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1. Introduction 

1.1 Literature Survey and Bac.k~round 

The motion of a dynamical system can be described by a set of n 

second-order I~agrange' s equations or a set of 2n first-order Hamil ton's 

equations. In general, Hamilton 1 s equations represent a system of non-

linear nonautonomous differential equations of the form 

lS = ~( ~· t) (1.1) 

where x is the state vector or phase vector and X is a vector of the 
~ ~ 

same dimension as x. The first n components of x represent generalized 
N - . 

displacements and the remaining n components represent generalized 

velocities. The components of X satisfy Lipschitz conditions in a given - . . 

domain D. 

Because a closed-form solution of Eq. (1.1) is difficult to obtain, 

quite often one seeks special solutions by· perturbation and numerical 

methods. Perturbation techniques can be used to obtain analytic solu-

tions of differential systems associated mainly with weakly nonlinear 

autonomous systems or weakly nonautonomous systems. A number of pertur-

bat.ion techniques seeking periodic solutions of nonautonomous systems of 

the type (1.1) are described in Refs .1-3. One of the most widely used 

ones is Lindstedt's method, which seeks periodic solutions of nonlinear 

systems in which the nonlinear terms may affect the frequency of the per-

iodic solutions. 1he frequency possesses a certain de.gree of arbitrariness 

which is removed by forcing the solution to be periodic. Another method 

concerned with the existence of periodic solutions of a quasi-harmonic 

1 
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system was developed by Krylov, Bogoliubov and Mitropolsky (KBM). The 

KBM method also builds into the solution a certain degree of arbitrari-

ness, enabling us to produce a periodic solution by removing the arbit-

rariness. Although the approach is substantially different from that of 

Lindstedt's method, the basic idea behind the KBM method is essentially 

the same. One of the most important perturbation techniques for the 

determination of periodic solutions of nonlinear differential equations 

containing a small parameter is the method of averaging. The method 

attempts to determine under what conditions one can perform a time 

varying change of variables which has the effect of reducing a nonauto-

nomous differential system to an autonomous one. 

Although perturbation methods have many advantages, they are 

restricted to weakly nonlinear and weakly nonautonomous systems. For 

this reason, in more general cases iteration methods or methods of 

successive approximations are often used to solve Eq.(1.1) (see for 

example, Refs. 4-6 ). One of the methods generally used is the method 

based on Taylor's series. The method develops the Taylor's series 

expansion of solutions about the ordinary point t = t 0 • The development 

of the expansion requires the values of the solutions and their 

derivatives at t = t 0 • The solutions converge in the interior of a 

.well-defined circle. Another method is the method of successive appro-

ximations. The method of successive approximations consists of forming 

by successive iteration a sequence of functions tending to converge 

uniformly to the solution in every finite interval. The method is 

convergent or divergent depending on the choice of starting iterative 



3 

values. If the starting values are close to the exact solutions, then 

the convergence of the method is fast. Note, however, that the error 

estimation is difficult to compute. 

From reviewing the perturbation methods and the numerical iteration 

methods, we find that each method has some limitations in solving a 

general nonautonomous system. For this reason, Cesari (Ref. 7) studied 

the solution of Eq.(1.1) by Galcrkin's approximations, which is a 

method often applied to cases in which an exact solution is not known 

to exist. He proved that even for a very low order of Galerkin's appro-

ximation one may be able to obtain an upper estimate for the difference 

between the actual and the approximate solutions. Cesari's process 

reduces the problem to the study of a finite system of transcendental 

equations, known as a determining system, in a finite dimens:lonal Eucli-

dean space. Urabe ( Ref. 8 ) used Galerkin's procedure for nonlinear 

periodic systems. He proved that the. existence of a Galerkin's approxi-

mation of a sufficiently high order always implies the existence of an 

exact solution of Eq. (1.1) lying in the interior of the domain D. More 

recently, Urabe and Reiter ( Ref. 9 ) have shown that high-order Galer-

kin's approximations can be obtained in solving the determining equations 

by Newton's method in conjunction with a computer program. For systems 

of order 15-20, the Galerkinrs approximation is sufficiently refined 

and the corresponding error bounds between the actual and the approximate 

solutions, to be determined, proves to be particularly small. Although 

Newtonrs method is the most widely known method for solving nonlinear 

algebraic equations, it is relatively complicated as it necessitates 
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the Jacobian matrix of Xi (x, t) namely [ ::: ] • Therefore, Brown 
J 

( Ref. 10 ) modified the Newton's method by replacing the Jacobian matrix 

by the first difference quotient approximation. Brown's method is 

derivative-free and second-order convergence has been proven. 

The procedure for obtaining the variational equation from Eq.(1.1) 

is described in Ref. 1. We shall be interested in the perturbation 

equations about periodic solutions. 

1.2 Description of the Present Work 

In this study, we apply the higher-order Galerkin's approximation 

to the nonautonomous periodic system (1.1), which describes the motion 

of a dynamical system, to obtain the periodic solution of the unper-

turbed motion. By using a higher-order Galerkin's approximation, we 

reduce the nonlinear periodic system to a set of nonlinear determining 

algebraic equations. Then, we apply Brown's method in conjunction with 

a computer program to obtain coefficients of Galerkin's approximation 

from the determining equations. Furthermore, we derive the differential 

equations of the perturbed motion in the neighborhood of approximate 

periodic solutions for the unperturbed motion. The differential system 

is a set of nonlinear nonhomogeneous differential equations. The system 

contains extraneous force functions €i(t) due to the use of approximate 

periodic solutions instead of the actual solutions. The force functions 

€i{t) may be estimated by a trigonometric polynomial of higher-order 

terms. The corresponding error bound of the forces €i(t) determined 
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proves to be small. 

In general, since the perturbation functions are small, we can 

expand the perturbation functions into a uniformly convergent series. 

Then, as we introduce the convergent series into the nonlinear non-

homogeneous differential system of perturbed motion, the system reduces 

to a linear nonhomogeneous differential system. Methods for solving 

linear nonhomogeneous differential systems are presented in Refs. 1-2 

and 9-11. First, we can obta:tn the fundamental solution of the homo-

geneous system corresponding to the linear nonhomogeneous system by 

integration. Second, we introduce the fundamental solution matrix into 

the linear nonhomogeneous system to form a set of integral equations. 

Finally, we obtain the solutions of the series of perturbation functions 

by solving integral equations numerically. 

The method is illustrated by means of a specific example, namely, 

the van de.r Pol equation with a harmonic. forcing term.. A computer 

program is developed to obtain the approximate periodic solution 

and the perturbation solutions of perturbed motion. The error bound 

between the actual and the approximate solution, to be also detennined, 

proves to be small. The computations have been carried out through the 

use of IBM 370/158 computer at Virginia Polytechnic Institute and 

State University. 



2. 'Theoretical Formulation 

Let us assume that, following discretization, the dynamical 

system can be represented by n degrees of freedom, so that its motion 

is described by the 2n first-order Hamilton 1 s equations 

i == 1, 2, ••. , 2n 

where X. are generally nonlinear functions of the variables x. 
1 1 

(i = 1,2, ••• ,2n) and of the time t. The first n components of x, 
1 

(2 .1) 

represent generalized displacements and the remaining n components 

represent generalized velocities. 

