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AN EXPERIMENTAL AND ANALYTICAL INVESTIGATION OF LIQUID 

MOISTURE DISTRIBUTION IN ROOFING INSULATION SYSTEMS 

by 

Keith Auburn Woodbury 

(ABSTRACT) 

An experimental investigation was carried out to determine the 

feasibility of using thermal conductivity measurements to detect 

moisture concentrations in a highly porous glass fiber insulation. A 

new technique employing thermistor probes was used to measure thermal 

conductivity over a range of low moisture contents. 

The results indicate that the material's thermal conductivity is a 

strong nonlinear function of the moisture concentration. The 

sensitivity of the moisture content to thermal conductivity is greatest 

for moisture contents less than 25 per cent for the material tested. 

A numerical procedure for predicting the temperature and moisture 

distributions in a highly porous material is detailed. 
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CHAPTER 1 

Introduction 

Description of Moisture Migration in Building Insulations 

Building insulation materials may take several forms, but the most 

common ones consist of a matrix material and the associated entrapped 

air pockets. The matrix may be either of the closed cell type (such as 

urethane or polystyrene) or of the open cell type (such as fiberglass 

blankets or batts). When the air pockets in the matrix are invaded by 

liquid water, the thermal insulating property of the material is 

degraded. 

Moisture may penetrate the matrix either through mechanical failure 

of the building superstructure (punctures or gashes in the exterior), 

or, more subtly, via a constant infiltration of water vapor into the 

material and the subsequent condensation and/or freezing of the vapor in 

cooler regions of the material. Once inside the matrix material this 

1 
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liquid is generally free to move about, unless it is immobilized by 

becoming frozen. 

At moderate liquid concentrations (up to a few hundred percent on a 

dry mass basis,) the motion of the water in highly porous open cell 

materials is attributable to thermal gradients within the material. 

That is, the liquid migrates from warm regions to cooler regions of the 

material. This is accomplished by continual evaporation in the warm 

region followed by mass diffusion of the vapor· phase due to the 

concentration gradient and terminating when the vapor reaches a point in 

the material where the thermodynamic saturation condition exists, and 

the vapor condenses (or freezes). This constant evaporation-diffusion-

condensation cycle accounts for the primary mode of redistribution of 

the liquid water within the material for moderate moisture contents. 

At much higher moisture concentrations (about a thousand percent on 

a dry mass basis) the motion of the liquid itself becomes dominant. 

That is, the liquid phase then accounts for much of the free space in 

the matrix material, and the liquid itself flows under both gravity and 

pressure gradients, and in certain materials capillary effects may also 

become important. 

Scope and Objective of the Present Work 

This study focuses on the case of open cell insulations with a high 

porosity which have become lightly to moderately wetted with liquid 

water. Particular attention will be paid to a single tifle of glass 
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fiber insulation which is quite common in industrial applications for 

insulating equipment. The insulation considered is an industrial grade 

glass fiber insulation manufactured by Owens-Corning, OC703. The range 

of moisture content of interest is from complete dryness to about 350 

per cent water content on a dry mass basis. 

The primary goal of this research effort is to determine the 

feasibility of a new technique suitable for measuring the (liquid) 

moisture content or concentration at a point in a porous medium. If the 

moisture content at a few points in the medium could be found, then the 

distribution of the moisture through the material would be known. It is 

desirable to know how the moisture is distributed through the medium, 

since recent investigations (Langlais (1], Thomas, et al. (2]) have 

shown that it is the distribution of the moisture through the medium 

that determines the effective thermal properties of the medium, not just 

the total amount of moisture present. Also, temperature and moisture 

distributions in such a medium can be calculated easily (a summary of an 

implicit finite-difference calculation procedure is given in Appendix 

A), and a suitable method for measuring moisture distributions is needed 

to validate such computations. 

Survey of Available Techniques for Measuring Moisture 

Measuring liquid moisture content in a material cannot be done 

easily. In contrast, however, detecting the amount of moisture vapor in 

a space or a gas (i.e., measuring humidity) is much easier to do, and 
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there are several principles that are available for this task (see 

reference 3 for a survey of these methods). However, the presence of 

watet vapor in a material does not appreciably increase its thermal 

conductivity. The purpose of this section is to present an overview of 

currently available techniques for determining the amount of liquid 

water present within a (porous) medium, rather than vapor. 

There are two excellent papers which present surveys of methods 

available for quantifying the amount of liquid moisture present in a 

porous medium. The first, Jenkins, et al. [4], is written with specific 

reference to roof insulation systems, and the second, Schmugge, et al. 

[5], has specific reference to determining soil moisture. Several of 

these techniques will be described below, including the gravimetric, 

nuclear, thermographic, and electromagnetic t~~hniques. 

The gravimetric technique is probably the oldest and most reliable. 

This method involves taking a sample of the wetted material and weighing 

it, and then placing the sample in an oven at a low temperature to drive 

·off the moisture. After the sample has dried, it is weighed again, and 

the difference between the inital and final mass is the amount of 

moisture that was originally in the material. The advantage of this 

method is its simplicity; it is straightforward to apply. Among its 

disadvantages is the fact that it is a destructive technique, that is, 

the method requires the acquisition of a sample of the material which 

will be destroyed in the process of obtaining the measurement. 
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The nuclear technique used most is the neutron back-scattering 

technique (reference 4). In this technique, a source of fast neutrons 

and a slow neutron detector are brought close to the surface of the 

material whose moisture content is to be determined. The fast neutrons 

enter the material and are scattered and absorbed by it. All materials 

slow the neutrons, but collisions with hydrogen nuclei, which have about 

the same mass as the neutrons, give the greatest reduction in speed. 

Some of the slowed neutrons come back to the detector and are counted. 

Assuming that the primary source of these slow neutrons are the 

collisions of the fast neutrons with water molecules, the count of the 

detector will be proportional to the amount of moisture present. An 

advantage of this method is that it can be used to measure the moisture 

at a few points over an area (such as a roof) and yield information 

about the planar moisture distribution. However, it cannot be used to 

obtain any information about the distribution of moisture through the 

depth of such a material. A distinct disadvantage is that this method 

usually requires special training and licensing of the operator. 

The thermographic technique utilizes infrared photography to 

determine the "hot spots" in a surface [ 4, 6]. The technique relies on 

distinguishing between wet and dry regions based on their relative 

temperatures. Hence, the accuracy of this technique depends on the 

operator's experience in drawing this distinction. The principle 

disadvantages of this technique are its margin for error, anc.i its 

inability to determine the distribution of moisture through a thickness 

of material. 
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Two methods used primarily for measuring moisture in soils based on 

measuring electromagnetic properties of the medium have been used with 

limited success; one is based on measuring the change in the electrical 

resistance of the medium [7], and the other is based on measuring the 

change in the electrical capacitance of the medium [8,9]. Both of these 

techniques require a rather bulky probe, which would preclude their 

application in situations where the moisture concentration varies 

sharply over a small region. Recently, Motakef [10] constructed a small 

probe based on measuring electrical resistance suitable for determining 

the liquid content in highly porous insulations; however, his technique 

was only applicable to situations where the liquid in the insulation was 

saturated with the phenolic binder of the insulation. This is because 

the electrical resistance of the liquid is highly sensitive to its 

mineral and chemical content. Both of these techniques can yield 

information about the distribution of moisture through the depth of a 

material, if a sufficiently small probe can be devised. 

The shortcomings of these techniques provided motivation to look 

for a new method for determining the moisture content of porous media. 

Since thermal properties of such materials are often also desirable, and 

the thermal conductivity of a given material increases with increasing 

water content, a correlation between moisture content and thermal 

conductivity is investigated in this study. The end product of this 

correlation should indicate the feasibility of this new method for 

determining the liquid moisture content of a porous medium. 
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Purpose and Significance of the Work 

The purpose of this research work, then, is to determine the 

feasibility of using thermal conductivity measurements to quantify the 

amount of moisture present at a point in a porous insulation. The 

primary focus will be on determining the moisture content-thermal 

conductivity characteristics of the OC703 insulation, but a secondary 

subject will be determining the thermal properties at a point in a 

medium as an end in itself. 

The significance of this work is that this is the first time that 

an attempt has been made to measure moisture content based on measuring 

changes in thermal conductivity. Studies have been performed to 

determine the variation of thermal conductivity with moisture content, 

but only in attempts to determine the effective properties of the 

material given the moisture content, not to evaluate such a technique 

for measuring the moisture content. 



CHAPTER 2 

Measuring Moisture Content 

Introduction 

Measuring liquid moisture concentration in porous media, such as 

soils or building insulations, is an awkward task, particularly if the 

technique used is required to be nondestructive. Some techniques, such 

as the gravimetric method, require the acquisition of a sample of the 

material for laboratory analysis. Nondestructive methods, such as the 

thermographic technique or the neutron back-scattering technique, 

generally only yield gross or average values for the moisture content 

and give no information regarding the distribution of moisture within 

the media. 

A simple technique is desired, then, for measuring the moisture 

concentration at a point in a porous medium. If the concentration at 

discrete points in the material could be obtained, the distribution of 

moisture within the substance would be known. The method to be 

8 
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presented in this chapter for measuring moisture in a particular medium 

is based on a direct correlation between the moisture content (or 

concentration) and the thermal conductivity of the material. It is 

logical that this should be a unique, well-defined relationship, 

provided that water and the original medium constituents (e.g., glass 

fiber, air, and binder material) are the only materials present. This 

approach also yields the effective value of the thermal conductivity at 

a point in a wet insulation, which is in itself a desirable property in 

many cases. 

The search for a technique to determine the thermal conductivity of 

a wet medium resulted in a choice between the well-known line source 

technique [ 11, 12, 13] and a relatively new technique employing a 

spherical source probe [14,15,16]. The new technique employing a small 

spherical probe was chosen because its measured value of conductivity 

represents an average value around a point in the medium (a spherical, 

radially average value) rather than an effective value along a line in 

the material (a cylindrical, radially and ~xially averaged value) which 

results from the line source technique. Additionally, the new technique 

has the capability of determining the thermal diffusivity of the 

material as well as its thermal conductivity from a single experi_inent. 

Thermal Conductivity Probes 

The probe used in the subject technique is actually a small 

thermistor, which is a small bead formed from a material with a strong 



10 

negative temperature coefficient and normally is used for sensing 

temperature. Figure 2.1 shows the resistance-temperature 

characteristics of a typical thermistor. As the temperature of the 

thermistor increases, its resistance decreases. By measuring the 

resistance of a thermistor which is in thermal equilibrium with its 

environment, the unknown temperature of the environment may be 

determined. 

In this application, the thermistor is operated in a self-heated 

mode, whereby the medium is heated by passing a current through the 

thermistor. The essence of this method for measuring thermal 

conductivity is that the thermistor is heated such that its temperature 

is maintained at an arbitrarily selected temperature above the initial 

ambient temperature. By modelling the thermistor as a sphere in an 

infinite medium, the a~alytical solution obtained indicates that the 

steady-state heat loss from the sphere is related to the experimental 

parameters plus the thermal conductivity of the surrounding medium. As 

mentioned previously, an additional feature of this technique is that 

the transient heat loss from the sphere is related to measured 

parameters by the analytical solution to the thermal diffusivity of the 

medium. 

A brief summary of the mathematical theory behind this technique 

will be given, followed by a description of the experimental apparatus 

and test procedure. 
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Next will follow two sections, one detailing how the apparatus was 

calibrated for measuring thermal conductivity of different media, the 

other explaining how the equipment was further calibrated for measuring 

the moisture concentration in a specific glass fiber insulation. 

