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Jillian Chodak Free 

ABSTRACT 
 

Heat transfer systems contain many sources of nonlinearity including temperature dependent 
material properties, radiation boundary conditions, and internal source terms.  Despite progress 
in numerical simulations, producing accurate models that can predict these complex behaviors 
are still encumbered by lengthy processing times.  Accurate models can be produced quickly by 
utilizing projection Reduced Order Modeling (ROM) techniques.  For discretized systems, the 
Singular Value Decomposition technique is the preferred approach but has had limited success 
on treating nonlinearities.  In this research, the treatment of nonlinear temperature dependent 
material properties was incorporated into a ROM.  Additional sources of nonlinearities such as 
radiation boundary conditions, temperature dependent source heating terms, and complex 
geometry were also integrated.  From the results, low conductivity, highly nonlinear material 
properties were predicted by the ROM within 1% of full order models, and additional 
nonlinearities were predicted within 8%.  A study was then done to identify initial snapshots for 
use in developing a ROM that can accurately predict results across a wide range of inputs.  From 
this, a step function was identified as being the most accurate and computationally efficient.  The 
ROM was further investigated by a discretization study to assess computational gains in both 1D 
and 3D models as a function of mesh density.    The lower mesh densities in the 1D and 3D 
ROMs resulted in moderate computational times (up to 40 times faster).  However, highly 
discretized systems such as 5000 nodes in 1D and 125000 nodes in 3D resulted in computational 
gains on the order of 2000 to 3000 times faster than the full order model. 
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General Audience Abstract 
 

Heat transfer systems contain many sources of nonlinearity including temperature dependent 
material properties, radiation boundary conditions, and internal source terms.  Despite progress 
in numerical simulations, producing accurate models that can predict these complex behaviors 
are still limited by the time it takes to compute meaningful results.  Accurate models can be 
produced quickly by utilizing some mathematical techniques whereby the original problem is 
projected into a smaller sub-space and solved with fewer variables.  The full space results are 
then determined by undoing the projection on the results.  This is one approach from a larger 
knowledge base called Reduced Order Modeling (ROM) techniques.  For discretized systems, 
the Singular Value Decomposition technique is the preferred approach but has had limited 
success on treating nonlinearities.  In this research, the treatment of nonlinear temperature 
dependent material properties was incorporated using the projection approach, tailored to treat 
the specific material property nonlinearity as well as radiation boundary conditions, temperature 
dependent source heating terms, and complex geometry.  While the approach presented here is 
specific to the heat transfer application, other problems of a similar form can be handled in the 
same manner.  From the results, low conductivity, highly nonlinear material properties were 
predicted by the ROM within 1% of full order models, and additional nonlinearities were 
predicted within 8%.  A study was then done to identify initial snapshots for use in developing a 
ROM that can accurately predict results across a wide range of inputs.  From this, a step function 
was identified as being the most accurate and computationally efficient.  The ROM was further 
investigated by a discretization study to assess computational gains in both 1D and 3D models as 
a function of mesh density.    The lower mesh densities in the 1D and 3D ROMs resulted in 
moderate computational times (up to 40 times faster).  However, highly discretized systems such 
as 5000 nodes in 1D and 125000 nodes in 3D resulted in computational gains on the order of 
2000 to 3000 times faster than the full order model. 
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1 Introduction 

1.1 Motivation 

Materials are known to respond in a variety of ways under thermal load.  Whether its thermal 
expansion, degradation in yield strength properties, off gassing, or initiating combustion, all of 
these are complex and dynamic design concerns that affect safety.  In practice, not every 
scenario can be tested.  Models are increasingly being used to predict behavior and understand 
thermal response of materials as they represent a cost effective alternative to experimental 
testing.  Model accuracy depends on including realistic physical attributes which are typically 
nonlinear such as material properties, radiation boundary conditions, generalized source terms, 
and complex physical geometry.  A 1D representation of a heating scenario with nonlinearities is 
shown in Figure 1. 

 

Figure 1. Heat transfer model for 1D heat transfer with multiple sources of nonlinearities 

Exact solutions not likely to exist and are difficult to resolve using numerical simulation 
techniques such as Finite Difference or Finite Element.  For simple cases, hand analytical 
solutions can be estimated by using average quantities.   However, there is a loss of accuracy 
over large temperature ranges.  For more complex systems, numerical techniques are used to 
approximate solutions.  Traditionally, discretized models are created to tackle complex physical 
phenomenon such as transient heat transfer.   Despite progress in computational science, in order 
to simulate the full extent of physical behavior in these systems, result fidelity depends on 
increasing discretization and therefore increases computational time, particularly in the case of 
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three-dimensional problems.  A fast method to model 3D heat transfer with multiple 
nonlinearities is highly desirable.  

One approach is to consider an effective projection-based computational method that builds a 
low-dimensional model accommodating a variety of physical attributes.  The projection method 
can be used to study physical phenomenon by constructing a suitable algebraic model and 
projecting a solution using a known selected basis.   An optimized Reduced Order Model (ROM) 
can quickly and accurately assess various heating scenarios including nonlinear effects. 

1.2 ROM Background 

Developed from well-established mathematical theories and robust numerical algorithms, ROMs 
are recognized as very efficient approaches for reducing the simulation time of large-scale 
systems (Antoulas [1]). Through model order reduction, a small system with a reduced number 
of equations is derived.  The reduced model is simulated instead of the full scale approach, and 
the solution of the original equation can then be recovered from the solution of the reduced 
model with a high degree of accuracy.  As a result, the simulation time of the original large-scale 
system can be shortened by several orders of magnitude.  In addition, the developed reduced 
model can replace the original system and be reused to investigate multiple inputs, which can 
further save time.   

A variety of methods have been developed to reduce the order of large-scale dynamical systems.  
Basic approximation methods are generally divided into Krylov methods and Singular Value 
Decomposition (SVD) methods.  The Krylov method concept is based on using the Krylov 
subspace which is defined as a linear subspace spanned by the images of b, an n-vector, under 
the first r powers of ‘A’ a real n x n matrix. 

 Κ (A, b) = span(b, Ab, A b, … , A b) Equation 1 

An iterative algorithm is applied to determine the Krylov subspaces.  A sequence of vectors is 
constructed that converges to the eigenvector corresponding to the largest eigenvalue.  Several 
approaches have been developed to keep and use the information provided by the sequence of 
vectors.  Various Krylov type methods have been developed including Realization, Interpolation, 
Lanszos and Arnoldi. (Antoulas [1])  However, several issues exist with this method.  The ‘A’ 
matrix of interest has to be square.  The convergence rate for the Krylov algorithm can be slow.  
Krylov methods are limited to linear systems, Ax = b, for cases where ‘A’ is large and sparse.  In 
addition, when a matrix is singular, Krylov methods can fail as the solution may not lie in a 
Krylov space at all. (Ipsen and Meyer [2]).   

SVD methods are based on using the singular value decomposition which is a method of 
factorization of an m x n matrix, ‘M,’ which can be real or complex.  The SVD is a factorization 
method that decomposes the ‘M’ matrix into 3 separate matrices that each contain different 
information. 

 M = UΣV  Equation 2 
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The ‘U’ matrix is an m x m unitary matrix of the orthonormal eigenvectors of MMT (left-singular 
vectors).  The ‘V’ matrix is an n x n unitary matrix of the orthonormal eigenvectors of MTM 
(right-singular vectors).  ‘Σ’ is a diagonal matrix of the square roots of the eigenvalues 
determined from both matrices, in descending order.  These values are nonnegative real numbers 
and are also known as the singular values.  Applications that employ the SVD include computing 
the pseudoinverse, least squares fitting of data, multivariable control, matrix approximation, and 
determining the rank, range and null space of a matrix. (Antoulas [1])  SVD ROM Methods 
include Balanced Model Reduction, Approximate Balanced Reduction, Singular Perturbation, 
Hankel Norm Approximation, Moment matching, and Balanced Truncation. 

One type of SVD based method is called Proper Orthogonal Decomposition, which is an 
application of the SVD to approximate general dynamical systems.  POD combines the SVD 
along with a Galerkin projection to generate a reduced model.  The POD approach is used to 
satisfy a balanced representation.   For order reduction on models with parametric dependence, 
Proper Orthogonal Decomposition (POD) is the preferred method of analysis. (Antoulas [1])  
Using the SVD allows POD to handle any size M matrix, real or complex.  In addition, POD is 
suited to tackle linear and nonlinear systems.  Solutions obtained from this approach can be used 
to perform the analysis of the model in explicit form. Inverse problems and control problems are 
also more easily analyzed within low-dimensional models.  This research explores the use of 
POD to reduce the computation time for large, nonlinear heat transfer problems. 

1.3 Previous Related Work 

Progress in computer engineering has allowed for the development of models capable of 
capturing complex behavior, however solution times for these complex models continues to be a 
limiting factor.  This has driven an increasing interest in techniques for reducing model order to 
achieve fast and accurate simulations.  Several MOR techniques are being investigated, along 
with utilizing the properties of Proper Orthogonal Decomposition in a variety of ways. 

The use of POD is not new, but it is finding new uses when combined with advances in 
computational processing.  The POD was developed by several people (among the first was 
Kosambi [3]), and goes by several names such as Principal Component Analysis, the Karhunen–
Loéve Decomposition, and the single value decomposition.  Since then, it has been used as a tool 
for processing statistical data [4–6], pattern recognition, e.g., characterization of human faces [7], 
and control theory [8]. Another important area of application of POD technique is in turbulence, 
where this method has been used to detect large-scale organized spatial motions [9]. In acoustical 
and random signal decomposition, POD has been applied to extract information about the modes 
and energy of the signals under consideration [10]. This feature is very useful in applications that 
involve compression and storage of stochastic signals [11]. The analysis of the activity of the 
visual cortex in a turtle brain [12] is an example of application of POD in bioengineering.  POD 
has also been successfully applied to inverse problems [13] exhibiting strong regularization 
properties.  As an a posteriori, data dependent method it does not need a priori knowledge of the 
system behavior and can also be used to analyze patterns in data.  The main advantage of POD 
lies in the fact that it requires only standard matrix computations, despite its application to 
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nonlinear problems. Although projecting only onto linear or affine subspaces the overall 
nonlinear dynamics is preserved, since the surrogate model is still nonlinear. 

Research has been done to compare a variety of ROM techniques for various physical 
phenomena.  Work by Gugercin and Antoulas [14] compared seven model reduction algorithms 
by applying them to four different dynamical systems. Four SVD based methods and three 
moment matching based methods were used to investigate a structural model, a heat transfer 
model using a plate with 2 heating sources and measured at 2 points, a clamped beam model, and 
a low pass butterworth filter model.  The results illustrate that overall, balanced reduction and 
approximate balanced reduction are the best when considered along the whole frequency range.  
Moment matching methods always lead to higher error norms than SVD based methods due to 
their local nature; but they are numerically more efficient.   The authors found that the rational 
Krylov algorithm gave the best results due to the flexibility of the selection of interpolation 
points. However, the selection of the points which determines the reduced model is not an 
automated process and has to be specified by the user unlike the other methods which can be 
defined by a given tolerance value. 

Blinov et al [15] studied POD vs MPS (Method of Polyargumental Systems) for thermal 
conductivity problems with strongly localized heat source.  These problems utilized constant 
material properties and were in annular systems.  The authors note it is possible to construct a 
dynamic model of the process from by approximation of the results of direct numerical 
simulation of a studied process with POD method at any single set of control parameters, by 
means of obtained empiric basis and on the base of Galerkin method [16 - 20].   In this case, the 
authors are replicating previously known results by use of a ROM. 

Research by Hekmati, Ricot, and Druault [21] used a technique called Extended POD (EPOD) in 
order to analyze the correlated events between two domains, in this case automotive ventilation 
outlet and the associated sound pressure field.  The aim of this particular research was to further 
understand noise production mechanisms.  The EPOD procedure was used to establish a 
correlation between the flow contributions and the far-field acoustic pressure.  The authors were 
able to represent 2D coherent energetic structures within the flow. 

Yu and Chakravorty [22] developed a randomized version of snapshot POD referred to as 
RPOD.  There has been great interest in the Systems and Control community over the past 
several years in tractable randomized techniques to solve computationally difficult systems and 
control design problems [23-28].  The snapshot proper orthogonal decomposition (POD) 
technique, followed by a Galerkin projection has been used extensively in the Fluids community 
to produce reduced order models (ROMs) of fluid physics phenomenon such as turbulence and 
fluid structure interaction [29-31].  Previously, the authors had introduced an iterative POD 
method (I-POD) in [32], [33] that obtained eigenfunctions of a linear operator using the 
individual input/output trajectories of the system.  Their work showed that randomization of the 
procedure to choose a small subset of the input/output ensemble is sufficient to extract all the 
relevant modes while increasing the accuracy and number of the extracted modes.  A Hankel 
matrix was constructed and decomposed using SVD where left and right projection matrices 
were created.  The RPOD algorithm was then used to create a reduced sized Hankel matrix.   
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The authors identified that in some cases, it may be impossible to solve the SVD problem 
resulting from balanced POD also called BPOD.  They give the example of a 17640× 80000 
SVD problem for BPOD, which is not solvable in MATLAB.  RPOD leads to a 8000×5000 SVD 
problem, which is a relatively small problem.  Thus, in problems where there are a large numbers 
of actuators/sensors, the savings can be very significant. This implies that experimenters can 
reduce the scale of the instrumentation required to get the data required to form a ROM by orders 
of magnitude without losing significant information that can be extracted from the resulting data, 
which can result in significant cost savings. 

Lefebvre [34] used POD to investigate 1D heat transfer through a homogeneous slab.   The 
approach developed in this work was an expansion of the purely dynamic part of the temperature 

field, ,  as an infinite set of eigenfunctions where the solution was the Helmholtz equation.  

The solution splits into two terms, and is now referred to as a split modal model.  A space 
sampling and reduction of eigen basis creates the model.  In this work, a finite set of 
eigenfunctions were selected for truncation.  In this case, there were no internal heat sources, 
constant material properties were used, and general boundary conditions were applied.   

 

Figure 2. Homogeneous 1D slab with boundary conditions (Lefebre [34]) 

Baur et al [35] presented a comparison of several approaches for parametric model order 
reduction.  In this work, the authors discussed multiple methods, error determination, and 
computational times offline and online while walking through benchmark problems from 
literature.  As an enhancement to global POD, the POD-Greedy method is detailed. This is an 
approach for use in large SVD problems.   The size of the SVD problem of the global POD can 
be prohibitive, which is circumvented by a greedy procedure that incrementally constructs a 
basis V by several small POD computations.  This POD-Greedy algorithm [36, 37] meanwhile is 
standard in Reduced Basis Methods [38, 39, 40] and has provable quasi-optimal convergence 
rates [41].  Adaptive techniques of selecting parameters or snapshots for reducing the complexity 
of the reduced basis generation have been proposed for example in [42]. Overall, the POD-
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Greedy algorithm is expected to be more computationally expensive than a global POD, as it 
requires many iterations of solving small PODs.  

In addition, the authors discuss Interpolatory Methods such as moment-matching, the iterative 
rational Krylov algorithm (IRKA) [43] and balanced truncation (BT). These (deterministic) 
MOR methods are used to reduce the order of the system at a certain number of fixed parameter 
values p1, . . . , pK, i.e., model order reduction is applied K-times on the systems with transfer 
functions.  Matrix Interpolation uses a weighted matrix reduction. Transfer Function 
Interpolation is based on Lagrange basis polynomials.   This method does not allow a 
reconstruction of the state in the required form x ≈ V ˆx, and also does not provide a reduced-
order model in parameterized state-space form for more than one parameter.  Piecewise H2 
tangential interpolation is a method which uses IRKA.  The generalization of moment matching 
MOR called multi- (parameter) moment matching or multivariate Pade’ approximation was first 
considered in [44, 45].  This method is based on a multivariate Taylor expansion with expansion 
points in frequency and parameter space.  Empirical cross Gramian used a snapshot-based 
method to compute the cross Gramian, which is only applicable to square systems.  The authors 
noted that in general, POD seems to give the best results for state-space approximations. 
However, it may not be feasible if the number of training parameters or the dimension of the 
state is too large. According to the authors, the POD-Greedy should then be the preferred 
approach. 

Wang et al [46] compared POD interpolation and POD projection methods in heat transfer 
problems.  The POD interpolation method calculates amplitudes by interpolation of scattered 
data while the POD projection method calculates amplitudes by projecting continuous governing 
equations onto the low- dimensional space spanned by eigenfunctions.  Both of the two methods 
have their own advantages and disadvantages. The POD projection method is suitable for either 
steady or unsteady problems, linear or nonlinear. However, a continuous function is necessary.  
The POD interpolation method is accurate even for strongly nonlinear problems [47] though it is 
commonly used for steady state problems.  Results from this research indicate that the POD 
projection method performs better as it is more robust. 