Next, let us consider a special solution of Eqs.(2.1) and denote 

it.by $i(t). Recognizing that <Pi(t) must satisfy Eqs.(2.1), we can write 

i = 1, 2, ... , 2n (2.2) 

A case of particular interest is that in which the solution is periodic, 

¢. (t + T) = ¢. (t). We shall refer to ¢. (t) as the unperturbed motion 
1 1 1 

and explore the behavior of the system in the vicinity of the periodic 

solutions $.(t) (i = l,2 •••• ,2n). To this end, the general perturbed 
1 

motion can be written in the form 

x. (t) = ¢. (t) + y. (t) 
1 1 1 

i = 1, 2, •.• , 2n (2.3) 

where y.(t) are small perturbations about the solutions ¢.(t) (i = 1, 
1 . l 

2, ••. ,2n). Introducing Eqs.(2.3) into Eqs.(2.1), we obtain 

i = 1,2, ••. ,Zn (2 .4) 

6 
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so that, considering Eqs. (2 .2), we can reduce Eqs. (2 .4) to 

i = 1,2, •.. ,2n (2.5) 

which a.re reforred to as the differential equations of the perturbed 

motion. Equations (2.5) can be expressed in a different form. Let us 

expand the first term on the ri.ght side of Eqs.(2.5) in a Taylor's 

series about solutions $.(t) and obtain 
1. 

i "' 1, 2, ... , 2n (2 .6) 

where x, <ji, and y are Zn-dimensional vectors associated with x., qi,, 
"" ·'V 'V 1 1 

and y. (i = 1,2, .•. ,2n), respectively and 0_.(y2) represent series 
1 1 ~ 

consisting of nonlinear terms of degree equal to or larger than two 

in y.(t) (i ~ l,2, .•• ,2n). Introducing the notation 
l. 

ax.
1 a . . ( t) = -" l. ,i, 1.J ax. x='I' J ~- v 

i, j = l,2, •.• ,2n 

and recalling Eqs.(2.6), Eqs.(2.5) can be rewritten as 

2n y. (t) = 
l. j=l 

2 a .. ( t) y . ( t) + 0 • (y ) 
1.J J 1 ...., 

i = 1, 2, ... , 2n 

(2. 7) 

(2 .8) 

where in general the coefficients a .. (t) are periodic, a •. (t+T) = a .. (t). 
1J l.J l.J 

2 Note that Eqs. (2. 8) are nonlinear due to the nonlinear terms 0, (y ) • 
1 "' 
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A case of particular interest is that in which the perturbations 

y. (t) are sufficiently small to permit second-order terms i.n y. (t) to 
1 l. 

be ignored. In this case, Eqs.(2.8) can be approximated by 

2n y. (t} = 
1 

E a .. (t)y. (t) 
j=l l.J J 

i = 1, 2, .•. ,2n (2.9) 

which represent the first approximation equations, and are called 

variational equations (see Ref. 1 ). 

Let us consider the case in which closed-form solutions ¢.(t) of 
l. 

Eqs.(2.1) are difficult to obtain, so that we shall be interested in 

an approximate solution. Because Eqs.(2.1) represent a nonlinear nonau-

tonomous system, we can use Galerkin's approximations to obtain a 

numerical approximation for a periodic solution. Applications of Galer-

kin's procedure for nonlinear periodic differential systems are 

described in Refs. 7-9. 

To determine an approximate periodic solution ip*(t) of Eqs.(2.1), ,., 

we consider a Galerkin's approximation in the form of a trigonometric 

polynomial 

m 
<Ji* ( t) 
""" 

+ 2:: ( ;;2k_1sin kt + £ikcos kt ) 
k=l 

(2.10) 

with undetermined coefficients ct= (c, c1 , c 2 , ••• , c2 ), where c, c;;1 , 
,.,.() ., N -;,< m "{) ,. 

c2, ••• , c 2 are vectors of the same Zn-dimension as x and X(x, t) • 
.N J"V rn .rv .rw ........ 

Introducing Eq.(2.10) into (2.1), we determine the coefficients from 

the following equations 
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dcp*(t) m ( } ;t = ~· f ! 2[t*(s), s) ds + ~ k:l 1 r! cos k(t-s) ~[ t_*(s)' s] ds 

(2.11) 

Equat:i.on (2.11) in conjunction with Eq.(2.10) yields 

:::: 0 

2 T (" * J ! 2k-l (a.) "" T f 0 ~ t (s), s sin ks ds + k£2k -· 0 (2.12) 

k "" 1,2, ••• , 2m 

where a= ( c ~ c1 , c 2 , ••• , c2 ) is a matrix of undetermined coeffi-.. ,,.o "'. _ "' "' m 

cients, which can be obtained by solving the set of equations (2.12). 

When m is sufficiently large, a trigonometr:ic polynomial ~*(t) 

determined by the relations (2.12) should provide a reasonable approxi-

mation of the actual solution.t,(t). A trigonometric polynomial t*(t) 

satisfying the relations (2.11) and (2.12) is known as a Galerkin's 

approximation of order m; Eqs.(2.12) are called the determining 

equations of the mth Galerkin's approximation. 

Next, let us denote the difference between the approximate solu-

tion and the actual solution by o(t), so that in vector form we have 
N 

~ (t) (2.13) ,.., 
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Moreover, letting y* (t) be th.e perturbation from the approximate -
solution instead of the actual solution, the perturbed motion can 

be written in the vector form 

x(t) • ¢*(t) + y*(t) (2 .14) ,,, "" ,..., 

Inserting Eq. (2.14) into Eqs, (2.1), we obtain an expression similar to 

Eqs. (2.4) 

:*(.t) + .*( ) = x ( ~· + * ~* + * ~* + * t ) 't'i Yi_ t i 't'l yl, '1'2 Y2' ••• , 'l'2n Y2n' 

i = 1, 2, ..• ,Zn (2.15) 

Therefore, expanding X,. (q/+y*, t) in a Taylor's series about the appro-
1 "' "" 

ximate solution $*(t), we can reduce Eqs.(2.15) to 
N 

i = l,2, ..• ,2n (2.16) 

Unlike the case in which the expansion was about the actual solution 

$(t), however, the first two terms on the right side of Eqs.(2.16) do ,,.., 

not cancel out, because <1i*(t) is only an approximate solut:Lon of 
N 

Eqs.(2.1). It will prove of interest to examine these terms very 

closely. 

Assuming that the difference between the actual and the approxima.te 

solutions is relatively small, we can write the expansion of X. (q>\t) 
1. ...., 

about the actual solution 4>(t) as ..., 
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i = 1,2, ••• ,2n 

where aij(t) are defined in Eqs.(2.7) as 

axil a t = -ij ( ) ax x=m j .., ~ ' i, j = l,2, ••• ,2n 

(2.17) 

(2.18) 

and are the actual coefficients; they are generally not known. Consider-

ing Eqs.(2.13) and (2.18), as well as Eqs.(2.2), we obtain 

i = l,2, ••• ,2n (2.19) 

Moreover, introducing the notation 

' i = 1,2, ••• ,2n (2.20) 

and 

a~j (t) i , j = 1, 2 , ••• , 2n (2.21) 

Equations (2.16) and (2.19) reduce to 

• 2n * r1*Ct} 1111 I: ai.(t)yj*(t} + e:i(t} + O.(y*2) 
j=l J l. ..... ' i == 1,2, ••• ,2n 

(2.22) 
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where 

i = l,2, ••• ,2n 

Let us write Eqs.(2.22) and (2.23) in the matrix form 

y*(t) 
"" 

* .* s(t) ~ X($ , t) - ~ (t) .....,, "'* ~ ,.,,, 

where A*(t) is a matrix, whose elements are a~., 
l.J 

(2.23) 

(2.24) 

(2. 25) 

that is periodic in t with period T, A*(t + T) = A*(t). Hence, s(t) 
N 

plays the role of an unknown extraneous force vector, introduced by the 

process of using the approximate solution qi*(t), instead of the actual 
"' 

solution ~ (t). Note that O(y*2) represents a vector consisting of non-
"' "' 'If 

linear terms of degree equal to or larger than two in y~ ( i = 1,2, •• ;2n). 
1 

Our interest is in estimating the unknown force vector E(t). To .,,, 

this end, let us consider the fourier series 

00 

x[~*(t), t] - ~*(t) = 
"" "" 

(2.26) 

where d, <l1 , a2 , ••• , d2 , are the Fourier coefficients of the 
~o ~ . ~ ~ m0 

function X(qi*,t) - ~*(t). By assumption, the function on the left side 
,., "' -

of Eq.(2.26) is continuous and periodic, so that it can be approximated 

by a trigonometric polynomial of the form 

(2.27) 
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with a large m0 • From Eq.(2.25), the force vector ~(t) can be approxi-

mated equivalently to the trigonometric polynomial in Eq.(2.27) as 

(2.28) 

Because d, d1, ~2 , ••• , d2 are the Fourier coefficients of X(m*,t) ... o ,., ~ "" m0 w I. 

