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(ABSTRACT) 

A numerical procedure has been developed for the computation of inviscid 

flows over arbitrary, complex two-dimensional geometries. The Euler equations 

are solved using a finite-volume method with a non-body-fitted Cartesian grid. 

A new numerical formulation for complicated body geometries is developed in 

conjunction with implicit flux-splitting schemes. A variety of numerical 

computations have been performed to validate the numerical methodologies 

developed. Computations for supersonic flow over a flat plate with an impi11,ging 

shock wave are used to verify the numerical algorithm, without geometric 

considerations. The supersonic flow over a blunt body is utilized to show the 

accuracy of the non-body-fitted Cartesian grid, along with the shock resolution 

of flux-vector splitting scheme. Geometric complexities are illustrated with the 

flow through a two-dimensional supersonic inlet with and without an open bleed 

door. The ability of the method to deal with subsonic and transonic flows is 

illustrated by computations over a non-lifting NACA 0012 airfoil. The method 

is shown to be accurate, efficient and robust and should prove to be particulary 

useful in a preliminary design mode, where flows. past a wide variety of complex 

geometries can be computed without complicated grid generation procedures. 
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1.0 Introduction 

The computation of flow fields about geometrically complex configurations 

still represents a formidable challenge. Most existing finite-difference or 

finite-volume methods require a body-conforming, nearly orthogonal system of 

grid lines in order to retain formal accuracy. This grid generation process, 

whether using numerical, algebraic or analytical methods, is far from automatic. 

A thorough descripton of numerical grid generation appears in the book by 

Thompson, Warsi and Mastin (Ref. 1). Comprehensive descriptions of algebraic 

and analytic methods appear in the review articles by Eiseman (Ref. 2) and 

Moretti (Ref. 3), respectively. Some very complex grids have been developed 

recently, using grid patching methods (e.g. Refs. 4-6). The main drawback of 

these methods is that the topological nature of the geometry must be built into the 

flow code, i.e. decisions regarding the number of zones in the flow must be made 

a priori and utilized within the basic framework of the resulting computer codes. 

Although, this is not a large drawback if the same classes of geometries are to be 



computed many times, it may be a problem in a preliminary design mode where 

many possible configurations are to be analyzed. 

One procedure which may overcome this problem is to use 

non-body-conforming grids. This approach was recently promoted by Wedan and 

South (Ref. 7), who utilized a Cartesian grid overlayed on the flowfield 

encompassing the body. Within a non-linear potential approach and a 

finite-volume formulation, accurate transonic flow solutions were obtained, 

without any grid generation. Only the intersections of the body geometry with the 

rectangular grid lines were needed to enforce the surface boundary condition, a 

much simpler task than developing a body-conforming grid. This procedure, 

which follows from the work of Purvis and Burkhalter (Ref. 8), is ideally suited 

for potential flows. The method was used in a supersonic potential flow marching 

code by Grossman and Whitaker (Ref. 9) where procedures for handling 

arbitrary thin fins were developed. The method was also seen to work well for the 

Euler solutions using a central-difference, explicit artificial viscosity formulation 

by Clarke, Hassan and Salas (Ref. 10). This was recently extended to 

three-dimensions by Gaffney, Hassan and Salas (Ref.11). 

In addition to problems associated with geometric complexities, high-speed 

flow calculations must be able to accurately compute shock waves. Recently 

developed methods in the general category of "upwind" schemes, (e.g. see the 
> 

survey articles by Harten, Lax and Van Leer (Ref. 12) and Roe (Ref. 13)), are 

extremly robust and are well-suited for computations about geometrically 

complex configurations. These schemes utilize spatial differences which, in some 
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sense, are biased in the direction determined by the sign of the characteristic 

speeds, in order to directly simulate the signal-propagation features of governing 

hyperbolic systems. This approach, as discussed in Ref. 13, is seen to stem from 

the early methods of Courant, lssacson and Rees (Ref. 14), and Godunov (Ref. 

15). 

Courant, Issacson and Rees proposed an explicit upwind difference scheme 

based on the characteristic form of the linear hyperbolic system, 

such that 

n n 
uj - uj-l + b----= 0 

!lx 
u~+l - u~ u~+l - u~ 
1 1 +b 7 1 =O 

llt !lx 

if b > 0 

if b < 0 

where dx and 6.t are, respectively, the spatial mesh size and the time step. In this 

scheme, the spatial derivative was approximated by a first-order backward 

difference for a positive characteristic speed b or by a first-order forward 

difference for a negative characteristic speed b. Hence thi~ scheme is first-order 

accurate in space and time. But any other choice in spatial derivative (involving 

Godunov (Ref. 15) extended this approach to the Euler equations in 

conservation form by using the exact solutions of local Rieman problems to 

obtain an upsteam-difference scheme. 
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Moretti (Ref. 16) developed a non-conservative scheme based explicitly on 

the method of characteristics for the Euler equations. This scheme is called the 

"/...scheme ", and is seen to have some favorable features regarding accuracy and 

implementation of boundary conditions, but does require shock fitting 

procedures. 

Steger and Warming (Ref. 17) developed a characteristic-based scheme for 

the inviscid gas dynamic equations in conservation form. Taking advantage of 

the homogeneous property of the flux vectors for the Euler equations, they split 

the flux vectors into two groups , each member of a group having eigenvalues 

(characteristic speeds) of the same sign. This approach is referred to as " 

flux-vector splitting ", A refined version of this approach has been developed by 

Van Leer (Ref. 18). It has been shown in Ref. 19 that Van Leer splitting is 

continuous at sonic lines and stagnation points whereas Steger-Warming splitting 

is not. Details of the flux-vector splitting are included in Chap. 2. 

Other "upwind" schemes are being developed. One class of these schemes, 

based on approximations to the local Rieman problem, is in the methods of Roe 

(Ref. 20) and Osher (Ref. 21). These schemes are usually referred to as 

flux-difference splitting. Some recent schemes which attempt to mathematically 

generalize these approaches are the so-called TVD schemes 

(Total-Variation-Diminishing), by Harten and his co-workers (Ref. 22) and the 

higher-order accuracy ENO schemes (Essentially-Non-Oscillatory) by Osher and 

his co-workers (Ref. 23). 

4 



The objective of the present study is to develop a computational procedure 

for solving the Euler equations using flux-vector splitting with a non-body 

conforming grid. In particular, we develop an implementation of the Van Leer 

scheme (Ref. 18) in concert with the Cartesian finite-volume method. Special 

consideration is given to the flux splitting in the vicinity of the boundaries. These 

schemes, when applied to body-fitted grids have yielded accurate and efficient 

solutions (Refs. 24-25) to the Euler equations, particulary at high Mach numbers. 

The natural dissipation in the schemes captures discontinuities without separate 

explicit spatial dissipation terms. 

In Section 2-1, we derive a semi-discrete delta form of the Euler equations 

from the non-dimensional conservative form of the two-dimensional Euler 

equations using Euler-implicit time integration and linearization through local 

Taylor expansions. Computational grid generation near the body is explained in 

Section 2-2. In Section 2-3, the numerical equations are derived in the context of 

Cartesian finite-volume methods. Combining the governing equations with 

surface boundary conditions, new numerical, governing equations, which can be 

applied to arbitrary complex geometries without any mapping, are derived. 

