all securities are Arrow-Debreu securities. There are n 

types of firms, one type for each possible state, with many firms in 

each state. For a given potential state, all firms can be aggregated 

into a single constant returns to scale production function of the form 

where 

Yj -

Aj -

Kj -
Lt+l -

j=l, ••• ,n, 

total potential output of all state j firms, 

{ 
Aj if state j occurs 

0 if state j does not occur, 

total capital stock invested in all state j firms, 

labor contribution in period t+l. It is assumed that labor 

grows at a constant rate of n% per period, and that the labor 

market always clears. 
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The random event, Aj, describes the potential technological state that 

may occur the following period. It is assumed that the Aj's are 

independent of the economy and that the probability distribution of the 

Aj's is constant over time. It is also assumed that the Aj's are bounded 

above and below by positive finite values. This means that there exist 

numbers, 0 < e < ~ < ~, such that, Aj e[e,~], for j=l, ••• ,n. 

Equation (III-46) can be divided by Lt+l' to describe potential 

output during period t+l in per-capita terms: 

The following Inada conditions are assumed: 

(III-48) lim f'(k, Aj) =~,and lim f'(k, Aj) = 0 
~0 ~~ 

In addition, all markets are assumed to be· competitive. Given these 

assumptions, the rates of return on equities and the wage rate for a 

given state j are 

and 

It is assumed that if Wj > wk for a given kj = kk, then wj > wk for all 

positive values where kj = kk. This means that the wage functions in 

(III-50) do not cross each other at different capital-labor ratio levels. 
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Capital demanders in this economy are firms who wish to employ 

capital for production during period t+1. The demand curve for capital, 

in a particular state contingent market, is the horizontal summation of 

the demand schedules, of all firms, specializing in that particular state 

contingent production plan. It is assumed that all firms within a 

particular state have identical production functions and that they demand 

capital up to the point where the marginal product of capital is equal to 

the interest rate. This is shown by equation (III-49). The slope of the 

demand curve, for any of the n states, is determined by taking the first 

derivative of equation (III-49) with respect to Kj: 

(III-51) < o. 

Equation (III-51) indicates that the demand curve is downward sloping for 

each of the n state contingent capital markets. 

In order to derive the supply side of the n capital markets some 

definitions are necessary. 

DEFINITIONS: 

Pj : value of all state j firms or the amount invested in all state 

j firms at time t. 

xi - proportion of the value of all state j firms demanded by 
j 

individual i at time t. 

rrj- probability that state j will occur. 
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As in the certainty model, members of the younger generation make up 

the supply side of the capital market. At the end.of each period these 

individuals have the opportunity to allocate their wage income between 

current consumption, et' and investment for future consumption, et+l" It 

is assumed that the utility functions are concave a~d additively 

separable. The maximization problem for a representative individual at 

the end of period t is 

n 
(III-52) Max U(et) + ~ ~jV(XjPj(l+rj)), 

et ,xj j=l 

where 

and 

n 
et = w t - ~ xj P j, 

j=l 

n 
E(et+l) = ~ rrj (XjPj(l + rj)). 

j=l 

It is assumed that 

(III-53) lim U' (et) = lim V' (et+l) = ... ' et+O et+r~o 

and 

(III-54) lim U' (et) = lim V' (et+l) = o. 
et+'"' et+l+'"' 

The objective function can now be rewritten in the form: 

n n 
(III-55) Max U(Wt - ~ XjPj) + .~ ITjV(XjPj(l+rj)). 

xj j=l J=l 
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The first-order conditions for equation (III-55) are 

(III-56) - U'Pj + llj V'Pj(l+rj) = 0, for j=l, ••• ,n. 

The equations in (III-56) can be rearranged to show the marginal rates of 

substitution between current consumption and expected future consumption 

in the n possible states: 

(III-57) 
U' 

= ITJ·(l+rj), 
V' 

for j l, ••• ,n. 

Equations (III-55) and (III-57) imply that the Xj's are a function of the 

aggregate value of all firms in that particular state, the current wage, 

the rate of return on all n state securities, and the probabilities of 

the occurrence of each state: 

(III-58) Xj 

The supply schedule of capital for a particular state is the sum of the 

Lt individual investment functions, where in equilibrium 

Lt 
(III-59) i: X~(Pj, wt, rr 1, ••• , rrn, r 1, ••• , rn)Pj 

i=l J 
Pj, £or j=l, ••• ,n. 

Since individuals are identical, the amount of capital supplied by a 

person can be expressed as Pj/Lt• By combining the demand and the supply 

schedules for each state and by equating Pj and Kj, the equilibrium 

conditions in the capital markets are established. These conditions 

relate the potential rate of return of a particular equity to the current 
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wage rate, the present and future labor supply, the probability of 

various states occurring, and their rates of returns on equity: 

Equation (III-60) is similar to the w function in the certainty case, 

although there are now n of these functions. 

Given the assumptions made above, the capital demand curves are 

downward sloping, but the supply curves may have a positive or negative 

slope. The assumption is made, that the supply curves are either 

positively or more negatively sloped than the demand curves, as 

represented in Figure 9, A and B. 

Assuming that consumption in both periods are normal goods, an 

increase in Wt shifts the supply curves out, in either 9A or 9B causing 

the capital-labor ratio in period t+1 to increase. This can be 

demonstrated mathematically by rewriting the individual's maximization 

problem as 

n n 
(III-61) Z Pj/Lt) + Z ITj V(Pj/Lt(1+rj)), 

j=1 j=1 

and then setting the first order conditions equal to zero. 

0, for j=1, ••• ,n. 

Next, totally differentiating the equations in (III-62) by the Pj's and 

Wt to get: 

U"/(U" + [ITJ.(1+rJ.)] 2V") > 0, f · 1 or J= , ••• ,n. 
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The equations in (III-63) imply that an increase in current wages shifts 

the supply curves out in each capital market. 

The interest rate equilibrium condition in equation (III-60) can be 

rewritten to express the equilibrium capital-labor ratio for each state: 

n 
(III-64) E Pj/Lt+l = H(Wt, r 1(Wt), ••• ,rn(Wt), rr 1, ••• ,ITn) = h(Wt), 

j=l 

The capital-labor equilibrium condition in equation (III-64) represents 

the results, from the interaction of the supply and demand functions in 

each state contingent capital market. Once the current wage is known, 

the potential capital-labor ratios and interest rates can be determined. 

