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IV LIST OF SYMBOLS

The value of bipolar coordinate E at the edge of a hole.
See appendix. :

Bipolar coordinates. See appendix.
Radius of the noncent}al holes.
Material fringe value

A parametric coefficient

Stress concentration factor due to longitudinal or lateral

" loading in Ling's solution.

The number of diameters center to center of adjacent holes
measured along the circular arc between them.

Slope of the tangential stress field in a solid disk;

A positive integer, 0, 1, 2, .... either used in a series
or used to indicate the number of holes.

Radius to the center line of the holes.
Radius of the central hnole of the disk.
Radius of the outside edge of the disk.
Normal stress.

Stress at point 1 or 2 on a noncentral hole.

Stress at the edge of a hole from Ling's solution.
See appendix.

Horizontal stress.

Radial stress in & solid disk at radius R.

Tangential stress in & solid disk at radius R.

Uniform stress on the edge of & plate containing two holes.

Thickness of the disk.



Angle measured at the center of a hole from a tangential
direction to an outward radial direction.

Poisson's ratio.
Density of the disk.

Angular velocity of the disk.



V INTRODUCTION

In any flywheel, rotor, or disk shaped machine element a
particular stress pattern is developed when the part is rotated
about its center. The pattefn is especially interesting if the
disk contains a cut-out in its interior surface. For the case of
a single circular central hole, the solution to the stress state is
readily obtainable from Timoshenko and Goodier (reference 1). If
the hole is away from the center, finding the stresses becomes a
difficult task. Such a problem has been studied mathematically by
Udoguchi (reference 2) and Newton (reference 4) and experimentally
by Barnhart, Hale, and Meriam (reference 3), Newton (reference L),
Edmunds (reference 5), Ku (reference 6), and Ito (reference 23)
so that some information is available on this topic. Consider now a
ring of noncentr#l circular holes symmetrically placed about the
center of the disk. A theéretical solution in closed form has not
been obtained to this problem, and for noncentral holes, a formulation
of the elasticity préblem would indicate that such a solution would be
complex. Therefore, a simplified approximate method of analysis is
developed and the results verified experimentally. The difference in
values of stress concentration factors obtained experimentally and by
the approximatg method are within 10% of one another. |

The author wishes to express his appreciation to Professor

Charles William Smith for his assistance and objective criticism in



obtaining and evaluating the resulting work. Many areas would be
lacking in depth and completeness without Professor Smith's suggestions.
A word of thanks is also extended to George Kenneth McCauley, Laborator&
Instructor in Engineering Mechanics, for his much needed help in

conducting experiments.



VI REVIEW OF THE LITERATURE

A review~of the literature revealed a number of papers on the
general subject of stress in rotating disks with non-central holes.
From these, a brief sketch of the major sources of information is
presented. !

The most complete investigation of the subject is presented by
K. E. Barnhart, A. L. Hale, and J. L. Meriam in their article,"Stresses
in Rotating Disks Due to Noncentral Holes", (reference 3). The
authors conducted a number of experiments with rotating disks and
evaluated the results using methods of photoelasticity. Several
different circular configurations were cut in the disk and studied.
Models were cut from Fosterite and subjected to a "stress freezing"
technique to obtain the stress pattern. The stress freezing method
consists of placing a loaded model in an oven, heating the model (to
about 120° F in this case), loading it in the desired manner, then
slowly cooling the model to room temperature. If the process is
performed well, the stress state of the loaded, and heated, model
will remain when the model is cooled and the load removed. Stress
patterns may then be examined at leisure in a polariscope. The
reference presents a detailed method of stress freezing and the
equipment necessary to perform the operation. The authors then
investigated the case of & single noncentral hole in & spinning

disk by varying hole size and radial location. Extensive graphs



are used to present the information obtained. Further studies were
conducted on disks which had a central hole and six or ten noncentral
holes equally spaced and of equal size. Again the results are given‘
in graphical form using a stress concentration factor at the points of
highest stress. A theoretical approximation is developed and compared
to the experimental results. The approximation utilizes results from‘
the state of stress about a single hole in an infinite plate loaded
biaxially. The.resulting equation is simple and easily appliéd, but
tends to differ from laboratory tests at the points of maximum stress.

Additional tests were reported by H. G. Edmunds in his article,
"Stress Concentrations at Holes in Rotating Discs" (reference 5).. A
disk with four noncentral and one central hole was. spun in a polariscope
.and dats collected by photoelastic methods. Models were cut from
Catalin 800. Edmunds work was done in an attempt to verify a much
simplified theoretical solution proposed by Teverosky, (referenée 7).
A few results were reported, but the data lacks the completeness.
necessary to be conclusive.

In the article by Green, Hooper, and Hetherington (reference 18)
a solution is given for several disks-with noncentral circular holes.
Results are obtained for barticular disks using an electronic computer
and the Liebman iteration method to solve the governing differential
equation. No closed form of solution is given. Bosses around the
néncentral holes are studied as well as disks of tapering thickness.
The authors found good agreement with experimental work done by Leist

and Weber (reference 21). The tapered disk had no significant effect
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on the strésses around the noncentral holes. Adding bosses at the
holes had little effect on the hoop stress but greatly reduced the
radial stress componet at the holes. The maximum stress concentration
factor was essentially unchanged.