Flux-vector splitting by Steger and Warming (Ref. 17) and by Van Leer (Ref. 18) 

is discussed in Section 2-4, and Van Leer flux-vector splitting is employed to 

obtain the final numerical equations. The numerical solution of the governing 

equations by relaxation techniques is also briefly explained. In Chapter 3, the 

numerical methods are tested with a variety of geometries and flow problems 

such as supersonic shock reflections on a flat plate, supersonic blunt body flows 

5 



with embedded subsonic regions, scram-jet inlet flows and subsonic non-lifting 

airfoil flows. Computational results are compared with exact solutions and 

existing solutions obtained with other numerical methods. The grid distribution 

of the non-body-fitted Cartesian grid is far from optimal because of the wasted 

grids areas inside the body , and the inefficient Cartesian stretching to the 

far-field. Nonetheless, the numerical results, with this procedure, indicate that 

relatively accurate and efficient results are obtained. In the final chapter, we 

present an overview of our method and discuss the limitations along with 

recommendations for future research. It is our opinion that this approach, 

particulary when extended to three dimensions, will serve as a useful design tool. 

6 



2.0 Formulation 

2.1 Governing Equations 

The non-dimensional vector conservation form of the two-dimensional Euler 

equations, without body forces and heat transfer, can be written in Cartesian 

coordinates as: 

-+ -+ -+ 

aQ . + aF + aa = 0 at ax ay (1) 

where 

p ql 
-+ pU q2 
Q= pV - q3 (2) 

pE q4 

7 



-F= 

-G= 

pu 

pU2 + p 
pUV 

(pE + p)u 

pV 
pUV 

pV2 + p 

(pE + p)v 

(3) 

(4) 

The quantities p, p, u, v are the pressure, density and velocity components in the 

x and y directions, respectively. E is the total energy per unit mass. The 

Cartesian coordinate lengths x and y are non-dimensionalized by a reference 

length L, all velocities and the speed of sound by U00 , the density by p00 , the 

pressure by p00 U~, the total energy per unit mass by U~ . Here, subscript oo 

denotes free-stream quantities. 

To complete the set of governing equations, we use the equation of state for 

a perfect gas, i.e. 

[ 1 2 2 J p = ( y - 1 )p E - -( u + v ) 
2 

(5) 

where y is the ratio of specific heats. 

Since we are interested in generating steady-state solutions, the specific form 

of the time integration is not important. It has been shown that implicit 

relaxation procedures can be an efficient means for solving the steady Euler 

equations (Refs. 26, 27). The simplest implicit time integration procedure is 

8 



.... 
first-order Euler-implicit. In this scheme, the value of Q at the advanced time 

level, n + 1, is given by 

or 

(6) 

where 

.... .... -
A local Taylor expansion about Qn yields linearizations of F and G, which are -homogeneous functions of degree one in Q, as 

(7) 

(8) 

where A and B are the Jacobian matrices 

-+ 

A oF -
-+ 

iJQ 
au a12 a13 a14 (9) 
a21 a12 a23 a14 -
a31 a31 a33 a34 
a41 a42 a43 a44 

9 



here 

a11 = 0, a13 = 0, 

a21 = - qi + (y - 1) qi + qf 
qf 2 

q4 (y - 1) 3qi + qf 
a42 = y- - -------

ql 2 qf 

a43 = - (y -1) q2q3 
qf 

and 

a24 = - ( 'Y - 1) 

10 



-
B aG - -aQ 

b11 b12 b13 b14 

b21 b22 b23 b24 -
b31 b32 b33 b34 
b41 b42 b43 b44 

here 

b11 = 0' b12 = 0' b13 = 1 ' 

b21 = 
q2q3 q3 --- b22 =<ii' 
qf ' 

2 (y - 1) 
b31 = - q3 + 

qf 2 

b42 = - (y -1) q2q3 
qf 

2 2 q2 + q3 
qf 

(10) 

q2 
b23 =<ii' b24 = 0 

b34 = - (y -1) 

11 



When the linearizations given by eqs. (7) and (8) are applied to eq. (6), a linear 
-+ 

system for Qn+i results and may be written in delta form as 

(11) 

-+ -+ -+ 

where I is the identity matrix, and 3Q = Qn+i - Qn. This form of the governing 

equations is sometimes referred to as a semi-discrete form, since the time 

derivative has been discretized. 

2.2 Grid Generation 

Typical grid cells near an arbitrary body are shown in Figs. I and 2. In Fig. 

1, grid cells are generated simply by overlaying a rectangular grid system on a 

body and erasing the portions contained within the body. To avoid ill-conditioned 

coefficient matrices of the linearized systems, we merge small body cells (usually 

less than 10% of normal cell size) into adjacent interior cells. The direction of 

merging, ± x or ± y direction, is decided by the slope of the body surface in the 

small body cell. Final computation grid cells near the body are shown in Fig. 2. 

12 



An interior cell and a body cell are shown in Fig. 3. We denote cell sides 

dy._ l. ., dy.+ l. . , ~x . . _ J. , and ~x. J+ l. for the (i, j) grid cell as shown in Fig. 3. 
I 2 ' J I 2 ' J I, J 2 I, 2 

-+ 

Then, we define a body surface vector, Sb , of the cell as 

- " " 
Sb = (~y. 1 . - ~Y·+ 1 .) i + (~x. . 1 - ~x. ·+ 1 )j 

z - 2' 1 l 2' 1 1,1- 2 I, 1 2 
" " 

=~Yb i + ~xbj 

where 

~Xb:: ~X. . I - dX. ·+ 1 
l, 1- 2 I, 1 2 

,.. ,.. 

(12) 

and i, j are the unit vectors of x axis and y axis, respectively. Eq. ( 12) is valid for 

-arbitrary cells; Sb becomes zero for interior cells from the definitions of ~Yb and 

In general, we have a discontinuous grid near a body surface due to small cell 

merging (Fig. 2). The problem of a discontinuous grid is solved simply by 

satisfying local flux continuity (e.g. Ref. 5). For example, referring to Fig. 2, we 

require the fluxes through the left side of cell 3 to be equal to the sum of the 

fluxes through the right side of cells 1 and 2. This idea may be directly applied, 

if necessary, to create locally dense grid regions in future work. 

Using the above representation of cell sides, we now derive a unique set of 

difference equations within the context of a finite-volume formulation. 

