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INTRODUCTION 

It is well known that characteristic properties of aerodynamic 

surfaces like 1ift, stall, drag, heat transfer, etc., are 

determined within acceptable engineering accuracy, from the study 

of the inner region Of the flow field, which is confined near the 

body and is commonly referred to as the "boundary layer". From 

a mathematical point of view, the inner region is the domain of 

validity of the inner solution of the full Navier-Stokes equations, 

if the quantity E = ~1~ where Re = U00*L*/v is the Reynolds number, 
!Re 

is small. The boundary layer is a region where the viscous 

effects are dominant. The derivation of the boundary layer equa-

tions has been extensively discussed in literature. 

The determination of characteristic properties of aerodynamic 

surfaces from the study of the boundary 1 ayer fl ow is based on the 

assumption that the boundary layer flow behaves well, i.e., remains 

attached to the surface of the body. However, it has been observed 

experimentally that if the boundary-layer flows against adverse 

pressure gradients for a sufficient distance, the boundary-layer 

flow stops creeping along the body and breaks away into the 

inviscid outer flow, in other words, separation of the boundary-

1ayer flow occµrs (see Fig. 1). Prandtl [l] in 1904 introduced the 

basic ideas of the boundary layer theory, and furnished many 

arguments and suggestions like the existence of similarity solutions 

and the step-by-step integration using polynomials. Since then a 

1 
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tremendous amount of work has been done by numerous researchers on 

steady two-dimensional boundary layers through analytical, numerical, 

and experimental approaches. In the form of self-similar or power 

series solutions, there is a limited number of analytical work 

for specific forms of the potential flow (Falkner [2], Blasius [3], 

Hiemenz [4], Howarth [5], etc.). There are also approximate integral 

methods based on the momentum theorem, as, for example, the well-

known Karman-Polhausen [6], [7] method. All the known effective 

numerical techniques are based on the method of finite differences 

~nd very recently an effort has been initiated on the use of the 

method of finite elements. The earliest numerical method, {Goertler 

[8]) is based on the step-by-step integration suggested by Prandtl 

[l]. Modern numerical methods use implicit schemes, (Flugge-Lotz & 

Blattner [9], Smith and Clutter [10]). Besides the analytical and 

numerical solutions there is a large amount of experimental studies 

of boundary layers. Such studies provide more insight into the 

mechanisms of boundary layer flow, data to compare the validity and 

accuracy of analytical and numerical solutions. and in some cases 

appear to be the only means of approach to certain problems. Time 

independent flow problems are rather limited, while the majority of 

actual life problems exhibit time dependence in various degrees. 

Therefore, the solutions of the steady boundary layer equations that 

have been mentioned up to now, are the first step toward the 

solution of the unsteady boundary layer equations which are more 

difficult because of the introduction of an additional parabolic 



3 

independent variable, the time t. The reader is also reminded 

that the boundary layer equations retain the nonlinearity of the 

Navier-Stokes equations. The most common examples of unsteady 

boundary layers occur when motion is started from rest or when it 

is periodic in time. The importance of unsteady viscous problems 

has been widely recognized as reflected by the large number of 

recent publications on the topic [11]. 

Unsteady viscous flows have been studied rather extensively 

and all the characteristic features of unsteady effects are now 

more or less familiar to fluid mechanicians. Stewartson [12] and 

later Stuart [13], [14], have concisely reviewed the main ideas 

and important contributions on the topic. Most of the existing 

solutions are approximate solutions valid only for special outer 

flow distributions and based on perturbation techniques. Until 

very recently no method has been developed to solve numerically 

the unsteady boundary-layer equations with arbitrary pressure 

gradients. Farn and Arpaci [15] developed an explicit finite 

difference scheme that integrates the unsteady boundary-layer 

equations for arbitrary boundary conditions provided the unsteadiness 

is introduced only as a small perturbation about the steady flow. 

Hall [16] later removed this restriction and introduced an implicit 

finite differencing scheme which is unconditionally stable. ~all 

applied his method to a simple problem involving impulsive changes 

of outer fl ow but with no pressure gradients. Phillips and 

Ackeberg [17] proposed an improved numerical scheme of integration 
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with variable mesh size across the boundary layer and considered 

oscillating outer flows with no pressure gradients. Until then, 

the development of a numerical method for integrating the unsteady 

boundary-layer equations appeared to be an involved exercise in 

numerical analysis that posed no mathematical difficulties and 

seemed to have rather narrow physical significance. Separation 

studies though later revealed, as explained below, that in unsteady 

flows partly reversed velocity profiles appear. This requires 

integration of a parabolic equation in the opposite direction and 

therefore imposes a nontrivial problem. 

In his famous paper Prandtl [l] furnished the basic features 

of boundary layer separation. As it has been pointed out early in 

the introduction, the term separation denotes the point at which 

the fluid stops creeping along the boundaries of a rigid body and 

breaks away into the free stream, thus generating a wake. It is 

well known that this phenomenon is due to viscous effects. Prandtl 

gave a physical explanation of the phenomenon of separation, and 

suggested the criterion au*/an* = 0 at n* = 0 where u* is the 

velocity component parallel to the wall and n* is the coordinate 
I 

normal to the wall. One usually refers to this condition as "the 

criterion of zero skin friction" (see Fig. 2). Prandtl •s criterion 

was widely accepted and extehsively used in literature. Howarth 

[18] has computed the location of separation by numerically 

integrating the boundary-layer equations with linearly retarded 

i nvi sci d fl ow. 
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Evidence about the singular behavior of the boundary layer 

differential equations in the neighborhood of separation was first 

furnished by Hartree [19] a little less than forty years after 

Prandtl 's first publication. · Hartree r~peated Howarth's numerical 

calculations more carefully and concluded that at separation the 
a2u* derivative as*an* and the v*-component of the velocity blow-up 

like (s0* - s*)r-l where s0* - s*is the distance in the upstream 

direction from separation and r was found to be less than 1 and 

greater than 1/4 (see Figs. 3, 4, and 5). Further support for the 

existence of a singularity was furnished by the subsequent work of 

Goertler [20] who employed series expansion methods and Leigh [21] 

and Terrill [22] who repeated more carefully Hartree's calculations. 

Goldstein [23] undertook in 1948 an analytical investigation of 

the matter. He suggested an expansion valid in the vicinity of 

separation and assumed that the stream function can be expanded as 

where ~ and n are defined as follows: 

He then substituted these expressions in the boundary-layer 

equations, solved successfully some of the equations for fi' and thus 

showed that the boundary-layer equations accept a solution of the 

above form. Stewartson [24], [25], [26] contributed a great deal 

to the theory of Goldstein, both in depth and breadth by introducing 

log terms to complete the expansion,by considering compressible 



6 

fluids, etc. Kaplun [27] later formulated the problem on a 

different basis but died before the completion of his work. The 

literature on this topic is inclusively reviewed by Brown & 
Stewartson [28]. 

For more than fifty years of research in boundary-layer theory, 

Prandtl 's criterion [l] of vanishing skin friction has been used 

to predict effectively the phenomenon of separation. Only in the 

late fifties some concern was registered by Moore [29], Rott [30] 

and Sears [31] about the validity of this criterion. It was then 

recognized that the classical criterion may lead to erroneous 

results in cases other than two-dimensional flow over fixed walls. 

Sears [31] proposed a definition for the phenomenon in unsteady 

flow. He suggested a ~definition for unsteady flow>1erc.r-d1on) 

namely ''the appearance of a stagnation point and a dividing flow 

trajectory between boundary-layer and wake fluids in the flow seen 

by an observer moving with the separation point. 11 Hartunian and 

Moore [32] have considered the case of a slowly moving point of 

separation. The similarity of the flow in the neighborhood of 

separation, for steady flow over moving walls and unsteady flow 

over fixed walls,\~as also pointed out. Vidal [33] and Ludwig [34] 

verified experimentally the theoretical models for the steady flow 

over moving walls (see Fig. 6). Stewartson [24] used for the point 

of zero skin friction the term 11 separation 11 of the boundary layer 

(xs) and for the point where 11 the main stream is observed to leave 

the neighborhood of the wal1 11 the term 11 break-away 11 (x8). He also 
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noted that the points x8 and x5 may not coincide, which is equivalent 

to the arguments of Refs. [29]-[31] (see Fig. 7). For a detailed 

account of the terminology often found in literature and various 

concepts related to the phenomenon of separation the reader is 

referred to the review article of Sears & Telionis [35]. 

The question was and unfortunately remains in many cases 

embarassing: If the vanishing of the skin friction is not the 

appropriate criterion for separation, then what should be an 

acceptable substitute, equally effective, unambiguous and practical? 

In fact, as it will be explained later, the concept of separation 

itself is difficult to grasp in unsteady flow. It should be 

emphasized here that Prandtl 's criterion of separation holds for 

the case of steady flow over fixed walls, for which it was introduced, 

even within the framework of the full Navier-Stokes equations and 

has also been proved a valuable too1 for predicting separation 

experimentally. A correct definition and a convenient criterion 

for unsteady separation is therefore needed to fill the void not 

only for the boundary-layer theory but for the general field of 

fluid mechanics. 

The importance of the above work [29-34] was duly recognized, but 

for one more decade no progress was made in solving this difficult 

problem. The interest revi ved in 1971. Despard and Miller [36] 

performed some experiments for inviscid flows that oscillate about 

a mean value and suggested a criterion for the location of separation 

which was found in this case to be practically independent of time . 
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Stuart [14], describing the flow about a cylinder started 

impulsively from rest, refers to the separation bubble at the 

rear of the cylinder which is still within the boundary-layer. He 

then "hesitates to describe this boundary-lay~_r phenomenon" as 

"separation, 11 since "it does. not involve the large-scale breaking-

away of fluid, which we tend to associate with that term. 11 Sears 

and Telionis [37], [38] proposed a theoretical model for unsteady 

separation based on the concept of Goldstein's singularity. 

Buckmaster [39] studied the initial unsteady evolution of the 

singularity at separation by considering a small impulsive change 

of the pressure gradient in the vicinity of the separation point. 

Ruiter et al. [40] have examine~with flow visualization techniques, • 

the separation of unsteady boundary layers over oscillating air-

foils. Tennant, [41], Telionis and Werle [42] and Tsahalis and 

Telionis [43] have later examined the behavior of steady boundary-

layer separation with nonvanishing wall conditions. Telionis, 

Tsahalis and Werle [44] were able to demonstrate numerically that 

the point of zero skin friction is nonsingular but a singularity 

develops at a downstream station for pressure gradients that becomes 

more adverse as time increases. Finally, Williams and Johnson [45] 

were able to obtain semi-similar solutions of the unsteady two-

dimensional boundary-layer equations for a certain class of flows 

and in effect verified all the points of Refs. [37] and [38]. 

In the present study a method is developed to solve numerically 

the unsteady boundary-layer equations with arbitrary pressure 
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gradients, capable of integrating through the point of zero skin 

friction into partially reversed flow and the properties of the 

boundary layer flow and separation in unsteady flows are studied in 

detail. In particular the singular behavior of quantities like 
a2u* an*as*' v*, etc., is investigated and compared with the prediction 

of Goldstein, Moore and Sears & Telionis and the path of zero skin 

friction and separation singularity with respect to time is 

determined. Comparison of the numerical results with existing 

analytical, numerical and experimental results is made whenever it 

is possible. 

It is emphasized here that the properties of unsteady separation 

play an important role in fluid and structural mechanics because 

of their drastic effect on control forces generated by aerodynamic 

surfaces and loads carried by aerodynamic structures. 

The first chapter of this work is concerned with the governing 

equations and modifications of Goertler's transformation pertinent 

to the present numerical analysis. 

In the second chapter the numerical integration of the two-

dimensional steady boundary-layer equations is briefly described. 

The transformation of the governing equations to a quasi-steady 

form and the numerical integration is discussed in detail. 

In the third chapter the problems of an impulsively started 

cylinder and an ellipse at an angle of attack are studied. 

In the fourth chapter the problem of an impulsively changed, 

linearly retarded,,outer flow distribution is considered. 
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In the f~fth chapter the problem of oscillatory flows 

with non-zero mean velocity and adverse pressure gradients is treated. 

A sixth chapter is included with conclusions and recommendations. 



CHAPTER I 

THEORETICAL MODELS 

1.1 Unsteady Boundary-Layer Equations 

1. 1.l Dimensional Form. Lets* and n* be the dimensional 

coordinates along and perpendicular to the surface of the body, 

u* and v* the corresponding dimensional velocity components 

respectively (see Fig. 8) and t* the dimensional time. Then the 

two-dimensional incompressible unsteady boundary-layer equations 

read 

( l . l ) 

( l . 2) 

In Eq. (1.2), Ue* is the outer flow velocity, or in the terminology 

of inner-outer expansions, the inner limit of the outer expansion 

and v is the kinematic viscosity. 

The classical boundary conditions that the system of Eqs. (1 .1) 

and (1.2) should satisfy are 

u*(s* ,0 ,t*) = uw *(s*, t*) (1. 3) 

v*(s*,O,t*)= vw*(s*,t*) ( l . 4) 

and 

11 
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u*(s*,n*,t*) + Ue*(s*,t*) as n* + o* ( 1 • 5) 

where uw*(s*) is the velocity of the skin of the body, vw*(s*) is the 

strength of blowing or suction and o* is the thickness of the boundary 

layer. 

1.1.2 Dimensionless Form. The dimensionless variables are 

defined by 

s* 
s = L*' 

- u* 
u =Li*' 

00 

n* 
n = L*' 

- v* 
v =Li*' 

00 

u * 00 

t = t*L* 

where L* is a representative length and U00* is a representative 

velocity. 

