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(ABSTRACT) 

 

In this dissertation, we develop novel approaches to independently address two issues 

that are commonly encountered in machine scheduling problems: uncertainty of problem 

parameters (in particular, due to job processing times), and batching of jobs for processing 

on capacitated machines.  

Our approach to address the uncertainty issue regards the indeterminate parameters as 

random variables, and explicitly considers the resulting variability of a performance 

measure. To incorporate variability into the schedule selection process, we develop a 

method to evaluate both the expectation and variance of various performance measures for 

a given schedule. Our method is based on the use of mixture models to approximate a 

variety of distribution types. The Expectation-Maximization algorithm of Dempster et al. 

(1977) is applied to derive mixture models of processing time distributions. Our method, 

then, utilizes these mixture models to calculate the distributions of other random variables 

in order to derive the expectation and variance of various scheduling performance 

measures, assuming that the job sequencing decisions are known a priori. To make our 

method more computationally efficient, we adapt a mixture reduction method to control the 

number of mixture components used in the intermediate steps. We apply our method to two 

different scheduling problems: the job shop makespan scheduling problem and the single 

machine total weighted tardiness scheduling problem, and compare its performance with 

that of Monte-Carlo method. The results show the efficacy of our mixture approximation 

method. It generates fairly accurate results while requiring significantly less CPU times. 
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The proposed method offers a good compromise between the Monte Carlo method, which 

requires extensive effort, and use of simple normal approximation, which produces lower-

quality results.  

Next, we introduce and demonstrate for the first time in the literature the use of 

conditional-value-at-risk (CVaR) as a criterion for stochastic scheduling problems in order 

to obtain risk-averse solutions. This criterion has the tendency of minimizing both the 

expectation and variance of a performance measure simultaneously, which is an attractive 

feature in the scheduling area as most of the literature in this area considers the 

expectation and variance of a performance measure separately. Also, the CVaR has an 

added advantage of maintaining a linear objective function. We develop a scenario-based 

mixed integer programming formulation to minimize CVaR for the general scheduling 

problem involving various performance measures, and employ a decomposition-based 

approach for its solution. Furthermore, a set of valid inequalities are incorporated to 

strengthen the relaxed master problem of this decomposition scheme. The proposed 

approach is demonstrated on the single machine total weighted tardiness scheduling 

problem. Our computational investigation reveals the efficacy of the proposed 

decomposition approach and the effectiveness of using the CVaR as an optimization 

criterion for scheduling problems. Besides providing an exact approach to solve our 

stochastic scheduling problem, we also develop an efficient heuristic method to enable the 

use of CVaR for large-sized problems. To that end, we modify the Dynasearch method of 

Grosso et al. (2004) to minimize CVaR for a stochastic scheduling problem. Furthermore, 

we extend the application of CVaR to a parallel-machine total weighted tardiness problem. 

The use of CVaR appears to be quite promising for simultaneously controlling both the 

expected value and variability of a performance measure in a stochastic scheduling 

environment.  

Scenario-based formulations have frequently been used for stochastic scheduling 

problems. However, the determination of a lower bound can be a time-consuming task for 

this approach. Next, we develop a new method for scenario generation that is 
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computationally competitive and that assures attainment of an exact lower bound. Our 

approach is based on discretization of random parameter distributions of job processing 

times. We use the idea of Recursive Stratified Sampling to partition the probability space, 

so that the conditional expectations in each region yield scenario-wise parameter values. 

These scenarios are, then, used to formulate a two-stage stochastic program, which yields a 

lower bound for the original stochastic problem. We provide theoretical basis of our 

bounding approach for both the expectation and CVaR objectives. Our discrete bounding 

method generates exact lower bounds, as against the probabilistic bounds generated by 

Sample Average Approximation. We also present results of our numerical experimentation 

to compare the performances of these two approaches in terms of the bound value obtained 

and the CPU time required.  

The problem pertaining to integrated batching and scheduling of jobs on capacitated 

parallel machines that we consider arises in the primary manufacturing sector of a 

pharmaceutical supply chain. We, first, develop a comprehensive mathematical 

programming model that can accommodate various realistic features of this problem. These 

features include batch production, sequence-dependent setup time/cost, and inter-period 

carryover of setup status. We further derive several valid inequalities that are based on the 

embedded subproblem structure. We also consider an alternative formulation (termed the 

Plant Location model) based on the lot-sizing perspective of the problem. Noting the 

resemblance of the campaign sequencing subproblem to the high multiplicity asymmetric 

traveling salesman problem (HMATSP), we adapt various ideas from the HMATSP to 

enforce the connectivity of the sequencing graph. Due to the complexity of this problem, we 

also explore the possibility of applying column generation technique for its solution. Various 

schemes of problem decomposition are considered, along with the use of dual stabilization 

technique to improve the convergence of the column generation procedure. We also develop 

heuristic methods to generate initial feasible solutions that further enhance the 

performance of the column generation method. A computational experimentation has been 
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conducted on a data set that mimics real-life problem instances. It illustrates the 

effectiveness of using the proposed column generation method. 
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Chapter 1 

1 Introduction 

1.1 Motivation and Scope of Research 

Machine scheduling is an important category of decision problems that are commonly 

encountered in production as well as in other environments. Even though decades of 

research in machine scheduling has yielded a wealth of results for the solution of a variety 

of problems, yet there are practical issues that have not been addressed satisfactorily, a fact 

which hampers the application of these results in practice. Two issues stand out in the 

regard. One of these issues pertains to the stochastic nature of the practical environments. 

A typical approach to address the presence of a stochastic element in machine scheduling 

has been to optimize the expected value of a performance measure. However, such a 

schedule may perform poorly in practice if the associated performance measure has a large 

variability. It is, therefore, useful to have knowledge about the variability of the 

performance measure of a schedule, or better still, to determine a schedule that 

simultaneously optimizes both the expectation and variance of that measure. The second 

issue pertains to the treatment of a scheduling problem as an isolated problem. However, 

there are many instances (especially caused by shorter production cycles and intense 

competition) in which an organization manufactures a variety of products, and therefore, 
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finds scheduling to be intrinsically linked to the determination of production batches in the 

face of limited resources. In order to determine an effective solution for these instances, the 

scheduling problem must be solved in view of an integrated framework instead of as an 

isolated problem.  

