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Cooling atomic gases into strongly correlated quantum phases requires estimates of the entropy to
perform thermometry and establish viability. We construct an ansatz partition function for models
of Laughlin states of atomic gases by combining high temperature series expansions with exact
diagonalization. Using the ansatz we find that entropies required to observe Laughlin correlations
with bosonic gases are near current cooling capabilities. Our method can be extended to model
cooling into other gapped topological states.

PACS numbers: 03.75.Hh,05.30.Jp,67.85.-d

Observation of the superfluid-to-Mott transition [1, 2]
triggered interest in observing other strongly correlated
states with ultracold atoms [3, 4]. For example, a pro-
posal [5] to probe models of high temperature super-
conductors with optical lattices led to efforts to emulate
the controversial low temperature phase diagram of the
Fermi-Hubbard model [6, 7]. But cooling [8] proved to
be a major obstacle. Most atomic gas experiments are
closed, to a good approximation. As a result the sys-
tem entropy determines the temperature. Temperature
is difficult to characterize in a strongly correlated regime
because entropy-temperature relationships derive from
non-trivial many-body effects. Relatively recent theoret-
ical work [9–12] showed that the critical entropy to real-
ize the best case scenario for emulation, the Néel state,
lies below current cooling capabilities [8]. In the case
of the Fermi-Hubbard model, the entropy-temperature
relationship proved to be unfavorable for realizing low
temperatures at available entropies. From this example
we see the importance of estimates of thermodynamic
functions of proposed states in defining thermometry and
establishing viability.

A separate class of proposals seek to realize fractional
quantum Hall (FQH) states of atoms, particularly Laugh-
lin states [13], which, at low energies, have intriguing ex-
citations with anyon statistics that define them as topo-
logical [14]. These proposals rely on schemes to imple-
ment strong artificial magnetic fields (See Refs. [3, 4, 15–
20] for reviews). Experiments using rotation [21–26]
or phase imprinting [27–36] have shown considerable
progress. But the thermodynamic relations needed for
thermometry of large FQH systems are currently un-
known.

The Laughlin state energy gap establishes a Schottky-
type peak in the heat capacity. In a naive non-interacting
model of gapped excitations an entropy per particle be-
low ≈ 0.29kB is needed to lower the temperature below
the heat capacity peak for bosons, assuming the known
energy gap for bosonic Laughlin states [37]. This low
entropy is currently well out of reach of evaporative cool-
ing methods [8]. A more accurate estimate of the en-
tropy, incorporating the non-trivial excited state spectra

of Laughlin states, is needed to establish viability of low
temperature FQH states with atomic gases.

Analyses of non-perturbative FQH models rely on a
combination of numerics and ansatz theories. Exact di-
agonalization has been used to compute the heat capac-
ity over the entire temperature range but only for small
systems [38, 39]. Other work has examined the thermo-
dynamics of infinite system sizes using series expansions
[40–42] but these studies are restricted to temperatures
much larger than the gap. Ansatz theories [43], building
on the success of the composite fermion (CF) wavefunc-
tions [44, 45] at describing the low energy excitations [46],
offer estimates for thermodynamic functions only at low
temperatures. A theory for the entropy-temperature re-
lationship over the complete temperature range in large
systems is necessary for guiding atomic gas experiments
as they cool into FQH states.

We construct a theory of Laughlin state thermody-
namics using an ansatz partition function. We design
the ansatz to be exact at high temperatures, to capture
the low temperature asymptotics, and to be straightfor-
ward to use, thus allowing characterization of the entire
temperature range. We establish a numerical validation
procedure (which combines a high temperature series ex-
pansion with the stochastic trace method [47]) to com-
pare our ansatz against exact results where possible. Us-
ing our ansatz we incorporate the excited state structure
of FQH states [44–46] to find that, in contrast to the
naive estimate for a gapped system, entropies currently
accessible with bosonic gases [8] are nearly low enough to
probe the low temperature properties of Laughlin states.
Remarkably, the energy distribution of the excited states
effectively lowers the temperature of the Schottky-type
peak at fixed entropy in comparison to the naive esti-
mate. Our method can be used to construct thermody-
namic functions of other FQH states and gapped topo-
logical states in general.

