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1.1 Historical Review 

CHAPTER I 
INTRODUCTION 

The study of the relationship between the motion of physical 

systems and the forces causing the motion is a subject that has 

fascinated the human mind since ancient times. The study of statics 

goes back to the time of the Greek philosophers when Archimedes of 

Syracuse (287-212 BC) demonstrated the principle of the lever. 

Previously Aristotle (384-322 BC) had tried in vain to formulate the 

relationship between the motion of a body and the forces causing the 

motion. He erroneously postulated that the velocity was proportional to 

the applied force. It was not until Galileo Galilei (1564-1642) 

correctly described the motion of a simple pendulum that the first 

significant contribution to dynamics was made. His experiments on 

uniformly accelerated bodies led Sir Isaac Newton (1642-1727) to 

formulate his fundamental law of motion which stated that the rate of 

change of a body's velocity was proportional to the applied force. 

Except for certain limitations where velocities approach the speed of 

light, Newton's law of motion is the foundation of classical dynamics 

today. 

An important branch of modern engineering is the analysis and 

prediction of the dynamic behavior of physical systems. An omnipresent 

type of dynamic behavior is vibratory or oscillatory motion, or simply 

1 



vibration, in which the system oscillates about one or more equilibrium 

positions. Bridges and buildings vibrate, engines and machinery 

vibrate, aircraft and ground vehicles and watercraft vibrate, eardrums 

and vocal chords vibrate, and piano strings and air in pipe organs 

vibrate. 

The most important aspect of vibration is the phenomenon of 

resonance. Resonant oscillations are forced oscillations (except for 

internal resonance) occuring for some specific relationship between the 

frequency of excitation and the natural frequencies of the system. 

Physically, resonances are manifested by large amplitudes of oscillation 

of the system when only a relatively small excitation force is applied 

to the system. With large amplitudes of vibration that occur in a 

structure at resonance, two major problems are immediately apparent. 

The first is that large strains can occur in the structure which in turn· 

cause large stresses, possibly exceeding the yield stress, the ultimate 

stress, or even the rupture stress. The second problem is that of 

fatigue. Both can lead to catastrophic failure. 

Today, structural vibration problems present a major hazard and 

design limitation for a wide range of engineering products. First, 

there are a number of structures, from turbine blades and suspension 

bridges to proposed large flexible spacecraft and space stations, for 

which structural integrity is of paramount concern, and for which a 

thorough and precise knowledge of the dynamic characteristics is 

essential. Then, there is an even wider set of components or assemblies 

for which vibration is directly related to performance, either by 
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causing temporary or permanent malfunction during excessive motion, or 

by creating disturbance or discomfort, including that of noise. For all 

of these examples, it is important that the vibration levels encountered 

in service or operation be anticipated and brought under satisfactory 

control. But to anticipate and bring vibration under control requires 

knowledge of the mechanisms that produce the resonance (i.e., large 

amplitude vibration), and it is to the acquisition of this knowledge 

that this dissertation is directed. 

1.2 Parametric Vibration 

Forces that can cause vibration in mechanical systems are often 

classified as either external or parametric, or in cases where both act 

simultaneously, as combined external and parametric. Parametric 

vibration is oscillatory motion that occurs in a system that is caused 

by time-dependent variation of system parameters such as inertia, 

damping, or stiffness. The time dependence is usually periodic and 

explicit, which implies an external energy source and hence the 

possibility of unstable behavior. These systems are typically modeled 

by homogeneous differential equations with rapidly varying 

coefficients. This is in contrast to externally excited systems which 

are modeled by inhomogeneous differential equations with constant 

coefficients. 

In one sense, a single-degree-of-freedom system with a nonlinear 

restoring force appears to have a time-dependent stiffness because the 

stiffness is a function of the displacement and the displacement is a 
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function of time. However, this relationship is implicit and therefore 

is not classified as parametric. 

A uniform rod can exhibit three basic types of free vibration: 

axial (longitudinal), transverse (lateral), and torsional. Our present 

discussion .will focus on the axial and transverse vibrations. If 

pulsating transverse forces are applied to the rod, they will induce 

transverse vibrations in the rod. Likewise, if pulsating axial forces 

are applied to the rod, they will induce axial vibrations in the rod. 

These two examples are classified as external vibration because the 

governing partial differential equation has a time modulation which, 

when discretized, takes the form of 

[m]{~} + [c1{4} + [k]{q} = {F(t)} , (1.1) 

where the coefficient matrices are constant. In both of these cases, if 

the frequency of excitation is near a natural frequency of the rod (in 

their respective directions), a very large response will occur, and it 

will be in the direction of the excitation force (i.e., collinear). 

Now consider the case of an axial pulsating force applied to the 

rod, and suppose a disturbance in the transverse direction is given to 

the rod. The mathematical model of a beam that includes a transverse 

displacement (e.g., Bolotin (1964]) is described by an equation that can 

be reduced to a Mathieu type 

(1.2) 

when the pulsating axial force is described by 
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p(t) = Po + p1cosnt • 

Because this equation has an explicit time-dependent coefficient in the 

displacement term, it falls into the class of parametrically excited 

systems governed by 

[m(t)]{q} + [c(t)]{q} + [k(t)]{q} = O • (1.3) 

If certain instability criteria are satisfied, a small disturbance in 

the transverse direction will grow, even though the excitation force is 

in the axial direction. Since the resulting motion is quite large 

compared to the excitation, it is indeed a resonance, but not in the 

conventional sense because the motion is orthogonal to the excitation, 

and it occurs at an excitation frequency that is typically twice a 

system resonance. Such a state is called a parametric resonance, a 

parametric instability, or a parametric vibration. The terms are 

synonymous because typically a parametric vibration is either (a) 

excited and produces a significant response, or (b) is not excited at 

all. This is in sharp contrast to a conventional external resonance in 

which the Frequency Response Function (FRF) gradually increases prior to 

the resonant frequency and then decreases after it. This contrast with 

externally excited systems arises because a parametric vibration (i.e., 

a sustained transverse vibration caused solely by an axial force in our 

example) can be excited.only for certain combinations of the system 

parameters. In general, if a pulsating force causes a parametric 
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vibration, it will be a large amplitude response for reasons that will 

be seen later. Consequently, in this dissertation, the term parametric 

resonance will be used to denote a state of parametric vibration. The 

term resonance here is used in a broader sense than the conventional one 

for a linear externally excited system in which case a system resonant 

frequency and the excitation frequency coincide. We therefore begin 

with a formal definition of resonance. 

1.2.1 Resonance 

The term resonance is typically used to describe the state of a 

system that exhibits a large response when excited by a relatively small 

force. This happens in a linear system when the excitation frequency is 

near a natural frequency of the system. In linear externally excited 

systems, only damping can reduce the amplitude of vibration at 

resonance. In the limiting case of zero damping, the response amplitude 

is infinite. This behavior is seen in the Frequency Response Function 

(FRF) shown in Figure 1.1, which characterizes linear equations of the 

form given by (1.1) for selected values of the damping coefficient. 

Actually, linear mathematical models are only idealizations because all 

real structures have some degree of nonlinear behavior. In the 

following discussion, we define primary and secondary resonances in both 

external and parametric systems. 

Consider the undamped Duffing oscillator subject to an external 

harmonic excitation given by 

.• 2 3 
u + w u + eau = f cosot , ( 1.4} 
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where w, a, and f are constants, and e is a small dimensionless 

parameter. This is an inhomogeneous equation with constant 

coefficients. If we perform a straightforward expansion (SFE) of the 

response by assuming a form of the solution as 

0 and substitute into (1.4), we find at order e 

•• 2 
u0 + w u0 = f cosnt, 

l and at order e 

The solution to (1.6) is 

u0 = a cos(wt + a) + A cosnt , 

where 

f 
A=~~......---.-(w-o)(w+O) ' 

(1.5) 

(1.6) 

(1.7) 

(1.8) 

and a and s are constants. Here we see that a small divisor exists 

when n ~ w, and causes an infinite response when o = w. Since this is 

the first (and most common) resonance that occurs, it is called a 

primary resonance. It is also the most dangerous resonance associated 
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with externally excited systems because it has the largest response for 

a given excitation level. 

At the next order, we solve for u1 and require that n ~ w. Any 

particular solution for u1 will have the form 
2 

u1 = - 3~at (~ + A2 )sin(wt +a) 
3 2 

+ 4(3n_:)(3n+w) cos(3nt) + 4(n:J:)Ca-w) cos[(n - 2w)t + 2a] 

+ other terms that are not secular or do not contain (1.9) 
small divisors. 

We see at this order that new small divisor terms appear when n = w/3 or 

n = 3w. Since these small divisor terms produce resonances at the next 

order, they are called secondary resonances. If n = w/3, a resonant 

response occurs at frequency w, and since the resonance is at a higher 

frequency than the excitation, it is called a superharmonic resonance. 

Likewise, if n = 3w, a resonant response occurs at frequency w, and 

since it is at a lower frequency, it is called a subharmonic resonance. 
3 If the nonlinear cubic term Eau were replaced by a quadratic term 

2 EoU , these secondary resonances would occur at frequencies n = w/2 and 

n = 2w. 

In addition to these, there are subsuperharmonic and 

supersubharmonic resonances when appropriate nonlinear terms are 

present. 

Next we consider a parametrically excited system governed by the 

linear Mathieu equation 
2 u + w u + E9 u cosat = 0 • (l.10} 
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Again, assuming a SFE, we obtain the reduced equations 

0 2 
e : U0 + w U0 = 0 , 

1 
e : 

The solutions for the first two equations are 

u0 = a cos(wt + a) , 

+ 2nzn~2w) cos[(n - w)t +a]. 

(1.11) 

(1.12) 

(1.13) 

( 1.14) 

(1.15) 

When a = 2w, one of the particular solutions for u1 has a small divisor, 

and hence produces a large response. Since this is the first resonance, 

it is called a primary or a first-order parametric resonance; in this 

dissertation we will call it a principal parametric resonance. We also 

have a small divisor when n = 0, but this corresponds to a static load 

that would alter the natural frequency of the system. 

If n is far away from 0 or 2w, we can proceed with the SFE to the 

next order, and obtain the particular solution for u2 which has the form 
2 

= -g a t 1 ( ) u2 4w(n+2w)(n-2w) s n wt+ 6 

2 
+ --2-g_a ___ cos[ (2n + w)t + s] 

16n (n+w)(n+2w) 
2 

+ --2_.g.__a___ cos [ ( 2n - w) t + s ] 
16n (n-w)(n-2w) 

( 1.16) 
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We note that when n = w, a new resonance (small divisor coefficient) 

appears. Since this resonance occurs at the next order, it is called a 

secondary or a second-order resonance; in this dissertation we will call 

it a fundamental parametric resonance. If this analysis were continued, 

we would conclude that parametric resonances occur when n = O, w, 2w, 

3w, . . . . 
In the preceding discussion, we used the terms natural frequency 

and resonant frequency. Although these terms are often used in the 

literature interchangeably, they are not exactly the same. The terms 

natural frequency and linear natural frequency are synonymous; they 

arise by definition from normalizing the equation of motion 

mx + ex + kx = F cosnt (1.17) 

to the mass. The resulting coefficient of the displacement is the 

square of the natural frequency 

2 k 
WO = iii ( 1.18) 

Since it depends only on coefficients of linear terms, it is by 

definition the linear natural frequency. A nonzero subscript is used to 

indicate the natural frequency of a higher mode. The natural frequency 

is a defined quantity and corresponds to a unique point on the FRF--

where the phase of the excitation force leads the displacement response 

by 90° (e.g., see Figure 1.l(a)). If the phase could be measured, then 

we could measure the natural frequency, but this is not customarily 

done. 
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The resonant frequency wr corresponds to the peak of the FRF and is 

related to the natural frequency by 

W = 11 - 2r2 w r ~ O' (1.19) 

where 
c 

z; = 2m • ( 1.20) 

In the absence of damping, wr reduces to the natural frequency. 

Whenever a forced response is used to determine the "natural 

frequencies", it is the resonant frequencies that are estimated--not the 

natural frequencies. If there are any nonlinearities they may also 

affect the measurement. 

The damped natural frequency wd corresponds to the frequency of the 

homogeneous solution of the differential equation and is related to the 

natural frequency by 

(1. 21) 

Whenever a free response is used to determine the "natural frequencies", 

it is the damped natural frequencies that are estimated. Again, if 

there are any nonlinearities present, they may also affect the 

measurement. 

In practice, however, the three frequencies are close to each other 

when the damping factor z; is small, which is usually the case in 

metallic structures. Often the difference is less than the frequency 

resolution of the analyzer, and other problems associated with measuring 
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accurately the natural frequencies of a system--such as nonlinearity--

are always present. 

1.2.2 Examples and Causes of Parametric Vibration 

Equations of the Mathieu type 

- • 2 u + 2~u + (w 0 + g cosnt)u = O (1.22) 

model many physical systems, the most common are probably beams or rods 

with dynamic axial loads and the pendulum with a moving support. There 

are many structures that are modeled by beams and cables with time 

varying end loads. Some typical dynamic systems subject to parametric 

excitations are shown in Figure 1.2. 

To gras~ the physical significance of a parametric excitation in 

non-pendulum type systems and how the parametric excitation is 

distinguished from an external excitation, consider the center section 

of a string undergoing transverse vibration and simultaneously subjected 

to a pulsating tension, as shown in Figure l.2(h). A free body diagram 

is shown in Figure 1.3. If the time dependent part of the tension has a 

frequency twice the natural frequency of the first mode, the transverse 

component of the tension will act like an external force on the system 

driving it at resonance. 

Another way to visualize parametric vibration is to observe the 

motion of the roller support at the end of a simply-supported beam 

undergoing large amplitude fundamental mode vibration (see Figure 

1.2(d)). When the midpoint of the beam is in the upper-most position, 
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the roller support has moved in. As the beam moves down through the 

static equilibrium position to its lowest position, the end moves out 

and then back in to occupy its original position, thus completing one 

cycle of motion. As the beam completes the other half of its cycle, the 

roller support at the end of the beam completes another full cycle. The 

roller supported end is observed to complete two full cycles of motion 

axially while the beam executes one full cycle transversely. 

Consequently, a periodic force applied to the beam in the axial 

direction at the roller supported end of the beam tends to excite 

transverse vibration in the beam at one-half the frequency of 

excitation. If the excitation frequency happens to be twice a natural 

frequency of the beam, then a principal parametric resonance will occur 

if the critical value is exceeded. 

Parametric vibrations frequently occur because of pulsations to 

existing static loads. These loads can be axial forces, torques applied 

to shafts, inplane forces and moments applied to plates and shells, or 

the pressure in fluid flow in and around tubes. Fluid flowing past a 

body exerts forces in the form of dynamic pressure. When the fluid is 

moving along a body, as in internal and external pipe flow, parametric 

resonances can be excited if the average pressure acting on the body has 

pulsating components at the right frequency. An axial force acting on a 

beam can be applied indirectly through oscillating magnetic fields or 

oscillating friction forces from structure supports. Rocket tanks and 

their liquid propellant and flexible missiles under pulsating axial 

thrusts can experience parametric resonances, causing severe sloshing in 
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the former and transverse bending in the latter. Helicopters are 

particularily susceptible to parametric resonances; helicopter blades in 

forward flight can experience a free stream that varies periodically 

with time and the longitudinal component of flow alternates once during 

one rotation. Torque transmitted through the long shafts connecting the 

tail rotor to the power plant often operate at hypercritical angular 

velocities, and any pulsations in the torque can excite parametric 

resonances. Related to the rotor dynamics of helicopters are the 

vibration problems of large wind turbines, which have some unique 

problems. The rotor blades are subjected to a periodic gravity force 

which appears as a parametric excitation in the governing equations, and 

the combined aerodynamic loads can cause coupled flap-lag-torsional 

vibrations. Slender rods in structures that carry tensile and 

compressive loads can have a time varying component caused by a variety 

of sources such as a rotating machine or an elastic fluctuation 

(geometrical variation) of the structure. An airplane wing is an 

example of this type of behavior. The flapping motion of the wing puts 

time varying compressive and tensile loads on the internal substructure 

which can induce subharmonic or parametric resonances. In-plane forces 

and moments applied to panels are similar to axial loads on bars and can 

have both static and dynamic components, possibly leading to parametric 

resonances. The resulting panel motion is transverse (out of plane) to 

the plane of the applied moment. Girder plates on bridges have 

experienced fatigue cracks as a result of parametrically induced 

vibration. 
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Thus we see that parametric vibration is possible in a wide variety 

of structural components, and hence the engineer needs to be aware of 

when it may present a problem. 

1.2.3 Paradoxical Phenomena 

There are many interesting and unique phenomena associated with 

parametric resonances, a very interesting one being the inverted 

pendulum (e.g., Ness [1967)). If the hinge support of the pendulum is 

given a harmonic motion in the vertical direction with certain values of 

amplitude and frequency of oscillation, the pendulum's inverted 

equilibrium position can be rendered stable. The ensuing motion 

consists of small amplitude pendulum type oscillations about the 

"upside-down" position. This type of behavior--where a statically 

unstable equilibrium position is rendered dynamically stable--is not 

uncommon; we are all familiar with the spinning top (gyroscope). The 

inverted pendulum is of interest here because it derives its dynamic 

stability specifically from a parametric excitation. 

There is an interesting paradox associated with the inverted 

pendulum. Consider a bar type pendulum undergoing base motion such that 

the pendulum is inverted and undergoing small amplitude pendulum type 

oscillation. If a washer (with a central hole that is slightly larger 

than the diameter of the bar) is placed on the bar, it will not fall; it 

will remain on the bar almost at rest, as if it were weightless! The 

nonlinearly coupled differential equations describing this system have 
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been solved (e.g., see Chelomey [1985)) by the method of averaging, and 

they predict the stable equilibrium washer points on the bar. 

There is another stabilizing effect caused by parametric 

excitations. Consider a simply supported beam subjected to a static 

compressive axial load that exceeds the Euler buckling load. If a 

periodic load with the appropriate frequency and amplitude is added to 

the static load (i.e., p(t) = p0 + p1cosat), the beam that was 

previously buckled will straighten; thus a statically unstable 

equilibrium position is again rendered stable by a parametric 

excitation. The critical load of a beam can be doubled by the addition 

of a parametric excitation, as pointed out by Stephenson (1908). 

Another paradox is that of a heavy ball in a vibrating fluid. 

Consider a cylindrical fluid-filled tube that is attached to a shaker 

table. When a solid ball (made of a material whose specific gravity 

exceeds the specific gravity of the fluid) is placed into the cylinder, 

the ball will fall and sink to the bottom. If the cylinder is subjected 

to vertical sinusoidal vibration, the ball will rise in the cylinder. 

By increasing the amplitude of vibration, an air cavity containing a 

small quantity of fluid is formed under the ball with the remaining 

fluid above the ball. One can also observe the opposite phenomenon: a 

ball which is lighter than the fluid can sink under vibration. Chelomey 

[1985) has provided photographs of these paradoxes. 
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1.2.4 Parametric Instability--The Nature of a Parametric Resonance 

The nature of a parametric resonance is so distinctive that it is 

often called a parametric instability. Therefore, as part of an 

introduction to parametric resonance, we will discuss stability in 

dynamic systems. The term unstable, as applied to dynamic systems, 

conveys two meanings: (a) when a response is unstable we imply that it 

cannot be realized in real time either in numerical or analogue 

simulation, or in a physical model such as in a laboratory experiment, 

or (b) when a response is unstable we say that it is divergent and grows 

without bound. Both are associated with exponentially growing terms and 

are related to a solution that is not realizable after a long time. 

Any trivial or periodic nontrivial solution of an equation that 

models a dynamic system is classified as either asymptotically stable, 

marginally stable, or unstable. Often, the stability is determined by 

examining its behavior in the phase plane. Unforced systems will decay 

to stable foci and appear as spirals winding into the attracting 

focus. Nonlinear systems may have more than one focus, in which case 

the initial conditions determine which stable focus will attract the 

response. A saddle point is another type of equilibrium point that can 

attract the response--but only if the system is exactly on one of the 

two inbound trajectories. In this case it would take an infinite amount 

of time to reach the equilibrium point, and hence is only an 

idealization. Since it also possesses two outbound separatrices 

(trajectories), any system response that approaches a saddle point will 

eventually be repelled. A cusp is a rare type of equilibrium position 
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that can also attract the response with its only inbound separatrix, but 

like the saddle point it cannot keep the response because it possesses 

an outbound trajectory. 

When a system is forced harmonically, steady-state vibration (i.e., 

constant amplitude) may develop, depending on the type of excitation and 

on the initial conditions. In some cases, the foci give rise to limit 

cycles that initially encircle the foci, but as the excitation is 

increased, the response may bifurcate in such a way that it may encircle 

two or more equilibrium positions. Encircling only two equilibrium 

positions occurs when one of the two points is actually a repeated root, 

and can occur when a focus and saddle point merge. 

Limit cycles appear to be unstable because small amplitude motion 

is observed· to grow by spiraling outward from a focus, but large 

amplitude motion is observed to decay by spiraling inward. They are 

therefore stable. Some systems may possess more than one limit cycle. 

Hence basing a stability analysis on only the local behavior may give 

erroneous information about the global behavior. 

Systems that neither grow without bound nor decay to zero are 

considered marginally stable. An undamped linear oscillator is an 

example of this. 

We now consider stability in a linear parametric oscillator of the 

Mathieu type given by (1.22). For small levels of excitation, a 

parametric resonance is not excited. Disturbances to the system decay 

to the trivial solution; consequently it is asymptotically stable. As 

we increase the excitation, we approach the critical value and the decay 
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rate diminishes. If we perform an experiment and slowly increase the 

excitation level, the effective decay rate will decrease; disturbances 

would still decay, but they would require more cycles to do so. As we 

increase g further, we reach a level of excitation where the effective 

decay rate is zero; the steady-state response to a disturbance is a 

periodic vibration that neither grows nor decays. This is the critical 

value and represents a boundary between decaying responses and 

exponentially growing responses. Hence, the system is marginally 

stable. Any increase in the excitation will cause the amplitude to grow 

exponentially. This boundary is shown in Figure l.4(a). If we plot the 

value of the critical amplitude versus the frequency of excitation, the 

results would appear as shown in Figure 1.5, which is often called the 

Strutt diagram. When damping is present, it increases the critical 

value and hence diminishes the unstable regions, lifting the transition 

curves off the frequency axis, as shown in Figure 1.6. 

Herein lies a distinctive feature of a parametric resonance--the 

presence of damping alone may not affect the unbounded response. For 

excitation levels below the critical value, the system response to 

disturbances decays; for excitation levels above the critical value, the 

system response to disturbances grows. The response is either trivial 

or infinite, depending on the damping, amplitude, and frequency of 

excitation. This behavior is in sharp contrast to a resonance in an 

externally excited system where damping transforms an infinite response 

into a finite response and always reduces the response amplitude (e.g., 

see Figure 1.1). 
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However, we always observe parametric resonances with finite 

amplitudes--not infinite amplitudes as predicted by the Mathieu equation 

(1.22). Since damping alone cannot account for this behavior, we must 

call upon the discarded nonlinear terms in the original equation. Just 

as nonlinearity bends the backbone curve in an external resonance, it 

bends the parametric stability boundary curve, which in turn limits the 

unbounded growth. This is illustrated in Figure 1.4{b) which shows the 

response amplitude versus the amplitude of excitation at a given 

frequency. If the frequency is changed slightly, the critical point 

will shift as be~ore, but more importantly, the upper portion of the 

curve may shift left relative to the critical point causing an overhang 

to occur, as shown in Figure l.4(c). With this multi-valued response 

curve, we now have the possiblity of exciting a parametric resonance at 

a level of excitation that is below the linear critical value. This 

behavior is called a sub-critical instability and typically occurs when 

the excitation frequency is detuned in the direction of the effective 

nonlinearity, e.g., a lower frequency for a softening nonlinearity. 

There are other distinctive features of a parametric resonance that 

should be noted. We saw in Figure 1.4 that increasing the level of 

excitation does not (a) permit a resonance until a subcritical value is 

reached, or (b) cause a resonance until the critical value is reached. 

Once the critical value is reached, very small increases in the 

amplitude of the excitation will cause very large changes in the 

response because (a) the gradient is very large as shown in Figure 

l.4{b) just past the critical value, or (b) the system will jump up to 
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the steady-state value as shown in Figure l.4(c). The jump is not 

instantaneous or sudden in time--it grows with each cycle of motion. 

We have summarized the essential nature of a parametric resonance 

by comparing it to an external resonance. Because the linear Mathieu 

oscillator has behavior similar to an unstable focus (i.e., a repeller), 

once the critical value of excitation has been exceeded, the parametric 

resonance is often called a parametric instability. Stability 

information, such as that presented in a Strutt diagram, is determined 

by examining the behavior of the linearized equation, and hence 

represents the boundary at which the trivial solution loses its 

asymptotic stability. When nonlinear terms are present, a subcritical 

instability may exist. This phenomenon actually enlarges the unstable 

regions by the amount of overhang. The nonlinear terms also limit the 

infinite response to a finite amplitude response. Damping, on the other 

hand, diminishes the unstable regions, but does little to affect the 

steady-state amplitude. Damping may enlarge the unstable regions in 

multiple-degree-of-freedom (MOOF) systems where combination resonances 

occur. 

Determining these regions of instability is a major engineering 

problem, but equally important is determining the amplitude of vibration 

for the nonlinear system. If these regions cannot be avoided (e.g., in 

rotating machines and rotating shafts that operate at hypercritical 

angular veloc~~ies and hence have critical regions that the system must 

pass through) then the next engineering problem is to determine the 

transient response for a "pass through". 
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Although the basic theory of parametric resonance is applied in 

this dissertation to elastic structural systems, the theory can be 

applied to other real systems in which periodic variation of parameters 

occurs. Examples include parametric amplifiers, electromechanical 

systems, cyclotrons, and propagation of waves in a periodic continuous 

medium. 

1.2.5 Internal (Autoparametric) Resonance 

Internal resonance is a phenomenon that is unique to nonlinear MDOF 

systems and can exist between two or more modes depending on the 

strength of the nonlinear coupling. A system is said to possess 

internal resonance if l ciwi = 0, where the ci are positive or negative 

integers. For example, if a system possesses quadratic nonlinear 

coupling, then two modes having natural frequencies wi and wj are said 

to be internally resonant if wi ~ 2wj. Three modes can be internally 

resonant if w. ~ w. +wk. When higher-order nonlinearities (e.g., cubic 
1 J 

and quartic) are present, the possible combinations of resonant 

frequencies increase, thus broadening the possiblity of internal 

resonance. The significant feature of internal resonance is that it 

funnels energy from an excited mode through the nonlinear coupling terms 

into another mode that is not directly excited, causing multi-frequency 

oscillations in multi-degree-of-freedom systems. These subharmonic or 

superharmonic tones can be more than 10 times higher in amplitude than 

the directly excited mode, and hence cannot be ignored. 
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Some examples of systems that can be internally resonant are shown 

in Figure 1.7. The elastic pendulum with a 2:1 internal resonance is 

quite popular and easily demonstrates this phenomenon. A long flexible 

beam that is horizontally positioned and parametrically excited (e.g., 

see Figure l.7(i)) can have two modes with a frequency ratio of 2:1. 

If, for example, the fourth mode has a frequency wi+ = 2w 3 and is 

parametrically excited with a frequency n = 2wi+, the fourth mode will 

initially respond. If the amplitude of excitation is increased above a 

critical threshold level, the third mode will be excited and respond 

with a larger amplitude than the fourth mode, and at a frequency 

w3 = wi+/2 = n/4. 

The term autoparametric resonance appears in the literature, and 

although it is synonymous with internal resonance, it is actually the 

consequence· of an internal resonance. If we examine a two-degree-of-

freedom system that is internally resonant and simultaneously possesses 

quadratic nonlinearities, we may find coupled equations of the form 

( 1.23) 

that describe the motion. The system is made internally resonant by 

adjusting w2 to be approximately 2w 1 • If we excite the second mode 

parametrically by setting g = 0 and n = 2w 2 , the second mode will 

respond and achieve a steady-state amplitude. However, the sinusoidal 

response of the second mode, given by 
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( 1. 24) 

is a fast-varying function and appears as a coefficient to u1 in (1.23). 

It therefore becomes a "parametric" coefficient for the first mode, and 

once the critical amplitude of u2 is exceeded, it will parametrically 

excite u1 • In this case, the parametric excitation to the first mode 

comes not from an external oscillator, but from the structure itself--

specifically another resonating mode. Because this happens, the 

parametric resonance of the first mode is called an autoparametric 

resonance. This interaction can occur in externally excited systems 

also. In both parametrically and externally excited systems, internal 

or autoparametric resonance is only possible because of the presence of 

the nonlinear coupling term. 

1.2.6 Combination Resonance 

Combination resonance is another example of a unique phenomenon 

that can occur only in a nonlinear MOOF structure; it has no counterpart 

in linear theory. A combination resonance can occur if two or more 

modes are appropriately coupled and the excitation frequency is nearly 

equal to 

( 1.25) 

where the ai, bj, and ck are positive or negative rational numbers. For 

example, an excitation frequency that is the sum of the first bending 

mode and the first torsional mode of a slender beam would be given by 
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(1.26) 

and the ensuing motion to a parametric excitation would consist of a 

combined response of both modes--even though neither was directly 

excited. When a flexible beam is clamped in an upright position to a 

shaker head oscillating in a vertical direction, transverse (horizontal) 

resonant vibrations are parametrically excited when the frequency is 

nearly twice any of the linear natural frequencies. When the frequency 

of excitation is close to the sum or difference of two modes, a 

combination resonance occurs, and the resulting motion consists of a 

superposition of the two modes, as if each was individually excited. 

This and other models in which combination resonances can occur are 

shown in Figure 1.8. 

Another principal engineering problem directly related to 

parametrically excited systems is (a) to predict which combination 

resonances are possible, and (b) to determine the boundaries of those 

unstable regions. A typical combination instability diagram for a 

particular system is shown in Figure 1.9. Some of the methods used to 

determine these instability regions are discussed in the literature 

review. 

1.3 Problem Formulation and Solution 

Mathematical formulations of many physical problems usually consist 

of differential equations that are nonlinear. Because the governing 

differential equations are nonlinear, the structure is often referred to 
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as being nonlinear. Strictly speaking, structures are neither linear 

nor nonlinear. The adjectives linear and nonlinear apply to the 

behavior governed by the differential equations which are used to model 

the physical behavior of the structure. The nonlinearity may be due to 

material properties, deflection amplitude, asymmetrical geometry of the 

structure, the boundary conditions, or any combination of these and 

other sources. In some cases a nonlinear differential equation can be 

replaced by a related linear differential equation that approximates the 

actual nonlinear equation closely enough to give useful results. 

However, such linearization is not always possible or desirable; when it 

is not, the original nonlinear equation must be used. 

A linear equation used to model a structure is in general the least 

precise model because it can always be improved by including nonlinear 

terms to do three things: (a) to increase the accuracy of the predicted 

response, {b) to extend the range of useable solutions (e.g., for larger 

displacements), and (c) to explain or predict new phenomena that have no 

counterparts in linear theory. So, the question of whether we can use a 

linear model depends on the nature of the information being sought. The 

engineer is thus faced with the question of how to anticipate those 

cases when a linear model -- and for the purposes of this dissertation, 

a linear model with constant coefficients -- is inadequate in its 

predictions. For example, by neglecting a parametric term in the 

mathematical model of a parametrically excited system, a parametric 

resonance cannot be predicted, and consequently is not considered in the 

design. In this case, the analysis would predict a stable trivial 

26 



response when the system is excited parametrically at twice the natural 

frequency of the system, even if the excitation amplitude were quite 

large. If the parametric term were included, then the analysis could 

predict exponential growth of a parametric resonance. The first case 

predicts a trivial response, and the second case predicts an unbounded 

response. Both are in error, but at least the latter predicts the 

parametric resonance. 

By including both the parametric terms and appropriate nonlinear 

terms in the mathematical model, finite amplitudes of the resonance are 

predicted, and this behavior is consistent with observations. This 

happens because, as amplitudes get large, nonlinearities (that were 

ignored to linearize the mathematical model) come into play and 

essentially 11 put the clamps on 11 the system response, causing it to 

attain a finite steady-state value. Consequently, the nonlinear terms 

are most significant at resonance and should not be ignored! 