13 



2.3 Numerical Discretization and Surface Boundary 

Conditions 

The semi-discrete form of the governing equations, eq. (11) may be put into 

finite-volume form by performing the integration about an arbitrary control 

volume as: 

SJJ{[ _J_ + aAn + aBn ]8Q}dV 
~t ax ay 

-+ -+ 

- - SJJ( aF1 + aGn )dV 
ax ay 

Applying the divergence theorem to the eq. (13), we get 

-+ 

HJ oQ dV + JJ(A n8Qf + BnoQJ)•dS 
~t 

(13) 

(14) 

If we consider the control volume to consist of the cell area which includes an 

intersection with the body, as illustrated in Fig. 3-b, we obtain : 

14 



-8Q n - n -(--;\S)1· 1· + (A 8QL\y).+ 1 . - (A 8QL\u). i . 
u(. ' I 2' J 'J z - 2' J 

-+ -+ -+ -+ 

+ (Bn8QL\x). ·+ 1.. - (BnoQL\x) . . _ l_ + (AnSQL\y + BnoQL\xh 
z, J 2 z, J 2 (15) - - - -= - [(F"L\y).+ 1.. . - (FnL\y)._ 1.. . + (Gnl\x). ·+ 1.. - (GnL\x) . . _ J_] 
I 2 ' J I 2 ' J I, J 2 z, J 2 

- -where (oQ);J represents the cell-area average of the change in Q for the cell 
_. -

associated with the index i, j. The terms (F)i± 1..J and (Q)iJ± 1.. are the cell-side 
2 2 

-+ -+ -+ --+ 

averages of the fluxes F and G and the terms (AoQ)i± 1..J' and (BoQ)iJ± 1.. are the 
2 2 

cell-side averages of the linearized changes in the fluxes. The terms with the 

subscript b correspond to the side of the cell at the body surface. The term SiJ 

corresponds to the cross-sectional area of the cell (i, j). 

Eq. (15) represents a cell-centered finite-volume formulation of the Euler 

equations applied to the cell volume described in Fig. 3-b. An Euler-implicit time 

integration scheme has been implemented and the equation is written in delta 

form. The derivation of this equation , starting from the semi-discrete 

finite-difference form, eq. (11), shows clearly the duality between the 

finite-difference and finite-volume approaches. The finite-volume form, eq. (15), 

could have been developed directly from the integral conservation equations and 

then put in semi-discrete form using an Euler-implicit time integration and local 

linearization. The identical equation would result. Of course, the direct 

development, would not require the use of the divergence theorem at all, so that 

the equations may clearly be applied across shock waves. The steady-state 

15 



accuracy of eq. (15) will depend upon the approximations used to determine the 

cell-side values. 

We can simplify the above system by noting that on the body surface, 

-+ " V•n = 0 

or 

(16) 

where V = u i + v j, and n is a surface normal unit vector. From eqs. (3), (4), 

and (16) the body surface quantities in eq. (15) become 

p(uily + vilx) 
--+ --+ pu(uily + vilx) + pily 

(F Lly + G Llx)b = pv(uily + vilx) + pilx b 

-

(pE + p)(uily + vilx) 

0 
p!J.y 
pilx b 

0 

(17) 

16 



0 0 
o utly utlx o .... 

- o vtly vtlx 0 boQb 

0 [yE,- (y -I)/2(u2 + v2)]tly [yE- (y -l)/2(u2 + v2)]dx 0 

0 
(y - l)/2(u2 + v2)tly + 
(y - l)/2(u2 + v2)dx 

0 

Since 

then 

0 0 0 
- (y - I)udy - (y - I)vdy 
- (y - I)udx - (y - l)vdx 

(y - l)tly -+ 

(y - l)tlx boQb 

0 0 0 

.... 
So that the multiplication of the first matrix in the above equation by o~ will 

.... 
b .d . 11 Th d . . · I aPb H · e 1 ent1ca y zero. e secon matnx 1s precise y --- . ence, we may wnte 

a~ 

(18) 

where 

17 



0 0 

~ 
op!::.. op!::.. 

oPb oq1. Y oq2 Y 
Db=--= 

.!E_!::..x op !::..x ~ 

oQb oq1 oq2 
0 0 

with 

op 
--= (y - 1) ( 2 + 2) 

2 u v 

op 
--= - (y - l)u 

--= op 
- (y - l)v 

op 
- = (y - 1) 
oq4 

0 0 
op!::.. op!::.. -:;q y oq4 Y 0 3 (19) 

.!E_!::..x .!E_!::..x 
b 

oq3 aq4 
0 0 

The body surface pressure, Pb can be obtained from either the normal momentum 

equation or by extrapolation of cell-centerd values (Ref. 10). Other quantities on 

the surface such as Pb and Hb can be also obtained, in terms of cell- centered 

values, through extrapolation from the computational domain (Ref. 24). The 

total entalpy, H can be written as 
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H=E+L p 

= 'YE - 'Y ; 1 (u2 + v2) 
(20) 

Then, Eb and ub , vb are determined from eqs. (16) and (20) from the following: 

uh = 2 (yEb - Hb) cos 8 .Jy-1 
(21) 

vb = 2 ( y Eb - Hb) sin 8 .J y -1 

where 

-1 !J.yb e =tan ( - -) 
!J.xb 

Since the accuracy of the unsteady terms in eq. (15) is not critical for the 

steady-state solutions, only the first-order extrapolations are used for Pb , Hb and 
.... 

Pb in eqs. (17) and (18) to simplify the linearization of 8~ in terms of cell-centered 

values. Now, we have 

Pb = Pij 

Pb= Pij 
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_ 2 2 8 Ub - .JU· · + V · · COS . lJ lJ 

-+ 

The oQ,, in eq. (15) becomes 

-

o(pu) 
b - b 

3q3 o(pv) 

oq4 o(pE) 

op 

o(p.ju2 + v2 cos 8) 

o(p.ju2 + v2 sin 8) ij 

3(p£) 

oq1 

3(.Jqi + qf cos 8) 
ij 

o(.Jqi + qf sin 8) 
oq4 

(22) 

(23) 

The linearization of oq2b and oq3b are explained as follows. From the definition 
-+ 

of oQ, it follows that 
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n+l n <:: q = q. + uq (24) 

From eq. (22), it follows that 

2 2 2 29 q2b = (q2 .. + q3.) cos 
It} It) 

(25) 

Substituting eq. (24) into eq. (25) yields 

Neglecting the higher-order terms, we have 

(26) 

where 

Similary, 

(27) 
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where 

-As a result o~ can be written in terms of cell-centered values as 

where 

0 0 
12 0 
14 0 
0 1 

(28) 

The body surface pressure, pb, in eq. (17), which appears on the right-hand 

side of eq. (15), is obtained using the second-order extrapolation in the present 

analysis. 

From the definitions in eqs. (17), (18) and (28) the governing equations can 

be written as 
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.... 
oQ n .... n .... 

(--:\S)1·J· + (A oQ~y).+ i . - (A oQ~y). i . ut t -J i--J 2 2 . 
.... .... .... 

+ (BnoQ6x). ·+ 1 - (BnoQdx).. 1 + DbD1oQiJ° (29) 
IJ 2 IJ- 2 

-+ -+ -+ -+ -+ 
- - [(Fndy).+ 1 . - (F"dy). 1 . + (Gn6x). ·+ I - (Gndx).. 1 J + Pb 

I 2J . 1- 2J IJ 2 IJ- 2 

As shown above, eq. (29) is actually a combination of governing equations and 
--+ 

surface boundary conditions. From the definition of our grid cell geometries, Pb 

and Db disappear at the interior cells. 

