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Abstract

Stochastic modeling to represent intrinsic and extrinsic noise is an important challenge in
molecular systems biology. There are numerous ways to model intrinsic noise. One framework for intrinsic noise in gene regulatory networks was recently proposed within the discrete
setting. In contrast, extrinsic perturbations were rarely modeled due to the complex mechanisms that contribute to its emergence. Here a discrete framework to model extrinsic noise is
proposed. The interacting species of the model are represented by discrete variables and are
perturbed to represent extrinsic noise. In particular, they are subject to a discretized lognormal distribution. Additionally, a delay is imposed on the update with a certain probability.
These two perturbations represent global extrinsic noise and pathway-speciﬁc extrinsic noise.
It leads to large variations in the concentration of proteins, which is consistent with an existing continuous way of modeling extrinsic ﬂuctuations. The framework is applied to three
diﬀerent published discrete models: the cell fate of lambda phage infection of bacteria, the
lactose utilization system in E. coli, and a signaling network in melanoma cells. The framework captures factors that signiﬁcantly contribute to the random decision between lysis and
lysogeny as well as explains the bistable switch in the model of the lac operon. Finally, a
feed-forward loop analysis is conducted by measuring and comparing the noise level in the
target protein of feed-forward loops. This analysis reveals the ability of certain feed-forward
loops to attenuate or amplify ﬂuctuations, dependent upon various levels of noise. In conclusion, this thesis aims to resolve the question of how the extrinsic noise can be modeled and
how biological systems are able to maintain functionality in the wake of such large variations.
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Chapter 1
Biological Context
1.1

Introduction

“For the concert of life no-one gets a program.” [27]
This statement illustrates the fascination of randomness in biological processes. Even in a
population of genetically identical cells, every cell is unique [39]. For example, they can
diﬀer in their morphology or in the rate of expression of their genes [39]. The harmonizing of
stochasticity and determinism are an inescapable part of life [32]. That is, living organisms
must balance between random biochemical interactions and precise development [32].
The observed ﬂuctuations in the concentrations of chemical species between genetically identical cells are indeed larger than expected, which implicates the question of how the processes
function properly despite these variations [9]. Therefore, it is of great interest to understand
how these large ﬂuctuations arise and how the cells maintain their precise functioning [9]. In
fact, the comprehension of stochastic gene expression is said to be one of the most important
and exciting challenges in molecular biology [29]. A striking example of the signiﬁcance of
noise in gene expression is given by a bacterium: The stochastic expression of a speciﬁc
protein actually predicts the life span of C. elegans [32].
Mathematical models help to gain understanding of biological systems. For example, by
knowing how to represent the extrinsic variations in a single protein, the eﬀects of extrinsic
noise on whole gene regulatory networks can be analyzed. This in turn enables elucidation of
how the cells can function properly with the noise. Generally, the notion “modeling” refers
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to the mathematical representation of a system. The notion “simulation” denotes its computational solution [16]. One can distinguish between two classes of models, namely discrete
and continuous models [26]. Continuous models can be systems of diﬀerential equations
which are of advantage if the purpose of the model is to gain quantitative insights about the
system [26, 16]. The downside of this approach is that it requires detailed knowledge of the
reaction rates and the concentration of the reacting species, and such information is often
diﬃcult to obtain [16]. Additionally, an increase in complexity of the system comes along
with an increase in the number of parameters [16]. In contrast, a discrete model enables one
to gain insights about the qualitative behavior of a system [16]. The interactions between
the chemical species can be visualized graphically and it is not necessary to have detailed
information, as is the case for continuous models [16]. This discrete approach provides a
description of the dynamics of a network without knowing the exact rate parameters. In
turn, the result does not give us precise information about the concentrations of the involved
chemical species, but rather represents the qualitative states of the system. That is, the outcome of the simulation tells us for example whether a certain protein is absent or present in
low or in high concentrations. Hence, the decision between continuous or discrete models is
dependent on whether one is interested in quantitative or qualitative results, and whether
the required data is available [11]. Another classiﬁcation of mathematical models is that of
stochastic and deterministic models. A stochastic model of gene regulatory networks more
accurately portrays a real biological system. While deterministic models can only predict
the average behavior of the system, stochastic models are able to capture the observed variability and thus represent a more realistic model [24].
Here, we are interested in the qualitative behavior of systems and thus work with discrete
models, where each variable of the model can have integer values in a ﬁnite set {0, 1, ..., p−1},
p ∈ N. Also, the time is discrete and the variables change their values at each time step
according to speciﬁc update rules as explained in Chapter 2. To introduce stochasticity and
thereby enable more realistic modeling, we embed the respective model into the framework
for extrinsic noise. This allows for comparison between the deterministic and stochastic dynamics of the system and analysis of the relations between network structures and robustness.
The thesis is structured as follows. Section 1.2 describes the diﬀerence between intrinsic and
extrinsic noise and names the sources of the latter.
Chapter 2 provides the stochastic framework to model extrinsic noise and is divided into
three sections. Section 2.1 speciﬁes the biological background necessary for the framework,
which is then introduced in Section 2.2. The chapter ends with remarks about the lognormal
distribution and seeks to answer the question of how it emerged in biological systems.
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Chapter 3 proceeds with specifying general characteristics of extrinsic noise. In particular,
Section 3.1 is dedicated to the questions of how to measure ﬂuctuations and develops a measure of dispersion, the AMSD, which will be used in Chapter 5. Section 3.2 aims to describe
potential methods to distinguish extrinsic and intrinsic noise. Section 3.3 illustrates the
eﬀect of extrinsic noise on the expression level of a single protein. Finally, Section 3.4 closes
with examining the advantages and disadvantages of extrinsic noise and noise in general.
Chapter 4 consists of three applications of the stochastic framework to model extrinsic noise.
More precisely, Section 4.1 applies the framework to the model of infection of bacteria with
phage lambda. Section 4.2 continues with the application to the model of the lactose utilization system in E. coli. Finally, the framework is applied to a signaling network in melanoma
cells in Section 4.3.
Chapter 5 begins with Section 5.1, which discusses the eﬀect of the extrinsic noise on the
dynamics of networks as a whole. An analysis of certain network motifs is provided in Section 5.2. The thesis closes with a conclusion in Section 5.3.
The discrete stochastic framework to model extrinsic noise is a new concept developed in this
thesis. Another new concept is the AMSD, which is as a measure of dispersion for discrete
models. The AMSD is a modiﬁcation of the multiplicative standard deviation. It was suggested to use the multiplicative standard deviation to measure the magnitude of variations
when the observed variables obey a lognormal distribution [19]. We conduct a feed-forwad
loop analysis and use the AMSD to compare the transmitted variations. Furthermore, we
also measure the noise level with the AMSD in a network motif of the Wnt network and the
lambda phage network.

1.2

Deﬁnition and Sources of Extrinsic Noise

The notions of intrinsic and extrinsic noise were introduced by Elowitz et al. [8]. The distinction between either source of noise is not always clear and depends on the deﬁnition
of the network of interest. The term intrinsic or extrinsic refers to ﬂuctuations inside the
system or in the environment of the network, respectively [29]. Hence, it depends on the
distinction between inside and outside of the system [10]. The environment of the system
comprises not only the extracellular surroundings, but also the intracellular environment.
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That is, extrinsic variations are caused by environmental factors that can be outside the cell,
e.g. the temperature, or inside the cell such as the number of present reactant molecules [23].
For example in a network of proteins, ﬂuctuations in the abundances of mRNAs count as extrinsic noise, since they indirectly cause variations in the protein concentrations [29]. Thus,
extrinsic noise also consists of the ﬂuctuations in the amount of other molecular components
inside the cell [44]. Extrinsic noise is caused by variations in the abundances of molecular
species that are not a node in the network, but their concentration diﬀers between cells and
causes cell-wide variations in the amount of proteins and mRNAs of interest [44]. The system
of interest inherits extrinsic noise by interacting with other stochastic systems in the intraor extracellular environment [38]. The expression level of a gene depends on the amount
and location of regulatory proteins, which is why variations in their abundance causes extrinsic perturbations in the concentration of the gene [8]. Extrinsic variations mostly alter
the parameters of a network. For example the rate of translation ﬂuctuates due to diﬀerent
numbers of free ribosomes [28]. In fact, extrinsic variations contribute mainly to the total
cellular noise in prokaryotes [8] and eukaryotes [34].
Recall that gene expression involves the enzyme RNA-polymerase that transcribes the gene
on the DNA into mRNA [45]. The latter one is then translated into proteins, which requires
enzymes called ribosomes [45]. The promoter is a part of the DNA, which controls transcription [45]. Transcription factors are proteins that can bind to operators, which are regions in
the DNA, and activate or inhibit gene expression [45].
External factors that cause variations include ﬂuctuations in general transcription factors
[4], and enzymes indirectly involved in the network, cell-cycle-dependent periodic changes,
random segregation of protein copies at mitosis [29, 17], variations in the amounts of RNApolymerases, ribosomes, nucleotides [35], and amino acids [45], the cell’s growth rate [38], as
well as the cell’s environment [44]. The cell can be exposed to diﬀerent environments, which
can vary for example in temperature and in the amount of nutrients available [45]. Not only
diﬀerences in the cell size, but also variations in the cell’s shape and organelle composition
contribute to extrinsic ﬂuctuations [21]. Furthermore, the chromosomal location of a gene
counts as an origin of extrinsic noise [4, 47].
To further reﬁne this deﬁnition, extrinsic noise can be subdivided into global noise and transmitted pathway-speciﬁc noise [21] [35]. The latter includes variations in the concentration
of the protein or gene of interest that are caused by factors ‘upstream’ of this gene [21], such
as disparity in the signaling pathway [21]. For example, if a transcription factor is regulated
by an enzyme, the ﬂuctuations in the concentration of this enzyme result in extrinsic noise
in the concentration of the transcription factor [21]. Pathway-speciﬁc noise includes intrinsic and global variations in upstream components [30] and can be diﬀerent to each node of
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the network. The intrinsic noise in these components can potentially be averaged out over
time and thus depends on the lifetime of the respective protein [30]. Additionally, genes
can have a diﬀerent susceptibility to the upstream noise [30]. The same upstream regulator
can govern several genes such that ﬂuctuations in the concentration of the regulator aﬀect
several proteins equally [15]. Global extrinsic noise encompasses all nonspeciﬁc ﬂuctuations,
potentially aﬀecting all network nodes equally [38]. As an example, this includes diﬀerences
in rates of the basic reactions [35] or the metabolic state of the cell [21] that have an impact
on the expression of all genes [35]. The global noise is sometimes used as a synonym for
extrinsic noise [6, 47].
In contrast, intrinsic noise is produced by diﬀerences in the timing of individual reactions,
which arise due to intermolecular collisions caused by the random movement of molecules
[38]. Intrinsic noise acts gene-speciﬁc [21]. It reﬂects the inherent stochasticity in biochemical reactions, due to the laws of physics and chemistry [37]. This can cause, for example,
random transcription and translation initiation [44]. Intrinsic noise becomes especially pronounced when low numbers of protein molecules are involved [4, 26, 8]. The reacting species
diﬀuse and collide frequently with other molecules, which in turn changes their propensity to
react [33]. Researchers showed that the random transitions of the promoter between active
and inactive states, resulting in mRNA bursts, is due to intrinsic noise [31] and this factor is
speciﬁc for each gene [4]. The molecules involved in transcription, gene regulation, and signal
transduction are mostly present in low molecule numbers [23]. Thus the timing of reactions
can vary signiﬁcantly. The fact that they are only available in smaller amounts reﬂects the
cell’s attempt to minimize its metabolic cost [32]. Especially the number of mRNA molecules
in a cell is low, compared to the number of protein molecules [4]. As an example, certain
types of mRNAs that encode transcriptional regulators in yeast cells are present in average
with 0.005, 0.3 and 1 copy per cell [4]. In fact, it was demonstrated experimentally that
intrinsic noise increases when the number of molecules involved decreases [8]. Intrinsic noise
is sometimes referred to as thermal noise, since it emerges due to the thermal movement of
the molecules [21, 17, 37, 43].
The chromosomal position of a gene has an impact on the gene’s expression level since alterations in the chromatin structure determine whether the gene’s promoter is accessible for
potential transcription factors [4, 3]. Chromosomal positioning of a gene was classiﬁed as an
extrinsic noise source [47]. Those genes, being controlled by the same promoter exhibit correlated ﬂuctuations in their expression levels [4]. The concentration of transcription factors
present in the intracellular environment inﬂuence the state of an operator of a certain gene
[2]. Operator state ﬂuctuations propagate to the expression level of the protein and thus
variations in the concentration of transcription factors can be considered as extrinsic noise [2].
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One may also consider the distinction of intrinsic and extrinsic as origin and propagation
of noise [28]. Fluctuations in the concentration of regulatory components are themselves
caused by probabilistic processes in the cell and thus propagate this noise to the proteins of
the network. For example, a gene encoding a repressor could stochastically switch on or oﬀ,
causing intrinsic ﬂuctuations in the concentration of repressors and propagate to the target
protein as extrinsic ﬂuctuations [28].
Pertaining to the random segregation of molecules at cell division, the uneven partitioning,
speciﬁcally of mitochondria, can cause large variations in the number of protein molecules
between the two cells [14]. In addition to variations in their number, the mitochondria
also vary in their functionality [14]. Since mitochondria are the producers of ATP, their
variations aﬀect biochemical reactions and gene expression levels [14]. Additional evidence
for the impact on noise levels was discovered in an experiment: A population of cells was
treated with antioxidants, which are known to enhance mitochondrial functionality. As a
result, the noise level signiﬁcantly decreased [14]. The variations in mitochondrial mass and
functionality contribute to the extrinsic noise and dominate over intrinsic noise [14].
Moreover, the cell cycle constitutes a source of extrinsic noise, since the protein production
rates oscillate with the cell cycle [36]. At the end of the cell cycle, the gene copy number is on
average twice as high compared to the beginning of the cell cycle [36]. This type of variation
in protein molecule numbers is thought to be predictable since it recurs periodically as opposed to the other purely stochastic sources of extrinsic ﬂuctuations [35]. Even in this ﬁxed
process, there can be signiﬁcant variations in the cell growth rate contributing to a great
amount of extrinsic ﬂuctuations in the concentration of proteins [47]. The concentration
of proteins is determined by the rate of synthesis, the rate of degradation, and the dilution caused by the cell growth [47]. Among these factors, the dilution due to the noisy cell
growth rate contributes a fundamental part to variations in the concentration of proteins [47].
In summary, extrinsic noise arises due to ﬂuctuations in the amount of any molecular component that is indirectly involved in the network of interest, but is not a network node
itself. These components may be intra- or extracellular. It furthermore comprises ﬂuctuations caused by the system’s environmental circumstances, such as the cell growth rate
or the temperature. Extrinsic ﬂuctuations act indirectly and globally, i.e. they potentially
aﬀect several nodes equally. Therefore, extrinsic variables would be the concentration of
transcription factors, enzymes, ribosomes, polymerases, nucleotides, and amino acids, the
chromosomal location of a gene, cell-cycle-dependent changes, the cell’s size, shape, organelle
composition and growth rate, random partitioning at mitosis, extracellular nutrients and the
temperature.
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Chapter 2
The Discrete Modeling Framework
2.1