Model: We consider a Hamiltonian of N particles of mass
M in two-dimensions subjected to an artificial magnetic
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Figure 1. Energy of N = 8 fermions (bosons) at ν = 1/3
(ν = 1/2) as a function of total wavevector for n = 1 (n =
0) in Eq. (1) in the lowest Landau level. The ground state
is the k = 0 Laughlin state set to zero energy. ∆T is the
transport gap. The schematic depicts example excitations.
The bosonic Laughlin state can be thought of as one filled level
of CFs (bosons attached to one flux quantum). Low energy
excitations are CF particle-hole pairs modeled as excitations
with energy E1 ∼ ∆T . We consider additional excitations
at another characteristic energy, E2, where bosons are not
necessarily bound to flux quanta. The histograms show nearly
Gaussian state counting.

field oriented perpendicular to the x− y plane:

H =

N∑
i=1

[
|pi − q∗Ai/c|2

2M
+
M(ω2 − Ω2)

2
r2
i

]

+ bn

N∑
i<j

∇2nδ(ri − rj), (1)

where pi is the planar momentum, Ai = (B∗ × ri)/2
is the vector potential in the symmetric gauge, Ω ≡
q∗B∗/2M , ri = (xi, yi), and B∗ (q∗) is the artificial
magnetic field (charge). The effective magnetic length
is l0 = (~c/q∗B∗)1/2. In this gauge the concentric ring-
like basis states define the disk geometry. Here we have
assumed a strong trap along the z-direction and an ex-
ternal parabolic confinement in the x − y plane with a
trapping frequency ω. We leave a discussion of edges to
the end and focus on bulk states. We set ω = Ω and work
in units of l0 = kB = 1. An s-wave (p-wave) interaction
for n = 0 (n = 1) generates repulsion. Setting bn = 1
defines our energy unit.

H approximates several physical systems proposed for
realizing FQH states with ultracold atoms. We consider
an atomic gas with a known entropy that is adiabatically
loaded into a setup designed to generate q∗B∗. For exam-
ple, a rotating gas generates q∗B∗ from the Coriolis force

[15, 48]. Artificial gauge fields in lattices offer another
example. H becomes accurate even in lattices when the
flux through each unit cell is small (see, e.g., Ref [49]).

In all proposals the magnetic field must be large
enough to restrict states to the lowest Landau level. In
this approximation the Laughlin state is the exact ground
state of Eq. (1) for bosons (fermions) with n = 0 (n = 1)
at ν = 1/2 (1/3), where ν is the filling factor, the num-
ber of particles per flux quanta [50, 51]. In the following,
when referring to bosons and fermions, we imply results
at ν = 1/2 and ν = 1/3 with n = 0 and n = 1, respec-
tively.

The Laughlin states form a subset of a larger class of
states, the CF states, that accurately capture the low
energy physics. We think of a CF as a weakly interact-
ing quasiparticle defined by attaching flux quanta to the
original particles. The Laughlin ground state becomes a
filled effective level of CFs. Low energy excitations are
then particle-hole pairs of CFs (See the schematic inset
to Fig. 1).

To study thermodynamics over the entire temperature
range we use Eq. (1) to compute the energy versus total
wavevector in the spherical geometry, the geometry we
use throughout. The spherical geometry maps to the
disk geometry in the N →∞ limit [50, 52, 53] and allows
us to focus on bulk states. Fig. 1 shows a gap to a set
of low energy modes, CF particle-hole pairs. But the
high energy states form a continuum which contribute
significantly to the thermodynamics.

We take a statistical approach to incorporating the
high energy continuum into the thermodynamics. The
histograms in Fig. 1 plot the distribution of energies. The
observation that the continuum forms a nearly Gaussian
distribution will form the basis for our ansatz.

The peaks in the high energy tail of the boson distri-
bution in Fig. 1 arise from large vortex states. To see
this note that the highest energy states of the repulsive
model studied here can be thought of as the low energy
states in an attractive model (b0 < 0). Ref. [54] shows
that attractive bosons form large vortices which therefore
lead to the histogram peaks in Fig. 1.

