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CHAPTER l 

INTRODUCTION 

Antennas with radiation patterns conforming to a specified shape 

have many applications. Further, precise shaping of the main beam is 

often required. Array antennas are especially suited for shaped-beam 

pattern synthesis. The purpose of this thesis is to introduce an 

iterative technique for the shaped-beam synthesis of unequally spaced, 

nonuniformly excited linear arrays. 

We begin by deriving basic antenna array fundamentals from 

Maxwell's equations in Chapter 2. Expressions for the far-zone electric 

field pattern of both line sources and linear arrays are found. 

Mutual coupling is discussed and the array factor approximation is 

introduced. Symmetry properties of line sources and linear arrays are 

also studied. 

The synthesis problem and its corresponding solution variables 

are defined in Chapter 3. Boundary conditions are discussed in rela-

tion to their effects on the solution variables. Basic criteria for 

evaluation of the synthesized patterns are then defined. The last 

two sections in Chapter 3 provide brief descriptions of some of the 

existing techniques for the synthesis of radiation patterns for both 

equally spaced and unequally spaced arrays. 

An iterative synthesis technique is presented in Chapter 4 for 

use with unequally spaced, nonuni formly excited linear arrays. The 

initial pattern is that of an equally spaced array obtained from any 

classical synthesis method such as the Woodward-Lawson method. 

l 



2 

Successive iterations are then applied to the initial pattern and are 

of two types, element position perturbations and element current 

perturbations. These two iteration types can be applied in a variety 

of sequences and with different weighting functions to provide 

flexibility in satisfying boundary conditions and in the degree of 

approximation to the desired pattern. 

Numerous examples are considered in Chapter 5. Various weighting 

functions and iteration orders are compared for some typical radiation 

patterns. It is seen that the selection of sample points also affects 

the results. Finally, Chapter 6 gives some concluding remarks about 

the technique in general and its application possibilities as compared 

to existing techniques. Extensions to the technique are also consid-

ered. 



CHAPTER 2 

ANTENNA ARRAY FUNDAMENTALS 

The basic fundamentals of linear antenna arrays are developed in 

this chapter. First the electric field pattern of a line source is 

derived from Maxwell's equations. This.result is then extended to 

linear arrays of line sources. The array factor approximation is intro-

duced and the array factor for equally spaced arrays is found. This 

provides the starting point for the iterative synthesis technique to be 

developed in Chapter 4. Finally, through a decomposition of the current 

distribution and space factor, symmetry properties of both line sources 

and linear arrays are studied. 

2.1 Maxwell's Equations and Potential Theory 

We begin with Maxwell's equations for time harmonic variation, 

with an assumed time dependence of the form ejwt, where is the 

angular frequency. In the presence of electricl sources these equations 

become 

-+-+ -+-+ 
v x E(r, w) = -jwB(r, w) (2.1-la) 

-+-+ -+-+ -+-+ 
v x H(r, w) = jwD{r, w) + J ( r' w) (2.1-lb) 

+-+ 
'V • B(r, w) = 0 (2.1-lc) 

-+-+ -+ 
(2.1-ld) 'V • D(r, w) = p(r, w) 

-+ -+ 
where E and H represent the electric and magnetic field intensities 

3 
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-+ -+ -+ 
respectively, D and B the electric and magnetic flux densities, and J 

and p the current and charge densities. 

For linear, isotropic, homogeneous, and nondispersive media we 

specify the constitutive relations 

-+ -+ -+ -+ 
D{r, w) = £ E(r, w) (2. l-2a) 

-+ -+ -+ -+ 
B(r, w) = µ H(r, w) (2.l-2b) 

where the permittivity £and permeabilityµ are assumed to be real 

quantities signifying a lossless medium. Introducing the constitutive 

relations into equation (2.1-1) yields the following from of Maxwell 1s 

equations: 

-+ -+ -+ -+ 
v x E(r, w) = -jwµ H(r, w) ( 2. 1 -3a) 

-+ -+ -+ -+ -+ -+ 
v x H{r, w) = jw£ E(r, w) + J ( r, w) (2.l-3b) 

-+ -+ 
v • H{r, w) = 0 (2.l-3c) 

-+ -+ 1 -+ v • E{r, w) = ~ p ( r, w) (2.l-3d) 

In general, these equations together with appropriate boundary condi-

tions are considered mathematically closed. 

We can express the electric and magnetic field intensities in terms 
-+ -+ 

of a magnetic vector potential A{r, w) and an electric scalar potential 
-+ 

~{r, w), so that 

-+-+ l -+-+ 
H(r) = - v x A(r) µ (2.l-4a) 
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-+ -+ -+ -+ -+ 
E(r) = -v~(r) jwA(r) (2. l-4b) 

where the frequency dependence is understood. We have used the fact 

that any solenoidal vector function (divergence equal to zero) can be 

written as the curl of another vector function to obtain (2.l-4a) from 

(2.l-3c). Substitution of this result into (2.l-3a) shows that the curl 
-+ -+ -+ 

of the vector function E(r) + jwA(r) is equal to zero. Recalling the 

fact that any vector function whose curl is zero can be written as the 

gradient of a scalar function yields equation (2.l-4b). 

Introducing (2.1-4) into the two remaining Maxwell's equations, 
-+ -+ -+ 

(2.l-3b) and (2.l-3d), results in two equations involving A(r), ~(r), 

and the source distributions; namely, 

-+ -+ -+ -+ -+ -+ -+ -+ -+ 
v2A(r) + w2µe A(r) - v[v • A(r) + jwµe~(r)] = -µ J(r) (2. l-5a) 

-+ -+-+ 1 -+ 
v 2~(r) + jw v • A(r) = - - p(r) e (2.l-5b) 

These equations will simplify considerably if we choose the divergence 
-+ 

of A(r), which up to this point is unspecified, such that 

-+ -+ -+ 
V • A(r) = -jwµe~(r) (2.1-6) 

This relationship is known as the Lorentz condition. The equations for 
-+ -+ -+ 
A(r) and ~(r) now become inhomogeneous Helmholtz equations, that is, 

-+ -+ -+ -+ 
v2 A(r) + w2µeA(r) 

-+ -+ = -µ J ( r) (2.l-7a) 

(2.l-7b) 

+ -+ 
Closer examination reveals that we only need to solve (2.l-7a) for A(r) 
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-+ -+ -+ -+ -+ 
as the quantities ~(r), E(r), and H(r) follow directly from the Lorentz 

-+ 
condition and (2.1-4). We note also that the charge distribution p(r) 

is not independent because it is determined from the continuity equation, 
-+ -+ -+ 

v • J(r) + jwp(r) = 0, which is derivable from Maxwell 1s equations. 
-+ -+ 

For the solution of (2.l-7a) we refer to Figure 2-1 where rand r 1 

are the position vectors from the origin to the field point and source 
-+ -+ 

point, respectively, and r - r 1 is the position vector from the source 
-+ -+ 

point to the field point. The source distribution J(r 1 ) is located in 

the volume v• enclosed by the surfaces•. Noting that the scalar 
-+ -+ 

product of the unit dyadic T =xx+ yy + zz with a vector source J(r 1 ) 

-+ -+ -+ -+ gives T · J(r 1 ) = J(r 1 ), we write the solution for the vector potential 

as the superposition integral 

A(;) = u J dV 1G(; - ;.) . J(; 1 ) 

v· 
(2. 1-8) 

- -+ -+ 
where G(r - r 1 ) is the dyadic Green 1s function for the vector potential 

and is given by 
-+ -+ 

--+ -+ e-jklr - r• I 
G( r r 1 ) = -+ -+ T 

4'IT Ir - r• I 
(2.1-9) 

where k2 = w2µE. To show that this is a valid solution we substitute 
-+ -+ 

(2.1-8) into the Helmholtz equation for A(r) and obtain 

J dV 1 [v2 + k2] G(; - ;.) . J(; 1 ) = -J(;) 
v• 

(2.1-10) 

after interchanging the order of differentiation and integration. It 

has been shown [1] that the dyadic Green 1 s function satisfies the 

Helmholtz equation for a point source, that is, 
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z 

----:II" field 
point 

x 

Figure 2-1. Geometry for an Arbitrary Source Distribution 
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-+ + - + + 
[v2 + k2] G(r - r') =-I o(r - r') (2.1-11) 

Substituting this result into (2.1-10), we have 

J dV' Io(; - ;.) · J(;') = J(;) 
v• 

(2.1-12) 

which is easily seen to be true from the sampling property of the Dirac 

delta function. 

We now have the essential equations needed to determine the electric 

and magnetic field intensities from an arbitrary source distribution 
++ 
J(r'). We list them together for future reference: 

+ + I A(r) = µ 

v• 

+· + 
-jklr-r'I_ ++ 

dV' e + + I • J(r') 
41T Ir - r 1 I 

+ + 1 + + 
H(r) = - v x A(r) 

µ 

( 2. 1- l 3a) 

( 2. l - l 3b) 

(2. l - l 3c) 

++ 
where we have used the Lorentz condition to obtain E(r) in terms of the 

vector potential only. 

2.2 The Line Source 

First we rewrite (2.l-13c) in a more convenient form: 

++ = 1 ++ E(r) = -jw[I + k2" vv] • A(r) (2.2-1) 

++ ++ ++ 
where vv • A(r) = v[v • A(r)]. Substituting (2.l-13a) in for A(r), we 

ob ta in 
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+ + 

e - j k Ir - r 1 I= + + 
+ + I · J(r') 
Ir - r' I 

(2.2-2) 

Interchanging the order of differentiation and integration and noting that 

v operates with respect to the unprimed coordinates only, we can write 

+ + J E( r) = -j wµ 
41T v I { 

+ + } _ -j klr - r'l - + + 
dV 1 [T + -dz vv] • e + + T • J ( r 1 ) 

Ir - r' I 

{ 
+ + } _ -jk Ir - r'l - + + 

dV 1 [T + -1 v1 v•] e + T · J ( r 1 ) 

k2 Ir - ;. I (2.2-3) 

where we have used the symmetric property of the dyadic Green's function, 
=+ + =+ + vv • G(r - r') = v1 v1 • G(r- r'), to obtain (2.2-3). 

For far-zone radiation we haver>> r' and kr >> 1, thus 

+ + 
z r[l 2r • r']l/2 

r2 

+ + 
[ r • r'] ::: r 1 - r2 

+ 
= r - r • r' (2.2-4) 

+ + + 
where r and r' denote Ir I and Ir' I respectively and r = r/r. We use 

this far-zone approximation for the phase in (2.2-3) and use only the 
+ + 

first term, Ir - r 1 I ::: r, for the amplitude, retaining only those 

terms which vary as l/r. We can now write (2.2-3) as 
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-j kr dV'{[f +-Jo- v'v'] 
A + 1} . ++ 

J 
-jkr • r• ++ 

E(r) = • wµ e J (r I) -J 4n r e 
v• 

A + 

= e-jkr J • wµ 
-J 4n r dV'{[f - rr] • e jkr r' 1} . J(;') (2.2-5) 

V' 

A + 

where use has been made of the relation v'v' • ejkr r'r = -k2rr • 
A + 

jkr • r' = e I. Continuing, we have 

·+ + 
E(r) -jkr J { = -j _wµ _e - dV' J(;') 

4n r 
V' 

-jkr J { = j ~~ _e_r_ dV' ; x 

V' 
} 

A + 
A + + "kr • ' [r x J(r')] eJ r 

++ • I 

+ . r' 

e-jkr A {A J - • wµ -J----rx rx 4n r 
A +} dV' J(r')eJkr • r {2.2-6) 

V' 

As shown in Figure 2-2, a line source directed along the z-axis 

can be represented as 

+ + A 

J ( r' ) = I ( z' ) a ( x' ) a (y' ) z ( 2. 2-7) 

A 

where I(z') is the current distribution along the z-axis. Expanding r 

in spherical coordinates, we obtain 

A + 
r · r' 

A A 

= (sin e cos ~ x + sin e sin ~ y + cos e z) 
A A A 

(x'x + y'y + z'z) 
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dz 1 

+ r• 
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z 

+ + field 
-------~r~-:_!r~·----~:::::::::'7: . _ 1 point 

.... ...... 
...... ..... .... .... 