In summary, we have seen compelling reasons why nonlinear terms 

should be retained. Some phenomena are unique to nonlinear systems, and 

have no counterpart in linear theory. Hence, we cannot account for the 

effect of nonlinearity simply as a deviation from linear behavior. It 

is precisely the nonlinear coupling between modes that allows for the 

presence of internal and combination resonances because these resonances 

cannot exist in linear systems. Also, there is the problem of 

subcritical instability which also owes its unique existence to 

nonlinear terms. If the nonlinear terms were neglected, then we could 

not account for this phenomenon either. 
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1.3.l Mathematical Fonnulation 

Precisely deriving the equations of motion to a desired level of 

accuracy is a matter of considerable complexity and difficulty. 

Symbolic codes such as FORMAC and MACSYMA have been developed to assist 

in such formidable tasks. For example, to use Lagrange's method, we 

express the kinetic and potential energies and then obtain the governing 

equations of motion with the aid of the computer. It is not the purpose 

of this dissertation to investigate the "art" of mathematical modeling 

of elastic structures. 

When flexible structures are modeled as continuous systems, the 

results are nonlinear partial differential equations in one to three 

spatial dimensions and time. Typically, these are reduced to a finite 

set of nonlinear ordinary differential equations in time by making an 

expansion of the spatial variable and truncating the series at some 

point. Galerkin's procedure is a popular choice for doing this. When a 

continuous structure is discretized from the start (e.g., as a lumped 

mass system), the results are a finite set of ordinary differential 

equations. At this point, the analyst determines which terms are 

significant to his analysis and discards the "insignificant" terms, 

starting typically with the highest order nonlinear ones. In many cases 

all of the nonlinear terms are eliminated so a closed-form solution can 

be sought. Thus, the final mathematical model is usually an idealized 
' representation that, as Barr [1980] points out, may be "usually rather 

far removed from being in any way a precise representation of the 
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structure, so much so that it is perhaps a pleasant surprise when 

theoretical predictions show any reasonable agreement with tests 

conducted on laboratory models. It is much easier to be content with 

qualitative agreement or to show the physical existence of some 

nonlinear phenomenon." 

Using only these equations of motion and integrating them on the 

analogue and digital computers or deriving approximate solutions for 

them seems to be a popular way of "avoiding" the difficulties of 

relating back to the real world. It eliminates the many problems that 

are routinely encountered in any experimental work, and avoids the 

embarrassment of trying to explain why the theory and the experiment do 

not correlate. However, the experimental work is essential to our 

understanding of such phenomena, and therefore should not be overlooked 

or underestimated. 

1.3.2 Solution of the Equations 

The general theory and methods of dealing with linear equations 

constitute a highly developed branch of mathematics, whereas very little 

(by comparison) of a general nature is known about nonlinear equations. 

With few exceptions, closed form solutions do not exist for nonlinear 

equations. Consequently, the study of nonlinear equations is confined 

to a variety of very special cases, and the method of solution usually 

involves one or more of a limited number of different methods of 

approximation. These perturbation solutions are generally valid for 

only a limited range of parameter variation, usually one or more of the 
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parameters must be kept small, and the motion must be confined to small 

but finite amplitudes about a given state. For motions that exceed 

these constraints, one must seek other approximate solutions if they can 

be found, or resort to simulation on the analogue or digital computer. 

For the latter, it is usually a "hunt and peck" procedure that is often 

costly and time consuming. Every parameter in the governing nonlinear 

equation constitutes another permutation factor, which makes the total 

number of possible combinations of system parameters to consider many 

times larger. For this reason, and also to ascertain if certain 

parameters are indeed small, the governing differential equations are 

usually put into nondimensional form. Then, fixed values are assigned 

to the system's parameters while one is varied; this way we can gage its 

effect on the system's response and characterize the system's behavior. 

In many cases the parametric and nonlinear terms are relatively 

small, and any of the "small parameter" methods ranging from the 

straightforward expansion procedure to the more sophisticated averaging 

methods and multiple time expansions can be considered for obtaining an 

approximate solution. The harmonic balance method is quite popular and 

is fairly easy to use, but we must know a priori the nature of the 

solution to effectively use this method, otherwise the solution may be 

seemingly correct, but is actually incorrect. The method of multiple 

time scales has been used effectively to obtain approximate solutions 

for nonlinear equations, and will be used in this dissertation. 

The end result of applying a perturbation analysis to the original 

differential equation is a set of reduced variational equations which 
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are hopefully more tractable. These reduced equations, which govern the 

modulation of the amplitudes and phases, are typically nonlinear and may 

also have variable coefficients, and hence cannot be solved explicitly. 

However, they lend themselves to the solution of the fixed points, which 

correspond to a constant amplitude steady-state vibration in the 

original equations. Other periodic solutions can be obtained by 

integrating these reduced equations directly. 

Integrating the reduced equations and even the original equations 

on the digital or analogue computer is quite popular, especially the 

reduced equations since they are simpler and consequently faster to 

integrate. However, the digital integration of nonlinear coupled (and 

uncoupled) equations is not always straightforward. It may be difficult 

to determine the accuracy of the integrated soluton. Stability of 

numerical codes is especially important in integrations of 

parametrically excited systems because an exponential growth of an 

algorithm instability may be difficult to distinguish from an 

exponential growth of a genuine parametric instability. 

Analogue computer simulation is neither susceptible to digital code 

stability nor accumulation of truncation errors and hence lends itself 

well to the study of nonlinear problems. Currently, its two main 

drawbacks are its limited accuracy--which is four digits at best--and 

its limited dynamic range. Consequently, we must localize the problem 

to be studied and then scale it accordingly. This makes it cumbersome 

to study the whole system at one time, because when a large amplitude 

vibration experiences a jump down to a small amplitude vibration, or 
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vice versa, the problem usually needs to be rescaled. However, the 

advantages far outweigh the drawbacks. We can lock onto a limit cycle 

and observe the real time solution on an oscilloscope. Once we latch 

onto a particular attractor, we can vary any one of the system 

parameters and observe the instantaneous effects in real time. The time 

can also be scaled to either speed up or slow down the response. 

The analogue computer finds its major use in getting a "feel" for 

the problem and mapping out domains of attraction for all possible 

solutions. This is usually accomplished much more quickly than on the 

digital computer. Once all of the solutions have been found, any needed 

accuracy is quickly obtained on the digital computer. Another 

convenient use of the analogue computer is verifying the regions of 

parametric resonance. 

The analogue computer has had an interesting history. When the 

digital computer made its debut three decades ago, scientists and 

engineers immediately recognized its tremendous potential, and the 

demand for faster and more powerful machines was second only to the 

demand for the computers themselves. As their speed and accuracy 

continued to increase, the digital computer quickly replaced the 

analogue computer, essentialy making the analogue computer obsolete for 

computational purposes. The thrust to improve and modernize the 

analogue computer gradually dwindled to a trickle, such that today there 

are only a few manufacturers of analogue computers in the United States. 

Recently, however, the picture has begun to change. The increased 

interest in nonlinear dynamics is, in part, responsible for the revival 
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of the analogue computer. In fact, some enterprising engineers have 

even developed software to emulate the analogue computer on the digital 

computer! With multiple solutions inherent in nonlinear systems, the 

analogue computer is proving itself to be an effective and efficient 

tool in the analysis and understanding of nonlinear systems. 

1.4 Literature Review 

In the review that follows, we consider single-degree-of-freedom 

(lDOF) systems, two-degree-of-freedom (2DOF) systems, and multi-degree-

of-freedom {MDOF) systems that are parametrically excited in part or in 

whole. Random parametrically excited systems will not be included here 

unless the work also includes periodic parametric excitation. Works 

dealing with bifurcations and chaos in parametrically excited system 

were quite scarce by comparison to externally excited systems. 

The occurrence of parametric resonance as described by the Mathieu 

equation was observed as early as 1831 when Faraday noted that surface 

waves in a fluid-filled vertically oscillating cylinder have one-half 

the frequency of the excitation. Meld (1859) was the first to perform 

experiments on a structural element; he excited a string longitudinally 

along the axis by attaching the free end to a tuning fork, and found for 

various combinations of the system parameters that transverse out-of-

plane vibrations occurred at one-half the frequency of excitation. 

Strutt (1887) performed further experiments similar to Meld's, and . 
provided a theoretical basis for these observations; the diagram 
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depicting the stable regions of the Mathieu equation sometimes bears his 

name. 

Stephenson (1906) extended the work of Strutt and observed the 

possibility of exciting vibrations when the frequency of the applied 

axial excitation is a rational multiple of the fundamental frequency of 

the lateral vibration of the string, not just at twice the resonant 

frequencies previously observed. 

Since these early days, many researchers have investigated 

different aspects of parametrically excited systems. Mclaclan (1964] 

was the first to summarize the known work on Mathieu equations. 

Bolotin's (1964] extensive English translation presented the most 

complete summary of parametric phenomena. He investigated the 

parametric instability regions which were identified more than 100 years 

ago by the French mathematician Floquet (1883]. According to Floquet, a 

second-order differential equation with time-varying coefficients has 

two sets of harmonic solutions; these form the limit between stable and 

unstable solutions. One set of solutions has a basic frequency equal to 

the natural frequency (Period T) of the system, and the second set has 

solutions that have one-half the natural frequency of the system (Period 

2T). 

Hsu (1963] summarized the work on parametric instability of MOOF 

systems. He found that in a system of coupled Mathieu equations, there 

can exist, in addition to the known unstable regions (Periods T and 2T) 

a new set of unstable regions corresponding to "combination resonances." 

Valdeev (1963] also published a paper warning of combination resonances. 
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It was not until Evan-Iwanowski [1976) published his book that a 

comprehensive treatment of resonance in mechanical systems was compiled 

in one work. He devotes one chapter to principal parametric resonance 

and one chapter to principal parametric and combination resonance in 

structures. Ibrahim and Barr [1978] summarized the work on parametric 

systems in a series of five review articles on both linear and nonlinear 

systems, and Barr [1980) summarized some developments in parametric 

stability in nonlinear systems. Their work was followed by that of 

Nayfeh and Mook [1979) which provides a review of the literature in the 

field of nonlinear oscillations; their text presents the most 

comprehensive application of the method of multiple time scales to the 

solution of nonlinear equations. They devote one chapter to parametric 

resonances of linear and nonlinear systems. Althougn the text by 

Ibrahim [1985] deals with random parametric vibration, his first chapter 

has a general discussion on parametric vibration. The most recent text 

on nonlinear vibrations by Schmidt and Tondl [1986] considers parametric 

resonances in two chapters and devotes one chapter to autoparametric 

coupling. Since Nayfeh and Mook [1979] gives a comprehensive review of 

the literature up to 1978, the following literature review will 

concentrate on the literature published since 1978. 

1.4.1 Single-Degree-of-Freedom Systems 

Sato et al [1978] investigated the steady-state response of a 

parametrically excited, simply supported horizontal beam carrying a 

concentrated mass. They included the nonlinear terms arising from the 
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moderately large curvatures caused by gravitational loading, 

longitudinal inertia of the beam and concentrated mass, and rotatory 

inertia of the concentrated mass. They applied Galerkin's method and 

used the method of harmonic balance to solve the resulting equations, 

and they found that in addition to the parametric resonances, a 

fundamental parametric resonance also occurs because of the initial 

static deflection. 

Zajaczkowski and Lipinski (1979] examined the vibrations and 

stability of parametrically excited linear systems using Bolotin's 

(1964] approach. 

Hsieh (1980] investigated the influence the influence of damping on 

the stability of the Mathieu equation. 

Holmes and Rand (1981] i_nvestigated the feasibility of modeling the 

Mathieu equation containing a cubic stiffness nonlinearity with two 

nonlinearly coupled oscillators, and Month and Rand (1982] investigated 

the bifurcation of 4:1 subharmonics in the same nonlinear Mathieu 

- 2 3 u + (c 1u - c2)u + c3sgn u + u + au + gu cosot = 0 • 
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This equation models the vibrations of a rotor with an asymmetric shaft 

rigidly supported by bearings and the vibrations of a pipe conveying a 

two-phase gas and liquid flow subjected to self-excitation caused by 

harmonically pulsating flow. 

In a series of three papers, Yano [1984c, 1985, 1984d] investigated 

parametric excitation in self-excited systems governed by 

.. 2 2 3 
u + (c 1u - c2)u + ou + gu cos2nt + ogu cos2nt = O • 

He found subharmonic resonances of order 1/2 and 1/3 and superharmonic 

resonances of order two. In the neighborhood of these resonances, he 

found a beat phenomenon. He notes that the vibration phenomena of 

systems subjected to both self-excitation and parametric excitation are 

not clear, and are not fully known even in the case of a lDOF system; 

moreover, he notes that studies on subharmonic vibrations due to a 

parametric excitation are as important as those due to an external 

harmonic force in nonlinear systems, but that they have not been made 

except by Tondl (1978]. 

Kotera and Yano (1985] investigated periodic solutions in the 

regions of fundamental and principal parametric resonances of 

2 3 u + (c 1u - c2 )u + u + au + gu cosnt = 0, 

and Yano, Kotera, and Hiramatsu [1986bl investigated principal 

parametric resonance using two approximate methods. The method of 

harmonic balance gave poor results but the method of averaging gave very 

good results. 
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Yano, Kotera, and Hiramatsu [1986a] investigated asymmetric 

parametric excitation in self-excited systems governed by 

( 2 • 2 3 u + c1u - c2)u + u + ou + au + gu cosnt 

2 3 
+ ogu cosnt + agu cosnt = 0. 

The results of the above eight papers by Yano et al can be briefly 

summarized as follows: (a) resonance phenomena are induced by the 

product uncos2a, where n = 1, 2, 3, ••• , (b) the mechanisms of the 

occurrence are evidently different from those of nonlinear forced 

vibration systems, (c) in self-excited van der Pol systems with only 

u cos2n, as the excitation, principal and fundamental resonances 

occur in the regions of frequencies corresponding to the unstable 

regions of principal _and fundamental resonances in a linear Mathieu 

equation, and (d) subharmonic resonances of orders 1/2 and 1/3 with 

frequencies n/2 and n/3 respectively, and subsuperharmonic ones of order 

2/3 besides orders of one and two occur in a self-excited system with a 

cubic excitation term (u 3cos2n,)u. An example of this type of problem 

is considered in Nayfeh and Mook [1979]. 
.. .. 

Gurgoze [1986] analyzed parametric vibrations of a restrained beam 

with an end mass under a displacement excitation at the other end. 

Using a one mode approximation and applying Galerkin's method, he 

reduced the governing partial differential equation to a Mathieu 

equation containing a cubic nonlinearity in the restoring force. He 

obtained an approximate solution for the case of principal parametric 

resonance. 
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HaQuang (1986] and HaQuang et al (1987] investigated the response 

of lDOF and MDOF systems having quadratic and cubic nonlinearities in 

the restoring force to harmonic parametric excitation, to harmonic 

external excitation, and to combined harmonic parametric and external 

excitations. He found solutions characterized by period multiplying 

bifurcations and chaos. 

Sueoka, et al (1986] investigated both analytically and 

experimentally the combined external and parametric harmonic resonance 

phenomena of a roller chain. The chain was stretched vertically and was 

regarded as a system with many degrees of freedom; the analysis also 

included stretching of the chain. They used the method of harmonic 

balance. 

Eisinger and Merchant [1979a] investigated the response of a 

combined parametrically and externally excited, clamped beam carrying a 

lumped mass located at the center. The parametric excitation was 

fundamental (i.e., the frequency of excitation was near the system 

fundamental resonance) and was applied as a compressive load with static 

and dynamic components; the external excitation was transverse support 

motion at frequencies much lower than the fundamental resonance. In 

this work and another [1979b] they found a higher order phenomenon that 

they identified as secondary parametric amplification; its occurrence 

was characterized by a frequency of the parametric excitation of the 

order 2w 0/n, where w0 is the undamped natural frequency and n = 1, 2, 

3'... . 
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Mook et al (1979) investigated resonant interactions of harmonic 

axial and transverse loads. 

Nayfeh (1984] investigated the interaction of principal parametric 

resonances and subharmonic resonances of order one-half in a lDOF system 

with quadratic and cubic nonlinearities in the stiffness. He found that 

in some cases, neither the parametric nor the subharmonic resonance is 

excited; for other cases two stable solutions coexist. Under certain 

conditions, he showed that a parametric resonance can be quenched by the 

addition of a subharmonic excitation having the proper amplitude and 

phase, and vice versa. 

Kojima, et al (1985] analyzed the nonlinear vibrations of a 

horizontal beam with an end mass subject to a periodic electromagnetic 

force acting on the mass; the governing equation has both external and 

parametric excitations. Using the harmonic balance method, they found 

second order superharmonic and one-half order subharmonic vibrations, as 

well as the expected harmonic response. Their theoretical results were 

complemented with experiments. 

Bajaj (1987] investigated the bifurcations in a principal 

parametrically excited non-linear (van der Pol and Duffing) oscillator. 

1.4.2 Multi-Degree-of-Freedom Systems 

MDOF systems are by far the most interesting of the parametrically 

excited class of vibrations. Additionally, and more importantly, most 

real structures encountered in engineering practice are MDOF 

structures. Some examples are shown in Figure 1.7 and 1.8. MDOF 
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systems possess all of the features of lDOF systems, but allow modal 

interactions through linear coupling terms which are not possible in 

lDOF systems. MDOF systems can also have very interesting and complex 

behavior due to interaction of the various modes through the nonlinear 

coupling terms. They can also have repeated natural frequencies, which 

further complicate the response. Such a system was considered by Tezak 

et al [1982). Fu and Nemat-Nasser [1977) observed the similarity 

between the "coincidence" problem in jet engines and combination 

resonance in the classical theory of parametric excitation. 

Nayfeh [1983a] analyzed 2DOF systems subject to multifrequency 

parametric excitations. He considered the case of four simultaneous 

resonances: principal parametric resonances of the two modes, 

combination resonance of the sum type, and combination resonance of the 

difference type. 

Nayfeh [1983b] investigated 2DOF systems with internal resonance 

and quadratic stiffness nonlinearities subject to a principal parametric 

excitation to the second mode. He found that the second mode became 

saturated, and under some conditions a sub-critical instability was 

present. He also analyzed [1983c] the response of MDOF systems with 

quadratic nonlinearities to a principal parametric resonance in the 

presence of combination internal resonances. He found under certain 

conditions that the excited mode becomes saturated and that multiple 

stable steady-state solutions exist. New results show that most of the 

saturated modes are unstable. 
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Nayfeh and Zavodney [1986) investigated the response of coupled 

2DOF systems with quadratic stiffness nonlinearities to a combination 

parametric resonance using the method of multiple scales (see Chapter 

VI). They evaluated the effect of detuning the internal resonance and 

the parametric resonance. The results show that for certain ranges of 

the phase of the excitation to the second mode, the combination 

resonance can be quenched. Hard forcing to the second mode saturates it 

and causes the first mode to respond with a large amplitude. Some 

steady-state solutions experience a Hopf bifurcation as the excitation 

level increases, and some limit cycles of the amplitude modulation 

equations were observed to experience period doubling bifurcations. 

Nayfeh and Jebril [1987) analyzed a 2DOF system with quadratic and 

cubic stiffness nonlinearities subjected to weak multifrequency 

parametric excitations. They considered principal parametric resonances 

of both modes and combination resonances of the sum and difference 

type. The equations considered can model a simply-supported uniform 

shallow arch whose rise consists of the lowest two modes. They found 

regions where parametric resonances are exc1ted, regions where a 

subcritical instability exists, and regions where the nonlinearity 

causes a finite amplitude oscillation to occur. In the case of 

combination resonance of the difference type, the effective nonlinearity 

(which limits amplitude growth) may vanish and the response may be very 

large. In the case of two simultaneous principal parametric 

excitations, the coupling between the two modes produces a stable 
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solution; for moderately large excitation amplitudes, the response was 

not periodic. 

As discussed in section 1.3.2, the analogue computer is finding in-
, 

creasing use in the study of nonlinear dynamics. Szemplinska-Stupnicka 

[1978] studied combination resonances in parametrically excited multi-

degree-of-freedom systems. Using Bolotin's [1964] method and the method 

of harmonic balance, she presented a generalization of the method of 

harmonic balance applied to the case of the combination resonance. Her 

work includes simulation of a two-degree-of-freedom system on an 

analogue computer. 
, 

Zajaczkowski and Lipinski [1979] examined the vibrations of linear 

MDOF parametrically and externally excited systems. They used Bolotin's 

approach to examine stability and thus found the boundaries of the 

regions of instability. Using these derived formulas, they estimated 

the amplitude of the steady-state forced response amplitude. 

Watanbe [1984] analyzed the forced vibration of nonlinear systems 

with symmetrical piecewise-linear characteristics. He simulated the 

system on an analogue computer and found the results to agree with the 

Fourier series solution. 
, 

Bajkowski and Szemplinska-Stupnicka [1986] studied two-degree-of-

freedom systems with cubic stiffness nonlinearities and an internal 

resonance. They used the analogue computer to verify the application of 

the averaging method and the Ritz method. 
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1.4.3 Lumped Mass Systems 

Many structures are fabricated from beams and bars, and many 

complicated structures are modeled with beam elements and lumped 

masses. Consequently, the theoretical analysis of the vibration of 

beams and masses and their experimental verification comprise a 

significant portion of structural mechanics. 

A very interesting work is that of Haddow, Barr, and Mook [1984]. 

Their work on a simple two beam-two mass model considered the effect of 

an internal resonance on a 2DOF structure (see Figure 1.7) that was 

primarily externally excited and had a small parametric excitation due 

to the asymmetrical geometry. They obtained an approximate solution 

using the method of multiple scales and found excellent qualitative 

agreement with the results of the experiments. They predicted and 

measured the nonlinear response and observed saturation of the second 

mode. This structure also exhibits superharmonic resonances (see 

Haddow, et al [1985]) and subharmonic combination resonances as well. 

These phenomena were reproduced in the vibration laboratory at VP! & SU. 

A second interesting work involving both combination and internal 

resonances is that by Bux and Roberts [1986]. They considered a model 

consisting of two beams and one mass; the first beam is cantilever 

mounted in the horizontal direction like that of Haddow et al, and the 

second beam is attached to the end of the first beam in an upright 

position but is rotated 90° with respect to its centerline such that 

transverse vibrations occur out of the plane of the two beams (see 

Figure 1.7). With a large mass attached to the top of the second beam, 

44 



the four lowest modes of vibration consist of (a) out-of-plane bending 

of the second upright beam occurring at frequency w6, (b) in-plane first 

mode bending of the first beam occurring at frequency w1 , (c) torsion of 

the mass and second beam occurring at frequency wT' and (d) in-plane 

second mode bending of the first beam. The equations of motion (a) 

possess quadratic nonlinearities due to the geometry, (b) show that 

planar rotational motion at the coupling point causes coupled parametric 

excitation of the torsion mode (mode 3) and out-of-plane bending mode of 

the second beam {mode 1), and {c) show that transverse motion of the 

coupling point causes direct parametric excitation of the out-of-plane 

bending mode of the second beam. The motion of the structure is further 

complicated when external and internal resonances exist, such as 

n = w2 , and w2 = w6 + wT' where n is the frequency of the external 

excitation. When w2 = w8 + wT a combination resonance exists. When 

w2 = w6 + wT and g = 2w 2 exist simultaneously, it is possible for the 

linear resonance of a directly excited mode to be absorbed with an 

accompanying steady-state vibration in one or more of the indirectly 

(i.e., autoparametrically) excited modes at frequencies other than the 

excitation frequency. The motion of the structure is further 

complicated when the internal resonance 2w8 = w1 condition is 

satisfied. In this case, the first bending mode will accompany the 

three mode interaction. This is an example of autoparametric 

interaction because the sinusoidal excitation and subsequent response of 

one mode appears as a parametric coefficient to one or more other 

modes. To obtain approximate solutions to these equations, they used 
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the method of multiple scales. The theoretical analysis was 

complemented by experiments. 

1.4.4 Pendulum Systems 

The simple pendulum is a SDOF system with a well defined 

nonlinearity and has been used extensively to explain parametric 

instability. It has also been used as a mathematical model to represent 

such real systems as a missile on its support base or a building subject 

to vertical ground motion. The simple pendulum has also been used in 

the development of several mathematical theories. 

In a series of papers, Hatwal, Mallik, and Ghosh (1982, 1983a,b] 

investigated the harmonically forced vibration of a spring-mass-damper 

system with a parametrically excited pendulum hinged to the bottom of 

the mass. The system has two degrees of freedom: the primary system 

consisting of the mass, linear vi.scous damper, and linear spring, and 

the secondary system consisting of the damped pendulum. For some 

experiments, the restoring force of the pendulum due to gravity was 

supplemented by a torsional spring. The linear natural frequencies of 

the two systems were adjusted to cause a 2:1 internal resonance. The 

primary mass was excited by a harmonic force, and due to the internal 

resonance, the pendulum was autoparametrically excited. Using the 

method of harmonic balance, they found that a second order approximation 

was necessary and sufficient to predict stability. Experiments were 

performed to verify the parameters for which the pendulum exhibited the 

following different motions when disturbed from its static equlibrium 
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position: the pendulum (a) returned to its equilibrium position, (b) 

reached a harmonic steady state, or (c) oscillated randomly even after a 

long time (apparently chaos). Only the motion of the primary system was 

recorded; the motion of the pendulum was observed visually. Hatwal 

[1982] proposed adding an additional degree of freedom to the pendulum 

vibration absorber for the purpose of suppressing the peaks of the 

primary system at resonance (via autoparametric coupling) by replacing 

the inelastic pendulum rod with a damped elastic pendulum. 

The parametrically excited pendulum in these papers has a practical 

use as a vibration absorber. Haxton and Barr [1972] studied a similar 

system; it had a cantilever beam mounted in a vertical position with an 

end mass mounted on top. They called the secondary mass system an 

autoparametric vibration absorber. 

Schmidt (1981] added a degree of freedom to the pendulum excited by 

base excitation by allowing the mass to rotate on the suspension bar. 

The mass was constrained from translation on the bar and was attached to 

a torsional spring. 

Levin et al (1985] performed some experiments on a pendulum 

(hanging down) that was hinged to a support that was harmonically 

excited in the vertical direction. They observed periodic and chaotic 
, 

type aperiodic motions and used a strobe light to obtain Poincare maps 

which showed period doubling bifurcations enroute to chaos. 

A pendulum with an elastic instead of an inextensible suspension is 

one of the simplest models of an autonomous, conservative, oscillatory 

system of several degrees of freedom with nonlinear coupling; it can 
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also have a 2:1 internal resonance. The interesting feature of the 

elastic pendulum is that the centrifugal force completes two cycles for 

every pendulum cycle; it will thus autoparametrically excite the 

suspension mode if the suspension natural frequency is close to twice 

the pendulum frequency. This is easily seen in a simple experiment 

where one can tune the system and observe the energy exchange. Although 

the simple system looks like a toy, its behavior is quite complex 

because the suspension motion periodically alters the pendulum length, 

and hence the pendulum period. The process is nonlinear even when the 

spring is ideal and angular displacements are small such that 

sin e = e, so that the motion cannot be represented by a linear 

superposition of normal modes. Witt and Gorelik [1933] seem to be the 

first to study this problem. Recently, the elastic pendulum attached to 

a fixed support and constrained to move in a plane was studied by 

Brietenberger and Mueller [1981] using the method of averaging and 

obtained solutions with remarkable accuracy when compared to numerically 

integrated solutions (one percent difference after 100 cycles). 

Schmidt [1980, 1981, 1983] investigated the response of the elastic 

pendulum when the pivot support was given a periodic rectilinear 

oscillation in the plane of motion. Using the method of averaging, he 

obtained first-order solutions for a variety of cases including both a 

fixed direction and a constantly rotating direction of the oscillating 

support. 
, 

Yoshizama et al [1984] investigated theoretically and 

experimentally the transverse vibrations of a simply-supported beam that 
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was excited by a moving body with a pendulum attached; the body 

traversed the beam with a constant velocity. When the natural frequency 

of the beam is twice the natural frequency of the pendulum, internal 

resonance can occur due to the nonlinear coupling terms in the equations 

of motion. Using the method of multiple scales, they considered the 

case of internal resonance and found remarkable agreement with their 

experimental results. 

Other recent pendulum related works can be found by Miles (1985] 

who considered the parametric excitation of a 2:1 internally resonant 

double pendulum. 

1.4.5 Beams, Bars, Rods, and Strings 

Elastic members such as beams, bars, rods and columns are essential 

parts of many structural systems. They usually carry various types of 

loads, and parametric excitations can cause resonances and structural 

failure. 

Dugundji and Mukhopadhyay (1973] demonstrated that combination 

resonances can be excited in a horizontally positioned cantilever beam 

with the largest plane of rigidity in the vertical direction (see Figure 

1.7); the shaker oscillates the beam clamp in the vertical direction. 

They parametrically excited a combination resonance by using a frequency 

close to the sum of the first bending and the first torsional modes. 

Dokumaci (1978) investigated theoretically and experimentally some of 

the parametric resonances that occur in this model. His calculated and 

measured stability boundaries for the onset of a parametric resonance 
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are in close agreement. Of experimental interest, he determined the 

damping of the torsional mode by determining the critical stability 

boundary of parametric resonance and made a direct calculation of the 

damping from the theoretical prediction of the stability boundary. 

Mukhopadhyay (1980] investigated combination resonances of 

parametrically excited coupled second-order systems with nonlinear 

damping of the fluid dynamic type (proportional to the square of the 

velocity). Using the Krylov-Bogoliubov-Mitropolsky method, he found 

regions where parametric instabilities exist. Using his previous model 

(similar to that of Dokumaci's (1978]), he compared the theoretical 

results to experimental results of the following combination resonances: 

(a) the first bending and first torsional modes, and {b) the second 

bending and first torsional modes. 

Tezak et al [1978] analyzed parametrically excited transverse 

vibrations of columns and considered the nonlinear effect caused by 

stretching of the neutral axis. They used the method of multiple scales 

and considered two cases: with and without an internal resonance. 

There are many machine components that can experience vibrational 

instabilities during operations caused by axially moving parts (e.g., 

saw blades and belt drives). They are sometimes subjected to tension 

fluctuations that can be caused by a wheel eccentricity or by joints and 

flaws in the band. Wu and Mote [1986) investigated parametric 

vibrations of a simply-supported beam with the largest plane of rigidity 

in the vertical direction. The top edge supported an axially moving 

band which caused a periodic edge loading. This model simulates band 
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saws, belts, magnetic tapes, and other systems under edge forces. They 

excited simple torsional parametric resonances and combination 

torsional-bending parametric resonances. 

Many structures such as machines have rods and bars that oscillate 

axially. A beam that oscillates axially and subjected to a variable 

axial load was investigated by Elmaraghy and Tabarrok [1975]. This 

problem is complicated further if part of the beam or rod travels into a 

hole in a rigid support because then the length is varied 

simultaneously. The parametric instability of the motion of a beam with 

a periodically varying length was investigated by Zajaczkowski and 
, 

Lipinski [1979]. The length was varied by sliding the beam into a 

motionless support by applying a force to the end of the beam inside the 

support. If the for~e causing the motion is applied to the other end, 

then there are two system parameters that are affecting the resonant 

transverse frequencies -- the length and the axial load. However, 

Zajaczkowski and Yamada [1980a] showed that the effect of relocating the 

force to the simple support was minimal. Zajaczkowski [1981] also 

investigated the parametric vibration of a beam excited by a 

reciprocating simple support. In this case, the friction force from the 

support is the source of parametric excitation in the same manner as an 

axial end load. 

Like the oscillating bar with a time varying length, a string can 

exhibit a parametric instability caused by an oscillating support that 

periodically stretches the string. Furthermore, the other end of the 

string can pass through a small hole in a rigid plate that is also 
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oscillating, thus causing a length change of the string without 

disturbing the tension. Tagata [1983] investigated such a problem, and 

he retained the nonlinear terms caused by stretching of the string 

during large amplitude vibration. He investigated the first three modes 

of vibration using the method of harmonic balance, and determined the 

regions of parametric instability using the Routh-Hurwitz stability 

criterion. 
, 

Forys and Niziol [1984] considered a plane system of three rods 

arranged in such a way that the transverse forces at the ends of 

neighboring rods appear as parametric forces (see Figure 1.7). They 

considered the case of internal resonance. They retained the nonlinear 

damping and nonlinear inertia terms in the governing equations and used 

a procedure equivalent to the method of harmonic balance, and compared 
, 

the results with those obtained using the Poincare small parameter 
, 

method. Forys [1986] considered combination resonances in the same 

structure. 