(1.6) 

(1.7) 

The boundary-layer equations {1.1) and (1.2) and their boundary 

conditions (1.3) - (1 .5) in their dimensionless form read 

and 

au+ av= 0 as an 

- - - "U "rr 2-au - au - au 0 e - oue 1 a u at + u as + v an - at - U e as = Re ~ 

u(s,O,t) = uw(s,t) 

v(s,0,t) = vw{s,t) 

u(s,n,t) + Ue{s,t) as n + o 

( 1 .8) 

(1.9) 

(l.10) 

(l.11) 

(1.12) 
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U *L* 
00 In Eq. {1.9) Re c: -v- is the Reynolds number. 

In the limit of Re+ 00 , a stretching transformation is 

introduced as follows 

s = s, N = nv'Re" t = t 

u = u, v = v/Re 

and finally the boundary-1 ayer equati ans become 

au au 2 
~+u~+v~--e-u ~=.!...!! at as aN at e as aN2 

and the boundary conditions become 

U ( S , 0 , t) = UW { S , t) 

. v ( s '0 ' t) = vw ( s 't ) 

u(s,N,t) + Ue(s ,t) as N + 00 

1.2 A Modification of Goertler 1s Transformation 

{1.13) 

(1.14) 

(1.15) 

(1.16) 

(1.17) 

(1.18) 

(l.19) 

For the steady problem the numerical integration in the 

Goertler plane [20] is very convenient, because the thickness of 

the boundary layer in this plane grows very mildly. For this reason 

it was decided to generalize the transformation equations by 

including the independent variable of time in two different fashions. 
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1.2.l First Modification of the Goertler Transformation. 

{Implicit depence on time). This modified transformation is 

introduced according to 

s 
t = t(t,s) = f Ue(t,s)ds 

0 

Ue(t,s) 
n = n(t,S,N) = . N m 

T = t{t) :: t 

( l . 20) 

( 1. 21 ) 

{1.22) 

Notice that t appears implicitly in the first and second of these 

equations. The derivatives with respect to s,N,t in terms of 

derivatives with respect to -r, t, n, according to the chain rule are 

l_ = l_ ~ + _L h + !_ dT 
as at as an as a-r as (1 .23) 

{l.24) 

(1 .25) 

The partial derivatives according to Eqs. (l.20) through (1.22) become 

(l.26) 

21 = u as e (l.27) 
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. u an .... e 
aN- ~ 

at,; _ s aue ar - J at ds 
0 

(l.28) 

(1.29) 

(1. 30) 

Substituting Eqs. (1.26) through (l .30) into Eqs. (1.23) through (1 .25), 

the derivatives with respect to s, N, t take the form 

a _ u a + an a rs- e~ asan 

a _ s aue a (n aue n ac;:) a a 
~t - J -;;---t ds . ~~ + - - - - -;:;T • - + -
o 0 o as u e at 2 c;: a 1. an aT 

The quantity ~i appearing in Eq. {l.31) is calculated as follows. 

A first derivative of Eq. (1 .21) with respect to s, yields 

Notice that 

ac;: = u as e 

(1. 31) 

{ 1. 32) 

( 1 . 33) 

(1. 34) 

( 1. 35) 
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and 

Hence 

u u au an _ ( ...L N) ( -.!.) ( 2~ ~ _ 1 ) as - m 2~ ue a~ 

Taking into account the definition of n from Eq. (1.21) 9 Eq. 

(1.37) takes the final form 

u 
an = n ~ (a - 1 ) as 2~ 

where a is the pressure gradient parameter given by 

By virtue of Eqs. (l.31) through (1.33) and (1.39) the continuity 

and momentum equations, Eqs. (1.15) and (1.16) respectively, are 

written in terms of the Goertler independent variables as follows 

2.,'! + !L ( s-1) au + _J_ av = 0 
a~ 2~ an ;rr an 

au s aue au 
"'l:" f ;--t ds + (!L ~ - !La~)~+~+ 
o~ O o Ue at 2~ at an ClT 

u u 
+ u U ~ + --L ( S-1 )nu ~ + v ~ ~ .. 

ea~ m an man 

(l.36) 

(1. 37) 

(1.38) , 

(1 . 39) 

(1 .40) 
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The boundary conditions (1.17) through (l .19) now take the form 

A new dependent variable is defined for the s-component of the 

velocity by 

(l .41) 

(1.42) 

(1 .43) 

(l.44) 

(1.45) 

and a modified N-component of the velocity is introduced according , 

to 

{l.46) 

where V is the new modified dependent variable. 

In terms of the new dependent variables the continuity and 

momentum equations, Eqs. (l.40) and 0.41), respectively take the forms 

2~ ~ + F + ~ = 0 
a~ an (1 .47) 
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au s1 au 
~ (F-1) ~ + fL EI. J i e ds u 3 at u 2 a~ o ar-

e e 

(l.48) 

The boundary conditions (1.42) through (1 .44) are now written as 

(l.49) 

(1. 50) 

F(~,n,T) + l as n + 00 (1 .51) 

The derivative of Ue with respect to the original time variable t is 

retained in equation (l.48) since the function aue/at is readily 

available. 

It is worth mentioning here that for an impulsive start or 

an impulsive change of the outer flow conditions, all terms · au 
containing the factor ate cancel out. Such problems of course 

would require the knowledge of the flow field at time t = O+, 

that is immediately after the impulse. 

In this case the momentum equation (l.48) reduces to 
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2 .LE. + A aF + A F + A + A 1E. + A aF = 0 
an2 1 an 2 3 4 at 5 oT (1.52) 

where 

A1 = -V (l .53) 

A2 = -SF (1.54) 

A = 13 3 ( 1 • 55) 

A4 = -2t,;F ( 1 • 56) 

2t,; (1 .57) A - - -5 - u 2 
e 

The continuity equation (1.47) and the boundary conditions (1 .49) 

through (1.51) retain the same form. 

1.2.2 Second Modification of the Goertler Transformation 

(Independent of time). The previously described first modified 

Goertler transformation suffers from the disadvantage that for 

rectangular mesh configuration in the (t,;, n, T) space the mesh 

configuration of the physical space (s, N, T) is not rectangular 

due to the time dependence of Ue. This disadvantage introduces 

considerable difficulties in transferring the data, obtained with 

integration in the plane (~,n), which is time independent, to the 

physical plane (s,N), for transient outer flows and specifically in 

oscillating flows. In the latter case the mesh configuration 
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(s,N) appears to deform in an 'oscillatory manner. Therefore 

the first modified Goertler transformation is effective only for 

unsteady flows with Ue = constant. Such unsteady flows are the 
·- - --- - -- - -- ·--- --- --- - --·-- ------- · 

impulsively started flows and impulsively changed flows. In these 

cases Ue(s,t) in Eqs. {l.20) and {l.21) is replaced by Ue = 
constant for t ~a+ where a+ represents the infinitely small 

time in which the impulsive start or change takes place. For 

the cases of transient or oscillatory inviscid outer flows, a 

new transformation is introduced, which eliminates the time 

dependence in s and n, as follows 

1" = -r{t) = t 

Now Uem(s) is a representative velocity distribution of the time 

varying outer inviscid flow. For example for transient flows it 

could be Uem(s) = Ue(s,O) or for oscillating flows it could be 

Uem(s) = if~+T Ue(s,t)dt where Tis the period of oscillations. 

( 1 • 58) 

(1.59) 

(1.60) 

The derivatives with respect to ~,N,t) in terms of derivatives with 

respect to ~,T,rV according to the chain rule are obtained from 

equations (1.23), (1.24), (l.25) by substituting 

a-r _ as _ a-r _ as _ an _ 0 as - aN - 1rn" - at - at - (1 .61) 
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where now 
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a~ - u as - em 

!E. = 1 at 

a . _ u a + aq a as - em~ as an 

a _ uem a 
aw - man 

a _ a 
8f - a:r 

( 1. 62) 

(1 .63) 

(1 . 64) 

( 1. 65) 

( l • 66) 

(1 .67) 

(l.68) 

In equation (l.68) Sm is a pressure gradient parameter independent of 

time 

( l • 69) 

By virtue of Eqs. (1.65) through (l.67) and (1.68), the continuity 

and momentum equations (1.15) and (1.16), respectively are written 

in terms of the Goertler independent variables as follows 



22 

(1. 70) 

u 
2_!! + u[U ~ + em {f3 _ l) au] aT em as n 2s m an 

u au au u 2 2 
+v~~-,.._..!-uu ~=~4 
~ an at e emas 2s an~ 

{l . 71 ) 

The boundary conditions {l.17) through {l.19) now take the form 

{1.72) 

{l .73) 

{l .74) 

Again the same dependent variable 

{1. 75) 

is used for the s-component of the velocity so that F tends to l at 

the edge of the boundary layer and a new modified N-component of the 

velocity is introduced according to 

In terms of the new dependent variables the continuity and 

momentum equation, Eqs. {1.70} and (1.71) .respectively, take the 

form 

{l. 76) 
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and 
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Bl ~ + B F + .£Y. = 0 aE,; 2 an 

ue s, = 2£,; -u 
em 

2 
1.£ + A * 2f. + A *F + A * + A * .££. + A * .££. = 0 an2 1 an 2 3 4 aE,; 5 aT 

where 

G/:.;) 

/ 2c aue·.· / ue A * = I ~ + Q 3 , 2 at ,.· ! µ -u -
\ uem ue , em 

---· ' ., 

- ue 
A4* = -2£,; - F 

uem 

\ '1 
\) ( (Ci j 

(1.77) 

(1. 78) 

(1. 79) 

(1.80) 

(1 .81) 

(1.82) 

(1 .83) 

(1.84) 

(1 . 85) 
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In Eqs. (l.82) and (l.83) Sis the time dependent pressure gradient 

parameter defined in Eq . (1.39). 

The boundary conditions (1 .72) through (l.74) are now written 

as 

{l.86) 

(1 • 87) 

F{~,n,T) + 1 as n + 00 {l.88) 

aue 
Notice that for Ue = Uem' and ar- = O, B1 and B2 reduce to 2~ 

and 1 respectively and the transformation reduces to that of section 
) 

1.2.1, that is Eqs. (1.47) and (1.52). 



CHAPTER II 

NUMERICAL ANALYSIS 

2.1 The Mesh Configuration 

2.1.1 The Three-Dimensional Mesh. The boundary layer 

differential equations are written in a form similar to the 

steady-state equations (see Refs. [42], [46]}. In this way the 

time dependence is incorporated in the coefficients of the 

steady-state form. The two dimensional Goertler plane (~, n} is 

then swept in the direction of increasing ~' in exactly the same 

way as in the case of steady flow. The only difference is that 

now the values of F(~,n} for each mesh point k,m (see Fig. 9} are 

stored to be used in the formulation of a time derivative. 

Integration proceeds downstream in this way, until the location of 

separation is met. At this point the time is incremented and the 

calculation starts all over again from the leading edge. The 

stored values of the function F from the previous time plane are 

now used to evaluate the time derivatives. While integrating again 

in the downstream direction the stored values of F are replaced by 

the new computed values. 

The spacing of the grid points in the (~,n) plane is discussed 

in the following sections, while the spacing in the T-direction is 

kept fixed. 

25 
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2.1.2 Finite Difference Mesh Model in the {~,n) Plane. The 

use of equally spaced grid points, in the ~ormal direction, in 

numerical calculations of steady laminer boundary layers, has been 

proved effective (see Refs. [42], [43], [46])because of the relatively 

simple shape of the F-velocity profile. However for unsteady 

boundary layers, the use of equally spaced grid points is not 

practical because of the complexity of the F-velocity profile . 

This is due to the fact that in the portion of the boundary layer 

next to the wall, reversed flow may appear which is usually very 

thin, especially in the immediate vicinity of the moving point of 

zero skin friction. In Fig. 10 the function ~~lw is plotted in 

the neighborhood of zero skin friction to show the appearance of 

disturbances resulting from the use of equal spacing of grid 

points in the n-direction, which may be even mistaken for a 

separation singularity. Therefore it is imperative to have a 

number of grid points within this portion of reversed flow in 

order to be able to obtain convergent valid solutions of the govern-

ing equations. Since a certain number of grid points must be 

placed within this relatively thin portion of the boundary layer, 

the use of equally spaced grid points would require unrealistically 

large storage and computing time. In order to avoid the use of 

a large number of grid points in the normal direction, a variable 

grid-point spacing in this direction must be employed. 

The use of equally spaced grid-points in the ~-direction was 

proved effective for the numerical integration of the unsteady 
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boundary layers as it has been proved for steady boundary layers 

(see Refs. [43], [44]). The use of variable spaced grid-points 

in the s-direction, even if it is desirable for the reduction 

of the storage and computing time, is prohibited as it is explained 

later in this section. However the size of the ~s step must not 

be too large, say larger than half of the average thickness of 

the boundary layer, because it was found that if the grid-spacing in 

the s-direction is coarse the singular behavior of the numerical 

solution near separation is missed all together. Werle and Davis 

[46] suggested, for the case of steady boundary layers, a variable 

~s step size as separation is approached, which vanishes as the 

square of ~Fl , in order to get the best definition of the n w 
singular behavior of ~Fl as it approaches zero. Any attempt 

n w 
to devise an analogous variable ~s step size for unsteady boundary 

1 ayers would introduce great difficulties because it would 

require extrapolations in order to match s-locations between two 

time planes, due to the fact that separation is moving. That is 

the grid spacing in the longitudinal direction will be different 

at each time step. The use of such mesh configurations is there-

fore prohibited for the present numerical method. This will 

become obvious in section 2.2 where the unsteady boundary layer 

equations are reduced to their steady form. 