' ..... ...... 

' ' ' ' 

I 
I 
I 
I 

.1 
I 
I 

', I 
I (z 1 ) 'I 

Figure 2-2. Geometry for a Line Source 
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= x• sin e cos ~ + y• sin e sin ~ + z 1 cos e {2.2-8) 

Introducing {2.2-7) and {2.2-8) into {2.2-6) gives 
co co 

++ -J r "' "' "' 
E{r) = "k { • j wµ e r x r x z J dz' 41T r I dy' I dx 1 I { z I ) 0 { x I ) 0 {y I ) 

-co -co -co 

co 

e-jkr ,.. {"' = j 4~ r r x r x ~ J dz 1 I {z 1 ) ej kz 1 

-co 

co 
-jkr ,.. ,.. J . wµ e ( . ) = J 41T r r x -sin e ~ dz' l{z')ejkz 1 cos e 

-co 

co 

,.. jkr I = e j ~ _e_ sin e 
41T r 

dz • 1 { z • ) ejk z 1 cos e 
-co 

{2.2-9) 

We now have an expression for the far-zone electric field intensity 

of a line source as a function the distance r from the origin, the 

angle e from the z-axis, and the current distribution I{z 1 ) along the 

z-axis. Radiation patterns are determined by the angular variation 

only, i.e. r is constant. Eliminating the constants and r variation 

from {2.2-9) leaves 
co 

+ "' J E{e) = e E8{e) = e sin e dz. 1 { z,) ej kz 1 cos e {2.2-10) 
-co 
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where E8 (e) is referred to as the electric field pattern. From this we 

further define the element factor 

g(e) = sin e (2.2-11) 

which represents the pattern of an infinitesimal current element, and 

the space factor 
co 

f(e) = J dz' I(z')ejkz' cos e (2.2-12) 
-co 

which takes into account the current distribution. Using (2.2-11) and 

(2.2-12) in (2.2-10) yields 

E8 (e) = g(e) f(e) (2.2-13) 

Finally we can make a substitution in (2.2-12) by letting u = k 

cos e, which gives 
co 

f(u) = f • I 

dz 1 I ( z 1 ) eJ uz (2.2-14a) 
-oo 

This equation is recognized as one half of a Fourier transform pair, 

the other member of the pair being 
co 

I(z') = 2~ J du f(u)e-juz' (2.2-14b) 
-co 

2.3 The Linear Array 

The linear array can be represented as a series of line sources 

along the z-axis as shown in Figure 2-3, where 



z 

ZN + LN/2 

ZN 
ZN - LN/2 

z - L /2 n n 

z1 + L1/2 

z, 
z1 - L1/2 

14 

Figure 2-3. Geometry for a Linear Array 
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N =total number of elements (2.3-la) 

Ln = length of nth element (2.3-lb) 

zn =distance from origin to center of nth element (2.3-lc) 

In(z - zn) = current distribution on nth element (2.3-ld) 

Noting that In(z - zn) = 0 for Jz - znl > Ln/2. We can express the total 

current distribution I(z') along the z-axis as a sum of the individual 

element current distributions, namely, 
N 

I(z') = l I (z' - z ) n n 
n=l 

(2.3-2) 

Introducing (2.3-2) into (2.2-10), the expression for the electric 

field pattern becomes 
00 N 

E6 (e) = sin e J dz I [ l I ( z , _ z ) ] ej kz 1 cos e 
n n 

-"" n=l 

= sin e 
N z + L /2 

l Jn n dz' I (z' - z )ejkz' cos e 
n n (2.3-3) 

n=l zn - Ln/2 

after interchanging the order of summation and integration. We now make 

a change of variable, letting z" = z' - zn' which gives 

N +L/2 
l J dz" In(z")ejk(z" + zn) cos e 

n=l -Ln/2 
sin e 



= sin e 
N jkz cos 
l e n 

n=l 

16 

+L /2 
a J n 

-L /2 n 

dz" I (z")ejkz 11 cos e 
n (2.3-4) 

Normalizing the element current distributions with respect to the element 

centers, we have 

I (z 11 ) = I i (z 11 ) n n n (2.3-5) 

where In = In(z 11 = 0) = In(z 1 = zn). Thus (2.3-4) becomes 

N +L /2 
j kzn cos e J n 'k .. 6 E6 (e) = sin e l In e dz 11 in(z 11 )eJ z cos (2.3-6) 

n=l -Ln/2 

Following a similar approach as with the line source, we define the 

element factor 

g(e) = sin e 

and the space factor for the nth element 
00 

-co 

dz" i (z")ejkz 11 cos e 
n 

(2.3-7) 

(2.3-8) 

where it is understood that in(z 11 ) = 0 for lz"I > Ln/2. Using (2.3-7) 

and (2.3-8) in (2.3-6) yields 
N j kzn cos e 

E6 (e) = g(e) I In e f n(e) (2.3-9) 
n=l 

for the electric field pattern of a linear array along the z-axis. 
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2.4 The Array Factor Approximation 

Neglecting mutual coupling and assuming identical array elements 

allows us to factor out of the summation in (2.3-9) the space factor, 

giving 
N 

E6 (e) = g(e) f(e) I 
n=l 

{2.4-1) 

where f(e) = fn(e) for n = 1,2, ... ,N. We can now combine the element 

and space factors by defining the element pattern 

G(e) = g{e) f(e) (2.4-2) 

which represents the radiation pattern of a single element. Thus (2.4-1) 

becomes 
N j kz cos e 
l In e n (2.4-3) 

n=l 

The approximation of neglecting mutual coupling assumes that the 

radiation pattern of each element is obtained in the absence of the 

other elements of the array. Any physically realizable system, however, 

exhibits some mutual coupling and the radiation pattern of each element 

must be determined with all other elements of the array terminated in 

a matched load.[2] Allen [3] gives some conditions under which mutual 

coupling can be neglected to a good approximation: 

i. If the array is large compared to the region over which the 

element interaction is strong. (dependent upon the type of 

element used) 
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ii. If the elements and their generator impedances are nominally 

identical. 

iii. If the elements are regularly spaced on a flat surface so 

that the interior elements see the same interaction environ-

ment. 

We will use this approximation in the subsequent work. It should be 

pointed out, however, that G(e) can be modified to an effective element 

pattern which accounts for the presence of the elements in the array. 

Summarizing our results thus far, we have for the electric field 

pattern of a linear array: 

E6(6) = G(e) F(e) (2.4-4a) 

where we define the array factor by 

N jkz cos e 
F(e) = l In e n (2.4-4b) 

n=l 
and 

00 

G(e) = sin e J dz 11 i(z 11 ) ejkz 11 cos 6 (2.4-4c) 
-oo 

is the element pattern of each element under our approximation. 

i(z 11 ) = in(z 11 ), n = 1,2, ... ,N, is the normalized current distribution 

of each element from (2.3-5). 

2.5 Uniformly Spaced Arrays 

For simplicity, we consider only arrays consisting of an even 

number of elements. The development for arrays with an odd number of 
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elements would follow similarly. Letting d be the interelement 

spacing, the array element positions become 

N+l zn = [n - (~2~)]d (2. 5-1) 

where N is the total number of elements and the center of the array is 

taken to be at the origin. In general, the array center could be 

located anywhere along the z-axis, resulting only in a phase shift of 
-jkz cos e 

the pattern by an amount e c , where zc is the distance from 

the origin to the center of the array. 

Substituting (2.5-1) into the expression for the array factor 

{2.4-4b), we have 
N 

F{e) = l 
n=l 

jk cos e[n - {~)]d 
In e {2.5-2) 

To get a more convenient form of this expression we shift the index of 

summation by N/2, 
N/2 

which gives 

F{ e) = l 
n=-N/2+1 

N/2 

I ejk cos e{n - l/2)d 
n 

= , I jk cos e{n - l/2)d + 
l n e 

0 

l 
n=l n=-N/2+1 

N/2 N/2-1 

I ejk cos e(n - l/2)d 
n 

= l. I ejk cos e{n - l/2)d + l I ejk cos e(-n - l/2)d 
n -n 

n=l n=O 

N/2 N/2 
= l In ejk cos e(n - l/2)d + l I_n ejk cos e(-n + l/2)d 

n=l n=l 
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N/2 N/2 
= l I ejk cos e(n - l/2)d + l I e-jk cos e(n - l/2)d 

n -n 
n=l n=l 

N/2 { e(n - 1/2)d} = l In ej k cos e(n - l/2)d + I e-jk cos (2.5-3) -n 
n=l 

In the special case when the element currents are symmetric about the 

array center, we have In = I_n and 

N/2 
F(e) = l In [ejk cos e(n - l/2)d + e-jk cos e(n - l/2)d] 

n=l 

N/2 
= 2 I In cos[k cos e(n - l/2)d] 

n=l 
(2.5-4) 

This will be the starting point for the synthesis technique to be 

introduced in Chapter 4. Substituting (2.5-4) into (2.4-4c), we get 

an expression for the electric field pattern of a uniformly spaced 

array, that is, 
N/2 

E8(e) = 2 G(e) I In cos[k cos e(n - l/2)d] 
n=l 

where the element pattern G(e) is given by (2.4-4c). 

2.6 Synunetry Properties of the Line Source 

(2.5-5) 

We found earlier that the current distribution and space factor of 

a line source form a Fourier transform pair. Repeating (2.2-14), we 

have 
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00 

f(u) = J dz I (z)ejuz (2.6-la) 
-oo 

00 

I(z) = 2~ J du f(u )e-juz (2.6-lb) 
-oo 

where u = k cos e and z 1 has been changed to z for convenience. I(z) 

and f(u) are, in general, complex functions and can be decomposed into 

their real and imaginary parts as 

I(z) = Ir(z) + j Ii(z) (2.6-2a) 

f(u) = f r(u) + j fi(u) (2.6-2b) 

where the subscripted functions are all real. We can further decompose 

the real and imaginary parts so that we have 

(2.6-3a) 

(2.6-3b) 

where the subscripts e and o denote the even and odd components respec-

tively. As a result of our decomposition, the following relationship 

must hold for the current components: 

Ire(z) = ~Ir(z) + Ir(-z)] (2.6-4a) 

1 Ir0 (z) = ~Ir(z) - Ir(-z)] (2.6-4b) 

1 I;(-z)] (2.6-4c) I. (z) = ¥I.(z) + 1 e 1 
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1 I. (z) = -;,[2 r.(z) - r.(-z)] 10 1 1 {2.6-4d) 

and a simi1ar set of re1ationships can be written for the components of 

the space factor f(u). 