Mathematical Analysis 

Analytical Model 

The thermistor is modelled as a sphere of radius 'a' with a constant 

thermal conductivity kb and thermal diffusivity ab. The bead is 

assumed to experience uniform internal heat generation, which varies 

with time, during the test. The surrounding medium is assumed to be 

infinite in extent , 

thermal diffusivity 

with a constant thermal conductivity k and 
m 

CL • These conditions are contained in the 
m 

following heat conduction equations for a one-dimensional, spherical 

geometry: 

1 a [ aTb] q(t) 

r2 -- + = 
r2 ar ar kb 

= 

1 aTb 

ab at 

1 aT 
ru 

a at 
m 

0 5 r 5 a (2.1) 

r ~ a (2.2) 

The necessary boundary conditions on these equations are that the 

temperature at r=O must be finite (or, equivalently, that the 

temperature distribution must be symmetric about r=O), that for large 
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values of r the temperature must remain at the initial value, T., and 
1 

that at the interface of the two domains (at r=a) the temperature and 

the heat flux in each domain must be identical. Mathematically, 

ar 

I constant I 

T (a,t) m 

= k m 

aT (a,t) m 

ar 

T (oo,t) = T. m 1 

The initial conditions on Eqs. 2.1 and 2.2 are that at time equal 

to zero the temperatures everywhere in the two domains are constant. 

Mathematically, 

T (r,O) = T. m 1 

Solution of Eqs. 2.1 and 2.2 leads to expressions fork and a m m 
in terms of kb, ab' and experimentally determinable parameters. 

These solutions are presented next. 

Solution for the Two Regions (Bead and Medium) 

The following solution is taken primarily from Valvano's 

dissertation (16], but details are also presented by Balasburamian and 

Bowman [ 17]. 
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Thus far the required internal heat generation function q(t) in the 

bead has been unspecified. However, before a solution to Eqs. 2.1 and 

2.2 can be obtained, it must be known. It is shown in the next section 

that for pure conduction in the medium, the function necessary to 

achieve the step increase in the thermistor's temperature consists of a 

constant term plus a transient that varies with the inverse square root 

of time. However, for the present it is sufficient to state that this 

function q(t) consists of a constant term r plus a function of time 

l)f(t). 

For q(t) = f + l)f(t) and for pure conduction in the surrounding 

medium, reference 16 gives the solution to Eqs. 2.1 and 2.2 as 

2 

r~ +~ (r/a)J] cr+~f(t)) 
ra3f(t) a 

Tb(r,t) - T. = ( 1 - (2.3) 
1 

kb 3k 6 3k .;:rrcx-m m m 

a3r [ (a-r)f(t)] l)a3f(t) 4 ra f (t) 
T (r,t) - T. = + (2.4) m 1 

3k r .;:rrcx- 3k r 3k r~ m m m m m 

Recall that in the thermal conductivity test procedure, the 

thermistor is heated so that the "temperature of the thermistor" is held 

constant at a sp~cified level above the initial ambient temperature. 

This temperature of the thermistor, as sensed by the controller required 

for the test procedure (See "Experimental Apparatus" section below), is 

actually a volume averaged temperature within the bead. By volume 

averaging Tb(r,oo) from r=O to r=a [15,17] an expression for this 

experimentally applied temperature step ~Tb is obtained: 

= (2.5) 
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Note that r is the steady-state value of the assumed uniform 

internal heat generation within the bead. This can be calculated 

readily from the experimental data, since one of the results of the test 

procedure is the steady-state voltage (actually the voltage squared) 

applied to the thermistor. The final (steady-state) resistance of the 

thermistor is also known, as it is uniquely determined by the final 

temperature of the thermistor (see Fig. 2.1), which is an input to the 

test procedure. Hence the (assumed uniform) constant internal heat 

generation r can be calculated as r=(steady power)/volume= 

3 P /(4rra /3)= 
SS 

2 3 (V /Rf)/(4rra /3). 
SS 

Finally, the 

temperature increment of the thermistor may be expressed as 

v2 
bss 

which may be rearranged as 

1 

k m 

= 
p 

SS 

= 

1 

p 
SS 

4rra 

(2.6) 

Thus, the thermal conductivity of the surrounding medium k is 
m 

related to the experimentally determined parameters P and ~Tb' and 
SS 

the probe constants 'a' and kb. Equation (2.6) is the basic expression 

used to calibrate the ptobe for and perform thermal conductivity 

measurements. 
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Sphere in an Infinite Medium Solution 

Useful information about the temporal nature of the heat released 

from the thermistor probe may be obtained by considering the solution 

for the temperature history in the medium alone. Recall that the test 

procedure entails raising the (volume averaged) temperature of the 

thermistor bead to some arbitrarily selected level above the ambient, 

6Tb. Since the volume-average temperature rise is constant, it is 

reasonable to assume that the rise in the surface temperature of the 

bead 6Ts = Tb(a,t) - Ti is also constant. 

Hence a solution to Eq. 2.2 is sought subject to the boundary 

conditions that the temperature at the surface of the sphere is raised 

suddenly by a level 6T and that far away from the sphere the s 

temperature is unchanged. Mathematically, 

T (a,t) = 6T + T. m s 1 
(t > 0) 

T (oo,t) = T. m 1 

The inital condition on Eq. 2.2 is unchanged, that is, at time zero 

the temperature everywhere is T.. Mathematically, 
1 

T (r,O) = T. m 1 

The solution to the Eq. 2.2 subject to the foregoing conditions is 

readily obtained by the Laplace transform method. The solution is: 

T (r t) - T. = (a/r)6T erfc[(r-a)/(2.,l;X't)] 
m ' 1 s m 

The parameter of interest is the heat released from the spherical 

surface as a function of time. This may be obtained directly from the 

above solution by application of the Fourier law: 

q (t) = -k VT (a,t) = k 6T 4Tia(l + a/v'iT'CXt) s m m m s m (2.7) 
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The primary significance of Eq. 2.7 is that it shows clearly that, 

in order for the thermistor to undergo an instantaneous rise in surface 

temperature (and, consequently, volume-averaged temperature), the bead 

must release energy at a rate proportional to the inverse square root of 

time as the heat released decays to its steady-state value. That is, 

the functional form of the heat generation per unit volume is q(t) = r + 
-1/2 et , for t > 0. This fact is exploited in the test procedure by 

only measuring the power applied to the thermistor (which is equal to 

the heat released) over a short period of time (say 10 to 20 seconds) 

and then performing a linear least squares analysis to the data to 

deduce the magnitudes of the constants r and e. 

This fact is quite significant, since the time required to reach 

steady-state can be long (on the order of tens of minutes), depending on 

the conductivity of the surrounding medium. Also, for a wet medium, the 

sustained injection of energy into the medium will result in a re-

distribution of the moisture field surrounding the probe. By taking 

transient data and using linear regression to infer the steady-state 

power loss required for application of Eq. 2.6, the moisture around the 

probe will be disturbed minimally. This is essential if the method is 

to yield an accurate measurement of the moisture concentration in the 

region surrounding the probe. 

A consequence of the above analysis is that the constant e obtained 

from the linear regression is related to the thermal diffusivity of the 

medium. Specifically, e = 3k lff (mx ) -l/ 2 /a m s m Hence if the 
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thermal conductivity of the medium k can be obtained from the steady-
m 

state results, then the thermal diffusivity may be determined from the ~ 

coefficient, provided that l::.T s may be 

experimentally applied step change !::.Tb. 

readily related to the 

A sample output from a thermal conductivity test shown in Fig. 2.2 

summarizes these concepts. Voltage data taken at 0.5 second intervals 

for 10 seconds are shown plotted as voltage squared versus inverse 

square root time. A linear regression has been performed to find the 

constants 'slope' and 'intercept' of the resulting straight line. The 

intercept term is related to the r coefficient, while the slope gives 

the ~ coefficient. 

Experimental Apparatus and Test Procedure 

The equipment necessary to perform the test procedure consists of 

the probe itself, a resistance measuring device for determining the 

initial temperature, a special controller for imposing the dP-sired step 

change in temperature (resistance) of the probe, and a small computer 

for logging and reducing the data. Each of these components is 

described in detail below, as the test procedure is simultaneously 

outlined. 

The probe assembly consists of the thermistor bead, a suitable 

housing, and the lead wires to be attached to the controller. 

Commercially availaole thermistors come in a variety of shapes and 

styles from a number of manufacturers, and one of spherical 
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shape is desired for this study. A perfectly spherically-shaped 

thermistor is not available, but many of ellipsoidal shape are and one 

of this type must be chosen, as in reference 16 and 17. 

The probe thermistor and its leads must be electrically isolated 

from the medium, since ultimately the medium whose conductivity is to be 

measured will be wet. A particular style of thermistor was found which 

is available from the manufacturer with a Teflon™ sheath, which is well 

suited for this required electrical isolation. The choice of these 

thermistors also reduced the effort required to construct the probes, 

since all that is required is to attach the lead wires and extend the 

Teflon™ coating slightly with a piece of heat-shrinkable tubing. A 

sketch of an assembled probe is shown in Fig. 2.3. 

The resistance measuring circuit and the special controller for 

imposing the step change in temperature (resistance) of the thermistor 

are combined in the single circuit shown in Fig. 2.4. This circuit was 

taken from reference 15 with only slight modification for interfacing 

with the computer. 

With the switches in the position shown in Fig. 2.4, the controller 

portion of the circuit is by-passed and the bridge circuit is used to 

determine the initial temperature of the thermistor. By adjusting the 

potentiometer until the digital voltmeter (DVM) indicates zero current 

through the center of the bridge, the initial resistance of the 

thermistor is found. From this initial resistance and the unique 
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temperature-resistance characteristics of the thermistor, the initial 

temperature is known. 

Setting switch s 2 to its alternate position by-passes the bridge 

circuit and activates the controller. The potentiometer in this 

configuration acts as the set point for the desired final temperature of 

the thermistor. That is, the final temperature is determined from the 

initial temperature T. and the (arbitrarily) selected step increment 
1 

in temperature D.T. From the final temperature T f and the unique 

resistance-temperature characteristics of the thermistor, the final 

resistance Rf is determined, and it is this resistance that is set on 

the potentiometer. Having set the potentiometer to Rf, throwing 

switch s 1 applies power to the controller circuit. The controller 

then supplies just enough voltage to the thermistor to heat it until the 

thermistor resistance matches the set point value Rf. The controller 

is very fast, and within milliseconds (reference 15, pg. 152) the 

thermistor is maintained at Rf. 

The key parameter of interest for determining the thermal 

conductivity of the medium is the steady state heat loss q , which is 
SS 

numerically equal to the steady state power applied to the thermistor 

P This is found by monitoring the vo 1 tage applied to the 
SS 

thermistor for a short period of time (10-20 seconds) and using linear 

regression to the analytical solution (Eq. 2. 7) to find the constant 

power applied Pss' as illustrated in Fig. 2.2. A Radio Shack T~S-80 

Model III computer was employed toward this end. The TRS-80 has a Z-80 
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microprocessor, and a Z-80 assembly language routine was used to perform 

the precise timing and logging of the data. The Z-80 was programmed to 

wait 10 seconds after power was applied to the thermistor, then begin 

logging the data (through an Analog Devices RTI-1260 A/D interface) at a 

rate of 2 points per second for 10 seconds. The inital delay is to give 

the physical system time to achieve its initial increase in temperature, 

since it is not possible t·o impose an instantaneous increase in the 

temperature of the thermistor. Each of the data 'points' (voltage 

applied to the thermistor) was constructed by calculating the mean value 

of 10 samples taken uniformly over an interval of 0. 0167 s. This 

measure was taken to minimize the undesirable effect of the 60 Hz line 

voltage fluctuations. 

After logging the voltage data and storing it in Random Access 

Memory (RAM), program control is returned to a BASIC-language routine. 

This routine reads the data from RAM and calculates the 10 sample 

average for each point then squares each value, since voltage is 

measured and power is desired, 2 and P=V /Rf. The program then 

performs a linear least-squares analysis to match the modified data to 

the 2 3 theoretical -curve .V =PRf=Rf(4/3)ira (f +13t-1/2). The 

constant term obtained is the steady state voltage squared V~5 , 
2 and the steady power P =V /Rf. This is equal to the steady 

SS SS 

state heat loss q , which is the desired result of the test 
SS 

procedure. 
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The following is a summary of the standard test procedure used in 

this investigation to measure thermal conductivity using thermistor 

probes: 

• 

• 

Insert the probe into the medium and allow it to come to 

temperature equilibrium. 