1.3.1 POD-FEM 

Research on POD has expanded in the direction of coupling it more directly with Finite 
Difference/ Finite Element Methods.  Fic, Bialecki, and Kassab [48] then furthered the ROM 
research by developing a POD-FEM technique that could be applied to linear and nonlinear 
problems.  Linear problems were solved analytically or via time stepping, while nonlinear 
problems were solved via time stepping only.  This article proposes a technique for accelerating 
the POD-FEM assembly process designed for the case when the entire stiffness matrix needs to 
be recomputed at every time step.  The crucial point of the procedure is the evaluation of the 
POD set.  A few snapshots were generated, the covariance matrix was determined, and the 
Galerkin method was applied to reduce the equations using POD basis vectors.  This research 
explored a heat transfer problem with variable thermal conductivity, 20 to 40 W/m K, 
determined by averaging.   The work was an extension of previous work [49, 50] in which the 
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POD-FEM combination has been used for solving transient linear heat conduction problems 
using modal analysis.   

This article describes a variant of the POD known as the snapshot method, which was developed 
by Sirovich [51]. An alternative approach is to use the singular value decomposition technique to 
construct the POD basis.  Liang, et al [52] showed the equivalence of three different POD 
variants: principal component analysis, Karhunen-Loeve decomposition, and singular value 
decomposition. The technique is also known under several other names, such as Hotteling 
transformation, quasiharmonic modes, empirical orthogonal functions, etc.   POD as used in this 
research has been reinvented several times and used in many fields of science and technology, 
and has thusly been called by a few different names.   The idea of using POD in the context of 
time-dependent numerical solution (primarily the finite-element method, FEM) is not new. It has 
been exploited in the literature in structural dynamics [53] and in aeroelastic [54] and fluid 
dynamics [55]. Standard time-stepping procedure has been used in all these articles.  

Research by Guha and Nabi [56] focused on FEM discretization.  The authors proposed a 
nonlinear control law which transfers arbitrary initial temperature profile to another desired one, 
using POD.  This work takes into account complex geometry. The authors previously developed 
a control law for a nonlinear heat conduction problem on nontrivial domains using FEM [57] 
where k(T) is created and solved at each time step.  In order to analyze the system, the size of the 
model must be reduced. So, model reduction is necessary [58, 59].  The authors state that the 
POD method is mostly used to reduce of size of nonlinear systems [60, 62].  Here, the authors 
neglected any convective and radiative heat transfer for the sake of simplicity. In addition, the 
input f = 0 is chosen as there is no body heating. Carbon steel material properties were used and 
its thermal conductivity is nonlinearly dependent on temperature, taken as proportional to T4. At 

each time-step, matrix K (which is ) is dependent on temperature, and the resulting 

nonlinear algebraic equation system is solved using the Newton-Raphson method.   

Ding [63] applied the POD method to establish the reduced order model for the on-line control of 
glass thickness and heat transfer inverse problems. He introduced two branches of POD, i.e., 
projection and interpolation methods. POD projection method was applied to solve a one-
dimensional unsteady non-linear heat conduction problem.  Then, he extended the POD 
interpolation and projection methods to two real application problems, i.e., quality control of 
glass production and inverse problem of heat convection in pipe. The POD projection method is 
suitable for either steady or unsteady problems, no matter which are linear or nonlinear. 
However, this method is not adopted for the problems which cannot be described in the form of 
continuous functions. Nevertheless, the POD interpolation method is accurate even for strong 
nonlinear situation [47] though it is commonly suitable for steady problems. 

Ostrowski, Białecki, and Kassab [64] developed an approach to solve inverse problems of steady 
state and transient heat conduction.  From a previously developed model that uses radial basis 
functions as the interpolation functions [65], the authors developed a stable solution using a 
trained POD-RBF network.  However, because the snapshots describe a behavior of a specific 
physical object, in practice the approximation holds also for arbitrary snapshots output by this 
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object.  This approach was used to determine unknown material parameters.  In this work, there 
was no restriction on the number of parameters and could therefore be used to predict a series of 
material values with time.  While there is no formal proof that the model converges to the full 
heat transfer model, the quality of the approximation can be checked a-posteriori. 

1.3.2 POD and Meshless Techniques 

POD is also being coupled with techniques that do not rely on generating a mesh for use in FEM.  
Research by Zhang and Xiang [66] focused on a fast, meshless method using POD with Galerkin 
for transient heat conduction problems.  Notably, mesh generation is time consuming for 
complex shapes.  Therefore, there is a strong interest in meshless methods.  Approximations are 
based on nodes and there is no predefined nodal connectivity, therefore removal and addition of 
nodes is easily done.  For more details of these meshless methods, refer to [67–69]. In general for 
meshless methods, nodes are defined and at each node, a weight function and shape function is 
defined on a small domain.  Several meshless methods have been proposed in literatures, such as 
smoothed particle hydrodynamics (SPH) [70], element free Galerkin (EFG) method [71,72], 
meshless local Petrov Galerkin (MLPG) method [73], reproducing kernel particle method 
(RKPM) [74], radial point interpolation method (RPIM) [75] and so on.  Chen and Liew [76] 
developed a meshless local Petrov–Galerkin approach to solve transient heat conduction 
problems in 2-D and 3-D spaces.  Khosravifard et al. [75] presented an improved meshless RPIM 
for nonlinear transient heat conduction problems and implemented the method to analyze the 
functionally graded materials with non-homogenous and temperature-dependent heat sources.  In 
this work data was collected, and the SVD was used to find a POD basis.  The POD was then 
used with a meshless method to generate a reduced model.  The results proved to be accurate and 
fast.  Although meshless methods have a lot of advantages over FEM, they also have some 
disadvantages.  For example, the implementation of essential boundary condition is complicated 
and the computational time is more than that of FEM. Especially it has high computational cost 
for transient problems as compared to FEM, which limits its application seriously. Consequently, 
the authors noted that any contribution to reduce the computational cost of meshless method can 
be regarded as an important progress [75].   

1.3.3 Nonlinearity Treatments and Identification 

POD has been effectively used to capture known nonlinear behaviors, but there is growing 
interest in identifying nonlinearities unknown a priori as well as being able to estimate results 
with the ROM using new system inputs.   The previously developed POD/Galerkin approach is 
explained in detail by Chatterjee [60].  This work explains the data analysis aspects of utilizing 
POD including mode shape investigations, projections, zero center point cloud, and modal 
analysis particularly for use in identifying nonlinearities.  The POD has been used to obtain 
approximate, low-dimensional descriptions of many nonlinear phenomenon such as turbulent 
fluid flows [78], structural vibrations [79, 80], and insect gait [81], and has been used for damage 
detection [82], to name a few applications in dynamic systems.   



9 
 

Pinnau [83] used POD-Galerkin projection to treat radiative heat transfer given by the Rosseland 
model [84].  This problem contains two nonlinearities: one in the heat conductivity which 
models volume radiation and one in the boundary condition which adds additional surface 
radiation to the standard Newton cooling law.  In this work, material properties were treated as 
constant, boundary conditions were separated out, and 4th order power terms were calculated 
directly.  The result was a 1st order ODE.  The inner products for global basis functions have to 
be computed, which is time consuming, and in this case the subspace was chosen by energy 
content.  The ROM was solved with implicit Euler method, and results for this case were within 
1%.   

Walters [85] used POD to show how spectral content of a decomposed snapshot matrix can 
indicate the presence of nonlinear behavior in a structure.  Also in this work, the authors 
identified patterns in the system responses.  This aided in creating a ROM for arbitrary loading 
conditions.  Nonlinear damping was modeled as a function of x3.  Results were compared for 
both linear and nonlinear models.  In this work, the authors looked at various mode shapes from 
the data to see if nonlinear behavior was present using different inputs.    From their results, they 
were able to show differences that indicated the presence of nonlinearity.  Previous work [86] 
suggests that further work with the POD may yield algorithms capable of predicting the system 
response at any arbitrary set of operating conditions. 

Galbally et al [87] investigated a model reduction approach for large-scale statistical inverse 
problems.  Nonlinear terms were approximated by using a subset of interpolation points.  The 
authors note that efficient non-linear model reduction has been previously addressed by several 
authors.  If the problem under consideration is weakly non-linear, efficient reduced models can 
be obtained by retaining low-order terms in the Taylor series expansion of non-linear terms [88]. 
Another approach is to use the trajectory piecewise-linear scheme, which employs a weighted 
combination of various linear models, obtained by linearizing the non-linear system at selected 
points along a state trajectory [89].  Other approaches propose approximating the non-linear term 
through selective sampling of a subset of the original equations [90–93].  In this case, a highly 
non-linear combustion problem was investigated for input estimation with an Arrhenius type 
reaction term.  A Bayesian approach was used whereby a conditional probability was updated 
iteratively, re-forming the problem into statistical inference. The nonlinear term was evaluated at 
select interpolation points.  Steady state multi-dimensional solutions were estimated.   

Several approaches have been proposed to address the general problem of reducing the 
complexity of evaluating the nonlinear term of the POD reduced model in the context of finite 
difference (FD) and finite volume (FV) discretization as well as differential- algebraic equations 
(e.g., in circuit simulation). Missing point estimation (MPE) was originally proposed in [94] to 
improve the complexity of the POD-Galerkin reduced system from FV discretization, by solving 
only a subset of equations of the original model.  Alternatively, techniques for approximating a 
nonlinear function can be used in conjunction with the POD-Galerkin projection method to 
overcome this computational inefficiency. There are a number of examples that use MOR 
approaches with nonlinear approximation based on precomputation of coefficients defining 
multilinear forms of polynomial nonlinearities followed by POD-Galerkin projection [95 – 100]. 
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One of these approaches was found in the trajectory piecewise-linear (TPWL) approximation 
[101, 102], which is based on approximating a nonlinear function by a weighted sum of 
linearized models at selected points along a state trajectory.  However, there are still many 
nonlinear functions that may not be approximated well by using low degree piecewise 
polynomials unless there are very many constituent polynomials. 

Feng, Rudnyi, and Korvink [103] developed an approach for a compact thermal model that is 
independent of the thermal boundary conditions.   A conventional model order reduction method 
can only deal with systems when material properties are fixed using a Lagrangian transform 
method.  In other words, the basis generated for a particular thermal conductivity k0 can be used 
just for a small range of k.  In this work, the heat transfer equation was shown with convection 
boundary conditions only and thermal conductivity k was constant and uniform in space.    The 
authors here used a ROM to create a parametric model reduction (on k) in order to find a 
projection subspace that allows results to be generated from a reduced model for wide range of k 
values by using a scaling factor to produce lowest error results.  A projection matrix was defined 
a bit differently in this work, almost like a Krylov space, but with an additional tuning variable 
(µ) added to scale a matrix.  The authors admit that the choice of the tuning variable requires 
additional research.  The basis was generated without using k directly.  Results were generated 
using single reduced model (5% error) and then three reduced models (1% error).    The research 
was done in an empiric fashion with an expectation that some theoretical explanation will be 
offered in future work. 

1.3.4 POD-DEIM Combination 

Research had led to success in treating nonlinear source terms by combining POD with a 
technique called DEIM.  This is the preferred method for treating nonlinear source terms in 
ODEs and PDEs for use in a ROM.  

In the finite element context, inefficiency arises from the high computational complexity in 
repeatedly calculating the inner products required to evaluate the weak form of the nonlinearities 
as discussed in [104-106].   Nguyen and Peraire [107] discuss the limitations of such approaches 
and give a number of examples of equations involving nonpolynomial nonlinearities.  
Specifically, they study linear elliptic equations with nonaffine parameter dependence, nonlinear 
elliptic equations, and nonlinear time dependent convection-diffusion equations. They 
demonstrate for these examples that the standard POD-Galerkin approach does not allow the sort 
of precomputation that is possible with polynomial nonlinearities. They propose a reduced basis 
method with a best-points interpolation method (BPIM) to selecting interpolation points [107]. 

Research by Chaturanatabut [108] lead to the development of the DEIM algorithm, which is the 
POD-Galerkin ROM mixed with DEIM to reduce the complexity of nonlinear terms.  This 
approach readily extends to nonlinear ODEs with minor modification.  The DEIM approach 
proposed by the author approximates a nonlinear function by combining projection with 
interpolation.  The POD-DEIM approach is also closely related to the approach called 
interpolation of function snapshots suggested in [109] as an alternative to missing point 
estimation (MPE) for constructing a reduced system for a nonlinear circuit model.  The authors 
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were motivated to develop this DEIM variant to apply to arbitrary systems of ODEs regardless of 
their origin.  The procedure presented in their research can also be applied to general nonlinear 
ODEs, including a FV discretized system. 

1.3.5 Multi-Physics Models 

POD techniques have been sought to treat complex multi-physics models that include heat and 
mass transfer, momentum, and fluid-structural interactions. 

The POD was examined by Ly and Tran [110] for flow and control in a horizontal CVD reactor.  
Compressible viscous flow was coupled with the energy and species equations.  The POD was 
used to control uniform vapor deposition.  CVD reactor models are represented by systems of 
nonlinear partial differential equations, where the full system was solved numerically.  The 
approach was restricted to a 2D reactor model, and steady state solutions used to drive transient 
solutions.  In this work, the author claims to be using the thermophysical properties as 
temperature dependent, but the properties were evaluated at the steady state temperature.  The 
number of basis vectors chosen was based on capturing 99.9% of characteristics (energy), and 
was not error driven.  The overall problem was reduced by determining the covariant matrix 
instead of using SVD, which is now more standard approach.  Good approximations were 
achieved based on one flow input condition.  Results were extended to two other similar input 
conditions and resulted in fairly good approximations.   

Klimanek, Bialecki, and Ostrowski [111] developed a 2D multi-phase CFD two-scale model of a 
wet natural draft cooling tower.  In this research, the fill of the tower was modeled as porous 
medium.  The equation set was solved using fourth order Runge Kutta solver with adaptive step 
control [112].  The ODEs solver is invoked iteratively for every vertical conduit and every step 
of the iterative loop of exchanging data between the CFD solver and the model of the fill. 
Preliminary calculations revealed that, even for the case of axisymmetrical model, the solution of 
the fill equations is numerically very intensive. As the target of the project is a 3-D model, the 
question of computing time economy becomes very important. Aiming at this target, POD 
coupled with radial basis function (RBF) was applied to reduce the cost of modeling the heat and 
mass transfer in the fill.  Eigenvalues were derived from the covariance matrix.  The ROM was 
developed as a linear combination of radial basis functions.  In the original version of the POD 
technique, a snapshot is produced by exciting the object under consideration by changing a 
single parameter. The technique used in this article extends this approach to a case when the 
object is excited by an input vector k [113]. In this case – k(T) = 1 + s T, s = 0.5.  In this study 
the problem was solved using the shooting method [113].  The authors developed the unsteady 
case (in theory) but only looked at two steady heat conduction cases using constant properties.   

More recently, Galbally et al. [87] applied the techniques of gappy POD, EIM, and BPIM to 
develop an approach to uncertainty quantification in a nonlinear combustion problem governed 
by an advection-diffusion-reaction PDE. The nonlinear term involved an exponential 
nonlinearity of Arrhenius type. The authors give a detailed explanation here as to why POD-
Galerkin does not reduce the complexity of evaluating the nonlinear term. 
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Biglari and Sutherland [114] developed a PCA/MARS (Principal Component 
Analysis/Multivariate Adaptive Regression Spline) technique to regress source terms and 
regenerate state-variables from the principal components to capture nonlinearity in a reduced 
basis.  PCA (aka POD) has been shown as an effective methodology to identify manifolds in 
turbulent combustion [115-118].  Multivariate Adaptive Regression Spline (MARS) is used for 
regressing source terms and regenerating state-variables from the ROM to capture nonlinearity in 
the reduced basis [118, 119].  Prior to carrying out a PCA transformation, the authors centered 
and scaled the data appropriately [117, 118, 120].  This work results in an a posteriori study 
using PCA as a combustion model for evolving jet flame – extinction and re-ignition.  Several 
aspects are neglected including radiation and source term heating due to the fact that the 
principal components for these terms are small compared to the transport terms. Scaling is done 
in the PCA method, and the model is reduced to a 2 parameter problem.   Results showed that 
PCA-based models can match profiles well while retaining only 2 parameters, however estimates 
across other Re numbers require choosing a new training data set to accurately predict results in 
a new regime.   The authors note that the ROMs can be ‘tuned’ to capture different state 
variables based on the choice of scaling parameters.  When a simulation accesses regions outside 
where the model was trained, the model behavior is not guaranteed to be physically realistic.  
The authors propose to design the regression technique so that source terms should be either 
zeroed or designed to move the trajectory back toward the manifold to avoid divergence from the 
manifold in higher dimensions. 

1.4 Research Objectives  

Despite gains in creating POD-based ROMs for use in complex thermal model prediction, an 
approach for estimating results unknown a priori is still limited to low nonlinearity cases.  
Research has identified that the diffusion term is the driving force, however limited progress has 
been made to accurately assess nonlinear material properties across a wide range of 
temperatures.  Additional nonlinearities such as radiation boundary conditions and source 
heating terms have either been treated separately from material properties (constants only) or 
neglected from the problem entirely.  A ROM is sought to combine all these features for use in 
estimating results from inputs unknown a priori. 

In this research, a transient heat transfer reduced order model is explored in order to  

(1) Integrate nonlinear temperature dependent material properties  
(2) Construct the ROM to include additional sources of nonlinearities such as radiation 

boundary conditions, temperature dependent source heating terms, and complex 
geometry 

(3) Develop a single robust ROM for use in predicting over a wide domain 

1.5 Paper Organization 

In this work, a reduced order model was developed to account for various sources of 
nonlinearities.  A 1D ROM was initially developed and progressively enhanced to address 
nonlinear material properties, radiation boundary conditions, and nonlinear source terms.  A 
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variety of material types were investigated for optimal accuracy and computational speed.  The 
same ROM framework was then extended to multiple dimensions to treat 3D/complex 
geometries. 

