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NOTATIONS 

implication, the statement on left implies the statement on 
the right. 

equivalence, the statement on left is equivalent to the 
statement on the right. 

{x} the set consisting of x. 

{x!u(x)} the set of elements x for which u(x) is true. 

s,C 

u,n,-

the empty set. 

respectively, element and set containment. 

respectively, set union, intersection and difference. 

the n-dimensional Euclidean vector space. 

the non-negative orthant in En. 

the direct sum of relative subspaces U and V, that is~ if 
En= u + v, then any vector xe:En may be written in the form 
x = x1+x2, with x1cu, x2e:V in one and only one way. 

For x,yEE", let: 
n x :_y denote x-yr-E+ • 

n 
(x,y) = .l X;Y; denote the inner product of x, y. 

i=l 

lx! 2 = /(x,x}, the Euclidean norm of x. 

xly = denote {x,y) = 0 

Ix I denote { Ix I ) i = xi i = l , ••. , n. 

For a subspace L in E0 let: 

xll denote xjy for all ysl. 

Ll = {xjxeEn, xlU, the orthogonal complement of L. 

PL= the perpendicular projection on L, i.e., PL= PL2 =Pt , 
L = {xlxsEn, PLx = x} 

vi 
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For a set QcE", let: 

int(Q) denote the interior of Q. 

bdry(Q) denote the boundary of Q. 

#(Q) denote the number of elements in Q. 

I the identify matrix. 

For an mxn matrix A let: 

A' denote the transpose of A. 
N(A) = {xlxeEn' Ax = 0}, the null space of A. 

R(A') = {ylyeEn' y = A'u for some ueEm}, the range space of A'. 
rank(A) denote rank of A. 

At denote the generalized inverse of A. 
AD denote the Darzin psuedoinverse of A. 

For a square matrix B, let: 

det(B) denote the determinant of B. 
B-l denote the inverse of B. 

For xeEn, let: 

if Xi > 0. 

if x. < o. 
1 -



Chapter I 

INTRODUCTION 

1.1 Overview Background 

The scientific approach to the decision making process of complex 

systems generally consists of two steps. The first step consists of 

creating a model for the problem. If the model is in mathematical 

terms, then the problem is said to have a mathematical model associated 

with it. The second step consists of obtaining an optimal solution to 

the model. The term optimization is used for those procedures and 

techniques which enable us to arrive at the optimal solution of these 

models. Many of the mathematical models in real life are generally 

nonlinear in nature. The area of study that deals with these nonlinear 

models is called nonlinear programming. 

The study of optimization procedures can be traced as far back as 

Cauchy and Gauss. An exce 11 ent account of fundamenta 1 concepts 

associated with optimization is presented by Hancock [59). Since the 

end of the Second World War, there has been a rapidly expanding interest 

throughout the business and scientific world in the ideas and methods 

of mathematical programming [e.g., 4,10,31,35,125]. The development of 

the powerful simplex method of linear programming and the advent of 

high speed computers gave a large impetus to interest in this area 

[30,43,61,62,71,122]. This great interest in linear programming was 

followed by an even greater interest in the area of nonlinear programming. 

l 
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A general nonlinear programming problem involves the maximization 

or minimization of a real valued nonlinear objective function, subject 

to nonlinear constraints. Unfortunately, this general problem is 

extremely difficult to solve. The relatively few solution procedures 

to the general nonlinear programming problem are very complex [e.g., 

55.102]. If in the general nonlinear programming problem, the constraints 

are linear, then the problem becomes easier to solve. Compared to the 

general problem, there are relatively efficient methods to solve the 

nonlinear programming problem with linear constraints [e.g., 51 ,101]. 

There are two commonly used approaches to the solution of nonlinear 

programming problems. These are: 

{1) The use of a transformation technique to convert a constrained 

nonlinear programming problem to an unconstrained nonlinear 

programming problem. Several transformations may be used 

to accomplish this. The use of penalty functions [40] or 

the Lagrange multipliers [67, p. 30] are good examples of 

the transformation technique. 

(2) The nonlinear programming problem may be approximated by a 

sequence of linear or quadratic prograrrming problems 

[67~ p. 86]. Successive solutions to the linear or 

quadratic programming problems would lead to an approximate 

solution of the general nonlinear programming problem. 

The quadratic programming problem plays an important role in both 

the above approaches. Either the quadratic programming problem is used 
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to successively approximate the general nonlinear programming problem 

or the quadratic programming problem is used to test and establish the 

effectiveness of the algorithm devised for the general nonlinear 

programning problem. The quadratic programming problem is also 

important in its own right as it is inherent in many of the economic 

models. A few examples of the numerous applications of quadratic 

programning are: problems of profit maximization when demand is a linear 

function of price [32,33]; portfolio selection for a stock market 

requiring a certain profit while maintaining a minimum variance [82]; 

finding the best least squares fit to a given data where certain 

parameters must satisfy linear constraints [53,108]. In view of the 

importance of the problem, the central theme of this dissertation will 

be directed towards the solution of the quadratic programming problem. 

The quadratic programming problem will be solved through the use of the 

least distance programming problem. This is done because least distance 

programming problems are easier to visualize and understand. In solving 

the least distance programming problem, importance is given to the 

property of numerical stability. 

The term "numerical instability" refers to a high tendency to 

cumulate and propagate computational errors during a computational 

procedure. Many of the existing approaches to the solution of the non-

1 inear programming problem suffer from numerical instability. Attempts 

to invert a nearly singular matrix results in numerical instability. 

Another example of numerical instability arises in the use of the 

steepest descent method for minimizing an unconstrained quadratic 

function with the Hessian matrix having a high ratio of the largest 
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eigenvalue to the smallest eigenvalue. An investigation of numerical 

instability in mathematical programming algorithms was started by 

Bartles, et al. (5,6,7,8] and Muller-Merbach [87]. Recently, it has 

been found that the Cholesky factorization when used in conjunction 

with Householder's transformation provides a numerically stable proce-

dure for solving the linear least squares problem [53]. This property 

of Cholesky factorization has motivated its use in nonlinear 

programming techniques. For example, Saunders [103] has proposed a 

stable version of the Simplex method for linear programming using 

Cholesky factorization [17,42,46,50]. 

The research of this dissertation extends the use of Cholesky 

factorization in determining a unique transformation for solving 

quadratic minimization problems. Since the procedure presented here is 

based on Cholesky factorization, it provides a numerically stable method. 

The procedure is fully described in Chapter 2. Briefly, the procedure 

consists of transforming the quadratic programming problem to a least 

distance programming problem through the use of linear least distance 

transformation. 

Since the linear least distance transformation reduces the 

quadratic programming problem to a least distance programming problem, 

we need an effective method for solving the latter. Chapter 3 

considers some special cases in the solution of the least distance 

programming problem. Primarily, these special cases enhance the 

understanding of the geometry of the least distance programming problem. 
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Also, the special cases show simple solution procedures for problems 

meeting certain assumptions about the orthogonality of the constraint 

matrix. 

An alternate approach to the solution of the least distance 

programming problem would be through its dual. Chapter 4 defines a 

"generalized dual 11 of the least distance programming problem. This 

dual problem is shown to be convex and uniquely solvable by the Newton 

procedure. The use of partially isometric matrices is also considered 

in the solution of the generalized dual problems. 

In a sense, Chapters 3 and 4 present solutions to special cases 

of the least dis ta nee programming problem. Chapter 5 defines a 

computational procedure for solving the general least distance 

programming problem. The algorithm presented in Chapter 5 uses a 

cutting plane strategy for successively diminishing the feasible region. 

The proposed procedure is characterized by the few computations it 

requires compared to other existing algorithms. A few alternative 

approaches to certain computations in the algorithm are also presented. 

1. 2 Definitions 

Before stating the objectives of this research in Section 1.3, 

it will be of help to have the following definitions. 
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Definition 1. 1: 
A quadratic progral1llling problem (QP) is defined as: 

where 

q* = q*(x*) = min [q(x)] = min [x 1Ax+2b 1 x] 
X£Q X£Q 

Q = { x I Gx .5.. h} C En 

A = [n,n] positive definite matrix 

G = [m,n] matrix 
and if Q =En, then the unconstrained minimum is given by 

x*u = x* and q*u = q(x*u) • 

Definition 1.2: 
A least distance programming problem (LOP) is defined as: 

(1.1) 

t* = t(y*) =min [t(y)] =min [IYl 22J =min [y'y] (1.2) 
Y£L Y£L Y£L 

where 
L = {y I By .5.. c} C En 

B = [m,n] matrix 

and if L =En, then the unconstrained minimum is given by 

y* = y* = 0 and t* = t(y* ) = 0 • u u u 

Furthermore, if in a quadratic progranvning problem the linear 

and interaction terms are absent from the objective function then it 

reduces to a least distance programming problem. 
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1.3 Research Objeptives 

This research is primarily directed to the solution of quadratic 

programming problems. It is felt that the 1east distance programming 

problem is simpler to visualize and solve than the quadratic program-

ming problem; therefore, the research is directed toward solving the 

quadratic programming problem through the use of the least distance 

programming problem. Specifically, the objectives of the research are: 

( 1) To identify a transformation that reduces the quadratic 

programming problem to the 1east distance programming problem. 

(2) To determine a numerically stable algorithm to accomplish 

the transformation obtained in (1). 

(3) To study the various approaches to the solution of the 

least distance programming problem, the primary objective 

being to use the special properties of least distance 

programs to obtain easy solutions. 

(4) To develop a computational algorithm to solve the least 

distance programming problem. In view of (1) and {2), this 

would yield a solution to the quadratic programming problem. 

1.4 Literature Review 

uurrng the last two decades, several techniques for solving convex 

quadratic programs have been developed [18,75], the majority of them 

based on Kuhn-Tucker optima 1 i ty conditions [74]. Some of the better 

known quadratic programming algorithms relevant to this category are 

those of Beale [9], Frank-Wolf [15> p. 147] and Wolf [119]. Recent 
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research has been concerned with the development of non-convex quadratic 

programming algorithms [e.g., 26,48,70,84,89,98), to which pivotal 

algebra has also made successful contributions [92,111]. 

There has also been considerable interest in unconstrained quadratic 

minimization methods, due primarily to their wide applicability in 

solving general nonlinear programming problems [40,63] and linear 

least squares problems [53,72,107]. A solution to the unconstrained 

quadratic minimization problem is usually obtained by solving a system 

of linear equations. However, if this system of linear equations is 

ill-conditioned the well-known solution techniques [e.g., 46,54,105,110, 

118] are found to perform poorly [116,117]. 

Householder's transformation (50,53,66,107] and elimination method 

[24] are examples of new techniques developed to solve ill-conditioned 

quadratic mini mi zati on problems. Despite the i 11-conditioni ng, these 

techniques have been found reasonably stable and accurate [91~115]. 

Furthermore, their superior computational properties have made them 

useful in quadratic programming [53~89]. A recent survey of these and 

other related developments in quadratic minimization techniques may be 

found in Leotsma [79] and Murray [90). 

The least distance programming problem is a special case of the 

quadratic programming problem, originally introduced by Tucker [112,113], 

who also presented a combinatorial solution to the problem. In the 

approximation theory the least distance programming problem occurs as a 

special case of the general minimum norm problem. The general minimum 

norm prob 1 em (-i • e. , p-norm, p > 0) reduces to a 1 east dis ta nee programming 

problem if the norm is taken to be Euclidean (i.e., p = 2). 
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The general minimum norm problem has been used as a subproblem to 

obtain solutions of linear and nonlinear inequalities [28,29,99]. Since 

minimum norm problems with p = 2 (equivalent to the least distance 

programming problem) are rather difficult to solve, common practice is 

to solve for p = 1 and p = oo norms. Problems with p = 1 and p = oo 

norms can be solved by the Simplex method of linear programming [97]. 

