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Chapter I 

INTRODUCTION 

Recently it has been found that many benefits can be re-

alized by operating metal cutting equipment at ultra high 

speeds. In addition to the faster material removal rates, 

it is claimed that the amount of energy required to remove 

the material is greatly reduced (1). 

As a result of this finding, research has been directed 

toward the development of machine-tool spindle motors capa-

ble of operating at speeds approaching 100,000 RPM. A pro-

posed configuration of these motors is to have the cutting 

tool mounted directly on the motor shaft. As a result, vi-

bration control of these motors will be of extreme impor-

tance both to ensure a satisfactory surface finish and to 

prevent possible motor destruction. 

The primary cause of rotor vibration is from forces gen-

erated by rotating mass unbalance. These forces are propor-

tional to the square of the rotor rotational speed so vibra-

tion control in ultra high-speed motors will be a necessity. 

In order to control rotor vibration, however, it is first 

necessary to be able to model and predict the vibrational 

characteristics. 

1 
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Destructive vibration levels can occur when energy is 

supplied to a rotor at any one of its natural frequencies. 

Among other sources, this energy will be supplied when any 

of the rotor's running speed harmonics or, more importantly, 

the actual running speed of the rotor coincide with a natur-

al frequency of the rotor. The latter case is termed reso-

nant vibration and can be very destructive. With small 

values of qamping in a rotor system (a rotor mounted on ball 

bearings typically has negligible damping), vibration levels 

at resonant condition can easily reach very high levels. 

The lower natural frequencies of a rotor system are de-

pendent upon four parameters: 

1) rotor mass 

2) stiffness of the bearings upon which the rotor is 

mounted 

3) rotor flexural stiffness 

4) stiffness of the support structure. 

The purpose of this investigation was to develop a com-

prehensive analytical method for predicting rotor vibration 

which would incorporate all of these parameters. Also, an 

experimental high-speed rotor (to be referred to herein as 

ECM2501) was to be tested to obtain its vibration character-

istics and to check the accuracy of the analytical predic-

tions. 
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In order to limit the scope of this investigation, only 

the case of synchronous forward whirl caused by mass unbal-

ance was to be considered. Also, because the particular ro-

tor being considered would not operate at speeds high enough 

to excite the higher flexural modes of vibration, only the 

first two rigid body lateral modes were considered. 

Figure 1 shows these first two modes of vibration under-

going forward whirl with isotropic bearings. With ortho-

tropic bearings, the path traced by the rotor shaft would 

tend to be elliptical rather than circular. 

The mass of a rotor may be modeled in either a lumped or 

distributed parameter method. The lumped parameter tech-

nique is typically used in the transfer matrix analysis 

method. For this study a finite element model of the rotor 

which used a distributed mass model was incorporated. 

A major problem in the past has been determining ball 

bearing stiffness. The majority of available work in this 

area has been done by T. A. Harris (2) and A. B. Jones (3). 

Harris outlined a method in his book Rolling Bearing Analy-

sis for graphically determining the radial stiffness of a 

bearing. A. B. Jones (4) has developed a computer program 

which calculates bearing stiffness directly. The program is 

based on a static analysis of a bearing under a given load 

and operating at a specific speed. The balls are assigned 
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CYLINDRICAL WHIRL 

CONICAL WHIRL 

Figure 1: First two lateral modes of vibration 
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loads depending on bearing loading and centrifugal effects 

due to rotational speed. Output of this program includes 

complete stress conditions for each ball and a complete 

five-by-five stiffness matrix for the bearing (stiffness 

terms about the axis of rotation are meaningless for bear-

ings). 

One of the most important facts to come from these bear-

ing investigations is that as bearing rotational speed is 

increased, the stiffness of the bearing decreases. Because 

the first two modes of lateral vibration are primarily a 

function of rotor mass and bearing stiffness, this implies 

that as the rotational speed of a rotor mounted on ball 

bearings is increased, the critical speed of the rotor will 

decrease. Therefore, at some point the running speed of the 

rotor and its critical speed will coincide to give resonant 

vibration conditions. A typical plot of ball bearing stiff-

ness as a function of rotational speed is shown in Fig. 2. 

The effects of rotor support structure stiffness may also 

have a measurable effect upon rotor vibration. For example, 

it has been proposed that stiffness asymmetry present in a 

rotor support may cause each lateral critical speed of a ro-

tor to split into two critical speeds (one critical speed 

present for each lateral stiffness term) (5). 
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To obtain the pedestal stiffness of the ECM2501 rotor 

system, a two-dimensional plane stress finite element analy-

sis was performed. From this the vertical and horizontal 

stiffness terms were found. 

The critical speeds of the ECM2501 were obtained by in-

corporating the bearing and pedestal stiffnesses into a SPAR 

(6) finite element program. An eigenvalue analysis of the 

rotor-bearing system was then performed using SPAR to deter-

mine the natural frequencies of the rotor. 

Following is a brief history of the field of rotor vibra-

tion with an emphasis on finite element applications. An 

introduction to the theory of the finite element method is 

then presented which leads to a description of the modeling 

used in this investigation to analyze the vibration charac-

teristics of the ECM2501. Both analytical and experimental 

results are presented followed by a discussion of these re-

sults. For comparitive purposes, Appendix A includes two 

further analyses which were performed on the ECM2501 using 

the transfer matrix method. 



Chapter II 

LITERATURE REVIEW 

The study of rotor and rotor system vibrations has been 

an area of concern for at least one hundred years (7). An 

attempt to fully document this field of study would clearly 

be beyond the scope of this thesis. Instead, a brief histo-

ry of the field of rotor vibrations follows with particular 

attention paid to the area of finite element applications. 

The early developments in rotor vibration analysis which 

are presented in the following review were obtained from 

Eshleman (7) to which the reader is referred for a more de-

tailed historical description. 

The study of rotor and rotor system vibrations has been 

an area of concern for at least one hundred years. One of 

the first articles ever to be written on the subject of vi-

brations of a rotating system was by Rankine in 1869 enti-

tled "On the Centrifugal Force of Rotating Shafts". In 

1894, Rayleigh proposed an energy method for calculating the 

natural frequencies of a continuous beam. This method was 

based on the fact that for a conservative system vibrating 

at its natural frequency, the maximum potential energy 

stored in the springs is equal to the maximum kinetic energy 

of the masses. In 1919, Jeffcott proposed the concept of 

8 
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shaft whirl which is still valid today. That concept states 

that the whirl path of a rotor is a function of the rotor's 

damping, unbalance, stiffness, and mass. 

The advent of the numerical techniques occurred in 1921 

when Holzer outlined a method of solving torsional vibration 

in which a frequency is assumed and the corresponding mode 

shape is determined. If the mode shape found satisfies the 

appropriate boundary conditions, the assumed frequency is an 

actual critical speed of the rotor; if not, another frequen-

cy is assumed and the process repeated. Although Holzer's 

method yields numerically accurate results because each mode 

shape calculation is independent of the previous one, the 

method is inherently slow due to its completely trial and 

error nature. In 1925, Stodola improved upon Holzer's meth-

od by developing an iterative numerical technique. In this 

method, a mode shape is assumed and then improved through 

successive iterations until convergence occurs. The natural 

frequency associated with this final mode shape can then be 

calculated. This method formed the basis for many of the 

iterative matrix techniques in use today. The major disad-

vantage of this method, however, is that each successive it-

eration is subject to some accumulative numerical inaccura-

cy. 
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The Holzer method was adapted to general beam and shaft 

problems by Myklestad in 1944 and to flexible rotors by 

Prohl in 1945. The combination of this Holzer-Myklestad-

Prohl (HMP) method along with the advent of the digital com-

puter opened the door to the analysis of more complex sys-

terns. This HMP method was used by many investigators for 

approximately the next twenty years to study such parameters 

as gyroscopic effects, asymmetric bearings and supports, and 

nonlinear bearings. 

In 1967, Lund and Orcutt developed a modified h""MP method 

which allowed the use of a lumped or distributed parameter 

model. This method was also used to calculate the ellipti-

cal whirl orbits of an unbalanced rotor with anisotropic 

stiffness and damping characteristics. 

The first reference to the use of the finite element 

method for determining rotor natural frequencies was by Ruhl 

(8) in 1970. His dissertation dealt with the development of 

a transfer matrix computer program and three finite element 

programs. A comparison was then made between the two meth-

ods. Al though the results from the transfer matrix method 

agreed with those found by previous investigators, the re-

sults obtained using the finite element method were found to 

depend greatly upon the rigidity of the rotor. For a rigid 

rotor, the finite element results agreed closely with 



results using the 

rotor flexibility, 
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transfer matrix method. For increasing 

however, Ruhl found the finite element 

method to give increasingly higher predictions compared to 

the transfer matrix method. This is understandable when one 

considers the fact that a finite element model typically 

yields an overall structural stiffness which is greater than 

the actual structural stiffness. As the coarseness of the 

mesh is reduced and approaches a continuum, the structural 

stiffness of the model will approach that of the actual 

structure. 

In 1971, Ruhl and Booker (9) conducted an investigation 

into the vibration of a general turbo-rotor bearing system. 

The journal bearings supporting the rotor were represented 

by sixteen linear cross-coupled terms for both the stiffness 

and for the damping present. Again, a comparison of the 

discrete parameter model transfer matrix method to the dis-

tributed finite element method was performed. Good agree-

ment between the two methods was found with the finite ele-

ment method having some distinct advantages. The main 

advantage of using the finite element method was found to be 

that considerably fewer degrees cf freedom (elements) were 

needed to yield accurate results. Also, although the advan-

tage of needing fewer elements would not hold true, the fi-

nite element method was proposed to be far superior compared 
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to the transfer matrix technique when a complex physical 

system (e.g., multiply-branched systems such as the inclu-

sion of foundation dynamics) was analyzed. 

Nelson and McVaugh (10) presented a paper in 1975 enti-

tled "The Dynamics of Rotor-Bearing Systems Using Finite 

Elements". This paper dealt with the further development of 

the element which Ruhl used in his analysis. These improve-

ments included the effects of rotatory inertia, gyroscopic 

moments, and axial load. This element was formulated upon 

Rayleigh beam theory. Also, both a fixed and a rotating 

reference frame were used in their analysis. The maximum 

difference found between their finite element analysis and a 

lumped mass transfer matrix analysis of a typical rotor-

bearing system was only four percent. 

In 1976, Zori and Nelson (11) further improved the ele-

ment formulated by Nelson and McVaugh to include the effects 

of internal damping of the rotor. Although the limitations 

of attempting to model real material behavior linearly were 

recognized, it was felt that at least some attempt to in-

clude this effect would be beneficial. 

In 1979, Nelson (12) presented a paper which developed a 

rotating shaft finite element based on Timoshenko beam theo-

ry. This element included translational and rotational in-

ertia, gyroscopic moments, bending and shear deformation, 
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and axial load effects. Basically this paper was written to 

document fully the work already performed in this area by 

Polk (13) and to test the accuracy of this element on vari-

ous numerical analyses. Numerical studies were performed on 

a nonrotating uniform Timoshenko beam with simply supported 

boundary conditions, and a rotating uniform Timoshenko beam 

including gyroscopic moments. The first natural frequency 

for the nonrotating beam was found to be within one percent 

of a classical closed-form solution regardless of the beam's 

slenderness ratio. The second natural frequency was found 

to be within five percent of a closed-form solution. For 

the rotating beam, primary critical speeds (both forward- and 

backward whirl) were obtained which were less than one per-

cent higher than a closed-form solution. The inclusion of 

shear deformation effects, it was felt, was the reason why 

this element was more accurate than any prior elements. 

Several investigators have analyzed the problem of vibra-

tion of asymmetric rotors. One of the most notable of these 

investigators, T. Yamamoto, has written a series of papers 

on the subject of asymmetric rotor vibration. In his paper 

"On the Vibrations of the Shaft Carrying an Asymmetrical Ro-

tating Body" (14), Yamamoto, along with Hiroshi Ota, devel-

oped a mathematical theory which states that an asymmetric 

rotor will experience statically unstable vibrations near 
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each of its critical speeds. Further, these unstable re-

gions are bounded by the natural frequencies of the rotor 

and are centered at the various critical speeds. This theo-

ry was supported by experimental data also presented in the 

paper. 

Other areas studied by Yamamoto include the vibration of 

an asymmetric rotor mounted on flexible bearing pedestals 

(15), vibration induced by flexible bearing pedestals (16), 

and the response of an asymmetric rotor at its critical 

speeds (17). 
• 

Two other investigators, Kondo and Okijima (5) analyzed 

the vibration of an asymmetric rotor supported by asymmetric 

elastic pedestals. Because of the asymmetric nature of the 

support pedestals, Kondo and Okijima predicted (and support-

ed experimentally) that each critical speed for a similar 

system with symmetric pedestals would separate into two in-

dividual critical speeds. Therefore, the orbits of a rotor 

supported by asymmetric pedestals would, in general, be el-

lipses. 



Chapter III 

THE EXPERIMENTAL SYSTEM 

3.1 HARDWARE 

A prototype of a 20, 000 RPM machine-tool spindle motor 

(ECM2501) with an overspeed capability to 25,000 RPM was ex-

perimentally tested to obtain its vibrational characteris-

tics. Figure 3 is a cross-sectional view of the ECM2501 

main rotor-body showing its composite construction. This is 

a permanent magnet d.c. electric motor, and thus, the mag-

nets were mounted on the rotor in a polarized configuration. 

The outer sleeve of the main rotor body was 0.060 (1.52 mm) 

inch thick stainless .. steel which was heat shrunk onto the 

rotor. Figure 4 shows the rotor as mounted in its test 

housing. The rotor was supported in a simplex configuration 

by Barden 106H angular contact, ABEC 7, ball bearings on 

either end. An oil-mist system supplied the lubrication to 

the bearings. A 30-pound (66 kg) axial preload was applied 

to each of the bearings by means of a wavespring washer on 

one end of the rotor. 

The test housing consisted of 1-inch (25. 4 mm) thick 

steel bearing pedestals on either end which were bored to 

accept :the bearings. The sides and top of the housing were 

15 
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STAINLESS 
SLEEVE EPOXY---. 

Figure 3: ECM2501 cross-section 
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made of 1/2-inch (12.7 mm) thick steel plates bolted to the 

pedestals which served to add rigidity to the housing as 

well as to provide a surf ace to which probes could be mount-

ed. The test housing was bolted to a 1/2-inch ( 12. 7 mm) 

thick steel base plate which in turn was bolted to an alumi-

num base plate. This aluminum base plate was anchored to a 

concrete base. The ECM2501 test rotor was belt driven by a 

3,000 RPM d.c. motor to a maximum speed of 27,000 RPM. Fig-

ure 5 shows a sketch of the high speed test rotor system. 



drive belt 

l ~ 

d.c. drive motor 
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Figure 5: High-speed test rotor system 
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3.2 INSTRUMENTATION 

Figure 6 shows a schematic of the instrumentation used in 

testing the ECM2501. Two Bently Nevada proximeter probes 

were mounted on adjustable slides to allow vibration mea-

surements to be made at various locations along the rotor 

axis. 

In attempting to take data with these probes, the stain-

less steel sleeve exhibited variable permeability around its 

circumference and thereby absorbed differing amounts of the 

proximeter-probe signal at various angular locations. The 

result of this was a very large erroneous radial runout sig-

nal. This problem was corrected through the use of a digi-

tal signal corrector. The signal corrector was set up to 

digitize 40 samples per revolution of the slow-roll errone-

ous signal. One period of this digitized data was then 

stored in a memory. These memorized baseline data were then 

subtracted from all subsequent vibration data which were 

also digitized 40 times per revolution. The difference of 

these two signals was then converted back to an analog sig-

nal. All vibration data were continually corrected in this 

manner to a slow-roll zero vibration level for all running 

speeds. A third proximeter probe on the test rotor provided 

a once- per-revolution pulse to serve as a trigger for the 

signal corrector to take data and to keep the proper phase 
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Figure 6: Instrumentation schematic 
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between the memorized data and the incoming vibration data. 

Figure 7 shows a schematic of the digital signal corrector. 

The corrected vibration signal was transmitted to a Zonic 

6080 Fast Fourier Transform Analyzer (FFT). Coupled to the 

FFT was a Tektronix 4052 microcomputer which served as the 

control console for the FFT and als9 as an output monitor 

for the vibration plots· generated. 

The SORAN (Sine and ORder ANalysis) option available on 

the FFT was used to analyze all vibration data experimental-

ly obtained in this investigation. The result of a SORAN 

vibration scan is a three-dimensional spectral cascade dis-

play which allows for monitoring of changes in vibration 

levels of various harmonics (orders) of a fundamental rotor 

speed as a function of rotor running speed. 

The once-per-revolution speed pulse was also used as a 

trigger for data acquisition on the FFT. At selected speed 

steps, the FFT, when triggered by the speed signal, would 

obtain one revolution of vibration data and perform a 

Fourier transform on this data. This Fourier transform was 

then stored on the Tektronix display monitor and a second 

vibration sample taken at the next speed step. The Fourier 

transform of this sample was then displayed adjacent to the 
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first. This procedure was continued over a predetermined 

speed range and a resulting three-dimensional display of 

vibration amplitude versus running speed versus harmonic 

order was obtained. A two-dimensional plot of vibration am-

plitude versus running speed could then be obtained for any 

harmonic desired thereby allowing any critical speeds to be 

easily noted. 



Chapter IV 

THE FINITE ELEMENT METHOD 

4.1 INTRODUCTION 

Although the theory of finite element analysis has exist-

ed since the late 1800's, its use has been very limited un-

til a relatively short time ago. With the advent of the 

modern computer, this method has experienced a tremendous 

explosion in both usage and application. Listed in Table 1 

are some of the current areas in which finite element meth-

ods are commonly used. 