2.4 Flux-Vector Splitting and Relaxation Algorith1n 

Recently, a host of computational methods, usually referred to as "upwind 

methods", and loosely based on the method of characteristics, have been 

developed. The methods may be generally categorized as FVS, flux-vector 

splitting (Refs. 17-19), FDS, flux-difference splitting (Refs. 20, 21, 28), 

characteristic (Refs. 16, 29), and TVD, total variation diminishing (Refs. 22, 30) 

schemes. As discussed in the surveys in Refs. 12 and 13, these approaches 

generally stem from the early methods of Courant, Isaacson and Rees (Ref. 14) 

and Godunov (Ref. 15). The main advantage of upwind methods over the central 

difference schemes is that these methods are naturally dissipative, so they do not 

require additional explicit spatial dissipation terms. Furthermore, it has been 
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shown (Ref. 31) that schemes based on upwind methods are much more robust 

than those based on central difference approaches. For the conservative form of 

the Euler equations, the flux-vector splitting scheme has shown many accurate 

and efficient applications with body-fitted grids, particulary at high Mach 

numbers (Refs. 24, 25). 

We can develop a flux-vector splitting following Steger and Warming (Ref. 

17), by diagonalizing the Jacobian matrix A as 

(30) 

where A is a diagonal matrix containing the eigenvalues of A and T is a 

transformation matrix, whose columns are composed of the eigenvectors of A, 

defined in Ref. 17. For the two-dimensional Euler equations in Cartesian 

coordinates, eq. (1), we can obtain 

A.1 
0 A= 0 
0 

(31) 

where A.1 = u, A.2 = u, A.3 = u + a , A.4 = u - a. Any eigenvalues f...i (i = 1,2,3,4) 

can be expressed as 

where ')..;t is always non-negative and A.i- is always non-positive. This is 

accomplished through 
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(33) 

Then the diagonal matrix A can be split into a non-negative diagonal matrix and 

a non-positive diagonal matrix as 

(34) 

where A+ and A - have as diagonal elements f..t and f..,i-, respectively. The flux 

- -vectors F. and G of the Euler equations have the interesting homogeneous 

property that 

-+ -+ -+ -+ 
F = AQ , G = BQ (35) 

which can be verified by simply multiplying the indicated matrices. From eqs. 
-+ 

(30) and (35), we may split F as follows 

F = AQ = TAT-Q = T(A + + A -)T-Q 
=A+Q+A-Q 
= p.+ + -;.-

-The split fluxes F± are directly found for this case as 

4 ± r .r± ± ± ± J T F = u i ,/2 ,/3 ,J4 

with 

(36) 

(37) 
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± p [ ± ± ±] Ji = 2y 2(y - l)A.1 + A.3 + A.4 

· r4± I 2 2 ± P [ a 2 · ± ± ± ± J 
J• = -(u + v )f1 + - (A.3 + A.4 ) + ua(.t..3 - A.4 ) 2 2y y - I 

-Similary we can split G as 

a= a++ a- (38) 

based on the eigenvalues and eigenvectors of B, eq. (10). The flux splitting 

derived above has a discontinuous first derivative when the eigenvalues change 

sign (i.e. sonic and stagnation points). This discontinuous property causes small 

oscillations at sonic points so that Steger redifined the eigenvalue splitting as 

± A.. ± .JI..~ + g2 A· = I l 
I 2 . (39) 

where e is a small parameter to insure a smooth transition when the eigenvalues 

change sign. By properly choosing e, the oscillation across the sonic point can be 

reduced (Ref. 19). 

The flux splitting in eq. (36) is not unique. Van Leer (Ref. 18) suggested a 

different flux splitting with smooth transition when the eigenvalues change sign, 
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i.e. near sonic and stagnation points. It has been shown in Ref. 19 that this form 

of flux-vector splitting has smoothly varying flux contributions at the sonic and 

stagnation points. We utilize the Van Leer flux splitting for our numerical 

algorithm. 
-+ -Following Van Leer splitting, F± and G± are given in terms of the local Mach 

number Mx = ~ and My= ~ , where we consider the Mach number to have the 

sign of u and v, such that 

-++ -+ 
F = F, 

"j+ = 0, 

and 

for Mx ~ -1 

± pa[ +(Mx ± 1)]2 

± pa[; (Mx ± 1)]2[(y - l)u ± 2a]/y 

± pa[; (Mx ± 1)]2v 

± pa[ T(Mx ± 1)]2{[(y - l)u ± 2a]2/[2(y2 - 1)] + v2/2} 

(40) 

(41) 

(42) 
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-+ -G = G, 

a+= o, for My~ -1 

± pa[; (My ± 1)]2 

±pa[ +(My± 1)]2u 

± pa[ +(My ± 1)]2[(y - l)v ± 2a]/y 

± pa[ +(My ± 1)]2{[(y - l)v ± 2a]/[2(y2 -1)] + u2/2} 

for IMyl < 1 

(43) 

(44) 

(45) 

where a is the local speed of sound. The Jacobian matrices A and B can be also 

split as 

A=A++A-

= al+ + aJ- (46) 

-" -aQ aQ 

B = B+ + B-

ao+ aa-- -- + --
(47) 

- -aQ aQ 
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From eqs. (40) - (45), A :1:: and B± can be written as 

A+= A, (48) 

A+= 0, forMx~-1 (49) 

-+± 
A±=.2f_ 

-+ 
aQ 

af1± afi± afi± af1± 
aq1 aq2 8q3 aq4 
afi± af2± afi± afi 
aq1 aq2 aq3 aq4 (50) 

-
af3± af3± af3± af3± 
aq1 aq2 aq3 aq4 

aft af4± af4± af4± 
aq1 aq2 aq3 aq4 

for IMxl < 1 

where 

afi± r-f: 1 - M x ± 1 [ . 1 2 2 - ... - = 11- . 1 + -y(y -1)( -E + u + v )] 
oq1 p Mx ± 1 2a2 

± 
afi ± 1 · 1 [ 1 J 
aq2 =ft pa Mx ± 1 2 - Ty(y - l)Mx( - Mx ± 1) 

± af1 ± v - Mx ± 1 a-q =Ji 2 y(l - y) M 
3 2pa x ± 1 
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ajj* 1 - Mx ± 1 
- 1- =ft y(y - l) M ± 1 aq4 2pa2 x 

afi= aft if r± 'Y - 1 
-- - ±11 pa aq4 oq4 if 

l 

30 



afi± ft 
aqI Ji± 

+ fi±_l { . 1 [(y - l)u ± 2a][ - u ± le - E + u2 + v2)] - v2} 
P y + 1 a 

aft fl _ii±.:!_{ ± Y .1 [(y - I)u ± 2a] + l} 
aq3 fr p y + 1 a 

8};4± 8fi1± f4± - - --- ±Ji± 1 y [(y -l)u ±· 2a] 
aq 4 aq 4 Ji± pa y + I 

and 

B+ = B, B- = 0 for My:;;::: 1 

B+ = 0, for My~ -1 

(51) 