Biological Reasoning

The concentration of a protein can vary due to extrinsic ﬂuctuations. To appropriately model
such ﬂuctuations, it is important to ﬁnd out how they aﬀect the distribution of the protein
concentrations. As described in the previous section, many factors contribute to extrinsic
variations in protein abundances. Some extrinsic variables can be grouped together to a
representative extrinsic variable, because their overall eﬀect on the network can be modeled
in the same way. To monitor the concentration of a protein in a single cell, it is common
to use ﬂuorescent reporters [45]. These are ﬂuorescent proteins that are expressed together
with the protein of interest and are detectable with a ﬂuorescence microscopy [21].
The ﬁrst extrinsic variable E1 represents ﬂuctuations in the amount of polymerases, ribosomes, nucleotides, and amino acids as well as the cell growth rate. It has a lognormal
distribution and aﬀects all nodes in the network, i.e. it acts globally. This type of distribution shows a longer right tail, indicating that greater chemical abundances occur more
frequently compared to symmetric distributions [9]. Researchers investigated protein concentrations in cells and found a distribution, which was skewed to the right and thus can be
ﬁtted well with a lognormal distribution [36] [9] [47] [17] [37]. The variations were found to
be mostly of extrinsic origin [36] [47].
Rosenfeld et al. [36] deﬁned the gene regulation function as the function whose value represents the downstream protein production rate given a certain concentration of transcription
factor. The authors built a so-called ’λ − cascade’ in E. coli, which consists of the λ repressor
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and a downstream gene. The former is coupled on the genome with yellow ﬂuorescent protein and the latter with cyan ﬂuorescent protein. In this way, it was possible to monitor the
expression levels of both, the repressor and the target protein. When exploring the deviations from the mean gene regulation function, the investigators found a standard deviation of
0.55. To avoid cell-cycle-dependent ﬂuctuations, the protein production rate was normalized
to the average cell-cycle phase, which resulted in a remaining standard deviation of 0.4. In
fact, the protein concentration was distributed lognormally around the mean gene regulation function. To assess whether these ﬂuctuations were mainly due to intrinsic or extrinsic
ﬂuctuations, the dual-reporter method was applied. Cyan and yellow ﬂuorescent proteins
were produced from two identical promoters. As a result, 35% of the variations in protein
production rate were of extrinsic origin, and 20% intrinsic. Section 3.2 provides a precise
description of the dual-reporter method and explains why it might even underestimate the
percentage of extrinsic noise. The experiment was conducted with identiﬁed repressor concentrations and the cell-cycle-dependent changes were normalized. Thus, in this setup the
extrinsic component of the noise consists of variations in global cellular components. This
comprises RNA-polymerases, nucleotides, ribosomes and amino acids. These variables are
grouped together into E1 . Due to this discovery, extrinsic ﬂuctuations were modeled with a
lognormal distribution by Shahrezaei et al. [38] [39]. They modeled the perturbations with
a lognormal random variable with mean one that is multiplied to the extrinsic variables [38].
The next chapter contains an example from their work.
During the cell cycle, the protein concentrations vary periodically. In particular, the protein
synthesis rate is approximately doubled in the course of a cell cycle [36]. However, taking
into account the gain in cell volume these periodic variations become negligible since the
proteins are in turn diluted out. Nevertheless, the increase in the amount of proteins during
the cell cycle is not proportional to the growing cell volume [47]. In fact, Tsuru and colleagues in [47] argued that the protein production rate and the cell growth rate are decoupled
and showed that the cell growth is itself a noisy process. Therefore, protein concentrations
can vary due to variations in the cell growth rate. The dilution of proteins in a bacterial
cell is mostly caused by the cell growth and protein degradation contributes a much smaller
part. The authors investigated in which way the variations in the cell growth rate aﬀect
the protein concentrations. A gene circuit in E. coli was constructed comprising a repressor
coupled with red ﬂuorescent protein and the target gene co-expressed with green ﬂuorescent
protein. The concentration of the repressor was held constant. Thus the ﬂuctuations in the
green ﬂuorescent protein were only due to global noise without transmitted noise. Since the
green ﬂuorescent protein concentrations increased with the growing cell volume, the ratio
of protein concentration to cell volume was considered in order to avoid cell-cycle-related
eﬀects. The resulting distribution of the green ﬂuorescent protein concentration exhibited a
long right tail. It was furthermore plotted on a logarithmic scale displaying a distribution
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which is approximately normal. This suggests a lognormal protein distribution. Tsuru et al.
attributed the observed variations in protein concentrations to noise in the cell growth rate.
Therefore, the eﬀect of noisy cell growth rates on the amount of proteins can be absorbed
into the extrinsic variable E1 , which obeys a lognormal distribution. The authors estimated
that noise in the cell growth rate contributes to 27% of the total extrinsic noise.
Such lognormal protein distributions were reported by several other investigators [17, 9, 37],
and mRNA distributions were also found to have a long right tail [31], which matches a lognormal distribution. Furthermore, protein concentration distributions in a growing bacterial
population were examined, and a crossover from a long-tailed to a Gaussian distribution
was found in [17]. From experiments, a lognormal distribution was documented for smaller
protein concentrations and a Gaussian distribution for large amounts of proteins after approximately 15 hours of growth [17]. This growth hour corresponds to the late stationary
phase of bacterial growth [2]. In the stationary phase, the protein distribution is more symmetric and might ﬁt a Gaussian distribution [17].
Moreover, it was stated that bacterial cells in the exponential growth phase generally exhibit
a lognormal protein distribution [9]. At this point, it is worth mentioning that the growth
of a bacterial population is divided into several phases [1]: The ﬁrst part is the lag phase,
in which the cell mass only increases a little. The exponential growth phase then is characterized by unrestricted growth of the population. In this phase, the cells grow eﬃciently,
having reached their critical growth speed, which is the maximal growth speed after which a
cell would not grow any faster [9]. When the growth rate ceases and the metabolic activity
declines, the stationary phase is reached [1].
Furusawa et al. restricted their experiments to cells that were in the exponential growth
phase [9]. They showed experimentally and in silico that all chemical abundances in these
cells obey a lognormal distribution. The authors conducted a variety of simulations and
stated that theses results are true in general, independent of the details of the model such
as the structure of the network. It was concluded that the lognormal protein distributions
generally occur in cells that are in the exponential growth phase. To conﬁrm these laws,
experiments with E. coli were conducted. The protein distributions of the cells in the exponential phase of growth were measured. The protein abundances were normalized to the
volume of each cell to eliminate the ﬂuctuations due to diﬀerences in cell size. As a result,
the protein distributions were lognormal. This distribution is not related to variations in
plasmid copy number, since it also occurred when the gene was located on the genome.
Thus, whether or not a lognormal distribution truly reﬂects the protein distributions in a cell
might depend on the stage in the bacterial growth phase. It was experimentally conﬁrmed
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that the lognormal distribution holds until 15 hours of bacterial growth [17]. For this modeling framework, we assume that the system of interest resides in these earlier growth phases.
To sum up, we deﬁne the representative extrinsic variable E1 as lognormally distributed.
It reﬂects the eﬀects of ﬂuctuations in global extrinsic factors such as the concentration of
RNA-polymerases, nucleotides, ribosomes and amino acids as well as the noisy cell growth
rate. Hence E1 aﬀects all network nodes equally.
It remains to consider the gene-speciﬁc extrinsic noise. This includes variations in the concentration of transcription factors or enzymes that are required for the expression of a certain protein [21], as well as the chromosomal positioning of a speciﬁc gene and the current
chromatin structure, which aﬀects its accessibility for RNA-Polymerases and transcription
factors [4]. Additionally, the cells may have diﬀerent shapes and constellations of the organelles [21] which may have an impact on the biochemical reactions. When considering how
genes respond to variations in upstream transcription factors it is important to note that the
transmitted global noise can antagonize the eﬀect of the global noise on the gene of interest
[30]. For example if the global noise calls for an overexpression of all genes, it also leads to an
overexpression of a repressor. This in turn downregulates the gene of interest, counteracting
the global call for overexpression on that gene. Furthermore, the susceptibility of a gene to
upstream ﬂuctuations can vary signiﬁcantly, depending on the amount of active transcription factor [30]. Variations in the amount of transcription factors or enzymes might cause
diﬀerences in the timing of biochemical reactions, independently of the diﬀerences in the
timing caused by intrinsic noise. Various shapes and organelle constellations of cells as well
as the location of a gene on the genome together with the current chromatin structure might
also cause individual reactions to occur at diﬀerent points of time. Thus in this modeling
framework, the variations in protein concentrations due to the varying amounts of potential
transcription factors and enzymes as well as due to the diﬀerent chromosomal locations, cell
shapes, and organelle compositions are represented by a probability that the update of a
certain network variable does not happen. As will be speciﬁed in the next Section, each
variable of the network xi has a probability di that it remains at the current expression level
at the next time step instead of being updated. The probabilities di are kept quite small in
order to not distort the original dynamics too much.
Diﬀerent cell sizes might also aﬀect the timing of biochemical reactions. It is intuitive to
assume that the reacting molecules have lower probabilities of collision in large cells, as compared to smaller cells. Thus, the probability of a delay in the updates could be increased
when modeling larger cells. By contrast, in order to model a smaller cell, the probability
for a delay could be decreased. However, it is assumed that the probabilities for a delay are
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already quite small. In order to model a smaller cell, there might be the need for an additional adjustment. Investigators reported that proteins are diluted by the cell growth [47].
This stimulates the idea that proteins in larger cells tend to be distributed more sparsely
in the cell. Whereas in smaller cells the proteins are more densely concentrated. Thus, the
level of protein concentration could be increased in a model of smaller cells. The application
of the modeling framework to the lambda phage model in Chapter 4 includes an attempt
to model smaller cells. In this case, the discrete protein concentration levels were increased
by one after each update for smaller cells. Additionally, the probabilities for a delay where
decreased to 1% and 0%. It might be a simpliﬁed way of representing smaller cells, but in the
case of the lambda phage model, the results of the simulations indeed exhibited a property of
smaller cells, which was observed experimentally [40]. Note that the modiﬁcation to increase
the concentration levels by one is only appropriate in a system with multivalued variables.
It would lead to an overrepresentation in a Boolean model.
The network of interest may also include extracellular nutrients, such as the network of the
lac operon model. It was reported that nutrients provided externally to a cell or imported
from the outside obey a normal distribution [9]. Hence, the nodes in the respective network,
which represent extracellular nutrients, will be perturbed by an extrinsic variable E2 , which
is normally distributed. This distribution was indeed used for external nutrients in a model
of the lac operon [48].
Fluctuations in protein concentrations due to uneven segregation at mitosis have a normal
distribution and aﬀect all nodes in the network at cell division. It seems natural to assume
that the proteins are distributed evenly to the two daughter cells at cell division. However,
there are ﬂuctuations in the amounts of proteins after segregation. These variations are
termed cell partitioning noise [17]. In fact, the cell partitioning noise leads to a Gaussian
distribution at the beginning of the cell cycle [17]. It was observed experimentally that
the proteins are distributed binomially to each daughter cell at mitosis, which reﬂects equal
probability for each molecule to go to one of the two daughter cells [36]. In fact, a binomial
distribution was used previously to represent the segregation of proteins and mRNAs at
mitosis [44, 17, 21].
The eﬀect of uneven segregation of mitochondria was investigated and it was found that
it signiﬁcantly varies transcription rates and thus gene expression levels, as well as the cell
cycle length [14]. Depending on the number and functionality of mitochondria, the ATP
concentration in a cell in turn aﬀects the rates of biochemical reactions and the cell growth
rate [14]. The volume of the daughter cell and its mitochondrial mass right after cell division
are normally distributed. This represents equal probability to be assigned to either one of
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the two daughter cells. For the mRNAs and proteins, a binomial distribution was chosen,
which, for high values of n, can be transformed into a normal distribution [14] according to
the relation

B(n, p)  N(np, np(1 − p)),
where p = 12 . Thus a normal distribution is suitable for modeling the eﬀect of cell partitioning noise. However, in many models of gene regulatory networks, the experimental data
is not related to the cell cycle. In such a case, the eﬀects of the cell partitioning noise are
excluded from the model. Here, we will consider the model of the infection of bacteria with
phage lambda, the model of the lactose utilization system in E. coli, and a signaling network
in melanoma. These models are based on data that is not related to the cell cycle, and thus
we will neglect the cell partitioning noise in the modeling framework.
Furthermore, it should be taken into account that the growth rate of bacteria generally increases with a rising temperature, see [13]. The temperature-growth rate curves from ﬁve
diﬀerent types of microorganisms including E. coli showed an increase in the growth rate
with temperature within certain temperature ranges. In particular, E. coli starts growing at
approximately 8 ◦ C, and accelerates the growth with rising temperatures until around 48 ◦ C,
which is the maximal growth temperature. This reﬂects a speeding up in reactions rates at
higher temperatures, i.e. faster transcription, translation and accelerated interactions among
the proteins. To incorporate this eﬀect into the modeling framework, the probabilities di
(i=1, ..., n) for a delay can be adjusted according to the temperature. That is, if these probabilities are enhanced, it is more likely that an update of a node does not happen. This delay
represents a slower reaction time and thus a slower protein synthesis and degradation rate.
As the temperature increases, the probabilities become slightly smaller, and inversely, as the
temperature decreases, the probabilities slightly rise. Thus, higher probabilities represent
a higher inertia in the network and accordingly a greater chance for a delay in reactions,
resulting in slower reactions, which reﬂects low temperatures.
Not only the distribution of ﬂuctuations, but also the time scale over which the ﬂuctuations
occur is an important characteristic. In fact, extrinsic variations last signiﬁcantly longer
than intrinsic ones [36, 21]. The autocorrelation time is deﬁned as the time a ﬂuctuation
persists, namely until the perturbed gene expression rate returns to its mean [21]. Extrinsic
ﬂuctuations feature an autocorrelation time of around 40 minutes, which is about one cell
cycle in fast dividing bacteria, such as E. coli, whereas intrinsic variations only last for
approximately nine minutes [21]. Extrinsic noise causes the protein concentrations to vary
considerably from their mean expression levels over relatively long periods [36]. If a cell
overexpresses a certain protein, it will probably maintain this higher synthesis rate for the
rest of the cell cycle [36]. In light of this property of extrinsic variations, it seems to be
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suitable to alter the extrinsic impact on the network only for every few updates rather than
for each update of the network. Here, this is modeled by changing the extrinsic noise every
fourth update. This stems from the stochastic framework to model intrinsic ﬂuctuations [26],
where the impact of intrinsic noise is diﬀerent at each time step. Assuming that extrinsic
perturbations last approximately four times longer than intrinsic ones [21], we change the
extrinsic variations every four time steps.

2.2

The Algorithm

In accordance to the modeling framework for intrinsic noise introduced by Murrugarra et al.
[26], let the variables x1 (t), x2 (t), ..., xn (t) denote the concentration of n chemical species at
time t. The modeling framework is discrete in time and in the concentration of the variables.
That is, each variable xi (t) can take on values in some discrete ﬁnite set Xi (i=1,2,...,n), and
its values change over time t = 1, 2, .... The value of each variable is discrete and represents
the current concentration of the respective variable. For example Xi = {0, 1, 2} would indicate that the variable xi can be absent (xi (t) = 0), present in low concentration (xi (t) = 1),
or present in high concentration (xi (t) = 2). Depending on the respective context, the
various levels could also represent diﬀerent conditions. For instance, instead of the concentration, it could also be distinguished among diﬀerent locations of proteins (cytoplasmic/in
the nucleus) or among diﬀerent levels of activity (inactive/low active/high active), see [11].
A discrete dynamical system of the variables x1 (t), x2 (t), ..., xn (t) is deﬁned as a mapping
f = (f1 , f2 , ..., fn ) : X −→ X
where X = X1 × X2 × ... × Xn and each coordinate function fi is a function of x =
(x1 , x2 , ..., xn ) and dictates the deterministic value of the variable xi at the next time step,
that is xi (t + 1) = fi (x1 (t), x2 (t), ..., xn (t)) = fi (x(t)) and t denotes the time [26].
In the modeling setup described above, the coordinate functions describe the deterministic
update of the respective variable. After identiﬁcation of the deterministic update of the
system, the states are perturbed with extrinsic ﬂuctuations. The extrinsic variations are imposed on the network nodes ﬁrst by introducing a probability for each variable to maintain
its current expression level, and second by multiplying each variable with a representative
extrinsic variable E1 or E2 . Recall that the extrinsic random variable E1 is lognormally
distributed. As described in Section 2.1, it was discovered experimentally that global extrinsic noise results in protein distributions with a longer right tail, which match lognormal

14

2.2. THE ALGORITHM

distributions [36, 9, 47]. Such global factors were found to be, for example, varying concentrations of RNA-polymerases, nucleotides, ribosomes and amino acids, as well as the noisy
cell growth rate. By multiplying each variable with the lognormal distributed extrinsic variable E1 , which has the mean one, a protein distribution with a longer right tail is obtained.
The mean is still the original deterministic value. Hence this approach is appropriate to
represent the global extrinsic noise. The external nutrients of a cell were said to be normally
distributed [9], and thus they are multiplied by the normal random variable E2 , which has
mean one. Therefore, the external nutrients obey a normal distribution with the mean being
the deterministic update. After the perturbation of each variable with either E1 or E2 , the
states are rounded to integer values in order to maintain discrete states. The probability
for a delay di for the update of variable xi (i = 1, 2, ..., n) represents the chance that the
respective update may not happen. As explained in Section 2.1, such a delay is expected
to represent a delay in the signaling pathway of the speciﬁc protein. This includes varying
concentrations of gene-speciﬁc transcription factors and enzymes that are required for the
gene’s expression. Also, the location of a gene on the chromosome inﬂuences its accessibility
for transcription factors and RNA-polymerases, and thus could be responsible for a delay.
Furthermore, diﬀerent cell sizes, shapes and organelle compositions can result in longer or
shorter signaling paths, such that this factor is also expected to cause potential delays. The
precise algorithm is described below.
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Discrete Dynamical Delay System with Extrinsic Noise
Let pi ∈ N (pi ≥ 2, i = 1, ..., n) be the number of possible expression levels that the variable xi
can have (i = 1, ..., n). Let x(0) = x0 = (x1 (0), x2 (0), ..., xn (0)) be the initial state of the system.
Set τ = 0 and repeat the following for increasing τ until stepsmax ∈ {τ, τ + 1, τ + 2, τ + 3}, where
stepsmax ∈ N is the number of time steps of the simulation.
1. At time step τ ∈ N0 , a sample of the extrinsic variable E1 (τ ) is taken, which is lognormally
distributed with mean one. Also, a sample of E2 (τ ) is taken, which obeys a normal distribution
with mean one.