With the switches s 1 and s 2 in the 1 temperature measure' 

position, use the potentiometer to balance the bridge and determine 

the initial resistance of the thermistor. 

• From the thermistor 1 s resistance-temperature characteristics, 

• 

• 

determine the initial temperature of the medium. Add the selected 

step change in temperature of the thermistor, ~Tb (1 C was used 

in this study) to this initial temperature to determine the final 

temperature of the bead, and usf the resistance-temperature 

characteristics to find the corresponding set point for the 

potentiometer. 

Throw switch s 2 to the 1 control' position, and set the final 

resistance on the potentiometer. 

Apply power by throwing switch s 1 and record the voltage applied 

to the thermistor for a short period of time (in this study, this 

interval was from time=lO seconds until time=20 seconds after power 

was applied). 

• Use linear regression to the analytical solution (Eq. 2. 7) and 

extrapolate to infinite time to find the steady-state voltage 

(squared) applied to the thermistor. 
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Probe Calibration for Measuring Thermal Conductivity 

This section details how the procedure and its results are used, 

along with Eq. 2.6, to obtain measurements of thermal conductivity. 

Before measurements can be performed, each probe must be calibrated to 

find its particular parameters 'a' and kb. 

Calibration of the probe involves performing the test procedure in 

at least two materials of known thermal conductivity k . Equation 2.6 m 

indicates that 1/k is a linear function of the probe radius 
m 

' ' a . By 

performing the test on two materials of known conductivity, the two 

unknown probe parameters 'a' and kb will be determined exactly. By 

using more than two media of known conductivity, a linear least-squares 

analysis will yield the best estimates of 'a' and kb over the range of 

k involved. 
m 

Experience has shown that these probe parameters actually depend on 

the conductivity of the media used for the calibration, hence it is 

essential that the calibration be carried out over the range of thermal 

conductivity of interest. The main reason for this dependence is the 

presence of the probe leads, which are unaccounted for in the 

mathematical model. These small (0.25mm diameter) but highly conductive 

(for copper, k ~ 300 W/m/C) wires provide an alternate path for heat 

loss from the thermistor. As the conductivity of the surrounding medium 

decreases, this probe stem heat leakage becomes more pronounced. This 

fact was found to be quite significant, as will be discussed ln the 

next chapter. 
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The range of thermal conductivity in the present investigation 

varies from that of the dry insulation material (k =0.0329 W/m/C) up 
m 

to that for insulation wetted to 300 per cent by mass (k ~ 0.2 W/m/C). 

Inspection of the literature revealed a great void in the availability 

of thermal conductivity reference standards over this range. At the 

high end of the range, ethylene glycol (k=0.25 W/m/C) serves well, and 

its thermal properties are well documented [ 18] . At the low end, 

samples of dry insulation (OC703) seemed an obvious choice, and its 

properties are documented from a previous investigation [19]. A third 

material was found in this range, which is a foam rubber insulation 

manufactured by Armstrong, called Armaflex™. 

The thermal conductivity of the Armaflex™ and that of the OC703 

insulation were determined experimentally using an ASTM approved method 

employing a heat flux meter. Fifty-two readings were taken for the 

OC703 insulation which had a mean value of 0.03295 W/m/C and a standard 

deviation of 0.00057 W/m/C, which is within 0.8 per cent of 0.0332 W/m/C 

which was the value reported in referenc-e 19. For the Armaflex™, 

thirty-seven readings were taken which had a mean value of 0.04158 W/m/C 

and a standard deviation of 0. 00055 W/m/C. Employing two standard 

deviations as the uncertainty in the measurements, the uncertainty for 

the OC703 was 3.5 per cent, and that for the Armaflex™ was 2.6 per cent. 

Each probe was tested in each of the three materials at least 15 

times, and more for those with scatter in the readings, and the results 

for each of the four probes are shown in Table 2.1. The table lists 
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TABLE ~·1 Thermal Conductivity probe Calibration ~ Experimental Results 

Probe Medium T .,C k ,W/m/C N ~Tb/P 
1 m SS 

Y44103Nl Glycol 24.9 (O. 15) 0. 25072 28 121. 164 (2.410) 
Armaflex 24.8 (0. 11) 0.04158 15 275.574 (1. 234) 
O.C.#703 24.9 (0.08) 0.03295 47 346.727 (4.394) 

Y44103N2 Glycol 24.9 (0.13) 0. 25072 28 110.061 (4.152) 
Arma flex 25.0 (0.09) 0.04158 15 282.980 (1.851) 
O.C.#703 25.0 (0.08) 0.03295 48 362.314 (4.494) 

Y44103N3 Glycol 24.9 (0.13) 0. 25072 27 117 .332 (3.397) 
Armaflex 25.0 (0.09) 0.04158 15 277.055 (6.555) 
O.C.#703 25.0 (0.10) 0.03295 46 353.076 (10.345) 

Y44103N4 Glycol 24.8 (0.13) 0.25068 22 115. 742 (3.902) 
Arma flex 24.9 (0.10) 0.04158 15 274.231 (2.358) 
O.C.#703 24.9 (O. 15) 0.03295 46 346.758 (5.607) 

Numbers in parenthesis are the standard deviations of the reported means 

over the population of N samples. 
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the probe name, the medium, the average inital temperature of the 

medium, the medium's thermal conductivity, the number of readings taken, 

and the mean reading of 6T/P . The numbers in parenthesis are the 
SS 

standard deviations of the particular quantities. The data for the 

Armaflex™ proved the most repeatable, and only 15 measurements were made 

for it. Employing two standard deviations as the uncertainty in the 

measurement, the uncertainty in these readings averaged 2.2 per cent 

More readings were taken on the glycol and the OC703 fiberglass 

insulation. 

The average uncertainty for the glycol was 6. 0 per cent, with the 

worst uncertainty for probe No. 3 (Y44103N3) of 7 .5 per cent. 

Similarly, the average uncertainty in the fiberglass insulation readings 

was 3.5 per cent, with the worst uncertainty again for probe No. 3 of 

5.7 per cent. 

For each probe the thermal conductivity of each material and its 

corresponding reading of 6T/P were input to a weighted linear least-ss 
squares curve fit to Eq. 2.6 to determine the probe constants 'a' and 

kb. A graphical representation of the results for probe No. 1 

(Y440103Nl) is shown in Fig. 2.5, and Table 2.2 shows the resulting 

constants 'a' and kb for each of the four probes. The maximum error 

between the known value of k and that computed from Eq. 2.6 using the m 

determined constants is also reported. In all cases this error is less 

than 6.2 per cent. 
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TABLE 2.2 Thermal Conductivity probe Calibration ~ Probe Constants ----

Radius a Conductivity kb Maximum Calibration 
Probe (meters) (W/m/C) Error (Percent) 

Y44103Nl 9.65177E-3 1.878997E-2 5.6 

Y44103N2 8.62652E-3 2.538024E-2 5.5 

Y44103N3 9.26717E-3 2.081998E-2 6.1 

Y44103N4 9.41666E-3 2.073623E-2 5.5 
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Probe Calibration for Measuring Moisture 

This section describes how the probes are calibrated to measure 

moisture content in the glass fiber insulation chosen for this study 

(OC703). Basically, this entails determining the dependence of the 

material's thermal conductivity on its moisture content. 

In order to do this the test procedure is to be performed on 

different samples of the parent material which have been previously 

moistened uniformly to some known moisture content. The steady power 

required in each case is determined from the test procedure, and 

knowledge of the probe' s parameters 1 a' and kb from the thermal 

conductivity calibrat'ion allows the thermal conductivity of the wet 

sample to be computed. In this way, the moisture content-thermal 

conductivity characterist±cs of the insulation material may be 

determined. 

In practice this is quite difficult. Applying the test procedure 

to moist samples presents no problem at all; the problem is in achieving 

uniformly wetted samples of the insulation material and subsequently 

verifying this moisture content at the probe location with sufficient 

accuracy. 

Sample Preparation 

One of the greatest problems encountered in this research work was 

devising a scheme for obtaining uniformly wetted samples of the chosen 

fiberglass batt insulation for this moisture calibration. The first 
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step toward this end was to minimize the dimensionality of the sample 

specimen by cutting the batts into squares and slicing the squares into 

thin slabs. The reasoning here is that the moisture content in the 

"thin" direction will be almost constant or uniform. For convenience, 

the 0. 6lm X 1. 22m X 0. OSm bat ts were cut on a band saw into 0. 28m X 

0.28m X O.OSm squares. Each of the squares was then sliced into 6.35mm 

thick slabs, resulting in sample specimens 0.28m X 0.28m X 6.35mm. The 

minimum thickness for slicing the squares was about 6.35mm as thinner 

slices of uniform thickness were difficult to obtain on the band saw. 

The specimens must now be wetted as uniformly as possible. Two of 

the specimens were wetted to approximately the same moisture content and 

the probes sandwiched in between to carry out the test procedure. Two 

different techniques were used to achieve uniformly wetted samples. The 

first involves completely soaking the specimens and then draining them, 

and the second involves placing the specimens in a humid environment for 

a period of time. 

The soaking technique was effective for achieving relatively high 

moisture contents, those above about 100 per cent on a dry mass basis. 

This was done by simply immersing two of the specimens into an open tank 

filled with tap water until they were saturated with water, and then 

allowing the excess to run off by holding the sample vertically. To 

achieve slightly lower moisture contents, additional moisture was 

removed by shaking the samples. 
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The humidifying technique proved useful for obtaining samples of 

low moisture contents, those less than about 25 per cent on a dry mass 

basis. This was accomplished by suspending two of the specimens in a 

large chamber, which is sealed from the atmosphere, with a layer of tap 

water at the bottom and heated from below. The temperature in the 

chamber was approximately 43 C and the relative humidity was near 100 

per cent. By exposing the specimens in the chamber for varying lengths 

of time, moisture contents between 0 and than 25 per cent (dry mass 

basis) were obtained. 

Once wetted, two specimens were used to form a sample by 

sandwiching a probe. To prevent the samples from drying out before and 

during testing, the entire probe-specimen "sandwich" was sealed in 

plastic using a heat sealing machine. 

Calibration Procedure 

The basic test procedure described earlier was performed on each 

wetted sample with each of the four probes. To eliminate temperature as 

a variable, all tests were performed at a nominal temperature of 25C. 

To achieve this the guarded hot plate thermal conductivity instrument 

(R-matic) was used as a constant temperature chamber. This was 

accomplished by setting the adjustable upper and lower plate 

temperatures to the same value, 25C. 
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The probe-specimen assembly, sealed in plastic, was placed into the 

chamber, supported from either of the plates by a buffer of 3 dry 

insulation specimens, giving the total sample a thickness of 50mm. The 

sample was given several hours to achieve temperature equilibrium before 

beginning the test. 

The standard test procedure, described earlier, was used. The 

particular conditions of the test were held constant throughout, that 

is, an initial delay of 10 seconds was used between applying power to 

the circuit and the beginning of data collection, and one data point was 

logged every 0.5 seconds for the next 10 seconds. This short test time 

(20 seconds) was used to minimize the disturbance of the test procedure 

on the moisture distribution surrounding the probe. 

Each test for each probe on each sample was performed at least 

twice, to eliminate single spurious readings. The result of the test 

procedure is the quantity /J.T/P . After the first test for each 
SS 

probe, the moisture content immediately surrounding the probe has been 

decreased slightly, due to the input of energy into the medium. Since a 

less conductive medium requires less steady power to maintain the same 

temperature difference, on a subsequent, successive test with that probe 

the parameter /J.T/P will increase slightly, in accordance with a 
SS 

slight decrease in the medium's thermal conductivity. If this behavior 

was observed on the second test for each probe, the test was concluded. 