(52) 
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s± = ac± 
-+ 

aQ 

ag1± ag( ag1± ± ag1 
aq1 aq2 aq3 aq4 
~ ± ± ± ~ ± og2 ag2 ag2 og2 
aq1 aq2 aq3 aq4 (53) 

-
± ag3 ± ag3 ± ag3 ± ag3 

aq1 aq2 aq3 aq4 
± ~ ± ± ~ ± ag4 og4 ag4 og4 

aq1 aq2 aq3 aq4 

for IMyl < l 

where 

± ag1 ± 1 - My ± 1 1 8q;- = gl P M ± l [l + ----:;Y(Y -I)( -E + u2 + v2)] 
Y 2a 

± ag1 ± u - My± 1 
aq2 = gl 2 y(l - y) M ± 1 

2pa y 

± ag1 ± I - My± 1 
- - g y( 1) aq4 - i 2pa2 Y - ,_M_y_±_l_ 
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- ' 

:i:: :i:: ag1 g4 

aq1 gt 

+ g1:1::_l { 1 [(y - I)v ± 2a][ - v ± le - E + u2 + v2)] - u2} 
P y +1 a 
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In standard flux differencing, cell-side fluxes are obtained through the 

extrapolation of the cell-centered values of the fluxes. The fluxes are extrapolated 

in an "upwind" direction based on the signs of the appropriate eigenvalues. For 

-example, F+ must be determined on the basis of information coming from the 

-negative x (upwind) direction. Correspondingly F- is determined on the basis of 

information coming from the positive x direction. 

Van Leer, Ref. 32, suggested a variation to this approach, which is now called 

" MUSCL " differencing (based on Monotone Upwind Scalar Conservation 

-Law). In this method, cell-side values of Q are obtained first from the 

-extrapolation of the cell-centered values of Q. The cell-side fluxes are then 

-calculated from these extrapolated values of Q . The extrapolations are of course 

done in an "upwind" sense. The MUSCL differencing has been shown in Ref. 

19 to have superior shock-capturing properties, when applied to Steger and 

Warming, and Van Leer flux-vector splittings. If we apply this approach to the 

grid cell (i, j) , we can get 

(54) 
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-+ -++ -+_ -+_ -++ 
G . . ± 1 = G . . ± 1 (Q . . ± j_) + G . . ± 1 (Q . . ± j_) 

l,j 2 l,j 2 l,J 2 l,j 2 l,J 2 
(55) 

-Here, the cell interface values of Q± are obtained through the extrapolation of 

- -cell-centered values, with Q- extrapolated from the positive x direction and Q+ 

extrapolated from the negative x direction. Then, the cell side fluxes are 

-determined· from these extrapolated values. The extrapolation of Q can be 

written in operator notation (e.g., see Refs. 24,25) as 

(56) 

(57) 

where 

-+ -+ 
!),,xQij = Qij - Qi- lj 

-+ -+ 
V xQij = Q; + 1 j - Qij 

and, 

(58) 

(59) 

where 
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-+ -+ 
!:::.yQij = Qij - Qij-1 

-+ -+ 

v yQij = Qij + 1 - Qij 

The order of accuracy of the extrapolation is determined by the value of the 

switching function cp±. For cp± = 0, the approximation is first-order accurate in 

space. For cp± == 1, k~ and ky control the spatial accuracy. We have the fully 

upwind second-order scheme with kx = ky = -1. Values of kx = ky = 1/3 leads 

to a third-order upwind biased scheme. Spatial variation of cp± allows switching 

between the first-order and higher-order formulas, which is generally required to 

reduce oscillations near discontinuities, such as shock waves. The quantity cp± is 

called a limiter. A general discussion of limiters appears in Refs. 33, 12, 13. 

Several types of limiters were tested in Ref. 19. In this study, we only use a 

so-called the "catastrophic limiter", which was used in Ref. 24. With this limiter, 

wherever the higher-order approximation formulas result in a negative value of 
\ 

the square of the speed of sound, <P± is switched to 0 resulting in a first-order 

approximation at that point. 

Applying the flux-vector splitting to our governing eq. (29), we have 
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-+ 

( ~~ S)ij + [(A+ + A -)n8Q~y Ji+ ; J - [(A+ + A -t8Q~y Ji- ; J 

+ -+ + -+ -+ + [(B + B-)n8Q~xJiJ+ 1... - [(B + B-toQ~xJiJ-1... + DbD18QiJ 
2 2 

= - [c.F+ + .F-t~Yl+ 1 . - [c.F+ + .F-r~yJ. 1 . 
z TJ z-TJ 

(60) 

It may be noted that all the flux vectors and Jacobian matrices in eq. (60) on the 

cell sides i ± ; , j ± ~ are in the flux vector split form. The only remaining 

terms, Pb and Db = a~b are the corresponding flux vector and Jacobian matrix 
a~ 

on the body surface, incorporating the surface boundary condition. It remains an 

open question as whether these terms should be split also. In this work, both the 

split and unsplit forms will be evaluated. From Van Leer flux-vector splitting, 

Pb in the x-momentum equation can be split, for I Mx I < 1 , such as 

+ -Pb= Pb +Pb (61) 

where 

2 
Pb+ = ~ (Mx + 1)2(2 - Mx) 

37 



The pressure Pb in y-momentum equation can be also split, for I My I < 1, such 

as 

+ -Pb= Pb +Pb (62) 

where 

2 
Pb- = ~y (My - 1 )2(2 + My) 

One value of pb, either pb+ or Pb-, will depend on local body shape, and maybe 

obtained using second-order extrapolations of pressure, density and entalphy 

from the computational domain to the body surface. The other one (pb- or pb+ ) 

should be calculated from outside the computational domain (inside of the body). 

But there is no characteristic coming from inside the body, hence this should be 

prescribed on the boundary. In this study , we use the body cell-centered 

pressure. 

Applying the delta form of eqs. (54) - (59) to eq. (60), the final form of our 

numerical equations for the (i, j) cell can be written as 

~ ~ ~ ~ 

C68Qi-2j + C78Qi-lj + Cg8Qi+lj + C98Qi+2j -= R·· l,J 

(63) 
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where 

C2 = - [t(l - kx)A + L\y]i+ ;J 
- {[(1 - fkx)A + + fO + kx)A-]L\y}i- ; J 

siJ 
C3 = L\t + DbDI 

+ {[(1 - .!P...kx)A + + .!P...(1 + kx)A-]L\y}.+ 1 . 2 4 l 2,j 

- {[t(l + kx)A+ + (1 -fkx)A-]L\y}i- ;J 
[ .!P... + .!P... -] } + { ( 1 - 2 ky) B + 4 ( 1 - ky) B L\x iJ + ; 

- {[.!P...(1 - k )B + + (I - .!P...k )B-]L\x}.. 1 4 y 2 y L,J- 2 

C6 = [ .!P...(1 + ky)B + L\xJ.. 1 4 1,J- 2 
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c7 = - [ fc1 + ky)B + ~x]iJ+ 1-
2 

- { [ ( 1 - .!P_k ) B + + .!P_(l - k ) B - ] ~x} . . 1 2 y 4 y l,J- 2 

Each of the C1 - C9 coefficients is a 4 X 4 matrix. 