2. For the timesteps t = τ, τ + 1, τ + 2, τ + 3, and as long as t ≤ stepsmax , the following is repeated:
2.1 The deterministic update fi (x(t)) for each network variable xi is determined
(i = 1, ..., n).
2.2 It is decided for each node xi (i = 1, ..., n), whether the update is on, or whether it is
delayed. Here the probability for the update to take place is 1 − di ∈ [0, 1], whereas the
update does not happen with probability di ∈ [0, 1] (i = 1, ..., n). Hence

xi (t + 1) =

xi (t),
fi (x(t)),

with probability di
with probability 1 − di .

In the case of a delay for a certain network variable, the respective variable will not undergo
steps 2.3, 2.4 and 2.5 of the algorithm.
2.3 If there is a node xk (k ∈ {1, 2, ..., n}), which represents an external nutrient, its value
is multiplied by E2 (τ ), that is xk (t + 1) := fk (x(t))E2 (τ ).
2.4 The state of all other network nodes xi (t) is multiplied by E1 (τ ),
that is xi (t + 1) := fi (x(t))E1 (τ ).
2.5 The values of each node are rounded to keep them discrete. In particular, the threshold
for a variable to be rounded to the next higher integer is a decimal place ≥ 0.5, and otherwise, it
is rounded to the next smaller integer. Additionally, the values of each node xi are kept within the
range of possible expression levels {0, 1, ..., pi − 1} (i = 1, ..., n). Namely, if the resulting value of
xi (t + 1) (i = 1, ..., n) is greater than pi − 1, the value is set to pi − 1, and if xi (t + 1) (i = 1, ..., n)
is smaller than zero, the variable is set to zero. If t < τ + 3, set t := t + 1 and go back to 2.

3. If τ + 3 ≥ stepsmax , the algorithm ends. If τ + 3 < stepsmax , set τ := τ + 4 and go back to
step 1.
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The update xi (t + 1) (i = 1, ..., n) for a network variable xi (t) may also be formulated in
mathematical terms. Here, we assume that the variable xi is not an external nutrient, i.e. it
is not multiplied by E2 , but by E1 . Let τ ∈ N0 , t ∈ {τ, τ + 1, τ + 2, τ + 3} and i ∈ {1, ..., n}.
Let δ(t) be a random variable, which is uniformly distributed on the interval [0,1], that is
δ ∼ U ([0, 1]). Let di ∈ [0, 1] be the probability for a delay in the update of node xi . The
update xi (t + 1) for node xi reads as
⎧
⎪
if δ(t) < di ,
xi (t),
⎪
⎪
⎪
⎪
⎪
⎨min{pi − 1, E1 (τ )fi (x(t)) }, if(E1 (τ )fi (x(t)) − E1 (τ )fi (x(t)) ) ≥ 0.5
xi (t + 1) =
and (δ(t) ≥ di ),
⎪
⎪
⎪min{pi − 1, E1 (τ )fi (x(t)) }, if (E1 (τ )fi (x(t)) − E1 (τ )fi (x(t)) ) < 0.5
⎪
⎪
⎪
⎩
and (δ(t) ≥ di ),
where the number of possible states pi can be diﬀerent for each network variable. If the
network variable xi represents an external nutrient, E1 (τ ) would be replaced by the normal
random variable E2 (τ ) in the equation above.
Note that this modeling framework allows adjustments to various temperatures, cell shapes,
organelle compositions by altering the probabilities for a delay di (i = 1, ..., n). This probability may be diﬀerent for each network node to reﬂect gene-speciﬁc diﬀerences such as
ﬂuctuations in the amount of speciﬁc transcription factors and enzymes or the diﬀerent individual locations of the genes on the chromosome. Thus, by choosing diﬀerent probabilities
for a delay it is possible to ﬁne-tune the susceptibility of the genes to the upstream noise.
It is furthermore possible to vary the level of the global extrinsic noise simply by choosing
diﬀerent variances for the lognormal distribution. Thus, even during a simulation, the magnitude of extrinsic perturbations can be changed.
The lognormal perturbation is represented by the product of the deterministic update with
a lognormal random variable with mean one. The resulting distribution shows larger variations for higher deterministic update values (upper panel of Figure 2.1). Another possibility
for the lognormal perturbation would be to take a sample of a lognormal random variable,
whose mean is the deterministic update. This would lead to the same magnitude of variations for lower and higher deterministic values (lower panel of Figure 2.1). These two
classiﬁcations of lognormal perturbations ultimately yield the same mean. However, for the
upper panel, a much greater variability is produced for larger protein expression levels. In
fact, it was observed experimentally that the variations for higher protein concentrations
are indeed larger [47], which suggests the ﬁrst way of modeling the lognormal perturbation.
Additionally, it was shown in simulations that the standard deviation increases with the
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average protein expression level [9]. Intrinsic noise is expected to decrease with the increasing protein concentrations [4]. By contrast, extrinsic noise typically leads to the same ratio
of standard deviation to the mean [28], which implies greater variability for higher mean
protein concentrations. The ratio of standard deviation to the mean is termed coeﬃcient of
variation and is explained in Section 3.1.

Figure 2.1: In the upper panel, the mean of the lognormal distribution is one and the variance 0.3.
On the upper right, the distribution is multiplied by three. In the lower panel, the mean is one and
three, respectively, and the variance 0.3.

In Chapter 1, it was mentioned that the interactions between the chemical species in gene
regulatory networks could be visualized by a directed graph. It is important to explain this
graphing method prior to its use in Chapter 4. This directed graph is called wiring diagram or simply network. The nodes are the interacting proteins or genes, i.e. the variables
x1 , x2 , ..., xn , and the edges represent the interactions among these molecular species [25].
An edge between two proteins can either be an inhibiting or an activating edge. For example
the protein with the exiting edge can be a transcription factor that regulates the respective
protein with the incoming edge. Inhibiting edges are usually speciﬁed by red arrows or black
blocked lines, whereas the activating edges are green or black arrows. Examples for wiring
diagrams are given in Chapter 4.
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The Lognormal Distribution

This section introduces the basic concept of a lognormal distribution. Furthermore, the
emergence of the observed lognormal protein distributions is examined. A variable X is
lognormally distributed with parameters μ and σ 2 if Y = ln(X) is distributed normally [5].
Thereby, μ and σ 2 are the mean and variance of the normal distribution of Y . Brieﬂy, if
Y = ln(X) ∼ N (μ, σ 2 ), then X ∼ Λ(μ, σ 2 ). Since X = eY , this random variable is always
positive.
The probability density function for X ∼ Λ(μ, σ 2 ) is given by

f (x) =

xσ

1
√

x−μ)
exp{− (ln 2σ
}, for x > 0,
2
2π
2

forx ≤ 0.

0,

The mean m of X reads as

1

m = eμ+ 2 σ

2

(2.1)

and the variance v is
v = e2μ+σ (eσ − 1).
2

2

(2.2)

It is possible to compute μ and σ for given v and m. Equations (2.1) and (2.2) are converted
such that μ and σ only depend on m and v. This results in


μ = ln

√

m2
v + m2

and

σ 2 = ln 1 +

v
.
m2

Thus, a lognormal random variable E1 with mean m = 1 and variance v has the parameters
1
1
μ = ln( √v+1
) and σ 2 = ln(v + 1), that is E1 ∼ Λ(ln( √v+1
), ln(v + 1)).
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1
Figure 2.2: Lognormal probability density function of X ∼ Λ(ln( √v+1
), ln(v + 1)), where v =
0.2, 0.3, 0.6, 0.9, 1.5.

Figure 2.2 shows the probability density function of the lognormal distribution with mean
one and diﬀerent variances.
The left panel of Figure 2.3 illustrates the trajectories of a lognormal random variable with
mean one and variance v = 0.4 over 100 time steps. The corresponding rounded values are
displayed in the central panel of Figure 2.3. They build a discretization of the lognormal
distribution. The right panel of Figure 2.3 demonstrates the lognormal probability density
function f (x) as well as the associated normal probability density function g(y). This ﬁgure
is based on a generic simulation of lognormal random numbers to visualize the trajectories
and the discretized probability density function.
The probability density function of the lognormal distribution shows a longer right tail,
which implies that the abundance of interest occurs more frequently with high concentrations
compared to a symmetric distribution [9]. Yet one might intuitively expect a symmetric
distribution, where deviations to higher or smaller values are equally likely. Recall that the
central limit theorem suggests an approximately normal distribution for the sum of several
sources of ﬂuctuations, which are independent and identically distributed [9]. Interestingly,
biological phenomena often obey a lognormal distribution [19]. The underlying principle
that leads to a lognormal distribution is that the factors do not sum up, but they combine
multiplicatively [19]. Indeed, the major operation in the laws of physics and chemistry
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Figure 2.3: The trajectories of a lognormal random variable (left panel) with the corresponding
probabilities for the rounded values (central panel) and the plot of the underlying lognormal probability density function f (x) and the probability density function g(y) of the associated normal
distribution.

is multiplication [19]. In particular, the variations in chemical reactions are transmitted
multiplicatively [9].
The multiplicative version of the central limit theorem states that the product of many
independent, identically distributed, positive random variables approximates a lognormal
distribution [9]. That is, if Z1 , Z2 , ..., Zn are positive, independent and identically distributed
random variables with
E(ln Zj ) = μ < ∞, V ar(ln Zj ) = σ 2 < ∞,
for j = 1, ..., n, then the product X converges in distribution as
n

Zj → Λ(nμ, nσ 2 ).
d

X :=

(2.3)

j=1

This can be realized by considering the random variable
n

Y := ln(X) =

ln(Zj ) ∼ N (nμ, nσ 2 ),

j=1

which yields equation (2.3). Note that the product of independent lognormally distributed
random variables obeys a lognormal distribution already if two variables are multiplied [19].
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An explanation of how a lognormal distribution emerges is given by the so-called “law of
proportionate eﬀect” [5]: Let X0 be a positive variable and consider the recursive equation
Xj = Xj−1 (1 + j ),

(2.4)

where the j (j ≥ 1) are mutually independent and identical distributed random variables,
which are also statistically independent of Xj [5]. This recursion obeys the law of proportionate eﬀect [5]. The nth variable Xn can be written as
n

Xn = X0

(1 + j ),
j=1

which is equivalent to
n

ln(Xn ) = ln(X0 ) +

ln(1 + j ).

(2.5)

j=1

The Taylor expansion of ln(1 + x) around a number a, is given by
∞

ln(1+x) =
k=0

1

2

− (1+a)2
ln(1 + a)(k)
(1+a)3
(x−a)k = ln(1+a)+ 1+a (x−a)+
(x−a)2 +
(x−a)3 +. . . ,
k!
1!
2!
3!
1

which for a = 0 results in
ln(1 + x) = x −

x2 x 3
+
+ ...
2
3

(2.6)

Suppose |j | < 1 (j ≥ 1). Replacing x by j in (2.6) yields
ln(1 + j ) ≈ j
and therefore, equation (2.5) becomes
n

ln Xn ≈ X0 +

j .
j=0

The additive central limit theorem implies that ln Xn is asymptotically normally distributed.
Thus, Xn is asymptotically lognormally distributed [5].
From a biological point of view, the recursion (2.4) could represent a cascade of catalytic
reactions, where the chemical j − 1 catalyzes the chemical j (j ≥ 1) [9]. The multiplication
with (1 + j−1 ) (j ≥ 1) perturbs the deterministic value of Xj . The variations combine
multiplicatively in this recursion. The fact that protein concentrations exhibit a lognormal
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distribution suggests that the process of gene expression is such a catalytic reaction [9]. Indeed, gene expression is inﬂuenced by a cascade of many factors such as transcription factors,
RNA-polymerases, and ribosomes [9]. Recall that the perturbations j (j ≥ 1) from equation
(2.5) are mutually independent and identically distributed random variables. Transferring
this to the cascade of reactions involved in gene expression, we might conclude that variations
in the concentration of transcription factors, RNA-polymerases and ribosomes are mutually
independent and identically distributed.
It is worth mentioning that many phenomena in nature obey a lognormal distribution as
presented in [19]. Examples are numerous, ranging from geological, environmental, and
medical phenomena and even to occurrences in social sciences and economics. Researchers
investigating the lognormal distribution were asked to ﬁnd an original measurement that
matches a normal but not a lognormal distribution. The term “original” was meant in the
sense that the data is not a function of a measurement, such as the sum of original data.
Interestingly, they could not ﬁnd such an example.
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Chapter 3
Properties of Extrinsic Noise
3.1

Quantiﬁcation

The stochasticity in the expression level of a protein is typically measured with the coeﬃcient
of variation [44, 4, 38, 21, 49, 35, 47]. It is an empirical, dimensionless measure of the magnitude of variations [38, 21]. Let P be a protein. The coeﬃcient of variation (CV) is deﬁned
as the standard deviation σ of the distribution of P divided by the mean concentration μ of
P [21], that is
CV =

σ
.
μ

To estimate the unknown CV of the distribution of some protein P in a cell, the concentration of the protein can be measured across a population of N genetically identical cells [44].
Let Pk be the concentration of the protein P found in the kth cell. Opposed to previous
ways of approaching the CV [44], we shall use a diﬀerent measure of dispersion based on the
fact that lognormal protein distributions are expected.
Given the mean and the variance of the lognormal distribution in Section 2.3, one can
compute its CV as

CV = eσ2 − 1,
(3.1)
which only depends on the variance of the associated normal distribution. Indeed, it was
reported experimentally that the coeﬃcient of variation of a protein concentration does not
change with the mean [47]. However, the proposed measure of dispersion for the lognormal
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distribution is not directly the CV itself [19]. To quantify the magnitude of ﬂuctuations in a
lognormal distribution, the multiplicative standard deviation s∗ was suggested in [19], which
is given by

1
N −1

∗

s =e

N

i=1

P

[ln( mi∗ )]2

,

(3.2)

where m∗ is the geometric mean, which reads as

N

N
m∗ = 
Pi .
i=1

In fact, the geometric mean m∗ and the multiplicative standard deviation s∗ are the maximum
likelihood estimators for the lognormal distribution, because of its multiplicative emergence
[19].
Note that the multiplicative standard deviation s∗ to a certain extent is an approximation
of the CV of the lognormal distribution. That is, by plugging in the geometric mean m∗ into
(3.1) and applying the basic rules of the natural logarithm, we get

∗

s =e

1
N −1

N

i=1

1
[ln(Pi )− N

N

j=1

ln(Pj )]2

,

which can be further expanded into


s∗ = e

1
N −1

N

i=1

1
ln(Pi )2 −2 (N −1)N
(

N

i=1

ln(Pi ))(

N

j=1

ln(Pj ))+

1
N(
(N −1)N 2

N

j=1

ln(Pj ))2

,

and this is just


s∗ = e

1
N −1

N

i=1

1
ln(Pi )2 + (N −1)N
(

N

i=1

ln(Pi ))2

.

(3.3)

For high values of N we obtain from Equation (3.3) the approximation
s∗ ≈ eσ̂ ,
where σ̂ is the maximum likelihood estimator for the standard deviation of the normal
distribution given by


N
1 N
1

2
σ̂ =
ln(Pk ) − (
ln(Pk ))2 .
N k=1
N k=1

25

3.1. QUANTIFICATION

Thus, in a sense, s∗ approximates the CV of the lognormal distribution given in equation
(3.2). s∗ includes division of the measured values Pk (k = 1, ..., N ) by the mean m∗ . Hence,
the ﬂuctuations are normalized to the mean, which enables appropriate comparison of quantiﬁed ﬂuctuations with diﬀerent means.
Now, there is the need to ﬁnd an appropriate measure of dispersion for the discrete modeling
framework. For this reason, the multiplicative standard deviation proposed in [19] has to be
modiﬁed.
First, it is important to notice that the deterministic updates fi (x(t)) (i = 1, ..., n) in the
simulations are known. And they represent the mean trajectories of the network variable
xi (t). Thus, we might use this as mean value instead of the geometric mean m∗ .
Second, we have to take into account that the multiplicative standard deviation includes
division by the mean value and also the logarithm of the protein levels. However, these
values can be zero. Hence, we propose to shift all the observed values as well as the mean
values by plus one. This modiﬁcation does not distort the quantiﬁed ﬂuctuations since the
multiplicative standard deviation s∗ normalizes the values to the mean and thus the measured magnitude of ﬂuctuations is independent of the mean.
Third, the variables of the network Xi (i = 1, 2, ..., n) may have diﬀerent ranges of expression levels. That is, some proteins might have levels in {0, 1, 2, 3, 4}, while others can only
take on values in {0, 1} or {0, 1, 2}. If {0, 1} are the states of the variable and there is a
deviation from 0 to 1, we have a much larger ﬂuctuation than if a variable that has 5 states
{0, 1, 2, 3, 4} ﬂuctuates by one. Thus, the measurement for dispersion of network variable xi
∈ {0, 1, ..., pi −1} is multiplied by p1i (i = 1, ..., n), such that we have the variations relative to
the whole range of possible values. This confers comparability even between network nodes
with diﬀerent ranges.
We want the measure of dispersion to be 0 for the deterministic run of the system. Thus we
subtract p1i at the end. This does not change the measured ﬂuctuations, because we subtract
it for all nodes.
After considering all the necessary modiﬁcations, we ﬁnally can deﬁne the measure of dispersion for the discrete modeling framework, which we will call adapted multiplicative standard
deviation (AMSD).
Let the number of iterations of the system be m time steps. Let
(fi (x(0)), fi (x(1)), fi (x(2))..., fi (x(m − 1)))
be the deterministic trajectories of protein xi (i ∈ {1, ..., n}). Instead of measuring the
protein concentration in N (N ≥ 2) cells, the simulations are run N times in order to have
N samples of the protein concentration level at a given time point t ∈ {1, 2, ..., m}. Thus,
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there will be N trajectories
(xki (1), xki (2), xki (3), ..., xki (m))
with k = 1, 2, ..., N , which were subject to extrinsic noise. Let pi be the number of possible
states for variable xi . The resulting AMSD for time step t ∈ {1, ..., m}, denoted by s̄(t) is
given by


1
s̄(t) = e
pi

1
N −1

N

k=1

[ln( f

xk (t)+1
i
)]2
i (x(t−1))+1

.