M. Hetenyi (reference 1L4), ran a series of experiments with a
rotating diskupf Bakelite 61-893. The model contained one central
and two opposite noncentral holes. By measuring the change in the
:thickness of the disk before and after loading, stresses were computed.
Hetenyi's data was later compared to the solution proposed by Barnhart,
. Hale, and Meriam (reference 3) by Ta-Cheng Ku (reference 6). Results,
shown gréphically, indicate fair agreement except at points distant
from the noncentral holes.
‘ For the method of analysis used to check results in this thesis,
work done by E. K. Lynn (reference 8) proved to be quite useful. Lynn
investigated a disk shaped pump rotor having various cut-outs using
photoelastic methods. Data were obtained by‘taking high speed pictures
of the model rotating in é polariscope with é stroboscopic flash. A
flash duration of O:OOOO7 seconds gave good clarity to the photo-
graphs, but the type of film used was not stated. Columbia Resin 39
(CR-39) was used for the model material. o

Numerous sources of information were investigated before begin-
nihg thé formulation of a mathematiqal solution to thé problem. It

was hoped that work done previously might be expanded to include
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noncentral holes in a spinning disk. Udoguchi (reference 2) examined
the case of a single noncentral ﬁole. His work was thorough and
complete. However, the results were, necessarily, of such a complex
nature that easy-to-use values could‘not be obtained. P. P. Radkowski
(reference 9) explored the stress in a disk containing a number of
noncentral holes. However, Radkowski did not spin the disk but loaded
it on its outer border. For this reason, his results could not be
applied to this paper. R. C. J. Howland (reference 10) conducted an
investigation of the effect of neighboring holes on the one being
studied. Howland's results were of a completely general form but

not readily adaptable to design procedures. K. J. Schulz (reference 11)
proceeded along the same lines as Howland but extended the work some=-
what further.

In the paper "On the Stress in a Plate Containing Two Circular
Holes", by C. B. Ling (reference 12), a result was found which was
adaptable to the spinning disk problem. Ling studied two holes in an
infinite plate loaded uniformly either transversely or laterally using
the methods of elasticity in bipolar coordinates. A brief outline of
Ling's work is presented in the appendix. By suitably combining.
Ling's solution with that of Timoshenko and Goodier (reference 1),

the final form of the stress state in the neighbqrhood of the non-
central holeé was developed.

Other references are discussed where appropriate in the follow-

ing pages.
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VII THE INVESTIGATION

When the problem of a spinning disk containing several eccentric
circular holes is considered, it is immediately evident that a great
number of variables is involved. ' Therefore, a complete mathematical
treatment would necessarily be complex and clumsy to use. To simplify
matters, an approximate investigation is forﬁulated which yiélds good
results that are easy to apply. To verify the accuracy of this work,
several tests were conducted and experimental stress values compared
to the theoretical ones. Findings indicete that.the approximate
theoretical treatment is close enough to the real condition to be
significant, Though the results could be exteﬁded to include the
entire disk, the final expression has been reduced to applicatioﬁ
only at the point of maximum stress concentration at the non-central

holes, since this is of primary concern to the designer,
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A Mathematical Approximation

By correctly combining solutions to similar problems, it is
' possible to approximate the true stress state in the disk. Further-
more, since only the points of maximum stressvare usually desired, an
approximation need not apply throughout the body, but only at specified
points. The formulation is for holes distant from a boundary and not
exceedingly close together, though allowances are made later if these
conditions are not met. With this in mind, the following approach is
presented.

Chih—Bing Ling (reference 6) has solved the elasticity problem
of two nearby holes in.an infinite plate uniformly loaded either
laterally or longitudinally. A sketch of his work is included in
appendix A. Using Ling's results, the stress at the edge of the hole

is

Sos _ . N sinh A _cos B )
TB_E = 2 (cosh A= cos B) KSINhA(""‘}Zi sinh ZnA +n sinh 2A
_ n= (1)

o0

7 Z_Z n cos nB (n sinh nA sinh A - cosh nA coshA)l,
- sinh 2nA + n sinh 2A

Ns=1
K is a parametric coefficient and is found from

"Aginh nA + n ginhA (n sinh A+ cosh A;,
n(n?-1)(sinh ZnA + n sinh 2A)

K| 3 + Tanh A sinh A-4Z e
n=z
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= -L :.l. e | 2 n . .

2 "z %t 2 sinh AZ sinh 2nA + n sinh 2A (2)
. Nne= .

A and B are obtained from the relations

1+Lcose (3)-

coshA=L , and cos B=
L.+ coso

In these equations where an ambiguous sign exists, the top sign is
for a plate loaded in uniform longitudinal tension, and the bottom
sign is for the plate loaded in uniform lateral temsion. SBB repre-
sents the stress at the edge of a hole and T is the magnitude of the
uniform tension. The radius of a hole is b. L is given in terms of the
distance between centers of the holes which is 2Lb. Figure (1) shows
the plate aﬁd describes the symfols noted above.

The points of maximum stress are of most concern. They are
labeled 1 and 2 in figure (1) where 6 = *#90° . Actually, when the
holes are close to one another or L is small, the points of maximum
stress shift slightly to 85° < 6 < 90°. However, if it is assumed
that the maximum stress occurs at 6=i90°> there will be little error.

- The solutionvto equations (1), (2), and (3) is time consuming
and there is a chance of computational error. To assist the reader,

the equations were programmed in Fortran on an IBM 1620 computer and
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solved for various values of L at 6=t90°. Data obtained from the
computer are displayed in tabular form in figure (2) and in graphical
form in figures (3A) and (3B). For all later work, solutions to the
previous equations are taken from the graphs. The results from the
graph are in the form of a stress concentration factor. This is

done by setting T equal to unity and KLO and KLA the stresses due to
the longitudinal loading and lateral loading fespectively.

Next consider the case of a single circular hole in an infinite
plate under the action of a uniform simple tension. See the top of
figure (4). From reference 2, the stress at the edge of the hole will
be

S,.=S,9=O, Se'-’" S-28Scos 206. (L)
Rotating the figure 90° and adding this solution to the previous one,
the plate loaded in two perpendicular directions pictured in the

bottom of figure (4) is described. Here the stress at the edge of

the hole is
Se=3S,+S¢-2(S,-S,) cos 26 (5)
where Sy is the larger of the two edge loadings. At points 1 and 2

where 86 = 90O

6
Now consider the case of & single circular hole in an infinite plate
under a uniform bending at infinity. The top of figure (5) shows
this condition. In the figure, M represents the slope of the uniformly

varying stress. From reference T, the stress at the edge of the hole
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is

D¢ = 2Mb sin © cos 26, (1)
At points 1 and 2, respectively

S,, = F2Mb. - (8)

’

By combining equations (5) and (7), we arrive at the condition pictured
in the lower portion of figure (5). Here the stresses at points 1 and
2 are

S,2= 38,-S, ¥ 2Mb. - (9)
. Proceeding in this manner, uéing proper values for SH, SV, and M,
and adding correct stress concentration factors, an approximate
solution to the state of stress around the noncentral holes in a
spinning disk may be derived.