This work is presented in the following chapters organized in the following manner: 

 Chapter 2 – Detailed Reduced Order Model Development 
 Chapter 3 – Results for nonlinear material property treatment 
 Chapter 4 – Results for radiation boundary condition 
 Chapter 5 – Results for nonlinear source terms 
 Chapter 6 – Results for 3D/complex geometry 
 Chapter 7 – Conclusions and Future Work 
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2   Reduced Order Model Development 

A one-dimensional (1D) transient heat transfer model was developed that contains features to 
make the solution nonlinear including temperature dependent properties, radiation boundary 
conditions, and nonlinear source terms. A reduced order model (ROM) was developed based on 
POD and was specifically designed to account for the nonlinearities of this problem.  The ROM 
can then be used to provide computationally efficient solutions with different applied boundary 
conditions that are similar to that used to construct the ROM. 

An initial full sized Finite Difference model was developed to produce a solution set for use in 
the ROM as well as provide a comparison against the ROM results.  Proper Orthogonal 
Decomposition was used on the full solution set to identify key characteristics within the data 
and generate a projection operator to approximate the system in a smaller subspace.  The reduced 
order equation is then solved, projected back to the original space, and compared to the full scale 
solution in terms of accuracy and solution times.   In order to treat complex geometry, a three 
dimensional Finite Element model is derived in order to produce a solution set for use in the 
ROM as well as provide a comparison against the ROM results.  This is done by using a 
commercially available program.  The same ROM developed for the 1D case is then applied to 
the 3D case.  

The following chapter describes how the one-dimensional (1D) and three-dimensional (3D) 
reduced order models were developed.  A detailed development is provided for the 1D case, 
outlining the methodology to account for nonlinear material properties, radiation boundary 
conditions, and nonlinear source heating terms.  The extension of the model into three 
dimensions is then described.   

2.1 One-Dimensional Heat Transfer Model 

A 1D transient heat transfer model was developed that contains features to make the solution 
nonlinear including temperature dependent properties, radiation boundary conditions, and 
nonlinear source terms. 

2.1.1 Governing Equations 

The 1D transient energy equation is 

 
∂T
∂t

= α
∂ T
∂x

  Equation 3 

At the boundaries, convection occurs along with a surface heat flux, u(t), applied at one face. 

 −k = u(t) + h (t) T , − T  ,  x = 0  Equation 4 

  −k = h (t) T , − T  ,  x = L  Equation 5 
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The initial temperature distribution is specified as 

 T = T (x),       t = 0 Equation 6 

Notice material properties (α) have been written initially as constant.   

2.1.2 Finite Difference Model  

In order to effectively reduce the system of interest, a solution set as a series of data points is 
needed in order to capture the phenomenon of interest. For this research, the heat transfer system 
is initially treated in a 1D transient Finite Difference model.  The physical and temporal domains 
are discretized into a series of grid points and used to evaluate a solution set ∈ ℝ  where m 
is the number of state variables (discretized points) and N is the number of time intervals.  The 
model was developed based on an implicit finite differencing scheme using a central differencing 
approximation for the spatial derivative and a backwards differencing approximation for the 
transient term. 

A typical interior node is discretized as –  

 
T − T

∆t
=

T − 2T + T
(∆x)

 Equation 7 

      

For the boundary at x = 0, 

 ∆
= + u(t) + h T − T

  

Equation 8 

  

For the boundary at x = L, 

 
∆

= + h T − T  Equation 9 

  

For the initial state at t = 0, 

 T =  T (x) Equation 10 

The result is a simultaneous set of equations for the temperatures at the grid points that can then 
be assembled into a state-space equation using matrices.   

 [E]
d
dt

= α[A] + [B]u(t) + [C] Equation 11 

 y= [D] T Equation 12 
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In the model, [E] is an identity matrix applied to the differential term.  [A] is a tridiagonal matrix 
that contains the spatial derivatives as well as the temperature dependent terms of the convection 
boundary conditions.  Matrix build is done using a built-in sparse matrix function.  [B] is column 
matrix that assigns the applied heat flux at the node of interest.  The matrix contains a definition 
for a single node.  [C] is a column matrix that contains the remaining portion of the convection 
boundary conditions.  The matrix only contains definitions for the two exterior nodes.  Last, [D] 
is a column matrix that can be used to pull out the results for a specific node of interest. For the 
purposes of this research, the full solution set as well as the node at the unexposed face were 
both investigated.   

2.2 Basic ROM Development 

A reduced order model (ROM) was develop based on Proper Orthogonal Decomposition (POD) 
and was specifically designed to account for the nonlinearities of this problem.  The ROM can 
then be used to provide computationally efficient solutions with different applied boundary 
conditions that are similar to that used to construct the ROM.   An initial full sized Finite 
Difference model is developed to produce a solution set for use in the ROM as well as provide a 
comparison against the ROM results.  Proper Orthogonal Decomposition is used on the full 
solution set to identify key characteristics within the data and generate a projection operator to 
approximate the system in a smaller subspace.   

For any given function of interest, the function can be approximated as a function z(x, t) over the 
domain of interest as a finite sum in a variables-separated form 

 ( , ) ≈ ∑ ( ) ( )   Equation 13 

 

With the understanding that as M approaches infinity, the approximation becomes exact.  It 
should be noted that there is no fundamental difference between x and t, however x is treated as a 
spatial coordinate and t as a temporal coordinate.   

POD is developed based on choosing φk to be an orthonormal basis function 

 ϕ (x)ϕ (x)dx =  1 if k = k
0 otherwise

  Equation 14 

 

Then it follows that 

 ( ) = ( , ) ( )  Equation 15 

Where ak(t) depends only on φk(x).  For this case, φk is selected so that it is orthonormal and so 
that M is as good as possible in a least squares sense.  These special ordered, orthonormal 
functions are called proper orthogonal nodes for the function z(x,t).   
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For a general system, consider that measurements of m state variables are taken at N instants of 
time.  All the data points can be arranged in a matrix A such that it is N x m.  The singular value 
decomposition of a matrix A is of the form: 

 A = UΣV  Equation 16 
 

Where U is an N x N orthogonal matrix, V is an m x m orthogonal matrix, the T superscript 
indicates the matrix transpose, and Σ is an N x m matrix with all elements equal to zero except 
along the diagonal.  The diagonal elements Σii are made up of r = min (N, m) nonnegative 
numbers i, which are arranged in descending order such that ≥ ≥ ⋯ ≥ ≥ 0.  The  
terms are called the singular values of A and are unique.  The rank of A equals the number of 
nonzero singular values it has.  Since the singular values are arranged in a specific order, the 
index k of the kth singular value is called the singular value number.   

The discrete version of POD uses the SVD – singular value decomposition – to reduce a data set 
in matrix form.  The discrete form of the POD Equation 13 is 

 A = QV =  q v  Equation 17 

  

Where the matrix A corresponds to the function z (x, t), column matrix qv corresponds to the 
function ak(t), and vk

T corresponds to the function φk(t).  This form of the equation is now exact 
because the dimension is finite.   

An optimal lower rank approximation of A can be obtained using a subset of the results obtained 
from the singular value decomposition.  The Σ matrix is reduced to Σk by setting all  values 
above rank k+1 equal to 0.  The reduced matrix Ak is then determined by 

 A = UΣ V  Equation 18 
 

The overall goal of this research is to most effectively approximate a large scale system by a 
much smaller subspace using this approach.  Now, a matrix of data points A RNxm can be well 
approximated by the smaller size matrix Ak Rkxk.  For computational purposes, a given matrix 
is decomposed using the singular value decomposition into U, Σ, and V matrices.  Then, an 
optimal reduced rank matrix Ak can be generated from Equation 18 by using the leading k x k 
principal minor matrix of Σ and replacing U and V with the matrices of their first k columns.   

For the case where m >> N, this would be a highly discretized system that has fewer evolutions 
per time, it is more efficient to first compute the matrix U as the matrix of eigenvectors AAT.  
This is referred to as the method of snapshots.   

In the model, a solution set was generated using Equation 11 and Equation 12 and the data set 
was then decomposed using the SVD such that S = UΣV using MATLAB’s built-in SVD 
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function.  It is then truncated to its first k columns to a reduced rank, now referred to as φ, and 
used as a projection matrix to reduce each of the matrices in the state space equation.  Optimal 
rank selection is further discussed in Section 3.3. 

It should be noted that it is common to subtract from each column of A the mean value of the 
column (Chatterjee [60]).  This shift allows for the data point cloud to be centered around the 
origin.  While this does not affect the calculations, it does affect the results interpretation. 
However, in recent research a case has been made for not subtracting the mean in.  POD analysis 
on in-cylinder engine flows was done with and without subtracting the mean (Chen [121]).  
Results indicated that when not subtracted, the coefficients of mode 1 reveal the extent to which 
the mean flow is present and its cycle-to-cycle variability.  This can be used to identify cycles 
with unusual conditions such as engine misfires.  It was concluded that the POD of V was more 
useful than V–(V).  In this research, the mean also was not subtracted from each column in the 
data set so that material properties could be evaluated directly in the ROM using temperature 
dependent functions.     

Using the previously developed state-space equation (Equation 11 and Equation 12) and the 
projection matrix, φ, a reduced order model was then created.  For constant material properties, 
the state space equation matrices do not update with the solution and the reduced order matrices 
are readily defined as 

 [E] =  ϕ [E]ϕ  Equation 19 

 [A] =  ϕ [A]ϕ Equation 20 

 [B] =  ϕ [B] Equation 21 

 [C] =  ϕ [C] Equation 22 

 [D] =  [D] ϕ Equation 23 

 =  ϕ  Equation 24 

 , =  ϕ  Equation 25 

 

With an overall reduced order system equation of the form -  

 [E]
d
dt

= α[A]  + [B] u(t) + [C]  Equation 26 

 y= [D]r  Equation 27 
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2.3 Temperature Dependent Properties Effects 

The ROM approach is extended to treat temperature dependent nonlinear material properties.  
Temperature dependent material properties were initially treated in a 1D transient Finite 
Difference model.  The same previously developed discretization model is updated for nonlinear 
material properties. 

2.3.1 Finite Difference Model 

A typical interior node is discretized as –  

 T − T
∆t

=
α T − 2α T + α T

∆x
 Equation 28 

      

For the boundary at x = 0, 

 ∆
= +

( )
+ (T − T )

  

Equation 29 

  

For the boundary at x = L, 

 
∆

= + (T − T )  Equation 30 

    

The result is a set of simultaneous equations for the temperatures at the grid points that can then 
be assembled into matrices.   

 [E]
d
dt

= [A(T)] + [B(T)]u(t) + [C(T)] Equation 31 

 y= [D] T Equation 32 

 

In the model, [A] is a tridiagonal matrix that contains the spatial derivatives as well as the 
temperature dependent terms of the convection boundary conditions.  For the full solution, 
material properties are determined at each time step as a function of temperature.  Temperature 
dependent functions for the specific heat and thermal conductivity are evaluated at a nodal basis 
and applied to the [A] matrix at each time step.  Matrix build is done using a ‘for loop’.  [B] and 
[C] are column matrices.   
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2.3.2 Average Nodal Temperature ROM for Nonlinear Materials  

For the case of temperature dependent material properties, additional steps must be taken to 
reduce the state space equation adequately while maintaining solution integrity.  Two approaches 
are presented here for comparison.  The first is to treat the material properties at the average 
temperature for each node.  Average temperature values are determined based on the snapshots 
generated by the full solution set.  The matrices are still constant however, a unique alpha value 
is now applied to each node.  It does not update with each time step.   

This approach is presented because taking the average temperature value at each node accounts 
for changing material properties.  Matrices are constant and still easily reduced.  However, the 
accuracy is lost over a large temperature range and results based on a single applied heat flux 
may not be able to represent other heat flux cases. 

Average nodal temps are determined from the solution set.  A single temperature vector is then 
used to create [A], [B], and [C] matrices, which are constant.  The ROM is created by reducing 
each matrix term just as in the case for constant material properties. 

2.3.3 Unique Nodal Temperature ROM for Nonlinear Materials 

Another approach is to consider by pulling the material properties out of the matrices all 
together.  The remaining content in the matrix is just the Taylor series approximation of the 
second order spatial derivative and is now constant and can be pre-computed.  The material 
properties, which are approximated by polynomial functions, are distributed to the appropriate 
matrix so that the coefficients are now matrix pre-multiplier, and the temperature is treated as a 
column matrix whereby material properties are determined on a nodal basis.   

The material properties are approximated by quadratic polynomial functions.  For example, 
thermal diffusivity and the inverse volumetric heat capacity are approximated by  

 α(T) =  c ∙ T + c ∙ T + c  Equation 33 

 
1

(T) =  c ∙ T + c ∙ T + c  Equation 34 

 

The material properties can also be treated on a unique nodal basis by creating vectors using the 
full temperature field vector and the polynomial coefficients.  When applied to a matrix, terms 
can be rearranged so that the coefficients are constants in front of the matrix and the temperature 
vector now appears to the right hand side of the matrix.  In the case of the first term in the state 
space equation, the [A] matrix contains the diffusion terms scaled by thermal diffusivity as well 
as the convection boundary condition terms scaled by the inverse volumetric heat capacity as 
shown in Equation 28, Equation 29, and Equation 30.  The [A] matrix is split into two constant 
matrices to account for each of these constituents. 
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By pulling the temperature term out as a vector that is then multiplied with matrix [A] using 
standard matrix multiplication, the unique nodal material properties and the relationship between 
neighboring nodes due to the Taylor series approximations are preserved. 

In addition, [A] is already being multiplied by vector T as a result of the model development, so 
the additional temperature terms from the material properties can be combined using an element 
wise power treatment. 

For example, the first term in the state space Equation 31 is expanded and rewritten as 

 α(T)[A] =  c [A ] + c [A ] + c [A ]
+  c [A ] + c [A ] + c [A ]  

Equation 35 

 

All of the matrices in the state space Equation 31 are examined in turn and expanded in a similar 
manner.  For the column matrices [B] and [C], element wise multiplication with the temperature 
vector is done to preserve unique nodal properties.  The fully expanded equation is as follows -  

 

[E]
d
dt

= c [A ] + c [A ] + c [A ]

+ c [A ] + c [A ] + c [A ]
+ c [B]u(t) ∘ + c [B]u(t) ∘ + c [B]u(t)
+ c [C] ∘ + c [C] ∘ + c [C] 

Equation 36 

 

The ODE is now explicitly written as a function of temperature only, and all other terms are 
constant.  Like terms, such as matrix terms c [A ] and c [A ], can now be combined and the 
overall equation reduced via Proper Orthogonal Decomposition.  In order to reduce the model, a 
slightly different approach is needed to effectively handle each term.  The POD projection 
matrix, φ, is generated the same way as previously stated in Section 2.2.3.  It should be noted 
however, that since the material properties in the ROM are evaluated at actual temperatures, the 
mean values are not subtracted from the snapshots when producing the POD projection matrix 
and when executing the ROM.  Each of the constant matrices ([E], [Adiff], [ABC], [B], [C], and 
[D]) are created and reduced using the same approach outlined in Equation 19 through Equation 
23. The reduced matrices are then scaled by the material coefficients as necessary and the like 
terms are then combined.  

Now, the temperature vector also has to be reduced, and is treated the same as in Equation 23.  
However, for the temperature terms in the model raised to a power, they must be treated a bit 
differently as the exponents apply in a piece wise manner in order to reflect the unique nodal 
treatment.   

The following is proposed for any exponent n greater than 1 -  

 =  ϕ (ϕ )  Equation 37 
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Where the reduced temperature vector is first projected back to the original space, then raised to 
a power in a piece wise manner, and the result is then projected to the subspace again.   

The final reduced order model is now 

 

[E]
d
dt

= (c [A ] + c [A ] )

+ (c [A ] + c [A ] )
+ (c [A ] + c [A ] )  

+c ([B] u(t) + [C] ) ∘ + c ([B] u(t) + [C] ) ∘
+ c ([B] u(t) + [C] ) 

Equation 38 

 

Note all of these terms except the temperature vector are constant and can be pre-computed. 

2.4 Boundary Condition Effects 

The ROM approach is extended to treat radiation boundary conditions. 

2.4.1 Governing Equations 

The 1D transient energy equation and boundary conditions are updated to include radiation. 

 −k(T) = u(t) + h T , − T + − ,  ,  x = 0 Equation 39 

 −k(T) = h T , − T + − ,  ,          x = L Equation 40 

The fourth order polynomial terms for radiation require excessive computational effort.  To 
minimize that while maintaining a close approximation, the equations are linearized such that a 
new heat transfer coefficient, h, is defined based on a combination of the convection and 
radiation terms in Equation 41. 

 h = h + h  Equation 41 

 h =  ϵσ T + T  ∙ (T + T ) Equation 42 

 −k(T)
∂T
∂x

= h ∙ T − T   Equation 43 

The heat transfer coefficient term is generalized here.  However, the heat flux given by Equation 
43 is determined uniquely at each face for either the heated (x = 0) or unheated (x = L) surface.   