Thus, the AMSD for the whole run of the simulation, i.e. for t = 1, 2, ..., m, denoted by s̄ is
given by

1
s̄ =
pi

m
t=1



1
e
m

1
N −1

N

k=1

[ln( f

xk (t)+1
i
)]2
i (x(t−1))+1

−

1
.
pi

(3.4)

Now, variations in the amount of a variable with a smaller range of possible values is larger,
compared to the same variations in the amount of a variable with more possible values.
Hence, the AMSD enables comparison of the magnitude of ﬂuctuations between variables
with diﬀerent ranges.
Note that this measure of dispersion quantiﬁes the general ﬂuctuations in a variable xi , which
could be of both intrinsic and extrinsic nature. However, in the applications presented here,
we only perturb the variables with extrinsic noise. Therefore, we can be sure that the amount
of dispersion quantiﬁed with the AMSD is caused by extrinsic noise only. It is important to
emphasize that N has to be greater than 1 for the formula to be deﬁned.
The purpose of the AMSD is to measure the magnitude of ﬂuctuations of a single protein.
Section 5.2 will apply this to examine the eﬀect of certain network motifs on a speciﬁc protein.
A way of visualizing the stochasticity in the dynamics of a whole network is described in
Section 5.1.

3.2

Distinction Between Intrinsic and Extrinsic Noise

Researchers came up with a method to experimentally distinguish between intrinsic and
extrinsic noise sources [8]. That is, given the total noise level of a protein, the so-called
dual-reporter method enables splitting up the total noise into intrinsic and extrinsic parts.
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The clue is to introduce two ﬂuorescent proteins of diﬀerent colors into the genome of a cell,
such that they are controlled by independent, identical promoters. Global extrinsic sources
of noise lead to correlated ﬂuctuations in the expression level of the two genes since they are
in the same intracellular environment. By contrast, the noise of intrinsic origin results in
uncorrelated ﬂuctuations. To ensure that the measured extrinsic noise captures not only the
global noise, but also the pathway-speciﬁc ﬂuctuations, the two reporter genes can be placed
under the control of the same signaling pathway [21]. It was demonstrated that intrinsic
noise is particularly high when the abundance of transcripts is low, whereas extrinsic noise
has its peak at medium rates of transcription [8]. The dual-reporter method was widely
applied [31, 34, 3, 44, 31, 36, 38].
Yet there was recently an argument that the dual-reporter method might lead to an underestimation of the extrinsic noise [41]. Investigators reported that it is not possible to
discriminate between intrinsic and extrinsic noise using the dual-reporter method if the two
identical promoters share common regulatory proteins [41]. In this case, the two copies of
the gene compete for the regulatory proteins what can contribute to converse ﬂuctuations in
the expression levels of the two genes, especially when the abundance of regulatory molecules
is low [41]. Indeed, transcription factor molecules in bacteria generally occur in low numbers
[33], for example in E. coli, the number of LacI repressors is around 10 copies per cell [41].
An extreme case was simulated, where the repressor occurs only fourfold and variations in
the number of RNA polymerases or ribosomes are neglected [41]. The computed part of
the extrinsic noise was negative [41]. The binding of a transcription factor to a target gene
decreases the amount of transcription factors that can bind to the other target gene [41]. In
this regard, the extrinsic noise is not only an input to the genes, but the latter ones in turn
also aﬀect the extrinsic variations [41]. A negative part of the extrinsic noise is problematic,
because in the presence of additional positive correlated ﬂuctuations due to, for example,
varying numbers of RNA polymerases and ribosomes, the ﬂuctuations of the two reporters
might be in the end mainly uncorrelated. The extrinsic noise generated by the common
regulatory proteins, which results in converse ﬂuctuations in the expression level of the two
identical gene copies counteracts the expected positive correlated ﬂuctuations [41]. The effect is a potential underestimation of the extrinsic noise part [41].
Intrinsic noise is expected to decrease as the number of transcript molecules increases [4].
This enables an approach to determine the relative contribution of intrinsic noise to the total
noise [4]. The variations in the expression of a gene can be measured, as well as the noise in
the expression level of the same gene when inserted multiple times into the genome of the
cell [4]. Then the intrinsic noise can be quantiﬁed by the ratio of the noise level in the latter
measurement to the noise level of the former measurement [4]. However, the multiple copies
of the same gene could also compete for the same regulatory proteins. Hence with a rise
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in the number of copies of the gene, the competition for the transcription factors increases,
too. This eﬀect would enhance the overall uncorrelated extrinsic ﬂuctuations and distort the
expected drop in the noise level.
However, one could think of alternative ways of distinction between intrinsic and extrinsic
sources of noise. It should be at least possible to detect the relative contribution of extrinsic
global noise to the total noise level [21]. When using two diﬀerent independent promoters that
drive the expression of two ﬂuorescent proteins of diﬀerent colors, the correlated ﬂuctuations
in the expression level is due to global extrinsic noise [21]. Since they are two diﬀerent
promoters, they do not share common transcription factors. The remaining part of the noise,
namely the extent to which the two reporters ﬂuctuate uncorrelated consists of intrinsic noise
and pathway-speciﬁc extrinsic noise.
Section 3.3 illustrates the dual-reporter method as well as the problem with positive and
negative correlation.

3.3

Eﬀects of Extrinsic Noise - Single Protein

Shahrezaei and colleagues explored the eﬀects of extrinsic noise [38] [39]. First, they considered a model of gene expression comprising the promoter in the non-active and active
state, the amount of mRNAs and the amount of proteins. The model incorporates promoter activation and deactivation, transcription, translation as well as degradation. Figure
3.1 shows the scheme of this basic reaction network. In this section, we apply the discrete
modeling approach for extrinsic noise, which was introduced in Section 2.2, on this small
reaction network. Let D ∈ {0, 1} be the current state of the promoter, where 0 represents
an inactive promoter and 1 indicates an active promoter. Let M ∈ {0, 1, ..., pM − 1} be the
representative concentration of mRNA and A ∈ {0, 1, ..., pA − 1} be the concentration level
of the protein. In this example we choose a high number of states to illustrate the eﬀect of
extrinsic noise. In this simpliﬁed model of gene expression, the promoter changes its state in
each time step. The mRNA level is increased by one if the promoter was active in the last
time step. The level is decreased by one if the promoter was inactive in the last time step.
The protein molecule number is the mRNA level from the previous time step.
Shahrezaei et al. simulated the dual-reporter method, which was described in Section 3.2,
and showed that the protein expression levels of the two reporters ﬂuctuate independently
in the presence of only intrinsic noise and exhibit a quite symmetric distribution. When
adding extrinsic noise, the variations in the number of protein molecules become larger and
most importantly, they are mainly correlated. The resulting protein distribution exhibits a
longer right tail ([39, p.370]).

29

3.3. EFFECTS OF EXTRINSIC NOISE - SINGLE PROTEIN

Figure 3.1: The small example includes promoter (inactive/active), mRNA, and protein. The
Figure is adapted from [38]. Used under fair use guidelines, 2012.

Here, we show this eﬀect using our discrete modeling approach introduced in Section 2.2.
At ﬁrst, only intrinsic noise is incorporated into the model, using the stochastic framework
introduced by Murrugarra et al. [26]. Based on the idea that intrinsic noise aﬀects the
timing of biochemical reactions, this modeling framework uses propensities for activation
and degradation for each variable [26]. Thereby, the propensity for activation/degradation
represents the probability that the update of the respective variable actually happens, if the
update increases/decreases the current expression level of the variable [26]. The propensities
used in this example are displayed in Table 3.1. Two diﬀerent proteins A and B are used,
representing the two reporters. They were chosen to be relatively high to account for the
fact that intrinsic noise is of much smaller magnitude than extrinsic noise [39].

Propensity for activation
Propensity for degradation

D = promoter
0.8
0.8

M = mRNA A = protein
0.9
0.9
0.9
0.9

Table 3.1: The propensities for activation and degradation to represent intrinsic stochasticity.

In the presence of only intrinsic noise (Figure 3.2 lower panel), as expected, the two proteins
ﬂuctuate independently and their distribution is quite symmetric.
Next, extrinsic noise was added to the system (Figure 3.2 upper panel). That is, the intrinsic
noise framework is kept and additionally, the delay probability associated with the extrinsic
noise caused by variations in the amounts of potential transcription factors, enzymes and
variations in the cell’s size, shape, organelle constellation and the chromosomal region of the
gene, as described in Section 2.2, is introduced. The protein concentration is furthermore
perturbed with the lognormal extrinsic variable E1 . The variance of the lognormal distribution was 0.8 and the probability for a delay was 5% for all three variables. The resulting
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Figure 3.2: The upper panel shows the trajectory in the presence of both, intrinsic and extrinsic
noise, whereas the lower panel the one without extrinsic noise. The average expression levels
are the average over ﬁve simulations. The corresponding probabilities were generated using 100
simulations. As initial state we chose a random promoter state and M = A = 5. The number of
expression levels of mRNA and proteins were pM = 10 and pA = 40 to compare the eﬀect to the
one generated by the continuous model.

average expression levels of protein A and B are now mainly correlated and the corresponding
protein distribution exhibits a longer right tail (Figure 3.2 upper panel). The variations exhibit signiﬁcantly larger magnitudes. This is in good agreement with Figure 1 in [39, p. 370].
A typical way to visualize the extent of correlated ﬂuctuations between two reporters is to
plot protein concentration A against concentration of protein B [32]. If ﬂuctuations are highly
correlated they tighten around the line A=B (as seen in [38, 21, 32]), whereas uncorrelated
ﬂuctuations result in a cloud of random points [32]. We reproduced this phenomenon with
our discrete model (Figure 3.3). The intrinsic noise results in uncorrelated ﬂuctuations,
whereas the extrinsic variations mainly aﬀect two identical independent proteins equally
and therefore resulting in correlated ﬂuctuations.
In Section 3.2, it was reasoned why the dual-reporter method may lead to an underestimation of the extrinsic noise. Recall that this can happen if the two reporters share regulatory
proteins. To illustrate this principle, we simulated two extreme cases. At ﬁrst, the hypothet-
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Figure 3.3: The idea of visualizing the dual reporter method. The extrinsic noise causes greater
variabilities in the protein expression levels, as can be seen by comparing the range of values of the
left and right panel. For this simulation, the number of diﬀerent expression levels of mRNA and
protein was pM = pA = 200. It was necessary to choose that many states to display the eﬀect of
the correlations.

ical case, where the two promoters of the reporter proteins are subject to identical delays
and intrinsic noise is the only part of the noise that aﬀects the promoters diﬀerent. Such
a case can occur, when the two promoters have the same activator and it is assumed that
the activator is abundant. For this simulation, the intrinsic noise was kept at a low level
and the probabilities for a delay for all variables were only 1%. The variance of the extrinsic
lognormal random variable was v = 0.2. The resulting ﬂuctuations are, as expected, mainly
positive correlated (top left in Figure 3.4) what can be veriﬁed by plotting protein concentration A against protein concentration B (top right in Figure 3.4). However, as described
in Section 3.2, it is often the case that regulatory proteins occur in low abundances. The
second extreme case represents the scenario, where the two promoters of the reporter proteins are again under the control of the same activator, but only one copy of the activator is
present. This setting implies that the regulator can only activate one of the two promoters
at a time step. Both reporters are still subject to the same extrinsic variable E1 , but their
promoters have converse delay occurrences. That is, if there is no delay in the update of the
ﬁrst promoter, then there is a delay in the update of the second promoter and vice versa.
For this simulation, all parameters remained the same as before except for the probability
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for a delay in the promoters, which was set to 50%. The average expression levels ﬂuctuate
mainly uncorrelated, due to the negative (delay) and positive (E1 ) correlations that concur
(bottom left in Figure 3.4). The resulting plot of protein concentration A versus protein
concentration B reﬂects this eﬀect (bottom right in Figure 3.4).

Figure 3.4: The upper panel depicts the results from the ﬁrst extreme case, where the extrinsic
perturbations are mainly positive correlated. The lower panel depicts the simulation of the second
extreme case, where the two proteins A and B are activated by the same transcription factor, which
occurs only once.

This simulation demonstrates the case, where the delay in the update of the two reporters
is negatively and positively correlated at the same time. Thus, the resulting correlations
appear to be uncorrelated to a great extent. The dual-reporter method would identify uncorrelated ﬂuctuations as intrinsic noise. Indeed the resulting cloud of points in Figure 3.4
bottom right is less tightened around the line A=B, when compared to the plot in Figure
3.4 top right.

Variations of extrinsic nature are signiﬁcantly larger in magnitude than intrinsic variations,
which was exhibited in Figure 3.2. This is consistent with the diﬀerent eﬀects that intrinsic
and extrinsic noise exert on the state space and thus the dynamics of a whole system, which
is the issue of Section 5.1.
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Advantages and Disadvantages

Noise might appear to be a nuisance that hampers proper functioning of a cell, however,
it was reported that noise can actually be of advantage [7]. For example a population of
identical cells can randomly diﬀerentiate due to noise, which permits division of labor and
bet-hedging [7]. A metaphor for the latter one would be the common idiom “Don’t put all
your eggs in one basket,” which implies for evolutionary biology that variability is of advantage in the light of an unpredictable future [42]. Noise can enhance the number of diﬀerent
phenotypes that emerge from a certain genotype [7].
Examples for bet-hedging strategies are numerous. First, a bacterial population of genetically identical cells can switch stochastically between two metabolic states, what was shown
to be a ﬁtness advantage in ﬂuctuating environments [7]. A popular case of stochastic state
switching is the model of the lactose utilization of the bacterium E. coli addressed in Section
4.2. The stochastic switching between the two states of metabolizing either glucose or lactose
ensures that the population is composed of two subpopulations, one that has certain proteins
highly expressed and is able to metabolize lactose, and the other subpopulation, which does
not express these proteins at high levels and thus relies on glucose being available in the environment. The population is then bimodal [17]. Second, the soil bacterium Bacillus subtilis
can stochastically switch to a state, where it is able to uptake DNA from the environment,
due to noise [20]. This potentially confers a ﬁtness advantage since the cells are provided
with new genetic material [20]. Third, it was discovered that E. coli cells can switch to a
state, in which they are resistant to antibiotics [32]. This leads to a bimodal population with
the property that one part of the population is resistant to antibiotics. Even if the growth
rate of this subpopulation is much slower, it enables surviving of antibiotic treatment [32].
An example of labor division would be the case of stem cells, since they are able to diﬀerentiate into more specialized cells and the choice of the cell fate can be stochastic due to
noise [7]. For example a mouse has over a thousand diﬀerent odorant receptors and instead
of developing a complex regulatory network to ensure development of all diﬀerent receptors,
the system relies on stochastic decisions due to noise in gene expression [32].
Section 3.3 revealed that extrinsic noise leads to protein distributions with a longer right
tail and thus increases the variability, when comparing it to a hypothetical system with only
intrinsic noise. In this sense, extrinsic noise fosters the bet-hedging strategy. A lognormal
protein distribution provides a broader range of possible thresholds for selection that lead to
a bimodal population compared to a normal distribution [17]. It was concluded that the cell
might have established long-tailed protein distributions, when variability is advantageous
and symmetric protein distributions with a smaller variance, when robustness is more beneﬁcial [17].
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Noise also comes along with disadvantages [32]. For example it was revealed that noise and
aging are related [32]. In particular, researchers discovered that aging in mice is associated
with enhanced noise levels [32]. When precise functioning is required, noise can be detrimental [32]. In this case, living system have evolved mechanisms to suppress the variations
[32]. It was shown that genes with a higher rate of expression usually have less ﬂuctuations
[32]. But a high expression rate also comes along with a high metabolic cost [32]. Indeed,
researchers revealed that many molecular components occur in such small abundances that
it cannot just be assumed the noise would be averaged out [40]. Therefore, the key for reducing noise might be a diﬀerent one. It was for example hypothesized that genetic networks,
i.e. the speciﬁc interactions among the genes or proteins, have evolved to reduce noise [32].
Section 5.2 addresses this issue.
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Chapter 4
Applications
4.1