For the particular problems treated in the present work it 

was found that ~s = 0.005 or ~s = 0.01 are more or less optimum 

values. 
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2.1.3 First Type of Variable Grid Point Spacing. The grid 

point spacing is rendered variable in the n-direction in the 

following way. The total width of the space of integration in 

the n-direction is divided in two portions of different sizes 

with the thin portion next to the wall (see Fig. 11). The width of 

the inner layer is determined by the requirement that at least half 

of the portion of the reversed velocity profile must be embedded 

in this region. The grid points are equally spaced in both 

regions .but the constant step size in the inner region, 6n , is a 
l 

small portion of the constant step size of the outer region, 6n . 

For example if the total thickness of the n-strip is covered 

by 80 points, the thickness of the inner region is covered by 
6n 

20 points with ~ = 10. Therefore if j grid points were 
n1 

spaced in the inner region then l.3j grid points are required 

in comparison to 4j grid points required if we had used 6n = 
l 

0 

constant throughout the n-strip. Therefore the required storage 

and computing time is reduced in this way by 67.5%. 

2.1.4 Second Type of Variable Grid Point Spacing. The grid 

point spacing in the n-direction is rendered variable in such a 

way that the ratio of any two successive steps is a constant K, 

that is the successive 6ni·~ form a geometric progression. 

( ) i-1 6ni = K t.n1 i = 1,2, ... (2. l ) 

In equation (2.1), 6n1 is the spacing between the second grid point 
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and the wall {see Fig. 12). This particular approach has been 

found to be satisfactory by a number of investigators; for 

example by Phillips and Ackerberg [17] and by Harris [47]. The 

total thickness of the n-strip is given by 

K ~ 1 {2.2) 

where iii denotes the total number of grid points across the n-strip. 

For given 11'ffi' K and m the spacing of the grid points is then well 

defined. For each particular problem optimum values of ~n1 , K and 

mare selected. For example for oscillating outer flows ~nl = 0.004, 

K = 1.08 and ID= 81 Were found to be practical. 

2.2 Transformation of the Governing Equations to a Steady Form 

As it was pointed out in section 1.2.2 the first modification 

of the Goertler transformation is effective only for unsteady 

flows with Ue =constant. Therefore Eqs. {l.47) and (1.52) 

are considered with Ue = constant, since they correspond to an 

impulsive change or start of the inviscid flow. 

Since the continuity equation, Eq. {l.47), has the same form 

in either steady or unsteady flow, the reduction to the steady 

form is necessary only in the momentum equation, Eq. {l.52). 

This reduction is achieved by expressing the time derivative in 

Eq. (1.52) in a difference form. The term~~ is evaluated at 

the point {k, m) in the time plane T, by using the stored 

value of F at the same point (k,m) in the time plane T - ~T of the 
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the previous time step, (Fig. 9), that is 

aFI = F-Fo + O(b.t) 
a-r k ,m b.-r 

The quantities F and F0 are collected in the linear and constant 

terms of the differential Eq. (1.52) respectively. 

In this way the steady form of the governing equations 

related to the first modification of the Goertler transformation 

are obtained. 

and 

where 

As 
a2 =A + -2 b.T 

The continuity and momentum equations, Eqs. (1.77) and (l.80) 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

(2.7) 

(2.8) 

(2.9) 



31 

respectively, pertinent to the second modification of the 

Goertler transformation, are reduced to the corresponding steady 

form in the same way. 

where 

aF av s1 ~ + s2 F + an = o 

2 
li + a * EE + a * F + a3* + a4* ~~ = 0 an2 1 an 2 a~ 

a * = A * 1 1 

A * a*=A*+l 2 2 f1T 

A * 
a * = A * - ~5~ F0 3 3 f1T 

a * = A * 4 4 

2.3 Integration of the Two-Dimensional Steady Problem 

(2 .10) 

(2 .11) 

(2.12) 

(2.13) 

(2.14) 

(2.15) 

2.3.1 Finite Difference Equations. The transformed steady 

form of the governing equations is integrated at each time step in 

the (~,n) Goertler plane, in exactly the same way as in the case of 

steady flow. A brief description of the numerical method is 

included for completeness. 

Consider the system of the differential equations pertinent to 

the steady problem, 
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s' 2£. + s' F + ~ = o 1 a~ 2 an {2 .16) 

{2 .17) 

' ' where the coefficients s1 and A1 are functions of the dependent 

and independent variables, thus preserving the nonlinear character 

of the boundary layer equations. 

The boundary conditions are 

F{~,0,T) = FW{~,T) 

V{~,0,T) = Vw{~,T) 

F{~,n,T) + 1 as n + 00 

{2.18) 

{2 .19) 

{2.20) 

The parabolic set of Eqs. {2.16) and {2.17) is integrated according to 

a finite difference approach similar to that developed by Flilgge.:.Lotz 

and Blattner (9]. The improvement on the basic approach of Ref. [9] 

consists of the increase in the accuracy of the solutions. This 

improvement concerns the F and V dependence of the coefficients of 

Eq. {2.17) which are meant to represent finite difference approxima-

tions of the current values of F and V. For more references the 

reader is referred to Werle and Davis (46]. Central and backward 

differences are used in an implicit manner, to evaluate derivatives 

at the mesh point (k, m), of the nth time plane, in the~ and n direc-

tions for variable grid spacing in then-direction (see Fig. 13). 



33 

aGI 
an k ,m,n 

- ~-- ... ... ... ·· 
G - G / . -

aGI 
"§I k,m,n = 

k,m,n k-1 ,m,n + O(~~) 
b.~ ' . 

where G represents either For V, b.nu = nk,m+l,n - nk,m,n' 

b.nl = nk,m,n - nk,m-l ,n with n = 1 for the steady problem. The 
above expressions are substituted in Eqs. (2 .16) and (2.17) and 

coefficients of Fk,m+l ,n' Fk,m,n and Fk,m-l,n are collected. In 
this way the momentum equation is written at the station k as 

A' F + 81 F k,m,n k,m+l,n k,m,n k,m,n 

+ C' F = D' k,m,n k,m-1,n k,m,n 

where the coefficients A'k , B'k , C'k and D'k,m,n ,m,n ,m,n ,m,n 

(2.21) 

(2.22) 

(2.23) 

(2.24) 

depend on the values of~ and e as well as the values of F and V at 

the stations k and k-1. The solution of Eq. (2.24) for Fk,m,n is 

quite straightforward and is discussed in detail by Conte [48] or 
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Carnahan, Luther and Wilkes [49]. The continuity equation is 

then solved directly for V after a solution for F has been obtained. 

2.3.2 The Numerical Procedure. The numerical integration 

proceeds in an implicit manner in the direction of increasing ~. 

At each station (k,m,n) the coefficients of Eq. (2.24) are 

evaluated at the previous station (k-1,m,n) and the syst.em of 

Eqs. {2.24) is simultaneously solved for the velocity profile F 

at the station {k,n). The values Fk n are then used to ,m, 
update the coefficients of Eq. {2.24) and this procedure is 

repeated until convergence is achieved. It was found that two 

iterations are enough for the solution to converge at a station k, 

while the number of iterations increases rapidly as separation is 

approached. Werle and Davis [46], and Telionis and Werle [42] and 

Tsahalis [50] solved the differential equations {2.16), {2.17) subject 

to the boundary conditions (2.18), (2.19), (2.20) for the case of 

steady flow about a parabola at an angle of attack with fixed 

and moving surface of the parabola respectively. Telionis and 

Werle were able to demonstrate that the vanishing of skin friction 

in this case is not related to separation. Indeed they integrated 

smoothly through a point of vanishing skin friction and discovered 

further downstream a Goldstein-type singularity at a station where 

all the properties of separation according to the model of Moore, 

Rott and Sears were present (see Fig. 14). It was also numerically 

demonstrated that the singular behavior is not uniform with n, the 
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distance perpendicular to the wall, but it is initiated at a 

point away from the wall leaving below a region of nonsingular 

flow. Later Tsahalis and Telionis [43], treated the more general 

case of steady flow over a parabola with blowing and confirmed 

the findings of Refs. [42], [46]. Tennant [41] was able to verify 

at least qualitatively the findings of Refs. [42], [50]. In 

Ref. [46] Werle and Davis have based their criterion of 

convergence at each station, on the value of the skin friction. 

According to this criterion convergence of the solution at the 

station k has been achieved if the skin friction fails to change 

from one iteration to the next by more than 1 in the fourth 

decimal place. 

It appears that for the study of the phenomenon of separation 

in steady flows this is an appropriate choice because according 

to Goldstein's theory [23], the separation singularity is uniform 

in the n direction. As a result the instabilities that appear 

as separation is approached and the final inability for convergence 

at the station of separation are independent of the coordinate n 

at which the test for convergence is implemented. 

However, as it has been pointed out earlier in this section, 

(Refs. [37], [38], [45]), the singularity is not uniform in then-

direction in unsteady flows. Therefore it was imperative to base the 

convergence criterion at each station on the value of the derivative 

~~ at a number of points which cover the entire thickness of the 

boundary layer. Such test points were located at m = l, 20, 40 

and 60. 
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The initial profiles at the stagnation point, s = 0, required 

to start the downstream integratio~ are automatically generated 

in this approach because the governing equations reduce for s = 0 

to their self-similar form. For certain problems the outer velocity 

Ue is not zero at s = 0. Hence the origin s = 0 is neither a 

stagnation point nor a leading edge but can be thought of as a 

compatible initial profile at some initial station s = 0. It is 

emphasized though that the downstream features of the flow appear 

to be very little affected and Howarth's main results and the 

features of separation for steady flow were verified (see Refs 

[42], [43], [46]). 

It is also advantageous to be able to start the integration 

with an experimental profile as initial profile. The computer 

program has been designed to accept such initial profiles . This 

ability is extremely important when it is not easy to locate the 

origin of the boundary layer, for exampl~ in nozzle walls. 

2.4 Integration of the Unsteady Boundary-Layer Equations 
. aF aF a2F Introducing Eqs. (2. 36), (2 .21) and (2. 22) for 3F°"' a and - 2 

s n an 
respectively into Eqs. (2.5) and (2.11) pertinent to the first and 

second modification of the Goertler transformation respectively and 

collecting the coefficients of Fk,m+l ,n' Fk,m,n and Fk,m-l ,n' the 
following expressions are obtained 

A F + B F + C F = D k,m,n k,m+l,n k,m,n k,m,n k,m,n k,m-1 ,n k,m,n 

1/A* " 'F + B* F + C* F = D* \ , k , m , n ; k , m+ 1 , n k , m , n k , m , n k , m , n k , m-1 , n k , m , n 
\ :_ 

(2.25) 

(2.26) 



37 

In Eq. (2.25) the coefficients A, B, C and 0 are 

A - --..---1--...... k,m,n - 6n (6no+6n ) 

B k,m,n 

u .{.. u 
.. 

2 6nu-6n.e. a4 
= - 6nu6n.e. + 6nu6n.e. al + a2 + 26~ 

Also in Eq. (2.26) the coefficients A*, B*, C* and O* are 

(2.27) 

(2.28) 

(2.29) 

(2. 30) 

(2. 31 ) 

(2.32) 

(2.33) 

(2.34) 

The form of Eqs. (2.25) and (2.26) is identical to the steady form, 

Eq. (2.24), therefore the same subroutine can be used fot numerical 

integration. Notice that the continuity equation remains unaltered 

and hence it couples with the momentum equation in the same way as 

for steady flow. 
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2.4.1 The Upwind Differencing Scheme. One of the main points 

of this research is to demonstrate that the vanishi.ng of the skin 

friction is not in general an indication for separation and that 

it is not always accompanied by a singular behavior. This would 

imply that the boundary layer calculation should proceed downstream 

of the point of zero wall shear into a region where a portion of 

the flow is reversed without the simultaneous breakdown of the 

boundary layer equations. Because of the nonlinear character of the 

boundary layer equations,the change in sign of the u -velocity 

component reverses the proper direction of integration. Therefore 

it is required to integrate a parabolic equation in the wrong 

direction and this cannot be achieved without considering data from 

the right of Fig. 15 which is now the upstream direction for the 

reversed fl ow. 

A "mixed version" of the E;-derivative was suggested by 

Werle, M. J. capable of taking into account the appropriate data 

in the region of the field where the velocity profile is reversed. 

According to this "mixed version" the t;-derivative was formed as 

follows 

aFI _ 1 { ) + (b:r) at=" - t:,'C: Fk+l m n-1 - Fk m n O t,'C: 
"' k,m,n "' ' ' ' ' "' 

{2.35) 

However this method was abandoned because instabilities and 

discontinuities were introduced in the vicinity of the first negative 

values of F, as it is explained in detail in Ref. [50]. 
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An alternative scheme of 11 upwind differencing 11 inspired by an 

analogous model introduced by Krause [51] is employed in the present 

work. According to this scheme the ~-derivative is approximated 

by the mean value of F differences as follows 

~~lk. n·. = 2l~ ITFk+l ,m,n-1 - Fk,m,n-1) + ,m, 

The advantages of the above scheme are its implicit dependence on 

the time step ~T and its validity for calculating ~ derivatives 

in regions of both positive and negative F. 

2.4.2 Consistency of the Difference Scheme. A finite 

scheme is consistent if the difference (truncation error) between 

the partial differential equation and the difference equation 

goes to zero as the distance between grid points reduces 

uniformly to zero. 