There are now several large commercial finite element 

programs in existence with each one usually suited for a few 

specific types of problems. Typically these programs can 

routinely solve systems of equations with thousands of de-

grees of freedom. The particular program used in this in-

vestigation to determine rotor critical speeds was SPAR, 

which, as an indication of its capabilities, can solve sys-

tems of equations with more than 50,000 degrees of freedom. 

25 
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TABLE 1 

Applications of Finite Element Method 

Structural Mechanics 
Heat Transfer 
Vibrations 
Magnetics 
Fluid Flow 
Soil Mechanics 
Acoustics 
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4.2 THEORY 

Finite element theory is a method of modeling a continu-

ous medium with small discrete elements. These elements are 

all interconnected to form a mesh which comprises the shape 

of the structure. The common corners at which elements join 

are called nodes (joints in SPAR). 

The basic principle of finite element theory is based on 

the minimization of a functional. In the case of structural 

analysis that functional is potential energy. When a struc-

ture is subjected to a specific loading condition (forces, 

displacements, or thermal gradients), that structure will 

tend to assume the shape which posesses the minimum paten-

tial energy. For a spring loaded by a force P, such as that 

shown in Fig. 8, the following relationships hold, 

IT = ~(K02 )-PD 
p 

P=KD 

(1) 

(2) 

where rrp is the potential energy, K is the spring stiffness, 

and D is the displacement of the loaded end. Equation (2) 

is obtained by minimizing IIP (setting arr /aD = o ) . p 

For a single element of a finite element mesh, the gener-

al three-dimensional form of the potential energy is given 

by, 
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Figure 8: Axially loaded simple spring 
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rrpe= ~f{d}T[B]T[E][B]{d}dv + f{d}T[B]T{a 0 }dv 

- f{d}T[N]T{F}dv - f{d}T[N]T{~}ds 

where, 

[B]=transforms nodal displacement into strain 

{d}=nodal displacements for the element 

[E]=material elastic properties 

{a0}=initial stresses present 

(3) 

[N]=defines the assumed displacement field for the element 

{F}=body forces per unit volume 

{~}=surface tractions. 

It will be shown that the term 

f [B] T [E][B]dv 

is the stiffness matrix [K] so that the first term of equa-

tion ( 3) is just a 1/2KD2 type term and all the remaining 

terms are essentially a force multiplied by a displacement. 

Therefore, although it appears much more complex, the equa-

tion for the potential energy of a three-dimensional element 

is in exactly the same form as that of a simple spring. 

The potential energy for the entire structure is then 

just the sum of all the individual elements. 

(4) 

where, 

{P}=concentrated loads applied to the structure 
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{O}=structure nodal displacements. 

Expanding the local size element matrices to structure 

size and assembling them into a global form gives 

I\= ~{d}T(l:: f [B]T[E][B]dv){d} + {d/L:cf [B]Tfoo}dv 

- j[N]T{F}dv - f [N]T{¢}ds) - {O}T{P} 
(5) 

The potential energy of the entire structure will then be 

a minimum when 

arr /aD 1 =arr /aD 2 = ... =arr ;ao = o. p p p n (6) 

After taking these partial derivatives and equating them 

to zero, equation (5) becomes 

CI fcsJT[E][B]dv){D} =re- JcsJT{cr 0}dv 

+ j[N]T{F}dv + j[N]T{¢}ds) + {P} 
(7) 

The three summation terms on the right hand side of the 

equation are the element nodal forces due to initial stress-

es, body forces, and surface forces for that element. Any 

or all of these terms may not be present for a given analy-

sis. 

Assembly of the local element matrices into global ma-

trices then gives, 
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[K]{D} = {R} (8) 

This is in exactly the same form as equation (2) except 

that now there is a system of equations describing the 

force/displacement relations. After introducing the appro-

priate boundary conditions of the structure, this system of 

equations can then be solved using ~tandard matrix algebra 

for the nodal displacements {D}. Once these displacements 

are found, the existing stresses can be computed. 

In actual use, a typical computer program does not go 

through this whole procedure of setting up the equation for 

the potential energy and taking derivatives. Instead, the 

appropriate equations for several different elements already 

reside in the computer program and as each element stiffness 

matrix is determined, it is expanded to global size and in-

serted into the appropriate place in the global stiffness 

matrix. 

Also, the deformed shape which yields the minimum poten-

tial energy is not obtained through a trial and error or an 

iterative procedure. Instead, it is determined by solving 

the set of force/displacement equations using matrix alge-

bra. In general, when the term convergence is used in 

discussing finite elements, it refers to the fact that if 

the proper assumptions have been made, the results should 
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converge to the exact solution when the mesh is refined 

(using a finer mesh for example). 

There are many different types of elements available for 

an analysis. A choice is made as to which ones will best 

fit the geometry of the structure when assembled and give 

the best representation of the stress field across the ele-

ment. Some examples of the types of plane stress elements 

available are shown in Table 2. 
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TABLE 2 

Typical plane stress elements 

Nodal No. of degrees Polynomial 
Element parameters of freedom of degree 

per element 

Z\ ux Uy 6 l 

~ u Uy 12 2 x 

~ u u 18 3 x y 
+ 2 internal 

<\ u u u 18 x x,x x,y 3 
u u u + 2 internal y y,x y,y 

D u Uy 8 2 x 

ux u u 

D x,x x,y 24 4 
u u u y y,x y,y 

----+ 
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4.2.1 Eigenvalue Solution Method 

The differential equation of motion for the free vibra-

tion of a structure with no damping is given by, 

[M]{D} + [K]{D} = o (9) 

where, 

[M] =structure mass matrix 

[K] =structure stiffness matrix 

{0} =acceleration of nodal displacements 

For free vibration, all particles exhibit harmonic motion in 

phase with one another, therefore 

where, 

{0} = (D}cos(wt) 

{D} = -w2{D}cos(wt) 

{0} =amplitudes of the degrees of freedom 

w =circular frequency of vibration. 

Equation (9) can then be written in the form 

([K] - w2 [M]){0} = o 

Premul tiplying by [ M 1-1 yields 

([MJ-1 [K] - w2 [I]){D} = o 
where, 

[I] =identity matrix 

(10) 

(11) 

(12) 

(13) 
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Let {L} be a lower triangular matrix obtained from a 

Choleski decomposition, then 

[M] = [L][L]T 
Let 

{Y} = [L]T{D} 
and 

[A] = [L] T C[M] -I [K]) [Lf T 

then Eq. (13) becomes 

C[A] - A[I]){Y} = o 
where A =w2. 

(14) 

(15) 

(16) 

(17) 

This is in the standard matrix form for determining eigenva-

lues A. , and their corresponding eigenvectors {Y} . 

4.3 THE PEDESTAL MODEL 

The element used for the pedestal stiffness analysis was 

the four node plane stress quadrilateral element with eight 

degrees of freedom (horizontal and vertical displacements 

for each node) as shown in Table 2. This element assumes a 

linear displacement field in each direction as a function of 

nodal displacements. Because strain is defined as the rate 

of change of displacement, this element yields a constant 

value for strain and stress across its surface. 

Figure 9 shows the finite element mesh which was used to 

analyze the bearing pedestal. This mesh consists of 200 

elements and 231 nodal points. Because of the geometric and 

loading symmetry, only half of the pedestal was modeled (in 



36 

this case the right half). Nodal points 11, 22, 33, ... , 110 

were constrained from any motion as this surface was bolted 

to the base plate of the test rig. Nodal points 1-11 and 

221-231 were constrained horizontally. Because of the syrn-

metry of the structure, any horizontal motion of these nodal 

points would cause gaps to open up in the material or the 

material to overlap. However, neither of these conditions 

are reasonable. 

To obtain the pedestal stiffness due to bearing motion in 

the Y (vertical) direction, nodal points 1,12,23, ... ,155 

were displaced downward in amounts equal to a bearing outer 

race which was shifted down a given amount. The resulting 

stresses normal to elements 1,11,21, ... ,131 were then multi-

plied by the surface area of each element respectively to 

give a normal force. The vertical component of each of 

these forces was then added and doubled (to account for the 

symmetry) to get a total force in the Y direction. The 

pedestal stiffness Kyy was then calculated from the follow-

ing relationship. 

K = total force in the vertical direction 
YY displacement in the vertical direction (18) 

Although this analysis considered only in-plane stiffness 

and did not take into account effects such as bending stiff-

ness, the stiffnesses calculated were so high that a more 
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detailed analysis was not necessary. Also, the stiffness 

terms in the X direction were assumed to be equal to those 

in the Y direction. 

4.4 THE ROTOR MODEL 

Figure 10 shows the ECM2501 rotor and the corresponding 

finite element model used for its analysis. Elements 2 

through 18 are cylindrical beam elements with two nodes hav-

ing 6 degrees of freedom each (displacements along and rota-

tions about each coordinate axis). Elements 1 and 19 were 

beam elements which have the capability of having a complete 

user definable 6-by-6 stiffness matrix. These elements were 

used to model the ball bearings and the pedestal supports 

where the stiffness matrix for the bearings was obtained 

from a separate computer analysis. The wave spring washer 

was analyzed on an Instron Tensile Analyzer to obtain its 

force-deflection curve. The spring constant of the washer 

was then determined from this plot and included into the ad-

jacent bearing's stiffness matrix. 

Elements 7 through 12 which represent the main rotor body 

were modeled as cylindrical beam elements with uniform 

cross-sectional properties. A percentage of the entire 

cross-sectional area for each material was used to determine 

average uniform properties. Although this does not directly 
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take into account the effect of the composite structure, the 

analysis was still valid. Because of the previously stated 

concern with only the first two rigid body modes of vibra-

tion, the mass of the rotor is the most critical parameter 

which was correctly modeled. Elements 6 and 13 were also 

cylindrical beam elements, but they were modeled using the 

material constants for brass to represent the balancing 

rings present on the rotor. 

4.4.1 SPAR Rotor Stiffness Matrix Generation 

The following is an outline of the procedure by which the 

structure stiffness matrix for the rotor model was developed 

in SPAR. 

For elements 1 and 19, the element stiffness matrix has 

the form 

S11 S12 S13 S14 Sis S15 

S22 S23 S24 S2s S25 

S33 S34 S35 535 
[K] = S44 S45 S45 

(19) 

symmetric Sss 555 

S55 

where each stiffness term is basically the stiffness coeffi-

cient obtained from a bearing stiffness analysis. Terms 

S1 1 and s 22 were obtained by adding the appropriate bearing 
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stiffness term and the corresponding pedestal stiffness 

coefficient in series. Additionally, the term S33 for the 

bearing adjacent to the wave spring washer was obtained by 

adding the axial stiffness coefficient of the bearing and 

the wavespring washer stiffness in series. The element 

stiffness matrices for the remaining elements were formulat-

ed in the following manner. 

For a beam with one end fixed, the following system of 

equations holds; 

f 1 Sn S12 S13 S14 Sis S16 01 

f 2 S22 S23 S24 S2s S26 02 

f 3 S33 S34 S35 S36 03 
(20) = 

S44 S45 S46 f 4 04 

f s Sss Ss6 05 

f 6 s66 06 

where f 1 ,f2 , and f 3 are forces and f 4 ,f5 , and fs are moments 

acting about the coordinate axes. 

61 through 06 are the corresponding displacements and rota-

tions respectively. 

The axial spring constant for the beam is simply 

S33 =AE/L 

where, 

A=cross-sectional area 

E=modulus of elasticity 

L=length of the beam. 
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The torsional stiffness term is 

S66 £.fi_ tanh L/2 /C7C1)-l 
= L \ L/2 IC/C 1 

(22) 

where, 

C=uniform torsion constant 

C 1 =non-uniform torsion constant (from Timoshenko, 

Strength of Materials, Part 2, p.255-23), (18). 

Under the assumption of Timoshenko beam theory, 

(23) 

(24) 

where, 

a =transverse shear deflection constants (Timoshenko, 

Strength of Materials, Part 1, p. 170) 

G=shear modulus. 

Let 

(25) 

and 

(26) 

then 

/ 
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{01} = ~~ 2 [L/3 + e1 /L) 

85 -1/2 

-l/2J { f 1} 
1/L f 5 

(2 7) 

and 

[ 
1/L 

1/2 
(28) 

Equation ( 28) has the form { f}= [ k ]{ o } where the components 

of [k] are 

S11 =( l/L)k1 

S1s =(l/2)k1 

S55 = ( L/3+e 1/L) k 1 

(29) 

(30) 

(31) 

In a similar manner, the remaining stiffness terms can be 

found to be 

S22 = ( l/L) k 2 

824 =- ( 1/2 ) ~ 

S4 4 = ( L/3 + e 1 /L) k 2 

(32) 

(33) 

(34) 

where k 2 and e 2 are defined similar to k 1 and e 1 • . The 

stiffness matrix for one beam element is then given by 

Kr/L 0 0 0 0 0 

K2/L 0 -K2 /2 0 0 

AE/L 0 0 0 
[K] = (35) 

CK 2L/3+K2e2 /L) 0 0 

CK 1L/3+K 1e1/L) 0 

~0- tanh L/2 IC/C1y 1 
L L/2 IC/C1 
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All of these individual element stiffness matrices were then 

expanded to global size and all common terms added together 

to form the overall structure stiffness matrix. 



5.1 ANALYTICAL 

Chapter V 

RESULTS 

The vertical stiffness of the bearing pedestal was calcu-

lated to be 4. 14x10 7 lbf/in ( 7 250 000 kN/m). The cross-

coupled stiffness was found to be 2.15x107 lbf/in (3 765 000 

kN/m). Because these values were typically two orders of 

magnitude larger than the corresponding bearing stiffness 

terms, the effect of the pedestal stiffness was very small 

when added in series with the bearing stiffness. For this 

reason, a more complex pedestal analysis was not performed. 

Also, because of the negligible effect, the stiffness of the 

pedestal in the horizontal direction was taken to be the 

same as that in the vertical direction. 

Following is a typical processor execution sequence that 

was used to perform an eigenvalue analysis with the finite 

element program SPAR. For a complete description of the 

function and use of these processors, the reader is referred 

to the SPAR Reference Manual (6). 

TAB 

START 20,6 

TEXT 

'ECM2501 NATURAL FREQUENCY ANALYSIS' 

45 
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JOINT LOCATIONS 

1 0. 0. 0. : 2 0. 0. 0.5 : 3 0. 0. 1. 0475 : 4 0. 0. 1.595 

5 0. 0. 2 .142: 6 0. 0. 2.69: 7 0. 0. 3.065: 8 0. 0. 3.965 

9 0. 0. 4.865 : 10 0. 0. 5.765 : 11 0. 0. 6.665 

12 0. 0. 7.565 : 13 0. 0. 8.465 : 14 0. 0. 8.84 

15 0. 0. 9.42 : 16 0. 0. 10.00 : 17 0. 0. 10.58 

18 0. 0. 11.16 : 19 0. 0. 11. 74 : 20 0. 0. 12. 24 

MATERIAL CONSTANTS 

1 30.+6 0. 265 1.40-3 .65-4 

2 15.9+6 .331 .798-3 .65-4 

3 25.+6 0.265 .746-3 .65-4 

4 30.+6 0.265 .733-3 .65-4 

BEAM ORIENTATIONS 

GIVN 1 .17550 0. .17550 0. 1.4850 .35090 0. 0. 0. 

GIVN 2 1.6290 0. 1.6290 0. 4.5239 3.2572 0. 0. 0. 

GIVN 3 1.9175 0. 1.9175 0. 4.9090 3.8350 0. 0. 0. 

BEAM S6X6 

1 5.2429+5 

0.0 2.2433+5 

-1. 3353+5 0.0 5.0872+4 

0.0 4.4409+4 0.0 1.3041+4 

9.9994+4 0.0 -3.3066+4 0.0 2.4884+4 

1. 0 1.0 1. 0 1.0 1. 0 

2 2.6024+5 
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0.0 2.0013+5 

-5.6402+4 0.0 5.9314+2 

0.0 5.3182+4 0.0 1.7715+4 

6.6625+4 0.0 -1.4396+4 0.0 2.1017+4 

1.0 1. 0 1.0 1.0 1.0 

CON 1 

ZERO 1 2 3 4 5:1:20 

ELD 

E21 

NSECT=l 

NMAT=l 

2 3 : 3 4 4 5 5 6 

NSECT=2 

NMAT=2 

6 7 : 13 14 

NMAT=3 

NSECT=3 

7 8 : 8 9 9 10 10 11 11 12 12 13 

NMAT=4 

NSECT=l 

14 15 15 16 16 17 17 18 18 19 

E22 

1 2 

NSECT=2 
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Table 3 1 shows the output of the eigenvalue analysis for 

the ECM2501 with a 30-pound (66 kg) preload and with no ap-

plied external loads. The directions 1,2,3,4, and 5 corres-

pond to horizontal displacement, vertical displacement, axi-

al displacement, rotation about the horizontal axis, and 

rotation about the vertical axis, respectively. It can be 

seen that the first normalized eigenvector occurs at 186 Hz 

( ll, 200 RPM) and is a rigid body mode in the axial direc-

tion. The second mode (first lateral mode) is predicted to 

1 The results of this investigation involved numerous tables 
and figures. For convenience in reading this section, the 
text is continous and precedes all tables and figures. 
The location of all tables and figures is noted in the 
list at the beginning of the thesis. 
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be riqid body vibration in the horizontal direction at 408 

Hz (24,500 RPM). This first lateral mode then is predicted 

to occur in the vertical direction at 410 Hz (24, 600 RPM). 

The second lateral mode, which is the conical whirl shown in 

Fiq. 1, is predicted to occur in the horizontal direction at 

818 Hz (49,000 RPM) and in the vertical direction at 895 Hz 

(53,700 RPM). The reason for this separation of the lateral 

natural frequencies into two distinct critical speeds is 

that the ball bearinqs were calculated to have a sliqhtly 

higher stiffness in the vertical direction than in the hori-

zontal direction due to the gravitational load on the rotor. 

