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Effect of Curvature on
Penetration Resistance of
Polycarbonate Panels
Three-dimensional transient deformations of clamped flat and doubly curved polycarbon-
ate (PC) panels impacted by a rigid smooth hemispherical-nosed circular cylinder have
been numerically studied by the finite-element (FE) method to delineate effects of the
panel radius of curvature to its thickness ratio on their penetration resistance. The PC is
modeled as thermoelastoviscoplastic with the effective plastic strain rate depending upon
the hydrostatic pressure. The effective plastic strain of 3.0 at failure is ascertained by
matching for one set of flat panels the computed and the experimental minimum perfora-
tion speeds. It is found that a negative curvature (i.e., the center of curvature toward the
impactor) of a panel degrades its penetration performance, and the positive curvature
enhances it especially for thin panels with thickness/radius of curvature of 0.01. How-
ever, the benefit is less evident for panels with the panel thickness/radius of curvature of
0.04 or more. For positively curved thin panels, an elastic hinge forms around the central
impacted area during an early stage of deformations, and subsequent deformations occur
within this region. No such hinge is observed for flat plates, negatively curved panels of
all the thicknesses, and positively curved thick panels. Furthermore, the maximum effec-
tive stress induced in regions surrounding the impacted area is less for positively curved
panels than that for flat panels. The dominant failure mechanism is found to be the dele-
tion of failed elements due to the effective plastic strain in them exceeding 3.0 rather than
due to plug formation. For an example problem, the dependence of the effective plastic
strain rate upon the hydrostatic pressure and the consideration of the Coulomb friction
at the contact surfaces exhibited minimal effects on the penetration characteristics. This
information should be useful for designers of impact-resistant transparent armor, such as
an airplane canopy, automobile windshield, and goggles.
[DOI: 10.1115/1.4034520]
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1 Introduction

Polymers are widely used as transparent armor because of their
high-specific impact performance, e.g., see Radin and Goldsmith
[1]. Sands et al. [2] reported that polycarbonates (PCs) have better
specific impact resistance than most glasses. Thus, lightweight
transparent PC panels are well-suited for protection in applica-
tions, such as goggles, shields, and windows. Mathematical and
computational models that accurately predict the response of these
panels to impact loads will help optimize their design for a given
areal density.

Deformations of PC have been experimentally investigated by
many researchers [3–11]. Test results show that after deforming
elastically, the PC material exhibits plastic yielding followed by
strain softening and finally strain hardening. An increase in tem-
perature decreases both Young’s modulus and the yield stress
while increasing the strain rate has the same effect as decreasing
the temperature. Moreover, there is no yield surface assumed,
plastic deformations occur for all values of the stress, and the
effective plastic strain rate depends upon the hydrostatic pressure.

The energy dissipated during plastic deformations of the mate-
rial is generally converted into heat [12–14]. Assuming locally
adiabatic heating of PC samples deformed at high strain rates, Rit-
tel [14] introduced two parameters bdiff and bint relating the rate
of heating to the plastic working and the accumulated heating to
the total plastic work, respectively. He found that for strain rates
greater than 5000/s, bint varies between 0.4 and 1, and bdiff can
take values larger than the intuitively maximum value of 1.0

because of the likely conversion of the elastic energy into heat
during the strain softening regime of deformations.

Several constitutive relations are available in the literature to
model the thermomechanical response of a PC [5,15–17]. These
are usually developed by decomposing the material response into
a nonlinear elastic contribution accounting for the restoring force
and a viscoelastoplastic contribution accounting for the strain-rate
dependent plastic deformations (yielding, softening, and strain
hardening). Here, we employ Mulliken and Boyce’s [5] constitu-
tive relation with Varghese and Batra’s [18,19] modifications of
material parameters depending upon the current rather than the
temperature in the unstressed reference configuration. This mate-
rial model can be represented as a nonlinear Langevin spring and
two nonlinear spring–dashpots in parallel to simulate, respec-
tively, the restoring force and the viscoplastic response of the
material. It includes the dependence of the effective plastic strain
rate upon the pressure, the temperature, and the stress and strain
rates. Safari et al.’s [20] extension of the material model to strain
rates >104/s is not considered here.

Many experimental investigations on the fracture of PCs have
used the Charpy tests and the three-point bend tests on notched
specimens, e.g., see Refs. [21–28]. Craze nucleation has been
identified as a principal failure mechanism of PCs at high strain
rates [10,29–31]. Gunnarsson et al. [31] experimentally observed
that flat PC panels impacted at �90 m/s did not exhibit cracking
and only showed a “small tear.” Thus, only ductile failure of the
PC is considered here.

Various damage and ductile failure models [11,32–38] used in
numerical simulations of PCs are summarized in Table 1.

Most failure criteria listed in Table 1 assume that a material
point fails when the effective plastic strain there reaches a pre-
assigned critical value. In Ref. [33], the critical value for the
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plastic strain at the onset of ductile damage is assumed to decrease
from 1.0 for quasi-static deformations to 0.6 at the effective strain
rate of 80,000/s. Subsequently, elastic properties of the material
are degraded, and the material is assumed to fail when the plastic
displacement there equals 80 lm. For the finite-element (FE)
mesh they used this plastic displacement corresponds to 0.064
additional plastic strain after the damage onset.