We begin by first finding expressions for the values of the
sfresses and postpone the search for stress concent;ation factors for
several paragraphs. Consider a solid circular disk of outer radius
R0 which may have a cgntral hole of radius Ri as shown at the top of
figure 6. When rotated about its center with angular velocity w ,

the stresses in the solid disk from reference 1 are

2 2 2 n2
S, = B;V/owz(l?o*R;— RoRi _ (2) (10)
r.z

2 52
Sp = 2.*1/0&,2(;?2,.9‘,% RoRy _ 1+3% r,z)

8 ° 2 3+ (11)
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where v is Poisson's ratio and p is the density of the disk. Here
the solution is for a disk with a central hole. If the disk contains
no such hole then it is necessary only to set Ri = 0 in the above two
equations.

Now, place a single eccentric hole in the disk at a radius R out
from the center. Let the uniform stresses SH and SV be the values of
the solid disk stresses Sy and S9 and let M be the rate of change

6f the stress Se in the r direction. That is
Su se )

Sv

Sr ? (12)

M= dSe o 3ew plf(ReR L I3y, ).
dr 4 r2 3+v J

By setting Ri = 0 the condition pictured in the lower portion of
figure (6) is obtained. At points 1 and 2, r = Rtb respectively.

It is desired next to consider a ring of identical holes placed
at a constant radius out from the center of the disk. To extend the
previous formulation to this case, approximate stress concentration
factors must be employed. There will be a certain amount of inter-
action between the holes-so that the stress fields of neighboring
holes must be accounted for as well as the one under consideration.
Here a simplified technigue is employed. It is assumed that only
adjacent holes effect the stress at the one being studied so that

holes farther away than this may be ignored. Or, the assumption is
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made that the disk contains only three noncentral holes, side by side,
and the one in the middle is to be studied.

From equation (9) the concentration factor due to SH on one hole
is 3. To include a single neighbor, the results of equation (1) shown
in figure (3A) should be employed so that the stressvconcentration
factor becomes KLO KLO is less than three so the effect of a second

-hole is to decrease the stress on the flrst. In another way, this may
.be obtained by taking the concentration factor due to one hole, 3, and
_‘multiply it by KL6/3; a number less than unity to account for the
second hole. For three holes; the stress on the middle one should be
reduced further below KLO or below (KLO/B) A convenient method would
be to multlply by KLO/B again to include effects due to the third hole.
Then the stress concentration factor becomes (KLO/3) 3 (KLO/3)
Similarly, the appropriate stress concentration factor to place before
Sy is —(KLA/l) 1 (KLA/l) and not -1 as appears in equation (6).
' Further investigation of equationg (6) and (8) reveals that
stresses due to the linearly varying normal load are only 2/3 as great
as from simple tension. Since this varying load is in the same
direction as SH, let its coefficient for three holes be 2/3 (KL02/3)'
Combing what has just been stated, it appears as though the

form of the maximum stresses about the noncentral holes from the

superimposed solutions should be
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Sy2 = Kee (Su T 5Mb) ~ KEL Sy - (3

Where the ambigﬁous sign appears, the top sign is for point 1 and
the bottom sign is for point 2. There is, however, still more to be
said before the final form of the equation is presented.

In equation {13), the values of SH, SV, and M are calculated at
the center of the noncentral hole, at r=R. If the holes are large
or in a region of high stress gradient, this may lead to inaccuracies.
In an effort to overcome this difficulty, we begin by letting SH be
calculated at either point 1 or point 2 (at r=R*b) in equation
(13). Furthermore, let the uniformly varying load, M. also be found
at points 1 or 2. The coefficient 2/3 is now no longer approp:iate.
Instead of adding 2/3 of the effect of M, subtract 1/3 of its effect
when it is calculated at the points being studied. An in-between

value is needed for SV as it is felt by the entire hole and not just
at a particular point. Let it remain as before and be calculated
at r=R, the center of the noncentral hole. Therefore, the final

form of the equation for the stresses at points 1 and 2, the points

of maximum stress, should read

sz = % (SH $'%M~b) - Kj\ Sv (1k)
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where
SHz Se al r= R+ b
'SV=S,. a r=R

M .EJ_SQ afrgRtbo <

dr

Sg and S, are found from equations (10) and (11) and M from equation

!

(12). Plugging in values of y» Sysand M and simplifying results,

equation (1L4) is rewritten as

2 2 2
Spa = 22 00t [(R:*Riz)(Kw B z)+ Kie RaRi(r+ 2b)

8 3 Al 3 T r
2 2 .2
- ﬁ_ [+3V a2f,_ 2b) _ 2 Ro R 2 _ (15)
;o Ty, r (1-4- —;) KLA('——J'RZ + R

where r=R*b at points 1 and 2. K'LO and KLA are formed from figures
(3A) and (3B) and the value L is found shown in figure (1). L is
now the number of dismeters center tc center of two adjacent holes

measured along the circular arc between them. Its value is

=

[ = TR | (16)

3

where n is the total number of noncentral holes. 'Figure T shows
a typical disk to which this result may be applied.