This asymmetry in the radial bearing stiffness would then 

cause a critical speed to occur in each direction. 

The possibility of using the higher harmonics of rotor 

vibration to predict high speed vibration characteristics at 

low speeds was considered as a potential tool in future in-

vestigations. To determine the feasibility of this ap-

proach, a SPAR eigenvalue analysis was also performed to 

determine second harmonic resonance. Table 4 is a listing 

of the output of this analysis. It can be seen that the 

second harmonic is predicted to undergo first lateral reso-

nance at a rotor running speed of 16,000 RPM. 



50 

Because this rotor was being considered for a metal cut-

ting spindle motor, it was desired to find the natural fre-

quencies of the rotor system for a variety of loading condi-

tions. The first loading condition considered was an ap-

plied axial load of 10 pounds (22 kg). Referring to Fig. 

4 it can be seen that an applied axial load to the left side 

of the rotor would tend to drive the inner race away from 
-

the outer race of the bearing on the loaded side, thereby 

decreasing its preload. Similarly, the bearing on the right 

side of the rotor would experience an increase in its pre-

load value. To determine exactly how much this change in 

pre load was, it was necessary to take into account the 

different axial stiffnesses of the bearings at each end. 

The outer race of the right hand bearing was assumed to move 

freely in the axial direction against the wavespring washer 

in the bearing pedestal (it was a loose fit to allow the ap-

plied pre load to be transmitted through the adjacent bear-

ing, to the shaft, and thus to the far bearing) and there-

fore the axial stiffness of this bearing was essentially 

that of the wavespring washer· which was found. to be 600 

pounds per inch (105 kN/m). This is low compared to the ax-

ial stiffness of the left hand bearing (which has a fixed 

outer race) of approximately 40,000 pounds per inch (7 000 
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kN/m). A given applied axial load would move both ends of 

the rotor the same amount. Referring to Eq. (1), the great-

ly different stiffnesses at each end result in a much great-

er change in preload of the left bearing for a given dis-

placement. When computed, an applied 10-pound (22 kg) axial 

load acted to decrease the preload on the left hand bearing 

by 9.8 pounds (21.6 kg) while the right hand bearing saw an 

increase in preload of only 0. 2 pounds (. 44 kg). The net 

effect of this change in preload should be to soften the 

stiffness of the rotor system and decrease its natural fre-

quency. A computer simulation with a 10-pound (22 kg) ap-

plied axial load was performed, and the output of this ana-

lysis is shown in Table 5. It can be seen that the first 

lateral mode of vibration was predicted to decrease from 

25, 000 RPM to 20, 000 RPM. This is the proposed running 

speed of the motor, and could result in a resonant vibration 

condition. 

It can also be seen by comparing Table 3 with Table 5 

that an applied axial load also tends to broaden the differ-

ence between the lateral vibrations for a given mode shape 

in the horizontal and vertical directions. This is a result 

of the magnified difference in the bearing stiffness in the 

horizontal and vertical directions from an applied axial 

load. 
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Several other special load cases were also analyzed. 

Table 6 shows the result of a 75-pound (165 kg) radial load 

applied to the assumed tool end of the rotor (left end). As 

can be seen, there are no predicted natural frequencies that 

would be of major concern. This analysis was performed with 

bearing stiffness data obtained at 20,000 RPM to determine 

if the increase in bearing stiffness would be enough to 

raise the axial natural frequency up to the operating speed 

of 20,000 RPM. As a result of using bearing stiffness data 

at this speed, all lateral critical speed predictions in 

this table will be slightly higher than expected (the bear-

ings are stiffer at this lower speed). 

An analysis was done with the rotor mounted in the verti-

cal direction with the assumed tool end of the rotor down. 

The analysis was performed with no applied external loads 

and the results are shown in Table 7. This analysis was run 

with bearing stiffness data obtained at 13,000 RPM to deter-

mine if the increased stiffness of the lower bearing would 

be enough to raise the axial natural frequency up to the op-

erating speed of 20,000 RPM. Again, there are no predicted 

critical speeds of major importance. 

Finally, it was desired to determine the effect of a 

misassembled rotor which would have either a higher or lower 
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preload value than the 30-pound (66 kg) value for which the 

rotor was designed. The first case examined the effect of 

an actual preload of 40 pounds (88 kg). An analysis was run 

with bearing stiffness values obtained at 15,000 RPM, again 

to determine whether the increased bearing stiffness would 

be enough to raise the axial natural frequency up to the op-

erating speed. As can be seen from Table 8, this is not the 

case. 

Also, an analysis was run with a preload of 20 pounds (44 

kg) and bearing stiffness data obtained at 21, 000 RPM. 

Table 9 shows that this decrease in preload lowered the 

first lateral mode of vibration down to 21, 000 RPM. This 

presents an area of possible concern, especially with the 

possibility of an additional applied axial load. 

Table 10 summarizes all of the analytical results. All 

entries denoted by an asterisk are approximate values as the 

bearing stiffness data used for that analysis were obtained 

at other speeds. Figure 11 is a graph of the speed range of 

the ECM2501 with the predicted resonant vibration speeds su-

perimposed. 
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5.2 EXPERIMENTAL 

Figure 12 is the three-dimensional axial vibration cas-

cade obtained from the FFT for the speed ~ange 10,000 RPM to 

15,000 RPM. To measure this vibration a proximeter probe 

was placed axially at the end of the rotor shaft. Each hor-

izontal trace in the figure represents a Fourier Transform 

at that particular running speed. The bottom trace corres-

ponds to 10,000 RPM while the top trace corresponds to 

15,000 RPM. The height of the peaks represents the zero-

peak vibration level associated for a particular harmonic. 

In the case of Fig. 12, all of the peaks shown correspond to 

vibration occurring at the running speed of the rotor. The 

levels of the higher harmonics of axial vibration did not 

contain enough energy to appear in the plot. 

Figure 13 is the plot of the fundamental frequency vibra-

tion level as a function of rotor running speed. It can be 

seen that this vibration undergoes resonance at approximate-

ly 12,200 RPM. This observed natural frequency agrees with-

in 8.2 percent of the predicted value of 11,200 RPM. The 

peak vibration ocurring at this speed corresponds to a level 

of 0.08 mils (.002 mm) peak to peak. The existence of this 

axial natural frequency was also experimentally supported by 

a sharply increased noise level which repeatedly occurred at 
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approximately 13,000 RPM. This increased noise level at re-

sonance conditions appeared to be radiating from the belt-

driven end bearing. 

Figures 14 through 29 are the FFT plots of radial vibra-

tion for the ECM2501 with a 30-pound (66 kg) preload and no 

applied external loads from 5,000 RPM to 25,000 RPM. The 

figures are broken into groups of 5,000 RPM intervals with 

each group containing a plot of the three-dimensional vibra-

tion scan and plots of the running speed, second harmonic, 

and third harmonic vibration levels as a function of running 

speed. 

The first indication of increased vibration occurs in the 

third harmonic at about 12,000 RPM. This corresponds to vi-

bration occurring at 36,000 RPM. The next indication of in-

creased vibration occurs in the second harmonic at a running 

speed of 17,000 RPM. This corresponds to vibration occur-

ring at 34,000 RPM. It is believed that these increases in 

vibration are the first lateral mode of vibration being ex-

cited by the third harmonic and then the second harmonic of 

running speed. 

The reason the first lateral mode of vibration is excited 

by the second harmonic at a lower speed than by the third 

harmonic (34,000 RPM versus 36,000 RPM) is that the actual 
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running speed of the rotor is higher when the second harmon-

ic is excited (17,000 RPM versus 12,000 RPM). The stiffness 

of the ball bearings is less at this higher speed and, 

therefore, the first lateral natural frequency of the rotor 

has decreased slightly from the 36, 000 RPM excitation from 

the third harmonic. As a result of this changing bearing 

stiffness, harmonics of a rotor will pass through resonant 

levels at decreasing frequencies as the rotor speed is in-

creased. 

In order to determine if the first lateral critical speed 

was just beyond 25,000 RPM, it was decided to also do a vi-

bration scan from 20,000 RPM to 27,000 RPM. Figures 30 and 

31 are plots of this vibration scan. 

From inspection of the plots of the fundamental frequency 

vibration level as a function of running speed, it can be 

seen that the rotor did not pass through any lateral criti-

cal .speeds until approximately 25,300 RPM. Here the vibra-

tion level increased sharply to a level of 1. 20 mils (. 03 

mm) peak-to-peak. 

Finally,·· an experimental analysis was performed with a 

10-pound (22 kg) applied axial load and the resulting vibra-

tion plots are shown in Figs. 32 and 33. It can be seen 

that an increase in vibration level was experienced at ap-
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proximately 21,000 RPM and continued until about 24,000 RPM. 

By comparing Fig. 26 to Fig. 32, it can be seen that with 

the applied 10-pound (22 kg) axial load, the vibration ocur-

ring between 20, 000 RPM and 25, 000 RPM underwent a marked 

change. It is believed that this is the first critical 

speed which has been lowered from above 25,000 RPM down into 

the operating speed range. This seems to support the hy-

pothesis that an applied axial load will tend to soften the 

overall structure stiffness and lower the first lateral cri-

tical speed. Again, this range of increased vibration ap-

proximately spans the two predicted speeds for the first 

mode of vibration with an applied 10-pound (22 kg) axial 

load. Both the low and high end of this vibration range are 

only 4.6 percent above the two predicted speeds for lateral 

vibration. 

A summary of the major experimental results is given in 

Table 11. 
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TABLE 3 

ECM2501 vibration modes with 30-lb. (66 kg) preload, no 
applied loads 

AXIAL VIBRATIONAL MODE ID= 1/ 1/ 1 
EIGENVALUE= 0.1367363E+07, FREQ= 186.1067 HZ (11,200 RPM) 

JOINT 1 2 3 4 5 
1 0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
2 0.52SE+OO -0.343E-06 0.570E+Ol 0.982E-07 0.581E-02 
3 0.528E+OO -0.396E-06 0.570E+Ol 0.937E-07 O.SSSE-02 
4 0.531E+OO -0.445E-06 0.570E+Ol 0.822E-07 0.464E-02 
5 0.533E+OO -0.484E-06 0.570E+Ol 0.602E-07 0.315E-02 
6 0.534E+OO -0.508E-06 0.571E+Ol 0.257E-07 O.lllE-02 
7 0.53SE+OO -0.517E-06 0.571E+Ol 0.192E-07 0.763E-03 
8 0.535E+OO -0.529E-06 0.571E+Ol 0.766E-08 0.234E-03 
9 0.535E+OO -0.529E-06 0.571E+Ol -0.786E-08 -0.389E-03 

10 0.534E+OO -0.514E-06 0.571E+Ol -0.259E-07 -0.107E-02 
11 0.533E+OO -0.483E-06 0.571E+Ol -0.444E-07 -0.177E-02 
12 0.531E+OO -0.435E-06 0.571E+Ol -0.614E-07 -0.246E-02 
13 0.529E+OO -0.373E-06 0.571E+Ol -0.750E-07 -0.309E-02 
14 0.528E+OO -0.343E-06 0.571E+Ol -0.831E-07 -0.353E-02 
15 0.52SE+OO -0.280E-06 0.571E+Ol -0.131E-06 -0.644E-02 
16 0.520E+OO -0.194E-06 0.571E+Ol -0.164E-06 -0.886E-02 
17 0.514E+OO -0.930E-07 0.571E+Ol -0.183E-06 -0.108E-01 
18 0.508E+OO 0.156E-07 0.571E+Ol -0.190E-06 -0.122E-Ol 
19 O.SOOE+OO 0.127E-06 0.571E+Ol -0.192E-06 -0.131E-Ol 
20 0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
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Table 3 (cont) 

1st LATERAL VIBRATIONAL MODE. ID= 1/ 1/ 2 
EIGENVALUE= 0.6574772E+07, FREQ= 408.0942 HZ (24,500 RPM) 

JOINT 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

1 2 3 4 5 
0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
0.520E+Ol -0.120E-03 -0.527E+OO 0.786E-05 0.396E+OO 
0.541E+Ol -0.124E-03 -0.528E+OO 0.643E-05 0.366E+OO 
0.559E+Ol -0.127E-03 -0.529E+OO 0.461E-05 0.303E+OO 
0.573E+Ol -0.129E-03 -0.530E+OO 0.270E-05 0.209E+OO 
0.582E+Ol -0.130E-03 -0.530E+OO 0.870E-06 0.863E-01 
0.584E+Ol -0.130E-03 -0.531E+OO 0.644E-06 0.662E-01 
0.589E+Ol -0.131E-03 -0.531E+OO 0.437E-06 0.356E-01 
0.591E+Ol -0.131E-03 -0.531E+OO 0.364E-06 0.385E-03 
0.589E+Ol -0.131E-03 -0.531E+OO 0.394E-06 -0.374E-01 
0.584E+Ol -0.132E-03 -0.531E+OO 0.465E-06 -0.757E-Ol 
0.575E+Ol -0.132E-03 -0.531E+OO 0.508E-06 -0.112E+OO 
0.564E+Ol -0.133E-03 -0.531E+OO 0.476E-06 -0.145E+OO 
0.558E+Ol -0.133E-03 -0.531E+OO 0.405E-06 -0.167E+OO 
0.544E+Ol -0.133E-03 -0.531E+OO -0.271E-06 -0.316E+OO 
0.522E+Ol -0.132E-03 -0.530E+OO -0.102E-05 -0.437E+OO 
0.494E+Ol -0.132E-03 -0.530E+OO -0.171E-05 -0.530E+OO 
0.461E+Ol -0.130E-03 -0.529E+OO -0.215E-05 -0.593E+OO 
0.426E+Ol -0.129E-03 -0.529E+OO -0.202E-05 -0.625E+OO 
0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
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Table 3 (cont) 

1st LATERAL VIBRATIONAL MODE ID= 1/ 1/ 3 
EIGENVALUE= 0.6629252E+07, FREQ= 409.7815 HZ (24,600 RPM) 

JOINT 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

1 2 3 4 5 
0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
0.144E-03 O.SlOE+Ol -0.160E-04 -0.SOSE+OO 0.385E~OS 
0.146E-03 0.536E+Ol -0.160E-04 -0.443E+OO 0.306E-05 
0.147E-03 0.558E+Ol -0.161E-04 -0.352E+OO 0.159E-05 
0.147E-03 0.575E+Ol -0.161E-04 -0.234E+OO -0.337E-06 
0.146E-03 0.584E+Ol -0.161E-04 -0.922E-01 -0.255E-05 
0.145E-03 0.587E+Ol -0.161E-04 -0.698E-01 -0.287E-05 
0.143E-03 0.591E+Ol -0.161E-04 -0.369E-01 -0.328E-05 
0.139E-03 0.593E+Ol -0.161E-04 -0.282E-03 -0.364E-05 
0.136E-03 0.591E+Ol -0.161E-04 0.379E-01 -0.396E-05 
0.132E-03 0.586E+Ol -0.161E-04 0.756E-01 -0.424E-05 
0.128E-03 0.578E+Ol -0.161E-04 O.lllE+OO -0.452E-05 
0.124E-03 0.567E+Ol -0.161E-04 0.141E+OO -0.482E-05 
0.122E-03 0.561E+Ol -0.161E-04 0.160E+OO -0.506E-05 
0.119E-03 0.548E+Ol -0.161E-04 0.287E+OO -0.680E-05 
O.llSE-03 0.528E+Ol -0.161E-04 0.383E+OO -0.845E-05 
0.109E-03 0.504E+Ol -0.161E-04 0.448E+OO -0.992E-05 
0.103E-03 0.477E+Ol -0.161E-04 0.480E+OO -0.lllE-04. 
0.964E-04 0.449E+Ol -0.161E-04 0.478E+OO -0.118E-04 
0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
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Table 3 (cont) 

2nd LATERAL VIBRATIONAL MODE ID= 1/ 1/ 4 
EIGENVALUE= 0.2639178E+08, FREQ= 817.6255 HZ (49,000 RPM) 

JOINT 1 2 3 4 5 
1 0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
2 0.105E+02 0.117E-03 0.888E-01 0.566E-04 -0.186E+Ol 
3 0.945E+Ol 0.851E-04 0.857E-01 0.581E-04 -0.189E+Ol 
4 0.839E+Ol 0.536E-04 0.827E-01 0.569E-04 -0.197E+Ol 
5 0.729E+Ol 0.250E-04 0.795E-Ol 0.473E-04 -0.206E+Ol 
6 0.613E+Ol 0.337E-05 0.764E-04 0.301E-04 -0.217E+Ol 
7 0.532E+Ol -0.730E-05 0.751E-01 0.266E-04 -0.218E+Ol 
8 0.335E+Ol -0.284E-04 0.731E-01 0.197E-04 -0.219E+Ol 
9 0.137E+Ol -0.419E-04 0.712E-01 0.994E-05 -0.220E+Ol 

10 -0.602E+OO -0.457E-04 0.691E-Ol -0.172E-05 -0.219E+Ol 
11 -0.256E+Ol -0.387E-04 0.671E-Ol -0.138E-04 -0.216E+Ol 
12 -0.449E+Ol -0.211E-04 0.650E-01 -0.249E-04 -0.212E+Ol 
13 -0.637E+Ol 0.553E-05 0.628E-01 -0.338E-04 -0.207E+Ol 
14 -0.714E+Ol 0.192E-04 0.613E-Ol -0.390E-04 -0.204E+Ol 
15 -0.825E+Ol 0.512E-04 0.574E-Ol -0.696E~04 -0.177E+Ol 
16 -0.921E+Ol 0.979E-04 0.535E-01 -0.901E-04 -0.154E+Ol 
17 -0.100E+02 0.154E-03 0.496E-Ol -0.102E-03 -0.134E+Ol 
18 -0.108E+02 0.215E-03 0.457E-Ol -0.106E-03 -0.120E+Ol 
19 -0.114E+02 0.277E-03 0.417E-01 -0.108E-03 -0.lllE+Ol 
20 0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
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Table 3 (cont) 