We now introduce our decomposition of the current distribution I(z) 
~ 

into (2.6-la) and obtain 

00 

f(u) = J dz{[Ire(z) + Ir0 (z)] + j[Iie(z) + Ii 0 (z)]}{cos uz + j sin uz} 
_oo 

00 

= J dz[Ire(z)cos uz + Ir0 (z)cos uz - Iie(z)sin uz - Ii 0 (z)sin uz] 
-oo 

00 

+ j J dz[Ire(z)sin uz + Ir0 (z)sin uz + Iie(z)cos uz + I; 0 (z)cos uz] 

00 

= J dz[Ire(z)cos uz - Ii 0 (z)sin uz] + 
-oo 

00 

+ j J dz[Ir0 (z)sin uz + Iie(z)cos uz] (2.6-5) 
-oo 

where the underlined terms are recognized as odd functions of z and 

their integrations go to zero. From (2.6-5) and (2.6-2b) we can see 

that 
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00 

f r(u) = J dz[Ire(z)cos uz - Ii 0 (z)sin uz] (2.6-6a) 
_oo 

00 

fi(u) = I dz[Ir0 (z)sin uz + Iie(z)cos uz] (2.6-6b) 
_oo 

Decomposing further by recognizing odd and even functions of u in the 

integrands of (2.6-6) yields 

00 

f re(u) = J dz Ire(z)cos uz (2.6-7a) 
-oo 

00 

f ro(u) = -I dz Ii 0 (z)sin uz (2.6-7b) 
_oo 

00 

f ie(u) = J dz Ire(z)cos uz (2.6-7c) 
-oo 

00 

f i0 (u) = I dz I (z) sin uz ro (2.6-7d) 
-oo 

which are seen to be Fourier sine and cosine transforms. Exercising 

caution with j's, we can rewrite these equations as exponential Fourier 

transforms remembering that the added terms all go to zero. We obtain 

00 

= I .uz 
f re(u) dz Ire(z)eJ (2.6-8a) 

-oo 

00 

I .uz 
f ro(u) = dz j Ii 0 (z)eJ ( 2. 6-8b) 

-oo 
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00 

= J 
.uz 

f ie(u) dz I ie (z) eJ (2.6-8c) 
-00 

00 

Iro(z) 
= I .uz 

f io(u) dz eJ 
j (2.6-8d) 

_oo 

The corresponding inverse Fourier transforms are 

00 

= 2~ I .uz 
Ire(z) du f re(u)e-J (2.6-9a) 

-oo 

00 

= irr J 
.uz 

j Iio(z) du f r0 (u)e-J (2.6-9b) 
-oo 

00 

=inf .uz 
Iie(z) du fie(u)e-J (2.6-9c) 

-oo 

Iro(z) 
00 

= in f .uz 
du f io(u)e-J j (2.6-9d) 

-oo 

We now have four simple Fourier transform pairs relating the 

components of the current distribution to those of the space factor. 

Using a more concise form we can write 

f re (u) o( ... Ire(z) ( 2. 6- lOa) 

f re(u) >C ... j Ii 0 (z) ( 2. 6- lOb) 

f ie(u) f ... Iie(z) (2.6-lOc) 

f i 0 (u) ~ • Iro(z) 
(2. 6- lOd) j 
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where ~defines a Fourier transform pair. Using (2.6-10) we can 

easily relate the symmetry properties of the current distribution to 

those of the space factor for all possible combinations. The results 

are summarized in Table 2-1. 

We can also express symmetry properties in terms of magnitude and 

phase by defining 

where 

and 

.a(z) 
I(z) = I I (z) I eJ 

.s(u) 
f(u) = If (u) I eJ 

!I(z) I = IF ( z) + I ? ( z ) r i 

= l[I (z) + I (z)] 2 + [I. (z) + I. (z)J2 re ro le io 

if(u)I = lf2 (u) + f~(u) r i 

a(z) = tan-1 [Ii(z)J Ir(z) 

_ _1 [Iie(z) + Iio(z)] 
- tan I (z) + I (z) re ro 

[ f;(u)] 
s(u) = tan- 1 f r(u) 

(2.6-lla) 

(2.6-llb) 

(2.6-12a) 

(2.6-12b) 

(2.6-13a) 



Table 2-1. Summary of Symmetry Properties for the Line Source 

Case # .ilil Symmetry of I(z) ful Symmetry of f(u) 

l Ire(z) real-even f re(u) real-even 

2 Iro(z) rea 1-odd j f io(u) imag-odd 

3 j I;e(z) imag-even j f;e(u) imag-even 

4 j I; 0 (z) imag-odd f ro(u) real-odd 

5 Ire(z)+Iro(z) real f re(u)+j fio(u) real-even,imag-odd 
N 

6 j[I;e(z)+I; 0 (z)] imag fro ( u )+ j f; e ( u) real-odd,imag-even O'I 

7 Iro(z)+j I; 0 (z) odd fro ( u )+ j f; 0 ( u) odd 

8 Ire(z)+j I;e(z) even f re(u)+j f;e(u) even 

9 Ire(z)+j I; 0 (z) real-even,imag-odd f re(u)+f ro(u) real 

10 Iro(z)+j I;e(z) real-odd,imag-even j [f; e ( u )+f; 0 ( u)] imag 

11 Iro(z)+ complex, f ro(u)+ complex, 
j[I. (z)+I. (z)] real-odd j[f;e(u)+f;0 (u)] real-odd 

le 10 

12 Ire(z)+ complex, f (u )+f (u )+ complex, 
real-even re ro imag-even j[I. (z)+I. (z)] j f ;e(u) le 10 



Table 2-1 (cont.). Summary of Synunetry Properties for the Line Source 

Case # ilil Symmetry of I(z} fhl Stmmetr_y of f(u} 

13 Ire(z)+Iro(z)+ complex, f re(u)+f ro(u)+ complex, 
j I; 0 (z) imag-odd j f io(u) imag-odd 

14 Ire(z)+Iro(z)+ complex, f re(u)+ complex, 
j Iie(z) imag-even j [ f. ( u) +f. ( u ) J real-even 

i e i o 
15 Ire(z)+Iro(z)+ no symmetry f re(u)+f ro(u)+ no symmetry 

j[Iie(z)+Ii 0 (z)] j[fie(u)+fi0 (u)] N 
-....J 
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(2.6-13b) 

Since the magnitudes are always positive, we use the following defini-

tions for symmetry of the magnitudes: 

II(z)I = II(-z)I lf(u)I = lf(-u)I ~Symmetric (2.6-14a) 

II(z)I f II(-z)I , lf(u)I f lf(-u)I ~Asymmetric (2.6-14b) 

We can now relate the symmetry properties of the 15 cases listed in 

Table 2-1 to a corresponding set of symmetry properties for magnitude 

and phase. The results are summarized in Table 2-2. 

Finally, we point out that the electric field pattern of a line 

source obeys the same symmetry properties as its space factor since 

E8 (e) = sin e f(u) , u = k cos e (2.6-15) 

where sin e is a real and even function about the e = n/2 (u = 0) 

axis and multiplication by a real and even function will not change the 

symmetry properties of a function. 

2.7 Symmetry Properties of Linear Arrays 

The array factor current distribution can be represented as a 

sum of point sources, namely, 
N 

I(z) = I In o(z - zn) 
n=l 

Substituting this result into (2.6-la) gives 

(2.7-1) 



Case # 

l 

2 

3 

4 

5 

6 

7 

8 

Table 2-2. Summary of Symmetry Properties of Magnitude 
and Phase Corresponding to Table 2-1 

II(z)I a(z) I f(u) I iill!1. 
Symmetric = { ·O, I ( z) > 0 Symmetric = { 0, f(u) > 0 

1T, I(z) < 0 1T' f(u) < 0 

= { 0, I(z) > 0 = { ;. f{u) > 0 
Syrrmetric 

'IT' I(z) < 0 Symmetric 3'1T 
2 , f(u) < 0 

= {3~· I(z) > 0 = { ;. f{u) > 0 
Symmetric Symmetric 3'1T I(z) < 0 2 , f(u) < 0 2 ' 

'IT I (z) > 0 
= {3~· = { ~: f (u) > 0 Symmetric Symmetric f(u) < 0 

2 ' I(z) < 0 

Asymmetric = { 0, I(z) > 0 Symmetric odd 
'IT' I(z) < 0 

= {3~· I(z) > 0 
Asymmetric Symmetric 'IT - 8(-u) 

2 ' I(z) < 0 

Symmetric n + a(-z) Symmetric 1T + 8(-u) 

Syrrmetric even Symmetric even 

N 
\.0 



Case # 

9 

10 

11 

12 

13 

14 

15 

Table 2-2 (cont.). Surrmary of Symmetry Properties of Magnitude 
and Phase Corresponding to Table 2-1 

II(z) I a(z) I f(u) I t3 ( u) 

Symmetric odd Asymmetric = ~ 0, f(u) > 0 
l TI, f(u) < 0 

= { f. f(u) > 0 
Symmetric = 1T - a.(-z) Asymmetric ¥, f(u) < 0 

Asymmetric no symmetry Asymmetric no symmetry 

Asymmetric no symmetry Asymmetric no symmetry 

Asymmetric no symmetry Asymmetric no symmetry 

Asymmetric no symmetry Asymmetric no symmetry 

* * * * 

*Case 15 contians many possibilities which will not be discussed here since they 
are not relevant to our work. 

w 
0 
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00 N 

= I .uz 
f(u) dz [ l In o(z - zn)] eJ 

-00 n=l 

N 00 

In J 
.uz 

= I dz o(z - z )eJ n 
n=l -00 

N . uzn 
= l I eJ n 

n=l 

N j kzn cos e 
l In (2.7-2) = e 

n=l 

which is recognized as the array factor given by (2.4-4b). Thus all 

of the symmetry properties of the line source derived in the previous 

section apply also to the array factor for linear arrays. 



CHAPTER 3 

THE ANTENNA ARRAY SYNTHESIS PROBLEM 

This chapter describes the antenna array synthesis problem for 

shaped-beam patterns. The problem is defined as a function of design 

variables. Various boundary conditions and their effects on the design 

variables are then discussed. Criteria for the evaluation of synthe-

sized patterns are classified into two broad catagories, namely, 

global and localized measures of closeness of fit. It is seen that 

localized measures are, in general, often difficult to apply to many 

synthesis techniques. The last two sections of this chapter give a 

summary of some of the existing techniques for synthesizing shaped-beam 

patterns of both equally and unequally spaced arrays. 

3.1 The Solution Variables of the Synthesis Problem 

The basic objective of the shaped-beam antenna synthesis problem 

is to approximate a given desired electric field pattern as closely as 

possible. From Chapter 2, the electric field pattern of a linear 

array of identical elements is given by 

where 

E6(e) = G(e) F(e) 

N 
F(e) = l 

n=l 

jkz cos e 
In e n 

is the array factor and 
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(3.1-1) 

(3.1-2) 
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00 

G(e) = sine J dz i(z) ejkz cos 6 (3.1-3) 
-oo 

is the element pattern. Recognizing that the In's are, in general, 

complex we see that there are four variables which can be used to obtain 

a desired pattern. They are the element pattern, the element positions 

zn' the magnitudes of In' and the phases of In. We shall refer to these 

as the "design variables" of our synthesis problem. 

In general, any combination of the design variables may be used 

in approximating the desired pattern. Usually, however, both physical 

constraints and the type of synthesis technique used will restrict the 

combnations available. For example, the current distribution i(z) 

is predetermined if the antenna type and excitation are specified. 