We note that the critical strain for the PC considered by various
investigators varies from 0.66 [33] to 2 [38]. Thus, there is no
agreement on the value of the critical plastic strain at failure.
Here, we find the value 3.0 at failure of the effective plastic strain
by matching the computed minimum perforation speed with the
experimental one for flat PC plates of different thicknesses (see
Sec. 4). Subsequently, this failure strain is used to characterize the
effect of curvature on the resistance to perforation of panels with
positive and negative curvatures and the edge length to the radius
of curvature ratio varying between 0 and 2. The effect of curva-
ture on the penetration/perforation resistance of curved thermo-
elastoviscoplastic panels undergoing large plastic deformations
prior to failure has not been studied before. This work differs
from our earlier work [39] in which the panels were not
perforated.

The rest of the paper is organized as follows: The initial-
boundary-value problem studied is described in Sec. 2, and the
corresponding computational model is detailed in Sec. 3. Results
for the low and the high velocity impacts of flat and curved PC
panels and their comparisons with the test data available in the lit-
erature are presented and discussed in Secs. 3.2 and 4, respec-
tively. The effect of curvature on the impact response of panels of
various thicknesses is investigated in Sec. 5. Conclusions from
this work are summarized in Sec. 6.

2 Mathematical Model

Figure 1 depicts a schematic sketch of the plate–impactor sys-
tem before the impactor contacts the panel, the (Oxz) rectangular
Cartesian coordinate system used to describe panel’s

deformations, and a positively and a negatively curved panel. The
clamped panel has thickness h, and its curved midsurface has sides
of lengths L1 and L2. The panel center is impacted at normal inci-
dence by a hemispherical-nosed steel circular cylinder of diameter
d.

In the Lagrangian description of motion, transient deformations
of the panel are governed by the following conservation laws:

mass : qJ ¼ q0

linear momentum q0 _v ¼ br � T
moment of momentum : T � FT ¼ F � TT

(1)

Here, q and q0 are the mass densities in the current and the refer-
ence configurations, respectively, J ¼ detðFÞ; F ¼ @x=@X is
the deformation gradient mapping an infinitesimal line element
emanating from a material point X in the reference position to a
line element passing through its current location x, a superim-
posed dot indicates the material time derivative, v is the velocity
of a material point, T is the first Piola-Kirchhoff stress tensor
related to the Cauchy stress tensor r by T ¼ Jr � F�T, and ( br) is
the divergence operator with respect to X.

For a few simulations at impact speeds used in Gunnarsson
et al. [31] with the steel modeled as a Johnson–Cook material, we
found that less than 1% maximum effective strain was induced in the
impactor while deformations and/or failure of the PC panel were
essentially unchanged. Therefore, in subsequent simulations for
which results are reported below, the impactor was modeled as rigid
that greatly reduced the computational cost. Khalili et al. [40] also
showed that assuming the impactor to be rigid reduces the computa-
tion time with negligible effects on numerical results. The smooth
impactor is assumed to have only translational motion governed by

_p ¼ f (2)

where p equals the linear momentum, and f the resultant force act-
ing on the impactor.

Table 1 Failure criteria and values of the failure parameters of PC used in numerical simulations

Reference Code Failure criterion Typical impact velocity (m/s)

Ramakrishnan [11] LS-DYNA Critical plastic strain¼ 0.5 4
Kelly [32] AUTODYN Johnson–Holmquist failure and damage 500
Dorogoy et al. [33] ABAQUS Spallation at pcrit¼�160 MPa 750

Damage initiation at plastic strain between 0.6 and 1.0;
failure at 80 lm plastic displacement

Shah and Abakr [34] LS-DYNA Critical plastic strain¼ 1.5 140
Shah [35] LS-DYNA Critical plastic strain¼ 1.5 100
Livingstone et al. [36] AUTODYN Bulk-strain; value not given by authors 700
Richards et al. [37] AUTODYN Bulk-strain; value not given by authors 700
Hazell et al. [38] AUTODYN Critical plastic strain¼ 2 800

Fig. 1 Sketch of the impact problem studied
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At points on clamped edges, the three displacement compo-
nents are set equal to zero. At a free surface, the surface tractions
vanish. On the smooth contact surface between the impactor and
the panel, the following three continuity conditions are applied:

normal velocity : ½½ _u�� � n ¼ 0

normal traction : ½½t�� � n ¼ 0

tangential traction t� n ¼ 0

(3)

Here, ½½t�� indicates the jump in the traction vector t across the
contact surface, n is a unit normal to the contact surface, u is the
displacement field, _u is the velocity field, and the symbol� de-
notes the cross product between two three-dimensional vectors.
These conditions imply that there is no interpenetration between
the impactor and the PC panel. However, the penalty method used
in the numerical scheme to satisfy Eq. (3) allows tiny interpenetra-
tions. At a point on the contact surface, the normal component of
the velocity and the surface traction is continuous, and the tangen-
tial tractions vanish.

At time t¼ 0, the panel is at rest, stress free, at the uniform tem-
perature of 300 K, and the moving impactor just contacts the top
surface of the panel.

The thermoelastoviscoplastic response of the PC is modeled by
the Mulliken and Boyce [5] constitutive relation with two modifi-
cations suggested by Varghese and Batra [18]. It is described in
Ref. [39] where values of material parameters are also listed.