Figure 1 shows only the neutral excitations. In solids
nearby particle reservoirs lead to addition or subtrac-
tion of additional particles (charged excitations) but in
trapped atomic gases particle number is essentially fixed.
We therefore focus our analysis to neutral excitations.

Figure 1 also excludes center of mass excitations and
plots energies of excitations built from relative coordi-
nates. H separates into relative and center of mass co-
ordinates. The total partition function in the canonical
ensemble becomes: ZTOT = ZCM × Z, where ZCM (Z)
is the partition function for the center of mass (relative)
coordinates. In the following we assume a fixed center of
mass and focus on approximating Z for neutral excita-
tions in the bulk.
Method: To approximate the thermodynamics of Laugh-
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fermions bosons

∆T 0.428(6) 0.627(3)

κ0/N 1.899(1) 1.899(1)

κ1/N 0.66645(3) 1.006(5)

κ2/N 0.2975(2) 2.28(2)

κ3/N 0.0854(2) 25.5

κ4/N 0.0017(3) 7.1(2)×102

κ5/N 0.150(2) 3.5(2)×102

Table I. The first row shows the transport gap and the re-
maining rows the cumulants for fermions (bosons) at ν = 1/3
(ν = 1/2) for n = 1 (n = 0) in Eq. (1). All results are ob-
tained by finite size scaling of exact numerical results to the
thermodynamic limit [55].

lin states we construct an ansatz partition function which
captures the exact thermodynamics at high temperatures
and has the correct temperature dependence at low tem-
peratures. Through fitting to our numerically derived
data we arrive at an approximate partition function ap-
plicable over the entire temperature range.

Motivated by the Gaussian-like energy distribution we
consider the following ansatz partition function:

ZA ≡
(

1 + g1e
−E1/T + g2e

−E2/T
)N

, (2)

where gl and El are fitting parameters. The second term
in the partition function defines the low T dependence
of a gapped spectrum (for E1 < E2). The lowest energy
excitation shown in Fig. 1 is k-dependent but we find that
including k-dependence in El does not alter our results.
We therefore ignore k-dependence and expect E1 ∼ ∆T ,
where ∆T is the transport gap. Furthermore, g1 ∼ 1
approximates the degeneracy of the first excitation.

We capture additional states in the high energy spec-
trum with the third term. The inset to Fig. 1 schemati-
cally depicts another energy level, E2, where flux quanta
are not necessarily bound to particles. At very high ener-
gies we expect states that do not involve flux attachment
to play a role.

To fix parameters in the ansatz we consider an exact
high temperature expansion related to the free energy:

logZ =

∞∑
l=0

κl(−T )−l/l!, (3)

defined in terms of the cumulants, κl. The lowest cu-
mulants have simple interpretations, e.g., κ0 is the log of
the size of the Hilbert space. Stirling’s formula leads
to κ0/N = 3 log(3) − 2 log(2) for N → ∞. Also,
κ1/N = Tr(H)/N becomes 2ν [42]. Table I shows the
cumulants we find in the N → ∞ limit using finite size
scaling of numerically exact results obtained from the
stochastic trace method [55].

We use the cumulants from the high temperature ex-

1 2 3 4 5
T/∆T

0.0

0.5

1.0

1.5

C
/N

N=8
Exact

Ansatz

Figure 2. Heat capacity versus temperature for N = 8 bosons.
The symbols are obtained from diagonalization of Eq. (1)
and the solid line follows from the ansatz partition function,
Eq. (2). The ansatz parameters were obtained by fitting the
lowest four cumulants for N = 8. The agreement at high T
follows by construction but the low T agreement demonstrates
the accuracy of the ansatz.

pansion to fix the parameters in ZA. We apply our
method to bosons and reserve an analysis of fermions for
future work because n = 1 in Eq. (1) requires strong p-
wave scattering which is experimentally challenging with
alkali atoms. We use a Groebner basis fit to the high
temperature limit. We find: g1 = 5.61(4), E1 = 0.970(6),
g2 = 0.099(4), and E2 = 13.1(2). The error in our cumu-
lant fits were propagated through our fitting procedure.
With these parameters we reproduce the exact high tem-
perature partition function [up to O(T−4)].