A cantilever beam with a tangential force acting on the free end 

was first studied by Beck [1952] and hence is commonly referred to as 

Beck's problem. Bolotin [1965] investigated parametric resonances of 

the Beck-type problem under the action of a periodic tangential force; 

he obtained the instability regions for the first and second modes. 

Sugiyama et al [1970] used an analogue computer to investigate the 

parametric instability regions of the Beck-type problem. In addition to 

the simple resonances, they found that there exists an important region 

of combination resonance. It was not until 1982 that Sugiyama et al 
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(1982] provided a theoretical basis for the existence of the combination 

resonance using Hsu's [1963] method. Crespo da Silva [1978] and Nayfeh 

and Mook [1979] consider the Beck problem and include nonlinear terms in 

the analysis. 

1.4.6 Rotating Shafts 

The dynamics of rotating shafts and associated instabilities are 

important considerations in machine design. Excessive vibration and 

instability during operation are caused primarily by asymmetries in 

shafts and their support bearings. Instabilities can occur at driving 

speeds that are some fraction (subharmonic) of a critical speed. The 

interaction of the symmetric parameters of a rotor and its bearing is 

expressed by time-dependent coefficients in the equations of motion. 

Parametric instabilities can be induced in rotating systems due to 

pulsating torques. The torque transmitted by a shaft is usually 

pulsating about a mean value; it can arise from many sources, such as 

worn gears or transmission of torque through a Hookean (common 

universal) joint when the centerlines of the shaft are not collinear. 

Eshleman [1967] formulated the problem of pulsating torque transmission 

by developing the equation of motion and specifying the boundary 

conditions, but he did not solve the equation. However, he did show 

experimentally, using a shaft-disk system, that a fundamental parametric 

resonance consisting of a first beam mode can be excited with a 

pulsating torque. Unger and Brull [1981] extended the work of Eshleman 
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[1967) and Eshleman and Eubanks [1969) by including the cases of 

principal combination and parametric resonances. 

1.4.7 Plates and Shells 

If beam elements can be considered to constitute the primary 

building elements in models and structures, then plate elements 

constitute secondary elements. Many structures, such as an airplane, 

are frame structures fabricated from beam elements and covered with 

plates and shells. As these structures flex and bend, the plates are 

sometimes subjected to transverse excitation caused by inplane forces or 

moments. 

In many respects, plate behavior is a three-dimensional extension 

of two-dimensional beam behavior. Inplane forces on plates are quite 

similar to axial loads on beams when parametric instability is 

considered. Plates are susceptible to all the resonances of beams, plus 

more that are associated with the additional dimension. With the 

additional spatial dimension come more possibilities of internal 

resonances and combination resonances. The study of inplane forces on 

plates goes back to Einaudi [1936) and was followed by less than two 

dozen papers, including a chapter in the book by Bolotin [1964], in the 

four decades that followed! The dynamic stability of cylindrical shells 

was first considered by Markov [1949]. 

Carlson [1974) experimentally investigated principal and 

fundamental parametric resonances in a thin plate subjected to tensile 

loads that consist of static and harmonically varying dynamic 
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components. The plate had a cracklike opening in the center. Although 

his primary objective was to investigate the instability boundaries, he 

measured quantitatively the frequency response and obtained a hardening 

type curve that he attributed to midplane stretching due to bending. 

Datta (1978] extended the results of Carlson to include different size 

openings. He found that a more circular hole tended to reduce the 

instability regions. Attempts to provide a theoretical framework were 

made by Datta (1981]. He modeled the plate with a lDOF equation since 

the lowest eigenvalue was well separated from the other eigenvalues. He 

obtained· the form of the nonlinear stiffness qualitatively from previous 

studies. 

Meritt and Willems (1973] investigated the response of a stiffened 

simply supported skew plate that was loaded by an inplane force 

consisting of a constant component and a harmonic component. This type 

of loading leads to an equation of motion with time-dependent 

coefficients similar to the Mathieu equation (see also Evan-Iwanowski 

(1976]). 

Takahashi (1985] analyzed the response of a rectangular plate 

subjected to an inplane moment which consists of a static component and 

a sinusoidal component. He applied Galerkin's method to the stress 

function and obtained coupled Mathieu equations which he numerically 

integrated by the Runge-Kutta-Gill method. In addition to fundamental 

and principal parametric resonances, he also found combination 

resonances of the additive type. The combination resonance instability 

regions were much larger than the regular parametric instability 
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regions. When he included the nonlinear terms, he found their effect 

was to limit the unbounded growth (predicted by linear theory) to finite 

amplitude values. This problem is quite similar to a beam with an axial 

end load because the application of an inplane moment reduces to an 

axial end load on a single fiber in the plate. 

Tani and Nakamura [1978) investigated principal and combination 

parametric resonances in a thin annular plate. They excited the plate 

along the inner and outer edges with inplane forces of different 

frequencies. They found that the principal parametric resonance had a 

larger instability region when compared to the combination resonance 

instability region. 

Just as an oscillating beam can exhibit parametric instability, 

plates also can exhibit similar behavior. Evan-Iwanowski [1976] 

discusses the problem and reviews the literature on the subject. If the 

oscillating beam or plate is allowed to enter an opening in a motionless 

support, then the free length is also time-varying. Zajaczkowski and 

Yamada [1980b] considered a plate that was simply-supported on two 

edges. The applied force moving the plate was applied to the edge which 

was sliding inside the motionless support. They determined the 

boundaries of the instability regions. 

1.4.8 Flow-Induced Parametric Vibration 

The study of flow-induced vibrations (FIV) and fluid-elastic 

instabilities of structural components has been receiving increased 

attention in recent years. One reason is that the repeated equipment 
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failures in the power generating industry (especially tubes in heat 

exchangers) are quite costly both in terms of replacement and of down 

time. FIV in articulated and continuous tubes conveying fluid have been 

studied extensively beginning with the work of Benjamin [196la,b] on 

articulated tubes. Most of the early work was limited to linear models 

of initially straight tubes undergoing planar motion conveying fluid 

flowing at a constant rate. Nonlinear analysis for linearly unstable 

planar motions was conducted by Holmes [1977], Rousselet and Herrmann 

[1977], and Bajaj, Sethna, and Lundgren [1980]. Bajaj and Sethna [1982] 

extended the analysis and considered three-dimensional motions. 

Whenever the velocity of a fluid flowing through a pipe is not 

constant but has harmonic fluctuations superimposed on a mean value, a 

parametric resonance can be excited. Since pipes are typically MDOF 

systems, combination resonances can also be excited. These were first 

studied by Natanzon [1962]. 

Bohn and Herrmann [1974] showed that when the flow rate through the 

tubes is periodic, both parametric and combination resonances can occur, 

especially when the mean flow is near a critical value. The case of 

continuous tubes with periodic flow was investigated by Paidoussis and 

Issid [1974], Ginsberg (1973], and Paidoussis and Sundararajan (1975]. 

Recently Singh and Mallik (1979] determined the principal and 

fundamental parametric instability regions for the first two modes of a 

simply-supported two span pipe. Mallik et al [1984] investigated ways 

to reduce parametric resonances in pipes conveying fluid by installing 

vibration absorbers on the pipe hangers, and Bajaj [1984] investigated 
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the interactions between self and parametri,cally excited motions in 

articulated tubes. 

Parametric resonances can be excited in pipes that have fluid 

flowing around them. Although most tube failures associated with FIV 

are caused by cross-flow, cases of axial FIV have been shown to be 

important. These parametric excitations can be caused by pulsations in 

the mean flow caused by a variety of sources such as the harmonic 

pressure fluctuations in a pump, thermo-hydraulic instabilities in two-

phase flows, or by periodic vortex shedding somewhere upstream. 

Paidousis et al considered theoretically [1980a] and experimentally 

[1980b] the parametrically excited vibrations of slender cylinders to 

external axial flow. 

1.4.9 Structures Containing Liquid 

Since the advent of aerospace vehicles, the problem of liquid 

sloshing has received considerable attention. Fuel containers of 

rockets and missiles are subjected to vertical excitation due to dynamic 

coupling between the structure and the engine thrust. Fuel tanks in 

aircraft experience vertical excitation while taxiing, taking off, and 

landing due to travel over uneven track, and also during flight due to 

air turbulence. The free surface oscillations of liquid propellants 

inside fuel tanks exert forces and moments on the vehicle, and these can 

interact with the dynamics of the control system or the structural 

system, or with both simultaneously. The DC-3 was particularly 

susceptible to wing flapping in flight, and was nick-named the 11 Gooney 
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Bird." The danger of this type of resonant oscillation of the wings and 

hence the fuel tanks is the possibility of exciting parametric 

resonances on the free surface of the fuel. Railway tank cars, tank 

trucks, and automotive vehicles carrying liquid as cargo or fuel are 

also subjected to vertical excitation due to track roughness. Even dams 

and overhead tanks of all types experience vertical motion during 

earthquakes. Consequently, there are many fluid related structures that 

are susceptible to parametric vibration. 

Parametric resonances were first observed by Faraday [1831] in the 

surface oscillations of liquids in containers. Faraday [1831] and Lord 

Rayleigh [1883a,b] studied such 11 crispations 11 experimentally and noted 

that the surface oscillation frequency was typically one-half that of 

the excitation frequency. Benjamin and Ursell [1954] derived an 

infinite set of Mathieu equations to describe the linear vibrations of 

the liquid surface; their stability analysis provided a theoretical 

basis for the frequency demultiplication observed by Faraday and 

Rayleigh. Dodge et al [1965) gave a finite-amplitude analysis for free 

surface vibrations of a liquid in a vertically excited cylindrical 

container, but Miles [1984) pointed out that "their equations of motion 

for the modal amplitudes violate reciprocity conditions that are 

implicit in the underlying (Newtonian) mechanics." Ockendon and 

Ockendon [1973) extended the analysis of Benjamin and Ursell [1954] to 

small but finite amplitudes, but did not calculate the parameter that 

measures the effects of nonlinearity. Miles [1984) extended the 

analysis of Ockendon and Ockendon [1973] by giving an explicit 
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expression for this parameter; he also included linear damping and 

analyzed the case of a perfectly tuned 2:1 internal resonance when the 

lower mode was excited by a principal parametric excitation. Henstock 

and Sani (1974] also gave a finite-amplitude analysis, but they applied 

the free-surface boundary conditions at the equilibrium rather than the 

disturbed surface and obtained a nonlinear correction to the frequency 

that was of first order rather than second order in amplitude. Nayfeh 

(1987] analyzed the nonlinear response of the free surface of a liquid 

in a cylindrical container to a harmonic vertical oscillation in the 

presence of a 2:1 internal resonance. He used the method of multiple 

scales to determine the amplitude and phase modulation of the two modes 

involved in the internal resonance when the lower mode was excited by a 

principal parametric excitation. He found trivial, limit cycle, 

amplitude- and phase-modulated sinusoidal, and chaotic responses. 

Recently, a number of experiments have been conducted to 

investigate the free-surface vibrations of liquids in vertically 

oscillating containers. Ibrahim and Barr [1975a,b] and Ibrahim (1976] 

investigated both theoretically and experimentally the response of a 

fluid-filled cylindrical structure, looking particularly at two- and 

three-mode interactions of the fluid and the structure which was mounted 

on an elastic support. 

Keolian et al (1981, 1984] used liquid helium and water in thin 

annular troughs and observed period doubling as well as quasiperiodic 

surface waves involving three modes. 
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Khandelwal and Nigam (1981] investigated the free surface of a 

liquid in a rectangular container with a flexible base under a vertical 

periodic excitation. They used Bolotin's method to determine the 

regions of principal and fundamental parametric resonance (instability 

regions). The flexible base reduced the regions of parametric 

instability of the free surface. 

Hashimoto and Sudo (1984] performed a series of experiments to 

investigate the dynamic behavior of the gas-liquid interface in a 

cylindrical container subject to vertical vibration. Gollub and Meyer 

(1983] examined the loss of stability of a single axisymmetric mode and 

its period-doubling bifurcations. At relatively high amplitudes, they 

observed temporal chaos with azimuthal spatial modulation. Ciliberto 

and Gollub [1984, 1985] examined the case in which the excitation 

amplitude and frequency are near the interaction of the stability 

boundary between two degenerate modes and found that they can compete to 

produce either periodic or chaotic motion. 

Since parametric resonances can occur on the free surface of a 

liquid in a vertically moving container, a principal design problem is 

that of eliminating or suppressing the large amplitude resonant response 

when it occurs. If detuning the system or incorporating a flexible tank 

bottom is not a feasible option, another method must be considered. 

Hasegawa and Kondah (1986] investigated the possibility of adding a 

small amount of fluid of lower density and higher viscosity to the 

original fluid; such a fluid would come to rest as a top surface layer, 

and being more viscous than the underlying fluid, would tend to have 
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stabilizing effects. Their predicted responses of increased stability 

were confirmed by experiments. This phenomenon has been observed in 

stormy seas when oil has been sprinkled (or spilled by accident) on the 

surface; the amplitude of the wave motion was observed to decrease. 

1.4.10 Parametric Instability 

As noted in Section 1.2.4, one principal engineering problem is 

determining the boundaries of the instability regions. The classical 

methods for doing this, such as Hill's infinite determinant, are well 

documented in the literature. Recently, modifications of the classical 

methods as well as new methods have been reported. 

Kotera [1980) used Lyapunov's theorem to obtain characteristic 

equations, and from these equations used a simple approximate method to 

estimate the eigenvalues. He included combination resonances of the sum 

type, subharmonic combination resonances, superharmonic resonances, and 

subharmonic resonances in his example. 

Sinha et al [1979) discussed an approximate method for determining 

the stability boundaries of second-order linear systems with periodic 

coefficients. The periodic functions were approximated during the first 

period of motion by functions of time such that the resulting 

approximate equations had known closed form solutions. The stability 

criteria was determined from the solution of the approximate system and 

Floquet theory. 

Takahashi (1981,1982] investigated parametric instability in a 

linear MDOF system of coupled Mathieu equations by using the method of 
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harmonic balance; he assumed a Fourier series with periods T and 2T for 

the solutions. His analysis also included cases of combination 

resonance. 

Papastavridis (1982] investigated a variational method based on 

Hamilton's principal to determine the stability boundaries of Mathieu's 

equation. He generalized the conventional Hamilton's principle by 

treating the time-dependent parameters in the system as additional 

generalized coordinates and subjected them to similar variations. 

Noah and Hopkins (1982] described a method for investigating the 

stability of the trivial solution of a general system of linear second-

order differential equations. The method was based on a generalization 

of Hill's infinite determinant method and was illustrated on a MDOF 

discretized system describing pipes conveying pulsating fluid. 

Hansen (1985] described a method for investigating the stability of 

the trivial solution of coupled Mathieu equations. His method involved 

infinite determinants but used symbolic manipulation to rewrite the 

determinants as polynomials in the desired variables, the zeros of which 

were found by root searching. Using this approach, he was able to 

generate stability diagrams that were not confined to only small 

parameters. 

1.5 Su11111ary and Purpose 

In this introductory chapter, we have defined parametrically 

excited systems and discussed many of the unique features of parametric 

resonance; we have also seen that parametric vibration is as important 
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as conventional vibration even though it is not as common. Some 

features of parametric resonances have counterparts in both linear and 

nonlinear systems, and other features are unique to parametric 

systems. Hence, there are cases where parametric systems need to be 

analyzed as parametric systems because any attempt to model them as 

externally excited systems can lead to erroneous results. 

The literature review summarizes the work that has been 

accomplished in the last decade. The work in the United Kingdom is 

notable for its scholarship and accompanying experimental results, and 

the work in Japan is notable for its relatively large number of papers 

that report experimental results. The work in the United States is 

notable for its many scholarly theoretical works in the field. The 

theoretical findings often motivates the experimentalist to look for new 

behavior or provide an explanation for observed behavior not predicted 

by simple theory; and it also happens that the experimental results have 

motivated the theoretician to improve his model. Thus, a thorough 

investigation into the nonlinear dynamic behavior of a structure will 

include both the theoretical analysis and experimental observation. 

There are several observations to be made regarding the literature 

review. First, there is virtually no experimental work being performed 

in the USA in the area of harmonic parametric vibration; Ibrahim [1985] 

is performing experimental work in the area of random parametric 

vibration and is making a contribution to the literature. Second, most 

of the theoretical and experimental work presently being performed in 

the area of nonlinear dynamics is with external excitation. Literature 
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dealing with bifurcations and chaotic behavior in parametrically excited 

system is scarce in the journals that typically publish works relevent 

to theoretical and experimental mechanics. It is possible that 

literature on chaotic behavior in parametric systems does exist in other 

journals, but these were not searched in this review. 

In this dissertation, we will investigate parametrically excited 

structures that can be modeled by lDOF and 2DOF mathematical models. 

Nonlinear terms in the governing differential equations will be 

retained. The theoretical investigation will include developing 

perturbation solutions using the method of multiple scales. These 

approximate solutions will be compared with solutions obtained by 

integrating the original differential equations on the analogue and 

digital computers. The theoretical results will be compared with the 

experimental results obtained by shaking models consisting of beams and 

masses. 

In one sense, the experimental aspect of this dissertation provides 

the "proof" of any assumptions deemed necessary in the mathematical 

modeling of structures. Experiments performed on actual physical 

systems involve the least amount of idealization, and hence give the 

most realistic picture of the 11 real world". As we have seen, any time 

an equation is written to describe a structure or system, assumptions 

must be made and a certain amount of idealization occurs. All 

subsequent analysis performed using these idealized equations will be 

constrained to the behavior of these equations, which may or may not 

describe the original physical system in all respects. For these 
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reasons, the experimental data--even with systematic, random, and human 

error present--will provide the benchmark with which to gage the 

theoretical model. Historically, the experimental study of structural 

vibration has provided a major contribution to our efforts to understand 

and to control the many vibration phenomena encountered in practice. 

Since the early days of awareness of vibrations, experimental 

observations have been made for the two major objectives of determining 

the nature and extent of vibration response levels and verifying 

theoretical models and predictions. The work in this dissertation falls 

into the second category. 

Thus, the purpose of this dissertation is to investigate--both 

theoretically and experimentally--the nature of parametric resonances in 

structures that are most accurately modeled by nonlinear equations with 

time-dependent coefficients. In MDOF systems, the possibility of 

internal resonances and combination resonances exist, which allows modal 

interaction to occur. Chaotic behavior and period-doubling bifurcations 

leading to chaos in parametrically excited systems have been observed in 

mathematical models, but they have been demonstrated on pendulums 

only. We have demonstrated chaotic behavior on parametrically excited 

long flexible beams in the vibration laboratory at VPI & SU. Hence, one 

of the thrusts of this dissertation will be to compare the mathematical 

model of a structure with the experimental observations in the 

laboratory. If we can predict behavior and then observe it, then our 

understanding of the causes, and hence some cures, of parametric 

resonance will have been advanced. 
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Figure 1.2 Examples of dynamic systems subjected to parametric excitation: (a) pendulum with 
a moving hinge, (b) cantilevered beam carrying a lumped mass clamped to a moving 
support, (c) torsional pendulum with a moving hinge (Schmidt, 1981), (d) tubes 
conveying fluid, (e) tubes with external axial flow, (f) shafts transmitting 
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Figure 1.2 continued, (g) rod with axial loads, (h) string with variable tension, (i) string 
with variable tension and length, (j) moving rod, (k) moving rod with variable 
length, (l) rod with moving support. 
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loading with pulsating component. 



Figure 1.3 
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Free-body diagram of a string element in a displaced 
position. 
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Figure 1.4 
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Response amplitude to a parametric excitation for (a) a 
linear system, (b) a nonlinear system, and (c) a 
nonlinear system that possesses a subcritical 
instability. 
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Figure 1.5 
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Stability diagram of the undamped Mathieu oscillator, 
also known as the Strutt diagram. 
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Figure 1.6 
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Effect of damping on the instability regions of Figure 
1.5 (Nayfeh and Mook, 1979). 
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Figure 1.7 Examples of dynamic systems with autoparametric interaction caused by internal 
resonance: (a) elastic pendulum, (b) 200F system (Hatwal, et al, 1982, 1983), (c) 
3DOF system (Hatwal, 1982), (d) vibration absorber (Haxton and Barr, 1973), (e) 
elastic structure carrying a liquid tank (Ibrahim and Barr, 1975), (f) system of 
rods (Forys and Niziol, 1984) • 
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continued, (g) 2DOF system with 2:1 internal resonance (Haddow, Barr, and Mook, 
1984), (h) 4DOF system with internal resonances (Bux and Roberts, 1986), (i) MDOF 
flexible beam with 2:1 internal resonance between the 3rd and 4th modes, 
(Zavodney, 1987) • 



Figure 1.8 
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Examples of dynamic systems susceptible to combination 
resonances caused by parametric excitation: (a) vertical 
flexible cantilever beam responding with two modes 
(Jaeger and Barr, 1966), (b) horizontal cantilever beam 
responding with transverse and torsion modes (Dugundji 
and Mukhopadhyay, 1973). 
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Figure 1.9 
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Stability diagrams of a multi-degree-of-freedom system 
showing the combination resonances that exist in a 
particular system. 
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CHAPTER II 

FUNDAMENTAL PARAMETRIC RESONANCE IN A SINGLE-DEGREE-OF-FREEDOM SYSTEM 

This chapter considers the response of one-degree-of-freedom 

systems with quadratic and cubic nonlinearities to a fundamental 

parametric resonance. The problem is governed by 

•• • . 2 2 2 
u + 2£µU + [w 0 + £oU + £ au + £g cosnt]u = 0 , (2.1) 

where the dots indicate differentiation with respect to time, £ is a 

small dimensionless parameter, and µ, w0 , o, a, g and n are constants. 

The quadratic term may be due to curvature or an asymmetric material 

nonlinearity whereas the cubic term may be due to mid-plane stretching 

or a symmetric material nonlinearity. The parametric term may be due to 

a harmonic axial load. 

2.1 Multiple Scales Analysis 

A second-order uniform solution of (2.1) is sought using the method 

of multiple scales {Nayfeh [1973, 1981, 1985]) in the form 
2 

u(t;E) = Uo(To,T1,T2) + £U1(To,T1,T2) + £ Uz{To,T1,T2) + ••• ' (2.2) 

where T0 = t is a fast scale associated with changes occuring at the 
• 2 frequencies w0 and n, and T1 = Et and T2 = £ t are slow scales 

associated with modulations in the amplitude and phase caused by the 
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nonlinearity, damping, and resonances. In terms of the Tn, the time 

derviatives become 
d 2 dt =Do+ eD1 + e 02 + ••• ' 

{2.3) 

. . . , 
a where On = ay- • Substituting {2.2) and (2.3) into (2.1) and equating 
n 

coefficients of like powers of e, we obtain 

2 2 
Douo + wouo = 0 ' {2.4) 

2 2 20 001u0 
2 

Dou1 + wOUl = - 2µ0 0u0 - gu cosaT - oU 0 0 0 ' (2.5) 

2 2 2 
Dou2 + wOU2 - - 20 002u0 D1u0 - 20 001u1 2µ0 0u1 

The solution of {2.4) can be expressed in complex form as 

(2. 7) 

where A is the complex conjugate of A. Then, {2.5) becomes 

iw 0T0 1 i(n + w0 )T 0 
2iw0 {0 1A + µA)e - 2 gAe = -

{2.8) 

Any particular solution of {2.8) contains secular terms and small-

divisor terms when a~ 2w 0 {i.e., principal parametric resonance). For 

the case of fundamental parametric resonance (i.e., a~ w0 ), there are 
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no terms in (2.8) that lead to small-divisor terms. Then, eliminating 

the terms that lead to secular terms yields 

D1A = - µA • (2.9) 

Consequently, the solution of (2.8) becomes 

&AA gA i(n+w0 )T0 A i(n-w0 )T0 
u =--+ - e + 9 e 

i 2 2n(n+2w 0 } 2n(n-2w 0 ) 
WO 

Substituting (2.7) and (2.9) into (2.6) yields 

2 -

[2 . D A D2A 2 D A (3a - l0&2 )A 2A lwo 2 + i + ll 1 + 
3w 0 

+[terms having the frequencies± 2w 0 , 

{2.10) 

Any particular solution of (2.11) will contain small-divisor terms 

To treat the fundamental parametric resonance n = w0 , we introduce 

the detuning parameter a according to 
2 

n = w0 + e; a , (2.12) 
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and write 

(2.13) 

Then, eliminating the terms that produce secular terms from (2.11) 

yields 

2 - 2 
2i D A D2A 2 D A (3a - lOo2 )A 2A - ~2 WO 2 + l + µ l + 

3w 0 6w 0 

2 5ogA 
2 6w 0 

where n was replaced with w0 • Using (2.9) to eliminate D1A 

from (2.14) yields 

(2.14) 

We can easily verify that (2.9) and (2.15) are the first two terms in a 

multiple-scales analysis of 

2 • 2 5e ogAA el€ crt 
2 

3w 0 

2 2A- 2. 2 
e g e le crt _ 0 2 -
4w 0 

2 2 5€ ogA 
2 6w 0 

e 
• 2 

-1€ crt 

(2.16) 

At this point it is convenient to express the complex function A in 

polar form as 

A=~ a e16 • (2.17) 
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Substituting (2.17) into (2.16) and separating real and imaginary parts 

yields 
2 2 

a. = _ a + 5£ oga 
€µ. 3 

24w 0 

2 2 
siny + i:: ~ a sin2y , 

8w 0 
{2.18) 

2 2 2 2 2 2 

as= i:: 2 [(.l:!..__2 + 9 3 )a - aea 3 ] +Si:: ~ga cosy+ i:: ~a cos2y , (2.19) 
wo 12w0 8w 0 8w 0 

where 
2 

3a So 2 
a = - - -- y = € at - a • e 8wo 12w~ t 

{2.20) 

Substituting (2.7) and {2.10) into (2.2) yields 
2 

u =a cos(w 0t + s) + i::{ 0a 2 cos{2w 0t + 2s) + 2n(~!2w 0 ) cos[(a + w0 )t +a] 
6w 0 

(2.21) 

where a and s are given by (2.18) and (2.19). 

It follows from (2.18)-(2.21) that, to the second approximation, 
2 2 the nonlinearity has three effects: (a) a shift i:: aea in the natural 

frequency, (b) the generation of the second harmonic in the response, 

and (c) a drift -i::oa 2 /2w~ in the response. The last two effects are 

produced by the quadratic nonlinearity, whereas the frequency shift is a 

combined effect of the cubic and quadratic nonlinearities according to 

(2.20). When ae > 0, the frequency increases with amplitude and the 

nonlinearity is called a hardening nonlinearity. On the other hand, 

when ae < 0, the frequency decreases with amplitude and the nonlinearity 

is called a softening nonlinearity. Although the cubic nonlinearity may 
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have a softening or hardening effect, depending on the sign of a, the 

quadratic nonlinearity always has a softening effect, regardless of the 

sign of o. The overall effect of the nonlinearity depends on the sign 

and magnitude of ae' which in turn depends on the sign of a and the 

relative magnitudes of lal andlol. 

Periodic solutions of (2.1) correspond to the fixed points (i.e., 

constant solutions) of the modulation equations {2.18) and {2.19), which 

in turn correspond to a= 0 and y = 0 • It follows from (2.18) and 

(2.19) that periodic solutions correspond to either a = 0 or 
2 

µ = Seo~a siny + ~ sin2y , (2.22) 
24w 0 8w 0 

2 2 2 

cr + [-µ-+ _g_ - a a2 ) = - Sag~ cosy - ~ cos2y. (2.23) 
2wo 12w~ e 8wo 8wo 

In this case, for a given cr and g, (2.22) and (2.23) need to be solved 

numerically to determine a and y • 

To determine the stability of the trivial fixed points, we 

investigate the solutions of the linearized form of {2.16); that is, 

Letting 
• 2 

A = {B + iB.)e1 e crt r , 

in (2.24) and separating real and imaginary parts, we obtain 

(2.24) 

(2.25) 

(2.26) 
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(2.27) 

Equations (2.26) and (2.27) admit solutions of the form 

(2.28) 

provided that 

(2.29) 

Consequently, a trivial fixed point is unstable when 

2 (2.30) 

Otherwise, it is stable. 

To determine the stability of the nontrivial fixed points, we let 

(2.31) 

where a0 and Yo correspond to a nontrivial fixed point, and a1 and y1 

are perturbations which are assumed to be small compared with a0 and 

y0 • Substituting (2.31) into {2.18) and (2.19) and linearizing the 

resulting equations, we obtain 
2 2 

e: g ao 
cosy 0 + 3 cos2y 0 ]r 1 , 

4w 0 

(2.32) 
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(2.33) 

Consequently, a nontrivial fixed point is stable if and only if the real 

parts of both eigenvalues of the coefficient matrix in (2.32) and (2.33) 

are less than or equal to zero. 

In general, the stability of the fixed points is a continuous 

function of the system parameters. As one of the parameters of the 

system, say a or o or g or o, is varied, it may happen that the 

corresponding fixed point may undergo a change in stability. For 

positive damping (i.e., µ > 0), the system changes stability in one of 

two ways. First, one real eigenvalue of (2.32) and (2.33) passes from 

the left to the right half of the complex plane through the origin. 

This corresponds, under some nondegeneracy conditions (see Guckenheimer 

and Holmes [1983)), to a turning point in the response curves and gives 

rise to the jump phenomenon. Second, the eigenvalues of (2.32) and 

(2.33) are complex conjugates and the fixed points lose their stability 

as the eigenvalues cross the imaginary axis from the left to the right 

half of the complex plane. This corresponds to the Hopf bifurcation 

(see Marsden and McCracken [1986)). Based on the Hopf bifurcation 

theorem (see Hale [1963)), we expect the modulation equations (2.18) and 

(2.19) to exhibit limit cycle oscillations near the Hopf bifurcation 
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parameters and hence the original equation to exhibit amplitude- and 

phase-modulated motions (i.e., a torus). 

2.2 Numerical Results of Approximate Solution 

Before considering the system response to a parametric excitation, 

we investigate the free response. The singular (equilibrium) points of 

the system are calculated from (2.1) by setting the excitation g and all 

derivative terms equal to zero. The roots of the reduced equation are 

then given by 

1 2 2 ~] u = 0, 2Ea (- o ± (o - 4w0a) • (2.34) 

For the cases analyzed in the present paper, we chose w0 = 1.0, a = 4.0, 

and E = 0.10. When o = 5.0 there are two stable equilibrium points 

(foci) and one unstable equilibrium (saddle) point. When o = 4.0, there 

are only two equilibrium points since the radical vanishes causing the 

left focus and saddle point merge to form a cusp (repeated root); when 

o = 3.0, the only real root is the origin. Phase plane plots and 

potential energy diagrams are shown in Figure 2.1 for these three 

cases. The perturbation analysis was applied to motions about the 

equilibrium point at the origin. 

In the presence of damping and excitation, an approximate 

expression for the response is given by (2.21). The steady-state 

response amplitude a and phase y used to calculate u(t) are determined 

numerically from (2.22) and (2.23). The value of y is determined 

numerically from 
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F(y) 
2 2 24 3 

n woµ 3g sin2y 2 
=a+-µ-+~-a ( - - -) 2w 0 12w~ e 5£6g siny 56siny 

3 
5 24w 0 µ 3 . 2 

+ 69 cosy ( g s1n2x) + g c~s2y ~ 0 , 
3 5£6g siny - 56siny 8w 0 8w 0 

(2.35) 

and then the amplitude a is calculated directly from (2.22). The 

stability of each solution, including the trivial solution, is 

determined from (2.30), (2.32), and (2.33). In the following 

discussion, we examine how the response depends on the system 

parameters. Since we are examining the response near the singular point 

at the origin, only the first case with one equilibrium point (of the 

system parameters shown in Figure 2.1) will be considered. All three 

cases have stable trajectories about the origin which are quite similar 

in nature. The differences become apparent when the amplitude of the 

motion becomes large enough to be affected by the homoclinic orbit 

(i.e., the separatrix of the unforced, undamped system); however at 

these amplitudes, the small amplitude assumption underlying the 

perturbation solution ceases to be valid. The latter portion of this 

paper discusses two techniques for investigating large amplitude 

responses and considers the third case which has three equilibrium 

positions. 