Infection of Bacteria with Phage Lambda

The lambda phage is the best known temperate bacteriophage, which is a virus that can
live in symbiosis with its bacterial host [46]. It infects the bacterium E. coli, which then
becomes lytic or lysogenic [40]. The lytic pathway is characterized by the proliferation of
the virus, which kills and lyses the cell [46]. In contrast, in the lysogenic pathway, the DNA
of the phage is inserted into the bacterial genome, where it stays and thus remains for future
generations [46]. In that case, the cell is called a lysogen [46] and the virus a prophage
[40]. The decision for either cell fate is due to noise, because even isogenic cells in identical
environments and all infected by a single virus choose diﬀerent pathways [40].
The random cell fate of E. coli after being infected by phage lambda can be explained by two
alternative theories as proposed in [40]. Figure 4.1 illustrates the two possible explanations.
The ﬁrst theory suggests that variations in the timing of biochemical reactions during the
infection drive the random decision for either cell fate. The alternative theory asserts that
physical variations between diﬀerent cells prior to infection have a signiﬁcant impact on the
outcome of the lambda phage infection.
In particular, the probability for a cell to become a lysogen decreases as the cell size increases
[40]. Additionally, the amount of phages infecting a cell inﬂuences the decision between lysis
and lysogeny. The likelihood for lysogeny increases with the amount of phages attacking
a cell. It was suggested that lysogeny takes place if certain pro-lysogeny factors exceed a
threshold in their expression level, which can be due to multiple phages infecting the cell or
due to a small cell size. cII is an example of such a pro-lysogeny gene. Investigators explored
the eﬀects of diﬀerent cell sizes using a mean cell volume ranging from 0.82μm3 − 1.33μm3
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Figure 4.1: The decision between lysogeny and lysis can be attributed to either variations during
the infection, which may be of intrinsic nature. But it might also be possible to ascribe the cell fate
to physical diﬀerences between the cells that existed prior to infection. The ﬁgure is taken from
[40]. Used under fair use guidelines, 2012.

and exhibited a 3-fold decrease in the probability of lysogeny with an increase in mean cell
volume. That is, approximately 66.8% of the smaller cells became lysogens, whereas the
same is true of only 22% of the larger cells.
However, researches underlined that there is no critical volume where all cells that are
smaller become lysogens and all cells that are larger lyse [40]. Thus, the decision between
either pathway depends not only on the cell size, but also on other factors which might be
of both intrinsic and extrinsic nature. In the course of this section, we will show that the
diﬀerent contributors to the stochastic cell fate can be explained by either intrinsic or extrinsic noise, suggesting that both sources of variations together might drive the random decision.
Murrugarra et al. modeled the phage lambda infection with intrinsic noise and showed that
it successfully captures the stochastic decision between lysis and lysogeny [26]. Hence, the
work of Murrugarra et al. approached the ﬁrst alternative depicted in Figure 4.1. This
section can be seen as the supplementary part to their approach. The phage lambda model
is incorporated into the framework to model extrinsic noise and it is shown that it can also
explain the random decision. In particular the cell size is shown to contribute to the decision
between lysis and lysogeny. Thus the second theory of Figure 4.1 is included.
Like the approach to explain the stochastic cell fate with intrinsic noise [26], the framework
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for extrinsic noise is applied to the four variable model introduced by Thieﬀry and Thomas
[46]. The four viral genes cI, cro, cII and N are crucial in determining which of the two
pathways a cell will choose. The core regulatory network with the basic interactions between
these genes is depicted in Figure 4.2.

Figure 4.2: The basic interactions between the viral genes cI, cro, cII and N, which are the most
important regulatory genes in the decision between lysis and lysogeny. The arrows represent activation whereas the blocked lines indicate repression. The ﬁgure is from [26]. Used under fair use
guidelines, 2012.

The network includes a positive feedback loop between cI and cro, indicating that the system
is bistable, with cI and cro as the two antagonists [46]. In fact, there is a bistable switch
between lysis and lysogeny, where either cro or cI is highly expressed, respectively [26]. The
most important lysogenic regulator, the viral gene cI, represses all other genes of the phage
and thereby enables the virus to live in the bacterial cell [46]. Moreover, the lysogen is
resistant against infection with further lambda phages [46]. In the lytic pathway, the gene
cro represses cI and cII [26].
Adapted from Murrugarra et al [26], the discrete model for the interactions between cI, cro,
cII and N is comprised of the following: The variables x1 = cI, x2 = cro, x3 = cII and x4 =
N represent the four viral genes and can take on the ﬁve values {0, 1, 2, 3, 4}. Where the
state 0 means no expression of the respective gene, 4 is full expression and the values 1,2,3
represent medium expression levels. The coordinate functions of this discrete dynamical
system can be found in the Appendix.
As already mentioned, the dynamics of the system comprise a bistable switch between lysis
and lysogeny [26]. The stable state (x1 , x2 , x3 , x4 ) = (2, 0, 0, 0) represents lysogeny, where cI
is highly expressed and all other genes are oﬀ. In contrast, the limit cycle (x1 , x2 , x3 , x4 ) =
(0, 2, 0, 0) ←→ (0, 3, 0, 0) indicates lysis. All genes but cro, which is the most important lytic
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gene [27], are oﬀ. Due to the negative autoregulation, the expression level of cro ﬂuctuates
between two states. The simulations are initiated with the state (0000), representing the
moment when the cell is infected with the virus [26].
As described in Section 3.3, the framework to model intrinsic noise included propensities for
activation and degradation for each protein [26]. The propensities leading to mostly lysogeny
are shown in Table 4.1.

Activation
Degradation

cI
0.8
0.2

cro
0.2
0.8

cII
0.9
0.9

N
0.9
0.9

Table 4.1: The propensities for activation and degradation for the four proteins cI, cro, cII and N,
which result in lysogeny being the most likely cell fate.

The propensity for activation is increased for protein cI and decreased for cro. Alternatively,
the propensity for degradation is small for cI and high for cro. This actually reﬂects the
infection of multiple phages per cell: as described earlier, when multiple viruses infect a cell,
certain pro-lysogeny factors are higher, such as cII. Increased levels of cII certainly come
along with a higher propensity of cI being activated by cII. Higher levels of cI in turn result
in a higher chance of cro being repressed and thus are represented by the high propensity
for degradation. The opposite holds for the propensities resulting in mostly lysis, as shown
in Table 4.2. The small propensity for activation of gene cI might reﬂect the infection of
only a single phage. As mentioned earlier, infection by a single phage results in smaller
levels of the pro-lysogeny factor cII, which in turn leads to a smaller propensity for cI being
activated and thus the propensity for activation of cro is higher. With only rare exceptions,
this results in lysis exclusively [26].

Activation
Degradation

cI
0.3
0.7

cro
0.7
0.3

cII
0.9
0.9

N
0.9
0.9

Table 4.2: The propensities for acivation and degradation for the four proteins cI, cro, cII and N,
which result in lysis being the most likely cell fate.

One may infer that the stochastic framework introduced by Murrugarra et al. also captures
the eﬀects related to the amount of infecting phages, in addition to the eﬀects of stochasticity
due to diﬀerences in the timing of biochemical reactions.

39

4.1. INFECTION OF BACTERIA WITH PHAGE LAMBDA

Now, we will show that the framework to model extrinsic noise completes the whole ensemble, as it captures the missing parts of the theories from the various contributors concerning
stochastic cell fate.
First, it is important to note that the lytic pathway is generally more likely than the lysogenic
one [46]. Moreover, it was reported that cells in the early exponential growth phase that are
infected by one phage almost always lyse [40]. Contrarily, bacteria in the stationary growth
phase will choose either pathway with equal probability [40]. This might be related to the
fact that cells in the stationary phase are generally smaller [1]. Our modeling framework is
mostly based on experiments, in which the cells were in the exponential growth phase [9]
[17]. In fact, when simulating the lambda phage infection, almost all cells underwent lysis.
The trajectories for this simulation are depicted in Figure 4.3. In the simulations, a cell is
counted as lytic if the ﬁnal state of the iterations is (cI, cro, cII, N)=(0,cro,0,0) and cro ∈
{2, 3, 4}. A lysogen was a cell that had (cI, cro, cII, N)=(cI,0,0,0) with cI ∈ {2, 3, 4} as ﬁnal
state. Note that the percentages for lysis and lysogeny do not necessarily add up to 100%.
This might be related to the large ﬂuctuations caused by extrinsic noise. In the experiments
there were indeed some cells that could neither be counted as lytic nor as lysogens [40]. It
was observed that some cells would divide and one of their daughters becomes a lysogen,
whereas another lyses. Such an occurrence was neither counted as lytic nor as lysogenic.
Considering the ﬂuctuations with increasing variances in Figure 4.3, it appears that the
magnitude of ﬂuctuations does not signiﬁcantly increase. Also, the qualitative behavior of
the system does not change, i.e. we do not get more lysogeny instead of lysis. This quite
robust feature might be related to the network topology of the model. It is striking that the
wiring diagram, which only consists of four nodes, contains ﬁve feed-forward loops. Section
5.2 is dedicated to a further investigation of feed-forward loops.
We will attempt to capture the trend that cells exhibit higher percentages for lysogeny when
they are smaller. Since there were hardly any lysogens among the cells in the simulation so
far, we assumed that the logical rules that govern the update of the system are designed to
represent rather large cells. To consider smaller cell sizes, we introduced a parameter that
determines the fraction of small cells in the population. To model a smaller cell, the protein
expression levels were increased by one after each iteration. As described in Section 2.1, this
is based on the idea that a smaller cell has the same amount of proteins, but they are more
densely concentrated. Similarly, the proteins are more diluted in a larger cell. Besides this
adjustment, also the probabilities for a delay were decreased to account for the lower chance
of a delay in a smaller cell. In fact, when running the simulations with various fractions
of smaller cells, the percentage of lysogeny increased, as shown in Figure 4.4. This is a
simple way to model the eﬀect of smaller cells, but it successfully enhances the percentage
for lysogens, as predicted in [40]. From an evolutionary point of view, the dependence on the
cell size could have evolved because larger cells can generate larger bursts of phages, which
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Figure 4.3: The trajectories for the simulations using diﬀerent variances for the lognormal perturbation (upper panel) and the corresponding probabilities for lysogeny and lysis (lower panel). The
probability for a delay was 5%. As seen, the extrinsic noise distorts the states of the variables, such
that an increase in the noise level contributes to indeterminacy of lysis or lysogeny.

would be advantageous for the virus [40].
To sum up, we may conclude that the stochastic decision between either pathway is likely
to be driven by the interplay of intrinsic and extrinsic sources of noise. Each contributor to
the random cell fate mentioned in [40] could be captured either by the framework to model
intrinsic noise proposed by Murrugarra et al. or by the framework to represent extrinsic
ﬂuctuations. In particular, the modeling framework for intrinsic noise could comprise the
stochastic cell fate due to intrinsic variations during the infection and the number of phages
infecting the cell [26]. Supplementary to that, the framework for extrinsic noise could capture the random decision between lysis and lysogeny due to extrinsic variations during the
infection and the cell size.
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Figure 4.4: The trajectories for the simulations with variance 0.2 and diﬀerent fractions of smaller
cells (upper panel) together with the associated percentages for lysogeny and lysis (lower panel).

4.2

The Lac Operon Model

As mentioned in Section 3.4, the model of the lactose utilization of E. coli is an example
of a bet-hedging strategy in a bacterial population. In this section we will at ﬁrst explain
the biological background and then apply the discrete modeling framework to this model.
We will ﬁnally demonstrate the ﬁtness advantage for a population that comes along with
extrinsic noise.
The lac operon appears in E. coli bacteria and its dynamics were modeled extensively since it
was ﬁrst introduced in 1961 by Jacob and Monod [48]. After their discovery of the dynamics
of the lac operon, Jacob and Monod won the Nobel Prize in Medicine in 1965 [18]. An
operon consists of several genes side by side on an organism’s DNA and transcribed together
into a single mRNA [18]. The lac operon encodes for the proteins β-galactoside permease,
β-galactosidase, and β-galactoside transacetylase [48]. The ﬁrst one is a protein, which is
bound to the membrane and transports lactose into the cell [48]. The second one decomposes
lactose into glucose and galactose and also transforms lactose into allolactose [48]. Brieﬂy,
the lac operon encodes for all proteins that E. coli needs to metabolize lactose [18]. However,
E. coli prefers to uptake the sugar glucose directly and as long as glucose is available in the
environment, it is not necessary to have the ability to convert lactose into glucose; thus,
the lac operon is repressed [18]. This mechanism minimizes the metabolic cost of the cell
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and reﬂects the fundamental principle that energy, which is required for gene expression,
is valuable for all living systems and therefore only those proteins currently necessary are
transcribed [50] [32]. As long as glucose is available, a molecule called cAMP, which is required for transcription of the lac operon, is not synthesized and the repressor protein LacI
inhibits transcription of the lac operon, which is called catabolite repression [18]. Glucose
also prevents lactose from being transported into the cell, which is called inducer exclusion
[48]. When glucose is not present any longer, but lactose is available, the cell needs to be
able to metabolize lactose because it would starve otherwise [18]. Some of the lactose is
transformed into its isomer allolactose, which in turn prevents LacI from repressing the lac
genes [18]. Additionally, the catabolite activator protein (CAP) and cAMP build a complex
and enable transcription of the lac operon [48].
The mathematical model was derived from a Boolean model of the lac operon [48]. The
variables of the model are the mRNA of the lac operon (M ∈ {0, 1}), the protein β-galactoside
permease (P ∈ {0, 1}), the repressor LacI (R ∈ {0, 1, 2}), the sugar lactose inside the cell (L
∈ {0, 1, 2}), the protein CAP (C ∈ {0, 1}), the protein β-galactosidase (B ∈ {0, 1}), and the
isomer allolactose (A ∈ {0, 1, 2}). Additionally, the extracellular nutrients are glucose (Ge ∈
{0, 1}), and lactose (Le ∈ {0, 1, 2}). Originally, the variables were all Boolean and for those
having three states, additional variables were introduced indicating whether the respective
variable is in the low, medium or high state. For example allolactose A was represented
by the tuple (A∗m , A∗ ). Both representative variables were Boolean and (A∗m , A∗ ) = (0, 0)
denotes low concentration, i.e. here A = 0, (A∗m , A∗ ) = (1, 0) is medium concentration, i.e.
here A = 1, and (A∗m , A∗ ) = (1, 1) denotes high concentration, i.e. here A = 2. In this
way, the authors were able to keep the model Boolean and still distinguish between multiple
concentration levels when necessary [48]. For our purposes, we instead chose a multivalued
model. In Section 2.3 it was demonstrated that extrinsic noise results in ﬂuctuations of large
magnitudes and thus it is more appropriate to have multivalued variables, which enables
representing larger variations. For this reason, the variables R, L, A and Le were converted
back to multivalued; the truth tables were converted as well. An example of how the truth
table was transformed is the following. The original truth tables for the repressor are shown
in Tables 4.3 and 4.4.
A∗m
0
1
1

A∗
0
0
1

R∗
1
0
0

Table 4.3: The truth table for high concentrations of the repressor, R∗ . A∗m and A∗ denote medium
and high concentrations of allolactose, respectively.
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A∗m
0
1
1
0
1
1

A∗
0
0
1
0
0
1

R∗
0
0
0
1
1
1

∗
Rm
1
0
0
1
1
1

∗ . A∗ and A∗ denote
Table 4.4: The truth table for medium concentrations of the repressor, Rm
m
medium and high concentrations of allolactose, respectively.

At ﬁrst, the two Boolean variables for medium and high concentrations of allolactose (A∗m , A∗ )
were fused to one variable A. This process transformed the truth tables for the repressor to
the Tables 4.5 and 4.6.
A
0
1
2

R∗
1
0
0

Table 4.5: The new truth table for high concentrations of the repressor, R∗ . A denotes the new
variable for allolactose.

A
0
0
1
1
2
2

R∗
0
1
0
1
0
1

∗
Rm
1
1
0
1
0
1

∗ . A denotes the
Table 4.6: The new truth table for medium concentrations of the repressor, Rm
new variable for allolactose.
∗
Finally, the truth tables for Rm
and R∗ were merged to build the truth table for the new
variable for the repressor R. This resulted in the truth table depicted in Table 4.7.