2.4.2 Finite Difference Model – Snapshot Generation 

The previously developed discretization model is updated for radiation boundary conditions at 
the surfaces by incorporating the updated heat transfer coefficient term from Equation 41.  This 
results in a slightly modified version of Equation 31. 
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In the updated model, [A] is a tridiagonal matrix that additionally contains the temperature 
dependent terms of the linearized radiation boundary conditions.  Also, the column matrix [C] is 
updated to reflect the ambient temperature terms of the linearized radiation boundary conditions.   

2.4.3 Radiation Boundary Condition ROM 

The radiation term is included in the ROM by amending the boundary treatments in the [ABC]r 
and [C]r matrices from Equation 38.  First, constant matrices [ABC] and [C] are generated by 
evaluating the radiation term (Equation 42) using the average boundary temperatures at each face 
from the snapshots.  These constant matrices are then reduced and solved by using the same 
approach previously outlined. 

2.5 Source Term Effects 

The ROM approach is extended to treat temperature dependent nonlinear source terms. 

2.5.1 Governing Equations 

The 1D transient energy equation is updated to include a generalized source heating. 

 
∂T
∂t

= α(T)
∂ T
∂x

+
1

ρc (T)
S(T)   Equation 44 

2.5.2 Finite Difference Model – Snapshot Generation 

Similar to the radiation term, if the source heating term is a nonlinear function of temperature, an 
iteration procedure can be employed by linearizing the source term as a first order Taylor series 
approximation. 

 S = S +
dS
dT

(T − T )  Equation 45 

The source term can now be expressed with two coefficients as shown in Equation 46. 

 S(x) = S (x) − S (x)T Equation 46 

This is a convenient form of the source term as it allows for usual internal heat generation, fin 
like terms, other linear approximations of nonlinear physics, and is in general a useful 
mechanism to iterate nonlinear problems.  In this case, the [A] matrix is updated to include the Sp 
terms and the [C] matrix is updated to include the Sc terms in Equation 31.  For source heating in 
a different form that may not be well approximated by a linear term, such as an exponential term, 
direct computation can be made within the [A] matrix.  The POD projection matrix is created the 
same way as previously presented 
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2.5.3 Nonlinear Source Term ROM 

In this research, the focus is on creating a ROM from a state-space equation that has polynomial 
form dependent variables.  For constant coefficient values, the [Asource] matrix is created to 
contain the Sp terms and the [C] matrix is updated to include the Sc terms.  The [Asource] matrix is 
a square matrix with source heating terms contained only on the diagonal.   

 

[E]
d
dt

= c [A ] + c [A ] + c [A ] 

+ c [A ] + c [A ] + c [A ]  
+ c [A ] + c [A ] + c [A ]  

+c [B]u(t) ∘ + c [B]u(t) ∘ + c [B]u(t) 
+c [C] ∘ + c [C] ∘ + c [C] 

 

Equation 47 

This is a linearized treatment of the source term, which represents a “fin-like” term, but can 
easily be extended to higher order polynomials, etc.  Any additional polynomial temperature 
dependencies can be treated similar to the material properties where the coefficients are 
combined with the material property coefficients and the temperature terms are combined with 
the temperature vectors.  The matrices are then reduced using the POD projection matrix using 
the same procedure previously presented. 

2.5.4 DEIM Algorithm 

For other types of nonlinear source terms that cannot be well represented by a polynomial 
function, such as exponential sources, an alternate secondary computational treatment is 
required.  The Discrete Empirical Interpolation Method (DEIM) technique can be used with POD 
to effectively create a reduced order representation for the nonlinear terms.  This previously 
developed method is used to select a set of interpolation indices used to approximate the 
nonlinear term.  

DEIM is used on the general equation of the form in order to reduce the F(y(t)) term so it is 
mathematically compatible with the other terms 

 
∂
∂t

(t) = (t) + ( (t))  Equation 48 

The computational complexity of the nonlinear term F still depends on the size of the initial fully 
discretized system.  In order to achieve a reduced basis specifically for this term, a projection 
term is determined based on a series of interpolation indices which are selected by minimizing 
error. 

Consider setting up the state space equation so that the source terms are separated from the 
diffusion terms as in Equation 49. 
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 [E]
d
dt

= [A(T)] + [B(T)]u(t) + [C(T)] + [D ] Equation 49 

In the form provided by Equation 49, a solution set of temperature snapshots due to just the 
[Dsource] matrix can be isolated and used to create a separate projection matrix.  Using the data set 
associated with just the source term, the DEIM algorithm is then used to determine a set of 
interpolation indices using the previously developed algorithm shown in Figure 3.    

 
Figure 3. Discrete Empirical Interpolation Method (DEIM) algorithm for nonlinear model 

reduction (Chaturantabut [108]) 

The [Dsource] matrix is then reduced using the DEIM generated projection matrix and is now the 
same dimension as the other reduced matrices.  All other terms are reduced using previously 
developed methodology with POD, including nonlinear material property treatment. 

2.6 Steps for ROM Generation and Testing 

Snapshots were generated by using the 1D finite difference model.  The results were 
decomposed using the Singular Value Decomposition Technique and used to create a projection 
matrix in order to reduce the full scale problem.  The ROMs presented above are solved by 
MATLAB R2016 using a built-in ODE solver.  The reduced space solution sets are then re-
projected back to the original space using the POD projection matrix and compared to the full 
solution. 

Comparison is made by looking at both run times and accuracy.  Computational run times are 
captured when the full solution is generated, when the POD projection matrix is created, and 
when the ROM is solved.  Accuracy was assessed in multiple ways.  One approach was by 
looking at the absolute error between the full solution and re-expanded solution at all 
discretization points.  The result was a surface of errors that can be used to visually assess where 
in the solution set the ROM may be less effective (boundaries, steady state, etc.).  Additionally, 
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the relative POD error was determined by looking at the norm of the difference between the two 
surfaces over the norm of the full solution set. 

 Relative Error =  
norm T − T

norm(T )
 Equation 50 

 

This provides a single error value that can be used to assess the overall fit of a single solution 
and is used to compare across multiple ROM solutions.  Optimal rank was determined for each 
material and discretization effects were studied.  The ROMs were then used to estimate material 
response for applied heat fluxes unknown a priori.   

2.6 Three-Dimensional Transient Heat Transfer 

The ROM approach is extended to treat the domain of interest in three dimensions.   

2.6.1 Governing Equations 

The 3D transient energy equation is 

 = α(T) + + +
( )

S(T)  Equation 51 

 

 −k(T) = u(t) + h T , − T  ,   x = 0 Equation 52 

 −k(T) = h T , − T ,    x = Lx Equation 53 

 −k(T) = h T , − T  ,  y = 0 Equation 54 

 −k(T) = h T , − T ,     y = Ly Equation 55 

 −k(T) = h T , − T  ,  z = 0 Equation 56 

 −k(T) = h T , − T ,    z = Lz Equation 57 

Boundary conditions are needed for every direction.  A heat flux is applied at x = 0 as an 
example, but can be applied to any face.  Temperature dependent material properties are retained 
and for this research are isotropic.   

2.6.2 Commercial Code – Snapshot Generation 

Snapshots can be generated by developing a unique FEM code to process a specific problem or 
by using the results from a 3rd party commercial software.  Commercial software can be used to 
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effectively reproduce the geometry, apply boundary conditions and source terms, generate a 
suitable mesh, and provide unique nodal temperatures for a range of times.    

In this case, a simple 3D cube model was generated in Abaqus version 6.13-3.  A uniform mesh 
was created using an 8 node linear brick element type (DC3D8) typical for multidimensional 
heat transfer.  Initial temperature and boundary conditions were applied as described above 
including convection at all the boundaries and an applied heat flux at one surface.  The model 
was then executed for an extended time length, and both the mesh definition and thermal data 
points were exported for additional processing. 

2.6.3 3D ROM Development  

For this research, all nonlinearities previously treated in a 1D transient Finite Difference model 
are extended to a general 3D transient Finite Element model.   

A POD projection matrix is created similar to the previous 1D method.  The snapshot data were 
arranged into a matrix so that m state variables (nodes) were taken at N instants of time.  Again, 
all the data points can be arranged in a matrix A such that it is N x m.  Nodes can be arranged in 
any order.  In this case, nodes were organized by increasing node number.  The POD projection 
matrix is then created the same manner as presented. 

In order to create a reduced order model, a function is required.  The previously developed state-
space equation (Equation 31 and Equation 32) can be utilized, however the associated matrices 
are reconstructed using an FEM multi-dimensional approach. 

Using an 8 node brick element type, a typical interior element is discretized in all three 
dimensions as –  

 

T − T
∆t

=
α , , T , , − 2α , , T , , + α , , T , ,

∆x
 

+
α , , T , , − 2α , , T , , + α , , T , ,

∆y
 

+
α , , T , , − 2α , , T , , + α , , T , ,

∆z
 

 

Equation 58 

For a uniform mesh, this function can be easily reduced down.  The boundary conditions are 
updated similarly to reflect multiple dimensions.  The result is a set of simultaneous equations 
for the temperatures at the grid points that can then be assembled into matrices identical to the 
form provided in Equation 31 and Equation 32. 

For the multi-dimensional ROM, the matrices used in the state space equation require a bit more 
effort to generate.  The most critical element is assembling the square [A] matrix correctly as this 
captures the spatial relationship between the nodes.  In order to assemble this matrix, a mesh map 
was created in order to identify neighboring nodes and correctly assemble the spatial matrix [A].  
The mesh definition, which includes node number and three dimensional coordinates, was 
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imported into MATLAB.  The spatial coordinates were then converted to integer nodal 
coordinates by using the nodal spacing. The neighbors of each node can then be quickly 
identified by incrementing nodal coordinates in each direction. This allows the matrix to be 
quickly and easily built in MATLAB for use in the ROM.  The result is a sparsely banded m x m 
matrix. 

The mesh map is also used to identify nodes that lie on all the surfaces.  The boundary conditions 
are applied to select nodes in the [A] matrix and [D] column vector as well as identify the nodes 
with the incident heat flux used in the [B] column vector.   The [C] column vector can then be 
adjusted to pull out any nodes of interest e.g. – points, edges, surfaces, etc.  The matrices are then 
reduced using the POD projection matrix using the same procedure previously presented.  
Material properties, boundary conditions, and source terms are also treated the same way as 
previously presented.  The ROM is then solved by MATLAB using a built-in ODE solver.  The 
reduced space solution sets are then re-projected back to the original space using the POD 
projection matrix and compared to the full solution.  If desired, the results can be displayed in a 
3D format by using the mesh map. 
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3   Nonlinear Material Property Results 

Few materials have properties that are constant, independent of temperature.  Most materials 
have properties such as specific heat and thermal conductivity that are uniquely tabulated as a 
function of temperature as linear or quadratic functions.  For nonlinear properties, basic 
problems that can be solved by hand usually use an estimated set of properties evaluated at an 
average temperature.   However, there is a loss of result accuracy over large temperature ranges 
when this strategy is employed.  The proposed model presented previously provides an approach 
to apply nonlinear material properties in heat transfer models while maintaining solution 
accuracy and decreasing the computational costs. 

3.1 Nonlinear Material Property Introduction 

Several materials with a wide range of material properties were investigated in the model.  An 
initial study was done comparing two reduced order models in order to assess ROM solution 
accuracy.  An Average Nodal Temperature ROM was created by applying constant and nodal-
specific material properties based on the average temperature for each node within the spatial-
temporal domain of based on the full solution set.  A Unique Nodal Temperature ROM was 
created by re-arranging the material property functions so that they are evaluated with 
temperature. Thermal response of materials that have nonlinear material properties are rapidly 
and more accurately predicted using the Unique Nodal Temperature ROM compared to the 
Average Nodal Temperature ROM. 

Through analysis of the POD projection matrix, a method for assessing the optimum reduced 
order rank was determined, and mode energies were investigated as a function of material 
property.  The model was then used to estimate material thermal response for applied heat flux 
values unknown a priori using a single POD projection matrix. 

3.2 Full Order Model Verification 

The two ROMs are created based on results from the same 1D transient heat transfer model.  The 
overall length for model domain was restricted to 0.0254 m.  The initial temperature was set to 
20 °C (298 K).  Convection boundary conditions at both faces were defined by a heat transfer 
coefficient of 15 W/m2∙K and an ambient temperature of 20 °C (298 K) was used.  Model 
solutions were generated for times up to 1000 seconds.  Initially, snapshots were generated for an 
applied heat flux of 25 kW/m2, and the results were used to create a POD projection matrix for 
use in the two ROMs.   

A range of materials properties were investigated using both the Average Nodal Temperature 
and Unique Nodal Temperature ROMs.  Temperature dependence for each of the properties 
varied amongst the materials and is categorized as temperature independent (constant), linear, or 
quadratic temperature dependence.  A summary of how each parameter was modeled is given 
below in Table 1. 
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Table 1.  Materials and properties for use in model 

Material Thermal 
conductivity,  

k(T) 

Specific heat 
capacity,  

( ) 

Density, 
ρ 

Thermal 
diffusivity,  

α(T) 

1/Volumetric 
heat capacity, 

(T) 

AA 5083-H116 Constant Constant Constant Constant Constant 
AA 6082-T651 Linear Linear Constant Quadratic Quadratic 
Stainless Steel 302 Quadratic Quadratic Constant Quadratic Quadratic 
Macor Quadratic Quadratic Constant Quadratic Quadratic 
Marinite Constant Linear Constant Quadratic Quadratic 
Unifrax Quadratic Linear Constant Quadratic Quadratic 
 

Materials are generally arranged based on decreasing thermal conductivity in Table 1.  The 
AA5083-H116 material with constant properties was used as a baseline as its material response 
is easy to predict, having constant material properties along with a fairly high thermal 
conductivity.  AA6082-T651 also has a higher thermal conductivity but has properties that 
change linearly with temperature for both the thermal conductivity and specific heats.  Stainless 
Steel 302 and Macor machinable ceramic have mid-range values for thermal conductivity.  Two 
materials with a low thermal conductivity, Marinite and UNIFRAX Ceramic Board, were also 
investigated.   

Functions for all the material properties were developed based on published values and are 
shown in Appendix A.  Values of thermal conductivity and specific heat capacity were either 
given as functions of temperature or tabulated at various temperatures.  The thermal diffusivity 
and the inverse volumetric specific heat terms were then determined at discrete temperature 
values and plotted as a function of temperature.  The resulting property distributions were 
analyzed using a polynomial fitting technique to create continuous functions for use in the ROM.  
Example material properties for AA6082-T651 are plotted as a function of temperature in Figure 
4. 
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Figure 4. Example material property functions as determined for AA6082-T651 – thermal 
conductivities and specific heats were given (left), and thermal diffusivity and the inverse 
volumetric heat capacity were determined (right) 

3.3 ROM Rank selection 

Reduced order modeling using POD depends on creating a projection matrix that was reduced, as 
developed by Equation 18.  This reduced rank matrix was used to capture the phenomenon of 
interest while using a limited amount of information in order to maintain accuracy but decrease 
computational time.  The question becomes how to determine the minimum rank necessary to 
achieve an optimal solution. Proper orthogonal decomposition of a discretized system provides 
additional insight into the data set, namely energy modes and energy content.  Previous research 
using POD on discretized systems suggests investigating the energy content with rank in order to 
determine an optimal value. This was done by looking at the eigenvalues, which are the squares 
of the singular values, determined by singular value decomposition.  Eigenvalues are produced 
for every rank as shown in Figure 5.   

 

Figure 5. Example output of eigenvalues from Singular Value Decomposition as a function of 
rank number 

Rank 
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Previously, a rule of thumb was presented so that minimum rank was chosen based on the energy 
content from the SVD that captured 0.999 of the energy as shown in Figure 6 (Chatterjee [60]).  
However, from a computational standpoint, that criterion was not always sufficient to generate 
representative solutions for the 1D heat transfer problem with nonlinear material properties.  A 
better approach was to look at the ROM solution accuracy as a function of rank and determine 
the rank at which the error stabilizes.   For this material, the rank associated with the 0.999 
energy content was used as a lower bound for the range.   

 

Figure 6. Example output of energy content from Singular Value Decomposition as a function of 
rank number 

Above a certain rank, the reported eigenvalues are smaller than the floating point accuracy of the 
program used.  For MATLAB, the floating point double precision accuracy as determined from 
the program itself is on the order of 10-16.  Therefore, the lowest rank associated with energy 
content of at least 10-16 is considered the upper bound for rank selection for any material. 

For each material, relative errors were plotted as a function of rank to determine at what rank the 
error stabilizes.  The average value ROM for nonlinear materials was used for this determination.  
From the example plot shown in Figure 7, for this particular material the error appears to 
stabilize at rank 3, therefore this rank was used on subsequent model/material investigations.  

 

Figure 7. Example plot of relative error as a function of rank 
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3.4 Average Nodal and Unique Nodal ROMs 

The Average Nodal Temperature ROM was developed as an initial attempt to capture material 
property changes with temperature and to validate the use of POD to predict material response 
and to establish the approach for investigating the models.  Material properties are determined at 
the average temperature for each node as a function of time.  Therefore, material properties are 
set once and not updated at time increments.  This is used as a comparison to the Unique Nodal 
Temperature ROM.  The Unique Nodal Temperature ROM is a refined approach to handle any 
set of material properties across a wide range of temperatures.  In this model, material properties 
are updated at every node at each time increment as a function of temperature.  Both models are 
initially verified using a material with constant properties so that the use of POD can be validated 
and to check the implementation of both models.  The models are then extended to more 
complex material properties and compared to each other for differences in accuracy. 

