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CH...WTER I 

INTRODUCTI OL~ 

Definition 1.1.1. snar:e 
_.__-~-

(X,1, U) is a set X together 

with topologies r and u. 

The fonnal study of bitopological spaces was initiated by J. C. 

Kelly ([ 7]). 

Definition 1.1.2. A ..9._uasi-pseudo-metric on a set X is a non-

negative, real-valued function T on X X X having the following pro-

perties: 

(i) T(x,x) = 0 for each x E X, 

(ii) T(x,z) ~ T(x,y) + T(y,z) for all x,y,z EX. 

If ( i) , (ii) , and 

(iii) x = y if T(x,y) = 0 

hold, then 1 is a _guasi-metric. If (i), (ii), and 

(iv) T(x,y) = ~(y,x) for all x,y E X 

hold, then T is a pseudo-metric. 

Pseudo-metrics have been studied rather thoroughly (as in [6]), 

and Kelly proposed to consider problems conce~ning quasi-metrics. 

If T is a quasi-pseudo-metric on X, e > 0, and x E X, then 

S (x, e:) 
T 

lY; T(x,y) < e:}. The topology 1 determined by T is the topo-

logy whose base is [s 1,(x, e:) : x E X and .:: > O}. If µ. is the quasi-pseudo-

metric on X defined by µ.(x,y) = T(y,x), then we say thatµ. is the 

coniugate of T, and we let tl denote the topology dete!'Tilined by µ.. One 

may then study the bitopological space (X,1,lt) (also written (X,T,~)). 

1 
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Kelly 1 s results 11 sho1.1 in general tha.: the existence of quasi-

metrics is related to the existence of real-valued functions which are 

semi-continuous relative to two topol0gies in much the same way as the 

existence of metrics is related to the existence of real-valued func-

tions which are continuous relative to the original topology of the 

space in question." 

Definition 1.1.3. Let X be a set. A collection C of subsets of 

X X X is a quasi-uniformity for X provided that C has the following 

properties: 

(i) If C E C, then !::, c C, where t;, [(x,x) :x Ex}. 

(ii) If C,D E C, then C n D E C. 

(iii) If c E C, and c c D c X, then D E C. 

(iv) If c E C, there exists a D E C such that D[D] cc. 

(In general, M[N] = [(x,z) : for some y E x, (x, y) c N '-

and (y,z) E M}.) 

If c is a quasi··Ui.1iformity for x, let c- 1 = (c- 1 : c E c}. It is 

· c- 1 · i · · .c • f x easy to see that ; is a so a quasi··uni.Lorrnity or . 

If X is a set, and C is a quasi-unifonaity for X, then the topology 

generated by C i:vill be denoted by J' (C). That is, 1 (C) = [A c X : if a E A, 

then there is a C E C such that C(a) c A}, where C(a) = [x E X: (a,x) EC}. 

Definition 1.1.4. A bi topological space (X,1 ,Li) is pair~vise-uniform 

provided there exists a quasi-uniformity C such that T = j(C) and 

P. Fletcher ([3] and [4]) and E. P. Lane ([8]) continued Kelly's 

work on bitopological spaces. They independently proposed the same 
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definition .cor a 11 p::i.irwise-·cc-,mpL~tely regular" bitopological space and 

proved the following theo1ew: 11A ~itopological space is pairwise-

uniform if and only if it is pairwise-comple'.:ely regular," 

Definition 1.1.5. A bitopological space (X,1,U) is quasi-pseudo-

metrizabl~ if th2re exist conjugate quasi-pseudo-metrics T and µ such 

that J and U are determined by T and µ, respectively. 

C. W. Patty ([10]), Lane ([8]), Fletcher ([4]), and Kelly ([7]) have 

considered a number of quasi-pseudo-metrization th2orems. All of these 

mathematiciens have studjed bitopological spaces in terms of "pairwise-

separation" properties. 

A nu..-nber of difficulties with these axioms have been observed, 

however. Kelly proved the desired generalization of Tietze's Extension 

Theorem (Theorem 18.29 of [l]) for bitopological spaces (Theorem 2.9 of 

[7]), but Lane ([8]) found that his theorem was in error. Quasi-

pseudo-metric spaces need not be pairwise-Hausdorff (Theorem 6.l.2(a)). 

Fletcher :c:tentioned (in [3]) that he could find no concept of compactness 

which related meaningfully to bitopological spaces. 

M. C. Datta ([2]) has proposed definitions for nquasi-Hausdorff" 

and "semi-compact" bitopological spaces. These two types of spaces, 

together with his "quasi-continuous" functions, have very desirable 

relationships, C. W. Patty suggested verbally some other "quasi-

separation" axioms. The initial purpose of this thesis was to investi-

gate these new quasi-separation properties, in the hope that they would 
• 

relate satisfactorily to semi-compact spaces and quasi-continuous func-

tions. 
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Up thi.:ough completely reguJ.ar spaces, p3.irwise-separation pro-

perties are stronger than quasi-separation properties. We cannot show 

that a quasi-completely regular space is pairwise-uniform. We do not 

think that quasi-pseudo-metric spaces need he quasi-normal (cf. the 

remarks following Theorem 6.1.2), Pairwise-separation axioms seem to 

relate more satisfactorily to semi-compactness and semi-paracompactness 

(e.g., Theorem 5.2.13 and Theorem 5.2.14). 

It appears that comparing the topologies of bitopological spaces 

"separately, 11 as pairwise-separation axioms do, yields more information 

than comparing them "jointly," as quasi-separation axioms do. It seems 

that the consideration of pairwise-separated spaces, semi-compact spaces, 

and functions that we shall call "bicontinuous" is very suitable for bi-

topological spaces, 

Definition 1.1.6. Let (X,1,U) be a bitopological space. The 

upper bound topology of T and U, denoted by T v H, is the topology whose 

subbase is the collection r u u. 

Let f : X ..... R and g : X _, R be real-valued functions. We can define 

a new function h = f V g by h(x) = sup [ f(x),g(x)} for each x EX. 

Definition 1.1.7. A bitopological space (X,1,U) is separabl~, 

first countable, or second countable if both (X,1) and (X,U) have the 

property in question. 

If (X,T,U) is first countable (second countable), then (X,1VU) is 

first countable (second countable). The space of Example 2.1.3 is a 

separable bito;:nlogical space such thCJ.t (X,1 VU) is not separable. 
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If (X,1 VU) is separable, then (x,::r ,U) is separable. The space 

of Example 6.1.8 has the property that (X,1 VU) is first countable, but 

neither (X,1) nor (X,U) is first countable. 

We shall follow only a few other conventions. Let R denote the 

set of real numbers, and let I denote the interval [0,1] with its usual 

topology. The phrase "bitopological space" will often be shortened to 

"space." 

All definitions of terms of point-set topology, with the exception 

of those stated above, are due to Greever ([5]). 

Finally, we shall refer to items using ordered triples. "Theorem 

3.2.1'' will denote the first theorem in the second section of Chapter 

III. 



CHAPTER II 

CONTfriUITY 

In this chapter, our principal concern will be with bicontinuous 

and quasi-continuous functions. 

1. Preliminaries. 

We shall need c; number of developments due to Datta ([2]). 

Definition 2.1.1. (Datta) A subset A of (X,T,U) is quasi-open if 

for each x EA, there exists a T-open or U-open set W such that x E W c A. 

A set is suasi-closed if it is the complement of a quasi-open set. 

Theorem 2.1.2. (Datta) A set is quasi-open if an<l only if it is the 

union of a T-open set and a u-open set. 

Proof. Let A be quasi-open. Let o: = [x EA: there exists a j-open 

set T with x ET c A}, and let 0 = f"x EA: there exists au-open set x x l. 

U with x E U c Al. Clearly, T x x . u [TX : x E a} is a r-open set' 

U = U [ux: :,~ E 3} is au-open set, and A= TU U. 

Of course, every T-open (tt-open) set is quasi-open. The arbitrary 

union of a collection of quasi-open sets is quasi-open. However, the inter-

section of a finite collection of quasi-open sets need not be quasi-open. 

Examp_le 2 ~l· (Datta) Let X = R. Let T be the topology whose 

base is [[a,b): a,b ER and a< b}, and let Ube the topology whose base 

is [ ( c, d] : c, d E r:_ cind c < d}. 

Let a,b,c ER such that a < b < c. The sets (a,b] and [b,c) are 

quasi-open, but (a,b] n [b,c) = [b} is not quasi-open. 

One cm1 make dual statements about quasi-closed sets. A set is 

quasi-closed if and only if it is the intersection of a j-closed set and 

6 
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a U-closed set. Every r~clased (U-closaJ) set is quasi-closed. The 

intersection of an arbitrary collection of Guasi-closed sets is quasi-

closed, but the union of a finite collection of quasi-closed sets need 

not be quasi-closed. 

Definition 2 .1.4. (Datta) A subset A of (X,T, U) is semi-open if 

A is open in (X,T VU). 

Recall that 1 U U is a sub-base for 1 V u. Each T-open, U-open, 

or quasi-open set is semi-open. The difficulty with quasi-open sets is 

that they are not closed under finite intersections, a fact which has 

bearing on the upper bound topology. 

Theorem 2.1.5. The following conditions are equivalent: 

(i) The topology 1 V U is precisely the collection of quasi-

open sets. 

(ii) The intersection of a finite collection of quasi-open sets 

is quasi··open. 

(iii) The intersection of any ]-open set and any Lt-open set is 

quasi-open. 

(iv) The union of a finite collection of quasi-closed s~ts is 

quasi-clos0d. 

(v) The union of any T-closed set and any U-closed set is 

quasi-closed. 

(vi) The collection T U U is a base for T V U. 

Proof. The proof is routine. 

The conditions of Theorem 2.1.5 are very strong. However, we shall 

often need one of these conditions to prove a satisfactory theorem 
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involving quasi-separation properties. We pause to give some examples 

of spaces satisfying the conditions of Theorem 2.1.5. 

Example 2.1.6. (~). If Tis the discrete topology on any space X, 

then (X,1,U) has the properties ot Theorem 2.1.5. 

(.£). Let X = R. Let 'T be the usual topology for R. Let U be the 

cofinite topology for R; i.e., U-open sets are empty or complements of 

finite sets. The space (X,'T,t0 has the properties of Theorem 2.1.5. 

~). Let X = R. Let 'T = !, where ! is the lower limit topology 

for R. (Recall that [[a,b): a,b ER} is a base for.[.) Let Ube the 

usual topology for R. The space (X,1,U) has the properties of Theorem 

2 .1.5. 

(.~). If (X,1,U) is a space in which L!CT, then (X,'J,U) has the 

properties of Theorem 2.1.5. Observe that this is the case in (a) - (c). 

(_~). Let X == R. Let T be the quasi-pseudo-metric defined by 

0, if y = x 

T(x,y) Ix - YI• if x ~ 0 

!x+y!' if x < 0 and y f. x 

and let 
0, if y = x 

µ(x,y) T(y,x) !x - y], if y ~ 0 

!x+y!' if y < 0 and x =f y 

One can verify that 1 ct. U and U ci 'J, but TU U is a base for a topology. 

Definition 2.1.7. (Datta) If A is a subset of (X,1,U), then the 

~uasi-closu~~ of A, denoted by A, is the set A= 1-cl(A) n U-cl(A). 

Theorem 2.1.8. (Datta) If A is a subset of (X,1,U), then A is the 
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smallest quasi-closed set containing A. 