This is a corrunon constraint found in many applications. Thus only 

three of the design variables would remain available for use in the 

synthesis technique. Further constaints may result from the type of 

pattern to be synthesized. For example, if the pattern magnitude is 

symmetric and the pattern phase is a constant depending only on the 

algebraic sign of the pattern, then from cases 1 through 4 in Table 2-1 

we see that the current must also be syrmietric and have constant phase. 

Thus linl = II_nl and the phases of In reflect only sign changes in In. 

3.2 Boundary Conditions 

Not only are there constraints which limit the number of design 

variables available for use, but also there are boundary conditions 

which may limit the extent to which they may be varied. 
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In many applications both space and financial considerations will 

limit the size of the array one may use. Thus the number of elements N 

of the array will have an upper bound. Also, the elements themselves 

will be of finite size, so that the element positions zn must be chosen 

to prevent over lapping. 

Also related to constraints on the design variables is the concept 

of supergain antennas. Stutzman [4] provides an excellent summary of 

work done in this area. Only the basic results will be mentioned here. 

Earlier work proved that it is poss,ible to design antennas (both line 

sources and arrays) with a directivity as high as desired. Unfortunately, 

these antennas are characterized by an increase in complexity of their 

source excitations. These complexities appear in the form of large 

current amplitudes, rapidly varying currents, small spacings between 

elements, low efficiency, narrow bandwidth, and very small error toler-

ances in the source exdtation. Antennas exemplifying these charac-

teristics are called supergain antennas. While highly directive antennas 

are most often associated with the supergain concept, shaped-beam 

antennas with low directivities can also exhibit supergaining effects. 

Taylor [5] introduced a quantitative measure of supergain which applies 

to any type of antenna. He called it the 11 supergain ratio 11 and it is 

given by 

00 

I dujE(u)j 2 

-oo (3.2-1) y = 
00 

I dujE(u)j 2 

-oo 
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where u = cos e. The numerator represents the total power (both 

reactive and radiated) and the denominator represents just the radiated 

power, i.e. the power which reaches the far field. The region lul < 1 

is called the visible region. Thus the supergain ratio y is the ratio 

of total to radiated powers. Taylor has shown that is is the increasing 

value of the supergain ratio y, and not the increasing directivity or 

gain, that causes the supergain effects mentioned earlier. There is 

no particular value of y at which the supergain effects begin to appear, 

however, ratios exceeding ten are likely to be accompanied by these 

effects.[5] 

Finally, the closeness of fit to the desired pattern may also be 

related to constraints on the design variables. In general, higher 

degrees of approximation (especially near discontinuities in the desired 

pattern) will be associated with an increase in supergain effects. 

Some types of measures for closeness of fit are discussed in the next 

section. 

3.3 Criteria for Evaluation of Synthesized Patterns 

Criteria for evaluation of synthesized patterns involve some type 

of measure of the closeness of fit to the desired pattern. These 

criteria can be divided into two broad classes: global measures and 

localized measures. 

Global measures give an indication of the closeness of fit to the 

desired pattern over a wide area such as the visible region. Careful 

interpretation must be exercised when using these measures since infor-
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mation about localized regions is lost. The most common global 

measure used is the mean squared error criterion. Mathematically, it 

is given by 

o = J du IEd(u) - E(u)j 2 (3.3-1) 

where Ed(u) is the desired pattern and the limits are over the region of 

interest. Theoretically, this measure may be made as localized as 

desired by integrating over smaller regions. Practically, though, the 

numerous integrations over various regions become tedious and are not 

well suited for most synthesis techniques. Thus, the mean squared error 

, criterion is usually used as a global measured of the closeness of fit. 

Localized measures give an indication of the closeness of fit as a 

function of the radiation direction. While these types of measures 

are obviously more desirable and contain much more information than 

global measures, they are often difficult to apply to synthesis 

techniques. When localized measures can be used, however, one can place 

error limits as a function of radiation direction. Mathematically, 

this can be expressed as 

IEd(u) - E(u)i < M(u) (3.3-2) 

where M(u) is the maximum allowable error in the direction u. Thus 

one could specify different error limitations over the main lobe region, 

sidelobe region, or other regions. 

The particular synthesis technique used will usually dictate 

whether or not localized measures can be used effectively. The problem 
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with most techniques is that error corrections in a specific direction 

are not related directly to a specific change in the design variables. 

3.4 Previous Methods for Equally Spaced Arrays 

This and the next section provide a summary of some of the existing 

synthesis techniques for arrays. The treatment is purely descriptive 

and no attempt is made to go into details of the methods. To do so 

would require excessive length and the intention here is to simply put 

the method to be developed in Chapter 4 into perspective. Methods for 

the synthesis of equally spaced arrays are listed below along with brief 

descriptions and references for each. 

i. Equivalence Between Arrays and Line Sources [6] -

This method involves exciting the array elements with currents 

that are equal to the values of the line source distribu-

tion at the respective element positions. This technique, 

in most cases, produces a pattern not significantly different 

from the line source pattern. The line source pattern may be 

found by any line source synthesis technique. In the case 

where the Fourier transform method is used, the element 

currents are the same as those produced by the Fourier series 

method. 

ii. Fourier Series Method [7] -

In this method the desired pattern is expanded in a Fourier 

series over the visible region. If half wavelength spacings 

are used, then one period of the pattern coincides with the 



38 

visible region and the Fourier coefficients are equal to the 

element current excitations. If one could use an infinite 

number of elements corresponding to the Fourier series, then 

the pattern would exactly equal the desired pattern over the 

visible region. Practically, however, all antennas must be 

of finite size and a finite array with currents equal to 

those of a truncated Fourier series expansion of the desired 

pattern will produce a pattern with minimum mean squared 

error over the visible region. 

iii. Polynomial Representation of the Array Factor [8] 

This method results from the fact that the array factor for 

an N element array can be written as a polynomial of degree 

N-1. The fundamental theorem of algebra quarantees that this 

polynomial will have N-l roots. The problem of knowing 

exactly where to place the roots when designing an array 

which will give some approximation to a desired pattern has 

no simple solution. Even though, various root placements 

have a direct relationship to the nature of the pattern, 

and the polynomial approach can give considerable insight to 

the synthesis problem. 

iv. Matrix Method [ 9] -

If N sample points of the desired pattern are chosen and 

equated to the array factor expression for an N element 

array, one obtains an N x N matrix equation for which the 

solutions are the element current excitations. The resulting 
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pattern will exactly equal the desired pattern at the 

specified sample points. Nothing, however, can be said about 

the degree of approximation between the sample points. In 

the case where the element spacings are one half wavelength 

and the sample points are equally spaced over the visable 

region this method provides an approximate solution to the 

Fourier coefficients of the Fourier series method. 

v. Derivative Control Method [10] -

One may not only require that the actual pattern match the 

desired pattern at selected sample points, but also that the 

derivatives at these points be matched. In this method the 

number of sample points multiplied by their respective orders 

of matching is equal to the number of elements N. Higher 

order matches are often needed to obtain smoother approxima-

tions to the desired pattern. The matrix method is easily 

modified for derivative control by performing derivatives 

of the array factor expression. There results one equation 

at a given sample point for every order of match. 

vi. Woodward-Lawson Method [11] -

The Woodward-Lawson method for the synthesis of line sources 

is easily extended to arrays. The element currents of the 

array factor are found by sampling the current distribution 

found by the line source method at the array element 

positions. The corresponding pattern is then determined 

by substituting these currents into the array factor expres-
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sion. The proper nonnalization factor can be found by 

equating the line source pattern and the array factor at the 

sample points. 

vii. The Iterative Sampling Method [ 4] -

This method involves adding a series of correction patterns 

to an original approximation to the desired pattern. The 

maximum of these correction patterns is chosen so that the 

pattern at that sample point will equal the desired pattern. 

For a given iteration the correction patterns are chosen so 

that the maximum of each one coincides with the nulls of the 

others. The corresponding changes in the element excitations 

are easily obtained from the type of correction pattern used. 

The iterative sampling method has the advantage of being 

easily adaptable to localized measures of closeness of fit. 

3.5 Previous Methods for Unequally Spaced Arrays 

The theory of equally spaced array pattern synthesis is well 

developed and, in general, not applicable to unequally spaced arrays. 

The techniques that have been applied to unequally spaced arrays are, 

for the most part, of limited use and difficult to employ with arrays 

of a large number of elements. Most of the work done in this area has 

been with the synthesis of narrow-beam radiation patterns. Only methods 

that have been applied to shaped-beam synthesis will be described here. 
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i. Equivalence Method: Density Taper [12] 

The starting point of this method is a continuous line source 

distribution which approximates some desired shaped-beam 

radiation pattern. This current, in general, will have both 

magnitude and phase variations. The current magnitude can be 

approximated by using a method such as the equal areas 

technique, in which case the unequally spaced elements will 

have equal current magnitudes. The element phases are then 

obtained by sampling the line source current phase at the 

corresponding element positions. The main problem with this 

method is the poor phase approximation obtained when the 

element spacings are large. 

ii. Equivalence Method: Current Sampling [ 4] -

This method is similar to the density taper equivalence 

method except that both the magnitude and phase of the line 

current distribution are sampled at the corresponding 

element positions. Instead of sampling the current distribu-

tion without regard to the functional form of this distribu-

tion, as in the case of the uniformly spaced array equivalence 

method, the elements are placed where the current magnitude 

is large. Thus the absence of an element near a current 

null acts as a sample of that null. This sampling technique 

also tends to provide a much smoother current distribution 

since the nulls are avoided. 
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iii. Gaussian Quadrature Method [13] -

This method involves using the Legendre-Gaussian series 

approximation to the radiation integral (2.2-14a). The 

resulting summation is then equated to the array factor to 

obtain the element currents and positions. The number of 

terms in the Legendre-Gaussian approximation is usually 

greater than the number of terms in the array factor. Trun-

cation of the approximating sum is justified, however, since 

the higher order coefficients are decreasing in magnitude. 

Eliminating the higher order terms also prevents closely 

spaced elements near the end of the array. 

iv. Trial-and-Error Methods [12] 

These methods often make use of the digital computer as a 

valuable tool and can be classified into three catagories: 

total enumeration, perturbation, and dynamic programming. 

Total enumeration examines all possible combinations of 

element positions and selects the one which produces the 

closest fit to the desired pattern. This method becomes 

impractical for larger arrays since the combinations are so 

numerous. The perturbation method begins with an initial 

approximation to the desired pattern and then perturbs the 

elements one at a time to find the position which produces 

the best pattern. This process is continued until no signi-

ficant improvement is obtained. The success of this method 

depends on the initial configuration and how much freedom 
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the computer is allowed in the examination of the possible 

locations for each element. The dynamic programming method 

determines an optimum solution to a multistage problem by 

optimizing each stage of the problem on the basis of the 

input to that stage. For the array synthesis problem the 

various stages of the problem correspond to the selection 

of the spacings of each element pair. An initial set of 

element positions is not needed for this method. 



CHAPTER 4 

DEVELOPMENT OF THE SYNTHESIS TECHNIQUE 

In this chapter we develop a technique for synthesizing symmetrical 

shaped-beam patterns. It is an iterative technique which requires an 

initial approximation to the desired pattern. The initial approximation 

used is that of an equally spaced array where the element currents are 

found by any of the techniques mentioned in Chapter 3 for equally spaced 

arrays. The array element currents and positions are then perturbed in 

successive iterations in order to better approximate the desired 

pattern. Matrix equations are derived for the solution of these current 

and position perturbations. Finally, flexibilities of the method are 

discussed in relation to boundary conditions. 