We test the accuracy of the fits by including more
fitting parameters. We have included additional terms
to fit up to O(T−6) with more fitting parameters, e.g.,
g3e
−E3/T , in ZA and have found that our results for

fitting parameters change very little, e.g., the entropy
changes by less than 1% percent. We therefore keep our
4 parameter ansatz.

Thermodynamic Functions: To test the validity of the
ansatz partition function we compare with exact diago-
nalization results for thermodynamic functions. We com-
pare directly on small system sizes and for the thermo-
dynamic limit where possible.

Figure 2 plots the heat capacity, C = T∂S/∂T , where
S = ∂(T logZ)/∂T is the entropy. We compare C ob-
tained from exact diagonalization and from the ansatz.
In this example comparison we see that both the high and
low T limits agree. The former is by construction but the
latter is non-trivial because we fit just the high T limit.
The low T limit of the gapped system contains informa-
tion about the degeneracy of the first excited level, g1,
since for a system with a gap ∆T and degeneracy g we
have: C/N = [g(∆T /T )2 +O(T 3)]e−∆T /T . We also find
that increasing N improves agreement between diagonal-
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Figure 3. The main panels plot the entropy per particle versus
temperature for bosons. The solid lines are obtained from the
ansatz, Eq. (2), with parameters derived from the cumulants
in Table I. The symbols in the top panel are obtained from
finite N extrapolation of the entropy at fixed T [55]. The
agreement between the symbols and the lines shows that the
ansatz accurately captures the low and high T limits. The
dashed line in the bottom panel plots the entropy per particle
obtained from a partition function [1 + exp (−∆T /T )]N . The
dot-dashed line plots the high T limit from the first term of
the cumulant expansion (S = κ0). The inset plots the heat
capacity from the ansatz in the thermodynamic limit. The
vertical dotted line denotes the temperature, TL, below which
primarily CF particle-hole pairs are excited. The horizontal
dotted line in the main panel plots the corresponding entropy,
SL, determined from the ansatz.

ization and the ansatz near the peak.

We also test ZA in the thermodynamic limit. We study
the entropy because of its importance in atomic gas ther-
mometry. We use exact diagonalization at finite N . We
fix T and use finite size scaling to obtain the entropy. The
supplementary material [55] discusses finite-size scaling
functions of the entropy at very low T and very high T .
For T ∼ ∆T we cannot predict an N scaling function.

The top panel of Fig. 3 plots a comparison between
the entropy obtained from ZA and the results for finite-
size scaling of the entropy. Here we see that the ansatz
agrees well with the extrapolations at low and high T .
The bottom panel of Fig. 3 plots a comparison between
the entropy obtained from ZA and two limits: the low T
limit obtained from assuming a two-level system with a
gap ∆T and the high T limit from the first term of the
cumulant expansion (S = κ0). The deviation between
the dashed and solid lines shows the importance of in-
corporating the continuum states even for T ∼ ∆T /5. In
both panels we see that the ansatz extrapolates between

both low and high T limits thus allowing predictions for
thermodynamic functions even for T ∼ ∆T .
Laughlin Entropy: We use the validated ansatz to predict
the thermodynamic entropy at which Laughlin correla-
tions set in. Although there is no critical temperature
in the FQH regime we consider a characteristic temper-
ature, TL, defined as the temperature at which the heat
capacity peaks due to the energy gap. At the peak we find
an excitation fraction of ≈ 19% from our boson ansatz.

The inset of Fig. 3 plots the ansatz heat capacity ver-
sus temperature to reveal the location of the peak and
therefore TL. The bottom panel of Fig. 3 shows the en-
tropy that corresponds to the peak in the heat capacity,
SL. We find SL/N ≈ 0.8068(3), where the error propa-
gates from uncertainty in the ansatz fitting parameters.
This entropy is much larger than the naive estimate men-
tioned in the introduction therefore showing the cooling
effect of the continuum of excited states. The entropy
found here establishes a bound on the entropy needed to
reliably observe the low-T/CF physics of the FQH regime
with bosons.
Experimental Implications: Our estimate for the entropy
needed to observe FQH states with bosons is near current
cooling capabilities. Evaporative cooling can reach en-
tropies as low as S/N ≈ 0.35 and possibly lower [8] which,
according to the ansatz, corresponds to T ≈ 0.5TL.
We have therefore found that the entropy per particle
required to lower the system temperature below TL is
within reach of current cooling capabilities. The ansatz
shows that T ≈ 0.5TL still allows an excitation fraction of
≈ 1%. Cooling to T . 0.1TL would be optimal for probes
of ground state properties and consistent with tempera-
tures in solids.