This is because the probability distribution of potential states, the 

Aj's, and the rate of growth of the labor force is assumed to be 

constant. The actual capital-labor ratio which occurs in period t+l 

depends on Wt and the actual Aj, which occurs in period t+l. This is 

represented in equation (III-65): 

The current wage rate can be represented by a single stochastic 

difference equation: 

Equation (III-66) is the stochastic difference equation driving the 

economy. It is now possible to examine how the economy approaches a 
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steady-state. A formal definition of long-run stochastic equilibrium is 

stated below. 

DEFINITION: The interval [~, k] is said to be a stable interval for the 

stochastic process: 

kt+l = h(\it' At+l) if for all k E [k, k], the smallest 

pj/Lt+l in h(f(k, e)- k f'(k, e))) k and the largest Pj/Lt+l 

in h(f(k, w)- k f'(k, w)) ( K, 

where e and w are the lower and upper bounds on the Aj's. 

In order to derive the steady-state distribution that is bounded 

below by a ~ greater than zero, showing that the economy does not 

disappear, and bounded above by a k less than infinity, the following two 

theorems are stated and proved. 

Theorem 1: 

The steady-state capital-labor ratio is bounded above by a value 

less than infinity. 

Proof: 

* From the Inada condition, lim f~(k, Aj) = 0, there exists a P /Lt+l' 
k+oo J t 

( * ) * <* ) large enough, such that, f P /Lt+l' Aj - P /Lt+lf P /Lt+l' Aj 
t t 

* * = W ( P /Lt+l' for all Aj. This implies that there exists a capital-
t 

labor ratio large enough, that it cannot be sustained. Define Pt/Lt+l as 

* the maximum Pj/Lt+l from h(Wt), where Wt starts at W , and let Aj = w, 
for all t. If t grows large enough, Pt/Lt+l will eventually equal k. 
Once k is reached it will remain constant for t=l, ••• ,oo. This k exists 

-since h(Wt) is positive and continuous. If Pt+l/Lt+2 is greater than k, 
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then Pt+2/Lt+3 will be less than Pt+1/Lt+2' and as t grows large enough 

Pt/Lt+1 will eventually equal k, which is the least upper-bound of 

steady-state. 

End of Proof 

Theorem 1 is demonstrated graphically in Figure 10. In this diagram 

the capital-labor ratios are on the horizontal axis and the wage rates 

are on the vertical axis. By letting Aj equal ~, and the investment 

function equal the maximum Pj/Lt+1 from h(Wt), it is unnecessary to 

examine any of the other possible states or investment functions, in 

order to find the upper bound on the steady-state equilibrium. If the 

economy starts at a capital-labor ratio greater than k, it must 

eventually approach k. 

The following theorem proves that there is a positive steady state 

lower bound. Lemma 1 will be useful in proving the next theorem. 

Lemma 1: 

As Wt + O, the smallest Pj,t/Lt+1 from h(Wt) will have the property 

that h(f(Pj,t/Lt+1, 6) - Pj,t/Lt+1f'( )) ) Wt. 

Proof: 

From the Inada condition, lim f~(k, Aj) = ~, for all Aj, there 
k+O J 

exists a p**/Lt+1 > 
t 

0, such that, f(p**/Lt+1' 6)- p**/Lt+1f'( ) 
t t 

** ~ P /Lt+1• For any Pt/Lt+1' 0 < Pt/Lt+1 < p**/Lt+1' 
t t 

6)- Pt/Lt+1 f'(Pt/Lt+1t 6)] + Pt/Lt+1)+~ lim ([f(Pt/Lt+1' 
Pj/Lt+1+0 

End of Proof 
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Theorem II: 

The steady-state capital-labor ratio is bounded below by a positive 
value. 

Proof: 

Given a lit where lit > 0, define the minimum Pj/Lt+1 of h(£t) as 

!t/Lt+1• Assume Aj = 6 over all t. As t grows large enough ~/Lt+1 will 

eventually equal k. Once k is reached it will remain for t=1, ••• ,~. If 

it/Lt+1 is less .than k, then from Lemma 1, it+1/Lt+2 will be greater than 

it/Lt+1; as t grows large enough, ~/Lt+1 will eventually equal ~' which 

is the greatest lower bound of steady-state. 

End of Proof 

Theorem II is demonstrated in Figure 11. By letting Aj equal 6 and 

by letting the investment function equal the minimum Pj/Lt+1 from h(Wt), 

it is unnecessary to examine any of the other possible states or 

investment functions, in order to find the lower bound on steady-state. 

If the economy starts at a capital-labor ratio less than~' it must 

eventually approach k. 

Theorem I and II prove that if the economy starts with a 

capital-labor ratio greater than zero but less than infinity, it will 

eventually approach steady-state where k e[k,k]. Once the capital-labor 

ratio is within this interval, it will fluctuate due to the random 

technological variable, Aj' but it will remain within the lower and upper 

bounds. Figure 12 represents this stochastic equilibrium. 

A simplified example of an economy in steady-state is given below. 
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An Example 

As in section 1, consider an economy with Cobb-Douglas production 

and utility functions. The maximization problem can be expressed as 

(III-67) Max y log et + rr 1(1-y) log e 1 + ••• + ITn(l-y) log en, 
subject to 

The investment functions derived from equation (III-67) are 

(III-68) 
n 
E P/Lt+l = 

j=l 

n 
E ITj(l-y)Wt/l+n. 

j=l 

Equation (III-68) is the specific form of equation (III-64). The actual 

capital-labor ratio for period t+l will depend upon which state becomes 

At+l: 

Equation (III-69) is the specific form of equation (III-64). 

Assuming a production function of the form: 

(III-70) Yt 

the capital market equilibrium condition in the n capital markets can be 

represented by equation (III-71): 

for j=l, ••• , n. 

The wage in period t+l will depend on equation (III-68) and the 

particular Aj that becomes At+l: 
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(III-72) 

Equation (III-72) is the stochastic difference equation that is driving 

the economy. 