The truth tables for all other variables can be found in the Appendix. They were derived
based on the biological interactions among the involved variables [48]. Note that in this
application, not all network variables are proteins. That is, M represents mRNA and glucose
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R
0
0
0
1
1
1
2
2
2

A
0
1
2
0
1
2
0
1
2

R
2
0
0
2
0
0
2
1
1

Table 4.7: The truth table for the new variable for the repressor, R. A denotes the new variable
for allolactose.

as well as lactose are both carbohydrates, which represent the nutrients for the cell. These
extracellular variables Ge and Le do not have a truth table. They are parameters in the
model, according to which the cell switches the lac operon on or oﬀ. The wiring diagram of
the model is depicted in Figure 4.5.

Figure 4.5: The wiring diagram of the lac operon reﬂects the basic interactions between the variables
of the network. Two positive feedback loops involving the lac operon mRNA can be identiﬁed: The
ﬁrst one involving M , B, A, R, M and the second one with M , P , L, A, R, M . It is known
that positive feedback loops can include multistability [21]. This scheme is drawn according to the
wiring diagram in [48].

At ﬁrst, deterministic simulations for all combinations of concentrations of the extracellular
nutrients were run, to compare the dynamics with the Boolean model in [48]. The simulations were run 104 times with random initial settings of the variables. This represents a
population of 104 E. coli cells. After each simulation, the state of the tuple (M, B, P, R) was
used to determine whether the lac operon is switched on or oﬀ. (M, B, P, R) = (0, 0, 0, 2)
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indicates that the repressor is at a high concentration, the mRNA of the lac operon is not
transcribed and the proteins which it encodes for are absent. Hence the lac operon is oﬀ.
The state (M, B, P, R) = (1, 1, 1, 0) represents the lac operon being switched on, because the
repressor is absent, but the mRNA as well as the proteins it encodes for are present. Thus
we simulated the exposure of the bacterial population to various extracellular environments
and checked after a suﬃcient amount of time (here 50 time steps) how many of the cells
expressed the lac operon and how many did not.
When glucose is present, i.e. Ge = 1, the dynamics of the system lead to the lac operon
being repressed for the whole bacterial population for all concentration levels of extracellular
lactose Le ∈ {0, 1, 2}. When glucose is absent, i.e. Ge = 0, the ﬁnal state depends on the
concentration of extracellular lactose. In the absence of both nutrients, the whole population
does not express the lac operon genes. In this case, the cells would all starve after a certain
amount of time and it requires additional energy to switch the lac operon on, which would
be even more detrimental. When extracellular lactose is present in high concentrations, i.e.
Le = 2, the whole population expresses the lac genes. When external lactose is available in
medium concentrations, that is Le = 1, the bacterial population becomes bimodal, meaning
that one subpopulation has the lac operon switched on and the other one does not. Thus
the system is bistable, because there are two steady states in the state space.
The behavior of the system described here conforms exactly to that of the original Boolean
model [48].
Next, extrinsic noise is introduced into the model as described in Section 2.2. In this case, the
external nutrients are perturbed by the extrinsic random variable E2 , which obeys a normal
distribution. The remaining variables are disrupted with the lognormal random variable E1 .
Additionally, each variable is imposed with a probability for a delay in the update.
The external variables are set to a ﬁxed mean and ﬂuctuate around these values. The values
Ge = 1 and Le = 2 and the initial state (M, B, R, A, L, P, C, Ge, Le) = (1, 1, 0, 2, 2, 1, 1, 1, 2)
lead to the trajectories depicted in Figure 4.6. The values Ge = 0 and Le = 2 together with
the initial state (M, B, R, A, L, P, C, Ge, Le) = (1, 1, 0, 1, 1, 1, 1, 0, 2) result in the trajectories
shown in Figure 4.7.
It is remarkable that the system is much more susceptible to the noise when the lac operon is
switched on. In both, Figure 4.6 and Figure 4.7, the variance of the distributions was 0.6,
but the noise results in much larger variations in the latter case. The reason for this behavior
can be found in the network topology. The repressor R and the lac operon mRNA M are
both involved in two positive feedback loops as depicted in Figure 4.5. As will be discussed
in Section 5.2, positive feedback loops are known to amplify ﬂuctuations [21]. The crucial
diﬀerence is that both positive feedback loops are only activated when glucose is absent. In
the presence of glucose, intracellular lactose cannot enter the cell (inducer exclusion) and
the lac operon mRNA cannot be transcribed because cAMP is inhibited [18]. This not only
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Figure 4.6: The trajectories for the deterministic system (left panel) and the system with extrinsic
noise (right panel). The variance of the distributions was 0.6 and the probability for a delay was
20% for each variable. The average was taken over 100 simulations. Initially, the cell was in the
state, where the lac operon was expressed. Due to the available glucose, the system changes to
having the lac operon switched oﬀ. Even the noise cannot signiﬁcantly change the qualitative
behavior. We only illustrate the trajectories of M, B, R, A and L because knowing their expression
levels suﬃces to determine whether the lac operon is on or oﬀ.

leads to repression of the lac operon mRNA M, but also to a suppression of the positive
feedback loops. When glucose is absent in the environment, the positive feedback loop is
active as soon as there is lactose available. This process ampliﬁes the ﬂuctuations and leads
to the observed large variations.
In the bistable region, i.e. when glucose is absent and lactose is at a medium concentration,
the population is bimodal. This can be interpreted as bet-hedging: the signals are not clear
in favor of lactose utilization, since it is only present at medium concentrations. So there is
a trade-oﬀ between risking the additional metabolic cost to express the lac genes in the hope
of the lactose remaining available at least at a medium concentration and between saving
this extra energy consumption and remaining in a state where the lac operon is switched oﬀ,
to hope for glucose to become available again soon. This dilemma is solved by a bet-hedging
strategy. In order to ensure overall survival of the population, one subpopulation is committed to switch the lac operon on, and the other subpopulation does not express the lac
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Figure 4.7: The trajectories for the deterministic system (left panel) and the system with extrinsic
noise (right panel). The variance of the distributions was again 0.6 and the probability for a delay
was 20% for each variable. The average was taken over 100 simulations. Initially, the cell was in
the state where the lac operon was expressed. The deterministic run clearly leads to the lac operon
being switched on. However, the extrinsic noise introduces large variations such that the population
of the 104 E. coli cells contains a subpopulation with the lac genes on and a subpopulation with
the lac genes oﬀ that are about the same size.

genes. Hence, the dilemma is solved by sacriﬁcing one subpopulation to suboptimal growth
or even starvation, just to ensure that the other subpopulation will survive. When running
the deterministic simulation for the bistable region, it appears striking that only 92 of the
104 bacteria switched the lac operon on. Taking into account that only lactose is available,
this implies that in a hypothetical deterministic system, not even 1% of the population would
survive. Section 3.4 addressed the issue that noise promotes the bet-hedging strategy and
actually forms a ﬁtness advantage for the population in ﬂuctuating environments. We will
mimic this principle with the example of the lactose utilization system in the bistable region.
Recall that for the external parameters Ge = 0 and Le = 1, it depended on the initial state
in the deterministic simulation whether the lac operon is switched on or oﬀ. Upon introducing the extrinsic noise, this decision is much more stochastic. Even for an initial state that
leaded to either state of the lac operon in the deterministic simulation, the extrinsic noise
can disrupt this path and change the qualitative behavior.
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The population of 104 E. coli cells was simulated to be in an environment where glucose and
lactose have the ﬁxed means Ge = 0 and Le = 1, respectively. A cell was counted as survived
if it had the lac operon switched on in the presence of lactose or if glucose was available. The
latter case is actually impossible because glucose cannot become available due to the noise
since the extrinsic variable E2 multiplied by zero does not change Ge = 0. However, the
amount of external lactose ﬂuctuated, as did that of the remaining variables. The noise was
increased gradually and the survival rate was indeed enhanced as listed in Table 4.8. The
cells that survived are those that are in the right state at the end of the 50 iterations, i.e. in
this case, when the lac operon is switched on and lactose is available. The delay probability
was neglected here (i.e. set to zero). It is remarkable that the survival rates actually can
increase up to four-fold with the noise.
Variance
0
0.1
0.3
0.5
0.7
0.9
1.1

# of cells lac operon OFF # of cells lac operon ON # of survived cells
9908
92
92
7802
76
76
5444
195
183
4168
482
403
3625
525
398
3371
479
344
3220
503
352

Table 4.8: With diﬀerent variances, i.e. diﬀerent amounts of extrinsic noise, the chances of survival
change.

The simulations were also performed with diﬀerent delay probabilities. The resulting numbers of survivors in the population are illustrated in Figure 4.8. The simulations revealed
that an increased delay probability contributes to the survival rate. For example, researchers
stated that the number of LacI repressors in E. coli is only around 10 per cell, which potentially contributes to a higher probability for delays [41]. Except in one case (variance = 0.1,
delay probability = 0%), the noise always increased the number of survived cells.
Thus, in the bistable region, the extrinsic noise generally enhances the chances for the lac
operon to be switched on, which is a ﬁtness advantage since lactose is the only available
nutrient. Here, the external nutrients ﬂuctuate in the same pace as the extrinsic noise. This
was found to be the best condition for the survival chances [7]. We may conclude that noise
promotes the bet-hedging strategy. Note that this model is quite coarse-grained as it only
comprises 2 or 3 diﬀerent levels of concentration of the proteins. It would be interesting
to examine the eﬀect of extrinsic noise on a model of the lactose utilization system, which
distinguishes between even more states.

49

4.3. SIGNALING PATHWAYS IN MELANOMA CELLS

Figure 4.8: The number of survived cells in the population was monitored with various amounts of
extrinsic noise. It is distinguished between various probabilities for a delay and diﬀerent variances
for the extrinsic variables E1 and E2 .

4.3

Signaling Pathways in Melanoma Cells

Finally, in contrast to the previous applications in E. coli, the discrete modeling framework
for extrinsic noise will now be applied to a gene regulatory network, which occurs in vertebrates and invertebrates [16]. Namely, this section works with the Wnt signaling network
designed by Hinkelmann et al. [11]. The model and the biological background comes from
the article [11]. Other references used here are denoted in the text.
Wnt proteins are known to activate intracellular signaling pathways and play a crucial role in
regulating processes such as diﬀerentiation or proliferation [16]. If the signals are distorted,
a tumour or metastasis can emerge [16]. Wnt proteins can activate diﬀerent signaling pathways by interacting with various transmembrane proteins [16]. Examples for such pathways
are the Wnt/β-catenin or canonical Wnt pathway and the planar cell polarity pathway [16].
Since these pathways share regulatory components, it was suggested that they can be activated at once in the same cell type, building together a Wnt signaling network [16].
85% of skin cancer deaths can be attributed to melanoma skin tumors, whose metastases
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can often not be cured with chemotherapy. Researchers investigating potential therapeutic
strategies found that the Wnt signaling pathway is abnormally activated in melanoma, which
is a likely contributor to the proliferation. For early stage melanoma cells, it was reported
that Retinoic Acid (RA), a vitamin A derivative, can lead to reduced cell growth by downregulating the Wnt signaling. In particular, the canonical Wnt pathway was found to be
active in melanoma cells, resulting in activation of the proteins Cyclin D and c-myc what in
turn promotes cell proliferation. Treatment with RA inhibits the canonical Wnt pathway.
However, more aggressive melanoma cell lines do not respond to treatment with RA. Hence,
a potential therapy for these cells is to be found. Hinkelmann et al. built a discrete model
of an early stage melanoma cell involving the canonical Wnt pathway and the non-canonical
PCP Wnt pathway. The wiring diagram of their model is depicted in Figure 4.9. The
model includes 25 variables representing the proteins involved in the pathways. Twelve of
the variables are Boolean, eight of them have three diﬀerent states and ﬁve of them have
four states. The truth tables and their derivation from the biological processes can be found
in the article “Downregulation of LRP6 inhibits growth of melanoma cells” [11].
The PCP Wnt pathway results in expression of Daam 1 and JNK, whereas the canonical
Wnt pathway leads to activation of Cyclin D and c-myc. These proteins form the focus of
the simulations, since they enable identiﬁcation of the currently activated pathway. Cyclin D
and c-myc are regulated identically, thus it suﬃces to monitor the states of Cyclin D, JNK,
and Daam1. Cyclin D has the three states {0, 1, 2} representing absent, present at medium
concentrations and present at high concentrations. JNK has the states {0, 1} indicating
absence or presence. Daam1 can take on the values {0, 1, 2, 3} meaning low inactive, low
active, high inactive and high active, respectively. The simulated therapy results in the
states shown in Table 4.9.
Protein
Cyclin D
JNK
Daam1

no RA added
present (2)
absent (0)
low inactive (0)

RA added
absent (0)
present (1)
high active (3)

RA added with SFRP1 siRNA
medium (1)
present (1)
high active (3)

Table 4.9: Treatment of the early stage melanoma cell lines with RA leads to the desired redirection
of the canonical Wnt pathway to the PCP Wnt pathway. This can be monitored by focusing on
the states of the three proteins Cyclin D, JNK, and Daam1.

The model was implemented in Matlab to apply the extrinsic noise framework to this example. The deterministic simulations were consistent with the expected behavior of the system,
as shown in Figure 4.10. The extrinsic noise caused ﬂuctuations in the expression levels.
It stands out that the ﬂuctuations of Cyclin D in the ﬁrst panel are particularly high. This
becomes pronounced when taking into account that Cyclin D has less states than Daam1.
So we would expect Daam1 to exhibit the largest ﬂuctuations. The answer for this phe-
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Figure 4.9: The wiring diagram of the Wnt signaling network. Red arrows indicate inhibition and
green arrows represent activation. This scheme was designed by Hinkelmann et al. [11]. Used
under fair use guidelines, 2012.

nomenon can be found in the network topology: Cyclin D is the target of a so-called positive
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feed-forward loop. Section 5.2 will discuss feed-forward loops. However, the extrinsic noise
does not change the qualitative behavior of the system.

Figure 4.10: From left to right the trajectories of the simulation, where no RA is added, RA is added
and RA is added together with SFRP1 siRNA. The upper panel depicts the average expression level
of Cyclin D, JNK and Daam1 in the deterministic run. The lower panel shows the trajectories with
extrinsic noise. Here, the variance of the lognormal random variable E1 was 0.5 and the probability
for a delay was 5%.
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By knocking out the intracellular receptors and SFRP, the model can be modiﬁed to represent
more aggressive cell lines, the so-called vertical growth phase melanoma cells. Hinkelmann
et al. revealed that LRP6 might be the important regulator that can redirect the canonical
Wnt pathway into the non-canonical PCP Wnt pathway. In particular, downregulation of
LRP6 can reduce the tumor growth in the aggressive melanoma cells. This discovery was
veriﬁed experimentally. The simulations of the aggressive cell lines showed that Cyclin D is
present, whether RA or SFRP1 siRNA are added or not. Also, JNK is always absent and
Daam1 low inactive. This reﬂects the fact that the vertical growth phase melanoma cells
are resistant to RA. As soon as LRP6 is knocked out, the dynamics change, i.e. Cyclin D is
absent, JNK present, and Daam1 low active. The dynamics are illustrated in Figure 4.11.
It appears again that Cyclin D is exhibits large variations due to the positive feed-forward
loop.
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Figure 4.11: The trajectories of the simulation where RA is added are shown on the left. They
are exactly similar to those when RA is not added or with SFRP1 siRNA. On the right, the
average expression levels are depicted in the case, where LRP6 is downregulated. As can be seen,
the canonical pathway is deactivated, since Cyclin D is absent. The upper panel depicts the
average expression levels of the deterministic simulation. The lower panel shows the trajectories
disrupted by extrinsic noise. Here, the variance of the lognormal random variable E1 was again
0.5 and the probability for a delay was 5%. With the noise, Daam1 ﬂuctuates quite close around
its deterministic value, as can be seen in the right panel. In contrast, Cyclin D exhibits large
deviations from the deterministic value, especially in the left panel. This phenomenon is related to
the network topology.

