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CHAPTER I 

INTRODUCTION 

The linear calibration problem, frequently ref erred to as inverse 

regression or the discrimination problem has recently received the 

attention of several authors, The prohlem can be stated as follows: 

Let x represent the controlled variable and y the measured variable, 

and let the relation between x and y be given by 

(1.1) 

Consider N va~ues of xi' i • l, ••• ,N, say kno·..m weights and the cor-

responding N values of y1, i • l, ••• ,N, say the readings on a scale to 

be calibrated. Then the model can be written 

(1.2) 

th where £ 1 is the i-- reading error. If one assumes the errors to be in-

dependently and identically distributed with mean zero and variance a2 

then a and b, the least squares estimators for a and 8 provide us with 

the least squares estimator for y for a given value of x, 

where 

- -

y • a + bx 

a • a • y - bx 

b • 8 • S /S xy xx • 

(1.3) 

Here x and y are av2rages of the N values of x1 and y1 respectively and 
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N 
. I <x1 - x)<11 - 1> 

i•l 

N - 2 
sYY. l Cyi - y) • 

i•l 

However, in the future, one is not interested in estimating y, the 

reading on the scale, for a given value of x but is rather interested 

in estimating x, the unknown weight of an object, for a given reading 

of y on the scale. Inversion of equation (1.3) provides us with 

.. 
xc • (y - a)/b • x + (y - y)/b • (1.4) 

This has recently been referred to as the Classical estimator and Ott 

(1966) and more recently Ott and Myers (1968) have considered it in 

some detail. In particular, they have determined optimal experimental 

designs using the criterion suggested by Box and Draper (1959), that 

is, the minimization of 

[ ! dx] J • f E(xc - x) 2 dx C R 
(1.5) 

where R is the region of :f.nterest of x. 2 While the E(xc - x) does not 

exist since the moments of l/b do not exist, by truncating the density 

of b, they obtained finite moments and hence a finite mean squared 

error; their results indicate that when the true relation is in fact 

first order as given by equation (1.2), theu JC can be minimized for 
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symmetrical designs over the scaled region [-1, 1) by maximizing -

for symmetrical designs. S is maximi~ed by taking N/2 observations xx 
at x • -1 and N/2 observations at x • +1 when N is even and by taking 

(N-1)/2 observations at x • -1, (N-1)/2 observations at x • +l, and 

one observation at x • 0 when N is odd. 

Consider rewriting equation (1.2) so that it becomes 

The least squares estimators for y and 6 are 

... 
a • d • s Jr. xy yy 

• 
y • c • x - dy 

ao the estimator for x becomes 

.. 
x1 • c + dy • x + d(y - y) • 

The estimator given by (1.7) has recently been referred to as the 

(1.6) 

(1.7) 

Inverse estimator, In general, estimates given by (1.4) and (1,7) will 

be different, and the problem confronting the statistician is that of 

deciding which is the better or the two. Eisenhart (1939) rejected 

the Inverse estimator by the following philosophical argument: 

"It does not seem to be generally realized that the 
fitting should be done in terms of the deviations 
which actually represent "error". Thus when the 
research worker selects the X values in advance, 
and holds x to these values without error, 8nd then 
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observes the corresponding y values, the errors are 
in the y values, so that even if he is interested 
in using observed values of Y to estimate X, he 
should nevertheless fit Y • a + bX and then use the 
inverse of this relation to esti~ate X, i.e. 
X • (Y - a)/b, with the best available estimate of 
Y substituted foi.- Y," 

He continued: 

"Briefly stated, when the values of x have been 
selected by the research worked and the corresponding 
y values observed, the line obtained by minimizing 
t(x - Y) 2 (he means r(x - X)2) is meaningless, and 
(4) ((1.3) in this report)) is accordingly the only 
correct estimate of the postulated linear relation-
ship between X and Y, wherefore, if it is desired 
to reason from Y to X this nust be done by means 
of X • (Y - a)/b, namely (4) solved for x." 

Hence, in 1939 the problem appeared to be solved, and from 1939 until 

1967 the literature on inv€rsc regression dealt primarily with the 

Classical estimator. For example, Bennett and Franklin (1954) briefly 

discuss the Classical estimator and develop an approximating expression 
... 

for Var(xc>• Brownlee (1960) discusses invers~ regression in brief 

under the heading, "The Use of the Regression Line in Reverse" and 

develops an expression for a confidence interval for x using the Clas-

aical estimator, Mood and Graybill (1963) show that if the errors are 
2 distributed independently and identically N(O, o ), then the maximum 

likelihood estimator for x is given by the Classical estimator. Other 

works concerning the Classical estimator include ~!andel and Linning 

(1957) 1 Mandel (1958), Willia~s (1959), tinning and Mandel (1964), and 

the aforementioned research by Ott (1966) and Ott and Myers (1968). 

In 1967 Krutchkof f reopened the problem of deciding bet"Ween the 

two by comparing the av~rage squared error of the Classical estimator 

with that of the Inverse by Honte Carlo sampling. While a mathematical 
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proof was not given, his empirical results indicate that the Inverse 

estimator is better than the truncated Classical estimator from a 

mean squared error point of view for all x £ R. 

Krutchkoff 's work stimulated the reaearch effort in two sue-

ceeding reports. McClelland (1967), using Monte Carlo procedures, 

showed through extensive tabulation that if one calculates an Inverse .. 
confidence interval by substituting the Inverse estimator, xI' for the 

Classical estimator, xc• in the Classical confidence interval, then 

the interval will have a higher confidence than the Classical interval 

of the same length. Yarbrough (1968), attempting a theoretical ap-

proach to the problem, did find an upper bound for the Inverse meatt 
.. 2 

squared error, E(xI - x) • Then by using an approximation for 

E(;C - x) 2, he used extensive tabulation to show that for values of 

x near the mid-point of the region of interest (he used R • [O, 1)), 

the Inverse estimator tended to yield smaller mean squared errors than 

the Classical, but near the ends of R the Classical seemed superior. 

Yarbrough concludes his report with the following paragraph: 

"The whole region of Method B (Inverse estimation) 
has so far remained outside the realm of scholarly 
pursuit. It is to be hoped that this area will 
soon be as thoroughly explored as Method A 
(Classical estimation)," 

It is the intent of this thesis to explore Inverse estimation and 

compare it with Classical estimation. To begin with, if Krutchkoff's 

empirical results that the Inverse estimator is better than the 

truncated Classical from a mean squared error point of view for all 

x £ R be true, then the Inverse estimator should be better than the 

Classical using any criterion based on the mean squared error, and in 
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particular, it should provide a lower average mean squared error than 

the minimum JC for the Clasaical esti:uator obtained by Ott and Myers. 

However, in order to compare the mini~urn JC with the minimum J 1 , the 

minimum average mean squared error for t~e Inverse estimator, one must 

first explore the experimental design problem for the Inverse esti-

mator. The problen of optimal experiment~1 designs w~en the true 

model is first order as gj.ven by equation (1.2) is considered first 

in Chapter II, In Chapter III, the ninimuM J's of the two esti~2tors 

are compared. The results show conclusively that the Inverse esti-

mator is better than the truncated Classical estimator from an average 

mean squared error standpoint. Chapter IV is devoted to obtaining 

optimal experimental designs for the Inverse estimator while assuming 

a first order model when the true model is second order and to sho~ing 

the value of protection of designing the experiment for a possible 

model misclassification. In Chapter V the minimum J's of the two 

estiruators are compared in the presence of a second order model, and 

the results show conclusively that unless the model is nearly linear 

with a large ratio of the first order regression coefficient to the 

model standard deviation and one has nearly perfect a priori informa-

tion concerning the model parameters the Inverse estimator is better 

than the truncated Classical fro~ an average mean squared error 

standpoint. Chapter VI is devoted to a comparison of optimal designs 

for forward regression with those of inv~rse regression and concluding 

remarks are made in Chapter VII, 



CHAPTER II 

LINEAR APPROXIMATI_ON, LI.~EAR 2-t-'.:lDEL - OPTIMAL DESIGNS 

In order to make a fair comparison hetveen the two estimators, 

it will be necessary to use the same criterion for optimizing designs 

for the Inverse estimator as was use1 by Ott and Myers for optimizing 

designs for the truncated Classical estimator, that is, the criterion 

of minimum integrated or average mean squared error. It should be 

emphasized that this criterion is a reasonable one for the mean squared 

error takes into account hoth the variance and bias of the estimator. 

Also by averaging the mean squared error over the region of interest 

R, one is not restricted to consider:f.ng the bias and variance at a 
t: 

single point but can rather examine the quality of x as an estimator 

in the entire region R. Hence, designs are sought which minimize 

JIL •I E(xIL - x) 2 dx/J dx (2.1) 
R R 

where the subscript IL on J and x indicate the Inverse estimator for x 

is under consideration and that the true model is linear as given in 

equation (1.2). Eis, of course, the usual expectation operator. With-

out loss of generality, the range Ron x will be taken as [-1, l], the 

sarae range used by Ott and :Hyers. 

(2.1) Derivation of JIL in Terms of the Moments of d 

Distributional assumptions about the Ei will eventually be needed• 

so in conjunction with the earlier assumption that the Ei are !nde-
2 pendently and identically distributed with mean zero and variance cr , 
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it will also be assumed that they are no~lly distributed. The first 
.. 2 .. 

step now is to find an expression for E(xIL - x) • the MSE(x1L) (l;!ean .. 
]_quared !rror of x1L). Since 

the key terms needed will be the first two moments of x11• Recalling 

from equation (1.7) that 

xIL • c + dy • x + d(y - y) 

with d • S /S and c • i - dy, xy yy 

.. 
E(x11) • x + E[d(y - y)] • 

Similarly, 

(2.3) 

(2.4) 

It is clear that d is independent of y since y is a single future 

observation independent of the N observations used in forming S and xy -Syy• It will now be shown that d is also independent of y. Since d 

is a function of S and S • it need only be shown that y is inde-xy yy 

pendent of both S and S • The independence of y and S follows xy yy xy 
from the fact that Cov(y. S ) • O. This csn be shown by straight-xy 

forward expectations and implie3 ind~pendence under the normality as-

sumption. One can also reason the independence of y and S from xy 
eleDentary forward regression theory where it is proved that y is in-

dependent of b • S /S • The independence of y and Syy follows from xy xx 
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elementary statistical inference and can be shown by invoking Theorem 

4.17 in Graybill (1961). Hence, ~xpressions (2.3) and (2.4) can be 

written 

A 

E(xIL) • x + E(d) E(y - y) (2.5) 

The moments of (y - y) are easily found to be 

E(y - y) • S(x - x) (2.7) 

- 2 2 2 - 2 E(y - y) • a (1 + l/N) + S (x - x) • (2.8) 

Incorporating (2.7) and (2.8) into (2.5) and (2.6), the moments of 
A 

x1L can be expressed as 

A 

E(xIL) • x + S(x - x) E(d) (2.9) 

·2 -2 - - 2 2 - 2 2 E(x1L) • x + 2xS(x - x) E(d) + [a (1 + l/N) + S (x - x) ] E(d ) • 
(2.10) 

Also, the variance of x1L can be expressed as 

(2.11) 

Using (2.2) and the fact that 

A A 2 - 2 2 - 2 2 2 (xIL - ExIL) • (x - x) + S (x - x) (Ed) - 2S(x - x) E(d) , 

A 

the MSE (x1L) can now be expressed as 
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- 2B(x - x) 2 E(d) + (x - x) 2 • (2.12) 

Since the moments of d do not involve x, the integration necessary for 

(2.1) can be performed before specific expressions for these moments 

are obtained. Integrating ten:i by term and rearranging terms it is 

established that 

JIL - {2/3 + 2x2 - E(d) [4x2 a + (4/3) B] 

(2.13) 

Expressions are now needed for the first two moments of d. 

(2.2) Derivation of the M.Jments of d 

First the density of d • S /S will be derived. It seems ap-xy yy 

parent that S and S are depcnd:mt since they are both functions of xy yy 

the same random variables, the Yi• However, this does not guarantee 

dependence, and to resolve this problem, consider finding the 

Cov(Sxy' Syy>• It is clear that a non-zero covariance will establish 

that S and S are dependent. Under the normality assumption, it is xy yy 
easily shown that 

S ~ N{SS , o2s ) (2.14) xy xx xx 

where v • N-1 end the non-centrality parameter ). • s2s /(202). Using xx 
the fact that the expected value of a non-central chi-square variable 
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is v + 2A, it is seen that 

E(S ) • va 2 + a2s • yy xx (2.16) 

Expanding S and S , taking term by term expectations of the product xy yy 

S S , and using the above results in tha relationship Cov(S , xyn xy 
Syy) • E(S S ) - E(S ) E(S }, it can be shown that Cov(S , xy yy xy yy xy 

2 S ) • 2a SS and hence that S and S are dependent. The ratio d, yy xx xy yy 
however, can be decomposed into independent components by observing 

that 

syy - s2 /S + SS xy xx e (2.17) 

(see, for example, Wine (1964).or Graybill (1961}). The first term on 

the right hand side of (2,17) is the sum of squares due to regression 

from elementary regression theory, and the second term is the usual 

residual sum of squares which is well known to be a central chi-square 

variable with N-2 degrees of freedom, One can now write 

d • S /S • u/(u2/s + v) 
xy YY (2.18) 

where u • S , v • SS , s • S and u and v are independent. Due to xy e xx 
the independence of u and v, their joint density can be written as 

e-1 -v/(2a2) - (u - Ss) 2/(2o2s) v e 
f (u, v) • ---""-------------

~ r(e) (2a2) 8 
(2.19) 

for - .., < u < .., and 0 < v < .., "1here e • (N-2)/2, 

density of (w, z) where w • u/v1/ 2 and z • v1' 2• 

transf orrnation is 2z2 so 

Consider now the 

The Jacobian of 
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2z2e ~-z2 /C2a2 ) - (wz - Bs) 2/(2a2s) 

~ r(a) (2a2) 8 
(2. 20) 

for - • < w < co and 0 < z < co. Next consider the density of (m, n) 
2 where m •wand n • z(w /s + 1). The Jacobian of transformation is 

1/(m~s + 1) and the density of (m, n) is 

2 2 h(m, n) • g(m, n/(m /s + 1))(1/(m /s + l)] 

2n20 e-A 
- ---------------------------------- (2.21) 

for - CD < m < co and 0 < n < CD where 

[ ]2 r j2 n 2 nn 2 
A• 2 /(2a ) +b2 - as /(2a s) , 

m /s + 1 m /s + 1 

A little reflection on the above sequence of transformations reveals 

that 

I 1/2 m w u v u - - ------ - _ _.,__.. _____ .. ----- - d • 
n z(w2/s + 1) v112 cu2/(vs) + 1) (u2/s + v) 

(2.22) 

Equations (2.21) and (2,22) can now be used to find the density of d 

by first tleriving the density of (d, n) and then finding the marginal 
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density of d. Consider first the density of (d, n) where d • m/n. The 

Jacobian of transfornation is n and the density of (d 1 n) is given by 

k(d, n) • h(dn 1 n)n 

for - • < d < • and 0 < n < •. Hence, the density of d is 

f (d) 
-J N-1 ··A' 2n e 

• o -r-(e_)_(-2a_2_>_0_/_2_11_0-2s_(_d-2n_2_/_s_+_l_)_N--l dn 

for - • < d < • where 

A' • [ 2 2n ]2 /(2o2) 
d n /e + 1 

+ [ dn2 1 - 6•]2 /(2o2s) • 
in2 /s + 

th The i.-- moment of d can now be expressed as 

E(dr) • J drf(d)dd • -

(2.23) 

(2.24) 

Unfortunately, the integral of equation (2.24) cannot be expressed in 

closed form and one must resort to numerical integration. This renders 

equation (2.24) useless fro~ a practical standpoint as it is not con-

ducive to efficient numerical integration, 

As an alternate approach, rather than using directly the density 

of d, consider using the joint density of (u, v) in (2,19) and writing 
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.... 
• J J [u/{u2/s + v)Jr g(u, v) dudv • (2,25) 

0 -oo 

1/2 Using the transformation from (u, v) to (t, w) where z • u and w • v • 

equation (2,25) for r • 1, 2 becomes 

where 

.. OI) 

E(d) •Ks ff (zwN-3 e-B)/(z2 + w2 s) dzdw 

0 --.... 
E(d2) • Ks2 f f (z2 wN-3 e-B)/(z2 + w2 s) 2 dzdw 

0 _.., 

K • 2 e rrJ (2a ) / 2TTo s 

2 2 2 2 B • w /(2o ) + (z - Bs) /(2o s) , 

(2.26) 

(2.27) 

Equations (2,26) and (2,27) also cannot be expressed in closed form; 

however, they do lend themselves quite well to numerical integration. 

Before proceeding, it will be necesf;ary to establish that the 

above mo~ents exist. It will be sufficient to establish the existence 
2 2 2 of E(d ) since E(d ) ~ (E(d)) • In a later section in this chapter on 

Error Analysi!• bounds will be placed on th~ integral in (2.27) for 

lzl ~ 1 and w ~ 1 (see page 18) thus establishing existence for those 

range of values. So for the present discussion, it will suffice to 

establish existence for lzl ~ 1 and w !. 1. Consider 
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I • J J 2 N-3 2 2 2 z w /(z + w s) dzdw 
G 

where G is a semicircle of radius R centered at the origin. It is clear 

that the integrand in I is greater than or equal to the integrand in 

(2.27) in the region G. It is now convenient to transform to polar 

coordinates. Letting z • r cos e and w • r sin e, one obtains 

I • 
ir R N-4 2 
f f r cos e 

(cos2 e + s 0 0 

drde 

'Ir 

• RN-3 J ____ 2 __ ...._N_-_4 __ cos e sin e 
3 2 2 2 de • N- (cos e + s sin 6) 0 

(2.28) 

Setting R • 2 to encompass the region in question, namely, lzl ,!. 1, 

w .!, 1, it is seen that I is finite provided s > 0 and N .::, 4. One can 

reason as follows. The denominator cannot vanish in the integrand in 

(2.28) for s > 0 and the num~rator is bounded fer N.::, 4. Hence, the 

integrand is bounded and the integral exists provided s > 0 and N .::, 4 

thus establishing the existence of (2.:7) in the region lzl .!, 1, w ,!. 1. 

Expressions (2.26) and (2,27) for E(d) and E(d2) can now b~ sub-

stituted into (2,13) yielding an expression for J 11 which can be eval-

uated nuncrically. Note that J 11 is a function of ~. x, s, S and a and 

that in order to evaluate J 11 , these quantities will have to be as-

signed fixed values, Note also that S, the slope of the regression 
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-line, and x can take on beth positive and negative values while N, s, 

and a are strictly positive. It is seen that it is highly desirable 

to combine or eliminate so~e of these variables. Fortunately, one can 

show that Band a can be considered as a single quantity y •ls/al. 

The next section is devoted to this cirocf. 