The effect of the excitation g is determined in the manner 

described above; that is, by solving for the roots of (2.35) and 

calculating the amplitude a as g is varied. The results of one choice 

of system parameters are shown in Figure 2.2. There are several 

interesting features characterizing the response. As expected, the 
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excitation amplitude must exceed a threshold (critical) value in order 

to excite a parametric resonance. Neglecting the nonlinear terms, we 

find from (2.24)-(2.30) that the threshold value predicted by the linear 

theory is given by (2.30) with the inequality sign being replaced with 

an equality. In this case, the linear threshold value is g3 = 10.6006. 

It follows from Figure 2.2 that the threshold value predicted by the 

linear analysis is higher than the threshold value g1 = 9.8321 

predicted by the nonlinear analysis, a phenomenon called sub-critical 

instability. Another interesting feature of the response is that there 

are four bifurcation values of g that divide the g axis into five 

distinct intervals. In region I (g < g1), there is only one trivial 

solution which is stable. In II (g 1 < g < g2 , where g2 = 10.3327), 

there are three possible solutions: the trivial solution, which is 

stable, and two nontrivial solutions, the larger·of which is stable. In 

III (g 2 < g < g3 ), there are five possible solutions: the trivial 

solution, which is stable, and four nontrivial solutions, two of which 

are stable. In IV (g 3 < g < g4 , where g4 = 11.1394), there are also 

five possible solutions: the trivial solution, which is unstable, and 

four nontrivial solutions, three of which are stable. In V (g > g4 ), 

there are three possible solutions: the trivial solution, which is 

unstable, and two nontrivial solutions, which are stable. 

The interesting behaviors in Figure 2.2 were verified by 

numerically integrating both the amplitude- and phase-modulation 

equations (2.18) and (2.19) and the original governing equation (2.1) 

using a 5th and 6th order Runge-Kutta-Verner algorithm. For g = 5.0, 
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the perturbation solution predicts one solution -- a stable trivial 

solution (region I). The long-time solution of the original equation 

(2.1) shown in Figure 2.3 verifies the perturbation result. When g = 
15.0 (region V), we found two steady-state amplitudes of vibration, 

again verifying the perturbation analysis. 

The most interesting behavior occurs in regions II, III, and IV of 

Figure 2.2. In region IV, the perturbation solution predicts three 

stable and two unstable responses. The long-time behavior of the 

solutions of the modulation equations (2.18) and (2.19) is shown in 

Figure 2.4, and we see three stable steady-state amplitudes, as 

predicted by the analysis. We note that the trajectory that is 

attracted to the largest fixed point (corresponding to the largest 

steady-state response) may spend some time in the neighborhood of the 

unstable nontrivial fixed point on its way. The three solutions 

(attractors) predicted by the perturbation analysis for g = 11.0 and 

calculated using (2.21) are shown in Figure 2.5. The corresponding 

attractors obtained by numerically integrating (2.1) are shown in Figure 

2.6. We note the striking similarity in the qualitative nature of each 

of the small attractors. The long-time traces of the perturbation 

solutions in Figure 2.5 and the numerical simulations in Figure 2.6 are 

superimposed in Figure 2.7. Even though e is quite large, the 

approximate solution accurately predicts the number and the nature of 

the solutions and suffers only in accurately predicting the steady-state 

amplitude. Surprisingly, the largest response amplitude has the least 

peak-to-peak error. 
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Figure 2.8 shows a typical frequency-response curve. In this case, 

the nonlinear frequency shift is ezaeaz = - 2.25ezaz and hence the 

overall nonlinearity of the system is of the softening type as seen in 

the figure. This is due to the quadratic nonlinearity even though the 

coefficient of the cubic nonlinearity is positive (hardening). There 

are five bifurcation values of a that divide the a axis into six 

distinct intervals. When a> cr 5 , where a 5 = 24.3657, only the trivial 

solution is possible, which is stable. When cr 4 < a < cr 5 , where cr 4 = 
20.5624, there are three possible solutions: the trivial solution, which 

is stable, and two nontrivial solutions, the larger of which is 

stable. When a 3 <a< a 4 , where cr 3 = 7.0372, there are five possible 

solutions: the trivial solution, which is stable, and four nontrivial 

solutions, two of which are stable. When crz < a < cr 3 , where crz = 
6.3027, there are five possible solutions: the trivial solution, which 

is stable, and four nontrivial solutions, three of which are stable. 

When a 1 < a < a 2 , where a 1 = - 45.5372, there are three possible 

solutions: the trivial solution, which is unstable, and two nontrivial 

solutions, both of which are stable. When a< o 1 , there are three 

possible solutions: the trivial solution, which is stable, and two 

nontrivial solutions, one of which is stable. 

The effect of the strength of the perturbation coefficient e on the 

steady-state amplitude is shown in Figure 2.9. It shows a behavior 

similar to that of Figure 2.2. 
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The effect of damping on the response is shown in Figure 2.10. 

From this figure we conclude that a fundamental parametric resonance can 

be excited only if the damping coefficient is below a certain critical 

value. This critical value is larger than that predicted by the linear 

analysis (i.e., corresponding to the loss of stability of the trivial 

solution). 

Next, we discuss the influence of the coefficients a and o of the 

cubic and quadratic nonlinearities on the steady-state amplitude. As 

discussed earlier, the nonlinearities influence the steady-state 

amplitudes through the nonlinear frequency shift e 2aea 2 , where ae is 

defined in (2.20). When ae = 0, the influence of the nonlinearity on 

the steady-state amplitude disappears and the parametric resonance 

produces an exponential growth of the response if condition (2.30} is 

satisfied. This growth is not limited by the damping and only 

nonlinearities can limit it. The larger ae is, the larger is the 

limiting effect and hence the the steady-state amplitude is smaller. We 

note that the present analysis is not valid when ae ~ 0, and higher-

order nonlinear effects must be included to limit the response. 

The effect of the coefficient a of the cubic nonlinearity on the 

system response is shown in Figure 2.11. It is asymmetric with respect 

to the origin. The effect of the coefficient o of the quadratic 

nonlinearity on the system response is shown in Figure 2.12. It is 

symmetric with respect to the origin. We note that it is only the 

larger of the two amplitudes that is affected when ae approaches zero. 

Outside this region, the large amplitude predicted by the perturbation 
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solution can be more accurate than the small 11 unaffected 11 amplitude, as 

seen in Figure 2.7. 

In summary, we have seen in this section that the perturbation 

solution predicts the complete nature of the response, including the 

total number of steady-state solutions and their qualitative features. 

As the perturbation coefficient E gets larger, or the effective 

nonlinearity ae approaches zero, the perturbation solution breaks 

down. We have also seen that even if the qualitative features of the 

perturbation solution in the phase plane deteriorate for the larger 

amplitude response, the peak amplitude of vibration predictea by the 

perturbation solution may be quite accurate. 

2.3 Analogue Computer Sinn.1lation 

The perturbation solution is good for small amplitude motions about 

one of the foci and improves as the value of E decreases. In general, 

when there is more than one focus, the free motion can be attracted to 

any of the stable foci. Figure 2.1 shows three classes of solutions. 

For the analysis in this section and the next, we consider the more 

interesting case of two foci and one saddle shown in Figure 2.l(c), 

corresponding to a double-well potential. In addition to small 

amplitude oscillations about the focus at the origin, we allow 

oscillations about the other focus and large amplitude motions 

encircling both foci and the saddle point. 

Equation (2.1) was simulated on an analogue computer for fixed 

values of t, o, a, µ, w0 , and n. Although many experiments were 
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performed varying all of the parameters, we present here only the free 

response and the effect of varying the magnitude g of the parametric 

excitation. The laboratory setup is shown in Figure 2.13 and the 

computer program is shown in Figure 2.14. 

The analogue computer, although not as accurate as the digital 

computer, was extremely useful in several areas. For example, to locate 

the separatrices and equilibrium positions, we used the repetitive 

operate mode. This mode automatically cycles the computer from the 

initial conditions to the run mode, so that the response trajectory can 

be observed up to several times a second on the oscilloscope, depending 

on the selected integration time. The time in the fast mode was scaled 

to run 400 times faster. The initial displacement and velocity can be 

easily changed so that locating the equilibrium positions (point 

attractors) and separatrices usually takes no more than a few minutes. 

The slow speed mode is used to make a permanent copy of the solution on 

the analogue plotter. When the system is forced, the steady-state 

response may be a point, a limit cycle, a torus, or a chaotic 

attractor. When multiple attractors coexist, the initial conditions 

determine the final state. The attractors and their domains {basins) of 

attraction can be quickly mapped out on the analogue computer if the 

boundaries are not fractal. 

Near the bifurcation points, achieving a steady-state solution 

requires many cycles, and this can be expensive on a digital computer. 

For example, to achieve a steady-state solution may require 50,000 

cycles (of the excitation) with 100 points per cycle using a 5th and 6th 
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order Runge-Kutta-Verner algorithm. However, on the analogue computer, 

these bifurcation points can be easily located. Only seconds are needed 

to achieve a steady-state solution when operating in the high speed 

mode. Once a steady state has been achieved, any system parameter can 

be varied continuously, thus only slightly disturbing the system from 

its steady-state response. In this manner, an attractor that has a very 

small domain of attraction and/or domain of existence may be realized by 

starting with system parameters that enlarge its domain of attraction 

and/or existence. This approach must be used to analyze a particular 

attractor near the bifurcation values because its domain of existence 

and domain of attraction are extremely small. Otherwise the transient 

response may have sufficient disturbance to prevent the trajectory from 

settling onto the desired attractor, even if the initial conditions are 

chosen on the attractor itself! We found that initial conditions on the 

positive displacement axis (i.e., zero velocity) coinciding with the 

trajectory are the best ones for attracting specific limit cycles, 

because the ensuing motion of the system followed the steady-state 

trajectory quite closely. This approach had to be used to attract some 

of the exotic trajectories such as the tripled period (3x) trajectory. 

Otherwise, we might have to wait up to one hour (in the slow mode) for 

some of the trajectories to settle down to their steady state. 

Equation (2.1) was programmed on the analogue computer with the 

parametric term programmed as a van der Pol oscillator (to maintain a 

constant amplitude). Figure 2.15 shows the results of varying only the 

amplitude of the excitation. These results show multiple attractors 
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(steady-state solutions), including the simultaneous coexistence of a 

limit cycle and a chaotic response, the familiar period doubling 

bifurcations leading both to chaos and extinction, and unexpected 3x, 

6x, 7x, and 12x bifurcations. In addition, the frequency spectra 

obtained by an FFT analyzer are shown in column B for the large-

amplitude attractors enclosing the three equilibrium positions, in 

column C for the small-amplitude attractors encircling the right focus, 

and in column 0 for the nontrivial attractor enclosing the left focus. 

For the larger excitations, enlarged trajectories about the origin are 

shown in column 0 since the two limit cycles overlap, making it 

difficult to distinguish between the two. 

The free response of the system is shown in Figure 2.lS(a)-A, where 

portions of the two inbound separatricies are shown. If the 

separatrices were extended further, the figure would take on an 

appearance similar to that of the shell plot in Dowell and Pezeshki 

(1986). The narrow banded region between the two separatrices is the 

domain of attraction of the origin and the wide region between the 

separatrices is the domain of attraction of the left focus. This phase 

plane plot locates all equilibrium points: two stable foci at -10.0 and 

0.0 and one unstable saddle point at -2.5. The displacement vs. time 

for the upper separatrix approaching the saddle point and going to the 

two foci is shown in Figure 2.15(a)-C. Note that the frequency of the 

free response about the origin is nearly one-half that of the left 

focus. Since the analogue computer is a physical device, it is not 

possible to get on the separatrix exactly. We got as close as possible, 
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then in the repeated runs we saw the solution going to the left or right 

focus in a random fashion. Sometimes it would set on the saddle point 

for 30 seconds (in the slow mode), but eventually would leave, as 

expected. As the excitation is increased from zero, the left 

equilibrium position becomes an attractor for limit cycles that have the 

same frequency as the excitation because it has in addition to the 

parametric excitation an external excitation driving the system at the 

excitation frequency. The origin however, remains a point attractor 

because it is purely a parametric resonance which requires a critical 

amplitude of excitation before a response can occur. 

As g is increased, a new limit cycle becomes stable--one that 

encloses all three equilibrium positions. Figure 2.15(c) shows two 

limit-cycle attractors and a point attractor. Since all three of them 

are stable, the initial conditions will determine the response. By the 

time g reaches 6.0 the left limit cycle vanishes; this happens when the 

limit cycle trajectory gets close to the separatrices. The trajectory 

crosses over and is instantly attracted to the larger limit cycle that 

encloses all the equilibrium positions. 

A period doubling bifurcation is easily seen by the time g = 6.25 

in Figure 2.15(d). The usual splitting of the trajectory is seen, and 

the octave between n and 2n is observed to split into two equal parts by 

the presence of a spectral line at 3n/2. In fact, all the octaves are 

observed to divide into two equal parts. The presence of the spectral 

line at n/2 (subharmonic bifurcation) shows that the period has now 

doubled. In Figure 2.15(e), the bifurcated trajectory becomes more 
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established, and the magnitudes of these halving spectral lines 

consequently increase. Increasing g further causes the previous pattern 

to repeat; a splitting of each of the previous harmonic bands into two 

bands. Now, the first spectral line occurs at n/4, implying a period 

quadrupling, as shown in Figure 2.15{f). We anticipate that this series 

of bifurcations, if continued, would lead to chaos. The numerical 

simulation shows what may be chaos, and it is possible that we do have 

chaos before the trajectory becomes unstable, but the range of g is so 

small, that it was not observed; instead, the trajectory bifurcated a 

number of times and became unstable. So, in this case the bifurcations 

end in an extinction. Figure 2.15(g) shows that the only limit cycle 

occurs at the origin. 

When an outer limit cycle does again become stable, it appears as a 

period doubled trajectory, but it takes on a new loop because a strong 

attraction still exists at the left focus. We see that it is that part 

of the trajectory coming the closest to the focus that is affected. 

This trajectory becomes stable for g = 11.3, and is shown for g = 11.5 

in Figure 2.15(h). Increasing g causes period doubling bifurcations 

leading to chaos, as shown in Figures 2.15{i)-2.15(k). Figure 2.15(j) 

shows what appears to be a chaotic response, but upon a closer 

examination it shows that the final steady-state response is only the 

limit cycle about the origin. This is sometimes called transient chaos 

in the literature. Increasing g causes the outer limit cycle to 

reappear, only to repeat the period doubling bifurcations l~ading to 

chaos. This is shown in Figures 2.15(i) -2.15(p). 
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An unexpected limit cycle appears in an island bounded by chaos on 

both sides, as shown in Figures 2.15(p)-2.15(s). Figure 2.15(q) shows a 

6x limit cycle. This is a marked departure from the previous 2x, 4x, 

Sx, etc., pattern usually encountered and well documented in the 

literature. This trajectory bifurcates in the normal manner into a 12x 

limit cycle. Further bifurcations eventually lead to chaos. 

Two other unexpected limit cycles appear, again bounded by chaos on 

either end, and are shown in Figures 2.15(t)-2.15(w). Figure 2.15(u) 

shows a 7x limit cycle, and Figure 2.15(v) shows a 3x limit cycle. The 

spectra of these two attractors show that the octave between 0 and n is 

divided into 7 bands (6 spectral lines) and into 3 bands (2 spectral 

lines), respectively. The transition (caused by very slowly varying g) 

from chaos to 7x and from 3x to chaos was observed to be a jump 

phenomenon; we did not observe the normal period doubling 

bifurcations. Likewise, the transition from 7x to 3x and from 3x to 7x 

was also observed to be a jump phenomenon. Increasing g very slowly and 

then decreasing it very slowly showed that there were regions of 

coexistence (overhangs) of different attractors, thereby giving rise to 

the jumps. 

Increasing g further shows another island of non-chaotic response 

in the midst of chaotic motion. Figures 2.15(x}-2.15(aa) show the 

banding of the chaotic response leading eventually to another tripled 

period limit cycle which eventually jumps into chaos. 

Figures 2.15(bb)-2.15(dd) show the system response coming out of 

chaos through the normal period demultiplying bifurcations, culminating 
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in yet another new limit cycle. The limit cycle surrounding just the 

origin has maintained stability throughout the entire range of g, and 

aside from the small lobe, it has simply increased in amplitude. It is 

a separate attractor from the larger outer attractor, even though they 

seem to overlap. Although we have not shown it here, further increases 

in g causes this outer attractor to bifurcate again, become unstable, 

and eventually give rise to yet another new limit cycle that encircles 

all three equilibrium positions. 

There is a second outer attractor coexisting with the previous 

outer attractor (shown in Figure 2.15(x) and following) that is 

distinctly different but having the same period as the excitation, and 

it contains the same frequency components. This attractor becomes 

stable for g ~ 25.0 and exists through g = 50.0, although it changes 

profile and bifurcates before it becomes unstable. We did not study 

this or other large excitation responses in detail on the analogue 

computer. Two of these limit cycles are shown in Figures 2.lS(ee) and 

2.15(ff}, and more are shown later in the next section. 

Figure 2.15(q) shows a 6x period response for g = 20.57. When g = 

26.3, the 3x response of Figure 2.15(z) experiences a period doubling 

bifurcation, resulting in a 6x period response. Although the spectral 

components are at the same frequencies, their magnitudes are quite 

different. 

Figure 2.16 shows selected time histories of the attractors 

described in Figure 2.15, with the relative phase between the excitation 

and the response preserved. The period multiplying bifurcations of the 
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response are not as obvious on the time history plots as they are on the 

phase plane plots, but careful examination of the amplitudes of the 

peaks will reveal the bifurcations. 

There are at least two more solutions that are not documented here, 

one encircling the left focus approaching the separatrix and a second 

encircling the origin coexisting with the limit cycle shown .above. The 

two attractors at the origin were discussed in Section 2.2. 

In summary, we were able to gain insight into the various 

attractors, locate their domains of existence, and map out their domains 

of attraction much more quickly on the analogue computer than on the 

digital computer. In fact, we found some solutions on the analogue 

computer that we missed on the digital computer; consequently we went 

back and found them on the digital computer. With the help of the 

analogue computer, we were able to locate the domains of attraction 

using the digital computer. 

We were also able to vary the excitation (and all other parameters 

as well) after achieving a steady-state condition. This is something 

not usually done on the digital computer. With the real time solution 

being displayed on the oscilloscope, the visual impact of a bifurcation 

accompanied by the instantaneous change of the frequency spectrum 

displayed in real time is quite illuminating and fascinating. 

We did not achieve exact numerical correspondence in the value of g 

from the simulation on the digital computer with those on the analogue 

computer because there are many variables in this problem. It appears 

that all the error was associated with the value of g because it was the 
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system parameter that was varied. Actually, there is some error in all 

of the other parameter settings, and it simply appears to be accumulated 

in the setting of g. The trends, trajectories, and bifurcations were 

observed on the digital computer also, but at slightly different values 

of g. 

There still remain some details that need attention to improve the 

analogue computer results in accuracy and consistency at the fast and 

slow speeds. We experienced slight variations in the day-to-day results 

of identical tests when we were near critical points. Even though this 

is a fairly simple one-degree-of-freedom problem, the computer program 

uses a number of amplifiers, resistors, capacitors, and multiplier 

networks, each with its own peculiarities and drift rates, that 

contribute to accuracy and repeatability problems. For this reason the 

analogue computer, as an experimental apparatus, is best used as an 

instrument to locate and observe all possible solutions and map out 

trends. Then, we can use the digital computer to finalize the results 

if greater precision is needed. 

2.4 Digital Computer Simulation 

Equation (2.1) was simulated on the digital computer using a 5th 

and 6th order Runge-Kutta-Verner algorithm. The effect of varying the 

amplitude of the excitation and the initial conditions was studied in 

great detail, with only representative figures shown below. For chaotic 
# 

and bifurcated responses, Poincare maps were also plotted. This 

analysis essentially parallels that of the analogue computer simulation 
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and provides the numerical accuracy that is not available on the 

analogue computer. 

For small values of g, we found three attractors: two limit cycles 

and a fixed point at the origin (other attractors exist for limited 

ranges of system parameters, e.g., Figure 2.6). These are shown in 

Figure 2.17. That there are three attractors immediately raises the 

question regarding their domains of attraction. Figure 2.18 shows three 

different initial conditions leading to the three different attractors. 

By repeating this procedure over the domain ranging from -25 s u s 10 

and -10 s u s 10 and assigning a color code to the three solutions, a 

map showing the domains of attraction can be plotted as shown in Figure 

2.19. The color red denotes trajectories attracted to the left inner 

limit-cycle, black denotes the large outer limit-cycle, and white 

denotes the trivial attractor at the origin. From this figure we see 

that the basins are fractal because there are no well defined boundaries 

separating the domains of attraction, as was observed in Figure 6.10 in 

Chapter VI. Even if a finer resolution were used, they would still 

appear as continuous but intertwined domains of attraction. If we 

continue to enlarge a small section, it will display a well defined 

structure. We conclude, then, that this system is quite sensitive to 

initial conditions. Even changing the step size or the error tolerance 

in the algorithm affected the steady-state response to which the system 

was attracted when the chosen initial conditions were near a boundary • . 
In the following discussion, we show other responses that, for the 

most part, were not discussed in the analogue computer simulation. The 
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large outer trajectory is the most interesting attractor because it 

experiences several stages of period multiplying bifurcations, leading 

both to chaos and extinction. One sequence leading to extinction occurs 

when g = 5.80; at this level a period doubling is visible in the phase 

plane. By the time g = 6.50, another doubling occurs, followed by 

increased banding, and by the time g = 6.80, the attractor appears to be 
, 

chaotic. However, the Poincare map shows only a small attractor, as 

shown in Figure 2.20. It is possible that we are seeing a finite number 

of period doubling bifurcations. By the time g = 7.00, this attractor 

has become unstable and vanished, leaving only the point attractor at 

the origin, as was observed in Figure 2.15. 

When this outer trajectory again appears, it exhibits a period 

doubled bifurcation (as seen in Figure 2.15). Increasing g causes 

further period multiplying bifurcations, leading to chaos at g = 13.0. 

At g = 15.0, we have a stable double period trajectory that experiences 

the previously observed period doubling bifurcations, leading to chaos 

when g = 19.0. Figure 2.21 shows this strange attractor in the phase 
, 

plane and corresponding Poincare map. The state of the system chosen 
, 

for this Poincare map corresponds to the maximum value of the excitation 
, 

(phase ~ = 0.0). Figure 2.22 shows eight discrete Poincare maps at 

different phases of the excitation. Although it appears as eight 

disjointed maps, it actually changes smoothly as ~ varies from 0° to 

360°. 

Figure 2.23(a) shows the limit-cycle attractor at the origin 

experiencing its first period doubling bifurcation when g = 29.8; when g 
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= 30.5, Figure 2.23(b) shows the bifurcation to be well established and 

on the verge of disappearing. For larger values of g, this attractor 

becomes unstable and gives rise to yet a new larger limit-cycle 

attractor that encircles the origin once and then executes a trajectory 

that encircles both foci. This bifurcation is quite unusual because one 

normally sees an entire trajectory becoming unstable, causing something 

drastic to happen. In this case, only a portion of the trajectory 

becomes unstable (i.e., one of the two orbits constituting the periodic 

cycle) and bifurcates; the other (i.e., the inner) portion of the 

trajectory remains essentially as it was. 

Another outer trajectory appears simultaneously (when using 

appropriate initial conditions) when g = 24.0 and continues as g 

increases. Although it has a small loop, it has a period equal to that 

of the excitation (see Figures 2.15(ee) and 2.16(ee)). Figure 2.24 

shows three different response trajectories for increasing levels of 

excitation for this alternate outer trajectory. 

Figure 2.21 shows the original outer trajectory in a chaotic 

state. When g is increased, this trajectory eventually settles down to 

a Sx response when g approaches 24.0. This is shown in Figure 2.25 with 
~ 

the corresponding Poincare map showing five points. Note that this 5x 

response exists at the same level of excitation as the lx response shown 

in Figure 2.24. The initial conditions determine which attractor will 

be achieved. We could not obtain this 5x solution on the analogue 

computer. Holmes (1979] was able to obtain a Sx solution on the 

analogue computer using a Duffing equation. 
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Figure 2.26 shows the numerical simulation of the 7x response seen 

in the analogue computer simulation in Figure 2.15(u); it required over 
# 

3000 cycles to finally settle down. The Poincare map shows 7 points. 

2.5 Chapter Su11111ary 

The method of multiple scales was used to obtain a uniform second-

order expansion for the response of a one-degree-of-freedom system with 

quadratic and cubic nonlinearities to a fundamental parametric 

excitation. Steady-state solutions were obtained for small but finite 

amplitude oscillations around the origin, and it was shown that the 

results qualitatively describe the system response for the parameters 

chosen. For large amplitude oscillations, the equation was integrated 

on both the digital and analogue computers. The response of the system 

modeled on the analogue computer was analyzed using a Fast Fourier 

Transform (FFT) Analyzer. 

The perturbation solution predicts a threshold value of the 

amplitude g of the excitation for which a fundamental parametric 

resonance about the origin can be excited; it also predicts a 

subcritical instability. The perturbation solution predicts the number 

of stable limit cycles and qualitatively agrees with the digital and 

analogue computer simulations, especially for the smaller amplitudes of 

vibration. 

The more interesting problem is the -case of the double-well 

potential, having a stable limit~cycle attractor in each well (at 

different levels of excitation) and a large amplitude attractor about 
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both foci consisting of stable limit cycles and chaotic oscillations. 

Most attractors were observed on both the digital and analogue 

computers. The analogue computer was found to be extremely useful in 

locating possible attractors and defining their domains of attraction 

and existence. Once a trajectory was established, it was possible to 

locate its bifurcations by slowly varying any of the system 

parameters. The bifurcated and chaotic responses were observed on the 

oscilloscope and FFT analyzer. Although the analogue computer is a 

useful tool in the study of nonlinear systems, it does not have the 

numerical accuracy of a digital computer, which was used to determine 

more accurately the bifurcations after the survey work was completed on 

the analogue computer. 
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Analogue computer program used to simulate the nonlinear Mathieu oscillator 
using the nonlinear van der Pol oscillator as the excitation. This was 
necessary for long term behavior because the amplitude of a linear undamped 
oscillator would slowly drift. The nonlinearity was quite small, and the 
harmonic distortion was down 58 dB. 
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0.10. The excitation g varies from a.a to 32.0. These 
results were also obtained by numerical simulation on the 
digital computer. 
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Figure 2.16 Long-time history for selected cases shown in Figure 2.15, 
obtained by analogue computer simulation, with the 
relative phase between the excitation and the response 
preserved. 
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Phase-plane portraits of stable steady-state solutions of 
(2.1) for case (c) shown in Figure 2.1: a = 0.0, 
a = 4.0, ~ = 5.0, µ = 1.0, g = 5.0, e = 0.10. 
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Transient responses for each of the three different steady-state responses 
shown in Figure 2.15, u(O) = O: (a) u(O) = - 4.0, (b) u(O) = -5.0, (c) u(O) = 
-6.0. 



Figure 2.19 Fractal basin boundary showing domains of attraction for 
the three attractors shown in Figure 2.18: black-large 
outer attractor, red limit-cycle attractor about the 
focus at -10.0, white-trivial attractor; -20 5 u 5 10, 
-20 5 u 5 20. 
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(a) Phase-plane portrait and (b) Poincare map of the 
system obtained by numerical integration of (2.1) showing 
what appears to be chaotic response: a = 0.0, a = 
4.0, 6 = 5.0, µ = 1.0, g = 6.80, e = 0.10. This is the 
same outer attractor as shown in Figure 2.15, but it 
becomes unstable and vanishes when g is increased to 7.0. 
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Figure 2.21 
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-(a) Phase-plane portrait and (b) Poincare map of the 
system obtained by numerical integration of (2.1) showing 
chaotic response: a = o.o, a = 4.0, 6= 5.0, p = 1.0, g 
= 22.0, t = 0.10. 
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"' Poincare maps of the chaotic response shown in Figure 
2.21 at different phases of the excitation: (a) + = 0°, 
(b) + = 45°, (c) + = 90°, (d) + = 135°, (e) + = 180°, 
(f) • = 255°, (g) • = 270°, (h) • = 315°. 
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Phase-plane portraits of the attractor at the or1gin 
show1ng 1ts first period doubling bifurcation encircling 
the focus at the origin (a) g = 29.8 and (b) g = 30.5: 
a = 0.0, a = 4.0, 6 = 5.0, p = 1.0, e = 0.10. 
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Figure 2.24 

(a) (b) 

u 
5 

Phase-plane portraits of an attractor that coexists with 
those found earlier {shown as the outer trajectory in 
Figure 2.15)for {a) g = 24.0, {b) g = 45.0, and {c) g = 
50.0: a = 0.0, a = 4.0, 6 = 5.0, µ = 1.0, £ = 0.10. 
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Figure 2.25 

(a) (b) 

• 
• • 

u 
10 

• 

(a) Phase-plane portrait and (b) Poincar; map of the 
system obtained by numerical integration of (2.1) showing 
a 5x response: a = 0.0, a = 4.0, a = 5.0, = µ 1.0, g = 
24.0, £ = 0.10. This response is embedded between 
chaotic responses. Note that this level of excitation is 
identical to that in Figure 2.24. 
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Figure 2.26 

(a) (b) 

• 
• • 

u 
10 • 

• 

• 

• 

# 

(a) Phase-plane portrait and (b) Poincare map of the 
system obtained by numerical integration of (2.1) showing 
a 7x response: a = 0.0, a = 4.0, 6 = 5.0, µ = 1.0, g = 
21.0, e = 0.10. 
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CHAPTER III 

PRINCIPAL PARAMETRIC RESONANCE IN A SINGLE-DEGREE-OF-FREEDOM 

SYSTEM WITH QUADRATIC AND CUBIC NONLINEARITIES 

This chapter is concerned with the response of one-degree-of-

freedom systems with quadratic and cubic nonlinearities to a principal 

parametric resonance. The problem is governed by 

2 2 2 u + 2EµU + [w 0 + EoU + E au + Eg cosnt]u = 0 , (3.1) 

which is the same as (2.1). In this chapter we consider the case 

when n = 2w 0 • 

3.1 Multiple Scales Analysis 

The analysis in Chapter II can be used up to {2.8). At this point, 

the particular resonance must be specified because it will affect the 

solvability conditions. In Chapter II we chose n = w0 , which did not 

cause any small-divisor terms in (2.8). This happened because n = w0 is 

a secondary parametric {fundamental) resonance. However, when we 

choose n = 2w 0 , which is a pr-incipal parametric resonance, we do have a 

small divisor in the particular solution generated by the term 

containing exp[i(n - w0 )T 0 ]. 

To treat this case, we introduce a detuning parameter a to convert 

the small-divisor terms into secular terms according to 

(3.2) 
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Then, we write 

(n - w0 }T0 = w0T0 + aT 1 • (3.3) 

Eliminating the terms in (2.8) that produce secular terms in u1 yields 

1 - iaT1 
2iw 0 (D 1A + µA) + 2 gAe = 0 • (3.4) 

Then, a particular solution of (2.8) is 

oAA gA i(n+wo}To oA2 2iwoTo 
u1 = - -2- + 2n(n+2wo) e + -2 e + cc (3.5) 

w0 3w 0 

Substituting (2.7) and (3.5) into (2.6) yields 

2 . • T lOo 2- lwo o 
- ~2- A A]e + cc + NST • (3.6) 

3w0 

Eliminating the terms that produce secular terms from (3.6) yields 

2 - 2 -
2. D A D2A 2 D A Z A + 3aA 2A - lOo A2A = 0 lwo 2 + l + µ l + 4n n+2wo) 2 (3. 7) 

3w 0 

To eliminate D~A from (3.7), we differentiate (3.4) with respect 

to T1 and obtain 
,'n - iaT 1 - iaT 

D 2A D A ....:..oL- D A - ~ Ae 1 i=-µ1+4 ie 4 Wo Wo 
(3.8) 

Using (3.4) and (3.8) to eliminate D~A and D1A from (3.7), we obtain 

3 2 2 lOo 2 2- - i a Ti 
2iw002A + (~ - ~ )A + (3a - ~2-)A A - ~ Ae = 0 , (3.9) 

32w 0 3w 0 wo 

where n was replaced with n = 2w 0 • We can easily show that (3.4) and 

(3.9) are the first two terms in a multiple-scales analysis of 
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(3.10) 

Substituting the polar form 

(3.11) 

into (3.10) and separating real and imaginary parts, we have 

. ~ (1 €0 ) • a = - eµa - 4 - -2 a s1ny , 
wo wo 

(3.12) 

where 

y = eat - 2a , (3.14) 

and 
2 

3a 5& a=----e Bwo 12w~ • (3.15) 

Substituting {2.7) and (3.5) into {2.2) yields 

1 1 1 2 u = a cos(2 nt - 2 y) + e{6 &a cos(nt - y) 

ga [ 3 1 ] 1 2 + 2n(n+2wo) cos 2 nt - 2 Y - 2 &a } + ••• ' (3.16) 

where a and y are given by (3.12)-(3.14). 