A theoretical convergent algorithm for a special class of the general 

minimum norm problem is proposed by Karlovitz [69]. In addition, the 

exchange algorithm of convex analysis [77] can be modified to solve 

minimum norm problems. 

The least distance programming problem can be solved by any of the 

known convex quadratic programming techniques [18,75]. Mitchell, et al. 

[86] have devised an algorithm for this purpose. This is perhaps the 

only algorithm designed specifically to solve least distance programming 

problems. However, since all the above procedures including that by 

Mitchell et al. are complex, it is felt that a simpler solution proce-

dure should be made available. This research is therefore undertaken to 

study some new approaches in the solution of least distance programming 

problems. 



Chapter II 

THE LINEAR LEAST DISTANCE TRANSFORMATION 

2.1 Introduction 

The use of transformations to reduce the complexity of mathematical 

progranming problems is by no means a new idea (63, p. 7]. The use of a 

transformation is justified only if it is simple in nature (e.g., 

linear) and if it can be accurately computed with a minimum amount of 

computational effort. The transformation of a quadratic function 

f(x) = {Ax,x) , (2.1) 

to a sum of squares 

g (y ) = (y ,y ) ' (2.2) 

where A is a positive definite matrix is well known in matrix theory 

(85, p. 398]. A computational procedure to determine such a transfor-

mation is presented by Schwarz,et al. (105, p. 20]. This procedure uses 

the Cholesky factorization of matrix A. The Cholesky factorization is 

numerically stable and has been recently used by several investigators 

[7,49,50,53,89,l03] in mathematical programming techniques. 
It will be shown that the general quadratic function 

q(x) = {Ax,x) + 2(x,b) (2.3) 

can be reduced to a sum of squares 

t(y) = (y,y) + t (2.4) 

by means of the Cholesky factorization, where tis a constant. 

10 
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Since the Cholesky factorization is uniquely defined for positive 

definite matrices, the transformation from equation (2.1) to equation 

(2.2) is already available. Also, equation (2.2) and equation (2.4} are 

similar. The transformation from equation (2.3) to equation (2.4), 

therefore, would be achieved if it were possible to represent equation 

(2.3) in the form of equation (2.1). The transformation that is proposed 

here provides a method of going from equation (2.3) to a form similar to 

equation (2.l) while maintaining the positive definite requirements. 

This used in conjunction with the Cholesky factorization will define a 

transformation from equation (2.3) to equation (2.4). This transfor-

mation from equation (2.3) to equation (2.4) will be called the linear 

1east distance transformation (LLDT). 

The following Lemmas are used in proving the main theorems in. 

the derivation of the linear least distance transformation. 

Lemma 2.1 

If matrix A is positive definite, then the matrix A-l is also 

positive definite. 

Proof: 

The proof may be found in Fadeev and Fadeeva [38, Theorem 11 .10, 

p. 91]. 

Lemma 2.2 

Let the square matrix S be partitioned 

(2.5) 
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and suppose A11 is nonsingular. Then 

Proof: -·-
The proof may be found in Householder [66, p. 17]. 

Lemma 2.3 (Cholesky Factorization) 

If matrix S is positive definite, then there is a unique upper 

triangular matrix T with positive diagonal elements such that 

S "' T'T . 
Proof: 

The proof may be found in Stewart [107, Theorem 3.8, p. 140]. 

(2.6) 

(2. 7) 

Subsequently, Section 2.2 gives the actual derivation of the .LLDT. 

The computational algorithm to obtain the transformation is presented in 

Section 2.3. Possible applications are outlined in Section 2.4. Section 

2.5 shows a numerical example of the technique. 

2.2 Linear Least Distance Transformation (LLDT) 

The quadratic function 

n n n 
q(x) = l I a .. x.x. + 2 I b.x. 

i =1 j=l 1 J 1 J j=l J J 

= (Ax,x) + 2(x,b) (2.7a} 

consists of a real symmetric [n,n] positive definite matrix A and the 

vector b f 0. If b = 0 then the function q(x) reduces to the function in 

equation ( 2. 1). The trans formation procedure for such a function a 1 ready 
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exists [105, p. 20]. Thus, it will be assumed that b t 0. If the 

feasible region Q of the quadratic programming problem defined in 

equation (1 .1) is the euclidean space En, then we have an unconstrained 

quadratic programming problem. The optimal solution of an unconstrained 
* quadratic programming problem x u is defined by, 

* * min [q(x}] = q(x u) = q u . 
n xe:E 

(2.7b) 

The derivation of LLDT follows directly from Theorems 2.1, 2.2 and 2.3. 

Theorem 2 .1 

If the quadratic progral!1fling problem is defined by equation (2.7b) 

with the matrix A as a real, symmetric and positive definite matrix and 

also the vector b t 0) then, 

(2.8) 

Proof: 

The positive definiteness of matrix A implies strict-convexity of 

the function q(x). Thus the necessary conditions defining the minimum of 

the function q(x) are also sufficient conditions. Hence, setting the 

gradient equal to zero gives 

* -1 x u = -A b . (2.9) 

Substituting from equation (2.9) in equation (2.7a) results in 

* * * * * q u = q(x u) = (Ax u'x u) + 2(x u'b) 

= (-AA-1b,A-1b) + 2(-A-lb,b) 

= (b,A-1b) - 2(A-1b,b) . 
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Therefore, 
* -1 q u = -{A b,b) • 

From Lenma 2.1 matrix A-1 is positive definite. Therefore, 

{A-1b,b) > 0 , for all b r 0 • 

Using equation (2.10) and equation (2.11) gives 

q*u = -(A-lb,b) < 0 • 

This concludes the proof of Theorem 2.1. 

(2.10) 

(2. l1) 

(2.12) 

Theorem 2.1 establishes that the optimal solution of the quadratic 

program defined by equation (2.7b) is always negative. Now, for some 

positive scalar o > O, the quadratic function q(x) can be rewritten as, 

q(x) = q(x) + o - o (2.13) 

= (Ax,x) + 2(x,b) + o - o 

(2.14) 

Or, that 

q(x) = [x,1] S [~] - o , (2.15) 

where 

S = [A b] 
b' 0 

(2.16) 

is a [n+l ,n+l] matrix. 

Examination of equation (2.15) shows that the negatative o plays no 

part in the minimization of the function q(x), as o is a scalar constant. 

The rest of equation (2.15) is very similar to equation (2.1.). Hence, 
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if it can be established that S is a positive definite matrix then the 

Cholesky factorization can be directly used for equation (2.15). 

Equation (2.16) defines the matrix S. Since A is positive definite 

matrix, it is clear that for certain values of o the matrix S will be 

positive definite. Theorem 2.2 establishes a criterion for selecting an 

appropriate value of o which makes the matrix S a positive definite 

matrix. 

Theorem 2.2 

Given a quadratic function q(x), 

q(x) = (Ax,x) + 2{x,b} , 

* * where A. is a positive definite matrix and q u is such that q u = 
min [q{x)], then the matrix S defined by (o is a scalar) 
Xt:En 

S = [A b] 
0 I 0 

is a positive definite matrix if 

* 0 > -q > 0 . u (2.17) 

In particular, S is positive definite if 

* 0 = -q u + 1 • (2.18) 

Proof: 
From Lemma 2.2 and equation {2.16) we have 

det{S) = det(o-b'A-1b)·det(A) . (2.19) 
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Since the matrix A is positive definite the determinant of A is greater 
than zero, i.e., 

det{A) > 0 , (2.20) 

as are the determinants of all the principal minors of A. Therefore 

the matrix S will be positive definite if 

det{S) > 0 • 

Using equation (2.19), det{S) may be rewritten as· 

det(S) = det(o-b'A-1b)·det(A) • 

Since det(A) > O, we only need to establish that 

det(o-b'A-1b) > o . 
But, (o-b'A-1b) is a scalar, therefore we need only show that 

Or that 

Using equation {2.8) gives, 

* 0 > -q > 0 • u 

(2.21) 

(2.22) 

* Equation (2.22) shows that for any o > -q u the matrix S is positive 
. * definite. In particular, the value of o = (-q +l) > O ensures the 

positive definiteness of S. This concludes the proof of Theorem 2.2. 

Theorem 2.2 establishes that the matrix S can be made to be a 
positive definite matrix. In order to perform the linear least distance 
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transformation it is necessary to represent the matrix S in a unique 

form. Theorem 2.3 shows the representation and establishes certain 

important properties of this representation. The results of Theorem 

2.3 are then used to identify the linear least distance transformation. 

Theorem 2.3 
Any [n+l,n+l] positive definite matrix S has a unique represen-

tat ion 
S = T'T (2.23) 

where 

T = [!. :] (2.24) 

with 

tn · t12· • · tln tl,n+l ... 
T = t22· • • t2n ' n = t2,n+l (2.25) 

.. . 
0 • tnn tn:n+l 

and 

a= tn+l,n+l > O • (2.26) 

For the above representation, the following holds: 

(a) a=' (&-lnl22)1/2 (2.27) 
(b) x* = -r-1(n) u (2.28) 
and * 2 q u = -lnl2 (2.29) 
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* Furthermore, if in particular o = (-q u+l) > 0 (as suggested in 
Theorem 2.2), then 

(c) a = 1 • (2.30) 

Proof: 

(a) S = T'T 

From equations (2.16) and {2.24) we get 

A b T n T n [ ] [- ]' [- ] b' c5 = O' a O' a • 
(2.31} 

Equating the (n+l,n+l) element from both sides of equation {2.31) results 
in 

c5 = n 'n + a2 ' 

or 
(2.32) 

(b) Using equations (2.14) and (2.31) the function q(x) can be 
written as 

or 

or 

q(x) = [x,l][A 
b' 

-
q(x) = [x,l][T 

O' 

~][~]- 6 

rr]1[ T rr] [X]· _ c5 
a . O' a 1 . 

- l -
q(x) • [Tx : n] [ Tx : n ]- 6 • (2.33) 
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Let 
~ 

y = Tx + II • (2.34) 

Substituting in equation (2.33) the value of a2 from equation (2.32) and 
-the value of Tx + n from equation (2.34} results in, 

q(y) = y'y + a2 - 6 

or 

(2.35) 

Now the minimum of the function q(y) is obtained when the gradient of 

q(y) ~ v q(y) is zero. Hence 

'il q(y) = 0 . (2.36) 

That is, 

y = 0 . ( 2. 37} 

* The minimum point x u can now be obtained by back substitution in 

equations (2.34) and (2.37). Thus, 

- * Tx u + IT = 0 • 

Therefore we must have 

{2.38) 

The corresponding minimum value of q{x) is obtained by substituting from 

equation (2.37) in equation (2.35) 
* . I 2 quz:-ln2. (2.39) 
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{c) From part (a) a= (6-ln! 22)112 and if o = 
using equation (2.39), a can be written as 

a= (o-lnl/)112 

= (-q*u+l-lrrl22)1/2 

= (lnl22+l-lrrl22)1;2 

* (-q u + l ), then 

Therefore a= 1. This concludes the proof of Theorem 2.3. 

Equation (2.35) shows that q(x) can be expressed in terms of the 

variable y and the constant vector n. The form of equation (2.35), 

except for a constant, is identical to equation (2.2). Thus the deter-

mination of y accomplishes the linear least distance transformation. 
~ 

Further, y is defined by equation (2.34) in terms of T and TI. Thus the 

LLOT is completely defined if the values of T and n can be computed. 
-Knowing T and II wi 11 give the va 1 ues of x as 

(2.40) 

The following algorithm shmvs a computational procedure to obtain rr 
~ 

and T. The algorithm performs the Cholesky factorization of the first 
- * * n rows of the matrix S, yielding T and II. The values of x u and q u 

are then obtained from equations (2.28) and (2.29). 