- ~*(t), we can use Galerkin procedure in Eqs.(2.25) and (2.28). There-
"' 

fore, we can use formulas similar to Eq.(2.12) to express the coeffici-

ents ~o' 2i' 22, ••• , ~2Illo as follow 

d 1 T [ * ] • Tio! t<s),s ds ,vO 

d • .... 2k-1 
£/TX 
T o "' [!_*(s), s ]sin ks ds - k;2k 

~2k • £/TX [t,*(s), s ]cos ks ds + k£2k-l (2.29) T 0 N 

d • 
"'2p-l 

£/TX 
T o "' [t*(s), s )sin ps ds 

d • £/TX [ cp*(s)' s )cos ps ds .... 2p T 0 N ,., 

k = 1,2, ••• ,m p • m+l,m+2, ••• ,Illo 

where a. ( d ' dl' d2' ••• , d2 ) is an undetermined coefficient 
'"'0 N N ""' mo 

matrix. It will be obtained from Eqs.(2.29) by numerical integration 

methods, which will be discussed in a later section. Consequently, we 

can get a nonnegative constant R satisfying the following inequality 

mo 
R ~ II d + I: (d.,k_1sin kt + d2kcos kt) II 

""0 k=l ·"4 ,.,. 
(2.30) 
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where the symbol ~ II denotes the norm. A value slightly greater than 

(2.31) 

will yield a desired value R satisfying the following inequality 

R 2 II ~ [f Ct), t] - i~~(t) 11 z: II :;Ct) ll (2.32) 

Inequality (2.32) provides a bound for c(t) in terms of trigonometric 
"' 

polynomial approximations in Eq.(2.28). 

In Eq.(2.24), the nonlinear terms O(y*2) can be expressed in the 
fV "' 

following £orm 

00 

E r, 
h=2 h 1+h2+h3+ ... +h2n =h 

hl,h2,h3, ••• ,h2n?0 
(2.33) 

By assumption, the perturbations y7(t) are small and Eq.(2.24) is a set 
1 

of nonlinear, nonhomogeneous, first-order differential equations. Hence, 

the soluti.ons y~(t) can be determined as the sum of a uniformly con-
1 

vergent series of the form 

+ .. Iii'. + y~~(-9,) (t) + ....... (2.34) ..... 

First, let us introduce Eq.(2.34) i.nto Eq.(2.33) and develop the 

power series for O.(y*2 ) into a new power series. Then, we can write 
l. "" 

Eq.(2.33) in the form 
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i=>l,2, ••• ,2n (2.35) 

where k?: l, ?.,1 , 9, 2 , ..• , 9..k;:; 1, and 1 ~ i 1 , i 2 , ..• , ik $ 2n, are all 

integers, and where g. h h h denotes 
1 ' 1 2 ... k 

denote by r the number r = P,1h1 + .9.. 2h 2 + 

the term in the right side of Eqs.(2.35) 

a. function of time. Let us 

... + tkhk, or the weight of 

and by Q~Q,) the finite sum of 
1 

all terms of weight r = P, in the development of O.(y*2), Then, O(y*2) 
1. _...., ,,.., ........ 

is formally given by the series 

+ ... + Q(t) + ... (2.36) ,,..,. 

Let us substitute Eqs.(2.34) a.nd (2.36) into Eq.(2.24) assume that 

d:i.fferentiation term by term is permissible, and obtain 

y* (1) + i* (2) + •.. + y..,~ <i) + 
~ 

+ Ii •• 

+ ... ) + e(t) + Q(2) + Q(3) + ... 
~· """" Av 

+ ... (2.37) 

Since there are no terms of Eqs.(2.35) of weight r < 2, Eq.(2.37) can 

be written as the set of linear and nonhomogeneous differential system 

(2.38) 

and 

(2.39) 
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where the vectors g(t) (t = 2, 3, ••• ) depend only on !*(l)' r*<2>' ... , 
(t-1) . y* , and their actual determination may be a tedious process; no 

""' 
general expression has been found for them, and they can only be deter-

mined in particular cases. 

The method to solve the linear nonhomogeneous differential systems 

(2.38) and (2.39) is described in Refs. 1-4. Let us consider the corre-

spending homogeneous part of Eq.(2.38) 

y*(l)(t) (2.40) 
"""' 

and let Y(t) be an arbitrary fundamental matrix of Eq.(2.40). Because 

det Y(t) ~ 0 in a given domain D, we can define the following expre-

ssion for any solution y*(l)(t) = u(t) of Eq.(2.38) as "" .., 

u(t) = Y(t) z(t) .., ...,. (2.41) 

or· 

z(t) -1 = Y (t) u(t) (2.42) 
""' ..,, 

where ~(t) is an unknown vector whose elements are functions of time. 

By introducing Eqi. (2 .'41) into (2. 38), we obtain 

Y(t)z(t) + Y(t)~(t) = A*(t)Y(t)z(t) + e(t) 
,.., -v ,,.,; """"' 

(2. 43) 

Because Y(t) is a fundamental matrix of Eq.(2.40), it satisfies 

Y(t) =A* (t)Y(t) (2.44) 

so that Eq.(2.43) can be reduced to 
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(2.45) 

Integrating Eq.(2.45), we obtain 

z(t) = 
IV 

t -1 /t Y (s)£(s) ds + £ (2. 46) 
0 

where C is a constant vector, and t is an arbitrary initial value of 
~ 0 

time; t = 0 in the present case. Introducing Eq.(2.46) into (2.41), 
0 

we thus have 

(2.1+7) 

The solution y*(l)(t) given by Eq.(2.47) is periodic int of period T 
IV 

if and only if 

T -1 [r - Y(T)]£ ~ Y(T) f 0 Y (s)~(s) ds (2.48) 

where I is the unit matrix. Implicit is the assumption that Y(O) = I, 

so that Y(t) is really the principal matrix. Because the solution is 

periodic, the Jacobian determinant is nonzero, det!I - Y(T)I f. O. 

Hence, Eq.(2.48) implies 

1 T -1 C • (I - Y(T)]- Y(T) I Y (s)E(s) ds 
- 0 ~ 

(2.49) 

By substituting Eq. (2.49) into (2.47), the solution y>~(l) (t) becomes ....,, 

(2.50) 

where H(t, s) is a continuous periodic matrix 



H(t, s) 
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IY(t)[I - Y(T)]-l Y-1 (s) 

""lY(t)(I - Y(T)]-l Y(T) Y-1 (s) 
(2.51) 

To solve Eqs.(2.39), we can use the same procedure as that for 

solving Eq.(2.38). The solutions of Eqs.(2.39) can be expressed in a 

form similar to that of Eq.(2.50), namely, 

y* (,2,) (t) = .9, = 2,3,4, •.. (2.52) 
"" 

Finally, we solve Eqs.(2.50) and (2.52) by numerical integration. Then, 

the solutions for the perturbations y~(t) are obtained as the sum of 
1 

the solutions y~(t)(t) (1 = 1~ 2, 3, ••. ), Eq.(2.34). 

To produce bounds for the difference between the actual and 

approximate solutions, let us rewrite Eqs.(2.20) in the matrix form 

8(t) = A(t) o(t) + E(t) 
~ ~ - (2. 53) 

where the matrix A(t) consists of functions aij (t) (i, j = 1,2, ... ,Zn) 

which are defined in Eqs.(2.7). Although the actual solution Ht) is 
....... 

not known, we can express it by rewriting Eq.(2.13) as ~(t) = Q*(t) -
"' 

o(t). Then we can obtain the matrix A(t) by introducing this expression 
"" 
of $(t) into Eqs.(2.7). Moreover, Urabe (Ref. 8) has shown that 

"' 
Eqs. (2.1) have an approximate. solution x = ~ir(t) lying in domain D, ..,, ""' 
and there is a continous periodic matrix A(t) such that 



~ A(t) - A*(t) II s ~ 
1 
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for o(t) ... q,*(t) - q>(t) .,, ' ,.,, ""' (2.54) 

where y is a'small parameter, 0 < y < 1, and M1 is a positive constant 

such that 

M1 ~ r T" max {tT I: i{J!. (t, s) ds }]~ 
ostsT 0 k,J!. 