4.1 Introduction 

It is assumed that the array element type and excitation have been 

selected, and that a desired electric field pattern Ed(u) is specified. 

Thus the problem is reduced to approximating the desired array factor 

pattern given by 

(4.1-1) 

From Chapter 2, the array factor for a linear array directed along the 

z-axis is given by 
N "k J uzn 

F(u) = I In e (4.1-2) 
n=l 

44 
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where u =cos e and N is the total number of elements in the array. 

In equating (4.1-1) and (4. 1-2) we see that there are three design vari-

ables which can be used to obtain the best approximation possible. They 

are the element positions zn, the magnitudes of In, and the phases of In. 

In the method to be developed here, we will consider the synthesis 

of symmetric radiation patterns where the phase simply reflects the 

algebraic sign changes of the pattern magnitude. As seen from cases l 

through 4 in Table 2-2, the net effect of this is to place similar 

restrictions on the element currents In. Thus we must have linl = II_nl 

and the phases of In can only undergo 180° phase shifts to reflect sign 

changes. To ensure that these restrictions are met, the array elements 

will be located symmetrically about the array center and the currents 

of each symmetric element pair will be required to be equal. This, in 

effect, allows us to work with only one side of the array since the 

other side is simply its mirror image. 

For simplicity, we further restrict the number of elements of the 

array to be even. The development for an array of odd elements is 

exactly the same with the added restriction that the center element 

must remain stationary. 

4.2 The Initial Array Factor Approximation 

Our method involves an iterative procedure which requires an 

initial approximation to the desired array factor pattern. We will use 

an equally spaced array for our initial approximation. For an even 

numbered element array with symmetric currents the array factor is given 
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by (2.5-4) as 
N/2 

F(u) = 2 I In cos]ku(n - l/2)d] 
n=l 

(4.2-1) 

The element currents In may be found by any synthesis method for 

equally spaced arrays. We will use the Woodward-Lawson Method [ ] 

for our examples in Chapter 5. 

The array element currents and positions are then perturbed in 

successive iterations to obtain a better approximation to the desired 

pattern. At the point when no significant pattern improvement is 

obtained the iteration process is tenninated and the values of the 

solution variables are given by the most recent iteration performed. 

Each separate iteration involves perturbing either the element 

currents or positions while the other is held constant from the 

previous iteration. The perturbations of each iteration are found via 

an N/2 by N/2 matrix equation derived by taking the difference of the 

desired pattern and the pattern produced by the previous iteration at 

N/2 sample points. Considerable flexibility is achieved through judi-

cious choices of the sample points and the order of iterations on the 

currents and positions. These aspects and their relationship to bound-

ary conditions are discussed in more detail in section 4.5. The 

following two sections present the mathematical development of the two 

types of iterations. 

In relationship to the previous methods summarized in Chapter 3, 

the proposed method involves a combination of some of these ideas. The 

resemblance to the matrix method for equally spaced arrays is easily 
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seen since each iteration involves the solution of a matrix equation 

obtained by sampling the desired pattern. This process is applied not 

only to the element currents, but also to the element positions in an 

iterative manner. Thus we can see a resemblance to the perturbational 

trial-and-error method for unequally spaced arrays also. Finally, we 

should mention that the digital computer plays a vital role in this 

method and that the computations involved would be virtually impossible 

without it. 

4.3 Element Position Perturbations 

The following iterative procedure involving element position 

perturbations was introduced by Hodjat and Hovanessian [14] to achieve 

sidelobe reduction for an array with uniform current excitation. The 

technique is repeated here along with modifications to include a more 

general current excitation. This allows us to combine the technique 

with a similar iterative procedure involving element current perturba-

tions to be discussed in the next section. 

We begin by taking the difference of the improved pattern to be 

obtained and the initial pattern. Mathematically, this becomes 
N/2 

F'(u) - F0 (u) = 2 I In cos{ku[(n - l/2)d + ~ d~]} 
n=l 

N/2 
-2 I In cos{ku[(n - l/2)d]} 

n=l 
(4.3-1) 

where the superscripts indicate the iteration number and zero corres-
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ponds to the initial approximation. The unknown element position 

perturbations for the first iteration are given by ~ d~. We now use a 

trigonometric identity on the first term of (4.3-1) and obtain 

N/2 
2 I In cos{ku[(n - l/2)d + ~ d~]} 

n=l 

N/2 
= 2 I In cos{ku[(n - l/2)d]} cos{ku[~ d~]} 

n=l 

-2 I In sin{ku[(n - l/2)d]} sin{ku[~ d~]} (4.3-2) 

If we require that the perturbations be sufficiently small, i.e. 

ku ~ d~ << 1, then we can introduce the following approximations: 

cos{ku[~ d~]} : l 

Thus (4.3-2) becomes 
N/2 

2 I In cos{ku[(n - l/2)d + ~ d~]} 
n=l 

N/2 
- 2 I In cos{ku[(n - l/2)d]} 

n=l 

N/2 
-2 ku I ~ d~ In sin{ku[(n - l/2)d]} 

n=l 

(4.3-3a) 

(4.3-3b) 

(4.3~4) 
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Substituting this result into (4.3-1) yields 
N/2 

F1 (u) - F0 (u) ::: -2 ku '\' /1 d 1 I sii1{ku[(n - l/2)d]} l n n 
n=l 

(4.3-5) 

In order for the resulting pattern to better approximate the desired 

pattern we would ideally want to set F'(u) equal to the desired pattern 

Fd(u). To achieve this we equate these functions at certain sample 

points ~· The left side of equation (4.3-5) would then become 

(4.3-6) 

This, however, may cause the perturbations of the element positions to 

become too large for our approximation to be justified. We therefore 

define a weighting function w(u) that can be varied so that our approxi-

mation is justified. This gives 

(4.3-7) 

for the left side of equation (4.3-5). Several examples of weighting 

functions are tried and compared in Chapter 5. 

In order to solve for the element position perturbations /1 d~ for 

n = 1,2, ... ,N/2 we sample the desired pattern, initial pattern, and 

weighting function at N/2 sample points. This gives us a matrix equa-

tion for which the solution vector yields the element position pertur-

bations. Thus from (4.3-5) and (4.3-7) we have 



w(u 1)[Fd(u1}-F0 (u1)] 

w(u2)[Fd(u2)-F0 (u 2)J 

= 

50 

al 2 • • · · al N/2 !::,. d I 
l 

!::,. d' 2 

aN/2 l aN/2 2 · · . aN/2 N/2 1::,. d~/ 2 

(4.3-8) 

where um are the sample points and 

a = -2k u In sin{k um[(n - l/2)d]} mn m (4.3-9) 

for m,n = 1,2, ... ,N/2. 

The resulting pattern will not exactly equal the desired pattern 

at the sample points since we introduced an approximation to linearize 

the matrix equation. We shall see, however, that applying the techni-

que in an iterative fashion does produce convergence toward the original 

desired pattern. Each iteration must result in small enough perturba-

tions to satisfy the approximation. Generalizing the process to the 

pth iteration gives 

N/2 
w(um)[Fd(um)-Fp-l(um)] = -2 k um I In 1::,. d~ sin{k um[(n - l/2)d + 1::,. d~ 

n=l 

(4.3-10) 
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for the mth equation of the matrix. The resulting pattern is given by 

N/2 
FP(u) = 2 l In cos{ku[(n - l/2)d + ~ d~ + ~ d~ + ... + ~ d~]} (4.3-11) 

n=l 

for which the element positions are 

z = z = (n - l/2)d + ~ d' + ~ d2 + n -n n n (4.3-12) 

for n = 1,2, ... ,N/2. 

The weighting function and sample points can also carry a super-

script since it is permissible to change them from iteration to 

iteration. It may often be desirable to do this as the successive 

iterations provide better approximations to the desired pattern. 

4.4 Element Current Perturbations 

The development here parallels that of the element position pertur-

bations except that no approximation is needed to linearize the matrix 

equation. Using the same notation as in the previous section the initial 

difference equation is given by 
N/2 

F' (u) - F0 (u) = 2 I [In + ~ I~] cos{ku[(n - l/2)d]} 
n=l 

N/2 
-2 l I cos{ku[(n - l/2)d]} n . 

n=l 

N/2 
= 2 I ~ I~ cos{ku[(n - l/2)d]} 

n=l 
(4.4-1) 
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If we let F'(u) = Fd(u) then the resulting pattern will exactly equal 

the desired pattern at the sample points. If desired, we can introduce 

a weighting function similar to that of the previous section. Even 

though it is not needed, it can provide some directional control and 

increase or decrease the rate of convergence to the desired pattern. 

Proceeding with the sampling process we obtain a matrix equation 

similar to one obtain for the element position perturbations, namely, 

w(u1)[Fd(u1)-F0 (u1)] 

w(u2)[Fd(u2)-F0 (u2)J 

= 

where um are the sample points and 

all 

amn = 2 cos{k um[(n - l/2)d]} 

al N/2 6 I' l 

6 I' 2 

(4.4-2) 

(4.4-3) 

for m,n = 1,2, ... ,N/2. Note that w(u) = l for an exact solution at 

the sample points. 

Generalizing the process to the pth iteration, we obtain 
N/2 

w(um)[Fd(um) - Fp-l(um)] = 2 l 6 1R cos{k um[(n - l/2)d]} 
n=l 

(4.4-4) 
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for the mth equation of the matrix. The resulting pattern is given by 

N/2 
FP(u) = 2 I [In+~ I~+~ I~+ •.. ~ InP] cos{ku[(n - l/2)d]} (4.4-5) 

n=l 

for which the element currents are 

I +~I'+~ 12 + ... + ~ Inp n n n {4.4-6) 

We again note that both the weighting function and the sample 

points can vary from iteration to iteration. In point of fact, if w(u) 

is chosen to be one, then the choice of sample points must be changed 

after the first iteration if a different pattern is to be obtained. 

This is because the solution is exact at the sample points and if they 

are not changed then the resulting element current perturbations will 

be zero. 



CHAPTER 5 

EXAMPLES AND COMPARISONS 

Numerous examples are provided in this chapter to illustrate some 

properties of the proposed technique. We begin with a discussion of the 

topic of sample point selection. Convergence properties of the tech-

nique are then studied using a sector pattern as the desired pattern. 

Results are given for both element current and position iterations. 

Using the same desired pattern, comparisons of various weighting 

functions and iteration orders are also made. Finally, some results 

using other desired patterns are given in the last section. These 

include triangle, multi-beam, and narrow-beam patterns. In the latter 

case a comparison is made to the results obtained by Hodjat and 

Hovanessian [14] using only element position iterations. 

5. l Sample Point Selection 

Sample point selection is perhaps the most flexible option that 

the designer can exercise when employing the iterative technique 

introquced in Chapter 4. The number of sample points that can be 

selected is limited to N/2 for an N-element array. This ensures a 

square matrix for equations (4.3-8) and (4.4-2). Also, since we are 

dealing with symmetric patterns only, the sample points can be chosen 

on either side of the symmetry axis u = 0. Within these restrictions, 

one can choose the sample points so that convergence to the desired 

pattern occurs in a fashion that is best suited for a particular 

application. It should be remembered, however, that pattern improvement 

54 
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is guaranteed only at the sample points (provided the approximations 

(4.3-3) are satisfied) and nothing can be said about the regions 

between sample points. It follows logically that _one would not want to 

choose points that deviate greatly from being equally spaced. 