Proof. Since A is the intersection of two quasi-closed sets, A is 

quasi-closed, Let B be any quasi-closed set containing A, and let 

x E X ~ B. Since X ~ B is quasi-open, there is a r-open or U-open set 

W with x E W c X ~ B c X ~A. Hence, x ~ T-cl(A) or x ~ U-cl(A), which 

implies that x t A. Thus, X B c X ~A, and so B ~A. 

Obviously, x E A if and only if every quasi-open set about x con-

tains some point of A. Moreover, we observe that A U B ~A U B, 

n A c n A , and U A ~ U A . 
Ct Ct CL CL CL CL CL Ct 

2. Convergence. 

We shall need only a minimal theory of convergence. 

Definition 2.2.1. Let (X,1,U) be a space. A sequence (x ) in X 
n 

quasi-converg~ to a point x E X if for each quasi-open set W about x, 

there exists a positive integer N such that x E W for all n ~ N. 
n 

We rema:ck that if (x ) is quasi-convergent, then (x ) is !-convergent 
n n 

and U-convergent. 

Let A be a subset of (X,T,U). If there exists a sequence (x ) in 
n 

A that quasi-converges to x, theu x EA. If (X,T,U) is first countable 

and x EA, then there is a sequence in A that quasi-converges to x. 

Definition 2.2.2. (Kelly) A sequence (x ) in a quasi-pseudo-wet~ic 
n 

space (X,T,µ) is a T-Cauchy sequenc~ if for each e > 0, there is an 

integer N such that 'T(X ,x ) < e whenever m,n ~ N. A subset A of X is m n 

T-comelete if every "T-Cauchy sequence in A has a T-limit in A. 

We state the following theorem to indicate a direction in which one 
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might pursue the study of corivr~rgence. Certainly, nets and filters are 

other possibilities. 

Theorem 2.2.3. (Kelly) Let (X,r,u) be a quasi-pseudo-metric space. 

If X is µ-complete, then X is of the second category in itself with 

respect to the topology 'J, where 1 is determined by r. 

Proof. This is Theorem 2.11 of [7]. 

3. Bicontinuous and Quasi-continuous Functions. 

We shall now establish for bitopological spaces a few analogues of 

standard results OT'- -:ontinui ty. 

Definition 2.3.l. A function f: (x,r1 ,u1) ~ (Y,r2 ,u2 ) is bicontinuous 

(Datta) The function is quasi-continuous if the inverse image of 

every quasi-open set is quasi-open. 

Theorem 2.3.2. Every bicontinuous fuuction is quasi-continuous. 

Proof. The result is obvious. 

conditions are equivalent: 

(i) The function f is quasi-continuous. 

(ii) The inverse image of every quasi-closed set is quasi-closed. 

(iii) For each x E X, the inverse of each quasi-open set about f(x) 

is a quasi-open set about x. 

(iv) For each x EX and each quasi-open set W about f(x), there is 

a quasi-open set Z about x such that f (Z) c w. 
(v) For each subset A of X, f(A) c f(A). 
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(vi) For each subset B of Y, f-l(B)::: f-l(B). 

Proof. The implications (i) => (ii) => (i) and (i) => (iii) => (iv)=> (i) 

are easy. We shall show that (i) => (v) =>(vi)=> (ii). 

iiJ_=:_M . We repeat Datta 1 s proof ([ 2 J) . Let x E A = 1 1 -cl (A) n 

u1-cl(A). Let V be any 12-open neighborhood of f(x). By ( i) ' f- l (V) is 

a quasi-open X such -1 there set in that x E f (V); so is a rl-open or 

u1-open neighborhood W of x such that W c f- 1 (V). Since x EA, we have 

W nA =f. ¢· Hence, f-l(V) nA f:. cf>, which implies that V n f(A) f:. ¢· Thus, 

f(x)E;-cl(f(A)). A similar argument shows that f(x) E u2-c1(f(A)). There-

fore, f(x) E f(A). We conclude that f(A) c f(A). 

-1 -1 -If Bis any subset of Y, then f(f (B)) c f(f (B))cB. 
-:.-1- -1 --

Hence, f (B) cf (B). 
-1 fu) => (ii). If F is any quasi-closed subset of Y, then f (F) = 

f-l(F) :::i f-l(F) by (vi). Since f-l(F) is the smallest quasi-closed sub-

f X ' . h . f- l ( . . f 1.. f- l ( ) . 1 d . x set o wnic contains · F), we in .er tllat F is quasi-c ose in,. 

Theorem 2.3.4. (§!)· If f: (X,T 1 ,u1 ) -+ (Y,12 ,~) is bicontinuous, 

and (xn) is 'Tl-convergent cul-convergent) toxin x, then(f(xn)) is 12-

convergent Cv.2-convergent) to f (x) in Y. 

(.£) . If f is quasi-continuous, and (x) is quasi-convergent to x 
n 

in X, then (f(x )) is quasi-convergent to f(x) in Y. n 

l!oof. Both proofs are trivial. 

Obviously, the restriction of a bicontinuous (quasi-continuous) func-

tion is bicontinuous (quasi-continuous). 

Definition 2.3.5. A function f: (X,Tl'lll)-+ (Y,T2 ,u2 ) is bi-open 

if f: (X,r1)-+ (Y,12) and f: (X,u1)-+ (Y,tt2 ) are open functions. 
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We say f is quasi-oEen lf the im2ge of each quasi-open set is quasi-

open. 

The definitions for "bi-closed" eind "quasi-closed" functions can be 

inferred. 

As Datta has pointed out ([2]), if f: (x,r1 ,u1)-+ (Y,r2 ,~) is quasi-

continuous, then f: (x,r1 vu1) -+ (Y,r2 '/tt2 ) is continuous. The converse 

of this assertion is false, as the following example from [2] shows. 

Example 2.3.6. Let X = R. Let T be the quasi-pseudo-metric defined 

by 'T"(x,y) 
(min p, j x-y I} , 
l1, if x > y 

if x :::; y 
, and let µ(x,y) T(y,x). 

Let 1 and Ube the topologies detennined by 1" and µ, respectively. 

Let Y = R. Let p be the quasi-pseudo-metric defined by r o, if y = x l. lj ,x ~fy yl =j:. x and :x. is rational 

, if y ~ x and x is irrational 
1 + Jx-yl 

and define 11 by p(x,y) 

Tl(x,y) = p(y,x). Let Rand e be the topologies for Y determined by p and 

11, respectively. 

The identity map i: (X,j Vtt) -+ (Y,1 ve) is continuous since T VU is 

the discrete topology. However, i: (X,'.:",U) -+ (Y,st,e) is not quasi-contin-

uous. The set [1} is R- (quasi-) open in Y, but p 1 is not quasi-open in 

x. 

4. Product ~aces . 

In this section, we shall only define the product of a collection of 

bitopological spaces and obtain simple results about the projection maps 

and about upper bcund topologies. We shall consider particular product 



spaces as we proceed~ 

Definition 2.4.1. 

bitopological spaces. 
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(Dat:ta) Let [ (XA.,1 A.' UA.) }A.EA be a 

Let X be the pr'.)duc t set X = A.~f\.XA. 

collection of 

Let 1 be the 

product topo~_ogy on X generated by [r A\ EA' and let U be the topology on 

X generated by the 

duct of the spaces 

collection [UA}A E.fl.' we shall call (X,1,U) the pro-

5.n the collectlon [ (XA,J A' UA) \_ E /\." 

Theorem 2.4.2. Let (X,1,U) be the product of the spaces in 

(!!). For eDch A. E /\., the natural projection TIA: (X,1,U) ~(XA.,rA,UA) 

is bicontinuous and bi-open. 

(.£). (Datta) For each A. E /\., the natural projection 

Proof. (§!). Fix A E /\.. If T is a 1 A-open subset of XA., then 

-1 
TIA (T) is J-'.)pen by definition of 1. Hence, TIA: (X,1) ~ (XA,111.) is con-

tinuous. Similarly, 

·bicontinuous. 

Thus, Ti is 
A 

If T is a basic T-open set, then T = 
n -1 .n1n, (T .) , 

J= l\j J 
where each T. is open 

J 

Since in (X. ,r A. ) . 
Aj j 

if "\ 11.j = A. for some j 

if A.j ~ A for all j 
, i.t follows 

that TIA: (X,'.T) ~ C\,1A) is open. Similarly, T\: (X,U) ~ (XA,UA) is open. 

We conclude that TI. is bi-open. 
A 

(£). If Wis quasi-open in (XA.,jA.,UA.), then W =TU U, where Tis 

r ' -. op''_.n.. a1·1d 1.1,· • 1 ' B ( ) - lrr) - l(T) LJ - l(U \ · · I\ , • 1s 1;1A-open. y a , TIA-(1~ = T\ ni\ , 1s quasi-open. 

Thus, TI~ is quasi-continuous. 



A similar argument shows that TIA is quasi-open. 

Our next result may be helpful in obtaining examples of bitopological 

spaces satisfying certain conditions, We shall observe it often to be 

the case that in order for a bitopological spa.ce to have a certain 

pairwise-separation property, it is necessary that the upper bound topo-

logy have the corresponding topological separation property. 

Theorem 2.4.3. Let (X,T,U) be the product of the spaces 

[(xA,rA.,UA)\EL\' The space (X,TVU) is the same as the product (X,r) 

of the spaces [(XA.,TA. VUA.)}A.EL\' 

Proof. We shall let TIA.: X ~ XA. be the projection of X onto XA., 

regardless of what topologies X and XA. have. 

Let S be a T V U-open subset of X, and let x E S. Since S is T V U-

open, Sis of the form U f'T [IU : aEctt, where each T is T-open, and 
l a a - a 

each V is U-open. a Hence, for some A. E L\, x E T. n U1 c S. 
A !\ 

Since 

x ET;\' there are a finite subset r of L\ and a collection fTy: y E f}, 

where each T :::x is T-open, such that x E nfTI-l(T) :yEf}c:L. 
Y Y Y 'Y Y A 

Since x E UA., there are a finite subset O of A and a collection 
-1 

[U : y E O}, where each U c: X is U -open, such that x E n [TI (U ) y y y y y y 
-1 -1 yEO}c u,. Hence, x E Cn[TI (T): yEf}) n cn[n (U) :yEO}) = 

!\ y y y y 
-1 -1 -1 -1 

cn[TI (T) nn (U): yErno}) n cn[n (T): yEf"-'O}) n Cn[n (U) y y y y y y y y 
} -1 -J -1 y E O"-' r ) cs. If y E r n C2, then TI (T ) n TI - (U ) = TI (T n u ) is the y y y y y y y 

inverse im3ge of a T VU -open set and so is ?-open. If y E r ~ 0, then y y 
-1 

TTY (Ty) is the inverse image of a Ty V Uy-open set and so is f)-open. 

-1 Similarly, if y E n ~ r, then TI (U ) is P-open. We have shown that y y 

there is a r-open set P such that x E F c S. Thus, 1 VU c r. 
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An argument of similar kinJ canoe us2d to show that Pc IV u. 
Therefore, P - T Vu. 



CHAPTER III 

SEPARATION AXI0:•1S 

In this chapter, we shall consider analogues for the definitions 

of T -
0 ' 

T1-, Hausdorff, and regular spaces. 

We shall begin by studying pairwise-T and quasi-T spaces. We 
0 0 

shall need only a few properties of such spaces. Some of the pro-

perties of pairwise-T spaces have been summarized by Murdeshwar and 
0 

Nairnpally ([9]). 