In this dissertation, we develop novel approaches to address both of the above 

mentioned issues for machine scheduling problems. First, we investigate both evaluation of 

a given schedule and determination of an optimal machine schedule when job processing 

times are assumed to be stochastic. Then, we consider an integrated lot-sizing and 

scheduling problem in the presence of parallel and limited resources.  

In order to cope with uncertainty in a scheduling problem, we consider three different 

aspects. First, we address the basic question of how to evaluate the quality of a given 

schedule in an uncertain environment. Our approach models uncertain parameters as 

random variables. Consequently, any performance measure of interest is also a random 

variable, as it depends on the random parameters. Since the variability of a performance 

measure is of great importance to a risk-averse decision maker, both the expectation and 

variance of the performance measure need to be evaluated. Towards this goal, we develop a 

mixture model-based approach, which approximates the distributions of random 

parameters using mixtures of normal components. Given a group of   random variables 

    ,        , a new random variable   can be defined based on the value of   , where   

is an independent random variable with a categorical distribution over the range        . 

Assuming continuous distributions for     ,        , the probability density function of   

can be written as 

            
   

 

   

  

where          ,         , and      
 
   . Random variables      are called 

components of the mixture, and      are mixing proportions. We assume    
   ,  

        , to be a normal distribution. Having determined a mixture representation for 

the processing time of a job, we further derive mixture representations for intermediate 
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variables in the schedule, and eventually determine the expectation and variance of the 

performance measure based on the mixture distributions derived. Our approach benefits 

from a mixture model’s versatility in representing different distribution types. However, 

the number of mixture components can grow rapidly with the number of jobs in a schedule. 

We utilize a mixture reduction method to control this growth in the number of components. 

It also helps in reducing computational effort required. Compared with the approaches of 

normal approximation and Monte Carlo method, our new approximation method is both 

accurate and computationally efficient. We have demonstrated its implementation on the 

job shop scheduling problem for the objective of minimizing the makespan and the single-

machine total weighted tardiness problem. 

Second, in order to simultaneously minimize the expectation and variance of a 

performance measure, we introduce the use of conditional-value-at-risk (CVaR) to the 

machine scheduling problems. For a given probability level        , the associated CVaR 

of a random variable can be regarded as the average value of  its            largest 

outcomes. It is consistent with Second Degree Stochastic Dominance and can be 

incorporated into an optimization framework with a linear objective function. These 

attractive properties make CVaR a promising objective function for stochastic scheduling 

problems in order to simultaneously minimize the expected value and variability of a 

performance measure. We use a generic form of stochastic scheduling problem to derive a 

mixed-integer programming formulation for the minimization of CVaR. We demonstrate 

the efficacy of this approach through its application to the single-machine total weighted 

tardiness scheduling problem. Comparing its performance with the expected value 

objective, we show that the minimization of CVaR leads to a significant reduction in the 

variance of the performance measure with only a slight increment in expected value. In 

order to improve the computational effectiveness of our approach, we develop valid 

inequalities and a decomposition-based method for solving the generic formulation to 

optimality. In addition, we present a dynamic programming-based heuristic method to 

apply our approach to large-sized instances of the single-machine total weighted tardiness 
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problem. We have also demonstrated the use of CVaR for a more general parallel-machine 

total weighted tardiness problem. 

The third aspect pertains to the use of scenario-based representation of random 

parameters to obtain optimal solutions for stochastic scheduling problems. In this 

approach, the original stochastic problem is converted into its deterministic equivalent 

where the stochasticity of parameters is represented by a fixed set of scenarios with 

associated probabilities. Each scenario represents a particular realization of all the 

parameter values, and accordingly, the optimization objective is formulated based on the 

scenario-wise outcomes of the performance measure. The most commonly used approach of 

scenario generation is Monte Carlo sampling, for which parameter values are fixed by 

sampling from their original distributions. Due to the randomness of sampling procedure, 

the optimal objective value of the resulting deterministic equivalent is also a random 

variable, and its expected value provides a lower bound for the original stochastic problem. 

Hence, the above sampling and solution procedure needs to be repeated multiple times so 

that an optimality gap for the original stochastic problem can be established with a given 

confidence level. This approach tends to be computationally expensive for scheduling 

problems, as the solution of a scenario-based model can take a long CPU time in each 

repetition. To overcome this difficulty, we develop an alternative scenario generation 

method that yields an exact lower bound with less computational effort. Our new method 

belongs to the realm of discrete bounding approximation, which applies a discrete 

distribution to approximate the original distribution of parameters. Such a discrete 

distribution is obtained by first partitioning the sample space of parameters into multiple 

regions, and then, taking the conditional expectation of parameters in each region. Due to 

Jensen’s inequality, we are able to establish increasing convex ordering between the 

discrete distribution and the original one. Consequently, we apply this discrete distribution 

to formulate two scenario-based models, which yield exact lower bounds for the expected 

value and conditional-value-at-risk objectives, respectively. Unlike an existing method of 

discrete bounding, our new method generates the partition of sample space in a recursive 
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manner, and avoids the repeated solution of a scenario-based model. This allows us to 

obtain competitive bound values with less computational effort. We demonstrate the 

effectiveness of our method on the single-machine total weighted tardiness problem.  

The integrated lot-sizing and scheduling problem, that we consider, arises in the 

operational control of primary pharmaceutical manufacturing facilities. This environment 

is characterized by a large number of product types and multiple flexible machines working 

in parallel. Furthermore, the production is implemented in batches, and a sequence-

dependent setup time/cost is required between the batches of different product families. 