In order to determine the steady-state lower bound, let Aj equal 8 

and [equal the minimum rrj for all t. The steady-state lower bound on 

wages and capital-labor ratios satisfies the conditions in equations 

(III-73) and (III-74): 

1 1 

(III-73) w =lim wt = [1-a e1-a(1-a)1-a(1-y)1-a(1+n)1-a, 
t+oo 

and 

(III-74) ~ = [(1-y)~(1+n) 

1 

([8(1-a)(1-y)/(1+n))1-a. 

The steady-state upper bound is determined by letting Aj equal ~ and 

IT equal the maximum rrj for all t. The steady-state upper bounds on wages 

and capital-labor ratios satisfies the conditions in equations (III-75) 

and (III-76): 
1 1 -a 

(III-75) W =lim Wt = rr1-a ~1-a (1-a)1-a (1-y)1-a (1+n)1-a, 

and 

(III-76) 

t+oo 

1 
rr(l-y )w 

k = = (IT ~(1-a)(1-y)/(1+n))1-a. 
1+n 
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III-4 Effects of Social Security on 
Long-run Stochastic Equilibrium 

With the introduction of a "Pay-As-You-Go" social security program, 

members of the younger generation experience two additional factors. 

During the working years social security taxes reduce disposable income, 

and when retirement arrives social security pays benefits. Equation 

(III-76) represents the revised maximization problem for an individual of 

the younger generation: 

n n 
(III-77) Max U(Wt(l-Tt)- ~ Pj/Lt) + .~ ITjV[(Pj/Lt)(l+rj)+Lt+lWj(l+n)], 

P/Lt j=l J=l 

where: 

Tt is the social security tax in period t. 

•t+l is the social security tax in period t+l. 

It is assumed that •t = •t+l' and that these tax rates are constant over 

time. The first-order conditions from equation (77) are 

(III-78) - U' + ITj V'(l+rj) = 0, for j=l, ••• ,n. 

·Totally differentiating the equations in (III-78) with respect to the 

Pj's and •t, gives the results: 

The equations in (III-79) imply that a reduction in disposable income, 

caused by the social security tax, decreases the amount invested in each 

of the n capital markets. 
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In order to examine the effect of social security benefits on 

investments, the equations in (III-78) are totally differentiated with 

respect to Pj and Tt+l: 

(III-80) 
-II j ( l+r j )W j (1 +n)V" 

U" + [II .(l+r.)]2v" J J 

< 0, for j=l, ••• ,n. 

The equations in (III-80) imply that social security benefits, by 

guaranteeing that a proportion of the future generation's wage will be 

transferred to the retired population, decreases the amount people invest 

in each of the n capital markets at a given wage. 

The negative tax and benefit effects are represented 

diagrammatically by figures 13A or 13B. The two negative effects cause 

the supply curves to shift in because individuals desire to invest less 

in each of the capital markets. 

With the introduction of social security into the economy, the 

equilibrium condition in the capital markets represented by equation 

(III-64), is altered. Assuming that the social security tax rate is 

constant over time, the new equation, representing the capital market 

equilibrium condition is 

or 

In this case, h(Wt) > hs(Wt), for all Pj,t/Lt+l" This indicates that for 

a given Wt, kt+l and Wt+l are less than they would be in the absence of a 
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Social Security's Effect on Capital Markets 
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social security program. As people invest less in each state contingent 

asset, the steady-state capital-labor ratios decline. This also causes 

steady-state wages to decline. The new least upper bound on 

capital-labor ratios can be defined as ks where ks < k. The new greatest 

lower bound can be defined as ~ where ~ < k. Figure 14 represents the 

change in the steady-state distribution. The result of a social security 

program is to shift the steady-state distribution of capital-labor ratios 

to the left and the distribution of wages down, causing future 

generations to have less income. 
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CHAPTER IV 

EXTENSIONS TO THE PRODUCTION UNCERTAINTY MODEL 

In this chapter extensions are added to the random growth model in 

order to examine how the model handles the following five economic 

questions. These questions include: determining the optimal amount of 

social security and how the level changes when individual wages differ, 

the relationship between the growth rate of the labor force and private 

investment, the impact of a fully funded social security program as 

compared to a pay-as-you-go program, and the introduction of 

technological growth. 

IV-1 Optimal Social Security--Planner's Problem 

In this section the assumption of a single social security tax rate 

for all states is relaxed, so that, specific tax rates can be set for 

each state. The tax rate for a specific state is defined as Tj and tax 

rates are assumed to be constant over time. The expected social security 

benefits for state j are 

The maximization problem for a representative individual is 

(IV-2) 
n 

Max U(Wt(l- r •j)-
j=l 

n 
E ITjV(Pj/Lt(l+rj) + Tj Wj(l+n)). 

j=l 

59 
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The optimal social security tax in period t and the benefits in period 

t+l are determined by maximizing equation (IV-2) with respect to the 

'j's, for all n states. 

In determining the optimal 'j' the planner, unlike an individual who 

has negligible impact on the capital market must consider how the tax 

rates influence future wages and interest rates. As social security 

taxes and future benefits increase, individuals decrease the amount they 

privately invest in state contingent securities. This results in an 

expected increase in interest rates and a decrease in wage rates, for 

each of the n possible states. The increase in the interest rates is 

demonstrated by differentiating equation (IV-3), with respect to Pj, to 

get equation (IV-4): 

(IV-3) rj 

and 

The decrease in expected wage rates is determined by differentiating 

equation (IV-5), with respect to Pj, to get equation (IV-6): 

(IV-5) Wj = f(Pj/Lt+l, Aj)- f'( ) Pj/Lt+l, 

and 

(IV-6) awj/aPj = -f"( ) Pj/(Lt+l) 2 > 0. 

Optimal social security is determined by taking the n first order 

conditions of equation (IV-2), with respect to the 'j's, to get 
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(IV-7) -u'Wt + llj V' [Wj(l+n) + (Pj/Lt) 3rj/3Pj 3Pj/3•j 

+ •j(l+n) 3Wj/3Pj 3Pj/3•j] = 0, for j=l, ••• ,n. 

The equations in (IV-7) demonstrate that optimal social security is 

attained, when the marginal disutilities from both social security taxes 

on current consumption, -U'Wt' and the reduction in the amount of 

expected social security benefits, caused by lower expected wages, 

rrjV'•j(l+n)3Wj/3Pj 3Pj/3•j, are equal to the marginal utility derived by 

higher expected social security benefits from higher taxes, ITjV'Wj(l+n), 

and higher private asset returns, resulting from higher interest rates, 

ITjV'Pj/Lt 3rj/3Pj 3Pj/3•j• It is possible that at the optimum level of 

social security, individuals experience greater utility than they would 

without the program because a social security program may offer an 

alternative trade-off between present and expected future consumption as 

compared to the private market. An increase in the potential rates of. 

return on private assets can allow individuals to increase their second 

period consumption even though their disposable income has declined. 