As an example, let us consider Figure 5-1. The desired pattern 

is given by 

1.0 lu I < 0.5 

Fd(u) = 0.5 I u I = 0.5 (5.1-1) 

0.0 I u I > 0.5 

The number of elements is twenty and the initial approximation to the 

desired pattern is obtained by the Woodward-Lawson (WL) method. Thus 

the number of sample points to be selected is ten. A natural selec-

tion would be to choose points which occur at maximum error locations 

in the main-beam and sidelobe regions. This would tend to reduce 

main-beam ripple and sidelobe levels. Examination of the Woodward-

Lawson pattern in Figure 5-1 reveals that there are a total of eight 

such points. We can choose the remaining two points in a number of 

different ways depending on the desired result. For example, if a 

sharper slope is desired near the discontinuity, then we could place 

one point on each side of the discontinuity. In attempting this, it 

was found that the slope did increase, but the main-beam ripple and 

sidelobe levels increased also. The increase in these levels occurred 

between the sample points at the maximum error locations. If the most 

important objective is sharp cut-off and the ripple and sidelobe 
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levels are relatively unimportant, then the above sample points would 

be desirable. If, however, the opposite behavior is desired then one 

must ~elect a different set of points. To achieve this, eight sample 

points were located at the error maximums as before while the remaining 

two sample points were chosen at u = a.a and u = a.5. These will be 

the sample points used for the examples and comparisons made in the 

next three sections. As we shall see, ripple and sidelobe levels are 

reduced significantly at the expense of a less steep slope at the 

discontinuity. 

In short, sample point selection is largely a function of the 

desired behavior of the pattern improvement to be obtained. Experience 

with the method is very helpful and some trial-and-error may be 

necessary for the beginner. Finally, it should be pointed out that the 

selection of sample points is independent of the iterations, i.e. the 

sample points may be changed between iterations. For comparison 

purposes, we shall choose our points the same throughout our examples. 

5.2 Convergence Properties 

In this section we investigate some convergence properties of the 

proposed technique. Iterations on both the element positions and 

currents are considered. The following definitions will be used in 

referring to the figures and tables throughout this and later sections: 

1 
a~ J dujFd(u) - F(u)j 2 =mean squared error 

-1 
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SLLmax(dB) ! 120 log[IFmax(u)IJI , where Fmax(u) is the 

maximum pattern value in the sidelobe regions 

l\nax(dB) ~ 120 log[jFd(u) - F(u)lmax] I , where !Fd(u) -

F(u)lmax is the maximum error in the main-beam 

region 

Sloped~ straight line approximation to the slope at the 

discontinuity using the one and zero crossings as 

end points 

wi(u) ! weighting function for current iterations 

wz(u) Q.weighting function for position iterations 

Note that the sidelobe and main-beam ripple levels, SLLmax(dB) and 

Rmax(dB), are defined to be positive quantities. Thus as these levels 

become smaller the actual values in the definitions become larger. 

We begin by considering convergence properties with iterations on 

the element currents only. Tables 5-1 and 5-2 give the results using 

a 20-element array and a desired sector pattern. The weighting 

function is chosen to be wi(u) = 0.3. More will be said about the 

effect of weighting functions in the next section. Looking at Table 

5-1 we see that as more iterations are performed the sidelobe and 

ripple levels decrease. The largest reduction occurs in the first 

iteration and the subsequent reductions become smaller until the tenth 

iteration is reached. At this point there is no significant improvement 
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in the sidelobe and ripple levels. Further iterations would be useless 

unless the sample points are changed. After ten iterations we have 

reduced the sidelobe level a total of 8.406 dB (28.35%) and the ripple 

level 8.992 dB (30.10%) from their initial values. We see also that 

the slope at the discontinuity has decreased from an initial value of 5 

to a final value of approximately 3.6 or a 28% reduction. This is the 

reason that the mean squared error increases, i.e. the increased error 

near the discontinuity outweighs the decreased error in the main-beam 

and sidelobe regions. This can easily be seen in Figures 5-1, 5-2, and 

5-3, which show the patterns obtained after one, two, and ten iterations 

respectively. Table 5-2 gives the resulting element currents after 

one, two, three, five, and ten iterations. The first column contains 

the element currents for the initial Woodward-Lawson approximation. 

We can see that each of the element currents decreased in magnitude 

from their initial values. The last row in the table gives the maximum 

change in current for that iteration and the corresponding element 

number. In each case the greatest changes occurred for the 6th element. 

Tables 5-3 and 5-4 give similar results for iterations on the 

element positions only. Figures 5-4, 5-5, and 5-6 show the corres-

ponding patterns obtained after one, two, and ten iterations respectively. 

The results are entirely similar to those obtained when iterating only 

on the element currents. After ten iterations the sidelobe level has 

been reduced 9.676 dB (32.63%) and the ripple level 9.302 dB (31.14%). 

Thus we see that the position iterations have produced better results 

than the current iterations, especially in the side lobe level. We 
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Table 5-1. Results of Pattern Properties with Iterations 
on Currents Only: Sector Pattern 

Iteration SLLmax(dB) Rmax(dB) Sloped Number P er 

O(WL) 0.02352 29.656 29.870 5.0000 

1 0. 02508 32.542 32.803 4.5440 

2 0.02634 34.657 35.041 4.2074 

3 0.02730 36.082 36.536 4. 0000 

4 0. 02801 36.893 37.458 3.8579 

5 0.02852 37.458 37.993 3.7632 

6 0.02889 37.721 38.344 3.7037 

7 0.02916 37.856 38.562 3.6603 

8 0.02935 37.993 38. 711 3.6314 

9 o. 02948 38.062 38.786 3.6124 

10 0.02957 38.062 38.862 3.5993 



Table 5-2. Results of Element Currents with Iterations on Currents Only: Sector Pattern 

Element ro I1 12 J3 JS po 
Number n n n n n n n 

1 0.4492 0.4489 0.4487 0.4485 0.4483 0.4482 

2 0.1473 o. 1463 0.1457 0. 1452 0. 1446 0. 1442 

3 -0.0854 -0.0839 -0.0828 -0.0821 -0.0812 -0.0805 

4 -0.0577 -0.0557 -0.0542 -0.0532 -0.0521 -0. 0511 

5 0.0414 0.0390 0.0374 0.0363 0.0349 0.0338 

6 0.0302 0.0276 0.0258 0.0245 0.0230 0.0218 O"I 
0 

7 -0.0217 -0.0191 -0.0174 -0.0161 -0.0146 -0.0134 

8 -0.0146 -0.0124 -0. 0108 -0.0097 -0.0084 -0.0073 

9 0.0085 0.0069 0.0057 0.0049 0.0040 0.0032 

10 0.0028 0.0023 0. 0019 0.0017 0.0014 0. 0011 

I tiI lmax 0.0026 o. 0018 0.0013 0.0006 o. 0001 
(n) (6) (6) (6) (6) (6) 
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Figure 5-1. Sector Pattern after l Iteration on Element Currents 
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Table 5-3. Results of Pattern Properties with Iterations 
on Positions Only: Sector Pattern 

Iteration SLLmax(dB) Rmax(dB) Sloped Number P CJ 

O(WL) 0.02352 24.656 29.870 5.0000 

l 0.02557 32.396 32.663 4.4460 

2 0.02627 34. 751 34.992 4.2134 

3 0.02713 36.420 36.536 4.0092 

4 0.02779 37.589 37.589 3.8659 

5 0.02827 38.273 38.202 3.7694 

6 0.02862 38.711 38.562 3.7099 

7 0.02887 38.938 38.862 3.6634 

8 0.02905 39. 172 39.016 3.6338 

9 0.02917 39. 251 39.093 3.6128 

10 0.02926 39.332 39. 172 3.6007 



Table 5-4. Results of Element Positions with Iterations on Positions Only: Sector Pattern 

Element zO zl z2 z3 zS zlO Number n n n n n n n 

l 0.2500 0. 2501 0.2501 0. 2501 0.2502 0.2502 

2 0.7500 0.7529 0.7550 0.7564 0. 7582 0.7597 

3 l .2500 1. 2447 1.2428 1.2409 l. 2387 1 .2369 

4 1 .7500 1.7639 l . 7711 1. 7771 1 .7844 1.7903 

5 2.2500 2.2309 2.2225 2.2155 2.2075 2.2012 

6 2.7500 2.7804 2.7956 2.8080 2.8225 2.8341 °' (.J"1 

7 3.2500 3.2035 3.1886 3 .1740 3. 1569 3. 1433 

8 3.7500 3.8057 3.8134 3.8236 3.8300 3.8260 

9 4.2500 4 .1490 4.1118 4.0730 4.0193 3.9633 

10 4.7500 4.7881 4.6678 4.6199 4.5581 4.5017 

iku~dlmax ------ 0.6348 0.7557 0.3011 0. 1650 0.0358 
(n) (9) (10) ( l 0) ( 10) (9) 
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Figure 5-4. Sector Pattern after l Iteration on Element Positions 
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see also that these improvements are not accompanied by a decrease in 

the slope at the discontinuity or by an increase in the mean squared 

error. As a matter of fact these values actually improve over those 

obtained using only current iterations. Table 5-4 lists the element 

positions (in wavelengths) for the patterns obtained after one, two, 

three, five, and ten iterations. The first column gives the initial 

equally spaced positions. The last row in the table gives the maximum 

values for jkubdj for each iteration and the corresponding element 

number. This is the term involved in the approximations (4.3-3) and 

we have used u = l to simulate the worst case. We see that even though 

this term is not << l as our approximation requires, the iterations 

still converge and at the same time ikubdl becomes smaller. 

5.3 Comparison of Weighting Functions 

Using the same desired sector pattern we now make comparisons 

using different weighting functions. Again we consider separately 

iterations on the element currents and positions. 

Tables 5-5, 5-6, and 5-7 give the results for iterations on the 

element currents only. The weighting functions considered vary from 

0.1 to 1.0 both with and without cosine weighting. All results given 

are after ten iterations. We can see from Table 5-5 that. the rate of 

convergence increases as the weighting function becomes larger. At 

a value of 0.5 for the weighting function the sidelobe and ripple 

levels have converged to their minimum values after ten iterations. 