(2.55) 

in which 1\.t(t, s) are the elements of the matrix H(t, s). Then Eq.(2.53) 

can be rewritten as follows 

~(t) = A*(t)i{t) + [ A(t) - A*(t) ] i(t) + ~(t) (2.56) 

Since ~(t) is a periodic vector of period T, the solution t(t) of 

Eq.(2.56) can be expressed in the integral equation just as Eq.(2.50) 

i(t) == 1! H(t, s) [rA(s) - A*(s))o(s) + e:(s) J ds (2.57) 

where H(t,s) is the continuous periodic matrix defined by Eq.(2.51) 

by analogy with Eq.(2.40). To solve Eq.(2.57), let us consider the 

successive iteration process 

(2.58) 

Then by Eqs.(2.30), (2.54) and {2.55), Eq.(2.58) yields in the follow-

ing inequality 

(2.59) 
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or 

(1 - y) II 0 II s. MlR ""' n 

which implies that 

If the iterative process is convergent, then we have 

o(t) = lim 0 (t) 
N n -;. 00 A•n 

Therefore inequality (2.61) can be written as 

II i<t) II 
M1 R 

< 1 - y 

(2. 60) 

(2. 61) 

(2.62) 

(2.63) 

Using inequalities (2.54) and (2.63), we obtain the estimated values 

of ll ~(t) II and y. Subsequently' the error bound of r* (t) - x:<t) may 

be.estimated by given bounds for ~*(t) - ~(t). 



3. Numerical Techniques 

3 .1 Numerical Solution of the Determining SysJ:.i!.m 

Because the determining system (2.12) is a set of nonlinear 

algebraic equations, their solution can be obtai.ned by using Brown's 

method. According to the method of approximate evaluation of Fourier 

coefficients (see Ref. 9 ), the determining equations (2.12) can be 

rewritten as follows 

l 2N . * 
= ZN E X [<P ( t.) , t.] 

. j=l "' ..., J J 
= 0 

1 ~N * . = -N I, x[ip (tj), t.]sin kt.+ k£zk = 0 
j =1 "' "" J J 

1 
N 

ZN 
E ~[t* (tj), t.] cos kt. - k£zk-l = 0 
j=l J J 

k = 1,2, .•• ,m (3 .1) 

where a.= ( c, c1 , c2, ••. , c2 1 , c. 2 ) is an unknown matrix, and Ao- ,,,... .-v ,,.. m- .._, m 

q,*(t) is defined by Eq.(2.10). MQreover ,.., 

t. = 2j - 1 T j = 1, 2, ••• , ZN 
J 4N 

(3.2) 
N ~ m+ 1 

In using Brown's method, Eqs.(3.1) are expanded simultaneously about 

an arbirarymatri:x: an assumed to be close to the solution a., yielding 

21 
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k=l,2, ••• ,m (3.3) 

where e denotes the unit matrix consisting of j unit vectors and the 

scalar hn is normally chosen such that hn = 0 QI Fk (an) II) ( in detail see 

Ref. 10 ). With this choice, it can be proven that Brown's method 

yields a second-order convergence. 
n The starting values a. for iteration can be usually found by 

solving the determining equations for small m. We substitute the 

starting values in a computer program and ·iterate untill the values 
n a. converge to the solutions a.. 

3.2 Comeutation of Forcing Function e(t) 

Using a formula similar to Eq.(3.1) to determine Fourier coefi-

cients by numerical integration, Eqs.(2.29) can be formed approximately 

as follows 

l 2N * 
d =ZN E X[<!i (tj), t.J 
"'O j'=l ,... ""' J 

(3 .4a) 

d = ..... 2k-l (3 .4b) 
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~2k 
l 2N 

"" :..... E x[ qi* (t.), tJ.J cos ktJ. - k~Zk-l 
N j =l "' ... J 

l 2~ d ... 2p-l = LJ ~[t*<tj), tJ.]sin pt. 
N . 1 J J=. 

l 2N [ * = -N- E X $ (t~), tj]cos ptJ. 
j=l ,., .,. J 

k = 1,2, •.. ,m 

N 2::. m + 1, and 
0 

t = ~- 1 
j 4NT 

p = m+l,m+2, ••• ,m 
0 

j "" 1, 2, ••• , 2N 

(3.4c) 

(3 .4d) 

(3.4e)· 

(3.5) 

Substituting the solutions a obtained in Sec.(3.1) and the approximate 

* solution~ (t) into Eqs.(3.4), the coefficients B = ( d, d1 , .•. , d2 ) 
,., ""'O "' ,., m0 

are obtained by Simpson 1s integration at t = t 1 , t 2, ••. , t 2N. Then, 

we can obtain the forcing function s(t.) for each time t. { j ""1,2, •• 
- J J 

•• ,2N) by using the following expressions 

mo 
£_(tJ.) = ~o + E ( ~Zk-lsin ktj + ,e2kcos kt.) 

j=l J 

j "'"' 1, 2, , •• , 2N (3.6) 

Consequently, by means of Eq.(2.30), we can get a reasonable bounded 

value of R accm'.'ding to 

R = (3. 7) 
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3. 3 Computatiop. of the Pe,rturbation Function y*(t). 
"" 

Before we try to solve Eqs. (2.50) and (2.52), we need to find 

the fundamental matrix Y(t). It is convenient to write the fundamental 

matrix Y(t) in integral form as 

Y(t) (3.8) 

where .I is the identity matrix, and A* (t) is a Jacobian matrix whose. 

elements a~.(t) are defined by Eqs.(2.7). In case the matrices A*{t) 
l.J 

and ft A*(s)ds commute, we can write Eq.(3.8) in the following form 
0 

Y(t) = exp( ft A* (s)ds ) 
0 

(3. 9} 

To be able to carry out numerical integration, vre divide the time 

interval into k small intervals. Thus. Eq.(3.9) can be rewritten as 

tl t2 
Y(t) = exp(! A*(s)ds + f A* (s)ds + ... 

0 tl 

or 

Y(t) tl * tz * = exp(! 'A (s)ds)•exp(f A (s)ds)• 
0 tl 

. ". 

Let us introduce a notation as follows 

* A (s)ds ) 

t * •exp(! t A (s)ds) 
k-1 

(3.10) 

(3.11) 
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in which tk and tk-l denote the limits of the kth interval. Equation 

(3.10) can be. rewritten as 

Y(t) (3.12) 

Equation (3.12) is based on the assumption that the time increment 

l'.lt = tk - tk-l is a small quantity. The matrix A*(t} may be considered 

as a constant at instaneous time tk ( k = 1, 2, •.. ,2N ). For this 

reason, we can write Eq.(3.11) in the following approximate form 

k "' 1, 2, ••• , 2N (3 .13) 

Then the fundamental matrix Y(t) can be obtained by using the property 

of Eq.(3.12) and the approximate form (3.13). 

Since the fundamental matrix Y(t) is given, Y(T) and Y-1 (t) can 

be obtained by the same procedure used in obtaining Y(t). Therefore, 

the integral kernel matrix H(t, s) of Eqs.(2 • .50) and (2.52) will be 

obtained numerically by introducing the matrices Y(t), Y(T), and Y-1 (t) 

into Eq.(2.51). Subsequently, Eqs.(2.50) and (2.52) can be written 

approximately as 

y* (1) (t ) 
2N 

= E H(t., s ) c (s.) 
"' i ~ -1 1. j ,., J 

J-
(3.14) 

y* (9,) ( t.) 
2N 

Q (Q.) (s.) = l: H(t., s.) i = 2,3, ... 
"' 1. j=l 1. J - J 
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where 

2i i 0, 1, 2, ••• , 2N t, = _,._. T = 
1. 4N 

(3.15) 
2j - 1 1, 2, ••••• , 2N s. ""' . T j = 

J 4N 

The perturbation function "t~ (t) will be obtained by summing the numer-

ical solutions of Eqs.(3.14) at time t. ( i = O,l,2, ••• ,2N) 
1. 

+y*(9,)(t.) 
"" 1. 