Definition 3 .1.1. (Murdeshwar and Naimpally) A space (X,1, U) is 

pairwise-T if for each pair of distinct points in X, there is a 1- or 
0 

U-neighborhood of one point which does not contain the other. 

A space (X,T,Ll) is quasi-T if for each pair of distinct points in 
--- 0 

X, there is a quasi-open neighborhood of one point which does not contain 

the other. 

Theorem 3.1.2. A space (X,1,ll) is pairwise-T if and only if 
0 

(X,1,U) is quasi-T . If (X,1,U) is pairwise- (quasi-) T , then (X,1 VU) 
0 . 0 

is a T -space, 
0 

T . 
0 

Proof. The results are obvious. 

If (X,1) or (X,U) is a T -space, then (X,1,U) is pairwise- (quasi-) 
0 

It is clear that every subspace of a pairwise- (quasi-) T space is 
0 

pairwise- (quasi-) T . The desired product theorems also hold. 
0 

Theorem 3. 1. 3. (~). The product of a collection of pairwise-T 
0 

16 



spaces is.pairwise-T • 
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The product of a collection 0£ quasi-I spaces is quasi-T • 
0 0 

Proof. Let (X,1 ,V) ~w the product of the pairwise-I spaces 
0 

some O! E A such that x # y • Since (X ,r ,U ) is pairwise-I , there 
Ci Ci O!C!O! 0 

is a 'J - or U -open set W cor,tain:i.ng, say, x which does not contain y 
O! Cl. 0: Ci 

Since TI 
Ci 

-1 is bicontinuous, TIQ' (W) is a 1- or Lt-open set containing (x;.) 

which does not contain (yA.). We conclude that (X,1,U) is pairwise-I • 
0 

The proof of (b) is similar. 

We now consider analogues of definitions of T1-spaces. There have 

been two definitions proposed for pairwise--T1 spaces, one due to Fletcher 

([4]) and the other to Nurdeshwar and Naimpally ([9]). Fletcher's is 

the stronger of the two. 

In general, the weaker definition is sufficient for our purposes. 

However, we need Fletcher's definition for Theorem 3.3.5 and Corollary 

5.2.6(a), We shall try to prove the best possible theorem in each case. 

Definition 3.1.4. (Fletcher) A space (X,1,U) is strongly pairwise-

T1 (or s-pairwise-T1) if for each pair of distinct points x and y, there 

is a 'J-open set containing x but not y and a Lt-open set containing y but 

not x. 

(Murdeshwar and Naimpally) A space (X,'J,U) is weakly pairwise-T1 

(or ~irwise·· T1) if for each pair of cl is tin ct points x and y, there is 

a 1- or U-nelghborhood of x not containing y and a 1- or U-neighborhood 

of y not containing x. 
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A spacP. (X,j. ,Li) is quasi-Tl if for eacli pair of distinct points x 

and y, there is a quasi-open set containing x but not y and a quasi-

open set containing y but not x. 

Theorem 3 .1. 5. Every s-pairwise-T1 space is w-pairwise-T1, and a 

space is w-pairwise-T1 if and only if it is quasi-T1 . If (X,1,U) is w-

pairwise- (s-pairwise- or quasi-) T1 , then (X,1 VU) is a T1-space. 

Proof. The results are obvious. 

The space of Example 3.1.9 is w-pairwise-T1 and not s-pairwise-T1• 

Theorem 3.1.6. (~). Every w-pairwise-T1 space is pairwise-T0 • 

(~). Every quasi-Tl space is quasi-T0 • 

Proof. The proofs are easy. 

As is to be expected, the converse of Theorem 3 .1. 6 is not true. 

Example 3.1.7. Let X = R. Let 1 be the topology on X whose base is 

[ (a,co) : a E R}; and let U be the topology on X whose base is [[b,O'.l) : 

b ER}. The space (X,J',U) is pairwise-T0 and not w-pairwise-T1. By 

Theorem 3.1.2 and Theorem 3.1.5, (X,1,U) is also quasi-T and not quasi-o 

If 1 or U is a T1-space, then (X,1,U) is w-pairwise- (quasi-) T1 . 

A space is s-pairwise-T1 if and only if (X,1) and (X,U) are T1-spaces. 

Every subspace of a w-pain1ise- (s-pairwise- or quasi-) T1 space is 

w-pairwise- (respectively, s-pairwise- or quasi-) T1. The bi-closed 

(quasi-closed) image of a s-pairwise- (quasi-) T1 space is s-pairwise-

(quasi-) T.. As is true for pairwise-T spaces, the product of any col-
l 0 

lection of w-pairwise- Cs-pairwise- or quasi-) T1 spaces is w-pairwise-
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(respectively, s-pairwise- ar quasi-) i 1 . 

The next theorem is an example of a desirable property of quasi-Tl 

spaces that is not possessed by w-pairwise-T1 spaces. 

Theorem 3.1.8. (§!). A space (X,T,U) is s-pairwise-T1 if and only 

if each [x} in X is 1-closed and U-closed. 

(~). If every [x} in (X,T,U) is T-closed or U-closed, then (X,1,U) 

is w-pairwise-T 1• 

(£). A space (X,1,U) is quasi-Tl if and only if each (x} in Xis 

quasi-closed, 

Proof. The proofs are routine. 

The following example shows that the converse of Theorem 3.1.S(b) 

is indeed false. 

Example 3.1.9. Let X ~ (a,b,c}, let 1 = (¢, (a,b},[c},X}, and let 

U = (¢,(a,c},(b},X}. Clearly, (X,1,U) is w-pairwise-T1 , but [a} is neither 

1-closed nor U-closed. 

2. Pairwise-Hausdorff and Quasi-Hausdorff Spaces. 

Definition 3. 2. 1. (Kelly) A space (X,1, U) is pairwise-Hausdorff 

if for each pair of distinct points x and y, there are a 1-neighborhood 

Tl of x and U-neighborhood u1 of y with Tl n u1 = ¢, and there are a 

U-neighborhood u2 of x and a 1-neighborhood T2 of y with u2 n T2 = ¢. 

A space (X,1,U) is quasi-Hausdorff if any two distinct points are 

contained in disjoint quasi-open sets. 

Theorem 3.2.2. Every pairwise-Hausdorff space is quasi-Hausdorff. 

Proof. The result is obvious. 
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There are quasi-Hausd0rff spaces that are not pairwise-Hausdorff, 

as the following example shows. 

Example 3.2.3. Let X=R. Let r(x,y) ifx:Z:O 

if x < 0 and y # x 

and let J be the topology determined by T. Let µ.(x,y) = T(y,x), i.e., 

( 0, if x = y 

µ.(x,y) l !x-y!, if y ~ 0 ' and let U be the topology deter-

lx+y\' if y < 0 and y # x 

mined by µ. 

It can be verified that (X,1,U) is a quasi-Hausdorff space. By 

Theorem 3.2.4(b) and Theorem 3.1.5, the space (X,1,U) is w-pairwise-T1 . 

If (X,1,U) is a pairwise-Hausdorff space, then, as Kelly ([7]) 

observed, (X,1) and (X,U) are T1-spaces. Patty asserted (Example 4.2 of 

[10]) that in the space we have described, neither (X,1) nor (X,U) is 

a T1-space. Hence, (X,T,U) is not a pairwise-Hausdorff space. 

As we mentioned above, if (X,T ,U) is a painvise-Hausdorff space, 

then (X,T) and (X,U) are T1-topological spaces. 

Theorem 3. 2.4. (~). Every pairwise-Hausdorff space is s-pairwise-

Cw-pairwise-) T1 . 

(~). Every quasi-Hausdorff space is quasi-T1 • 

Proof. The results are obvious. 

The spaces of Example 3.2.3 and Example 3.2.5 are w-painvise-T1 

spaces that are not painvise-T2 . We give an example of a quasi-T1 space 

that is not quasi-T2 • 
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Example 3.2.5. Let x = R, Let r = Lit'} u [Tc x: 1 E T and x - T 

is finite}, and let U = [¢} U [Uc X: 0 EU and X - U is finite}. 

One can easily verify that (X,T,Ll) is quasi-Tl and not quasi-

Hausdorff. Furthermore, (X,1, U) is w-pairwise-T1 by Theorem 3 .1. 5 and not 

pairwise-Hausdorff by Theorem 3.2.2. 

Theorem 3.2.6. If (X,1) or (X,U) is a Hausdorff space, then (X,1,U) 

is quasi-Hausdorff. If (X,1,U) is a quasi-Hausdorff (in particular, 

pairwise-Hausdorff) space, then (X,1 VU) is a Hausdorff space. 

Proof. The proofs are easy. 

We include a result on quasi-Hausdorff spaces due to Datta ([2]). 

Theorem 3.2.7. (Datta) Let (X,1,U) be a quasi-Hausdorff space. If 

x -:f y, then there are quasi-open neighborhoods W of x and V of y such 

that w n v = ¢. 

Proof. Since (X,T,t0 is quasi-Hausdorff, there are disjoint, quasi-

open sets W and V such that x E W and y E V. Suppose ~ n V I ¢, and let 

z E W n V. Since z E V, and V is quasi-open, there is a 1-open or U-

open set Z such that z E Z c V. Since z E W = 1-cl(W) n U-cl(W), we 

have Z n W f ¢. This implies that W n V f ¢, contradicting the fact that 

W and V are disjoint. 

It is clear that every subspace of a pairwise- (quasi-) Hausdorff 

space is pairwise- (quasi-) Hausdorff. One can use a proof similar to 

that of Theorem 3.1.3 to establish that the product of a collection of 

pairwise- (quasi-) Hausdorff spaces is pairwise- (quasi-) Hausdorff. 



22 

3. Pairwis~-Regular and Qu2si-regular Sraces. 

Defi~ition 3.3.l, (Kelly) In a space (X,T,Ll), we say that Tis 

regular with respect to U if for each T-closed set A and each x in 

X ~A, there are a !-open set T and a Ll-open set U such that A c U, 

x E T, and T n U ¢. If T is regular with respect to U, and U is 

regular with respect to 1, then (X,1,U) is pairwise-regular. 

A space (X,1,U) is quasi-regular if for each quasi-closed set F and 

each x E X ~ F, there are disjoint, quasi-open sets V and W such that 

x E V and F c W. 

Theorem 3,3o2, If (X,T,U) is pairwise-regular, then (X,1,U) is 

quasi-regular. 

Proof. Let F be a quasi-closed subset of (X,T,U), and let 

x EX~ F. Since F T-cl(F) n U-cl(F), and x ~ F, we have, say, 

x ~ 1-cl(F). Since (X,T,U) is pairwise-regular, there are a 1-open set 

T and a U-open set U such that x E T, T-cl(F) c U, and T n U = ¢. Then 

T and U are quasi-open sets such that x E T, F c U, and T n U = ¢. 

Therefore, (X,T,U) is quasi-regular. 

We give an example to show that there is no reasonable way to re-

verse the implication of Theorem 3.3.2. 

Example 3.3.3. Let X = [a,b,c}. Let 1 = [¢, (a,b}, [c}, X}, and 

let u = [¢, [a}, (b,c}, x}. 

One can verify easily that 1 and U are regular topologies and that 

(X,1,U) is quasi-regular. However, (a,b} is a 1-closed set such that 

every U-open set containing (a,b} contains c. Hence, (X,1,U) is not 

pairwise-regular, 
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There is an equi\"alent definition for pairwise- (quasi-) regular 

spaces, 

Theorem 3. 3.L!. (~). (Kelly) In a space (X,T ,U), T is regular with 

respect to U if and only if there is a 1-neighborhood base of U-closed 

sets. 