(2 .36) 

The consistency of finite difference equations can be determined 

by the following procedure which was applied here directly on the 

governing equations, either Eqs. (1.471 (l.52) or (1.771 (l.80) 

which are of the form 

- aF - av Bl at + B2 F + an . = 0 (2. 37) 

(2.38) 
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Equations (2.3), (2.21), (2.22) and (2.36) neglecting their higher order 

terms, were substituted into Eqs. (2.37) and (2.38) and the 

following difference equations were obtained. 

-Bl 
- (F - F + F - F ) 
2~~ k+l ,m,n-1 k,m,n-1 k,m,n k-1 ,m,n 

A 
+ ..2. (F - Fk,m,n-1) = O ~T k ,m,n 

Then each dependent variable in Eqs. (2.39), (2.40) was replaced 

by its Taylor expansion about the grid-point (k,m,n) given by 

G = G + - ~~ - - ~T aGI aGI 
k+l ,m,n-1 k,m,n d~ k,m,n dT k,m,n 

(2. 39) 

(2 .40) 
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2 2 I + 1 a GI (tiFJ2 + Jr !..§. (tn-)2 
2T a?" k,m,n 2· ai k,m,n 

_ aG I . · l a2G I 2 G - G - - 6T + - -- (6T) k,m,n-1 k,m,n aT k,m,n 2! aT2 k,m,n 

1 a3G I 3 4 - -31 -3 k m n(6T ) + 0(6T ) 
' aT ' ' 

2 
G = G + aG I t.n + _1 lil (M )2 
k,m+l,n k,m,n an k;m,n u 2! an2 k,m,n u 

+ 1r a3GI (tin )3 + O(t.n 4) 
3· an3 k,m,n u u 

aG I 1 a2G I ( 2 G = G - - 6n + ?T - 6n ) k,m-1,n k,m,n an k,m,n l 2. an2 k,m,n l 

G - G - - 6f,, _ aFI k-1 ,m,n k,m,n at,, k ,m,n 

where G represeD_ts either F or V and the following equations were 

obtained 

(2.41) 

(2.42) 

(2.43) 

(2.44) 

(2.45) 
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81 ~~I + 82 Fk m + ~vi + O(~T) 
s k,m,n , ,n n k,m,n 

(2.46) 

a2F I - 2EI + A - - aF I -::-2"" + Al an k,m,n 2 Fk m n + A3 + A4 at,; · an k,m,n ' ' k,m,n 

(2 .47) 

Finally Eqs. (2.37), (2.38) evaluated at (k,m,n) were subtracted from 

Eqs. (2.46), (2.47) respectively and the following truncation 

errors were obtained 

Continuity (2.48) 

Momentum (2.49) 

From Eqs. (2.48) and {2.49) it is obvious that TrE + O as ~F,; + 0, 

~nl ~ 0, ~nu+ 0 and ~T + O. Therefore the finite difference 

scheme employed in this work is consistent. 

2.4.3 Local Stability and Convergence. Convergence means 

that the exact solution of the finite-difference problem (in the 

absence of the round-off error) tends to the solution of the 

partial differential equation as the grid spacings tend to zero 

(see Ref. [ 49]) . 
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Richtmyer [52] presents a theorem attributed to Lax [53] 

which demonstrates that, provided the consistency criterion is 

satisfied, stability is both a necessary and sufficient condition 

for convergence. A similar conclusion is also reached by Douglas 

[54]. Since the consistency of the present finite difference 

scheme has been established in section 2.4.2 the stability 

criterion needs only to be investigated in the light of the 

above cited theorem. 

No general method exists for the determination of stability 

of simultaneous non-linear finite difference equations. However 

under the assumption that the coefficients of the difference 

equation are constant the nonlinearity is eliminated and the 

existing methods for simultaneous linear difference equation can be 

utilized. This assumption is generally referred to as a "local" 

stability requirement (see Ref. [55]). 

As it has been pointed out in section 2.4 the final form of 

the momentum finite difference equation is of the form 

A F + B F k,m,n k,m+l,n k,m,n k,m,n 

+ C F = D k,m,n k,m,n k,m,n (2.50) 

where the coefficients A,B,C and Dare functions of F, F0 , a and V. 

Under the assumption that Eq. (2.50) is linear the stability 

requirement is automatically satisfied since the stability of 

linear simultaneous difference equations resulted from the 
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application of the implicit finite difference scheme has been 

proved by a number of investigators, for example see Refs. [9], [49]. 

Therefore the "local 11 stability and convergence of the finite 

difference equations, employed in the present work, has been 

established. 

2.4.4 The Collapsing of the Range of Integration. As 

mentioned in section 2.4.l if on the plane t 0 - ~t there exists 

reversed flow at the final station, s0 , then to allow sweeping of 

the t 0 -plane all the way to s0 one needs information from downstream 

of s0 . In our case the station s0 coincides with separation and 

hence no information is available at any s > s0 . It is therefore 

imperative to quit the downstream marching in the plane t 0 at a 

station st < s0 . The station st should be determined by two 

conditions. The first requires that at least one mesh point is 

abandoned at each time plane. The second requires that any 

messages from downstream, traveling in the negative s-direction 

with the maximum of the reversed flow velocity, umax' have not 

arrived at st in the time interval ~T. Let up be equal to ~s/~t 

and ud equal to u a , respectively. The functions s1(t) = ftupdt . m x 0 

and s2(t) = ftuddt then define two paths in the (s,t) plane that 
0 

describe the collapsing of the domain of integration in the 

s-direction; that is at each time t 0 , the integration should 

terminate at a station st(t0 ), such that st(O) - st(t0 ) >max 

[s1(t0 ), s2(t0 )]. 



CHAPTER I II 

IMPULSIVELY STARTED FLOWS 

Problems of impulsively started flows have certain properties 

that make them attractive for consideration using numerical 

methods. The outer flow remains steady after the flow has started 

and the field is allowed to relax in time until balance between 

convection and diffusion of vorticity is attained and a steady state 

is recovered. The term aue/at, is therefore missing from the 

differential equation and the deviation of the unsteady flow from 

the quasi-steady one is most strikingly indicated. On the other 

hand, the numerical solution is simplified if the outer flow is 

independent of time, although Telionis, Tsahalis and Werle [44] 

have indicated how the method can be applied to time dependent 

outer flows. Blasius [3] was the first to study the impulsive 

start of a cylinder in a viscous fluid. Goldstein and Rosenhead 

[56] have later carried the Blasius approximation to a higher 

order. Schuh [57] studied the same problem by a method based on 

the momentum integral equation, whereas Yang [58] included the 

effect of heat transfer. Wang [59] employed the method of inner 

and outer expansions in order to study the appearance of separated 

bubbles. Fairly recently, various authors (Jain & Rao [60], and 

Thoman & Szewczyk, [61]) have solved the problem by integrating the 

full Navier-Stokes equations in their unsteady form. 

45 
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3.1 Formulation of the Problem and Method of Solution 

For impulsively started flows the appropriate governing 

differential equations in the (s,n) Goertler plane, are Eqs. 

[2.4] and [2.5] that resulted from the first modification of the 

Goertler transformation. The corresponding boundary conditions 

(l .49), (1.50), (1.51) are replaced by 

F(s,O,T) = v(s,O,T) = o 

F(s,n,T) + l as n + 00 

( 3. 1 ) 

(3.2) 

The initial conditions for flows started impulsively from rest are 

+ F(s,n,T) = 1 for n > o at T = o 
V(s,n,T) = o + at T = 0 

The corresponding difference equation for the numerical 

solution is Eq. (2.25). Let the number of grid points in the s, 
n and T direction be k, iii, n respectively. In indicial notation 

the boundary conditions (3.1), (3.2) and the initial conditions 

(3.3), (3.4) are then written 

F = V = 0 k,l ,n k,l ,n 

and 

(3.3) 

(3.4) 

(3.5) 

(3.6) 
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Fk,m,l = 1 form> 1 

vk,m,1 = 0 

The boundary condition (3.6) then can be approximated by 

where E is a small quantity which for the present calculations is 

given the value 0.0001. If condition (3.9) is not satisfied then 

the number m, which loosely represents the thickness of the 

(3. 7) 

(3.8) 

(3.9) 

boundary layer, is increased and values Fk,m,n = 1 are stored at the 

new grid points. 

The unsteady boundary-layer equations are integrated for blunt 

two-dimensional cylinders and it would be desirable to arrive at each 

time step, at the rear stagnation point or very close to it. This 

is impossible due to the need to collapse the grid, as it has been 

explained in section 2.4.4, but an arbitrary scheme was introduced 

here to allow the integration to proceed for all time steps, until 

the same grid point. The scheme, (2.36) permits the calculation of 

Fk-l,m,n in terms of Fk,m,n-l· The value of Fk,m,n was then 

approximated by a Taylor expansion in terms of Fk-l ,m,n' Fr-2,m,n 

and Fr-3,m,n and was stored at the grid point (k,m,n). The 

solutions thus generated are of course artificial and arbitrary and 

no physical conclusions were attempted for regions that lie within 

their domain of influence. 
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.The initial conditions (3.3) and (3.4) together with 

the wall conditions (3.1), (3.2) correspond to a vortex sheet 

that covers the solid boundary. A differencing scheme would 

of course be unable to start integrating with these initial 

and boundary conditions that involve infinite slopes of the 

unknown function. To start the calculations it was required 

\ 

) 
I 

I 
for very sma 11 times to use an asymptotic ex pans ion . For sma 1 y' 

times the convective terms of the momentum equation are much 

smaller than the unsteady and viscous terms (Blasius [3]) and hence 

the zeroth order problem of the asymptotic expansion becomes 

.· 2 . au _ a u 
at - art' (3.10) 

u(s,O,t) = 0, u(s,00,t) + Ue(s). (3.11) 

The familiar solution to the above problem is 

u ( s , N , t ) = U e ( s ) e rf ( _l!_) , .· 
2/f 

where erf( ) stands for the error function. 

(3.12) 

The above solution was 

evaluated at t = 0.001 and the values of F = u/Ue were stored at the 

grid points of the plane n = l to serve as initial conditions. Time 

was then incremented by ~t = 0.05 and integration started from the 

point k = l, marching downstream in the plane n = 2. The method 

requires f x m number of storage points corresponding to the two-

dimensional (E;,n) grid. 



The singularity that appears at the rear stagnation point was 

simply avoided by stopping the calculation a little upstream of this 

point. It turned out that this did not deprive the investigation of 

the opportunity to study the appearance of zero skin friction since 

its temporal path is weakly varying with time , for small times and 

can easily be extended to the stagnation point in this neighborhood 

as it will be explained later. 

3.2 The Circular Cylinder 

At first the function Ue(s) was calculated from the classical 

potential flow solution about a circular cylinder. The computer 

program required approximately one to two hours of execution time 

in order to proceed to times of the order of 2 or 3 with steps 

~t = 0.05. With the non-dimensionalization adopted in the present 

problem the distance~ from the forward, e = 0, to rearward, e = 180°, 

stagnation point of the circular cylinder is ~ = 4.00. The mesh 

size used in this interval was 6~ = 0.01, while the vertical mesh 

size was variable according to section 2.1.3, with ~n = 0.002 and 
\ 

~n = 0.02. 
0 

Figure 16 shows typical results of the present calculations. 

The time required for zero skin friction to appear at the rear 

stagnation point was found to agree with the calculations of 

Blasius (3], that is, ts = 0.35. Goldstein and Rosenhead [56] 

have later carried the expansion to the third-order and corrected 

the time to separation to ts = 0.32. It is interesting to note 

that the full Navier Stokes exact solution of Thoman and Szewczyk 
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[61] as well as the results of an inner and outer expansion of 

Wang [59] indicate that the Blasius value is correct. Wang 

believes that the Goldstein and Rosenhead solution fails to account 

for the curvature and induced interaction. However the present 

numerical analysis of the boundary-layer equations also indicates 

that ts ~ 0.35. The appearance of a point of zero skin friction 

though signals only the initiation of a region of reversed flow 

and does not imply separation, as Stuart [14] has also noted when 

interpreting Thoman & Szewczyk's results. In the same figure the 

location of the point of zero skin friction has been plotted for 

later times. It can be seen that the agreement with the exact 

solution is fairly good until approximately t = 1.0. Fort> 1.0 

the thickening of the wake significantly alters the potential flow, 

thereby rendering the present method inaccurate. The solution 

though shows that the point of zero skin friction tends 

asymptotically to e = 104.5° which is in agreement with the steady 

state calculations of Terrill [22], also performed with a sinusoidal 

outer velocity distribution. 

From t = 0.35 and until t e 0.65 the integration proceeds 

through the shaded area of Fig. 16 until 8 ~ 180° without any signs 

of singular behavior. At about t ~ 0.65 and in the neighborhood of 

e = 140° a singularity appears, that travels upstream following 

the point of zero wall shear. In terms of the displacement 

thickness this singularity appears as a steepening of the slope, 

which is a typical characteristic ,of the Goldstein singularity. 
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However, in order to indicate more clearly some features of the flow, 

the v-component of velocity at a certain height from the wall has been 

plotted in Fig. 17. The dots in the figure represent actual 

calculated points. Note that for the first few curves after 

t ~ 0.65 the singular behavior is somewhat confused. For this 

reason these are not identified here as a separation singularity 

according to the model of Sears and Telionis [37], [38]. The 

corresponding points in Fig. 16 are represented by a filled 

symbol. After approximately t ~ 0.8 though, the singular behavior 

appears to have all the familiar properties of a Goldstein 

singularity which has been encountered in the calculations for 

steady flow over fixed walls (~/erle & Davis, [46J)~for steady flows 

over moving walls (Telionis & Werle, [42] and Tsahalis & Telionis, 

[43])and unsteady flow (Telionis, Tsahalis & Werle, [44]). 