These features result in complex subproblem structures that resemble the capacitated lot-

sizing problem and the high multiplicity asymmetric traveling salesman problem. First, we 

develop a mathematical programming formulation to accommodate the realistic features of 

this problem that include Bill-of-Material relations between the products and carryover 

setups. We investigate alternative formulations for the lot-sizing subproblem and the graph 

connectivity constraints associated with the sequencing subproblem. In addition, several 

types of valid inequalities are developed by exploiting the inherent problem structure in 

order to tighten the model formulation. These improvements significantly reduce the CPU 

time required to solve the problem. In order to solve large-sized instances of the problem, 

we consider the method of column generation, which decomposes the overall problem into 

more easily solvable subproblems. We compare several different ways for decomposing the 

problem and investigate further refinements of the column generation method, including 

the use of an advance-start solution and use of dual stabilization techniques. Our 

computational investigation on a testbed of data, which are generated to mimic the real-life 

operation of Boehringer-Ingelheim’s primary pharmaceutical manufacturing facility in 

Petersburg, Virginia, reveals the efficacy of our column generation method.  
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1.2 Organization of Dissertation 

The remainder of this dissertation is organized as follows. Chapters 2, 3, and 4 are focused 

on solving stochastic scheduling problems. In Chapter 2, we develop an approximation 

method to evaluate both the expectation and variance of various performance measures for 

a given schedule. Chapter 3 introduces the use of conditional-value-at-risk (CVaR) as a 

criterion for stochastic scheduling problems, and it presents both optimum-seeking and 

heuristic methods to solve single-machine and parallel-machine total weighted tardiness 

problems. Chapter 4 presents a new scenario generation method to determine an exact 

lower bound. We also compare its performance with other approaches with regard to the 

lower bound value obtained and the CPU time required when applied to the single-machine 

total weighted tardiness problem. In Chapter 5, we investigate an integrated lot-sizing and 

sequencing problem that arises in the primary manufacturing sector of a pharmaceutical 

supply chain. Various modeling approaches and solution methodologies are presented for 

this problem.  

Due to the variety of problems included in this work, in principle, the scope of 

nomenclature is restricted to individual chapters. However, since Chapters 2, 3, and 4 all 

deal with issues in stochastic scheduling problems, we have tried to avoid conflicts of 

notation among these chapters. 
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Chapter 2 

2 Determination of the Expectation and 

Variance of Scheduling Performance 

Measures Using Mixture Models 

Deterministic machine scheduling problems have been studied extensively over several 

decades. However, as pointed out by McKay et al. (1988), the practical applicability of 

deterministic scheduling models is often hampered by the disregard of uncertainty issues, 

which are encountered frequently in practice. As a result, various approaches have been 

developed to address uncertainty in scheduling. Robust scheduling strives to provide the 

best protection against worst-case scenarios (Daniels and Kouvelis, 1995; Kouvelis, Daniels, 

and Vairaktarakis, 2000). Reactive scheduling modifies a baseline schedule after 

uncertainties are revealed during its implementation (Sabuncuoglu and Bayiz, 2000; Vieira, 

Herrmann, and Lin, 2003). Fuzzy scheduling is suitable for situations in which available 

data are insufficient to construct viable probabilistic models. It employs fuzzy numbers to 

represent uncertain parameters, such as job processing times (Balasubramanian and 

Grossmann, 2003). Stochastic scheduling, on the other hand, optimizes a performance 

measure assuming that the uncertain parameters are random variables with known 

distributions. 
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Since the value of a performance measure depends on problem parameters, randomness 

of these parameters implies that the performance measure is also a random variable. To 

compare performances of different schedules, some distributional property of the 

performance measure is usually adopted as the objective function to optimize. A commonly-

used distributional property is the expected value, which can be regarded as the long-run 

average performance of a schedule (see Pinedo (2001) and Skutella and Uetz (2005), for 

example). As pointed out by Daniels and Kouvelis (1995), a critical disadvantage of 

optimizing the expectation of a performance measure is that it cannot accommodate the 

risk-averse attitude of a decision-maker. De, Ghosh, and Wells (1992) proposed to consider 

both the expectation and variance of a performance measure in a bicriterion mathematical 

programming framework and developed a methodology for the flow time performance 

measure. In this chapter, we also consider the expectation and variance of scheduling 

performance measures. However, we focus on the determination of their values for a given 

schedule, which is described by a complete job assignment and sequencing solution. The 

results obtained will facilitate the simultaneous optimization of expectation and variance. 

Our method of determining the expectation and variance of a scheduling criterion is 

based on the use of mixture models (or mixture distributions) to represent random 

variables. The idea of a mixture distribution can be explained as follows. Consider a group 

of   random variables     ,        . A new random variable   is defined based on the 

value of   , where the subscript   is an independent random variable with a categorical 

distribution falling in the range        . In other words, to obtain a sample of  , we first 

take a sample of  , and then, regard the value of    as the value of  . Assuming continuous 

distributions for     ,        , the probability density function (PDF) of   can be written 

as  

            
   

 

   

  

where           ,          , and    
 
     . Random variables      are called 

components of the mixture, and      are called mixing proportions (or weights). 
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A mixture distribution can take various shapes. In fact, any continuous distribution can 

be approximated arbitrarily well by a finite mixture of normal densities with a common 

variance (McLachlan and Peel 2000).  Due to the flexibility and simple structure, mixture 

distributions have been widely used in biology, medicine, economics and other fields to 

model various random variables. In our case, job processing times are assumed to be 

independent random variables with general distributions. We approximate these processing 

time distributions by using mixtures of normal components, and apply mixture models to 

determine the expectation and variance of performance measures.  

The remainder of this chapter is organized as follows. In Section 2.1, we provide a 

literature review on the approximation problem and various mixture reduction methods.  

Section 2.2 is devoted to preliminaries for deriving mixture models for general processing 

time distributions and for calculating various operations using mixture distributions.  

Sections 2.3 and 2.4, then, contain applications of mixture models to approximate the 

expectation and variance of makespan for a job shop schedule and total weighted tardiness 

for a single-machine schedule, respectively.  