Applying eq. (63) over the entire set of grid cells, we have a linear system 

... ... 
M8Q =N (64) 

--> 

where M is a banded, block coefficient matrix and N is the right-hand side of 

eq. (14). Direct solution of eq. (64) is not efficient in general. Discussion of the 

iterative solution of these equations is found in Refs. 24 - 27. Vertical line Gauss 

- Seidel relaxation is applied in the present study. For subsonic and transonic 

flows, alternate sweeping direction is employed to have unconditional stability for 
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higher-order approximations (Refs. 19, 25). For a forward sweep, eq. (63) can 

be written as 

-+ -+ -+ -+ -+ 

C18QiJ-2 + C28QiJ-l + C38QiJ + C48QiJ+l + C58QiJ+2 + 
-+ -+ -+ 

(65) 
= RiJ - C68Qi-2J - C78Qi-lJ 

and for a backward sweep as 

-+ -+ -+ 
(66) 

= RiJ - Cg'6Qi+lj - C9'6Qi+2J 

The coefficient matrix M in eq. (64) becomes a block penta-diagonal matrix when 

we use eq. (65) or (66). Furthermore, M becomes a block tri-diagonal matrix for 

the first-order approximation. Either block penta-diagonal or tri-diagonal system 

can be solved effectively using LU decomposition methods. For a supersonic flow, 

a local iteration technique, Ref. 24, was found to be much more efficient than 

global iteration. In this procedure, when the flow is wholly supersonic, no 

downstream terms (i + l or i + 2) appear with the first- or second-order flux 

splitting. Hence the steady-state solution may be obtained by "local" iteration on 

the non-linear terms before moving to the next downstream line. 
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2.5 Far-field Boundary Conditions 

For the conservation form of the Euler equation presented earlier, it can be 

shown that the characteristic speeds (eigenvalues of Jacobian matrices A and B) 

are u, u, u + a, u - a from A and v, v, v + a, v - a from B. Assuming locally 

isentropic flow near a far-field boundary, we can show that 

± 
.!!:!_ = o· 

dt 

along the characteristic paths 

± 
dX - ± --=u a 

dt 

where J± is the Riemann invariant defined as 

1± = u ± 2a 
y -1 (67) 

where x is a local coordinate normal to the far-field boundary (defined positive 

going outward to the far-field), u is a local velocity along the x axis and a is a 

local speed of sound. 

For supersonic inflows, all the four characteristics come from the known 

far-field free-steams. Hence all the q1 - q4 can be prescribed. For supersonic 

outflows, all the characteristics come from the computational domain, and hence, 

all the necessary quantities are extrapolated from the computational domain. In 
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this flow regime, one does not need long distances between the body and the 

far-field boundary in general. Thus, one can have very good grid resolution near 

the body even with a uniform Cartesian grid. 

For subsonic flows, to use known far-field free stream values at the far-field 

boundary, a large distance from the body is required. For example, one needs 

typically at least 50 chord lengths from the body for subsonic or transonic airfoils 

in general. In a body-fitted, mapped grid system this is not difficult with a 

moderate number of grid points and a strong grid streching (though it may result 

in low accuracy). But with our non-mapped, non-body-fitted, Cartesian grid , one 

may expect a grid resolution problem near the body even with grid streching. To 

reduce the problem in subsonic or transonic flow regimes, the characteristic type 

of far-field boundary conditions (Ref. 34) which have been shown to be accurate 

with less than a 10 chord lengths distance between the body and the far-field for 

subsonic and transonic lifting airfoils (Ref. 35) can be applied. 

For a subsonic inflow, three characteristics come into the computational 

domain from the far-field and one characteristic leaves the computational 

domain. For a subsonic outflow, one characteristic comes into the domain from 

the far-field and three characteristics leave the domain. The Riemann invariant 

J- , which propagates along with the characteristic coming into the domain, can 

be determined from known far-field free-stream quantities. The other Riemann 

invariant J+, which propagates along with the characteristic leaving the domain, 

can be extrapolated from the computed quantities. Assuming that a~_) = 0 oy 
along the far-field boundary, one can prescribe the entropy s and the velocity 
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component tangent to the boundary v , from known free-stream values (inflow) 

or extrapolate them from computed values (outflow). Here y is the local 

coordinate tangent to the boundary. The non-dimensional entropy s is defined 

as 

.. 
S - Soo 

SE e Cv 

where s • is the dimensional entropy and cv is the specific heat per unit mass at 

constant volume. Using the present non-dimensional variables, s can be written 

as 

s = yM2 }!_ 00 y p 
(68) 

From these four quantities, we can determined q1 - q4 • The detailed procedure 

is explained in the following, with the left inflow boundary taken as an example. 

At the left inflow boundary , we 'have x = - x , iI = - u. Two Riemann 

invariants J± are determined as following. Along the incoming characteristics to 

the computational domain we have 

J- = ii" - 2ar 
J y -1 

- - Uoo -

- - Uoo -

2a00 

y - 1 
2 

(y - l)M00 

(69) 
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where the non-dimensional a00 = l/M00 • Following the outgoing characteristics 

from the domain, we determine 

J + _ 2a1 = ul'+ 
J 'Y -1 

2ac =-u+--
c 'Y - I 

(70) 

where subscript f denotes the quantities at the far-field boundary grid points and 

c denotes the extrapolated quantities from the computational domain. By adding 

and su bstracting J + and J-, u1 ( = - '0) and a1 are determined such as 

l ( + -) uf = -T J + J (71) 

(72) 

v1 and s1 are prescribed from free-stream values such as 

(73) 

and 

45 



s'f = s = yM2 poo . 00 00 y 
Poo 

= yM2 J!L 
00 y 

Pf 
2 

= M2 al 
00 y-1 

P/ 

From eq. (74), we get 

M 2 a2 1 
( 00 '! )-P'f = y-1 sf 

(74) 

(75) 

Finally from eqs. (71), (72), and (73), the total energy at the boundary is 

determined as 

(76) 
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3.0 Results and Discussion 

In order to verify the procedures developed here, several calculations of 

two-dimensional flows over a variety of geometries have been performed. 

The first problem considered is the inviscid shock reflection on a flat plate to 

validate the numerical algorithm without additional geometric considerations. 