Two comments are necessary before applying the final equation
(15). First, after checking calculated values against experimental

results which follow and results from reference (3), it was noticed
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THE DISK WITH NONCENTRAL CIRCULAR HOLES

FIGURE T
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that equation (15) yielded good results for point 2 but was consistently
off for point 1. In order to arrive at better agreement with observa-
tions, for point 1 only, replace KL§/3 with KLo and KLA2 with KLA
and calculations should be within 10% accuracy. This adjustment is
equivalent té saying that for point 1, the outside point, there is only
one neighboring hole and not two as previously assumed. The reason‘for
this‘modificqtion can not be given. The second comment is that when the
noncentral holes are close (within two diameters) to a solid boundary,
an additional concentration becomes significant. The smount of change
- in the stress due to a boundary is sometimes quite important and, for
Athis reason, appendix B is includea which gives a graphical result from
reference (15). To include this effect, multiply the stress found
from equation (15) by the stress concentration factor indicated in-
appendix B.

The disk with its holes is a multiply connected body so there
may be some question as to the validity of superimposing solutions
~in this case. Perhaps an adjustment of Poisson's ratio is necessary.
However, when Poisson's ratio was varied from 0.2 to 0.5 in equation
(15) the value of stress obtained differed by only 2%. This is not
considered to have enough significance to include when ‘one considers

experimental error and the approximations already imposed.
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B Experimental Methods

The most direct method of finding stresses in an irregularly
shaped body is to build one and test it in the laboratory. Partly
for this reason and partly to check the mathematical theory, a disk
. was designed and investigated using photoelastic techniques.

The problem,being one of plane stress,lends -itself well to
study by photoelastic methods. If a model could be photographed accura-
tely when under the dynamic load experienced by a spinning disk, good
results should be obtainable. Aveilable literature on testing proced-
ures deals primarily with the "stress freezing" methods. As the
equipment necessary for the these tests.was not available, a different
approach would have to be pursued here. It was decided to rotate the
disks in a polariscope and photograph results using a high speed strobe
flash unit to "stop" the action. This required a particular mount
‘which would hold the model securely yet allow light to pass through
it in the region of investigation. Many difficulties had to be over-
come and several variations of the proposed laboratory method were
tried before any results were obtained.l

It is assumed that the reader is familiar with the operation of
a polariscope and the techniques of photoelasticity. If not, refer to

Frocht, reference 16.

To‘achieve & high stress condition in the disk which would
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yield many photoelastic fringes when viewed in a polariscope, it is
necessary to spin the disk at a high angular velocity. Due to instru-
mental limitations and sizes of available photoelastic materials, a
disk of about eleven inch diameter was chosen as being the largest that
could satisfactorily be used. Depending on the model material chosen
and its material fringe value, such a size indicates that disk speeds
on the order of 6,000 to 12,000 rpm are necessary for good results.
Such sﬁeeds are eicessive and should be attempted only with sturdy,
carefully assembled equipment machined to close tolerances. As most
of the parts used in the laboratory had to be hand built by the exper-
imenter, it was decided not to attempt such high speeds for reasons of
safety. It was hoped that tests could be conducted at speeds less
than 3,000 rpm. A model 1/4 inches thick with a material fringe value
of 4 or 5 would be adequate for the proposed tests; but no material
was located which would exhibit this fringe value at ordinary temp-
eratures.

Two relatively recently developed materials were found which have
been used in high temperature photoelastic work. Several previous
experimenters had used other materials in the stress freezing tech-
nique and reported good results (references 3,4,5). It appeared that
by heating the model,; the fringe value decreased until enough fringes
appeared in the model to give accurate readings. The stress freezing
method was discarded-as the experimental procedure to follow in this

thesis as it requires carefully balanced parts and a well regulatéd
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oven\whicn will allpw‘a temperature drop Qf somé 10 degrees F per hour.
The system is quite,sensitive to any rapid thermal changes or load
variations. Such equipment was not available. However, if was thought
that if a crude oven could be procured which would maintain a coﬁstant
temperature, perhaps the\models could be photographed while hot. This
idea was pursued to its conclusion..

An oven was designed and built to fit in the polariscope. The
most important features were two 1,000 watt strip heaters located in
the base, one half inch of asbestos insulation secured to galvanized
steel plate walls, a plus or minus one degree F thermocouple to main-
‘tain temperature, and two large 1/L4 inch thick glass parts fore and aft
allowing light to pass through the oven. Two thermometers were
mounted to protrude out éf the oven and.were noticed to give consist-
ently identical readings. An external motor fanned the air inside
the oven to distribute the heated air uniformly. The usual static
loading rig as well as the mount for the disk could fit easily inside
of the oven space. Having assembled the oven the work proceeded to
calibrate several materials at elevated temperatures.

The Hysol Corporation, blean, New York, supplies CP 5 - 4290
which has a material fringe value of 28.5 at T7 degrees F but drops
to 0.67 at 270 degrees F (see reference 19). This appeared to be a
suitable material for the disk. . Previous high temperature work on this
Hysol product is sketchy, so caiibration work had tc begin from scratch.

Bending and tensile models were cut and tested to find the fringe value
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and to get an estimate of the creep rate at various temperatures.

" The fringe value remained essentially constant to 180 degrees F
dropping only slightly. Between 180 and 220 degrees the fringe value
decreased rapidly until at 230 degrees it was too low to measure
accurately. Creep followed a similar pattern, remaining negligible
until about 200 degrees. At 235 degrees a two inch length under

- 80 psi tension crept about 0.055 inches in two minutes which is too
rapid to be considered for the dynamic loading of a spinning disk.
The creep data must be considered only approximate as elongations
were found by sighting through a theoéolite at marks etched on the
specimen. Accuracy is estimated at *0.005 inches. At 230 degrees
end higher the Hysol became quite flexible having roughly the same
characteristics as rubber, and though the manufacturer lists a
maximum tensile strength of 210 psi at 270 degrees F, nothing is said
about creep rupture data. An additional property.became apparent at
high temperatures and should be commented upon. After three fringes
are obtained in the model, any additional loading produced very fuzzy
fringés which tended to lose clarity until after about six fringes
they disappeared entirely. A similar result is reported by San
Miguel and Duran, reference 22, in which they recommend that one
should not exceed four fringes. Perhaps this is due to its relaxation
or creep as the fringes begin interfering with one another through
the thickness (1/4 inch) of the model. From San Miguel and Duren,

this "wash out" may.alsc be due to a chemical change which begins



34

at'elevated‘temperatures. It was cqncluded that while the Hysol

CP S-h2§0 may be suitable for bulk stress freezing experiments where
good local resistance is available it was of doubtful value for the
present case of interest.