It is believed that the appearance of this singularity is not 

a mere creature of the particular numerical procedure adopted, but 

a natural response of the boundary-layer model to separation as 

predicted by Sears and Telionis [37], [38]. True, the appearance of • 

a singularity at a certain time, t, could generate a disturbance 

that would propagate upstream through the reversed flow and give 

rise to a new singularity at t + 6t. This would then appear as a 

traveling singularity of the form plotted in Fig. 16. This though 

is not the case, because the maximum negative velocity times the 

time step ~t is smaller than the increment of upstream displacement 

of the singularity. The appearance of the singularity therefore, at 
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locations that fall on a smooth path in Fig. 16 seem to indicate 

a feature inherent in the mathematical model and not the numerical 

technique. Cooke and Robins (Belcher, Burggraf, Cooke, Robins & 
Stewartson, [62]) have performed similar calculations but have 

encountered instabilities and inaccuracies after t > 0.45 and 

e; 104°. Their mesh sizes though were very crude (for example 

~e = rr/18, compared to ours ~e = rr/400) and as a result their 

calculation could proceed through a singular point into a region 

that both mathematically and physically should be discarded. Note 

that the region in which a singularity may develop may be as 

small as ~e = rr/40. 

Figure 16 shows how the separation singularity travels in time 

approaching asymptotically the steady-state location of the point of 

zero skin friction. At t + 00 therefore a point of steady separation 

at e = 104.5°, is recovered, characterized by both vanishing of wall 

shear and a typical singularity of the form so extensively studied 

{Goldstein [23], Stewartson [24], see also review article of Brown 

and Stewartson [28]). The results of the calculations of Thoman and 

Szewczyk [61] indicate indeed an unexpected thickening of the 

boundary layer but in the vicinity of e = 135° and at t ~ 1.0 to 

1.5 (see Figs. 18 and 20 of Thoman & Szewczyk [63]). It is shown in 

the above reference that a "secondary vortex" generates an unsteady 

wake. It should not be expected to compare the present solution 

favorably with the above results for times larger than 0.8 to 1.0, 

since the present outer flow distribution is already far from the 
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actual one. Previous experience has indicated that the location of 

separation is affected a little by the mesh size. Cutting down the 

quantities ~~ and ~n, makes the singular behavior more pronounced. 

The time step ~t seems to play an important role too. In the 

present case, combinations of smaller or larger mesh sizes have been 

tried. For example ~t assumed the following values: 0.1, 0.05, 

0.03 or 0.02. For smaller time steps, points of zero skin friction 

were found closer and closer to the station e = 180° and the value 

t = 0.35. It was not possible though to find any points of the 

separation singularity in the interval 145° < e < 180°. The 

vertical position of this point in Fig. 16, that is, the time 

at which separation appears for the first time, was found to be 

more sensitive to ~t steps, ranging from t = 0.61 to 0.67. It is 

believed that the evidence presented supports the fact that the 

unsteady boundary~layer equations can still be a valuable tool even 

if a portion of the flow is reversed. Further, the boundary-layer 

model seems to have innerent the ability to develop a separation 

singularity at approximately the station where the actual flow 

develops a secondary vortex which is the initiation of the wake. 

3.3 The Elliptic Cylinder at an Angle of Attack 

Let a1 and b1 be the major axes of an elliptical cylinder at an 

* angle of attack a with respect to an oncoming stream U00 (see 

* Fig. 18). Let the typical length L be given in this case by 
* a1 + bl 

L = 2 and assume that all coordinates in the sequel are 
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non-dimensionalized with this length. If x and y represent a 

cartesion system of coordinates along the major and minor axes 

of the ellipse and c is the focal length, then the elliptic 

coordinates {n,~) can be defined according to 

y = c sinh~sinn 

Elimination of.Ti in Eqs. {3.13), {3.14) yields 

x2 + Y2 = 1 
c2cosh2~ c2sinh2~ 

If~ is constant, then Eq. {3.15) is the equation of an ellipse 

with semiaxes 

a = c cosh~ 

5 = c sinh~ 

{3.13) 

(3.14) 

(3.15) 

(3.16) 

(3.17) 

If the elliptical cylinder under consideration is represented 

by 

.., 
~ = b (3.18) 

and 

(3.19) 

then Eqs. {3.16), (3.17) yield 
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a 
cothb = -1 :: k b1 e 

Elimination of~ from Eqs. (3.13), (3.14) then yields 

x2 y2 = l 
2 2- - 2 . 2-c cos n c sin n 

For a constant value of n, Eq. (3.21) represents a hyperbola. 
* * .... 

(3.20) 

(3.21) 

Let U , V be the n and ~ velocity components of the potential 

flow with zero circulation about the elliptic cylinder ~ = b, then 

(see Ref. [64]) 
* * u - b - 1 U =-;. sin(n+a)(e~ + e2 -~)(sinh2~ + sin2n)- 12 (3.22) 

On the ellipse ~ = b, n varies through the range of 2n, as on 

a circle in polar coordinates r is constant and 8 varies. In 

fact in the present case, n is called the eccentric angle of a 

point on the ellipse. If a1, e are the polar coordinates of a point 

r on the circle circumscribing the ellipse of semiaxes a1, b1, 

~ee Fig. 18), the perpendicular from this point to the x axis 

intersects the ellipse at the point r• with coordinates 

x = a1cose 

From Eqs. ( 3 .13), ( 3 .14) for ~ = b and Eqs. ( 3. 23), ( 3. 24) it is 

deduced that 

a = n 

(3.23) 

(3.24) 

(3.25) 
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Therefore the U* ve1ocity component of the potential flow on the 

surface of the ellipse ~ = b, obtained from Eq. (3.22) in terms of 

e, has the following form 

(3.26) 

where a is the angle of attack. This particular configuration was 

chosen in order to compare the present results with those of Wang 

[64]. The integration was started again at the stagnation point 

e = -a and proceeded this time in increments of e, in order to 

avoid the estimation of elliptic integrals. Straightforward 

algebra then yields for s increments: 

wheres' is the distance along the surface of the ellipse, (see 

Fig. 18) measured from the point x = a1, y = O. 

(3.27) 

Calculations were performed here independently for the upper 

and lower regi ans of the e 11 i pt i ca 1 cylinder with D.e = 1°. The 

solution (3.12) was used again in order to help the starting of the 

integration immediately after the impulsive start. In order to 

compare with Wang's solution some of his calculations were repeated 

for Re+ 00 • Figure 19 shows with a solid line the temporal path of 

the points of zero skin friction as calculated by Wang's method and 

with little circles the results of the present method. Note that the 

point of zero skin friction does not appear for the first time at the 

rear stagnation point. Instead at about t = 0.16 the skin friction 
vanishes first at an angle e ~ 0.94~ below the stagnation point and 
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later, at t = 0.43, the skin friction vanishes above the stagnation 

point at an angle e ~ 0.16n. Two regions of reversed flow are 

generated there that grow as time increases. It is remarkable that 

a boundary-layer calculation, say for example fort= 0.6, {see Fig. 

19) integrating in the direction of increasing e, encounters a point 

of zero skin friction ate~ O.lOTI, proceeds through a region of 

negative velocities through another point of zero skin friction at 

e = 0.30TI, marches further downstream until it encounters again a 

third point of zero skin friction, that marks the initiation of 

another recirculating bubble, and finally terminates close to the 

point e = 0.7TI. Notice also that the two branches of the curve that 

are obtained by integration along the top and the bottom of the 

cylinder, respectively, seem to be in perfect match at the point 

8 = 0.7TI. 

Figure 20 shows a few typical velocity profiles at t = 0.721, for 

various stations along the wall. The first and the last profiles 

correspond to regions of attached flow before and after the region 

of reversed flow. The second and fifth profiles were selected so as 

to be as close as possible to the points of zero skin friction. The 

third and fourth profiles are representative of partly-reversed flow. 

Separation singularities again appeared in these calculations, 

but neither at the rear stagnation point nor at any of the points of 

zero skin friction. In the lower part of the flow a separation singu-

1 arity appeared at e ~ 0.82rr and t = 0.42, while in the upper part of 

the flow it appeared at e ~ 0.6lrr and t = 0.83. Both points of 

separation showed some tendency to propagate upstream. At this 
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point more realistic data either from experiments or from exact 

solutions of the Navier-Stokes equations are needed in order to 

proceed further with comparison of the present results. This is 

due to the fact that the presence of these singularities should 

probably correspond to the appearance of secondary vortices, just 

like in the case of a circular cylinder, and Wang's solution does 

not seem to show evidence of such phenomena. Actually, there is 

no sense in carrying these calculations any further since the 

appearance of a singularity at the bottom surface of the ellipse 

signals the initiation of a wake and from then on the potential 

flow with zero circulation ceases to be meaningful. It is 

believed that the discrepancy in Fig. 19 for the upper part of the 

flow is due to the fact that at t ~ 0.42 separation has appeared 

already in the lower part and hence the potential flow already 

departs from the zero circulation solution. 

In an attempt to show graphically how the region of reversed 

flow grows, the thickness h(e) of the layer of negative velocities 

has been plotted in Fig. 21. 

In Fig. 22 the conventional displacement thickness has been 

plotted. The reader should notice again that for a certain time, 

the branches arriving at e = 0.7'1T by numerical calculations on 

the upper and lower surface~of the cylinder seem to match per-

fectlYin value and slope. Comparison of Figs. 21 and 22 indicate 

approximately how the regions of reversed flow grow in time. 



59 

3.4. Conclusions 

The results presented in this chapter have domonstrated 

that for unsteady flow the boundary-layer approximation does not 

break down, if a portion of the velocity profile is reversed. In 

fact, in the case of an impulsive start of the outer flow considered 

ln this chapter, a thin film of reversed flow may cover a portion 

of the solid boundary. It should be recalled that the self 

similar solutions of the boundary layer also include profiles with 

reversed fl ow. 

The agreement of the present results with exact numerical 

solutions of the full Navier-Stokes equations and perturbation 

solutions for the cases of impulsively started circular and elliptic 

cylinders respectively, is fairly good. Therefore, it is 

believed that the results presented in this chapter, and 

especially the phenomenon of secondary vortex appearance provide 

convincing evidence that the singularity which was studied 

numerically corresponds to unsteady separation. The reader is 

cautioned to the fact that no experimental method of investiga-

tion or solution of the full Navier-Stokes equations either analytical 

or numerical, could ever verify the properties of the separation 

singularity which is a characteristic feature of the boundary-layer 

equation alone and does not appear at the point of zero skin 

friction when the Navier-Stok~s equati~ns are used. 



CHAPTER IV 

IMPULSIVELY CHANGED FLOWS 

In this chapter the unsteady boundary-layer equations are 

solved numerically for an impulsive change of the outer inviscid 

flow. These problems are particularly interesting because a thin 

layer of reversed flow that covers completely the solid boundaries 

is encountered immediately after the impulsive change of the 

outer flow. Real life problems exhibiting this kind of unsteadiness 

are the sudden change of angle of attack of fast moving remote 

controlled aircrafts, rockets, etc. 

4.1 Formulation of the Problem 

The appropriate governing differential equations are again, 

as in chapter III, Eqs. (2.4) (2.5) and the boundary conditions 

are now 

F(~,0,T) = V(~,0,T) = 0 

F(~,n,T) + 1 as n + 00 

The initial conditions for impulsively changed flows are 

60 

( 4 .1) 

(4.2) 

( 4. 3) 

(4.4) 
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The functions FH and VH which again include a vortex sheet as 

explained in the following section represent the initial flow 

field and their choice will be discussed in the following section. 

The corresponding difference equation for the numerical 

solution is Eq. (2.25). Following the notation of section 3.1 

the boundary conditions (4.1), (4.2} and the initial conditions 

(4.3), (4.4) become 

F = k, l ,n Fk,l ,n = O 

F - = l k ,m, l 

and 

F = FH - 6Ue k,m,l k k ,m 

v = v k,m,l Hk,m 

( 4 .5) 

(4.6) 

(4. 7) 

(4.8} 

The comments in section 3.1 about the numerical integrations of the 

unsteady boundary-layer equations apply also in the integration 

of the present problem. 

4.2 Method of Solution 

In the present problem impulsive changes of the outer flow 

from some initial distribution Ue (s) to a final Ue (s} are considered. 
1 2 

The first modification of the Goertler transformation, Eqs. (1.20) and 

(1.21), which is employed in the present analysis and the new 

dependent variables F and V,Eqs. (l.45), (l.46),are based on the 

new distribution Ue (s). . 2 
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It is well known that a flow generated impulsively at ttme 

t = 0 from rest is at first inviscid, while vortex sheets are 

generated along all solid boundaries ~ef. [3].) Vorticity then 

diffuses away from the boundaries and the flow field tends 

asymptotically to a steady state viscous flow. Watson [65] and 

Askovic [66] have proved that the process of an impulsive change 

of the flow is similar to the impulsive start and that the inviscid 

flow generated by the impulsive change is superimposed on the 

already existing viscous flow. Again vortex sheets are generated 

on the solid boundaries that subsequently diffuse into the flow. 

This theorem is applied to a particularly simple outer flow 

distribution, the linear distribution considered by Howarth [18] 

U = l - As e 

The impulsive change can be implemented by assuming that at time 

t = 0 the value of A jumps from A1 to A2. Hence 

According to this theorem now the change ~Ue = (A2 - A1)s is 

inviscid and should be superimposed on the established viscous 

solution. 