2.3 Algorithm 

~ 

T and rr are defined in equation (2.25) and the matrix S in 

equation (2.16). 



(O) Set i = 1. 

(1) Compute 
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i-1 2 1/2 
t . . = ( s .. - t: I tk . I ) > o • 

11 11 k=l 1 

(2) For values of j = i+l, i+2, ... ' 
i - 1 

t. . = t .. - l ( s .. - \' tk .. tk . ) • 
lJ 11 lJ k~l . 1 J 

(2 .41) 

n+l, compute 

(2.42) 

(3) If i = n, then go to step 4. Otherwise, set i = i + 1 and 

return to step 1. 

* (4) Recursively compute the elements of vector x u' 

* -l n (a} (x ) . = -t.. (t. +l+ /, t .. x .) 
Ul 11 1,n j=i+11JJ 

(2.43) 

{b) If i = l, then go to step 5. Otherwise, set i = 1 - 1 and 

return to step 4a. 

(5) Compute 

* n 2 
q = - I t k,n+1 u k=1 

(2.44) 

2.4 Possible Applications 

With the development of the LLDT algorithm above the following 

applications show its importance and versatility. 

(1) Equations {2.43) and (2.44) can be directly used in computing 

the unconstrained minimum of a strictly convex quadratic 

function. 

(2) The use of the algorithm also serves as a test of the 

positive definiteness of the matrix A. If in equation (2.41) 
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t;; is zero or a square root of a negative quantity then 

the matrix A is not positive definite. 

(3) Using the LLDT the quadratic programming problem in equation 

(1.1) can be reduced to a least distance programming problem 

in equation (1.2). A numerical example of such an 

application is presented in section 2.5. 

(4) This algorithm can also be efficiently used in solving the 

linear least squares problems [53]. 

2.5 Example [75, p. 131] 

Kunzi,in his text [75],has taken a problem and used it as an 

illustrative example for all the quadratic programming algorithms 

described in that text. In order to afford a base for comparison, the 

same example is chosen here to demonstrate the application of the 

linear least distance transformation. In Chapter 5, the result of the 

transformation obtained here is used as an example for the algorithm for 

the least distance programming problem. Thus a part of Kunzi 's problem 

is solved here and the rest of it in section 5.5. 

Using equation (l .1) Kunzi 's quadratic programming problem is written 

as 

min[q(x)] = min[x 1 Ax+2b 1 x] (2.45) 
xeQ xsQ 

where Q = {xjGx .::_ h}CEn. Now in this problem 

[ 1 /2 0 J 
A = 0 1 /2 ' 

- [-1/2 J 
b - -1 ' (2.46) 
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G = [ ~ !] 
-1 0 
0 -1 

and h = [l] . (2.47) 

Using the algorithm described in section 2.3, the following results are 

obtained. 

[ 1/2 0 -1/2] s:::: 0 l/2 -1 ' T =[ T : J ' (2 .48) 
-1/2 -1 6 O' 

where 

T -[1~12 1~12] ' fl> [-1/12] , (2.49) 
-12 

x* = -r1(n) =[ 1] ·u ~ 2 ' (2.50) 

* 2 5 
q u = -lnl2 = - 2 . ( 2. 51 ) 

In order to get the problem in the form of a least distance programming 

problem, a change of variables is performed using equation (2.40). The 

required form is 

where L = {yjBy .::_ C}CEn. In view of equation (2.40) Gx < h in 

equation (2.45) will reduce to 

or 

(2.52) 

(2.53} 
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The ref ore 

* and c = Gx u + h . (2.54) 

Computing Band c from equations (2.49), (2.50) and (2.54) gives 

[ 
212.2 

B = /2 
-12 
0 

(2.55) 

Thus~Kunzi's original problem 

I 

min {x'[10' 2 0 Jx + 2[-1' 2] x} , 
l/2 -1 

subject to 

can be rewritten as 

min[IYl/+q*ul"' min[y'y-(5/2)] = [min(y'y)] - 5/2 

subject to 

212 312 -2 
n: 412 [y] 2. -4 

-12 0 1 
0 -12 2 

A solution to the above least distance programming problem is obtained 

in Section 5.5. 



Chapter III 

SPECIAL CASES IN LEAST DISTANCE PROGRAMMING 

3.1 The Problem 

The least distance programming problem was introduced in Chapter I, 

equation (1.2). In Chapter II a linear least distance transformation 

was derived. The need for the study of least distance programming 

problem is obvious, since one of the uses of the transformation may be 

to reduce a quadratic programming problem to a least distance programming 

problem. This has been illustrated by an example in Section 2.5. A 

brief geometrical interpretation of the least distance programming 

problem is in order. 

Inn-dimensional euclidean space En, the objective function of a 

least distance programming problem can be visualized as a n-dimensional 

sphere centered at the origin. The value of the objective function at 

any point in En is equal to the square of the radius of the sphere 

passing through it. The feasible region Lin equation {1.2) is a convex 

polyhedron defined by m half-spaces [60, 61, 73]. The spherical objec-

tive function is strictly convex and the unique optimal solution to the 

least distance programming problem y*eL lies on the sphere of the 

smallest possible radius. 

Geometrically, the least distance programming problem appears to be 

one of the simplest types of constrained nonlinear programming problems. 

Nevertheless, the solution procedures for the least distance programming 

problem are non-trivial [86, 112, 113). 

25 
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Further insight into the geometry of the least distance programming 

problem is obtained through the study of special cases considered in 

this chapter. Some of these special cases have simple solution 

procedures. This chapter essentially deals with the analysis of the 

special cases and their limitations. 

In Section 3.2 some useful fundamental results are presented. The 

special problem of solving a least distance programming problem under 

equality constraints and full row rank assumption is considered in 

Section 3.3. In Sections 3.4 and 3.5 we investigate other special cases 

of the least distance programming problem~ invoking the orthogonality 

property of the constraint matrix. 

3.2 Some Useful Results 

The following Lemmas will be usefu1 in the development of the main 

results presented in this chapter, these being Theorem 3.1, 3.2 and 3.3. 

Lemma 3.1 

The necessary and sufficient conditions for optimality of a LOP 

defined in equation (1.2) are given by 

{1) 

(2) 

(3) 

and 

{4) 

2y + B':>.. = 0 

By .:s· c 

A. 1 (By-c) = 0 

Ii > 0 • 

( 3 .1) 

(3.2) 

(3.3) 

(3.4) 
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Proof: 

The proof may be obtained through the well known Kuhn-Tucker 

Theorem [74, 75, pp. 67-75). Independent proofs, considering specifi-

cally the least distance programming problem and not directly involving 

the Kuhn-Tucker Theorem, are presented by Fan [39, p. 129] and Luen-

berger [80, p. 71]. 

Lemma 3.2 

The dual problems associated with the LOP defined in equation (1 .2) 

can be stated as, 

or 

Proof: --·-

min [(1/4)A'BB'A+c'x] . 
A>O 

(3.5) 

(3.6) 

The proofs of (3.5) and (3.6) may be found in Geoffrion [47, p. 88] 

and Kunzi [75, p. 79], respectively. 

Lemma 3.3 

If Pis a symmetric positive definite matrix then P-l exists; 

furthermore, if Bis a matrix with full row rank such that the product 

(BP-1B1 ) is defined, then (BP-18 1 )-l exists. Both the matrices P-l and 

(BP-18 1 )-l are also positive definite. 

Proof: 

The proof may be found in Boot [18, p. 17]. 
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Lemma 3.4 ------
If P is a positive definite matrix and P; > 0 is one of its 

eigenvalues corresponding to the eigenvector a;, then a1 is also an 

eigenvector of matrix P-l corresponding to the eigenvalue P;-l > O. 

Proof: 

By the definition of an eigenvector, we have 

Pa. = p.a .. 
1 1 1 

Or, equivalently, 

Pa. 
l 

a. 
l 
-1 

P; a; 

Which, by definition, is the required result. This completes the proof. 

lemma 3.5 

For any vector pe:En and matrix 0 = diag{d11 ,d22 , ..• d0n}, where 

di i > 0 for i = l , •.. , n, 

Proof: 

Using the definition 

if p. > 0 
1 

if p. < 0 
1 

, for i = 1 , ..• , n , 

the inner product on the 1 eft of equation ( 3. 7) can be written as, 

(3. 7) 
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or equivalently as, 

= 0 . 

This concludes the proof. 

Lemma 3.6 

A square matrix has orthonormal columns if and only if it has 

orthonormal rows. 

Proof: ·--
The proof may be found in Franklin [42, p. 88]. 

Lemma 3.7 (QR - Factorization) 

If B is a [m,n] matrix with full row rank and Q is unitary matrix 

partitioned into Q1 and Q2, then B can be written uniquely as 
Q 

B = [RjO]Q = [RiO][Q~] = RQ1 , (3.8) 

where Q1 and Q2 have orthonormal rows and R is a lower triangular matrix 

with positive diagonal elements. Furthermore, 

(1) Q11 is a unitary basis for R(B') 

(2) Q1 2 is a unitary basis for N{B) = [R(B')]l 
(3) R(B'} = R(Q 11). 

Proof: 

The proofs may be found in Stewart [107, pp. 214-215]. 
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3.3 Case 1: LOP with Eguality Constraints 

The special problem considered here can be defined as, 

(3.9) 

where 

(3.9a) 

The above problem is a special case of a least distance programming problem. 

The optimal solution y*e to this problem is simply the projection of 

the zero vector on the linear manifold defined by L0 in equation {3.9a). 

The optimal solution to the special problem in equation (3.9) can 

be obtained from the results in Corollary 3.1. Corollary 3.1 is a 

particular case of Theorem 3.1~ which determines the oblique projection 

of the zero vector on a linear manifold. These results also define a 

computational procedure. 

Theorem 3 .1 

where 

The optimal solution to the minimization problem, 

Le"' {y!By=c~ rank{B)=m} , 

rank(P) = n , 

P is [k,nL n .::_ k 

and B is [m,n] , 

is given by 

(3.10) 

(3.11) 

{3.12) 
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Proof: 

The Kuhn-Tucker optimality criteria for the optimal solution y*e of 

the problem in equation (3.10) are 

By = c (3.13) 
and 

2P I Py + B. 1 A = 0 . (3.14) 

Now (P'P) is a positive definite matrix since rank(P) = n. Thus, from 

Lerrma 3.3, (P'Pf 1 and [B(P 1 P)-1s•r1 exist. Substituting the value of y 

from equation {3.14) into equation (3.13) the following equality is 

obtained: 

[B(P'P)-181 ]>. = -2c , 

or equivalently, 
>. = -2[B(P 1P)-1B1 ]-lc • (3.15) 

Now substituting for>. from equation (3.15) into equation (3.14) we have, 

2(P'P)y - 2B'[B(P'P)-1B1 ]-lc = 0 , 

which is the same as 

This completes the proof of Theorem 3.1. 

Coro 11 a ry 3. 1 

The optimal solution to the minimization problem in equation (3.9) 

is 
y*e = B1 (BB 1 )-lc = B'D-lc , (3.16) 

where D = BB' and the matrix P is an identity matrix. 
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If the matrix Bis non-singular, then equation (3.16) simply states 

that the optimal solution to the problem in equation (3.9) is 

Y*e = B-lc • (3.17) 

This is to be expected since in this case there is only one feasible 

solution and therefore it must be the optimal solution. If the matrix B 

satisfies a weaker condition that the rank(B) = m, then equation (3.16) 

represents the optimal solution to the problem in equation (3.9). 