It follows from (3.12)-(3.16) that, to the second approximation, 

the nonlinearity has three effects: 2 2 (a) a shift e aea in the natural 
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the nonlinearity has three effects: (a) a shift e 2aea 2 in the natural 

frequency, {b) the generation of the second harmonic in the response, 

and (c) a drift -e6a2/2 in the response. The last two effects are 

produced by the quadratic nonlinearity, whereas the frequency shift is a 

combined effect of the quadratic and cubic nonlinearities according to 

(3.15). When ae > 0, the frequency increases with increasing amplitude 

and the nonlinearity is of the hardening type. On the other hand, 

when ae < 0, the frequency decreases with increasing amplitude and the 

nonlinearity is of the softening type. Although the cubic nonlinearity 

may have a softening or hardening effect, depending on the sign 

of a, the quadratic nonlinearity is always of the softening type, 

regardless of the sign of &. The overall effect of the nonlinearity 

depends on the sign and magnitude of ae, which in turn depends on the 

sign of a and the relative magnitudes of lal and l&I. 

For steady-state solutions, a = 0 and y = 0 • Hence, it follows 

from (3.14) that A = ~ eo • Then, it follows from (3.12) and (3.13) 
that steady-state solutions correspond to the solutions of 

_g__ ( 1 £0 ) • - µa = 4 - -2 - a srny , 
wo wo 

(3.17) 
2 2 

.l a - ~ + !1!.... - eaea 2 = _g__4wo (1 - 2£a )a cosy • 
2 64w~ 2wo U>o 

(3.18) 

There are two possibilities: either a = O or 
2 2 2 ~ 

ea a2 =.la -~ + !1!.... ± [_g__(l - ~)2 - µ2] • 
e 2 64w~ 2wo 16w~ 2wo 

(3.19) 

Not all possible steady-state solutions are stable and hence 

physically realizable. To determine the stability of the trivial 
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solution, we determine the behavior of the linear solutions of (3.10); 

that is, the solutions of 

Closed-form solutions of (3.20) can be obtained by letting 

A= (B + iB.)e~ieot, 
r 1 

separating real and imaginary parts, and obtaining 

(3.20) 

(3.21) 

2 2 3 2 2 1 
2w 0 (Br + eµBr) - [eow 0 + e µ - e ~ + -2 eg(l - 2eo )]B. = 0, (3.22) 

32wo wo 1 

2 2 3 2 2 1 
2w 0 (B1• + eµB 1.) + [eow 0 + e µ - € ~ - -2 eg(l - 2€ 0 )]B = 0. (3.23) 

32wo wo r 

Equations (3.22) and (3.23) admit solutions of the form 

(3.24) 

provided that 

A= - µ ± __ 1 __ [l g2(1 - 2ewo )2 - (owo + eµ2 - 3eg:)2]~ 
2wo 4 o 32w 0 

(3.25) 

Hence, the trivial solution is stable (i.e., a sink) if the real parts 

of both roots of A are less than zero (i.e., g < 9c) and unstable (i.e., 

a saddle) if one of the roots of A is greater than zero (i.e, g > gc) 

where gc is defined from 

(3.26) 
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For a given µ, (3.26) yields a transition (bifurcation) curve that 

separates stable (sink) from unstable (saddle) trivial solutions. The 

region above the transition curve is unstable. 

To determine the stability of the nontrivial solutions, we let 

(3. 27) 

where a0 and y0 correspond to a steady-state solution and a 1 and y1 are 

perturbations which are assumed to be small compared to a0 and y0 • 

Substituting (3.27) into (3.12)-(3.14), recalling that a0 and y0 

correspond to a steady-state solution, and linearizing the resulting 

equations, we obtain 

(3.28) 

(3.29) 

Equations (3.28) and (3.29) admit solutions of the form 

(3.30) 

provided that 
2 

2 e:gao 
A. + 2µA. - -- a ( 1 - 2e:a )cosy 0 = 0 , 

Ulo e Ulo 

or 
2 

2 e:gao e:a ) ]~ A. = - u ± [ u + -- a ( 1 - -2 cosy 0 • w0 e w0 
(3.31) 
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Consequently, a steady-state solution given by (3.19) is unstable 

(saddle) if 
2 

gao ( e:a - ae 1 - -2 )cosy 0 > 0 , 
Wo wo 

which upon using (3.18) becomes 
2 2 

a [21 a - ~ + e:~2 - e:aea~] > 0 
e 64w0 WO 

(3.32) 

since w0 and a0 are positive. Consequently, it follows from (3.19) and 

(3.32) that when ae > O , the steady-state solution corresponding to the 

negative sign in (3.19) is unstable (saddle), whereas that corresponding 

to the positive sign is stable (sink). On the other hand, when ae < 0 , 

the steady-state solution corresponding to the positive sign in (3.19) 

is unstable (saddle), whereas that corresponding to the negative sign is 

stable (sink). 

We note that, according to (3.19), the amplitude a is of order 

e:-~. This result suggests that the assumed expansion for u(t) should 

have been started with e:~. 

3.2 Numerical Results 

Before considering the system response to a principal parametric 

excitation, we investigate the free response. The singular 

(equilibrium) points of the system are calculated from (3.1) by setting 

the excitation g and all derivative terms equal to zero. The roots of 

the reduced equation are given by 

1 2 2 ~ u = 0, Ze:a [- o ± (o - 4w 0a) ] • (3.33) 
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For the cases considered in the following analysis, we choose w0 = 1.0, 

a = 4.0, and e = 0.005. When we perform digital and analogue computer 

simulation for large amplitude responses, we allow e to become as large 

as 0.10. However, for the principal parametric resonance, we do not 

need as large an excitation as was required for the fundamental 

parametric resonance (Chapter II), so we scale the excitation 

accordingly. In so doing, we also scale the nolinearity with the 

excitation. For the case o = 5.0, there are two stable equilibrium 

points (foci) and one unstable equilibrium (saddle) point. 

When o = 4.0, the radical vanishes causing the left focus and saddle 

point to merge and form a cusp. When o = 3.0, the only real root is the 

origin. Phase-plane plots and potential energy diagrams are shown in 

Figure 3.1 for these three cases. The perturbation parameter e 

essentially moves the equilibrium points; by decreasing e, the points 

move further to the left (c.f ., Figure 2.1 when e = 0.10). For e = 
0.005, the equilibrium points for o = 5.0 occur at u = -175, -25, and 

0. The perturbation analysis was applied to motions about the 

equilibrium point at the origin. 

In the presence of damping, excitation, and quadratic and cubic 

nonlinearity, an approximate expression for the response is given by 

(3.16). The steady-state amplitude a and phase y used to calculate u(t) 

are determined numerically from (3.17) and (3.18). The stability of 

each solution, including the trivial, is determined from (3.26) and 

(3.32). In the following discussion, we examine how the response 
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depends on the system parameters. Since we are examining the response 

near the singular point at the origin, only the first case with one 

equilibrium point (of the system parameters shown in Figure 3.1) wi)l be 

considered. All three cases have stable trajectories about the origin 

which are quite similar in nature. The differences become apparent when 

the amplitude of the motion becomes large enough to be affected by the 

homoclinic orbit; however, at these amplitudes, the small amplitude 

assumption underlying the perturbation solution ceases to be valid. The 

latter portion of this chapter discusses two techniques for 

investigating large amplitude responses and considers the third 

case (o = 5.0) for € = 0.10. 

The effect of the excitation g on the amplitude of the response for 

a perfectly tuned excitation is shown in Figure 3.2(a). It shows the 

classical principal parametric response that requires a critical value 

to excite a response. When the system is positively detuned {cr > 0), 

the amplitude decreases and the curve shifts to the right, which causes 

the critical value to increase. This happens because the ''effective" 

nonlinearity ae is of the softening type. When the system is negatively 

detuned (cr < 0), the amplitude increases and the top portion of the 

response curve moves to the left and folds over the lower portion 

because the critical point remains fixed (for a< 0). Hence, the curve 

becomes double-valued. Since we now have a stable nontrivial response 

existing at a level of excitation below the critical value, this 

behavior is called a "sub-critical resonance" or a ''sub-critical 

instability". If we perform an experiment in which an excitation 
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amplitude greater than the critical value is applied to the structure, a 

parametric resonance will be excited. If the amplitude of the 

excitation is slowly decreased, the response amplitude will also 

decrease as it follows the upper curve to the left. If the response 

amplitude is decreased below the critical value, a stable response still 

exists until the turning point is reached. Thus, parametric resonances 

in nonlinear systems can exist at excitation levels below the critical 

value predicted by linear theory. 

A typical frequency-response curve near the principal parametric 

resonance is shown in Figure 3.3. It displays the classical softening 

behavior even though the coefficient a of the cubic nonlinearity is 

positive (hardening). This is due to the influence of the quadratic 

nonlinearity which is always of the softening type, irrespective of the 

sign of its coefficient. It is stronger than the coefficient of the 

cubic nonlinearity a because the coefficient of the "effective" cubic 

nonlinearity ae = - 2.25 is negative. 

The stability of the responses shown in Figures 3.2 and 3.3 was 

verified by numerically integrating the amplitude and phase modulation 

equations (3.12) and (3.13) using a fifth- and sixth-order Runge-Kutta-

Verner algorithm. The results of two such integrations are shown in 

Figure 3.4; they verify the perturbation solution. A final check on the 

perturbation solution was obtained by numerically integrating the 

original governing equation (3.1). Using the same conditions as those 

in Figure 3.4, we obtained the results shown in Figures 3.5, 3.6, and 
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3.7. The perturbation solution is also shown in the latter two figures; 

the agreement is remarkable. 

The effect of damping on the response is shown in Figure 3.8. From 

this series that also shows the influence of detuning, we conclude that 

a principal parametric resonance can be excited only if the damping 

coefficient is below a critical value. In some cases this critical 

value is larger than that predicted by linear analysis (i.e., 

corresponding to the loss of stability of the trivial solution). We 

also note that for small values of damping (µ < 2), the amplitude of the 

response is quite insensitive to the value of the damping coefficient. 

For example, when a= 0.0, the response amplitude forµ= 2.0 is 20.37, 

and when µ decreases ten times to 0.2, the amplitude increases to 

21.27. Thus, an order of magnitude reduction in the damping coefficient 

allows a mere 4.4% increase in the response amplitude. This is because 

the excitation g is relatively large. Referring to (3.19), we see that 

once g is large relative to µ, modest changes in µ have negligible 

effect on the amplitude. This behavior has two immediate implications. 

First, in the field or laboratory, it shows that we do not need an 

extremely accurate estimate of the damping coefficient to predict a 

steady-state response if the excitation is large enough. Second, it 

shows that reduction of the response amplitude to a parametric 

excitation is possible only if the critical damping coefficient is 

exceeded. Increasing the damping coefficient by an order of magnitude 

may achieve only modest reductions in the response amplitude. Although 

the damping is seen to have only a slight effect on the steady-state 
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amplitude, it does affect the rate of growth of the instability caused 

by a parametric resonance. 

Next we discuss the influence of the coefficients a and o of the 

cubic and quadratic nonlinearities on the steady-state amplitude. As 

discussed earlier, the nonlinearities influence the steady-state 

amplitudes through the nonlinear frequency shift e 2aea 2 , where ae is 

defined in (3.15). When ae = 0, the influence of the nonlinearity on 

the steady-state amplitude disappears, and the parametric resonance 

produces an exponential growth of the response if the trivial solution 

is unstable (see (3.26)). This growth is not limited to a finite value 

by the damping, as it is for externally excited systems; only the 

nonlinearity can limit it. The larger ae is, the greater the limiting 

- effect is, and hence the smaller the steady-state amplitude is. We note 

that the present analysis is not valid when ae = 0, and higher-order 

nonlinear effects must be included to limit the response. 

The effect of the coefficient a of the cubic nonlinearity for two 

different values of detuning is shown in Figure 3.9, and the effect of 

the coefficient o of the qu~dratic nonlinearity for the same values of 

detuning is shown in Figure 3.10. The influence of the coefficient of 

the cubic nonlinearity is asymmetric with respect to the origin, whereas 

the influence of the coefficient of the quadratic nonlinearity is 

symmetric. In both figures, we see the perturbation solution breaking 

down when ae = 0. We also note that detuning the excitation has two 

effects: (a) it stabilizes the trivial solution, and {b) it turns one 

stable branch into an unstable branch by folding it about ae = 0, 
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causing ae = O to become an asymptote. The asymptote divides the 

parameter axis into two regions: (a) a region where only the trivial 

solution exists, and (b) a region where both trivial and nontrivial 

solutions exist. 

In summary, we have seen in this section that the perturbation 

solution predicts the response of the system to a principal parametric 

resonance, including the subcritical instability. As the perturbation 

coefficient € gets larger, or the effective nonlinearity ae approaches 

zero, the perturbation solution breaks down, as expected. 

3.3 Analogue Computer Simulation 

Equation (3.1) was simulated on an analogue computer for fixed 

values of €, o, a, ~, w0 , and o. In the following discussion, we show 

how the amplitude of the excitation affects the steady-state response. 

Figure 3.11 shows the phase portraits of distinct attractors; the auto 

power spectra of the four different attractors are shown in columns B, 

C, D, and E when they exist. Time traces of selected responses are 

shown in Figure 3.12. 

We begin with the free response of the system, shown in Figure 

3.12(a). As g is increased, we see a difference in the behavior of the 

response in the two wells: the focus at the origin remains trivial, but 

the focus in the left well gives rise immediately to a nontrivial 

vibration. This behavior is expected because, according to the 

governing equation, the system is subject to a purely parametric 

excitation at the origin, and hence requires a critical amplitude of 
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excitation (e.g., see Figure 3.2) before a resonance occurs. However, 

in the left well, an expansion of the governing equation (3.1) about u = 
- 10 yields an equation that contains both external and parametric 

excitations. Consequently, the system responds immediately to the 

excitation with an attractor in the left well, corresponding to the 

particular solution. This behavior is illustrated in Figure 3.ll(b)-A 

showing the phase portrait of the only nontrivial solution, in Figure 

3.12(b)-O showing the time history, and in Figure 3.ll(b)-0 showing the 

frequency spectrum of the response. 

By the time g = 3.40, a new stable attractor appears that encircles 

both of the stable foci. We note that it is a principal parametric 

resonance because its period is one-half that of the excitation. The 

phase portrait shows a distorted trajectory in Figure 3.ll(c)-A. This 

distortion is caused by the nonlinearity and consists largely of the 

second and third harmonics. The time trace is shown in Figure 3.12(c)-

B. The small amplitude vibration in the left well shows only a slight 

growth in amplitude. 

The first period-doubling bifurcation occurs to the large outer 

trajectory and is well established by the time g = 4.63. It is easily 

seen in the phase portrait, shown in Figure 3.ll(d)-A, and just barely 

seen in the time trace shown in Figure 3.12(d)-B. The spectrum also 

shows the bifurcation with the presence of new frequency components 

at w0 /2, 3w 0 /2, 5w 0 /2, etc. The response at the origin remains trivial, 

and the vibration in the left well grows slightly in amplitude. 
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When g = 4.77 the trajectory about the left focus has also 

bifurcated and is well established when g = 4.96. At this level of 

excitation we also have a parametric resonance about the origin because 

we have exceeded the critical value. These three responses are shown in 

Figures 3.ll(f)-A, 3.12(f)-B, 3.12(f)-C, and 3.12(f)-O. 

As g continues to increase, the outer trajectory continues to 

experience period-doubling bifurcations while the left inner trajectory 

experiences a subharmonic bifurcation and then becomes extinct. This 

transition is seen in the spectra and the time traces. The outer 

trajectory experiences a cascade of period-doubling bifurcations 

culminating in chaos; then it disappears. Figures 3.ll(g)-A, 3.ll(g)-8, 

and 3.12(g)-B show this trajectory when its period is 16 times the 

period of the excitation, and Figures 3.ll(j)-C, 3.12(j)-B, and 3.12(j)-

C show a transient chaotic response as it is attracted to the origin. 

When g = 5.60, only the attractor at the origin remains. 

When the large outer attractor again appears, it is chaotic, as 

shown in Figures 3.11(1)-B and 3.12(1)-B. We can follow it through a 

series of period-demultiplying bifurcations as it returns to a principal 

parametric resonance as shown in Figure 3.ll(t). During this 

transition, the trajectory at the origin begins to experience period-

multiplying bifurcations leading to chaos and eventually to 

extinction. This is seen in Figure 3.ll(q) where the only stable 

trajectory is the large outer one. When 11.30 < g < 14.00, this 

attractor remains periodic. However, when g = 15.00 it begins another 

round of period-multiplying bifurcations culminating in chaos, as shown 
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in Figures 3.ll(z)-8 and 3.12(z)-B. Further increases in g cause the 

chaotic response to become less deterministic (compare Figures 3.12(z)-B 

with 3.12(cc)-B) and eventually unstable, so that by the time g = 16.50, 

it vanishes. 

We note the existence of a new larger outer trajectory that appears 

when g = 13.10. This attractor coexists with the principal parametric 

attractor, but it has the same period as the excitation, as shown in 

Figures 3.ll(u)-E and 3.12(u)-E. It remains periodic even though the 

smaller amplitude attractor becomes chaotic, as shown in Figure 3.ll(v)-

3.ll(dd). This is an interesting phenomena because both trajectories 

are similar in amplitude but one has a period equal to that of the 

excitation and one has a period twice that of the excitation. When the 

inner attractor, shown in Figure 3.ll(dd), becomes chaotic its largest 

amplitude excursions actually exceed the other coexisting attractor 

shown in Figure 3.ll(ee), yet they are distinct in their orbits and 

frequency content. Eventually the inner trajectory becomes unstable, 

and only one outer attractor remains. This is shown in Figure 

3.ll(ff). We note that it contains only slight second harmonic 

distortion caused by the nonlinearity. 

In summary, we have characterized the general response of the 

system by presenting the phase portraits, the frequency spectra, and the 

time histories of representative samples. We have chosen system 

parameters such that there are three equilibrium positions {double well) 

and a large E. As the amplitude of the excitation increases, we have 

observed new solutions appearing and existing solutions bifurcating into 
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chaos or extinction, to the extent that none of the original three 

attractors remains when g = 18.00. We also have seen the coexistence of 

regular limit cycles with bifurcated limit cycles and bifurcated limit 

cycles with chaotic responses. Whenever multiple attractors coexist, 

the initial conditions determine the response. Mapping out the domains 

of attraction is best done on the digital computer when the basin is 
# 

fractal. Fractal basins and Poincare maps will be shown later. 

However, mapping out the domains of existence, bifurcation boundaries, 

and chaotic boundaries is best done on the analogue computer. These 

results are discussed next. 

3.4 Bifurcation Diagram 

The analogue computer results described in section 3.3 comprise the 

solution space for the principal parametric resonance (n = 2.0) when the 

amplitude of the excitation g is used as a parameter, and proper sets of 

initial conditions are specified to map all the existing attractors. 

The analogue computer results of Chapter II comprise a portion of the 

solution space for the fundamental parametric resonance. A global 

survey of the effect of the excitation on these attractors can be found 

by alternatively varying the amplitude and frequency of the excitation, 

and mapping the domains of the attractors in the g-n plane. This 

process generates regions of stable solutions enclosed by lines of 

bifurcation. 

A periodic orbit of a dissipative system with a two-dimensional 
# 

Poincare map is known to lose stability through two types of 
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bifurcations (e.g., Swift and Wisenfeld [1984))--period-doubling or 

saddle-node. Therefore, domains of stable nontrivial solutions in 

the g-n plane are bounded by lines of one or the other bifurcation, as 

shown in Figure 3.13, where the bifurcation diagram for the attractors 

described in section 3.3 for g < 5 is presented. The solid curves in 

Figure 3.13 indicate where period-doubling bifurcations occur and the 

dashed curve marks the occurrence of a saddle-node instability. The 

inserts (a)-(d) in Figure 3.13 show typical phase portraits of the 

stable attractors found in this portion of the parameter space. Regions 

A, B, and C represent the corresponding domains of stability for the 

orbits (a), (b), and (c) respectively, which show that for a given set 

of parameters (g,n) in a stable domain, there is a nonzero basin of 

attraction for the particular orbit. Furthermore, the solutions undergo 

the aforementioned bifurcations when any of the parameters is varied 

such that we move across the boundaries of the region. 

The qualitative results shown in Figure 3.13 can be compared with 

the more detailed sequence of solutions in Figure 3.12(a)-(g) for n = 
2.0, and increasing values of g. The orbit shown in ·insert (a) of 

Figure 3.13 goes through a period-doubling bifurcation across boundary 

1-2 and shortly thereafter a saddle-node instability (not shown in 

Figure 3.13 but seen in Figure 3.12(h) and (i)) makes the attractor 

unstable. The orbit in Figure 3.13(b) undergoes period-doubling 

bifurcations across the boundary 3-5 and becomes unstable across the 

boundary 3-4. Insert (c) shows the stable 2T period orbit which 

bifurcates again into a 4T orbit across the boundary 3-6, and undergoes 
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a period-doubling cascade culminating in chaos very shortly 

thereafter. The circles denote the sampled locations where chaos was 

observed. In addition to the attractors shown in Figure 3.13(a)-(c), 

the origin remains a stable attractor throughout this portion of the 

parameter space, as indicated by the insert (d), so no bifurcation curve 

is present for this point attractor at the origin. 

A variety of peculiarities in the behavior of the solutions can be 

inferred from Figure 3.13; we can see that multi-stability is expected 

at the intersections of stable domains for different attractors. Some 

other relevant predictions that we can make are the location of saddle-

node instabilities that produce jumps in the solution, and the behavior 

to be observed following the jumps, which could be that of another 

attractor if multi-stability is present in the neighborhood or even a 

divergence to infinity if no other solution is reachable. 

Following the previously described scheme, analogue computer 

simulations were carried out for a broad portion of the parameter 

space g-n. The results are summarized in Figures 3.14 and 3.15, where 

again, lines of bifurcation mark the limits of stability of the 

attractors whose phase portraits are shown in the inserts. A new type 

of bifurcation is present in this region, which represents the loss of 

stability of the point attractor at the origin to form a periodic cycle, 

better known as the Hopf bifurcation. It is denoted by dotted curves 

which identify the boundary where the periodic attractor shrinks to a 

fixed point. 
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Figure 3.14 shows the multiplicity of resonances that can be 

obtained by changing the excitation parameters in the governing equation 

(3.1). The stable domains of the solutions have shapes known as Arnold 

"tongues" (Arnold (1983]), and the superstructure formed in the 

bifurcation diagram has been conjectured to be universal for a large 

class of nonlinear oscillators by Parlitz and Lauterborn (1985]. Figure 

3.15 is actually part of Figure 3.14 and is shown separately to avoid 

obscuring Figure 3.14; it should be considered to be an overlay. The 

bifurcation structure in Figures 3.14 and 3.15 should be interpreted as 

a qualitative description of the global behavior of the system rather 

than as an exact stability map. In some portions of the parameter 

space, particularly in the superharmonic region, the coexistence of many 

attractors with complicated attracting sets makes it difficult to 

precisely define and present the stability regions. Figure 3.15 shows 

some phase portraits whose stability regions are marked by just one 

bifurcation curve. In these cases the attractor was found in the 

portion of space below the curve; near the edges of the region below the 

curve the attractor would slowly transform into the shape of a 

neighboring one. 

We see that this system is very rich in attractors, some of which 

coexist with others. In these cases, the initial conditions determine 

which attractor comprises the response. In some cases increasing a 

parameter, say g, causes a loss of stability and the solution goes to 

another attractor, but decreasing the parameter to its original value 

may not recover the original attractor. Hence, to return to the 
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original attractor required moving into the domain of the attractor and 

then finding initial conditions {by trial and error) that were in the 

basin of attraction. The process is quite tedious and time-consuming, 

but would be much more so on a digital computer. 

3.5 Digital Computer Simulation 

The results in sections 3.3 and 3.4 show the possible solutions of 

(3.1) for the case of principal parametric resonance. The digital 

computer gave the same solutions but with increased accuracy. Hence in 
, 

this section we will present a representative sample of a Poincare map 

and show the transition of a smooth basin boundary to a fractal 
, 

boundary. The analogue computer lends itself well to plotting Poincare 

maps, but it is not practical to use to determine fractal basin 

boundaries. 

When g = 14.5, the outer attractor is chaotic and is shown in 
, 

Figure 3.16, with a Poincare map and a representative time trace. 

Because it is a subharmonic of order ~' we must sample the state of the 

system at time intervals of 2T, otherwise we get a superposition of two 
, 

Poincare maps. 

We saw in Figure 3.ll(a) that the system has two foci and that the 

left focus gives rise to limit cycles immediately because it is subject 

to a combined parametric and external excitation. The domains of 

attraction for the unforced case shown in Figure 3.ll(a) are well 

defined by the inbound separatrices. By integrating the governing 

equation using different initial conditions, the domains of attraction 
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for the trivial attractor and the limit cycle attractor can be 

plotted. For the case of g = 0.0, there are two point attractors, and 

the basins of attraction shown in Figure 3.17 obtained by the digital 

computer are identical to those obtained by the analogue computer. As 

the excitation is increased, the left focus gives rise to limit 

cycles. The basin of attraction for g = 1.50 when ~ = 2.000 is shown in 

Figure 3.18, and it shows the outbound separatrices deformed, but they 

are still smooth. When g = 2.00, the basin boundaries become fractal, 

as shown in Figure 3.19. Increasing the excitation amplitude to g = 

2.50 and g = 3.00 increases the fractal dimension of the basin, as shown 

in Figures 3.20 and 3.21, respectively. Figure 3.ll(c) shows a new 

attractor is present when g = 3.40. The basin of attraction for the 

three attractors for the case of g = 4.2 is shown in Figure 3.22. The 

new outer attractor is shown in the color red. An enlarged portion of 

Figure 3.22 is shown in Figure 3.23 and it reveals a well defined 

structure. If this procedure were continued, we would continue to see 

well defined structure at all levels because this is the nature of a 

fractal boundary. 

3.6 Chapter Sun111ary 

The method of multiple scales was used to obtain a uniform second-

order expansion for the response of a one-degree-of-freedom system with 

quadratic and cubic nonlinearities to a principal parametric 

excitation. Steady-state solutions were obtained for small but finite 

amplitude oscillations around the origin, and it was shown that the 
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results qualitatively describe the system response for the parameters 

chosen. For large amplitude oscillations, the equation was integrated 

on both the digital and analogue computers. The response of the system 

modelled on the analogue computer was analyzed using an FFT analyzer. 

The perturbation solution predicts a threshold value of the 

amplitude g of the excitation for which a principal parametric resonance 

about the origin can be excited; it also predicts a subcritical 

instability. The perturbation solution predicts the number of stable 

limit cycles and agrees with the digital and analogue computer 

simulation. However, as the perturbation coefficient E becomes larger, 

the perturbation solution deteriorates. 

The more interesting problem is the case of the double-well 

potential, having a stable limit-cycle attractor in each well (at 

different levels of excitation) and a large amplitude attractor about 

both foci consisting of stable limit cycles and chaotic oscillations. 

The analogue computer was used to obtain a global bifurcation map in the 

g-n plane for both superharmonic and sub·harmonic resonances. The 
~ 

digital computer was used to plot Poincare maps and the transition from 

a smooth basin to a fractal basin of attraction, including the case of 

three coexisting attractors. An enlarged plot reveals a complex but 

well defined structure of the fractal basin. 
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Figure 3.12 Long-time history for selected cases shown 1n Figure 3.11, 
obtained by analogue computer simulation, with the relative 
phase between the excitation and the response preserved. 
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Figure 3.17 Basin of attraction for the system shown in Figure 3.ll(a) 
obtained by numerical integration. The boundaries sepa-
rating the two basins are the two inbound separatrices 
approaching the saddle point: g = 0.0, -20 s u s 10, 
~20 s u s 20, black-left focus, white-origin. 
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Figure 3.18 Basin of attraction for the system shown in Figure 3.17 
for g = 1.5, ~ = 2.000, black-limit cycle 1n left well, 
white-origin. 
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Figure 3.19 Fractal basin of attraction for the system shown in 
Figure 3.18 for g = 2.0. 
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Figure 3.20 Fractal basin of attraction for the system shown in 
Figure 3.18 for g = 2.5. 
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Figure 3.21 Fractal basin of attraction for the system shown in 
Figure 3.18 for g = 3.0. 
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Figure 3.22 Fractal basin of attraction for the system shown in 
Figure 3.18 for g = 4.2; red denotes the new large outer 
attractor shown in Figure 3.ll(c). 
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Figure 3.23 Enlarged region of Figure 3.22 showing structure is 
preserved at the boundaries: -7.2 ~ u ~ -4.2, 
-2.0 $ u ~ 2.0. 
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CHAPTER IV 

FORMULATION AND VARIATIONAL SOLUTION OF A SLENDER BEAM CARRYING 

A LUMPED MASS SUBJECT TO A PARAMETRIC EXCITATION 

Many structural elements can be modelled as a slender continuous 

beam with concentrated masses located between the ends. When the 

support undergoes motion, the beam is subject to vibration--either 

external or parametric, or both. In this chapter we proceed to derive 

the governing equation for inplane flexural vibration of a thin elastic 

prismatic cantilever beam subject to parametric vibration at the base. 

The nonlinear terms arising from the curvature and coupling effects are 

retained. Galerkin's method is used to discretize the governing 

nonlinear partial differential equation of motion. The linear 

eigenvalue problem is solved to determine the eigenvalues, and the 

eigenfunction is used to determine the coefficients of the time 

modulation equation. A multiple scales analysis and numerical solutions 

to these equations are discussed in the next chapter. 

4.1 Derivation of the Nonlinear Differential Equation of Motion 

In this section we derive the governing equation of motion using 

the Euler-Bernoulli theory. The beam, shown in Figure 4.1, is 

cantilevered at the oscillating support, has a length L, and carries a 

concentrated mass m at an arbitrary distance s = d along the elastic 

axis of the beam. We assume that the thickness of the beam is so small 

compared with the length that the effects of shearing deformation and 
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rotatory inertia of the beam can be neglected. Since we are 

investigating parametric resonances (transverse vibration), we will not 

consider axial resonances of the beam since the frequency of excitation 

will be far below the first axial resonance. If the beam is kept 

relatively short (< 30 beam widths), the transverse vibration is purely 

in plane (if the lumped mass is symmetrical with the centerline), and if 

the excitation frequency is far below the first torsional mode, then we 

can safely neglect the torsional modes of the beam in the analysis. 

These assumptions are consistent with observations in the laboratory. 

Also, we do not observe any combination or internal resonances. When 

the mass is removed and the length increased by an order of magnitude, 

we do see combination resonances. 

According to the Euler-Bernoulli theory, the bending moment at any 

cross-section s is given by 

M(s) = + EI K(s), (4.1) 

where E is the elastic (Young's) modulus, I is the cross-sectional 

moment of inertia, and K- 1 is the radius of curvature at section s. 

From Figure 4.1 we see that 

(4.2) 

and 

(4.3) 
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where ~(s) is the slope. The subscript s denotes a partial derivative 

with respect to s, and the subscript t or the overdot denotes a partial 

derivative with respect to time t. Differentiating (4.3) we obtain 

!!. = V SS = V SS 
as cos~ ll-v 2 

s 
(4.4) 

which, when substituted into (4.1), yields the moment at section s as 

M{s) = EI vss(l 2)-~ - v • s 

Expanding the radical, we obtain 

(4.5) 

and for the analysis presented here, we will only keep up to third-order 

terms.' 

The moment in the beam is the result of three sources: 

(4.6) 

where M1 is the moment at s due to the lateral inertia of the beam 

element d~ and the mass m, M2 is the moment due to the longitudinal 

inertia of the beam element d~ and the mass m, and M3 is the moment at s 

caused by the angular acceleration of the mass m due to its mass moment 

of inertia J. 