If this behavior was not observed for a particular probe, an additional 

reading was obtained for that probe to resolve the discrepancy. 
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Gravimetric Moisture Determination 

As soon as the quantity f:.T/P has been ascertained for each 
SS 

probe for the particular sample, it is necessary to quantify as closely 

as possible the actual moisture content at the location of each of the 

probes. This was accomplished by coring a sample at the probe location 

and performing a gravimetric analysis as described below. 

Immediately following the test, the specimen-probe "sandwich" was 

removed from the testing chamber. After cutting open the plastic seal, 

the location of each of the 4 probes was marked along the edge of the 

insulation. The probes were then removed and the two specimens 

(protected from evaporation by impermeable barriers on either face) were 

carried to the mass balance (Mettler Multi-Purpose Balance, Type HS). A 

15-gauge (21mm diameter) gasket cutter was used to cut a core sample 

for each of the 4 probes in succession, and each of the wet samples was 

placed on a pyrex dish (of pre-determined mass) for weighing. These 

initial masses were recorded for each probe and the core samples were 

placed in a laboratory oven at approximately 150 C for drying. 

The samples were removed from the oven approximately at 4 hour 

intervals for weighing. When the value obtained between successive 

weighings for a particular sample became less than the least count of 

the scale (0. 0005 g), the final value was assumed to be the "dry" mass 

of the core sample. 

An interesting fact was discovered during the course of this phase 

of the work which should be pointed out. A substantial error (3 to 6 
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per cent) in the dry mass of the core samples can be obtained if the 

temperature of the sample and dish is not the same as the temperature of 

the environment of the balance. This error is due to buoyancy effects 

of the air around the balance pan as a result of the natural or free 

convection cooling of the.sample and dish. To minimize this error, the 

oven-dried samples were allowed to cool approximately 30 minutes before 

weighing, and each sample was weighed twice to ensure that its true mass 

was obtained. 

Chapter Summary 

Four thermistor thermal conductivity probes were calibrated to 

measure conductivity over the range 0.0329 W/m/C < k < 0.25 W/m/C m 

with a maximum calibration error of 6. 2 per cent Some of these 

results were presented in this chapter, and they will be discussed 

further in Chapter 3. These probes were used to determine the moisture 

content-thermal conductivity characteristics of OC703 fiberglass 

insulation. These results will be presented and discussed in the 

following chapter. 



CHAPTER 3 

Results and Discussion 

The purpose of this chapter is to present the results of the 

thermal conductivity calibration of the previous chapter and to analyze 

the results of the moisture measurement calibration for the OC703 

insulation. Problems associated with deviations of the measured results 

from the ideal theory in the thermal conductivity calibration will be 

discussed, and a possible solution will be outlined. The final results 

of the moisture concentration-thermal conductivity correlation will be 

presented and discussed in terms of several currently availaole models 

[20,21,22]. 

Discussion of Thermal Conductivity Calibration Results 

The results from Chapter 2 for the thermal conductivity calibration 

(determination of the probe parameters 'a' and kb ) demonstrate that 

the instrument used in the investigations is capable of measuring 

conductivity over the calibration range within ±6.2 per cent. A slight, 

38 
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correctable error (which apparently is due to probe stem heat leakage) 

was discovered in the data obtained for the determination of the probe 

parameters, and this correction improved the accuracy of the thermal 

conductivity to ±4.6 per cent over the range of the calibration (,0329 

W/m/C < k < 0. 25 W/m/C). This amount of accuracy will be quite m 

adequate for the present objective of determining the feasibility of 

using thermal conductivity measurements to detect small moisture 

concentrations in an insulation material. A brief description of the 

handling of this probe stem heat leakage problem follows. 

Probe Calibration Description 

The error in the thermal conductivity calibration (see Fig. 2.2) 

can be seen in Figs. 3.1 - 3.3 for probe Y44103N3. Each of these 

figures shows the power loss from the thermistor in milliwatts versus 

the inverse square root of time (s -l/ 2 ) for each of the three media 

used in the thermal conductivity calibration. In these tests the test 

duration was extended by a factor of approximately 20 and three 

different linear regressions were performed for each figure. The first 

is a regression considering only the last 20 data points, the second 

considers all the data (over the entire interval), and the last 

regression considers only the two data points (at time = 10 s and time = 
20 s). The shape of these curves, which have a similar, characteristic 

curvature, is reproducible and is definitely characteristic of the 

particular probe used and the medium being tested. 
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While the data taken over 10 s < t < 20 s appears to have a linear 

relationship with t-l/ 2 (see Fig. 2.2), when the test.time is extended 

the transient power curve is seen to have a definite concave upward 

slope-- a result which was unexpected from the published findings of 

others [ 15, 16] . Actually each of these curves attains a linear 

relationship with t -l/ 2 only after between 60 s and 120 s have 

elapsed, depending on the medium. 

The significance of the three regressions in each of Figs. 3.1-3.3 

will now be detailed. The first, in which only the data from the latter 

portion of the test are used to determine the steady-state value, yields 

the true steady-state ~alue in each cas~. That is, this data and the 

results obtained from the linear regression fit very well the ideal 

mathematical solution presented in the previous chapter (rms error less 

than 1 per cent), and extrapolation of this line to infinite time yields 

the desired steady-state value of heat loss from the sphere, P 
SS 

The regression shown in the figures found from use of data from tl1e 

entire 400 s test are included to indicate that if data is taken over a 

relatively long period of time, then the error in the measurement of the 

steady power loss is lessened but can still be significant. In the 

results shown in the figures, the maximum error from the true results is 

-5 per cent, which occurred in the OC703 insulation measurement. 

The last line on each graph passes exactly through the first and 

second data points, which are taken at time= 10 s and time= 20 s after 

power is applied to heat the thermistor. These points correspond to the 
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first and last data points obtained in the standard thermal conductivity 

test procedure which was detailed in Chapter 2 and used throughout this 

study. As can be seen in these figures, the error between the value of 

P obtained from this linear regression (using only two data points) 
SS 

and that using the lower portion of the curves (the "true" value) varies 

with the surrounding medium. For the results shown in the figures, 

these errors range from a maximum of -20 per cent for the OC703 data to 

a minimum of -10 per cent for the glycol. 

The problem with the data from the standard test procedure over the 

shorter 10 to 20 second interval is now evident, even if its cause is 

not immediately clear. These results predict a steady power loss which 

is less than the true value due to the power loss deviating from the 

ideal solution of the previous chapter. As mentioned earlier, these 

results are repeatable, and for constant test conditions (fixed medium 

conductivity and initial temperature) the ratio of the true steady power 

loss to that found from the 10 to 20 second data extrapolation was found 

to be constant. This factor is important, as it allows for the 

adjustment of the thermal conductivity calibration data to find the 

correct values of the probe parameters 'a' and kb without necessitating 

the repetition of the tedious calibration procedures. A possible cause 

for this problem is postulated later in this section. 
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Corrected Probe Parameters 

To correct for these errors, data was taken for the three 

reference media over an extended period of time (as in Figs. 3.1 - 3.3). 

For the two insulations (OC703 and Armaflex™) data was taken over a 400 

second interval and for the glycol, data was taken over a 200 second 

interval. This was done since the glycol power loss data matched the 

ideal solution after about 60 seconds, while it took about 200 seconds 

for the insulations' power loss data to complete its initial transient 

and attain the linear relationship with the inverse square root of time. 

Ten sets of data were taken for each probe for both the glycol and the 

OC703 media, which are at the extremes of the chosen conductivity range. 

Only two samples were recorded for each probe for the Armaflex™ 

insulation. The results are seen in Table 3.1. For all three of the 

media, the table shows the average initial temperature, the "true" value 

of steady power loss, and the number of samples taken. The standard 

deviations of the sample population are shown in parentheses. Also 

listed for each medium is the resulting correction ratio, which is 

defined as the ratio of the true steady power loss to that from the 10 

to 20 second tests reported in Chapter 2. As can be seen in the table, 

this correction ratio decreases from a maximum for the OC703 insulation 

to a minimum for the glycol data. 

The true values of the steady power loss for each medium were used 

in a repetition of the conductivity calibration of the previous chapter, 

and the results, analogous to those of Table 2.2, are seen in Table 3.2. 
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TABLE 3.1 ---- Correct Results from Long Term Tests and Correction Ratios 

Probe Medium T .,C p ,mW N CR 
1 sstrue 

Y44103Nl Glycol 25.0 (0.04) 8.591 (0.05) 10 1.04935 
Arma flex 25.1 ( -- ) 3.936 ( -- ) 2 1.08450 
0. c .ff703 25.4 (0.12) 3.558 (0.03) 10 1.24024 

Y44103N2 Glycol 25.0 ( -- ) 10.477 (O .11) 10 1. 15538 
Armaflex 25.2 ( -- ) 4.183 ( -- ) 2 1.18365 
O.C.#703 25.5 (0.10) 3.707 (O. 07) 10 1.34996 

Y44103N3 Glycol 25.0 (0.05) 9.314 (0.05) 10 1.09268 
Arma flex 25.2 ( -- ) 4.036 ( -- ) 2 1.11830 
0. c .fJ703 25.4 (0.15) 3.616 (0.05) 10 1. 27909 

Y44103N4 Glycol 25 .1 (0.04) 9.469 (0.02) 10 1.11073 
Arma flex 25.0 ( -- ) 4.097 ( -- ) 2 1.12340 
O.C.#703 25.4 (0.18) 3.634 (0.05) 10 1. 27688 

Numbers in parenthesis are the standard deviations of the reported means 

over the population of N samples. (--) Indicates value not available. 
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TABLE }.~ Thermal Conductivity Probe Calibration ~ Probe Constants for 

Corrected Results 

Radius a Conductivity kb Maximum Calibration 
Probe (meters) (W/m/C) Error (Percent) 

Y44103Nl 1. 22980E-2 1. 422729E-2 4.6 

Y44103N2 1.17141E-2 1.978901E-2 3.6 

Y44103N3 1.19942E-2 1.627756E-2 4.0 

Y44103N4 l.20532E-2 l.659700E-2 3.5 
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The corrected values of the probe constants 'a' and~ are shown, along 

with the corresponding maximum calibration error for each probe. Note 

that the overall maximum calibration error has been decreased from 6.2 

per cent for probe Y44103N3 (Table 2. 2) to 4. 6 per cent for probe 

Y44103Nl. Hence, the steady power loss may be used with the probe 

constants 'a' and kb in Table 3.2 to determine the thermal conductivity 

of the surrounding medium with an expected accuracy of ±4.6 per cent 

over the range 0.0329 W/m/C < k < 0.25 W/m/C. 
m 

Calibration Correction Discussion 

A search for the reason or reasons as to why the data from longer 

term tests deviates from the ideal theory focused on the differences 

between the probes used in this study and those used in the previous 

investigations (15,16] where these deviations were not observed. These 

differences include larger nominal probe diameters, the presence of the 

Teflon™ sheath over the active thermistor region, the presence of the 

metal support rod within the sheath, and larger diameter lead wires. 

Another important difference is that the range of thermal conductivities 

being considered in this study are an order of magnitude lower than in 

(15] and (16]. 

Initially, the presence of the Teflon™ sheath appeared to be the 

major difference between the two types of probes, and its presence was 

first suspected of causing the deviation from the ideal behavior 

predicted by the theory. The reasoning was that the thin air blanket 
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entrapped about the active portion of the thermistor by the Teflon™ 

sheath acts as an electrically inert thermal mass having thermal 

properties different from the surrounding medium. This thermal mass 

absorbs part of the energy from the thermistor bead and disturbs the 

solution. A solution is available from the literature [23] which 

accounts for the composite structure of the sphere, but this solution 

presumes the functional dependence of the internal heat generation as 

q(t) = r + ~t- 1 1 2 , and hence cannot describe the observed discrepancy 

in the results. 