Another material, Cadco Lexan Polycarbonate, available from the .
Cadillac Plastic and Chemical Company, Detroit, Michigan, was also
tested at elevated temperatures (see reference 20). The polycarbonate
has the low material fringe value of 16.7 at room temperature, but
no high temperature data was available. Again bending and tensiie
samples were cut and tested. The fringe value decreases only slightly
uﬁtil about 260 degrees F, after which it begins to fall rapidly.
Creep was small here where only 0.005 inches was experienced at 190
psi load in a two inch length at temperatures 'as high as 290 degrees.
At 310 degrees the material suddenly loses all strength aﬁd fails

by rapid flow under the loading apparatus, at a load of about 20 psi.

Itb, reference 23, reports a rapid drop in the Rockwell hardness of

polycarbonate resins at about 290 degrees F and substantiates the

low creep rates. However, the only available oven preéluded maintain-
ing a steady temperature throughqut at anything above 270 degrees.

This was the .range in which use of this polycarbonate was to be made,
and since this was alsa the range of'rapid change in material fringe
value and strength, it was decidedﬁhqf to use high temperature tech-
niqﬁes qn_thelHysol'product.

It is interesting to note that of the references listed which
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used the stress freezing method of experimentation, no mention is
made of creep, either measuring for it or compensating for it after
the dynamic loading tests.

After checking the literature on other photoelastic materials,
Cadco Lexan Polycarbonate was chosen as the best material with which
to conduct tests as it had the lowest material fringe value at room
temperature. High temperature testing was undesirable since little
benefit could be gained by it toward reducing the fringe value until
temperatures became high enough’ to introduce troublesome side effects.

The properties of the two previously discussed materials are shéwn
in figure 8. -

To produce eight fringes around the noncentral holes in a model of
5.5 inch radius, speeds of some 7,000 rpm would be necessary using the
polycarbonate. For accurate reading of results at least eight fringes
should be seen. Originally, it was hoped to test models without a
central hole at speeds of 2,000 rpm. The testing rig was designed
for such a loading with safety. To compromise, the rig was altered
for strength and several tests were run at about 4,600 rpm, allowing
only five fringes. Photographs obtained could be read to plus or
minus 1/2 'a fringe or within 10%. For a static test, the Tardy
compensation method may dbe employed fo; precisé fringe reading. This
invoives rotafing the polariscope analyzer until a whole fringe is
placed at the desired point and using the émount of rotation necessary

to do this out of 180 degrees to calculaté the fractiom of a fringe
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HYSOL
CP5-4290

12,000
210 at 2T0°F

480,000
2190 at 270°F

18,000
0.50
1.20

28.5
20 at 190°F
0,67 at 270°F

Slight

* Some values found experimentally

MATERIAL PROPERTIES AT ROOM TEMPERATURE

FIGURE 8

CADCO LEXAN
POLYCARBONATE

8000-9000

340,000

11,000

0.38

1.20

16.7
13 at 250°F

Slight
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that actually exists at that point. On dynamic tests, this method is
of course,vimpossible. . The residual fringes around the holes before |
anq after testing were found' by the Tardy compensation method.

The disk mount was a three pronged aluminum wheel mounted at its
center to an axle. A photograph is included in figure 9. At the outer
edge, along the circular rim, were placed three SAE L-L40 size bolts
which served a dual purpose. As a safety measure, they protruded
inward to almost touch the disk's edge so that if the disk slipped
slightly off-center, they would catch it and avoid an accident.
-Secondly, the mount was not dynamically balenced but only statically
balanced:. Due to circular symmetfy this was thought to be sufficient.
Small nuts could be placed on the bolts to improve the balance of the
mount if it were necessary. After constuction, the balance of the
system was checked and only one 4-LO nut was required on one of the
bolts. On the outer ends of each of the three legs were placed
SAE_10—32 size bolts which‘were used to.attach the disk to the mount.
They protruded some 1/2 inch out of the plane of fhe mount and allowed
the disk to be bolted én loosely so that they wouldinot restrain the
straining of the disk when spun. The axle was held by two "1600"
series, precision ground Nice ball bearings and driven by a 1/4 inch
V-belt énd pulleys. 'After several attempts to use 1/20 and 1/10
horsepower motors to provide the power, a 1/3 hqrsepower Powr-Kraft
motor was selected. The smaller motors werefﬁnable to bring the disk
up to the desired speed. The mount and assembly‘werekraised in the

polariscope by a rigid triangulated structure.
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Test disks were cut from Cadco Lexan Polycarbonate plate, 1/L
inches thick. Several techniques were employed to obtain good, stress
free models. First a 1/8 inch oversize disk was cut from the plate.
An aluminum disk of the final desired size, 0.10 inches thick was
- glued to the rough cut-out to act as a template for the next operation.
Using a high speed mill, the excess plastic was removed from the model
slowly and evenly. A stop was provided to keep the template out of the
mill. The flat surfaces of the model were_checkéd for irregularities
and did not need to be smoothed or polished. Since the disk was to
run at a higher speed than originally_planned, a central 3/8 hole was
drilled in it into which the mounting axle was inserted. This was
necessary as a safety measure to hold the disk in place. Admittedly,
if the disk weré éut of balance, the central shaft would load the
interior hole -- an undesirable effect. vTo minimize this effect,
several photographs were taken of the spinning disk so that the fringes
were counted at each noncentral hole and the average value taken.
Three small holes were drilled near the outer périphery of the model
and spaced every 120 degrees for attachment points to the mount.