An incident shock wave impinges on a flat plate at an angle of 29° and free 

stream Mach number, M00 , of 2.9. Extensive computational tests have been 

done with this geometrically simple , but complicated flow (near the reflection 

point). The effects of accuracy, which is controlled by the order of the 

approximation used to calculate the cell-side fluxes, is tested with and without 

body surface-pressure splitting (explained in section 2-4). A density contour plot 

in Fig. 4 is obtained using a first-order spatial approximation with a 41 by 41 

uniform grid. Incident and reflected shocks are captured reasonably well, but 

they are abnormally deflected (toward the inflow direction), as seen in the 

isopycnics (constant densitylines) near the reflection point. The constant density 
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lines should be normal to the body surface for this flow. To illustrate grid size 

effects, a denser 81 by 41 uniform grid was utilized. The resulting density 

contours are shown in Fig. 5. Although the improved shock capturing is obvious, 

the constant density lines near the reflection point are again deflected. This same 

pattern was also found in a body-fitted upwind calculation (Ref. 36) and a finite 

element calculation (Ref. 37). The calculation was repeated, but this time using 

second-order spatial accuracy on the coarser, 41 by 41 grid. The resulting density 

contour plot, Fig. 6, shows excellent shock capturing results. Furthermore, the 

abnormally deflected constant density lines have disappeared. The effects of the 

order of approximation employed to calculate the cell-side fluxes on the accuracy 

of the steady-state solution are clearly evident. We believe the deflected contour 

lines near the reflection point are due to the large numerical dissipation of the 

first-order spatial approximation. Next, the first set of calculations were 

repeated, this time with body surface-pressure splitting. The resulting density· 

contour plots are shown in Figs. 7,8 and 9. The contour plot in Fig. 7 corresponds 

to a first-order spatial approximation on a 41 by 41 grid. The deflected constant 

density lines, in the Fig. 4, are obviously improved compare to those without 

surface pressure splitting. A similar tendency is also observed in Fig. 8 on the 

finer 81 by 41 grid. However, the contour plot for second-order spatial · 

approximation is almost the same for both the unsplit (Fig. 6 ) and split (Fig. 9 

) body surface pressure. The density contours in Fig. 10 from the second-order 

spatial approximation on the dense 81 by 41 grid show excellent shock capturing 

ability of the employed flux-vector splitting scheme. The effects of the accuracy 
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of the spatial approximationson on the body surface pressure distributions are 

shown in Figs. 11, 12 and 13 and compared with exact solution. The body 

· surface pressure distributions with and without surface-pressure splitting (on a 

41 by 41 grid) , in Fig. 11, again show big differences between the first- and 

second-order spatial approximations. These results illustrate the oscillation-free 

shock capturing of the first-order spatial approximation. As mentioned earlier, 

the "catastrophic" limiter , when employed with a second-order spatial 

approximation, reduces oscillations across the shocks, but is not totally 

oscillation-free near shocks. This limiter is employed here, not only because of its 

simplicity, but also because it requires less computer storage. With more 

computer storage, stronger limiters (Refs. 12, 13, 19, 33) can be utilized. The 

effect of surface-pressure splitting on the body surface pressure distributions is 

negligible for the first-order calculations (Fig. 12). In the second-order 

calulations, Fig. 13 , the surface-pressure splitting reduces the oscillations 

noticeably. The agreement between exact values and computed values is very 

good. Typical convergence histories of the local iteration technique are shown in 

Fig. 14 for both unsplit and split surface pressure, Pb terms. With the unsplit Pb 

terms, the convergence is quadratic. This is to be expected, since for supersonic 

flows, the upwind relaxation scheme, with Euler implicit time differencing, 

becomes a Newton-method (in the limit of the time step approaching infinity). 

However, with the split Pb terms, the convergence is reduced to being almost 

linear. Apparently, the body surface pressure splitting results in a deviation from 

conservation form for the body cells, which is found to slow convergence. The 
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required ·computation time to achive convergence (Linorm of the residual to 

machine zero) for unsplit and split Pb terms were 36 and 58 cpu seconds, 

respectively. All the computations which will be reported here, have been 

performed on an IBM 3090 computer. According to the results shown above, the 

pressure splitting is desirable with the present limiter to reduce the oscillations 

across the shock wave, but definitely requires more computation time. The 

surface-pressure splitting formulation have been utilized with the remaining 

computation, discussed below. 

The second test case is a supersonic flow, M 00 = 6.57 , over a blunt body. 

These ·calculations are utilized in order to investigate the accuracy of the 

non-body-fitted cartesian grid and the shock resolution of the flux-vector splitting 

scheme. The configuration of the blunt body and a part of the computational grid 

are shown in Fig. 15. A 76 by 101 uniform grid is used to form the 

computational grid. The density contours from the first-order calculation are 

shown in Fig. 16. The second-order calculation in Fig. 17, again shows much 

better accuracy. The pressure distributions, from the first- and second-order 

calculations, along the symmetry plane are shown in Fig. 18. Both the first- and 

second-order calculations show excellent shock-capturing with one grid difference 

in shock locations on the symmetry plane. We believe this difference is due to the 

combined effects of different numerical dissipations and the present limiter. The 

normal shock on the symmetry plane is well captured, with only one grid within 

the discontinuous region, for both the first- and second-order calculations. The 

pressure distributions, from the first- and second-order approximations, along the 
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outflow plane are shown in Fig. 19. The bow shock is oblique at this station and 

is captured within 9 grid points with the first-order calculation and 7 grid points 

with the second-order calculation. The body surface pressure distribution of the 

second-order calculation is given in Fig. 20 and compared with a method of lines, 

shock-fitting calculation with a body-fitted grid (Ref. 38). Although the grid cells 

near the body are irregular and discontinuous, as illustrated in Fig. 15, the 

resulting pressure distribution along the body surface is smooth and shows good 

agreement with the body-fitted grid calculation. This calculation served as a good 

test problem for the grid generation method and pressure extrapolation 

technique. The results verify the grid merging method (merging small body cells 

into adjacent large cells in ± x or ± y direction, depending on the local body 

slope in the small cells) and body surface pressure extrapolation method 

(extrapolating either ± x or ± y direction, depending on the body slope of the 

computational cells). Due to the embedded subsonic region, a global iteration 

technique was used. This problem required approximately 8 seconds of cpu per 

iteration, along with 300 iterations for the first-order approximation to achive 

convergence. 

The third problem set considered ~s the supersonic flow through a 

two-dimensional scramjet inlet, shown in Fig. 21 a. This set of calculations was 

performed in order to illustrate the ability of the method to calculate complex 

shock reflections. This problem set was also utilized to show the geometric 

flexibility of the technique, by performing the calculation both with and without 

a bleed door. The details of the grids used are in Figs. 21 b and c. The first 
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computation was for an inflow Mach number of 2.2 on the smooth (closed door) 

contour with second-order spatial accuracy on a uniform 55 by 59 grid. The 

formation of Mach reflections are seen in the pressure contour plot of this flow 

field in Fig. 22 a. These results are qualitatively similar to those of Ref. 39, which 

used a Navier-Stokes computation, and are reproduced here in Fig. 22 b. Of 

course, we would expect the flow fields from our inviscid results to be similar to 

viscous calculations, only when there is no significant flow separation. 

Next, the effect of reducing the inflow Mach number to 1.9 is considered. The 

resulting pressure contours, shown in Fig. 23 a, indicate aerodynamic choking. 

The same trend is seen in the viscous calculation from Ref. 39, which is 

reproduced as Fig. 23 b. 