In comparing the constant weighting functions to those with cosine 
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Table 5-5. Results of Pattern Properties for Various Weighting 
Functions after 10 Iterations on Currents: Sector Pattern 

Wi (u) CJ SLLmax(dB) Rmax(dB) Sloped 

o. 1 0.02726 36.027 36.478 4.0043 

0.3 0.02957 38.062 38.862 3.5993 

0.5 0.02978 38. 132 38.938 3.5714 

0.7 0.02979 38.132 38.938 3.5714 

1.0 0.02979 38.132 39.938 3.5714 

0. 1 COS ( 'ITU/2) 0.02639 33.723 35.863 4.2070 

0.3 COS ( 'ITU/2) 0.02883 37.993 39.016 3.7000 

0.5 COS('ITU/2) 0.02943 39.094 39. 172 3.5955 

0. 7 COS ( 'ITU/2) 0.02960 39. 172 39.251 3.5761 

1. 0 COS ( 'ITU/2) 0.02968 39. 251 39.332 3 .5714 
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Table 5-6. Results of Element Currents for Various Weighting 
Functions after 10 Iterations on Currents: Sector Pattern 

Element Wi(U) = Wi(u) = Wi(u) = Wi(u) = w. (u) = 
1 

Number n 0. l 0.3 0.5 0.7 l. 0 

l U.4485 0.4483 0.4482 0.4482 0.4482 

2 0 .1452 0.1442 0. 1441 0. 1441 0. 1441 

3 -0.0821 -0.0805 -0.0804 -0.0803 -0.0803 

4 -0.0533 -0. 0511 -0.0509 -0.0509 -0.0509 

5 0.0363 0.0338 0.0336 0.0336 0.0336 

6 0 .0246 0.0218 0.0216 0.0216 0.0216 

7 -0.0162 -0. 0134 -0.0132 -0.0132 -0.0132 

8 -0.0097 -0.0073 -0.0071 -0. 0071 -0.0071 

9 0.0050 0.0032 0.0031 0.0031 0.0031 

10 o. 0017 0. 0011 0 .0011 o. 0011 0 .0011 



Table 5-7. Results of Element Currents for Various Weighting Functions 
after 10 Iterations on Currents: Sector Pattern 

Wi(u) = w.(u) = w. (u) = W; (u) = w.(u) = Element 1 1 1 
Number n O. l cos ( iru/2) 0.3 cos(irU/2) 0 .5 cos( iru/2) 0.7 COS(irU/2) l. O cos ( iru/2) 

l 0.4483 0.4480 0.4481 0 .4481 0.4482 

2 0.1460 0 .1447 0. 1443 0. 1441 0. 1441 

3 -0.0824 -0.0806 -0.0803 -0.0803 -0.0803 

4 -0.0545 -0.0520 -0.0513 -0. 0511 -0.0511 

5 0.0372 0.0344 0.0338 0.0338 0.0337 ....... 
N 

6 0.0258 0.0226 0.0218 0.0216 0.0215 

7 -0. 0174 -0.0141 -0.0133 -0.0131 -0.0131 

8 -0.0106 -0.0082 -0.0078 -0.0076 -0.0075 

9 0.0064 0.0046 0.0040 0.0038 0.0035 

10 0.0012 0.0006 0.0008 0.0009 0.0010 
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weighting we see that lower sidelobe levels can be achieved with cosine 

weighting. For wi(u) = 1.0 cos(~u/2) an improvement of over one dB is 

achieved. The main-beam ripple levels, however, are not reduced as 

much with cosine weighting. For wi(u) = 1.0 cos(~u/2) the ripple 

level is increased by approximately 0.6 dB from that obtained with 

constant weighting. Thus we see that the imp~ovement achieved in 

sidelobe level reduction is higher than the degradation in ripple 

level when using cosine weighting. This improvement is obtained 

without decreasing the slope at the discontinuity or increasing the 

mean squared error. Tables 5-6 and 5-7 list the element currents for 

each of the cases considered in Table 5-5. 

Tables 5-8, 5-9, and 5-10 give similar results for the same 

weighting functions with iterations on the element positions only. 

The exact same trends are noticed here as with the iterations on the 

element currents. Note that with wz(u) = 1.0 cos(~u/2) the sidelobe 

level has been reduced to almost 40 dB below the main-beam level. We 

also see that for wz(u) = 1.0 that the pattern diverged. This is the 

result of trying to converge faster than our approximations allow. 

Again we point out that lower sidelobe and ripple levels are achieved 

by iterating on the element positions as compared to iterating on the 

currents. We have added two rows in Tables 5-9 and 5-10 which give 

the maximum and minimum spacings between elements in the resulting 

arrays. In each case the minimum spacing occurs between elements 

eight and nine while the maximum spacing occurs between elements seven 

and eight. 
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Table 5-8. Results of Pattern Properties for Various Weighting Functions 
after 10 Iterations on Positions: Sector Pattern 

wz(u) a SLLmax(dB) Rmax(dB) Sloped 

0. 1 0.02708 36.420 36.536 4.0175 

0.3 0.02926 39.332 39.172 3.6007 

0.5 0.02947 39.494 39.332 3.5714 

0.7 0.02947 39.494 39.332 3.5714 

1.0 Pattern diverged. Approximation becomes invalid. 

0. 1 cos ( iru/2) 0.02623 33.936 35.918 4.2247 

0 . 3 cos ( 1TU I 2 ) 0.02869 38.416 39.094 3.7037 

0.5 cos( iru/2) 0.02926 39.659 39.412 3.5950 

0.7 cos(iru/2) 0.02940 39.743 39.332 3.5762 

1.0 cos(iru/2) 0.02943 39.659 39.332 3.5714 
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Table 5-9. Results of Element Positions for Various Weight Functions 
after 10 Iterations on Positions: Sector Pattern 

Element wz(u) = wz(u) = wz(u) = wz(u) = wz(u) = 
Number n o. l 0.3 0.5 0.7 1.0 

l 0.2501 0.2502 0.2502 0.2502 -0 
s:: 
ttS 

2 0.7564 0.7597 0.7599 0.7600 .s:: 
C'I ..... 

3 l. 2410 l. 2369 1.2366 1.2365 .s:: 

~ 
4 l. 7771 l. 7903 l. 7915 1.7415 (IJ 

> 

2.2012 2.2000 VI 

5 2.2159 2.2000 .µ 
s:: 
(IJ 

6 2.8076 2.8341 2.8363 2.8364 E 
(IJ 
> 
0 

7 3. 1751 3. 1433 3.1407 3. 1406 E 
.µ 
s:: 
(IJ 

8 3.8207 3.8260 3.8234 3.8232 E 
(IJ ..-

L&J 
9 4.0727 3.9633 3.9498 3.9490 . 

-0 

10 4.5017 4.4892 
(IJ 

4.6179 4.4889 C'I 
S-
(IJ 
> 

Minimum 0.252 0.1373 0.1264 o. 1258 ..... 
-0 

Spacing (8,9) (8,9) (8,9) (8,9) . 
s:: u 
S- •.-
(IJ .µ 

Maximum 0.6456 0.6827 0.6827 0.6826 .µ ttS 
.µ S-

Spacing (7,8) (7,8) {7,8) {7,8) ttS S-
0.. QJ 



Table 5-10. Results of Element Positions for Various Weighting Functions 
after 10 Iterations on Positions: Sector Pattern 

wz(u) = wz(u) = . wz(u) wz(u) wz(u) Element 
Number n 0.1 COS(7rU/2) 0.3 COS(7rU/2) 0.5 COS(7rU/2) 0.7 COS(7rU/2) 1.0 COS(7rU/2) 

1 0.2504 0.2504 0.2503 0.2502 0.2503 

2 0.7560 0.7596 0.7560 0. 7599 0.7596 

3 1. 2441 1.2387 1 . 2371 1.2365 1.2360 

4 1. 7732 1. 7886 1.7911 1.7918 1.7925 

5 2.2239 2.2057 2.2016 2.2009 2. 2016 ........ 
°' 

6 2. 7972 2.8282 2.8342 2.8348 2.8334 

7 3. 1882 3.1490 3.1417 3. 1395 3. 1371 

8 3.8030 3.8263 3.8304 3.8317 3.8359 

9 4.0951 3.9971 3.9757 3.9686 3.9729 

10 4.5590 4.4486 4.4597 4.4736 4.4755 

Minimum 0.2921 0.1708 0.1452 0.1369 0.1370 
Spacing (8,9) (8,9) (8,9) (8,9) (8,9) 

Maximum 0.6148 0.6773. 0.6888 0.6922 0.6988 
Spacing (7,8) (7,8) (7,8) (7,8) (7,8) 
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5.4 Comparison of Iteration Orders 

We now combine the iterations on the element currents and positions. 

Various orders are considered and Z and I are used to denote iterations 

on element positions and currents respectively. For comparison purposes 

the weighting functions are taken to be wi(u) = wz(u) = 0.3 and the 

results are given after 15 iterations throughout our examples. 

Tables 5-11, 5-12, and 5-13 give the results of our comparisons. 

As can be seen from Table 5-11 various levels of side lobes and ripple 

can be achieved for different iteration orders. For the orders 

considered a range of approximately 1.2 dB is available for the sidelobe 

level and a range of 0.4 dB for the ripple level. As with the weighting 

function comparisons we see that there is more flexibility in control-

ling the sidelobe level than the ripple level. Tables 5-12 and 5-13 

list the corresponding element currents and positions respectively. 

A row at the end of these tables has been added to show the range between 

the maximum and minimum values for each element. It is seen that the 

greatest ranges are available for the elements furtherest from the 

array center. For example, the positions of elements nine and ten have 

ranges of over a quarter wavelength. Figure 5-7 shows a plot of the 

pattern obtained using the iteration order IZZZIZZZ .... 

The comparisons performed in this and the previous section 

concerning various weighting functions and iteration orders exhibit 

some of the flexibility of the proposed technique. It has been seen 

that certain ranges in sidelobe levels, main-beam ripple, mean squared 

error, discontinuity slopes, element positions, and element currents can 



Table 5-11. Results of Pattern Properties for Various Iteration 
Orders after 15 Iterations: Sector Pattern 

Iteration Order 0 SLLmax(dB) Rmax(dB) Sloped 

II II I III 0.02978 38. 132 38.938 3.5714 

zzzzzzzz 0.02947 39.332 39.332 3. 5714 

IZIZIZIZ 0.02966 38.489 39.096 3.5774 

ZIZIZIZI 0.02960 38. 711 39.094 3.5774 

IIZZIIZZ 0.02967 38. 416 39.016 3. 5774 
-....J 
(X) 

ZZIIZZII 0.02957 38.862 39. 172 3.5775 

IZZZIZZZ 0.02955 38.938 39. 172 3. 5775 

ZI IIZI II 0.02975 38. 132 38.938 3. 5774 



Table 5-12. Results of Element Currents for Various Iteration 
Orders after 15 Iterations: Sector Pattern 

Iteration Order I, I2 I3 I4 I5 I6 I7 Ia I9 Il 0 

IIIIIIII ... 0.4482 0. 1441 -0.0804 -0.0509 0.0336 0.0216 -0.0132 -0.0071 0.0031 0.0011 

zzzzzzzz ... 0.4492 0. 1473 -0.0854 -0.0577 0.0414 0.0302 -0.0217 -0.0146 0.0085 0.0028 

IZIZIZIZ 0.4486 0.1454 -0.0824 -0.0537 0.0367 0.0249 -0.0165 -0.0098 0.0052 0.0016 

ZIZIZIZI 0.4489 0. 1460 -0.0833 -0.0548 0.0380 0.0262 -0.0178 -0.0108 0.0059 0.0018 

IIZZIIZZ ... 0.4485 0. 1451 -0.0820 -0.0531 0.0361 0.0243 -0.0159 -0.0093 0.0048 0.0015 
"' "° ZZIIZZII 0.4489 0. 1462 -0.0837 -0.0553 0.0386 0.0268 -0.0184 -0.0111 0.0061 0.0019 

IZZZIZZZ 0.4488 0.1460 -0.0834 -0.0550 0.0382 0.0266 -0. 0182 -0.0114 0.0062 0.0020 

ZIIIZIII 0.4486 0.1454 -0.0823 -0.0536 0.0366 0.0246 -0.0162 -0.0095 0.0050 0.0014 

Range 0. 0010 0.0032 0~0050 0.0068 0.0078 0.0086 0.0085 0.0075 0.0054 0.0017 
0.22% 2. 17% 5.85% 4.79% 18.84% 28.48% 29. 17% 51.37% 63.53% 60.71% 