In the derivation that follows, the following nomenclature will be 

used: 
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~,y 
g 
s 
~ 
d~ 
L 
w 
t 
d 
p 
c 
m 
J 
v(~,t) 
u(~,t) 
~(s) 
K(S) 
I 
E 

Newtonian Cartesian reference frame 
acceleration of gravity 
reference variable along beam 
variable of integration along beam 
differential length of beam element 
beam length 
beam width 
beam thickness 
position of mass center of mass m 
mass density of homogeneous beam per unit length 
coefficient of viscous damping 
mass of concentrated weight on beam 
polar moment of inertia of mass m 
lateral displacement of beam element d~ 
longitudinal displacement of beam element d~ 
angle with respect to vertical of beam at s 
curvature of beam at s 
cross-sectional moment of inertia of beam 
modulus of elasticity of beam 

Using the sign convention indicated in Figure 4.1, we see that the 

lateral (inertial) force of element d~ is 

-
pV(~,t)d~ + , 

and the projected moment arm about section s is 

f~ cos~(n,t}dn • 
s 

Thus, the moment of element d~ about s is 

- ~ 
- (pv(~,t}d~](f cos~(n,t}dn). 

s 

(4.7) 

(4.8) 

(4.9) 

Hence, it follows that the total moment of the beam section from s to L 

is 
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L .. f; 
- f pV(f;,t}[ f cos,(n,t}dn]df; • 

s s 

The moment due to m is similarly obtained as 

.. d 
- mv(d,t}[f COS,{f;)df;], 

s 

and the moment of the viscous damping is 

L f; 
- f cv{f;,t}[f cos,(n,t)dn]dt • 

s s 

(4.10} 

(4.11) 

(4.12) 

Combining these and using the Dirac delta function to locate the mass, 

we obtain 

and 

L .. t 
M1 = - f {[P + mo(t-d)]v + cv}(f cos~dn}dt • (4.13) 

s s 

In a similar fashion, we obtain 
,. . 

L .. .. t 
M2 = - f {p(u - g) + mo(f; - d}[u - g]}(f sin~dn)dt (4.14) 

s s 

.. L .. 
M3 = - J~(d,t} = - f Jo{f; - d)~df; • 

s 
(4.15) 

The longitudinal displacement caused by the shorteni,ng effect is 

t 
u{f;,t) = f; - f cos~(n,t)dn , 

0 
(4.16) 

which when combined with the displacement z(t) of the base yields the 

total axial displacement 

~ 
u(;,t) = f; - f cos,(n,t)dn + z(t) • 

0 
(4.17} 
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To obtain the governing differential equation, we differentiate 

(4.5) and (4.6) twice with respect to s. This involves differentiating 

(4.13), (4.14), and (4.15) and using Leibnitz• rule. We also need the 

second time derivative of the axial displacement u(~,t), which is 

obtained by substituting for cos~ from (4.3) and differentiating (4.17) 

with respect to t twice to yield 

- 1 ~ 2 -u = 2 J (v )tt dn + z(t) + •••• 
o n 

(4.18) 

Differentiating (4.13)-(4.15) twice with respect to s and using (4.18) 

yields 
2 

a M1 1 2 -
-2- = - (1 - 2 vs){[P + m6(s - d))v(s,t) + c~(s,t)} 
as 

where 

L -
- vsvss I {[P + m6(~ - d))v(~,t) + cv(~,t)}d~ ' 

' . s 

L 1 ~ 2 •• 
+ m J 6(~ ~ d)[ 2 f (v~)ttdn + z - g]d~ 

s 0 

= v N , s 

(4.19) 

(4.20) 
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1 L ~ 2 1 L f; 2 
N = + 2 P f [f (v >ttdn]df; - 2 m f o(f; - d)[f (v >ttdn]df; 

s o n s o n 

and 

and 

.. L s .. 
+ m(z - g) f o(f; - d)df; + pL(l - L)(z - g) , 

s 
(4.21) 

(4.22) 

(4.23) 

Differentiating (4.5) and (4.6) twice with respect to s and substituting 
2 2 for the a Mn/as from (4.19), (4.22) and (4.23) yields the governing 

equation 

1 2 3 1 2 ·o = EI(vssss + 2 vssssvs + 3vsvssvsss + vss> + (l - 2 vs - ••• ) 

· (p + mo(S - d))v ~ l_ (Nv) + V V fl (P + mo(f; - d))vdf; as s s ss s 

- :s {Jo(s - d)[vs(l + ~ v~ + ••• ) + vsvs 2 ]} 

L 
+ (1 - ~ v~ - ••• )cv + vsvss I CVdf; • 

s 

This field equation is subject to the following boundary 

conditions: 

v(O,t) = 0 , 

vs(O,t) = 0 , 

vs5 (L,t) = 0 , 

vsss(L,t) = O • 

(4.24) 

(4.25) 

(4.26) 
(4.27) 

{4.28) 
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4.2 Solution of the Linear Problem 

The governing problem (4.24)-(4.28) is nonlinear and does not admit 

a closed-form solution. Therefore, an approximate solution will be 

sought that satisfies both the equation and the boundary conditions. 

Since the boundary conditions are spatial and independent of time, we 

represent the solution of the nonlinear problem in the form 

v(s,t) = I r•n(s)Gn(t) 
n 

(4.29) 

where r is a scaling factor, •n(s) is the shape function of the nth 

linear mode, and Gn(t) is the time modulation of the nth mode. 

The undamped linear free vibration problem is governed by 

Eiviv + [o + m6(s - d)]~ = 0 , (4.30) 

subject to the boundary conditions (4.25)-(4.28). Without loss of 

generality, we will solve explicitly for the first mode, with the 

understanding that the eigenfunction of the nth mode and its associated 

eigenvalue correspond to the nth characteristic. 

To solve this problem, we break the beam into two parts at the 

concentrated mass. In the left part, v = v1 where 

iv ·· Eiv 1 + ov 1 = 0, for 0 < s < d , (4.31) 

(4.32) 

v~(O,t) = 0 • (4.33) 
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In the right part, v = v2 where 

iv ·· Eiv 2 + ov 2 = 0, for d < s < L , (4.34) 

Eiv;'(L,t) = 0 , (4.35) 

Eiv;''(L,t) = 0 • (4.36) 

To complete the problem formulation, we supplement it with four 

conditions at the concentrated mass. Two of these conditions demand 

continuity of displacement and slope; that is, 

( 4. 37) 

Vi(d,t) = Vz(d,t) • (4.38) 

The third condition demands the jump in the shear in the two parts of 

the beam be equal to the inertial force of the mass. It follows from 

the free body diagram in Figure 4.2 that 

.. 
Eiv''' = mv + Eiv''' at s = d . l l 2 ' (4.39) 

The fourth condition demands the jump in the moment in the two parts of 

the beam be equal to the inertial moment of the mass; that is, 

.. 
- Elv'' = Jv' - Eiv'' at s = d . l l 2 ' (4.40) 

Assuming a harmonic time variation with frequency w, we have 
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Then, it follows from (4.31) that 

,i.i v 
"'1 -

and from (4.32) and (4.33) that 

where 
2 

(~)4 - ~ L - EI ' 

(4.41) 

(4.42} 

(4.43} 

(4.44) 

(4.45) 

where k will be defined later. The general solution of (4.42) is 

Imposing the boundary conditions (4.43) and (4.44), we can express 

C2 and C4 in terms of C1 and C3 and hence obtain 

1" 1 (s) = C1 (sin ~ s - sinh ~ s) + C3 (cos ~ s - cash~ s) • (4.47) 

We express 1" 2 (s,t) as 

(4.48) 
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so that the represented shape function can be expressed in compact form 

over the whole interval using the unit step (Heavyside) function. 

Substituting (4.48) and (4.41) into (4.34)-(4.40), we obtain 

(4.49) 

e(d) = o , (4.50) 

e'{d) = o , (4.51) 

2 Ele''(d) = - Jw $i(d) , (4.52) 

(4.53) 

(4.54) 

(4.55) 

The general solution of (4.49) can be expressed as 

e(s) = K1sin t (s - d) + K2 sinh t (s - d) 

k k + K3cos I (s - d) + K4cosh I (s - d) , (4.56) 

where the argument (s - d) is chosen for reasons that will become 

apparent later. Applying the conditions (4.50) and (4.51) relates 

K2 and K4 to K1 and K3 , thereby yielding 

e(s) = K1 [sin t (s - d) - sinh t (s - d)] 

+ K3[cos ~ (s - d) - cosh ~ (s - d)] • (4.57) 
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Applying the conditions {4.54) and (4.55) gives us the relationship 

between the Ci and Ki as 

[~:] = [hi 
h3 

h,] 
h1+ [U ' {4.58) 

where 

h = 1 {kzz.9.11 - k12.9.12}/D ' 

hz = {kzz.9.12 - k12.9.22)/D , 

h3 = {k11.9.12 - k i 2 .i 1 1 ) /D ' {4.59) 

h = 1+ {k11.9.22 - k12t12)/D ' 

D = - 2[1 +cos f {L - d} cash f (L - d}] , 

where 

k 11 = sin f {L - d) + sinh f (L - d) , 

k12 k = cos I (L - d} + cash f (L - d) , (4.60) 

k22 = - sin f (L - d} + sinh f (L - d} , 

and 
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sin k - sinh k 

1 12 = - cos k - cash k , (4.61) 

1 22 = sin k - sinh k • 

Imposing the conditions (4.52) and (4.53) yields 

C3 = 
m1 i 

--C m1 2 l 
= - A1C1 (4.62) 

m21 
C3 = --C = - A2C1 ' m2 2 l 

(4.63) 

where 

2olh1 kd kd = m + k (sin r- - sinh r-> , 
2olh2 kd kd = m + k(cos r- - cash r-> , (4.64) 

3 
20 L h3 3 kd kd 

m21 = J - k (cos r- - cash r-> 
3 

20 L hi+ 3 kd kd 
m22 = J + k (sin r- + sinh r-> 

For a nontrivial solution, A1 = A2, which yields the characteristic 

equation 
2 4 

0 = 4~JL [h1h1+ - h2h3) 

+ 2k~(l - cos td cash td> • (4.65) 
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The solution can now be stated as the composite function 

~(s) = C1 [(sin f s - sinh f s) - A(cos f s - cash f s)] 

+ C1U(s - d){h 1 [sin f (s - d) - sinh f (s - d)] 

+ h3 [cos f (s - d) - cash f (s - d)] 

- Ah 2 (sin ~ (s - d) - sinh f (s - d)] 

- Ah~[cos ~ (s - d) - cash f (s - d)]} , (4.66) 

where A = A1 = A2 • It follows from (4.45) that the frequency can be 

calculated as 

(4.67) 

The shape function given in (4.66) and its derivatives are shown 

plotted in Figure 4.3. We note that all boundary conditions are 

satisfied and the discontinuities in the shear and moment are due to the 

concentrated mass. The displacement is plotted showing the shortening 

effect while the derivatives are plotted against the variable s. The 

shape function for the second mode and its derivatives are shown in 

Figure 4.4. 

4.3 Solution of the Nonlinear Differential Equation of Motion 

Experiments performed on the beam shown in Figure 4.1 show that the 

assumed form of solution for the linear problem is valid, and begins to 
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deteriorate when ~he amplitude exceeds L/4. When the model is excited 

near the principal parametric resonant frequency, the trivial response 

becomes unstable when the excitation amplitude exceeds a critical value, 

and a parametric vibration develops and grows into a steady-state finite 

amplitude vibration. The amplitude is finite because of nonlinearity 

(the linear problem predicts an infinite response). 

Since we are analyzing the first mode, this continuous system can 

be discretized by any of the variational methods available such as 

Rayleigh-Ritz. When the assumed comparison function is the 

eigenfunction in particular, the procedure is known as Galerkin 1 s 

method. It requires multiplying each term by the eigenfunction ~(s) 

and then integrating from 0 to L. When this procedure is applied to 

(4.24) we obtain 

where 
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where 

CH21 
I',; = 2 ' 

2tp[H 11 + µH 12 + jA H13 ] 

2 
a 

~EI (~)~[H31 + µH32]- t (H33+ µH3~) - .c.P_...;;;.... ______ _;;;_ ____ _ 
- 2 

[H11 + µH12 + jA H13] 

2 
n r[H 33 + µH 34 ] 

f = 2 ' 
t92L[H11 + µH12 + jA H131 

~ 

EIA 2 [k (H41 + µH42) + H43] 
a=--4 2 ' 

tpl [H11 + µH12 + jA H13] 

IC = l 

[Hsi+ µHs2 + A2jH53]A2 
2 ' t[H11 + µH12 + jA H13l 

2 2 
[H51- H52+ µH53- µH64+ jA H55)A 

IC = 2 2 
t[H11 + µH12 + jA H13] 

2 H,1 
v=A --, 

H21 

' 

(4.69) 
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l 

= I 2 2 2 
H 11 111 dx , H12 = 111 (s) , H13 = "'x(s) , Hz1 = H11 ' 0 

l s 2 2 
H31 = H 11 ' H3 2 = H12 , H3 3 = f (1 - x)111xdx , H3i+ = I "'xdx , 

0 0 

s 2 2 2 I+ = (f "'xdx) = (H 3 ,..) , H53 = lllx(s) , 
0 

l l l 

= ~ f 111 2 111~dx - f "'"'x"'xx<f llld~)dx , 
0 0 x 

s 1 
Hsi+ = H,..2 - lll(S) I 111111x111xxdx ' Hss = 2 Hs3 , H11 = Hs2 ' 0 

s d m r j J (4.70) x = I , B =I ' µ = - A = L' = --2. pl, plr 

The fourth derivative was approximated from the linear problem given by 

• 2 

1111v(s) =EI [P + mo(s - d)]111(s) • (4.71) 

The small dimensionless parameter e was introduced to scale the 

nonlinear terms. Because one of the boundary conditions resulting from 

an integration by parts did not vanish for d = L, this analysis must be 

modified to treat the case when the concentrated mass is located at the 

tip. 

We define a new time scale as 

"[' = at • (4.72) 

Hence, the time derivatives become 

~t = a ~"[' and 
2 d2 L = a2 

dt 2 d/ • 
(4.73) 

216 



Equation (4.68) is thus transformed to 

where 

3 2 0 = G + 2e~G + [1 - ef cos(~T)]G + eaG + £K 1GG TT T T 
2 2 

+ £K 2G G - 2e~vG G , 
TT T 

~ = ~, a =.!!.a' 9 and a 
~ = -9 

(4.74) 

(4.75) 

This equation contains cubic nonlinearities and nonlinear damping, and 

hence it does not lend itself to a closed-form solution. It must be 

analyzed by a perturbation or a numerical technique. Moreover, the 

coefficients are evaluated according to (4.69) and (4.70) and are 

dependent on ~(s). When the amplitude of vibration gets large, ~(s) may 

no longer approximate the mode shape, and consequently the coefficients 

of the time modulation equation have increasing error. 

4.4 Scaling the Time Modulation Equation 

In the previous section we derived the time modulation equation for 

the parametric response of a slender cantilever beam with a lumped mass, 

and introduced e in what may seem to have been an arbitrary manner. In 

this section we will show the results of a sample calculation that were 

used to suggest the scaling introduced in (4.68). 
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Consider a beam-mass system with the following properties: 

L = 125.4, w = 11.11, h = 0.368, 
r = 125.4, m = 14.70, I = 4.626xlo-2, 
J = 600.9, µ = 3.690, p = 0.0377, 
d = 93.68, A = 1.00, c = 1.469xlo-3, 
E = 0.20936xlo6. (4.76) 

The units chosen were Newton-gram-millimeter-second. The scaling factor 

r is typically chosen such that it represents a dimensional unit of the 

model displacement such as the radius of gyration of the beam, the 

thickness h, the width w, or the length L, depending on the anticipated 

response. The objective here is to scale the problem such that the 

normalized shape function ~(s) times the scaling factor r allows the 

time function G(t) to be of order one. Since we observed rather large 

vibrations, we chose L as the scaling factor, realizing that peak 

amplitudes on the order of L/4 are anticipated. The above choices of 

parameters are the values from the second metallic beam. Similar values 

were used for the calculations required to plot Figures 4.3 and 4.4. 

Performing the indicated integrations according to (4.70) using 

Simpson's Rule, we calculated the following values for the Hij 
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H 11 = 0.977127, H 12 = 0.168365, H 13 = 0.687553, 
H21 = 0.977127, H31 = 0.977127' HJ 2 = 0.168365, 
HJJ = 0.153578, H34 = 0.270738, Hi+ 1 = 0.325800, 
Hi. 2 = 0.578800, Hi. 3 = -0.319906, Hsi = 0.217654, 
HS 2 = 0.732989, HS 3 = 0.472729, Hsi = 0.217654, 
Hs 2 = 0.231875, H53 = 0.732989, Hsi. = 0.393123, 
Hss = 0.236364, H11 = 0.231875. 

(4.77) 

The first root of the characteristic equation was found numerically to 

be k1 = 1.60865806. Using the computed values of the Hij for r = 2.00, 

we compute the following coefficients for the time modulation equation 

(with the scaling parameter e set equal to unity) 

~ = 0.1460xl0- 2 , 
_1 

a = 0.8090xl0 , 
Kl = 0.4090, 

g = 0.1123, 
\) = 0.2373, 
K2 = 0.1740, 

a = 43.78. (4.78) 

The coefficients a, K1 , and K2 of the cubic terms are seen to be of 

nearly the same order, and although the excitation f is small, it is 

dependent on the amplitude r and frequency n. The nonlinear damping 

term -2~vG 2G is of higher order, and should actually be promoted to 
'! 

2 order e • However, if we only carry out a first-order expansion, the 

nonlinear damping term should be ordered at e. This will allow its 

effect--however small--to be felt in the perturbation analysis. 

A perturbation solution for (4.74) will be obtained in the~next 

chapter. The features of this solution, including the amplitude 
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response and the frequency response, will be compared to experimental 

results obtained in the laboratory. 

4.5 Chapter Sun111ary 

In this chapter we have derived the nonlinear partial differential 

equation that governs the motion of an elastic flexible prismatic beam 

which is attached to a moving support. A concentrated mass is located 

between the clamped support and the free end. The nonlinear terms 

arising from the curvature are retained to third order, and the 

nonlinear axial displacements caused by large transverse displacements 

are also retained to third order. Since the beam is relatively long, 

the Euler-Bernoulli theory was used. The resulting equation of motion 

subject to the prescribed boundary conditions was approximated by a 

second-order ordinary differential equation using Galerkin's method. 

The eigenfunction from the linear problem was used in the numerical 

computation of the coefficients of the time modulation equation. The 

resulting equation was scaled and put into non-dimensional form, ready 

for analysis by a perturbation technique. 
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Figure 4.1 Cantilevered beam with a concentrated mass subjected to 
vertical base motion. 
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Figure 4.2 Free-body diagram of the concentrated mass showing shearing 
forces and bending moments which cause the resultant 
accelerations. 
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Figure 4.3 Shape function and derivatives for the first mode of the 
cantilevered beam shown in Figure 4.1. These curves 
represent the solution to the linearized free vibration 
problem. 
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Figure 4.4 Shape function and derivatives for the second mode of the 
cantilevered beam shown in Figure 4.1. These curves 
represent the solution to the linearized free vibration 
problem. 
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Figure 4.5 Stroboscopic photograph of a beam in the maximum delfected 
position when excited by a principal parametric resonance 
to the first mode. 
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CHAPTER V 

PERTURBATION SOLUTION ANO EXPERIMENTAL RESULTS OF A SLENDER 

BEAM CARRYING A LUMPED MASS SUBJECT TO A PARAMETRIC EXCITATION 

In this chapter we examine the response of a slender beam carrying 

a lumped mass subject to a principal parametric excitation considered in 

Chapter IV. The time modulation is governed by 

2 2 
+ eK 2G G - 2e~vG G = 0 , 

LL L 
(5.1) 

where the subscript L indicates differentiation with respect to the 

nondimensional time L' e is a small dimensionless parameter, and ~' a, 

K1 , K2 , and v are constants related to the physical properties of the 

beam; the excitation amplitude f and frequency ~ are also constant. We 

seek an approximate solution to (5.1) using a perturbation technique. 

An experiment will be performed to determine the accuracy of (5.1) in 

predicting the response. 

5.1 Multiple Scales Analysis 

A first-order uniform solution of (5.1) is sought using the method 

of multiple scales in the form 

(5.2) 
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where T0 = , is a fast scale associated with changes occurring at the 

frequency ~' and T1 = e• is a slow scale associated with modulations in 

the amplitude and phase caused by the damping, resonance, and 

nonlinearity. In terms of the Tn, the time derivatives become 

d dt = Do + eD 1 + • • • ' 
'../ 

(5.3) 

where On = a/aTn. Substituting (5.2) and (5.3) into (5.1) and equating 

coefficients of like powers of e, we obtain 

where the detuning a was introduced into the normalized natural 

frequency of the system as 

_2 ' 1 = (~~) + EO, • 

(5.4) 

(5.5) 

(5.6) 

We are justified in doing this because the frequency of the response for 

a P.rincipal parametric resonance will be exactly one-half that of the 

excitation. In Chapters II and III we expressed the excitation 

frequency in terms of the natural frequency by introducing the detuning 
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later into the analysis as n = n~0 + ema, where m,n = 1, 2, and we 
.. 

obtained nonautonomous amplitude- and phase-modulation equations. This 

was done because we considered two different resonances. In the present 

analysis, we express the natural frequency in terms of the excitation 

frequency and introduce the detuning as in (5.6); this has the 

additional benefit of obtaining autonomous amplitude- and phase-

modulation equations. 

The solution of (5.4) can be expressed in complex form as 

~i+T0 - -~i+T0 
u0 = A(T 1 )e + A(T 1)e ' (5. 7) 

where A is the complex conjugate of A. Then, (5.5) becomes 

2 1 2 2- 1 2 2-
DoU 1 + 4 + U1 = [- i•A' - i+tA - aA - 3aA A - 4 • ic 1A A 

3 2 2- 1 - 2- ~;q, To 
+ 4 • K2A A - 2 fA + i•tvA A]e 

[ 1 3 12 3 12 3 
+ - 2 fA - aA + 4 • K1A + 4 • ic 2A 

3 3i•T0 /2 
+ i•tvA ]e + cc , (5.8) 

where the prime denotes differentiation with respect to T1 • Any 

particular solution of (5.8) contains secular terms; hence we eliminate 

them by setting 

. 4i 2- 2- if -A' = (.12. - t)A + --- a A A + tvA A + ---2 A 
' + e • ' 

(5.9) 

where 

. 1 1 2 3 2 
a = - ( 3a + - cP ic - - cP IC ) e 4 4 i 4 2· (5.10) 
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Consequently, the solution of (5.8) becomes 

fA 1 3 3 3iq,To/2 
u1 = {- + [....!!..._ - - (K + K ) ]A - i 2'~ A }e + cc • 

4q, 2 2q, 2 8 l 2 "' 
(5.11) 

At this point it is convenient to express the complex function A in 

polar form as 

(5.12) 

Substituting (5.12) into (5.9), separating real and imaginary parts, and 

replacing T1 with et, we obtain 

. ( 1 2) efa . a = - er; 1 - 4 va a + ~ s1n2s , (5.13) 

• e 2 da as = "$ (cr + aea )a + ~ cos2s • (5.14) 

Substituting (5.12), (5.11), and (5.7) into (5.2), we obtain 
2 

G(t) =a cos(~cl>• + s) +ea{~+ ~2 ( 4~ - K 1 K 2 )cos[3(~cl>t + s)] 
4q, cl> 

. . . ' (5.15) 

where a and s are given by (5.13) and (5.14). It follows from (5.15) 

that, to the first approximation, the nonlinearity produces a third 

harmonic in the response. 

Periodic solutions- of (5.1) correspond to the fixed points (i.e., 

constant solutions) of the modulation equations (5.13) and (5.14), which 
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in turn correspond to a = 0 and a = O. By squaring and summing the two 

equations, we obtain 

a2 = O, ~q [- r ± 1r2 - 4qs] , (5.16) 

where 

1 2 2 2 
q = 4 (1 - ea)r; v + ae , 

(5.17) 

2 
where¢ was replaced with 4(1 - ea) from (5.6). 

To determine the stability of the trivial .fixed points, we 

investigate the solutions of the linearized form of (5.9); that is 

Letting 

icr ) ie -A = g(~ - r; A + 2¢ f A • 

A= B + iB. r , 

in (5.18) and separating real and imaginary parts, we obtain 

B = - er;B + £ (-2f - cr)B. , r r ¢ 1 

8. = £ cf2 + cr)B - Er;B .• 
l q, r 1 

Equations (5.20) and (5.21) admit solutions of the form 

(5.18) 

(5.19) 

(5.20) 

(5.21) 
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provided that 

A = - ~ ± ~<I> /f 2 - 4a2 • 

Consequently, a trivial fixed point is unstable if and only if 

f > f 't = 210 2 - q,2~2 , cr1 

otherwise it is stable. 

(5.22) 

(5.23) 

(5.24) 

To determine the stability of the nontrivial fixed points, we let 

(5.25) 

where a0 and B0 correspond to a stable nontrivial fixed point, and 

a1 and a1 are perturbations which are assumed to be small compared 

with a0 and a0 • Substituting (5.25) into (5.13) and (5.14) and 

linearizing the resulting equations, we obtain 

. 3 2 f . <:f a0cos2B 0 )B 1, (5.26) a1 = E(- ~ + 4 ~va 0 + 2<1> s1n2B 0 )a 1 + 

2Eaeao CEf . 2 ) (5.27) Bl = ( 4> ) a1 + -<I>- sin B0 a1 • 

Consequently, a nontrivial fixed point is stable if and only if the real 

parts of both eigenvalues of the coefficient matrix in (5.26) and (5.27) 

are less than or equal to zero. 
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5.2 Numerical Results of Approximate Solution 

Equation (5.15) gives a first-order perturbation solution to (5.1), 

where a and a are governed by (5.13) and (5.14). When the amplitude 

achieves a constant nontrivial value, a steady-state parametric 

vibration exists. Using (5.16), we can assess the influence of the 

amplitude of excitation f and the frequency detuning cr on the steady-

state amplitude. 

The frequency-response curve is shown in Figure 5.1 for system 

parameters corresponding to the second metallic beam used in the 

experiments. It shows a parametric resonance of the hardening type. 

There are three distinct regions: in I, where ~ < ~ 1 , only the trivial 

solution is possible and it is stable; in II, where ~ 1 < ~ < ~ 2 , 

there is one stable nontrivial solution and one unstable trivial 

solution; and in III, where ~ > ~ 2 , two nontrivial solutions are 

possible with the larger one being stable, and a stable trivial 

solution. In the latter case, the initial conditions determine the 

response, whereas in regions I and II the final state is independent of 

the initial conditions. Although the two nontrivial branches do not 

terminate, we know in practice they must. 

If we choose a frequency in regions II and III and plot the 

amplitude of the response as a function of the amplitude of the 

excitation, we obtain the results shown in Figures 5.2 and 5.3. Figure 

5.2, which corresponds to region II, shows that parametric vibrations 
. 

exist only when the excitation amplitude exceeds a threshold value. 

When the frequency of the excitation is increased to region III of 
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Figure 5.1, the frequency-response curve is multi-valued, resulting in a 

subcritical instability, as seen in Chapters I, II, and III. Because 

the nonlinearity is of the hardening type, the subcritical. instability 

is only realized when the system is detuned in the positive direction. 

Had it been of the softening type, the system needs to be detuned in the 

negative direction. 

If it was desirable to suppress or eliminate this parametric 

resonance, the dependence of the response on the other system parameters 

could be investigated. However, part of the nonlinearity is due to the 

large deflection (the other part is due to inertia) and cannot be 
11 contra11ed 11 or 11 designed 11 away. If the damping cou 1 d be increased, we 

may diminish or quench the response, but we have seen that a critical 

damping coefficient must be exceeded to suppress the response; otherwise 

increasing the damping coefficient may have modest effects on 

controlling the amplitude of the response. 

If we extend the frequency axis of the response curve shown in 

Figure 5.1, the perturbation theory predicts that the two branches will 

close, as shown in Figure 5.4. This happens because the detuning is 

used to express the natural frequency in terms of the excitation 

frequency, and hence introduces some (but not all) second-order 

effects. When the detuning is used to express the excitation frequency 
.... 

in terms of the natural frequency (e.g., ~ = 2 + Ecr), the first order 

perturbation solution does not predict a jump down. This alternate 

solution is also shown in Figure 5.4. Interestingly, this alternate 
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solution more accurately predicts the steady-state amplitude obtained by 

·numerical integration of equation (5.1). 

5.3 Results of Preliminary Experiments on Test Models 

The first experiments to parametrically excite flexible structures 

were also the first "tests" of the shaker system. Details of the 

experimental facility and procedures are given in the appendix, where we 

discuss the problems we encountered and the remedies we chose. We were 

quite surprised to see the very large displacements that the model 

experienced considering the relatively small amplitudes of the 

excitation. The strain gages cemented near the base of the cantilevered 

beam did not remain in place very long--the surface strains were too 

large. Subsequent beams had strain gages mounted much higher, and in 

some cases, just below the mass. This enabled us to measure much larger 

displacements. 

During the frequency sweeps, we occasionally observed sudden 

changes in the response of the model. In one of the tests performed we 

chose an acceleration level, which was held constant by the computer 

feedback control system, and very slowly swept the frequency up and down 

through a resonance, noting the steady-state amplitude at each step. 

During one test, we noted an increase in the response amplitude as we 

decreased the excitation frequency--then suddenly we heard a clicking 

sound accompanied by a jump down in the steady-state amplitude. As we 

decreased the excitation frequency further, the response amplitude again 

increased and then suddenly jumped down. This scenario was repeated 
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several times; the results are shown in Figure 5.5. The natural 

frequency after the experiment had dropped significantly. After 

removing the beam from its clamped support, we discovered that a fatigue 

crack had developed and propagated across 70% of the width of the 

beam. We concluded then that each click and subsequent jump down in 

response amplitude was associated with the crack growth. A photograph 

of the beam showing the crack is shown in Figure 5.6. 

The second beam was therefore polished in the region of high 

bending stress to delay the onset of crack initiation. The frequency 

response of this beam was very similar to that shown later (Figure 

5.14), but it too failed in a similar fashion: sudden jumps down in the 

steady-state response accompanied by changes in the natural frequency. 

For the third beam, we used an alloy steel that could-be easily 

hardened. The beam was precision ground to the dimensions shown in 

Figure 5.7 and then heat-treated and tempered to Rc45. Additional 

properties and heat treatment procedures are given in the appendix. 

This design was chosen to gradually reduce the high bending stress at 

its base and to allow for its removal and replacement from the clamp 

support without any change in its length. Strain gages were attached to · 

both sides and wired to provide a half-bridge connection to the bridge 

amplifier. 
6 The modulus of elasticity was calculated to be 30x366xl0 psi 

(0.20942xl0 12 Pa) from the natural frequency of the beam, which was 

estimated using the procedure described in the appendix. The beam was 

in a horizontal position for this measurement. The lumped mass, also 
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shown in Figure 5.7, was machined so that a narrow ridge 0.005 inches 

wide made contact with the beam. In this way we approximated the 

boundary conditions at the mass that was used in the theory. Steel set 

screws were embedded in the mass so that the measured and predicted 

frequencies could be matched by a minor adjustment (less than two turns 

of the set screws). Equation (4.69) gives the natural frequency in a 

gravity field; however, in the horizontal position gravity does not 

affect the natural frequency and hence the gravity term was deleted. 

When the ~odel was put into the upright position, the observed change of 

0.120 Hz in the natural frequency was accurately predicted! This 

observation lent credibility to the theory. The damping coefficient was 

estimated by observing the free response, as described in the 

appendix. The difference between the damped and undamped natural 

frequencies is less than the resolution of our measurement, so no 

correction was necessary. 

When the model began to vibrate at large amplitudes, we noted a 

minor subharmonic distortion to the table motion caused by the reaction 

moment at the base of the beam. The distortion was barely visible in 

the accelerometer mounted near the base of the beam, but was quite 

noticable in the displacement transducer signal. The model was 

positioned on the table in such a way that any bending of the beam 

created a reaction moment on the table causing rotation that was 

detected by the displacement transducer. Since the displacement 

transducer was positioned on the side of the table (with a dynamically 

tuned counterbalance on the other side), any rotation of the table was 
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mechanically amplified, and hence readily detected (see photograph in 

Figure A.2). Representative time traces of the table accelerometer 

signal, table displacement signal, and strain gage signal are shown in 

Figure 5.8. 