3.4 Case 2: LOP with Row Orthogonality 

This section capitalizes on the special characteristics of the least 

distance programming problems in which the matrix Bin equation (1.2) 

has orthogonal rows. Problems with this property win be referred to as 

"row-orthogonal least distance programming problems. 11 

Geometrically, this would imply that each of the hyperplanes forming 

the constraint set is orthogonal to the rest. An analysis resulting in 

the optimal solution under the above assumption is presented in Section 

3.4.1. Section 3.4.2 presents a further generalization of the results 

and Section 3.4.3 explores the potential of the results from Section 3.4.l 

in solving a least distance programming problem through row ortho-

gonalization of matrix B. 

3.4.1 An Analysis 

Theorem 3.2 shows the derivation of the optimal solution for the 

least distance programming problem under the row-orthogonality assumption. 

The results derived here may also be used directly for computational 

purposes. 
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Theorem 3.2 

The optimal solution to the row-orthogonal least distance programming 

problem is given by 

where 

D = BB 1 

(3.18) 

(3.19) 

(3.20) 

and dT is obtained by replacing the negative elements of d by zero. 

Proof: ---
Because the rows of matrix B are orthogonal~ the matrix D = BB' has 

positive diagonal elements and the off-diagonal elements are zero. The 

Kuhn-Tucker optimality conditions for the least distance programming 

problem are given by Lemma 3.1. Those are, 

2y + B1 :.\ = 0 

By < c 

A'(By-c) = 0 

and 

A > 0 . 

Equations (3.1} and (3.2) can be combined into 

OJ\ > -2c • 

{ 3. l) 

(3.2} 

(3.3) 

(3.4) 

(3.21) 

Since Dis a diagonal matrix with positive elements, equation (3.21) 

can now be written as 

(3.22) 
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let d be defined by equation (3.19). Now if Al satisfies equations (3.22) 

and (3.4), then in view of equation (3.19), it can be written as 

(3.23) 

Substituting the value of Al from equation (3.23) into equation (3.1) 

yields the desired solution, 

(3.24) 

The above so1ution y1 will be optimal if Al and y1 also satisfy the last 

of the Kuhn-Tucker conditions in Lemma 3.1, that is~ equation (3.3), 

(3.25) 

Substituting Al from equation {3.23), y1 from equation (3.24) and d from 

equation (3.19) into the left side of equation {3.25), the following 

steps illustrate that equation (3.25) ho1ds: 

(A1}'(By1-c) = (2d+)'(-BB'd+-C) = -2(dt) 1 (Dd++c) 

= -2(d+) 1 D(d++o-1c) 

{from Lemma 3.5} 

Thus, 

This concludes the proof of Theorem 3.2. 

Coro11art 3.2 

The optimal solution to the row-orthogonal least distance 

programming problem is given by 

y* = -B'dt (3.26) 
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where 

d = -c . (3.27) 

Proof: 

The proof follows directly from Theorem 3.2 as D = BB' = I. 

3.4.2 Generalization of Results 

The results from Theorem 3.2 which apply to the least distance 

programming problem can be extended further to solve the more general 
problem, 

(3.28) 

where 
L = fy!By.::_c, rank(B)=m} (3.29) 

and A = P'P is positive definite. 

If we let P = I, then the problem in equation (3.28) reduces to a 

1 east dis ta nee prograrnmi ng prob 1 em. 

Geometrically~ the contours of the function 

f(y) = I Py I/ (3.30) 

are hypere11ipsoids in En with the directions of their principal axes 

being the orthonormal set of eigenvectors of matrix A. Theorem 3.3 uses 

a relationship between the principal axes of the hyperellipsoids and the 

rows of the matrix B to obtain an optimal solution to the special problem 

in equation (3.28). 

Theorem 3.3 ------
If the rows of matrix B constitute an orthogonal set of vectors in 

En pointing in the direction of eigenvectors of matrix A= P'P, then the 
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solution to the problem in equation (3.28) is given by 

y* = -A-1B'et-

where 
(3.31) 

(3.32) 

and et- is obtained by replacing the negative elements of e by zeros. 

Proof: 

The Kuhn-Tucker optimality criteria for the problem in equation 

(3.28) can be written as 

and 

2Ay + 8'). = 0 

By~ c 

). > 0 

). ' ( By-c ) = 0 • 

Equation (3.33) and (3.34) can be combined into 

BA-18 1 ). ~ -2c . 

(3.33) 

( 3. 34) 

(3.35) 

(3.36) 

(3.37) 

Let fa1,a2, ••• ,am} be the subset of eigenvalues of matrix A corresponding 

to the eigenvectors forming the columns of matrix 8'. Now.using the 

definition of eigenvectors and Le111na 3.4 we obtain 

[ l/a o ] A-1 BI = BI l • • 
0 •. l/t;n 

(3.37a) 

Thus from equation (3.37a), equation (3.37) can be reduced to 

[ l/a O ] 
BB 1 1 ). ~ -2c • 

O • .l/am 
(3.38) 
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Or equivalently; 

(3.39) 
where 

[ l/a O J E = BA-l B I = BB I ! . 
O •• l/a 

(3.40} 

The matrix E is a diagonal matrix with positive elements, since D = BB' 

is a diagonal matrix with positive elements and ai > O, i = l, ••• , m. 

Hence the inverse of E exists and equation (3.39} can now be written as 

{3.41) 

Let e be defined by equation (3.32). If Al satisfies equations 

(3.41) and (3.35), then in view of equation (3.32), it can be written as 

(3.42} 

Substituting the value of Al from equation (3.42} into equation (3.33) 

yields the desired solution, 

(3.43) 

The above solution y1 will be optimal if Al and y1 also satisfy the 

last of the Kuhn-Tucker conditions in equation (3.36), i.e., 

(3.44) 

Substituting Al from equation (3.42), y1 from equation (3.43), E from 

equation (3.40) and e from equation (3.32) into the left side of 
equation (3.44), the following sequence of steps shows that equation 

(3.44) holds: 
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(A1)'(By1-c) = (2et)'[-BA-1B1et-c] 

= -2(e+)'(Ee++c) = -2(e+) 1 E(e++E-1c) 

(from Lemma 3.5) 

Thus, 

y* =Yi = -A-lB'e+ . 

This concludes the proof of Theorem 3.3. 

The results in Theorem 3.2 can be obtained as a special case of 

Theorem 3.3. If we let A= I in Theorem 3.3, then Theorem 3.2 follows 

directly from it. Thus the row-orthogonal least distance programming 

problem is a special case of the problem considered in Theorem 3.3. 

3.4.3 Orthogonality Transformation 

In this section the application of Theorem 3.2 in solving a least 

distance programming problem is considered. This discussion brings out 

the limitations of Theorem 3.2. 

Since Theorem 3.2 gives a direct solution for a row-orthogonal least 

distance programming problem and since a general least distance program-

ming problem does not necessarily possess this property~ the natural 

procedure would be to first use an orthogonalization transformation on 

the rows of matrix B and then apply Theorem 3.2 to solve the transformed 

prob1em. The following discussion shows that such a transformation for 

a system of linear inequalities does not exist, hence the use of Theorem 

3.2 is limited to only those problems that naturally possess the row 

orthogonality property. 
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Let us consider the least distance programming problem defined in 

equation (1.2), 

min[ I yj /J (3.45) 

subject to 

By .:::_ c , (3.46) 

assuming that the constraint matrix B has full row rank, that is, 

rank(B) = m. Because of this assumption the rows of the matrix B form 

an independent set of vectors. However, if these vectors are al. so ortho-

gona 1 then Theorem 3.2 can be used to solve the above problem. In the 

case that these vectors are not orthogonal then one may use the Gram-

Schmidt procedure to orthogonalize these vectors prior to the application 

of Theorem 3.2. But, due to the presence of linear inequalities in 

equation (3.46) this orthogonalization approach does not yield the 

desired result. This conclusion is derived from the following reasoning. 

Firstly, we observe the well-known fact that the Gram-Schmidt 

procedure is nothing but a linear coordinate (basis) transformation. 

Furthermore, an analysis of the Gram-Schnri dt orthogona 1 i za ti on procedure 

shows its equivalence to the well-known QR-transformation of matrices 

[53]. Therefore, instead of the Gram-Schmidt procedure we shall use 

the QR-transformation for the orthogonalization of the rows of matrix B. 

The relevant theoretical structure of the QR-transformation is presented 

in Lemma 3.7. 

Now, using equation (3.8} from Lemma 3.7, the least distance 

programming problem in equation (3.45) and equation (3.46) can be 

reduced to 
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(3.47) 
subject to 

(3.48) 

where RQ1 is the QR-transformation of the matrix B. The matrix Q1 has 

orthogonal rows and R is a lower-triangular, nonsingular matrix. The 

desired orthogonalization of the least distance programming problem in 

equations (3.45) and (3.46) to a form usable in Theorem 3.2 would have 

been achieved from equations (3.47) and (3.48) if it were only possible 

to represent equation (3.48) as 

(3.49) 

Unfortunately, since equation (3.48) is an inequality, in general it is 

not equivalent to equation (3.49). However, if equation (3.48) were an 

equality, then we would have reduced it to 

(3.50) 

and this would have been the required form to be used in Theorem 3.2. 

But, the special case of the least distance programming problem under 

equality constraints has already been considered in Theorem 3.1. 

Therefore, in general, due to the presence of inequalities in 

equation (3.48) an orthogonalized form of the least distance programming 

problem usable in Theorem 3.2 cannot be obtained •. 

3.5 Case 3: LOP with Column Orthogonality 

A least distance programming problem with the columns of matrix B 

being orthogonal wi 11 be referred to as a "co 1 umn-orthogona l 1 east 
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distance programming problem. 11 As established in Theorem 3.2, the 

solution of a row-orthogonality least distance programming problem can be 

obtained in a straightforward manner. Now, the natural question becomes: 

Does there exist a simple procedure for solving a column-orthogonal 

least distance programming problem? The answer to this question is no. 

An explanation is as follows. 

Using Lemma 3.1 the Kuhn-Tucker optimality condition for a least 

distance programming problem can be written as 

2y + B' It = 0 

By ,S.. c 

It > 0 

and !t(By-c) = 

or equivalently, as 

-2BB 1 1t > c 

;\ > 0 

and 

0 ' 

.\' { By-c) = o • 

(3.51) 

(3.52) 

(3.53) 

In Theorem 3.2, because of row-orthogonality of matrix B, the 

matrix D = BB' was a diagonal matrix with positive elements. Thus it 

was possible to write equation (3.51) as 

(3.54) 

In general, the above results cannot be obtained under the assumption of 

column-orthogonality of the matrix B. This prevents a development 

similar to Section 3.4 using the col umn-orthogona 1 lty property of 

constrained matrices of the least distance programming problem. 
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However, it is interesting to note that, if matrix B is non-

singular, then from Lemma 3.6 the column-orthogonality of matrix B a1so 

implies its row-orthogonality and vice versa. Thus the knowledge of 

column-orthogonality can only be used in the above sense to establish 

row-orthogonality. 



Chapter IV 

A DUAL LEAST DISTANCE PROGRAM 

4.1 Introduction 

The concept of duality was first introduced by Gale, Kuhn and 

Tucker [71, p. 317) in the theory of linear programming and games. It 

plays an important role both in theoretical and computational aspects 

of linear progranuning [30]. In recent years there has been an increasing 

interest in the duality theory of nonlinear programming [47,80]. This 

can be attributed to the fact that a dual problem often provides better 

understanding of the original problem and sometimes is easier to solve. 