(~). A space (X,T,U) is quasi-regular if and only if for each x EX 

and each quasi-open neighborhood W of x, there is a quasi-open set V such 

that x E v c v c w. 
Proof. (~). This is a remark of Kelly ([7]). 

(E)· The proof is almost verbatim the same as the proof of the 

similar result in point-set topology. 

We wish to compare these new separation axioms to those of the 

previous section. Here is one of the places mentioned earlier where 

Fletcher's stronger definition is required. 

Theorem 3.3.5. (~). Each pairwise-regular, s-pairwise-T1 space 

is pairwise-Hausdorff. 

(E). Every quasi-regular, quasi-Tl space is quasi-Hausdorff. 

Proof. (~). If (X,T,U) is s-pairwise-T1, then every point is 1-

closed and U-closed, The result follows easily from this observation. 

The proof of (b) follows from Theorem 3.1.S(c). 

We shall give an example of a pairwise-regular, w-pairwise-T1 space 

that is not pairwise-Hausdorff. 

Exam0le 3.3,6. Let X R. Let T he the quasi-pseudo-metric defined 

T(x,y) 
f o, if x s: y 

= lmin [l:, \x-y! }, if x > y 
, and let µ(x,y) T(y,x). Let T and 
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U· be the topologies dete"!.··mined by T and µ,, respectively. 

Datta asserted ([2]) that (X,T,U) is a quasi-Hausdorff space that 

is not pairwise-Hausdorff. By Theorem 3.2.4(b) and Theorem 3.1.5, 

(X,1,U) is a w-pairwise-T1 space. It is easy to verify that (X,1,U) is 

pairwise-regular. Thus, (X,1, ll) is a pairwise-regular, w-pairwise-T1 

space that is not pairwise-Hausdorff. 

We obtain some information about the upper bound topology. 

Theorem 3.3.7. If (X,1,U) is quasi-re,gular (in particular, pairwise-

regular), then (X,'.T VU) is regular. 

Proof. The proof is easy. 

Clearly, every subspace of a pairwise- (quasi-) regular space is 

pairwise- (quasi-) regular. Finally, the product of a collection of 

pairwise- (quasi-) regular spaces is pairwise- (quasi-) regular. 



CHAPTER IV 

COMPACTNESS PROPER'LTES 

In the first section of this chapter, we consider analogues of 

compactness, countable compactness, and the Lindelof property. In the 

second section, we study briefly an analogue of pa::acompactness. The 

last section is devoted to subspaces, product spaces, and quasi-

continuous functions of these new types of spaces. 

1. Semi-compact and Semi-countably Compact Spaces. 

Definitio~_4.l.l. (Datta) A space (X,T,U) is semi-compact if 

(X,1 VU) is compact. 

The space is semi-countably compact if (X,jVU) is countably compact. 

The space is semi-LindelOf if (X,1 VU) is a LindeHif space. 

Of course, every semi-compact space is semi-countably compact. Every 

semi-compact space is semi-Lindel~f. Every semi-Lindelof, semi-countably 

compact space is semi-compact. Every second countable space is semi-

Lindelof. One may give examples to show that no other implicatio:is hold 

by using the standard examples of point-set topology and letting 1 : u. 
Recall that a collection ~ of sets has the finite intersection pro-

perty if every nonempty finite subcollection of £J has nonempty intersection. 

It is well kno\vn that a topological space is compact if and only if every 

nonempty collection of closed sets having the finite intersection pro-

perty has nonempty intersection. 

Theorem 4.1.2. If (X,T,Ll) is semi-·compact, then every nonempty 

family of semi-closed (in particular, 1-closed, U-closed, or quasi-closed) 

25 
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sets having the finite intersection propercy has nonempty intersection. 

Proof. The theorem follows from the preceding remark. 

We are primarily concerned here with 1-closed, 1J.:-closed, and quasi-

closed sets, rather than semi-closed sets. The converse of Theorem 4.1.2 

in terms of quasi-closed sets is false. A "converse" may be obtained by 

including an extra hypothesis. The necessity of this added hypothesis 

is due to the fact that the union of two quasi-closed sets need not be 

quasi-closed. 

Theorem 4 .1. 3. Let (X, T, U) be a space in which 1 U U is a base for 

a topology. If every nonempty family of quasi-closed sets with the finite 

intersection property has nonempty intersection, then (X,T,U) is semi-

compact. 

Proof. Let ~0 = [DA }A El\. be any nonempty family of semi-closed sets 

having the finite intersection property. Since 1 LJ U is a base for a 

topology, each DA is quasi-closed. Hence the hypothesis implies that 

n.l9 # ¢ . He conclude that (X,1 VU) is compact. 

Another possibility for a converse of Theorem 4.1.2 is this: "Let 

(X,1,U) be a space in which TU U is a base for a topology. If every non-

empty family of r-closed sets with the finite intersection property has 

nonempty intersection, and every nonempty family of U-closed sets with 

the finite intersection property has nonempty intersection, then (X,T,U) 

is semi-compact." However, this conjecture is false, as the following 

example shows. 

Example 4.1.4 .. Let X = R. Let T == [¢,[O},X,__,[O},X}. Let U have 

the collection [[x}: x ER and x :f Oj U [U: 0 EU and x~,u is finite} as 
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a base. 

It is easily verified that T U U is a base for a topology. The 

space (X,1) is compact, so every nonempty family of 1-closed sets with 

the finite intersection property has nonempty intersection. A similar 

condition holds in (X, U). However, (X,1 VU) is the discrete topology 

on X. Hence, (X,1,U) is not semi-compact. 

If (X,1,U) is semi-compact, then (X,1) and (X,U) are compact. 

Example 4.1.4 shows that the converse of this statement is false. 

Theorem 4.1.5. If (X,1,U) is semi-countably compact, then any non-

empty countable collection of semi-closed (in particular, r-closed, 

U-closed, or quasi-closed) sets having the finite intersection property 

has nonempty intersection. If T U U is a base for a topology, and if 

every nonempty countable family of que.si-closed sets with the finite 

intersection property has nonempty intersection, then (X,1,U) is semi-

compact. 

Proof. The proofs are like those of Theorem 4.1.2 and Theorem 4.1.3. 

We shall prove one other result about semi-countably compact spaces. 

Definition 4.1.6. A quasi-cluster point of a sequence (x) in a 
n 

space (X,1,U) is a point x E X such that for each quasi-open set W about 

x and each positive integer N, there is a positive integer n with n ~ N 

and x E W. n 

Notice that every 1 V U-cluster point is a quasi-cluster point. 

Also, every quasi-cluster point is a 1-cluster point CU-cluster point). 

Theorem 4 .1. 7. If (X,1, U) is semi-c.ountably compact, then each 
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sequence in X has a 1-cluster point and a LI-cluster point. If 1 U U is 

a base for a topology, and if each sequence in X has a quasi-cluster point, 

then (X,1,U) is semi-countably compact. 

Proof. Recall that a topological space is countably compact if and 

only if each sequence has a cluster point. 

Suppose there is a sequence in X with no 1-cluster points. Then 

(X,1) is not countably compact, which implies that (X,1,U) is not semi-

countably compact. Therefore, if (X,1,U) is semi-countably compact, then 

each sequence in X has a T-cluster point. The proof for U-cluster points 

is similar. 

Now assume that T U U is a base for a topology and that each sequence 

in X has a quasi-cluster point. Since T U U is a base for a topology, 

each semi-open set is quasi-open. Under this condition, every quasi-

cluster point is a 1 VU-cluster point. Therefore, every sequence in 

(X,1,U) has a 1 V Lt-cluster point. We conclude that (X,1 VU) is countably 

compact. 

We shall conclude this section with a category theorem. 

Theorem 4.1.8. If (X,T,U) is a semi-countably compact, quasi-

regular (in particular, pairwise-regular) space, then (X,1VU) is of the 

second category in itself. 

Proof. By Theorem 3.3.7, the space (X,1VU) is regular. Every 

countably compact, regular space is of the second category in itself 

(Theorem 2 9. 25 in [ l]). 

2. Sem~-pJracompact Spaces_. 

Definition 4.2.1. A space (X,T,U) is semi-paracompact if (X,TVU) 



29 

is paracompac t. 

Every semi-compact space is semi-paracompact. We pause to give 

an example of a nontrivial semi-parac01;1pac t space. 

Example 4.2.2. Let X = R. Let J be the topology for X whose base 

is [(-co, a) : a E R}. Let Ll be the topology for X whose base is [ (b ,co) : 

b E R}. The topology T V U is the usual topology on R, which is para-

compac t. Hence, (X,T,Ll) is serni-paracornpact. 

As we shall see (Corollary 6.1.7), there is a large class of semi-

paracompact spaces, namely the quasi-pseudo-metrizable ones. 

In order for (X,T,U) to be serni-paracompact, it is not necessary 

that (X,T) or (X,U) be paracompact. He give an example. 

Example 4-.2 .3. Let X = R X R. Let T be the topology on X whose 

base is [[a,b) x [c,d): a,b,c,d ER, a< b, and c < d}, i.e., T = £ x £, 

Let Ube the topology on X whose base is [Ca,b] x (c,d] : a,b,c,d ER, 

a < b, and c < d }. 

The spaces (X,J) and (X,U) are not paracompact (Example 1.9.19 of 

[Sj). On the other hand, (X,'.T VU) is discrete, which implies that 

(X,'.J',U) is serni-paracompact. 

We conjecture that in order for a space (X,:T,U) to be semi-paracompact, 

it is not sufficient that (X,1) and (X,U) be paracompact. We have not 

yet found an example of such a space, however. 

It seems, then, that the requirement that a bitopological space be 

semi-paracompact yields very littl2 information about the two topologies 

involved. 
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Theorem 4. 2 .!•. Every painvise- (qu:ui-) regular, semi-Lindelof 

space is serni-paracornpac t. 

Proof. By TheoreTfl 3.3.7, every pairwise- (quasi-) regular bitopo-

logical space is regular in the upper bound topology. By a theorem of 

point-set topology, every regular, Lindel~f topological space is para-

compact. 

We observe in passing that if (X,T,U) is a semi-paracompact, 

pairwise- (quasi-) Hausdorff space, then (X,1 VU) is nonnal. Moreover, 

if (X,1,U) is a pairwise- (quasi-) regular, semi-Lindelof space, then 

(X,T Vll) fs normal. 

We cone lude with some analogues of wel 1-knmm equivalent definitions 

of paracompactness in regular, T1-spaces. 

Theorem 4. 2. 5. In a pairwise- (quasi-) regular, w-pairwise- (quasi-) 

T1 space (X,T,U), any two of the following conditions are equivalent: 

(i) The space (X,1,U) is semi-paracompact, i.e., any semi-open 

cover of X has a semi-open, locally finite refinement which 

covers X. 

(ii) Every semi-open covering of X has a semi-closed, locally 

finite refinement which covers X. 

(iii) Every semi-open covering of X has a locally finite refine-

m,~nt which covers X. 

(iv) Every semi-open covering of X has a semi-open, a- locally 

finite refinement which covers X. 

Proof. If (X,J,U) is a pairwise- (quasi-) regular, w-pairwise- (quasi-) 

T1 space, then (X,1 VU) is a regular T1-space. The equivalences are well 
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known in regular T1-spaces ([1]). 

3. Subspaces, Product Spaces, and Quasi-continuous Functions. 

It follows from the results of point-set topology that every semi-

closed subset of the semi-compact space (X,:J,lt) is semi-compact. In 

particular, every '.I-closed, U-closed, or quasi-closed subset of (X,:J,U) is 

semi-compact. 