(2.3) Proof that JIL is a Function of N, x, s, and y • IB!al 

Letting y' • Bia in (2.13) yields 

2 JIL • 2/3 + 2x2 - E(d) a y' [4x2 + 4/3] 

Note that E(d) has a coefficient a and E(d2) has a coefficient 2 a • It 

will now be proved that a E(d) and o2 E(d2) ar~ both functions of N, s, 

and y' and thus 2J11 is a function of N, x, s, and y'. In the expres-

sion for E(d) in (2.26), consider the transformation from (z, w) to 

(m, n) where m • w/a and n • z/o. The Jacobian of the transfornation 
2 is a and the range of integration remains the same so 

...... 
1/2 J J E (d) • ---8;;o....----

r { 0) 2°-1 ili a 

N-3 -D nm e 
2 2 n + m s 

dndm 

where 
2 2 D • m /2 + (n - y' s) /(2s) • 

Hence, a E(d) is a function of only N, s, and y'. Using the same trans-

fornation in (2.27) for E(d 2) yields 
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...... 
2 N-3 -D 

r (e) 
nr.i e dd n m , 
(n2 + m2 s)2 

80 a2 E(d2) is also a function of only N, s, and y'. Thus, the result 

is established that 2JIL is a function of N, - and y'. x, st 

The effect of a change in sign in B and hence y' will now be ex-

amined. Suppose the B in the integrand in (2.26) is positive (ncga-

tive). Changing the sign of B to negative (positive) merely results 

in a mirror image of the integrand, Since the integrand is negative 

for z < 0 and positive for z > O, the result in E(d) is a change in 

sign. But in JIL in (2,13), E(d) has a coefficient B so changing the 

sign of B has no effect on B E(d), A change in sign in B in the inte-

grand in (2.27) also results in a mirror image of the integrand, but 

the integrand is positive or zero for all z so there is no effect on 
2 2 2 E(d ) or B E(d ) in JIL in (2,13), Hence, changing the sign of B has 

no effect on JIL and with the above results, it can be concluded that 

J 1L is a function of N, ~. s, and y • la/ol, 
In order to minimize 2JIL with respect to the design variables, 

integrals (2,26) and (2,27) will eventually have to be evaluated 

numerically. And since the range of integration of w • (O, m) and the 

range of integration of z • (-"", m), finite quantities a, b, and c will 

have to be found so that if one numerically integrates over the limits 

w • (O, a) and z • (b, c), the integral of the neglected region will 

be negligible, These finite limits will clearly depend on the 
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magnitude of N1 s 1 S, and a; they are derived in the next section. 

It will be convenient to divide the first two quadrants of the 

(z, w) plane into four regions, the region z • (b 1 c) and w • (0 1 a) 

over which numerical integration will he performed to obtain E(d) and 
2 E(d ) 1 and the three additional rectangular reeions 1 the integral over 

which will co~prise the error in obtaining the moments by integrating 

over finite limits. The quantities a, b, and c are sought such that 

bounds can be placed on the error 

E • E + Eb + E a c 

• • a b 

•JI k1 Cz, w) dzdw +I J ki(z, w) dzdw 
a -• 0 -• 

a.., 

+ff ki(z, w) dzdw, i • 1, 2 
0 c 

where k1 represents the integrand in (2.26) and k2 the integrand in 

(2.27). Each region must be considered separately for both E(d) and 

E(d2). Expressions for a, b, and c and the bounds on the corresponding 

errors uill be derived for E(d 2); for E(d) the derivation will be 

omitted and only the results will be shown. 2 For E(d ), 

2 2 2 2 e-w /(20 ) - (z - Bs) /(2a s) dzdw 

but 
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2 N-3 2 N-3 
z w z "' 

2.!. 4 2 (z2 + w2 s) a s 

for all z and w .! a so that 

CIO -
E!2) .!. (K/a4) f wN-3 e-w2/(2o2) dw J 2 -Cz - Bs) 2/(2o2 s) z e dz • 

a -
(2.30) 

2 The su~erscript (2) indicates the error is for E(d ). Sitdlarly, a 

superscript (1) will be placed on errors for E(d). The laRt inte9,ral 

on the right hand side of (2.30) is simply ~2wo2 e times the second 

moment of a normal variable with mean Ss and variance o2 s so 

E(2) < ~ p; ( 2 2 2)/ 4] ..,J .. N-3 _ K 2wo s a s + B s a w a 
a 

2 2 Using the transformation v • w /(2a ), obtaining K from page 14, and 

simplifying the multiplying constants yields 

v e CIOJ (N-4)/2 -v 
-r[(N-2)/2] dv • 

a2/(2o2) 

The above integral is the well known incomplete gamma function and can 

be written in Pearson's notation as 



, 
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i i 1-I 

l [ 2 J} a N-4 
2a2 l(N-2) /2 ' 2 

(2.31) 

where 

I(u, p) • 

ulp+l 
J 

p -v v e 
r(p+l) dv 

0 

The incorn?lete gamma function has been extensively tabulated by P~arson 

(1957), and Pearson's tables can be used to determine "a" interntively 

for any desired bound on E!2). An exa!nple will be given at the end of 

this section. 

Next consider E( 2) where 
b 

~2) • Ks2 

a b 

J I 
0 -oo 

2 N-3 -B z w e 
------ dzdw • 
(z2 + w2 s)2 

2 2 2 2 For z !. b !. - 1, z /(z + w s) !. 1 so that 

2 2 -w /(2o ) e 
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b 

!. s2 r[ 2 
2a 

a
2 N-4] J 

/(N-2)/l 'z 

2 f2 !, s ~ [(b - Bs)//a s] 

z 
t(z) • (1//2;) f -

-(z - Ss) 2/(2o2s) 
_e ____ ~~~~~~ dz 

(2.32) 

-t2/2 e dt • 

Here the bound on E~2 ) can be made as small as desired by using the 

cumulative normal table for proper selection of b. 

An argument similar to the one above leadR to a bound on E( 2) for c 
c .! 1. The result is 

E(2) < s 2 {l - ~[(c - Ss)/ ~]} • c - I as (2.33) 

Note that the bound on E(2) is valid for all a > 0 while the bound a 

on ~2) is valid only for b !, - 1 and the bound on E~2 ) is valid only 

for c .! + 1. This range of values is sufficient for small values of 

B. However, as B increases, the appreciable portion of the integrand 

shifts drastically to the right and to always maintain b !, - 1 results 

in inefficient numerical integration. It should be observed that it 

also shifts to the left as B increases n~gatively but since B appears 

in JIL only in absolute value, negative values of S will not have to 

be considered. Consider now the derivation of a bound on r.f, 2) where 

b is not restricted to values cf b < - 1. E~2 ) is given by 
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a b 2 N-3 -B I I z v e 
2 22 dzdw • 

0 ...,.. (z + w s) 

2 2 2 2 2 2 but z w /(z + w s) .!. ~ax(l, l/s ) for all z and w except z • w • O. 

Therefore, 

(2) 2 2 Eb .!. K~ max(l, l/s ) 
2 2 -v /(2o ) e 

2 2 /Ts s max{l, l/s ) 2 .!, 2 ~[(b - Bs)/ o s] 
(N-4) o 

for all real b provided N ,!_ 5. 

_ ... 

(2.34) 

Before proceeding to bounds for the errors for E(d), it should be 

noted that bounds {2.31), (2.32)• and (2,33) are those referred to on 
2 page 14 in reference to establishing the existence of E(d ), It should 

2 also be noted that while E(d ) exists for N ,!_ 4, the bound shol~l in 

(2.34) is valid only for N ;:_ 5, 

The bounds for the errors for E(d) are listed below. These bounds 

are more difficult to derive than those for E(d 2) since the integrand 

in (2.26) is negative for z < 0 and two of the three regions described 

above must be further subdivided to obtain both upper and lower bounds 

on the errors. The bounds are as follows: 

(2.35) 

-sQ[(b - Ss)/ /Ts1 ~ ~l) ~ O, b ~ - 1 (2.36) 
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f'2 (l) min(-1, -1/s) C4>[ (b - 'rls)/ / <J s] .!. Eb· .!. 0 11 b .!. 0 

min(-1, -1/s) C~(-as/~) .!. ~l) .!. 

max(l, l/s) C{4>[(b - Bs)/~} - ¢(-Ss/~)}, b ,!_ 0 

0 ~ E~l) ~ s{l - 4>[(c - Bs)/~)}, c .!, 1 

G • 

H • 

c -

2 a 1-{ 202 l(N-2)/2 !=i J ' 2 

/a2s/(2rr) 
2 2 -a s/(2o ) e 

sr[(N-3)/2] _ 

r[(N-2)/2] ~ 

(2.37) 

(2.38) 

(2.39) 

Note the multiple bounds above for E~l), each valid for the specified 

range of values on b. Such multiple bounds are not necessary for 

E(l) or E(2) since for B > O, c will always be greater than or equal to c c 

one. 
2 Since it was discovered that values of E(d) and E(d ) were greater 

-6 than 10 for a practical range of values of N, s, a, and a, it was 
-6 decided to maintain E at less than 10 to provide accuracy of three 
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significant digits for all numerical results presented in this thesis. 

This was accomplished by maintaining E~j) at less than (30)(10-8) for 

i •a, b, c and j • 1, 2. To determine "a," Pearson's tables can be 

used to select a value of u such that I(u, p) is close to one. 

2 a 
-------· u 2a2 /(N-2)/i 

Then 

(2.40) 

is solved for "a" and E(l) and E( 2) arc determined. These bounds may a a 
be smallo!r than specified at the expense of ct large "a" which would 

result in inefficient numerical integration or they could be larger 

than specified by yielding a small "a." In either case, the "a" fJr 

each must be adjusted hy selecting a value of u such that I(u, p) is 

smaller or larger as the case dictates. For example, consider the 

case N • 10, 8 • 5, a • 1, and s • 10. Since p • (N-4)/2, for 

N • 10, p • 3. From Pearson's tables, I(u, p) • I(l2.4, 3) • 1.0000000 

.!_ .99999995 so 1 - 1(12.4, 3) ~ (5) (10-8). Solving (2.40) for "a" 

yields a • 7.04. Using (2.31), 

< [10 + (25) (100)] (5) (l0-8) 
- (7 .04) 4 

• (5.10) (10-8) 

which is very tolerable for E(d2). Using (2,35), 

H • (10/(2n)) 112 e-125 • o.o 

aid 
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E(l) < ..0J. (10-8) (5) (10) 
8 - (7.04) 2 

which is very tolerable for E(d). Hence, (O, a) • (O• 7.04) would be 
2 an appropriate range of integration on w for both E(d) and E(d ). 

To determine b and c the following rules usually provide values 

for which the resulting bounds are tolerable. 

(1) Set (c - 8s)/(o2s) 112 • 6.0 and solve for c. (2.41) 

(2) Set (b - 8s)/(o2s) 112 • -6.0 and solve for b. (2.42) 

Of course. if the resulting errors are not within the specified bounds• 

the values of b and c must be adjusted by taking a smaller or larger 

value than 6.0 in (2.41) and (2.42). Continuing with the previous 

example. use of (2,41) results in 

1/2 c • Ss + (6.0) (10) • 68.97 

and use of (2,42) results in 

1/2 b ~ es - (6.0) (10) • 31.03 • 

Using (2.34), 

~2 ) !. (100/6) ~(-6) 
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-10 since t(-6) ~ (10.5) (10 ). Hence, the value of b provides a toler-

able error E~2 ) for E(d2). Next, using (2.33) results in ~~2 ) ~ 

(10.5) (10-8) which is also very acceptable. Usinc (2.38) yields 
(1) -9 (1) -8 0 !. Eb ~ (4.11) (10 ) and using (2.39) yields Ee ~ (1.05) (10 ) 

both of which are acceptable. Hence, values of b • 31.03 and c • 68.97 

for both E(d) and E(d2) would result in errors which are within the 

specified bounds. 

• Reviewing the work in this chapter, an expression has been derived 

for JIL in terms of the first two moments of the ratio d • S /S • xy yy 
Furthermore, exact expressions for these ooments have been developed 

and proved to exist for N .!. 4 and s > o. However, the expressions for 

these moments involve double integrals over infinite limits which can-

not be expressed in closed form. In this section, finite quantities 

a, b, and c have been developed such that one can extract the moments 

by numerically integrating over these f initc limits and place bounds 

on the resulting errors. While a general set of working rules have 

been developed for determining a, b, and c, it must be emphasized that 

the resulting errors must be checked in each case to insure they are 

within the specified bounds, that is, for each set of fixed quantities 

N1 s, 81 and a. Examination of the expressions for these bounds is 

testimony that the first two moments of d can be extracted nurnerically 

only by considerable effort. In lig~t of this, an approximation to the 

moments of d is sought which, at lenst for some r~.nge of values on the 

parameters involved, vill be close enough to the exact moments to use 

safely and thus lighten the numerical effort. It is to be emphasized 

that the app1·oximation sought will be used only for the range of values 

of the parameters where it is safe in terms of closeness to the exact 
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moments. Also, the ensuing approximation for the moments of d in the 

linear model under consideration will lay the groundwork for an ap-

proximation to the moments of d when the true model is quadratic, It 

will be shown in Chapter IV that when the true model is quadratic, the 

~ethod of extracting the rno~ents by nu~erical integration is outside 

the realm of practical feasibility. It is clear that if a Taylor ex-

pansion is used in this approximation, it will involve product moments 

of the form E(Sr sP ) and an efficient method is needed to obtain them. xy yy 
The "straightforward" method used to obtain E(S S ) earlier in 

xy YY 
establishing the dependence of these quantities was extremely inef-

ficient, and to obtain mo~ents by this method for r > 1 and p > 1 would 

be a Herculean job. The obvious method of obtaini-ng such product 

moments efficiently is by using the joint moment generating function 

of S and S • In preparation for an approximation to the moments of xy yy 

d, the joint moment generating function of S and S will be developed xy yy 
in the next section. 

(2.5) Derivation of the Joint Moment Generating Function of S x 

In this section, vectors will be represented by underlined lower 

case letters and matrices will be represented by capital letters. Let 

the vector ~f observation yi' i • l, ••• ,N be represented by'!.' • 

(y1 , ••• ,yN). The distribution of ,I_ is N dimensional multivariate 

normal denoted by 

(2.43) 

where~· • (a+ Bx1, ••• ,a + BxN)' I is the identity ~atrix, and the 

subscript N means N dimensional. Clearly the dens1.ty 
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for - .., < y1 < ""• i • l, ••• ,N. Now let 

w - s xy a y • v'a ii ""--

N - 2 
z • S • l (yi - y) •I.' A I, 

yy 1•1 

(2.44) 

where a1 • x1 - x and A is the NxN symmetric idempotent matrix of rank 

v • N-1 with elements 1-1/N on the main diagonal and off diagonal 

elements of -1/N. By definition, the joint moment generating function 

of w and z is 

- f ... f 

(2.t.5) 

where the range of integration on each of the N integrals is (-"", 00 ) 

Consider now the transformation z • v-u. - --
The Jacobian of transforraation is unity and the exponent in (2.45) be-

comes 

which upon expansion of the last tcrM and simplification becones 
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(2.46) 

The last two terms in (2.46) are constants with respect to integration 

and the following identity will be useful in representing the first two 

terms as a quadratic form in!:. and an additional constant: 

2 -1 -1 -1 2 
~·.s. - i:.'Vz/2)/o • £.s.'V .a - <!:.-v ,&)' V(i:.-v .s,)J/(2o) , (2.47) 

when V is symmetric of order N and non-singular. Identity (2.47) can 

be proved by simply expanding the right hand side. Letting 

and using (2.47) in the first two terms of (2.46) results in the fol-

lowing exponent: 

(2.48) 

Incorporating (2.48) into (2.45) yields 
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-1 2 
I A'V a/C2o ) + t 1.!'.!!. + t-u'A.!!. • lvl-1 2 e c- (2.49) 

which is the joint moment generating function of S and S expressed xy yy 

in very general terms. It rnust now be si11tplified. Consider first 

Since A is symmetric idempotent of rank N-1, there exists an orthogonal 

matrix P such that PAP' is diagonal with N-1 ones and one zero on the 

main diagonal. (See Theorem 1.60 in Graybill.) Furthermore, 

P(l-2a2t 2A)P' is diagonal with N-1 terms of the form l-2cr2t 2 and one 1 

on the main diagonal so that 

It is easily seen that 

N 
J!.'AJ!. • r [E(yi - y))2 • 625 

1•1 xx 

with l!. and A defined on page 27 and that 

.!.' .!!. • BS xx • 

It remains to simplify the first term in the exponent of (2.49), 
-1 2 -1 2 -1 namely a'V j,./(2a ). Clearly V • (I-2a t 2A) is of the form 

-1 (rI+qJ) which is well known to equal aI+bJ with a .. l/r and 

(2.50) 

(2.51) 

(2.52) 
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b • -q/[r(Nq+r)] where N is the dimension of I and J and J is the 

matrix with each element equal to unity. In the above case, r • 
2 2 2 2 l-2a t 2 and q • 2a t 2/N so a • l/r • l/[l-2a t 2J and b • -2a t 2/ 

2 2 -1 2 [N(l-2o t 2)J and (I-2o t 2A) is of the form 1/[1-2a t 2 ] times th2 

following matrix: 

2 2 -2o2t/N -2o2t/N 1-2a t 2/N -2a t/~ ••• 

2 -2o2t 2/N -202t 2/N 1-20 t 2/N ••• 

l-2a2t2/N ••• -2o2t/N 

2 (2.53) sym, l-2a t/N • 

-1 2 Expending A'V A,/(2a ), one obtains 

(4 2 'AV-lA 4 'AV-l ~ 2 'V-l ) 2/2 t~ .!!. + t 1 CiJ;!. !!, + -i.!. ,!. a 

-1 which upon substituting (2.53) for V , the appropriate expressions for 

.l!.• !;.. and.!. and using the fact that rai - r(xi - x) - 0 reduces to 

Hence, the joint moment generating function for S and S becomes xy yy 

[2(1-2a2 t 2)J + {t1ss + t 2s2s )} 
XX Y.X 

(l-2a2t )-(N-1)/2 
2 
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• exp{(a2s t 21/2 + S Bt1 + S s2t 2)/ xx xx xx 

(2.54) 

One can now investigate special cases of (2.54) as checks on whether it 

is, in fact, the correct ooment generating function. It is observed 

that 

t(O, 0) • 1 

as it should be and that 

which is the moment generating function of a normal variable with mean 
2 SS and variance a S as it should be, namely, the moment generating xx xx 

function of S • It is also observed that xy 

which should be the moment generating function of S • It is shown in yy 
2 Graybill (1961) that if the vector .I. is distributed NN(.l!., a I), the 

moment generating function of S • .I_'A.I, is given by yy 

... -). i e ). 
ii 

l (2.56) 

with ). • Jl.'AE/(2a2) which in this case is ). • s2s /(2a2). It is not xx 
entirely cl~ar that (2.55) and (2.56) are equal. However, substitution 
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of A for s2s /(2o2) in the exponent of (2.55), yields xx 

2 and expanding exp[A/(l-2a t 2)J into a Taylor series, it is readily 

established that (2.55) and (2.56) are cf the same form. Note also 

that if one partially differentiates (2.54) with respect to t 1 and t 2 

and sets t 1 • t 2 • O, he obtains 

and 

E(wz) • S B(N+l)a2 + s2 a3 
xx xx 

Cov(w, z) • E(wz) - E(w)E(z) • 2a2BS xx 

which is precisely the same result obtained earlier by expanding wz 

and taking expectations term by term. Hence, one can be certain that 

f(t1 , t 2) in (2.54) is of correct form. 