We then considered several inlet calculations with the bleed door opened. The 

resulting pressure contours for inflow Mach numbers of 2.2 and l.9 are shown in 

Figs. 24 a and b. It should be noted that the Mach 2.2 calculation was performed 

with second-order spatial accuracy, whereas, the Mach 1.9 case utilized 

first-order accuracy. The motivation for using first-order method was only to 

reduce computational cost, not because of any other difficulties. For example, in 

the inlet calculations, a typical first..;order calculation required approximately 200 

iterations (15 min. cpu time) for convergence, whereas the second-order 

calculations required approximately 300 iterations (30 min. cpu time). These 

calculations not only suggest a possible way to control aerodynamic choking and 

formation of Mach reflection, but also illustrate the ability of the present method 

to handle very complex geometries. Changing to a multi-connected domain was 
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very simple in the present code. This would have been, in general, a very 

significant change for a body-fitted grid. 

All the computations described so far, are for supersonic flow problems. The 

final problem set considered is the subsonic and transonic non-lifting flow over a 

NACA 0012 airfoil. A 41 by 31 uniform inner grid is used to wrap the airfoil and 

to generate body cells. From the outer-edge of the inner grid , grid stretching is 

used to the far-field boundary points with 5 °/o and 11 % continuous increment 

of grid size in x and y directions, respectively. With overall 119 by 109 grid 

points, there are about 3 chord lengths between the leading edge and left far-field 

boundary and about 2 chord lengths between the camber line and top far-field 

boundary. A sketch of the computational domain is shown in Fig. 25. Although 

the far-field boundary 1s applied very close to the airfoil, the characteristic 

far-field boundary conditions, explained previously , result in very accurate 

results. In Fig. 26, the body surface pressure coefficient distribution for 

M 00 = 0.5 is compared with the potential calulation on a Cartesian grid in Ref. 

7 , which reported having good agreement with other body-fitted potential code 

results. The body surface-pressure-coefficient distribution for a transonic flow, 

M 00 = 0.8 , is shown in Fig. 27 along with the results from two other Euler 

solutions. The Euler solutions utilize a central difference, explicit artificial 

viscosity algorithm, one with a body-fitted grid (FL052S, similar to that 

described in Ref. 40), and the other with a Cartesian grid (Ref. 10), similar to 

that used here. Comparing the two Cartesian grid calculations in Fig. 27, shows 

our re~ult to have a slightly sharper shock compared to those in Ref. 10. This is 
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likely due to the upwind difference scheme used here. However other slight 

discrepancies in shock location may be due different grid spacing (their grid was 

uniform, whereas we utilized far-field stretching). Aside from the minor shock 

location differences, the three calculations are in excellent agreement. This case 

required approximately 600 iterations (180 min. cpu time) to achieve 

convergence. 

For the cases discussed here, the new numerical method performs reasonably 

well and shows good agreement with exact solutions and other methods with 

body-fitted grids. The blunt body results compare favorably with the shock-fitted 

Euler calculation (Ref. 38), and the supersonic inlet calculation shows a very 

similar flow structure with viscous calculations (Ref. 39). The subsonic and 

transonic airfoil calculations agree quite well with other Cartesian grid methods, 

such as the potential solution by Wedan and South (Ref. 7), and the 

central-difference, Runge-Kutta time-stepped Euler solution by Clark et al. (Ref. 

10). 
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4.0 Concluding Remarks 

The objective of the present study was to develop a computational procedure 

for solving the Euler equations with an "upwind" scheme using a non-body 

conforming Cartesian grid. The procedure was required to be accurate, efficient 

and applicable to a wide variety of complex geometries. 

To achieve this goal, an implementation of the Van Leer flux-vector splitting 

scheme with the Cartesian finite-volume method was developed. This approach 

leads to a single vector set of governing difference equations which contained the 

surface boundary conditions. The grid was generated using a simple Cartesian 

grid, without any complicated grid generation procedures. An efficient iterative 

relaxation procedure was used to obtain steady-state solutions. 

The resulting method was easy to implement for a wide variety of geometries. 

No new grid generation was required, even for multiply connected domains. 

Accurate solutions were obtained for several transonic and supersonic test cases. 
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The results compared favorably the other numerical methods which required 

body-fitted grids. 

Some drawbacks of the present method include the use of a non-optimal 

number of grids points. Many grid cells are wasted inside the body, and if 

(one-dimensional) grid stretching is used, fine grids will unnecessarily extend to 

the far-field. In extreme cases, perhaps as much as 20 - 40 % more grid points 

(or cell volumes) must be utilized, as compared to a body-fitted grid. We feel that 

the simplicity of the grid generation more than compensates for this 

disadvantage. 

A more severe problem with this approach is that it is not easily extended to 

viscous flows. The fact that a single coordinate line does not follow the body 

surface contour, (as in a body-fitted grid), means that one cannot efficiently 

stretch the grid in a direction normal to the surface in order to resolve viscous 

boundary layers. Also, not having a coordinate line along the body makes it very 

difficult to to use simplifying "thin-layer" approximations. 

Nonetheless, the approach utilized in this study will still be very useful for 

inviscid Euler solutions. The method has been shown to be accurate, efficient and 

robust. Upon extension to three dimensions, this approach should be particulary 

useful in a preliminary design mode, where flows past a wide variety of complex 

geometries can be computed without complicated grid generation procedures. 
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Figure 2. Computational Grid Cells near a Blunt Body. 
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Figure 4. Density Contours - Shock Reflection of a Flat Plate: 
1H00 = 2.9, 1st-order Upwind with Unsplit Ph 41 bv 41 Grid. 
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Figure 5. Density Contours - Shock Rellcction · of a Flat Plate: 
Af 'l) = 2.9, 1st-order Upwind with Ur:split pi;, 81 by 41 GriJ. 
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Figure 6. Density Contours - Shock Reflection of a Flat Pl:.uc: 
Afr;, = 2.9. 2nd-order Up'ivind with Unsplit p!,, 41 b\· ..J.I Grid.' 
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Figure 7. Density Contours - Shock Reflection of a Flat Plate: 
A100 = 2.9. 1st-order Upwind \Vith Split Pt, 41 bv 41 Grid. 
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Figure 8. Density Contours. - Shock RcOectlon of a Flat Plate: 
A/7 -> = 2.9, 1st-order UpwinJ 1vith Split p6, 8 l b\· 41 Grid. 
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Figure 9. Density Contours - Shock Reflection [>f a Flat Plate: 
Jf 00 = 2.9, 2nd-order Upwind with Split /lh, 41 by 41 Grid. 
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Figure 10. Density Contours - Shock Reflection of a Flat Plate: 
AfXJ = 2.9, 2nd-order Up,,·ind with Split p/;, 8 l by 41 Grid. 
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Figure 25. Sketch of Grid - NACA 0012 Airfoil 
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Figure 26. CP Distributions over a NACA 0012 Airfoil: 
Jf f) = 0.5, a = o· . 
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Figure 27. CP Distributions over a NACA 0012 Airfoil: 
A100 = 0.8, a = O' . 
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