2.1 Literature Review 

To provide motivation and preparation for the work presented in this chapter, we first 

review the existing literature on the following two pertinent topics: variability of scheduling 

performance measures, and mixture reduction. We present a method to approximate a 

processing time distribution via a mixture distribution in Section 2.2. However, for 

approximating the distributions of random variables pertaining to a schedule, the number 

of components for a mixture representation can become quite large. It is, therefore, 

essential to reduce the number of mixture components. Mixture reduction is the process of 

reducing the number of these components. 
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2.1.1 Variability of Scheduling Performance Measures 

In the machine scheduling literature, quite a few different approaches have been developed 

to control the variability of a schedule.  Dodin (1996) defined a new concept of optimal 

sequence based on Optimality Index, which is the probability that a sequence yields the 

best objective value among all possible solutions.  Portougal and Trietsch (1998) further 

defined two other optimality criteria, and suggested that variance reduction should be 

explicitly considered in the objective function. Ayhan and Olsen (2000) used heuristic 

procedures to minimize the variance of throughput time in a multi-class single server 

system. Their assumption of dynamic job arrival is different from that of a static machine 

scheduling problem, where a set of jobs is given a priori. However, all the above mentioned 

research results have indicated that scheduling variability is an important factor in 

decision-making.  

With respect to the simultaneous minimization of expectation and variance in stochastic 

scheduling, Jung, Nagasawa, and Nishiyama (1990) considered the single-machine total 

flow time problem and provided a heuristic method to find non-dominated solutions. 

Nagasawa and Shing (1998) further extended their result to the parallel machine case and 

developed an interactive system to help a manager in selecting a schedule from non-

dominated solutions. De, Ghosh, and Wells (1992) considered a different approach. Instead 

of trying to determine non-dominated solutions, they searched for expectation-variance 

efficient sequences for a single-machine flow time problem, where the efficiency is defined 

based on a linear combination of expectation and variance.  Sarin et al. (2007) focused on 

the determination of expectation and variance of performance measures for a given 

schedule. Various completion time-based and due date-based scheduling criteria were 

considered. For some of the due date-based criteria, their results are based on the 

assumption of normally-distributed processing times. 

2.1.2 Mixture Reduction 

As noted earlier, mixture reduction is the process of reducing the number of components in 
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a mixture distribution while keeping the resulting distribution as close as possible to the 

original mixture. Applying mixture reduction to a complex mixture model tends to simplify 

subsequent calculations without significantly affecting the accuracy of the results. As such, 

mixture reduction has been a topic of interest in radar target tracking, pattern recognition, 

and other applications. Salmond (1988) proposed a Gaussian mixture reduction method, 

which preserves the mean and covariance of the original mixture while progressively 

merging components or groups of components. Williams (2003) regarded the reduction of a 

Gaussian mixture as an optimization problem. He applied an iterative optimization method 

to determine the parameters of the reduced mixture by minimizing the Integral Square 

Difference between the original mixture and the reduced one.  Runnalls (2007) adopted 

Salmond (1988)’s progressive merging method, but used a difference criterion to choose the 

components to merge at each iteration. This new criterion was shown to be an upper bound 

for the Kullback-Leibler divergence between the original mixture and the reduced mixture. 

Nielsen and Nock (2009) investigated the clustering of multi-dimensional normal 

distributions. Their approach is based on information-theoretic divergence measures and k-

means clustering method. Bruneau, Gelgon, and Picarougne (2010) applied Bayesian 

estimation to the problem of mixture reduction. Their approach is parsimonious in the 

sense that it reduces the mixture to the strictly necessary number of components. 

2.2 Basic Operations to Implement a Mixture Model 

Different performance measures for a scheduling problem can be regarded as functions of 

job processing times. We first present methods to approximate processing time distributions 

with mixture distributions, and to perform basic operations on these mixture distributions.  

These methods constitute building blocks for determining the distributions of other random 

variables pertaining to a schedule, and eventually, the expectation and variance of 

performance measures. 
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2.2.1 Mixture Approximation of Processing Time Distributions 

Our mixture approximation method is based on the assumption that the job processing 

times are independent random variables, and their distributions are given at the outset. 

This enables us to approximate these processing time distributions individually, using 

mixtures of normal components. We denote the probability density function (PDF) of a 

normal distribution by         , where   is the expectation vector and   is the covariance 

matrix. In the case of univariate normal, we have 

          
 

     
 
  

      

     

The PDF of a normal mixture (or Gaussian mixture) can be written as: 

                  
  

 

   

  

where   ,   , and   
  are, respectively, the weight, expectation, and variance of the  th 

normal component,         . 

There are different ways to fit a normal mixture model to a given set of random data. 

While the method of moments has been applied in the seminal work of Pearson (1894), it is 

less tractable for our application, which has more components in the mixture, and hence, 

more parameter values to estimate simultaneously. On the other hand, Dempster, Laird, 

and Rubin (1977), proposed the Expectation-Maximization (EM) algorithm to obtain 

Maximum Likelihood Estimators of the mixture parameters. This algorithm consists of two 

iterative steps, namely, the Expectation-step (E-step) and the Maximization-step (M-step). 

Given sample data along with values of the component parameters and the corresponding 

weights, the E-step estimates the posterior probability that each data point belongs to a 

particular mixture component. The M-step, then, updates parameter values according to 

their maximum likelihood estimators while regarding the posterior probability values as 

observed data. The EM algorithm converges monotonically if the model is identifiable; and 

it is relatively easy to implement when all the components of the mixture follow normal 

distributions.  Hence, given the univariate processing time distribution of a job operation 
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and the number of components in the mixture, we can determine the Most Likelihood 

Estimators of   ,   , and   
   for all the components. Our overall procedure to achieve this 

goal can be divided into three phases: 

I. Generate data points from the original distribution by using Monte Carlo 

sampling or other methods; 

II. Use the EM algorithm to determine the mixture parameters; 

III. Adjust the mixture parameter values to match the expectation and variance of the 

original distribution.  

The EM algorithm used in Phase II is adapted from McLachlan and Peel (2000). We present 

it here for the sake of completeness.  

 

EM-Normal Algorithm  

Input:  Sample data points     ,        . 

Output: Mixture proportion (   , mean      and standard deviation      of component  ,  

        . 

Step 0.  (Initialization)  

Initialize the iteration counter    . Calculate the sample mean and sample 

standard deviation of     , and denote them as    and   , respectively.  