A great majority of duality relationships involve the use of either the 

classical Lagrange multiplier theory or Fenchel's duality theory [100, 

Sec. 31]. 

The primal and dual problems are related in the sense that if one 

of these problems is a minimization problem, the other is generally, 

though not necessarily,a maximization problem. The two problems are 

equivalent in that the optimal values of the objective function are 

equal and a solution of either problem leads to solution of the other. 

The dual of the following least distance programming problem 

(primal) 

subject to 

By~ c , 

43 

(4 .1) 

{4.2) 
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is given by 

min [(1/4)A 1 BB 1 A+c'A] (4.3) 

subject to 

>. ~ 0 , (4.4) 

where ;i., is a vector of Lagrange multipliers. A dual of the least 

distance programming problem using Fenchel 1s conjugate duality theory 

is given in Luenberger [80, p. 209]. A solution procedure specifically 

for the dual problem in equation (4.3) has been developed by Hildreth 

and D'Esopo [75, p. 78). 

In this chapter a new form of the dual least distance programming 

problem is presented. This dual least distance programming problem 

makes use of the concept of generalized inverses of rectangular matrices 

(15]. In this connection some basic results involving generalized 

inverses and partial isometries are included in Section 4.2. The dua1 

problem, referred to as "generalized dual, 11 is derived in Section 4.3. 

Section 4 .4 presents Newton 1 s method for the so 1 ution of the genera 1 i zed 

dual problem. The relationship of the generalized dual problem to the 

partial isometries is also included in this section. 

4.2 Generalized Inverses and Partial Isometries 
"~---,·--·---·-· 

Oefi nitfon 4. 1 

A [n,m] matrix At is said to be the unique generalized inverse 

(pseudoinverse) of a (m,n] matrix A if At satisfies the following four 

propert·ies [15]: 



( 1) 

{2) 

(3) 

(4) 

where 

and 

AAtA = A 
AtAAt = At 

(t\At)' = AAt 
(l\tA)' = AtA , 
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(4.5) 
(4.6) 
(4.7) 

(4.8) 

(4.9) 

(4.10) 

The perpendicular projections on the range space of matrix A and on the 

orthogonal complement of null space of A' are denoted by PR(A) and 

PN(A')l respectively. 

Definition 4.2 
A [m,n] matrix V ·is called a partial-isometry if the linear trans-

formation 

Vx = z. for all XEN(v)l (4.11) 

preserve distances, i.e., 

(4.12) 

Or equivalently, 

(4.13) 

or 



46 

or 

(4.14) 

A partial isometry becomes unitary if 

N(V) = {0} ( 4 .15a) 

or that 

( 4 .15b) 

Lemma 4.1 

If A is a [m,n] matrix such that 

(4.16) 

then 

(4.17) 

and 

Em = [R(A) © R(A)~ = (R(A) © N(A' )] , ( 4. 18) 

where 

(4.19) 

and 

(4.20) 

Proof: 

The proof may be found in Halmos [57, p. 88], Luenberger [80, p. 157] 

and Ben-Israel and Charnes [15, p. 682). 
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Lemma 4.2 

A [m,n] matrix V is a partial-isometry if and only if any one of 

the following two statements holds: 

(1) Vt = V' 

(2) V'Vx = x for all xeN{v)l. 

Proof: 

The proof may be found in Erdelyi (36, p. 456). 

4.3 Generalized Dual Problem 

( 4. 21) 

(4.22) 

The motivation for the generalized dual problem is obtained from 

the following observation. Assuming that the matrix B of constraints of 

the primal least distance programming problem in equation (4.2) is 

non-singular and 

w = By , (4.23) 

equation (4.2) can be written as, 

(4.24) 

and 

w < c . (4.25) 

Thus,using equations (4.24) and (4.25} the primal least distance program-

ming problem in equations (4.l) and (4.2) can be reduced to the problem 

min [IB-1wl/J 
subject to 

w < c ' 

(4.26) 

(4.27} 
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where equations (4.23) and {4.24) uniquely relate the variable w to y. 

The problem obtained in equations (4.26} and {4.27) in the presence of a 

non-singular B matrix is a dual to the least distance programming problem 

in equations (4.1) and (4.2). 
The above result was only possible due to the non-singularity assumption 

of matrix B. The natural question now arises: Is it possible to obtain 

a generalization of these results without the assumption of non-

singularity of the B matrix? The following theorem and its proof 

presents the generalized dual problem for the case when B is not neces-

sarily non-singular. 

Theorem 4. l 
The primal ·1east distance programing problem, 

where 

Ly = {yjBy::_c, c i 0} , 

is equivalent to the generalized dual problem, 

where 

Lw = {wjw<c, c i 0} . 

Furthermore, for every yely we have, 

y = Btw , 

(4.28) 

(4.29) 

(4.30) 

(4.31) 

(4.32a) 
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where we define the variable was. 

w = By . (4.32b) 

The restriction c i 0 in the definition of sets Ly and lw only 

insures that the zero vector is not contained in either of the two sets. 

Without the restriction the optimal solution is trivially obtained as 

y* = 0. 

Proof: 

Because c i 0 the null space of the matrix B, 

N(B) = {yjBy = 0} 

is infeasible with respect to the region LY of the primal least distance 

programming problem. That is, 

(4.33) 

or equivalently> 

(4.34) 

Thus from equation (4.17) in Lemma 4.1 and equation (4.34) it follows 

that 

(4.35) 

Now let 

By == w . ( 4. 36) 

The general solution of equation (4.36), when solvable, is given by 

[15, p. 669]; 

(4.37) 
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where et is the generalized inverse of the matrix B. Multiplying both 

sides of equation (4.37) by BtB we obtain 

(4.38) 

Using equations (4.6) and (4.10), equation (4.38) can be shown equivalent 

to 

which is the same as 

Now from equation (4.35) we have , 

ye:Ly C N(B)l • 

Therefore every feasible vector ye:Ly must also satisfy 

Thus equation {4.39) for every vector ye:LY reduces to 

y = Btw • 

(4.39) 

,(4.40) 

(4.41) 

(4.42) 

Substituting from equations (4.36) and (4.42) into equations (4.28) and 

{4.29) the generalized dual problem is given by, 

min [1Btwl 22J , 
We:Lw 

where 

Lw = {wjw<c, c i 0} . 
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Finally, the results in equations (4.32a) and (4.32b) follow directly 

from equations {4.42) and (4.36). This completes the proof of 

Theorem 4. 1. 

Having completed the derivation of the generalized dual problem we will 

now prove that the objective function of the generalized dual problem 

in equation (4.30) is convex. 

Theorem 4. 2 

The function f: Em ~ E1, 

(4.43) 

is convex. Furthermore, if the matrix B has full row rank then the 

function f 2(w) is strictly convex. 

Proof: 

Since the hessian matrix (B-r) 1 Bt of the function 

(4.44) 

is positive semidefinite, the function f 2(w) is convex by definition. 

Furthermore, since rank(B) = rank(Bt) [15, p. 669] and if rank(B) = m 

then the hessian matrix (Bt) 1 Bt will be positive definite and the 

function f 2 (w) strictly convex. This completes the proof of Theorem 4. 2. 

In this section we have derived a generalized dual least distance 

programming problem. Like the Lagrangian dual least distance programming 

problem in equations {4.3) and (4.4), the generalized dual problem can 

be solved by any one of the many convex quadratic programming techniques. 
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If the constraint matrix B has full row rank then both the Lagrangian 

dual problem and the generalized dual problem have strictly convex 

objective functions. In this case, these problems can be solved by the 

strictly-convex quadratic programming technique of Theil and Van de Panne 

[75, p. 85]. Additionally, the simple form of the constraints in 

these problems considerably reduces the computations in each iteration of 

the Theil and Van de Panne procedure. 

The objective function of the generalized dua1 problem is expressed 
.L 

in terms of B', the generalized inverse of a (m,n] matrix B. The 

computation of Bt is not difficult. There are various procedures 

available to accomplish this. One such procedure, complete with a 

computer program, may be found in Wilkin son (118]. This procedure 

originally proposed by G. H. Golub uses the concept of singular value 

decomposition [3]. 

4.4 ~olvin~ Generalized Dual Problem 

It has been indicated earlier that the general.ized dual problem 

can be solved by any one of the many convex quadratic programming 

techniques. In this section we will consider two additional procedures 

for solving the generalized dual least distance programming problem. 

The first procedure is an application of the modified Newton method 

developed by Ben-Israel (11,12,13,14]. Ben-Israel developed the 

modified Newton method for the solution of constrained non-linear least 

squares problems. Ben-Israel 1 s procedure is not applicable to either 

the primal least distance programming problem or the Lagrangian dual of 
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the problem. However, it wi11 be shown here that Ben-Israel's procedure 

can in fact be used for the generalized dual problem. 

The second approach to the solution of generalized dual problems 

uses the concept of partial isometries. Theorem 4.3 establishes the 

conditions under which the solution of the generalized dual problem is 

obtained almost by inspection. 

4.4 .1 Newton's Method: 

The modified Newton method considered here is due to Ben-Israel 

[14]. Ben-Israel extended Newton's method for solving linear and non-

linear equations [12] to apply to the nonlinear least squares problem 

over convex sets [13]. The application of Ben-Israel's procedure to a 

class of nonlinear programming problems, of which the generalized dual 

problem is a special case, is presented below. 

Let S be a closed convex set in E" and f a function such that f 2 

is convex and differentiable. Consider the problem 

min f 2(w} . {4.45) 
we:S 

The optimal solution to the above problem w* is a stationary point of a 

convex function g(w) [14, p. 349], where 

(4.46) 

The optimal solution to the above problem can be obtained by iteratively 

solving a sequence of subproblems [14, p. 350]. Newton's method is used 

to solve these subproblems. Thus, starting at some known vector w0 the 

optimal solution w* is obtained as a limit of the solution wk of the 
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sequence of subproblems. The following iteration defines Newton's 

method used by Ben-Israel to obtain wk+l from wk, 

wk+l =wk - ([Jf(wk)]if(wk}+I)-1 ([Jf(wk)]'f(wk) 

+ Psl [wk- ~ vf2(wk)J) ' (4.47) 

where [Jf(wk)]' is the transpose of Jacobian matrix at wk. If the 

sequence {wkjk = 0, l, ... ; w0 given} so obtained converges tow*, 

then w* is a stationary point of function g(w) in equation {4.46) and 

thus solves the minimization problem in equation (4.45). 

The method presented above cannot be directly used to solve the 

Lagrangian dual least distance programming problem, since it is not in 

the form of the minimization problem given in equation (4.45). However, 

the difficulty in solving the primal least distance programming problem, 

by Newton's method, is quite different. Comparing equations {4.l) and 

(4.2) with equation (4.45) we have, 

{4.48) 

and 

s = {y I By .::.. c} • ( 4. 49) 

Thus in the iterative scheme in equation {4.47) all terms except for 

the perpendicu1 ar projection on sl, 

(4.50) 

are easily obtained. The computation of this projection wi11 require 

the solution of a least distance programming problem at each iteration. 

This is quite undesirable since the subproblem is itself the main problem. 
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Now we consider the generalized dual problem in equations (4.30) 
and (4.31). Comparing it with the problem in equation (4.45) we have, 

(4. 51) 
and 

S = Lw = {wjw ~ c, c i 0} . 