Each hole was elongated radially to allow for expansion of the model
or the mount. These three points would fix the model yet provide no
radial restraint. Lastly, the noncentral holes were drilled. A
freshly sharpened undercut drill was used which removes material from
the periphery first, then the center. This technique produces almost

no residual stress at the holes. All plastics are sensitive to
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thermal stresses, particularly photoelastic models. Great care must
be taken when cutting these models, for residual stresses along the
machined boundaries will mask stresses caused by laboratory loading.
The most common cause of these undesirable edge effects is the temp-
erature gradient produced by machining operations. The second most
common cause is due to dull tools. In addition, the material may
absorb moisture at a freshly cut surface and "time edge" effects

begin to develop. In order to minimize these residual stresses,

only freshly sharpened tools were used and all drilling was done under
water. The noncentral holes were drilled only a few hours before the
tests were conducted. Using the Tardy compensation method, completed
models exhibited sbout 1/4 of a fringe at the noncentral hole bound-
aries. The sheet stock from which models were cut displayed 1/2 of a
fringe uniformly throughout. This residual loading was retained in
the completed disk. Models were not annealed as no facilities were
available. However, since this residual load was uniform and retained
at isotropic points which appeasred under loading, fringes could be
counted from the 1/2 of a fringe starting point.

To photograph the loaded model, a strobe flash unit was mounted
in the polariscope in place of the usual light source. The model
chosen was a Strobolume, Type No. 1532-A, from the General Radio
Company. This item produces a brilliant flash of 30 to LO microsecond
durstion. N§ attempt was made to trigger the flash for a particular

disk position as photographs of severel parts of the disk were desired .
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so results could be compared. qu each test four photographs were
taken which’effectively covered all of the noncentral holes. The
fringe pattern varied slightly between holes so an average value was
taken as repfesentative. Since the light must pass through a blue
filter, the pdlarizer, analyzer, two quarter wave plates, and the loaded
model, a high £ilm speed was required. 3,000 Speed Polaroid Land
Lx5 film Type 57 was used and produced satisfactory, high contrast
prints at a camera setting of f.4. A sample is displayed in figure 10.
Tests were run with disks containing 6 and 12 noncentral holes.
Counting the fringes at a hole was simplified because outward and mid-
way between the holes was an isotropic point where the fringe order
remains iero. Furthermore, since the stress was desired at a boundary,
the fringe on the boundary represented half of the normal stress di-
rectly and not the usual maximum shearing stress. From the stress-optic
law, the stress at a hole is then

g = zt"_‘c (17)

where n is the number of the fringe, f is the material fringe value,
and t is the plate thickness. Results of the tests are discussed in

the following section.
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Results at 4590 RPM

TEST DISK AND FRINGE PATTERNS
FIGURE 10
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VIII RESULTS.

The results of the work as completed will consist primarily of
comparing the mathematical approximation with the experimental results.

The laboratory work previously described yielded results which
were(subjebt to some experimental error. Each disk had a shaft pass-
ing through its central hole. The force exerted by this shaft is
difficult to measure and is not included in the mathematical theory.
However, each test disk was checked for static balance before and
after loading and displayed no out of balance behaviour. Also, the
number of fringes around the holes differed little in the loaded model
as willnot happen if there were a central load. Based on the @bove
evidence, it is believed that the central shaft exerted little if any
force on the disk.

As a material with the low fringe value desired was not dis-
covered and the test apparatus was not built to withétand extremely
high speeds, an intermediate speed had to be used for tests. This
resu;ted in only above‘five fringes at the maximum in the six hole
model and k4.5 fringes‘in the twelve hole model. Although the number
of fringes and extent of interpolation used here will not yield the
degree of accuracy normally desired in photoelastic research, it is
] felt that the data are within the limits of accuracy of the design
criteria. All readings were taken tokplus or minus 1/2 of a fringe
A sample photograph of a loaded 12 hole disk is shown in figure 10.

Due to these difficulties, the experimental results were not
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considered to be conclusive. evidence of the verification of equation
15, even though agreement was within 5%.  For additional experimental
values, the most complete of the referénces was drawn upon as a
further check of equation 15. The results found by Barnhard, Hale,
apd Meriam, reference 3, are shown in the following figure 11 along
with those found experimentally. The stress concentration factor
used is the stress found at points 1 or 2 divided by the stress that
would exist at the same place in a solid disk without noncentral holes.
It will be noticed that agreement is within 10%. Though the highest
stress concentration appears at point 1, the greater stress is always
at point 2, on the inside edge of the hole.

Experimental errors may be accounted for in the following way:

Specific gravity 1.20%0.01
Fringe value 16.7%0.2

Disk speed ' © 14580%10 rpm
Disk dimensions ¥0.02 in.
Disk thickness 0.247+0.001 in.
Number of fringes 0.5

Using the tolerances above to give the maximum and minimum stresses,

the pwa

in the theoretical work is accurate toc 2% as both p and w
are subject to some error. Proceeding in this way to give the
maximum and minimum stresses and using the disk dimensions shown

in figure il, the results of the tests to two significant figures is

as follows.
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Maximum stress at hole boundaries in psi:

" ‘Calculated " 'Experimental

6 Hole Disk Pt. 1 (outside) 580 * 3% 600 * 12%
Pt. 2 (inside) 560 * 3% 580 * 13%
12 Hole Disk Pt. 1 (outside) 530 * 3% 560 t 1L4%
Pt. 2 (inside) L70 * 3% 430 * 17%

The major reason for the inaccuracy in the experimental results is due
to the reading of fringes.