Let   
   

    ,   
   

   , and determine the value of   
   

 by sampling from 

       
  ,         .  

Step 1.  (E-step)  

Calculate the posterior probability that sample point    comes from the  th 

component as follows: 

    
   

   
  

   
       

   
    

   
 
 
 

   
   

       
   

    
   

 
 
 

 
   

                  

Step 2.  (M-step)  

Update the mixing proportions as 
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Update the component parameters as 

  
     

 
     

   
   

 
   

     
   

  
   

           

   
     

 
 
 

     
   

       
   

 
 

 
   

     
   

  
   

           

Step 3.  Calculate the log-likelihood value as 

                                    
     

       
     

    
     

 
 
 

 

   

 

   

  

If the value converges, stop the algorithm with      
     

,      
     

, and 

     
     

,         ; otherwise, let      , and go to Step 1. 

 

Note that the expectation and variance of the mixture distribution obtained in Phase II can 

be calculated as:  

         

 

   

  

   
       

 

 

   

      
 

 

   

    
   

Suppose the expectation and variance of the original distribution are, respectively,    and 

  
 . It is desirable that the corresponding mixture model also has the same expectation and 

variance values. To that end, we adjust the parameters in Phase III as follows:  

                                

   
  

  
 

     
  

    
   

     
       

 

 

   

            

It can be verified that  
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These adjusted parameter values will be used in our approximation method to further 

determine the expectation and variance of various scheduling performance measures. 

To illustrate the above procedure, we apply it to obtain mixture models for the following 

different processing time distributions: 

      :  Continuous uniform distribution on the interval      ; 

        :  Exponential distribution with the rate parameter      ; 

         :  Beta distribution with the shape parameters     and    ; 

         :  Beta distribution with the shape parameters     and    . 

We used stratified pseudo-samples of the above distributions as input and obtained 5-

component normal mixtures by using our approximation procedure. The density functions 

of the resulting distributions are plotted in Figure 2.1. The dashed lines and solid lines 

represent the original distributions and the obtained mixture distributions, respectively. 

Note that, our mixture representation for a given continuous distribution is similar in form 

to its Gaussian kernel density estimation (KDE) (Silverman, 1986): 

        
 

  
  

    

 
 

 

   

  
 

 
        

  

 

   

  

where   is the number of samples and              are the sample values. Note that the 

KDE follows a mixture distribution with a common variance,   , for all components. 

Although the derivation of KDE is different from our mixture representation, an analysis of 

its behavior may yield insights on the accuracy of mixture approximation. We provide such 

an analysis in Appendix A. 
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   A 5-component normal mixture for 

      . 

 

A 5-component normal mixture for 

Exp     . 

 

A 5-component normal mixture for 

 eta     . 

 

A 5-component normal mixture for 

 eta     . 

Figure 2.1: Probability density functions of various distributions and their mixture 

models 

 

2.2.2 Summation of Mixture Distributions 

Consider two independent random variables   and  , expressed as mixture normal 

distributions: 
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The summation of these two variables       also follows a mixture normal distribution: 

              
       

    

  

  

   

  

where  

             
   

     
     

   
   

  
   

   
     

    
  

    
   

   

                                           

 

2.2.3 Left-censoring of a Mixture Distribution 

Given a random variable with a mixture normal distribution: 

                    
    

  

 

   

  

the left-censored random variable              can be approximated by the following 

mixture distribution: 

                  
   

  
 

  

 

   

  

where   
            is the  th component of   , and we use normal density        

   
  

 
   

to approximate of its PDF. The mean and variance of   
  can be determined by Clark 

(1961)’s formulae while regarding   as a degenerate normal variable: 
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where      and      are the cumulative distribution function and probability density 

function of the standard normal distribution, respectively. Note that, although the 

maximum of two normal random variables does not necessarily follow a normal 

distribution, Clark’s formulae yield exact values of its expectation and variance. Hence, the 

following results hold analytically: 

            
 

 

   

 

                
 

 

 

   

       
 

 

 

   

        

 

2.2.4 Mixture Reduction 

Consider a multivariate normal mixture: 

              
   

 

   

              

 

   

  

where    and    are, respectively, the expectation vector and covariance matrix of its  th 

component,   .To reduce the number of components from   to   (     ), an iterative 

joining (or merging) algorithm can be implemented by selecting two remaining components 

in each iteration, and merging them into one normal component. The merging algorithm 

stops after       iterations. This approach was first proposed by Salmond (1988) for radar 

target tracking. The merging components, say    and   , are chosen so that they have the 

shortest distance between them; and the distance measure is defined as: 

  
  

    

     
       

 
            

where   is the covariance matrix of  , which can be calculated as: 

       

 

   

                 
 

   

  

The merger results in a new component,     , with the following parameter values: 
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Note that the expectation and covariance of the mixture are kept the same during the 

merger.  

Runnalls (2007) adopted the same iterative joining procedure, but used a different 

distance measure to choose the merging components. The distance between components    

and    are calculated as: 

                                                

Runnalls showed that    is an upper bounding approximation of the Kullback-Leibler 

divergence, which measures the information-theoretic difference between the original 

mixture and the reduced mixture. Note that, although Kullback-Leibler divergence is a 

non-symmetric measure, the distance measure    is symmetric with respect to the 

interchange of    and   . 

2.3 Application to the Job Shop Makespan Minimization 

Problem 

We consider the scheduling problem in a job shop environment, where   jobs are processed 

on   machines following their individual routes. The route of a job is defined by a sequence 

of operations, each of which is to be completed on a prescribed machine following the order 

of the sequence. A complete solution of a job shop problem specifies the processing 

sequences for operations on all the machines. We assume that such a solution is given a 

priori, and our goal is to determine the expectation and variance of the makespan, 

assuming independently distributed processing times for all job operations. Note that the 
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makespan of a job shop schedule is defined as the difference between the completion time of 

the last operation and the start time of the first operation. 

Suppose that an operation of job   is to be performed in the  th position on machine  . 