3 Computational Model

3.1 Implementation. We use the commercial FE software LS-
DYNA in which the constitutive relation for the PC has been imple-
mented as a user-defined subroutine written in FORTRAN. The veri-
fication of the implementation has been described by Varghese
and Batra [18], who showed that for simple tensile deformations,
the computed true axial stress versus true axial strain agreed well
with the corresponding experimental results till the axial strain of
0.8. It has been assumed here that the same values of material
parameters can be used till the effective plastic strain of 3.0.

An “unstructured” FE mesh used to discretize the panel gives
better convergence rate versus the computational cost than a
“structured” mesh [40]. We use hexahedral elements with one-
point integration rule for evaluating element matrices, and control
zero-energy deformation (or “hourglass”) modes with the
Belytschko–Bindeman algorithm. For all the simulations, the
energy of the hourglass modes is found to be less than 5% of the
total internal energy that equals the sum of the elastic energy, the
kinetic energy (KE), and the plastic dissipation. The accuracy of
LS-DYNA’s contact algorithm was checked in Ref. [39] for a quasi-
static Hertz contact problem.

As described for a flat plate in the Appendix of Ref. [39], the
FE mesh pattern in the xy-plane is obtained by partitioning the
plate along its diagonals. Then, each quarter of the plate is parti-
tioned by a 12.7-mm radius circle centered at the impact point.
The circle circumference and each edge of the quarter plate are

discretized with 38 uniform elements. A plate diagonal with
points located more than 12.7 mm from the plate center is divided
into 48 segments of different lengths with the ratio of the length
of the smallest segment located near the circle to that of the larg-
est segment located at the corner equal to 20. Each layer has
11,628 elements, and 11, 15, 18, 29, and 39 layers are used for the
3.0, 4.45, 5.85, 9.27, and 12.32 mm thick plates, respectively. A
similar mesh generation strategy is adopted for curved panels.

For each impact problem studied, results were computed with
at least two FE meshes. The FE mesh A was uniformly refined to
obtain FE mesh B having at least 30% more nodes than those in
mesh A. The process was repeated till the maximum reaction
force, and the energy dissipation computed with two successive
meshes differed by less than 10%. Convergence of these two
quantities does not imply the convergence of either the penetra-
tion depth or of stresses at a point.

3.2 Validation of the Model. We simulated test configura-
tions of Gunnarsson et al. [31,41,42], who used the digital image
correlation technique to experimentally measure back-surface
deflections of clamped 254 mm square flat PC plates of thickness
varying between 3 and 12.32 mm impacted by a 104 g steel impac-
tor of radius 6.35 mm at speeds ranging from 10 to 50 m/s. The
total length of the impactor equals 12.7 mm. In Ref. [42], the
authors provide time histories of the deflection of the center of the
rear face of 3, 4.45, 5.85, 9.27, and 12.32 mm thick panels, while
in Ref. [41] they give the deformed profiles of the rear face of the
5.60-mm thick panel. The measured and the computed maximum
deflections listed in Table 2 reveal that the largest difference,
10.3%, between them is for the 12.32-mm thick panel impacted at
40 m/s. The impact speeds given in Table 2 are approximate since
a range of impact speeds was given for some of the tests.

As detailed in Ref. [39], the computational and experimental
force–time histories and the deformed shapes are found to com-
pare well with each other. The energy balance for a perforation
problem described at the end of Sec. 4 also validates the model.

4 Critical Strain for Ductile Failure

We assume that a material point fails when the equivalent plas-
tic strain, ep1

i , i ¼ a; b , in either phase a or phase b (see Ref. [39]
where all the symbols are defined) given by

ep1
i ¼

ðt

s¼0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

3
eDp

i : eDp

i

r
ds¼

ðt

s¼0

ffiffiffi
2

3

r
_cp

i ds�
X

n

ffiffiffi
2

3

r
_cp

i Dt; i¼ a;b

ep1 ¼max ep1
a ;e

p1
b

� �
ð4Þ

equals 3; this is discussed below. As implied by the last expres-
sion on the right-hand side of Eq. (4), the integral is evaluated by
assuming that _cp

i is constant during the time increment Dt.
Gunnarsson et al. [42] experimentally found the V50 of 3.00,

4.45, and 5.85 mm thick plates to be, respectively, 62, 72, and
80 m/s with an accuracy of about 1 m/s. However, they did not

Table 2 Comparison of the experimental [42] and the computed maximum deflections of the centroid of the back surface of
clamped PC plates

Approximate impact velocity (m/s)

10 20 30 40 50

Panel thickness (mm) Experimental (computed) maximum deflection in mm, and % difference between the two values