Our estimates here only apply to neutral excitations
within the bulk in the thermodynamic limit whereas in-
cluding edge effects or additional quasiparticles can lower
T at fixed S (adiabatic cooling) in finite sized systems.
Introducing edges in a finite sized experiment should
make the entropy budget more favorable for observing
FQH physics. For Ω 6= ω edge states interplay with
parabolic trapping in finite sized systems. The (nearly)
gapless edge states accommodate more entropy than the
bulk [an O(

√
N) effect]. Introducing edges should there-

fore adiabatically lower temperature. Our estimate for
SL in the thermodynamic limit is then a lower bound on
the entropy needed to reach low temperature FQH states
in a finite size experiment.

Moving the filling away from 1/(1+p) introduces quasi-
particles to allow additional cooling. The topological
nature of Laughlin states implies that the total entropy
includes a factor due to quasiparticle degeneracy, yield-
ing: SD + S, where SD = Nq log(d), d =

√
p+ 1 is the

quantum dimension, and Nq is the number of additional
quasiparticles causing deviation from filling 1/(1+p) [14].
The T -independent SD term allows adiabatic cooling via
quasiparticles [56].
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Summary: We have constructed and validated an ansatz
partition function for Laughlin states with atomic gases.
Our method leads to an ansatz that is exact at tempera-
tures much higher than the gap and contains the correct
T dependence at low temperatures thus allowing ther-
mometry through the entire temperature range. Using
our ansatz we find that the continuum of excited states
alters the entropy-temperature relationship (in compar-
ison to that of a naive gapped spectrum) to reveal that
currently attainable entropies are nearly low enough to
observe low temperature FQH states with bosons. Our
results also have important implications for observing
other closely related topological states, e.g., chiral spin
liquids and fractional Chern insulators, because of their
direct connection to the bosonic Laughlin state [57, 58].

We acknowledge helpful comments from M. Peterson
and support from the AFOSR (FA9550-11-1-0313) and
ARO (W911NF-16-1-0182).
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SUPPLEMENTARY MATERIAL FOR
“THERMOMETRY FOR LAUGHLIN STATES OF

ULTRACOLD ATOMS”

Stochastic Trace Method

This section outlines a method to numerically compute
the cumulants. We first note that the cumulants are re-
lated to the moments of the Hamiltonian, Tr(H l), via:

κl = Tr(H l)−
l−1∑
l′=1

(
l − 1

l′ − 1

)
κl′Tr(H l−l′), (4)

for l > 0. This expression allows us to estimate the cu-
mulants with moments. Consider R normalized random
vectors |r〉 in the Hilbert space. The moments can then
be estimated using:

Tr(H l) ≈ R−1
R−1∑
r=0

〈r|H l|r〉. (5)

We obtain convergence in the sum by choosing R = 100
random vectors. The error in this method scales like
O[(RD)−1/2] where, D is the size of the Hilbert space.
For N = 12 we achieve errors of less than ∼ 10−6 and
have compared with exact diagonalization where possi-
ble. We therefore find that the stochastic trace method
is numerically exact.

Finite-Size Scaling

This section discusses finite size scaling forms used for
the cumulants and the entropy. To extrapolate the cu-
mulants to the N → ∞ limit we use different scaling
functions. The functions are used to fit numerical data.