This operation, denoted as       , can only start after the completion of the previous 

operation of job  , and also, after the completion of the operation performed in the      th 

position on machine   (i.e.,         ). In order to determine the completion time distribution of 

      , we need the following information: (i) the distribution of its processing time,       ; and 

(ii) the joint distribution of the completion time of the previous operation of job  , which we 

denote as        , and the completion time of         , denoted as         . Note that, we have 

already derived mixture models for job processing times in Section 2.2.1. If we can further 

represent the joint distribution of        and          by using a two-dimensional normal 

mixture distribution, the distribution of        can be determined consequently. Based on this 

idea, we develop an iterative method to determine the join distribution of job completion 

times, which are, then, used to determine the expectation and variance of makespan.  

At any time point in the schedule, we consider the set of latest operations,   , which is 

defined as follows: 

          

where                                                         and 

                                                     

For example, consider a job shop with 3 machines and 3 jobs. The current partial 

schedule is depicted in Figure 2.2, where        denotes the  th operation of job  . According 

to our definition, we have: 

                           

                          

                                 

 

Then, after scheduling the next operation, say,       , the updated sets of operations are 
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Figure 2.2: Sample of a job shop (partial) schedule 

 

                                   

Denoting the completion times of the operations in    by   , our approximation method 

uses a multivariate normal mixture to represent the joint distribution of   , and updates its 

mixture representation whenever a new operation is added to the partial schedule.  As an 

induction hypothesis, we assume that the joint distribution of    can be expressed as: 

         
       

    
  

  

   

  

where   is a realization of random vector   , and   
     

  and   
  are, respectively, the weight, 

the expectation vector and the covariance matrix of the  th component. We also assume that 

the processing time of the next operation,       , follows a mixture distribution: 

               
     

  
 
 

  

   

  

After the addition of this operation, we obtain the updated set of latest operations as 

                                     

Machine 

3 

 

       

Machine 

1 

 

              

: completed operation 

 

Machine 

2 

 

              

 

Time 

 Legend: 

 : the next operation 
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where        is the previous operation of        in the routing sequence, and           is the last 

operation processed on machine   before the insertion of       . If        is the first operation of 

job  , then        represents the release time of job  . If        is the first operation scheduled 

on machine  , (i.e.,    ), then          represents the ready time of machine  . The updated 

completion time vector,    , follows the mixture distribution: 

 

            
         

     
  

   

   

  (2.1) 

where           and    
     

      , assuming that    
 , the  th normal component of    , is 

determined according to the     th component of    and the      th component of       .   

In order to determine        , we need the parameter values of    
  (i.e.,    

  and    
 ), 

          . Since most of the elements of     come from   , the determination of the 

updated expectation vector     
   only requires the calculation of          

  , which is the 

expected completion time of        with respect to the  th component of     . Similarly, to 

determine the updated covariance matrix     
  , we only need to determine the variance of 

       
  and its covariance with the other elements in    

 . 

Note that,         
         

  
       

   
  where start time        

  
             

  
       

  
   Since the 

processing time,       , is independent of the completion times of previous operations, the 

expectation and variance of         
  can be determined as:  

          
            

  
          

   
  

            
               

  
            

   
  
  

where         
   

      
  and           

   
       

  
 
. Since the joint distribution of          

  
 and       

  
 

can be directly extracted from    
  and    

 , the expectation and variance of        
  

 can be 

determined by using Clark (1961)’s formulae, which also provide the covariance between 

       
  

 and the elements of    
 . The covariance between         

  and the other elements of    
  can 

be determined consequently, noting that       
   

 is independent of    
 . This completes the 
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calculation of the parameters of    
 . 

We repeat the above procedure for each new operation scheduled on the machines. 

When a full schedule is obtained in the end,    consists of the last operations of all the jobs 

and the last operations on all the machines. Let   be the corresponding cardinality of   . 

The distribution of    is represented as an  -dimensional normal mixture. We derive the 

expectation and variance of the makespan as follows.  

We focus on the  th component,   
 ,          . The makespan corresponding to this 

component is 

    
         

  
 
      

  
 
 ,  

where    
  

 
 denotes the  th element of vector   

 ,         . Since   
  follows an  -

dimensional normal distribution, the expectation and variance of     
  can be determined as 

follows: 

    
          

  
 
      

  
 
 

                 
  

 
    

  
 
        

  
 
   

 

In particular, we progressively combine the elements of   
  using the maximum operator. 

For each maximum that we take, the two operands are assumed to follow a joint normal 

distribution. To begin with, the joint distribution of    
  

 
 and    

  
 
 can be determined by 

projecting the distribution of   
  on its first two elements. Given this joint normal 

distribution, the maximum,   
         

  
 
    

  
 
 , can be approximated by a normal 

distribution, whose parameters are determined by using Clark (1961)’s formulae. 

Furthermore, Clark’s formulae also give the covariance between   
  and    

  
  
,         . 

Therefore, we can iteratively determine the distribution of 

  
         

  
 
      

  
 
          

     
  

 
            

The end result yields   
      

 . Hence, we have determined the makespan according to the 

 th component of   . Finally, according to the Laws of Total Expectation and Total 

Variation, the expectation and variance of the makespan,     , are calculated as:  
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  (2.2) 

 
                     

  

  

   

          
   

 

   

        
   (2.3) 

Our approximation method can be summarized as the following algorithm. 

 

Mixture-Job-Shop Algorithm 

Notation: 

 : The set of unscheduled operations; 

 :  Prescribed sequences of operations on all the machines. 

Step 0.  Let                    ,                                           .  

Step 1.  Select an operation        from   such that        is ready to be processed according 

to  . If no such an operation exists, go to Step 4.  

Step 2.  Let                                     . Calculate the mixture distribution of     

according to the distributions of    and       . 

Step 3.  Let             ,       . Go to Step 1. 

Step 4.  Calculate the expectation and variance of makespan (      
   and         

  ) 

according to the  th component of   ,          . 

Step 5.  Determine the values of         and           by using Equations (2.2) and (2.3).  