The groundwork is now laid for an approximation to the monents of 

d to be discussed next. 

(2,6) ApproxiMation to the Honents of d 

A method of approximating the first two moments of a ratio of 

random variables suggested by Kendall and Stuart (1963) is that of ex-

panding the ratio in a bivariate Taylor series through the first order 

about the respective means and then using the expectation of the ex-

pansion for the approximation to the first moment and the expectation 

of the square of the expansion for the second Moment. This procedure 

was attempted and the resulting approxiMatc moments were conpared with 

the exact coments obtained by nur:ierically integrating (2,26) and (2,27), 
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The results were very poor, the approximate moments deviating twenty to 

forty percent below the exact moments. To improve the approximation, 

it was decided to use a second order Taylor expansion of the ratio, 

taking the expectation of the ratio as an a?proximation to the first 

moment and the expectation of the square of the second order expansion 

as an approximation to the second motr.ent. 

Taylor's theorem for two variables needs no introduction. If 

f(w, z) and its first n+l derivatives are continuous, f(w, z) can be 

expressed as 

n 
f (w, z) • r 

i•l 
(l/i!) [(w-a) (Cl/aa) + (z-b) (Cl/cb)] 1 f(a, b) + R n 

(2. 57) 

where R is the remainder after n terms of the expansion, a and b are n 

fixed, and 

r s r+s . r s (Cl/ca) (Cl/Clb) f (a, b) mca~s a f(w, z)/dw cz 

evaluated at w • a and z • b. As in the previous section, let w • S , xy 

- m < w <· m, and z • S , 0 < z < m• Letting f (w, z) • w/z, a • E(w) • yy 

~w' b • E(z) • µz' n • 2, and deleting the remainder in (2.57) provides 

the following expansion& 

f(w, z) a w/z :;: µ /µ + (w-µ )/µ w z w z 

-µ (z-µ )/u 2 - (w-u ) (z-u )/u2 + µ (z-µ ) 2/µ 3 , w z z w z z w z z (2,58) 

Taking term by term expectations of (2.58) over both w and z results in 
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E(w/z) • E(d) ~ µ /µ - Cov(w, z)/µ2 + µ2a2/µ3 
w z z w z z 

• (µ µ2 - µ Cov(v, z) + µ a2)/µ3 
w z z w z z • (2.59) 

Squaring (2.58) and taking term by term expectations, one obtains 

- 2µ u E[(w-u ) (z-µ ) 3] • w z w z (2.60) 

Expanding the central moments in (2.60) and collecting terms provides 

2 3 - 41.1 µ E(z ) • w 2 
(2.61) 

The joint moment generating function of w and z derived in the previous 

section can now be used to express the ~ornents of w and z in (2.59) 

and (2,61) in terms of B, a, N, and S by using the fact that xx 
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t - t - 0 • 1 2 

Recall the expression 

2 2 2 '(t1t 2) • exp{(o S t 1/2 + t 1s 8 + t 2 S S I xx xx xx 

(1 2 2 ) } (l-2 2 ,-(?l-1) /2 - a t 2 . a t 2 • (2.62) 

To differentiate (2.62) in its present form repeatedly for the higher 

order moments would be hopeless froM an algebraic standpoint. There-

fore, consider the following representation of (2.62). Let 

and write 

(2.63) 

where v • N-1. Taking the natural logarithm of both sides of ~(t 1 , t 2) 

in (2.63)yields 

(2.64) 

which can be used quite efficiently to express the higher moments as 

functions of the lower ones, Initially, it is helpful to compute 

(2. 65) 

(2,66) 
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and recognize that k(O, O) • O, g(O) • 1, and ~(0 1 0) • 1, Differen-

tiating both sides of (2.64) with respect to t 1 y1elds 

which upon using (2,65) and (2,69) and setting t 1 • t 2 • 0 provides 

E(w) a 85 , xx (2.70) 

This result was known at the onset, but it illustrates the method to be 

employed, Continuing in this fashion, one obtains 

2 2 2 E(w ) a a S + (Ew) xx 

E(wz) • S S[E(z) + 20 2] xx 

E(w2z) • S B[E(wz) + 20 2 E(w)] + o2 S [E(z) + 2o2J xx xx 

(2.71) 

(2,72) 

(2.73) 

(2.74) 

(2,75) 

(2.76) 
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To obtain the moments of z, the same method is employed but it is found 

convenient to work with the marginal mo~ent generating function 

+co, t 2) rather than ~(t1 , t 2). The results are 

(2.77) 

(2.78) 

(2.79) 

(2.80) 

The first moment of z can now be substituted into (2.78) yielding 

E(z2) in terms of 8, a, N, and S • SiMilarly, E(z) and E(z 2) can then xx 
be substituted in (2.79) yielding E(z3) in terms of 8, a, N, and S • xx 
Continuing in this fashion, all the necessary moments can be expressed 

as functions of 8, a, N, and S • Substitution of these quantities into xx 
(2.59) and (2.61) yields, after considerable algebraic manipula-ion, the 

following approxiraations for the first and second moments of d denoted 

by EA(d) and EA(d2) respectively: 

(2.81) 
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+ (6v 2 + lOv - 8) o4 8654 
xx 

+ (4v3 + 6v2 - lOv + 104) 0 6 8453 
xx 

• (2.82) 

To access the worth of the above npproximations, integrals (2.26) 

and (2.27) for the exact monents of d were evaluated numerically for a 

wide range of values of 8 and a and two values each of N and S • The xx 
double numerical integration was performed on the IBM 360 digital com-

puter at Virginia Polytechnic Institute Co~p~ting Center using :he bi-

variate analog to the par~bolic rule; the accuracy was held to at least 

three significant digits. Equations (2.81) and (2.82) were then eval-

uated for the same values of the parameters and the percent deviation 

from the exact moments noted. Some representative results for the 

first moment of d are shown in Table I and those for the second moment 

are shown in Table II. The values of a are not shown in the tables 

but can be obtained using the relationship 8 a oy (only positive values 

of 8 were considered). The results indicate that the approximation for 

both moments are very close to the exact monents provided y .!. s, the 

deviation of EA(d) from EE(d) bcinr, zero percent to three significant 
2 2 digits and the deviation of EA(d ) from EE(d ) being well within one 

half percent. It is also noted that as N increases, the worth of the 

approximations increases. For example, for N a 15 the deviation is 
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TABLE I 

Comparison of EA(d) and EE(d) 

Percent 
deviation 

N s a v-ls/al EE(d) EA(d) from EE(d) xx -
6 6 1,0 .1 .119 .119 .oo 

.s 1.0 1.21 1.20 -,83 
,2 2.s 1.84 1.84 .oo 
.2 5.0 ,980 ,980 .oo 
.s 10.0 ,199 .199 .oo 

6 3 1.0 .1 ,0597 .0598 -.17 
.s 1.0 ,819 ,820 .12 
.2 2.s 1.70 1.68 -1,18 
.2 s.o ,960 ,960 .oo 
.s 10.0 .198 .198 .oo 

15 14 1.0 .1 .0991 ,0992 .10 
.s 1.0 1.04 1.04 .oo 
,2 2,5 1,75 1,75 .oo 
.2 5,0 .967 ,967 .oo 
.s 10.0 .198 ,198 .oo 

15 7 1.0 .1 .0498 .0498 .oo 
.5 1.0 ,688 ,688 .oo 
.2 2,5 1.56 1,56 .oo 
.2 s.o .935 .935 .oo 
.s 10.0 .197 ,197 .oo 
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TABLE I! 

2 2 Compar!son of EA(d ) and EE(d ) 

Percent 

s r-IB!al EE(d2) EA{d2) 
deviation2 

N C1 from EE(d ) xx -
6 6 1.0 .1 .403 .226 -43.92 

.5 1,0 1,68 1.53 -8.93 

.2 2.5 3.49 3.43 -1. 72 

.2 5.0 .967 ,966 -.10 

.5 10.0 .0397 .0397 .oo 

6 3 1,0 .1 .200 .112 -44.00 
.5 1.0 .916 .783 -14.52 
.2 2.5 3.02 2,90 -3.97 
.2 5.0 .934 ,930 -.43 
.s 10.0 ,0393 ,0393 .oo 

15 14 1.0 .1 ,0905 ,0719 -20,55 
.s 1.0 1.12 1.10 -1.78 
.2 2.5 3,11 3,10 -.32 
.2 5.0 ,937 .937 .oo 
.5 10,0 ,0393 ,0393 .oo 

15 7 1.0 .1 .0435 .0340 -21.84 
.s 1.0 ,519 .sos -2.16 
.2 2.s 2.46 2,45 -.41 
.2 s.o .879 .878 -.11 
.5 10.0 .0387 ,0387 .oo 
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within one half percent for values of y as low as 2,5. The effect of 

S on the approxir.iations is that the a?proximations are closer to the xx 
exact moments when S takes en its rnaxinum value but the loss in xx 
accuracy for smaller values is very slight. 

The results of this section will drastically reduce the computa-

tional labor in minimizing J 11 with respect to the design variables, 

(2,7) Optimal Values of the Desi~n Variables 

All the machinery is now at hand to minimize J 11 with respect to 

-the design variables x and s s S and hence optimize designs using the xx 
minimum average mean squared error criterion. Recall that the form of 

2J11 is given by 

-2 -2 2JIL • 2/3 + 2x - E(d)[4x B + (4/3) B] 

(2.83) 

The terms in (2,83) involving x are 

10 2J11 can be written as 

2J11 • 2/3 - E(d) (4/3) B + E(d2)[2o2(1+1/N) + (2/3) e2] 

-2 2 + 2x E(l-Sd) • (2,84) 

It is clear upon examining (2,84) that 2J11 is cinimized when x a 0 

regardless of the value of s which appears in the monents of d. Hence, 

the first requirement that must be satisfied in order that (2,83) be 

minimized is that x • O. While it is true that for N ~ 4, there 
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exists an infinite number of designs for which -x - o, the obvious 

choice is to select a symmetrical design with respect to the center of 

the region of interest R. Symmetrical designs have the property that 

not only produces x • 0 but that also produces any odd design moment 

equal to zero, i.e., any quantity of the form r x~/N • 0 when r is odd. 

This will be important in later chapters in this thesis. 

Setting i • 0 in (2.83) reduces 2JIL to 

2JIL • 2/3 - E(d) (4/3) S + E(d2)[2o2 (1+1/N) + (2/3) a2J • (2,85) 

It is now necessary to minimize (2.85) with respect to the design 

variable s which appears in the moments of d. Consider first dif-

ferentiating (2.85) with respect to s, setting the result equal to 

zero, and solving for s by a numerical procedure such as the Newton-

Raphson procedure. Each iteration would require four double numerical 

integrations which would be extremely costly, and one could not be 

certain that the resulting solution, if any, actually minimized 2J11• 

Also, if this procedure did produce a value of s which minimized 

2JIL' it would yield no insight into the effect of moving s away from 

its point of minimum. In light of this, it was felt that the most 

efficient method of accomplishing minimization would be to evaluate 

(2.85) for selected values of N, s, and y • !Biol and display the re-

aults graphically, using the approximation for the moments of d for 

large values of y and numerical integration for small values of y. It 

was decided to use five values of N, ~ • 6, 10, 15, 25 1 50 and four-

teen values cf y, y • .1, .s, 1, 2, 3, 4, 51 6, 7, 8, 10, 12 1 20, 50 

and for each (y, N) combination, evaluate 2JIL for as many values of s 
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as necessary to obtain a "good" plot. The number of points for each 

curve ranged between fourteen and twenty. As in the previous numerical 

integration used to compare EA(dr) with EE(dr). accuracy was held to at 

least three significant digits. While it was felt that the approxima-

tion for the moments of d could be used safely for y .!, 5 in optimizing 

designs, the approximation Yas restricted to values of y .!. iO because 

the resulting minimum value of 2JIL would eventually be compared with 

the minimum 2J of the Classical estimator and in the event of small 

differences. the half percent (or less) deviation from the exact moments 

could be important. 

The results are displayed in Figures 1-5 where 2JIL is plotted as 

a function of S for fixed values of y and N and show that unlike the xx 
Classical estimator, the optimal design using the Inverse estimator 

does not always occur where s is maximum. The value of s which pro-

vides a minimum JIL is very much dependent on y • IB!ol and N. For 

large values of y, the minimum JIL does occur where s is maximum, but 

as y decreases, the ~inimum occurs at decreasingly smaller values of s. 

If experimental plans are restricted to "two-point" designs when 

N is even with N/2 observations at x1 • - x2 and N/2 observations at 

x2 and to "three-point" designs when N is odd with (N-1)/2 observa-

tions at x1 • - x2, one observation at x • O, and (N-1)/2 observations 

at x2 the value of x2 , x2(cin), corresponding to the value of sat 

which JIL is rnininized, s(rnin), is obtained by solving s • s(min) for 

x 2 , namely, solving r x~ m s(min) for x2 • The results are simply 

x2 (min) • /s(~in)/N, N even (2.86) 
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x2 (min) • ls(min)/(N-1). Nodd. (2.87) 

The supplementary x2 scale on Figures 1-5 enables one to easily deter-

mine x2 (min) for each (y, N) combination. Values of x2(min) thus 

obtnined were used to construct Figu:-e 6, a graph of "Near Optimal 

Designs" showing values of x2 for "two-point" (N even) and "three-

point" (Nodd) designs -which provide a r.ini~um JIL" The adjective 

"near" is used since the values of x2(min) are not mathet:latical minima 

in the true sense of the '-'Ord hut were obtained from the calculations 

used in constructing Figures 1-5 which were based on the accuracy of 

three significant digits. 

It should be noted that the optinal designs derived above depend 

on knowledge of the unknown quantity y • ls/al. This implies that 

optimal designs cannot be attaiued in a practical situation. Hence, 

some rule is necessary for constructing designs for the Inverse esti-

mator assuming no knowledge of y. This discussion will be deferred 

until the next chapter where the minimum J's of the Inverse and Clas-

sical estimators are compared. 
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CHAPTER III 

COMPARISON OF AVE'R.AGE 'MSE'S - TRUE MODEL LINEAR 

In this chapter, an expression for the average or integrated mean 

squared error will be developed for the truncated Classical estimator, 

Then, using the design which minimizes this criterion, the resulting 

average MSE will be compared with the r.iinimum average HSE for the 

Inverse estimator, Also, since in so~e cases the optimal design for 

the Inverse estimator depends on unknown parameters and cannot be 

realistically used without a priori information on these parameters, a 

further comparison will be made between estimators for designs which 

are always attainable. 

First, an expression is needed for 

I A 2 J JCL • E(xCL - x) dx/ dx (3.1) 

R R 

where the subscript CL on J and x indicate that the Classical estimator 

is under consideration and that the true model is linear as given hy 

equation (1,2), The range Ron x will be taken as [-1, 1), Recall 

from equation (1,4) that 

xCL • x + (y - y)/b (3.2) 

where b is the least squares estimator for a in (1,2), i.e., 

b • S /S • This is identical to the Inverse estimator, x11 , if we xy xx 
replace d with l/b, Further~ore, since b is independent of both y and 

y, the derivation of JCL is identical with the derivation of JIL with 

l/b replacing d, Hence, one can immediately write 

-52-
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JCL • {(2/3) + 2i2 - E(l/b) [4;2 B + (4/3) B] 

It is meaningless to consider the abov~, however, because Ott has shown 

that the moments of l/b are inftnite. Sine~ it is unrealistic to con-

sider vdlues of b which are more than four standard deviations from 89 

Ott and Myers truncated the density of b at 61 • B - 4ab and 

62 • B + 4ab ~ith 61 > 0 for B > 0 and thereby obtained finite results 

for E(l/br). Rewriting (3.1) in terms of the finite moments, one 

obtains 

JCL. {(2/3) + 2x2 - ET(l/b) [4x2 B + (4/3) B] 

(3,4) 

where the subscript T indicates that the expectations are over the 

truncated density of b, that is, 

62 

ET(l/br) • (l/k) J (l/br) f(h) db 

61 

62 

• l/[(2na;) 112 k] f 
61 

under the normality assu~ption on the y1• 

(3,5) 

2 The quantity cb above is well 

known to equal a2/s and k is the truncation constant which is given by xx 
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k - J f(b) db 

61 
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- 2~(4) - 1 - .9999366576 • 

The same truncation points can be used for 8 < 0 with the provision 

that 62 < o. 
It is observed that the r moments ET(l/b ) are functions of a, 8, 

and s - s so that JCL is a function of a, B, x, s, and N. As in the xx 
Inverse case, it is a simple matter to show that B and a in (3.4) can 

be considered as the single quantity y., IB!al so that JCL is a func-

tion of y, x, s, and N. Letting B • oy' in (3.4), it is observed 
2 that a appears only as a coefficient of ET(l/b) and a appears only as 

2 a coefficient of ET(l/b ). Using the transformation w a b/o in (3.S) 

for r a 1 and letting a - oy' results in 

6' 
1/2 2 -:$ I 

6' 1 

2 l e-(s/2) (w-y') dw 
w (3.6) 

for B > 0 ~here oi • y' - 4/s112 and 02 • y' + 4/s112 so a ET(l/b) is 

a function of only sandy'. Using the same transforDation in (3.5) 

for r • 2 results in 

s 1/2 .,_ 
o' 2 f 1i e-(s/2) 

o' w 
1 

(w-y') 2 dw (3. 7) 
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2 2 and a ET(l/b) is a function of only sandy'. The effect of a change 

in the sign of B is merely a change in sign 
2 

of ET(l/b) and in identical 

results for ET(l/b ). Hence, o ~T(l/b) and 2 2 a (ET(l/b ) are unchanged 

eo JCL is a function of x, s, N, and y, the same as JtL• 

Since JCL is identical to JIL if one replaces the moments of d 
r with the moments ET(l/b ), 2JCL can be written as in (2.84) as 

(3.8) 

As in the case of the Inverse estimator, it is clear upon examining 

(3.8) 

which 

that 2JCL is minimized when x a 

r arpears in ET(l/b ), r • 1, 2. 

0 regardless of the value of s 

It will be convenient, as before, 

to restrict the class of designs for which x • 0 to symmetrical de-

signs. Setting x • 0 in (3.8), one obtains 

2JCL • (2/3) - ET(l/b) (2/3) B 

(3.9) 

r Ott and Myers, using an approximation to ET(l/b ), r • 1, 21 have 

shown that 2JCL in (3.9) can be minimized by always taking s maximum. 

For symmetrical designs (N even), s is maximized by taking N/2 obser-

vations at x1 • - 1 and N/2 observations at x2 • + 1 and for symmet-

rical designs (Nodd), s is maximized by taking (N-1)/2 observations 

.. -1, one observation at x a O, and (N-1)/2 observations at 

x2 • + 1. Hence, the minimum value of 2JCL can easily be obtained for 

any specified values of y and N by merely computing 2JCL in (3.9) with 



-56-

a • N for N even or s • N - 1 for N odd. r The moments, ET(l/b >. can 

be evaluated by using the approxil'!lation developed by Ott and Myers or 

for better precision, by numerical integration. 