3.00 13.2 (13.0) [�1.5] 16.1 (17.1) [6.2]
4.45 9.4 (9.0) [�4.3] 12.9 (13.1) [1.6]
5.85 6.5 (7.1) [9.2] 10.9 (10.2) [�6.4] 15.2 (14.8) [�2.6] 19.2 (19.0) [�1.0] 22.0 (22.7) [3.2]
9.27 10.2 (10.4) [2.0] 11.3 (12.1) [7.1] 14.0 (14.8) [5.7]
12.32 6.9 (7.3) [5.8] 8.7 (9.6) [10.3] 10.7 (11.3) [5.6]
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mention repeatability of their tests. The V50 equals the impact
speed such that for randomly selected impact speeds around it,
complete perforation occurs for 50% of the impacts. In the present
deterministic study, unless one introduces randomness in material
properties and plate geometries, there is one minimum impact
speed for full perforation. Since Gunnarsson et al. [42] did not
report all the speeds used to find the V50, we set the experimental
V50 equal to the impact speed for which the target is just perfo-
rated. These results are used to find the effective plastic strain at
failure, ep1;f . For these three plates, taking ep1;f ¼ 2 gave numeri-
cally predicted perforation speeds that were nearly 75% of their
test values, i.e., considerably less than their experimental values.
For different values of ep1;f and impact speeds varying between
90% and 110% of the experimental minimum perforation speed,
we have listed in Table 3 whether or not plates were perforated in
the simulations. We note that ep1;f ¼ 3 provides a satisfactory
agreement between the numerical and the experimental results
since the perforation velocity of the plates can be predicted with
less than 10% error for the 4.45-mm thick plate and with less than
5% error for the other two thicknesses considered. Thus, ep1;f ¼ 3
is used in the rest of the paper. Failed elements are deleted from
the analysis domain thereby creating a void. The coalescence of
these failed elements results in either a hole or a crater.

Time histories of the impactor KE and of the internal, the
kinetic, and the eroded energies for the 5.85-mm thick PC plate
impacted at 100 m/s are exhibited in Fig. 2. It is interesting to note
that for this problem, the erosion energy begins to increase (i.e.,

elements start failing and hence getting deleted) when the impac-
tor KE has decreased to a small value. The decrease in the plate
internal energy concurrent with an increase in the erosion energy
suggests that some of the plate strain energy is used to erode addi-
tional elements and increase the plate KE. Subsequently, the plate
KE is converted into the plate internal energy and the erosion
energy till the plate motion considerably slows down and the plate
has been perforated. The sum of the three energies of the plate
nearly equals the initial KE, 520 J, of the smooth rigid impactor.

Factors affecting the impact speed needed to just perforate a
plate include the rigid impactor nose shape, penetrator length, tar-
get material properties, target areal density, boundary conditions,
friction at the penetrator/target interface, and the penetrator nose
radius relative to plate dimensions. For problems studied here, the
hemispherical nose of the penetrator and the penetrator length is
fixed, the target/penetrator interface is smooth, the target plate
edges are clamped, the length of each side of the midsurface of
the square target panel equals 254 mm, and the penetrator radius
equals 6.35 mm. Thus, plate length/penetrator diameter equals
�21. The maximum elastic wave speed in the PC equals �1.18
mm/ls. Thus, the elastic wave travels from the impact point to the
plate edge in �107 ls. Since failure times for thin panels studied
are �1 ms, boundary conditions at the edges can affect deforma-
tions near the impact point. For problems studied here, the panel
thickness/penetrator length varies from 0.24 to 1. Thus, results for
penetration into thick targets are not applicable here. Another non-
dimensional parameter often used to characterize the effect of
inertia forces for penetration problems is: target mass densi-
ty� impact speed2/target yield strength. For the PC and the
impact speed of 100 m/s, it equals �0.1. Thus, one could poten-
tially ignore effects of inertia forces on panel’s deformations.
However, the present analysis includes effects of inertia forces.

Upon impact at V m/s, the target point directly underneath the
penetrator nose-tip has the maximum pressure¼ acoustic imped-
ance of the PC� impact speed¼ 1419 V kPa and undergoes large
deformations. The computed maximum pressure soon after impact
does satisfy this relation and provides credence to the results
reported here. As the impactor indents into the target, the reaction
force is distributed on the penetrator nose that retards its motion.
The impactor KE versus time depicted in Fig. 2 reveals that it
varies nearly linearly from 520 J at t¼ 0 to 100 J at t¼ 0.5 ms.
Thus, 1

2
m v2 ¼ 520� 840; 000 t, where time t is in seconds,

m¼ 0.104 kg is the penetrator mass, the penetrator deceleration
equals 8076/V mm/s2, and the instantaneous force at t¼ 0 resisting
impactor’s motion equals 8.4 kN. This data should help experi-
mentalists appropriately design sensors to be used in tests.

We recall that for infinitesimal deformations for which the
material response can be considered as linear elastic, the panel
bending stiffness is proportional to h3 (h¼ panel thickness). For a
rigid perfectly plastic material, the bending moment at a fully
plastically deformed cross section (plastic hinge) is proportional
to h2. The force required to uniformly stretch a cross section is
proportional to h. For finite deformations, the hoop strain has
terms involving 1/R2. The consideration of material nonlinearities
complicates the quantification of different modes of deformation
in the present transient problem.

For relatively high-speed impacts on thermoviscoplastic targets,
the material strength and the equation of state influence target’s
deformations in the contact region between the smooth impactor and
the target, e.g., see Ref. [43]. For steady-state penetration of a rigid
hemispherical-nosed cylindrical penetrator into a thermoviscoplastic
target, it is shown in Ref. [44] that the friction force has minimal
effect on the normal stress but significantly affects the tangential
velocity of target particles flowing over the penetrator nose. For the
present impact problem, plots of the time history of the total contact
(or the reaction) force acting on the impactor depicted in Fig. 3 for
three values of the coefficient of friction reveal that the Coulomb
friction at the penetrator/target contact surface has negligible effect
on the impactor retardation. The consideration of frictional effects
did not materially affect the distribution of the effective plastic strain

Table 3 Simulation results for 3, 4.45, and 5.85 mm thick plates
at various impact speeds (Y 5 perforation)