Note that, in view of Equation (2.1), the number of components in the mixture 

distribution of    increases exponentially with the number of scheduled operations. To 

make our approximation method more computationally efficient, we incorporate the 

mixture reduction methods discussed in Section 2.2.4 to control the number of mixture 

components. More specifically, Step 2 of Mixture-Job-Shop algorithm is modified as follow: 

Step 2. Let                                     . Calculate the mixture distribution of     

according to the distributions of    and       . If the number of components in     
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exceeds the prescribed value of  , apply a reduction algorithm on its mixture 

distribution to reduce the number of components to  . 

Next, we conducted a numerical experimentation to demonstrate the efficacy of our 

method. Consider a job shop problem with 3 jobs and 2 machines to minimize makespan. 

The problem data is presented in Tables 2.1, 2.2 and 2.3.  

 

Table 2.1:  Processing time distributions of job operations 

 Job 1 Job 2 Job 3 

Machine 1                       

Machine 2                       

 

Table 2.2:  Routings of jobs 

Job 
Routing (machine 

numbers) 

Job 1 2 1 

Job 2 1 2 

Job 3 1 2 

 

Table 2.3: Machine processing sequences 

Machines Processing Sequence (job numbers) 

Machine 1 2 3 1 

Machine 2 1 2 3 

 

To provide a point of reference, we used Monte Carlo simulation with 100,000 

replications to estimate the expectation and variance of makespan. In our approximation 

method, we represent the processing time of each operation with a mixture of 5 normal 

components. The control parameter associated with the mixture reduction algorithm is set 

to be     . Besides using mixture approximation, we also considered simple normal 
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approximation, which is a special case of our mixture approximation method with only one 

component in each mixture model.  The results are presented in Table 2.4.  

The results obtained with our mixture approximation method (without mixture 

reduction) closely matched the simulation results, while normal approximation generated 

less accurate values. When mixture reduction is applied, the approximation accuracy is not 

significantly affected, and there is no significant difference between the expectation and 

variance values obtained for each of the three different reduction approaches used. 

However, Williams’s approach required a much longer CPU time than the other two 

methods. By incorporating Salmond’s or Runnalls’s approach of mixture reduction into the 

Mixture-Job-Shop algorithm, we are able to significantly reduce the CPU time while 

obtaining good approximation accuracy.  

 

Table 2.4:  Results for a job shop problem to minimize makespan 

Method                   
CPU Time* 

(seconds) 

Monte Carlo Simulation 23.145 7.891 97.58 

Normal Approximation 23.111 8.138 Negligible 

Mixture 

Approximation 

Without Reduction 23.141 7.904 21.89 

Salmond’s Approach 23.138 7.962 0.28 

Williams’s Approach 23.155 8.023 374.30 

Runnalls’s Approach 23.143 7.998 0.31 

* CPU times are obtained by using MATLAB 7.6 on a computer with a 2.66 GHz CoreTM2 

Duo CPU and 2 GByte memory. 

2.4 Application to the Single-Machine Total Weighted 

Tardiness Problem 

The tardiness of job   in a scheduling problem is defined as 
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where    and    are, respectively, the completion time and due date of job  .   

In this section, we approximate the expectation and variance of the total weighted 

tardiness for a single-machine scheduling problem. The performance measure of our 

interest is defined as 

         

 

   

  

where    is the importance factor (or weight) of job  ,         . We assume that job 

processing times,     , are independently distributed random variables, and a processing 

sequence has been given. Note that, if we use subscript ―   ‖ to denote the  th job in the 

processing sequence, the performance measure can be rewritten as: 

         

 

   

          

 

   

  

Therefore, the expectation and variance of total weighted tardiness are 

 

                  

 

   

            

 

   

  (2.4) 

 

                      

 

   

       
      

 

 

   

                  

 

     

   

   

  (2.5) 

where              ,      
            and                        

2.4.1 Approximation Method 

Sarin et al. (2007) have used normal distributions to approximate random job 

processing times and to determine the expectation and variance of total weighted tardiness. 

We improve upon their approach and use mixtures of normal distributions to represent job 

processing times. Since the mixture components are normal random variables, we apply the 

results of Sarin et al. (2007) in component-wise calculations. 
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Our new approximation method for expectation and variance of total weighted tardiness 

can be divided into three phrases: 

I. Calculate expectation and variance of job tardiness,     ; 

II. Calculate covariance of tardiness variables,               ; 

III. Calculate the expectation and variance of total weighted tardiness according to 

Equations (2.4) and (2.5). 

In Phase I, we calculate the mixture distributions of job completion times iteratively. As 

an inductive hypothesis, we assume that the completion time of the  th job (    ) is 

represented by a normal mixture: 

     
         

  
    

    

    
 

   

  

where     
  is the  th normal component with associated weight     

 ,             
 . The 

mixture representation of processing time        has been determined in Section 2.2.1 as 

follows: 

       
           

  
      

    

      
 

   

  

Since                   , the recursive expression for the PDF of        can be determined, 

using the method developed in Section 2.2.2, as follows: 

       
           

  
      

    
      

 

    , 

where 

       
      

        
            

      
  

       
   

  

      
      

  
       

   
                

       

            
                      

  

 

If the resulting number of components,       
 , exceeds a prescribed upper limit of  , the 

current mixture representation of        is reduced to a  -component normal mixture using 

Runnalls’ mixture reduction algorithm. 
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Since      is a given constant, job lateness,               , also follows a mixture 

normal distribution: 

     
         

  
    
    

    
 

   

  

with       
         

        and         
           

     Note that                       

                
 . Hence, we can apply the method developed in Section 2.2.3 to determine 

the expectation and variance of     .  

In phase II of the approximation method, we define                  and apply the 

following results from Sarin et al. (2007): 

                                            

                                       
 

        

 

      

  (2.6) 

         

where        and         . The mixture presentation of   has been determined in Phase I. 

Since        
 
     , mixture representations of   can be determined using an approach 

similar to the calculation of           
 
    . Note that the relations depicted in Figure 2.3 

can be used to arrange the calculations. Whenever the number of mixture components for 

       exceeds  , mixture reduction is applied to compact the model. 