In this case the iterative scheme in equation (4.47) is easily compu-

table, since the orthogonal projection of any ztEm on sl is simply 

Psl (z) = PL 1 (z) 
w 

= { zi 

Ci 

if Z; > Ci 

if z, < c. 
1 - 1 

, i = 1, ... , m. (4.52) 

Thus Ben-Israel's version of Newton's method is applicable to the 

generalized dual form of the least distance programming problem, whereas 

it is not applicable to the primal and Lagrangian dual forms of the 

least distance programming problem. The only computational disadvantage 

in using the generalized dual problem may be in computing Bt. This 

concludes the discussion of Newton's method. 

4.4.2 Partial Isometries: 

In Lemma 4.2 the partial isometries were shown to be a class of 

norm-preserving linear transformations in Euclidean space (36,37]. The 

relevance of this transformation to the solution of a generalized dual 

least distance progranrning problem is obvious from the following 

theorem. 
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Theorem 4.3 

If the matrix Bt is a partial isometry then the optimal solution w* 

of the minimization problem 

(4.53) 

where 

(4.54) 

is given by 

w* = -(-c}+ , (4.55) 

where (-c)+ is obtained by replacing the negative elements of(-c) by 

zeros. 

Proof: 

From equation (4.13) in Definition 4.2,for every vector weN(Bt)l 
the following holds: 

(4.56) 

Now, from Theorem 4.1, and because Oily, we have 

( 4. 57) 

or 
(4.57a) 

Now, from equation '(4.57a) it follows that 
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(4.58) 

Using equations (4.56) and (4.58h the minimization problem in equation 
(4.53) can be rewritten as 

(4.59) 

The optimal solution of the above problem is obtained directly from 

Corollary 3.2 as 

w* = -(-c)+ • (4.60) 

This concludes the proof of Theorem 4.3. 

If the generalized inverse of the constrained matrix B is a partial 

isometry,then the optimal solution y* to the primal least distance 
programming problem 

(4.61) 

where 

Ly = {y I By ~ c' c i 0 ' (4.62) 

can be obtained from Theorem 4.3 and equations (4.32a) and (4.32b) as, 

(4.63) 

It is clear that the results of Theorem 4.3 can be applied to the 

solution of only those problems having the generalized inverse of the 

constraint matrix to be a partial isometry. It is indeed difficult to 
identify the set of matrices that qualify. The preliminary findings of 
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Erdelyi (19, Theorem 3, p. 212] identifies a group of matrices that do 

belong to the above set. This group identified by Erdelyi contains 

any square matrix A whose Darzin pseudofoverse AD [19, p. 205] is 

normal and the matrix A satisfies the following condition, 

(4.64) 

In view of this, one must conclude that Theorem 4.3 has only a very 

limited application in solving a least distance programming problem. 

4.5 Example 

This is an example of the solution of a least distance programming 

problem using the results of Theorem 4.3. Consider the following primal 

least distance programming problem, 

(4.65} 

where 

Ly "' {y I By ~ c , c i 0} • (4.66) 

Given 
l 0 0 

B "' 0 IJ + l 13 - 1 
4 4 (4.67) 

0 13 + 1 13 - 1 - 4 4 

and 

(4.68) 



Computing Bt we obtain, 

l 

0 

0 

13 + 1 -4-

13 - 1 0 - 4 
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0 

13 + 1 ---4-

13 - 1 
4 

(4.69) 

Now since equation (4.21) holds for Bt and B~ the generalized inverse 

Bt is a partial isornetry. The solution to the problem in equations 

(4.65) through (4.68) is given by equation (4.63) as 

y* = ..at(-c)+ = -Bt(1,0,0) 1 , (4.70) 

or equivalently 

y* = {-1 ,0 ,Q) I • (4. 71) 



Chapter V 

A CUTTING PLANE ALGORITHM FOR 

THE LEAST DISTANCE PROGRAMMING PROBLEM 

5.1 Introduction 

In examining the various algorithms for solving a linearly constrained 

non-linear programming problem, two broad and important classes of 

algorithms can be distinguished. The first class of algorithms consists 

of those based only on the consideration of the active constraints at 

each iteration, while the second class of algorithms consists of those 

based on the consideration of the entire feasible region at each 

iteration. In general, the convergence of the latter class of algorithms 

is easier to establish but the subproblem at each iteration is of a much 

higher degree of complexity than the algorithms of the former class. 

Techniques such as those of Goldfarb [51), Rosen [101], Theil and 

Van de Panne [75, p. 85], and Zountendijk [124] all belong to the former 

class of the algorithms, while the algorithms based on conditional 

gradient, gradient projection and Newton 1 s method as discussed in 

Levitin and Polyak [78) are examples of the latter class of algorithms. 

The cutting plane algorithm for the least distance programming 

problem presented here can be considered as a combination of the above 

two types. It is expected to incorporate the good characteristics of 

both classes of algorithms. The main objective of the algorithm is 

to minimize computational effort. The algorithm is designed to 

iteratively reduce the feasible region of the least distance programming 

60 
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problem through the addition of cutting plane(s). These iterations 
finally converge to a feasible region containing only the optimal 

point. 

The cutting plane algorithm for the least distance programming is 

presented in Section 5.2. Section 5.3 shows the details of computa-

tional procedure. Section 5.4 presents convergence of the cutting plane 

algorithm and Section 5.5 contains numerical examples of least 

distance programming problems. 

5.2 The Cutting Plane Algorithm 

The least distance programming can be redefined as: 

where 

I = {1 , 2, ••. , m} , 

and 

{5.1) 

(5.2) 

(5.3) 

(5.4) 

Note that if the set L1 contains the origin then. the origin itself is 

the optimal point, i.e., 

y* = 0 • (5.5) 

Thus the assumption in equation (5.4) eliminates the above trivial case. 

To solve the least distance progranming problem in equation (5.1) 

the cutting plane algorithm starts with a known initial feasible interior 

point of the set L1. The optimal solution is then obtained through an 



'A, 
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') kth cutting Plane 

Figure 1 

The Cutting Plane Algorithm 
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iterative procedure. The following discussion explains this iterative 

procedure. 

For the kth iteration of the algorithm let yo represent the known 

initial feasible interior point. The first step of the algorithm involves 

moving along the ray emanating from yo and pointing towards the origin. 

Due to the nature of the objective functi.on this direction is also the 

gradient direction (Figure l). Since the origin is infeasible, there 

will exist a point yk on this ray such that it is on the boundary of 

region L1. If yk is optimal then the algorithm terminates. If yk is 

non-optimal then a cutting hyperplane orthogonal to vector yk is 

generated. This cutting plane is then added to the constraint hyperplanes 

in an inequality form such that the half space containing yo is 

infeasible. The shaded area in Figure 1 indicates the portion of the 

feasible region eliminated by introducing this cutting plane. 

The algorithm now attempts to find a feasible direction dk from the 

point yk such that dk lies on the newly introduced cutting plane. Such 

a direction will always exist,for the non-existance of such a direction 

implies the optimality of yk (Theorem 5.l). Once the direction dk is 

found,a step in this direction is taken such that the point 

(5.6) 

is in the interior of the original feasible region. (Note that zk is on 

the boundary of the newly created constraint.) This is done by 

manipulating the parameters ok and ;.k, The new point zk is redefined as 

yo (point Pin Figure 1} and serves as a starting point for the {k+l)st 
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iteration of the cutting plane algorithm. The mathematical details of 

the algorithm are presented below. 

Step (0): Obtain an initial feasible interior point: YOELI. 

Set k = 1 and m = #(I}. Choose ok such that O < ok < 1 and E > 0. 

Step (1): Starting from yo proceed in the direction (-yo) until a 

boundary point yk of the feasible region LI is reached. Compute, 

and 
yk = PkYO • 

Also define the set Vk' 

vk = {i I (b1} 'yk = ci; idlC I , 
and the kth cutting plane at yk, 

(5.7) 

(5.8} 

(5.9) 

(5.10) 

Step (2): Using the procedure(s} from Section 5.3 determine a 

direction dk into the interior of the original feasible region, 

along the kth cutting plane. Or in other words, determine dk such 

that, 

and 
(bi)'dk < 0, iEVk • 

If either 

(5.11) 

(5.12) 

(5.13) 
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for some tolerance factor ~ > 0, or no such direction dk 

satisfying equation (5.11) and equation (5.12) exists, then set 

y* = yk (5.14) 

and stop; otherwise, continue to Step (3). 

~_t~: Add the kth cutting plane from equation (5.10) as the 

(m+k)th constraint: 

(yk)'y s.. IYkl22 

to the constraints in L1• This is done by including (m+k) in 

set I and setting, 

C lyk i 22 ' m+k = I 

and 

{5.15) 

(5.16) 

(5.17) 

Step___i11: If k = 1 then go to Step (5); otherwise, continue. 

Using the following procedure drop those previously established 

cutting planes which may now have become redundant. For any 

j > 0 and j f k exclude (m+j) from set I, if 

(m+j )d (5.18) 

and 

(bm+k) 'yj > cm+k • (5.19} 

~tep (5}: Move in the direction of dk (obtained from Step (2)) 

until a constraint boundary is reached. Compute 
zk = Yk + 0k(Akdk) , (5.20) 

where 
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{b.) 1yk-c. 
1 k 1 < ro; idI-Vk-(m+k)}}. (5.21) 

(b;)'d 

If either 

A· = -1 < 0 for all ie{I-Vk-(m+k)} (5.22) 

or the set 

U-Vk-(m+k)} = HH , (5.23) 

then an arbitrary value of Ak (say Ak = 1) can be selected. Now 

set k equal to k+l, yo equal to zk and choose ok such that 

0 < ok < l • 

Return to Step (1). 

The above a1gorithm does not require vector normalizations. However, 

it is recommended s i nee this wi 11 he 1 p in reducing the magnitude of the 

computational error. The value of ok can be selected arbitrarily, 
k 8 = 0.5, fork= l, 2, ... ,is usually appropriate. 

Except for Step (2), where we need to prove the optimality criterion 

used and establish a procedure for computing an interior feasible 

direction dk, the algorithm is completely defined. The following 

section provides the necessary material for the completion of Step (2) 

of the algorithm. 

5.3 The Feasible Direction 

A feasible direction dk at yk along the kth cutting plane can be 

found by a procedure defined by Zountendijk [124]. Zountendijk's 

procedure requires that 
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(yk) 1dk = 0 (5.24) 

(b.)'dk < 0, 
1 - h:Vk • (5.25) 

Or equivalently, that 

(yk)'dk = 0 (5.26) 
k Bkd ~ 0 , ( 5. 27) 

where 

(bl) I 

(b2)' 
Bk = ' ie:Vk • {5.28) 

(b •)I 
1 

However, an interior feasible direction dk at yk along the kth cutting 

plane is defined by 

(yk) I dk :: 0 (5.29) 

(5.30) 

In Step (2) of the algorithm an interior feasible direction satisfying 

equations (5.29) and (5.30) is required and if no such direction exists 

then yk is the optimal solution to the least distance programming 

problem. This claim is proved in Theorem 5.1. 

Theorem 5.1 

If there exists no interior feasible direction dk at yk such that 

then 

(yk) I dk ::: Q 

(bi)'dk < 0 , iEVk 

( 5. 31 } 

(5.32) 
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is the optimal solution to the least distance programming problem 
defined in equation (5.1). 