Similarly, if (X,T,U) is semi-paracompact, then every semi-closed 

(in particular, T-closed, U-closed, or quasi-closed) subset of (X,:J,U) is 

semi-paracompact. 

Semi-compact sets have special properties in pairwise- (quasi-) 

Hausdorff spaces. 

Theorem 4.3.1. Any semi-compact subset of a quasi-Hausdorff (in 

particular, pairwise-Hausdorff) space (X,1,U) is semi-closed. 

Proof. If (X,T,U) is a quasi-Hausdorff space, then (X,T Vlt) is a 

Hausdorff space. Any compact subset of (X,1 VU) is 1 V U-closed. 

Theorem 4. 3. 2, In any quasi-Hausdorff (in particular, pairwise-

Hausdorf f) space, disjoint semi-compact sets are contained in disjoint 

semi-open sets. 

Proof. If (X,T,U) is a quasi-Hausdorff space, then (X,TVU) is a 

Hausdorff space. Compact subsets of (X,T VU) are contained in disjoint 

1 VU-open sets. 

We shall consider the products of semi-compact and semi-paracompact 

spaces. The result for compact spaces we.s proved by Datta ([2]). We 

shall give a slightly different proof. 
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Theorem 4.3.3. (Dott.<i) L: (X,:J,l\) is the product of a collection 

[(X/..'1 A,UA) }A.El\. of semi··compect spaces, then. (X,J,U.) is semi-compact. 

Pro~.f. By Theorem 2,l;.J, tlt.::: space (X,TVU) is the product of the 

Ry hypothesis, each (XA,J A VU.A) is a 

compact sp3c<::. The Tychonoff Theorem implies that (X,T VU) is compact. 

.Example L~.3 .4. Let X = R. Let j be !:he topology on R whose base 

is [[a,oo) : a ER}, and let Ube the topology on R whose base is 

((-co,b): b ER}. Then 1 VU= J'.,, and (X,T,U.) is semi-paracompact 

(Example 1.9.17 of [5]). However, (X,T,U) x (X,J,U) is not semi-paracom-

pact (Example 1.9.19 of [5]). 

Finally, we consider quasi-continuous images of semi-compact and 

semi-paracompact spaces. One of the desired results has been obtained 

by Datta ([2]). 

Theorem 4.3.5. (~). (Datta) The quasi-continuous image of a semi-

compact space is semi-compact. 

(~). The bicontinuous image of a semi-compact space is semi-compact. 

function from the semi-compact space (X,T1 ,u1 ) onto (Y,T2 ,u2 ). We shall 

show that (Y,r2 ,u2 ) is compact. 

Let CJ = [GA\_ EA be a semi-open cover of Y. For each A E /\., there 

are a collection (T~: a E aA} of 1-open sets and a collection (u~: a E aA} 

a Ea.} and f is quasi-continuous, 
~A 

-1 -1 a -1 a 
Since f (GA) = U (f (TA) n f (UA) 

-1 
each f (GA) is r 1 V u.1-open. Thus, 

-1 . 
(f (GA) : A E A} is a J'l V u1-open cover of X. Since (x,r1 ,u1) is semi-

compact, there is a finite -1 -1 -1 
subcover (f (G1);f (G2 ), ... ,f (Gn)} of 
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(X,T 1 , tt1). The col lee t:.ion [c 1 , ... ,Gn} L; a subset of q. which covers Y. 

(.£). Every bicontinuous function is quasi-continuous, so the 

result follows fror.i (a). 

The continuous image of a poracornpact topological space need not be 

paracompact, so one could offer a trivial example to show that the quasi-

continuous (bicontinuous) image of a semi-paracompact is not semi-

paracompact. There is a theorem of point-set topology which states that 

the image of a paracompact Hausdorff space under a continuous closed map 

is paracompac t. A desirable genera liza ti on for bi topologica 1 spaces 

would be this; "The bicontinuous (quasi-continuous), bi-closed (quasi-

closed) image of a semi-paracompact, pairwise-Hausdorff space is semi-

paracompact .1' We have not been able to prove this conjecture because 

it appears that a bi-closed (quasi-closed) function may not be closed 

in the upper bound topology. 



CHAPTER V 

NORE SEPAPJ\TIOK AXIOHS 

In this chapter, we shall complete the study of pairwise- and quasi-

separation axioms begun in Chapter III. We shall consider analogues of 

the definitions of completely regular, normal, completely normal, and 

perfectly normal spaces. 

1. Pairwise-Completely Regular and Quasi-completely Regular Spaces. 

As we mentioned in Chapter I, results on pairwise-completely regu-

lar spaces were obtained independently by Fletcher ([3] and [4]) and 

Lane ([7]). The result which tnterests us most is Theorem 5.1.8 below. 

Definition 5.1.1. (Fletcher and Lane) Let (X,1,U) be a bitopo-

logical space. We say that 1 is completely regular with respect to U 

if for each 1-closed set F and each x EX'""' F, there is a T-upper semi-

continuous, ti-lower semi-continuous function f: X--+ I such that f(x) == 0 

and f(F) = (l}. If 1 is completely regular with respect to U,and U is 

completely regular with respect to 1, then (X,1,U) is pairwise-completely 

regular. 

Let 1* be the topology on [O,l] for which a base is [[O,a): 0 <a ~l}; 

and let W: be the topology on [0,1] for which a base is ((b,l] :0 ~ b < l}. 

A space (X,1,U) is quasi-completely regular provided ~hat for each quasi-

closed set F and each x EX,...., F, there is a quasi-continuous function 

f: (X,1,U) .... ([O,l], j·k, U7:) such that f(x) = 0 and f(F) = (l}. 

Theorem 5.1.2. Every pairwise-completely regular space is quasi-

completely regular. 

34 
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Proof. Let C be a quasi-closed set, and let x E X - C. Since C 

is quasi-closed, there are a 1-closed set A and a U-closed set B such 

that C =A n B. Then, say, x i A. There is a 1-upper semi-continuous, 

U-lower semi .. continu.ous function f: X -> I such that f(x) = 0 and f(A) = 

[l}. Then f: (X,1,U) __, ([O,l], j'>'c, LP") is a quasi-continuous function 

such that f(x) = 0 and f(C) c f (A) = (l}. 

The converse of Theorem 5.1.2 is false. Although it anticipates 

future results, we include this example here. 

Example 5.1.3. It can be verified that the space (X,1,U) of Example 

3.3.3 is quasi-·normal (Definition 5.2.1) and quasi-T1 . By Corollary 

5.2.6(b), (X,T,U) is quasi-completely regular. However, (X,1,U) is not 

pairwise-regular, and so (by Theorem 5.1.5) (X,1,Ll) is not pairwise-

completely regular. 

Clearly, every subspace of a pairwise- (quasi-) completely regular 

space is pairwise- (quasi-) completely regular. We conjecture, on the 

other hand, that the product of quasi-regular spaces is not quasi-

regular, whereas pairwise-regular spaces do have this desirable pro-

perty. 

Theorem 5.1.4. The product of pairwise-completely regular spaces 

is pairwise-completely regular. 

Proof. Let (X,1 ,U) be the product of the pairwise-completely regu-

lar spaces [(XA,J l\'UA) };\ E /\.' Let C be a T-closed subset of X, and let 

X. = (x;\) E x - c. Since x - c is T-open, there is a finite subset r of 
-1 

f\. and a collect Jon (T;\)A. Er' where TA E 1 ;\' such that x E n T\. (TA_) c 
f..Er 

x,...., c. 
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For each A E r, there is a TA-upper semi-continuous, UA-lower 

semi-continuous function fr. (x1\,r A.'Ll/) _, I such that fA (x/,) = 0 and 

fA. (XI\~ T/,) = [l}. For each ;._ E f, let g.A,: (X,T,U) ->I bE: defined by 

gA (x) = fA. (nf,. (x)). Since each TIA is bicontinuous, each gA is T-upper 

semi-continuous and U-lower semi-continuous. :Moreover, gA(x) = 0 and 
.. 1 

gA(X ~TIA (TA)) = (l}. 
Define g : (X,T ,H) -7 I by g(x) = sup ( gA (x) : A. E r} for each x E X. 

Then g is r-upper semi-continuous and U-lm·Ter semi-continuous' g(x) = 0, 

-1 1 and g(C) c g(X ~ n TIA (TA)) = g( u [X ~TI~ (TA)]) = [1}. Thus, r is 
A.Er · A.Er 

completely regular with respect to Lt. A similar argument shows that Lt 

is completely regular with respect to 1. We conclude that (X,T,Ll) is 

pairwise-completely-regular. 

We cannot prove the antilogous theorem for quasi-completely regular 

spaces because the finite intersection of quasi-open sets need not be 

quasi-open. This fact implies that a function defined like g in Theorem 

5.1.4 may not be quasi-continuous. 

It is easy to establish the place of pairwise- (quasi-) completely 

regular spaces in the hierarchy. 

Theorem 5.1.5. Every pairwise- (quasi-) completely regular space 

is pairwise- (quasi-) regular. 

Proof. The proofs are easy. 

We give an example to show that the converse of Theorem 5.1.4 is 

false. 

~xample 5.1.6. Let X = R. Let T be the usual topology for X, 

and let U be the cofinite topology on X. 
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One can verify that (X,1,U) is pairwise-regular and not pairwise-

Hausdorff. If x,y E X, then there is a T-open set containing x and not 

y. By Theorem 4 of [4], (X,T,U) _is not pairwise-uniform. By Theorem 

5.1.8, (X,1,U) is not pairwise-completely regular. We observe in passing 

that (X,1 VU) is completely regular, but (X,J' ,U) is not pairwise-completely 

regular (and not quasi-completely regular by Theorem 5.l.7(b)). 

Theorem 5 .1. 7. (~). If (X,1, U) is pairwise-completely regular, 

then (X,1 VU) is completely regular. 

CJ!). If (X,1,U) is quasi-completely regular and 1 U U is a base 

for a topology, then (X,1 VU) is completely regular. 

(s:). If (X,1 VU) is completely regular and 1 U U is a base for a 

topology, then (X,1,U) is quasi-completely regular. 

Proof. (~). Let C be a T VU-closed subset of X, and let x E x~c. 

Then C = rl (E, U F ), where each E\ is 1-closed, and each F, is U-
f...EA /\ f'. I\ I\ 

closed. Since x E X ~ C, there is some~ E A such that x ~ EA. U FA.. 

Hence, there is a 1-upper semi-continuous and U-lower semi-continuous 

function g: (X,1,U) _,I such that g(x) = 0 and g(E 1_) = (l}; and there 

is a U-upper semi-continuous and 1-lower semi-continuous function 

h: (X,1,U) _,I such that h(x) = 0 and h(FA.) = (l}. The function 

f : (X,1,U) _, I which is defined by f = g V h is a 1 V Lt-continuous func-

tion such that f(x) = 0 and f(C) c f(EA U FA) = (l}. We conclude that 

(X,T VU) is completely regular. 

(!?)· The proof is similar to that for (a). The added hypothesis is 

necessary in order for each semi-closed set to be quasi-closed . 

. (_£). The proof is easy. 
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Observe that if (X,T) and (X,Ll) are completely regular, then (X,1,U) 

is quasi-completely regular, and (X,TVU) is completely regular. 

We shall now state the theo;:2rn which to us most recommends the 

study of pairwise~·separation properties. The proof is very hard. 