Equation (IV-7) also shows that a decision maker, who is in charge 

of setting the tax rates on a pay-as-you-go social security program, has 

the capability of altering potential wages and interest rates. If the 

planner desires future lower interest rates and higher wages, he can 

lower the current tax rates and decrease expected future benefits. 

IV-2 A Fully funded Social Security Program 

In this section a fully funded social security program is analyzed 

in order to see how its effects on individual investment behavior differ 

from that of a pay-as-you-go program. A fully funded program is defined, 
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as current benefits being equal to last period's tax revenues invested in 

the state that occured, multiplied by the current rate of returns on 

investments. This is represented by equation (IV-8): 

It is assumed that social security tax revenues are invested in private 

securities. The maximization problem for a representative individual is 

(IV-9) 

The first order conditions for an individual who is maximizing his 

utility are 

(IV-10) - U' + ITj V'(1+rj) = 0, for j=1, ••• ,n. 

The impact of a fully funded social security program on private 

investment can be determined by totally differentiating the equations in 

(IV-11) with respect to the Pj's and Tj's. The results are 

(IV-12) 

for j l, •.• ,n. 

The equations in (IV-13) demonstrate that a fully funded social security 

program causes a decline in private investments, similar to that of a 

pay-as-you-go program. 

The optimal tax rate can be determined by differentiating the 

objective function in (IV-9), with respect to the Tj's, and setting the 

first order conditions equal to zero. This is shown in equation (IV-13): 



(IV-13) - U'Wt + 1r • V'Wt(l+r .) + J J 

for j = 1, ••• ,n. 
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arj aPj 

aP J <h j 
= o, 

In the case of a fully funded social security program, the reduction 

in private investments is offset by public investment of the tax 

revenues. These public investments yield the same rate of return as 

private assets. This means that individuals view the expected social 

security retirement benefits as a perfect substitute for private invest-

ment. As long as current public investment in state securities does not 

exceed what private investment would have been in the absense of the 

program, the net effect on total investment, which includes both private 

and public, is zero. A fully funded social security program merely sub-

stitutes private investment for public investment. If public investment 

does not exceed what private investment would have been without the 

program, expected interest rates and wages remain unchanged. This allows 

the equations in (IV-13) to be simplified to produce (IV-14): 

The fully funded program has no effect on capital accumulation. It 

merely substitutes public investments for private investments. The 

utility of individuals is unchanged, unless public investment of tax 

revenues in state securities exceed what private investment would have 

been, in the absence of the program. In this case a fully funded program 

can alter expected wages and interest rates. 
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IV-3 Relationship Between Labor Growth 
and Private Investments 

In this section the relatinship, between the growth in labor force 

participation, n, and private investment, is analyzed in order to 

determine how n affects capital investments. Differentiating wages and 

interest rates, with respect to n, it is shown that an increase in next 

period's labor force has the effect of raising expected interest rates 

and decreasing expected wages for each particular state. This is shown 

in the equations in (IV-15) and (IV-16): 

for j=1, ••• ,n, 

and 
2 

(IV-16) 3H j/an = f" ( ) P j/L2(l+n)3 < 0, for j=1, ••• ,n. 
t 

As the labor force grows, the proportion of capital allocated to a unit 

of labor declines. This reduces the expected marginal product of labor 

and increases the marginal product of capital. 

An increasing labor force leads to two opposing effects on expected 

retirement benefits. This is demonstrated, in equation (IV-17), by 

differentiating expected social security benefits, with respect to n: 

for j=1, ••• ,n. 

As the expected labor force increases, more people will be contributing 

to the social security program. This tends to raise the expected 

benefits for future retirees. On the other hand, an increase in n lowers 

future wages, as demonstrated by the equations in (IV-16). This leads to 

a reduction in SSj• If the elasticity of demand for labor is greater 
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than one, then the equations in (IV-17) are positive. If it is less than 

one, then the equations are negative, indicating that an increase in the 

labor force leads to a decrease in the total wage bill. This would cause 

a decrease in expected social security benefits. 

The representative individual's maximization problem is given in 

equation (IV-18): 

n n 
(IV-18) Max U(Wt(1 - r 

Pj/Lt j=1 
Tj) - E Pj/Lt) 

j=1 

n 
+ E ~jV(Pj/Lt(1+rj) + SSj). 

j=1 

The first order conditions are 

(IV-19) - U' + TT j V' (l+rj) = 0, for j=1, ••• ,n. 

The impact, of an increase in the expected labor force next period, on 

private investment, can be determined by totally differentiating the 

first order conditions in (IV-19), with respect to the Pj's and n. The 

results are 

(IV-20) -[U"/Lt + ~~ (l+rj)2 V"/Lt]dPj 
J 

or 

[~: V"(l+rj)][P/Lt arj/an + ass/an]dn 
J 

+ TT j V' 3r/3n dn, for j=1, ••• ,n, 
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(IV-21) dPj/dn =- {w~ V"(1+rj)][PjLt arj/an + aSSj/an] + wjV' arj/an 

[U"/Lt + w2(1+r·)2 V"/Lt], 
j J 

for j=1, ••• ,n. 

If the elasticity of demand for labor is greater than one, then the 

equations in (IV-21) have two negative income effects arising from 

increases in expected social security benefits and expected returns on 

private investments. These two factors would tend to reduce the amount 

of private investments. However, there would be a positive substitution 

effect, arising from a higher rate of return earned on private assets. 

The net result on current investment, of an increase in the future labor 

force is ambiguous, although in the presence of a pay-as-you-go social 

security program, there is an additional income effect, arising from 

higher future labor participation. If the elasticity of demand for labor 

is less than one, then the equations in (IV-21) have only one negative 

income effect, arising from an increase in expected returns on private 

investments. There would be a positive income effect arising from a 

decrease in expected social security benefits along with the positive 

substitution effect. The net result on current investment, of an 

increase in future labor force participation, is ambiguous. 