Since the minimum of both JCL and JIL are functions of y and N, 

they can easily be compared for selected values of these quantities. 

However, for any comparison, one must take the truncation into consi-

deration. The requirement that o1 > 0 in terms of the transformed 
2 parameter y requires that ol > 0 which implies that s > 16/y • If, 

for example y • 1, one would necessarily need s > 16 or equivalently 

N 1_ 18 or the design would be meaningless in terms of the average MSE 

criterion since JCL would not exist. With this restriction in mind, 

the comparison of the miniMum J's is confined to values of y 1_ 1, 

smaller values of y requiring unreali~tically large values of N. The 

minimum JCL was computed for y • 1(1) 8, 10, 12, 20, 50 and N • 6, 10, 

15, 2S, 50 where the (y, N) combinations were confined due to the 

truncation restriction. To obtain accuracy comparable ~ith that for 

the Inverse estimator, the moments ET(l/br) were evaluated by numerical 

integration maintaining at least three significant digit accuracy. 

Corresponding values of the minimum JIL were then taken from the cal-

culations from which Figures 1-5 were constructed. The measure of com-

parison was 

(3.10) 

Figure 7 shows plots of r as a function of y for the selected 

values of N. As y increases, r converges to 1.000. In all cases ex-

cept N • SO, the value of r at y a SO is 1.000. For N • so, r is equal 
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to 1.001 at y • 50. These results sho-A conclusively that the Inverse 

estimator is better than the truncated Classical estimator from an 

average mean squared error point of view for the range of values of 

the parameters studied which exceeds the practical range. They also 

ahow that the Inverse esti~ator becomes inc~easingly superior as y de-

creases. This was expected !n 7iew of Krutchkoff's empirical results. 

However, the extremely la~ge ratios of the average squared errors ex-

hibited by Krutchkof f by Monte Cnrlo sanpling for small values of y 

and small values of N can never be realized using the truncation in this 

chapter since for small y and small N. the mean squared error and 

hence the average mean squared error for this truncated Classical esti-

mator simply does not exist. The largest value of r detected in this 

investigation was r • 4.750 at y • 1 for N • 25. Of course, one could 

truncate at less than four standard deviations, say p standard devia-

tions with p < 4, and the truncated Classical would exist for 
2 2 a > p /y • This would enable one to consider smaller (y, N) combina-

tions, but in allo~ing p to become too small, one loses the practical 

aspects of truncation, i.e., the truncation assumption ~ould become 

invalid. Krutchkoff truncated the density of b at .001 in absolute 

value for all values of B and ab. 

When using the truncated Classical estimator, the optimal syrnme-

trical desigu can always be used by t:lerely taking N/2 observations at 

both x1 • - 1 and x2 • + 1 for N even and for N odd by taking {N-1)/2 

observations at both x1 • - 1 and x2 • + 1 and one observation at 

x • o. However, when one uses the Inverse estim3tor, the optimal de-

aign is a function of N and the unknown ratio y so that the optical 

design is not always useable, If one has a very good a priori estimate 
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of y, Figure 6 can be used to design optimal experiments. However, in 

most practical situations only a rough a priori estimate of y is avail-

able at best, and it seems appro~riate to provide some rule for de-

signing experiments for the Inverse esti~ator assuming no knowledge of 

y. Referring to the x2 scale on the abscissa of Figures 1-5, if one 

were to use a symmetrical "two-point" (N even) or "three-point" (N odd) 

design with x2 in the vicinity of ,45 to ,55 (depending on N), the re-

sulting JIL would depart very little from Hin JIL' It is well to point 

out, however, that without knowledge of y, this procedure could lead to 

a design which w~uld result in an average MSE greater than the minimum 

average MSE for the Classical which can always be attained if the true 

model is linear as shown in (1,2), While it would result in a design 

very near optimal for small y, the increase in JIL over Min JIL for 

large y and small N could be as much as 13,5%. Reference to Figure 7 

reveals that for large values of y, say y > 10, r is very near 1,000, -
For example, for N • 6 and y • 10, r • 1.016. Hence, the increase in 

JIL for large y would be sufficient to increase JIL above Min JCL which 

can always be attained, In fact, any value for x2 other than +1 uill 

yield a JIL which is greater than Min JCL for large enough y, In view 

of this, without knowledge of y the only "safe" procedure is to use 

the "end-point" design with x2 • + 1 if one is intent on obtaining a 

value of JIL which is always less than or equal to }tin JCL for all 

values of y, Figure 8 is a plot of r' as a function of y for the 

selected values of N where r' is defined as 

(3.11) 
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This figure reflects the decrease in the average mean squared error 

which can always be attained by using the Inverse estimator. A de-

crease cannot be guaranteed for .!!.! values of y if any other design is 

used, However, the Inverse estimator i!:I still fairly robust with 

respect to design for large y so that if one uses a design other than 

the "end-point," say a "two-point" desi3n with x2 ":t ,5 or a design with 

a uniform spread of points, he stands to decrease the average MSE by a 

greater percentage if y is small than he stands to increase it if y is 

large. 

The results of the investigation reported in this chapter are 

simply that the minimum average MSE which can be attained using the 

Inverse estimator is smaller than the corresponding minimum average MSE 

which can be attained using the truncated Classical estimator, the 

degree of superiority increasing with decreasing y. Furthermor.e, with-

out a priori knowledge of y, the "end-point" design for the Inverse 

estimator, while not optimal, still provides an average MSE which is 

smaller than the minimum average USE for the truncated Classical esti-

mator but the degree of superiority is not so pronounced for small 

values of y. These results are substantiated by the original Monte 

Carlo study conducted by Krutchkoff (1967). 

The above results hinge on the key assumption that the true model 

is linear as given in equation (1.2). While the experimenter may sus-

pect that the relationship between x and y is approximately linear in 

some region R on x, more often than not, he is not certain that the 

relationship between x and y is exactly linear in this region. If the 

relationship is of higher order, say quadratic, then this chapter as 
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well as Chapter II shed no light on the effect such a model misclassi-

fication has on the average MSE's or how the resulting average MSE's 

compare. These topics will be explored in Chapters IV and v. 



CHAPTER IV 

LINEAR APPROXIMATION, OUAJlRA.TIC ~!ODEL - OPTIMAL DESIGNS 

In this chapter, the assumption concerning the structure of the 

true model is that it is no longer linear over the range R on x as 

given by equation (1.2) but is rather quadratic of the form 

(4,1) 

2 2 where x • l: xi/N, The Inverse estimator will still be used to esti-

mate x as if the true model were linear. This situation could arise in 

one of several ways. First, one may assume that the true model is 

linear when it is quadratic, that is, the experimenter misclassifies 

the model, Also, the experimenter may know that the true model is not 

linear but proceeds with a linear approximation for simplicity and/or 

ease in computation, In either case, the hasic problem is the same, 

namely, if the experimenter designs for a linear model when the true 

model is quadratic, how far will the resulting J (the average MSE) 

deviate from the minimum J that could be attained with the correct 

.model assumption and conversely? To answer these questions, one must 

first determine optimal experimental desir,ns for the Inverse esti~ator 

when the true model is quadratic as given by equation (4.1). The first 

step is, as before, to find an expression for the average mean squared 

error, 

(4,1) Derivation of J 19 in Terms of the Moments of d 

The same distributional assumptions about the ci will be used here 

as were used in Chapter II, namely, that the c1 are distributed indc-
2 pendently and identically normal with mean zero and variance a • The 
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only change is in the structure of the true model. Recall that the 

Inverse estimator for x is given by 

xIL • x + d(y-y) 

so that 

.. 
EQ(x1L) • x + EQ[d(y-y)) (4.2) 

where the subscript Q indicates that the true model is quadratic. One 

can now show that y and S are independent and that Cov(S • y) • 0 yy xy -as in Chapter II, implying that d and y are independent even in the 

presence of quadratic effect. Hence, (4.2) and (4.3) can be written 

.. 
EQ(x1L) • x + EQ(d) EQ(y-y) (4.4) 

(4.5) 

The moments of y-y are found to be 

(4 .6) 

-2(1+1/") + [6 ( -) + s2(x2 - x2)J 2 • a ii 1 x-x (4.7) 

where ~ • E £ 1/N. One can ~ow write the mo~ents of x1L as 
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(4. 8) 

-+ EQ(d2)[a2(1+1/N) + {B1(x-x) + s2cx2 - x2)}2J (4.9) 

and the mean squared error as 

-2 2 - 2 2 2 + EQ(d )[a (l+l/N) + {B1 (x-x) + S2 (x - x )} ] • 
(4.10) 

Expanding (4.10) and integrating term by term results in 

-
• 2/3 + 2x2 - EQ(d)(S1 (4/3 + 4x2) + s2(4x x 2 - 4x/3)] 

- -- -2 - 2 - 2 2 2 + B1B2(4x x - 4x/3) + s2(2/5 - 4x /3 + 2x )] (4.11) 

where the subscript IQ on J indicates that the Inverse estimator is 

under consideration and that the true model is quadratic, For symme-

trical designs, (4,11) reduces to 

- _.., 
+ (2/3)si + S~(2/5 - 4x2/3 + 2x2')] • (4 .12) 
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Only symmetrical designs will be under consideration since it was 

shown in Chapter II that if the true ~odel is linear, the first re-

quirement that must be satisfied in order that JIL be minimized is 

that x • o. This infinite class of designs for which x • 0 was then 

further restricted to the class of symmetrical designs for reasons 

which will soon become evident. Most of the theory which follows 

will be developed first for the general case and then reduced to the 

symmetrical case. To proceed further requires expressions for the 

first two moments of d in the presence of a quadratic effect. 

(4.2) The Moments of d in the Presence of a Quadratic Effect 

It will be well to recall how the moments of d were obtained in 

the linear case. First, S was decomposed into independent compo-yy 
nents as 

S • s2 /S + SS yy xy xx e (4.13) 

A 2 - - 2 where SSe • t (y1 - y1) • t [y1 - y - b(x1 - x)] , the residual or 
A 

error sum of squares from forward regression where b • B • S /S • xy xx 
The ratio d was then written as 

d • S /S • u/[u2/s + v] xy yy (4.14) 

with u • S , s • S , v • SS and the momenti:: of d were obtained by xy xx e 
numerically integrating 

OD QO 

2 r {u/[u /s + v]} g(u, v) dudv • (4.15) 
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The joint density of (u, v) was easily constructed since u and v are 

independent with 

2 
XN-2(0) • 

For the case at hand where the true model is quadratic, the parti-

tion in (4.13) still holds because it is purely algebraic and does not 

depend on the true form of the model. The change due to the model 

structure lies in the densities of u and v. Considering u first, it 

is clear that u is still a function of independent normal variables and 

hence normal but with mean 

-
• BlSxx + a2I<xi - x) (x~ - x2) (4.16) 

and variance the same as in the linear case. For symmetrical designs, 

the coefficient of s2 becomes 

Hence, if designs are restricted to be symmetrical, the density of u 

·does not change in the presence of a quadratic effect. One is not so 

fortunate with the density of v. This is because SS now contains an e 

independent "lack of fit" contribution which in itself is a non-central 

chi-square variable. The non-centrality parameter X is found by 

evaluating 
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-- y -
- 2 2 b(x1 - x)}] /(2o ) • (4.17) 

Evaluating (4.17) involves the expectation of b • S /S which upon xy xx 

using (4.16} is found to be 

where 

-
C • l(x1 - x) (x2 - x2)/S i xx 

which for symmetrical designs has been shown to be zero. Hence, b is 

unbiased for a1 even in the presence of a quadratic effect if a symmet-

rical design is used. The remaining expectations in (4,17) are easily 

accomplished and A is found to be 

(4.18) 

for symmetrical designs. 2 2 2 The quantity t(xi - x ) in the non-centrality 

parameter will play a key role in the latter portion of this chapter and 

will henceforth be designated as SQ. 

Using the transformation from (u, v) to (z, w) in (4,15) where 
1/2 z • u and w • v • the expressions for the first two moments of d be-

come 

00 "" 00 e-A.l.iK~i~s 
I I 

2i+N-3 -B 
EQ(d) - l 

?.W e dzdw ii 2 2 i .. O o- Z + SW 
(4.19) 

00 "" 

"" e->.AiK~i)s 2 

I I 
2 2i+~-3 -B 

EQ(d2) • l z w e dzd"W ii 2 2 2 i•O 
0 -°' 

(z + SW ) 
(4,20) 
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where A is given by (4,18), n is the same as in the linear case, 

namely, 

2 2 2 2 B • w /(2o ) + (z - s1s) /(2o s) 

and 

K(i) • 2/[(2o2)(l/2)(2i+N-2)r[(l/2)(2i+N-2)] (2na2s) 1121 • 

It is observed that (4.19) and (4.20) are functions of s1 , 62, a, N, 
2 SQ' and s • Nx and that JIQ in (4.12) is a function of the same 

quantities. It will now be_:hown that JIQ can be considered as a func-

tion of r1 , y2, N, SQ' and x2 , where r1 • ls1/ol and y2 • !62/o!, 

First, letting 61 • ayi and s2 • oy2 in (4.12) results in 

- -2 
+ (2/3) (yi) 2 + <r2> 2 (2/5 - 4x2/3 + 2x2 )] (4.21) 

2 where one notes EQ(d) has a coefficient a and EQ(d } has a coefficient 
2 a • Using the transformation (z, w) to (m, n) in both (4.19) and 

(4,20) with m • w/o and n • z/o provides a Jacobian of o2 and the mo-

ments of d become 

->.,i 1/2 e 11. s 
00 

i I 2 (l/ 2) ( 2i+N-4) r [ (1/2) (21+!~-2)] (2TT) l/2 o 

00 00 

ff nm2i+N-3 e-D/(n2 + m2s) dndm 
0 ..... 

(4. 22) 
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ii 2(l/2) (2i+N-4) r [ (1/2) (2i+N-2)) (21T)lf 2o2 

.... 
f J 

2 2i+N-3 -D 2 2 2 n m · e /(n + m s) dndm (4.23) 
0 -oo 

where D is the same as for the linear case, namely, 

2 2 2 and ). becomes (yi) SQ/2. Ilcnce,~oth a EQ(d) and a EQ(d ) are func-
2 tions of only Yi• Yi• N, SQ' and x • Also, B2 appears in JIQ only as 

a squared quantity so a change in sign in B2 and hence y~ has no effect 

on JtQ• A change in sign in B1 and hence Yi has the same effect on 

EQ(d) as it had on E(d), namely, a change in sign so that the sign of 

s1 EQ(d) remains unchanged. A change in sign in B1 has no effect on 
2 2 2 EQ(d ) so B1 EQ(d >_:emains unchanged which establishes that J 1Q is a 

function of N, SQ' x2, y1 • IB1/ol, and Y2 • IB2!al. 
At this point, it becomes very clear that the moments of d are 

strongly influenced by the non-centrality parameter A which depends on 

the degrees of freedom for lack of fit and hence on the number of dis-

tinct points in the design. It is only natural then for one to begin 

investieating the effect of design on JIQ 'Wlth the "two-point" design 

for N even. 

(4.3) N Even - Symmetrical "Two-Point" DesiP,ns 

Consider the "two-point" symmetrical design with N/2 observations 

at x1 • - x2 and N/2 observations at x2 , Since there are two parameters 
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to estimate with N/2 observations at each of two distinct points, the 

breakdown in degrees of fr~edom is two degrees of freedom for regres-

sion, N/2 - 1 degrees of freedom for pure error at each of two points 

yielding a total of N-2 degrees cf freedom for pure error, Hence, 

there are N-2-(N-2) - 0 degrees of f recdom for lack of fit which means 

that the non-centrality paraneter A should be zero in this case, This 
2 2 for all i 2 2 2 is easily verified since xi - x and x • rx /N • Nx/ 2 i 

2 N • x2 so that SQ and hence A is zero, This means that the density of 

v and hence the moments of d are the saMe as in the linear case, In 

fact, since the moments of d are identical to those for the linear 

case, one can write 

2JIQ • 2/3 - (4/3) s1 E(d) + E(d2) [202(1+1/N) 

- -2 
+ (2/3) s2J + E(d2) s2 (2/5 - 4x2/3 + 2x2 ) 1 2 

(4,24) 

2 and use the values of 2JIL and E(d ) from the linear case in computing 

2JIQ' It is interesting to note that the coefficient of E(d2) a; in 

(4,24), which will he designated as 

- - -2 
f(x2) • 2/5 - 4x2/3 + 2x2 • (4 ,25) 

occurs in the average bias squared in forward regression when a linear 

approximation is used for a quadratic model. This will be shown in 

Chapter VI when optimal designs for forward and inverse regression are 

compared, 

The term E(d2) e; f (:_2) in (4,24) vanishes if e2 • 0 and JIQ de-

generates to JIL' Ho'\.~ever, if s2 > O, this term is strictly positive 
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and can_:.nly increase J 1Q. It appears then that if one were to mini-
2 mize f(x ) 1 JIQ should be ~inimizcd for at least some range of values 

on a2 • Rewriting (4.25) as 

(4.26) 

reveals that f (~) is minimized when~• 1/3. For the case at hand 1 - -2 x 2 
- x 2 

2 so x 2 • 1/3 implies that x2 • 1/3 or that x2 • .ss. Hence, for 

some range of values on s2, JIQ should be minimized for a "two-point" 

design by taking N/2 observations each at x1 • - .58 and x2 • .58. 

This is borne out in Figures 9-12 for N • 10 which shows plots of 2J1Q 

as a function of x2 for values of r 1 • 1 1 5, 8 1 12 and r 2 • O, 1, 3, 5, 

8, 12. The quantities r 1 and y2 are the standardized regression co-

efficients referred to earlier, namely, y1 • la1/al and Y2 • IB 21al. 
In each case where 0 < r 2 !_ r 1 , JIQ attains its cinimum where x2 is 

approximately .ss. For values of r2 > y1 , a relative minimum occurs 

at about x2 • .SB, but the absolute mini~urn occurs where x2 is much 

closer to the design center. However, it is difficult to imagine an 

experimenter misclassifying a model in which r 2 > yl so that for any 

practical situation, it could be agreed that the optir.lal "two-point" 

design occurs where x2 • .58, 

It is well to point out that the optiM8l designs above are optimal 

"two-point" desir.ns and not overall optir.:al designs. There is no evi-

dence at this point that any "two-point" design is optimal from the 

standpoint of minimizing JIQ" Some light can be shed on this by ex-

amining the "three-point" syt:m1etric design for N odd, 
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{4.4) N Odd - Syn~Metrical "Three-Point" Designs 

Only one "three-point" design will be discussed here, namely, the 

design with a single center poi!1t and (t!-1)/2 observations at each 

x1 • - x2 and x2• Referring to A in (4.18), it is seen that it is no 

longer zero but now become9 

202A • a~sQ • a{i:x: -N:22] 

• S~ [ (N-1) 
4 

x -2 

(4.27) 

This was expected in view of the fact that SS for a "three-point" de-e 
sign contains a single degree of freedom contribution for lack of fit. 