Theor~m 5. 1.8. (Fletcher and Lane) A space is pairwise-completely 

regular if and only if it is pairwise-·uniform. 

Proof. See [4] or [8]. 

Corollary 5.1.9, Every pairwise-uniform space is quasi-completely 

regular. 

Proof. The result follows from Theorem 5.1.8 and Theorem 5.1,2. 

2. Pairwise·-Normal and Quasi-normal Spaces. 

Kelly's ([7]) concern with quasi-pseudo-metric spaces caused him 

to consider pairwis~-normal spaces. 

Definition 5,2.1. (Kelly) A space (X,'.f ,U) is pairwise-normal if 

for each j-closed set A and each U-closed set B with A n B = ¢, then 

there is a r-opea set T and a U-open set U such that Ac U, B c T, and 

T n u = ¢· 

A space (X,T,U) is quasi-normal if for each pair of disjoint, quasi-

closed sets A and B, there exist disjoint quasi-open sets V and W such 

that A c V and B c W. 

Unexpectedly, there are pairwise-noi.'"Tilal spaces that are not quasi-

normal. 

Example 5.2,2. Let X (0,1,2,3}. Let T be the topology given by 
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1 = [¢, [O}, X}, and let U be the topology on X given by U 

(0,1}, (0,1,2}, (0,2}, (0,2,3}, X}, 

[¢, (o}, 

The 1-closed sets are¢, [1,2,3}, ci.nd X. The U-closed sets are¢, 

[1,2,31, (2,3}, [3}, (1,3}, and [l}. Since there do not exist a nonempty 

1-closed set A and a non-empty Lt-closed set B such that A n B = ¢, the 

space (X,T,U) is trivially pairwise-normal. On the other hand, [l} and 

(3} are disjoint quasi-closed sets which are not contained in disjoint 

quasi-open sets, and so (X,1,U) is not quasi-normal. 

There are. quasi-normal spaces that are not pairwise-normal. 

Example 5.2.3. Let X = R. Let T be the usual topology on R, and 

let U be the cofini te topology on R. Then (X,1 VU) is R with the usual 

topology, which is a normal space. By Theorem 5.2.7, (X,T,U) is quasi-

normal. However, (X,1, U) is not pairwise-normal. Consider the T-closed 

set A= [0,1] and the U-closed set B = (2}. Any 1-open set containing B 

must contain an open interval, but there. is no Ll-open set containing A 

whose complement contains an open interval. 

Next, we wish to compare pairwise- (quasi-) normal spaces to pairwise-

(quasi-) completely regular spaces. As in the classical case, we shall 

need an equivalent definition for pairwise-normal spaces. 

Theorem 5. 2. 4. (~). (Kelly) A space (X,1, U) is pairwise-normal 

if and only if for each U-closed set C and each 1-open set D such that 

C c D, there are a T-open set G and a U-closed set F such that C c G c 

F c D. 

(.£). A space (X,'.f ,U) is quasi-nonnal if and only if for any quasi-

closed set and F an~ any quasi-open set G with F c G, there is a quasi-
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open set U such that F c U c U c G. 

Proof. ~). This is a remark of Kelly ([7]). The proof is much 

like that of the standard result for topological spaces. 

~). One need only mimic the standard proof to establish this 

theorem. We omit the details. 

In order to relate pairwise- (quasi-) normal spaces to other bi-

topological spaces, we shall need analogues of Urysohn's Lemma (Theorem 

1.10.8 of [5]). 

Theorem 5.2.5. (§!.). (Kelly) If (X,1,U) is pairwise-normal, then 

for each U-closed set F and each 1-closed set H with F n H = ¢, there is 

a real-valued function g: X--> I such that g(F) = [O}, g(H) 

is 1-upper semi-continuous and U-lower semi-continuous. 

[l}, and g 

(!?). If (X,1 ,U) is a quasi-normal, then for each pair of disjoint, 

quasi-closed sets A and B, there is a quasi-continuous function 

f: (X,1,U) _, ([0,1],r~~,W:) such that f(A) = [o} and f(B) = [1}. 

Proof. (~). This is Theorem 2.7 of [7]. The proof is like that 

of Urysohn's Lemma, and it depends on Theorem 5.2.4(a). 

(!?). To establish this result, one need only mimic the proof of 

Urysohn's Lermna, using Theorem 5.2.4(b). 

Corollary 5. 2_.:..§.. (.§!.). (Fletcher) If (X,1, U) is a pairwise-normal, 

s-pairwise-T1 space, then (X,1,U) is pairwise-completely regular. 

(~). If (X,1,U) is a quasi-normal, quasi-T1 space, then (X,1,U) 

is quasi-completely regular. 

Proof. (~). This is Theorem 6 of [4]. Let C be a 1-closed subset 

of X, and let x E X ~ C. If y E C, then the fact that (X,1,U) is 
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s-pairwise-T1 implies t[1ere j_s a l\-neigh1orhood of y not containing 

x. Hence, U-cl([x}) n C = ¢. By Theorem 5.2.5(a), there is a 1-upper 

semi-continuous, U-loHer semi-continuous function g: X _, I such that 

g(x) = 0 and g(C) = (l}. Thus, 1 is completely regular with respect to 

1. A similar argument shows that U is completely regular with respect 

to 1. We conclude that (X,J, U) is pairwise-completely regular. 

(Q). By Theorem 3.1.S(b), every point in a quasi-Tl space is quasi-

closed. The result then folloi:vs immediately from Theorem 5.2.5(b). 

Of course, there are pairwise- (quasi-) completely regular, pairwise-

(quasi-) T1 spaces that are not pairwise- (quasi-) normal. If (X,1) is 

a non-normal Tychonoff space, then (X,1,1) has these properties. 

We shall consider the upper bound topology only briefly. The space 

of Example 5.2.2 is pairwise-normal, but (X,1 VU) is not normal. We can 

obtain the following theorem. 

Theorem 5.2.7. If (X,T,U) is quasi-normal, and1 Ult is a base for 

a topology, then (X~1VU) is normal. If (X,1VU) is normal, and 1 U Ll 

is a base for a topology, then (X,1 ,Ll) is quasi-normal. 

Proof. Assume that (X,1, U) is quasi-normal and that 1 U U is a base 

for a topology. Let c1 and c2 be disjoint semi-closed subsets of X. 

Since 1 U U is a base for a topology, c1 and c2 are quasi-closed. Since 

(X,1 ,U) is quasi··normal, there are disjoint, quasi-open (and, hence, semi-

open) sets u1 and u2 such that c1 c u1 and c2 c u2 • Thus, (X,j V Ll) is 

normal. 

Now 8.SS1JITI8 that cx,r VU) is normal and that r ll tt is a base for a 

topology. Let F1 and F2 be disjoint, quasi-closed (and, hence, 
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semi-closed) subsets of X. Since (X,T VU) is normal, there are dis-

joint, semi-open sets u1 and u2 such that Fl c u1 and F2 c u2 • The 

sets u1 and u2 are quasi-open because T U LI is a base for a topology. 

We conclude that (X,1,U) is quasi-normal. 

We pause to give an equivalent formulation, due to Lane ([8]), of 

the definition of pairwise-normal spo.ces. 

_Theorem 5.2.~. (Lane) In order for (X,T,U) to be pairwise-normal, 

it is necessary and sufficient that for every pair of functions f and g 

defined on X such that f is T-upper semi-continuous, g is U-lower semi-

continuous, and g ~ f, there exists a T-upper semi-continuous and U-

lower semi-continuous function h on X such that g ~ h ~ f. 

Jroof. This is Theorem 2.5 of [8]. 

Much of Lane's paper is devoted to studying the possibility of 

extending certain functions. Kelly (Theorem 2.9 of [7]) proposed the 

following generalization of Tietze Is Theorem: "Let cx,r ,U) be a pair-

wise-normal bitopological space. Let A c X be T-closed and Lt-closed. 

Let f be a real-valued function defined on A which is 1-·upper semi-

continuous and Lt-lower semi-continuous. Then there exists an extension 

F of f to the whole of X which is 1-upper semi-continuous and Lt-lower 

semi-continuous." Lane showed that Kelly's theorem was in error by giving 

the following example. 

Example 5.2.9. (Lane) Let X be any uncountable set. Let 1 be the 

discrete topology on X, and let Lt consist of the null set and complements 

of countable sets, It is easily verified that (X,1, Lt) is pairwise-normal. 
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Let A = (x : n E N} be any countably infinite subset of X. Then 
n 

A is 1-closed and Lt-closed. However, if f: A_, I is defined by f(x ) = n, 
n 

then f cannot be extended to a function on all of X that is 1-lower semi-

continuous and tl-upper semi-continuous. (See pp. 242-3 of [8]). 

Lane did, however, prove the following result on extending functions. 

Theorem 5.2.10. (Lane) If A is a 1-closed and U-closed subset of 

the pairwise-normal space (X,1,tt), then every bounded, 1-upper semi-

continuous, ti-lower semi-continuous function f : X __, R can be extended to 

a function F: X _, R which is 1-upper semi-continuous and ti-lower semi-

continuous. 

Prooi. This is Theorem 2.6 of [8]. 

Kelly obtained an additional property of pairwise-normal spaces. 

Theorem 5.2.11. (Kelly) If (X,1 ,U) is a second countable, pairwise-

regular space, then (X,1,U) is pairwise-no111lal. 

Proof. This is Lemma 3.2 of [7]. 

We observe that if (X,1,U) satisfies the hypotheses of Theorem 

5.2.11, then (X,1 VU) is a second countable, regular space and so is 

normal. 

The quasi-nonnality property for bitopological spaces relates 

obliquely to the property of semi-paracompactness. Recall our remarks 

following Theorem 4.2.4. 

Theorem 5.2.12. If (X,J',tl) is a semi-paracompact, quasi-Hausdorff 

space such that 1 U U is a base for a topolo~, then (X,1, U) is quasi-

normal. 
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Proof. Our hypotheses imply that (X,T V ll) is a paracompact, 

Hausdorff topological space, and so (X,j VU) is normal. Apply Theorem 

5.2.7. 

Semi-compactness relates better than se~ai-paracompactness to 

pairwise-normality. 

Theorem 5.2.13. Every semi-compact, pairwise-Hausdorff space 

(X,1,U) is pairwise-normal. 

Proof. Let A and B be subsets of X such that A n B ¢, A is 

1-closed, and B is U-closed. 

Fix x EA. Since (X,1,U) is pairwise-Hausdorff, for each y EB, 

there exist a 1-open set T and a U-open set U such that x E T , y y y 

y E U , and T n U = 0. The collection [T : y E B} U [X,..., B} is a y y y y . 

semi-open cover of X, and so there is a finite subcover [T ,T , ... ,T } 
Y1 Y2 yn 

of B. Let T x 
n 

~ U T , and let U 
m=l ym x 

•'n 
= nu 

m=l Ym 
Then T is a 1-open set, x 

U is a U-open set, x E U , B c T , and U n T = ¢. x x x x x 

Now [u : x E X} U [x ,..., A} is a semi-open cover of X, so there is a x 
finite subcover (u ,U , ... ,U } of A. 

xl x2 xr 
r 

r 
Let U = U U , and let 

s=l XS 

T = n T 
s=l x s 

Then U is U-open, T is 1-open, Ac U, B c T, and U n T = ¢. 

We conclude that (X,T,U) is pairwise-normal. 

Theorem 5.2.14. Every pairwise-regular, semi-LindeH5f space is 

pairwise-normal. 