IV-4 Optimal Social Security When Wages Differ 

In this Section the assumption that all individuals receive the same 

wage, is relaxed in order to examine whether people's preferences for. 

social security taxes are influenced by their level of income, when a 

public pension program is progressive. 
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When individuals receive the same wage, the maximization problem for 

each individual is 

(IV-22) 

n 

n 
Max ucwt (1 - r 

j=l 
1"·)-J 

r njV(Pj/Lt(l+rj) + SSj). 
j=l 

The optimal·level of taxes is determined by differentiating equation 

(IV-22), with respect to the •j's. The results are 

0, for j=l, ••• ,n. 

The results in (IV-23) are the same as those of a single planner, who is 

trying to optimize the present generation's utility. The assumption of a 

single wage rate is now relaxed. Individuals are divided into two levels 

of labor skills. In the lower paid group, individuals earn Wt• The 

other group, which possesses greater labor skills, earns Wt(l+q). In 

other words, the marginal product of labor of the latter is q percent 

higher than the former. Those who earn Wt are assumed to compose Z 

percent of the labor force; the others represent the remaining labor 

force. These percentages are assumed to remain constant over time. 

In this setting the social security tax rates are the same, but 

expected benefits are equal for both groups. This neans that lower paid 

wage earners receive a higher rate of return on their expected social 
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security benefits, than the higher paid group. These expected benefits 

are 

(IV-24) ss* =, .[zw. + (1-Z)(l+q)wJ.](l+n) = 'J.QJ.' 
j J J 

where Qj = [ZWj + (1-Z)(l+q)Wj](l+n), 

for j=l, ••• ,n. 

The expected rates of return for individuals who currently earn Wt are, 

Qj/Wt, for j=l, ••• ,n; the rates for those of the higher paid group are, 

Qj/Wt(l+q), for j=l, ••• ,n. As q rises the rates of returns diverge 

between the two groups. 

The maximization problem is 

n n 
(IV-25) Max U(Wt(l+q)(l - r 

Pj/Lt j=l 
Tj) - r Pj/Lt) + 

j=l 

n 
r njV(Pj/Lt(l+rj) + ss*). 

j=l j 

For those who currently earn Wt, q equals zero. The optimum level of 

social security tax rates for each group is determined by differentiating 

equation (IV-25), with respect to the 'j's, and setting these first order 

conditions equal to zero. The results are 

(IV-26) - U'\{t(l+q) + n jV'Qj + 

njV' [Pj/Lt 3rj/3Pj 3Pj/3Tj + 3SS*/aPj 3Pj/3Tj] 0, 

for j=l, ••• ,n. 
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In order to examine how the optimal tax rates for the two groups change 

as q rises, the first order conditions in (IV-26) are totally 

differentiated, with respect to the Tj's and q. The results are 

(IV-27) 
n 

dT idq = {U"Wt2(l+q)(l - r Tj) + U'Wt - 11'2V"Qj 
j=l j 

, j(l-z)wj(l+n) - 1r jv' (I-z)wj(l+n)}t{u"w2 + 
t 

tr:V"[ZWj + (1-Z)(l+q)Wj]}, 
J 

for j=l, ••• ,n. 

By defining the divisors in (IV-27) by Mj, the four effects in each 

equation can be separated into four terms. These are 

and 

(IV-31) -(11'jV'(l-Z)Wj(l+n))/Mj > 0, for j=l, ••• ,n. 

For individuals who earn Wt' the income and substitution effects in 

(IV-28) and (IV-29) are equal to zero, because their current wages have 

not changed. If the demand elasticity for labor is greater than one, 

then there is a negative income effect, caused by higher expected social 

security benefits. This is shown by the equations in (IV-30). These 

equations indicate that these individuals would desire a lower social 
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security tax rate if q increases. The reason for this is that expected 

benefits have increased for the given tax rate, causing the marginal 

utility of expected benefits to decline, relative to the marginal 

disutility of current consumption, that is foregone, due to the tax. If 

the elasticity of demand for labor is less than one, then the income 

effects in (IV-30) are positive. This would lead individuals who earn Wt 

to desire a higher tax and benefit level. In addition, there is a 

positive substitution effect shown in (IV-31), caused by having a higher 

level of expected social security benefits per tax rate. This causes the 

lower paid workers to desire higher social security tax rates. From the 

equations in (IV-32) and (IV-33), it is shown that if the elasticity of 

demand for labor is less than one, then an increase in q will lead 

individuals, who earn Wt' to desire higher social security tax rates and 

benefits. If the elasticity of the demand for labor is greater than one, 

then the results are ambiguous because of the opposing income and 

substitution effects. 

The income and substitution effects in (IV-30) and (IV-31), for the 

higher paid individuals, are the same as for the lower paid group. In 

addition, there are other income and substitution effects as shown in the 

equations in (IV-28) and (IV-29). These two effects are the result of 

earning a higher current wage. The positive income effect in (IV-28) 

causes these individuals to desire higher tax rates and benefits because 

they have more current income. The negative substitution effect in 

(IV-29) causes them to desire a lower tax rate because they are paying 

out more social security tax revenues, per tax rate. The combined 
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effects of (IV-28) through (IV-31) lead to an unambiguous answer, as to 

whether these individuals desire a higher or lower tax rate. 

The net effect on the level of desired tax rates and benefits caused 

by allowing incomes to differ, is ambiguous due to opposing income and 

substitution effects. It cannot be shown in this model whether one group 

will desire higher or lower tax rates compared to the other wage group. 

However, if the elasticity of demand for labor is less than one, then the 

lower paid group will desire a larger public pension program. 

IV-5 Impact of Technological Growth on Optimal Savings 

In this section a technological growth trend is incorporated into 

the production function in order to determine whether it would change the 

level of investments. It is assumed that growth is in the form of labor 

enhancing technology and that the rate of growth is defined as A per 

period. Given these assumptions, the effective labor force in period t, 

Et, is defined as the number of laborers, multiplied by the growth of 

labor enhancing technology, over the time period from 0 to t. This is 

defined in equation (IV-32): 

(IV-32) Et 

The expected wages and interest rates are 

(IV-33) rJ·,t = f'(p. t/Lt eAt AJ·), J, , 

for j=l, ••• ,n, 

and 

for j=l, ••• ,n. 
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The effect of an increase in A on wages and interest rates is determined 

by differentiating the equations in (IV-33) and (IV-34) by A to get 

for j=l, ••• ,n 

and 

for j=l, ••• ,n. 