+ ti .... 

i ~ O,l,2, ••• ,2N (3 .16) 

Next, by determining the values of ,the matrix H(t, s) at t = t o' 

tl' t 2, • ·., t 2N' s = s1 , s 2, .•• , s 2N, we can compute the value of 

JT I;', H.2 ( ) d 0 ~ --ki t, s s 
k,l 

(3.17) 

by Simpson's numerical integration at t = t 0 , t 1 , t 2 , ••• , t 2N. Then 

we can compute the approximate values of inequality (2.55) by using 

the values of Eq.(3.17) as 

f 2 -j~ M* = l T•max !! t Rid (ti, s) ds 
i=0,1,2, ..• ,2N k,l 

(3.18) 

After we have found the approximate value of M"c, we take a number 

slightly greater than the approximate value of M1'. Then, this gives 

a reasonable value of M1 satisfying irll"'quality (2.55). 
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Finally, we choose a value of y such that 0 < y < 1. By substitu-

ting the values of M1 and y into inequalities (2.54) and (2.63), we 

compute the value of the norm li~(t)i!. If inequalities (2.54) and (2.63) 

are satisfied, then the value of y is a reasonable one, and the norm 

ll_~(t)ll is an estimated value of bounds between the perturbations y(t) ,..,,, 

and y*(t). ,..... 



4. Application to van der Pol Equation 

In this section, we will apply our method to the van der Pol equa-

tion with a harmonic forcing term. Hence, let us consider 

(4.1) 

or 

P(t) = x - e(l - x2)~ + x - !E sin Wt "" 0 (_4. 2) 

Since a periodic solution of Eq.(4.2) is a solution with period 2'IT 
lll 

and we are interested in a periodi.c solution with period 21T, we can 

replace t by t/w in Eq.(4.2) and define the notations 

(4.3) 

By substituting Eq.(4,3), Eq.(4.2) can be transformed into the following 

form 

P(t) = = 0 (4.4) 

Equation (4.4) can be rewritten in the form of a first-order differential 

system as follows 

• xl "" x2 
(4.5) 

• €1(1 - 2 
x2 = xl)x2 - (1 +€,A1)x1 + 6'.,El sin t 

28 
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Now let x1 = x(t) be any periodic solution of Eq.(4.4). Then evidently 

-x(t + 'ff) is also a periodic solution. Therefore, the Fourier series 

of such a periodic solution must be of the form 

Taking this fact into consideration, we can assume the Kth Galerkin's 

approximations in the form of trigonometric polynomials 

= qi~(t) 

and 

K 
""' r [ c2k-lsin(2k-l)t + c2kcos(2k-l)t J 

k=l 
(4.6) 

K 
= 2: (2k-l) [ c2k_1cos(2k-l)t - c2ksin(2k-l)t J 

k=l 
(4. 7) 

Taking a derivative with respect tot in Eq.(4.7), we obtain 

K 
= - L: (2k-1) 2 ( c2k_1sin(2k-l)t + c2kcos(2k-l)t J 

k=l 

(4.8) 

Introducing Eqs.(4.6), (4.7) and (4.8) into Eq.(4.4), Eq.(4.4) becomes 

3K"'."'1 
P(t) = ~-l [ F2k_1 (a) sin(2k-l)t + F2k(a) cos(2k-l)t J (4.9) 

where Fk(a) are nonlinear algebraic equations, Eqs.(3.1), in the 

undetermined coefficients a,.,. ( c1 , c2, ••• , c2K ). We can write 

Fk(a) in the form 
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k = 1, 2, ••• , 2K (4.10) 

where Qk is the nonlinear part of Fk(a.), which, in turn, can be written 

in the form 

and 

2K 
Q = l: Gk.c. k j=l J J 

01 = - t\El 

ck = 0 ' k "" 2, 3, ••. , 2K 

R2j-1, 2j-l "" R2. z· .J • J 

= - = - E1 (2j - 1) , 

(4.11) 

(4.12a) 

(4.12b) 
j "" 1,3,5, ... 

and the remaining elements of the matrix [l\_jl are equal to zero, 

as Rkj "'0 for all other values of the indices. To determine the 

matrix [Gkj], whose elements are quadratic polynomials in the ck 1s, we 

rewrite Eqs. (4 .6) and (4. 7) in the forms of the complex functions 

<ji~(t) = 

* qi (t) "" 2 

K 
E [ 
k=l 

i(2k-l)t - -i(2k~l)t ]. s e · + s e k . k 

K 
E i (2k-l) [ 
k=l 

(4.13) 

(4.14) 
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where 

k = l,2, ... ,2K (4.15) 

2 and sk are complex conjugates of sk. Therefore, the term x1x2 of 

Eq.(4.5) can be written as 

(4.16) 

where 

( k = l,2, .•. ,3K-l) (4.17) 

in which 

k-1 [ k-j K 
l:l l: . s. l: i(2r-l)s sk . +l + L i(2r-l)s s k+' 

j=l J r=l r -J-r -k ·+1 r r- J r- -J 

K-k+j 
- L i(2r-1)$ sk ·+ ] (4.18a) 

r=l r -J r 

K 
sj [-

j-k K 
l:2 = L l: i(2r-l)s s. k 1 l: i(2r-l)s s ·+k 

j=k+l r=l r J- -r- r=j-k+l r r-J 

K-j+k 

l + L i(2r-l)s s. k+ (4.18b) 
r=l · r ]"""." r 

K _ r+k-1 K 
L3 = L s. l: i(2r-l)s s.+k + L i(2r-l)s s . k+l 

j=l J r=l r J -r ·+k r r-J-r=J 
K-j-k+l 

i(2r-l)Srsj+k+r-l ] - l: (4.18c) 
r=l 

Interchanging the order of summation and defining p = k+r+j-1, 



we can write 

K 
E Wk s 
p=l p p 

so that if p < k, we obtain 
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k-p K 

k = 1,2, ..• ,3K-l 

w = kp Z i(Zr-l)s sk . +l + E i(2r-l)s s k+ 
r=l r -p-r r=k-p+l r r- P 

K-k+p 

(4.19) 

K-k+p 
z 
r=l 

i(2r-l)s sk. + + E i(2p-l)s s +k r -p r r=l r r -p 
(4.20) 

Combining the last three terms on the right side of Eq.(4.20), we also 

obtain 

~p K 
Wkp = Z i(2r-l)s sk r+l + E i(2k.-l)s s + k 

r=l r -p- r=k-p+l r r p-
(p < k) 

(4.21) 

Similarly, we can obtain for the cases of k = p and k < p by substitution 

and transposition 

K 2 
wkk = E iC2k-1) Is I (k = p) (4.22) 

r=l r 

p-k K 
wkp = l: i(2t-l)§ i k . +1 + E i (2k-l)s s +1 (k<p) (4.23) r p- -r _ r r ;:-p r=l r=p-k+l 

Since each Wkp is a sum of exactly K complex terms, we may write it as 

+ iV1 
t{p 

(4.24) 

where the elements Ukp and Vkp are real quantities. The elements of 
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the matrix [Gkj] may be obtained from the following expressions 

G = G 2k-l,2p-1 2k,2p 

G = - G = E V 2k,2p-1 2k-l,2p l kp 

k = l,2, ••• ,3K-1 p=l,2, .•. ,K (4.25) 

Substituting Eqs.(4.11), (4.12) and (4.25) into Eq.(4.10) and applying 

Brown's method (see Ref.11), we obtain the coefficients c1 , c2, ..• , c2K. 

Brown's method is a derivative-free analogue of Newton's method. The 

iteration steps can be expressed as follows 

n+l n c = c ........ .......... 

-1 n n J (c )•F(c ) 
J\,, ,..,.., 

(4.26) 

where n denotes iterative numbers, and J(~;) is the Jacobian matrix, 

given by 

l CiFk J 
dC, 

J 
(4. 27) 

In Brown's method, the partial derivatives of Jacobian matix are 

replaced by the first difference quotient approximations 

(4.28) 

where e. denotes the. J0 th unit vector of the unit matrix e, and the 
"'J 

scalar value hn is normally chosen such that hn = 0( /IFk (en)!!). 