This shows that v is now a non-central chi-square variable so the ex-

pressions for the moments of d are those given in equations (4.19) and 

(4.20) with A given by (4.27). Examination of these equations reveals 

that to obtain the moments of d by numerical integration is outside 

the realm of practical feasibility. To begin with, since the finite 

quantities for the range of integration derived in Chapter II when v 

was a central chi-square variable depended on N, they now depend on 

N + 21 so that each value of i would require different limits of inte-

gration. Also, from a pure economics standpoint, in the linear case 

when v was a central chi-square variable, the machine time required to 

compute a single value of 2JIL for fixed values of s, N, and y was 

appreciable. Here one is summing over double integrals and to obtain 

three place accuracy, a rnanyfold incrense in machine time could be 

expected. 
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To gain some insight into the problem, the moments of d were ap-

proximated by Monte Carlo procedures. N values of values of yi in 
2 equation (4.1) were selected by fixing the design. e0 • s1 • s2• and a 

and selecting the values of Ei randomly f ron a normal density with mean 

zero and variance a2• The N values of yi ar.d the N design values of xi 

were used to obtain a single value of S and S • The entire process xy yy 
was repeated n times obtaining n values of S xy and S , and the 3verage yy 
values of S /S and (S /S ) 2 were then used to xy yy xy yy approximate EQ(d) 

and EQ(d2) respectively. The moments obtained in this fashion were 

remarkably accurate as indicated by their standard errors. that is. the 

sample standard deviations of the average values of (S /S )r• xy yy 
r • 1, 2. Using n • 1000 for the case N • 9 revealed that 

Av(Sxy/Syy)r ± 3 standard errors provided nearly two place accuracy for 
2 2 EQ(d ) and nearly three place accuracy for EQ(d) if x !. .2. 

The entire Monte Carlo results for the case y1 • 59 y2 • O, 1, 3, 

s, 8 and N • 9 (one center point and four observations each at 

x1 • - x2 and x2) are displayed in Figure 13 where 2JIQ is represented 

as a function of x2• This figure reveal:_some intere9ting results. 
2 First, the predominant role played by f (x ) in (4.25) is quite clear. 

- 2 It was shown earlier that f (x2) is minimized when x • 1/3. For the -2 2 2 "three-point" design under discussion, x • x2(N-l)/N so x • 1/3 

implies that 

x2 • /N/[3(~-1)] • (4.28) 

Using N • 9 in (4.28), one obtains x2 • .61, and Figure 13 shows that 

in each case except y2 • O, 2J1Q is minimized when x2 is approxiMately 

.61. Also, if one compares Figure 13 with Figure 10, the "two-point" 
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design for N • 10, he see~ that the inclusion of the single center 

More point had the effect of drastically r~ducing 2JIQ at x2 • l.O. 

importantly, it is noted that the Hin 2JlQ is lower for all r 2 > 0 for 

N • 9 than it is for N • 10. This means that one is getting better 

precision with one less observation which bplies that the "two-

point" design is clearly inefficient and hence not over-all optimal. 

In this section and the one previous, two and three point designs 

have been examined and found to be optimized when the pseudo bias term 
2 2 f (x ) is minimized which occurs when x • 1/3. For the "two-point" 

design, this occurs when x2 • .sa, but for the "three-point" design 

with a single center point, the optimal value of x2 depends on N and 

ranges from .SB for infinite N to .667 for N • 4. Again, there is no 

evidence that either the two or three point design is over-all optimal 

from the standpoint of minimizing JIQ' but it was found that the "three-

point" design provided a lower Min JIQ than the "two-point" design for 

a larger value of N. In the quest for an over-all optimal design, it 

is clear that one needs a rapid, efficient means of evaluating JIO for - . 
2 many values of the model parameters and the design variables x and SQ. 

While the Monte Carlo procedure used in this section is more ef ficicnt 

than numerically integrating (4.19) and (4.20), a more rapid means of 

evaluating these quantities is sought. The approximation developed in 

Chapter II was rapid, efficient, and accurate provided yl was not too 

small, and the next section will be devoted to revising it for the 

present quadratic case. 

(l1.S) Anproxir.1ation to the ~oments of d - Ouadratic Model 

Expressions (2.59) and (2.61) hold in general as approximations 
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for E(d) • E(w/z) and E(d2) • E(w/z) 2 respectively. However, the joint 

moment generating function of (w,z) • (S , S ) does change as well as xy yy 
the moments of z and the product ~onents of w and z. Recall that even 

in the presence of a quadratic effect, the ccnsity of w • S does not xy 
change if designs are restricted to the syrr.metrical class of designs. 

In order to express (2.59) and (2.61) in ter~s of the model parameters 

and the design variables, it will be necessary to obtain the moments 

involved when the true model is quadratic as given by equation (4.1). 

To obtain these moments, the joint moment generating function of (w,z) 

will have to first be derived under the quadratic model assumption. 

The general expression for the joint moment generatir.g function 

of w • S and z • S developed in Chapter II is given in equation xy yy 

(2.49) as 

(4.29) 

with 

' { - -.! • x1 - x, ••• ,~ - x) 

and where A is symmetric inderupotent matrix of dimension NxN of rank 

v • U-1 vith elements 1-1/N on the main diagonal and off diagonal ele-

ments of -1/N and where.!:!.• E(z_). In simplifying (4.29) for the linear 

case, the mean vector.!:!.' was equal to (a+ Sx1 , ••• ,a + SxN). If the 

true model is quadratic, the only change in (4.29) is that 
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-
x2), ••• ,s0 + B 1 C~ - x) + s2cx; - x2)) • 

(4.30) 

In simplifying (4.29) with the present value of .l!. given by (4.30), some 

results can be salvaged from Chapter II, namely, v-l and IVl-l/2 remain 

the same since they do not involve .l!.• The quantity J:!.'AJ:!. is easily 

simplified as 

N - 2 
J!.'AJ!. • l [E(yi - y)) 

i•l 

since the cross product term vanishes for symnetrical designs. It is 

further found that 

-a'u • B S (4.32) ... l xx • 

which is the same as in the linear case. Using (4.30) for .l!. in A and 
-1 using the form of V derived in Chapter II results in 

(4.33) 

. I 1-112 Finally, incorporating (4.31), (4.32), (4.33), and V from Chapter 

II into (4.29) yields 

.. 
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(4. 34) 

where " • N-1 and SQ 
2 2)2 This is the joint moment gener-- r(x - x • i 

a ting function of s and S when the true model is quadratic and xy yy 

where all odd design moments are taken as zero. Performing the usual 

checks on (4.34), it can be verified that +(O, O) • 1 and that 

+Ct1, 0) and +(O, t 2) are of correct form so that one can rest assured 

that (4.34) is of correct form. 

Equation (4.34) must now be used to extract the moments needed to 

express the approximations for EQ(d) and EQ(d 2) given in (2.59) and 

(2.61) as functions of the model parameters and the design variables. 

The procedure used was identical to that discussed in Chapter II; the 

results are listed below: 

EQ(w) .. a1s xx (4.35) 

(4.36) 

(4,37) 
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2 2 +a S [2a + EQ(z)] xx 

(4.38) 

(4.39) 

(4.44) 
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An attempt to substitute the above quantities into (2.59) and (2.61) 

and obtain simplified expressions for the approximate moments was not 

made. Instead, a computer prog=am was written to compute 2JIQ in (4.12) 

for specified values of the ~odel pareneters and design variables using 
2 (2.59) and (2,61) for E0 (d) and EQ(d ) respectively by coMputing ex-

pressions (4.35) to (4,45) in the order given above for the specified 

values and then substitution of these numer~.cal quantities into (2.59) 

and (2,61). This procedure saved considerable algebraic manipulation. 

The accuracy of the approximations was checked against the Monte 

Carlo values of the moments used in the construction of Figure 13 and 

against additional Monte Carlo values for "three-point" designs for 

N • 10 and 15. As in the linear case, the goodness of the approxima-

tions appears to depend pri:.:_rily on the magnitude of yl and to som.:_ 
2 2 extent on the magnitude of x • The results indicate that provided x 

is not less than about .20, the approximate Moments are quite accurate 

for y1 as low as 5, being within about one percent of the Monte Carlo 

moments. For r 1 • 2,5 and N • 10, the deviations of the approximate 

moments from the Monte Carlo moments are within about three percent, 

However, as N increases, the correspondence between the two improves. 

For example, for y1 • 2.5 and N • 15, the deviations of the approxiriiate 

moments from the Monte Carlo moments are within about one percent. 

Some of the numerical results in the remainder of this chapter and in 

Chapter V include values of yl • 2,5 with the. understanding that as N 

decreases, the worth of the approximations for this small value of y1 

decreases, 

These approximations provide one with the necessary tools to 

evaluate 2JIQ rapidly and efficiently for a large nur.ber of values of 
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the model parameters and the d~sign variables in the search for over-

all optimality. 

(4,6) Optimal V:ilues of the Design Variables 

In Chapter II where the true mocel was assumed linear, JIL was a 

function of the model parameters and two design variables, x and -2 s • Sxx • Nx • Hqwever, JIL could be fnctored such that the portion 

containing x was strictly positive for non-zero x and a non-zero x 
could thus only increase J1L. Hence, the first requirement necessary 

to minimize JIL was to choose designs for which x • O, (Tiie class of 

designs for which x • 0 was then restricted to the class of symmetrical 

designs since they provide not only x • 0 but also all odd desien mo-

ments equal to zero and, as has been observed, simplified the present 

quadratic case considerably,) -After x was set equal to zero, only one 

design variable remained, i.e., S and the value of this variable xx 

which minimized JIL was found by plotting JII. as a function of Sxx for 

a wide range of values of the model parameters, 

In the present case where a linear approximation is being used for 

a quadratic model and designs are restricted to be symmetrical, two de-
2 sign variables are also present, Sxx • Nx and SQ' but unlike the pre-

vious case, neither one can be eliminated at the onset. Recalling the 

form of JIQ in (4,12), -:J. is present in the pseudo bias term f(7) and 

in the expressions for the moments of d. The variable SQ appears only 

in the non-centrality parameter in the expressions for the moments of d. 

To minimize J 10 , one of these variables must be held fixed while 
. -

varying the other and conversely. Since x2 • 1/3 ninirnizes f(x2), it 

2 is only natural to begin by holding x fixed at 1/3 and varying s0 for 
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fixed values of the model paraneters N, r 1 , and r 2• For each combina-

tion of the values of N, y1 , and r 2 considered, SQ was varied from its 

maximum value (which depends on N) to zero in increments of .05. Values 

of the model parameters considered were N • 5(1)20(2)30(5)50 1 y1 • 2.5, -2 S, 8, 12, and r2 • 1, 3, 5, 8, 12. The results show that for x • 1/3, 

the value of SQ which minimizes JIQ is nearly independent of the para-

meters y1 and r2 and depends primarily on N, the number of observations. 

Representative results for three values of N, N • 9, 15, 24 are shown in 

Tables III, IV, and v. For each combination of values of y1 and y2, the 

tables show the range of values of the design variable SQ which mini-

mizes 2JIQ' designated by Opt SQ' the resulting minimum value of 2JIQ' 

designated by Min 2JIQ' the value of 2JIQ resulting from setting 

SQ• N/10 for all values of r 1 and y2 , designated by 2JIQ (N/10), and 

the percent increase in 2JIQ (N/10) above Min 2JIQ• For example, con-

sider Table III for N • 9 and enter the row for r 1 • 8 and r 2 • 3. 

All values of SQ ranging b~tween 1.05 and 1.60 inclusive result in a 

minimum value of 2J1Q of .0576. However, a value of SQ • N/10 • .9 

provides a 2JIQ of .0578, only .35 percent greater than the minimum 

value. For all values of N • 5(1)20(2)30(5)50, the results are basi-

cally the same, that is, a value of SQ • N/10 provides a value of 2J1Q 

which is very close to Min 2JIQ' usually well within one percent, and 

in over half of the 500 cases considered, the value of 2JIQ evaluated 

at SQ • N/10 is identical to the value of Min 2JIQ to three significant 

digits. Sli&htly larger deviations occur for small values of N, y1 , 

and r2 , the largest being 3.75% at r1 • 2.5, r 2 • 3 for N • 5. For 

N • 6, the largest deviations is 2.65% at y1 • 2.5, r 2 • 3. As N in-

creases, the percentages for low yl and y 2 continue to decrease as 
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TABLE III 

~TIMAL VALUES OF SQ 

-2 - 1/3 x 

N • 9 

yl Y2 Opt SQ . Min 2J10 2J19c .9) % > Min 2JIQ - - --
2.5 1.0 3.50 .256 .262 2.34 

3.0 [1.10,1.40] .331 .334 .91 
s.o 1.00 .420 .421 .24 
a.o [ .90,l.OO] .518 .518 .oo 

12.0 [ .so, .90] .584 .584 .oo 

s.a 1.0 [3.35,3.50] .0897 .0910 1.45 
3.a C0.95,1.70] .130 .131 • 77 
5.0 c 0. 80 , l.15 1 .196 .196 .oo 
a.a co.so, • 951 .304 .304 .oo 

12.0 CO. SO, • 90J .420 .420 .ao 

a.o l.O C2.60,3.SO] .03S4 .03S6 .52 
3.0 [1.05,1.60) .0576 .0578 .35 
5.0 [ 0. 9 5, 1. 00] .0927 .092S .11 
s.o [0.75,1.05] .164 .164 .oo 

12.a co.so, .9aJ ,265 .265 .oo 

12.0 1.0 ca.65,3.50) .0177 .a177 .oo 
3.0 c1.oo,1.70] ,0269 .0270 • 37 
5.0 C0.95,1.05] .0446 .0447 .22 
a.a Ca. S5, • 95] .OS40 .0840 .oo 

12.a [0.75, .95) .151 .151 .oo 
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TABLE IV 

OPTIMAL VALUES OF SQ 

2 
- 1/3 x 

N • 15 

yl y2 Opt s0 Hin 2JIQ 2JIQ (1. 5) % > Min 2JIQ - -
2.5 1.0 [3.90,6.10] .245 .248 1.22 

3.0 [1.80,1.90] .322 .323 .31 
s.o (1.40,1. 70] .415 .415 .oo 
s.o [1.40,1.SO] .514 .514 .oo 

12.0 [l.40,1.50] .582 .582 .oo 
s.o 1.0 [4.60,6.80] .0847 .0852 .59 

3.0 [1.70,1.95] .125 .126 .so 
s.o [ 1. 30, 1. 80] .192 .192 .oo 
8.0 [l.35,1.50] .301 .301 .oo 

12.0 [l.35,1.45] .418 .419 .24 

8.0 1.0 [2.80,9.40] .0360 .0361 .28 
3.0 [1.75,2.00] .0553 .0554 .18 
s.o [1.40,1.65] .0907 .0907 .oo 
8.0 [1.20,1.65] .162 .162 .oo 

12.0 (1.25 ,1. 50] .264 .264 .oo 
12.0 1.0 [2.20,10.4] .0165 .0166 .61 

3.0 (1.10,2.65] .0258 .0258 .oo 
s.o (1.20,1.85] .0436 .0436 .oo 
8.o [1.35,1.50] .0830 .0830 .oo 

12.0 [1.20,1.50] .150 .150 .oo 
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TABLE V 

OPTIMAL VALUES OF s0 

2 - 1/3 x 

N • 24 

yl y2 Opt SQ Min 2J!Q 2J!Q(2.4) % > Min 2J!Q - -
2.5 1.0 [ 4 • 30. 7 • 301 .239 .240 .42 

3.0 [2.10,3.10) .318 .318 .oo 
5.0 [2.20,2.50) .till .411 .oo 
s.o [2.10,2.40) .512 .512 .oo 

12.0 [2.10,2.30] .581 .582 .17 

5.0 1.0 [5.00,8.40) .0819 .0821 .24 
3.0 [1.80,3.60] .123 .123 .oo 
5.0 [1.90,2.80] .190 .190 .oo 
8.0 [1.95,2.50] .300 .300 .oo 

12.0 [2.10,2.25] .417 .418 .24 

s.o 1.0 [l.00,13.0] .0347 .0347 .oo 
3.0 [1.95,3.40] .0541 .0541 .oo 
5.0 [2.10,2.55] .0895 .0895 .oo 
s.o [1.85,2.60] .161 .161 .oo 

12.0 [2.05,2.35] .263 .264 .38 

12.0 1.0 [0.00,19.0] .0159 .0159 .oo 
3.0 [1.15,4.25] ,0252 .0252 .oo 
s.o [1.75,2.90) .0430 .0430 .oo 
s.o [2.00,2.40] .0825 .0825 .oo 

12.0 [1.80,2.60] .150 .150 .oo 
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shown in Tables III, IV, and v, that is, for N • 9, the largest devia-

tion is 2.34% at y1 • 2.5, y2 • 1 but for N • 15 the largest deviation 

is 1.22% and for N • 24, all percentages are well below one. In the 

500 cases considered, only twenty-one deviations are greater than one 

percent and they all occur for low values of N, y1 , and y2• Consider-

ing that approxi~ations are beinr. used for the moments of d, one could 

not get much closer than one percent to Min 2JIQ and have meaningful 

results since the results would fall outside the range of accuracy of 

tho approximations. Also, concerning the larger deviations which occur 

for small values of y1 , eleven of the twenty-one deviations greater 

than one percent occur for small N and y1 • 2.5, and as aforementioned, 

the approximations for the moments of d at yl • 2.5 become less accu-

rate as N decreases. Hence, for snall N and y1 • 2.5, one could not 

get much closer than three percent to Min 2JIQ and have meaningful 

results. 