(4.9) 

(4.11) 

If uH(s,N) and vH(s,N) corresponds to the steady state solution 

with an outer flow given by Eq. (4.10) then at t =a+ the flow field 
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should be given by 

(4.12) 

+ v(s,N,O ) = vH(s,N) (4.13) 

and therefore a vortex sheet is generated on the wall. 

Figure 23 depicts schematically this situation. The velocity 

field given by the Eqs. (4.12) and (4.13) will be considered as 

the initial flow field for the unsteady problem. One of the 

advantages of this particular outer flow distribution is that 

for t .s_ 0 and t ~ 00 the flow field corresponds to two solutions 

of the family considered by Howarth. These are steady-state 

solutions for outer flow distributions given by Eqs. (4.10) and 

(4.11) respectively and can therefore be checked with Ref. [18] 

or calculated with a steady-state scheme of integration. For 

these two extreme cases now the location of separation is 

unambigiously defined as the point of zero skin friction. Howarth 1s 

calculations have shown that the distance to separation is given by 

Ss = 0.120/A (4.14) 

The purpose of this problem is to study the motion of the point of 

separation as it departs from the steady state location s1 (see 

Fig. 23) corresponding to A = A1 and asymptotically tends to the 

steady state location s2 corr~sponding to A = A2. 

The numerical analysis encounters again a difficulty for small 

times and very close to the wall, as in the case of an impulsive 
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start. This difficulty is due to the inability of the numerical 

scheme to reproduce a vortex sheet. An approximate analytical 

solution for small times was therefore derived and incorporated in 

the computer program to help start the calculations. It is 

known that for impulsive changes and for very small times the 

convection terms of the momentum equation are much smaller than 

the unsteady and viscous terms. The problem in the nondimensional 

form can therefore be approximated with 

u(s,0,t} = 0 

u(s,N,t} + Ue (s) as N + oo 

2 

(4.15} 

(4.16} 

(4.17} 

(4.18} 

where uH is the solution of the steady state problem corresponding 

to a Howarth outer flow distribution given by Eq. (4.10). The 

solution to the above problem is 

(4.19) 

The steady state equations with Ue, given by Eq. (4.10} were first 

integrated in order to store the quantities uH(s,N} and vH(s,N}. Then 

uH(s,N) was replaced by equation (4.19} evaluated at a very small t, 

ue1 was replaced by ue 2 with A2 > A1 and the computer program was 
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left to continue the numerical integration. 

One of the most interesting features of the time-dependent 

flow field under consideration is that att = a+ the point of 

zero skin friction "jumps" from s1 to s = 0. As time tends to a+ 
from above of course we recover the vortex sheet which is 

equivalent to a wall shear tending to -00 for all s. It will be 

proved that the first point where the shear will increase to zero 

is indeed the point s = 0. The wall shear for small times and 

by virtue of Eq. {4.19) is 

aul auHI s - = - (A -A ) -
aN N=O ~ N=O 2 l 2/f 

{4.20) 

It is therefore observed that for a fixed station s, the wall shear 

can be made as small as we please for small enough time t. That is 

~1 -+ -oo as t -+ o+ 
aN N=O 

{ 4. 21 ) 

It remains to compare two values of the wall shear for fixed 

time t
0 

and two stations s1 and s11 where s1 < s11 . 

The difference of the quantities 

(4.22) 

can be written according to Eq. {4.20) as 
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auHI auHI k - - - (s - s ) 
~ s "§"fir s 2/f I II 

I II 
(4.23) 

But the solution of the problem for uH has indicated that the shear 

auH/.aNI varies with a power r of s less than unity. This implies 
N=O 

that the Quantity (4.22) becomes positive as sI 

It is therefore, concluded that for N = 0, 

- s1I tends to zero. 
+ and t + 0 the wall 

shear is everywhere negative and absolutely smaller at s1 than at 

s11 , if sI < s1I. The zero of the wall shear therefore tends to 

s = O as t + o+ from above. Any claim that this should be the 

behavior of separation should definitely disturb the conscience 

of any fluid dynamicist. 

4.3 Results and Discussion 

In the present problem the appearance of the Goldstein 

singularity has been used again as a criterion for separation (see 

Refs [37 ], [38]). 

The numerical analysis with A1 = 0.05 and A2 = 0.07 has 

indicated that for small times the vortex sheet governs the whole 

field and the typical features of the erf function are still present. 

This can be observed in Fig. 24 where the point of zero skin 

friction Szf(t) appears to be traveling downstream at a very large 

rate fort< 1, while for this time interval the location of the 

singularity appears practically stationary. This singularity is 

interpreted as unsteady separation Su{t) and therefore, the analysis 

indicates that the location of separation and hence the beginning of 
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the wake, starts moving very slowly at first towards the upstream 

direction. 

For times larger than 1, t > 1, the point Szf reverses its 

direction and starts traveling upstream. At this instant the 

location of separation has started moving at a larger rate in the 

upstream direction too. The two paths for large times are shown 

to approach asymptotically the location s2 of steady state 

separation corresponding to the new outer flow distribution Ue . 
2 

The peculiar behavior of Szf(t) for small times may appear erroneous 

to the reader and for this reason the same calculation has been 

repeated with a very small time step and fort< 1. The function 

Szf(t) is plotted again in Fig. 25 with a magnified time scale. 

Note that the point of zero skin friction appears for a certain 

time interval to be stationary at abouts= 2.1, before it starts 

again moving in the upstream direction. The physical interpretation 

of this phenomenon is based on the characteristic properties of 

vortex diffusion. It is known that the accumulated vorticity on the 

wall affects mostly its neighboring points and therefore the wall 

shear distribution is governed at first by the process of vorticity 

diffusion. The negative infinite slopes tend to increase rapidly 

towards zero and at some points toward positive values. On the 

other hand the change of the flow due to the new pressure distribution 

has actually the opposite trend. After all, the slopes of the 

velocity profiles have to decrease well before s2, so that the zero 

skin friction criterion for separation is met at s = s2 at t ~ w, in 
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a region where the skin friction was positive at t = O. 

To demonstrate more clearly the fact that the two effects of 

the vorticity diffusion and the pressure gradient are counter-

acting each other, we have plotted in Figs. 26 and 27 the velocity 

profiles at s = 2.000 ands= 2.237, for various instances t. Note 

that the rate of increase of the velocity with time is smaller 

for points farther away from the wall. In fact the numerical 

results indicate that for very large n the velocity profiles are 

crossing each other (this is not shown in Figs. 26 and 27). 

In Figs. 28 and 29 a detail of the velocity profiles for a 

very small n and for very small times has been plotted in order to 

demonstrate more clearly the effect of the vorticity diffusion. 

In Fig. 30 the paths of the zero skin friction in time, 

Szf(t) for A1 = 0.05 and various values of A2 have been plotted. 

In Fig. 31 the corresponding paths of unsteady separation Su(t) 

have been plotted. In all cases both curves tend asymptotically 

to the location of steady state separation corresponding to the 

outer flow distribution given by Eq. (4.11), that is, the points 

s1, s2, s3, s4 and s5. It should be noted that the point of 

separation remains practically at its original location s1 for 

the initial time interval of ~t ~ 1. It is evident from the 

plot of the zero skin friction that this interval corresponds 

to an inner time region which is dominated by vortex diffusion. 



CHAPTER V 

OSCILLATING FLOWS 

Unsteady aerodynamic phenomena involving periodic oscillations 

may often be effectively represented by quasi-steady models. 

In problems though like the rotating stall in axial flow 

compressors or the stalling flutter of an airfoil, the appearance of 

high frequencies often invalidates the assumption of quasi-steady 

flow. Lighthill [67] studied for the first time in 1954 the 

response of a laminar boundary layer to small oscillations of the 

outer flow field, Ue(s,t) = U0 (s) + £U1(s)eiwt. He indicated that 

for small £ and for large frequencies and/or distances from the 

leading edge, the solution tends to a Stokes shear wave and for 

small frequencies and/or distances from the leading edge, he 

proposed a solution based on the Karman Polhausen method. Rott 

[30] and Glauert [68] have independently considered stagnation 

flow on an oscillating plane. Rott & Rosenzweig [69] and Lam & 
Rott [70] extended the work of Lighthill and later Ackerberg and 

Phillips [71] reconsidered the problem and formalized the procedure 

in order to join rigorously the asymptotic expansions valid in 

different domains of the flow field. Lin [72] and Gibson [73] 

considered the same problem with larger values of£ but£< 1. 

The range of validity of the above solutions is confined by 

assumptions like extreme values of frequency, small values of£ 

and U0 (s) = u1(s). Such limitations can be waived only by employing 

69 
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numerical methods to solve the unsteady boundary layer equations. 

Hall [16] developed a scheme of numerical integration but considered 

only an impulsive change of the outer flow. Phillips and Ackerberg 

[17] proposed an improved numerical scheme of integration with variable 

mesh size across the boundary layer and considered oscillating 

outer flows with no pressure gradients. Telionis, Tsahalis & 
Werle [44] reported on the effect of pressure gradients but considered 

only transient or impulsive changes of the outer flow. The present 

chapter reports on the results of a numerical investigation of 

an oscillating boundary layer with adverse pressure gradients. 

There have been rather limited efforts to investigate the 

problem experimentally [74] [75]. Moreover, both analytical and 

experimental methods seem to experience considerable difficulties 

in regions of strong adverse pressure gradients and especially as 

separation is approached. The most recent experimental effort to 

examine the region of separation and meaningfully interpret the 

experimental results is due to Despard and Miller [36]. Despard 

and Miller found experimentally that for the frequency range they 

examined, the location of separation is rather insensitive to the 

oscillationsof the outer flow. They then observed that all the 

characteristic features of separation appear at the station of 

"the initial occurrence of zero velocity or reverse flow at some 

point in the velocity profile, throughout the entire cycle of 

oscillation" and they defined this station as "laminar boundary-

layer separation in oscillating flows". Schneck and Ostrach [76] 
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have later successfully used this definition to study internal 

flows with immediate applications to the blood flow in arterial 

vessels. 

In general, one would expect that the point of separation 

would respond, with some phase angle, to the oscillations of the 

outer flow. Evidently, as the frequency w + 0, the flow field 

tends to become quasi steady and the point of zero skin friction, 

which then coincides with the point of separation, would oscillate 

so that instantaneously it would be located at the point of 

separation of the corresponding steady state flow. The experiments 

of Despard and Miller therefore indicate that as the frequency 

increases and due to the unsteady effects, the amplitude of 

oscillation of the point of separation quickly goes down. Separation 

then appears to be stationary but displaced from the location that 

corresponds to steady separation with outer flow the mean of the 

oscillating outer flow. 

In this case too the domain of integration should be ever 

collapsing as described in section 2.4.~ This implies that a 

boundary layer calculation could never solve the problem of a 

downstream moving separation, since the station of separation is 

a natural upper limit of the domain of integration. Consequently, 

the case of an oscillating point of separation is also forbidden, 

but a calculation of oscillating boundary layers is undertaken 

here,only because Despard and Miller indicated that for reasonably 

high frequencies, the point of separation remains unaffected during 
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a period of oscillation. Since portions of the flow are reversed 

though, it is not possible mathematically to derive a solution 

steady in the mean, in the neighborhood of separation. An outer 

flow distribution was chosen here that is steady in the mean but 

the calculations were started in such a way that the boundary layer 

goes through a transitional time interval corresponding to an 

upstream moving point of separation. Various properties of the 

flow field are compared against numerical and experimental solutions. 

The neighborhood of separation is studied for the first time and 

features like time lag or advance of various flow properties are 

investigated. 

5.1 Formulation of the Problem 

The appropriate governing differential equations in the (~,n) 

Goertler plane for oscillatory flows are Eqs. (1 .77l (l.80),that 

resulted from the second modification of the Goertler transforma-

tion. The boundary conditions are Eqs. (1.86), (1 .87), (1 .88) 

with Fw(~) = Vw(~) = O and the corresponding difference equation 

for the numerical solution is Eq. (2.26). The appropriate initial 

condition for the present numerical technique is a steady boundary-
au I layer flow at t = 0 provided that ate = 0. 

t=O 

5.2 Oscillatory Outer Flows 

Calculations were performed for unsteady flows that oscillate 

harmonically about a Howarth (Ref. [18]) outer flow distribution, 

that is a linearly retarded flow of the form 
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* * * * U0 (s) = U ~ b s co l (5 .1) 

* * where Uco is the free stream mean velocity and b1 is a constant. 

If only the magnitude of the oncoming stream oscillates about 

a mean, then the velocity distribution on the boundary of a solid 

body has the form 

* * * * * * * ue = uo (s ) + ul (s ) cos (w t ) (5.2) 

* * * * ' where u1(s ) = CU0 (s ), (Lighthill ~7]), and where C is a constant. 

C is often assumed to be small when analytical methods are employed 

but this restriction does not carry over to numerical methods. In 
* this study the typical length L was taken to be a fixed portion of 

the distance to separation, in order to compare the present results 
* with the experiments of Hill [74]. The reference velocity UR, 

* * * * * following again Hill, was assumed to be UR = Uco - b1L , while b1 
was given a few specific values that correspond to realistic 

pressure gradients. With the dimensionless variables 

* * L w 
w=~ 

UR 

Lighthill's oscillatory flow, with a Howarth mean distribution, 

takes the form 

- b1s) coswt 

{5.3) 

(5.4) 
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. * and by virtue of the definition of UR, 

1-b s 
Ue = l-b~ (1 + C coswt) (5.5) 

For Howarth's distribution it was found that for b1 = 0.1, the 

distance to separation is given bys= 1.22219. Note that Lighthill 's 

oscillation in this case leaves the quasi-steady location of 

separation, that is the point of zero skin friction, unaffected. 