Ratio of impact speed to experimental V50

epl;f h (mm) 0.90 0.95 1.00 1.05 1.10

2.5 3.00 N Y Y Y Y
4.45 N Y Y Y Y
5.85 N Y Y Y Y

2.75 3.00 N Y Y Y Y
4.45 N Y Y Y Y
5.85 N N Y Y Y

3.0 3.00 N N Y Y Y
4.45 N Y Y Y Y
5.85 N N Y Y Y

3.25 3.00 N N N N N
4.45 N N N Y Y
5.85 N N N Y Y

3.5 3.00 N N N N N
4.45 N N N N Y
5.85 N N N Y Y

Fig. 2 Time histories of the impactor KE and of the plate inter-
nal, kinetic, and erosion energies for the impact of the 5.85-mm
thick flat PC plate at 100 m/s. KE, kinetic energy; IE, internal
(elastic 1 plastic) energy; and EE, eroded energy.
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in the region adjoining the penetrator/target interface. As shown in
Fig. 4, the impactor did not penetrate into the panel.

Sensitivity studies for impact problems similar to those being
studied here but involving no perforation reported in Ref. [45]
have revealed that five parameters with the highest mean effects
on the stress–strain curves for the PC deformed at 5000/s in uniax-
ial compression are Young’s modulus, Poisson’s ratio, the activa-
tion energies of the two phases in the constitutive relation for the
PC, and a stress softening parameter. The latter three parameters
strongly influence the energy dissipated in the PC panel, and the
first two affect the reaction force. For the present problems, we
anticipate that all the five material parameters and the value of the
failure strain noticeably influence the V50 for the panels.

As should be clear from the results listed in Table 3, the strain
at failure plays a critical role in determining the minimum impact
speed required to perforate the target. In the work reported below,
only an approximate value of the minimum speed required to per-
forate the target has been computed since the emphasis is on
delineating effects of panel curvature/panel thickness ratio on the
impact performance when the impact speed is close to the mini-
mum perforation speed. The experimental V50 values are also
approximate with unknown certainties.

Once the maximum effective plastic strain in an element
reaches the critical value of 3, it is deleted and stresses are redis-
tributed in the region surrounding the deleted element. The instant
of element deletion depends upon the impact speed and the target
thickness to curvature ratio with other factors kept fixed. Upon
penetration of the impactor into the target, the target thickness
under the penetrator nose varies with time that also affects defor-
mation mechanisms of the plate. Thus, the dominant deformation
mechanisms vary with time as the impactor pushes its way
through the target.

5 Perforation of Panels

For impact speed¼ 72 m/s, we have plotted in Fig. 4 deformed
shapes and the plastic strain distribution in the flat and the curved
panels with h¼ 4.45 mm and R¼6127 mm. Both the flat and the

panel with the negative curvature are perforated but that with the
positive curvature is not perforated. The deformed shapes of the
panels at different instants of time after impact show that the posi-
tively curved panel with R¼ 127 mm undergoes large deflections
before the impactor bounces back, while the material of the panel
with R¼�127 mm undergoes significant plastic deformations
without the panel bouncing back. The material underneath the
impactor nose is significantly (negligibly) stretched and wrapped
around the impactor for the panel with R¼�127 mm (127 mm).
The panel with the negative curvature is perforated at �1.2 ms
after impact, and the flat plate at �1.6 ms. Thus, the panel with
the positive curvature provides more impact resistance than the
other two panels. The problem of finding the curvature/thickness
ratio for maximizing the perforation resistance for a given impac-
tor, impactor nose shape, and its speed is left for a future study.
Note that the length of each side of the midsurface of the square
target panel equals 254 mm, thus side length/panel curvature is
proportional to R.

Time histories of the internal, the kinetic, and the eroded ener-
gies of the plates are shown in Fig. 5. The internal energy equals
the sum of energies of the elastic and the plastic deformations,
while the eroded energy equals the internal and the KE of the solid
elements that failed and were subsequently removed from the
analysis. These results suggest that the KE of the plate with the
negative curvature remains negligibly small as compared to those
of the flat and the positive curvature panels. The maximum eroded
energy is significantly more for the negatively curved panel than
that for the other two panels and is essentially zero for the posi-
tively curved panel since no element failed for it. Elements in the
negatively curved panel start eroding at t¼�0.4 ms but in the flat
panel at �1 ms. The larger value of the total eroded energy sug-
gests that a larger volume of the material is eroded in the nega-
tively curved panel than that in the flat panel. The maximum
internal energy is highest for the positively curved panel and least
for the negatively curved panel. Factors contributing to the total
internal energy are the intensity of the elastic and plastic deforma-
tions and how much of the volume is plastically deformed. The
results exhibited in Fig. 4 suggest that the maximum plastic strain
induced in the panel of positive curvature is less than that induced
in the other two panels. Also, the volume of the plastically
deformed material for the positive curvature panel is the least

Fig. 3 Contact force as a function of time for 4.45-mm thick
positively curved PC panels with R 5 127 mm impacted at 72 m/
s with different values of the friction coefficient

Fig. 4 Deformed shapes and plastic strain distributions in
4.45-mm thick panels for 72 m/s impact speed

Fig. 5 Time histories of the internal, the kinetic, and the
eroded energies of the 4.45-mm thick panels for 72 m/s impact
velocity

Table 4 Maximum temperature rise in the panels excluding
that in the eroded material