An analytical model was formulated to investigate the hypothesis 

that the presence of the shell material causes the transient power loss 

from the sphere to deviate from a strictly linear dependence on the 

inverse square root of time. Briefly, this physical problem was 

idealized as a composite sphere in an infinite medium. This model 

consisted of a perfect sphere of radius a 1 enclosed concentrically by 

a second sphere of radius a 2 imbedded in an infinite medium. At t=O 

the surface at r=a 1 undergoes a step increase in surface temperature 

dT . The Laplace transform technique was first applied to the s 

resulting model, but inversion of the resulting Laplace domain 

expression was deemed too cumbersome for the time frame of the current 

investigation, and hence a more direct numerical solution of the 

governing equations was performed. 

Preliminary calculations with the numerical model showed that the 

presence of the shell around the thermistor could cause the 
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characteristic shape observed in the experimental data. However, lack 

of precise values for five probe parameters (listed below) in the 

numerical model prevented application of this model. Hence, a nonlinear 

optimal estimation approach was used to determine these parameters. 

The resulting numerical model was coupled with a Gaussian least-

squares-differential correction optimization algorithm (see, for 

example, Junkins [24]) using the transient data from the long term tests 

(as in Figs. 3.1 and 3.3) for glycol and the OC703 insulation in an 

attempt to determine the five unknown model constants (a1 , a2 , 

Reasonable values for these parameters 

could be obtained which resulted in the model agreeing with the 

experimental data for the OC703 insulation only fairly well, and 

resulted in a reduction of the error in the predicted steady-state power 

loss from -20 per cent to approximately -7 per cent for probe Y44103N3. 

Physically reasonable values of the model constants could not be 

obtained which would allow for the model to match the transient data 

obtained for the glycol samples. The inability of the proposed model to 

effectively account for the observed thermal response of the probes in 

each of the two extreme media with a single set of probe parameters led 

to the conclusion that the idealized heat transfer model is incomplete, 

and hence some missing factor or factors must account for the deviation 

of the data from the ideal theory. 

The explanation for this deviation from the theory centers on a 

number of the other differences, which were outlined previously, between 
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the probes used in this study and those of reference 16 and 17. 

Specifically, the presence of the metal support rod in the probe housing 

and the larger diameter lead wires (0.25mm diameter wires were used in 

this study, while 0.08mm diameter wires were used in [16]) contribute to 

a significant amount of stem heat leakage. These previous 

investigations were also carried out over a much higher range of thermal 

conductivities, where this probe stem heat leakage was not observed. 

That is, especially over the range of rather low media conductivities 

being considered in this study, the probe housing provides an alternate 

path for heat flow along the small cylindrical core that comprises the 

probe stem. The conductance of this cylindrical core is much higher than 

it would be if that same volume were filled with the surrounding medium. 

Hence the observed values of the transient heat loss are higher than 

those predicted by the ideal theory. At longer test times, this effect 

becomes less pronounced as the thermal capacitance associated with the 

probe stem becomes fully charged. 

The effect of this probe stem heat leakage would logically depend 

on the thermal characteristics of the surrounding medium, as the probe 

stem acts as some sort of fin whose heat dissipation properties will 

depend on the lateral heat loss by conduction from the stem into the 

surroundings. Consider the correction ratios listed in Table 3.1 for 

each of the probes and each of the media. With the simplifying 

assumption that these ratios depend only on the thermal conductivity of 

surrounding media, a . functional form for this dependence may be 
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contrived for correcting the thermal conductivity measurements. The 

correction ratios are monotomically decreasing as the thermal 

conductivity increases, allowing for the assumption of a simple linear 

relationship between the correction ratio CR and the medium conductivity 

k . The slopes and intercepts were determined for this assumption for m 

each of the probes using the data in Table 3 .1 and a linear least 

squares algorithm, and these constants are shown in Table 3. 3. The 

table indicates that the maximum calibration error in CR for this 

simple, linear model was 7.1 per cent for probe Y44103N3, which 

translates into an error in P of 6.5 per cent. Hence, use of the 
SS 

standard test procedure presented in Chapter 2 in conjunction with the 

correction ratios given by the linear constants in Table 3. 3 should 

result in determination of the correct steady power loss of the probe 

within an expected accuracy of ±6.5 per cent. 

Some evidence of the appropriateness of the above contentions must 

now be presented. The assumption of a linear dependence of CR on k m 

allows for the calculation of a value of k for which there would be m 

no error at all, that is, a value of k for which CR=l.O. For values 
m 

of k greater than this, the correction ratio would be less than 1.0, 
m 

meaning that the initial slope of the heat loss versus inverse square 

root of time plot would be less than at longer times. Such a value of 

k was calculated for each probe, and these are also listed in Table m 

3.3, and the average value of these four is 0.45 W/m/C. Hence for 

values of k greater than about 0.45 W/m/C, the long term transient m 

power loss curve should bend downward, not upward. 
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TABLE 3.3 Linear Regression to find Correction Ratio Equation for each ----
Probe 

Maximum Calibration k (CR=l) m 
Probe Constant a 1 Constant b1 Error (percent) W/m/C 

Y44103Nl -0.5509317 1.184424 -7.1 0.52985 

Y44103N2 -0.5449583 1.288745 -7.0 0.42325 

Y44103N3 -0.5188732 1. 219612 -7.1 0.42325 

Y44103N4 -0 .4401152 1. 218053 -6.8 0.49545 
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This hypothesis was tested by performing a set of long-term tests 

in an agar-water gel. The agar was used, as in [16] and [17], to 

immobilize the water to prevent free convection heat loss from the 

probes. The presence of the agar was also assumed to have no effect on 

the thermal properties of the water, as was done in reference 16, hence 

the thermal conductivity of the agar gel at 25 C is 0.61 W/m/C. A 

sample of the results of these tests for probe Y44103N3 is shown in Fig. 

3.4. Indeed, for medium conductivities sufficiently large (0.61 W/m/C) 

the probe stern heat leakage causes the error in the steady power loss 

determined from the standard test to become positive. That is, the 

transient power curve in Fig. 3.4 does become concave downward after a 

period of time, rather than upward as before. 

Before moving on to the presentation of the moisture calibration 

results, a summary of the probe stem heat leakage problem is in order. 

Due to heat leakage along the thermistor probe housing, the results from 

the shorter term standard test procedure of the previous chapter for the 

steady power loss are in error. The amount of the error depends on the 

properties (both thermal conductivity and thermal diffusivity) of the 

surrounding medium. By assuming this error to depend only on the 

thermal conductivity of the surrounding medium, a hypothesis consistent 

with the observed data about the shape of the transient power curve for 

higher values of medium conductivity can be suggested and verified. 

This assumption of the error dependence also leaves the results of the 

standard test procedure of Chapter 2 in a tractable form, as will be 

explained below. 
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Results from Moisture Calibration 

'The moisture calibration procedure, described in Chapter 2, was 

carried out for each of the four probes over the moisture contents 

ranging from complete dryness to approximately 350 per cent on a dry 

mass basis for the OC703 insulation. The results of these tests are 

shown in a composite plot in Fig. 3.5. These results are uncorrected 

in the sense that values of the steady power loss used to calculate each 

thermal conductivity are those obtained from application of the ideal 

theory. The "corrected" values of the probe constants presented in the 

previous section (Table 3. 2) were used to produce Fig. 3. 5, but the 

correction ratios were not applied to the P values 
SS 

before 

calculation. 

The difficulty in correcting the results from the standard test 

procedure of Chapter 2 is that the correction ratios described 

previously are assumed to depend only on the conductivity of the 

surrounding medium, and this is, after all, the unknown parameter to be 

determined. Hence this nonlinearity requires an iterative scheme in 

order to find the correct value of k based on the short term 
m 

measurement of the steady power loss. 

The results from Fig. 3.5 were corrected, and are seen in Fig. 3.6. 

The results in Fig. 3. 6 are the primary objective of the moisture 

calibration procedure, and will be used to determine the feasibility of 

using thermal conductivity measurements to determine moisture content. 

The differences between Figs. 3.5 and 3.6 are not striking. 
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Figure 3.6 has been shifted slightly to the right relative to Fig. 3.5. 

These results will be further discussed in the next section first in 

terms of the accuracy of results, and later, in terms of existing 

mathematical models which attempt to account for this change in the 

mediumts conductivity in the presence of moisture. 

Discussion of Moisture Calibration Results 

In this section the results displayed in Fig. 3.6 will be 

discussed. Three separate topics to be addressed are the suitability of 

using thermal conductivity measurements to determine moisture content, 

the accuracy of the results given in Fig. 3.6, and the applicability of 

existing mathematical models for describing the data. 

Assessment of Moisture Measurment 

The fundamental objective of this research work is to assess the 

possibility of using thermal conductivity measurments as a means of 

inferring the liquid moisture content in a porous medium, in particular 

OC703. The criterion for this judgment will naturally be the 

sensitivity of the measurement, where the sensitivity is the ratio of 

the change in thermal conductivity (the measured parameter) to the 

change in the moisture content (the desired parameter) at a particular 

moisture content. If the sensitivity is high, then a slight error in 

the determination of the thermal conductivity will not result in a large 

error in the moisture determination. 
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The results in Fig. 3. 6 show that this rate of change of thermal 

conductivity with moisture content varies drastically over the range of 

moisture contents considered for OC703. For low values of moisture 

content, the change in thermal conductivity with moisture is greatest. 

In fact, up to about 10 per cent moisture, the sensitivity (slope) is 

about 10 W/m/C per unit moisture. Above this moisture level, the 

sensitivity drops rapidly, and from 10 per cent to about 50 per cent 

moisture the sensitivity is approximately 2 W/m/C. At higher levels 

(above 100 per cent) the sensitivity has dropped to about 0.5 W/m/C per 

unit of moisture. 

Thus, the proposed method for determining moisture content has its 

greatest potential for relatively low moisture contents (less than about 

25 per cent) . For moisture contents above about 100 per cent, the 

sensitivity is so low that the method appears to be infeasible. 

Estimates of Error 

Errors in the results presented in Fig. 3.6 arise from two obvious 

sources: errors in the determination of the moisture content, and 

errors in the determination of the thermal conductivity. The errors 

associated with the moisture determination are the most identifiable and 

will be presented first, and the errors associated with the thermal 

conductivity determination will follow. 

Sources for error in the determination of the moisture content at 

the probe location include 

• Nonuniform moisture content in the region surrounding the probe . 
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• Movement of the probes while the sample is being removed from the 

test chamber and unsealed. 

• Evaporative loss of moisture from the sample between the end of the 

test and the weighing of the sample. 

• Measurement errors. 

The first three of these are probably the most dominant and 

certainly are the most difficult to estimate. Although precautions were 

taken in the test to minimize these effects, and the results from those 

tests where certainty could be attached to one of these were discarded, 

their likely influence must be emphasized. 

The expected error in the moisture "content due to measurement error 

is estimated via the square law, which is due to Kline and NcClintock 

[25}. Since the moisture content is expressed as: 

where mi= initial wet mass and md= dry mass, the expected error in 

the result is estimated from 

= 

. 2 2 2 2 1/2 
ef = [ (1/md) (lmi) + (mi/md)(lmd) ] 

3 
where l denotes the uncertainty in a particular parameter. For a 

typical sample of low moisture content (about 10 per cent dry mass 

basis) md = 0.1910g, mi = 0.2095g, and taking lmi = lmd = 
0.0005g, then 

= ±( c1;0.19io) 2 (o.ooo5) 2 + co.2095;0.1910 2)co.ooo5) 2 1112 
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So, for a moisture content of 0.1, the expected error is ±0.004, or 4.0 

per cent. For a typical sample of high moisture content (250 per cent), 

md = 0.6850g and m. = .1951g, and ef = ±0.009. Hence, for a 
1 3 

moisture content of 2.5, the expected error is ±0.009, or 3.7 per cent. 