Having conducted the simulations with extrinsic noise, one notices that the trajectories
ﬂuctuate, but the noise does not change the qualitative dynamics. This was additionally
veriﬁed by assessing whether the noise could redirect one pathway to the other. But this
was, with some exceptions, not possible. One may conclude that the Wnt signaling network
is quite robust against noise. This might be attributed to the network topology. Therefore,
Section 5.2 also examines a network motif of the Wnt signaling network.
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Chapter 5
Eﬀects of Extrinsic Noise
5.1

State Space

Section 3.3 demonstrated the eﬀect of extrinsic perturbations on the expression level of one
protein. After three applications of the discrete modeling framework for extrinsic noise in
Chapter 4, this section aims to analyze the general eﬀect of the extrinsic variations on gene
regulatory networks.
The dynamics of a gene regulatory network correspond to the state transitions of the whole
system, as described in [48]. This can be visualized with the “state space”, which is a directed graph. The nodes are n-tuples, representing the states of the system. A directed edge
x1 (t), x2 (t), ..., xn (t) −→ x1 (t + 1), x2 (t + 1), ..., xn (t + 1) indicates that the ﬁrst state
turns into the second state at the next time step. Directed cycles in the state space are
denoted as limit cycles. Fixed points are those nodes in the state space, having a directed
edge exiting and the same edge entering the node again, i.e. they are mapped to themselves.
They are also referred to as “stable states” or “steady states”.
The discrete framework to model intrinsic noise preserved the ﬁxed points of the deterministic state space [26]. By contrast, extrinsic noise can eliminate the stable states of the
deterministic state space. This can be seen when considering the state space of a small
example.
Let x1 , x2 ∈ {0, 1, 2, 3}, i.e. p = 4. Let the wiring diagram be the one depicted in Figure
5.1 and the truth table governing the updates of the system the one given in the Appendix.
Moreover, the deterministic state space is depicted in Figure 5.2.
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Figure 5.1: The wiring diagram of the small example.

Figure 5.2: The deterministic state space of the small example. There are two ﬁxed points in the
state space, namely (00) and (22). Also one can identify a limit cycle. The state space consists of
three components.

Extrinsic noise is now introduced. Let the variance of the extrinsic variable be v = 0.3 and
let the probability for a delay be 5%. Let τ ≥ 0 and let t ∈ {τ, τ + 1, τ + 2, τ + 3} indicate
the time step. As described in Section 2.2, E1 (τ ) is the lognormal extrinsic variable for the
time scale {τ, τ + 1, τ + 2, τ + 3} and di ∈ [0, 1] is the probability for a delay in the update of
node xi (i ∈ {1, 2}). Here, d1 = d2 = 0.05. According to the truth table, the deterministic
update f1 (x1 (t), x2 (t)) for (x1 (t), x2 (t)) = (1, 0) is x1 (t + 1) = f1 (x1 (t), x2 (t)) = 2, such that
x1 (t) = 1 is mapped to x1 (t + 1) = 2. Now, with extrinsic noise, this update is perturbed.
That is, the update becomes
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x1 (t + 1) =

with probability d1 = 0.05,
x1 (t),
∗
x1 (t + 1) , with probability (1 − d1 ) = 0.95,

where

x1 (t + 1)∗ =

min{3, E1 (τ ) · 2 }, if (E1 (τ ) · 2 − E1 (τ ) · 2 ) ≥ 0.5,
min{3, E1 (τ ) · 2 }, if (E1 (τ ) · 2 − E1 (τ ) · 2 ) < 0.5,

is the case, where the update is not delayed and the variable is perturbed with E1 and ﬁnally
rounded to keep the states discrete. Multiplying the deterministic update with the variable
E1 can lead to a variety of other updates, representing the extrinsic noise. In the example
where the deterministic update for x1 (t) = 1 is x1 (t + 1) = 2, the two is multiplied by the
extrinsic variable E1 . Upon rounding, we get at on average the values depicted in the left
panel of Figure 5.3. They build a “discretized” lognormal distribution. The percentages
represented by the bars reﬂect the increased probability for other values to be chosen as
the actual update. Especially the update to one is equally likely as the update to two. The
potential updates have to be kept within the range 0, 1, . . . , p−1. The central panel in Figure
5.3 displays the probabilities after this adjustment. It has the side eﬀect of increasing the
probability for the highest state. Finally, the probability for a delay d1 is imposed on the
update. All probabilities were multiplied by (1 − d1 ) and d1 was added to the probability
for the current state. The pie chart in the right panel of Figure 5.3 illustrates the ﬁnal
probabilities for the diﬀerent states to be the actual update. Note that this update scheme
is not tied to a speciﬁc network. It shows in general, how the update 1 −→ 2 is perturbed by
extrinsic noise, when the variance is v = 0.3, the probability for delay is 5% and the number
of states is p = 4.
The striking characteristic is that extrinsic noise can render the deterministic update to
be less or equally likely than other updates, especially those adjacent to the deterministic
update. This is the case in Figure 5.3, even if a variance of 0.3 is quite small. Figure
5.4 illustrates the eﬀect of the extrinsic noise on the updates of the level two, when the
variance increases. With an increasing variance, the probability for an update other than
the deterministic update increases. The update to zero forms the only exception, since
multiplication of zero by the extrinsic variable E1 always results in zero. The only case
where an update to zero is perturbed by extrinsic noise occurs when there is a delay in
the update and the current value is not zero. The ﬁrst, second, third and fourth panel in
Figure 5.4 demonstrate the noisy update, when the deterministic update is zero, one, two
or three, respectively. The ﬁrst row shows the resulting probabilities when the variance is
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Figure 5.3: The process of how a deterministic update is distorted by the extrinsic noise.

0.3, the second row when the variance is 0.5, and the third row, when the variance is 0.7.
The probability for a delay was 5% in all simulations. These fractions are again not tied
to a speciﬁc network. It shows, in general, how the update can be perturbed by extrinsic
noise, when the current value is 2, the probability for delay is 5% and the number of states
is p = 4.
Having considered the update of one variable, we can now examine the eﬀect on the whole
state space. It is already clear, that the state (00), if a ﬁxed point in the deterministic state
space, will remain a ﬁxed point in the state space with extrinsic noise. This can be realized
by considering the update to zero in Figure 5.4 and replacing the two in the pie of the
left panel by a zero. Furthermore, one can expect that the “extrinsic state space” will have
many more edges, since each update can be disrupted with a signiﬁcant probability. This
has the eﬀect that ﬁxed points other than (00) will disappear. Potential limit cycles might
also vanish. The extrinsic state space will consist of one component.
The extrinsic state space for the example was computed and can be found in Figure 5.5.
For simplicity, only the arrows with percentages greater than 5% are shown. Especially the
former ﬁxed point (22) suﬀers an extreme perturbation by the extrinsic noise. Instead of
being update to (22) with 100% probability, like in the deterministic case, it can be updated
to many other states as listed in Table 5.1. The percentage for a certain transition in the
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Figure 5.4: The pie charts indicate the ﬁnal probabilities for the diﬀerent states to be the actual
update. In this example, the current value is two.

state space is the product of the percentages of the single variables in the respective update.
Update
Probability

(11)
12.6%

(12)
14.4%

(13)
8.2%

(21)
14.4%

(22)
16.5%

(23)
9.4%

(31)
8.2%

(32)
9.4%

(33)
5.4%

Table 5.1: The update of the state (22) was (22) with 100% probability, i.e. (22) was a ﬁxed point.
With extrinsic noise, this update is signiﬁcantly disrupted. This table exhibits the diﬀerent possible
updates for (22) together with the likelihood in percent. Only the transitions with probability higher
than 5% are listed.

After the demonstration of the eﬀects of extrinsic perturbations with this small example,
general conclusions can be drawn about any network. Consider a network with n variables,
which can each have p diﬀerent expression level. In the presence of extrinsic noise, a simple
deterministic transition from one state to the other in the state space
x1 (t), x2 (t), ..., xn (t) −→ x1 (t + 1), x2 (t + 1), ..., xn (t + 1),
where t ≥ 0 indicates the time step, becomes much more uncertain in the presence of extrinsic noise. In particular, instead of one deterministic arrow that leaves a certain state,
there can be up to pn exiting edges depending on the underlying deterministic update. This
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Figure 5.5: The extrinsic state space of the small example. The percentages for each arrow are
not shown in the graphic. Only arrows with likelihood greater than 5% are shown. The limit cycle
disappeared and the only conserved ﬁxed point is (00). The state space consists of one component.
Note that there are some transitions, having an arrow in both directions. Such an arrow indicates
that the transition is possible in both directions.

has the eﬀect that the number of edges in the state space will increase dramatically and the
probabilities on the edges will decline, especially with large values for p and n. This was also
observed in the extrinsic state space of the example shown in Figure 5.5. Only the arrows
with probability higher than 5% were illustrated.
One may infer that the extrinsic noise signiﬁcantly increases the connectivity of the state
space. Consequently, the probabilities on the edges decrease and also the number of components declines. The state space will only consist of one component of size pn in the presence
of suﬃcient extrinsic noise, since there enough additional edges. Thus, the underlying undirected graph is connected and therefore the state space is weakly connected. However, the
state space is not necessarily strongly connected: If (0, 0, ..., 0) is a ﬁxed point in the deter-
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ministic state space, it will remain a ﬁxed point in the extrinsic state space. Other ﬁxed
points will disappear.
This section also showed that the state space enables visualization of how stochastic a network is. The number of exiting arrows of a state and the associated probabilities indicate
the extent of stochasticity in the respective update. With extrinsic noise, the edges become
numerous and the probabilities decrease, with the feature that the highest probability is not
necessarily the deterministic update.
One may draw the conclusion that extrinsic noise leads to larger ﬂuctuations as well as
more chaotic and unpredictable behavior. The fact that biological processes still function
properly points towards some mechanism that must have evolved to prevent the system from
behaving too chaotic. In Section 4.2, the example of the lac operon model already suggested
that ﬂuctuations might be linked to the network topology. This motivates Section 5.2, where
speciﬁc network motifs are analyzed.

5.2

Network motif: Feed-forward Loop

As pointed out in Section 3.4, the clue of how biological systems deal with the noise could be
the way the proteins interact with each other. Gene regulatory networks might have evolved
in a way that ﬂuctuations are attenuated when necessary.
The Wnt signaling network, examined in Section 4.3, as well as the lambda phage network,
analyzed in Section 4.1, exhibited a quite robust behavior in response to the introduced
stochasticity. This raises the question about which feature in the network confers this robustness. When considering the topology of the wiring diagram, several network motifs can
be found.
A network motif is a speciﬁc pattern in the wiring diagram of gene regulatory networks,
which occurs much more often compared to random networks with the same number of
nodes and edges [25]. Such motifs might have evolved because they confer some advantageous features to the gene network. Interestingly, gene regulatory networks in E. coli and
the yeast S. cerevisiae share the same motifs [25]. Therefore, it is of particular interest to
examine the eﬀects of noise on such motifs.
An example for that would be positive or negative feedback loops, which are directed cycles
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in the wiring diagram [48]. Whether such a feedback loop is positive or negative is determined by multiplying the signs of the edges in the cycle [48]. Thereby, activating edges have
a positive sign, whereas repressing edges have a negative sign [48]. The sign of the product
then indicates the sign of the feedback loop [48]. It was shown theoretically and experimentally that negative feedback dampens ﬂuctuations [21, 35]. This seems to be natural, since
large variations are suppressed by the negative feedback [21]. In particular, the ability to
reduce variations increases with the strength of the negative feedback [38]. However, negative feedback also reduces the number of transcripts and thus leads to increased levels of
intrinsic noise, whereas extrinsic noise does not depend on the number of transcripts [38].
Indeed, researchers showed in simulations that the total noise decreases with autorepression
if extrinsic noise dominates. By contrast, the overall noise level increases with autorepression
if intrinsic noise is the major contributor. It was deduced that negative feedback evolved
in gene regulatory networks, where extrinsic variations dominates [38]. In contrast, positive feedback ampliﬁes ﬂuctuations and thus can lead to multistability of a system [21]. It
was reported that the random switching between two states is caused by the combination
of noise and a positive feedback loop [35]. For example the wiring diagram of the lactose
system contains two positive feedback loops, which involve the lac operon, and thus lead
to the observed bistability [48, 7]. Indeed, the results in Section 4.2 exhibited that larger
variations can be ascribed to the positive feedback loops. Also, the wiring diagram of the
phage-lambda model contains a positive feedback loop, which, together with noise, drives
the stochastic cell fate decision [35].
Here, we will focus on the feed-forward loop (FFL), which is a common network motif involving three molecular components, as described for example in [22]. We will now refer
to these components by proteins, but part of the molecular components involved in such a
feed-forward loop might as well be microRNAs [12]. It consists of two proteins, say proteins
A and B that both regulate a third protein C. In addition, protein A also regulates protein
B. Each edge between two proteins can be either an inhibiting or activating edge. Since there
are three edges involved, it is distinguished between eight types of FFLs. They are divided
into two groups, the coherent and incoherent FFLs. The former ones have the feature to
direct the same input signs into the third protein C. That is, the direct edge A −→ C has
the same sign as the indirect path A −→ B −→ C. The four diﬀerent types of coherent FFLs
are depicted in Figure 5.6. By contrast, incoherent FFLs are characterized by diﬀerent
signs for the two paths from A to C. That is, if the edge A −→ C is a repressing edge, i.e.
with a negative sign, then the overall sign of the indirect path A −→ B −→ C has a positive sign, and vice versa. The four diﬀerent types of incoherent FFLs are shown in Figure 5.7.

63

5.2. NETWORK MOTIF: FEED-FORWARD LOOP

Figure 5.6: The four diﬀerent types of coherent feed-forward loops.

Figure 5.7: The four diﬀerent types of incoherent feed-forward loops.
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This network motif is of particular interest because it recurs often in many gene regulatory
networks. For example the coherent FFL type 1 can be found 28 times in the whole gene
regulatory network of E. coli and 26 times in the yeast S. cerevisiae [22]. Moreover, it can
also be found in neural networks [25]. Interestingly, FFLs can be found in the wiring diagram
of the lambda phage model. It is striking that this small network of four nodes contains
ﬁve FFLs, where cII is the target protein of four of these FFLs. In particular, cII is the
target of two coherent FFLs of type 2, and of two incoherent FFLs of type 2. N is the
target of an incoherent FFL type 2. One might conjecture that this could be related to
the observations from Section 4.1. Namely, an increasing level of extrinsic noise could not
change the qualitative behavior of the system. Also, the wiring diagram of the Wnt signaling
network features seven FFLs. In particular, the coherent FFL type 1 recurs four times. The
other three FFLs are the coherent FFL of type 3, 4 and the incoherent FFL of type 1.
Prior to an examination of the network motifs in the Wnt signaling or the lambda phage
network, a general analysis of the noise in FFLs is conducted. The ﬂuctuations in the target
protein C of each FFL are compared with the variations in a protein C, which is just regulated
by protein A and protein B does not exist. We will refer to this with “two-node network,”
where A either activates or inhibits C. The average expression level for the coherent FFL
type 1, and the two-node network, where A activates C are illustrated in Figure 5.8. This
FFL analysis is based on a three node network with p = 5, i.e. all three variables can
have the same amount of expression levels. The truth tables were designed according to the
interactions deﬁned by the FFLs and taking into account that all ﬁve states are equally likely
in the deterministic update, in order to not have any bias in the update towards a speciﬁc
value. The truth tables can be found in the Appendix.
As can be seen in Figure 5.8, it is not clear, whether the amount of ﬂuctuations in protein C
are larger in the FFL motif or in the two-node network. A similar picture was obtained when
the ﬂuctuations of the other coherent FFLs were computed. A way to gain more insight into
which ﬂuctuations are actually larger is enabled by the measure of dispersion, the AMSD,
deﬁned in equation (3.4) in Section 3.1.
We may plot the measured values for the AMSD versus the increasing variance. This results
in the curves of Figure 5.9. The left panel shows the AMSD for the coherent FFL 1 and 4
together with simple activation, inhibition and the single node. The right panel illustrates
the AMSD for the coherent FFL type 2 and 3 together with simple activation, inhibition and
the single node. The AMSD was evaluated for increasing variances (x-axis). The AMSD is
computed based on 100,000 iterations of the system with the probability for a delay of 20%.
The comparison between the diﬀerent types of coherent FFLs, as well as simple inhibition
and activation reveals how the noise is transmitted in the construct of the FFL motif. Based
on Figure 5.9, one may draw the conclusion that the coherent FFL of type 1 ampliﬁes
the ﬂuctuations. Coherent FFLs type 2 and 3 attenuate the variations. Interestingly, the
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Figure 5.8: The left panel demonstrates the average expression level of the proteins involved in the
coherent FFL of type 1. The right panel depicts the average expression level of the proteins A and
C, when A activates C. This simulation was done using a variance of v = 0.3 and a probability for
a delay of 10%.

coherent FFL 4 exhibits smaller variations in the target protein than a simple inhibition
until a variance of v = 0.3, after which it ampliﬁes ﬂuctuations compared to a simple
inhibition. When contrasting the coherent FFL 4 with the simple activation, it is clear
that the former dampens noise. Simple activation increases the noise in the target protein
compared to inhibition for variances higher than v = 0.2. This matches the eﬀect of a
positive or negative feedback loop on the noise level, where the former enhances and the
latter dampens ﬂuctuations.
The same was done for the incoherent FFLs. Figure 5.10 illustrates the average expression
levels of the proteins involved in an incoherent FFL type 1 compared to the ﬂuctuations in
the number of proteins in a simple activation two-node-network.
The ﬂuctuations in the number of the target protein C in the incoherent FFL 1 appear to
be smaller than the ﬂuctuations generated by the simple activation scheme. To precisely
compare the eﬀects of the FFLs on the magnitude of variations in the target protein, the
AMSD for all incoherent FFLs with increasing variances was computed.
Figure 5.11 displays the diﬀerent capabilities of the incoherent FFLs in propagating the
noise. The left panel shows the AMSD for the incoherent FFL 1 and 4 together with simple
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Figure 5.9: The AMSD was measured in the target protein C. This was done for all types of
coherent FFLs, the two-node network of activation and inhibition, as well as in the protein C when
it is not regulated at all, denoted by “Protein”.

activation, inhibition and the single node. The right panel illustrates the AMSD for the
incoherent FFL type 2 and 3 together with simple activation, inhibition and the single node.
The AMSD was evaluated for increasing variances (x-axis). The AMSD is computed based
on 100,000 iterations of the system and the probability for a delay of 20%. This illustration
reveals that the incoherent FFL 1 decreases ﬂuctuations for variances higher than v = 0.2,
compared to simple activation. The incoherent FFLs 3 and 4 amplify the variations. Interestingly, the incoherent FFL 2 exhibits the same noise level in the target protein as a simple
inhibition. Again, it becomes pronounced that a simple activation increases the variations
for variances higher than v = 0.2, when compared to a simple repression, similar to what
would be expected from positive or negative feedback loops. Furthermore, the incoherent
FFL 2 exhibits smaller noise levels for variances higher than v = 0.2 when compared to
simple activation.
This analysis also demonstrated that the noise level in a single unregulated protein without
inputs is still less than the noise level in the target protein of an FFL or a two-node network
of simple activation or inhibition.
Now the insight of this FFL analysis will help to investigate the Wnt signaling network. An
especially interesting motif can be found between the four variables Intracellular Receptors,
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Figure 5.10: The left panel illustrates the average expression level of the proteins involved in the
incoherent FFL of type 1. The right panel shows the average expression level of the proteins A and
C, when A activates C. This simulation was done using a variance of v = 0.3 and a probability for
a delay of 10%.