2nd LATERAL VIBRATIONAL MODE ID= 1/ 1/ 5 
EIGENVALUE= 0.3163454E+08, FREQ= 895.1606 HZ (53,700 RPM) 

JOINT 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

1 2 
0.0 * 0.0 

-0.558E-04 0.982E+Ol 
-0.345E-04 0.911E+Ol 
-0.141E-04 0.829E+Ol 
0.328E-05 0.736E+Ol 
0.146E-04 0.629E+Ol 
0.191E-04 0.550E+Ol 
0.267E-04 0.358E+Ol 
0.291E-04 0.162E+Ol 
0.255E-04 -0.350E+OO 
0.153E-04 -0.233E+Ol 

-0.721E-06 -0.429E+Ol 
-0.216E-04 -0.623E+Ol 
-0.315E-04 -0.703E+Ol 
-0.519E-04 -0.821E+Ol 
-0.786E-04 -0.929E+Ol 
-0.109E-03 -0.103E+02 
-0.140E-03 -0.113E+02 
-0.171E-03 -0.122E+02 
0.0 * 0.0 

3 4 5 
* 0.0 * 0.0 * 0.0 * 

0.359E-06 0.124E+Ol 0.391E-04 
0.373E-06 0.139E+Ol 0.386E-04 
0.385E-06 0.159E+Ol 0.353E-04 
0.395E-06 0.183E+Ol 0.272E-04 
0.401E-06 0.208E+Ol 0.133E-04 
0.403E-06 0.211E+Ol 0.106E-04 
0.401E-06 0.216E+Ol 0.582E-05 
0.393E-06 0.219E+Ol -0.537E-06 
0.380E-06 0.220E+Ol -0.768E-05 
0.361E-06 0.219E+Ol -0.147E-04 
0.336E-06 0.217E+Ol -0.208E-04 
0.308E-06 0.214E+Ol -0.252E-04 
0.283E-06 0.212E+Ol -0.277E-04 
0.221E-06 0.194E+Ol -0.415E-04 
0.157E-06 0.180E+Ol -0.499E-04 
0.927E-07 0.170E+Ol -0.537E-04 
0.272E-07 0.165E+Ol -0.542E-04 

-0.392E-07 0.167E+Ol -0.532E-04 
* 0.0 * 0.0 * 0.0 * 
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TABLE 4 

ECM2501 vibration modes with 30-lb. (66 kg) preload, no 
external loads (run at 16,000 RPM) 

AXIAL VIBRATIONAL MODE ID= 1/ 1/ 1 
EIGENVALUE= 0.1754335E+07, FREQ=210.8028 HZ (12,650 RPM) 

JOINT 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

1 2 
0.0 * 0.0 
0.488E+OO -0.751E-04 
0.493E+OO -0.656E-04 
0.498E+OO -0.547E-04 
O.SOlE+OO -0.420E-04 
0.504E+OO -0.274E-04 
O.SOSE+OO -0.167E-04 
0.508E+OO 0.927E-05 
O.SlOE+OO 0.354E-04 
O.SllE+OO 0.614E-04 
0.512E+OO 0.867E-04 
O.SllE+OO 0.lllE-03 
O.SllE+OO 0.134E-03 
O.SlOE+OO 0.143E-03 
0.508E+OO O.lSSE-03 
0.504E+OO 0.163E-03 
0.499E+OO 0.168E-03 
0.493E+OO 0.170E-03 
0.486E+OO 0.173E-03 
0.0 * 0.0 

3 4 5 
* 0.0 * 0.0 * 0.0 

0.571E+Ol -0.163E-04 0.933E-02 
0.572E+Ol -0.186E-04 0.878E-02 
0.572E+Ol -0.216E-04 0.759E-02 
0.573E+Ol -0.249E-04 0.582E-02 
0.573E+Ol -0.283E-04 0.351E-02 
0.573E+Ol -0.287E-04 0.314E-02 
0.573E+Ol -0.290E-04 0.254E-02 
0.573E+Ol -0.290E-04 0.184E-02 
0.573E+Ol -0.286E-04 0.lOSE-02 
0.574E+Ol -0.276E-04 0.248E-03 
0.574E+Ol -0.264E-04 -0.536E-03 
0.574E+Ol -0.249E-04 -0.125E-02 
0.574E+Ol -0.239E-04 -0.174E-02 
0.574E+Ol -0.166E-04 -0.502E-02 
0.574E+Ol -0.106E-04 -0.770E-02 
0.574E+Ol -0.629E-05 -0.975E-02 
0.574E+Ol -0.395E-05 -0.112E-Ol 
0.574E+Ol -0.391E-05 -0.119E-Ol 

* 0.0 * 0.0 * 0.0 * 
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Table 4 (cont) 

1st LATERAL VIBRATIONAL MODE ID= 1/ 1/ 2 
EIGENVALUE=0.1099993E+08, FREQ= 527.8555 HZ (31,670 RPM) 

JOINT 1 2 3 4 5 
1 0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
2 -0.191E-02 0.461E+Ol 0.422E-03 -0.869E+OO -0.880E-03 
3 -0.238E-02 0.506E+Ol 0.422E-03 -0.767E+OO -0.857E-03 
4 -0.284E-02 0.544E+Ol 0.423E-03 -0.614E+OO -0.805E-03 
5 -0.326E-02 0.573E+Ol 0.423E-03 -0.413E+OO -0.721E-03 
6 -0.362E-02 0.589E+Ol 0.424E-03 -0.170E+OO -0.602E-03 
7 -0.385E-02 0.594E+Ol 0.424E-03 -0.131E+OO -0.581E-03 
8 -0.435E-02 0.604E+Ol 0.424E-03 -0.749E-01 -0.546E-03 
9 -0.482E-02 0.608E+Ol 0.424E-03 -0.118E-Ol -0.499E-03 

10 -0.525E-02 0.606E+Ol 0.424E-03 0.541E-01 -0.441E-03 
11 -0.562E-02 0.598E+Ol 0.424E-03 0.119E+OO -0.377E-03 
12 -0.593E-02 0.584E+Ol 0.424E-03 0.180E+OO -0.309E-03 
13 -0.617E-02 0.566E+Ol 0.423E-03 0.232E+OO -0.243E-03 
14 -0.626E-02 0.556E+Ol 0.423E-03 0.267E+OO -0.196E-03 
15 -0.628E-02 0.534E+Ol 0.422E-03 0.488E+OO 0.120E-03 
16 -0.613E-02 O.SOlE+Ol 0.421E-03 0.658E+OO 0.385E-03 
17 -0.584E-02 0.459E+Ol 0.420E-03 0.773E+OO 0.591E-03 
18 -0.545E-02 0.412E+Ol 0.419E-03 0.833E+OO 0.733E-03 
19 -0.500E-02 0.364E+Ol 0.417E-03 0.835E+OO 0.804E-03 
20 0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
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Table 4 (cont) 

1st LATERAL VIBRATIONAL MODE ID= 1/ 1/ 3 
EIGENVALUE=0.1135935E+08, FREQ= 536.4099 HZ (32,180 RPM) 

JOINT 1 2 3 4 5 
1 0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
2 0.434E+Ol 0.614E-02 -0.SOOE+OO -0.646E-03 0.782E+OO 
3 0.476E+Ol 0.645E-02 -0.502E+OO -0.SOOE-03 0.728E+OO 
4 0.513E+Ol 0.667E-02 -0.503E+OO -0.288E-03 0.619E+OO 
5 0.543E+Ol 0.676E-02 -0.504E+OO -0.201E-04 0.457E+OO 
6 0.562E+Ol 0.668E-02 -0.SOSE+OO 0.294E-03 0.247E+OO 
7 0.571E+Ol 0.657E-02 -0.SOSE+OO 0. 342E-03 0.213E+OO 
8 0.588E+Ol 0.623E-02 -0.506E+OO 0.408E-03 0.160E+OO 
9 0.599E+Ol 0.583E-02 -0.506E+OO 0.474E-03 0.993E-Ol 

10 0.605E+Ol 0.538E-02 -0.506E+OO 0.536E-03 0.335E-Ol 
11 0.605E+Ol 0.487E-02 -0.506E+OO 0.590E-03 -0.333E-01 
12 0.599E+Ol 0.432E-02 -0.506E+OO 0.633E-03 -0.973E-01 
13 0.588E+Ol 0.373E-02 -0;506E+OO 0.664E-03 -0.lSSE+OO 
14 0.581E+Ol 0.348E-02 -0.506E+OO 0.683E-03 -0.194E+OO 
15 0.563E+Ol 0.305E-02 -0.SOSE+OO 0.795E-03 -0.452E+OO 
16 0.530E+Ol 0.256E-02 -0.SOSE+OO 0.875E-03 -0.663E+OO 
17 0.487E+Ol 0.204E-02 -0.504E+OO 0.925E-03 -0.824E+OO 
18 0.435E+Ol 0.lSOE-02 -0.503E+OO 0.949E-03 -0.932E+OO 
19 0.380E+Ol 0.945E-03 -0.502E+OO 0.950E-03 -0.985E+OO 
20 0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
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TABLE 5 

ECM2501 vibration modes with 30-lb. (66 kg) preload, 10-lb. 
(22 kg) applied axial load 

AXIAL VIBRATIONAL MODE ID= 1/ 1/ 1 
EIGENVALUE=0.9177831E+06, FREQ= 152.4720 HZ (9,150 RPM) 

JOINT 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

1 2 3 4 
0.0 * 0.0 ~ 0.0 * 0.0 

-0.117E+Ol -0.103E-06 -0.567E+Ol -0.277E-07 
-0.115E+Ol -0.871E-07 -0.568E+Ol -0.287E-07 
-0.112E+Ol -0.713E~07 -0.568E+Ol -0.287E-07 
-0.109E+Ol -0.561E-07 -0.568E+Ol -0.264E-07 
-0.106E+Ol -0.430E-07 -0.568E+Ol -0.210E-07 
-0.104E+Ol -0.353E-07 -0.568E+Ol -0.198E-07 
-0.989E+OO -0.185E-07 -0.568E+Ol -0.173E-07 
-0.937E+OO -0.449E-08 -0.568E+Ol -0.137E-07 
-0.885E+OO 0.582E-08 -0.568E+Ol -0.915E-08 
-0.832E+OO 0.119E-07 -0.569E+Ol -0.433E-08 
-0.778E+OO 0.137E-07 -0.569E+Ol 0.171E-09 
-0.723E+OO 0.118E-07 -0.569E+Ol 0.382E-08 
-0.700E+OO 0.998E-08 -0.569E+Ol 0.601E-08 
-0.664E+OO 0.253E-08 -0.569E+Ol 0.190E-07 
-0.626E+OO -0.112E-07 -0.569E+Ol 0.277E-07 
-0.587E+OO -0.289E-07 -0.569E+Ol 0.327E-07 
-0.547E+OO -0.486E-07 -0.569E+Ol 0.347E-07 
-0.507E+OO -0.689E-07 -0.569E+Ol 0.352E-07 
0.0 * 0.0 * 0.0 * 0.0 

5 
* 0.0 * 

0.466E-Ol 
0.483E-01 
0.505E-01 
0.531E-Ol 
0.561E-01 
0.566E-01 
0.573E-Ol 
0.580E-Ol 
0.588E-Ol 
0.596E-01 
0.603E-01 
0.609E-Ol 
0.613E-01 
0.640E-Ol 
0.662E-01 
0.680E-01 
0.693E-01 
0.701E-Ol 

* 0.0 * 
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Table 5 (cont) 

1st LATERAL VIBRATIONAL MODE ID= 1/ 1/ 2 
EIGENVALUE=0.4336799E+07, FREQ= 331.4397 HZ (19,890 RPM) 

JOINT 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

1 
0.0 

-0.719E+Ol 
-0.712E+Ol 
-0.702E+Ol 
-0.690E+Ol 
-0.675E+Ol 
-0.662E+Ol 
-0.631E+Ol 
-0.598E+Ol 
-0.562E+Ol 
-0.525E+Ol 
-0.486E+Ol 
-0.445E+Ol 
-0.427E+Ol 
-0.397E+Ol 
-0.362E+Ol 
-0.324E+Ol 
-0.283E+Ol 
-0.241E+Ol 
0.0 

2 
* 0.0 

0.197E-05 
0.176E-05 
0.154E-05 
0.133E-05 
0.116E-05 
0.108E-05 
0.903E-06 
0.787E-06 
0.752E-06 
0.809E-06 
0.957E-06 
0.119E-05 
0.130E-05 
0.158E-05 
0.198E-05 
0.245E-05 
0.296E-05 
0.348E-05 

* 0.0 

3 4 
* 0.0 * 0.0 

0.899E+OO 0.380E-06 
0.900E+OO 0.399E-06 
0.901E+OO 0.398E-06 
0.902E+OO 0.352E-06 
0.903E+OO 0.242E-06 
0.904E+OO 0.218E-06 
0.904E+OO 0.166E-06 
0.905E+OO 0.874E-07 
0.905E+OO -0.107E-07 
0.905E+OO -0.116E-06 
0.905E+OO -0.213E-06 
0.905E+OO -0.290E-06 
0.905E+OO -0.334E-06 
0.905E+OO -0.596E-06 
0.905E+OO -0.767E-06 
0.905E+OO -0.860E-06 
0.904E+OO -0.895E-06 
0.904E+OO -0.905E-06 

* 0.0 * 0.0 

5 
* 0.0 * 

0.135E+OO 
0.153E+OO 
0.192E+OO 
0.250E+OO 
0.327E+OO 
0.339E+OO 
0.358E+OO 
0.380E+OO 
0.403E+OO 
0.425E+OO 
0.447E+OO 
0.466E+OO 
0.478E+OO 
0.562E+OO 
0.630E+OO 
0.681E+OO 
0.716E+OO 
0.734E+OO 

* 0.0 * 
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Table 5 (cont) 

1st LATERAL VIBRATIONAL MODE ID= 1/ 1/ 3 
EIGENVALUE=0.5965773E+07, FREQ= 388.7349 HZ (23,320 RPM) 

JOINT 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 . 
19 
20 

1 2 3 4 5 
0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 

-0.175E-04 -0.556E+Ol 0.330E-05 0.395E+OO 0.463E-05 
-0.149E-04 -0.576E+Ol 0.330E-05 0.336E+OO 0.464E-05 
-0.124E-04 -0.592E+Ol 0.331E-05 0.251E+OO 0.455E-05 
-0.lOOE-04 -0.603E+Ol 0.331E-05 0.140E+OO 0.424E-05 
-0.784E-05 -0.607E+Ol 0.331E-05 0.649E-02 0.363E-05 
-0.650E-05 -0.607E+Ol 0.331E-05 -0.146E-01 0.351E-05 
-0.344E-05 -0.605E+Ol 0.331E-05 -0.453E-Ol 0.326E-05 
-0.654E-06 -0.599E+Ol 0.332E-05 -0.794E-01 0.291E-05 
0.178E-05 -0.590E+Ol 0.332E-05 -0.llSE+OO 0.248E-05 
0.380E-05 -0.578E+Ol 0.332E-05 -0.lSOE+OO 0.202E-05 
0.543E-05 -0.563E+Ol 0.332E-05 -0.182E+OO 0.160E-05 
0.670E-05 -0.546E+Ol 0.332E-05 -0.210E+OO 0.124E-05 
0.712E-05 -0.537E+Ol 0.332E-05 -0.229E+OO 0.103E-05 
0.733E-05 -0.521E+Ol 0.332E-05 -0.346E+OO -0.258E-06 
0.690E-05 -0.498E+Ol 0.332E-05 -0.436E+OO -O.llSE-05 
0.606E-05 -0.471E+Ol 0.332E-05 -0.496E+OO -0.169E-OS 
O.SOOE-05 -0.441E+Ol 0.332E-05 -0.526E+OO -0.193E-05 
0.385E-05 -0.410E+Ol 0.332E-05 -0.524E+OO -0.199E-05 
0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
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Table 5 (cont) 

2nd LATERAL VIBRATIONAL MODE ID= 1/ 1/ 4 
EIGENVALUE=0.2650875E+08, FREQ= 819.4353 HZ (49,170 RPM) 

JOINT 1 2 3 4 5 
1 0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 2 -0.975E+Ol -0.116E-03 -0.220E-01 -0.598E-04 0.208E+Ol 
3 -0.861E+Ol -0.829E-04 -0.208E-01 -0.607E-04 0.210E+Ol 
4 -0.745E+Ol -0.502E-04 -0.196E-01 -0.577E-04 0.214E+Ol 
5 -0.627E+Ol -0.209E-04 -0.185E-01 -0.479E-04 0.218E+Ol 
6 -0.507E+Ol 0.682E-06 -0.173E-01 -0.293E-04 0.221E+Ol 
7 -0.424E+Ol O.llOE-04 -0.168E-01 -0.256E-04 0.221E+Ol 
8 -0.226E+Ol 0.310E-04 -0.161E-01 -0.184E-04 0.220E+Ol 
9 -0.282E+OO 0.432E-04 -0.153E-01 -0.834E-05 0.218E+Ol 