Since a calculation of the estimated error at either end of the 

moisture range considered yielded errors less than 4 per cent, it would 

be conservative to conclude that the estimated measurement error in the 

moisture content is less than 5 per cent of the reported values over the 

entire range (0 to 350 per cent). Errors due to other sources, as 

outlined above, are present but much more difficult to estimate, hence 

this figure should be regarded as a minimum value of the error, rather 

than a maximum. 

Sources for error in the thermal conductivity measuremcht stem 

from: 

• Probe calibration errors. 

• "Correction" errors due to stem heat leakage. 

• Measurement errors. 

The probe calibration error has already been discussed, and the 

maximum calibration error of 4.6 per cent was found for probe Y44103Nl 

(see Table 3.2). The expected or estimated error will now be determined 

via the Kline and McClintock relation for comparison. 

The thermal conductivity is calculated from Eq 2.6 
-1 k = ( 4TI8Ta/P - 0.2/kb] m SS 
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By applying the square law to this relation, the expected error in 

the k measurement is m 

ek 
m 

(3.1) 

where k m is the computed value using the measured parameters. 

Errors in ~T stem from calibration errors and errors in reading and 

setting the potentiometer, whose "least count" was 0.1 Q. The 

thermistors were calibrated using an ASTM Thermometer accurate to ±0.05 

C. Hence, the thermistor's accuracy is also ±0.05 C if the resistance 

is known exactly. To estimate the the error in determining this 

resistance, one least count error in resistance for both the setting and 

the reading of the potentiometer is taken, and the worst case used. 

This criterion gives an error in ~T of 0.007 C. Computing the rms error 

in ~T yields a value of 0.0505 C. 

Errors in P arise primarily from the correction due to the stem 
SS 

heat leakage. Another error would be due to the error in setting the 

final resistance on the potentiometer, but a simple calculation shows 

that this error is negligible compared to the correction ratio error. 

The maximum correction ratio calibration error was -7.1 per cent (Table 

3.3) which corresponds 

discussed previously. 

to an error in P 
SS 

of -6.5 per cent as 

Using these reasonable estimates for the uncertainty in the 

variables and nominal values for the other parameters in Eq. 3.1 the 

estimated error in the thermal conductivity measurement was computed for 

each of the three calibration media used in this study. The measurement 
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error ek is estimated to be 0.0031 W/m/C for dry OC703 insulation, 
m 

which corresponds to an error of 10 per cent. For Armaflex™, the 

estimated error is 0.005 or 12 per cent, for glycol this error is 0.080 

W/m/C or 20 per cent. 

The actual calibration error in the thermal conductivity 

measurement (the difference between the calculated and actual value of 

conductivity) is less than the estimated error from the Kline and 

McClintock relation, as it should be. Thus, the accuracy implied by the 

calibration error ( ±4. 6 per cent) is justifiable and therefore 

credible. 

In summary, the estimable error in the determination of the 

moisture contents shown in Fig. 3.6 is at least ±5.0 per cent, as errors 

which are introduced by nonuniformly wetted samples are present but 

difficult to estimate. The estimable error in the determination of the 

thermal conductivity values plotted in Fig. 3.6 is ±20 per cent for the 

higher values and about ±10 per cent for the dry OC703 insulation. The 

actual error in the thermal conductivity measurement (difference between 

measured and computed values) is less than 5 per cent over the same 

range. 

Evaluation of Models 

The purpose of this section is to present and discuss several 

models for computing the effective thermal conductivity of a moist 

porous medium with specific reference to the results shown in Fig. 3.6. 
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The models to be presented fall generally into two categories: linear 

and nonlinear. The linear models are based on an Ohm's law analogy or 

resistance formulation, while the nonlinear model presented is based on 

the theory of dielectric materials. These linear models are restricted 

to uniformly wetted isothermal media since energy transfer by moisture 

migration is unaccounted for, but the nonlinear model presented accounts 

for the effect of vapor transport. 

Linear Models 

The earliest reference to a linear model for calculating the 

effective conductivity of a wet medium with specific reference to 

insulating materials was reported by Joy [20]. He presents four models 

and limited experimental data obtained with a line source thermal 

conductivity probe. These four models are the series arrangement, the 

parallel arrangement, the bead arrangement, and the foam arrangement. 

Each of these models will be presented and discussed below. 

In the series arrangement, it is assumed that the water and 

insulation are completely separated or stratified into layers which are 

in series with each other. Thus the heat flow path is first through one 

layer then the other. In this way, the electrical analog for heat 

conduction leads to an expression for the effective thermal conductivity 

of the entire thickness as 

keff = kdrykw/[ k + (k - k )V l (3.2) dry w d w 
where k is the dry insulation c.onductivity, k is the dry w 
conductivity of water-saturated matrix material, and v is the volume w 



fraction occupied by the water. 

E kH O + (l- E ) kmatrix· 
2 

66 

Here k is a volume average: w k = w 

Similarly, in the parallel arrangement, the two constituents are 

completely segregated but into parallel, rather than series, paths. 

Thus the heat flow is simultaneously through both paths, rather than 

sequentially through two layers. Application of the electrical analog 

foi this assumption yields the following expression for the effective 

thermal conductivity: 

k ff = kd + (k - kd )V (3.3) e ry w ry w 

In the bead arrangement, the water is assumed to be dispersed 

uniformly through the medium as tiny droplets or beads. In the foam 

arrangement, the water is assumed to be spread throughout the medium as 

a thin layer of film or foam coating the insulation matrix material. 

Both of the resulting effective thermal conductivities are computed from 

the same expression 

k = k [ (1 + 2V k*)/(1 - V k*) ef f c d d (3.4) 

where kc is the conductivity of the continuous phase, kd is the 

conductivity of the dispersed phase, vd is the volume fraction of the 

dispersed phase, and k* = [(1-kc/kd)/(1+2kc/kd)]. In the bead 

arrangement water is the dispersed phase, and in the foam arrangement 

water is considered to be the continuous phase. In applying either 

arrangement, the value for the water conductivity should be k , the w 
conductivity of the water saturated matrix described above. 
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Joy's discussion of his results states that the series and parallel 

arrangements are the minimum and maximum (respectively) bounds of 

thermal conductivity obtainable for the amounts of solid and water 

available. The bead and foam arrangements are intermediate, being some 

combination of the two extremes. 

One other model will be mentioned here which applies to a two 

constituent mixture comprised of one solid and one liquid. This model 

is due to Kumar and Chaudhary [21] and basically prescribes a formula 

for the combination of the parallel and series arrangements described 

above. In reference 21 the two separate cases presented are one in 

which the fluid conductivity is greater than that of the solid, and the 

other in which the reverse is true. Only the case which applies to this, 

study (i.e., the one for which the fluid conductivity is less than that 

of the solid) will be presented here. For this case, the effective 

conductivity of the medium is given by 

(3.5) 

where¢ is the porosity (volume fraction filled by the fluid), and k1 

and kH are given by 

- a¢ 
kL - ksolide 

- -a(l-¢) 
kH - kfluide 

where a= (1 - ksolid I kfluid ). 

Following Joy [20], these results for a two component mixture will 

be applied to the three constituent mixture (air, water, and matrix 

solid) by combining the water and solid phases in a "corrected 
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conductivity" for the solid phase. Hence k l'd = k = E le_ 0 + so i w -1£2 

(1- E ) k 1 as before, and ¢ = E g ass - Vw ' and kfluid = kair' 

Figure 3.7 shows the data from Fig. 3.6 along with the results from 

application of each of the models described in this section. The 

experimental data of Fig. 3. 6 will now be discussed, followed by a 

discussion of the five linear models shown in Fig. 3.7. 

Clearly, the experimental data obtained in this study and shown in 

Fig. 3.7 indicates that the thermal conductivity does not have a simple, 

linear dependence on the moisture content of the insulation. The data 

shows that as a dry insulation becomes only slightly wetted with liquid 

water, its thermal conductivity increases drastically. In fact, from 

Fig. 3. 6, when the moisture content is approximately 10 per cent by 

mass, the thermal conductivity has increased to about 0.07 W/m/C, an 

increase of about 100 per cent over the value of the dry insulation 

(kdry = 0.03295 W/m/C). As the moisture content is increased 

further beyond 10 per cent, the corresponding increase in thermal 

conductivity is much less. For the range of data in Fig. 3.6, the rate 

of change of thermal conductivity with moisture content is approximately 

constant beyond a moisture content of about 80 per cent. In terms of 

using thermal conductivity measurements to determine moisture content, 

this means that the sensitivity of the technique would be greatest at 

low liquid contents (below 10 per cent), and at higher levels the 

sensitivity would be much less, but approximately constant. Hence the 

proposed technique would be best for low concentrations of liquid. 
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While linear models are desirable since they are easy to apply with 

a minimum amount of required experimental data, the models shown in Fig. 

3. 7 are definitely not adequate to describe the behavior of the 

experimental data. The model that agrees closest with the experimental 

data is the parallel model of Joy [20], and it was this model that was 

used in numerical calculations by Thomas, et. al [ 2] and Onega and 

Thomas [ 26], as it more closely fit the experimental results of Bal 

[19]. The parallel model under-predicts the thermal conductivity by a 

maximum of about 0.06 W/m/C at 80 per cent moisture content, 

corresponding to an error of 50 per cent. This model, however, appears 

to have the appropriate slope at higher moisture contents. 

The inability of the simple linear models to describe the 

experimental data motivates one to consider more complicated (nonlinear) 

analytical models. In the next section, a nonlinear model is presented 

which has been used to predict the thermal conductivity of wet soils. 

Nonlinear Models 

The model to be presented in this section is due to DeVries (22]. 

It is an often-referenced work in soils literature especially where 

investigators are attempting to predict temperature distributions and 

soil fluxes at the earth's surface. The discussion below is excerpted 

mostly from DeVries work [22], but an excellent synopsis of the method 

may be found in (27]. The DeVries theory is based on analogy between 

calculating the thermal conductivity of an aggregate of several 

constituents and determining the dielectric conductivity or dielectric 
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constant of a granular material in terms of the volume fractions of its 

various constituents. The theory thus is couched in terms of granular 

constituents, and its application requires the assumption of ellipsoidal 

particles. It is also assumed that the particles do not interfere with 

one another, that is, that the temperature field in or around a 

particular granule is not strongly dependent on neighboring particles. 

The effective thermal conductivity of· an aggregate of N 

constituents is given by 
N N 

k ff= ( E \.V.k.)/( E \.V.) (3.6) 
e i=O i i i i=O i i 

where the A.' s are ratios of the temperature gradient in the 
l. 

constituent material to that in the continuous medium. 

Under the two assumptions outlined above, the value of A. depends 
l 

only on the shape and orientation of the granules and the ratio of 

k. /k ( k is the conductivity of the continuous medium). If the 
l 0 0 

axes of the ellipsoidal granules of lengths a, b, and c are oriented in 

a random way, A, is given as 
l 

where 

A. = 
l 

E 
a, b, c 

1 + (k./k - l)g ]- 1/3 
i o a (3. 7) 

The quantities gb , gb , and gc associated with each of the 

three axes of the ellipsoid particles depend on the geometric shape of 

the ellipsoid, not its size. These shape factors also have the property 

that they must sum to unity. That is, ga + gb + gc = 1.0 . Thus, 
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for spherical particles ga = 1/3 = gb = gc. For infinitely long 

rods of elliptical cross section (a=mb; c= ~), ga = l/(m+l), gc = 0, 

and gb = 1 - ga. In application of Eq. 3.6, the A0 factor (the A-

factor for the continuous medium) is unity ( A = 1). 
0 

Hence application of the DeVries theory requires knowledge not only 

of the aggregate volumetric composition and the thermal conductivities 

of each of the constituents, but also a priori knowledge of the shapes 

of the individual components must also be available. 