In other words, all steady-state solutions corresponding to 

instantaneous outer flow distributions give a zero skin friction 

at a fixed point on the wall, the points= 1.22219. 

A second outer flow distribution employed is a constant 

amplitude oscillation about a Howarth distribution. That is the 
* * one given by Eq. (5.2) with u1 =constant and U0 given by Eq. (5.1). 

In nondimensional form 

(5.6) 

The above distribution resembles mostly the oscillations of the mean 

flow achieved experimentally by Despard and Miller [36], at least 

in the neighborhood of the point of separation. Although not 

explicitly stated, except in his analytical derivation, this seems 

to be also the distribution of Hill [74]. Yet it appears that the 

oscillations represented by Eq~ (5.5) and (5.6) do not give rise 

to considerable differences in the features of separating flow. 
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A third distribution tried is given in its nondimensional 

form by 

(5.7) 

This distribution leaves the outer flow independent of oscillations 

at s = O. It should be noted that the present numerical scheme 

of calculations, was actually designed to converge to a stagna-

tion profile at the point s = 0, thus resolving the classical 

Hiemenz problem. In the present work though the outer velocity 

Ue is not zero at s = 0. Hence the origin s = O is neither a 

stagnation point nor a leading edge but can be thought of as an 

initial station for our calculations where the boundary layer has 

already developed a velocity profile. It is emphasized though that 

downstream features of the flow appear to be very little affected. 

Howarth 1 s main results and the features of separation for steady 

flow were verified. With this in mind, now, the distribution 

given by Eq. (5.7) can be envisioned as representing some change 

in the configuration of the solid body like the extension of a 

flap or even the change of the angle of attack. 

In the sequel, the distributions represented by Eqs. (5.5), 

(5.6) and (5.7) will be referred by the roman numerals I, II, and 

III, respectively. 
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5.3 Oscillating Boundary Layers - Streaming 

The main properties of oscillating boundary layers were 

described in a comprehensive as well as a comprehensible manner by 

Lighthill [67]. Stuart [14] later reviewed the features of 

oscillatory flows with a zero mean. The above references though 

and the ones mentioned in the introduction can be grouped into two 

categories. Papers that deal with oscillating flows with non-

vanishing mean, that do not mention at all the phenomenon of 

steady streaming and papers that study the above phenomenon but 

consider oscillatory flows with a vanishing mean. Of course in 

some of the papers of the first category, zero mean pressure 

gradient was assumed, which precludes the appearance of steady 

streaming. 

For oscillating flows with or without mean there exists a 

thin layer immediately next to the wall, .where the unsteady terms 

are balanced by the viscous terms in the momentum equation. This 
I 

layer is known in literature by the term of "shear wave" (Li ghthi 11) 
11 inner l ayer 11 (Stuart), 11Stokes shear wave 11 (Ackerberg & Phillips) 

and has a thickness oin of the order of (v/w*}112. Based on the 

Reynolds number of the streaming phenomenon, Rs = (UR*)2(w*v)-l 

with UR* a typical amplitude of the outer flow oscillation, the 

thickness os of the layer can be defined where the steady streaming 

phenomenon is important; os = L*(w*v)112 (UR*r1• Note that the 

ratio, o;n/os is equal to Stuart's parameter a= UR*,fu*L*. 
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Some typical results are depicted in Fig. 32 where for the 

flow distribution I the wall shear for the quasi-steady and the 

purely unsteady case has been calculated. The wall is the lower 

limit of the Stokes layer and therefore a 45° phase advance is 

expected and found numerically between the two functions as 

marked in the figure in terms of the period. Note also that the 

unstea_dy variation is much more pronounced and that the phenomenon 

of streaming is evident since the mean of the quasi-steady variation 

is considerably larger than the mean of the unsteady variation. For 

the flow distribution II the unsteady wall shear variation is not 

much different than the one described in Fig. 32. In Fig. 33 the 

same functions for the flow distribution III is shown. Note 

again that as the flow relaxes to a steady in the mean, the unsteady 

wall shear leads again the quasi-steady by 45°. Yet, the mean of 

the quasi-steady variation was found by examining larger time 

solutions, not shown in the figure, to be again larger than the 

mean of the unsteady variation, but the amplitude of the quasi-

steady variation is now larger than the amplitude of the unsteady 

variation. Figure 34 shows a set of velocity profiles at the 

stations= 1.00, upstream of separation. A detail of this figure 

in the vicinity of the wall is shown in Fig. 35 and both are in 

qualitative agreement with the experimental data of Ref. [36]. Note 

that at this station, the wall shear oscillates between a negative 

and a positive extreme without any evidence of calculation breakdown, 

or singular behavior of the boundary layer equations. 
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In Fig. 36 the profile of the ratio ~u/~Ue, the velocity 

amplitude over the outer flow amplitude has been plotted, at the 

stations= 1.00, and against the distance from the wall measured 

in terms of the quantity N(w/2) 112 in order to compare with the 

theory of Li ghthi 11 and the experiments of Hi 11. This corresponds 

to the last downstream station at which Hill took experimental data. 

Moreover Lighthill 1 s application is based on the Karman Polhausen 

method which is known to be inaccurate in the neighborhood of 

separation. The present profile, an exact solution of the unsteady 

boundary layer equation shows an improvement over Lighthill 's 

approximate method, which is based on the assumption of a very 

large frequencyw. It should be noted here that Hill 1s experimental 

device with an oscillating valve, imposes a disturbance to the 

oncoming stream and should therefore correspond to an oscillatory 

outer flow of the type I, as Lighthill has indicated. Hill does 

not provide any data of the pressure distribution but instead 

includes in his report an analysis that corresponds to an outer flow 

distribution of the type II. In Fig. 37 the same experimental data 

as well as Hill's improved analytical prediction have been plotted. 

Both the theoretical and experimental predictions of Hill, in 

Figs. 36 and 37 seem to have maxima closer to the wall compared 

to the present numerical results. It is believed that this is due 

to the fact that the experimehts were performed in a closed channel. 

Stuart has indicated that the interference of the walls of a 

channel on the streaming phenomenon is negligible if the parameter 



79 

(d/D)2·{w*v/UR*2} where d is the size of the model and D the 

width of the channel, is small. In Hill's case, if one takes 

L* for d, the distance between the wall and the central pipe for 

D, then this parameter is larger than 0.4. The interference effect 

tends to confine the secondary streaming flow closer to the wall 

and hence gives rise to a maximum of t:.u/t:.Ue at a distance N{w/2)112 

smaller than what the boundary layer theory would predict. 

In Fig. 38 the phase angle between oscillations in the boundary 

layer and the outer flow is plotted again, against N~/2) 1 12 , for the 

outer flow I. All data indicate accurately that as N + 0, the 

Stokes layer value y = 4S 0 , is approached. Note that away from 

the wall the phase angle changes sign and the boundary-layer flow 

anticipates the oscillation of the outer flow. 

Figure 39 shows the profile of the steady streaming velocity 

us. This was derived by subtracting the mean of the unsteady 

velocity profile from the steady profile that was derived using the 

mean of the outer flow distribution. Note that the ratio of the 

coordinate N of the maximum us to the distance of this point from 

the edge of the boundary layer, is approximately equal to 0.30 

at s = 0.999. Stuart predicted that for zero mean flow this ratio 

is equal to the parameter a= UR*/w*L*. Note that UR* in his case 

was the amplitude of oscillation, the only available velocity, 

whereas in our case it is the ve 1 ocity defined on page 73. An 

estimate of a in our case gives a = 0.316 which is in good agreement 

with the ratio of the two thicknesses as calculated before. 
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5.4 Unsteady Separation 

Let the extreme locations of the points of quasi-steady zero 

skin friction corresponding to t = T/4, t = T/2 and t = 0, where 

T is the period of oscillation, be denoted by s1, s2 and s3, 

respectively. The points s2 and s3 prqvide the limits of the 

excursions of the point of separation for quasi-steady flow. Let 

also the extreme upstream and downstream points of the unsteady 

excursions of the point of zero skin friction be respectively s2• 

and s3•. Note that according to the definition of Despard and 

Miller [36] unsteady separation in oscillatory flow should occur 

at s3•. Lighthill 's oscillating flow with a Howarth mean distribu-

tion (flow distribution I) providesa very interesting case whereby 

all points s1, s2 and s3 coincide, that is if the motion were 

quasi-steady, then the point of separation would remain unaffected 

by the oscillations of the outer flow. Figure 40 shows the temporal 

path of the point of zero skin friction for such a flow with s1, s2 
and s3 all coinciding at s = 1.22219. It is recalled that the 

initial solution at time t = 0 is a steady state solution but the 

transient part corresponds to at most one or two periods and a flow 

steady in the mean is achieved. The points shown in this figure at 

the 3rd and 4th period were calculated by the method of Lighthill [67] 

and the agreement seems to be satisfactory. It is seen in the figure 

that the minima of the excursions of the point of zero shear are in 

phase advance of 45° with respect to the outer flow. 
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Separation for the initial flow is marked by a zero skin 

friction as well as a Goldstein-type of a singularity [77]. 

Use of the definition and criteria suggested by Sears and 

Telionis [37] is made here (see also the review article [35]). 

According to this definition the appearance of a singularity of the 

Goldstein type with its accompanying features, like sharp 

steepening of properties like au/as, v, etc. and numerical 

evidence like increase of the number of iterations required 

for convergence and final inability to converge, should be 
' used as a criterion for separation. It is recalled from 

section 2.4.4 that the range of integration should collapse, 

that is the point of separation sho~ld move upstream, at a 

rate at least equal to the speed of upstream propagation of 

disturbances, umax· This condition is clearly in this case 

violated since the point of the separation-singularity appears to 

be stationary at first at s = 1.22219. In fact, the requirement 

of abandoning at least one mesh point in regions where the flow 

is reversed also is not observed. This was achieved by using a 

Taylor extrapolation in order to store data at the final s-station. 

Mathematically one should integrate the functions ud and up (see 

section 2.4.4) with respect to time, plot them in Fig. 40 and 

discard any results to the right of any of them. It has been shown 

in this figure schematically with a thin dashed curve, how this 

message should creep up slowly upstream, eventually invalidating 

all the solution with a partly reversed flow. 
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There is still though enough information to derive. It is 

known that the point of separation does not move upstream at least 

faster than ud or up. Then there are indications that the numerical 

trick of a Taylor extrapolation may actually guide the solution to 

the correct final steady-in-the-mean flow. This is justified by the 

fact that the present solution is in good agreement with Lighthill 's 

analytical solution. On the other hand, the present calculations 

quickly attain periodicity all the way to the neighborhood of 

separation. It seems that the only hesitation would arise when 

attention is directed at the upstream propagation of the point of 
' 

separation. Yet even in this case, after the transient part of the 

motion is left behind, periodicity is achieved and the singular 

behavior arrives at the stations= 1.14054 and remains there. In 

Fig. 41 the detail of the wall shear for one period in the neighbor-

hood of separation has been plotted to show the familiar 

characteristic features of the Goldstein singularity. 

Some of the conclusions of Despard and Miller [36] are now 

verified numerically but not all. A contradiction arises by 

considering the outer flow distribution chosen here, without even 

looking at the numerical results. The point of separation for 

oscillatory flows, as defined by Despard and Miller, is the point 

s3•, that is, the furthest downstream point of the unsteady 

excursions of the point of zero skin friction. In this case (flow 

I) the quasi-steady separation, s1, is located at s = 1.22219, and 

Lighthill 's analytical solution shows that s3• is at s = 1.565 which 
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implies that according to the above definition, the point of 

unsteady separation, s3•, is displaced towards the downstream 

direction of the point of quasi-steady separation s1. Yet 

Despard and Miller have found experimentally that the point of 

separation is always displaced upstream from its steady state 

position. In the flow under consideration the numerical results 

indicate that this is indeed true and predict separation at 

s = 1. 14054. 

The flow distribution II is now considered which probably 

resembles more closely the experimental pressure distribution that 
I 

Despard and Mi 11 er have worked with. Now quasi-steady separation 

is at s1 but the present unsteady calculations start with a 

steady state flow with separation at s3. The results show (Fig. 

42) that the separati.on singularity is displaced quickly upstream 

and arrives at a final station, s = 1.16088, upstream of the 

points s1 and s3 but downstream of the point s2. 

Figure 43 shows the results for the outer flow distribution III. 

A region of hesitation is again observed where the Taylor e'xtrapola-

tion permits integration to arrive at s = 1.35651 at each time step. 

After the first period though, the point of -separation singularity 

starts propagating upstream and overcomes both the curves Juddt and 

fupdt (not shown in the figure). Now the point of separation appears 

to be very close to the point s3•, at least during the transient 

period, and hence our numerical results seem to be in agreement 

with the Despard and Miller definition. Figure 44 shows the skin 

friction distribution for the third period of the oscillation which 
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is well within the transient part of the motion. For later 

times the amplitude of the oscillations of the point of zero 

skin friction shows a tendency to decrease even more. This 

tendency was not evident at s = 0.99944 upstream of this neighbor-

hood where the amplitude of the wall shear was found to achieve 

periodicity as shown in Fig. 33. This phenomenon perhaps 

requires further study. 