The preceding results were obtained by fixing the value of 

x2 • 1/3. Referring to the two and three point designs discussed 
2 earlier in the chapter, the pseudo bias term f (x ) appears to be pre--2 dominant since minirnizi~ it with x • 1/3 minimized J 1Q for these de-

signs. 2 However, since x also appears in the moments of d, it is not 
2 

entir~ly clear that minimizing f (x ) will ninimize JIQ in general. To 

insure that this is_:he case, 2JIQ was evaluated over a range of values 
2 of SQ while fixing x at values other than 1/3. The results are shown 

in Table VI for the case N • 10; y1 • 2.5, 5, 8, 12; y2 • 1, 3, 5, 8, 

12. The entries in the table arc the mini~un values that 2JIQ can at-
2 tain by varying SQ while holding x fixed at values of .20, .25, .30 1 

.33 1 .36, and .SO. It is readily seen that the values of Xin 2JIQ in 



-n-

TABLE VI 

VALUES OF MI~l 2Jl.Q 

-2 - .20 •• 2s, .30, .33, .36, .so x 

N • 10 

-2 2 r 2 2 2 2 1.. __::z. x •,20 x ··-" x •,30 x -.33 x •.36 x -.so 

2,5 1.0 .257 .2ss .254 .2S3 ,2S3 .263 
3.0 .346 .336 .330 .329 .329 ,346 
5.0 .442 ,429 .421 .419 .419 .44S 
a.o .537 .526 ,518 .517 .S17 ,51.0 

12.0 .S97 .590 .585 .584 .S84 .599 

s.o 1,0 .0915 ,0898 .0888 .0884 .0882 .0901 
3.0 .139 .133 .130 .129 .129 .140 
5.0 .214 .203 .196 .195 .195 .220 
a.o .331 ,315 ,305 ,303 .304 .340 

12.0 .447 .431 ,422 .420 .420 .456 

a.o 1.0 ,0396 .0386 ,0380 .0378 ,0376 .0380 
3.0 .062S ,OS93 ,0575 ,0570 .OS74 ,0628 
5,0 .104 ,0969 .0931 .0922 .0925 ,107 
8,0 .184 .172 .166 .163 ,164 ,192 

12.0 .293 .276 .267 .26S .266 ,305 

12.0 1.0 .0184 ,0178 ,0175 .0174 .0173 ,0174 
3,0 .0294 ,0278 .0269 ,0266 .0266 ,0294 
5,0 ,0504 ,0468 ,0448 ,0444 ,0445 .0523 
a.o ,0963 ,0888 ,0846 ,0838 ,0842 .102 

12,0 ,172 .159 .152 .151 ,152 ,182 
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2 the column x • .33 are lower than the corresponding values of Min 2JIQ 
2 for values of x < .33. They arc also lower than the vaiues of -2 Min 2JIQ for x • .so. Comparing the values of Min 2JIQ in the columns 

2 2 x • .33 and x • .36, it is seen that fo~ thr.'.:: values of y1 and r 2, 

the value of Min 2J1Q is slightly smaller for x2 • .36 than for -2 x • .33. These values all occur at y1 ~ 5 and y2 • 1 9 that is, 

r1 • S, r 2 • 1; Y1 • 8, r 2 • 1; r1 • 12, r2 • 1. For all other values 

of r 1 and v2 , the values of ?-tin 2JIQ are lower for x2 • .33. This is 

understandable if one considers that for r1 • 1, the model is very 

close to linear, and it has been shown in Chapter II that optimal de-

signs for the linear model depend on both yl and N and do not occur at 
2 precisely x • 1/3 or equivalently S • N/3. In fact, the figures xx 

used to construct Figure 2 for N • 10 reveal that for y1 • s, B, and 

12, the optimal desiens occur at values of S > N/3 while for xx 
y1 • 2,5, the optimal design occurs when S is approximately equal to 

xx -
N/3. Hence, it is understandable that a value of x2 > 1/3 yields a -2 lower 2JIQ than x • 1/3 for sn:all y 2 and yl ~ s. 

The results of this section are simply that if y2 has any magni-

tude whatever, say! 1 9 designs which are very near optimal can be 
2 obtained for all r1 ~ 2.5 by requiring that x • 1/3 and SQ • N/10. 

The restriction on r1 does not involve the work in this section but is 

required because the moMents of d are approximated and the goodness of 

the approximation is primarily dependent on a value of yl ~ 2.5. Hence, 

values of v1 less than 2.5 were not considered, 

(4. 7) Optimal "!fol ti-Point" Designs 

Designs which satisfy 
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-2 x • 1/3 (4.46) 

(4.47) 

will be termed "near optimal"• and specific designs which satisfy 

these conditions will be developed in the present section. It will 

first be shown that except for the case where N is a multiple of 19, 

there does not exist a near optimal "three-point" design and under no 

conditions does there exist a near optimal "two-point" design. Consider 

a two or three point design with N1 observations at x1 , N0 observations 

at x0 • 0 (N0 !_ O), and N2 observations at x2 with N1 • N2 and 

x1 • - x2 for symmetry and, of course, N1 + N0 + N2 • N. To satisfy 
2 (4.46) requires that x • 1/3, but for the present case, 

(4.48) 

and setting (4.48) equal to 1/3 results in 

(4.49) 

For the present case, 

and substituting (4.49) for x; results in 

SQ • (N/18) (N/N2 - 2) • (4 .so) 
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For a "two-point" symmetrical design, N0 • 0 and N2 • N/2. Substitu-

tion of N2 • N/2 in (4.50) yields SQ • 0 and for near optimality, SQ 

must equal N/10 so a near optimal "two-point" design does not exist. 

The fact that SQ • 0 for a "two-point" <."esign was, of course, known at 

the onset, for it was this tenu which forced the non-centrality para-

meter >. to zero in the earlier discussion of "two-point" design. For 

a "three-point" symmetrical design, setting (4.50) equal to N/10 and 

simplifying results in 

N2 • N/3.8 • (4.51) 

It is clear that unless N is a multiple of 19, N2 will not be integral 

and a near optimal design will not exist. Consider now the case where 

N is a multiple of 19 and let N • cl9 with c integral. Using (4,51), 

N2 • 5c and N0 • N - 2N2 • 19c - lOc • 9c. Also, using (4,49), 
2 x2 • N/(6N2) • 19c/(30c) • 19/30 and x2 • .796. Hence, when N • cl9 1 

conditions for near optimality can be obtained by taking Sc observations 

at x1 • - .796, 9c observations at x0 • O, and 5c observations at 

x2 • + .796. In general, it is seen that to achieve a near optimal 

design, more than three points will have to be used, 

Consider now a four or five point design with N1 observations at 

xi' i • 0 1 1 1 2, 3, 4 taking x0 • 0 and with N1 • "N4 , N2 • N3, 

. - By taking 

N0 • O, one has a "four-point" symnetrical design, and N0 > 0 produces a 

"five-point" symmetrical design. Under these conditions, 
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and letting x3 • kx4 , k .! O, for simplicity results in 

(4.52} 

Setting (4.52} equal to 1/3 to satisfy condition (4.46} results in 

(4 .53) 

Expressing SQ in terms of the Ni' x4 , N, and k and using (4.46), one 

obtains 

2 Using (4.53) for x4 , one obtains 

and setting (4.54) equal to N/10 to satisfy (4.47) yields 

2 The above is simply a quadratic equation in k and after letting 

lI • 3.8/N can be shown to produce the solution 

k2 • HN3N4 :!:, ~H(N3Nz + N~N4 ) 
N3 - lIN; 

(4.54) 

(4 .55) 

(4.56) 

All positive integral values of N3 and N4 such that 2N3 + 2N4 ~ N which 
2 yield real positive solutions for k such that 
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(4,57) 

and 

(4,58) 

provide designs which satisfy (4,46) and (4.47) and are hence. near 

optimal, Condition (4,57) is necessary to insure that the resulting 

value of x4 is less than or equal to one, The conditions on N3 and N4 

which result in satisfactory solutions for k2 are, in general, diffi-

cult to ascertain, However, some insight can be gained by examining 
2 2 2 the discriminant in (4,56), For real solutions of k , H(N3N4 + N3N4) 

- N3N4 must be greater than or equal to zero which implies that 

(4,59) 

This means that the ratio of non-center points to the total number of 

observations must be greater than or equal to .526, that is. more than 

half the observations must be non-center points in order to attain near 

optimality, As for the remaining conditions, the easiest approach is 

to merely list all possible candidates (N3 , N4) such that (4,59) holds 
2 . 

and compute k , retaining those values of (N3, N4) which yield satis-

factory solutions and discarding those which do not. This is not as 

awesome as it appears since the number of candidates is quite small 

unless N is excessively large. For exanplc, for N • 10 1 the candidates 

(1,1). (1,2), (1,3), (1,4), (2,1), (2,2), (2,3), (3,1), (3,2), (4,1) • 

The first can be imnediately discarded since 2(1+1)/lOa,4 < ,526 and 



-98-

(4,59) does not hold, Also one need only consider one permutation of 

(N3, N4) since (N31 N4) and (N4 , N3) will result in the same design, 

This narrows the class of candidates to 

(1,2), (1,3), (1,4), (2,2), (2,3) • (4 ,60) 

These candidates were substituted into (4,56), and six acceptable 

values of k resulted which gave rise to six near optimal designs. 

These are shown in Table VII. Note that the first two designs are 

"four-point" designs while the remaining four are "five-point" de-

signs, The reason there are more optimal designs than candidates is 

that each candidate admits two solutions for k, both of which may be 

acceptable, Each of these six designs satisfy conditions (4,46) and 

(4,47) are thus equivalent from the standpoint of minimizing JIQ" How-

ever, some of these may be easier to attain experimentally than others, 

Also the "four-point" designs provide two deg'l:"ees of freedom for lack 

of fit while the "five-point" designs provide threa degrees of freedom 

for lack of fit, 

To show the contrast between the near optimal designs developed 

in this section and the "two-point" designs developed earlier in the 

chapter, the first design listed in Table VII was used to construct 

plots of 2JIQ as a function of x4 by letting x3 • kx4 • ,4259x4 for 

y1 • 5 1 8, and 12 and r 2 • O, 3, 5, 8, and 12. These plots are shown 

in Figures 14, 15 1 and 16. In comparing these three figures with the 

corresponding "two-point" designs in Figures 10, 11, and 12, note that 

the Min 2JIQ is considerably lower for the "four-point" design for all 

y2 > 0 and that these minima for all r 2 > 0 occur where x4 is approxi-

mately ,98 and hence where x3 is appro:dmately .42. 
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TABLE VII 

NEAR OPTIMAL DESIGNS FOR N•lO 

31 ~ X3 ~ X4 

0 4 .4186 1 .9827 

0 3 .2741 2 .8489 

4 2 .6392 1 .9217 

4 1 .5115 2 .8382 

2 3 .4931 1 .9680 

2 2 .3409 2 .8468 

th xi. value of x at i~ design point, i a o ••••• 4 

Ni • number of observations at xi 

N0 • number of center points 
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2J10 versus X 4 

X 3 = .4259 X4 I. 7t-----..---.----.---~-T-----.----.--~-~----t 

1.6 

1.5 

1.4 

1.3 

1.2 

I. I 

1.0 
2JIQ 

.9 

.8 

oo'---'----'-~-~-~---~_._ _ _._ _ _._ _ _,__ __ 
.I .2 .3 fl .5 .6 .7 .8 .9 1.0 

X4 
Fig. 14 
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N= 10 2J10 Versus X4 N3 = 4 
o,= 8 X3 = .4259 X4 N4= I 

I. 7 

1.6 

1.5 

1.4 
I. 3 

1.2 

I. I 

1.0 
2J10 

.9 

.8 

.7 

.6 
?f2= 12 

.5 

.4 

.3 ~2 = 8 ----.2 

. I 

0 
0 .I .2 .3 .4 .5 .G 1 .8 .9 1.0 

Fig. 15 
X4 
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N =10 2JIQ versus X 4 N3 = 4 
01=12 X3 =.4259 X4 N4= I 

I. 7 .--.-
1.6 

I. 5 

I. 4 
I. 3 

1.2 

I. I 

I. 0 
2JIQ 

.9 

.8 

.7 

.6 

.5 

.4 

.3 ~2 =12 

.2 

. I 

0 
0 .I .2 .3 ~ .5 .6 .7 .8 .9 1.0 

Fig. 16 
X4 
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While the method of obtaining near optimal designs has been given 

and is straightforward for any value of N, it does require some effort 

in evaluating (4.56) repeatedly for the various candidates (N3 , N4). 

Since a computer program has been written for this purpose, it was 

considered appropriate to list some near optimal designs for each value 

of N for the potential user. For N s 5(1)20(2)30(5)50, Tables VIII, 

IX, x, and XI show two near optimal "four-point" designs and two near 

optimal "five-point" designs for N even and four near optimal "five-

point" designs for N odd since "four-point" near optimal designs do not 

exist for N odd due to lack of ~yr.ttnetry. For low values of N even, two 

"four-point" and two "five-point" design!l do not exist, and for low 

values of N odd, four "five-point" designs do not exist and the listing 

is exhaustive. For larger values of N, the listing is far from ex-

haustive, and should the potential user have difficulty in attaining 

the listed design points experimentally, the method outlined in this 

section can be used to generate additional designs. 

To attain near optimality, it has been shown that more than three 

distinct design points are required, the smallest number being four, 

and thus designs in this section have been developed for both four and 

five design points, the development being identical by letting N0 • 0 

for the "four-point" design ~nd H0 > 0 for the "five-point" design. 

These designs provide two and three degrees of freedom respectively 

for lack of fit as aforementioned. Should the experinenter feel that 

more degrees of freedom are needed for lack of fit, designs with more 

than five points can be developed which satisfy conditions (4.46) and 

(4,47) by simply extending the work in this section. For example, for 
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TABLE VIII 

NEAR OPTIMAL DESI~~S 

N • 5, 6, 7' 8, 9, 11, 12 

N NO ~ XJ ~ X4 -
5 1 1 .3409 1 .8468 

6 0 2 .3313 1 .8835 
2 1 .4917 1 .8707 

7 1 2 .4134 1 .9083 
3 l .6423 1 .8684 

8 0 2 .1308 2 .8060 
0 3 .3883 1 .9386 
2 2 .4895 1 .9242 
2 1 .1862 2 .8058 

9 l 2 .2525 2 .8284 
l 3 .4419 l .9561 
3 2 .5634 1 .9301 
3 l .'3672 2 .8262 

10 See Table VII, page 99. 

11 1 3 .3337 2 .8658 
3 2 .4185 2 .8611 
3 3 .5430 l .9741 
5 1 .6681 2 .8328 

12 0 3 .1308 3 .8060 
0 4 .3313 2 .8835 
2 2 .1607 3 .8059 
4 3 .5924 1 .9732 
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TABLE IX 

NEAR OPTIMAL DESIGNS 

N • 13, 14, 15, 16, 17 

N NO ~ X3 ~ X4 -
13 1 4 ,3734 2 ,8969 

3 2 ,2698 3 .8208 
5 2 .5647 2 .8744 
5 1 .3946 3 .8187 

14 0 4 ,2439 3 .8358 
0 5 ,3651 2 .9129 
2 3 .2838 3 .8350 
4 3 .4888 2 .8990 

15 1 4 ,2918 3 .8484 
3 4 .4519 2 .9174 
5 2 .4287 3 .8431 
7 1 .7071 3 .8165 

16 0 4 .1308 4 ,8060 
0 6 ,3883 2 .9386 
2 4 .3353 3 ,8596 
4 4 .4895 2 .9242 

17 1 4 .1993 4 .8177 
3 4 .3760 3 ,8695 
5 4 ,5265 2 .9286 
7 4 ,6852 1 .9774 
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TABLE X 

NEAR OPTIMAL DESIGNS 

N • 18 1 19, 20, 22, 24, 26 

N NO ~ x3 ~ X4 -
18 0 5 .2247 4 .8288 

0 7 .4053 2 .9617 
2 5 .3659 3 .8814 
4 4 .4148 3 .8779 

19 1 7 .4285 2 .9699 
3 4 .2987 4 .8381 
5 4 .4523 3 .8847 
7 4 .6007 2 .9282 

20 0 5 .1308 5 .8060 
0 8 .4186 2 .9827 
2 7 .4512 2 .9768 
4 5 .4289 3 .8970 

22 0 6 .2113 5 .8245 
0 7 .3071 4 .8670 
2 5 .2323 5 .8242 
4 5 .3689 4 .8641 

24 0 6 .1308 6 .8060 
0 7 .2570 5 .8411 
2 5 .1435 6 .8059 
4 5 .3074 5 .8399 

26 0 7 .2014 6 .8215 
0 10 .4002 3 .9543 
2 7 .3100 5 .8556 
4 6 .3371 5 .8546 
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TAB~ XI 

NF.AR OPTIMAL DESIGNS 

N • 28, 30 1 35 1 40, 45, 50 

N ~ ~ X3 ~ X4 

28 0 7 .1308 7 .8060 
0 9 .3125 s .8704 
2 8 .3330 s .8694 
4 5 .1552 7 .8059 

30 0 10 .3313 5 .8835 
0 9 .2741 6 .8489 
2 8 .2918 6 .8484 
6 5 .2473 7 .8189 

35 1 10 .2813 7 .8487 
3 9 .2975 7 .8482 
5 10 .4134 5 .9083 
7 7 .3409 7 .8468 

40 0 10 .1308 10 .8060 
0 13 .3183 7 .8742 
6 7 .1568 10 .8059 

10 10 .4895 5 .9242 

45 1 16 .3841 6 .9255 
5 10 .2525 10 .8284 
9 8 .2841 10 .8279 

13 6 .3319 10 .8270 

50 0 13 .1719 12 .8139 
0 18 .3690 7 .9167 
2 12 .1790 12 .8139 

10 10 .3409 10 .8468 
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six or seven design points with Ni observations at x1 , i • O, 1, ••• ,6 

and Ni+l • N6_1 as well as xi+l • - x6_1 for i • o, 1, 2, by letting 

x4 • k4x6 and xS • kSx6 , one obtains the following equation analogous 

to (4.55): 

3.8 .,_ 
N • (4.61) 

This is a quadratic equation in 2 both k4 and 
2 . k5 and can be solved for 

2 k4 , say, by assigning values to 2 ks, N4' NS' and N6, retaining those 
2 N4, N5, and N6 which yield satisfactory solutions for k2 values of ks, 4 

and discarding those which do not. This is clearly no job for a desk 

calculator, but with a high speed d:f.gital computer, it poses no problem. 

(4.8) Cost of Protecting Against a Possible Quadratic Effec~ 

In Chapter II it was shown that if the true model is linear, the 

optimal experimental design for the Inverse estimator is dependent on 

both y1 and N. However, it was also shown that the "end-point" design 

with N/2 observations at both x1 • - 1 and x2 • + 1 for N even and 

(N-1)/2 observations at both x1 • - 1 and x2 • + 1 and one observation 

at x • 0 for N odd, while not optimnl, provides an aver~ge MSE which 

is smaller than the corresponding average MSE for the Classical esti-

mator for all yl and N. Hence, if the true model is linear and one 

does not have a very good a priori estimate of yl (which is likely to 

be the case), one can use the "end-point" design, and be assured of 

obtaining a smaller avcra8e HSE than can be attained using the Classi-

cal. In this chapter it has been shown that if the true model is 

quadratic, designs which are very close to optimal for the Inverse 
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2 estimator can be constructed by requiring that x • 1/3 and SQ • N/10, 

Since the existence of a qundratic effect is difficult to ascertain, 

the obvious questions to be ans~ered are the following: If one pro-

tects against a possible quadratic effect in the selection of the de-

sign, what increase in the Avernr,e MSE ~ill result if the true model 

is linear? Also, if one does not protect a~ainst a possible quadratic 

effect in the selection of the design and a quadratic effect is pre-

sent, what increase in the average MSE will result? These questions 

can be answered by examining both JIL and JIQ when designing for a 

linear model and when designing for a possible quadratic effect for 

selected values of N, r 1 , and r 2 • 

Values of 2J1L and 2J10 for both a linear design ("end-point") -· 2 and a quadratic design (x • 1/3 and SQ m N/10) are shown in Table XII 

for twelve combinations of values of r 1 and r 2 for N • 10 and N • 24. 