3.4.1 AA 5083-H116 

The AA 5083-H116 material properties were used as a baseline for ROM development 
verification and validation, and to establish the approach for investigating the two models.  
Snapshots were initially generated for this material using a spatial discretization of 1000 nodes 
and a temporal increment of 1 second for a full time domain of 1000 seconds.  By looking at the 
POD energy content from the SVD for various ranks and numerical accuracy, rank range was 
determined to be between r = 3 and r = 7 based on the error stability criteria.   
 
Using the Average Nodal Temperature ROM approach, ROMs were then generated for each rank 
and compared to the snapshots in terms of solution time and accuracy in order to determine the 
minimum optimal rank.  Time ratios were determined by dividing the Full Order Model (FOM) 
solution time by the ROM solution time.  Results are plotted as a function of rank in Figure 8.  
From the plot on the left, it is shown that the time ratios decrease with increasing rank.  Since the 
snapshot generation times are the same in each case, the ratio changes are due to the ROM 
solution times slightly increase with increasing rank.  As to be expected, the increase in rank 
equates to adding columns to POD projection matrix thus an increase in computational time.  
The plot on the right indicates that the error stabilizes at rank r = 3. 
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(a) (b) 

Figure 8. Plots of AA 5083-H113 using the Average ROM (a) Ratio of FOM vs. ROM solution 
times and (b) Relative Error using the average nodal ROM model 

The effects of discretization were also investigated using the optimal rank.  Results are presented 
in Figure 9.  From the results shown in Figure 9 (a), as to be expected, ROM efficiency increases 
with an increase in discretization nodes. This is due to the increase in time to generate the 
snapshots while the ROM solution time remains constant.  However, from Figure 9 (b), with the 
increase in nodes comes an increase in the time to generate the POD projection matrix since the 
snapshot data set that is being decomposed is increasing in size.  Last, Figure 9 (c) indicates the 
error is slightly decreasing with an increase in nodes.  However, the actual errors are on the order 
of 10-3 and remain within a fairly narrow range for this material.  A discretization scheme of 
1000 nodes was used for the remainder of the investigation. 
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(a) (b) 

(c) 

 
Figure 9. Average Nodal Temperature ROM results for the discretization study on AA 5083-

H116 (a) solution time ratio, (b) POD generation time, and (c) Relative Error plotted as a 
function of increasing discretization using  

The Unique Nodal Temperature ROM was investigated similarly.  Using the Unique Nodal 
ROM approach, ROMs were also generated for each rank and compared to the snapshots in 
terms of solution time and accuracy in order to determine the minimum optimal rank.  Results 
are plotted as a function of rank in Figure 10.  Looking at the rank analysis, Figure 10 (a) shows 
similar time scale results for this model.  From the plot of error with rank, Figure 10 (b) indicates 
that the Unique Nodal ROM also is best suited at rank r = 3.  As expected, the error results from 
both the Average Nodal and Unique Nodal ROMs were the same given the constant material 
properties. 
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(a) (b) 

Figure 10. Plots of AA 5083-H113 from Unique Nodal Temperature ROM (a) ratio of snapshot 
solution times vs. ROM solution times and (b) Relative Error using the Unique Nodal ROM 

model 

Results were then generated using the two ROM approaches with 1000 spatial nodes.  
Comparisons were made against the full snapshot solution set, generated using the 1D Finite 
Difference code as shown in Figure 11. From the full solution set, the temperature profile across 
the sample is flat at every time step as expected due to the material’s higher thermal 
conductivity.  Run times and accuracy were generated for each ROM and are summarized in 
Table 2.  As to be expected, the snapshot, POD generation, and ROM solution times are very 
similar for the two approaches due to the constant thermal properties.  It is important to note that 
since the ROM is an approximation method, it is possible to observe a “ringing” in the solution if 
insufficient rank is chosen.  As seen in Figure 11, there is no “ringing” or oscillations in the 
solution and it is smooth. 

 

 

Figure 11. Full solution snapshots for AA 5083-H116 

Table 2. Comparison between the two ROMs for AA 5083-H116 

Metrics Average Nodal ROM Unique Nodal ROM 
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Snapshot Solution time (s) 5.95 4.32 
POD generation time (s) 0.51 0.41 
ROM Solution Time (s) 0.27 0.24 
t FOM/t ROM 21.85 17.85 
Relative Error =  
norm (Y-yp)/norm(Y) 

1.73E-4 1.72E-04 

 

A summary of the models’ results are shown in Figure 12, the Average Nodal ROM solution is 
in the left column, while the Unique Nodal ROM  solutions are in the right column.  Overall, 
both ROMs predict the material response well for this particular material with constant 
properties, and as expected the ROMs produce results that are identical.  A method is established 
for determining optimal rank for use in the ROMs, and the effects of discretization initially show 
how run times are affected by mesh density.   

 

 

 

 

Average Nodal ROM Unique Nodal ROM 
(a) 

 

(b) 

 
(c) 

 

(d) 

 
(e) (f) 
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(g) 

 

(h) 

 
Figure 12. Plots of re-expanded ROM solutions (a) Average and (b) Unique Nodal, errors for 
ROM solution surfaces (c) Average and (d) Unique Nodal, unexposed surface ROM (red) vs 
snapshot (blue) solutions for (e) Average and (f) Unique Nodal, and unexposed surface ROM 

solutions errors for (g) Average and (h) Unique Nodal.  

3.4.2 Unifrax Ceramic Board 

The two models were then used to investigate a variety of materials including Unifrax ceramic 
board.  This material is particularly challenging to predict as its thermal conductivity is very low 
and also changes dramatically with temperature.  Lower conductivity values drive significant 
spatial variations in the temperature field.  The model properties were updated and the same 
initial and boundary conditions were applied.  The full order model solution from the 1D 
transient heat transfer model using Unifrax is shown below using a spatial discretization of 1000 
nodes and a time increment of 1 second.   
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Figure 13. Full solution snapshots for Unifrax 

The exposed heat flux face (x = 0) changes temperature rapidly and then levels off, while the 
unexposed face (x = 0.0254) is slow to experience a temperature increase.  The result is a 
complex solution surface that curves dramatically in both the spatial and temporal domains.   

Using the approach outlined above, errors determined at increasing rank using the Average 
Nodal Temperature ROM in order to determine an optimal rank are provided in Figure 14.    For 
this material, ROM solution effectivity decreases slightly with increasing rank as shown in 
Figure 14(a).  Looking at the change in error with rank Figure 14(b), there is an initial drop in 
error and then some oscillations are present.  Due to the complex nature of this material, rank r = 
5 was chosen beyond these fluctuations in order to ensure more accurate results from the model.  
It should be noted that using the energy content approach for rank selection, shown in Figure 15, 
would have resulted in using rank r = 2 which would not have sufficiently captured the material 
behavior across the entire spatial-temporal domain.  Again, since the ROM is an approximation 
method, it is possible to observe a “ringing” in the solution if insufficient rank is chosen.  As 
seen in Figure 14, there is no “ringing” or oscillations in the solution and it is smooth. 

 

 

 

(a) 

 

(b) 
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Figure 14.  Plots of Unifrax rank results from the Average Nodal Temperature ROM (a) ratio of 
snapshot solution times vs. ROM solution times and (b) Relative Error using the Unique Nodal 

ROM model 

 

Figure 15. Output of energy content from Singular Value Decomposition as a function of rank 
number for Unifrax. 

Run times and accuracy were generated for each ROM and are summarized in Table 3.  As to be 
expected, the snapshot, POD generation times are very similar.  The ROM solution time are 
almost twice as long for the Unique Nodal ROM which is likely due to the increased effort 
needed by the solver to handle the higher order material properties.  The result is a speed up that 
is still significant (50 times), but not as high as with the Average Nodal ROM (92 times).  There 
is significant difference also in the relative error.  The relative error produced by the Unique 
Nodal ROM solution is smaller than the Average Nodal ROM error. 

Table 3. Comparison between the two ROMs for Unifrax 

Metrics Average Nodal ROM Unique Nodal ROM 
Snapshot Solution time (s) 18.44 18.39 
POD generation time (s) 0.37 0.35 
ROM Solution Time (s) 0.20 0.36 
t FOM/t ROM 92.11 50.64 
Relative Error =  
norm (Y-yp)/norm(Y) 

8.06E-02 1.75E-03 

 

A summary of the models’ results are shown in Figure 16, the Average Nodal ROM solution is 
in the left column, while the Unique Nodal ROM  solutions are in the right column.  Overall, the 
Unique Nodal ROM predicts the Unifrax material response better than the Average Nodal ROM.  
Looking specifically at the re-expanded solutions, Figure 16 (a) and (b), the Uniquely Nodal 
ROM captures the solution better across the entire node set at the largest time increment.  
Additionally, the steep change in temperature for the node at the exposed heat flux face is better 
represented in the Unique Nodal model.  Looking at the overall errors, Figure 16 (c) and (d) as 
well as Figure 17(a) and (b), shows that the scale of errors across the entire domain is decreased 
by a full order of magnitude.  Last, Figure 16 (e) and (f), which show the actual results at the 
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unexposed surface, further show that the Unique Nodal ROM more fully captures the material 
response.     

Average Nodal ROM Unique Nodal ROM 
(a) 

 

(b) 

 
(c) 

 

(d) 

 
(e) 

 

(f) 

 
Figure 16. Plots of re-expanded ROM solutions for Unifrax material (a) Average and (b) Unique 
Nodal, errors for ROM solution surfaces (c) Average and (d) Unique Nodal, unexposed surface 

ROM (red) vs snapshot (blue) solutions for (e) Average and (f) Unique Nodal. 

Average Nodal ROM Unique Nodal ROM 
(a) (b) 
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Figure 17.  Plots of re-expanded ROM solutions for Unifrax material unexposed surface ROM 

solutions errors for (a) Average and (b) Unique Nodal. 

The method for determining optimal rank in the ROMs appeared to work well, and is an 
improvement from previous work.  In particular, the Unique Nodal ROM evaluates the 
temperature dependent properties within the ROM and results in a solution that is better 
approximated in both space and time.  Previous research has also shown that re-projecting a 
ROM solution back to the original space may result in a loss of accuracy (Antoulas [1]).  That 
does not appear to be the case for either ROM. 

3.5 Increased Spatial Discretization 

A study was performed to evaluate the impact of increasing spatial discretization for two 
materials (AA 5083 and Unifrax).  After establishing the optimal rank for each material, 
discretization effects were investigated by holding all parameters constant except for the spatial 
increment.  Spatial increments of 100, 250, 750, 1000, 5000 evenly spaced nodes were 
investigated while the temporal increment was held constant at 1 second.  Full solution snapshot 
times, POD generation times, ROM solution times, and POD relative error was captured for each 
increment.  Results were plotted as a function of discretized nodes.  The ratio of time to produce 
a full solution versus the time to execute the ROM was plotted against node count.  This 
investigation was done using the Unique Nodal Temperature ROM.  The results provide a sense 
of scale on how effective a ROM approach might be for other discretized systems with a larger 
mesh size.   

Results for the AA 5083 material are presented in Figure 18.  The results in the Figure 18(a) 
demonstrate that the efficiency of the ROM run time increases dramatically with mesh density 
while POD generation times (see Figure 18(b)) and ROM errors remain relatively flat (see Figure 
18(c)).  Errors across the solution surfaces are shown for 50 nodes and 5000 nodes (see Figure 
18(d) and (e)), and show a similar range of errors across the solution domain.    

 

(a) (b) 
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(c) 

 
(d) (e) 

Figure 18. Plots of advanced discretization results for AA 5083 material using Unique Nodal 
Temperature ROMs (a) ratio of snapshot solution times vs. ROM solution times, (b) POD 

generation times, (c) Relative Error, (d) surface errors for 50 nodes, and (e) surface errors for 
5000 nodes.   

Results for the Unifrax material are presented in Figure 19. Similar to the AA 5083 results, the 
Unifrax simulation results in Figure 19(a) show that the efficiency of the ROM run time 
increases dramatically with mesh density while ROM errors remain relatively flat and POD 
generation time starts to increase significantly with larger mesh size up to 1000 nodes (see 
Figure 19(b)).  Errors across the solution surfaces are shown for 50 nodes and 10 000 nodes (see 
Figure 19 (d) and (e)), and show a similar range of errors across the solution domain.     
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(a) (b) 

(c)  

 
(d) 

 

(e) 

 

Figure 19. Plots of advanced discretization results for Unifrax material using Unique Nodal 
Temperature ROMs (a) ratio of snapshot solution times vs. ROM solution times, (b) POD 

generation times and (c) Relative Error, (d) surface errors for 50 nodes, and (e) surface errors for 
5000 nodes.   
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3.6 Estimated Heat Flux Results 

Ultimately, one would want to use the ROM to predict the material response when exposed to 
boundary conditions different than those used to construct the ROM.   The ROM was then 
investigated as a method to predict material responses for other applied heat flux values using a 
single POD projection matrix as an additional way to save computational time.  This 
investigation was done using the Unifrax material.  Several different PODs were created using a 
variety of initial inputs to generate snapshots and determine an optimal projection matrix as 
shown in Table 4.  This included lower and higher constant heat flux values as well as a step 
function and a ramp function.  The step function is defined with 5 step intervals from 0 to 200 
(kW/m2) evenly spaced within the time domain.  The ramp function is a linear ramp from 0 to 
200 (kW/m2) within the time domain.  POD projection matrices were determined for each of the 
input functions (known heat fluxes).  They were then applied to the ROM and used to estimate 
material responses for unknown applied heat flux values.    The results from the ROM were 
compared back to separately determined full order model results using the unknown applied heat 
flux. 

Table 4. Table of Initial Heat Flux values used to create a ROM and the associated heat flux 
values that are investigated by the ROM 

Known Heat 
Flux 

(kW/m2) 

Estimated Heat Flux Values 
(kW/m2) 

5 - 10 25 50 100 150 200 
25 5 10 - 50 100 150 200 
50 5 10 25 - 100 150 200 

Step Function 5 10 25 50 100 150 200 
Ramp Function 5 10 25 50 100 150 200 
 

The error results for all of the ROMs are presented in Figure 20.  From the plot, the ROM 
created from the lowest heat flux, u(t) = 5 kW/m2, predicts material response fairly well up to 50 
kW/m2.  Beyond that, the model is no longer effective.  Increasing the initial heat flux term leads 
to better material prediction at both higher and lower estimated heat flux values.  This is likely 
because these PODs contain information about the system response for a larger temperature 
range.   The PODs based on a higher maximum input heat flux predict other heat flux results that 
are equivalent or lower.  
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Figure 20.  Relative errors for each ROM shown for estimated heat flux values. 

The results presented in Figure 21 show the ROM computational times for re-use after the initial 
set of snapshots are generated, the POD is determined, and the ROM is created.  From the plot, 
the ROMs all performed at generally the same speeds, however the ROM from the step function 
was on average 7% faster across the full range of estimated heat flux values.  Based on both 
speed and accuracy, the step function is the optimal choice for generating an initial ROM to 
estimate these additional unknown heat flux values.   

  

 

Figure 21. Computational re-use times for ROMs developed from various input conditions used 
to estimate unknown Heat Flux Boundary Conditions. 

3.7 Summary 

Nonlinear temperature dependent material properties were treated in the full order model and in 
two ROMs.  Optimal rank was determined by looking at errors as a function of rank, and 

Heat Flux Boundary Condition 

ROMs 

Heat Flux Boundary Condition 

ROMs 
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identifying the lowest rank where errors stabilized.  An Average Nodal Temperature ROM was 
developed using constant temperature properties determined at time-averaged temperatures.  A 
Unique Nodal Temperature ROM was then developed to determine material properties uniquely 
at each time step as a function of temperature.  The Unique Nodal Temperature ROM reduced 
errors by an order of magnitude and still achieved a computational efficiency of over 50 times 
the full scale model for Unifrax properties in a lower mesh density (n = 1000).  Mesh density 
was further investigated up to 5000 nodes using the Unique Nodal Temperature ROM and AA 
5083 and Unifrax material properties.  Scaling up in mesh density resulted in a computational 
efficiencies of around 10 000 over the full scale model while errors remained flat. 
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4   Nonlinear Boundary Conditions Results 

Radiation plays a large role in affecting material response at high temperatures.  While other 
boundary conditions such as convection are easily modeled, the nonlinear nature of the radiation 
term makes it computationally expensive.  A method of linearizing the radiation term allows it to 
be integrated into a full scale model while still providing accurate results.  The proposed model 
presented here provides an approach to incorporate the radiation boundary condition terms 
within the reduced order model while maintaining accuracy and decreasing the computational 
costs.    

The previously developed Unique Nodal Temperature ROM developed in Section 2.3.3 was 
advanced to include radiation terms at the boundaries.  Several materials with different 
emissivity values were investigated in this research.  Optimal rank was determined by the 
previously presented error-based method, and results showed that the additional nonlinearity at 
the boundaries required a higher rank.  The results were then further investigated by use of POD 
Modal Energy Analysis in order to confirm that additional rank was needed to resolve fitness at 
the boundaries.  