The distortion was minimized by adding the other two diagonal legs 

to the table (which were removed to minimize weight for higher frequency 

experiments) with four additional bearings, and adding four new bearings 

to the top of the table which required extending the guide rails. These 

can be seen in Figure A.2. Unfortunately, when the testing resumed, we 

observed a sudden drop in the response amplitude, and our suspicion of a 

fatigue crack was verified by measuring a much lower natural frequency. 

5.4 Results and Discussion of the Composite Beam Experiments 

A symetrical 0° - go 0 - go 0 - 0° 4-ply graphite-epoxy composite 

plate 0.022 inches thick was fabricated and cut into strips one-half 

inch wide. Since this beam was much more flexible, a smaller mass was 

used. It was machined in a similar fashion; that is, it had a 0.005 

inch ridge where it made contact with the beam. A photograph of this 

beam in shown in Figure 5.g. 

The frequency-response curves of the composite beam for three 

levels of excitation amplitude are shown in Figure 5.10, and they show 

several interesting features. First, we observe that the general 

behavior is as predicted by the theory. As the excitation frequency is 

increased from a value well below 2.000, the response remains trivial 

until a critical value is exceeded. Increasing the excitation frequency 
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beyond this value causes the response amplitude to increase. There is, 

however, a maximum frequency at which point further increases in the 

frequency cause a jump down to the lower branch. This jump down appears 

to be a turning-point bifurcation, and is drawn as such in the figure. 

Second, we note the appearance of chaotic behavior for the largest 

amplitude response; it was preceded by a modulation in the amplitude. 

Since this amplitude was extremely large (the beam was bending such that 

the mass was down to about the level of the beam support), we did not 

dwell at this amplitude because we were fearful the beam would fail 

before completing the amplitude sweeps. We did, however, use the strobe 

light to "slow down'' the vibration for observation and noted that the 

chaotic behavior was accompanied by out-of-plane bending and torsion. 

The chaotic behavior was observed on the oscilloscope displaying the 

time trace and in the instantaneous power spectrum which contained a 

low-level, broad-band component. This behavior was not unexpected 

because we have seen it in experiments using longer beams and we saw it 

in Chapters II and III. 

Third, we observe a penetration of a stable trivial solution into 

what is typically the unstable region of parametric resonance. These 

jump points (boundary between stable and unstable trivial solutions as 

the frequency is increased) were determined in the manner described in 

the appendix. Inside this "unstable" region small disturbances decayed 

and large disturbances grew, but as the region was penetrated, the 

disturbances that decayed became smaller and smaller until the trivial 

solution was not able to even keep trivial solutions. 
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Fourth, we note the lower branch lifting off the frequency axis as 

the frequency is decreased from above. Because it has a behavior 

similar to a turning-point bifurcation, this parametric resonance looks 

similar to an externally excited resonance (e.g., a Duffing oscillator) 

with a hardening nonlinearity. This behavior was not predicted and 

appears to be intensified due to the higher level and nonlinear nature 

of the damping present in the composite beam. 

The nature of the parametric resonance for $ = 2.000 and a table 

acceleration level of 1.00 g is shown in Figure 5.ll{a). This figure 

shows the spectral time history of the beam displacement starting with 

the trivial response at time t = O. Approximately 33 seconds are 

required before any vibration is visible, but once the motion starts, it 

grows very quickly and achieves its steady state with minimal transient 

modulation. We also see the presence of the third harmonic, but since 

the amplitude is plotted on a linear scale, it is barely visible. When 

the excitation frequency is increased to $ = 2.013, we have two possible 

steady-state solutions as shown in Figure 5.10. When the model is 

released from rest, only 12 seconds elapse before a response is visible, 

and as shown in Figure 5.ll{b), it is the lower branch that attracts the 

response. After the system achieved steady-state, it was disturbed, and 

we note that the disturbance was sufficient to cause the system to jump 

up to the large amplitude response. We also note that the system 

modulates and does not achieve a constant steady-state amplitude. Also 

present with the large amplitude response is the third harmonic, and 

barely visible are the second and fourth harmonics. 
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For the next experiment, we fixed the frequency and slowly 

increased and then decreased the amplitude of the excitation; the 

results are shown in Figure 5.12. When $ = 2.000, the amplitude-

response curve shows that a critical excitaton amplitude must be 

exceeded before a principal parametric resonance can be excited. For 

values of ~ < 2.000, the curves are quite similar. When $ = 2.008 the 

results in Figure 5.10 show that the response curve is multivalued and 

hence a subcritical instability is anticipated. The measurements 

plotted in the figure show that the multivaluedness shifts to the right 

beyond the critical value; hence we did not observe a "sub-critical" 

instability per-se. However, we observed a small response at an 

excitation level below the critical value (corresponding to the trivial 

response lifting off the axis prior to jumping up) whereas the theory 

predicts a trivial response. For reasons not yet understood, this 

behavior may be related to the shifting of the response curve to the 

right. Further increases in $ causes this curve to migrate to the right 

as shown. 

As discussed in the procedures (appendix), we checked the 

calibration of the strain gage and damped natural frequency after each 

run. The calibration varied by less than 1%, but we noted that the 

natural frequency was slowly decreasing during the series of tests. 

This explains why repeated experiments did not yield identical results, 

as seen in the response amplitudes to identical excitation levels and 

frequencies in Figures 5.10 and 5.12. Being a composite beam, it 

suffered fiber damage during the test runs which made it difficult to 
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obtain good comparative results. However, it did not fail as did all 

the metallic beams, so it was useful in this regard. Since it was a 

very flexible beam, feedback distortion to the vibration table was also 

minimized. 

During the large amplitude response, we observed the presence of 

harmonics in the strain gage signal, as seen in Figures 5.11 and shown 

in Figure 5.13 using a log scale. Initially, both signals were very 

clean for small amplitudes (on both upper and lower branches). When the 

amplitude and frequency of excitation were adjusted so that the response 

amplitude increased, the third harmonic appeared. As the response 

amplitude increased, so did the amplitude of the third harmonic. This 

was predicted by the perturbation solution. However, at even larger 

amplitudes the second harmonic appeared without an increase in the zero 

frequency (i.e., O.C.) component. This second harmonic was later 

accompanied by the fourth harmonic and neither was predicted by the 

theory. The second harmonic coincided exactly with the driving 

frequency and hence may be caused by the excitation acting as an 

external excitation due to very large deflections of the model or 

imperfections in either the model or the shaker table. 

5.5 Results and Discussion of the Metallic Beam Experiments 

Since the flexural stiffness of the composite beam did not remain 

constant, it was not possible to repeat an experiment and get identical 

results. The steel beam, in addition to failing by fatigue, was stiff 

enough to cause harmonic distortion of the shaker table. In view of 
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these, we fabricated a more flexible steel beam; it was precision ground 

to 0.015 inches thick and 0.4375 inches wide. It had a large radius 

fillet leading to a 0.125 inch thick base, as was done with the previous 

steel beam; it was also heat treated and tempered to a hardness of 

Rc45. In addition, the root area of the beam was carefully polished to 

remove any surface scratches that might be nucleation sites for micro-

cracks. The beam was instrumented and fitted with the smaller mass used 

previously on the composite beam. We limited the amplitude of vibration 

so we could map a complete family of curves related to the principal 

parametric resonance. Unfortunately, we were unable to complete all the 

tests because we heard the "all too familiar click" accompanied by a 

sudden drop in the amplitude. A check of the natural frequency revealed 

that it had also decreased, as expected. A photograph of this beam in 

Figure 5.14 shows a small crack which is barely visible. 

The frequency response curve is shown in Figure 5.15. There are 

several interesting features to note. First, a comparison with the 

perturbation solution shown in Figure 5.1 shows remarkable agreement 

with few exceptions. We note that there exists a point where the large-

ampl itude response jumps down to the trivial branch. When we sweep the 

frequency down starting well above the jump down point, we again note 

the trivial solution lifting off the axis as it "anticipates" jumping up 

to the nontrivial solution. This behavior cannot be explained by the 

present theory. 

Second, we again note a penetration cf a stable trivial solution 

into the region predicted to be unstable by the theory. Although the 

242 



precision grinding, alignment, and balancing of the attached mass 

eliminated sources of external excitation that would be required to 

start the parametric resonance, we did observe a small region where 

finite disturbances decayed. This penetration phenomenon has been 

observed in nonstationary responses when the frequency is continuously 

swept. But in these experiments, the system was allowed to achieve a 

steady state, so the penetration is not attributed to the nonstationary 

behavior. 

Third, we note a modulation in the large steady-state amplitude 

just before it jumps down. This behavior was also observed in the 

composite beam. We used this characteristic to warn us of a pending 

jump; consequently we used very small steps to determine, as accurately 

as possible, the jump down points. It is possible that, had we waited 

long enough, the response may have jumped down sooner. However, we were 

fearful of the specimen failing and waited just long enough for the 

modulation to achieve 11 steady-state 11 • In some cases, by waiting long 

enough, the modulation disappeared. 

The amplitude response for $ = 2.000 is shown in Figure 5.16. We 

were planning to run sweeps for $ = 2.008 and $ = 2.016, but the model 

failed prematurely. These results also show remarkable agreement with 

the theory (see Figure 5.2). 

5.6 Concluding Remarks and Chapter Sunmary 

In this chapter we have developed a first-order perturbation 

solution to the time modulation equation (4.74) derived in the previous 
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chapter. We have also conducted a series of experiments on both 

metallic and composite beams and have seen good qualitative agreement 

between the perturbation solution and the results of the experiments. 

The discrepancies have been noted and plausable reasons offered. The 

experiments, including the analogue computer simulation in Chapters II 

and III, have provided several insights into understanding the nature of 

parametric resonances. First, all of the metallic specimens failed 

during the testing! Our objective here was non-destructive testing 

because of lengthly and costly specimen preparation. We purposely kept 

the vibration amplitudes small on the last metallic beam, yet it too 

failed. We conclude then that parametric excitations, when they produce 

a parametric resonance, can be dangerous or fatal to the structure 

because of the large deflections often associated with them. 

Second, we discovered that the predicted unstable trivial region 

could be penetrated. The penetration was greater in the case of the 

metallic beam, which has a small equivalent viscous damping coefficient, 

compared to the case of the composite beam, which has higher damping. 

As the region was penetrated by increasing the frequency, the domain of 

attraction for the trivial solution decreased. Since the test specimens 

were precision ground and precisely aligned, and hence did not have any 

external excitation to start the motion, a small disturbance to the 

system was required to start a parametric response. However, this does 

not explain why small disturbances decayed inside this "unstable" 

region. What we saw was a diminishing domain of attraction for the 

trivial solution as the 11 unstable 11 region was penetrated. Since the 
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stability analysis was based on the linearized form of the reduced 

equation, it gave information regarding the behavior of small but finite 

vibration. But how small is small? We noted that if giv~n a large 

enough disturbance, the amplitude would grow. Consequently, there 

appears to be some deficiency in the theory that does not predict the 

penetration into the ''unstable" region. 

Third, we observed that some attractors have such small domains of 

attraction, that particular routes must be used to attract them. For 

example, we could not attract the large amplitude response near the jump 

down point shown in Figure 5.15 by simply disturbing the trivial 

solution. Even using initial disturbance amplitudes that were larger 

than the steady-state amplitude was not sufficient. We had to decrease 

the frequency to enlarge the domain of attraction in order to latch onto 

the nontrivial attractor. Once a steady-state vibration was 

established, we could increase the frequency slowly and stay on the 

attractor. A similar procedure was required to realize some attractors 

on the analogue computer discussed in Chapters II and III. This 

behavior lends insight into possible problems associated with numerical 

integration of nonlinear equations. 

The other discrepancy that cannot be explained by the present 

theory is the premature gradual departure from the trivial branch as the 

frequency is decreased. It is a small discrepancy and, in one sense, 

does not seem to be unreasonable. This is similar to the behavior of an 

external resonance and it may be that our familiarity with the external 
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resonance is tending to make us complacent when we see similar behavior 

in a parametric resonance. 

In summary, we can say the theory does a good job in predicting the 

resonance, the mode shape of vibration, the influence of gravity on the 

frequency, and the qualitative nature of the response. Although not 

well documented here, we did observe chaotic responses. Since all of 

the metallic beams failed, we should be warned of the possible dangers 

associated with parametric resonances! 
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CHAPTER VI 

COMBINATION RESONANCES IN A TWO-DEGREE-OF-FREEDOM SYSTEM WITH 

INTERNAL RESONANCES AND QUADRATIC NONLINEARITIES 

In the previous chapters we discussed parametric resonances in a 

SDOF system and introduced MDOF systems in Chapter I. In this chapter 

we will consider a MDOF system with quadratic nonlinearities. Nayfeh 

[1983b] investigated a similar internally resonant system and considered 

the two cases of principal parametric resonance to both modes (i.e., 

n = 2w 1 and n = 2w 2 ). Here we will consider 2DOF systems with quadratic 

nonlinearity and internally resonant subject to a combination resonance 

of the sum type governed by 

(6.1) 

where the wn' on' f nm' µn' n and• are constants, and e is a small 

dimensionless parameter. These equations, when the cubic terms are 

included, model arches, shells, plates and beams under static loading, 

and ship motion. 
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6.1 Multiple Scales Analysis 

A first-order uniform solution of (6.1) and (6.2) is sought using 

the method of multiple scales in the form 

(6.3) 

where T0 = t is a fast scale, which is associated with changes occurring 

at the frequencies wn and n, and T1 = et is a slow scale, which is 

associated with modulations in the amplitudes and the phases resulting 

from the nonlinearities and parametric resonances. In terms of T0 and 

T1 , the time derivatives become 
2 

~ = D~ + 2e0 0 0 1 + ••• , 
dt 

(6.4) 

where On = a/aTn. Substituting (6.3) and (6.4) into (6.1) and (6.2) and 

equating coefficients of like powers of e yields, to order e, 

(6.5) 

(6.6) 

and to order e, 

(6.7) 
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The general solution of {6.5) and (6.6) can be expressed as 

(6.9) 

(6.10) 

where the overbar indicates the complex conjugate and the An{T 1 ) are 

arbitrary functions of T1 at this order of approximation; they are 

determined by imposing the solvability conditions at the next level of 

approximation. 

Substituting (6.9) and (6.10) into (6.7) and (6.8) yields 

2 2iw 2 T0 i{w 2 + w1 }T0 
- o3A2e - 2o 2A2A1e 

- i { w 2 -w 1 ) T 0 
- 2o 2A2A1e - o1A1A1- o3A2A2 

(6.11) 

2 2iw 2T0 i{w 2+w 1 }T0 
- o4A2e - 2o 3A2A1e 

3 i ( w z -w i ) To 
- 2o A2A1e - o2A1A1 - o~A 2A 2 

i[(Q+w 1 )T 0+,] i[(Q-w 1 }T 0+T] 
- fz1A1e - f 21A1e 

i[(Q+w 2 )T 0+,] i[(Q-w 2 }T0+T] 
- f 22A2e - f 22A2e +cc , 

(6.12) 
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where the cc stands for the complex conjugate of the preceding terms and 

the prime stands for the derivative with respect to T1 • Any particular 

solution of (6.11) and (6.12) contains secular terms and may contain 

small divisor terms depending on the resonant combinations present. 

These combinations are 

W2 = 2w 1 or wl = 2w 2 : two-to-one internal resonance 
Q = 2w 2 : principal parametric resonance of the 

second mode 
n = 2w 1 : principal parametric resonance of the 

first mode 
n = W2 ± wl: combination parametric resonance of the 

sum and difference types 

The case of simultaneous internal resonance and principal parametric 

resonance of either mode was investigated by Nayfeh [1983b]. In this 

chapter, the case of simultaneous internal resonance w2 = 2w 1 and 

combination parametric resonance n = w2 ± w1 is considered. The case of 

combination resonance of the additive type is treated in detail. Then, 

the other case can be obtained by simply changing the sign of w1 • 

To express quantitatively the nearness of these resonances, we 

introduce the detunings cr 1 and cr 2 according to 

(6.13) 

and write 

{6.14) 
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(6.15) 

Using (6.14) and (6.15), we transform the small-divisor terms arising 

from exp(±2iw 1T0 ), exp[±i{w 2-w 1 )T0 ], exp[±i(n-w 1)T0 ] and 

exp[±i(n-w 2 )T 0 ] into terms that produce secular terms. Then, 

eliminating these secular terms yields the following equations: 

(6.16) 

To analyze the solutions of (6.16) and (6.17), we introduce the 

polar notation 

(6.18) 

separate the result into real and imaginary parts, and obtain 

a' 
oz f 12 

(6.19) = - 1l1a1 - -2 - a1a2 siny 1 - -2 - a2siny 2 ' l (Ill Wl 

a 1 a~ 
02 f 12 

(6.20) =-2-a1a2COSyl +z-azCOSyz ' Wl Wl 
02 2 f 21 + ,) (6.21) a' = - 1l2a2 +-4-a1siny1 - 2 a1 sin{y 2 ' 2 Wz Wz 

02 2 f 21 + '!) (6.22) a 2 8~ = 4 a1cosy 1 + -2 - a1cos{y 2 ' wz wz 
where 

Y1 = 8 2 - 28 1 + cr 1T1, Yz = cr2T1 - B2 - B1 . (6.23) 
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For steady-state solutions, a1 and a2 are constants. Then, it 

follows from (6.19) and (6.21) that y1 and r 2 are constants. Hence, it 

follows from (6.23) that 

Consequently, steady-state solutions correspond to the solutions of 

cS 2 f 12 
(6.25) µ1a1 = - 2 a1a2siny 1 - --2-- a2siny 2 t wl wl 

1 + oz)a1 
cS 2 f 1 2 

(6.26) 3 (01 = --2 -- al azCOSy l + 2 a2cosy 2 wl wl 
cS 2 2 f 21 

+ •) (6.27) µza2 = 4 a1siny 1 - 2 a1sin{y2 t Wz Wz 

1 cS 2 2 f 21 
(6.28) 3 (2a 2 - al )az = 4 a1cosy 1 + --2 -- a 1 cos ( y 2 + -r) . 

. Wz Wz 

There are two possibilities. First, a1 = a2 = O; second, a1 and a2 ~ O 

and (6.25)-(6.28) yield the following solution: 

a2 = ra 1 , (6.30) 
where 

2 L J.. r = [ -b ± ( b - c )-'2] 2 , (6.31) 

c = 
2 2 

c11 + c21 
2 2 (6.33) 

- 1 

C12 + C22 

(6.34) 
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if f 12 = 2f 2l provided that L ~ ± n. When fl2=2f2l and L = ± n, 

a1 = a2 = 0 is the only possible solution. The cmn and d are defined as 

follows: 

(6.36) 

(6. 37) 

(6.38) 

(6.39) 

( 2 2 )_l d = 2f12 - 4f2l • (6.40) 

6.2 Stability of Steady-State Solutions 

The problem of determining the stability of the trivial steady-

state solution a1 = a2 = 0 is equivalent to the problem of determining 

the linearized solutions of (6.16) and (6.17); that is, 

- icr2T1 
2iw 1 (A~ + JJ1A1) + f i2A2e = 0 ' (6.41) 

- (crzT1 + •) 
2iw 2 (A~ + JJ2A2) + f 21A1e = 0 . (6.42) 

Equations (6.41) and (6.42) admit solutions of the form 

(6.43) 

provided that 
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(6.44) 
or 

(6.45) 

where A= f 1 2f 2 1/w 1w2 • Thus, the trivial solution is stable if and only 

if the real parts of both values of x are less than or equal to zero; 

that is, the trivial solution is stable if (µ 1 + µ 2 ) ~ x and unstable if 

(µ 1 + µ 2 ) < x, where x is the real part of the radical in (6.45). The 

transition curves separating stable from unstable motions correspond to 

(µ 1 + µ 2 ) = x. In this case, the radical in (6.45) is µ 1 + µ 2 + iy. 

Hence, 

+ ACOST - iAsinT • (6.46) 

Equating real and imaginary parts in (6.46) yields 

(6.47) 

which upon elimination of y, yields 

(6.48) 
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To determine the stability of the nontrivial solutions, we let 

(6.49) 

Yz = Yzo + Y21 ' (6.50) 

where the ano and Yno are solutions of (6.25)-(6.28). Substituting 

(6.49) and (6.50) into (6.19)-(6.23), using (6.25)-(6.28), and 

linearizing the resulting equations, we obtain 

(6.51) 

(6.52) 

(6.53) 
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I 
Y21 

Thus, the nontrivial solution is stable if and only if the real part of 

each of the eigenvalues of the coefficient matrix on the right-hand 

sides of (6.51)-(6.54) is less than or equal to zero. 

6.3 Numerical Results and Discussion 

Steady-state nontrivial solutions are given by (6.29)-(6.35). For 

nontrivial steady-state solutions to exist, r as defined in (6.31) must 

be real; this corresponds to non-negative values of the function 

b2 - c. The nontrivial responses and their stability are computed and 

the stability of the trivial solutions are also computed. To verify the 

steady-state solutions, (6.19)-(6.23) were numerically integrated using 

a 5th and 6th order Runge-Kutta-Verner (RKV) algorithm. To verify the 

perturbation results, the governing equations (6.1) and (6.2) were 

numerically integrated. For all cases investigated, µ 1 = µ 2 = 1 and 

o1 = o2 = o3 = o4 = 1. The results show cases where there are only 

nontrivial steady-state solutions, only trivial solutions (quenching), 

only nonsteady-state solutions, and various combinations of the above. 

In addition, the results show the jump phenomenon (turning point 
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bifurcation), modal saturation, Hopf type bifurcation, period doubling 

bifurcations, and dependence on initial conditions. 

6.3.1 Effects of Detuning Parameters a 1 and a 2 

Figure 6.1 shows typical response curves as a function of the 

detuning a 1 due to internal resonance. For the parameters chosen, the 

trivial solutions and the negative branch of (6.31) are stable. Stable 

nontrivial solutions exist only for relatively small values of a 1 near 

the origin. When a 1 is away from the region of stable finite-amplitude 

steady-state solutions, the response is quenched (no resonance) because 

the only stable solution is trivial. If f 2 1 = 7.00 in the above 

example, the response curves are quite similar. However, the trivial 

response is unstable, so the motion for a 1 away from the nontrivial 

steady-state region is a limit cycle solution of (6.19)-(6.23). 

Figures 6.2 and 6.3 show typical response curves as a function of 

the detuning a 2 due to parametric excitation. For values of , greater 

than a critical value 'c' stable nontrivial steady-state solutions exist 

only for values of a 2 away from the origin. However, for small values 

of , , the entire negative branch of the nontrivial solution can be 

stable. These curves and those of Figure 6.1 illustrate the jump 

phenomenon. It follows from Figure 6.3 that if we start with initial 

conditions such that the system response is trivial for a 2 = -10 

corresponding to point a, and then slowly increase the frequency g by 

increasing a 2 , we eventually reach b, the end of the stable region for 

the trivial solution. After this, the amplitude a1 of the first mode 
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jumps up to the nontrivial steady-state value c (corresponding to a 

limit cycle for the system). Increasing oz further causes both the 

amplitudes a 1 and az to decrease until point d is reached. A further 

increase in oz causes the response of the system to bifurcate to a 

torous (corresponding to limit cycles for a1 and az) until point e is 

reached. The response of the system to the parametric resonance after 

point e is now quenched; the only stable steady-state response is 

trivial. Further increases beyond point f in oz give two possible 

solutions for the an: trivial and nontrivial; if we are on the trivial 

response for a given oz, disturbances to the system could knock it into 

a stable steady-state motion corresponding to the nontrivial branch g-h 

and vice versa. Likewise, if one starts at point h and decreases o2 , 

the response amplitude a1 will jump from g to f, and follow f-e. After 

e, a bifurcation takes place and the an execute non-constant, nontrivial 

(nonstationary) motions of limit cycles (corresponding to a torous 

response of the system). Decreasing oz beyond point d causes the 

response amplitudes to stabilize on the fixed point d and then follow 

the curve d-c. Further decreases in oz would cause the system 

amplitudes to continue on the upper branch, unless a disturbance knocks 

them down to the trivial solution. It is also possible that 

disturbances could knock them to yet other stable solutions--limit 

cycles--if such solutions exist. 
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6.3.2 Effects of Phase , 

The phase , is a significant parameter in this problem. Figure 6.4 

shows a variation of the response curves with , • For small values 

of ., the steady-state solution given by the negative branch is the only 

stable response. As , increases, the trivial solution becomes stable, 

and the nontrivial solution becomes unstable. Figure 6.4 shows a 

response curve where an overlap in stable solutions occurs. When this 

happens, 'crit is given by the maximum value of , for which stable 

nontrivial solutions exist. Then, for • > 'crit' the response of the 

system is quenched. Decreasing f 2 1 causes the two separate branches to 

merge and form one closed curve, as shown in Figure 6.5. Since there is 

no overlapping region in this case, 'crit is given by the trivial 

stability criterion, and is determined from (6.48). When there is an 

overlapping region of the stable responses, the jump phenomenon occurs 

when one reaches the end of the nontrivial stable region. In general, 

increasing • stabilizes the trivial response. Depending on the other 

system parameters, one (but not both) of the nontrivial solutions may be 

stable also. 

To verify the results in Figure 6.4, (6.19)-(6.23) were numerically 

integrated. In this case, • = 2.0 corresponds to a point on the stable 

nontrivial branch and unstable trivial branch, and , = 3.0 corresponds 

to a point on the stable trivial branch and unstable nontrivial 

branch. The results for a1 in Figure 6.6 show that for the initial 

conditions used, a1 and a2 achieve steady-state nontrivial values 

when • = 2.0 , and steady-state trivial values when • = 3.0 • If a2 is 
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plotted versus a 1 , these two steady-state conditions would appear as 

fixed points, the latter located at the origin. The governing 

differential equations (6. 1) and (6.2) were numerically integrated 

for • = 3.0 , when the response of the system is quenched. The results 

shown in Figure 6.7 verify the nature of the perturbation solution shown 

in Figures 6.4 and 6.6b. When • = 2.0 , the time history of u1 and u2 

is similar to Figure 6.8. 

Figure 6.4 shows that there is only one stable nontrivial fixed-

point solution when, is small. By using different initial conditions 

(while fixing all other parameters), we see that (6.19)-(6.23) also 

admit a limit-cycle solution, as shown in Figure 6.9. This is easily 

seen by plotting a2 versus a 1 , as shown in Figures 6.10 and 6.11. With 

appropriate initial conditions (6. 1) and (6.2) yield a stable, non-

constant torous response, whose time history is shown in Figure 6.12. 

This figure also shows the well known modal interaction (i.e., 

beating). Thus the fixed-point (or steady-state) solution of (6.19)-

(6.23) corresponds to a limit-cycle solution of (6.1) and (6.2); the 

limit-cycle solution of (6.19)-(6.23) corresponds to a torous of (6.1) 

and (6.2). Figure 6. 10, in addition to showing the nontrivial fixed-

point and limit-cycle solutions of (6.19)-(6.23), also shows the 

separatrix dividing the basin of the fixed-point attractor from that of 

the limit-cycle attractor, for specific values of the initial phases 

y 1 (0) and y 2 (0) and phase angle •· Figure 6.13 shows a trajectory of 

the system that is attracted to the nontrivial fixed point of Figure 

6.9, and Figure 6.11 shows a trajectory of the system that is attracted 
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to the limit cycle also shown in Figure 6.9. These initial conditions 

are very close to each other, but on opposite sides of the separatrix. 

Although y 1 and y 2 are specified initially, they vary along the 

trajectory as governed by (6.19)-(6.23), so they do not remain 

constant. Figures 6. 11 and 6. 13 are actually projections of a four-

dimensional space whose axes are a 1 , a2 , y 1 , y 2 , with time t being a 

parameter along the curve, onto the two-dimensional space a2 - a 1 , where 

, is held constant. This explains why excursions outside the domain of 

attraction are seen in these figures. When the system arrives at the 

fixed point, y 1 and y 2 become constant, but depending on the exact 

location within the domain of attraction where the trajectory begins, 

the values of y 1 and y 2 may be incremented by 2n~ in the steady-state 

condition from those calculated from (6.25)-(6.28) and either (6.32) or 

(6.35). Figure 6. 14 shows the trajectory of the system for,= 3.0, 

when the system is quenched; in this case the origin becomes the fixed-

point attractor. 

6.3.3 Effects of Amplitude of Second Excitation f 2 1 

The addition of a second excitation having the amplitude f 2 1 has a 

unique effect on the steady-state response. Figures 6.15-6.17 show 

typical responses of the system in the presence of moderate primary 

excitation having the amplitude f 1 2 • These three figures combined show 

how the phase , changes the nature of the steady-state response; 

increasing , causes the two branches to collapse near the critical 
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point f 2 1 = 2f 1 2 , then break apart, with the left region eventually 

disappearing. The effects of Ton the trivial stability is minimal. 

Figure 6.18 shows response curves, similar to Figure 6.16, for 

which the stability results were verified by numerically integrating 

(6.19)-(6.23). The time histories of a1 for selected points are shown 

in Figure 6.19. The response a2 , which is not shown, is proportional 

to a1 because a2 = r a1 • Figures 6.20 and 6.8 show the results of 

numerically integrating (6. 1) and (6.2) with the system parameters 

corresponding to the two points e and f in Figures 6.18 and 6. 19, again 

verifying the perturbation results. 

Although this paper is primarily concerned with the fixed-point 

solutions of (6.19)-(6.23), limit-cycle solutions have been shown to 

coexist with the stable fixed-point solutions. Figure 6.21 shows the 

periodic trajectory corresponding to the solution of (6.19)-(6.23) for 

point c in Figures 6.18 and 6.19. This solution is a limit cycle whose 

trajectory is close to the upper fixed-point solution. As we move along 

the branch b-d in Figure 6.18, the fixed-point solution at b becomes 

marginally stable, because the real part of the eigenvalue has increased 

to zero. Increasing f 2 1 causes the real part of the eigenvalue to 

become positive, thus causing the system to experience a Hopf type 

bifurcation. The amplitudes a1 and a2 begin to oscillate in a limit 

cycle near the fixed point of the upper previously stable steady-state 

solution, as shown in Figure 6.21. As f 2 1 increases (i.e., as it moves 

away from the stable fixed point b), the trajectory enlarges; however, 

the trajectory stays near the upper (now unstable) steady-state 
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solution. As f 2 1 approaches the stable fixed point near d, the 

trajectory size decreases, eventually collapsing to a point, which in 

this case is the fixed point where stability is again attained, just 

left of d. 

Figures such as 6.3, 6.5 and 6.18 show that there are regions where 

no steady-state solutions exist. Unsteady solutions in the region 

between points x and y in Figure 6.18 have limit-cycle trajectories 

which experience a period doubling bifurcation. As f 2 1 increases from x 

toy the period of the limit cycle slowly increases. However, at a 
* critical value f 2 1 off 2 1 , the trajectory requires two orbits to 

complete one period. This is barely seen in the amplitude-time curves 

in Figure 6.22. The bifurcated motion has every other peak slightly 

reduced and the little hump between peaks is distorted in every other 

valley. Thus, it takes two of the previous cycles to complete one cycle 

in the bifurcated response. The bifurcation is easily seen when plotted 

in the plane a2 - a 1 , as shown in Figure 6.23. As f 2 1 increases to 

point y, the system bifurcates again because steady-state solutions 

exist, and one of them is stable. 

Figure 6.24 shows typical response curves in the presence of a 

strong excitation of the first mode. There are no stable finite-

amplitude steady-state solutions; the trivial solution is stable for 

only small values off 2 1 • 

Figure 6.25 shows the unique phenomenon associated with the 

addition of an excitation having the amplitude f 2 1 to the second mode. 

For small levels of excitation f 1 2 of the first mode, the amplitude a2 
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of the stable nontrivial response of the second mode reaches a constant 

value when f 21 ~ fcrit' where f crit is the threshold of existence of 

stable nontrivial solutions when varying f 21 • Increasing f 21 does not 

increase a2 above this constant value; it has become saturated. 

Instead, the energy exciting the second mode causes a large increase 

in a1 to occur. This is known as the saturation phenomenon. If one 

were to perform an experiment in which f 21 were slowly increased from 

zero, the jump phenomenon would occur at the end of the stable trivial 

response region. Both a 1 and a2 would jump up to their respective 

steady-state values. Further increases inf 21 would simply increase 

a 1 and not a2• 

For values off 1 2 << 1 and,= 2.094, the two solutions (one stable 

and one unstable) for a2 ·are so close to each other that they appear as 

one in Figure 6.26. The characteristics of the motion, however, remain 

the same. 