10 0.167E+Ol 0.455E-04 -0.146E-01 0.353E-OS 0.215E+Ol 
11 0.358E+Ol 0.368E-04 -0.138E-01 0.158E-04 0.210E+Ol 
12 0.544E+Ol 0.175E-04 -0.131E-01 0.269E-04 0.204E+Ol 
13 0.724E+Ol -0.109E-04 -0.123E-Ol 0.356E-04 0.197E+Ol 
14 0.797E+Ol -0.252E-04 -0.118E-01 0.407E-04 0.192E+Ol 
15 0.898E+Ol -0.579E-04 -0.104E-01 0.705E-04 0.157E+Ol 
16 0.980E+Ol -0.lOSE-03 -0.904E-02 0.903E-04 0.128E+Ol 
17 0.105E+02 -0.161E-03 -0.767E-02 O.lOlE-03 0.103E+Ol 
18 0.110E+02 -0.221E-03 -0.629E-02 O.lOSE-03 0.862E+OO 
19 0.115E+02 -0.283E-03 -0.491E-02 0.107E-03 0.770E+OO 
20 0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
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Table 5 {cont) 

2nd LATERAL VIBRATIONAL MODE ID= 1/ 1/ 5 
EIGENVALUE=0.3062406E+08, FREQ= 880.7478 HZ {52,840 RPM) 

JOINT 1 2 3 4 5 
1 0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
2 -0.435E-04 0.983E+Ol 0.328E-06 0.144E+Ol 0.333E-04 
3 -0.254E-04 0.901E+Ol 0.333E-06 0.156E+Ol 0.328E-04 
4 -0.814E-05 0.811E+Ol 0.337E-06 0.173E+Ol 0.296E-04 
5 0.627E-05 0.712E+Ol 0.341E-06 0.192E+Ol 0.222E-04 
6 0.152E-04 0.601E+Ol 0.344E-06 0.212E+Ol 0.964E-05 
7 0.184E-04 0.521E+Ol 0.345E-06 0.215E+Ol 0.723E-05 
8 0.231E-04 0.327E+Ol 0.345E-06 0.218E+Ol 0.294E-05 
9 0.233E-04 0.130E+Ol 0.343E-06 0.219E+Ol -0.267E-05 

10 0.181E-04 -0.675E+OO 0.340E-06 0.219E+Ol -0.890E-05 
11 0.734E-05 -0.264E+Ol 0.335E-06 0.218E+Ol -0.lSOE-04 
12 -0.853E-05 -0.459E+Ol 0.327E-06 0.215E+Ol -0.201E-04 
13 -0.284E-04 -0.650E+Ol 0.319E-06 0.211E+Ol -0.238E-04 
14 -0.377E-04 -0.728E+Ol 0.312E-06 0.207E+Ol -0.258E-04 
15 -0.561E-04 -0.842E+Ol 0.293E-06 0.186E+Ol -0.368E-04 
16 -0.795E-04 -0.945E+Ol 0.274E-06 0.168E+Ol -0.432E-04 
17 -0.106E-03 -0.104E+02 0.255E-06 O.lSSE+Ol -0.458E-04 
18 -0.132E-03 -0.113E+02 0.235E-06 0.148E+Ol -0.458E-04 
19 -0.159E-03 -0.121E+02 0.215E-06 0.149E+Ol -0.449E-04 
20 0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 



71 

TABLE 6 

ECM2501 vibration modes with 30-lb. (66 kg) preload, 75-lb. 
(165 kg) applied radial load 

AXIAL VIBRATIONAL MODE ID= 1/ 1/ 1 
EIGENVALUE=0.1628345E+06, FREQ= 64.2234 HZ (3,850 RPM) 

JOINT 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

1 2 3 4 5 
0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
0.141E+Ol -0.993E-07 0.559E+Ol -0.165E-07 -0.392E-02 
0.140E+Ol -0.897E-07 0.559E+Ol -0.189E-07 -0.783E-02 
0.140E+Ol -0.784E-07 0.559E+Ol -0.223E-07 -0.113E-Ol 
0.139E+Ol -0.651E-07 0.560E+Ol -0.263E-07 -0~142E-01 
0.138E+Ol -0.496E-07 0.560E+Ol -0.304E-07 -0.168E-01 
0.138E+Ol -0.381E-07 0.560E+Ol -0.310E-07 -0.171E-01 
0.136E+Ol -0.991E-08 0.560E+Ol -0.316E-07 -0.175E-Ol 
0.134E+Ol 0.186E-07 0.560E+Ol -0.318E-07 -0.178E-01 
0.133E+Ol 0.472E-07 0.560E+Ol -0.316E-07 -0.180E-Ol 
0.131E+Ol 0.754E-07 0.560E+Ol -0.310E-07 -0.182E-Ol 
0.130E+Ol 0.103E-06 0.560E+Ol -0.300E-07 -0.184E-01 
0.128E+Ol 0.129E-06 0.560E+Ol -0.288E-07 -0.18SE-Ol 
0.127E+Ol 0.140E-06 0.560E+Ol -0.279E-07 -0.185E-Ol 
0.126E+Ol 0.154E-06 0.560E+Ol -0.217E-07 -0.186E-Ol 
0.125E+Ol 0.165E-06 0.560E+Ol -0.166E-07 -0.186E-Ol 
0.124E+Ol 0.174E-06 0.560E+Ol -0.129E-07 -0.186E-Ol 
0.123E+Ol 0.181E-06 0.560E+Ol -0.109E-07 -0.186E-01 
0.122E+Ol 0.187E-06 0.561E+Ol -0.108E-07 -0.186E-Ol 
0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
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Table 6 (cont) 

1st LATERAL VIBRATIONAL MODE ID= 1/ 1/ 2 
EIGENVALUE=0.1040239E+08, FREQ= 513.3181 HZ (30,800 RPM) 

JOINT 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

1 
0.0 
0.258E-04 

-0.626E-04 
-0.151E-03 
-0.240E-03 
-0.326E-03 
-0.384E-03 
-0.520E-03 
-0.653E-03 
-0.779E-03 
-0.895E-03 
-0.lOOE-02 
-0.llOE-02 
-0.113E-02 
-0.116E-02 
-0.116E-02 
-0.113E-02 
-0.108E-02 
-O.lOlE-02 
0.0 

2 
* 0.0 

0.445E+Ol 
0.488E+Ol 
0.525E+Ol 
0.553E+Ol 
0.571E+Ol 
0.578E+Ol 
0.592E+Ol 
0.601E+Ol 
0.604E+Ol 
0.602E+Ol 
0.595E+Ol 
0.583E+Ol 
0.577E+Ol 
0.560E+Ol 
0.532E+Ol 
0.497E+Ol 
0.457E+Ol 
0.415E+Ol 

* 0.0 

3 
* 0.0 

0.167E-03 
0.167E-03 
0.167E-03 
0.167E-03 
0.167E-03 
0.167E-03 
0.166E-03 
0.166E-03 
0.166E-03 
0.166E-03 
0.166E-03 
0.165E-03 
0.165E-03 
0.164E-03 
0.164E-03 
0.163E-03 
0.162E-03 
0.162E-03 

* 0.0 

4 5 
* 0.0 * 0.0 * 

-0.825E+OO -0.161E-03 
-0.738E+OO -0.162E-03 
-0.604E+OO -0.162E-03 
-0.428E+OO -0.160E-03 
-0.212E+OO -0.155E-03 
-0.178E+OO -0.153E-03 
-0.127E+OO -0.lSOE-03 
-0.694E-Ol -0.144E-03 
-0.905E-02 -0.135E-03 

0.508E-Ol -0.124E-03 
0.107E+OO -0.112E-03 
O.lSSE+OO -0.987E-04 
0.187E+OO -0.893E-04 
0.392E+OO -0.240E-04 
0.550E+OO 0.314E-04 
0.658E+OO 0.753E-04 
0.713E+OO 0.106E-03 
0.715E+OO 0.121E-03 

* 0.0 * 0.0 * 
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Table 6 (cont) 

1st LATERAL VIBRATIONAL MODE ID= 1/ 1/ 3 
EIGENVALUE=0.1495396E+08, FREQ= 615.4575 HZ (36,930 RPM) 

JOINT 1 2 3 4 5 
1 0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 2 0.242E+Ol 0.404E-02 -0.129E+Ol 0.311E-03 0.127E+Ol 
3 0.310E+Ol 0.384E-02 -0.129E+Ol 0.405E-03 0.119E+Ol 
4 0.372E+Ol 0.359E-02 -0.130E+Ol 0.539E-03 0.105E+Ol 
5 0.424E+Ol 0.325E-02 -0.130E+Ol 0.701E-03 0.848E+OO 
6 0.463E+Ol 0.282E-02 -0.130E+Ol 0.877E-03 0.581E+OO· 
7 0.484E+Ol 0.248E-02 -0.130E+Ol 0.902E-03 0.537E+OO 
8 0.530E+Ol 0.166E-02 -0.131E+Ol 0.932E-03 0.470E+OO 
9 0.569E+Ol 0.809E-03 -0.131E+Ol 0.952E-03 0.391E+OO 

10 0.600E+Ol -0.529E-04 -0.131E+Ol 0.961E-03 0.306E+OO 
11 0.624E+Ol -0.916E-03 -0.131E+Ol 0.955E-03 0.218E+OO 
12 0.640E+Ol -0.177E-02 -0.131E+Ol 0.939E-03 0.134E+OO 
13 0.648E+Ol -0.260E-02 -0.131E+Ol 0.914E-03 0.580E-01 
14 0.649E+Ol -0.294E-02 -0.130E+Ol 0.894E-03 0.633E-02 
15 0.639E+Ol -0.342E-02 -0.130E+Ol 0.754E-03 -0.338E+OO 
16 0.611E+Ol -0.382E-02 -0.130E+Ol 0.635E-03 -0.619E+OO 
17 0.569E+Ol -0.416E-02 -0.130E+Ol 0.547E-03 -0.833E+OO 
18 0.516E+Ol -0.446E-02 -0.129E+Ol 0.497E-03 -0.978E+OO 
19 0.457E+Ol -0.475E-02 -0.129E+Ol 0.497E-03 -0.105E+Ol 
20 0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
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TABLE 7 

ECM2501 vibration modes with 30-lb. (66 kg) preload, no 
applied loads (mounted vertically) 

AXIAL VIBRATIONAL MODE ID= 1/ 1/ 1 
EIGENVALUE=O.l842444E+07, FREQ= 216.0316 HZ (13,000 RPM) 

JOINT 1 2 3 4 5 
1 0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
2 -0.200E-04 0.264E-06 0.572E+Ol 0.109E-06 -0.292E-05 
3 -0.216E-04 0.203E-06 0.572E+Ol 0.113E-06 -0.281E-05 
4 -0.231E-04 0.142E-06 0.572E+Ol 0.108E-06 -0.264E-05 
5 -0.245E-04 0.890E-07 0.573E+Ol 0.835E-07 -0.244E-05 
6 -0.258E-04 O.SSSE-07 0.573E+Ol 0.345E-07 -0.219E-05 
7 -0.266E-04 0.444E-07 0.573E+Ol 0.242E-07 -0.215E-05 
8 -0.285E-04 0.310E-07 0.573E+Ol 0.393E-08 -0.209E-05 
9 -0.303E-04 0.400E-07 0.574E+Ol -0.254E-07 -0.203E-05 

10 -0.321E-04 0.785E-07 0.574E+Ol -0.608E-07 -0.197E-05 
11 -0.339E-04 O.lSOE-06 0.574E+Ol -0.980E-07 -0.190E-05 
12 -0.356E-04 0.254E-06 0.574E+Ol -0.132E-06 -0.184E-05 
13 -0.372E-04 0.385E-06 0.574E+Ol -0.159E-06 -0.179E-05 
14 -0.379E-04 0.448E-06 0.574E+Ol -0.175E-06 -0.175E-05 
15 -0.388E-04 0.577E-06 0.574E+Ol -0.266E-06 -0.150E-05 
16 -0.396E-04 0.750E-06 0.574E+Ol -0.325E-06 -0.129E-05 
17 -0.403E-04 0.950E-06 0.574E+Ol -0.358E-06 -0.lllE-05 
18 -0.409E-04 0.116E-05 0.574E+Ol -0.370E-06 -0.980E-06 
19 -0.414E-04 0.138E-05 0.574E+Ol -0.374E-06 -0.892E-06 
20 0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
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Table 7 (cont) 

1st LATERAL VIBRATIONAL MODE ID= 1/ 1/ 2 
EIGENVALUE=0.7444233E+07, FREQ= 434.2402 HZ ( 26,050 RPM) 

JOINT 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

1 2 3 4 5 
0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 

-0.586E-03 0.410E+Ol -0.490E-05 -0.739E+OO -0.107E-03 
-0.644E-03 0.449E+Ol ~0.490E-05 -0.672E+OO -0.103E-03 
-0.698E-03 0.483E+Ol -0.490E-05 -0.572E+OO -0.921E-04 
-0.744E-03 0.511E+Ol -0.491E-05 -0.442E+OO -0.760E-04 
-0.780E-03 0.531E+Ol -0.491E-05 -0.285E+OO -0.544E-04 
-0.800E-03 0.541E+Ol -0.491E-05 -0.260E+OO -0.507E-04 
-0.843E-03 0.563E+Ol -0.491E-05 -0.223E+OO -0.451E-04 
-0.880E-03 0.581E+Ol -0.491E-05 -0.182E+OO -0.383E-04 
-0.912E-03 0.596E+Ol -0.491E-05 -0.139E+OO -0.308E-04 
-0.936E-03 0.606E+Ol -0.491E-05 -0.962E-Ol -0.231E-04 
-0.953E-03 0.613E+Ol -0.491E-05 -0.562E-Ol -0.157E-04 
-0.964E-03 0.617E+Ol -0.491E-05 -0.214E-Ol -0.907E-05 
-0.967E-03 0.617E+Ol -0.491E-05 0.140E-02 -0.460E-05 
-0.961E-03 0.613E+Ol -0.491E-05 0.147E+OO 0.249E-04 
-0.939E-03 0.601E+Ol -0.491E-OS 0.259E+OO 0.487E-04 
-0.905E-03 0.583E+Ol -0.491E-05 0.334E+OO 0.667E-04 
-0.863E-03 0.563E+Ol -0.491E-05 0.371E+OO 0.788E-04 
-0.815E-03 0.541E+Ol -0.491E-05 0.369E+OO 0.849E-04 
0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
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Table 7 (cont) 

1st LATERAL VIBRATIONAL MODE ID= 1/ 1/ 3 
EIGENVALUE=0.7495727E+07, FREQ= 435.7395 HZ (26,140 RPM) 

JOINT 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

1 
0.0 
0.406E+Ol 
0.441E+Ol 
0.474E+Ol 
0.501E+Ol 
0.522E+Ol 
0.533E+Ol 
0.558E+Ol 
0.579E+Ol 
0.597E+Ol 
0.610E+Ol 
0.620E+Ol 
0.625E+Ol 
0.627E+Ol 
0.622E+Ol 
0.609E+Ol 
0.588E+Ol 
0.562E+Ol 
0.532E+Ol 
0.0 

2 
* 0.0 

0.626E-03 
0.689E-03 
0.745E-03 
0.791E-03 
0.824E-03 
0.841E-03 
0.876E-03 
0.905E-03 
0.926E-03 
0.940E-03 
0.947E-03 
0.947E-03 
0.946E-03 
0.934E-03 
0.908E-03 
0.873E-03 
0.833E-03 
0.791E-03 

* 0.0 

3 4 5 
* 0.0 * 0.0 * 0.0 * 

0.257E-04 -0.120E-03 0.655E+OO 
0.257E-04 -0.llOE-03 0.622E+OO 
0.257E-04 -0.943E-04 0.552E+OO 
0.258E-04 -0.730E-04 0.448E+OO 
0.258E-04 -0.464E-04 0.312E+OO 
0.258E-04 -0.421E-04 0.289E+OO 
0.258E-04 -0.356E-04 0.255E+OO 
0.258E-04 -0.279E-04 0.215E+OO 
0.258E-04 -0.197E-04 0.172E+OO 
0.258E-04 -0.llSE-04 0.127E+OO 
0.258E-04 -0.384E-05 0.846E-Ol 
0.258E-04 0.267E-05 0.459E-Ol 
0.258E-04 0.685E-05 0.195E-01 
0.257E-04 0.333E-04 -0.157E+OO 
0.257E-04 0.530E-04 -0.301E+OO 
0.257E-04 0.660E-04 -0.413E+OO 
0.256E-04 0.723E-04 -0.489E+OO 
0.256E-04 0.721E-04 -0.528E+OO 

* 0.0 * 0.0 * 0.0 * 
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Table 7 (cont) 

2nd LATERAL VIBRATIONAL MODE ID= 1/ 1/ 4 
EIGENVALUE=0.3821293E+08, FREQ= 983.8418 HZ (59,030 RPM) 

JOINT 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

/ 

1 2 
0.0 * 0.0 

-0.103E+02 0.331E-02 
-0.953E+Ol 0.322E-02 
-0.870E+Ol 0.309E-02 
-0.776E+Ol 0.288E-02 
-0.669E+Ol 0.257E-02 
-0.590E+Ol 0.232E-02 
-0.398E+Ol 0.167E-02 
-0.202E+Ol 0.966E-03 
-0.436E-01 0.214E-03 

0.193E+Ol -0.588E-03 
0.389E+Ol -0.143E-02 
0.582E+Ol -0.230E-02 
0.660E+Ol -0.267E-02 
0.773E+Ol -0.326E-02 
0.871E+Ol -0.387E-02 
0.956E+Ol -0.449E-02 
0.103E+02 -0.SllE-02 
0.110E+02 -0.572E-02 
0.0 * 0.0 

3 
* 0.0 

0.358E-05 
0.353E-05 
0.347E-05 
0.342E-05 
0.337E-05 
0.335E-05 
0.331E-05 
0.328E-05 
0.324E-05 
0.320E-05 
0.315E-05 
0.311E-05 
0.307E-05 
0.297E-05 
0.287E-05 
0.277E-05 
0.267E-05 
0.257E-05 