Proof. Let A and B be disjoint subsets of X such that A is 1-closed 

and B is U-closed. Then X ,..., B is U-open, and A c X ,..., B; and X ,..., A is 

j-open, and B c X ~A. By Theorem 5.2.4(a), for each a EA, (since 
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1-cl((a}) c A) there are a U-open set U and a 1-closed set F such a a 

that a E U c F c X ~ B. Similarly, for each b E B, there are a a a 

1-open set Tb and a U-closed set Eb such that b E Tb c Eb c X ~A. 

Let a= [Ua: a EA}, and let 13 =(Tb: b EB}. Since A and Bare 

semi-closed subsets of a semi-Lindelof space, there exist countable 
<:::I 

subcollections [u1 ,u2 , ... } ca and [T1 ,T2 , ... } c ~such that Ac n~lun 
c:o 

and B c U T • 
n=l n 

Let Gl = u1, and for each n > 1, let Gn 

n-1 
and for each n > l; let H = T ~ U F .• Let G 

n n j=l J 
m 

H = UH • 
n=l n 

c:o 

Then G is U-open, and H is 1-open. 

n-1 
U ~ U E .• 

n j=l J 
c:o 
U G , and let 

n=l n 
CXI 

Moreover, Ac U G and 
n=l n 

B c UH • Finally, G n H = ¢. Therefore, (X,1,U) is pairwise-normal. 
n=l n 

Note that Theorem 5.2.11 is a corollary to Theorem 5.2.14. We re-

mark that in the course of proving Theorem 5.2.13 and Theorem 5.2.14, we 

often required the finite intersection of open sets be open (or an equi-

valent condition). It seems probable that no analogue of either theorem 

exists for quasi-normal spaces. We have not, however, found the desired 

examples. 

As is well known, not every subspace of a normal space need be 

normal. If (X,1) is such a space, then (X,1,1) is a pairwise- (quasi-) 

normal space having a subspace which is not pairwise- (quasi-) normal. 

Similarly, the finite produc:t of pairwise- (quasi-) normal spaces 

need not be pairwise- (quasi-) normal. 

For functions on pairwise-normal spaces, we obtain analogues of the 

usual result. 
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Theorem 5.2.15, (~). I.et f: (X,J' 1,u1) _, (y,r2,u2) be a bi-closed, 

bi-continuous function from the pairwise-norn1al space (X,T 1, u1) onto 

(y,r2 ,U2). Then (x,r2 ,u2) is pairwise-normal. 

(!_?). Let f: (X,1 1,u2) _, (y,12 ,u2) be a quasi-closed, quasi-continuous 

function from the quasi-normal space (X,11 , u1) onto (y ,12 , u2). Then 

(X,12 , u2) is quasi-normal. 

Proof. The proofs are almost exactly like the usual one (e.g., 

Theorem 1.10.30 of [5]). 

3. Pairwis~uasi-) Completely Normal and Pairwise-Perfectly Normal 

Spaces. 

We shall consider the spaces of this section only briefly. Patty's 

work ([10]) was aimed toward quasi-metrization results. 

Definition 5.3.1. (Patty) A space (X,1,U) is pairwise-completely 

normal provided that whenever A and B are subsets of X such that 

1-cl(A) n B = q, and A n U-cl (B) ¢, then there are a Ll-open set U and 

a 1-open set T such that Ac U, B c T, and U n T = ¢. 

A space (X,1,Ll) is quasi-completely normal provided that whenever 

A and B are subsets of X such that A n B ¢ = A n B, then ther.e exist 

disjoint quasi-open sets U and V such that Ac U and B c V. 

We are primarily interested in pairwise-completely regular spaces 

because of their applications to quasi-pseudo-metric spaces. We can 

find no relations between pairwise<•completely normal spaces and quasi-

completely normal spaces. 

Theorem 5. 3 .2. (_~). A space (X,1, U) is pairwise-completely normal 
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if and only if every subspace of (X,1,U) is pairwise-nonnal. 

(_~). If (X,1, U) is quasi-completely normal, then every subspace of 

(X,1, U) is quasi-norma-1. 

Proof. In both cases, one can mimic the usual proof (e.g., 

Theorem 10.6 of [5]) with only minor changes. 

Corollary 5.3.3. Every pairwise- (quasi-) completely normal space 

is pairwise- (quasr-) normal. 

Proof. The result follows at once from Theorem 5.3.2. 

We conjecture that the converse of Theorem 5.3.2(b) is not true 

becuase the finite intersection of quasi-open sets may not be quasi-

open. 

There are normal spaces that are not completely nonnal (e.g., Example 

1.10.21 of [5]). Hence, there are pairwise-nonnal spaces that are not 

pairwise-completely nonnal. 

Also, the finite product of completely normal spaces need not be 

completely normal (e.g., Example 1.10.25 of [5]). So the finite pro-

duct of pairwise- (quasi-) completely normal spaces need not be pairwise-

(quasi-) completely normal. 

We shall include a definition of one other pairwise-separation axiom. 

We contend that defining a corresponding quasi-separation axiom would be 

fruitless in the light of the observed divergence of the two approaches. 

Definiticn 5.3.4.. (Patty) A space (X,1 ,U) is pairwise-perfectly 

normal provided (X,1 ,U) satisfies the following conditions: 

(i) The space (X,T, LL) is pairwise-normal. 



48 

(ii) Each 1-closed set is the intersection of a countable 

collection of Lt-open sets. 

(iii) Each Lt-closed set is the intersection of a countable 

collection of 1-open sets. 

Theorem 5.3.5. (Patty) Every pairwise-perfectly normal space is 

pairwise-completely normal. 

Proof. This is Theorem 2.5 of [10]. Let A and B be subsets of X 

such that 1-cl(A) n B = ¢ and A n U-cl(B) = ¢. Then X,..., U-cl(B) = 
co 
UM., 

j=l J 

where each M. is 1-closed; and X ,..., 1-cl (A) = U N., where each N. is U-
J j=l J J 

closed. Since (X,1,U) is normal, for each j there is a U-open set S. and 
J 

a 1-closed set S' such that M. c S. c S ~ c X '""'U-cl (B); and for each j 
j J J J 

there is a 1-open set V. and a Lt-closed set v~ 

X ""'1-cl(A). For 

T 
n 

n I 
=V""' US .. 

n j=l J 

J 
each positive 

Finally, let U 

open, T is 1-open, Ac U, B c T, 

J 
integer n, let 

o::i 

= u u and T 
n=l n 

and T n u = ¢. 

such that N. c v. c v~ 
J J J 

u s n V' and = "-' u . n n j=l J 
= -- UT . Then u is U-

n=l n 

c 



CHAPTER VI 

QUASI-PSEUDO-METRIC SPACES 

In this chapter, we first study some properties of quasi-pseudo-

metric bitopological spaces. In the second section, we summarize the 

known quasi-pseudo-metriza ti on theorems. 

1. Properties of Quasi-pseudo-metric Spaces. 

Some of the properties of quasi-pseudo-metric spaces have been 

studied, but the results are scattered. In this section, we shall try 

to collect them. 

Kelly's work ([7]) included a study of pairwise-regular and pairwise-

normal quasi-pseudo-metric spaces. 

Theorem 6.1.1. Let (X,r,µ) be a quasi-pseudo-metric space, and let 

T and Ube the topologies determined by randµ, respectively. 

(~). (Kelly) For a fixed point x in X, T(x,y) is a 1-upper semi-

continuous and U-lower semi-continuous function of y; and for a fixed 

point y in X, r(x,y) is a 1-lower semi-continuous and U-upper semi-

continuous function of X. 

(~). Let a be the topology on R whose base is [(a,oo) : a ER}, and 

let 8 be the topology on R whose base is [(-oo,b) : b ER}. For a fixed 

point x in X, r(x,y) is a quasi-continuous function from (X,T,U) into 

(R,a,~); and for a fixed pointy in X, r(x,y) is a quasi-contin4ous func-

tion from (X, j, U) into (R,a, 8). 

Proo~. (_~). This is Porposi tion 4 .1 of [ 7]. The proof depends on 

showing that, for every x in X, the sets [Y; r(x,y) < e} and 
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[y T(x,y) ~ s} are respectively T-open and U-closed. 

(!?). The result follows immediately from (a). 

We use the observation in the proof of Theorem 6.1.l(a) to estab-

lish the following theorem. 

Theorem 6.1.2, Let (X,T,µ) be a quasi-pseudo-metric space, and let 

T and U be the topologies determined by T and µ, respectively. 

(_~). (Kelly) The space (X,1,U) is pairwise-regular and pairwise-

normal. Moreover, (X,1,Ll) is painvise-Hausdorff if and only if T and µ 

are quasi-metrics. 

(.£). The space (X,1,U) is quasi-regular. If randµ are quasi-

metrics, then (X,T,µ) is quasi-Hausdorff. 

Proof. (~). This --- is Proposition 4.2 of [ 7]. We include the proof 

because it is an interesting one. 

Let x Ex, and let T be a r-open set about x. Since T is 1-open, 

there is a basic open set [y : T(x,y) < E:} such that x ,- [Y : T(x,y) < E}cT. c 

Let V = [y: 'T(x,y) < s/2 }, and let F [y: T(x,y) ~ e/2 }. By the remark 

in the proof of Theorem 6.1.l(a), the sets V and Fare 1-open and U-

closed, respectively. Moreover, x EV c F c T. Thus, 1 is regular with 

respect to U by Theorem 3.3.4(a). Similarly, U is regular with respect 

to 1. We conclude that (X,T,U) is pairwise-regular. 

Let A and B be disjoint subsets of X such that A is T-closed and 

Bis U-closed. 

For each x in X, let T(x,A) = inf [T(x,a): a EA} and µ(x,B) = 

inf [µ(x,b): b EB}. Then A= [y: T(y,A) = O}, and B = [y: µ(y,B) = O}. 

Let U '= [x : T(x,A) < µ(x, B)} and T = [x : µ(x, B) < T(x,A) }. Then T nu = ¢, 

Ac U, and B c T. To establish that (X,T,U) is pairwise-normal, we need 
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to show that T and U are respectively T-open and U-open. 

We shall show that T is 1-open. Suppose that z E T and that 

'i(z,A) µ(z,B) E: > 0. If x E s,.(z,E:/4L then µ,(x,B) ::;:; µ.(x,z) + 

µ.(z,B) T (z, x) + µ(z,B), and 'T'(z,A) ::;:; 'T(z,x) + rr (x,A). Hence 

1(x,A) - µ(x,B) ~ 'T'(z,A) - µ(z,B) - 2T(z,x) > E:/2 

and so x ET. Thus, x ES (z,E:/4) c T. 
'f' 

Clearly, (X,1,U) is pairwise-Hausdorff if and only if 'T and µ. are 

quasi-metrices. 

(~). Our assertions follow from Theorem 3.3.2, Theorem 3.2.2, and 

part (a). 

Observe that a subset A of (X,T,~) is quasi-closed if and only if 

A= [y: 'T'(y,A) = 0 = µ.(y,A)}. We have been unable to modify the proof 

of Theorem 6.1.2 to show that a quasi-pseudo-metric space is quasi-

normal. We conjecture that such is not the case. 

The space of Example 3.2.3 is a quasi-pseudo-metric space that is 

quasi-Hausdorff, but neither ,. nor µ is a quasi-metric. 