To examine regions of nontrivial responses in general, (6.31)-

(6.35) were solved for the transition curves separating existence and 

non-existence of nontrivial responses. Typical curves are shown in 

Figure 6.27. Comparing Figures 6.15-6.17 and 6.27, we can see where 

each curve {from Figures 6.15-6.17) would be positioned in Figure 6.27. 

The accuracy of the perturbation solution for selected parameters 

is shown in Table 6. 1. Since the perturbation solution is based on 

small values of g , the improved accuracy with smaller g is expected. 

The error decreases for small values off 21 • When f 1 2 = 7.00andf2 1 

= 1.04, the perturbation results give a 1 = 4.52 and a2 = 3.62. For 
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e = 0.001 , numerical integration yields a 1 = 4.59 and a2 = 3.66. These 

correspond to errors of 1.5% and 1.1% respectively. 

6.4. Chapter Sun111ary 

The method of multiple scales was used to obtain a uniform first-

order solution for the response of a two-degree-of-freedom system with 

quadratic nonlinearities to a combination parametric resonance in the 

presence of a two-to-one internal resonance. Steady-state solutions 

were obtained, and it was shown that the results qualitatively describe 

the system response for the parameters chosen. 

The results show that detuning the internal resonance (increasing 

la 1 1 ) eliminates nontrivial steady-state responses. In other words, 

steady-state responses exist only for a nearly perfectly tuned system. 

If the system parameters were such that the trivial response is stable, 

the response of the system is quenched for a 1 outside the nontrivial 

response region. 

Detuning the parametric resonance (increasing la 2 I ) has the 

opposite effect on the system because it yields both trivial and 

nontrivial stable steady-state solutions. The examples shown here 

illustrate that the response of the system can be quenched for 

appropriate system parameters. 

The phase of second mode excitation , , when increased, stabilizes 

the trivial response. Depending on the system parameters, it is shown 

that there may also be a nontrivial response that is stable. In the 

absence of a stable nontrivial solution, the response of the system can 
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be quenched when , ~ 'crit • These results can be used by design 

engineers to reduce or eliminate vibration of systems modelled by these 

equations. For example, if f 2 1 is large enough, by simply detuning the 

two modes, the steady-state response could be quenched if a nonsteady-

state solution does not exist (see Figure 6.1). Similarly, if the phase 

, can be adjusted, we have seen (Figures 6.4 and 6.5) that an 

appropriate choice can also quench the steady-state response. 

The amplitude f 2 1 of the second excitation when increased, produces 

stable nontrivial steady-state solutions and simultaneously unstable 

trivial solutions. When f 1 2 is small, increasing f 2 1 causes the second 

mode to become saturated when f 2 1 ~ fcrit , causing the first mode 

response to increase instead. This is another control that can be used 

to advantage by a designer. If the system is tuned sufficiently, the 

second mode will become saturated. This will limit the maximum 

amplitude of the second mode (at the expense of the first mode, of 

course), regardless of the magnitude of the excitation amplitude of the 

second mode. Hence, the first mode acts as a vibration absorber to the 

second mode. 

In addition to the steady-state solutions, other periodic solutions 

are predicted and shown to exist by the amplitude-phase modulation 

equations (6.19) - (6.23). The motion experiences a Hopf bifurcation as 

transition from a stable fixed-point response to a limit cycle response 

occurs, if there exists an unstable fixed-point solution. This 

bifurcation occurs as the real part of both nontrivial eigenvalues 

become positive. In the region where no steady-state solutions are 
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shown to exist, the limit cycle itself is shown to experience a period 

doubling bifurcation. Some of these unsteady-state solutions have a 

smaller maximum amplitude. For example, Figure 6.9 shows that the 

maximum amplitude of the limit cycle is lower than the steady-state 

amplitude of the first mode and higher than the steady-state amplitude 

of the second mode. If the designer wants to reduce the first mode, he 

can adjust the initial conditions to achieve the limit cycle. 

The perturbation solution was verified by numerically integrating 

the governing differential equations. Although the first-order 

perturbation solution characterizes the system response extremely well, 

it suffers in accurately predicting the magnitudes a1 and a2 of the 

steady-state response when either mode is strongly excited and when 

relatively large values of e are used. When both the excitation 

and e are small, the perturbation solution is within 1.5% of the 

numerically obtained results. 

The accuracy of the perturbation solution to large excitations can 

be improved by developing a uniform second-order solution. We must then 

include the cubic nonlinear terms in the governing differential 

equations. This is also true if we wish to transform the initial 

conditions of the averaged equations (a 1 (0}, a2 (0}, y 1 (0}, y 2 (0}) 

into initial conditions for the original equations (u 1 (0), u1 (0), 

u2 (0), u2 (0)). 
The uniform first-order solution can be used to investigate the 

effects of the damping coefficients u1 and u2 and to extend the present 

analysis to the combined effects of several system parameters such as 
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small a 1 and large a 2 • The other stable limit-cycle solutions can be 

analyzed along with the domains of initial conditions that lead to the 

various solutions; this can be accomplished with projections of the 

phase spaces in various combinations of a 1 , a2 , y 1 , y 2 , u1 , u1 , u2 

and u2 • Figure 6.27 shows only the domains of existence of steady-state 

solutions, but it does not indicate the stability of such solutions. Of 

interest would be the domains of stable trivial and nontrivial 

solutions. However, the large number of system parameters certainly 

complicates the analysis and the concise presentation of the results. 
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Figure 6.4 
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Figure 6.6 Time history of a1 : f ~~ = 7.00, f 2 1 = 7.86, a 1 = a 2 = 0.0. For T = 2.0 raa1ans, the perturbation analysis 
gives a nontrivial steady-state stable response; for 
T = 3.0 the only stable response is trivial, and therefore 
the response is quenched. Compare these results with 
Figure 6.4. See Figure 6.9 for the limit cycle plot. 
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time 5()() 

Time history of the response of the system corresponding to the parameters in Figures 
6.4 and 6.6b as calculated by numerically integrating the governing differential 
Equations (6. 1) and (6.2): T = 3.0 radians, f 1 2 = 7.00, f 21 = 7.86, a 1 = a 2 = 0.0. 
Note that the response of the system is quenched. 
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Figure 6.8 Variation of the u0 with time obtained by numerically integrating the governing 
differential equations: T = 0.2618 radians, a 1 = a 2 = 0, f 1 2 = 7.00, f 1 = 5.04, 
e = 0.01. Note that the modes of the system achieve constant steady-slate 
amplitudes as predicted by the perturbation solution. 



20 a, 

0 t 50 

0 t 50 

Figure 6.9 Modulation of the amplitudes of the modes of the system 
corresponding to the parameters in Figure 6.6(a) calculated 
by numerically integrating equations (6.19)-(6.23), showing 
both limit cycle and constant steady-state behavior: • = 
2.00 radians, f> 2 = 7.00, f ~ 1 = 7.86, a 1 = a 2 = 0.0. The 
difference in tne responses 1s caused by different initial 
conditions corresponding to the domains of the limit cycle 
and fixed point attractors, shown in Figure 6.10. Since 
the limit cycle is not a fixed point (i.e., steady-state 
solution where a} = ai = 0.0), it is not predicted by the 
steady-state perturbation solution. For the same 
parameters, Figures 6.11 and 6. 13 show a2 plotted vs. a 1 • 
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Figure 6.10 

Domain of the fixed point attractor 

12 24 36 48 a, 60 

Separatrix dividing the a 1 (0) and a2 (0) domain into the fixed point attractor basin and 
the limit-cycle attractor basin: f 1 2 = 7.oo. f 2 1 = 7.86. o 1 = o2 = o.o. T radians, 
y 1(0) = - 1.00 radians, y 2 (0) = - j.00 radians. The fixed point attractor corresponds to 
the constant steady-state solution shown in figure 6.9, whereas the limit cycle attractor 
corresponds to the nonconstant steady-state solution also shown in Figure 6.9. The fixed 
point of a1 and a 2 corresponds to a limit cycle in the original variables u1 and u2 , 
whereas the limit cycle corresponds to a torous • 
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Figure 6.11 Initial values of a 1 and ai in the basin of the limit-cycle 
attractor of Figure 6.10: t 2 = 7.00, f 2 = 7.86, a 1 = a1 = o.o, • = 2.0 radians, a1 (oj = 39.50, a2 CO) = 15.00, y 1 (u) 
= - 0.0 radians, y 2 (0) = - 3.0 radians. Note that since 
this curve is a projection from the four dimensional 
hyperspace whose coordinate axes are a~, a2, Yi' y 2, the 
functions y 1 and y 2 are varying along this traJectory. 
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Figure 6.12 

time 400 

Response of the system corresponding to the parameters in Figure 6.9. It is 
calculated by numerically integrating the governing differential equations (6.1) and 
(6.2) with initial conditions such that the stable periodic response is not a limit 
cycle (constant amplitude), but a torous. The steady-state amplitudes a1 and a 2 are 
limit cycles as shown in Figure 6.10. 
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20 40 60 

Projection of the trajectory in the a1 - a plane with 
initial values of a1 and a2 in the basin of the fixed point 
attractor of Figure 6.10. These system parameters are 
identical to those in Figure 6.11 except a1 (0) = 39.75 
(0.6% difference). 
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0 20 40 

Figure 6.14 Projection of the trajectory onto the a1 - a2 plane for the 
case of a quenched response; the fixed point attractor is 
the origin: f~ 2 = 7.00, f ?1 = 7.86, a 1 = a? = 0.0, T = 3.0 
radians, a1 (0J = 39.50,a2 lu) = 15.00, y 1 l0} = - 1.0 
radians, y 2 {0} = - 3.0 radians. See note in Figure 6.11. 
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Figure 6.15 Variation of the steady-state response curves with the 
amplitude of the second excitation f 2 1 : (----) stable, 
(---) unstable, f 1 2= 8.0, T = 0.785 radians, a 1= 0, 
02 = 1. 
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Figure 6.16 Variation of the steady-state response curves with 
f 2 : (~) stable, (---) unstable, f 2 = 8.0, • = 1.047 
radians, a = 0.0, a 2 = 1. Compare tnis figure with Figure 
6.15 to note the effect of increasing • on the nature of 
the response. 
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Variation of the steady-state response curves with f 2 1 : (~) stable, (---) unstable, 
f 1 2 = 8.0, T = 1.833 radians o 1 = o.o. o 2 = 1. Compare this figure with Figures 6. 15 and 
6.16 to note the effect of increasing T • 
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Figure 6.18 Variation of the steady-state response amplitudes 
a1 and a2 with f 1 showing three regions of stable 
nontrivial solutfons: (~) stable, (---) unstable, f 1 2 = 
= 7.0, T = 0.2618 radians, a 1 = a 2 = 0.0. The system 
parameters at· points (a)-{f) were used to integrate 
equations (6.19-6.23). The results are shown in Figure 
6.19. Note also that a2 is becoming saturated as f 21 
increases. 
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(a) f21 = 1.04 

0 20 
IOr- (b) f21 = I. 20 

IOr- (c) f 21= 2.0 

IOr (d) f21 =2.72 

IOi (e) f21 = 3.60 

IOr (f) 

0 time 20 

Figure 6.19 Time histories of a1 for various points on the response 
curve in Figure 6.lH as predicted by the perturbation 
analysis: f 1 2 = 7.a, T = a.2618 radians, a 1 = a 2 =a.a. 
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700 
time 

Tillll! histories of the responses of u1 and u1 as numerically integrated fr ... the 
governing differential equations: < • 0.261H radians, o 1 =a,= O, f , = 7.0, f 2 1 

• 
3.30, • s 0.01. Mote that the syste111 does not achieve a constant sleady-state 
amplitude in agreement with the perturbation solution. 
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Figure 6.21 Per1od1c 11m1t cycle corresponding to the parameters of 
Figures 6.18 and 6.19, point c: f 1~ = 7.0, f 2 1 = 2.0, • = 
0.2618 radians, a 1 = a 2 = 0.0. Note that the trajettory is 
close to the unstable fixed point that is on the same 
branch as the previously stable solution. The two points 
shown are the steady-state solutions from Figure 6.18. 
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0 20 time 40 

12 (b) f21 = 3.40 
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Figure 6.22 Time histories of a1 showing the limit cycle bifurcating in 
the region between points x and y in Figure 6.18. As f 2 1 
is increased from 3.30 to 3.40, the period essentially 
doubles. In the periodic region, every second peak is 
slightly lower and every second hump between peaks is 
distorted. This slight distortion is readily seen in the 
phase plane of Figure 6.23. Compare this figure with Figure 
6.19(e) to see the effect of further increasing f 21 • 
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Figure 6.23 Projection of the limit cycle trajectory on the plane 
a1 - a2 corresponding to the parameters of Figures 6. 18 and 
6.22 between points x and y: f 1 2 = 7.0, T = 0.2618, 
a 1 = a = 0.0. Figure (a) shows the trajectory for 
f 2 1 = j.30 before 1t bifurcated, while (b) shows the 
trajectory for f 2 = 3.40 after it bifurcated. The 
bifurcated trajectory requires two similar orbits to 
complete one period of the motion, and hence it is called 
period-doubling bifurcation. 
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Variations of the amplitudes of the steady-state response 
with the amplitude f 2 1 of the second mode in the presence 
of a strong excitation of the first mode: (~) 
stable, (---) unstable, T = 1.883 radians, a 1 • a 2 = 0, 
f 12 = 16.0. 
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f crit 
8 16 24 32 

f 21 

Variations of the amplitudes of the steady-state response 
with the second excitation amplitude f 2 1 in the presence 
of a weak excitation of the first mode: fJ 2 = 2.00, 
a 1 = a = 0, T = 1.047 radians. Note tnat a2 becomes 
saturaled and a1 increases with increasing f 2 1 when 
f 21 ~ f crit· 
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Variations of the amplitudes of the steady-state response 
with the second excitation amplitude f 2 1 without first 
mode excitation: f 1 2 = 0.000001, a 1 • a 2 • 0, T • 2.094 
radians. Note that a~ becomes saturated and a. 1 increases 
with increasing f wnen f 2 1 ~ f • There a.re 
actually two solutions for a {on~i~table and one 
unstable), but they are so close to each other, they 
appear as one in the figure. 
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Figure 6.27 Transition curves separating regions of steady-state 
solutions from regions of nonsteady-state solutions: 
a 1 = 0.0, a 2 = 1. Planes d, e, and f correspond to Figures 
6.15, 6.16 and 6.17, respectively. Shaded area denotes 
region where steady-state solutions do not exist. (a) T = 
0.275 radians, (b) T = 1.047 radians, (c) T = 1.833 
radians. 
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e: = 0.01 e: = 0.001 

Amplitude Perturbation Numerical % Error Numerical % Error 

al 8.99 10. 10 11 9. 12 1.4 

a2 1.42 4.22 66 1.72 17 

Table 6.1 Perturbation results for the steady-state nontrivial solution 

compared with the numerically obtained results: f 1 2 = 7.00, 

f 21 = 5.04, T = 0.2618, al = 02 = o. The percent error 

decreases for decreasing f 2 1 • 
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APPENDIX A 

DESCRIPTION OF LABORATORY FACILITY 

The laboratory facility at VP! & SU is shown in Figure A.l which 

shows the signal generation instrumentation, the shaker, the signal 

conditioning instrumentation, and the signal analysis instrumentation. 

A photograph of the shaker table and transducer locations is shown in 

Figure A.2, and the instrumentation schematic is shown in Figure A.3. 

A.1 Signal Generation 

Experiments on the models were conducted with sinusoidal signals 

generated by a two-channel, variable-phase wave synthesizer (Wavetek 

Model 650). It has a 0.0001 Hz resolution and an IEEE-488 (GPIB} 

interface that permits computer control of all functions. This feature 

was used to provide a closed-loop feedback controller for the amplitude 

of vibration. The 0.0001 Hz frequency resolution was required to map 

out in detail the frequency response of the test models. The harmonic 

distortion of the signal generator is less than -90 db. 

A.2 Motion Actuator 

The models tested in this dissertation were subject to a 

displacement excitation by attaching them to a moving platform. The 

platform (shaker table) was constrained to pure translation in the 

vertical direction as shown in Figure A.2. The reaction moments were 

minimized by adding additional bearings and mass. The shaker table was 
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actuated by a four-inch-stroke, 250-pound-force electrodynamic shaker 

(Unholtz-Dickie Model 4) driven by a 2,500 watt power amplifier. The 

shaker was securely bolted to the concrete ground-level floor. External 

suspension for the table was provided by elastic shock cord suspended 

from overhead. This was required because the shaker (a modal exciter) 

did not have any armature stiffness. The tension in the shock cord was 

adjusted to carry the static load of the shaker table and accessories 

attached to it such as the accelerometers, the displacement transducer, 

and the model. 

A.3 Transducers and Signal Conditioning 

The signals required to measure the excitation and the response of 

the flexible structure consisted of: (a) strain gages to measure the 

amplitude of response, (b) an accelerometer to measure table 

acceleration, and (c) a displacement transducer to measure table 

displacement. 

Dynamic strain gages were bonded to the test specimens (as 

discussed in Chapter V) and wired to form a half-bridge for the bridge 

amplifier, which provided the other half-bridge to complete the 

circuit. A low-pass filter with pre- and post-gain amplifiers was used 

to boost the nominal 100 mv signal to a nominal one volt signal. The 

signal was monitored on an oscilloscope, the FFT analyzer, the AC rms 

voltage meter, and frequency counter. The amplitude of the response was 

measured by the rms meter and checked by the FFT analyzer. The 
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displacement of the beam was calibrated by a micrometer head that 

displaced the beam to one side, as shown in Figure A.4. 

A piezo-electric accelerometer {PCB-308) was used to measure the 

table acceleration, which required a 27 volt DC supply. Since it was a 

piezo-electric transducer, it was not capable of measuring DC and low 

frequency acceleration levels. The accelerometer produced a voltage 

proportional to the instantaneous acceleration of the table. The 

sensitivity of the accelerometer was nominally 100 mv/g, so the signal 

was amplified ten times by the signal conditioner to produce a signal 

with a nominal sensitivity of 1.00 volt/g. This signal was very clean 

and required no filtering or further amplification. The waveform in the 

time and frequency domain was monitored during the entire test. The 

amplitude of the table acceleration was most conveniently measured by an 

rms voltage meter {B&K 2432), which also formed an integral part of the 

computer feedback control loop that was used to keep the table 

acceleration at the desired level. The amplitude of the acceleration 

was also monitored by the FFT analyzer. 

For very small amplitude acceleration levels we used a servo 

accelerometer (Sundstrand Model 1400). A signal conditioner/amplifier 

was designed and built in the vibration laboratory since one was not 

available commercially. The accelerometer required a ± 15.0 volt supply 

and produced a current proportional to the total instantaneous 

acceleration level, including the static gravitational field. The DC 

component was removed with biasing, and using the appropriate load 

resistor, sensitivities of 5 to 10 volts/g before amplification were 
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achieved. Calibration was achieved by simply turning the accelerometer 

upside down. 

The displacement transducer was attached to the side of the shaker 

table (see photo in Figure A.2} and served two purposes: it provided an 

independent check on the acceleration signal and it detected the 

presence of angular displacement (caused by model feedback} of the 

shaker table since it was located off to the side. This location 

amplified any rotation present in the table motion. Since the 

accelerometer was mounted near the center of the shaker table to 

minimize the dynamic moment of the transducer, it was not able to detect 

the additional acceleration associated with the rotation. Additionally, 

since the cross-axis sensitivity of the accelerometer was extremely low, 

any rotation of the accelerometer would generate a low-level signal that 

would be lost in the noise anyway. To offset the dynamic imbalance 

caused by the displacement transducer, a dynamically tuned counter-

balance was attached to the opposite side of the shaker table such that 

its mass and moment were identical to that of the moving portion of the 

displacement transducer. 

The instrumentation schematic in Figure A.3 shows a typical wiring 

diagram used for the experiments. Care was taken to minimize common 

mode currents in the signals by the instrumentation as seen by the 

absence of a 60 Hz peak in Figure 5.12. 

Although the system worked extremely well and we were able to 

obtain good and reliable data, it required five years to develop and 

refine. The task was begun in 1982 with the purchase of the shaker, 
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which arrived in the Spring of 1984. The only shakers (in the force 

range of less than 1000 lbs.) with displacements greater than two inches 

were modal exciters. That Summer I designed and redesigned the shaker 

table and suspension system; it was fabricated in the Fall and modified 

in the Winter of 1985. The laboratory room was prepared and the signal 

generator and accelerometers were purchased next. An FFT analyzer for 

general purpose research was purchased. 

Preliminary experiments with the system showed the test specimens 

(when resonating with large amplitude vibration) caused serious 

subharmonic distortion that was of the order of the excitation. This 

problem was resolved by adding mass to the shaker table. Since we added 

additional mass, we discovered we also had to add additional bearings. 

The masses were added in the Fall of 1986, and permanent masses, along 

with the additional bearings, were fabricated and installed in the Fall 

of 1987. 

Some experiments required very low levels of acceleration, which 

created the need for measuring low levels of acceleration. A servo 

accelerometer was purchased and I began building a conditioner/amplifier 

in the Summer of 1985. It was completed one year later. The 

displacement transducer was installed during the Summer of 1987. 

Vibration voltmeters, frequency counters, digital storage scopes, and 

filters were also purchased for the lab. 

During the preliminary experiments, I discovered the acceleration 

levels would slowly drift. This created a need for a closed-loop 

feedback controller to keep the table acceleration at a predetermined 
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level. An IBM-PC with a GPIB card was used to interface with the signal 

generator and voltmeter. A comprehensive menu-driven program was 

developed during the Summer of 1986 and a feedback controller was added 

in the Spring of 1987. With this software, frequency sweeps and 

amplitude sweeps were accomplished automatically. 

In summary, the system is capable of performing a wide variety of 

vibration tests. Since the shaker table has a stroke of four inches, it 

is ideally suited for low-frequency research. The transducers, 

conditioners, and measuring instrumentation produce exceptionally clean 

signals. The table acceleration is exceptionally clean and free of 

harmonic distortion. 
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Figure A.2 Close-up photograph of the shaker showing head, bearings, 
displacement transducer, accelerometer, and flexible beam 
with lumped mass. 
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APPENDIX B 

PROCEDURE TO MEASURE THE NATURAL FREQUENCY 

The research in this dissertation required extremely accurate 

estimates of the natural frequency--accuracy on the order of five to six 

digits! Typically, experimental results may have 5%-10% error 

associated with them. Several conventional methods were used and proved 

unsatisfactory; they are discussed later. The procedure that is 

described below was one that I developed to perform the research in this 

dissertation. 

Since we had a precise signal generator with a digital display of 

the frequency, it was used as a comparator to the free response signal 

of the beam. By displaying the output of the signal generator on the 

vertical axis of an X-Y oscilloscope, and the strain gage signal 

(measuring the response of the beam) on the horizontal axis, a Lissajous 

pattern was displayed. When the frequency of the signal generator 

exactly matched the damped natural frequency of the beam, a stationary 

ellipse appeared on the screen. When there was a mismatch of the 

frequencies, the ellipse rotated at a frequency equal to the difference 

in the two frequencies. Hence, I simply adjusted the frequency of the 

oscillator such that the ellipse was stationary. One problem with this 

procedure was that it was difficult to visualize rotation frequencies of 

0.001 Hz associated with changes in the fifth and sixth digits during a 

decay envelope. 
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For this reason, I used a comparison frequency that was twice the 

damped natural frequency of the beam. This had the advantage of cutting 

any error in half, but more importantly, it produced a "figure eight" 

pattern that allowed immediate detection of any precession because the 

cross point would move from side to side at the "beat" frequency. This 

method worked so well, it was possible to observe the small change in 

the natural frequency as the amplitude of the response decayed to 

zero. Since we had a hardening type nonlinearity, the frequency 

decreased slowly as the amplitude decayed. When the frequency of the 

oscillator was set at the midpoint of the frequency drift range, we 

could see the "cross-point" drift initially as it came to a stationary 

point when the two frequencies were commensurable, and then reverse 

direction as the model decayed further to zero amplitude. This 

procedure typically required six to ten attempts at matching and 

refining, and it was accomplished in less than five minutes. The 

initial guess was obtained from the FFT analysis. This procedure had 

the additional advantage because we did not have to dismantle the beam 

to measure the natural frequency. 

The other methods that were tried and found unsuitable are 

discussed below. One conventional method involves exciting the 

structure and noting the frequency of the maximum point on the 

frequency-response function {FRF). When this was done with a sinusoidal 

excitation, there was a range of frequencies where the peak response was 

flat and was accompanied on both sides by steps due to the 

discretization of the digital voltmeter. What was required to use this 
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method was some sort of quadratic curve fit through a number of data 

points at the resonance in order to determine the natural frequency. 

Alternatively, random ex~itation was used to obtain the FRF, which was 

searched for the maximum peak. Unfortunately, zoom acquisition was 

required to get 0.001 Hz resolution and the data acquisition took 45 

minutes because of the low frequencies in the 5-15 Hz range. This 

procedure was further complicated because the beam had to be positioned 

horizontally on the shaker table to have an externally excited system. 

Modal-Plus software, donated to the lab by SDRC, was used for this 

procedure. By using an acoustic speaker to excite the beam, the beam 

could remain in its clamped support, but we were still plagued by the 

lengthy data acquisition time. 
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APPENDIX C 

PROCEDURE TO MEASURE THE DAMPING COEFFICIENT 

The damping coefficient was estimated from a free response using 

the log decrement method. A transient response was captured on the 

oscilloscope and a hard copy was obtained. An envelope curve was drawn 

through the peaks at what appeared to be an average value and was used 

to measure the amplitude at the selected peaks. Approximately 100 

cycles were used to obtain an average value. We noted that the 

composite beam had what appeared to be a quadratic damping because it 

was highly nonlinear. 
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APPENDIX D 

PROCEDURE TO CALIBRATE THE STRAIN GAGE 

To obtain quantitative data from the experiments, it was necessary 

to know the displacement of a reference point on the beam. This was 

accomplished by displacing the beam a known distance by using a 

micrometer head and adjusting the gain of the bridge amplifier to a 

desired quantity. A reference point located just above the mass seemed 

to work the best. A photograph showing the apparatus is shown in Figure 

D.1. The head was moved in to slightly displace the beam. The voltage 

output was noted and the micrometer head was advanced approximately 

0.400 inch. The output voltage was noted and then the micrometer head 

was returned to its·original position and the voltage noted. 
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Figure D.1 Photograph of micrometer used to calibrate the strain 
gage that measured the beam displacement. The 
displacement of the reference point ~(r) is plotted as 
a*. 
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APPENDIX E 

PROCEDURE TO MEASURE THE FREQUENCY RESPONSE 

The frequency response was obtained by varying the excitation 

frequency n while keeping the magnitude of the table acceleration 

jn 2AI constant. The table acceleration was held constant by the 

computer-controlled feedback loop described in Appendix A. Once a 

steady-state vibration was achieved, the amplitude of vibration was 

noted and the frequency was changed in small increments (not exceeding 

step sizes of 0.0010 Hz) to the next step. This procedure was repeated 

throughout the region of resonance and included sweeping up and down. 

The stability of the trivial solution was determined by observing 

the behavior of small disturbances--i.e., whether the small disturbances 

grew or decayed. Care was taken to insure that the small disturbances 

were properly phased so that if a critical amplitude were exceeded, the 

response would be attracted to the nontrivial response. This was 

accomplished by latching onto the nontrivial response and waiting until 

a steady state was achieved. Then the amplitude was slowly decreased by 

placing constraints on both sides of the beam and slowly moving them 

towards the beam. Eventually the beam made contact with the 

constraints. The constraints were slowly moved in to a predetermined 

position and then removed. The response was observed, and if it grew, 

the procedure was repeated with a smaller (disturbance) amplitude. If 

the trivial solution was stable, eventually an amplitude was reached 

where the disturbance would decay. 
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The strain gage calibration and the natural frequency were checked 

after each sweep. 
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APPENDIX F 

PROCEDURE TO MEASURE THE AMPLITUDE RESPONSE 

The amplitude response was obtained by varying the magnitude of the 

table acceleration ln 2AI while keeping the excitation frequency n 

constant. This was done in very small steps so there would be very 

small disturbances to the system. The feedback-control system was used 

to hold the acceleration level constant while we waited for a steady-

state response, and to step smoothly to the next level. Since there 

were several jump points for some of the responses, the amplitude was 

swept up and down. 

The stability of the trivial solution was determined in the manner 

described in Appendix E. The strain gage calibration and the natural 

frequency were checked after each sweep. 
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APPENDIX G 

DIMENSIONS AND PROPERTIES OF BEAM SPECIMENS 

Beam 1st Metallic Composite 2nd Metallic 

Length (mm) 125.40 149.86 127.00 

Width (mm) 15.85 12.59 11.11 

Thickness (mm) 0.559 0.538 0.378 

I (mm4) 6.599xl0- 2 16.35xl0- 2 4.626xl0- 2 

E (N/mm) 0.20936xl0 6 0.1300xl0 6 0. 20936xl0 6 

o (gm/mm) 7. 762xl0- 3 l.794xl0- 3 3.177xl0- 2 

i; (sec-1) l.469xl0- 3 0. 948-2. 5lxl0 
_3 l.469xl0- 3 

Lumped 
Mass 

Length (mm) 31. 75 22.86 22.86 

Height (mm) 9.53 9.53 9.53 

Width (mm) 9.05 19.05 19.05 

Mass (gm) 25.40 14.70 14.70 

J (gm-mm2) 1969.0 600.9 600.9 

d*(mm) 76.20 93.73 85.60 

Natural 
Frequency (Hz) 15.038 10.519 7.845 

* position on the beam measured from the clamped support 

355 



Alloy Steel composition of the metallic beams 

Carbon 0.85 - 0.95 

Silicon 0.15 - 0.35 

Chromium 0.40 - 0.60 

Vanadium 0.15 - 0.25 

Tungsten 0.40 - 0.60 

Manganese 1.00 - 1.25 

Heat treatment procedure 

1. Heat slowly to 1440-1490°F 

2. Hold for one-half hour 

3. Quench in oil at 100-125°F 

4. Temper at 1015-1035°F for one-half hour 
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A THEORETICAL AND EXPERIMENTAL INVESTIGATION OF 

PARAMETRICALLY EXCITED NONLINEAR MECHANICAL SYSTEMS 

Lawrence D. Zavodney 

(Abstract) 

The response of one- and two-degree-of-freedom (SOOF and 2DOF) 

systems with quadratic and cubic nonlinearities to fundamental, 

principal, and combination harmonic parametric excitations is 

investigated theoretically and experimentally. The method of multiple 

scales (MMS) is used to determine the equations that describe to first 

and second order the amplitude- and phase-modulations with time. These 

equations are used to determine the fixed points and their stability. 

The perturbation results are verified by integrating the governing 

equations on a digital computer. The analytical results are in 

excellent agreement with the numerical solutions. In the SOOF systems 

with quadratic and cubic nonlinearities, the large responses that 

oscillate about three equilibrium positions are investigated on the 

digital and analogue computers. The analogue computer is used to 

generate a bifurcation diagram in the excitation amplitude versus 

excitation frequency domain. The digital computer is used to 
, 

obtain Poincare maps of strange attractors, to investigate larger 

amplitude responses, and to show the transition to a fractal basin of 

attraction. The system exhibits 2T, 3T, 4T, ST, 6T, 7T, 8T, 12T, 16T, 

and ~T period-multiplying bifurcations. 

The response of a flexible cantilever beam with a concentrated mass 

to principal parametric base excitation of the first bending mode is 



analyzed theoretically. The model takes into account the geometric 

nonlinearities due to large displacements. Galerkin's method is used to 

reduce the fourth-order nonlinear POE to a second-order ODE having 

periodic coefficients and cubic nonlinearities. The MMS is used to 

determine steady-state responses and their stability. Experiments are 

performed on metallic and composite beams; the results show good 

qualitative agreement with the theory. Chaotic responses are observed 

in the response of the composite beam. 

The response of 2DOF systems with quadratic nonlinearities to a 

combination parametric resonance in the presence of 2:1 internal 

resonances is investigated using the MMS. The first-order perturbation 

solution predicts qualitatively the stable steady-state solutions and 

illustrates the quenching and saturation phenomena. The reduced 

equations also predict a transition from periodic to quasi-periodic 

responses (i.e., Hopf bifurcation). 359 pages, 110 figures. 
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