In applying this theory to the OC703 glass fiber insulation, one 

would consider it to be composed of three components: the glass fibers, 

the air, and water. If the water is considered to be the continuous 

medium, as was done in reference 22, then knowledge of the geometry and 

hence the g factors for the glass fibers and air must be known. The 

glass fibers are easily modeled as infinitely long cylinders, but the 

determination of the g factors for the air particles is the difficulty. 

Note that if the shape of the air particles is assumed to be constant 

(implying constant g factors) with changing moisture contents, then the 

DeVries theory reduces to a linear one, and would provide no additional 

mechanism to describe the experimental data of Fig. 3.6 than the other 

linear models shown in Fig. 3.7. Hence, in order for the DeVries theory 

to describe the data of Figure 3.6, the shape (and hence the g factors) 

of the air particles would change as the moisture content increases. 

Determining the dependence of the g factors on the moisture content is 

the required step to apply the theory. To simplify this determination, 
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the air particles are assumed to be spheroids with axes a=b=nc. Hence 

ga = gb and gc =(l - 2 ga ). Thus the shape of such a particle 

will be completely characterized by the factor g . a 

In his work, DeVries recommends an approximate procedure based on 

limited experimental data for calculating the thermal conductivity of 

soil as a function of the moisture content, which he states to be 

accurate within about 10 per cent. This procedure will be outlined and 

followed below. Its application requires a priori knowledge of the 

approximate break point, V 3 , in the bilinear interpolation 
crit 

scheme, which he reports for the particular soils he discusses. Since 

the data necessary to estimate v3 are not available, this value 
crit 

will be chosen to match the range of data in Fig. 3.6. 

DeVries accounts for the contribution of the vapor movement to the 

increase in heat transfer (over that for pure conduction) by considering 

the thermal conductivity of the air to be increased above its dry value. 

He gives a functional form for and a graph of this additional apparent 

thermal conductivity as a function of temperature. 

DeVries recommends using a value of g =1/3 for the air shape a 

factor when the matrix is saturated with water (i.e., v3 = E). As the 

amount of moisture present diminishes, the air shape factor must 

decrease, and DeVries suggests using a simple linear decrease down to 

the value corresponding to zero moisture content ( v3 = 0). The value 

of ga when V 3 = 0 is found after determining the A factor 

corresponding to air as the continuous medium with cylinders of the same 
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thermal conductivity as water dispersed throughout. Thus, 

AH20~(2/(l+(kH20/kair-l)gH20) +1)/3, with gH20=0.5. 

(Here k . includes the additional component due to vapor movement). air 
Then, from the definition of the A1 s as a ratio of thermal gradients, 

A · . H o=l/ AH 0 . . . air-in- 2 2 -in-air Finally, from the definition of A in 

Eq. 3.7, the unknown value of ga . for v3=o can be found. 
air 

De Vries also recommends altering the interpolation scheme at a 

moisture content v3 corresponding to the "wilting point" of the 
crit 

soil. This value can be estimated if the soil's moisture sorption curve 

is available, and, since this data is not available for the OC703 

insulation, two values of v3 which bring the theory in line with 
crit 

the data are chosen to illustrate their effect. The results are seen in 

Fig. 3.8 for v3 =0.10 and v3 =0.025. The lower portion of 
crit crit 

the curves were generated by again assuming a linear variation of ga 

for the air particles between the value on the upper part of the curve 

at v3 , and the value of ga corresponding to v3=o computed 
crit 

exactly as before but with the conductivity of dry air rathei than the 

effective value accounting for vapor movement. Excluding the three 

stray points to the left in Fig. 3.8, the maximum error between the 

DeVries theory and the data of Fig. 3.6 is +52 per cent for 

v3 . =0.10 and -51 per cent for v3 =0.025. 
crit crit 
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The results in Fig. 3.8 are surprising, in that in spite of the 

highly nonlinear nature of their relation (Eqs. 3. 6 and 3. 7) the 

resulting km(V3 ) relationships are relatively linear. Only a slight 

downward curvature can be seen in the upper portion of the curve. 

DeVries further recommends a second break point in the interpolation 

scheme, when the liquid content becomes low, and air should then be 

considered as the continuous medium. This was not done here, as there 

is a certain amount of arbitrariness involved. 

From the results in Fig. 3.8, it seems that the DeVries model, 

while offering substantial improvement over the linear models of the 

previous section, also is not adequate to describe the data in Fig. 3.6. 

One contributing reason would be the invalidity of the assumption 

regarding the random orientation of the glass fibers in the insulation, 

as they are layered and run nearly parallel to one another. The results 

in Fig. 3.8 suggest that a simple representation of the experimenta] 

data might be obtained by using a two- or possibly three- segment linear 

empirical curve fit. 

Chapter Summary 

Due to heat leakage from the thermistor probe stem, the thermal 

conductivity calibration described in Chapter 2 needed correction. 

After this correction the thermal conductivity could be determined 

within 5 per cent from the steady power loss. The determination of the 

steady power loss based on the data from the standard test procedure of 



77 

Chapter 2 is only approximate as a result of this stem heat leakage 

problem, with the error in the steady heat loss about 6.5 per cent. 

The relationship obtained in this investigation for the dependence 

of moisture content on thermal conductivity indicates that measurements 

of thermal conductivity could be used to determine the amount of 

moisture present at a point in the medium. Such a technique would be 

excellent for liquid moisture concentrations less that about 25 per cent 

for the OC703, as the sensitivity of the measurement would be greatest. 

This sensitivity decreases rapidly as the moisture content increases 

until, at about 100 per cent moisture the sensitivity of the technique 

becomes approximately constant. 

Estimates of the errors in the values indicated in Fig. 3.6 were 

made, both for the moisture determination and the thermal conductivity 

measurement. The estimable error in the moisture measurement is 5 per 

cent, but many of the errors associated with uncertainty in this 

moisture determination are not easily calculated, hence this figure 

represents a minimum, rather than a maximum error. The error in 

measuring thermal conductivity is easily estimated, and is a strong 

function of k , varying from 10 per cent at low conductivities to as 
m 

much as 20 per cent at higher values. The actual calibration error for 

measuring thermal condcutivity was less than 5 per cent for all of the 

probes used in this study. 

Linear theories available to predict the thermal conductivity of 

multiphase aggregates are not adequate to describe the nonlinear 
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dependence of k on moisture content. The parallel model is the best m 

of those available, and may be used within an error of -50 per cent. 

The DeVries theory offers a little more flexibility irt correlating the 

data of Fig. 3.6, and similarly allows for an estimation of the thermal 

conductivity at a given moisture content within ±50 per cent, for the 

materials investigated. 



CHAPTER 4 

Conclusions and Recommendations 

This chapter serves to summarize the findings of the research 

effort. The results are summarized by first stating the conclusions 

that can be drawn from this study, and then proposing a list of 

suggested further research that should be pursued in this area. 

Conclusions 

• Thermistor thermal conductivity probes may be used to measure 

thermal conductivity over a broad range of low conductivities within 

an absolute error of ±5 per cent. 

• Great care should be exercised in constructing the thermal 

conductivity probes so as to minimize the effect of probe stem heat 

leakage. 

• In attempting to determine the thermal conductivity-moisture 

content characteristics of a material, one of the primary 

difficulties is in obtaining samples which have known uniform 

wetness. 

79 
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• The results from this investigation support the concept that 

thermal conductivity can be used to measure the amount of liquid 

moisture present at a point in a highly porous insulation, but 

extensive calibration of the probes as presently constructed will be 

necessary to obtain accurate measurements. The sensitivity of such 

a measurement is greatest for small moisture contents, but becomes 

almost constant at higher moisture concentrations. 

• The greatest uncertainty in the moisture probe calibration is in 

the determination of the moisture concentration at the probe 

location. 

• Currently available models for predicting the thermal 

conductivity of a wetted, highly porous medium are insufficient to 

describe the experimental data found in this study. 

Recommendations for Further Study 

• Refinement of the moisture calibration technique is highly 

desirable, specifically toward obtaining uniformly wetted samples. 

• Experimental and analytical investigations into the problem of 

probe stem heat leakage are needed. Experimentally it should be 

shown that reduction of the stem thermal conductivity does reduce 

the correction ratios of Chapter 3. The behavior observed and 

attributed to probe stem heat leakage should be calculated 

analytically or numerically. 
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• Other thermistor probes besides the TeflonTM coated ones used in 

this study should be tested and compared to these. 

• This approach for determining moisture content should be applied 

to other areas to determine its applicablity. Obvious areas are 

soils, textiles, and foodstuffs. 

• More work should be done in the area of modelling the thermal 

conductivity dependence of a porous medium on moisture content. 
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APPENDIX A 

Numerical Model of a One-Dimensional Roofing Insulation Syst_em 

The purpose of this section is to detail the development and 

computer implementation of a numerical model to predict the temperature 

and moisture distributions in a wetted one-dimensional insulation 

system. This will involve four separate discussions: a physical 

description of the system in terms of the assumptions, a mathematical 

description of the system in terms of the governing differential 

equations and boundary conditions, a numerical description of the system 

in terms of the final discretized equations, and a general discussion of 

the solution algorithm. 

Physical Description 

Figure A.1 shows a sketch of the total system. The interior of the 

system is composed primarily of an open cell insulation material which 

in turn is composed of a parent material (e.g., glass fibers) and air. 
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Distributed throughout the insulation medium is water, in both liquid 

and vapor phases. The system is bounded on either side by vapor 

barriers of finite permeability. The following assumptions are made in 

the analysis: 

• One-dimensional Cartesian geometry 

• 

• 

• 

• 

• 

Water is transported by diffusion in the vapor phase, i.e., the 

liquid phase is immobile (no capillary or gravimetric effects). 

This assumption will be valid only for moderate moisture contents. 

The air and water vapor behave as a mixture of ideal gases, and the 

total density of the air plus water vapor mixture is essentially 

constant. 

Heat transfer by radiation is negligible . 

The total volume of the system is constant . 

The total pressure in the system is spatially constant at any instant 

of time, although it may change over time. 

• The system is bounded by vapor barriers of constant, finite 

permeability: Each of the barriers has a known temperature time-

history. 

Except for the last two, these assumptions are identical to those made 

by Thomas, et al. [2], in their analysis. 
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Mathematical Description 

The nomenclature used is listed in Table A .1. The following 

identities and definitions apply to variables listed in Table A.1 and 

are included for clarity: 

m. = p.V. 
1. 1. 1. 

c . - (au./aTI v 1 1. v=cons t 

4 
"i.m. - 1 

i=l 1. 

4 
r.v. - 1 

i=l 1. 
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TABLE ~·1 Nomenclature for Numerical Analysis 

Symbols: 

m. mass of constituent i per unit volume 
1 

V. volume of constituent i per unit total volume 
1 

pi density of constituent i 

n. flux of constituent i (mass flow/unit area). 
1 

h. enthalpy of constituent i 
i 

u. internal energy of constituent i 
1 

C specific heat at constant pressure for constituent i 
pi 

C specific heat at constant volume for constituent i v. 
1 

T temperature 

t time 

z spatial co-ordinate 

E porosity of the insulation matrix 

Subscripts: 

1 - water vapor phase 

2 - air 

3 - water liquid phase 

4 - insulation parent material 
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The physical principles which must be enforced for the system are 

conservation of mass, conservation of energy, and a constitutive law to 

describe the flux of water and vapor. Conservation of momentum 

(equation of motion) need not be solved since there is no gross motion 

of fluid due to external forces (this equation is trivially satisfied). 

Conservation of mass for the air in the system dictates 

= (A. 1) 
at az 

Conservation of mass for the water states that 

aml am3 an1 an3 
+ = 

at at az az 

The last term is zero according to assumption 1. The first two terms 

can be combined, yielding 

= (A.2) 
at az 

The constitutive equation describing the flux of vapor is a 

generalized form of Fick's Law. For the assumption of constant total 

density (p = p 1 + Pz = const) the flux of the water vapor is given 

by 

n = 1 

or 

(A.3) 

The energy equation for the system balances the heat conduction and 

heat convected with the vapor_with the rate of increase of the internal 

energy of the system: 



4 
r n.h. = 

1 1 

i=l 
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a 4 
! m.u. 