We use three different scaling functions for the cumu-
lants. For κ0, which is the log of the dimension size, we
use Stirling’s formula to extract the following large N
scaling:

κ0

N
∼ a+

b

N
+

c

2N
log

(
1

N

)
, (6)
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Figure 4. The symbols are boson cumulants per particle ob-
tained from the numerically exact stochastic trace method.
The lines show finite size scaling functions Eqs. (6), (7), and
(8). κ0 is the log of the Hilbert space size and exhibits a
log-linear N scaling. κ1 fits to a polynomial while κl>1 fit to
an exponential. The thermodynamic limit (N →∞) of these
vales is given in Table I in the main text.

where a, b and c are fitting parameters obtained from
fitting our numerical data. For κ1 we use a standard
finite size scaling function used for energy extrapolations
in FQH studies:

κ1

N
∼ a+

b

N
+

c

N2
, (7)

but for higher order cumulants we find that an exponen-
tial scaling yields the least error in fitting:

κl>2

N
∼ a+ b exp[c/N ]. (8)

Figure 4 shows example numerical extrapolations for
boson cumulants using the stochastic trace method.
Fits for bosons for κ0/N and κ1/N yield 1.899(1) and
1.006(5), respectively, close to our expected values, ≈
1.90954 and 1.0, thus confirming that our fitting proto-
col extrapolates well to N → ∞. The N → ∞ limit we
find for cumulants is given in Table I in the main text.

We also perform finite size scaling of thermodynamic
functions directly. The dashed and dot-dashed lines in
the bottom panel of Fig. 3 in the main text shows the
entropy per particle extrapolated to N → ∞ for several
T . To obtain the results presented in Fig. 3 in the main
text we performed finite size scaling of the entropy. The
finite size scaling of the entropy per particle is well de-
fined at very low T and very high T . For T � ∆T we

http://dx.doi.org/10.1103/PhysRevB.34.2670
http://dx.doi.org/10.1103/PhysRevB.34.2670
http://www.sciencedirect.com/science/article/pii/S1386947798002367
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http://dx.doi.org/10.1103/PhysRevLett.80.2265
http://dx.doi.org/10.1103/PhysRevLett.105.086801
http://dx.doi.org/10.1103/PhysRevLett.105.086801
http://dx.doi.org/10.1103/PhysRevLett.59.2095
http://dx.doi.org/10.1103/PhysRevLett.59.2095
http://dx.doi.org/ 10.1103/PhysRevLett.110.185302
http://dx.doi.org/ 10.1103/PhysRevLett.110.185302
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S
/N

Figure 5. Finite-size extrapolation of the entropy per particle
for two different temperatures, T/∆T = 0.15 (top panel) and
T/∆T = 4 (bottom panel). The symbols show results from
exact diagonalization for bosons at ν = 1/2 and the solid lines
are fitting functions, Eq. (9) (top panel) and Eq. (10) (bottom
panel).

find an exponential scaling:

S

N

∣∣∣∣
T�∆T

∼ ã(T ) + b̃(T ) exp[c̃(T )/N ], (9)

where the tilde indicates temperature dependence in the
fitting parameters ã, b̃, and c̃. The high temperature N -
scaling of the entropy is different. For T � ∆T Sterling’s
formula leads to a log-linear scaling for the entropy:

S

N

∣∣∣∣
T�∆T

∼ ã(T ) +
b̃(T )

N
+
c̃(T )

2N
log

(
1

N

)
. (10)

Here we note that at infinite T the entropy becomes just
the log of the Hilbert space size, κ0. We have checked
that our finite size scaling form for the entropy extrapo-
lates to the log of the Hilbert space size for infinite T .

Fig. 5 shows example N scalings for the entropy for
two different temperatures. The top panel uses a log-
linear plot to show an extrapolation using the exponen-
tial form, Eq. (9), for a characteristic low T . The bottom
panel shows an extrapolation using the log-linear form,
Eq. (10), for a characteristic high T . In both panels we
see that the finite size numerical data fall on the extrap-
olation lines. Intermediate temperatures (T ∼ ∆T ) were
not accessible because the fitting functions fail to cap-
ture numerical data. We are therefore limited to low and
high T results for this method. In these low and high T
regimes we then use the extrapolated values of the en-
tropy to compare with the ansatz, all in the N → ∞
limit. Specifically, the dashed and dot-dashed lines in
the bottom panel of Fig. 3 in the main text plot the y-
intercept obtained from fits at different temperatures as
shown in Fig. 5.
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