Entries under 2J(L) are values of twice the average MSE obtained by IL 

designing for a linear model (as indicated by the superscript (L)) 

when the true model is linear. (L) Likewise, entries under 2JIQ are 

values of twice the average MSE obtained by designing for a linear 

model when the true model :f.s quadratic. Entries under 2J~i) are 

values of twice the average MSE obtained by designing for a quadratic 

model (as indicated by the superscript (Q)) when the true model is 

linear. And entries under 2J~ci) are values of twice the average HSE 

obtained by designing for a quadratic model when the true model is 

quadratic. The "percent d2viation from 2.rici'" is the percent increase 

that will result if one designs for a linear model and the true model 

is really quadratic, that is, the cost of rnisclassifyin~ a quadratic 
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TABLE XII 

COST OF PROTF.CTin~ A.'l'D MISCLASSIFICATION 

% deviation % deviation 
N 2J(L) 2J(L) (0) 2J(Q) from 2J(L) 2J(Q) yl y2 IL IO fror:i 2Jio IL IL IQ - -

10 5 1 ,0865 ,127 41.9 .0856 -1.04 .0895 
5 3 ,0865 ,451 250, ,0856 -1.04 .129 
5 5 ,0865 1.10 464, ,0856 -1.04 ,195 

8 1 ,0347 .·0511 34.5 .0355 2.30 .0380 
8 3 .0347 • 182 218 • .0355 2.30 .0572 
8 5 ,0347 ,443 380, .0355 2,30 ,0923 
8 8 ,0347 1.08 563. .0355 2.30 ,163 

12 1 .0156 .0229 31.6 ,0163 4.49 ,0174 
12 3 ,0156 .0817 206. ,0163 4.49 ,0267 
12 5 .0156 .199 348, ,0163 4.49 ,0444 
12 8 ,0156 .485 479. .0163 4,49 .0838 
12 12 ,0156 1.07 609, .0163 4.49 .151 

24 5 1 .0796 .120 46.2 .0768 -3.52 .0821 
5 3 ,0796 .439 257. .0768 -3,52 ,123 
5 5 ,0796 1.08 468. .0768 -3.52 ,190 

8 1 ,0322 ,0485 39.8 ,0322 .oo ,0347 
8 3 ,0322 • 178 229 • • 0322 .oo . ,0541 
8 5 ,0322 .438 389. .0322 .oo ,0895 
8 8 .0322 1,07 565. ,0322 .oo .161 

12 1 .0145 .0218 37.1 ,0147 1.38 ,0159 
12 3 .0145 .0804 219 I ,0147 1.38 ,0252 
12 5 ,0145 • 198 360 • ,0147 1.38 .0430 
12 8 ,0145 ,483 485. .0147 1.38 ,0825 
12 12 ,0145 1.07 613. .0147 1.38 .150 
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model as linear. Similarly, the "percent deviation from 2J~~)., is the 

percent increase that will result if one designs for a quadratic model 

and the true model is linear, that is, th~ cost of protecting against 

a possible quadratic effect. For example, consider the case N • 10 1 

y1 • 8, and y2 • 5. If one designs for a linear model and the true 

model is linear ~lith yl • 8, twice th~ average USE is .0347 while if 

the true model is quadratic with y1 • 8 and y2 • 5, twice the average 

MSE is .443. If one desiens for a quadratic model and the true model 

is linear with yl • 8, twice the averatze HSE is .0355 while if the 

true model is quadratic with yl • 8 and y2 • 5, twice the average MSE 

is .0923. The percentages involved are calculated as follows: If 

one designa for a linear model and it is quadratic, twice the average 

MSE is .443 but had the design been for a quadratic model, twice the 

average MSE would be .0923 so m\sclassification costs an increase of 

380% of .0923. However, if one designs for a quadratic model and it 

is linear, twice the average HSE is ,0355 but had the design been for 

a linear model, twice the average MSE would be .0347 so the cost of 

protection is only 2,3i. above .0347. This example is quite typical of 

the results in general as exhibited in Table XII, namely, the cost of 

protecting against a possible quadratic effect is very small in con-

parison with the cost of misclassifying a quadratic model as linear. 

The cost of misclassifying depends on the magnitude of y 2• If y2 

is small, of course, the cost is small, but even for a r 2 as small as 

one, the cost of misclassifyin~ is at least 30% and as y 2 increases, 

the cost increases rapidly into the hundreds of percent. On the other 

hand, the cost of protection depends on the magnitude of y1 • For small 
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values of y1, the cost is actually negative, that is, one-obtains a de-

crease in the average MSE if the model is linear. This appears to be 

unrealistic, but is is easily explained. Recall that for linear de-

signs, the "end-point" design was used which is not optimal, the opti-

mal design for small y1 being closer to the design center. By pro-

tecting against a quadratic effect by requiring that x2 • 1/3, one is 

actually closer to the optimal design than with the "end-point" design 

and hence the negative cost. As v1 increases, the cost of protection 

also increases but not nearly as rapidly or as high as the cost of mis-

classification. Table XII shows a maximum cost of 4.497. but for small 

values of N and large values of r 1 , the cost will be greater than this 

quantity, The maximum costs detected in this investigation at yl • 50 

were 9.307. for N • 61 5,617. for N • 10, 3.89% for N • 15, 2.257. for 

N n 25, and 1,347. for N ~ 50, 

The results of this section are quite clear, Unless y1 is exces-

sively large, the cost of protecting ar,ainst a possible quadratic 

effect ranges from a small negative percent to about five percent. 

However, the cost of misclassifying a quadratic model as linear can 

easily be several hundred percent for moderate values of y 2• These re-

sults lead to the recommendation that unless one is very certain that 

his model is linear, the designs developed in this section should be 

used. 

In Chapter II, it was shown that the "end-point" desip,n for the 

Inverse estimator provides an average HSE which is less than the cor-

responding average HSE for the truncated Classical estirn:ttor for all Yl 

and N if. .!..h!. ~model~ line:ir, In the next chapter, the two es ti-

mators will be cot':lpared under the assu!11ption that ~ ~ Model ~ 

.suaclratic. 



CHAPTER V 

COMPARISON OF AVERAGE !-fSE' S - TRUE ~!ODEL OUADRATIC 

In order to compare the avera~e MSE of the Inverse estimator with 

that of the truncated Classical when the true model is quadratic as 

given by (4.1), it will first be necessary to derive the average MSE 

for the truncated Classical estimator under the quadratic assumption. 

Using the same reasoning employed to develop an expression for JCL in 

Chapter III, it is easily seen that the average MSE for the truncated 

Classical estimator is the same as for the Inverse estimator in (4,12) 

with the moments of d replaced by the moments of l/b. Hence, one can 

immediately write 

• 2/3 - E(l/b) (4/3) al + E(l/b2) (202(1+1/N) 

- -2 
+ (2/3) B~ + sic2/5 - 4x2/3 + 2x2)J (5.1) 

for synnnetrical designs where the subscript CQ on J indicates that the 

Classical estimator is under consideration and that the true model is 

quadratic. As in Chapter III, it is meaningless to work with expres-

sion (5.1) since the moments of l/b do not exist. However, using the 

reasoning of Ott and Myers, one can replace the moMents of l/b with the 
r moments, ET(l/b ), r • 1, 2, and thus obtain a meaningful expression 

for 2JCQ' It is interesting to note that in the Inverse case, the mo-

ments of d change with the inc~usion of the quadratic term, but in the 

Classical cnse under consideration, the monents of l/b remain the same, 

-113-
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This is because for symmetrical designs, the density of b is the same 

for both models. Hence, the expression for the moments of l/b remain 

the same as in Chapter 111, i.e., the expression given in (3.5). In-

corporating (3,5) for r • 1, 2 into (5.1) it is seen that (5.1) con-

tains the single design variable x2, One must now minimize (5.1) with -2 respect to x • 

In their minimization of (5,1), Ott and Myers used the following 

approximations for the moments of l/b over the truncated density of b: 

(5.2) 

- -2 
ET(l/b2) ; l/Bi + 3a2/(Nx2si> + 3a4 /(N2x2S~) • (5,3) 

These approximations can be obtained by expanding l/b into a second 

order Taylor series and using term by term expectat:f.ons in the ex-

pansion for the first moment and term by term expectations in the 

square of the expansion for the second moment, The details are given 

in Ott (1966), Substituting (5.2) and (5,3) into (5.1) and letting 

u • :2, Y1 • ls1/ol, and Y2 • la2 /al, one obtains the following ap-

proximation for the average MSE for the truncated Classical estiMator: 

2JCQ 9 2/(3Nuyi) + 2(1+1/N)/yi 

2 2 2 4 + y2(2/5 - 4u/3 + 2u )/y1 + 6(1+1/N)/(Nuy1) 

2 2 6 2 2 4 + 6(1+1/N)/(N u yl) + 2/(N u r 1) 

• 2 2 2 6 + 3r2(2/(5u ) - 4/(3u) + 2)/(N r 1) • (5.4) 
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It is noted that after substituting v1 • l6i/ol into (5.4), 61 , a2, and 

a vanish so that, similar to the situ~tion of JIQ' 61, a2, and a can be 

considered with the two parameters v1 and v2 • Equation (5.4) corre-

sponds to equation (18) in Ott and Hyers. However, they represented 

the quadratic model in terms of Legendre polynomials by writing 

where 

so that in order to note that their equation (18) is identical to (5.4) 

above, it is necessary to relate the regression coefficients of the 

Legendre polynomial representation to the regression coefficients in 

(4 .1). 

one sees that (18) and (5.4) arc identical. To minimize (5.4) with 
2 respect to the design variable x a u, it is necessary to differentiate 

(5.4) with respect to u and solve the resultant set equal to zero. 

After differentiation and simplification, one obtains 

(5.S) 

• 
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This equation is of exactly the sar.ie foro as (19) in Ott and }lyers if 

one makes the necessary correspondence between regression coefficients 
2 2 and between Si' a, and yi and divides each term by 4y2/y1 • Ott and 

Myers h~ve shown that for a given set of parameters. (19) and hence 

(5.5) above either has a unique positive root less than or equal to one 

which minimizes (5.4) or 2JCQ in (5.4) is a decreasing function of u in 

the interval [O. l]. Therefore. to obtain optimal designs for the 

truncated Classical estir.iator, one must first solve (5.5) for the 
2 unique positive value of u • x and take u0 • u if 0 < u ~ u' < 1 and 

for u > u', take u0 • u' where u' is largest value less than or equal 

to one which will insure that all design points are within the region 

of interest [-1, l]. The resulting value, u0 , can then be used to 

construct optimal designs as follows. For a "two-point" design for N 

even, take N/2 observations at each x1 .. -
Note that if u > u' • 1 here. a value of u • u' a 1 will insure that 0 

x2 lies in the region of interest, For a "three-point" design with a 

single center point for N odd, take (N··l) /2 observations at each 
1/2 x1 • - x2 and x2 where x2 .. [Nu0/(N-l)] and one observation.::. 

2 x • O. The above value of x2 is reasoned by merely expressing x as 
2 2 (N-l)x2/N and solving (N-l)x2/N a u0 for x2 • It is noted that if N is 

odd, a value of u0 > u' • (N-1)/N results in a value of x2 > 1. Hence, 

in this case, for values of u > (N-1)/N, cne must tnke u0 • (N-1)/N to 

insure that the resulting value of x2 lies within the region of inter-

est. While the concern of this chapter is not obtaining specific 

optimal designs for the truncated Classical estimator (Ott and ~yers 

have done this) but to determine the minimum value that 2JCQ can attain, 

• 
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it is noticed that if one uses more than two distinct design points for 

N even or more than three distinct design points for N odd and the 

solution to (5.5) is large, u0 must be set at decreasingly smaller 

values to insure that each design point lies in [-1, l]. Hence, using 

more than two dt!sign points for N even or more than three for N odd 

could result in a value of u0 smaller than optimal and hence a value 

of 2JCQ larger than could be attained by using the "two-point" (N 

even) or "three-point" (N odd) design. In the comparison which follows, 

the minimum value of 2JCQ' Min 2JCQ' will be obtained by substituting u0 

in (5.4) where u0 is taken as one if the root u is greater than one and 

N is even and where u0 is taken as (N-1)/N if the root u is greater than 

(N-1)/N and N is odd. This is the smallest possible value that 2JCQ can 

attain for N even and N odd respectively, 

In Chapter IV, it was shown that designs very close to optimal can 

be obtained for the Inverse estimator without ,£.rior l:nowledv.e £!. ,ili 

parameters 2i, !!l!!, "!.1.• However, Ott (1966) has stated that optimal de-

signs for the truncated Classical estimator under the quadratic assump-

tion depend£!!. partial prior knowledse .2£ yl !.!!.2. y2 • To compare the - -
estimators under the quadratic model assumption, the value of J1Q for 

the Inverse estimator obtained by using the near optimal designs de-

veloped in Chapter IV which .£.2. !l2E. depr::nd .2.!l 21. .!!!£. 2 will be com-

pared with the smallest possible value of JCQ that can be attained for 

the truncated Classical estimator by assuming, .£ill. prior }:nowled~e El. 

Yi~ y 2• The measure of conparison will be R', where - -
• (5.6) 

• 
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The quantity R' was computed for N • 6, 10, 15, 25, 50; y1 • 2.5, 5, 8, 

12, 16 1 20; and y2 • .1, .s, 1, 3, 5, 8, 12, and the results are set 

forth in Figures 17-21 where R' is plotted as a function of yl for 

fixed values of N and y 2• For each value of the parameters N1 y1, and 

y 2, Min 2JCQ was obtained by first solving (5.5) by the Newton-

Raphson procedure on the !B}! 360 digital computer for the optimal value 

of u and then substitutior. of this value into (5 .4). Ve.lues of 
2 2J1Q(x • 1/3, SQ • N/10) were taken fro~ the previous computations in 

Chapter IV. The results of Figures 17-21 deserve some conunents. With-

out any prior knowledge of the model paran1eters, the Inverse estimator 

is markedly superior, the ratio R' being greater than one, for all N 

considered, r1 ~ 7, and r 2 .!, .1, the superiority becoming more pro-

nounced as r1 decreases. For values of v1 > 7, small N and small y2 , 

the ratio R' is slightly less than one, but as N increases, R' increases 

with y 1 until for N • SO, R' is equal to 1.00 for y1 • 20 for values of 

r2 as small as .1. The reason R' is less than one for small y2 and 

large yl is that the model is essentially linear and the truncated 

Classical estimator, assu~ed to have full prior knowledge of the model 

parameters, selects a desien which is either "end-point" or very nearly 

"end-point," the optimal design for the linear model, while the Inverse 

estimator, assuming no prior knowledge, r.:aintains the design for the -2 quadratic model by requiring x .. 1/3 and SQ .. N/10. This situation 

was anticipated in Chapter III where it was forwarned that il ~ ~ 
model .!!!. linear, any design other than th~ "end-point" design for the 

Inverse estill'.ator could yield as average HSE greater than the minimum 

average HSE for the truncated Classical estimator for large enough y1• 

However, it must be realized in this comparison that in a practical 
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situation, one would certainly not have full prior knowledge of the 

model parameters to select designs for the truncated Classical esti-

mator so that Min JCQ could never be attained. This means that in 

practice, the value of R' will be lar~cr than shown in Figures 17-21, 

quite possibly large enough to be greater than one for all N, r 1 , and 

y 2 • Also, if one does have some prior information which indicates 

that r 1 is large and r 2 is small and which enables him to select de-

signs close to optimal for the truncated Classical estimator, then 

this information could be used for the Inverse estinator as well to 
......... 

select a design for which x2 is larger than 1/3, x2 being the dominant 

design variable in this case since the value of SQ has nearly no effect 

on JIQ for small r 2• 

While the Inverse estimator is narkedly superior except for large 

y1 and small r 2, to declnre that the Inverse estimator is superior to 

the truncated Classical estimator for all values of the quadratic model 

parameters would perhaps be too strong although this author believes 

this to be the case. The reason such a statement is not possible is 

that while designs for the Inverse estirr~tor which are very close to 
2 optimal can be obtained by simply taking x a 1/3 and SQ • N/10, de-

signs for the truncated Classical estimator depend on prior infor~a-

tion and to some extent upon the skill of the experimenter in makinp, 

prior point estimates of the parameters. These nebulous quantities 

are impossible to reflect in a graph and all one can do is, as has been 

done 1 examine the very best that could possibly be achieved with the 

truncated Classical estimator with perfect prior information realizing 

that the value of JCQ achieved in practice would be somewhat greater 
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than Min JCQ' If it can be agreed than one cannot get closer to Min 

JCQ than 7''1. when y1 is large and r2 is small, then the Inverse esti-

mator is superior for all yi and~ examined since in no case was R' 

less than ,93, On the other hand, if one believes he can get closer 

to Min JCQ than 74 for large v1 and st:\C.lll y2 , it cannot be stated that 

the truncated Classical is best for these values of the Yi because the 

same prior information which enabled one to get within 7% of Min JCQ 
2 could be used to select a value of x greater than 1/3 and hence de-

crease JIQ' These state~ents plus the ease with which near optimality 

for the Inverse estimator can be attained without prior infornation 

and the relatively low cost of protecting against a quadratic effect 

point toward superiority of the Inverse estiMator for all quadr~tic 

model parameters but as aforementioned a declaration of this kind will 

not be made, The strongest statement that can be made is that unless 

the model is very nearly linear with a large r 1 , the Inverse estimator 

is markedly superior for the quadratic model assumption, but for the 

case where the model is nearly linear with a large y1 the better of 

the two estimators is too close to ascertain, 

As in the linear comparisons, the above results are substantiated 

by Krutchkoff's Monte Carlo study, His comparisons of the average 

squared errors under the quadratic model assumption were ~~de with the 

scaled region of interest R • [O, 1] using a "two-point" symmetrical 

design for N • 6 with x1 • ,15 and x2 "" ,85 for both estimators. Ex-

amining the cases e1 • ,5, o • .1, ten values of e2 from -.s to 10.0, 

and x • 0(,2)1.2, 2, 51 10 1 his results shOT., that with the exception of 

the point x "" O, the Inverse csti~ator has, in general, a smaller aver-

age squared error than the truncated Classical, 



-126-

It is interesting to note in Krutchkoff's results the ~ffect of 

using R • [O, 1) in examining the effect of a quadratic term. When 

using R • [O, 1), the effect of a positive quadratic term tends to de-

crease the average squared errors for both estimators while the effect 

of a negative quadratic term tends to increase them. As pointed out 

by Krutchkoff, the reason for this is that the positive quadratic term, 

in effect, increases the slope of the approximating curve while the 

negative quadratic term tends to decrease it. As has been demonstrated, 

using the concept of an average MSE, this is not the case with 

R • (-1 1 1), for in this case the quadratic term increases the average 

MSE independent of the sign of s2• Some insight can be gained on the 

effect of using R • [O, 1) from an average MSE standpoint by integrating 
.. 2 .. 2 

EQ(x1L - x) in (4.10) and E(xIL - x) in (2.12) over x • [O, 1). For 

symmetrical designs (x • .5), one obtains 

0 

1 

J .. 2 
E(xlL - x) dx • 1/12 - E(d) s1/6 

0 

-2 
+ 8~(7/60 - 2x2/3 + x2)] 

(5. 7) 

(5.8) 

Equation (S.7) above is the average nsE for a linear approximation to 

a linear model using R • [O, l] while (5.8) is the average MSE for a 
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linear approximation to a quadratic model, both for the Inverse esti-

mator. It is observed that if B1 and 82 are of the same sign, say 

positive, then increasing a2 in (5.8) has nearly the same effect as 

increasing the slope in (5.7) and will, hence, decrease the average 

~~E. It is also observed that if B1 and s2 are of opposite signs, say 

B1 > 0 and B2 < O, then increasing B2 negatively in (5.8) has nearly 

the same effect as decreasing the slope in (5.7) and will, hence, in-

crease the average MSE. These results also hold for the truncated 

Clasoical estimator by replacin8 the moments of d in (5.7) and (5.8) 
r with ET(l/b ), r • 1, 2. Hence, had the scaled region of interest 

R • [O, l] been used in this thesis rather than R • (-1, l], one would 

obtain results for the avera~e MSE's comparable with Krutchkoff 's re-

aults for the average squared errors, that is, a decrease in average 

MSE for a positive 82 and an increase in average MSE for a negative B2 

for both estimators. It should be noted, however, that the coefficient 
2 of s2 in (5.8) is, apart from the leading constant term, identical to 

the coefficient of 

R • (-1, l]. As in 

2 a2 in the expression for 2JIQ in (4.12) usin:__ 
2 (4.12), this term attains its minimum when x • 1/3. 