R (mm) �127 �254 �508 Flat 508 254 127

h¼ 3.00 mm, v¼ 62.5 m/s 70 66 60 63 64 52 37
h¼ 4.45 mm, v¼ 72 m/s 63 69 66 64 65 50 40
h¼ 5.85 mm, v¼ 80 m/s 69 82 92 90 68 42 56
h¼ 9.27 mm, v¼ 100 m/s 72 78 75 76 76 57 80
h¼ 12.32 mm, v¼ 115 m/s 78 81 112 91 92 89 86
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among those for the three panels. These observations suggest that
the strain energy of elastic deformations in the positively curved
panel is the highest among that for the three panels. The maxima
in the internal energies of the positive, the zero, and the negative
curvature panels occur, respectively, at t¼ 1.7, 1.1, and 0.75 ms
after impact, and their values equal 270, 240, and 220 J,
respectively.

5.1 Temperature Rise. For the 35 simulations involving pan-
els of five different thicknesses and three curvatures, the maxi-
mum temperature rise at any point in the plate, excluding the
eroded material, is listed in Table 4, and is found to be about
112 �C. For the room temperature 25 �C, the maximum tempera-
ture reached in the panel is below the melting temperature
(�155 �C) of PC. However, it is important to use constitutive rela-
tions similar to the one employed here that incorporate the tem-
perature dependence of the mechanical response of the material.
The maximum temperature rise confirms that the peak effective
plastic strain in the negatively curved panel is more than that in
the flat and the corresponding positively curved panels.

5.2 Stresses Developed. In Fig. 6, we show time histories of
the effective stress at the center of the top-, the mid-, and the
bottom-surfaces of the plates of Fig.4. For R¼�127 mm, the
curve corresponding to the top surface ends at about 0.4 ms, the
time when the solid element at the center of the top surface fails.
Subsequently, the failure simultaneously propagates outward and
through the panel thickness. An element at the midsurface fails at

t¼ 1 ms and that at the bottom face at t¼ 1.05 ms. One reason for
the very little time elapsed between failures at the mid- and the
bottom-surfaces is that the material had already been considerably
damaged by the time the element at the midsurface failed. Similar
remarks and explanations apply to deformations for the flat plate
for which an element on the top surface fails at 1 ms and that at
the bottom surface at 1.2 ms. It is also obvious that the maximum
magnitude of the effective stress in the panel with R¼ 127 mm is
considerably less than that for the other two panels which evinces
the beneficial effect of the positive curvature on the impact
response of the 4.45-mm thick panel. The difference between the
maximum effective stresses on the top and the bottom surfaces is
the largest for the panel with R¼�127 mm and the smallest for
the panel with R¼ 127 mm.

For the 12.32-mm thick panels impacted at 115 m/s, we exhibit
in Fig. 7 the time histories of the effective stress at points located
at the center of the plate top, the middle, and the bottom surfaces.
On the top (middle and bottom) surface, the maximum effective
stress for the positively (negatively) curved panel is the largest of
the three. On the middle and the bottom surfaces, the maximum
effective stress for the flat plate is noticeably less than that for the
two-curved plates. For the three panels, the material failure ini-
tiates at the impact point on the top surface and propagates to the
back surface of the plate. Although some material of the flat plate
failed, it was not completely perforated since elements located
near its back surface did not fail.

In order to ascertain dominant deformation modes in the
impacted plates, we define the time-averaged axial stress Taxial at
a point and its through-the-thickness average Taxial;avg by

Fig. 6 Time histories of the effective stress at the centers of
the plate top, the mid, and the bottom faces of the panels with
h 5 4.45 mm and different curvatures (impact speed 5 72 m/s)

Fig. 7 Time histories of the effective stress at the center of the
12.32-mm thick plate’s top, mid, and bottom faces and different
curvatures for the impact speed of 115 m/s

Fig. 8 Average axial stress and average axial stretch for the 4.45-mm thick panels and 72 m/s impact velocity as a function of
the initial arc length (measured from the panel center)
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bT axial ¼
F � N
kF � Nk

� �T

� T � N
" #

; Taxial ¼
1

tf

ðtf

t¼0

bT axialdt;

Taxial;avg ¼
1

h

ð0

Z¼�h

TaxialdZ

(5)

Here, Taxial is the axial stress at a material point averaged over
time from the beginning of impact till the time tf when either the
plate is fully perforated or the impactor finally separates from the
plate, T is the first Piola-Kirchhoff stress tensor, and N is a unit
vector normal to the local cross section in the undeformed config-
uration and pointing toward the panel center. The value of tf

varies with the plate thickness and the impact speed, and the plate
has not come to rest at time tf .

For the flat and the two-curved panels, we have exhibited in
Fig. 8 the spatial distribution of the average axial stress Taxial,avg

and of the average axial stretch kaxial;avg defined as

kaxial ¼
1

tf

ðtf

t¼0

ki0 dt; kaxial;avg ¼
1

h

ð0

Z¼�h

kaxialdZ (6)

where ki0 is the eigenvalue of the left Cauchy–Green tensor B cor-
responding to the eigenvector of B nearest to the vector F � N.
That is,

Fig. 9 Average axial stress and the difference between the axial stress on the top and on the bottom surfaces
of the (a) 3 mm, (b) 4.45 mm, (c) 5.85 mm, (d) 9.27 mm, and (e) 12.32 mm thick panels as a function of the initial
arc length measured from the panel centroid. For each panel thickness, the impact velocity equals the V50 of the
flat plate, i.e., 62.5, 72, 80, 100, 100, and 115 m/s, respectively, for (a)–(e).
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i0 ¼ argmax
i

���� F � N
kF � Nk � vi

����with V ¼
ffiffiffiffi
B
p
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
F � FT

p
¼
X3

i¼1

kivi 	 við Þ; kvik ¼ 1 (7)

This definition is motivated by the expectation that one eigenvec-
tor of B is tangent to the midplane of the deformed panel. For all
the situations considered, it was found that the angle between Vi0
and ðF � NÞ was less than 25 deg implying that those vectors were
nearly collinear.