4.1 Full Order Model Verification 

The 1D transient model in MATLAB was updated to include radiation effects at the boundaries.  
This model development is detailed in developed in Section 2.4.3.  The model was verified using 
a 3D Abaqus model modified to restrict heat transfer to one dimension.  As shown in Figure 22, 
a 3D rectangular prism was constructed with one dimension much larger than the other two, and 
one dimensional heat transfer configuration was imposed by insulating the faces parallel to the 
length.  The overall length for the validation model domain was 1 m.  The initial temperature 
was set to 0 °C (273 K).   Convection boundary conditions at the small faces were defined by a 
heat transfer coefficient of 1 W/m2∙K and an ambient temperature of 0 °C (273 K) was used.  
Radiation boundary conditions were also defined at these faces using the same ambient 
temperature and an emissivity of 0.5.  Constant material properties were used, and the surface 
heat flux applied at one face was 1 W/m2.  The model was run to steady state. 
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Figure 22. Abaqus 3D model used for verification on 1D finite difference model. 

The results from the 1D finite different model in MATLAB and Abaqus are provided in Figure 
23.  From the plot, the full order model predicts radiation boundary conditions as well as the 
known commercially available software.  Comparing 5 equally spaced nodes with the sample, at 
the worst case the 1D finite difference code was able to predict within 0.1% of the Abaqus 
model. 

 

Figure 23.  Results from full order finite difference model (symbols) and Abaqus model (lines) 
using radiation boundary conditions. 

The finite difference model was then updated to assess radiation boundary conditions in 
conjunction with real material properties, with and without nonlinear temperature dependence.  
The problem was also updated to reflect realistic physical conditions.  The overall length for 
model domain was 0.0254 m.  The initial temperature was set to 20 °C (298 K).  Convection 
boundary conditions at both faces were defined by a heat transfer coefficient of 15 W/m2∙K and 
an ambient temperature of 20 °C (298 K) was used.  Radiation boundary conditions were also 
added at both faces and were defined with a settable emissivity value and the same ambient 
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temperatures used in convection conditions.  Model solutions were generated for times up to 
1000 seconds.  Initially, snapshots were generated for an applied heat flux of 25 kW/m2, and the 
results were used to create a POD projection matrix for use in the ROM.   AA 5083 and Unifrax 
material properties were then used to investigate radiation effects at the boundaries.  Worst case 
emissivity values of 0.9 were used in both cases. 

Full order 1D model solutions are shown in Figure 24 for constant property AA 5083 material 
with convection only boundary conditions as well as convection and radiation boundary 
conditions.  From the results, the AA 5083’s constant material properties are such that there is a 
very weak thermal gradient within the sample.  The addition of the radiation boundary condition 
decreases the temperatures experienced by the material by approximately 100 K at maximum 
time compared to the case with convection only. 

  
Figure 24.  Full order model solutions for AA 5083 with convection boundary conditions only 

(left) and with convection and radiation boundary conditions (right). 

Full order 1D model solutions are shown in Figure 25 for highly nonlinear temperature 
dependent Unifrax material with convection only boundary conditions as well as convection and 
radiation boundary conditions.  From the plot, Unifrax has a significant thermal gradient within 
the sample, and the additional radiation boundary condition drives the response temperatures 
down by around 700 K through the sample.  This demonstrates that radiation boundary effects 
can significantly affect material response and need to be accounted for in a reduced order model. 
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Figure 25. Full order model solutions for Unifrax with convection boundary conditions only 
(left) and with convection and radiation boundary conditions (right). 

 

4.2 POD Rank selection 

Rank was investigated to determine if the radiation nonlinearity drives changes to the POD 
projection matrix rank for an associated material.  The previously developed method of assessing 
error stability with increasing rank was used to determine optimal rank.  The addition of the 
radiation term affects the optimal rank for each material.  Plots of eigenvalues as a function of 
rank are shown for AA 5083 material for a case with convection only and a case with convection 
and radiation are shown in Figure 26.  The plot is restricted to the first 20 eigenvalue ranks for 
clarity.  The eigenvalue sets are very similar, however there is a slight difference starting at Rank 
4 and then there is a noticeable separation between the eigenvalue sets at Rank 7.  Individual 
energy modes (solution sets corresponding to individual ranks) are further explored in Section 
4.4. 
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Figure 26. Eigenvalues for AA 5083 POD with convection only (diamond) and with convection 
and radiation boundary conditions (circle) 

POD analysis may be used to determine how impactful the nonlinearities will be to the solution 
set.  From the 5083 simulation, there are several important implications.  The first is that with the 
addition of the radiation term nonlinearity shows up in the energy content, and therefore POD 
analysis can be used to identify the addition of nonlinearities.  The second is that the energy 
content decreases at rank 3 for this material.  Since the eigenvalues are arranged in descending 
order, this indicates the additional nonlinearity due to radiation contributes to the shape of the 
solution surface, but is not the most significant element.  Also, the solution set has a decreased 
thermal response in the case where radiation is added, and that is seen in the decrease in 
eigenvalues.   

Similarly, eigenvalues for the Unifrax material shown in Figure 27 show that the convection plus 
radiation results (circle) drive lower overall values compared to convection only.  This is likely 
due to the decreased temperatures observed in the solution set.   A more detailed look at error 
will be necessary to determine an optimal rank. Compared to the AA 5083 data, the two sets of 
eigenvalues are very different.  The addition of nonlinearity due to radiation is not as clearly 
evident in the upper ranks, and it may be that the radiation nonlinearity shows up in rank r = 1.   

 

Rank 
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Figure 27. Eigenvalues for Unifrax POD with convection only (diamond) and with convection 
and radiation boundary conditions (circle) 

4.3 ROM with Radiation 

Boundary conditions were updated in the Unique Nodal Temperature ROM to reflect the 
radiation condition.  The linearized radiation term was included as part of the modified heat 
transfer coefficient similar to the full order model.  However, in order to keep the ROM 
boundary condition matrix constant, a time-average temperature value at each surface node is 
used in the radiation portion of the combined heat transfer coefficient value.  For the overall 
convection treatment, surface nodal temperature is still treated as a unique nodal temperature.          

4.3.1 AA 5083 Results 

The AA 5083 material properties were used as a baseline for radiation ROM development 
verification and validation in order to remove the effects of temperature dependent material 
properties.   The radiation term was linearized in the full order model to allow for easier and 
faster computation.  Snapshots were initially generated for this material using a time increment 
of 1000 seconds.  By looking at the POD energy content from the SVD for various ranks and 
numerical accuracy, rank range was determined to be between r = 4 and r = 9 based on energy 
content and digital accuracy.  ROMs were generated for each rank and compared to the 
snapshots in terms of solution time and accuracy in order to determine the minimum optimal 
rank.  Results for both are plotted in Figure 28.  Compared to the case without radiation, optimal 
rank increased for this material from r = 3 to r = 4.  In addition, ratios of computational run times 
were determined at each rank as full order model run time over reduced order run time.  
Computational efficiency of the ROM against the full order model show that it is about 15 times 
faster than the full order. 

Rank 
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Figure 28. Solution error as a function of rank for AA 5083 material with radiation at boundaries 

(left) and ratio of solution times (right). 

The errors across the entire solution set as well as a closer look at the exposed face, center, and 
exposed face are presented in Figure 29.  From the plots, the AA 5083 material with radiation at 
the boundaries is fairly well predicted by the ROM. The ROM had some difficulty resolving the 
problem at around 800 seconds across the entire node range.  This may be a result of using a 
constant temperature value in the linearized radiation term for this material.  Despite that, 
looking at the error across the full solution set, using rank r = 4 allows for a maximum error of 
about 2.5%.   
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(a) (b) 

  
(c) (d) 

  
Figure 29. ROM with AA 5083 material properties and radiation boundary conditions (a) 

absolute error, (b) maximum relative error at x = 0, (c) maximum relative error at x = L/2, and 
(d) maximum relative error at x = L. 

4.3.2 Unifrax Ceramic Board Results 

The effect of radiation boundary conditions on a low thermal conductivity material was also 
investigated to see how well the ROM works with multiple sources of nonlinearities.  Snapshots 
were initially generated for this material using a time increment of 1000 seconds.  By looking at 
the POD energy content from the SVD for various ranks and numerical accuracy, rank range was 
determined to be between r = 3 and r = 50 based on energy content and digital accuracy.     
ROMs were generated for each rank and compared to the snapshots in terms of solution time and 
accuracy in order to determine the minimum optimal rank.  Results for both are plotted in Figure 
30.  Compared to the case without radiation, optimal rank increased for this material from r = 6 
to r = 12.  Computational efficiency of the ROM against the full order model show that it is 
about 40 times faster than the full order. 
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Figure 30. Solution error as a function of rank for Unifrax material with radiation at boundaries 
(left) and ratio of solution times (right). 

The errors across the entire solution set as well as a closer look at the exposed face, center, and 
exposed face are presented in Figure 31.  The Unifrax material with radiation at the boundaries is 
also fairly well predicted by the ROM.  The ROM had the most difficulty resolving the problem 
during the transient range at the face where the heat flux was applied (x = 0).  At the worst case, 
the ROM has a maximum 5.5% relative error. 
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(a) (b) 

  
(c) (d) 

  
Figure 31. ROM with Unifrax material properties and radiation boundary conditions (a) absolute 

error, (b) maximum relative error at x = 0, (c) maximum relative error at x = L/2, and (d) 
maximum relative error at x = L. 

4.4 Modal Energy Analysis 

The two materials are additionally explored using Modal Energy Analysis.  Aside from using the 
eigenvalues to determine the optimal rank, successive solutions surface are generated to see 
where within the solution set information or energy is being added when a rank is increased.  
Solution sets are generated using the Full Order Model and decomposed using SVD.  Energy 
modes are determined by subtracting the approximations from the previous rank’s solution and 
are shown as θ = T-Tinit.   Solutions are plotted as a surface and examined to see where 
information is being added at each mode.  Modal results are shown for each material with and 
without radiation. 
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4.4.1 AA 5083 Modal Energy Analysis 

As previously determined, the optimal rank for AA 5083 material properties with convection 
only was r = 3 and with convection and radiation was r = 4.  The contributing energy modes for 
the first 5 ranks of each case are shown in Figure 32.  Looking at the results for the case with 
convection only, mode 1 (Figure 32 (a)) contains most of the information for the solution set.  
Mode 2 (Figure 32 (b)) contains updates at the boundaries that adjust across the entire surface, 
and Mode 3 through 5 (Figure 32 (c)(d) and (e)) contain small adjustments at the initial state.  
For the case with radiation, Mode 1 (Figure 32 (f)) also contains most of the information for the 
solution set.  The solution surface exhibits more curvature in the time direction compared to the 
convection only case.  The remaining modes for the radiation case compare similarly to the 
corresponding modes for the convection only case.  Modes 2 through 5 (Figure 32 (g)-(j)) all 
have similar shapes and are on a similar scale when compared to the convection only 
counterparts.  In these cases, at Rank 5 temperature adjustments of ~10-3 K are being made at the 
boundaries. 

(a) 

 

(f) 

 
(b) 

 

(g) 

 
 
 
 
 
 

 
 
 
 
 



59 
 

(c)  

 

(h) 

 
(d) (i) 

  
(e) (j) 

 
 

Figure 32.  First 5 contributing energy modes for AA 5083 with convection only (a) – (e) and 
with radiation applied (f) – (j). 

4.4.2 Unifrax Modal Energy Analysis 

As previously determined, the optimal rank for Unifrax material properties with convection only 
was r = 6 and with convection and radiation was r = 12.  The top 5 contributing energy modes for 
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these are shown in Figure 33.  Looking at the results for the case with convection only, mode 1 
(Figure 33 (a)) contains most of the information for the solution set.  Mode 2 (Figure 33 (b)) 
contains updates at the boundaries that adjust across the entire surface, and in particular the first 
100 seconds for the node at the applied heat flux face (x =0).  Mode 3 through 5 (Figure 33 (c)(d) 
and (e)) primarily contain adjustments at the initial state, but the modes also contain small 
adjustments through the rest of the solution domain especially near the face where the heat flux 
is applied (x =0).  For the case with radiation, Mode 1 (Figure 12 (f)) also contains most of the 
information for the solution set.  The solution is much flatter in the time direction compared to 
the convection only case.  The remaining modes for the radiation case compare similarly to the 
corresponding modes for the convection only case.  Modes 2 through 5 (Figure 32 (g)-(j)) all 
have similar shapes and are on a similar scale when compared to the convection only 
counterparts.  Notice, even at Rank 5 temperature adjustments of ~40 K are being made at the 
boundaries. 

(a) (f) 

  
(b) (g) 

 
 

(c) (h) 
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(d) (i) 

  
(e) (j) 

Figure 33 – First 5 contributing energy modes for Unifrax with convection only (a) – (e) and 
with radiation applied (f) – (j). 

4.5 Summary 

Radiation terms were added to full order model and the ROM.  The additional radiation was 
observed in the eigenvalue energy content and increased the optimal rank selection for the ROM.    
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ROMs were able to predict results within 5.5% and with speed ups between 15 to 40 times faster 
than the full order models. Through Modal Energy Analysis, it was shown that radiation effects 
show up at different ranks depending on the material.   
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5   Nonlinear Source Heating Results 

A heat transfer source term is a parameter that may include a wide range of phenomena.  Some 
example source terms are energy for complex kinetically driven behaviors such as phase changes 
and chemical reactions as well as time, spatial, and temperature dependent electrical heating 
sources.  However, adding nonlinear source heating increases the complexity of the solution.  A 
previously determined method of assessing nonlinear sources for use with a POD technique was 
incorporated into the ROM.   The proposed model presented here provides an approach to 
incorporate the DEIM algorithm for source terms within the reduced order model while 
maintaining accuracy and decreasing the computational costs.    

5.1 Nonlinear Source Heating Introduction  

The previously developed Unique Nodal Temperature ROM was advanced to include nonlinear 
source terms within the domain.  Several materials were investigated in this research.  Optimal 
rank was determined by the previously presented error-based method.  Results showed that the 
additional nonlinearity from the internal heat generation source did not drive a rank change in the 
case with constant material properties, but it did drive an increase rank in the case with highly 
nonlinear material properties. As part of the treatment using the DEIM algorithm, the nonlinear 
terms were then further investigated using singular value decomposition to confirm any rank 
changes needed to resolve fitness across the domain. 

5.2 Full Order Model Verification 

The 1D transient finite difference model included source heating terms that are spatial and 
temperature dependent.   As previously presented, source heating was modeled as a first order 
linearized term, however a nonlinear source term can also be directly calculated within the 
model.  Model verification of a temperature dependent source term was done by comparing the 
full order model to the known existing steady state solution for an infinitely long 3D fin that 
behaves like a 1D heat transfer problem.   

 

−
ℎ

( − ) = 0 Equation 59 

=   where  = − , = ℎ ⁄  Equation 60 

 

The temperature-dependent convection boundary conditions perpendicular to the direction of 
heat transfer behave like a temperature dependent heat source/sink.  The 3D cylinder domain in 
the validation modal had an overall length of 0.3 m and a radius of 0.005 m.  Constant copper 
material properties were used and are defined in Appendix A.  A rod base temperature of 100 °C 
(373 K) was used.  Convection boundary conditions were defined by a heat transfer coefficient 
of 100 W/m2∙K and an ambient temperature of 25 °C (298 K).  There was no radiation applied at 
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the boundaries.  In the full order model, solutions were generated for 1000 seconds using 1 
second increments.  The source (sink) term is a function of heat transfer coefficient, perimeter, 
cross-sectional area, ambient temperature and local temperature.  Results were compared at 
steady state and are shown in Figure 34.  Results show that the full order model can predict 
source heating conditions within 1.5% of the known solution.   

 

 

Figure 34. Steady state results for temperature-dependent source term Full Order Model (blue) 
against known solution (orange). 

5.3 Simulation Case and Full Order Model Solutions 

The finite difference model was then updated to assess nonlinear source heating in conjunction 
with real material properties, with and without nonlinearities.  The overall length for model 
domain was updated to 0.0254 m.  The initial temperature was set to 20 °C (298 K).  Convection 
boundary conditions at both faces were defined by a heat transfer coefficient of 15 W/m2∙K and 
an ambient temperature of 25 °C (298 K) was used.  A nonlinear, temperature dependent source 
heating term was added to the overall equation.   

= α /  Equation 61 
 

Where ‘α’ values were used to scale the input and provide meaningful results.  While source 
heating can be localized and/or time dependent as well, in this case the source heating term was 
applied at all nodes at all times and was nonlinear with temperature.  Model solutions were 
generated for times up to 1000 seconds.  Initially, snapshots were generated for an applied heat 
flux of 25 kW/m2, and the results were used to create a POD projection matrix for use in the 
ROM.   AA 5083 and Unifrax material properties were separately used to investigate nonlinear 
internal heat generation.  
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Full order solutions using AA 5083 material constant material properties with and without a 
nonlinear source heating term are presented in Figure 35.  The AA 5083’s constant material 
properties are such that there is a small temperature gradient within the sample (~5°C).  Using α 
= 20, the source term increases the temperatures across the domain by approximately 100 K at 
the final state compared to the case with convection only.  The same 5°C thermal gradient is 
observed in this solution.  