* 0.0 

4 
* 0.0 

0.127E-03 
0.195E-03 
0.305E-03 
0.462E-03 
0.666E-03 
0.699E-03 
0.750E-03 
0.807E-03 
0.864E-03 
0.915E-03 
0.954E-03 
0.978E-03 
0.989E-03 
0.104E-02 
0.106E-02 
0.106E-02 
0.106E-02 
0.106E-02 

* 0.0 

5 
* 0.0 * 

0.136E+Ol 
0.144E+Ol 
0.161E+Ol 
0.183E+Ol 
0.208E+Ol 
0.212E+Ol 
0.216E+Ol 
0.219E+Ol 
0.220E+Ol 
0.219E+Ol 
0.216E+Ol 
0.212E+Ol 
0.208E+Ol 
0.181E+Ol 
0.157E+Ol 
0.136E+Ol 
0.121E+Ol 
0.112E+Ol 

* 0.0 * 
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Table 7 (cont) 

2nd LATERAL VIBRATIONAL MODE ID= 1/ 1/ 5 
EIGENVALUE=0.3840862E+08, FREQ= 986.3577 HZ (59,180 RPM) 

JOINT 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

1 2 3 4 5 
0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 

-0.399E-02 -0.962E+Ol -0.396E-07 -0.857E+OO 0.471E-03 
-0.372E-02 -0.910E+Ol -0.402E-07 -0.lOSE+Ol 0.506E-03 
-0.343E-02 -0.846E+Ol -0.416E-07 -0.132E+Ol 0.577E-03 
-0.309E-02 -0.764E+Ol -0.439E-07 -0.165E+Ol 0.677E-03 
-0.268E-02 -0.664E+Ol -0.467E-07 -0.201E+Ol 0.802E-03 
-0.238E-02 -0.588E+Ol -0.480E-07 -0.206E+Ol 0.821E-03 
-0.163E-02 -0.400E+Ol -0.SOlE-07 -0.212E+Ol 0.847E-03 
-0.854E-03 -0.207E+Ol -0.521E-07 -0.217E+Ol 0.870E-03 
-0.620E-04 -0.970E-01 -0.540E-07 -0.220E+Ol 0.888E-03 

0.741E-03 0.189E+Ol -0.555E-07 -0.221E+Ol 0.896E-03 
0.155E-02 0.387E+Ol -0.566E-07 -0.220E+Ol 0.895E-03 
0.235E-02 0.584E+Ol -0.573E-07 -0.217E+Ol 0.886E-03 
0.268E-02 0.665E+Ol -0.575E-07 -0.215E+Ol 0.875E-03 
0.316E-02 0.784E+Ol -0.580E-07 -0.198E+Ol 0.792E-03 
0.360E-02 0.895E+Ol -0.583E-07 -0.183E+Ol 0.710E-03 
0.399E-02 0.997E+Ol -0.585E-07 -0.172E+Ol 0.635E-03 
0.434E-02 0.109E+02 -0.587E-07 -0.166E+Ol 0.575E-03 
0.466E-02 0.119E+02 -0.587E-07 -0.166E+Ol 0.540E-03 
0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
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TABLE 8 

ECM2501 vibration modes with 40-lb. (88 kg) preload, no 
applied loads 

AXIAL VIBRATIONAL MODE ID= 1/ 1/ 1 
EIGENVALUE=0.3010845E+07, FREQ= 276.1621 HZ (16,570 RPM) 

JOINT 1 2 3 4 5 
1 0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
2 0.286E+OO 0.710E-06 0.572E+Ol 0.131E-06 0.112E-01 
3 0.292E+OO 0.630E-06 0.572E+Ol 0.162E-06 0.104E-01 
4 0.298E+OO 0.534E-06 0.573E+Ol 0.185E-06 0.888E-02 
5 0.302E+OO 0.433E-06 0.573E+Ol 0.177E-06 0.666E-02 
6 0.305E+OO 0.349E-06 0.574E+Ol 0.122E-06 0.378E-02 
7 0.306E+OO 0.306E-06 0.574E+Ol 0.107E-06 0.331E-02 
8 0.309E+OO 0.223E-06 0.575E+Ol 0.734E-07 0.259E-02 
9 0.311E+OO 0.180E-06 0.575E+Ol 0.197E-07 0.176E-02 

10 0.312E+OO 0.191E-06 0.575E+Ol -0.473E-07 0.862E-03 
11 0.312E+OO 0.266E-06 0.575E+Ol -0.117E-06 -0.433E-04 
12 0.312E+OO 0.400E-06 0.575E+Ol -0.179E-06 -0.911E-03 
13 0.311E+OO 0.583E-06 0.575E+Ol -0.224E-06 -0.169E-02 
14 0.310E+OO 0.671E-06 0.575E+Ol -0.248E-06 -0.222E-02 
15 0.308E+OO 0.854E-06 0.575E+Ol -0.373E-06 -0.572E-02 
16 0.303E+OO 0.109E-05 0.576E+Ol -0.443E-06 -0.856E-02 
17 0.298E+OO 0.136E-05 0.576E+Ol -0.467E-06 -0.107E-01 
18 0.291E+OO 0.163E-05 0.576E+Ol -0.468E-06 -0.122E-01 
19 0.284E+OO 0.190E-05 0.576E+Ol -0.474E-06 -0.129E-01 
20 0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
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Table 8 (cont) 

1st LATERAL VIBRATIONAL MODE ID= 1/ 1/ 2 
EIGENVALUE=0.1547186E+08, FREQ= 626.0247 HZ (37,560 RPM) 

JOINT 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

1 2 3 4 5 
0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 

-0.465E-03 0.411E+Ol 0.374E-04 -0.124E+Ol -0.176E-03 
-0.559E-03 0.475E+Ol 0.375E-04 -0.109E+Ol -0.166E-03 
-0.645E-03 0.530E+Ol 0.376E-04 -0.874E+OO -0.146E-03 
-0.717E-03 0.570E+Ol 0.377E-04 -0.589E+OO -0.114E-03 
-0.768E-03 0.593E+Ol 0.379E-04 -0.242E+OO -0.706E-04 
-0.793E-03 0.601E+Ol 0.379E-04 -0.188E+OO -0.633E-04 
-0.845E-03 0.614E+Ol 0.379E-04 -0.107E+OO -0.516E-04 
-0.885E-03 0.620E+Ol 0.380E-04 -0.166E-Ol -0.374E-04 
-0.912E-03 0.617E+Ol 0.380E-04 0.775E-Ol -0.216E-04 
-0.924E-03 0.606E+Ol 0.380E-04 0.170E+OO -0.531E-OS 
-0.921E-03 0.587E+Ol 0.380E-04 0.256E+OO 0.104E-04 
-0.906E-03 0.560E+Ol 0.380E-04 0.331E+OO 0.242E-04 
-0.895E-03 0.547E+Ol 0.380E-04 0.380E+OO 0.334E-04 
-0.857E-03 0.516E+Ol 0.379E-04 0.692E+OO 0.937E-04 
-0.789E-03 0.468E+Ol 0.378E-04 0.932E+OO 0.142E-03 
-0.696E-03 0.409E+Ol 0.377E-04 0.109E+Ol 0.177E-03 
-0.586E-03 0.343E+Ol 0.377E-04 0.118E+Ol 0.200E-03 
-0.466E-03 0.274E+Ol 0.376E-04 0.118E+Ol 0.211E-03 
0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
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Table 8 (cont) 

1st LATERAL VIBRATIONAL MODE ID= 1/ 1/ 3 
EIGENVALUE=0.1562608E+08, FREQ= 629.1370 HZ (37,750 RPM) 

JOINT 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

1 
0.0 
0.360E+Ol 
0.421E+Ol 
0.474E+Ol 
0.518E+Ol 
0.547E+Ol 
0.561E+Ol 
0.588E+Ol 
0.607E+Ol 
0.619E+Ol 
0.622E+Ol 
0.617E+Ol 
0.604E+Ol 
0.596E+Ol 
0.571E+Ol 
0.528E+Ol 
0.469E+Ol 
0.399E+Ol 
0.323E+Ol 
0.0 

2 3 4 5 
* 0.0 * 0.0 * 0.0 * 0.0 * 

0.572E-03 -0.301E+OO -0.203E-03 0.113E+Ol 
0.678E-03 -0.303E+OO -0.183E-03 O.lOSE+Ol 
0.770E-03 -0.304E+OO -0.152E-03 0.903E+OO 
0.842E-03 -0.305E+OO -0.107E-03 0.677E+OO 
0.885E-03 -0.305E+OO -0.488E-04 0.383E+OO 
0.902E-03 -0.306E+OO -0.390E-04 0.334E+OO 
0.930E-03 -0.306E+OO -0.235E-04 0.260E+OO 
0.943E-03 -0.306E+OO -0.485E-05 0.175E+OO 
0.938E-03 -0.307E+OO 0.156E-04 0.819E-01 
0.915E-03 -0.307E+OO 0.359E-04 -0.121E-01 
0.874E-03 -0.307E+OO 0.545E-04 -0.102E+OO 
0.818E-03 -0.306E+OO 0.698E-04 -0.183E+OO 
0.790E-03 -0.306E+OO 0.792E-04 -0.237E+OO 
0.726E-03 -0.306E+OO 0.138E-03 -0.601E+OO 
0.633E-03 -0.30SE+OO 0.180E-03 -0.897E+OO 
0.520E-03 -0.305E+OO 0.207E-03 -0.112E+Ol 
0.396E-03 -0.304E+OO 0.220E-03 -0.127E+Ol 
0.267E-03 -0.303E+OO 0.221E-03 -0.135E+Ol 

* 0.0 * 0.0 * 0.0 * 0.0 * 
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Table 8 (cont) 

2nd LATERAL VIBRATIONAL MODE ID= 1/ 1/ 4 
EIGENVALUE=0.9450390E+08, FREQ= 1547.1948 HZ (92,830 RPM) 

JOINT 1 2 3 4 5 
1 0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
2 0.950E+Ol -0.357E-02 0.431E-02 0.166E-02 -0.508E+OO 
3 0.918E+Ol -0.445E-02 0.210E-02 0.152E-02 -0.714E+OO 
4 0.869E+Ol -0.519E-02 -0.lllE-03 0.114E-02 -0.llOE+Ol 
5 0.795E+Ol -0.564E-02 -0. 232E.-02 0.419E-03 -0.160E+Ol 
6 0.692E+Ol -0.558E-02 -0.453E-02 -0.716E-03 -0.217E+Ol 
7 0.609E+Ol -0.527E-02 -0.547E-02 -0.926E-03 -0.226E+Ol 
8 0.402E+Ol -0.428E-02 -0.677E-02 -0.130E-02 -0.235E+Ol 
9 0.187E+Ol -0.291E-02 -0.806E-02 -0.177E-02 -0.241E+Ol 

10 -0.297E+OO -0.109E-02 -0. 933E-02- -0.228E-02 -0.241E+Ol 
11 -0.245E+Ol 0.118E-02 -0.106E-01 -0.275E-02 -0.236E+Ol 
12 -0.452E+Ol 0.384E-02 -0.118E-01 -0.312E-02 -0.225E+Ol 
13 -0.649E+Ol 0.676E-02 -0.130E-01 -0.335E-02 -0.212E+Ol 
14 -0.727E+Ol 0.804E-02 -0.138E-01 -0.345E-02 -0.201E+Ol 
15 -0.820E+Ol 0.102E-01 -0.159E-Ol -0.385E-02 -0.123E+Ol 
16 -0.871E+Ol 0.124E-01 -0.180E-01 -0.394E-02 -0.542E+OO 
17 -0.886E+Ol 0.147E-01 -0.200E-01 -0.384E-02 0.194E-01 
18 -0.872E+Ol 0.169E-01 -0.221E-01 -0.369E-02 0.422E+OO 
19 -0.840E+Ol 0.190E-01 -0.241E-01 -0.373E-02 0.633E+OO 
20 0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
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Table 8 (cont) 

2nd LATERAL VIBRATIONAL MODE ID= 1/ 1/ 5 
EIGENVALUE=0.9619478E+08, FREQ= 1560.9749 HZ (93,660 RPM) 

JOINT 1 2 3 4 5 
1 0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
2 0.780E-02 0.852E+Ol 0.614E-05 -0.896E-Ol 0.347E-03 
3 0.795E-02 0.847E+Ol 0.437E-05 0.291E+OO 0.162E-03 
4 0.794E-02 0.817E+Ol 0.260E-05 0.823E+OO -0.251E-03 
5 0.763E-02 0.755E+Ol 0.830E-06 0.145E+Ol -0.899E-03 
6 0.691E-02 0.657E+Ol -0.959E-06 0.213E+Ol -0.176E-02 
7 0.623E-02 0.575E+Ol -0.173E-05 0.223E+Ol -0.191E-02 
8 0.442E-02 0.370E+Ol -0.285E-05 0.234E+Ol -0.211E-02 
9 0.242E-02 0.156E+Ol -0.403E-05 0.240E+Ol -0.233E-02 

10 0.242E-03 -0.611E+OO -0.527E-05 0.241E+Ol -0.250E-02 
11 -0.207E-02 -0.276E+Ol -0.658E-05 0.236E+Ol -0.262E-02 
12 -0.444E-02 -0.485E+Ol -0.796E-05 0.227E+Ol -0.264E-02 
13 -0.680E-02 -0.683E+Ol -0.940E-05 0.214E+Ol -0.259E-02 
14 -0.776E-02 -0.762E+Ol -0.104E-04 0.204E+Ol -0.252E-02 
15 -0.905E-02 -0.860E+Ol -0.131E-04 0.135E+Ol -0.192E-02 
16 -0.999E-02 -0.921E+Ol -0.158E-04 0.778E+OO -0.130E-02 
17 -0.106E-Ol -0.953E+Ol -0.184E-04 0.359E+OO -0.717E-03 
18 -0.108E-01 -0.966E+Ol -0.211E-04 0.129E+OO -0.249E-03 
19 -0.109E-01 -0.972E+Ol -0.237E-04 0.124E+OO 0.192E-04 
20 0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
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TABLE 9 

ECM2501 vibration modes with 20-lb. (44 kg) preload, no 
applied loads 

AXIAL VIBRATIONAL MODE ID= 1/ 1/ 1 
EIGENVALUE=0.9324603E+06, FREQ= 153.6864 HZ (9,220 RPM) 

JOINT 1 2 3 4 5 
1 0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
2 -0.687E+OO -0.211E-06 -0.568E+Ol -0.304E-08 -0.374E-02 
3 -0.689E+OO -0.209E-06 -0.569E+Ol -0.475E-08 -0.363E-02 
4 -0.691E+OO -0.206E-06 -0.569E+Ol -0.564E-08 -0.305E-02 
5 -0.692E+OO -0.203E-06 -0.569E+Ol -0.444E-08 -0.204E-02 
6 -0.693E+OO -0.202E-06 -0.569E+Ol -0.293E-09 -0.625E-03 
7 -0.693E+OO -0.202E-06 -0.569E+Ol 0.700E-09 -0.381E-03 
8 -0.693E+OO -0.203E-06 -0.569E+Ol 0.284E-08 0.930E-05 
9 -0.693E+OO -0.207E-06 -0.569E+Ol 0.609E-08 0.483E-03 

10 -0.693E+OO -0.215E-06 -0.569E+Ol O.lOlE-07 O.lOlE-02 
11 -0.691E+OO -0.226E-06 -0.569E+Ol 0.143E-07 0.156E-02 
12 -0.690E+OO -0.240E-06 -0.570E+Ol 0.181E-07 0.209E-02 
13 -0.688E+OO -0.258E-06 -0.570E+Ol 0.210E-07 0.258E-02 
14 -0.687E+OO -0.266E-06 -0.570E+Ol 0.227E-07 0.292E-02 
15 -0.684E+OO -0.282E-06 -0.570E+Ol 0.321E-07 0.521E-02 
16 -0.681E+OO -0.303E-06 -0.570E+Ol 0.379E-07 0.712E-02 
17 -0.676E+OO -0.325E-06 -0.570E+Ol 0.407E-07 0.866E-02 
18 -0.671E+OO -0.349E-06 -0.570E+Ol 0.416E-07 0.981E-02 
19 -0.665E+OO -0.374E-06 -0.570E+Ol 0.422E-07 0.106E-01 
20 0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
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Table 9 (cont) 

1st LATERAL VIBRATIONAL MODE ID= 1/ 1/ 2 
EIGENVALUE=0.5292195E+07, FREQ= 366.1321 HZ (21,970 RPM) 

JOINT 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

1 2 3 4 5 
0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 

-0.463E-05 -0.525E+Ol 0.931E-06 0.392E+OO 0.427E-05 
-0.229E-OS -0.546E+Ol 0.932E-06 0.344E+OO 0.426E-05 
0.167E-07 -0.563E+Ol 0.934E-06 0.273E+OO 0.41SE-05 
0.221E-05 -0.57SE+Ol 0.935E-06 0.181E+OO 0.383E-05 
0.416E-OS -0.582E+Ol 0.936E-06 0.704E-01 0.323E-05 
0.535E-05 -0.584E+Ol 0.936E-06 0.529E-01 0.311E-05 
0.805E-05 -0.588E+Ol 0.937E-06 0.271E-01 0.288E-05 
O.lOSE-04 -0.589E+Ol 0.938E-06 -0.162E-02 0.256E-05 
0.126E-04 -0.588E+Ol 0.938E-06 -0.316E-Ol 0.216E-05 
0.144E-04 -0.583E+Ol 0.939E-06 -0.613E-01 0.175E-05 
0.158E-04 -0.577E+Ol 0.939E-06 -0.888E-Ol 0.135E-05 
0.168E-04 -0.568E+Ol 0.940E-06 -0.112E+OO 0.102E-05 
0.172E-04 -0.563E+Ol 0.940E-06 -0.128E+OO 0.811E-06 
0.173E-04 -0.553E+Ol 0.942E-06 -0.226E+OO -0.458E-06 
0.167E-04 -0.537E+Ol 0.943E-06 -0.302E+OO -0.137E-05 
0.157E-04 -0.518E+Ol 0.944E-06 -0.352E+OO -O.l96E-05 
0.145E-04 -0.497E+Ol 0.946E-06 -0.378E+OO -0.226E-05 
0.132E-04 -0.475E+Ol 0.947E-06 -0.377E+OO -0.236E-05 
0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
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Table 9 (cont) 