DKK, Kremen and LRP6. These four nodes are intertwined with three FFLs. The triangle
consisting of Intracellular Receptors, DKK and Kremen builds a coherent FFL of type 1.
Additionally, the three proteins DKK, Kremen and LRP6 form a coherent FFL type 3. Finally, an incoherent FFL of type 1 is detectable between the Intracellular receptors, Kremen
and LRP6. It is striking that LRP6 is the target of two FFLs. To compare the amount of
ﬂuctuations in these proteins and to assess whether it is possible to ﬁnd similar eﬀects in
these FFLs as observed in the general FFL analysis, the AMSD was computed.
In Figure 5.12, the average expression levels are shown for this network motif. The corresponding AMSD values are depicted in table 5.2. Note that these proteins have diﬀerent
ranges of expression levels, for example Kremen can have four states, whereas DKK is only
either zero or one. Thus, the values of the AMSD might tend to be higher for proteins with
smaller ranges of expression levels. However, in this case, the results correspond to the ones
from the general FFL analysis.
Table 5.2 reveals that the ﬂuctuations in Kremen, which is the target of a coherent FFL
1, are indeed of highest magnitude in this motif. This is consistent with the general FFL
analysis, where the coherent FFL 1 was found to amplify ﬂuctuations. Interestingly, LRP6,
which is the target protein of two intertwined FFLs exhibits the lowest noise level. That
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Figure 5.11: The AMSD was measured in the target protein C. This was done for all types of
incoherent FFLs, the two-node network of activation and inhibition, as well as in the protein C
when it is not regulated at all, denoted by “Protein”.

AMSD

Intracellular Receptors
0.2205

DKK
0.2486

Kremen
0.2932

LRP6
0.1110

Table 5.2: Interestingly, LRP6, which is the target protein of the intertwined FFLs exhibits the
lowest noise level. In contrast, Kremen, which is the target of a coherent FFL features the largest
ﬂuctuations.

is, it is the target of the coherent FFL 3 and the incoherent FFL 1. When recalling the
abilities of these two FFLs in attenuating noise by considering the values for the AMSDs in
Figures 5.9 and 5.11, the following pattern becomes clear: Both types of FFL propagate
less noise than simple activation for variances greater or equal v = 0.3. The presence of a
suﬃcient level of extrinsic noise might actually be the case since the noise level in higher
eukaryotes was found to be remarkably high [32]. Additionally, the coherent FFL 3 reveals
to dampen the ﬂuctuations compared to both, simple activation and inhibition. In light of
these properties, both FFLs might actually be able to attenuate stochasticity. Thus, instead
of just a simple regulation from the Intracellular Receptors to LRP6, this complex network
motif might have evolved to enable precise coordination of the regulation of LRP6. And this
explains the low value of AMSD found for LRP6. When considering the wiring diagram of
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Figure 5.12: The network motif of the four variables Intracellular Receptors, DKK, Kremen and
LRP6, which are connected with three FFLs. The average expression level without and with
extrinsic noise (variance = 0.6) is shown. The delay probability is 30%. This simulation represents
the early stage melanoma cells, when RA and SFRP siRNA are added.

the Wnt signaling network, it becomes clear that LRP6 is an important regulator for the
decision for either the canonical or the PCP pathway. This might justify, why the network
has evolved in a way to reduce ﬂuctuations in the state of LRP6.
Concerning the wiring diagram of the lambda phage model, it was observed that cII is the
target of two coherent FFLs of type 2 and of two incoherent FFLs of type 2. Figure 5.9
revealed that the coherent FFL type 2 attenuates ﬂuctuations compared to simple activation
or inhibition. Likewise, the incoherent FFL type 2 was found to dampen variations compared
to simple activation for variances greater than v = 0.2, as depicted in Figure 5.11. Hence,
the interactions among the lambda phage genes might have evolved to ensure precise levels
of cII. The AMSD values computed for the four viral genes cI, cro, cII, and N are listed in
Table 5.3. It is remarkable that the AMSD for N, and especially for cII is very low. This
becomes pronounced when comparing it to the noise level of a single protein without any
inputs. Recall that this exhibited the smallest AMSD values in the Figures 5.9 and 5.11.
However, the AMSD for cII is even smaller. Indeed, cII was identiﬁed as a pro-lysogeny
gene, and a critical regulator of the decision between lysis and lysogeny [40].
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AMSD

cI
0.1303

cro
0.1396

cII
0.0585

N
0.0664

single protein
0.1076

Table 5.3: These AMSD values were computed in a simulation with variance v = 0.3 and a
probability for a delay of 20% for all variables. The rightmost column displays the AMSD value
for a single protein, which is not regulated at all.

Conclusively, these insights support the hypothesis that gene regulatory networks might have
evolved to decrease noise when precise coordination is necessary. It would be interesting to
conduct further investigation.

5.3

Conclusion

We introduced a way to model extrinsic noise in gene regulatory networks, which arises
due to both, global extrinsic sources of noise and pathway-speciﬁc extrinsic variations. Furthermore, the emergence of the observed lognormal protein distributions was examined and
attributed to the multiplicative eﬀect of biochemical reactions. Also, ways of distinguishing
between intrinsic and extrinsic sources of noise were discussed. The eﬀect of extrinsic noise
on the concentration of a single protein was illustrated and found to be consistent with a
continuous way of modeling extrinsic stochasticity. Next, the modeling framework was applied to three diﬀerent gene regulatory networks. First, the model to represent the outcome
of infection of bacteria by phage lambda was embedded in the extrinsic noise framework. It
successfully captured the eﬀect of certain factors that signiﬁcantly contribute to the random
decision between lysis and lysogeny. Second, the extrinsic noise was introduced into the gene
regulatory network that describes the lactose utilization system in E. coli. We demonstrated
that it is able to explain the bistable switch between the two states of the lac operon being
expressed or inactivated. It could also demonstrate the ﬁtness advantage in ﬂuctuating environments that comes along with noise. Third, the extrinsic framework was applied to a
recently designed signaling network in melanoma cells, which revealed the robustness of this
network. Furthermore, the eﬀect of extrinsic noise on a gene regulatory network in general
was analyzed. It was demonstrated that extrinsic perturbations signiﬁcantly increase the
connectivity of the state space and thus can lead to large variations in the dynamics of a system. Based on the quite robust behavior of the Wnt signaling network, which includes seven
feed-forward loops, a general analysis of these network motifs was conducted to elucidate the
eﬀects of noise. In particular, we proposed a measure of dispersion for the discrete modeling
framework and applied it to the eight types of feed-forward loops to gain insight into the
ability of each of these motifs to propagate noise. It was revealed that some feed-forward
loops attenuate the ﬂuctuations, while others have an amplifying eﬀect. For some of the
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motifs, this characteristic was demonstrated to change with increasing variances. It would
be interesting to further analyze the eﬀect of feed-forward loops on the whole state space.
The features of the feed-forward loops revealed here could serve as a basis for this examination. Moreover, it might also be promising to analyze other network motifs and measure
the transmitted ﬂuctuations. The analysis of network motifs enables to draw conclusions of
why certain networks evolved in a particular way. The knowledge obtained thereby about
the ability of certain network structures to reduce noise could potentially be transferred to
any network, for example networks of computers that transmit information.
Likewise, it would be fascinating to combine both discrete frameworks, the intrinsic and the
extrinsic one together, since both types of noise arise in a realistic biological system. Also,
the eﬀects of feed-forward loops to attenuate or amplify ﬂuctuations might become more
pronounced with both types of noise.
Finally, the fact that extrinsic perturbations actually cause large variations suggests the
contribution of extrinsic noise to bet-hedging strategies. This points towards the paradigm
that evolution might be not only the interplay between mutation and selection but rather
the combination of mutation and noise counter-regulated by selection.
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Appendix A
Coordinate functions of the lambda
phage model
The coordinate functions of the discrete dynamical system that describes the infection of the
bacterium with phage lambda read as [26]

f1 = (1 + x41 + 4x42 + x1 x42 + x21 x42 + x31 x42 + x41 x42 + x42 x43 + 4x1 x42 x43 + 4x21 x42 x43 + 4x31 x42 x43 +
+ 4x41 x42 x43 ) mod 5,

f2 = (1 + 4x1 + 4x21 + 4x31 + 3x41 + 2x2 + 3x1 x2 + 3x21 x2 + 3x31 x2 + x41 x2 + x22 + 3x32 + x1 x32 +
+ x21 x32 + x31 x32 + 2x41 x32 ) mod 5,

f3 = (x44 + 4x1 x44 + 4x21 x44 + 4x31 x44 + 3x41 x44 + x2 x44 + 4x1 x2 x44 + 4x21 x2 x44 + 4x31 x2 x44 + 3x41 x2 x44 +
+ 2x32 x44 + 3x1 x32 x44 + 3x21 x32 x44 + 3x31 x32 x44 + x41 x32 x44 + 2x42 x44 + 3x1 x42 x44 + 3x21 x42 x44 +
+ 3x31 x42 x44 + x41 x42 x44 ) mod 5,

f4 = (1 + 4x41 + 4x2 + x41 x2 + 4x22 + x41 x22 + 4x32 + x41 x32 + 3x42 + 2x41 x42 )
and based on these functions, the truth tables can be generated.

mod 5,
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Appendix B
Truth tables of the lac operon model
The truth table for the lac operon mRNA can be found in table B.1.
R
0
0
1
1
2
2

C
0
1
0
1
0
1

M
0
1
0
0
0
0

Table B.1: Truth table for the lac operon mRNA, denoted with M.

The truth table for the repressor LacI can be found in table B.2.
The truth table for intracellular lactose can be found in table B.3.
The truth table for the protein β-galactoside permease can be found in table B.4.
The truth table for β-galactosidase can be found in table B.5.
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R
0
0
0
1
1
1
2
2
2

A
0
1
2
0
1
2
0
1
2

R
2
0
0
2
0
0
2
1
1

Table B.2: Truth table for the repressor LacI, abbreviated with R.

P
0
0
0
0
0
0
1
1
1
1
1
1

Ge
0
0
0
1
1
1
0
0
0
1
1
1

Le
0
1
2
0
1
2
0
1
2
0
1
2

L
0
0
1
0
0
0
0
1
2
0
0
0

Table B.3: The truth table for intracellular lactose, denoted by L.

M
0
1

P
0
1

Table B.4: The truth table for β-galactoside permease, abbreviated with P.

The truth table for the protein CAP can be found in table B.6.
The truth table for allolactose can be found in table B.7.
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M
0
1

B
0
1

Table B.5: The truth table for β-galactosidase, denoted by B.

Ge
0
1

C
1
0

Table B.6: The truth table for protein CAP, abbreviated with C.

B
0
0
0
1
1
1

L
0
1
2
0
1
2

A
0
1
1
0
1
2

Table B.7: The truth table for allolactose, denoted by A.
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Appendix C
Truth table of the example in Section
5.1
x1
0
0
0
0
1
1
1
1
2
2
2
2
2
2
2
2

x2
0
1
2
3
0
1
2
3
0
1
2
3
0
1
2
3

x1
0
1
0
0
2
1
1
0
3
2
2
1
3
3
3
2

x2
0
0
1
1
0
0
1
2
1
2
2
3
2
3
3
3

Table C.1: The truth table for x1 and x2 .

82

Appendix D
Truth tables for the feed-forward loop
analysis in Section 5.2
The FFL analysis is based on a three node network with the variables A, B and C and
p = 5, i.e. all the three variables can have the same amount of expression levels, which
are {0, 1, 2, 3, 4}. The truth tables were designed according to the interactions deﬁned by
the FFLs and taking into account that all ﬁve states are equally likely in the deterministic
update, in order to not have any bias in the update towards a speciﬁc value. The node
A acts as a pure input and is updated randomly according to a ﬁxed sequence, which is
determined prior to each simulation. The random selection of the states ensures that all
states are equally likely for A.
The truth table for the case, where A activates C can be found in Table D.1.
A
0
1
2
3
4

C
0
1
2
3
4

Table D.1: The truth table for the simple activation, where A activates C.

The truth table for the simple inhibition, where A represses C is shown in Table D.2.
The truth tables for simple activation and inhibition are the same as the ones for the update
of protein B, since B is only regulated by A. Now, the truth tables for the target protein C
for the diﬀerent coherent FFLs are shown. Table D.3 shows the truth table for the target
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A
0
1
2
3
4

C
4
3
2
1
0

Table D.2: The truth table for the simple inhibition, where A represses C.

protein C of the coherent FFL 1 and the incoherent FFL 4. Table D.4 displays the truth
table for the target protein C in the coherent FFL type 2 and the incoherent FFL type 3.
The truth table for the target protein in the coherent FFL 3 and the incoherent FFL 2 is
depicted in Table D.5. Finally, the Table D.6 depicts the updates of C for the coherent
FFL of type 4 and the incoherent FFL of type 1.
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A B
0 0
0 1
0 2
0 3
0 4
1 0
1 1
1 2
1 3
1 4
2 0
2 1
2 2
2 3
2 4
3 0
3 1
3 2
3 3
3 4
4 0
4 1
4 2
4 3
4 4

C
0
0
0
0
1
0
1
1
2
2
1
1
2
2
3
2
3
3
4
4
3
3
4
4
4

Table D.3: The truth table for the target protein C in the coherent FFL type 1 and the incoherent
FFL type 4. The target proteins are identically regulated in these two FFLs.
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A B
0 0
0 1
0 2
0 3
0 4
1 0
1 1
1 2
1 3
1 4
2 0
2 1
2 2
2 3
2 4
3 0
3 1
3 2
3 3
3 4
4 0
4 1
4 2
4 3
4 4

C
2
3
4
4
4
1
2
3
3
4
0
1
2
3
4
0
1
1
2
3
0
0
0
1
2

Table D.4: The truth table for the target protein C in the coherent FFL type 2 and the incoherent
FFL type 3. They are identically regulated in these two FFL motifs.
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A B
0 0
0 1
0 2
0 3
0 4
1 0
1 1
1 2
1 3
1 4
2 0
2 1
2 2
2 3
2 4
3 0
3 1
3 2
3 3
3 4
4 0
4 1
4 2
4 3
4 4

C
4
4
4
3
3
4
4
3
3
2
3
2
2
1
1
2
2
1
1
0
1
0
0
0
0

Table D.5: The truth table for the target protein in the coherent FFL type 3 and the incoherent
FFL type 2. They regulate the target protein C in the same way.

87

A B
0 0
0 1
0 2
0 3
0 4
1 0
1 1
1 2
1 3
1 4
2 0
2 1
2 2
2 3
2 4
3 0
3 1
3 2
3 3
3 4
4 0
4 1
4 2
4 3
4 4

C
2
1
0
0
0
3
2
1
1
0
4
3
2
1
0
4
3
3
2
1
4
4
4
3
2

Table D.6: The truth table for the protein C in the coherent FFL type 4 and the incoherent FFL
type 1. Both motifs regulate C identically.