1 1 
at i=l 

This equation can be cast in terms of temperature only if it is 

assumed that the pressure does not vary greatly. Then 

h=h +CT 
0 p 

and since the total volume is constant 

u = u + C T 
0 v 

where u and h are the heats of vaporization for internal energy 
0 0 

and enthalpy. Then the equation becomes 

a [ a ] 
a 2 a a 4 a 

- k- .. I n.c .T -(nlho) = I m.C .T + -(m.u ) (A.4) 
az eaz 

1 pl 1 Vl 1 0 

az i=l az az i=l at 

The first summation is only over constituents 1 and 2 since n3=n4=o. 

In Eq. A. 4, k is e the effective thermal conductivity of the 

composite medium. An expression for this parameter is necessary in 

order to close the equations. A simple expression follows from a model 

based on parallel resistances [26,20], which was presented in Chapter 3 

where 

For the thermodynamic and thermal transport properties, the matrix 

material properties are assumed to be constant, and all other properties 
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are assumed to be functions of temperature only. Boundary conditions 

for the system reflect the aforementioned assumptions and are as 

follows: 

For the vapor barriers with finite permeability, the flux of vapor 

through the membrane is characterized by the permeability ( µ ) and 

thickness ( ~~ ) of the membrane and the difference in partial pressure 

~p. of the vapor across the membrane [28]: 
1 

(A.5) 

An assumption is necessary to characterize the penetration of air 

through the membranes, as no standard properties ( µ ) are available for 

this. Rather then assume the barriers to be impermeable to air, it is 

assumed that the "permeance" for air is related to that for water vapor 

by the ratio of their molecular weights: 

µair = µH20(Mair/MH20) = µH 2o(RH20/Rair) 

where M =molecular weight and R = ideal gas constant. Then, 

(A.6) 

The boundaries of the system are subject to a known temperature 

history. That is 

(A. 7) 

Initial conditions on the equations must be specified, and these 

may be totally arbitrary. That is: 
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n 1 (z,O) = gl(z) 

'· 
n2 (z,O) = g2(z) 

(A.8) 
m13 (z,O) = g3(z) 

'·· 
T(z,O) = g4(z) 

The initial total pressure must also be specified, as well as the 

partial pressure of one of the ideal gas components. This is done most 

conveniently by starting the initial total pressure and the relative 

· humidity distribution in the medium: 

(A.9) 

The foregoing equations, subject to the indicated boundary and 

initial conditions, are to be solved using an implicit finite difference 

formulation. 

Numerical Description 

The method of discretization employed here is the Patankar control 

volume formulation [29] based on the staggered grid system shown in Fig. 

A.2. 
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The normal control volumes in Fig. A.2 are used in the computation 

of all thermodynamic properties, most notably p and T. The staggered 

control volume is used only for the calculation of the fluxes. In this 

way, the "natural" driving force for the flux (the density gradient) is 

readily available without having to resort to some interpolation 

functions. Also, the energy carried into and out of the normal control 

volume by the fluxes is easily computed without interpolation. 

The essence of the Patankar scheme is that the governing 

differential equation is integrated over the proper control volume and 

over a single discrete time step At. As an example, consider the 

discretization of the air conservation equation (Eq. A.1) 

Jz+Ait+At :f t+1 z+Az (am2/at)dtdz = · -(an2/az)dzdt 
z t t z 

so 

n2 (z+Az) = n2 (z) - [ m2 (t+At) - m2 (t) ]Az/At 

In terms of an indexed notation and employing the superscript 'o' to 

designate the 'old' (time t) values 
0 n = n2 . - [ m2 . - m2 .JAz/At (A.10) 

2i+l 1 1 1 

Hence, this equation gives an expression for the amount of air 

leaving node i in terms of the amount entering and the change in the 

amount of air in the node during the time At. 

The other differential equations are discretized in a like manner. 

The results: 
0 

m13 = (m13.) 
i 1. 

(A. 11) 
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p <n ,O> - p <n ,O> =pl. (pD 12/Az + <n2 ,0>) (A.12) 
2i-1 1 2 i 1 i i-1 

- Pl.(pD 12/Az + <-n2 .,0>) 
i l 

(<a1 ,a2> denotes the larger of the two quantities a 1 and a 2 ). 

* * ~ T.(C .Az/At + <C '+l'O> + <-c". 1 ,o>+ k /Az + k /Az] = 
i vi pi pi- ei+l/2 ei-1/2 

.... 
+ k /Azj + T.+1(<-c".+l'O> 

ei-1/2 i pi 

(c*.T.Az/At + s*/At] 
Vl l 

where: p = pli + p2 i in Eq. A.12 

and in Eq. A.13 

4 
'"k 

c vi =L:.c J v. 
J 

j=l 

2 
-;': 

c pi =L:.c J p. 
J 

j=l 

s 0 = u (m - m1 )Az + h (n1 -n1 )At 
0 1 i i 0 i+l i 

k 
ei+l/2 

= 2k k /(k + k ) 
ei ei+l ei ei+l 

+ k /Az] + 
ei+l/2 

(A. 13) 

The boundary conditions on the foregoing equations are easily 

implemented. For the flux terms of the boundary, only the partial 

pressures of the constituent gases outside of the system must 

additionally be specified, and these may be time dependent. The energy 

equations for the i=2 and i=N-1 cases must be modified only slightly due 

to a nonuniform grid in those areas (the boundary, which has a known 

temperature, lies a distance ~z/2 away from each of these two nodes, 

rather than ~z). 
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General Discussion of Algorithm 

The foregoing discrete equations constitute a set of non-linear, 

coupled algebraic equations. They are non-linear in the sense that some 

of the coefficients depend on the unknown variables (specifically, the 

properties are temperature dependent), and they are coupled in that 

unknowns from one equation appear directly in other equations (most 

notably, the fluxes appear in the energy equation). Hence, a simple 

marching solution in time will not be sufficient; a scheme must be 

employed at each time step to ensure that all of the equations are 

satisfied. The simplest technique for this is the successive 

substitution, or iterative, algorithm, which is employed here. 

At each new time step, initial estimates for the "new" values of 

the unknowns are required, and these are taken as the solution set from 

the preceding time step. (On the first time step the initial conditions 

are used). Since the energy equation is the "dominant" relation 

(temperature dependent properties appear in all of the equations) it is 

solved last, and when the subsequent temperatures match those used at 

the beginning of the iterative loop (within a specified tolerance), the 

desired solution set for all the equations has been obtained. 

The flowchart of the solution algorithm is shown in Fig. A. 3. 

After reading the required data and initializing various arrays, the 

iterative loop is entered for the first t .i.me step. The vector of 

current air fluxes (n2 's) is saved in a second array, as these must be 

checked for convergence at the bottom of the loop. 
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Read Input Data 

Initialize Arrays 

Save n2 and T Vectors 
for Convergence Check 

Solve Water Continuity for 
m13 Based on Current Properite 

Compute Air Fluxes from 
Air Continuity 

Solve Energy Equation for T's 

Print 

Update T, m13 , m2 , n2 
and n1 vectors 

FIGURE A.3 Simplified Algorithm Flowchart 

Correct total 
Pressure to 

no 

Satisfy Air 
Continuity 
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The first equation to be solved is water continuity, Eq. A .11. 

This equation updates the total amount of moisture (liquid plus vapor) 

in the cell based only on the current set of water vapor fluxes. This 

quantity is examined to insure that it is positive. 

If m13 is greater than zero, then m1 and m3 are calculated as 

follows: Assume that the water is saturated (two-phase), then p 3 and 

pl may be determined, and V3 may be determined from the identity 

m13=p 3V3 + (e-V3)p 1 . If V3 is greater than zero, then the 

correct assumption was made, i.e., the water in cell is saturated. If 

v3 is negative, then the water in the cell is not saturated, but 

rather is filled with water vapor with a relative humidity less that 100 

per cent. In this case, p 1 follows from the preceding identity, since 

V3 = 0, and p 1 is calculated from the ideal gas law. 

If m13 is examined and found to be less than zero, a special 

procedure must be followed to ensure that continuity is obeyed. I>. 

negative m13 means that for the current vapor fluxes, more water left 

the node during the time interval than was there originally. In this 

case, the signs of n 1 must be examined to see whic6 neighboring cell 

the liquid moisture must be added, and the appropriate amount of this 

must be calculated and added to that cell. This is done by setting the 

pl in the current cell equal to that in the cell gaining the liquid 

(which would be the no vapor flow condition), and calculating the 

"excess" mass from the current cell. This entire procedure was a subth) 

point which caused much frustration until it was discovered. 
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In either case, once the m1 and m3 's are known, the m2 's are 

calculated from the constant total volume condition and the current 

total pressure. 

At this point, all the physical properties and the updated masses 

are known. Next the air fluxes are computed from air continuity, Eq. 

A.10. This is quite straightforward, as the relation is a marching 

solution from one boundary to the other, based on the m2 's calculated 

in the previous step. 

Next the new vapor fluxes are calculated from the Fick' s law 

relation, Eq. A.12. This is an explicit relation in terms of the air 

fluxes and the densities. 

The energy equation is solved for the temperatures. The energy 

equation is the only one of the four to be solved that involves a 

simultaneous solution of a set of algebraic equations. For the one-

dimensional geometry, this set of equations has a tri-diagonal form, 

which may be solved simply via the forward elimination and back 

substitution algorithm (the "Thomas algorithm"). 

Lastly, the convergence check is performed. This involves three 

separate verifications: the n 2 's must be converged, the T's must be 

converged, and air continuity must be satisfied. The first two of these 

are carried out by finding the maximum difference between the 

corresponding elements of the before-and-after iteration arrays. The 

air continuity check is per formed by computing the "correct" amount of 

air within the system from the amount present at the beginning of the 
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time step and knowing how much entered the system across the permeable 

membranes and comparing this to the actual amount (that which resulted 

from the solution algorithm). If this difference is small, then the 

total pressure assumed for this time step was correct. If it is not 

small, a pressure correction is calculated from this difference, the 

total volume of the air, and the ideal gas law. 

If all of the convergence checks are satisfied, then the solution 

advances to the next time step. If not, then the pressure correr.tion is 

applied and another iteration is performed. 

Since the formulation is based on an implicit approach, the 

algorithm is theoretically numerically stable for any desired 

integration time step ~t. This is, in fact, the case as long as all of 

the nodes in the system are saturated (two-phase). However, when any 

one of the nodes reaches the point where its m13 is near zero and 

wants to become negative, the iteration algorithm cannot find the 

solution. That is, on one iteration step that node will have zero 

liquid content (only vapor) and on the next it will contain a small 

amount of liquid, and on successive iterations the solution will 

oscillate between these two states. The only answer to this problem is 

to severely limit the time step in the solution so that the algorithm 

can locate the correct set of unknown parameters for the current 

conditions. This was implemented into the algorithm as a variable time 

step technique, whereby the time step is reduced when convergence fails 

at a particular time step, and attempts are made by the program to 

increase the time step on subsequent calculations. 
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This procedure need only be followed if it is desired to perform 

calculations for situations where the direction of vapor will reverse, 

i.e., if the system undergoes a reversal of the overall ("top-to-

bottom") temperature gradient. If the temperature gradient is always in 

the same direction, then this problem can be avoided by modifying the 

solution technique to exclude from subsequent m13 calculations nodes 

that have "dried out" (those which have zero liquid content) by keeping 

those nodes at a 100 per cent relative humidity level. This introduces 

a small amount of error, but this procedure was followed in the explicit 

finite difference calculations of Thomas, et al. [2], and were found to 

be sufficient to explain the experimental data base of Bal [19]. 
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