1st LATERAL VIBRATIONAL MODE ID= 1/ 1/ 3 
EIGENVALUE=0.5465072E+07, FREQ= 372.0642 HZ (22,320 RPM) 

JOINT 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

1 2 3 4 5 
0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 

-0.538E+Ol -0.475E-05 0.686E+OO 0.357E-05 -0.302E+OO 
-0.553E+Ol -0~669E-05 0.687E+OO 0.350E-05 -0.277E+OO 
-0.567E+Ol -0.854E-05 0.688E+OO 0.322E-05 -0.226E+OO 
-0.578E+Ol -0.102E-04 0.688E+OO 0.258E-05 -0.150E+OO 
-0.583E+Ol -0.113E-04 0.689E+OO 0.149E-05 -0.509E-01 
-0.585E+Ol -0.118E-04 0.689E+OO 0.128E-05 -0.346E-01 
-0.587E+Ol -0.128E-04 0.690E+OO 0.890E-06 -0.987E-02 
-0.587E+Ol -0.134E-04 0.690E+OO 0.350E-06 0.187E-01 
-0.584E+Ol -0.134E-04 0.690E+OO -0.287E-06 0.494E-01 
-0.578E+Ol -0.128E-04 0.690E+OO -0.946E-06 0.805E-01 
-0.569E+Ol -0.117E-04 0.690E+OO -0.155E-05 0.llOE+OO 
-0.558E+Ol -0.lOlE-04 0.690E+OO -0.203E-05 0.137E+OO 
-0.553E+Ol -0.928E-05 0.690E+OO -0.232E-05 0.155E+OO 
-0.540E+Ol -0.742E-05 0.689E+OO -0.401E-05 0.275E+OO 
-0.521E+Ol -0.473E-05 0.689E+OO -0.516E-05 0.372E+OO 
-0.497E+Ol -0.153E-05 0.689E+OO -0.582E-05 0.447E+OO 
-0.470E+Ol 0.194E-05 0.688E+OO -0.609E-05 0.498E+OO 
-0.440E+Ol 0.550E-05 0.688E+OO -0.614E-05 0.524E+OO 
0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
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Table 9 (cont) 

2nd LATERAL VIBRATIONAL MODE ID= 1/ 1/ 4 
EIGENVALUE=0.2505728E+08, FREQ= 796.6860 HZ (47,800 RPM) 

JOINT 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

1 2 3 4 5 
0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
O.llSE-03 -0.993E+Ol 0.719E-07 -0.148E+Ol -0.324E-04 
0.968E-04 -0.909E+Ol 0.573E-07 -0.158E+Ol -0.327E-04 
0.790E-04 -0.819E+Ol 0.428E-07 -0.173E+Ol -0.320E-04 
0.621E-04 -0.719E+Ol 0.286E-07 -0.190E+Ol ·-0.296E-04 
0.471E-04 -0.610E+Ol 0.146E-07 -0.208E+Ol -0.247E-04 
0.380E-04 -0.532E+Ol 0.893E-08 -0.211E+Ol -0.237E-04 
0.175E-04 -0.341E+Ol 0.142E-08 -0.214E+Ol -0.218E-04 

-0.975E-06 -0.148E+Ol -0.528E-08 -0.216E+Ol -0.191E-04 
-0.168E-04 0.467E+OO -0.lllE-07 -0.216E+Ol -0.160E-04 
-0.298E-04 0.241E+Ol -0.161E-07 -0.215E+Ol -0.128E-04 
-0.400E-04 0.434E+Ol -0.201E-07 -0.213E+Ol -0.991E-05 
-0.478E-04 0.625E+Ol -0.233E-07 -0.211E+Ol -0.761E-05 
-0.504E-04 0.703E+Ol -0.251E-07 -0.208E+Ol -0.624E-05 
-O.SlSE-04 0.820E+Ol -0.293E-07 -0.193E+Ol 0.193E-05 
-0.486E-04 0.928E+Ol -0.332E-07 -0.180E+Ol 0.756E-05 
-0.432E-04 0.103E+02 -0.369E-07 -0.171E+Ol 0.109E-04 
-0.364E-04 0.113E+02 -0.404E-07 -0.166E+Ol 0.124E-04 
-0.290E-04 0.122E+02 -0.437E-07 -0.166E+Ol 0.127E-04 
0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
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Table 9 (cont) 

2nd LATERAL VIBRATIONAL MODE ID= 1/ 1/ 5 
EIGENVALUE=0.2628858E+08, FREQ= 816.0251 HZ (48,960 RPM) 

JOINT 1 2 3 4 5 
1 0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 2 0.103E+02 0.246E-03 0.222E-01 0.869E-04 -0.178E+Ol 
3 0.928E+Ol 0.198E-03 0.210E-01 0.888E-04 -0.183E+Ol 
4 0.826E+Ol O.lSOE-03 0.197E-01 0.867E-04 -0.191E+Ol 
5 0.718E+Ol 0.105E-03 0.184E-01 0.770E-04 -0.202E+Ol 
6 0.604E+Ol 0.673E-04 0.171E-01 0.572E-04 -0.214E+Ol 
7 0.524E+Ol 0.466E-04 0.165E-01 0.531E-04 -0.216E+Ol 
8 0.329E+Ol 0.205E-05 0.157E-01 0.452E-04 -0.217E+Ol 
9 0.133E+Ol -0.338E-04 0.149E-01 0.340E-04 -0.218E+Ol 

10 -0.628E+OO -0.SSSE-04 0.141E-01 0.206E-04 -0.217E+Ol 
11 -0.257E+Ol -0.707E-04 0.133E-01 0.661E-05 -0.214E+Ol 
12 -0.449E+Ol -0.707E-04 0.125E-01 -0.620E-05 -0.211E+Ol 
13 -0.636E+Ol -0.603E-04 0.116E-01 -0.165E-04 -0.206E+Ol 
14 -0.713E+Ol -0.529E-04 O.llOE-01 -0.225E-04 -0.203E+Ol 
15 -0.824E+Ol -0.288E-04 0.~53E-02 -0.586E-04 -0.178E+Ol 
16 -0.921E+Ol 0.128E-04 0.803E-02 -0.830E-04 -0.157E+Ol 
17 -0.101E+02 0.654E-04 0.653E-02 -0.969E-04 -0.139E+Ol 
18 -0.108E+02 0.124E-03 0.503E-02 -0.103E-03 -0.126E+Ol 
19 -0.115E+02 0.183E-03 0.353E-02 -0.104E-03 -0.119E+Ol 
20 0.0 * 0.0 * 0.0 * 0.0 * 0.0 * 
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TABLE 10 

Summary of analytical results 

All Data In RPM 

Axial 1st Lateral 2nd Lateral 

No Applied 11,200 24,500 49,000 
Loads 24,600 53,700 

2nd Harmonic 12,650* 31,670 
Resonance 32,180 

10 lb. (22 kg) 11,100* 19,900 49,200: 
Axial Load 23,300 52,800 

* 75 lb. (165 kg) 3,850 30,800 
Radial Load 36,930 

* * 20 lb. (44 kg) 9,220 21,970 47,800* 
Pre load 22,300 49,000 

* * 40 lb. (88 kg) 16,570 37,560* 92,832.,. 
Pre load 37,750 93,660" 

* Mounted Vertically 12,650 31,670* 
(No Applied Loads) 32,180 

* denotes approximate values 
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Figure 11: Proposed ECM2501 speed range 
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TABLE 11 

Summary of experimental results 

No Applied 
Loads 

2nd Harmonic 
Resonance 

10 lb. {22 kg) 
Axial Load 

Vibration Level At 
20,000 RPM {No Loads) 

Observed 
Critical Speed 

12,200 {Axial) 
25,300 {Lateral) 

17,000 

21,000 

Vibration Level 
(mils p-p) 

0.08 
1.20 

0.12 

0.35 

0.53 
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Figure 12: Axial vibration cascade, 10,000-15,000 RPM 
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Axial vibration level, 10,000-15,000 RPM 
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Figure 14: Lateral vibration cascade, 5,000-10,0"00 RPM 
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Figure 15: Running speed vibration level, 5,000-10,000 RPM 
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2nd harmonic vibration level, 5,000-10,000 RPM 
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3rd harmonic vibration level, 5,000-10,000 RPM 
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Figure 18: Lateral vibration cascade, 10,000-15,000 RPM 
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Running speed vibration level, 10,000-15,000 RPM 
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2nd harmonic vibration level, 10,000-15,000 RPM 
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Figure 21: 3rd harmonic vibration level, 10,000-15,000 RPM 
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Figure 22: Lateral vibration cascade, 15,000-20,000 RPM 
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Figure 23: Running speed vibration level, 15,000-20,000 RPM 
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2nd harmonic vibration level, 15,000-20,000 RPM 
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3rd harmonic vibration level, 15,000-20,000 RPM 
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Figure 26: Lateral vibration cascade, 20,000-25,000 RPM 
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Running speed vibration level, 20,000-25,000 RPM 
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Figure 28: 2nd harmonic vibration level, 20,000-25,000 RPM 
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3rd harmonic vibration level, 20,000-25,000 RPM 
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Figure 30: Lateral vibration cascade, 20,000-27,000 RPM 
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Chapter VI 

DISCUSSION OF RESULTS 

The predicted axial natural frequency was 8. 2 percent 

lower than the observed value. A possible reason for this 

error could be in the assumption that the bearing adjacent 

to the wavespring washer had the ability to move freely in 

the axial direction. Because of this assumption, the axial 

stiffness of this bearing was taken to be that of the axial 

stiffness term of the bearing itself and the stiffness of 

the wavespring washer added in series. In actuality, this 

bearing probably experienced some resistance between the 

outer race and the pedestal when displaced axially. If this 

is the case, the axial stiffness of this bearing would be 

slightly higher than the value used. The effect of this 

change in axial bearing stiffness would be to raise the 

prediction for the axial natural frequency. 

One of the problems of attempting to measure axial vibra-

tion experimentally is that this mode of vibration is not 

self-exciting. The drive belt on the experimental rotor, 

however, exhibited a walking motion back and forth on the 

shaft axially, and it is believed that this belt-walking 

served to excite the axial vibration. This belt walk, how-

ever, while acting to excite the axial vibration, would also 

114 
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tend to control and limit the level of vibration. In an ac-

tual application, this axial natural frequency could possi-

bly be excited from cutting forces and would then undergo 

resonant vibration. 

The concept of rotor critical speed changing with rotor 

speed was well documented. As has been stated, the primary 

reason for this changing critical speed is that bearing 

stiffness is a function of rotational speed. The change in 

critical speed between static and operating conditions for 

this particular rotor was significant. An analysis run with 

static bearing stiffness values resulted in a first lateral 

critical speed prediction of 42,000 RPM. As it .was shown, 

this first lateral mode was excited by the third harmonic at 

3 6, 000 RPM ( rotor running speed of 12 , 000 RPM) and by the 

second harmonic at 34, 000 RPM ( 17, 000 RPM rotor running 

speed). The actual first critical speed was experienced at 

25,300 RPM. Therefore, it can be seen that as the rotor 

speed was increased from 0 RPM to 25, 300 RPM, the first 

lateral critical speed decreased from 42,000 RPM to 25,300 

RPM where resonant vibration occurred. This is an important 

result of this investigation and disproves the commonly held 

belief that running speed harmonics of a rotor will undergo 

resonant vibration at simple fractions of the rotor's natur-

al frequency. 
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The concept of using higher harmonics of rotor vibration 

to predict high speed vibration appears to be promising as a 

future experimental and analytical tool. As it was shown, 

it was possible to predict the second harmonic critic al 

speed to within 10 percent. By combining the principles of 

higher harmonic vibration and changing bearing stiffness as 

a function of rotor speed, it should be possible to extrapo-

late high speed vibration data without actually operating at 

these higher speeds. As an example, before it was decided 

to operate the ECM2501 to 27,000 RPM, an extrapolated criti-

cal speed was prediced to occur between 25, 000 RPM and 

26,000 RPM. This was, in fact, where the actual first lat-

eral critical speed was observed on a vibration scan later 

made from 20,000 RPM to 27,000 RPM. The predicted first 

lateral critical speed of 24, 500 RPM was only 3. 2 percent 

lower than the observed speed of 25,300 RPM. 

Good agreement was also achieved between the predicted 

and observed values of first lateral critical speed with a 

10-pound (22 kg) applied axial load. The predicted value 

was 4.6 percent lower than the observed value. Some diffi-

culty was experienced with the experimental repeatability of 

this loading condition. It appeared as though the bearing 

adjacent to the wavespring washer, which was assumed to move 

freely in the axial direction, would seize in various 
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positions. For example, when an axial load was applied 

(which would tend to displace this. bearing in the direction 

of the wave spring washer) and then removed, several times 

this bearing would seize in the loaded position. Similar 

vibration was then obtained in this 'unloaded' configuration 

as when an actual load was being applied. Also, the bearing 

seized in the unloaded position on several instances which 

would then give 'unloaded' vibration data even though an ac-

tual load was being applied. If this bearing was in fact 

experiencing this difficulty in axial displacement motion, 

the actual value of its axial stiffness would be higher than 

the value used. As stated previously, the result of this 

higher stiffness would be to raise the predicted value of 

axial critical speed. 

In all instances it can be noted that the increase in 

lateral vibration at resonance occurred over a range of 

speeds as opposed to two discrete speeds (one critical in 

the horizontal direction and the other in the vertical di-

rection) as predicted analytically. The reason for this 

range of increased vibration is believed to be caused by 

cross-coupling stiffness present in the bearings. If this 

is true, it could be possible to monitor both horizontal and 

vertical vibration in only the vertical direction. As the 

vibration of the first mode in the horizontal direction 
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would start to decrease (vibration was predicted to occur 

first in the horizontal direction due to the lower bearing 

stiffness), the vibration in the vertical direction would 

start to increase and thus, a range of speeds of increased 

vibration would be encountered. As it was shown, a greater 

applied axial load tends to magnify the difference in stiff-

ness in the horizontal and vertical directions. As a re-

sult, higher axial loads will tend to broaden the range of 

speeds at which increased vibration will be encountered. 

Table 12 shows a comparison of the analytical and experi-

mental results. 
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TABLE 12 

Comparison of analytical and experimental results 

No Applied (axial) 
Loads (1st lateral) 

2nd Harmonic 
Resonance 

10 lb. (22 kg) 
Axial Load 

All Data In RPM 

Analytical 

11,200 
24, 500 

31,670 

19,900 

Observed 

12,200 
25,300 

34,000 

21,000 



Chapter VII 

CONCLUSIONS 

A vibration analysis of a high speed rotor-bearing system 

using the finite element method has been presented. Ball 

bearing stiffness terms were obtained from a previously-

developed bearing analysis program. The stiffness of the 

bearing support pedestals was obtained by performing a plane 

stress finite element analysis. The resulting bearing 

stiffness matrix and pedestal stiffness terms were then in-

corporated into a three-dimensional finite element analysis 

using the computer program SPAR. The rotor body for this 

analysis was modeled with cylindrical beam elements based on 

Timoshenko beam theory. 

The resulting prediction for the first axial critic al 

speed was within 8.2 percent of the observed critical speed. 

The prediction for the first lateral mode of vibration was 

within 3.2 percent of the observed critical speed. 

Additionally, each lateral critical speed was predicted 

to separate into two distinct critical speeds, one in the 

horizontal and one in the vertical direction, due to the 

different radial bearing stiffness in these two directions. 

This prediction was supported experimentally by the occur-

rence of a range of increased vibration approximately span-

ning the predicted critical speed separation. 
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8.1 ANALYTICAL 

Chapter VIII 

RECOMMENDATIONS 

Any future analyses of rotor-bearing systems should con-

tinue to be directed in the area of finite element techni-

ques as opposed to the transfer matrix method. The reasons 

for using this method are twofold. First, as it has been 

shown, an accurate model can be developed which easily in-

corporates parameters such as bearing and pedestal stiff-

ness. Second, the ability to predict axial modes of vibra-

tion (a distinct advantage over the currently available 

transfer matrix programs) is very beneficial. In Appendix 

A, two analyses of the ECM2501 using the transfer matrix 

technique are presented for comparison to the finite element 

results. 

Any future analyses should also include rotatory inertia 

effects and a dynamic response prediction to a given input 

excitation. Although the amount of rotor bending present in 

the ECM2501 for the first two lateral modes of vibration was 

predicted to be small, any rotatory inertia present in the 

rotor would tend to increase its stiffness and thereby raise 

its critical ~peed predictions. Through the use of the 
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complex eigenvalue processor available in SPAR, these rota-

tory inertia effects can be included. 

The method of using the higher harmonics of rotor vibra-

tion to predict high speed operation at low test speeds 

should also be investigated. This is potentially a very 

powerful tool because ultra high speed rotors would not have 

to pe spun to their maximum speed to obtain vibration data. 

Instead, by monitoring the higher harmonics of a rotor's vi-

bration and taking into account the difference in bearing 

stiffness at the actual and predicted speeds, predictions 

could be made as to a rotor's actual critical speeds while 

only testing it to a fraction of its maximum speed. 

8.2 EXPERIMENTAL 

Two areas of experimental work need further development. 