The results plotted in Fig. 8 (left) imply that the maximum
average axial stress occurs at the panel centroidal axis, and the
positive curvature decreases the average axial stress within the
panel while the negative curvature increases it. The value of
Taxial;avg at the panel center for R¼ 127 mm is nearly one-half of
that for the flat plate, and one-fourth of that of the panel with
R¼�127 mm. The value of the axial stretch kaxial;avg near the
panel center of R¼ 127 mm is less than that for the panel with
R¼�127 mm. Therefore, the improvement in the impact resist-
ance of a panel of positive curvature is due to the decrease in the
average axial stress and the average axial stretch produced in it as
compared to that in the flat plate. In other words, the central panel
region under the impactor is stretched �50% (20%) more for the
negatively curved panel than that for the positively curved (flat)
panel. We note that the difference between the axial stresses at
points of intersection of a transverse normal with the top and the
bottom surfaces of the panel near the centroidal axis is a very
large negative number for the panel with R¼�127 mm, while it
is a positive small number for the two other panels.

Variations of the average axial stress Taxial;avg with the curvilin-
ear distance from the center of impact (measured in the unde-
formed configuration) are displayed in Figs. 9(a)–9(e) for plate

thicknesses between 3 and 12.32 mm. We also give in the figure
the difference between the values of Taxial measured on the top
and the bottom faces of the plate as a function of the distance
from the plate centroidal axis. This provides some information
about bending deformations of the plate since a positive value
indicates that the plate is locally bent downward while a negative
value indicates the opposite. In view of large plastic deformations
induced, stresses are not proportional to the strains.

The PC panels are perforated due to the ductile failure of the
material. The plastic deformations are highly localized as shown
in Fig. 4, and the stress and the strain states in the vicinity of the
impact point are critical for the impact resistance of the panels.
The results depicted in Fig. 9 explain the smaller benefit of the
positive curvature for the thicker panels since the decrease in the
average axial stress near the impact point is less important. This
explains, at least partially, the correlation between results depicted
in Fig. 9 and those presented in Fig. 4. The value of the difference

Fig. 9 (Continued)

Fig. 10 Normalized impactor energy for perforation as a func-
tion of the panel curvature
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between the axial stress on the top and the bottom faces does not
seem to be correlated to the impact strength of the plates since
even for the thicker panels the effect of positive curvature is con-
siderable. Therefore, it seems that the profiles presented in Fig. 9
(right) do not explain the dependence of V50 upon the panel curva-
ture but rather indicate where and for which panels bending

effects dominate over the in-plane stretching effects. The large
differences between the axial stress on the top and the bottom
faces near the impact point show that in the vicinity of the plate
center (where there is contact with the impactor), the tensile in-
plane stress on the rear surface is considerably larger than that on
the top surface.

Fig. 11 For an impact speed of 72 m/s, the deformed shape in the 4.45-mm thick
positively curved panel (R 5 127 mm) at t 5 1.6 ms (a) and (b), in the flat plate at
t 5 1 ms (c), and of positively curved 12.32-mm thick panel at t 5 0.4 ms (d). There is
no hinge formed in both the flat plate and the positively curved thick panel.
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5.3 KE of Impactor Versus Panel’s Curvature. The impac-
tor KE normalized by the panel areal density (or the panel thick-
ness since the volumetric mass density is constant) corresponding
to the perforation velocity of the 3, 4.45, 5.85, 9.27, and
12.32 mm thick panels is plotted in Fig. 10 as a function of the
panel midsurface length/radius of curvature. Recall that the mid-
surface length of all the panels equals 254 mm. The filled squares,
triangles, and circles correspond to the computed data points,
while the solid curves are polynomial fits to these points. One can
conclude from these plots that the perforation speed of a panel
increases with an increase in its curvature. The curves for the 3-
and 4.45-mm thick panels have different profiles from those for

the 9.27- and 12.32-mm thick panels, whereas that of the 5.85-
mm thick panel lies between those of the thinner and the thicker
panels. For L/R> 1, the impactor KE per unit areal density
required to perforate the panel rapidly increases with an increase
in L/R for the 3- and 4.45-mm thick panels, but decreases for the
thicker panels. For the five panels studied, the impactor KEs per
unit areal density required to perforate them are clustered in a nar-
row range for �2< L/R< 1.