The present data are the first available detailed information 

in the close vicinity of unsteady separation. Note that Fig. 36 

where the velocity amplitude is plotted for two stations downstream 

of s = 1.00 for which information is available from Ref. [74], and 

hence much closer to separation, the amplitude over-shoot becomes 

much more pronounced. Fig. 37 shows a similar tendency. In 

Fig. 38 the phase angle function for two stations closer to 

separation has been plotted. One would expect that this -function 

would tend more towards its shear wave value but this does not 

seem to be the case. 

In Fig. 39 it is shown that the streaming velocity grows 

considerably as separation is approached. In fact is appears that 

this quantity behaves singularly in the neighborhood of separation, 

that is it blows up with a square root of the distance from separa-

tion. This fact also requires more analytical and experimental 

investigation. 
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5.5 Large Amplitude Oscillations 

The effect of large amplitude oscillations of the outer flow 

has been considered by Lin [72], Moore [78] and later King [79], 

Mccroskey & Dwyer [80] and Williams [81]. These investigations 

employ a perturbation expansion about a quasi-steady solution 

assuming that the frequency is small. The present section is an 

extension of the work presented previously in this chapter to 

amplitudes and frequencies that cannot be treated with asymptotic 

or averaging methods, for the flow distribution II. 

Due to the fact that Eqs. (1.77}, (l.80} are parabolic in 

character in terms of the variable T, the flow exhibits strong 

characteristics of memory and goes clearly through a time interval 

of transient flow (see Fig. 42}. This time interval has been 

studied carefully and it was found that after two or three periods 

of oscillations the transient characteristics are eliminated and 

all flow properties vary in a clearly periodic fashion. In the 

present section the computations proceed only up to the third 

period and it is assumed that periodicity has then been achieved. 

In performing the present calculations with large amplitudes 

a few difficulties were encountered. For a certain frequency, 

increase of the quantity u1 implies that all the velocity increments 

would be larger. To retain the same accuracy it is obvious that 

the time step should be cut down. As a result the number of points 

within a period of oscillations was increased from 16 to 32. 

It therefore appears that in principle, increase of the amplitude 
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u1 or the frequency w can be handled by appropriately adjusting the 

increments of integration. 

In the present problem though various other difficulties due to 

the physical problems arise. If u1 is given values of the same 

order of magnitude with U0 , then the extreme quasi steady 

locations of separation move very far apart and their upstream 
-

limit approaches the stagnation point. The instantaneous point of 

zero skin friction then,and especially the separation singularity, 

is given a strong upstream displacement and as a result forcesthe 

calculations to be terminated due to lack of stored data. On the 

other hand the reader is reminded that the present calculations 

were started at the leading edge with a fictitious Hiemenz profile to 

avoid sharp edge singularities. For large amplitudes therefore, even 

for u1 ~ 0.6 U0 , it is possible for certain frequencies, that the 

instantaneous point of zero skin friction reaches the origin of the 

system of coordinates. Physically this implies that the thin layer 

of reversed flow, that expands and contracts on the surface of the 

body, with some phase advance with respect to the outer flow, 

may reach the stagnation point and extend on the lower region of 

the rigid body. Information then from the lower region of the 

body, that is the lower half of the bifurcated mean flow, is 

transmitted in the upper half of the body. The present mathematical 

model is based on the assumption that this phenomenon does not occur. 

Traditionally the effect of phase advance or delay of 

oscillating airfoils is plotted in the form of hysteresis loops with 
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abscissa the angle of attack. In the present idealized situation 

the phase angle of the outer flow oscillation was used instead. 

Figure 45 shows the hysteresis loops of the skin friction. This 

point marks the initiation of a thin layer of reversed flow on the 

body. The excursions of the point of zero skin friction are bounded 

downstream by the point of separation. Separation was defined 

again according to the definition of Sears and Telionis [37][36]. 

The horizontal straight segments in the hysteresis loops of 

Fig. 45 represent the location of separation for various values 

of the amplitude of oscillations. It is interesting to note also 

that as the amplitude of oscillation increases the hysteresis loops 

are displaced upstream and separation occurs closer to the origin 

s = 0. The point of zero skin friction for steady flows with an 

outer flOW distribution, Ue = LJ0 + LJ1COS8 and Q < 8 < TI is plotted 

with a dotted line in Fig. 46. The reader is reminded that this 

point in steady flow coincides with the point of separation. One 

of the hysteresis loops is also shown in the same figure for 

comparison. 

The amplitude effect on the location of the points of separation 

and zero skin friction can be seen clearly in Fig. 47. The point 

of zero skin friction for steady flow, Ss, with outer flow, 

distribution Ue = U0 + u1 and Ue = U0 - u1 was calculated and 

plotted in Fig. 47 for a range of values of u1• The location of 

separation for these distributions can be calculated by the 

approximate formula [18], Ss = 0.12[1 f.. U1{1 - b)]/b1. Notice that 
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for b1 = 0.15, as u1 approaches the origin the situation 

deteriorates to one in which the flow separates immediately after 

attachment. This of course has a rather limited physical 

significance but was included as a valid limit of our mathematical 

model. In the same figure the upstream limit of the excursions of 

the zero skin friction, Szf' and the location of unsteady separation, 

Su, for unsteady flow have been plotted. Note that the point of 

quasi steady separation remains always downstream of the correspond-

ing upstream limit of the point of zero skin friction for unsteady 

flow. Note also that the point of separation is located downstream 

of the point of quasi-steady separation for low amplitudes and 

upstream of it for large amplitudes. In the degenerate case of 

u1 = 1.176 all the curves meet at the points= 0. In the same 

figure and with a dotted line the results for the upstream limit of 

the excursions of zero skin friction, calculated with Lighthill 's 

approximate theory, have been plotted for comparison. 

The simplified form of the outer flow that was chosen here 

allows the adjustment of the constant b1 in order to obtain strong 

or mild adverse pressure gradients. It is therefore possible to 

choose the location of separation of the mean quasi-steady distribu-

tion of the outer flow. It should be emphasized here though that 

the pressure gradient has the form -dp/ds = aUe/at + Ue aUe/as. 

As a result even for very mi1d velocity gradients, aUe/as << l, the 

term aue/at may be large if the frequency is high. Therefore, even 

if separation of the mean quasi-steady flow occurs far downstream, 
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the dynamic effect may force the unsteady separation upstream and 

within the range of the integration. Furthermore, the separation 

singularity is sometimes difficult to detect and it is easy to 

carry a careless calculation beyond this point into a region that 

is meaningless both mathematically and physically. The present 

attempts to perform calculations with frequencies higher than w = 3 

were confronted with such phenomena as points of zero skin friction 

and separation rushing upstream to distances of order s = 0.3 to 

0.7 even for distributions that separate in their mean quasi-steady 

form at s = 8 and 10. It therefore appears that the effect of the 

term ueaUe/as retains its significance for the following reason. 

Earlier in this chapter the term "streaming phenomena" was extended 

to unsteady viscous flows with nonvanishing mean. Such phenomena 

were defined as any deviations of viscous mean properties calculated 

with the unsteady outer flow from viscous properties calculated with 

the steady equations and the mean of the outer flow. The latter was 

called "quasi-steady" and it is the solution of the problem with 

au/at= 0, aUe/at = 0 and Ue = U0 (s). The reader should note that 

in literature the term "quasi-steady" is reserved for the steady 

problem (au/at = 0) solved with the unsteady pressure gradient 

(aUe/at + ueaUe/as). It is well known now, (Refs. [63], [72]), that 

streaming phenomena are proportional to the term UeaUe/as and as 

a result any deviations of the unsteady mean from the quasi-

steady disappears if UeaUe/as = 0. 
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Finally in Fig. 48 a portion of the oscillation of the skin 

friction value at a certain station has been plotted. The quasi-

steady solution is also plotted for comparison. It was discovered 

in Fig. 33 that for small amplitudes of outer flow oscillation, 

for example b1 = 0.1, the amplitude of the skin friction values 

for unsteady flow is smaller than for steady flow. Now in Fig. 

48 that the opposite is true is observed. 

5.6 Concluding Remarks 

In this chapter it was demonstrated that the mean of the un-

steady oscillations deviates from the steady flow that corresponds 

to the mean of the outer flow distribution, which is in agreement 

with the findings of Schneck and Ostrach. The definition of steady 

or nonlinear streaming was ext~nded to include the above phenomenon 

which is believed to have an important effect on the phenomenon 

of separation. Velocity profiles of streaming were calculated and 

it was found that this phenomenon corresponds, at least for cases 

of adverse pressure gradients, to a secondary flow directed in 

the upstream direction. The results were checked against previous 

theoretical and experimental data for regions well upstream of 

separation. It was also found that for the range of frequencies 

examined (i) the point of separation stabilizes to a fixed loca-

tion and remains insensitive to the oscillations of the outer 

flow; (ii) the location of unsteady separation in oscillatory 

flows is always displaced upstream of the location of steady 
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separation corresponding to the mean of the outer flow; (iii) the 

criterion of Despard and Miller is met in a few of the ·cases 

studied; (iv) the streaming velocity profile increases sharply 

as the neighborhood of separation is approached. 



CHAPTER VI 

CONCLUSIONS AND RECOMMENDATIONS 

Yet approximate solutions in most cases are still more 

convenient, can be derived in much less time and usually offer a 

much better physical insight for the phenomena under study. In 

the present dissertation it is demonstrated that solutions of an 

approximate model, the boundary-layer equation, can still be used 

for problems with recirculating flow and unsteady separation 

phenomena, with execution times less than 1/5 of the time required 

for a solution of the full Navier-Stokes equations. It is 

indicated that for unsteady flow, calculations can proceed through 

the point of zero skin friction into a region of reversed flow 

provided that this region is embedded in the boundary layer. It is 

therefore shown that the present model is capable of integrating 

through regions of reversed flow. The test cases chosen, are cases 

for which exact solutions of the Navier-Stokes equations, or analytical 

closed form perturbation solutions or experimental data exist. The 

method though is general and can be applied in cases of arbitrary 

body configurations. 

It is also reported that a singularity of the Goldstein 

type is discovered in the neighborhood where exact solutions 

disclose a drama,tic change of the outer flow. It is believed 

that the appearance of this singularity, which was previously 

92 



93 

defined as unsteady boundary-layer separation, is the response 

of the boundary-layer model to separation of the actual viscous 

flow. It is well known of course that the zeroth order boundary-

layer theory cannot predict accurately the locations of separation 

for steady flow. Agreement with experiment is achieved only 

when higher order theories are incorporated. This is particularly 

true for cases of strong adverse pressure gradients. Therefore 

no attempt should be made to test the present model for unsteady 

separation, with experimental results of complex configurations, 

before it is extended to include higher order effects. 

It is believed that one of the main contributions of 

the present work is to indicate that the secrets of the mechanism 

of separation, steady or unsteady, are hidden within the thin 

viscous layer and therefore it is recommended that any experi-

mental investigation should be equipped with the means of magnifying 

the n-direction of the flowfield. The literature though is 

surprisingly void not only of unsteady separating flows but even 

the experimental information on steady separation is very sparse 

and outdated. 

The analytical techniques developed here may appear useful 

to practical applications but they will always be handicapped 

by the inability to study the downstream motion of separation. It 

is therefore inevitable that a complete analysis will have to 

include a more sophisticated and perhaps heuristic model to 
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handle regions of the flow that belonged to the wake at 

previous times or perhaps ultimately the full Navier-Stokes 

equation will have to be involved. 
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Fig. 1. Streamline configuration in the neighborhood of a separation 
point. 
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Fig. 2. Schematic of the flow field in the neighborhood of a 
separation point. 
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Fig. 3 The skin friction function versus the distance ~ for 
steady flow over fixed walls (Parabola at an angle of 
attack as described in Ref. [46]). 
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UNSTEADY BOUNDARY LAYERS AND SEPARATION 

by 

Demosthenes Theodoros Tsahalis 

(ABSTRACT) 

The characteristic properties of boundary layer and 

separation in unsteady flow, play a very important role in fluid 

and structural mechanics because of their drastic effect on 

control forces generated by aerodynamic surfaces and loads 

carried by aerodynamic structures. 

Prandtl 's criterion for separation has been proven 

experimentally and analytically to be invalid for other than two-

dimensional steady flows over fixed walls. Sears and Telionis 

have proposed a theoretical model for separation for unsteady 

flow based on the concept of Goldstein's singularity. According 

to this model a thin layer of reversed flow, embedded within the 

boundary layer and upstream of separation, may develop in unsteady 

flows. 

In the present study a method is developed to solve numeri-

cally the unsteady, two-dimensional, incompressible, boundary-

layer equations with arbitrary pressure gradients, capable of 

integrating through the point of zero skin friction into partially 

reversed flow and the properties of the boundary layer flow and 

separation in unsteady flows are studied in detail. In 



particular the singular behavior of quantities like 
* * * * etc. with u , v the velocity components and s , n 

a2u* * * *' v , as an 
the 

coordinates parallel and perpendicular to the surface of the 

body, respectively, is investigated and compared with predictions 

of Goldstein, Moore, Sears and Telionis. The path of zero 

skin friction and separation singularity with respect to time is 

also determined. Comparison of the numerical results with 

existing analytical, numerical and experimental results is made 

whenever possible. It is believed that the results prove that 

the point of zero skin friction should not be a downstream limit 

of the boundary layer calculation in unsteady flow. Further, most 

of the features of separation predicted by the Sears-Telionis 

model of unsteady separation are found to be present. Certain 

characteristic properties of unsteady viscous flow, like vorticity 

diffusion, steady streaming, etc., are also studied in detail. 
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