The equations in (IV-35) show that an increase in labor enhancing 

technology will cause interest rates to rise, because each unit of 

capital is now working with a larger amount of effective labor. The 

equations in (IV-36) show that an increase in A causes the wage rate, per 

unit of effective labor, to decline and also causes the number of 

effective labor units to increase. If the elasticity of demand for 

effective labor, eE, is greater than one, then the net effect of an 

increase in A is to increase the wage received by an individual. If €E 

is less than one, then an increase in A cause wages to fall. 

Expected social security benefits are 

(IV-37) = 1: eAt W. (1 +n)' 
J 

for j=l, ••• ,n. 

If eE is greater than one, then an increase in A causes expected wages to 

rise, which in turn causes expected social security benefits to increase. 

This is demonstrated in the equations in (IV-38): 

(IV-38) assj/aA = •j(l+n) awj/aA > o, for j=l, ••• ,n. 
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If EE is less than one, then 

The maximization problem for a representative individual is 

(IV-40) Max U(i-lt(l-I:-rj)- I: P/Lt +I: 1Tj V(P/Lt(l+rj) + SSj), 
Pj/Lt 

for j=l, ••• ,n. 

The first order conditions are 

(IV-41) - U' + rr j V' (l+r j) = 0, 

for j=l, ••• ,n. 

The effect of an increase in A on investment is determined by totally 

differentiating the equations in (IV-42) by the Pj's and A. The results 

are 

(IV-42) [dPj/d>.] 

for j=l, ••• ,n. 

Each equation in (IV-43) has three income effects and one 

substitution effect. The first term in the numerator shows that if EE is 

greater than one, then an increase in A leads to individuals wanting to 

invest part of their increase in current income, in private assets. If 

EE is less than one, then the income effect is negative. The second term 
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is a negative income effect, caused by an increase in the rates of return 

on expected private assets. This causes individuals to invest less in 

private assets. The third term in the numerator is an income effect. If 

EE is greater than one, then an increase in A causes expected social 

security benefits to increase. This causes the need to invest in private 

assets to decline. If EE is less than one, then the income effect is 

positive. The fourth term is a positive substitution effect caused by 

the higher expected rate of return on private investments. 

Due to the opposing income and substitution effects, the results of 

an increase in A, on private investment, is ambiguous, however, if EE is 

greater than one, then there is an additional negative income effect with 

a pay-as-you-go social security program, present in this model. This 

would tend to cause individuals to invest less in private securities when 

A increased than they would in the absence of this retirement program. 



CHAPTER V 

LABOR GROWTH UNCERTAINTY IN A 
NEO-CLASSICAL GROWTH MODEL 

This chapter exa~ines an alternative form of uncertainty in order to 

find out if the implications of social security's effects on steady-state 

capital-labor ratios and wages differ, depending on the type of 

uncertainty. In this section production technology is viewed as certain, 

whereas, next period's labor force is uncertain. After long-run, 

stochastic equilibrium is derived, a pay-as-you-go social security 

program is introduced into the economy. The results are similar to those 

found in the production uncertainty model. It is shown that social 

security reduces both current and long-run capital-labor ratios and wage 

rates. In addition, it is shown that the social security program 

increases the uncertainty of future wage rates. 

V-1 The Model 

The technological assumptions are the same as those stated in the 

certainty case in Chapter IV. In addition, people's expectations 

concerning the distribution of next period's wage and interest rates are 

assumed to be correct. All firms are assumed to be identical and to 

issue equity shares in period t that offer a distribution of potential 

future rate of returns in period t+l. These firms can be aggregated 

into a single, constant returns to scale production function of the form 

75 
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where 

Lt(l+n) = Lt+l• and n is bounded above and below by 

positive finite values, n e[~, n]. The probability 

distribution of the n's is identical over time. 

Equation (V-1) can be divided by Lt+l in order to derive per-capita 

potential output: 

The following Inada conditions are assumed: 

(V-3) lim f'(k) = ~, and lim f'(k) = 0. 
~0 ~~ 

The rate of return on equity and the wage rate in period t+l are 

and 

Equations (V-4) and (V-5) show that the distributions on interest rates 

and wages are dependent on the distribution of n. If the random 

variable, n, is large in period t+l, then the return on equity will be 

higher and the wage rate will be lower, than if the value had been 

smaller. This is illustrated by differentiating equations (V-4) and 

(V-5) by n to get: 
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-
- f"( ) Kt+l/Lt(l+n)2 > 0, 

and 

Firms are assumed to demand capital up to the point where the 

expected marginal product of capital equals the expected interest rate. 

This equilibrium relationship is represented in equation (V-8): 

n n 
(V-8) J rt+l (n) II (n)dn f f'(Kt+l/Lt(l+n))II(n)dn. 

n n 

The slope of the demand curve is determined by differentiating equation 

(V-8) by Kt+l to get 

(V-9) 

n 
af rt+l(n)II(n)dn 

n n 
= f --- II (n)dn < 0. 

n 

Equation (V-9) indicates that the demand curve for capital is negatively 

sloped. 

The supply side of the capital market is composed of the savings 

functions of the younger generation. The objective function for a 

representative individual is 

n 
(V-10) Hax U(\-l't - St) + f V(St(l+r(n))II(n)dn, 

st n 
where 

St is per-capita savings of an individual in period t. 
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The first order condition with respect to St is 

n 
(V-11) -D' + J V'(l+r(n))II(n)dn = 0. 

n 

Equations (V-10) and (V-11) imply that per-capita savings, in period t, 

are a function of the current wage rate and the probability distribution, 

of interest rates in period t+1. This is represented in equation 

(V-12): 

n 
cv-12) st St(Wt, J r(n)II(n)dn) 

n 

By combining the demand and supply schedules and equating StLt and Kt+l' 

the equilibrium condition in the capital market is attained. This 

condition relates the distribution of next period's interest rates to 

current wage rate: 

n n n 
(V-13) J r(n)II (n)dn J f'(S(Wt, J r(n)II(n)dn)/(1+n))IT(n)dn. 

n n n 

Equation (V-13) is similar to the capital market equilibrium condition in 

Chapter III-1, where rt+1 = $(Wt). Once the current wage rate is known, 

then the expected interest rate distribution for period t+l can be 

determined. The relationship between Wt and the probability distribution 

of next period's interest rates, is determined by differentiating 

equation (V-13) with respect to Wt, to get: 



n 
df r(n)II (n)dn 

n 
(V-14) J 

n 

n 
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f" as /aw t t 
( )II (n)dn < 0. 