Upon observing th¢ sample photograph in figure 10 an interesting
result is seen which was not accounted for in the theory. Ling's
paper (reference 12) which was drawn upon previously does include
this effect. Using it at these additional points would necessarily
complicate the solution more than is felt desirable. When twelve
large noncentral holes are placed in the disk, a shielding effect
begins to appear and the largest stress is between the holes and not
at théir outer and inner extremities.as predicted. The stress on
inner boundary drops below the calculated &alue where as the stress
at the outer boundary appears to remain uneffected. A similar result
was noticed by Barnhart, Hale, and Meriam (reference 3) when they
experimented with 10 hole disks. In their work; this effect wasA
Just beginning to appear. A continued treatment ‘is. contained in

the conclusions which folliow.
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EXPERIMENTAL | CALCULATED
o OF RESULTS RESULTS
HOLES| R, R R, b SCF, | SCF, |SCF, | SCF,
FROM TEST DISK

6 |.1875 1,7812 5.5625 | .2812 1.96 | 1,76 1.88 | 1.73

12 " v " " 1.73 | 1,23 | 1.63 | 1.37
FROM REFERENCE 3

1 0 «795 2,650 «265 2,11 | 2,0k 2.12 | 2,0k

1 0 1,325 " " 2,36 | 2,11 | 2,1k | 2,09

1 0 1.855 " " 2,74 | 2,25 | 2,48 | 2,21

1 0 2.250 " " L,00 | 2,49 3.91 | 2.37

1 0 +T95 " 106 2,06 | 2,05 | 2,03 | 2,03

1 0 1.325 " " 2.1 | 2,10 | 2,10 | 2,09

1 0 1,855 " " 2,32 | 2,18 | 2,24 | 2,21

1 | 0 2,250 " " 2,61 | 2,33 | 2.59 | 2.ko

6 +550 | 1.07 " «1325 | 2.87 | 2.71 | 2.4k | 2,36

6 " " " +265 2,80 | 2,48 2,51 | 2.k2

6 " " " +3975 2,60 | 2,3h4 2,63 | 2,66

10 " " " 006625 | 2,30 | 2,27 | 2,45 | 2,36

1c " " " 01325 | 2,31 | 2.22 | 2.35 | 2,1k

10 " " " 195 | 2.31 | 2.4 | 2.35 | 2.11

- COMPARISON OF EXPERIMENTAL AND THEORETICAL RESULTS

FIGURE 11
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IX CONCLUSIONS

Upon completion of the work a few comments and recommendations
are in order concerning the method of approach and the results.

It must be remembered that the theoretical approximation is not
exact and though the results of many authors were checked with the
final equation, cases may exist where the approximation is in great
error. This is most likely to happen for two types of disks. First,
when the noncentral holes are near a boundary an additional stress
concentration is supplied in appendix B. However, this effect was
added after the bulk‘of the work was completed and its accuracy may
only be implied since it gave satisfactory answers when applied to
solved problems. No experimental results could be found with which to
check with holes very near a boundary. Secondly} ég?orsin the approxi-
mation may appear when there are many large holes inuéhe disk (when L,
the number of diameters center to center, is small). Here a shielding
effect appears whicﬁ reduces the stress on the inside edge of the
noncentral hole. Stresses increase in the material between holes
and may become larger than at either point 1 or point 2 which were
investigated herein. Using evidence from experimental work, the
stresses between the holes begins to predominate when L is less than
1.7.

Results obtained experimentally were satisfactory though certainly

‘less experimental error would be desirable. Much of the laboratory
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time was spent developing a method of qbtaining resultselﬁonce a
satisfactory approach was located, it was pursued until its validity
was established. Better results could be achieved with a refinement in
the equipment used, but the technique would remain basically the same.
It is believed that the leérning process would benefit little from such
a continuation and it would be only time consuming and tedious. The
method of high speed photography is recommended for future investiga-
tors as once the equipment is assembled, tests may be‘run quickly and
easily. Its disadvantége is of course thﬁt the stressed disk is not
available for static study. Suéh methods as Tardy‘compensation and

locating isoclinics could then not be used.
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LIST OF SYMBOLS FOR APPENDIX

Poles on the x-axis of bipolar coordinates
Radius of hole

The quantity a (cosh E - cos B)~L

A parametric coefficient

A positive integer, O, 1, 2, 3, ***

Uniform tension on the edge of the plate

Longitudmal coordinate

Transverse coordinate

Value of E at the edge of the holes

Angle measured from x-axis toward y-axis

Distance between centers of holes
Bipolar coordinates

Tensile stress in the E direction
Tensile stress in the B direction
Shearing'stress

Stress function
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XII APPENDIX A

An outline of the paper "On the Stress in a Plate Containing
Two Circular Holes," by Ch1h—B1ng Llng (reference 6).

For a theoretlcal solution to a plate containing two circular
holes of equal size; two loading cases are diseussed: one, a plate
under uniform longitudinal tension T; and; tgb; 8 plate under uniform
" transverse tension T; See figure (1).

We must make use of bipolar coordinates (B,E) defined by
X+iy =~-Q Coth%,(B*iE) (1a)

where the two poles of the coordinates are located on the x-axis at

the points (id,o). Finding x and y independently, we get

X=J sinhhE and y= J sin B ‘ (2a)
where % = COSH E - cos B. (32)

The biharmonic equation v X-"O, which must be satisfied by the

stress function x, then transforms to

2¢ N RPN S X . (ha)
P50 255*352 YR z_si 15 - 0.