First, a drive unit which is capable of spinning experimen-

tal rotors to higher rotational speeds is needed. Although 

at this point it would be only for academic reasons, the 

ability to operate these rotors into their range of flexural 

vibration would be of interest. Second, the need to develop 

an experimental apparatus to determine rolling element bear-

ing stiffness is apparent. 

With the desire to design rotors capable of operating at 

increasingly higher speeds, the need for an experimental 
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device to operate test rotors to ultra high speeds grows 

ever more important. Eventually motors such as the ECM2501 

will be designed for operation at speeds in their range of 

flexural modes of vibration. The ability to predict and ex-

perimentally support these modes of vibration should be de-

veloped and available before entering into the design stages 

of these ultra high speed motors. The use of existing elec-

tric motors to belt-drive test rotors becomes impractical at 

very high speeds. For example, the drive motor used to test 

the ECM2501 to 27,000 RPM had to be oversped over 40 per-

cent. The alternative immediately available to lower the 

speed of the drive motor would be to increase the ratio of 

the drive pulleys. This is not desirable, though, as the 

practical surface speed of the drive belt would soon be ex-

ceeded. 

It is also recommended that an apparatus be designed to 

determine experimentally the stiffness of rolling element 

bearings. To the author's knowledge, no experimental re-

sults have ever been obtained to support the accuracy of the 

bearing analysis computer programs in existence. A device 

which could determine the lateral stiffness of a bearing 

would be a major development. The ability to measure axial 

stiffness, although not as critical, would also be very use-

ful. A device of this sort could also possibly be used to 
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study the change in bearing stiffness with time of opera-

tion. As ball bearing clearances grow with time, the stiff-

ness of the bearing should decrease. This may not only be 

an area of original study, but the results obtained from 

such an investigation could prove to be invaluable. 

8.3 ECM2501 CONFIGURATION 

Because of the analytical and experimental results ob-

tained in this investigation, it is recommended that a du-

plex bearing configuration such as that shown in Fig. 34 be 

used in applications where the predominant loading will be 

axial. With this configuration, as an axial load was ap-

plied, the added bearing in the duplex pair would experience 

an increase in axial preload. As a result, the first later-

al mode of vibration would not decrease to a potentially 

damaging speed as predicted and experimentally observed for 

the configuration studied in this investigation. 

Also, because of the unpredictability experienced with 

the axial motion of the bearing adjacent to the wavespring 

washer, a configuration where this relative axial motion 

between the bearing outer race and the pedestal would not be 

necessary is advised. A possible solution might be the ac-

tual use of a part of the motor housing to serve as the pre-

load spring. In such a configuration the outer race of the 

bearing could then be securely mounted in the motor case. 
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Appendix A 

COMPARISON OF RESULTS WITH TRANSFER MATRIX 
METHOD 

For comparative purposes, two analyses were performed on 

the ECM2501 using the transfer matrix technique to predict 

the critical speeds for a 30-pound (66 kg) preload, no ap-

plied external load condition. To do this, two individual 

computer programs, each based on the transfer matrix method, 

were utilized. 

The first analysis was done using a computer program de-

veloped by Vanwinkle (19). This program predicts the natur-

al frequencies of a rotor as a function of support bearing 

stiffness. When plotted together with bearing stiffness 

data as a function of rotational speed, the result is a re-

tor critical-speed map. From this, any predicted critical 

speeds of a rotor can be readily determined. 

The second program utilized was developed by Shaker 

Research Corporation (20). This program is based on a modi-

fied Holtzer-Myklestad transfer matrix method. Instead of 

using a lumped mass model as proposed by Holtzer, this pro-

gram utilizes a distributed mass analysis. One resulting 

advantage to the user is the elimination of modeling the ro-

tor with lumped masses. A second advantage of this program 
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over the Vanwinkle program is that more sophisticated 

bearing modeling is possible. Also, any critical speeds of 

the rotor occurring in the speed range analyzed are noted 

directly in the program output. This avoids the necessity 

of plotting any data. 

As was noted previously, a major drawback of the current-

ly avaible transfer matrix programs is the inability to 

predict axial critical speeds. For this reason, only the 

first lateral critical speed was used for comparison. Also, 

bearing stiffness data for each of the analyses was obtained 

from the Air Force bearing analysis program to yield a com-

mon base for comparison. 

Figure 35 shows the ECM2501 and the lumped mass model 

used in the Vanwinkle analysis. Following Fig. 35 is the 

output listing from a bearing stiffness scan for the range 

of radial bearing stiffness 60,000 to 180,000 lb./in. (10 

507 to 31 520 kN/m) in increments of 30,000 lb./in (5 254 

kN/m). 

Figure 36 is the critical speed map obtained by superim-

posing the bearing stiffness and rotor natural frequency 

curves. It can be seen from the intersection of these two 

curves that a first lateral critical speed of approximately 

24,000 RPM was predicted. This agrees with the results ob-

tained using the finite element method within 2 percent. 
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Figure 35: Lumped mass model for Vanwinkle analysis 
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BEARING STIFFNESS SCAN OF ECM2501 ROTOR 

FREQUENCY DATA IN RPM 

BOUNDARY STATES EQUAL TO ZERO FOLLOW: 

LEFT END 

STATE 3 
STATE 4 

FIELD SECTION DATA FOLLOWS: 

I 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 

COORDINATE 

0.0 
0.61 
1.22 
1. 83 
2.44 
2.81 
3.72 
4.61 
5.52 
6.41 
1.31 
8.22 
8.59 
9.22 
9.85 

10.48 
11.11 
11. 74 
11. 74 

TYPE DATA(I,l) 

2 0.2825E+OO 
1 0.5650E+OO 
1 0.5650E+OO 
1 0.5650E+OO 
1 0.5438E+OO 
1 0.8974E+OO 
1 0.1272E+Ol 
1 0.1272E+Ol 
1 0.1272E+Ol 
1 0.1272E+Ol 
1 0.1272E+Ol 
1 0.8974E+OO 
1 0.3833E+OO 
1 0.2440E+OO 
1 0.2440E+OO 
1 0.2440E+OO 
1 0.2440E+OO 
1 0.1220E+OO 
2 0.0 

RIGHT END 

STATE 3 
STATE 4 

DATA(I,2) 

0.6000E+05 
0.5265E+07 
0.5265E+07 
0.5265E+07 
0.5265E+07 
0.2590E+08 
0.4794E+08 
0.4794E+08 
0.4794E+08 
0.4794E+08 
0.4794E+08 
0.4794E+08 
0.2590E+08 
0.5265E+07 
0.5265E+07 
0.5265E+07 
0.5265E+07 
0.5265E+07 
0.6000E+OS 

THE MEMBER IS 11.74 INCHES LONG AND WEIGHS 

EXTENDED TRANSFER MATRICES ARE 5 BY 5 

DATA( I I 3) 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

12.16 LBS 
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BEARING NO. STIFFNESS (LB/IN) 

1 60000.00 
2 60000.00 

MODE FREQUENCY DETERMINANT NO. FALSE POS .. STEPS 

1 17603.01 -0.1229E+05 23 
2 38022.51 0.0 14 

BEARING NO. STIFFNESS (LB/IN) 

1 90000.00 
2 90000.00 

MODE FREQUENCY DETERMINANT NO. FALSE POS. STEPS 

1 21070.44 -0.1966E+06 56 
2 46017.12 0.3146E+07 7 

BEARING NO. STIFFNESS (LB/IN) 

1 120000.00 
2 120000.00 

MODE FREQUENCY DETERMINANT NO. FALSE POS. STEPS 

1 23797.72 -0.1049E+07 46 
2 52530.47 0.1153E+08 7 

4 
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BEARING NO. STIFFNESS (LB/IN) 

1 150000.00 
2 150000.00 

MODE FREQUENCY DETERMINANT NO. FALSE POS. STEPS 

1 26044.57 -0.9175E+06 54 
2 58084.62 0.1468E+08 7 

BEARING NO. STIFFNESS (LB/IN) 

1 180000.00 
2 180000.00 

MODE FREQUENCY DETERMINANT NO. FALSE POS. STEPS 

1 27948.18 0.0 88 
2 62951. 18 0.1678E+08 7 



SPEED 
(RPM x 10 3) 

3 

3 

2.5 

20 

15 

0 
0 

MODE 1 

50 75 100 125 
BEARING STIFFNESS (lb/in. x 103) 

Figure 36: Critical speed map for the ECM2501 

150 175 200 
(lb/in. x 175.118 = N/m) 

w 
.J::. 
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Figure 37 shows the ECM2501 and the model used for the 

analysis with the Air Force transfer matrix program. Be-

cause this program employs a distributed mass matrix and an 

exact bending solution for constant cross-section beams, the 

rotor had to only be divided into segments corresponding to 

changes in cross-sectional area. Any further subdivision 

<?-oes not yield an increase in accuracy. Also, because of 

the distributed analysis used by the program, the user is 

not required to model the rotor with lumped masses. Output 

from this analysis follows which shows a predicted first 

lateral critical speed of 24,500 RPM. This agrees exactly 

with the finite element prediction for the first lateral 

mode of vibration in the horizontal direction. 



9 8 7 6 

136 

SEGMENT NO. 
5 4 

Figure 37: ECM2501 model for Air Force analysis 

3 2 1 



ECM 2501 f<O roR NATUf<AL FREQUENCY ANALYSIS 

SHAFT SEGMENTS = 
SHAFT MATERIALS = 
LUMPED INERTIA STATIONS = 
BEARINGS = 

SHAFT DIMENSIONS 

SEGMENT LENGlll I .D. O.D. 
NO. ( IN) ( IN) ( IN) 

1 1. 6000 0.0 0.5000 
2 0.6500 0.0 1.1500 
3 0.2500 0.0 1.1500 
t1 2.9000 0.0 1 . 3i1no 
5 6.4000 0.0 2.4800 
6 1.9000 0.0 1 . 3L100 
7 0.2500 0.0 1. 1500 
8 1.2500 0.0 1. 1500 
9 2.6000 0.0 1. 0000 

SHAFT MAlEHIALS 

STARTING DENSITY YOUNG'S MOD SHEAR MOD 
NODE ( LBS/CU- IN) ( PS I ) ( PS I ) 

1 
5 
6 

0.2830 
0.2880 
0.2830 

3.0000E+07 1.2000E+07 
2.5000E+07 1.0000E+07 
3.0000E+07 1.2000E+07 

9 
3 
0 
2 

M. I .D. 
( IN) 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

BRG STIFFNESS IS DEFAULTED TO 0.1 LB/IN. 
BRG STIFFNESS IS DEFAULTED TO 0.1 LB/IN. 

BRG STIFFNESS IS DEFAULTED TO 0.1 LB/IN. 
BRG STIFFNESS IS DEFAULTED TO 0.1 LB/IN. 

M.O.D. 
(IN) 

0.5000 
1.1500 
1. 1500 
1. 31tOO 
2. t1800 
1. 3t100 
1. 1500 
1 . 1500 
1. 0000 

BRG ST LOCATION **********VERTICAL PLANE********** **********HORIZONTAL PLANE********** 
NO. NO. 

1 3 
2 8 

( IN) MI SALGN ( IN) 
2.2500 0.0 

13.9500 o.o 
TOTAL WEIGHT 
LOCATION OF C.C. 

LOAD( LB) MOM( IN-LB) MISALGN( IN) 
5.3625 0.0 
6.8290 0.0 

1.2192E+01 (LB) 
8. 8037E+OO ( IN) 

0.0 
0.0 

LOAD( LB) MOM( IN-LB) 
o.o 0.0 
0.0 0.0 

__. 
w 
-....J 



NUMBER OF SPEED GROUPS 

BRG NO 
STN NO 
LOC (IN) 

SPEED 
(RPM) 

2.3000E+04 
2.4000E+04 
2.5000E+04 
2.6000E+04 
2.7000E+04 

1 
3 

2.2500E+OO 
RAD 

(LB/IN) 
1.3192[+05 
1.2627E+05 
1.2191£+05 
1. 1862£+05 
1. 1619E+05 

ANG 
(IN-LB/RAD) 

1 . 5 780E +011 
1. 5873E+Ot1 
1.6072E+o11 
1. 6362E+Ot1 
1. 6729E+Ol1 

2 
8 

1.3950E+01 
RAD 

(LB/IN) 
1.3192E+05 
1.2627E+05 
1.2191E+05 
1. 1862E+05 
1.1619E+05 

ANG 
(IN-LB/RAD) 

1.5780E+04 
1. 5873E+04 
1. 6072E+Ol1 
1. 6362E+Oll 
1. 6729E+Oll 

RAD 
(LB/IN) 

3 

ANG 
( IN-LB/RAD) 

RAD 
(LB/ IN) 

4 

ANG 
(IN-LB/RAD) 

********************•*********CALCULATION SUMMARY********•********************* 

TEST I RUNc-=1 ECM 2501 ROTOR NATURAL FREQUENCY ANALYSIS 

CRITICAL SPEED CALCULATION 

BENDING EXCITAflON STATIONS 
3 8 

LEVEL 2 BEARING DATA 
ROIATIONAL SPEED= 2.3000E+04 RPM FREQUENCY = 3.8333E+02 HZ 

BEAHING 
NO. STN 

1 3 
2 8 

**** TYPE **** 
RADIAL ANGULAR 

* 
* 

LEVEL 2 BEAHING DATA 

******** xx ******** 
K 13 

1.3192E+05 0.0 
1.3192E+05 0.0 

••****** XY ******** 

0.0 
0.0 

K 13 
0.0 
0.0 

ROTATIONAL SPEED= 2.4000E+Ol1 RPM FREQUENCY "' II. OOOOE+02 Ill 

BEARING 
NO. STN 

1 3 
2 8 

**** TYPE **** 
RADIAL ANGULAR 

* 
* 

LEVEL 2 BEARING DATA 

******** xx ******** 
K B 

1.2627E+05 0.0 
1.2627E+05 0.0 

******** XY ******** 

0.0 
0.0 

K B 
0.0 
0.0 

ROTATIONAL_ SPEED = 2.5000E+04 RPM FREQUENCY= 4.1667E+02 HZ 

13EARING 
NO. STN 

1 3 
2 8 

**** TYPE **** 
RADIAL ANGULAR 

* * 

******** xx ******** 
K B 

1.2191E+05 0.0 
1.2191E+05 0.0 

******** XY ******** 

0.0 
0.0 

K B 
0.0 
0.0 

******** YX ******** 

0.0 
0.0 

K B 
0.0 
0.0 

******** YX ******** 

o.o 
0.0 

K B 
0.0 
0.0 

******** YX ******** 

0.0 
0.0 

K B 
0.0 
o.o 

******** yy ******** 
K B 

1.3192E+05 0.0 
1.3192E+05 0.0 

******** yy ******** 
K B 

1.2627E+05 0.0 
1.2627[+05 0.0 

•••***** yy ******** 
K 13 

l.2191E+05 0.0 
1.2191E+05 0.0 

-· w 
00 



LEVfL 2 BEARING DATA 
ROTATIONAL SPEED= 2.6000E+04 RPM FREQUENCY = 11. 3333E+02 HZ 

BEARING 
NO. STN 

1 3 
2 8 

**** TYPf **** ******** XX ******** 
RADIAL ANGULAR K B 

* 1.1862E+05 0.0 
* 1. 1862E+05 0.0 

LEVEL 2 BEARING DATA 

******** XY ******** 
0.0 
0.0 

K B 
0.0 
0.0 

ROTATIONAL SPEED = 2.7000E+04 RPM Fl<EQUENCY = 11. 5000E+02 HZ 

BEARING 
NO. STN 

**** TYPE **** 
RADIAL ANGULAR 

******** xx ******** 
1 3 * 2 8 • 

K B 
1.1619E+05 0.0 
1.1619E+05 0.0 

CRITICAi SPEED DETERMINANTS 

SPEED (RPM) 
2. 3000E+Ol1 
2. IWOOE+Oll 
2. 5000E+Ol1 
2. 6000 E +011 
2. 7000E+OI~ 

DEfEHMINANl 
7.7993E-05 
2. HJ511E-05 

-1.31156E-05 
-3.11157E-05 
-11. 6249E-05 

CO-ROfATIONAL MODE 

******** XY ******** 
0.0 
0.0 

K B 
0.0 
0.0 

******** YX ******** 
0.0 
0.0 

K B 
0.0 
0.0 

•··l+***li·•• YX ***·*·**** 

0.0 
0.0 

I< B 
0.0 
0.0 

RPM LOCA T I ON ( I N) 
2.2500E+OO 
1.3950E+Ol 

DEFLECTION 
7.7235E-Ol 
1.0000E+OO 

SLOPE 
2. lt552E+Oll 

NO OF CO-ROTATIONAL ROOTS= 

******** yy ******** 
K B 

1.1862E+05 0.0 
1.1862E+05 0.0 

******** yy ******** 
K B 

1.1619E+05 0.0 
1.1619E+05 0.0 

__. 
w 
l.O 
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AN INVESTIGATION OF THE THREE-DIMENSIONAL VIBRATION 

CHARACTERISTICS OF A ROTOR-BEARING SYSTEM USING THE 

FINITE ELEMENT METHOD 

by 

Jeffrey Jon Hampton 

(ABSTRACT) 

A vibration analysis of a high-speed rotor-bearing system 

using the finite element is presented. Models were devel-

oped to study the effect of rotor mass and stiffness, sup-

port bearing stiffness, and bearing pedestal stiffness on 

rotor critical speeds. Bearing stiffnesses were obtained 

from a previously-developed computer program. Pedestal 

stiffnesses were obtained from a plane-stress finite element 

analysis. A rotor model which incorporated these bearing 

and pedestal stiffnesses was then analyzed using a three-

dimensional finite element analysis to determine its criti-

cal speeds. Results of this analysis are compared to exper-

imentally obtained data and discussed. Recommendations for 

future analyses, experimental developments, and rotor con-

figurations are given. 
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