Table 5-13. Results of Element Positions for Various Iteration 
Orders after 15 Iterations: Sector Pattern 

Iteration Order zl z2 z3 Z4 z5 z6 z7 z8 Z9 zlO 

IIIIIIII ... 0.2500 0. 7500 1. 2500 1. 7500 2.2500 2. 7500 3.2500 3.7500 4.2500 4.7500 

zzzzzzzz 0.2502 0. 7599 1.2366 1.7915 2.2000 2.8363 3 .1407 3.8234 3.9498 4.4892 

IZIZIZIZ 0.2501 0.7541 1.2439 1.7680 2. 2257 2.7921 3. 1912 3.8129 4.0968 4.6558 

ZIZIZIZI 0. 2501 0.7558 1. 2416 1.7750 2.2176 2.8051 3.1761 3.8225 4. 0671 4.6210 

IIZZIIZZ ... 0.2501 0.7532 1.2452 l. 7646 2.2300 2.7853 3.2000 3.8060 4. 1134 4.6673 
co 
0 

ZZI IZZI! ... 0. 2501 0.7566 l. 2407 1. 7779 2.2145 2.8103 3. 1707 3.8248 4.0545 4.5968 

IZZZIZZZ ... 0.2501 0.7560 1. 2415 1. 7759 2.2165 2.8086 3. 1720 3.8235 4.0424 4.5796 

ZIIIZII 0. 2501 0.7539 1.2437 1. 7674 2.2264 2.7889 3. 1941 3. 8117 4. 1185 4.7161 

Range 0.0002 0.0099 0.0066 0.0415 0.0500 0.0863 0. 1093 0.0734 0.3002 0.2608 
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Figure 5-7. Sector Pattern after 15 Iterations. 
Iteration Order is IZZZIZZZ ... 
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be achieved. These ranges can be very useful in meeting boundary 

conditions of particular applications. We should also point out that 

the iteration process can be tenninated at any time if desired results 

have been achieved. 

5.5 Other Examples 

In this section we consider some examples of other desired 

patterns. They include triangle, multi-beam, and narrow-beam patterns. 

In each of these examples the weighting functions are chosen to be 

wi(u} = wz(u} = 0.3 and the iteration order is IZZZIZZZ •... 

Figure 5-8 shows a plot of a multi-beam pattern after 15 iterations 

using a 20-element array. The desired pattern is given by 

1.0 ' 0.3 < lul < 0.7 

Fd(u} = 0.5 lul = 0.3, 0.7 (5.5-1) 

0.0 ' 0.0 < lul < 0.3 and 0.7 < lul < 1.0 

The maximum sidelobe level was reduced from an initial value of 29.63 

dB to a final value of 33.432 dB below the main-beam level. The 

maximum main-beam ripple level was reduced from 32.181 dB to 46.558 dB. 

As in the case for the sector pattern the slopes at the discontinuities 

decreased and the mean squared error correspondingly increased. The 

resulting element currents and positions for both the initial pattern 

and the pattern obtained after 15 iterations are given in Table 5-14. 

The next example is a triangle desired pattern. Mathematically, 

this pattern is given by 



0.5 

N = 20 
Wi(u) = 0.3 
wz(u) = 0.3 

p = 15 

WL 
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-1.0 1.0 0 
-0.5 0.5 

Figure 5-8. Multi~Beam Pattern after 15 Iterations. 
Iteration Order is IZZZIZZZ ... 
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Table 5-14. Results of Element Currents and Positions for 
Multi-Beam Antenna after 15 Iterations 

Element ro ps zO zl5 Number n n n n n 

l 0.2776 0.2771 0.2500 0.2509 

2 -0.2383 -0.2366 0. 7500 0.7503 

3 -0.1707 -0.1686 1.2500 1.2616 

4 0.0936 0.0910 1.7500 l. 7310 

5 0.0256 0.0238 2.2500 2.2544 

6 , 0.0187 0. 0176 2.7500 2.8126 

7 0.0351 0.0324 3.2500 3.3242 

8 -0.0293 -0.0266 3.7500 3.6561 

9 -0.0137 -0.0118 4.2500 4.1890 

10 0.0017 0.0017 4.7500 4.6759 



1 + 2u 

F d(u} = 1 2u 

0.0 
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-0. 5 < u < 0.0 

0.0 < u < 0.5 

0. 5 < u < 1. 0 

(5.5-2) 

The resulting pattern after 15 iterations using a 12-element array is 

given in Figure 5-9. The maximum sidelobe level improved from 25.18 dB 

for the initial approximation to a value of 37.72 dB after 15 iterations. 

This represents a 12.54 dB or 49.8% improvement in sidelobe level. The 

mean squared error also improved from an initial value of 0.00166 to a 

final value of 0.00116 or a 30.12% reduction. The main-beam ripple 

remained essentially constant. The only negative results obtained in 

this example were a slight gain reduction of about 0.25 dB and some 

pattern round-off occurring near the points u = ± 0.5. The initial and 

final element currents and positions are given in Table 5-15. 

The final example considered in this chapter is for a narrow-beam 

desired pattern. The initial pattern is that of an equally spaced, 

uniformly excited 24-element array. The results obtained are compared 

to those achieved by Hodjat and Hovanessian [14] using only iterations 

on the element positions. These results are summarized in Tables 5-16 

and 5-17. We can see that an improvement of about 2 dB was achieved in 

the sidelobe level over that of Hodjat and Hovanessian. The half-power 

beam-broadening ratio increased, however, as a result of the lower 

sidelobe level. This ratio uses the half-power beam-width of the 

initial patt~rn as a reference. We see also that the mean squared 

error increased from its initial value. This is due largely to the 

added error in the main-beam resulting from beam-broadening. Results 
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Figure 5-9. Triangle Pattern after 15 Iterations. 
Iteration Order is IZZZIZZZ ... 
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Table 5-15. Results of Element Currents and Positions for 
Triangle Pattern after 15 Iterations 

Element JO Jl5 zO zl5 Number n n n n n 

1 0.2388 0.2457 0.2500 0.2506 

2 0.1619 0.1587 0.7500 0.7522 

3 0.0639 0.0587 1. 2500 1. 2713 

4 0.0065 0.0100 1. 7500 2.0771 

5 0.0048 0.0073 2.2500 2.6909 

6 0.0241 0.0066 2.7500 2.8697 



1. 0 
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N = 24 
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Figure 5-10. Narrow-Beam Pattern after 15 Iterations. 
Iteration Order is IZZZIZZZ ... 
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Table 5-16. Comparison of Pattern Properties 
for Narrow-Beam Pattern 

Initial After 15 Hodjat and 
Pattern Property Pattern Iterations Horanessian 

SLLmax(dB) 13.22 26.02 24.20 

Half-Power Beam- 1.00 1. 20 1.16 
Broadening Ratio 

mean squared error 0.07833 0.09852 



Table 5-17. Comparison of Element Currents and 
Positions for Narrow-Beam Pattern 

Element Hodjat and ro ps zO zlS Horanessian-zn Number n n n n n 

l 0.0417 0.0551 0.2500 0. 1725 0.2492 

2 0.0417 0.0460 0. 7500 0.6400 0.4810 

3 0.0417 0.0615 1.2500 0.9917 0.9415 

4 0.0417 0. 0401 1. 7500 l. 4615 1.2500 

5 0.0417 0.0595 2.2500 1.8265 l. 6790 l.O 
0 

6 0.0417 0.0378 2.7500 2.2923 2.0640 

7 0.0417 0.0512 3.2500 2.6885 2.5065 

8 0.0417 0.0352 3.7500 3.1655 2.9725 

9 0.0417 0.0400 4.2500 3.6028 3.4815 

10 0.0417 0.0296 4.7500 4. 1172 4. 1000 

11 0.0417 0.0272 5.2500 4.6332 4.8640 

12 0.0417 0.0168 5.7500 5.2925 5.6290 



91 

of the element currents and positions are given in Table 5-17. Results 

from Hodjat and Hovanessian are also given. They used a uniformly 

excited array and iterated only on the element positions. In compqring 

their element positions to those obtained by our iterative technique 

which iterates on both currents and positions we see that, for nine out 

of twelve elements, the change in positions is greater for their 

results. Thus, by iterating on the currents also, we can achieve less 

severe element movements. 



CHAPTER 6 

CONCLUSIONS 

The purpose of this thesis has been to introduce an iterative 

technique for shaped-beam synthesis of unequally spaced, nonuniformly 

excited linear arrays. We began by deriving some basic antenna array 

fundamentals from Maxwell's equations.· We then stated the synthesis 

problem and defined its solution variables and discussed boundary 

conditions. A review of some previous synthesis techniques was then 

provided. 

In Chapter 4 the proposed iterative technique was mathematically 

developed. Both element currents and positions were perturbed in 

order to better approximate a desired pattern. It was necessary to 

make an approximation to linearize the matrix equation involving 

the element position perturbations. 

Several examples were presented in Chapter 5. Convergence 

properties using both iterations on the element currents and positions 

were studied. It was seen that convergence to the desired pattern 

occurred even when the approximation assumptions involving the 

iterations on element positions were violated. These violations, 

however, could not be carried to extremes. One example was given 

where the pattern diverged as a result trying to converge too fast. 

Comparisons were then made using different weighting functions and 

iteration orders. These comparisons revealed some of the flexibility 

of the proposed technique in satisfying boundary conditions. For 

example, certain ranges were found to be available in the element 

92 
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positions, element currents, rate of convergence, degree of approxi-

mation to the desired pattern, maximum sidelobe level, maximum ripple 

level, and the mean squared error. These ranges were made possible 

through various sample point, weighting function, and iteration 

order selections. 

As a final note we should again mention that the proposed 

technique is valid only for synthesizing symmetric radiation patterns 

as defined in Chapter 2. This, in turn, requires the element currents 

and positions to be symmetric about the array center and also that 

the element currents be real. An extension to the technique may be 

possible by allowing the element currents to be complex. Examination 

of Table 2-1 and 2-2 shows that this extension would allow the 

synthesis of asymmetric radiation patterns also. Some complicating 

modifications to the technique would be needed, however, to make 

this extension. One would either be required to specify the desired 

pattern phase and work with complex matrices or to switch to power 

pattern synthesis. It is the opinion of the author that these 

extensions could provide some desirable results. 
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AN ITERATIVE TECHNIQUE FOR SHAPED-BEAM 

SYNTHESIS OF UNEQUALLY SPACED, 

NONUNIFORML Y EXCITED LINEAR ARRAYS 

by 

Stephen D. Goad 

(ABSTRACT) 

Antennas with radiation patterns conforming to a specified shape 

have many applications. Further, precise shaping of the main beam is 

often required. Array antennas are especially suited for shaped-

beam synthesis. The purpose of this thesis is to introduce an 

iterative technique for the shaped-beam synthesis of unequally spaced, 

nonuniformly excited linear arrays. The technique requires an 

initial approximation to the desired radiation pattern. This approxi-

mation may be attained by any classical synthesis method. Successive 

iterations are then applied to the initial pattern and are of two 

types, element current perturbations and element position perturba-

tions. These two iteration types are applied in a variety of sequences 

and with different weighting functions. Several examples are 

considered for some typical radiation patterns. In one particular 

example of a sector pattern both the maximum main beam ripple and side-

lobe level are reduced to approximately -40 dB using a 20-element array. 

Many comparisons are made and the effectiveness of the technique is 

evaluated. 
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