We have repeatedly proved theorems in which we required that 1 U U 

be a base for a topology. The quasi-pseudo-metric space of Example 

2.l.6(e) has this useful property. However, the space of Example 2.1.3 

does not. In Example 2.1.3, 1 is determined by the quasi-pseudo-metric 

T defined by -r(x,y) 
= {lx-yl, if x 

1, if x > y 
; and U is determined by the 

conjugate µof 'i· 

If ·r a11d µ,an~ quasi-metrics, then Theorem 6.1.2 implies that 

(X,1,U) is pairwise-Haus<lorff, s-pairwise-T1 (Theorem 3.2.4(a)), 
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pairwise·-T (Theorem 3. l, 6 (a)), pairwise-uorrnal, pairwise-completely 
0 

regular (Coro1 lary 5. 2. 6 (a)), and pairwise-regular. In terms of quasi-

separation axioms, (X,1,U) is quasi-coTupletely regular (Theorem 5.1.3) 

quasi-regular, quasi··Hausdorff, quasi-Tl (Theorem 3.2.4(b)), and quasi-

T (Theorem 3.l,6(a)). 
0 

In view of the above observations, it seems to be more valuable to 

study quasi-pseudo-metric spaces in terms of the stronger pairwise-

separation properties. 

Patty has shown ([ 10]) that quasi-pseudo··metric spaces have addi-

tional pairwise-separation properties. 

Theorem 6.1.3. (Patty) A quasi-pseudo-metric space (X,T,µ) is 

pairwise-perfectly nonnal. 

Proof. Let 1 and U be the topologies determined by T and ~ respec-

tively. By Theorem 6.l.2(a), (X,1,U) is normal. 

u n 

Let A be a !-closed set. For each positive integer n, let 

1 [x: µ(A,x) < ;:}· Then A = (x: T(x,A) = 0} 
= 

(x : µ,(A, x) = 0} = n U • 
n=l n 

To see that U is U-open, let x E U 
n n 

and r 
n 

- µ(A,x). We assert that n 
, 1 = -

x ES (x,r ) c U . µ, n n 
1 µ,(A,x) + ~ - µ(A,x) 

If y ES (x,r ), then µ(A,y) ~ µ,(A,x) + µ,(x,y) < µ. n 
1 
n 

Thus, each 1-closed set is the countable inter-

section of U-open sets. 

Corollary_6.l.4. Every quasi-pseudo-metric space is pairwise-

completely normal. 

Proof. The result follows from Theorem 6.1.3 and Theorem 5.3.5. 

Of course, we have the following theorem. 

Theorem 6.1.5. Every quasi-pseudo-metric space is first countable. 
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Proof. The proof is obvious. 

In metric spaces, separability, second countability, and the 

LindelBf property are equivalent. No anilagous result can be obtained 

for quasi-metric spaces. We observed in Chapter IV that every second 

countable space (X,T,U) is semi-Lindel~f. Of course, every second 

countable space is separable. The quasi-metric space of Example 2.1.3 

(cf. the remark following Theorem 6.1.2) is separable, but it is neither 

second countable nor semi-Lindelof. We conjecture that other examples 

can be given to show that the other implications need not hold. 

We do obtain an interesting result on semi-paracompactness. 

Theorem 6.1.6. If (X,r,µ) is a quasi-pseudo-metric space, and j and 

U are the topologies determined by r and µ, respectively, then (X,j VU) 

is pseudo-metrizable. 

Proof. Defined: Xx X -t R by d(x,y) =max [-r(x,y), µ(x,y)}. It is 

easy to verify that d is a pseudo-metric. Let Q be the topology deter-

mined by d. We shall show that £J = j V U. 

Let Sd(x,s) be a basic open set in£). If y E Sd(x,e), then 

max ['f(x,y), 'T(y,x)} < E:· Let s' =min [i:: - 'T(x,y), e - r(y,x) }, and 

If z ES (y,e') n S (y,s'), then 'T µ, 

'T(x,z) ~ 'T(x,y) + 'T(y,z) < 'T(x,y) + i::' ~ T(x,y) + E: - r(x,y) = i::, and by 

a similar argument, µ(x,z) = r(z,x) < i:;. Hence, S (y,s') n S (y,s') c 
'T µ 

Sd(x,e). We conclude that :t9 c r VU. 

Conversely, if Bis a basic? VU-open set, then B = T n U, where 

T is :T-open, and U is U-open. Let x E B = T n U. Then there is a basic 
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U-open set S (y,e2 ) such that x ~ S (y,s) CU. Let e=min [e1 - T(x1 ,x), 
µ. µ -

e2 - µ(x2 ,x)}. We assert that x E Sd(x,E:) c B. If z E Sd(x,e), then 

d(x,z) < e. Hence, T(x1 ,z) ~ T(x1 ,x) + T(x,z) ~ T(x1 ,x) + d(x,z) < 

T(x1 ,x) + e :s; 1(x1 ,x) + e 1 - 1(x1 ,x) = e1 , which implies that z ET. Thus 

Sd(x,e) c T. A. similar argument shows that Sd(x,e) c U. Therefore, 

x E Sd(x,e) c B, and so BE ,9. We then have that 1 VU:::: i9· 

Corollary 6.J.:..:2· Every quasi-pseudo-metrizable space is semi-

paracompact. 

Proof. If (X,1,U) is quasi-pseudo-metrizable, then (X,TVU) is 

pseu<lo-metrizable by Theorem 6.1.6. Every pseudo-metrizable space is 

paracompac t (Corollary 5. 35 of [ 6]), 

The converse of Theorem 6 .1. 6 is not true, as the fol lowing example 

shows. 

~Dle 6. 1. 8. Let X == R. Let j be the topology for R whose base 

is [[O}} U [T :X ~Tis finite}. Let Ube the topology for R whose base 

is [[x}: x f O} U [U: 0 EU and X,....., U is finite}. 

The spac.2 (X,1 VU) is metrizable since (X,j VU) is discrete. How-

ever, neither (X,j) nor (X,Ll) is first countable. Therefore, by Theorem 

6.1.5, (X,1,U) is not quasi-pseudo-metrizable. 

Finally, the pseudo-metrizability of the upper bound topology 

yields an easy theorem about compactness. 

Theorem 6.1.9. A quasi-metric space is semi-compact if and only if 

it is semi-countably compact. 

Proof. If (X,T,µ) is a quasi-metric space, and dis the pseudo-
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metric defined in the proof of Theorem 6.1.6, then it is immediate that 

d is a metric on X. In a metric space, compactness and countable com-

pactness are equivalent properties. 

2. Quasi-pseudo-metrization Theorems. 

There are only a few quasi-pseudo-metrization theorems known. The 

first, proved by Kelly ([7]), is an analogue of a metrization theorem 

due to Urysohn. 

Theorem 6 .2 .1. (Kelly) Every pairwise-regular, second countable 

bitopological space (X,1,U) is quasi-pseudo-metrizable. If, in addition, 

(X,1,U) is pairwise-regular, then (X,1,U) is quasi-metrizable. 

Proof. This is Theorem 2.8 of [7]. In the proof, Kelly uses the 

property of Theorem 5.2.11. 

In the Urysohn-Tychonoff Embedding Theorem (Theorem 2.5.2 of [5]) 

it is shown that every second countable, regular T1 -space is homeomorphic 
.L 

to a subspace of the Hilbert cube. Kelly's proof uses some of the same 

techniques as the classical proof, but the dE:finition of the quasi-

pseudo-metric is, predictably, more complex. 

Kelly also includes a lesser pseudo-metrization theorem. 

Lemma 6.2 .2. (Kelly) If (X,1,U) is a quasi-pseudo metric space 

in which U = 1, then 1 is pseudo-metrizable. 

Proof. Since UC 1, we have 1=1 Vu. By Theorem 6.1.6, 1=1 VU 

is pseudo-metrizable. 

Theorem 6.2.3. (Kelly) Let (X,T,µ) be a quasi-pseudo-metric space, 

and let 1 and U be the topologies determined by T and µ, respectively. 
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If, for each x in x, the function T(x,y) is r-continuous in y, then r is 

regular. If, for each x in x the function T(x,y) is u-continuous in y, 

then U is pseudo-metrizable. 

Proof. To prove the first assertion, we observe that the T-contin-

uity of -r(x,y) implies that [y: -r(x,y) ~ k} is a 1-closed set for each 

k > o. 
If -r(x,y) is U-continuous, then each set S (x,e) is U-open. Hence, 

T 

Tc tt. By Lemma 6.2.2, U is pseudo-metrizable. 

Fletcher ([4]) obtained a necessary and sufficient condition for a 

bitopological space to be quasi-metrizable. A space (X,1,U) is 

s-pairwise-T if for x,y EX, either there is a 1-open set containing x 
0 

but not y, or there is a u-open set containing y but not x. 

Theorem 6.2.4. (Fletcher) If (X,1,U) is quasi-metrizable, then 

(X,1,U) is s-pairwise-T and pairwise-uniform and is generated by a quasi-o 

uniformity with a countable base. If (X,T(C),J'(C- 1)) is a pairwise-

uniform, s-pain.dse-T space, and C has a countable base, then (X,:T(C),1(C)) 
0 

is quasi-metrizable. 

Proof. These results are Theorem 7 and Theorem 8 of [4]. The first 

is not too hard to prove, but the second requires much work. 

Theorem 6.2.1 is a very desirable metrization theorem. We should be 

satisfied if we had a generalization of the Nagata-Smirnov Metrization 

Theorem (Theorem 2.5.7 of [S]). A possible generalization would be this: 

'~e shall say that (X,1,U) has a cr- locally finite base if both (X,1) 

and (X, lt) have such bes es. If (X, T, U) is a pain1ise-regular space with 

a (J- locally finite base, then (X,T,U) is quasi-pseudo-metrizable." 
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Patty ([10]) gave a counterexample to disprove this conjecture. 

Example 6.2.5. (Patty) Let X = R. Let 1 be the usual topology on 

X, and let U be the discrete topology on X. 

The spac(.:>S (X,:r), (X,Ll), and (X,TVU) have a- locally finite bases, 

and (X, T, U) is pairwise-·regular. However, (X, 1, U) is not quasi-pseudo-

metrizable. The set of rational numbers, which is u-closed, is not the 

countable intersection of 1-open sets, and so our assertion follows from 

Theorem 6.1.3. 

A generalization of the Nagate-Smirnov Theorem was proved by Lane. 

The proof is very hard. 

Theorem 6.2.6. (Lane) Suppose that the space (X,T,U) is pairwise-

regular. If there is a sequence 

(n = 1,2, ... ) 

of T- and U-locally finite U-open families such that y 

basis for U, and there is a sequence 

(n"' 1,2, ... ) 

of r- and U-locally finite T-open families such that T 

is a 

c:o 
U Tn is a n=l 

basis for 1, then (X,T,U) is quasi-pseudo-metrizable. If, in addition, 

X is pairwise-Hausdorff, then (X,'.f,U) is quasi-metrizable. 

Proof. This is Theorem 3.1 of [8]. 

It is not known whether the condition of Theorem 6.2.6 is necessary. 
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A bitopologicc1J space (x,'.!· ,il) is _ s'3::: X with two topologies. The 

study of bitapological spaces was initiated by J. C. Kelly. 

In this thesis, we study pairwise-separation axioms as defined by 

J. C, Kelly, C. \!. Patty, and E. P. Lsc-,s. In addition, definitions for 

semi-compactness, semi-paracompactness, and bicontinuous functions are 

proposed and are related to the definitions of pairwise-separated spaces. 

Finally, quasi-·pseudo-P1etric spaces are defined, and a number of 

quasi-pseudo-r:ietrizdtion theo::ei;1s are s~02rized. 
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