 
 

Figure 35. Full order model solutions for AA 5083 without source heating term (left) and with 
nonlinear source heating term (right). 

Full order solutions shown in Figure 36 are for the Unifrax highly nonlinear material properties 
with and without a nonlinear source term.   A much larger thermal gradient (~400°C) is seen 
within the sample both with and without the source heating.  Using α = 10, the additional source 
term drives the temperatures up across the domain by approximately 200 K at the final state 
compared to the case with convection only. 

  
Figure 36. Full order model solutions for Unifrax without source heating term (left) and with 

nonlinear source heating term (right). 
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5.4 ROM Rank Selection 

Rank was investigated to determine if the additional source term nonlinearity resulted in changes 
to the optimal POD projection matrix rank for an associated material. The previously developed 
method of assessing error stability with increasing rank was used to determine optimal rank.  The 
addition of the source term affects the optimal rank for each material.  Plots of eigenvalues as a 
function of rank for AA 5083 and Unifrax materials for a case without source heating and a case 
with source heating are shown in Figure 6.  The plot is restricted to the first 20 eigenvalues for 
clarity.  Looking at the AA 5083 plot, the eigenvalues are very similar at the lower ranks 1 and 3, 
however the nonlinear source rank 2 appears to be slightly higher than it’s no source counterpart.  
The ranks are then similar again until the noticeable difference between the two sets above rank 
7.  The slight increase at rank 2 may indicate that more information is being captured at that 
rank.  As previously discussed, eigenvalues are arranged in descending order.  Since the 
differences in eigenvalues are predominantly at higher ranks (lower energy content), this 
indicates that this nonlinear source heating is not the most significant factor in determining the 
overall shape of the solution set.  This agrees with what was observed in the full order solution 
set.  For the Unifrax material, the eigenvalues are nearly identical for ranks 1 through 11, and 
differences emerge at rank 12 and onward.  This indicates that the source heating term is not the 
significant driver for the shape of the solution set.  It also indicates that additional ranks may be 
needed to capture the solution behavior.  It should be noted that in this case, the nonlinear source 
term is only a function of temperature.  If the source term were spatially or temporally 
dependent, eigenvalue rank changes may be observed based on the magnitude and duration of 
the source term.  Note, the Singular Value Decomposition does not distinguish between space 
and time (Chatterjee [60]).   

  
 

Figure 37. Eigenvalues for AA 5083 POD (left) and Unifrax POD (right) without source heating 
(diamond) and with nonlinear source heating (circle). 

5.4 DEIM Algorithm 

The DEIM algorithm provides specific insight into the nonlinear terms.  Similar to the overall 
POD application, Singular Value Decomposition is done on the results from the nonlinear terms 

Rank Rank 
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exclusively as part of the DEIM algorithm.  Details on the algorithm were presented in Section 
2.5.4 DEIM Algorithm.  Full order model results were generated, and the values specific to the 
nonlinear term were captured separately at each time step.  In this model, it would be the results 
from the [D] matrix only.  The results were then arranged in matrix form and Singular Value 
Decomposition was performed on this new matrix composed of snapshots from the nonlinear 
term only.  Eigenvalues as a function of rank for these terms are shown in Figure 38.  Note there 
are only 3 eigenvalues identified for the source term using AA 5083 material properties and 2 for 
the source term using Unifrax material properties.  For each case, all of the nonlinear term 
eigenvalues were used in the DEIM algorithm to produce results from the ROM.  Also, the first 
rank for each set is on the order of approximately 108 while the Rank 1 eigenvalues are greater 
than 1010.  This indicates that while the nonlinear heating term does contribute some energy 
content to the overall solution shape and will need to be accounted for in the ROM to achieve 
accurate results, in either of the two cases it is not the primary basis for the shape of the solution 
surface.     

  
Figure 38.  Eigenvalues for AA 5083 nonlinear source POD-DEIM term (left) and for Unifrax 

nonlinear source POD-DEIM term (right). 

5.5 Nonlinear Source ROM 

The ROM uses the DEIM algorithm to reduce the full order model nonlinear source heating 
term. The DEIM algorithm determines interpolation indices based on a POD of the data due 
solely to the nonlinear term.  When the full order model snapshots are generated, results were 
segregated for the nonlinear term.  These separated results were then assembled into a matrix and 
decomposed using Singular Value Decomposition.  The previously presented DEIM algorithm 
(Section 2.5.4 DEIM Algorithm) was used to determine a reduced source matrix for use in the 
ROM based on interpolation indices unique to the nonlinearity.         

Rank Rank 
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5.5.1 AA 5083 Results 

The AA 5083-H116 material properties were used as a baseline for source heating ROM 
development verification and validation in order to remove the effects of temperature dependent 
material properties.   The nonlinear source heating term was not linearized, but determined 
directly within the full order model equation.  Snapshots were initially generated for this material 
using a time 1000 seconds at increments of 1 second, and were explored using Singular Value 
Decomposition.  Rank range was determined to be between r = 3 and r = 9 based on energy 
content and computational accuracy.  ROMs were generated for each rank and compared to the 
snapshots in terms of solution time and accuracy in order to determine the minimum optimal 
rank.  By looking at the POD energy content from the SVD for various ranks and numerical 
accuracy (Figure 39), optimal rank for this material remained at r = 3 compared to the case 
without nonlinear source heating terms.  Computational efficiency of the ROM against the full 
order model show that it is about 18 times faster than the full order. 

  
Figure 39.  Solution error as a function of rank (left) and ratio of solution times for the ROM 

(right) for AA 5083 material with nonlinear source heating 

Errors across the solution set and at the unexposed face are shown in Figure 29.  The AA 5083 
material with nonlinear source heating is very well predicted by the ROM.  The solution from the 
ROM appears to be diverging from the full order solution with time; however, using rank r = 3 
result in a maximum error of less than 0.1%. 
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Figure 40.  Absolute error (left) and maximum relative error at boundary each node (right) from 
ROM using AA 5083 and nonlinear source heating 

5.5.2 Unifrax Ceramic Board Results 

Unifrax material properties were used to further investigate the nonlinear source term ROM.  
The nonlinear source heating term was determined directly within the full order model equation.  
Snapshots were initially generated for this material using a time 1000 seconds and increments of 
1 second, and were explored using Singular Value Decomposition.  Rank range was determined 
to be between r = 3 and r = 10 based on energy content and digital accuracy.  ROMs were 
generated for each rank and compared to the snapshots in terms of solution time and accuracy in 
order to determine the minimum optimal rank.  By looking at the POD energy content from the 
SVD for various ranks and numerical accuracy (Figure 41),  optimal rank for this material 
increased from r = 5 to r = 7 compared to the case without radiation.  Computational efficiency 
of the ROM against the full order model show that it is about 17 times faster than the full order. 

  
Figure 41 - Solution error as a function of rank (left) and ratio of solution times for the ROM 

(right) for Unifrax material with nonlinear source heating 

Errors across the solution set and at the unexposed face are shown in Figure 42.  The Unifrax 
material with nonlinear source heating is very well predicted by the ROM.  The solution from the 
ROM appears to be diverging from the full order solution with time; however, using rank r = 7 
result in a maximum error of less than 0.1%. 
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Figure 42 - Absolute error (left) and maximum relative error at boundary each node (right) from 
ROM using Unifrax and nonlinear source heating 

5.6 Summary 

Nonlinear source heating terms were added to the full order model, reduced using the DEIM 
algorithm and incorporated into the ROM.  The additional nonlinearity was not observed in the 
constant material case in terms of the eigenvalue energy content and therefore did not increased 
the optimal rank selection for the ROM.    However, the eigenvalue energy content of the 
nonlinear material case did show the need to increase the optimal rank selection for the ROM.    
The DEIM algorithm is executed on the results due solely to the nonlinear source terms.  The 
additional POD analysis identified eigenvalues unique to the source term, and showed where 
they fall in the eigenvalues for the full order solution.  ROMs were able to predict results within 
0.1% and with speed ups between 17 to 18 times faster than the full order models.  
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6 Complex Geometry Results 

Geometry plays a significant role in understanding thermal response.  Real problems can be 
estimated by using lumped capacitance techniques or 1D approximations with limiting 
assumptions.   However, in some cases meaningful results may only be achieved by accurately 
representing the physical domain.  Three dimensional models need to account for complex 
spaces and meshes, multiple boundary conditions, and be able to manage heat transfer in 
multiple dimensions.  The result is a large increase in computational costs.  The proposed model 
presented here provides an approach to extend the previously developed 1D nonlinear model to a 
3D ROM. 

6.1 Complex Geometry Introduction 

The previously developed 1D ROM was extended to multiple dimensions.  Several materials 
with different nonlinear properties were investigated in this research.  Full order model mesh 
definitions and results were imported from a commercial code.  Optimal rank was determined by 
the previously presented error-based method, and results showed that the rank did not 
significantly increase with dimension.  The results were then further investigated by use of POD 
Modal Energy Analysis in order to confirm the effect of geometry on the rank selection. 

6.2 Full Order Model Verification 

The previously developed 1D transient finite difference model was expanded for use in a 3D 
ROM.  Full order model verification of multiple dimensions was done using a 3D Abaqus model.  
A 3D cubic shape was constructed with side dimensions of 0.01 m as shown in Figure 43, and 
the boundary conditions were applied so that heat transfer was allowed to occur in multiple 
directions.  Convection boundary conditions at all six faces were defined by a heat transfer 
coefficient of 15 W/m2∙K, and an ambient temperature of 25 °C (298 K) was used.  An applied 
heat flux of 25 kW/m2 was applied at the face x = 0.  The initial temperature was set to 25 °C 
(298 K), and the model was run to 1000 seconds.  AA 5083 constant material properties were 
used in the model verification.  Results at 1000 seconds are shown in Figure 43.  The solution 
has very uniform surface temperatures at the applied heat flux face, ranging between 568.1 K 
and 567.9K.   From the scale of the figure, the temperature difference between the applied heat 
flux face (x = 0) and the unexposed face (x = L) was a very low thermal gradient across (~1.4 
°C).  
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Figure 43. Abaqus 3D model and results used for model validation and snapshot generation in 
the 3D ROM.  

As previously presented, creating a ROM requires a known function, therefore a 3D full order 
model was assembled in MATLAB.  The build of the full order modal was aided by using a 
mesh map. The mesh definition was imported from Abaqus that included node number and 
associated 3D geometric coordinates.  The geometric coordinates were transformed into nodal 
coordinates as a map to identify neighboring nodes, surface, edge, and corner nodes.  Each of the 
matrices in the full order model (spatial term and boundary conditions) were then assembled by 
utilizing the definition contained in the nodal coordinate-based mesh map. The 3D transient 
results from Abaqus were then imported for comparison against the full order model developed 
in MATLAB as shown in Figure 44.  The 3D results are re-arranged in this plot by node number.  
The MATLAB model predicted the results within 0.4%.  Error peaks correspond to the back 
face, parallel to the face of the applied heat flux.   

Figure 44.  Full order model MATLAB solution (left) and errors across the sample domain 
(right) arranged by node number. 

The finite difference model was then used in three dimensional domains in conjunction with real 
material properties, with and without nonlinearities.  Aside from additional investigation using 
AA 5083 constant material properties, cases with low nonlinear Stainless Steel 302 material 
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properties as well as highly nonlinear Unifrax material properties were also explored.  The full 
order models utilized the same boundary conditions and initial conditions with one exception.  
The Stainless Steel 302 material properties were used in a slightly larger cubic domain, with 
sides of 0.1 m in order to showcase a more complex thermal gradient within the sample.  The 
sample with Unifrax was executed with a 0.01 m cubic domain.  Steady state solutions from 
Abaqus are shown for both samples in Figure 45.   Compared to the AA 5083 results, the thermal 
gradient of the Stainless Steel 302 solution is much greater in the direction of the applied heat 
flux (z direction).  However, within the x-y planes, the isotherms are rather flat.  For example, 
the surface temperature at the applied heat flux face is fairly uniform at 400 °C and the 
unexposed face temperature is approximately 330 °C.  The result is a 3D domain that looks more 
like a 1D approximation.   As for the Unifrax material sample, the result is a much more complex 
thermal response.  Thermal gradients are more pronounced in the z direction.  Temperatures at 
the applied heat flux face range between 800 and 1000 °C, while at the unexposed face are 
between 350 and 400 °C.  Also, in the x-y planes, isotherms are more parabolic in shape.   

  
Figure 45.  Steady state Abaqus 3D model solutions for Stainless Steel 302 (left) and Unifrax 

(right) used for snapshot generation in the 3D ROM. 

6.3 ROM Rank Selection 

Rank was investigated to determine if multiple dimensions drive changes to the POD projection 
matrix rank for an associated material.   The previously developed method of assessing error 
stability with increasing rank was used to determine optimal rank.  The expansion to multiple 
dimensions affects the optimal rank for each material case.  Plot of eigenvalues as a function of 
rank are shown for AA 5083 material in Figure 46.  Eigenvalues for the 3D case (circles) are 
overlaid with the results from the 1D case (diamonds).  The plot is restricted to the first 20 ranks 
for clarity. The eigenvalues for the two sets coincide at low rank numbers and then separate at 
about rank r = 6.  The eigenvalues for the 3D model in general have much higher values, with the 
exception of the first two eigenvalues in the 1D case.  The change in slope at rank 6 indicates 
that no additional information about the solution set is gained after that, therefore fewer ranks 
may be needed to capture the material response in three dimensions.  Since this case has 
isotherms that are approximately parallel to the x-y plane, a 1D approximation would suffice to 
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capture the material response.  That is reflected in the coincidence of eigenvalues at the lower 
ranks.   

  

Figure 46.  Eigenvalues for AA 5083 POD with convection only 1D model (diamond) and 3D 
model (circle). 

Plot of eigenvalues as a function of rank are shown for Stainless Steel 302 material in Figure 47.  
Eigenvalues for the 3D case (circles) are overlaid with the results from the 1D case (diamonds).  
The plot is restricted to the first 20 ranks for clarity.  The eigenvalues for the two sets coincide at 
low rank numbers and then separate at about rank r = 5.  Again, the eigenvalues for the 3D 
model in general have much higher values, with the exception of the first eigenvalue in the 1D 
case.  The 1D model eigenvalues slope linearly until rank 20, then it flattens out (not shown), 
while the 3D model eigenvalues decay very gradually with rank until approximately rank r = 14.  
This indicates that additional ranks may not be needed to capture material response in three 
dimensions.  Since this case also has isotherms that are approximately parallel to the x-y plane, a 
1D approximation would suffice to capture the material response.  That is reflected in the high 
coincidence of eigenvalues at the lower ranks.   

 

Rank 
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Figure 47.  Eigenvalues for Stainless Steel 302 POD with convection only 1D model (diamond) 
and 3D model (circle) 

Plot of eigenvalues as a function of rank are shown for Unifrax material in Figure 48.  
Eigenvalues for the 3D case (circles) are overlaid with the results from the 1D case (diamonds).  
The plot is restricted to the first 20 ranks for clarity.  In the case of Unifrax, the eigenvalues for 
the 3D model are all less than the eigenvalues for the 1D case.  For the Unifrax material, the 
solution isotherms are not parallel to the x-y plane, but have very complex shapes.  A 1D 
approximation would not sufficiently capture the material response for this case.  That is 
reflected in the two orders of magnitude difference in eigenvalues at all ranks.  In the 3D model, 
there is a noticeable slope change at rank r = 8, while the 1D case does not have a noticeable 
slope change in this rank subset.  This indicates that most of the information is stored in the 
lower initial ranks.  Fewer eigenvalues may be needed to capture material response for this case.   

 

Rank 
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Figure 48. Eigenvalues for Unifrax POD with convection only 1D model (diamond) and 3D 
model (circle) 

6.4 3D Transient ROM 

The 3D reduced order model was generated from the full order model.  The same initial 
condition and boundary conditions were applied.  Geometries were updated as previously stated.  
Three material types investigated in this research were AA 5083 constant material properties, 
Stainless Steel 302 linear temperature dependent properties, and Unifrax highly nonlinear 
temperature dependent material properties. 

6.4.1 AA 5083 Results 

The AA 5083 material properties were used as a baseline for 3D ROM development verification 
and validation.  Snapshots were initially generated using Abaqus commercially available 
software for a 0.01 m cubic domain.  Results and the mesh definition were imported into 
MATLAB for additional processing.  The full order model was expanded to 3D transient heat 
transfer using the mesh map.  In order to create the ROM, the optimal rank was first determined.  
By looking at the POD energy content from the SVD for various ranks and numerical accuracy, 
rank range was determined to be between r = 3 and r = 9 based on energy content and 
computational accuracy.  ROMs were generated for each rank and compared to the snapshots in 
terms of solution time and accuracy in order to determine the minimum optimal rank as shown in 
Figure 49.  Compared to the 1D case, optimal rank increased for this material from r = 3 to r = 4.  
Computational efficiency of the ROM against the full order model show that it is about the same 
speed as the full order for this simple constant property case.   