Consider'a solution, even in'both B and E of the type

@, (E) cos nB (52)



55

The transformed biharmonic equation then becomes, by .substitution,

= = W(E) =0 (6a)
LE“ dE? 3 |

The solution even in E is

@ (€) = A, cosh (n+)E +B,, cosh(n-1E. (Ta)

For a solution which will give singularites at the poles, x=%*a,
a term must be added to equation (5a) so that

:)_5,._, = K(coshE- cosB) In(cosh E - cos B)

»+Z qbn(E,) cos nB

Nn=1

(8a)
where K is a parametric coefficient. The stresses derived from X; are

- 2
a S“; = Ecosh E - co§ B)%B—" - sinhE?E - sinBS_B + cosha%‘wa)

| 2
aS,,= EcoshE’ - cosB) AA_E-Z - sinh Eébf - sin 53_8_ - cos %]%C_.u (10a)

| 2
aS,,= —(coshE - cos B) J (% ) | (11a)

Exemining %?1 we see that ail of the stresses vanish at infinity,
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provided that -’-—"f:o when B, E = O, This condition leads to

(o]

h=

(An—r Bn) = O, (12a)

When the holes are absent from the infinite plate, the stress
system will be specified by a symmetric stress function XO . When

that two holes are present we use the stress function,

X=X,+alTX, | B

" where aT is a factor introduced to make the coefficients in X1 dimen-
" sionless. These coefficients will then be adjusted to satisfy the
béundary conditions at the edges of the holes.

Let the normal and tangential stress derived from Xo at E=%A

(edges of the holes). be

See = TZ Cn cos nB , Sp = TZ b, sin nB (1ka)

n=0 n=0
Consequently, the boundary condition at E=*A is SEE =S = 0 which
)
leads to  -2C, = 2 (A) - K cosh ZA
for n=1, and for n=>1,
2n= -2 hA+Q - 2Q, sinhA
Ten= Qn-t - 2Qp cos ne+l n ? (152l
+2K(§,, cosh A - San)




2 b,

5T

Q. -2G coshA+Q,,, * 2KS,, sinhA

$ (152)

where¢6mn is the Kronecher delta, the primes indicate differentiation,

K is & coefficient to be determined, and

Q, =(n-dn(n+) &, (A) , Q, =n@d (A

(16a)

Simplifying equations (15a) we can express A, and Bn explicitly in

terms of Cn’bn’ and K. An addition equation (12a) is supplied for the

determination of K. The problem is thus solved for any uniform stress

state acting on the plate.

Two stress systems will be considered, (1) the plate under long-

itudinal tension T
= 1 e
Xo=7 Ty

or KXo =>i sin’B
aTT 2 coshE-cosB

and, (2), the plate under transverse tension

(17a)

m

£
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X, = 5Tx
or, Xo =1 sinh*E (18a)
aTT 2 coshE - cosB
The stresses at E=%A derived from X, are then ~
,
(1) Sgg| = [I=_coshA cos B
T s coshA - cosB
A 2 } (192)
Sea| = [_sinhA sinB
T Ia coshA-cos B
See| = — sinhA sinB (1— cosh A cos B)
LN (cosh A - cos B)?
and (2) _ 2 ' :
§5§‘ — [_sinh A sinB )
T A cosh A - cos B i
Sgs =W |- coshA cosB
T Ia cosh A —cosB
>» (20a)
555 - sinh A sin B (!- cosh A cosB)
T la (cosh A - cos B)?
J
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In the casés, by expanding the first and third éxpréssions in a Fourier
series bétween B=-m and B=mw , thé coéfficiénts co.,. > and bn may be
evaluated. We thus have ¢, (A), Qn; and Q. An; B_, and K may then
be determined. In terms with an ambiguous sign\,l thé upper sign goes
with the longitudinal tension case (1) and thé lower sign with the
transverse ténsion casé (2). KX will be determinéd from

énAsinh n +n sinhA(nsinhA+ coshA)
n(n®1)(sinh 2nA+ n sinh 2A)

K%.tmhAsm#A-4 (21a)

n=2

©o

=L *.132sinh'A n

Tz 7T 2 sanh Z sinh 2nA + n sinh 2A
n=1 :

_For convenience, E and 6 as shown in figure (1) will be related

to B and A by

|+ L cose

22
L +cos© (22s)

coshA=L , cosB=

The stress at the edges of the holes is found to be

Ses = - : . N sinh nA cos nB
—‘1878_ B Z(COSh A CQSB') K sinh Al 42 sinh 2nA + n sinh 2A

Net
(=]
- ZZ n(n sinh nA sinh A = cosh nA coshA) cos nB| (23a)
sinh 2nA + n sinh 2A

n=4



It appears that there are two points of maximum tensile stress
at the edge of each hole. In the longitudinal tension case, these
points are very nearly at 6= f 1/2, or, more precisely at |9| slightly
less than n/2. They shift toward 6=*n/2 as L increases. For simplicity,
the stress at 6=iw/2 will be taken as.the maximum with little error.

The limiting case A=e® (or L= 00) corresponds to a singlé hole in

the plate. In the limiting case where A=0 (L=1) the two holes touch.
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XIITI APPENDIX B

Results of the paper, "Stress Distribution around a Hole Near
the Edge of a Plate Under Tension," by Raymond D. Mindlin (reference 15).
When the noncentral holes are near a boundary of the disk an add-
itional stress concentration factor must be employed. The results
found previously are to be multiplied by the factor found on the accomp-
anying chart divided by threg. That is, if the ratio C/R is 2.5, for
the point near the Boundary, pt. A, multiply by 3.4/3.0 and for the
point on thé hole most distant from the boundary, pt. B;, multiply

by 3.175/3.0. This will conveniently correct for the effect of a

near edge of the disk.
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ABSTRACT

The problem of finding the stress distribution about circular,
noncentral holes in a spinning disk is discussed. A theoretical
approximation is first developed using the methods of elasticity and
combining solutions to e€imilar problems from Ling (reference 6) and
Timoshenko and Goodier (reference 2). Results are then found in the
form of a maximum stress concentration factor which occurs at the
edges of the holes. The accuracy of the derived splution is checked
by obtaining values photoelastically from a similar spinning disk.
StressApatterns are studied in photographs obtained with a strobe-
flash and camera. The results are presented in a ugeable form for

application to design.
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