Proof: The theorem can be established by proving: If 

(5.33) 

y* = y k ( 5 . 34} 
then the vector dk satisfying one of the following two equations 

violates the other; 

(yk) 'dk = 0 t 

(bi}'dk < 0 , ie:Vk • 

(5.35) 

(5.36) 

k From the Kuhn-Tucker optimality conditions (75, p. 68] the y e:L1 is an 

optimal solution to the least distance programming problem if and only if 

and 
-yk = l a.b. 

hVk 1 1 
(5.37) 

(5.38) 

Now from equation (5.4) the optimal solution y* ~ O. Thus if yk is an 
optimal solution, then yk ~ O. Hence in equation (5.37) and equation 

(5.38) we must have 

ai > 0 , for at least one ie:Vk • 

Let the index set Vk' be defined such that 

Vk' = {ila; > 0, ie:Vk}CVk. 

Using equation (5.40) equation (5.37) can be rewritten as 

(5.39) 

(5.40) 

(5.41) 
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Multiplying both sides of equation (5.41) by some vector dk we obtain 

-(yk)'dk = 6 a.(b.)'dk (5.42) 
• t 1 1 
le: k 

From the above equation observe that if dk satisfies equation (5.35) 

then we have 

which implies 

o = (bi)'dk • for all ie:Vk' • 

since ai > O for all ie:Vk' C Vk. Thus dk violates equation (5.36). 

Conversely, if dk satisfies equation (5.36) then from equation (5.42) 

we have 

-(yk)'dk = .l ai(bi)'dk < 0 , 
1e:Vk' 

since ai > O for all ie:Vk 1 C Vk. Thus dk violates equation (5.35). 

This completes the proof of Theorem 5.1. 

The above theorem validates the stopping criterion used in Step (2) 

of the algorithm. The only phase now left in the completion of Step (2) 

of the algorithm is to establish a procedure for computing the direction 

dk at yk such that equation (5.29) and equation (5.30) are satisfied. 

In the following paragraphs the computational procedures to determine 

the direction dk are presented. 

Several existing procedures can be used in computing the feasible 

direction dk at yk satisfying equation (5.29) and equation {5~30). 

Linear prograrmting, Ho and Kashyap algorithm [64,65] and the methods 
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discussed in Zountendijk [124] are examples of these procedures. 

However, these procedures require considerable computational effort. 

Since the cutting plane algorithm requires an iterative use of these 

procedures, a short cut algorithm 11e-method 11 for computing dk is 

proposed. The e-method is developed so as to require a minimum compu-

tational effort. In some cases the e-method may not yield the required 

direction dk, If this occurs then one must resort to one of the several 

existing procedures. Amongst these existing procedures the Ho and Kashyap 

algorithm appears to be more suitable since equation (5.30) involves 

strict inequalities and the Ho and Kashyap algorithm is designed for 

the problems with strict inequalities. The e-method is presented and 

is followed by an explanation of the Ho and Kashyap algorithm. The 

notations used here are the same as in Section 5-2. 

e-Method: 

In order to determine an interior feasible direction dk at yk, con-

sider any known point e such that it is feasible with respect to the 

kth cutting hyperplane, that is, 

(5.43) 

Now since yo is infeasible with respect to the kth cutt"ing hyperplane, 

that is, 

(5.44) 

there must exist a point u on the cutting hyperplane such that the line 

joining yo and e intersects the cutting plane at u. The point u can be 

written as 
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(5.45) 

where 

(5.46) 

Using equation (5.8) equation (5.46) can be rewritten as 

(5.47) 

Now for some vector d along the cutting plane 

u = y k + d ' ( 5. 48) 

since yk and u both lie on the cutting plane. From equation (5.45) and 

equation (5.48) the vector d can be written as 

d = yo - yk + A(e-y0) • (5.49) 

Using equation (5.8) and equation {5.47) we have 

k k k 
d = A[P-e 1L + e - l._J \ k k 

Aj) p 

or 

and finally, 

(5.50) 

The direction d in equation (5.50) is obtained from equation (5.48} 

and satisfies equation (5.29). In order to be an interior feasible 

direction, d must also satisfy equation (5.30), that is, 



72 

or, by using equation (5.50) we reduce it to 

(5.51) 

Since A > 0, the above equation can be rewritten as 

(5.52) 

Furthermore, substituting for 11 from equation (5.47) in equation (5.50) 

the vector d is obtained as 

(5.53) 

Equations (5.52) and (5.53) define the requirements for determining 

the direction dk. The first step in the procedure is to find an arbi-

trary point e such that equation (5.52) is satisfied. The point e 

satisfying equation (5.52) is then substituted into equation (5.53) to 

give the required di rec ti on d { =dk). Under some conditions the vector e 

is readily found. In general, a simple trial and error procedure can 

be used to identify the vector e. Both of these procedures are outlined 

below. 

If #(Vk} = 1, say Vk = {i}, then the task of finding vector e is 

greatly simplified. In this case e = -bi and this vector always 

satisfies equation (5.52). This is true because the matrix 

(5.54) 
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in equation (5.52) is an elementary reflector [107] and hence a 

positive-semidefinite matrix. Therefore we select 

e = -bi • (5.55) 

which satisfies equation (5.52) in slightly weaker form~ that is, 

(b;)'(Mk)(~bi) < 0. (5.56) 
In general, however, a finite number of vectors e are generated 

according to the fo 11 owing sequence: 

(n, 0, 0, ... , o, O) 

(-n, 0, 0, ... , 0, 0) 

(0, n, 0, ... , 0, 0) 

( O, -n, O, .•• , O, o) 

. 
(o, o, o , ... , ot n.) 

( 0 , o , 0 , ••• , O , -n) , 

where 

n > O . 

These vectors are sequentially tested to see if equation (5.52) is 

satisfied. The first vector satisfying (5.52) is chosen as e. 

(5.57) 

Once a vector e satisfying equation (5.43) and equation (5.52} is 

found, then the required direction dk is obtained from equation (5.53). 

If none of the generated e-vectors satisfy equation (5.52) then the 

e-method is abandoned and the technique of Ho and Kashyap is used. The 

e-method is summarized in the next paragraph. It is executed within 

Step (2) of the cutting plane algorithm. 
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e-Algorithm: 

(1) If #(Vk) = l, say Vk = {i}, then e =-bi satisfies equation 

(5.52), go to (la); otherwise go to (2) below. 

(a) If e violates equation (5.43), then select o such that 

0 < cr < 1, set e = cre and return to (la); otherwise 

continue to (lb). 

(b) Compute dk using equation (5.53). 

(c) If dk = 0, then set y* = yk and stop; otherwise return 

to Step (2) of the cutting plane algorithm. 

(2) Let e5 j = (0, 0, .. q 0, sn, 0, ... , 0) 
}th element 

n > O 

{ 
+l 

and s = or . 
-1 

Set n, s = +1 and j = 1. 

(5.58) 

(5.59) 

(5.60) 

(a) If e violates equation (5.43) then select a such that 

0 <a< l, set e = ae and return to (2a); otherwise 

continue to (2b). 

(b) If esj satisfies equation (5.52), then substitute e = esj 

in equation (5.53) and obtain dk, now return to Step (2) 

of the cutting plane algorithm; otherwise continue. 

(c) If j = n, then "use Ho and Kashyap procedure"; otherwise 

set j = j + ( l+(2l )s), s = (-l)s, and return to {2a). 
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Ho and Kashyap Algorithm: 

The algorithm developed by Ho and Kashyap [65] is exponentially 

convergent and finite. This algorithm is used here to determine vector e 

such that equation {5.52) is satisfied. Then equation {5.53) is used 

to determine 'the direction d1<. Equation (5.52) is simplified by 

substutiting 

and rewritten as 

Ae > 0 . 

Let 

f > 0 

and 

g = Ae -·f . 

(5.61) 

(5.62} 

(5.63) 

(5.64) 

The Ho and Kashyap algorithm determines a vector e, if one exists, such 
that equation (5.62) is satisfied. The following two steps define the 

iterations in the algorithm: 

(1) ei+l = e1 + P; SA' lgi I , e0 arbitrary , 

(2) fi+l = f; + (gi+lg;I) , f0 > O but arbitrary , 
where 

and 
I 9i I 'ASA I I 9i I 

= l9;l'AsA'ASAjg1j < 2 • 

(5.65) 

(5.66} 

(5.67) 

(5.68) 
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The spectral no·rm I A' A 12 can be eas i 1y computed. by the power method 

[46,54]. 

The occurrence of a nonpositive vector gi at any stage terminates 

the algorithm and indicates the inconsistency in equation {5.62). 

Thus if a vector e satisfying equation {5.62) is found by the use 

of the Ho and Kashyap algorithm then equation {5.53) is used to compute 

the direction dk; otherwise the algorithm terminates prematurely indi-

cating a non-existance of the direction dk. In either case this com-

pletes the computations under Step (2) of the cutting plane algorithm. 

5.4 Convergence 

The cutting plane algorithm presented in Section 5.2 is convergent. 

At each iteration a new cutting plane at yk is constructed, with respect 

to which there is at least one point yo of the feasible region lying on 

the infeasible side of the cutting plane. This point also remains 

infeasible with respect to all future cutting planes. Thus the above 

elimination process in limit will converge to a feasible region containing 

only the optimal solution. 

The cutting plane algorithm does not cummulate computational error, 

since the calculations in each iteration are independent to those in 

other iterations. 
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~2nd cutting plane 1st cutting plane 

Figure 2 
Iterations in the Solution of Example l 
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5.5 Example 

5.5.1 First Example 
This problem is a continuation of the example in Section 2.5, where 

we reduced Kunzi's [75] quadratic programming problem to the following 

least distance programming problem: 

min[IYl 22-2.5] 

subject to 
-212 312 -2 

12 412 -4 

-12 
[y] ~ , 

0 1 

0 -12 2 

or equivalently, 

min[IY 122-2.5] 

subject to 

2 3 -1.4142 

1 4 -2.6284 

-1 0 
[y] ~ 

0.7071 

0 -1 1 ,4142 

The following solution includes the first three· iterations of the 

cutting plane algorithm (Figure 2). 

(5.69) 

(5.70) 

(5.69) 

(5.70) 



Iteration l~ 

(o) yo= (1.1.-1.4)'. 

k = 1 

0 = 0.5 

m = 4 

E: = 0 .0001 

79 

(1) pl = 0.7071, p2 = 0.6285, P3 = -0.6428, r 4 = 1.0101, 

pl =max {0.7071,0.6285} = 0.7071 • 

Therefore, y1 = 0.7071 (l.1,-1.4)' = (0.7778,-0.9899)' 

v1 = OL 

and the 1st cutting plane is {y1) 1y = !Y1!22 = 1.5849. 

(2} Using Step (1) of thee-algorithm: 

e = -{2,3)' = (-2,-3) 1 , 

(y l ) I e : 1 • 4141 < 1. 584 g ' 

thus d1 = (-2.1370, -1.6797}'. 

The point y1 is non-optimal. 

(3) Add 1st constraint: (0.7778,-0.9899)y .:::_ 1.584. 

b5 1 = (0.7778,-0.9899) 

c5 = 1.5849 

I = I + {5} = {1,2,3,4,5} 

(4) Not executed. 

(5) {I-Vk-(m+k)} = {2,3,4}, 

12 = -0.0399, 13 = 0.6948, 14 = 0.2526. 

Therefore 11 =min {0.6948,0.2526} = 0.2526, 

and zl = yl + (0.5)(0.2526)d1 

= (0.5079,-1 .2020)'. 
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k = 2, 

o2 = 0.5, 

yo= (0.5079,-1.2020)'. 

Iteration 2: 

(1) pl= 0.5460, p2 = 0.6577, p3 < 0, p4 > 1. 

Thus p2 =max {0.5460,0.6577} = 0.6577, 

y2 = 0.6577(0.5079,-1.2020)' = (0.3340,-0.7906)', 

v2 = {2}, 

and the 2nd cutting plane is (y2) 1y = IY2122 = 0.7366. 