Therefore, Eq.(4.26) can be solved by a successive substitution 
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iteration for n = O, 1, 2, ••.• , beginning with the initial guess 
0 0 0 

cl' c2, • •• , c2K* 

In Ref.7 it is proved that even for a very low order of Galerkin's 

approximation one may be able to obtain an approximate solution close 

to the actual solution. Hence, we can use Galerkin's approximations 

with K "" 1 to estimate the first two values of the starting values 
0 0 0 0 0 c1, c2 and let the remaining values c3 , c.4 , ••• , c 2K equal to zero. The 

approximate solution ~*(t) of Galerkin's,approximation with K = 1 can 

be expressed as 

(4.29) 

Substituting Eqs.(4.29) into Eq.(4.5) and using the form of Eq.(2.12), 

we obtain the following determining equations 

Fl(cl,c2) 
1 1zrr x2f ~~(s),~~(s),s]sin s ds +cl 0 "" = 
1f 0 

(4.30) 

F2(cl,c2) 1 !~'ff x2[~~(s),~~(s),s1cos s ds - c2 0 = = Tf 

where 

(4.31) 
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Considering the following orthogonal properties of trigonometric fun-

ct ions 

/27f sin ms sin ns <ls "" 'If for m=n 
0 

"" 0 m:/:n 

r2n cos ms cos ns ds ""''If for m = n (4. 32) 
0 

= 0 m '# n 

12rr sin ms cos ns ds = 0 for all m, n 
0 

and performing integration on Eq.(4.30), we obtain the determining 

equations as follows 

(4.33) 

Let us assume values for the parameters C:, w, E as follows 

E = 0.1 w = 0.9 E = 3 (4.34) 

'.!.."hen frorn Eq. ( 4. 3) , we have 

f 1 = 0.11111 , E1 = 3.33333 A1 = 2.11111 (4. 35) 

Using Brown's method in conjuction with a computer program to solve 

Eqs.(4.33), we get the values 

c = 1.52471827 1 c2 ::: 0.287548855 (4. 36) 

If we let K"" 2 in the Galerkin 1 s approximation, Eqs.(4.6) and (4.7), 
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the approximate solution t*(t) has the form 

(4.37a) 

and 

(4. 37b) 

Using the same procedure as in the K = l case, the determining equations 

can be written as 

(4. 38) 

F3 (c) 8 3 3 2 2 2 2 
"" -12c +4(-- A1)c3 + c2 + 3c4 - 3c1c2 + 3c3c4 + 6c4 (c1 + c2) 4 . f; 

::: 0 

F4 (c) 8 + 3 3 2 2 2 2 = 12c3 + 4(E1 - A1)c4 - 3c - 3c1c2 - 3c c - 6c3 (c1 + c2) cl 3 3 4 
= 0 

Using Brown 1 s method, we arrive at the following solutions of Eqs.(4.38) 

1. 529114 70 c 2 ""' 0.28671426 
(4.39) 

c3 = 0.007212549 c4 = - 0.011375427 

Thus, we take the following values 
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c1 = 1.52911470 c2 = 0.28671426 c3 = 0.007212549 
(4.40) 

as the starting values. Then, we solve Eq.(4.10) by Brown•s method 

with the starting values given by Eq.(4.40). After 30 iterations or 

after attainment of the convergence criterion O.lxl0-7 , the result of 

¢~(t) by numerical computation is 

qi~ (t) = 0.152910541x101 sin t + 0.286717997xlOO cos t 

+ 0.720979824XlQ-2 sin 3t 0.113708891X1Q-l cos 3t 

0.110846828X1Q-3 sin 5t 0.154798571xlO-J cos St 

- 0.293784239XlQ-S sin 7t + 0.7136Q3QJ9X10-6 cos 7t 

- Q,725957484X1Q-B sin 9t + 0.499475QQ4XlQ-7 cos 9t 

- Q,749134287XlQ-9 sin_ llt + 0.435594666x10-9 cos llt 

+ 0.119493425x10-10sin 13t - 0.93109421Sx10-11cos 13t 

- 0.74067650Sx10-13sin 15t - 0.257734623Xl0-12cos 15t 

0.4766551J8x10-14sin 17t 0.488788128x10-15cos 17t 

- 0. 401380855X 10-16 sin 19t + 0.763192553Xl0-16cos 19t 

+ 0.101100246x10-17sin 21t -17 + 0.1188978QJX1Q . COS 2lt 

+ 0.269135883x10-19sin 23t -20 - 0.9QQJ.Q5043XlQ COS 23t 

-22 + 0.306279653xl0 sin 25t - 0.517109789x10-21cos 25t 
-23 - 0.857861135xl0 sin 27t -23 - 0.404969950~10 cos 27t 

- 0.12772652Sxl0-24sin 29t -24 + 0.118479765xlO cos 29t 

(4.41) 

Furthermore, introducing the above results of <)J~(t) into Eq.(3.4) 
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and setting m0 "" 50 and N = 75, the force function E: 2 (t) yields 

~2 (t) = - 0.266633967x10-S - 0.131692315xl0-6 sin t 

- 0.423356799xl0-6 -10 cos t + 0.147737847x10 sin 2t 

- 0.533424lllxl0-B 2t -7 3t cos - 0.665691967xl0 sin 

+ 0.185536134xl0-6 3t -10 4t cos + 0.295831336x10 sin 
-8 4t -8 St - 0.533891885x10 cos + 0.117747246x10 sin 

- 0.338806089x10-B cos St + 0.444656303xlO-lOsin 6t 

- 0.534672920xl0-S cos 6t + 0.235462408x10-9 sin 7t 

- 0.538712167xlO-S cos 7t + 0.594577089xlO-lOsin 8t 

- 0.535769093Xl0-S cos St + 0.678841238xlO-lOsin 9t 

- 0.537321344xlO-B 9t -10 lOt cos + 0. 74597669lxl0 sin 
-8 - 0.537183059xl0 cos lOt + 0.819338117><10-lOsin llt 
-8 - 0.538019297x10 cos llt + 0.899231627x10-lOsin 12t 

-8 - 0.538918421xlO cos 12t + O. 976635192><10-lOsin 13t 

-8 0.5J9907555XlQ COS 13t + 0.105473483x10 -9 sin 14t 
-8 0.540979369xl0 cos 14t + 0.113346149x10-9 sin 15t 
-8 0.542133589x10 cos 15t + 0.121290577xl0-9 sin 16t 
-8 0.543371191xlO cos 16t + 0.129311307xlO -9 sin 17t 

0.544692923x10-8cos 17t + 0.137414303xl0-9 sin 18t 

-8 0.546099872xlO cos 18t + 0.145606497x10-9 sin 19t 
-8 0.547592724XlQ COS 19t -9 + 0.153892081x10 · sin 20t 
-8 0.549172281><10 cos 20t + 0.162276775xl0-9 sin 2lt 
-8 0.550839896><10 cos 2lt + 0.170767395xl0-9 sin 22t 
-8 0.552596509xlO cos 22t + 0.179369942xl0 -9 sin 23t 
-8 - 0.554443185~10 cos 23t + 0.188089809x10-9 sin 24t 
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- 0.556381271xl0-8cos 24t + 0.196933816xl0-9sin 25t 

- 0.558411984xl0-8cos 25t + 0.205909357xl0-9sin 26t 

- 0.560536639xl0-8cos 26t + 0.215023967xl0-9sin 27t 

- 0.562756651xl0-8cos 27t + 0.224282697xl0-9sin 28t 

- 0.565073584xl0-8cos 28t + 0.233694049xl0-9sin 29t 

- 0.56748896lxl0-8cos 29t + 0.243264935xl0-9sin 30t 
-8 - 0.570004420xlO cos 30t + •••• (4.42) 

The bounded constant R of the force function E(t) is .... 