1+n-f" ast/ar(n) 

Equation (V-14) indicates that an increase in current wages causes the 

distribution of interest rates, for period t+1, to decline. In addition, 

the probability distribution of wage rates in period t+1 shift upward, as 

current wages increase. The actual wage and interest rate, in period 

t+1, depends on the actual capital labor ratio that occurs in period t+1. 

The capital labor ratio is 

n 
(V-15) Kt+1/Lt+1 = St(Wt, f r(n)II(n)dn)/Lt(1+nt+1). 

n 

The wage rate is 

n 
(V-16) Wt+1 = f(St(Wt, f r(n)IT(n)dn)/Lt(1+nt+1)) 

n 

n 
- (St(Wt, J r(n)IT(n)dn)/Lt(1+nt+1))f'( ). 

n 

Equation (V-16) is the single, stochastic difference equation driving the 

economy. If the current wage rate increases, then the probability 

distribution of next period's wages increase. If the value of n is large 

in period t+1, then Wt+1 will be lower than if n had been small. 
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With equation (V-16) it is now possible to examine how this economy 

approaches long-run equilibrium. A formal definition of steady-state is 

first defined. 

DEFINITION: The interval [k, K] is said to be a stable interval for the 

stochastic process: 

n 
kt+l St(Wt, J r(n)IT(n)dn)/Lt(l+nt+l) if for all k E[~, k], 

n 

n 
St(f(k,~)- kf'(k,~), J r(n)IT(n)dn)/(l+n) ~ 

n 

n 
~, and St(f(k,n) - kf'(k,~), J r(n)IT(n)dn)/(l+n) ( k. 

n 

In order to derive the steady-state distribution which is bounded 

below by a k greater than zero, and bounded above by a k less than 

infinity, it is necessary to prove the following two theorems. 

Theorem III: 

The steady-state capital-labor ratio is bounded above by a value 

less than infinity. 

Proof: 

From the Inada condition, 

lim f'(k) 0, 
k+~ 
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there exists a s*/Lt(1+n), large enough, such that f(St/Lt(1+n)) -
t 

St/Lt(l+n)f' ( ) = \-l* < s* /Lt(l+n), for all n e: [.!!_, n]. This implies that 
t 

there exists a capital-labor ratio, large enough, that it cannot be 

sustained over time. Let n equal .!!. for all t. If t grows large enough, 

then St( ••• )/Lt(1+n) will eventually approach k. If St( ••• )/Lt(1+n) > k, 

then St+1( ••• )/Lt+1(1+n) will eventually equal k, which is the least 

upper bound of the steady-state distribution. 

End of Proof 

Theorem III is demonstrated graphically in Figure 15. By letting n 

equal ~' it is unnecessary to examine any of the other possible values of 

n, in order to find the upper bound on steady-state wages and 

capital-labor ratios. If the economy's capital-labor ratio is greater 

than k, then it will be unable to maintain that level. 

The following theorem proves that there is a positive steady-state 

lower bound. A lemma similar to Lemma 1 is first proved in order to help 

prove the Theorem. 

Lemma 2: 

n 
As Wt+O, St(Wt, J r(n)IT(n)dn) will have the property that 

n 
f(St( ••• )/Lt+1) - S(.~.)/Lt+1 f'( ••• ) > Wt. 

Proof: 

From the Inada condition, 

lim f'(k) 
k+O 

= co 
' 



w 

w 
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k 

Figure 15 

Upper Bound on Steady-State Wages and 
Capital-Labor Ratios 

S( ••• ) S( ••• ) 
= f((~+£) ) - (~+£) f' ( ••• ) 

nk 

n 
=S (W ,J r(n)~(n)dn) t t t n 
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there exists a ** S /Lt+l > 0, such 
t 

** S /Lt+1• For 
t 

any St/Lt+l' where 

End of Proof 

Theorem IV: 

The steady-state capital-labor ratio is bounded below by a positive 

value. 

Proof: 

From Lemma 2, there exists ** a S > 0, small enough, such that, 
t 
** S /(l+n), for 
t 

f(s**/C1+n))- s**/C1+n)f'( ••• )) 
t t 

all n s[!!_,n]. Let n 

equal n, for all t. As t grows large enough, St/(1+TI) will eventually 

approach~' which is the greatest lower bound of the steady-state 

distribution, of capital labor ratios. 

End of Proof 

Theorem IV is demonstrated graphically in Figure 16. By letting n 

equal n, it is unnecessary to examine any of the other possible values of 

n in order to determine the steady-state lower bound. If the economy 

starts at a capital labor ratio below~' then it will eventually equal or 

exceed k. 

By combining figures 15 and 16 into figure 17, a steady-state 

distribution of capital-labor ratios and wage rates is depicted. This 

figure shows that, if the economy starts with a positive capital-labor 
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s ( ... ) 
(~+n) f'( ..• ) 

nk 

n 
---,.,t=St(wt'f r(n)'TT(n)dn) 

k 

Figure 16 

Lower Bound on Steady-State \<Tages and 
Capital-Labor Ratios 

n 
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ratio, then it will eventually enter long-run stochastic equilibrium. 

The economy will then remain within this equilibrium distribution. 

A simplified example of this model is presented below. 

An Example 

Consider the discrete case where there are two possible values of n, 

namely, n 1 and n2 , and that rr 1 and rr 2 are their respective probabilities. 

Assuming a Cobb-Douglas production and utility function, the objective 

function is 

(V-17) Max ylog(Wt-St) + IT1(1-y)log(St(1+r1)) 

+ rr 2(1-y)log(St(l+r2)), 

where 

The investment function derived from equation (V-17) is 

(V-18) st 

In this case the savings function is independent of the expected interest 

rate distribution. Equation (V-18) is the specific form of the general 

savings function in equation (V-12). 