5.4 Deformation Mechanisms. In an attempt to provide dif-
ferences in deformation mechanisms of the 4.45-mm thick posi-
tively curved and flat panels, we have plotted in Fig. 11 the
deformed shape of the positively curved panel at t¼ 1.6 ms and of
the flat plate at t¼ 1 ms for impact speed of 72 m/s. The plots also
incorporate fringes of the effective strain on the top surface and
through-the-thickness distributions on two cut sections. These
results suggest that a considerable fraction of the central portion
of the panel is bent by the impactor, and its KE is converted into
the strain energy of the panel due to bending. Fringe plots of the
effective strain on two cut sections exhibited in the figure reveal
the formation of an elastic hinge around the impact point that
divides the panel into two portions. Subsequent to the hinge for-
mation, panel deformations are concentrated in the central part of
the panel enclosed within the hinged surface. The time-history of
the through-the-thickness average of the effective strain at the
hinge is displayed in Fig. 12. It suggests that the maximum effec-
tive strain in the hinge is about 4% that reduces to nearly zero at
t¼ 3.5 ms signifying that deformations at the hinge are elastic. No
hinge is formed in the impacted flat plate. As compared to deflec-
tions of the positively curved panel, deflections of the flat plate
are localized in the region surrounding the impact point and they

Fig. 12 Time history of the effective strain at the hinge in the
4.45-mm thick positively curved panel (R 5 127 mm) impacted at
72 m/s

Fig. 13 Deformed shapes and plastic strain distributions in the 4.45-mm thick flat
and positively curve panels (R 5 127 mm) for 72 m/s impact speed with and without
considering the effect of the pressure on the plastic multiplier in the PC constitu-
tive relation. For each plot, the left part is obtained with pressure coefficients
aa

p 5 0:128 and a
b
p 5 0:254, and the right part with aa

p 5 a
b
p 5 0.
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gradually decrease until the clamped boundaries of the plate.
Thus, very little KE of the impactor is converted into the strain
energy of the plate and most of it is used to plastically deform a
small central portion of the plate that eventually fails.

We note that no elastic hinge formed in the 5.85, 9.27, and
12.32 mm thick panels irrespective of their curvatures.

5.5 Dependence Upon the Hydrostatic Pressure of Plastic
Multipliers in the Constitutive Relation. The parameters aa

p and
ab

p , respectively, for phases a and b in the constitutive relation for
the PC multiply the hydrostatic pressure and thus give the depend-
ence of the effective plastic strain rate upon the effective devia-
toric stress and the hydrostatic pressure. For metals, the effective
plastic strain rate does not depend upon the hydrostatic pressure.
In order to delineate the effect of the hydrostatic pressure on the
retardation of the impactor and hence on deformations of the tar-
get panels, we have computed results with zero and nonzero val-
ues of these two parameters. We have exhibited in Fig. 13 the
deformed shapes of the 4.45-mm thick flat and positively curved
panels (R¼ 127 mm) as well as distributions of the effective plas-
tic strain on a central cross section. By comparing results on the
left side of the vertical dividing line to those on its right side, we
conclude that the pressure dependence of the effective plastic
strain at a point upon the hydrostatic pressure there has a negligi-
ble effect on the impact performance of the flat and the positively
curved panels. As mentioned above, our earlier parameter sensi-
tivity studies also indicated that plastic dissipation is essentially
insensitive to these two parameters.

6 Conclusions

We have analyzed by the finite-element method the transient
large deformations of clamped flat and curved polycarbonate (PC)
panels of five different thicknesses impacted at normal incidence
at the center by a 104 g hemispherical-nosed steel circular cylin-
der moving at different speeds. The PC has been modeled as ther-
moelastoviscoplastic, and the steel cylinder as smooth and rigid.

The mathematical model for low and high velocity impact has
been validated by comparing the experimental and numerical
deflections and the deformed shapes of PC plates for various
thicknesses and impact speeds. By comparing the minimum
impact speeds used in tests and numerical simulations for com-
plete perforation of flat plates of three thicknesses, the effective
plastic strain at failure was found to be 3.0. Subsequently, this
value of the failure strain was used to characterize the effect of
panel curvature and thickness on its impact resistance. It has been
found that the negative curvature of the panel degrades its resist-
ance to impact loading. The differences in impact responses for
thin and thick panels found herein are summarized below.


 For thin plates, the positive curvature greatly enhances the
impact resistance. In particular, we found that the impactor
kinetic energies required for failure of the 3.00- and 4.45-
mm thick panels with 127 mm radius of positive curvature
were three times those for their respective flat plates. It is pri-
marily due to the formation of an elastic hinge around the
impact point that results in subsequent bending deformations
concentrated in this region till the panel bounces back.


 The positive curvature did not significantly improve the
impact resistance of the thicker panels considered in this
study. The overall impact resistance of those panels exhibited
less sensitivity to the curvature than that of the thin panels.


 The hole is formed due to the deletion of failed elements
rather than due to the ejection of a plug.


 The dependence of the effective strain rate at a point upon
the hydrostatic pressure has very little effect on the retarda-
tion of the impactor and panel’s deformations.


 The frictional force at the impactor/panel interface has negli-
gible effect on the reaction force at the impactor/panel
interface.

The improved impact resistance of thin panels with positive
curvature is due to the decrease in the impacted region of (i) the
average axial stresses, (ii) the average axial stretch, and (iii) the
effective stress from that in the corresponding flat plates, as well
as due to the development of an elastic hinge surrounding the
impact point. However, for the thicker panels the positive curva-
ture did not significantly decrease the effective stress near the
plate center relative to that in flat plates and no hinge formed. The
stretching deformations are dominant in thin panels and account
for the difference in the impact response of thin and thick flat and
curved panels.
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