(4.43) 

and from Eq.(4.5), we have 

(4.44) 

Note that the matrix A~t) corresponding to Eq.(4.5) is given by 

0 1 
2K-1 · 

= -(l+c1A1)-2 ~ E [ (rk +rk)cos 2kt 
k=l 

2K-1 

k=O 

+ i(rk-rk)sin. 2kt] + i(qk-qk)sin 2kt] 

(4.45) 

where 
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k K K-k 
rk = .r. i(2j-l)sjsk-j+l + t: i(2j-l)s.s._k - z: i(2j-l)s.sj+k 

J=l j=k+l J J j=l J 

k = 1,2, ••• 2K-l (4.46) 

and 

K -q0 "" E s .s. 
j=l J J 

(4. 4 7) 

, k = l,2, .•• ,2K-l 

. ~ * The computed values of Azl (t) and A22 (t) are 

A~l (t) = - 0.123456784xl0 1 

0 2t - 0.248939824xlOO sin 2t - 0 .101750615 xlO cos 
-2 + 0.67181422lx10 cos 4t -2 - 0.644399889xl0 sin 4t 
-3 + 0.234944817x10 cos 6t + 0.106331525Xl0-3siw 6t 

-6 - 0.279930963x10 cos 8t + 0.645334668xl0-5sin 8t 
-6 - 0.143961824xl0 cos lOt -7 + 0.506639430xl0 sin lOt 
-8 - 0.228932385xl0 cos 12t - 0,260935361xl0-8sin 12t 
-10 + 0.34735804lxl0 · cos 14t -10 - 0.685771538xlO sin 14t 
-11 + 0.166271058xl0 cos 16t + 0.145121850x10-12sin 16t 

-13 + 0.103674454x10 cos 18t -13 + 0.341508826xlO sin 18t 
-15 - 0.587942966x10 cos 20t -15 + 0.472085578xlO sin 20t 

-16 - 0. 1.37481017 ><10 cos 22t - 0. 773462669Xl0-17 s:in 22t 
-19 + 0.426491105xl0 cos 24t -18 - 0.324550212Xl0 sin 24t 
-20 + 0.653476757xlO cos 26t -20 - 0.167654703Xl0 sin 26t 
-22 + 0.817671613x10 cos 28t -21 + 0 .111454951 X'.10 sin 28t 
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- 0.150167634x10-23cos 30t + 0.238485647x10-23sin 30t 

- 0.150167634xl0-23cos 32t + 0.238485635x10-23sin 32t 

+ ..... (4 .48) 

A~2 (t) = - 0.233656424XlQ-l 

0 + 0.124469912X1Q COS 2t - 0.508753077xlO-l sin 2t 
-2 + 0.161099972x10 cos 4t + 0.167953555xlO-z sin 4t 
-4 - 0.1772192Q9X1Q COS 6t + 0.391574695Xl0-4 sin 6t 
-6 - 0.806668335XlQ COS 8t - 0.349913703X10-7 sin 8t 
-8 - 0.50663943QX1Q COS lOt -7 - 0.143961824x10 sin lOt 
-9 + 0.217446135xlO cos 12t -9 - 0.190776987xl0 sin 12t 

+ 0.489836813Xl0-11cos 14t + 0.248112887xl0-11sin 14t 
~4 ~2 - 0.907011559xlO cos 16t + 0.10391941lxlO sin 16t 
u ~5 - 0.189727126xlO- cos 18t + 0.575969187xlO sin 18t 

-16 - 0.236042789XlQ COS 20t - 0.293971483xl0-16sin 20t 

-18 + 0.35157394QX1Q COS 22t -18 - 0.624913712xlO sin 22t 
-19 + 0.135229255xlO cos 24t + 0.177704627xlO-ZOsin 24t 
-22 + 0.644825782X1Q COS 26t -21 + 0.251337214xlO sin 26t 
-23 - 0.398053398xlO cos 28t -23 + 0.292025576xl0 sin 28t 
-25 - 0.794952156XlQ . COS 30t . -25 - 0.500558780xlO sin 30t 

+ "" .. ill' •• 

The nonlinear terms O(y*2) of the variation equation (2.24) are ,,,, "' 

o1 ci*2) = 0 
(4.50) 

02 (~*2) E C 2 * * + *2 )'{ = - x y~~ + Zx1Y1Yz ) l' 2 1 Y1 Yz 
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Since the solutions of y*(t) are small, it is convenient to take only ..... 

the first three terms of the uniformly convergent series (2.34) giving 

(4.51) 

Introducing Eqs.(4.51) into (4.50), we obtain 

(4.52) 

whe.re 

= - ~ ( x y*(l)2 + 2x y*(l)y*(l) ) 
~ 2 1 1 1 2 (4.53) 

(4.54) 

Because the functions e:(t), Q(Z) and Q(3) are given, we can solve "' ...... .... 
Eqs.(2.50) and (2.52) by the numerical integration described in Sec.3.3. 

The solution y*(l)(t) is listed in Table 1. Furthermore, the.solutions ,.,,, 

l*(Z)(t) and i*(3)(t) are listed in Tables 2 and 3, respectively. The 

solution of perturbation y*(t) is obtained by summing the results of 
~ 

y*(l)(t), y*(2)(t) and y*(3)(t). ""' ...,, ,.,, 
Furthermore, from Eq.(3.14), the constant M* is given by numerical 
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Table l. NUMERICAL RESULTS OF SOLUTIONS y~(l)(t) AND y~(l)(t) 

Tnm y* (1) (t) 
1 •.. y~ (1) (t) 

~~-~---

O.OOOOOOOOOD 00 0.221204397D-06 -0.7346380690-06 
0.216661566D 00 0 .ll11233070D-06 -0.689345539D-06 
0 .433323131D 00 0 .579369712D-07 -0.954907001D-06 
0.649984697D 00 -0.446725710D-07 -0.118493841D-05 
0 .8666l16262D 00 -0.158854395D-06 -0.1313795940-05 
0.108330783D 01 -0.273250857D-06 -0.132507628D-05 
0.129996939D 01 -0.376961948D-06 -0.122358776D-05 
0.151663096D 01 -0.4613720630-06 -0.102589218D-05 
0.173329252D 01 -0.5208321100-06 -0.777082972D-06 
0.194995409D 01 -0 .5536592l13D-06 -0 .5t~0635258D-06 
0.216661566D 01 -0.562064844D-06 -0.357130687D-06 
0. 238327722D 01 -0.549791552D-06 -0. 2259415M+D-06 
0.259993879D 01 -0.519336904D-06 -O.J24532863D-06 
0.281660035D 01 -0.470992782D-06 -0.2425831730-07 
0.303326192D 01 -0.403303965D-06 0 .1101960l+OD-06 
0.3249923t+8D 01 -0.313828252D-06 0.305643126D-06 
0.346658505D 01 -0.200847648D-06 0.548962654D-06 
0.368324661D 01 -0.663194874D-07 0.78U78330D-06 
0.3899908l8D 01 0.821602057D-07 0.948214047D-06 
0.411656974D 01 0.232492326D-06 0.100012469D-05 
0.433323131D 01 0. 371213420D-06 0.922331209D-06 
0.454989288D 01 0.4862839770-06 0.723423268D-06 
0. 4 766554lr4D 01 0.569122760D-06 0 .M.1976 7389D-06 
0.4983216010 01 0.616202442D-06 0.169328265D-06 
0.519987757D 01 0.628914662D-06 -0.724654187D-07 
0.541653914D 01 0.610878163D-06 -0.269055752D-06 
0.563320070D 01 0.564973982D-06 -0.425596383D-06 
0.584986227D 01 0.492696044D-06 -0.545684522D-06 
0.606652383D 01 0.394801514D-06 -0.657354201D-06 
0.628318540D 01 0.271041093D-06 -0.115630373D-05 
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Table 2. NUMERICAI, RESULTS OF SOLUTIONS y~ (Z) (t) AND y~ (Z) (t) 