It is clear that as a2 increases either positivel_y.2!, ner.atively, this 

term will become important so that as in minimizing 2JIQ in (4.12) 

using R • [-1 1 l], it appears that (5.8) would be minimized when ..... 
x2 • 1/3. One notes that Krutchkoff's design for examining the effect 

2 of a quadratic term was one for which x a .3725 and was, thus, close 

to optimal, Hence, it is felt that had R ~ [O, l] been used in this 

thesis to examine the effect of a quadratic term, there would have 

been little change in the resulting optimal designs. Also, the agree-

ment bet~een Krutchkoff 's results (using R • [0 1 l]) and the results 
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of this chapter (using R • [-1, l]) concerning the comparison of esti-

mators under the quadratic model assu~ption indicates that had 

R • [0 1 1) been used, the results of this chapter would be basically 

the same. 



CHAPTER VI 

COMPARISON OF OF.SIG!~ RESULTS FOR INVERSE REGRESSION 
WITH THOSE OF FORUAiUl .REGRESSION 

The preceding five chapters have been devoted to deriving optimal 

experimental designs for the Inverse estimator and comparing the re-

sulting average MSE's with those of the truncated Classical estimator. 

Before summarizing the results of these chapters, it was considered 

appropriate to briefly discuss optimal designs for forward regression 

with a single independent variable and attempt to draw some parallels 

between the forward and inverse methods. Suppose the true model is 

linear as given by (1.2) and suppose one wishes to estimate y for a 

given value of the independent variable x. It is well known from ele-

mentary regression theory that the least squares procedure provides 

one with 

.. 
y • a + bx • y + b(x-x) (6.1) 

.. 
where b • B • S /S • It is also well known that this least squares xy xx 
estimator is unbiased if the true model is linear so in this case the 

mean squared error for y is simply the variance of y. It is easily 

ohown that 

-
• Co2/N) [l + Cx-x) 2/x2J • (6~2) 

Therefore, 
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1 

f .. 2 
2JFL • E(y-y) dx 

-l 
1 

• (o2/N) J [l + (x-x) 2/x2J dx 
-1 

• (2c2/N) c1 + (1 + 3x2)/(3:2°)J (6.3) 

where the subscript FL on J indicates that fot~ard regression is under 

consideration and that the true model is linear. It is quite clear 

- 2 that in order to minimize JFL' one must minimize x and maximize x • 

This means that one must restrict oneself to designs for which x • 0 -
and for which x2 • 1, the maximum value of x2 when the xi are confined 

to the region of interest [-1, l], in order to attain optimality. TI-iis 

essentially means that the optimal design for the forward case when the 

true model is linear is the two or three point "end-point" design de-

pending on whether N is even or odd, This was exactly the same conclu-

sion reached for inverse regression Ufiing the truncated Classical esti-

mator, and while the "end-point" design for the Inverse estimator is 

not optimal, it was shown that it is the only design which could be 

used without prior information wh:f.ch would insure an average MSE which 

is always less than or equal to the truncated Classical average MSE 

for all values of y • IB/ol. 
Consider now the case where the true model is quadratic as giv·en 

by (4.1) but where one is using the linear approxfoation given bv (6.1) 

to estit:i.ate y due to a ~odel misclassification. Since optit:l.81 designs 

for the linear model are at:ton2 the infinite class of designs for which 
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x • O, as in the inverse case, designs for the quadratic rnodel will be 

further confined to the class of symmetric~l designs which provide not 

-only x • 0 but also all odd design moncnts equal to zero. It is clear 

that the average or integrated variance will remain the same as in the 

linear case, namely, the expression given by (6.3) but with x • 0 due 

to the confinement to syI!lr.letrical desiens. This is because Var(y) is 

dependent on the variance of the experimental errors and not on the 

structure of the true model. Hence, it remains to find an expression 

for B, the averase or integrated bias squared. By definition, 

2 - y] dx (6.4) 

where the subscript Q on the expectation of y indicates that the true 

model is quadratic. This expectation involves the expectation of both 

a • y and b under the quadratic model assumption. It has already been 

shown in Chapter IV that for symmetrical designs, b is unbiased for a1 

even in the presence of a quadratic effect. The expectations of a • y 

under the quadratic model assumption is simply a0 so that both a and b 

are unbiased for their respective regression coefficients in the pre-

sence of a quadratic effect if designs arc restricted to be symmetrical. 

Therefore, 

Bias(y) • EQ(y) - y 

-- (6.5) 



and 
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1 

28 • B~ f (x2 - :2°) 2 dx 

-1 

(6.6) 

-by elementary integration. Combining (6.3) with x • 0 and (6.6) and 

dividing by two, one obtains 

- - -2 
JFQ • (a2/N) [l+l/(3x2)J + 8;(1/5 - 2x2/3 + x2 ] (6. 7) 

where the subscript FQ on J indicates that forward regression is under 

consideration and that the true model is quadratic. It is noticed that 
2 apart from a factor of 2, the coefficient of 82 in (6.7) is the_:ame 

2 term that appears in JIQ in Chapter IV and was designated as f(x ) in 

equation (4.25). One cannot mininize JFQ without prior knowledge of a2 
2 and a but computation of JFQ for a wide variety of designs and model 

parameters reveals that unless the variance contribution in JFQ over-

whelms the bias contribution, designs very close to optimal can be 

obtained by simply minimizing the coefficient of 8~ in (6.7). In 
2 Chapter IV, this quantity was shown to be minimized when x a 1/3. 

Hence, unlese the variance contribution is very dominant, designs for 
2 which x • 1/3 yield a value of JFQ very close to Min JFQ• It is noted 

2 that in order for the variance contribution to dominate JFQ' a must be 

very large in comparison with e; which means that y2 • IB/al must be 

very small. Therefore, unless Y2 is very snall in the forward case, -
designs close to optimal can be obtained bv minimizing 2 very J f(x ). 

Designs of this type are co1m:ionly referred to as "all-bias" designs 
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since they are obtained by ignoring.the variance contribution. This 

result then compares with the results obtained for the Inverse esti-

mator in Chapter IV where it was shown that unless y 2 is very ~all, 

designs very close to optirr~l can be obtained by minimizing f (x2) by -2 taking x • 1/3 and the second dcsi~ v~riable SQ • N/10. 

For one who wishes to take the approach of utilizing prior infor-

mation to construct designs, David and Arens (1959) have considered 

optimal "two-point" designs by expressing the quadratic model in terms 

of Legendre polynocials as discussed in Chapter IV. For symmetrical 

"two-point" designs, after setting d2JFQ/dx2 • 0 to minimize JFQ with 
2 respect to x2 and replacing x2 by u, they arrived at an equation of the 

form 

3u3 - u2 - a' • 0 (6.8) 

2 2 where a' • 2o /(9Nc2) and vhere c2 is the regression coefficient of the 

second Legendre polynomial. Solutions to (6.8) are functions of a' or 

equivalently off• lo'/c2 1 where 0 12 • 202/N, and to aid the experi-

menter in utilizing prior information to obtain near optimal designs, 

David and Arens constructed a graph which shows optimal values of x2 as 

a function of f. Ott and Myers, using the same Legendre polynomial 

model representation, showed that for the truncated Classical estimator 

in the inverse case, one could construct designs using David and Arens' 

graph for a siven set of parameters and obtain a value of 2JCQ very 

close to Min 2JCQ' Testing many cases, they found there was never more 

than five percent difference between the value of 2JCQ obtained by 

using optimal designs for the forward case and Min 2JCQ obtained by 
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using optii:ial designs for. the inverse case. They concluded that for 

all practical purposes, David and Arens' graph of optimal designs for 

forward regression could he used to construct "two-point" symtTletrical 

designs for the truncated Classical estimator in the inverse case. 

The results of this chapter serve to indicate that whether the 

true model is linear or quadratic or whether one uses the truncated 

Classical estimator and depends on prior information to construct de-

signs or uses the Inverse estimator and does not depend on prior inf or-

mation to construct designs, there are definite analogies between the 

construction of optimal designs for the forward and inverse methods of 

regression. 



CHAPTER VII 

CONCLUDING RE!!ARKS 

While it has been shown that if the true model is linear, the In-

verse estimator is fairly robust with respect to design for lar~e 

values of y and that the "end-point" dcsir,n for the Inverse estimator 

provides an average MSE which is less than or equal to the minin:um 

average MSE that can be obtained with the truncated Classical esti-

mator for all values of the model parameters, the most significant 

aspect of this investigation, in this author's opinion, centers around 

model misclassification. Ott and Myers have shown that under the 

quadratic model assumption, the average HSE for the truncated Classi-

cal estimator is somewhat insensitive to slight design changes about 

the optimal designs, but even so, use of the Classical estimator still 

requires partial prior knowledge of the parameters involved. In fact, 

Ott in concluding his 1966 dissertation, states "An unfortunate aspect 

of the work presented to this point concerning misclassification of 

the model using the EMS (J in this manuscript) criterion, is that the 

experimenter must, in order to attain the "optimum" desip,n, assume at 

least partial knowledge of the parameters involved." To attain near 

optimality using the Inverse estimator under the quadratic model as-

sumption, one does not need this prior infomation wh:f.ch in many cir-

cu!'l.stances is a difficult co~modity to acquire. While it has not been 

definitely established that the nenr opti~al designs derived for the 

Inverse estir.iator are superior to desiP,ns for the truncated Classical 

estimator for all values of the model para~eters, it has been established 

that they are markedly superior, even if desir,ns for the Classical esti-

mator are derived under perfect prior infol"r.lntion, except for large y1 
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and small y2 , and for this range of values of the parameters, it cer-

tainly cannot be concluded that the Classical designs are superior 

unless they are derived under perfect or near perfect prior informa-

tion. Hence, if one uses the near optimal designs derived for the In-

verse estimator, he is certain of obtaining an average MSE which is 

considerably smaller than the correspondi~g average MSE for the trun-

cated Classical estimator except for large yl and small y 2 , and for 

these values of the parameters, he will not obtain an average MSE 

which is much lar~er, if any at all depending on the amount of prior 

information available, than one would obtain using the truncated Clas-

sical estimator. Also, if prior information is available, which indi-

cates that y1 is large and y2 is small and enables one to construct 

designs which are close to optimal for the Classical estimator, this 

prior information can also be used to improve designs for the Inverse 

estimator. 

The above conclusions point toward the recommendation that the 

Inverse estimator be used for inverse esti~ation, If one feels confi-

dent that the true model is linear, the "end-point" design can be used 

with assurance of obtaining an average MSE which is at least 3S small 

as the minimum average MSE for the truncated Classical estimator. How-

ever, due to the robustness of the Inverse estimator with respect to 

design for lar~e r 1 and the fact that for s~~ll r 1 , the optimal design 

occurs when x2 is less than maximum, the use of a design fer which -
x2 • 1/3, a design with a uniform spread of points, or in fact any de-

2 sign for which x is greater than r.hout • 20 will provide an average ~!SE 

which is at r.iost 13,54 above ~ininun for larr,c yl (evaluated at 



-137-

-2 x • ,20, y1 • 50, N • 6). For larger values of N and/or smaller 

values of y1 , the above percentap,e will <lecrease. If one feels the 

possibility of a quadratic effect, thP. designs developed in Chapter IV 

can be used, the cost of such protection being relatively low compared 

with the cost of misclassification (versu5 the "end-point" design), 

In fact, if yl is small, one obtains an i~provement over the "end-

point" design even if the mod~l is linear since, as aforementioned, 

for small y1 , the optimal design for the linear model is closer to 
2 -
x • 1/3 than it is to x2 • 1. In either the linear or the quadratic 

case, should prior information be available, an improveMent in the 

above designs can be obtained. Should the true model be linear and 

prior information be available, improvement can be made by usinR 

Figures 1-5 or Figure 6. Should the true model be quadratic and prior 

information indicate that yl is laree and 2 is small, improvement can 

be made by constructing designs for which 2 x lies between 1/3 and 1 

(moving toward 1 for decreasing values of y2) and SQ 
2 2 2 is • r(x - x ) i 

disregarded since this design variable has nearly no effect on the 

average }ffiE for small y2 , It is well to re-e~phasize that in either 

the linear or the quadratic case, one does not need prior information 

with the Inverse estimator to obtain designs which are very close to 

optimal, 

The one unfortunate aspect of this investigation is the complicated 

nature of the exact moments of d under the quadratic model assumption. 

This forced the use of an approximation for the mo111ents which prohib-

ited the investieation of optimal designs for small values-10f y1 • How-

ever, while this author will not take the risk of extrapolating results, 
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everything in this investigation points toward increased superiority 

of the Inverse estimator as yl decreases. This was shown in Figures 

7 and 8 for the linear case and in Figures 17-21 for the quadratic 

case. Also, from a practical standpoint, small values of y1 , say 

y 1 • 1, imply either a large error variance or small slope of the 

regression line or both and these conditions are not conducive to ac-

curate calibration. Hence, it is not felt that too much has been lost 

by not being able to consider designs in the quadratic case for small 

values of y1 • 

One final point deserves comment. In a recent Note in Techno-

metrics, Williams (1969) commented on Krutchkoff's 1967 article. In 

brief, Williams states that since the MSE for the Classical estimator 

is infinite and the MSE for the Inverse estimator is finite, the In-

verse estimator is better than the Classical from a mean squared error 

point of view. He further states that this isn't very satisfying and 

then proceeds to attack the mean squared error criterion which appearR 

to fail in this case. He states, 

"In fact, since the Classical, the unbiased, or 
indeed any estimator that could be derived in a 
theoretically justifiable manner ~11 have infinite 
variances, the fact that Krutchkoff's estinator 
(He is referring to the Inverse estimator) has a 
finite variance seems to be of little account. 
Thus, any estimator which is constant will have 
finite variance. and so from the NSD (~!SE in this 
manuscript) point of view will be preferable to 
the classical estimator. The establishnent of 
the conclusion that the "inverse" rep,ression 
gives an estireator with a smaller !IBD. althou~h 

true, does not therefore appear to be parti-
cularly illuminating." 

Then he concludes, 

"The upshot of this discussion appears to be 
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that the minimuM variance or r.iinirnum USD criterion 
is not a suitable one in problems of this kind. 
Since sufficient statistics exist for all the 
parameters requirinp, estimation. the data can be 
sutm!larized in terms of a few of these. Confidence 
limits can he readily derived by familiar methods, 
as given in the references listed by Krutchkoff 
(See, for instance, WilliaMs (1959) p. 95). These 
confidence limits, being based on sufficient sta-
tistics, should provide wl~c is required in esti-
mation for calibration purposes." 

It is clear that this Note was written prior to the publication 

of the previously cited work by Ott and Myers. One does not discard a 

criterion, especially the criterion of minimum MSE, merely because it 

appears to fail, for to do so 1 one prohibits himself from investigating 

the effect of design and model misclassification on the estimator. 

This has been shown to be extremely important as it is in most esti-

mation problems which are subject to design. Williams fails to even 

mention design. The only reasonable approach is to truncate the dP.nsity 

involved to obtain a finite MSE. This is what is actually done in 

practice and was the appro;ich taken by Ott and Myers in optimizing de-

signs for the Classical estimator. Also, concerning the statement on 

confidence limits, it was mentioned earlier that McClelland (1967) has 

shown that if one calculates an Inverse confidence interval by substi-

tuting the Inverse estimator for the Classical in the Classical confi-

dence interval, then the interval will have a higher confidence than 

the Classical interval of the same len~th. Finally, the investigation 

of Ott (1966) and Ott and Myers (1968) concerning the derivation of 

optimal designs for the truncated Classical esti~ator, the empirical 

investigation of Krutchkoff (1967) 1 and the investigation set forth in 

this dissertation concerning the derivation of optimal designs for the 
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Inverse estimator and comparison of these with those for the truncated 

Classical estimator are testimnnies that one cannot dispose of the 

calibration problem in a few short sentences. This kind of reasoning 

can only be likened onto that of Eisenhart, whose 1939 article sup-

pressed the use of the better estimator of the two for nearly thirty 

years. 
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A COMPARISON OF THE CLASSICAL A~D INVERSE 
METHODS OF CALIBRATION IN REGRESSION 

by 

Marlin Amos Tho~as 

Abstract 

The linear calibration problem, frequently referred to as inverse 

regression or the discrimination problem can be stated briefly as the 

problem ~f estimating the independent variable x in a regression 

situation for a measured value of the dependent variable y. The lit-

erature on this problem deals primarily with the Classical method 

where the Classical estimator is obtained by expressing the linear 

model as 

obtaining the least squares estimator for y for a given value of x and 

inverting the relationship. A second estimator for calibration, the 

Inverse estimator, is obtained by expressing the linear model as 

and using the resulting least squares cstinator to estimate x. The 

experimental design problem for the Inverse estimator is explored first 

in this dissertation using the criterion of minimizing the average or 

integrated mean squared error, and the resulting optimal and near opti-

mal designs are then compared with those for the Classical estinator 

which were recently derived by Ott and Nycrs. 

Optimal designs are developed for a linear approxination when the 

true model is linear and when it is quadratic. In both cases, the 



optimal designs depend on unknown model parameters and are not realis-

tically useable, However, designs are shown to exist which are near 

optimal and do not depend on the unknown model parameters, For the 

linear approximation to the quadratic model, these near optimal de-

signs depend on N, the number of observations used to estimate the 

model parameters, and specific d~signs are developed and set forth in 

tables for N • 5(1)20(2)30(5)50. 

The cost of misclassifying a quadratic model as linear is dis-

cussed fron a design point of view as well as the cost of protecting 

against a possible quadratic effect, The costs are expressed in terms 

of the percent deviation from the avera~e mean squared error that would 

be obtained if the model were classified correctly, 

The derived designs for the Inverse estimator are compared with 

the recently derived designs for the Classical estimator using as a 

measure of comparison the ratio of minimum averaee mean squared errors 

obtained by using the optimal design for both estimators. Further com-

parisons arc also made between optimal designs for the Classical esti-

mator and the derived near optimal designs for the Inverse estimator 

using the ratio of the corresponding average mean squared errors as a 

measure of comparison, 

Parallels are drawn between forward reeression (estimatinp, the 

dependent variable for a giv~n value of tl1e independent variable) and 

inverse regression using both the Classical and Inverse methods. 
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