(2) Using Step (1) of thee-algorithm: 

e = -(1,4)' = (-1,-4)', 

~2 ) 1 e = 2.8284 .:l 0.7366. 

Let a= 1/4, e = (-0.25,-1), 

(y2) 1e = 0.7071 < 0.7366. 

Thus d2 = (-0.48973,-0.20688). 

The point y2 is non-optimal. 

(3) Add 2nd constraint (0.3340,-0.7906)y,::. 0.7366. 

b5' = (0.3340,-0.7906), 

c6 = 0.7366 

I = I + {6} = {l ,2,3,4,5,6}. 

(4) (y2)•y1 = (0.3340,-0.7906)(0.7778,-0.9899)' 

= 1.0424 > 0.7366 = c6• 

Drop the first cutting plane (or the 5th constraint), 

I= I - {5} = {l,2,3,4,6}. 
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(5) {I-Vk-(m+k)} = {l,3,4}, 

Al < 0, ).3 = 2.1259, ).4 = 3.0143. 

Therefore ).2 = mtn {2.1259,3.0143} = 2.1259, 

z2 = y2 + (0.5)(2.1259)d2 

= (-0.1865,-1.0105}', 

k = 3, 

63 = 0.5, 

yo= z2 = (-0.1865,-1.0105)'. 

Iteration 3: 

(1) pl= 0.4145, p2 = 0.6689, PJ > 1, p4 > l. 

Thus p3 = max {0.4154,0.6689} = 0.6689, 

y3 = 0.6689(-0.1865,-1.0105)' = (-0.1247,-0.6759)', 

v3 = {2} 

and the third cutting plane is (y3) 1y = jy3 j22 = 0.4724. 

(2) Using Step (1) of thee-algorithm: 

e = -(1,4)' = (-1 ,-4)', 
(y3) 1e = 2.8283 .!. 0.4724. 

Let a= 0.1, e = (-0.1,-0.4), 

(y3) 1e = 0.2828 < 0.4724. 

Now direction d3 can be computed and the algorithm may be 

continued further. The point y3 is non-optimal. 

(3) Add 1rd constraint (-0.1247 ,-0.6759)y ~ 0.4724. 

b1' = (-0.1247,-0.6759), 

C7 = 0.4724, 

I= I+ {7} = {l,2,3,4,6,7}. 
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(4) (y3) 1y2 = (-0.1247,-0.6759)(0.3340,-0.7906)' 

= 0.4927 > 0.4724 = c7. 

Drop the second cutting plane (or the 6th constraint), 

I= I - {6} = {1,2,3,4,7}. 

(5) This may be continued further. 

The result after three iterations is 

y 3 = (-0.1247,-0.6759), 

as compared to the optimal solution 

y* = (-0.16638,-0.6655). 

Now using y 3 and the inverse transformation the approximate solution to 

Kunzi 's original quadratic programming problem, x3, is given by 

that is, 

3 [12 OJ 3 [l] x= 012 y+ 2 • 

Substituting for y3 in the above equation yields, 

x3 = [12 OJ [-0. 1247 J [ 1 J 
0 12 -0.6759 + 2. '· 

or, equivalently 

x3 = [0.8234] , 
1. 0441 

as compared to the optimal solution obtained by Kunzi [75], 
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1 2 

Figure 3 

Iterations in 1 tl·on of Example 2 . the So u 

_ 1st 
--,_cutting 

plane 



x*= [0.7647] 
1 .0588 
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The above example shows that in three iterations a solution very 

close to the optimum is obtained. Since this example considers only 

one active constraint at each iteration, the following example is 

designed to illustrate the use of the e-algorithm in finding an interior 

feasible direction when there are more than one active constraints 

involved. 

5.5.2 Second Example 

Consider the following least distance programming problem: 

min[IYl/J 

subject to 

The cutting plane algorithm is used to solve this problem (Figure 3). 

Iteration 1: 

(o) yo= (2,6) 1 

k = 1 

0 = 0.5 

m = 2 

E: = 0.0001 
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(1) pl = 0.5, p2 = 0.5, 

pl =max {0.5,0.5} = 0.5. 

Therefore y1 = 0.5(2,6)' = (1,3) 1 • 

v, = {1,2} 

and the first cutting plane is (y1) 1y = IY1!22 = 10. 

(2) Using step (2) of the e-algorithm: 

n = 2, j = l, s = +1, 

esj = (2,0), 
esj satisfies equation (5.52). 

Therefore dk = (l,-1/3)'. 

The pointy' is found to be non-optimal. 

(3) Add 1st constraint: (1,3)y ~ 10. 

b3' = (1,3)' 
c3 = 10,, 

I= I+ {3} = {1,2,3}. 

(4) Not executed. 

(5) {I-Vk-(m+k)} = {0}. 

Therefore Al = 1 {arbitrary), 

and z1 = y1 + (0.5)(l)d1 

= (3/2,17/6)' • 

k = 2, 

e, 2 = 0.5, 

yo= zl = (3/2,17/6)' • 

The procedure may now be continued further. However, this example 

is designed to demonstrate the use of the e-algorithm in finding an 
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interior feasible direction when there are more than one active 

constraints involved. 



Chapter VI 

CONCLUSION 

6.1 Summ~ 

Quadratic minimization problems constitute a significant and 

important subset of optimization problems. Research has shown that 

a convex quadratic programming problem can be reduced to a least 

distance programming problem using a unique and non-singular "linear 

least distance transformation. 11 A computational algorithm for deter-

mining this linear least distance transformation is presented. This 

algorithm uses a variation of the Cholesky factorization technique for 

positive definite matrices, since Cholesky factorization is known to be 

numerically stable. 

In solving the least distance programming problem it is found that 

certain sped a 1 cases, dea 1 i ng with the orthogona 1 i ty property of the 

constraint matrix, lend themselves to a simple solution procedure. 

Theorems establishing the optimality of such solutions are presented. 

It is also found that solutions for least distance programming problems 

having a row-orthogonal constraint matrix are easily obtained. A gener-

alization of this result for solving a special case of quadratic program-

ming is also presented. A QR-transformation is found to be of no use 

in reducing a general least distance programming problem to a row-

orthogona1 least distance programming problem. It is found that the 

column orthogonality property of the constraint matrix of a least 

distance programming problem does not contribute to the solution of 
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the problem. These special cases, though useful in their own right, 

have limited application to the solution of a general least distance 

programming problem. 

Using generalized inverses, a new 11 generalized dual" of the least 

distance programming problem is derived. The dual problem is solvable by 

existing quadratic programming techniques. In addition, it is shown that 

the generalized dual problem can be solved by Ben-Israel's modified 

Newton method. A special case of the generalized dual problem is con-

sidered. It is found that the least distance programming problem, having 

a generalized inverse of the constraint matrix as a partial isometry, 

is easily solved. Since it is difficult to identify this latter class 

of matrices, the results have rather limited applications. 

Finally, a convergent iterative algorithm for solving the least 

distance programming problem is presented. This algorithm has wide 

applications. It is based on a cutting plane technique, and requires 

the computation of an interior feasible direction at each iteration. 

The method of Ho and Kashyap may be used to establish this direction. 

The 11e-method 11 proposed here gives an alternative for computing the 

feasible directions and generally requires much less computation. A few 

numerical examples are presented to illustrate these algorithms. 

6.2 Suggestions for Further Studx 

The following three suggestions for further study are the logical 

consequences of this research. 



89 

(1) With reference to Section 4.4.2 and the work of Halmos [56] 

and Ha1mos and Mclaughlin [58] we make the fo11owing 

observations. If a partial isometry B is not zero then its 

spectral norm jAl 2 = 1. Since by definition any matrix B 

is a contraction if IBl 2 s. l, it follows that a partial isometry 

is a contraction. Furthermore, Halmos and Mclaughlin [58] 

and Erdelyi [37] show that every contraction on En can be 

extended to a partial isometry on E20 . In view of this and 

Theorem 4.3 it may be possible to consider a solution technique 

in the E211 space for the generalized dual problem presented 

in Chapter 4. 

(2) The following conjecture may be worthy of consideration in 

solving the least distance programming problem given by 

( 6. 1 ) 

where 

Ly = {y I By .::.. c' c i 0} • (6.2) 

Co~jecture: Let y* be the optimal solution to the above 

problem. Since y* 'f 0 is unique and LY is a convex polyhedron 

in En, there are supporting hyperplanes to set Ly at the 

point Y*t:LY. Let these hyperplanes be denoted by set H*. 

Note that y* is always situated on the boundary of LY. Now a 

normal nh drawn from the origin to a hyperplane hc:H c H* 

wi11 penetrate the feasible region LY. Let l*y = 
U { nh n Ly }£ Ly. Consider the linear programming problem, 

Vhe:H 



where 

min (y,a) 
yel y 
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(6.3) 

(6.4) 

If y* > 0, then the solution to the above linear programming 

problem is also an optimum solution for the least distance 

programming problem in equations (6.1) and (6.2). 

If the above conjecture can be proven then it may help in 

obtaining a suitab1e technique for solving a least distance 

programming problem. It may even be possible to consider 

an extension of the above conjecture to a linearly constrained 

convex nonlinear programming problem,where the optimal 

solution is not contained in the interior of the feasible 

region. 

(3) The cutting plane algorithm presented in Chapter 5 along 

with the linear least distance transformation from Chapter 2 

should be computationally compared with the other well known 

methods of quadratic programming presented in Kunzi [75]. 
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QUADRATIC MINIMIZATION 

AND LEAST DISTANCE PROGRAMMING 
by 

Syed Z. Shariq 

(ABSTRACT) 

Quadratic minimization problems constitute a significant and 

important subset of optimization problems. Research has shown that 

a convex quadratic programming problem can be reduced to a least 

distance programming problem using a unique and non-singular "linear 

least distance transformation." A computational algorithm for deter-

mining this linear least distance transformation is presented. This 

algorithm uses a variation of the Cholesky factorization technique for 

positive definite matrices, since Cholesky factorization is known to 

be numerically stable. 

In solving the least distance programming problem it is found that 

certain special cases, dealing with the orthogonality property of the 

constraint matrix, lend themselves to a simple solution procedure. 

Theorems establishing the optimality of such solutions are presented. 

It is also found that solutions for least distance programming problems 

having a row orthogonal constraint matrix are easily obtained. A gener-

alization of this result for solving a special case of quadratic program-

ming is also presented. A QR-transformation is found to be of no use 

in reducing a general least distance programming problem to a row-

orthogonal least distance programming problem. It is found that the 

column orthogonality property of the constraint matrix of a least 



distance programming problem does not contribute to the solution of 

the problem. These special cases, though useful in their own right, 

have limited application to the solution of a general least distance 

programming problem, 

Using generalized inverses, a new "generalized dual 11 of the least 

distance programming problem is derived. The dual problem is solvable by 

existing quadratic programming techniques. In addition it is shown that 

the generalized dual problem can be solved by Ben-Israel 1s modified 

Newton method. A special case of the generalized dual problem is con-

sidered. It is found that the least distance programming problem, having 

a generalized inverse of the constraint matrix as a partial isometry, 

is easily solved. Since it is difficult to identify this latter class 

of matrices) the results have rather limited applications. 

Finally, a convergent iterative algorithm for solving the least 

distance programming problem is presented. This algorithm has wide 

applications. It is based on a cutting plane technique, and requires 

the computation of an interior feasible direction at each iteration. 

The method of Ho and Kashyap may be used to establish this direction. 

The 11e-method 11 proposed here gives an alternative for computing the 

feasible directions and generally requires much less computation. A few 

numerical examples are presented to illustrate these algorithms. 
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