TIME Yt (2) (t) y~~(2) (t) 
2 

---- ··---
O.OOOOOOOOOD 00 O.lft3891990D-12 -0.1379909540-12 
0.216661566D 00 0 .1104 71866D-12 -0.169226449D-12 
0 .433323l31D 00 0 .6 79106146D-13 -0.197030914D-12 
0.649984697D 00 0.180009335D-1.3 -0.235968973D-12 
0.866646262D 00 -0.371829250D-13 -0.290289276D-12 
0.108330783D 01 -0.950108791D-13 -0.346371115D-12 
0.129996939D 01 -0.151991141D-12 -0.380207273D-12 
0.151663096D 01 -0.203959023D-12 -0.3721936610-12 
0.173J29252D 01 -0.246795166D-12 -0.3214947950-12 
0 .1949954-09D 01 -0.277463716D-12 -0.246020899D-12 
0.216661566D 01 -0.294626606D-12 -0.164924119D-12 
0.238327722D 01 -0.298135156D-12 -0.866800448D-13 
0.259993879D 01 -0.288041919D-12 -0.1294462350-13 
0.281660035D 01 -0.264161733D-12 0 .51+ 7077728D-:-13 
0.303326192D 01 -0.226304344D-12 0.111668943D-12 
0 .32499231+8D 01 -0.174888087D-12 o • .151668985D-12 
0.346658505D 01 -0.111559952D-12 0 .17536.5919D-12 
0.3683246610 01 -0.392414130D-13 0.195579718D-12 
0.3899908181) 01 0. J81+059484D-13 0. 225115 710D-12 
0.411656974D 01 0.117302671D-12 0.259013357D-12 
0.433323131D 01 0.192788258D-12 0. 2726244112D-12 
0.454989288D 01 0. 2595 72821D-12 0.2386799HD-12 
0.476655l;44D 01 0.312369126D-12 0 .151153808D-12 
0.49832160.lD 01 0. 34 7216 776D-12 0. 31210180L1D-l3 
0.519987757D 01 0.362480989D-12 -0.933006034D-13 
0 .54165391LfD 01 0. 358Lf03148D-12 -0.205672702D-12 
0.563320070D 01 0.335832361.D-12 -0.299156118D-12 
0.584986227D 01 0.295456208D-12 -0.373268729D-12 
0.606652383D 01 0.237679280D-12 -0.4319977470-12 
0.628318540D 01 0.162985600D-12 -0.473038412D-12 
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Table 3. NUMERICAL RESULTS OF SOLUTIONS y~(3)(t) AND y~(3)(t) 

TIME 

O.OOOOOOOOOD 00 
0.216661566D 00 
0.433323131D 00 
0.6.49984697D 00 
0.866646262D 00 
0.108330783D 01 
0.129996939D 01 
0.151663096D 01 
0.173329252D 01 
0.194995409D 01 
0.216661566D 01 
0.238327722D 01 
0.259993879D 01 
0.281660035D 01 
0.303326192D 01 
0.324992348D 01 
0.346658505D 01 
0.368324661D 01 
0.389990818D 01 
0.411656974D 01 
0.433323131D 01 
0.454989288D 01 
0.476655444D 01 
0.498321601D 01 
0.519987757D 01 

.0.541653914D 01 
0.563320070D 01 
0.584986227D 01 
0.606652383D 01 
0.628318540D 01 

y*(3) (t) 
1 

0.889965312D-19 
0.683512202D-19 
0.422272943D-19 
0.117762146D-19 

-0.217351951D-19 
-0.567530587D~19 
-0.913778706D-19 
-0.123319271D-18 
-0.150040355D-18 
-0.169334390D-18 
-0.179951606D-18 
-0.181567527D-18 
-0.174271461D-18 
-0.158238115D-18 
-0.133742499D-18 
-0.101362443D-18 
-0.621555382D-19 
-0.176457853D-19 

0.302337806D-19 
0.791025218D-19 
0.126111639D-18 
0.167964192D-18 
0.20ll34100D-18 
0.222674006D-18 
0.231188718D-18 
0.226881986D-18 
0.210745964D-18 
0.183820340D-18 
0.146839016D-18 
0.100300825D-18 

y*(3) (t) 
2 

-0.849089015D-19 
-0.100768561D-18 
-0.112951349D-18 
-0.131436868D-18 
-0.160029544D-18 
-0.194209585D-18 
-0.220655651D-18 
-0.223100252D-18 
-0.194548426D-18 
-0.142968828D-18 
-0.821154203D-19 
-0.217843405D-19 

0.323379241n..:19 
0.760729992D-19 
0.106288582D-18 
0.123112807D-18 
0.132990553D-18 
0.146009822D-18 
0.167842508D-18 
0.193899716D-18 
0.207927878D-18 
0.188523857D-18 
0.126291508D-18 
0. 344877521D-19 

-0.628569941D-19 
-0.147345747D-18 
-0.210076705D-18 
-0.250657890D-18 
-0.274905282D-18 
-0.285565917D-18 
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computations as 

M* = 61.854675 

From Eq.(4.22), we have 

From thi.s the matrix norm is 

l'.2 ['< * )2 ( * )2Jf4( 2 *2) (k.* + ,j, )21 5 ~1 ~1 - ~l + ~2 - ~2 t ~l + $2 + o/l o/1 j 

and the norm 11 o !! is defined as 

Therefore, 

n o II < 
62x 2.5'<10- 7 

l - y 

(4.55) 

(4.56) 

(4.57) 

(4.58) 

(4.59) 
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where 

K J 2 2 = t c2k-l + c2k = 1.56941145 
k=l 

K j 2 2 = t k c2k-l + c2k = 1.58326548 
k=l 

Let us assume that 

and 
. l 

lloll (8<1>~2· + 4cf>~2' + 12 Holl l<1>~I + sloll2 )i < ~i 

0.545264509xl0-6 $ 

When we take the value 

-5 y = 10 

2.r. 
62 (4 .62) 

(4.63) 

which satisfies both the condition 0 ~ y ~ 1 and Eq.(4.62). Introducing 

Eq.(4.63) into Eq.(4.60), the value of lloll can be obtained as 

(4 .64) 

From Eq.(4.64), we know the error bound of cp* - cf> is small. Therefore, ,.. ,.., 

the approximate solutions of a higher-order Galerkin's approximation 

are close to the actual solutions. 



5. Summary and Conclusions 

The purpose of this study is to provide a general procedure for 

investigating the behavior of dynamical systems in the neighborhood of 

periodic solutions which are known only approximately. An example of 

such a dynamical system is a helicopter in forward flight or hover. 

The procedure also estimates the effect of the extraneous forces 

introduced by the process of using approximate solutions instead of 

the actual periodic solutions. 

The procedure is divided into two major parts: 1) the computation 

of an approximate solution of the unperturbed motion by means of 

Galerkin's approximations and Brown's method to nonautonomous system, 

and 2) the evaluation of the solutions of perturbations by solving a 

set of nonlinear nonhomogeneous differential equations. The perturbed 

motion occurs in the vicinity of the approximate periodic solution. 

Furthermore, the extraneous forcing terms resulting from the use of 

approximate periodic solutions are calculated by using a trigonometric 

polynomial. We also obtain the error bounds between the approximate 

and the actual solut:tons. 

Comparing the results of very low order Galerkin 1 s npproximations 

(see Sec. 4) with m = 1 and m = 2, to a higher-order Galerkin's appro-

ximation with m=15, we find close agreement, with a difference of only 

a few percent. This indicates thnt Galerkin"s approximation to the non-

linear nonautonomous system converges both rapidly and accurately. It 

appears that applying Brown's method to the nonlinear algebraic systems 

is considerably less complicated than Newton's method because the number 

48 
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-2 - -2 -of computation per iteration is reduced from N + N to (N + 3N)/2, 

where N denotes the order of the algebraic system. Moreover, Brown's 

method is a derivative-free method. 

Finally, the solutions of perturbations depend on the values of 

the extraneous forces. The values of the extraneous forces depend on 

the differences between the approximate solutions and the actual 

solutions. In the present example, the values of the extraneous forces 

are small, so that the effect of these forces on the stability of 

the perturbed motion is relatively small. The perturbations are shown 

in Tables 1, 2, and 3. In general, the effect of introducing the 

extraneous forces on the stability of the perturbed motion depends on 

how large the difference between the approximate and the actual 

periodic solution is. 
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NUMERICAL COMPUTATION OF PERTURBATION SOLUTIONS 

OF NONAU'rONOMOUS SYSTEMS 

by 

Jeng-Sheng Huang 

(ABSTRACT) 

A numerical investigation of 2n first-order Hamilton's equations, 

which de.scribe the motion of a dynamical system, has been conducted 

using Galerkin's approximations and a derivative-free analogue of 

Newton's iteration method. Furthermore, the motion stability of a 

dynamical system in the neighborhood of the approximate periodic 

solutions due to the effect of the extraneous forces, introduced by 

the process of using the approximate solutions rather than the actual 

solutions, has been studied by solving the nonlinear nonhomogeneous 

differential systems of the perturbed motion. The perturbation 

solutions are obtained to determine the motion stability. 

An example, using the van der Pol equation, illustrates the 

accuracy and error bounds between the approximate solutions and the 

actual solutions. Furthermore, the example also illustrates the 

motion stability of perturbation solutions. A computer program for 

numerical computions has been developed for solving the van der Pol 

equation with a harmonic forcing term. 
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