Rank 
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Figure 49.  Solution error as a function of rank for AA 5083 material (left) and ratio of solution 

times for the ROM using AA 5083 material properties (right) 

Using rank r = 4, errors and percent error between the Abaqus results and the ROM were plotted 
across the solution space, arranged by node number (Figure 50).   Peak errors correspond to the 
face opposite of the incident heat flux, with a maximum delta of 2 K corresponding to less than 
0.4% error.  Notice the errors peak at 500 seconds and then decline.    The AA 5083 material is 
very well predicted by this ROM, however the computational speed ups at this mesh density are 
not realized. 

  
Figure 50. Absolute error (left) and maximum relative error at boundary each node (right) from 

3D ROM using AA 5083 material properties. 

6.4.2 Stainless Steel 302 

The Stainless Steel 302 material properties were investigated in order to see how well the ROMs 
worked with a low nonlinear material case.  Snapshots were initially generated using Abaqus 
commercially available software for a 0.1 m cubic domain.  Results and the mesh definition were 
imported into MATLAB for additional processing.  The full order model was expanded to 3D 
transient heat transfer using the mesh map.  In order to create the ROM, the optimal rank was 
first determined.  By looking at the POD energy content from the SVD for various ranks and 
numerical accuracy, rank range was determined to be between r = 3 and r = 9 based on energy 
content and computational accuracy.  ROMs were generated for each rank and compared to the 
snapshots in terms of solution time and accuracy in order to determine the minimum optimal 
rank as shown in Figure 51.   Compared to the 1D case, optimal rank decreased for this material 
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from r = 7 to r = 4.  Computational efficiency of the ROM against the full order model show that 
it is about half the speed as the full order for this low nonlinear property case.   

  
Figure 51. Solution error as a function of rank for Stainless Steel 302 material (left) and ratio of 

solution times for the ROM using Stainless Steel 302 material properties (right). 

Using rank r = 4, errors and percent error between the Abaqus results and the ROM were plotted 
across the solution space, arranged by node number as shown in Figure 52.   Peak errors 
correspond to the face opposite of the incident heat flux, with a maximum temperature delta of 5 
K corresponding to less than 1.0% error.  Note, the errors continue to increase with time.  
Appendix A shows the material properties for Stainless Steel 302.  Properties were obtained 
from published values (Incropera [123]).  The results show that the thermal conductivity and 
specific heats are not well predicted by a polynomial fitted function.  As a result, the thermal 
diffusivity and volumetric heat capacity are in turn also not well predicted by functions.  It 
should be noted that the exact values were used in Abaqus where linear interpolation is done 
between values as a function of temperature.  The ROM depends on using a polynomial fitted 
function to describe the material properties.   That may be why discrepancies are seen between 
the two.  Despite that, the Stainless Steel 302 material in 3D is fairly well predicted by this 
ROM, however the computational speed ups at this mesh density are not realized. 

  
Figure 52. Absolute error (left) and maximum relative error at boundary each node (right) from 

3D ROM using Stainless Steel 302 material properties. 
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6.4.3 Unifrax Results 

The Unifrax highly nonlinear properties were also investigated for use in the 3D ROM.  
Snapshots were initially generated using Abaqus commercially available software for a 0.01 m 
cubic domain.  Results and the mesh definition were imported into MATLAB for additional 
processing.  The full order model was expanded to 3D transient heat transfer using the mesh 
map.  In order to create the ROM, the optimal rank was first determined.  By looking at the POD 
energy content from the SVD for various ranks and numerical accuracy, rank range was 
determined to be between r = 3 and r = 9 based on energy content and digital accuracy.  ROMs 
were generated for each rank and compared to the snapshots in terms of solution time and 
accuracy in order to determine the minimum optimal rank as shown in Figure 53.  Compared to 
the 1D case, optimal rank decreased for this material from r = 6 to r = 5.  Computational 
efficiency of the ROM against the full order model show that it is about the same speed as the 
full order for this highly nonlinear property case.   

Figure 53. Solution error as a function of rank for Unifrax material (left) and ratio of solution 
times for the ROM using Unifrax material properties (right). 

Using rank r = 5, Figure 54 shows the errors and percent error between the Abaqus results and 
the ROM plotted across the solution space, arranged by node number.  Peak errors correspond to 
the face parallel to the incident heat flux face, with a maximum temperature delta of 100 K and a 
maximum 8.1% error across the solution set.  Note, the errors peak within the first 100 seconds 
and then remain constant.    While the ROM has some difficulty resolving temperatures at the 
back face of the cube, at the corners in particular, the Unifrax material is moderately well 
predicted by this ROM, however the computational speed ups at this mesh density are not 
realized. 
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Figure 54. Absolute error (left) and maximum relative error at boundary each node (right) from 
3D ROM using Unifrax material properties. 

6.4.3 Increased Spatial Discretization 

From the results above, good accuracy can be achieved using this ROM approach on temperature 
dependent nonlinear material properties for the multi-dimensional case.  However, the 
computational speed ups seen in the previously presented 1D cases are not observed.  The 
solvers used in the commercial code are just as efficient as the ROM given this mesh density.  
An additional study was performed to evaluate the impact of increasing spatial discretization 
using the temperature independent AA 5083 material properties.  The same boundary and initial 
conditions were applied.  Spatial increments of 10, 25, and 50 evenly spaced nodes applied in 
each direction were investigated while the temporal increment was held constant at 1 second.  
This resulted in three dimensional mesh densities of 1000, 15625, and 125000 nodes.  Full 
solution snapshot times, POD generation times, ROM solution times, and POD relative error was 
captured for each increment.  Results were plotted as a function of discretized nodes.  The ratio 
of time to produce a full solution versus the time to execute the ROM was plotted against node 
count.  The results provide a sense of scale on how effective a ROM approach might be for other 
discretized systems with a larger mesh size.  Results for the discretization study are presented in 
Figure 55.  The results in Figure 55 (a) demonstrate that the efficiency of the ROM run time 
increases dramatically with mesh density, while ROM errors remain relatively flat (see Figure 55 
(b)).  
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(a) (b) 

  
Figure 55.  Plots of advanced discretization results for AA 5083 material using the 3D transient 

ROM (a) ratio of snapshot solution times vs. ROM solution times and (b) Relative Error 

6.5 Summary 

Multiple dimension heat transfer was added to the 1D ROM.  For the constant and lower 
nonlinear material cases, the eigenvalue distribution with rank was similar to the 1D case at the 
lower ranks and higher eigenvalues at the upper ranks.  For the highly nonlinear material case, 
the eigenvalue distribution with rank was overall very different from the 1D case.  All models 
used an optimal rank of 4 or 5 despite material property type.  These differences between the 1D 
and 3D eigenvalue distributions for the same material types indicate that complex geometry 
plays as great or more significant role when using POD to create the ROM.  ROMs were able to 
predict results within 8% and for these simple 3D cubic cases, and computational times were 
approximately the same as the full order models.  However, a study on increased discretization 
showed that computational efficiency became more significant as mesh density increased, where 
ROM solution times of 500 and 2000 times faster than the full order model were realized. 
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7 Conclusions 

An approach was developed and demonstrated in this research to treat a variety of nonlinearities 
within transient heat transfer problems using reduced order modeling (ROM) techniques.  A 
method for determining optimal rank as a function of error was presented and used to determine 
the optimal ROM size.  For speed and accuracy, optimal rank selection is best chosen by looking 
at how error changes as a function of rank. Previous research has used energy of the eigenvalues 
as a means to identify optimal rank for use in a ROM, however this research showed that energy 
content alone is not sufficient to get accurate solutions from the ROM.  In order to achieve 
accurate results combined with computational efficiency, the rank was chosen by evaluating 
error at several ranks and identifying the rank at which the error stabilizes.  Nonlinear material 
properties were treated directly within the ROM, radiation boundary conditions were linearized 
in the ROM, and nonlinear source terms were treated by combining DEIM with POD all while 
increasing computation efficiency.  All one-dimensional ROM techniques were then extended to 
three dimensions for full geometry model approximations.  While there is still research to be 
done, this work has shown that a ROM of heat transfer problems with complex nonlinearities can 
be used to provide accurate predictions while increasing the computational efficiency by several 
orders of magnitude. 

7.1 Conclusions 

A 1D heat transfer problem was initially presented with a variety of nonlinearities.  A 
mathematical model was evolved along with the introduction of several reduced order modeling 
approaches in order to fully approximate the solution.  From this development, several specific 
advancements were made in reduced order heat transfer modeling. 

Nonlinear temperature dependent material properties can be effectively incorporated into a ROM 
without sacrificing computational efficiency.  Previous ROM methods accounted for material 
properties by using constant time-averaged nodal temperatures.  This research showed that the 
best way to treat nonlinear temperature dependent material properties is by pulling the properties 
outside of the matrices and associating them with the temperature vector.  This resulted in 
accurate results for highly nonlinear low conductivity material properties over a large 
temperature range.  For this method the material properties were defined using smooth 
polynomial functions.  This allows the temperature dependency to remain in the problem 
formation so that once the ROM is developed, other input heat flux values could be further 
investigated.  Accuracy will depend on how well the material properties are fitted by a function.  
However, for well-fitted material property functions, the initial applied heat flux and associated 
POD became the limiting factor for accuracy instead of the nonlinear temperature dependent 
material properties.   

ROMs are capable of delivering high integrity solutions from the reduced order state, including 
the estimation of results from an applied heat flux unknown a priori.  Previously, ROMs were 
developed from a unique set of snapshots and had a one-time use.  By investigating a variety of 
input heat flux values, a ROM was identified for use in accurately estimating a wide range of 



83 
 

additional heat flux values unknown a priori.  This research showed that a more agile ROM can 
be developed from a function like the step function defined in this work so that this single ROM 
can in turn predict a wide range of outputs with a high level of accuracy.  This allows for 
additional computational time savings.   

Radiation has typically been ignored in ROM heat transfer problems.  In this research, radiation 
was treated as a linearized term and combined with a collective heat transfer coefficient at the 
surfaces.  As a result, the radiation results did not look very different from the convection cases, 
likely because it was merged with the convection boundary conditions.  The addition of the 
radiation term typically required an increase of 1 or 2 ranks to achieve accurate results in the 
ROM, which did not significantly increase computational times.   

The computational usefulness of this ROM will depend on the size of the initial system.  Low 
mesh densities in the 1D full order models resulted in moderate computational gains from the 
ROM (10 – 40 times faster).  Moreover, the 3D ROMs were solved in approximately the same 
times as the full order models. This research showed that real computational gains were made 
with highly discretized systems where solution times of several thousand orders of magnitude 
were observed.   

7.2 Future Work 

Future work includes further development of how the ROM is constructed as well as extending 
the techniques to other equations.  Future research on improving the ROM includes the use of 
non-smooth material property functions, anisotropic material properties, direct radiation 
calculation, and nonlinear source term spatial and temporal effects.  The ROM techniques could 
then be applied to other equations that include adding in kinetically driven phenomenon such as 
phase changes and chemical reactions as well as use in feedback control. 

In this research, the ROMs provided the most accurate solutions with properties that can be 
represented by smooth functions.  For example, material properties in the Stainless Steel 302 
resulted in a non-smooth functions for thermal diffusivity and volumetric specific heat, and 
therefore were not as well predicted.  Commercial codes typically use a linear interpolation 
function.  For this type of material, properties can be treated as discontinuous functions within 
the ROM.  This is easily done in the MATLAB code.  While the increased computational effort 
might be observed on the full scale model, this will likely result in only a slight rank increase for 
the ROM.   

All properties used in this research were isotropic, but the extension of the ROM into three 
dimensions permits the investigation of anisotropic material properties.  Complex layered 
materials such as carbon fiber composites typically require a detailed model in order to 
accurately assess thermal material response.  Based on the formulation of the current code, the 
investigation of composites in a ROM could be easily done.   

Domains with radiation boundary conditions and significant temperature changes at the 
boundaries were predicted within 8% error.  The radiation term was linearized, and an average 
boundary nodal temperature was used in part of the ROM implementation.  This likely causes 
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some loss of accuracy in the more nonlinear material cases.  Prediction could be improved if the 
radiation term was handled directly as a fourth order term in the ROM.  Given the nature of the 
reduced order model, an increase in computational efficiency would still likely be realized. 

The source term investigated in this research was temperature dependent only.  The source term 
was applied at all nodes and was effective throughout the entire time domain.  Other source 
terms typically used in heat transfer are localized and may also be a function of time.  These 
spatial and temporal effects need to also be investigated for use in the ROM. The nature of POD 
is to not distinguish between spatial and temporal domains, therefore similar results would likely 
be observed.    

Additional areas of research would continue to forward the knowledge base for POD-driven 
ROMs in heat transfer.  In this research, an approach was made to incorporate the DEIM 
algorithm to reduce nonlinear source heating terms.  However, source terms can represent 
kinetically driven phenomenon such as phase changes and chemical reactions.  This ROM is 
ideal for estimating these complex physical processes with both speed and accuracy.  The 
approach provided here provides a basic roadmap for implementation of source terms such as 
those. 

The nature of the ROM as both fast and accurate lends itself to improving the response time and 
accuracy of control inputs.  For this type of research in particular, the model was developed with 
an independent incident heat flux term that drives temperature response.  This work would 
readily extend to using that heat flux term as the controlling input for achieving a set temperature 
profile across a domain.    

In addition, a robust ROM tuned from snapshots that is both fast and accurate across a wider 
domain would be particularly suitable for stochastic problems.  For these problems, the model is 
run multiple times and the input variable is subject random variation, resulting in a distribution 
of outcomes.  This work would easily extend to aid that type of problem. 
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Appendix A 
 

Table of coefficients for AA5083-H116  

x (T) = a∙T2 + b∙T + c 

 a b c 
Thermal conductivity, k(T) 

[W/m∙K] 
- - 117 

Specific heat capacity, ( )  
[J/kg∙K] 

- - 900 

Density, ρ 
[kg/m3] 

- - 2666 

Thermal diffusivity, α(T) 
[m2/s] 

- - 4.8762e-5 

1/Volumetric heat capacity, (T) 

[(m3∙K)/J] 
- - 4.1677e-7 

Lattimer [122] 

Table of coefficients for AA6082-T651 

x (T) = a∙T2 + b∙T + c 

 a b c 
Thermal conductivity, k(T) 

[W/m∙K] 
- 7.0e-2 151.79 

Specific heat capacity, ( )  
[J/kg∙K] 

- 0.41 679.17 

Density, ρ 
[kg/m3] 

- - 2696 

Thermal diffusivity, α(T) 
[m2/s] 

2.9266e-12 -9.9672e-9 8.2618e-5 

1/Volumetric heat capacity, (T) 

[(m3∙K)/J] 
8.1669e-14 -2.7815e-10 5.3832e-7 

Lattimer [122] 

Table of coefficients for Stainless Steel 302 

x (T) = a∙T2 + b∙T + c 

 a b c 
Thermal conductivity, k(T) -3.9267e-6 1.9428e-2 9.8485 
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[W/m∙K] 
Specific heat capacity, ( )  

[J/kg∙K] 
-1.8626e-4 4.1751e-1 373.49 

Density, ρ 
[kg/m3] 

- - 8055 

Thermal diffusivity, α(T) 
[m2/s] 

4.7327e-14 1.7248e-9 3.4268e-6 

1/Volumetric heat capacity, (T) 

[(m3∙K)/J] 
1.0094e-13 -2.0492e-10 3.0962e-7 

Incropera [123] 

Table of coefficients for MACOR 

x (T) = a∙T2 + b∙T + c 

 a b c 
Thermal conductivity, k(T) 

[W/m∙K] 
6.0073e-7 -6.7663e-4 1.8086 

Specific heat capacity, ( )  
[J/kg∙K] 

-8.4507e-4 1.6768 388.65 

Density, ρ 
[kg/m3] 

- - 2520 

Thermal diffusivity, α(T) 
[m2/s] 

1.0758e-12 -1.6933e-9 1.2144e-6 

1/Volumetric heat capacity, (T) 

[(m3∙K)/J] 
5.1073e-13 -8.6548e-10 6.9796e-7 

Lattimer [122] 

Table of coefficients for Marinite 

x (T) = a∙T2 + b∙T + c 

 a b c 
Thermal conductivity, k(T) 

[W/m∙K] 
- - 0.17 

Specific heat capacity, ( )  
[J/kg∙K] 

- 0.7566 894.62 

Density, ρ 
[kg/m3] 

- - 961 

Thermal diffusivity, α(T) 
[m2/s] 

3.0906e-14 -1.1376e-10 1.8865e-7 

1/Volumetric heat capacity, (T) 

[(m3∙K)/J] 
1.8180e-13 -6.6920e-10 1.1097e-6 

Lattimer [122] 
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Table of coefficients for Unifrax 

x (T) = a∙T2 + b∙T + c 

 a b c 
Thermal conductivity, k(T) 

[W/m∙K] 
1.2007e-7 -2.0958e-5 6.0607e-2 

Specific heat capacity, ( )  
[J/kg∙K] 

- 0.3312 737.82 

Density, ρ 
[kg/m3] 

- - 272 

Thermal diffusivity, α(T) 
[m2/s] 

2.6233e-13 4.2593e-11 2.4158e-7 

1/Volumetric heat capacity, (T) 

[(m3∙K)/J] 
3.7411e-13 -1.8344e-9 4.8968e-6 

Lattimer [122] 
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Appendix B 
trans_diff_prelim.m 

diffusion_1D_bd.m 

generate_pod.m  