The equilibrium condition is the capital market is 

w t (1-y ) w t (1-y ) 
(V-19) II1r1 + IT 2r 2 = rr 1aA( )a-1 + IIzaA( )a-1. 

l+n1 1+n2 

Equation (V-19) is the specific form of the general capital-market 

equilibrium condition in equation (V-13). The wage in period t+1 will 
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depend on the savings function in equation (V-18) and the particular, n 

that occurs in period t+l. This is expressed as 

Equation (V-20) is the stochastic equation driving the economy. 

In order to derive the steady-state, upper and lower bounds, on 

capital-labor ratios and wage rates, assume that n1 is less than n2• The 

steady-state lower bound on wages and capital-labor ratios is 

1 1 

(V-21) W = lim Wt = (1-y)1-a Al-a(l-y)1-an21-a, 
t-+oo 

and 

(V-22) k = (1-y)~(l+n2). 

The steady-state upper bounds are 

1 1 

(V-23) W =lim Wt = (1-y)l-a A1-a(1-y)1-an11-a, 
t-+oo 

and 

(V-24) k = (1-y)W/l+nl. 

V-2 Impact of Social Security on Long-run 
Stochastic Equilibrium 

Social security's impact on the steady-state distribution of 

capital-labor ratios is a result of altering the savings behavior of 
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individuals. The objective function of an individual when social 

security is present in the model is 

n 
(V-25) Max U(Wt(l-~)-St) + f V(St(l+r(n)) 

n 

+ T Wt+l(n)(l+n))IT(n)dn 

Equation (V-25) indicates that expected benefits are a function of the 

tax rate, the probability distribution of next period's wages, and the 

probability distribution of n. The first order condition with respect to 

n 
(V-26) - U' + J V' (l+r(n) )IT (n)dn = 0 

n 

To determine how social security affects individual savings 

behavior, equation (V-26) is totally differentiated with respect to St 

and T. This becomes 

n 
-U"Wt - J V"(l+r(n) )Wt+l (n) (l+n)II (n)dn 

n 

n 
U" + J V"(l+r(n)) 2II(n)dn 

n 

< 0 

Equation (V-27) indicates that there are two negative income effects 

caused by the presence of a social security program. First, the tax on 
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current income leads individuals to save less. This is shown by the 

first term in the numerator of equation (V-27). The second term 

demonstrates that promised benefits reduce the need to save. The net 

result is that individuals allocate a smaller proportion of their gross 

wage income toward savings. 

In the presence of a social security program, individual savings is 

a function of the current wage, the distribution of expected interest 

rates, and the expected distribution of social security benefits. This 

is shown in equation (V-28): 

(V-28) s* 
t 

n 
r(n)IT(n)dn, J 

n 
T W(n)(1+n)lln)dn. 

Since individuals save proportionately less of their gross wage 

income, capital-labor ratios are lower. This causes wages to be lower 

and interest rates to be higher. 

Figure 18 depicts the impact of social security on the steady-state 

distribution of capital-labor ratios and wage rates. The results are 

similar to those stated in the production uncertainty case. A 

pay-as-you-go public pension program causes the long-run equilibrium 

capital-labor ratios and wage rates to be lower. In addition, due to 

diminishing marginal returns to labor, as the capital-labor ratio 

increases, the social security program causes the variance of long-run 

wages to increase. This is demonstrated by the wider gap between the 

least upper and the greatest lower bound, when social security is present 

in the model. Figure 17 shows that CW* - w*) > (W-w). 
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CHAPTER VI 

CONCLUSION 

The deterministic and random growth models have shown that the 

introduction of these simplified pay-as-you-go social security programs 

depress individual savings. This leads to lower capital-labor ratios 

which in turn reduce wages and raise interest rates. The uncertainty 

models demonstrate that social security shifts the long-run distribution 

of capital-labor ratios and wages downward and shifts the interest rate 

distribution upward. The labor uncertainty model also demonstrates that 

social security by shifting the distribution of capital-labor ratios 

downward, increases the uncertainty of next period's wage rates. These 

results are due to the pay-as-you-go nature of a social security program 

where the negative tax and benefit effects are not offset by public 

investments. 

One of the problems that needs to be addressed in these models is 

the sequential nature of investment behavior. This requires extending an 

individual's life beyond two periods. Other limitations in these models 

include the strong assumptions imposed on the social security program and 

the aggregation problems that concern growth models in general. 

The models in this paper are greatly simplified to allow 

manipulations to be made, however, it is the writer's belief that the 

uncertainty models are useful and can be applied to other economic 

questions. These subjects include government debt, the changing behavior 

91 
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of labor participation on savings, and the changes in tax laws that 

affect productivity and individual savings behavior. These problems 

along with others can be easily incorporated into these random growth 

models in order to examine their implications. 
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UNCERTAINTY AND THE EFFECTS OF A PAY-AS-YOU-GO SOCIAL 
SECURITY PROGR&~ ON ECONOMIC GROWTH 

by 

Christopher McCoy 

(ABSTRACT) 

This paper examines the implications of a simplified social security 

program on future wages and interest rates in the context of uncertainty. 

Individual consumption-savings and portfolio decisions are integrated 

into stochastic growth models to find how a social security program 

alters intermediate and long-run equilibrium factor payments. Two forms 

of uncertainty are used, namely, production uncertainty and labor force 

participation. 

In the first part of this paper recent arguments over how social 

security affects individual savings are presented and evaluated. 

Conclusions are made that Feldstein's tax and benefit effects represent 

the dominant influences on personal savings behavior. A neo-classical 

growth model is then built, that integrates the two period consumption-

savings decisions of individuals, and long-run equilibrium wages and 

interest rates are derived. A social security program is then 

introduced, causing wages to fall and interest rates to rise. Production 

uncertainty is then added to the model to find how social security 

impacts on factor payments via individual consumption and portfolio 

decisions. 

Certain questions regarding a social security program are then 

examined within the production uncertainty model. They include: 



determining the optimal amount of social security; examining the 

implications of a fully funded program; studying the relationship between 

future labor force participation and private investment; examining if 

optimal social security varies, depending on the individual's wage income 

and introducing technologi,:.al growth to see how it effects optimal 

savings. 

An alternative form of uncertainty, labor force participation, is 

then substituted into the model to see if the implications of social 

security differ, depending on the form of uncertainty. The results are 

similar to those found in the production uncertainty model. In addition, 

it is shown that social security tends to increase the variance of future 

stochastic wages. 
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