Note that, when       is a large number,        tends to follow a normal distribution due 

to the Central Limit Theorem.  In that case, we can further reduce computational effort by 

regarding         as a normal random variable, and determine its parameters as follows: 

                  

 

     

                       

 

     

           

Having determined the mixture representations for both        and         ,  we have 
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where    and    are, respectively, the numbers of components for   and  . Since the 

components    
 and     

are normal random variables, we apply the second part of Equation 

(2.6) by assuming      
 and       

, and then, numerically calculate the integration 

using the approach discussed in Sarin et al. (2007). Consequently, we have  

                                            

Phase III of the approximation method is a direct application of Equations (2.4) and 

(2.5). Note that, the incorporation of mixture reduction in the first two phases makes our 

new approximation procedure more efficient for large-sized problems. Next, we provide 

results of our numerical experimentation, and compare the performance of our mixture 

approximation method with that of Monte Carlo method. 

 

 

Figure 2.3: Calculation of      and        

 

2.4.2 Numerical Experimentation 

Since it is impractical to determine analytical values of expectation and variance of total 

weighted tardiness, we compare the results of our approximation algorithm with those 
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obtained using Monte-Carlo simulation. We considered test problems with 25 jobs. For each 

problem instance, one of the following options is used to determine the processing time 

distributions: 

1)              

Fix values of    and    by sampling from         and       , respectively.  

Let         ,          .Note that       
     

 
   .  

2)             

Determine values of    by sampling from        . Let        . 

3)                        , with         

Fix values of    and    by sampling from         and       , respectively.  

Let         ,       
 

 
       .  

Note that          
 

   
        

 

   
   

 

   
      

4)                        , with        . 

Furthermore, job due dates are generated as follows (Koulamas, 1996): 

       
   

 
      

   

 
     

 

   

   

where the tardiness factor       , and the relative due date        . The weights of 

jobs are generated from a discrete uniform distribution over the range of        . We also 

generated a job sequence independently from the above procedure. It is used for all the 

following test runs.  

Once a problem instance is fixed, a set of   random scenarios are generated using the 

given processing time distributions. The value of total weighted tardiness (    ) is 

calculated and recorded as    for each scenario  ,         . Sample mean (  ) and sample 

variance (  
 ) of    } are recorded as the values of        and          for the Monte Carlo 

simulation approach. We also calculate 95% confidence intervals (CI) as follows: 

         ~               
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           ~  
   

          
   

  
   

          
   

    

As the first step, a sample size of           is used to establish relatively high quality 

estimates. We, then, apply our mixture approximation algorithm with the following 

parameter settings: 

1) Number of mixture components for processing time distributions :            

2) Upper limit on the number of components for completion times :    ; 

3) Threshold value of       beyond which        is assumed to be normal: 10. 

Since the sample size of           tends to induce long CPU times, we also considered 

simulation with a sample size of          for performance comparison with our 

approximation algorithm. For each of the four options of determining processing time 

distributions, 30 problem instances were generated to test the performances of different 

approaches. We considered the expectation and variance values obtained from simulation of 

100,000 scenarios as the baseline values. Relative deviations from these baseline values 

were calculated for the other approaches. The average values of relative deviations over 30 

problem instances are presented in Table 2.5. Our experimentation was conducted using 

MATLAB 7.0 on a Pentium D 3.2 GHz computer with 2 GByte memory. 

Note that our approximation algorithm takes significantly less CPU time than that 

required by Monte Carlo simulation with 10,000 scenarios, while giving better values of 

       and         . With    , our mixture approximation method is equivalent to the 

normal approximation method of Sarin et al. (2007). Although, normal approximation yields 

acceptably accurate results for the Uniform and transformed Beta distributions, this is not 

the case for the Exponential distribution. By using our mixture approximation method, the 

accuracy of results tends to improve as   increases. Since the baseline values of expectation 

and variance are obtained from sample estimates, it is not unusual to encounter some 

variation when the values of relative deviations are small. Therefore, the relative 

deviations are not strictly decreasing with an increment in   for all the cases. However, 

better results are obtained for     in general. The results for Exponential distributions 
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(30 problem instances) are further illustrated in Figures 2.4 and 2.5 for expectation and 

variance, respectively. Confidence intervals, which are calculated based on Monte Carlo 

simulation with 100,000 scenarios, are depicted with dashed lines. It is clear that the 

quality of mixture approximation improves with an increment in the number of 

components. The use of normal approximation (i.e.,    ), tends to induce a negative bias 

in the approximated value of variance. This is caused by the long tails of exponential 

distributions, which induce a bigger variation in total weighted tardiness. Approximating 

an exponential processing time with a normal distribution tends to underestimate variance 

of tardiness. However, with a 5-component mixture distribution (i.e.,    ), the 

approximations for both variance and expectation values are superior. 

 

Table 2.5: Comparison of results obtained using mixture approximation and Monte Carlo 

method 

Distribution Uniform Exponential 

Measure                 Time 

(sec) 
                Time 

(sec) 

Mixture 

Approximation 

    0.041% 0.308% 0.17 0.253% 5.304% 0.18 

    0.039% 0.306% 1.29 0.148% 1.959% 1.33 

    0.039% 0.314% 4.53 0.122% 0.847% 4.67 

Simulation (        ) 0.092% 1.131% 31.12 0.301% 1.355% 30.35 

Distribution           Transformed           Transformed 

Measure                 Time 

(sec) 
                Time 

(sec) 

Mixture 

Approximati

on 

    0.043% 0.834% 0.17 0.013% 0.436% 0.20 

    0.040% 0.407% 1.29 0.012% 0.355% 1.36 

    0.039% 0.348% 4.54 0.012% 0.361% 4.68 

Simulation (        ) 0.097% 1.030% 31.32 0.033% 1.064% 31.14 
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Figure 2.4: Relative deviations of expectation values from baseline results 

 

 

Figure 2.5: Relative deviation of variance values from baseline results 
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Chapter 3 

3 Minimizing Conditional-Value-at-Risk 

for Stochastic Scheduling Problems 

In Chapter 2, we have developed approximation methods to evaluate both the expectation 

and variance of a performance measure for a given schedule. Consideration of variance 

provides insight regarding the stochastic nature of a schedule, and also, it helps in avoiding 

riskier solutions. However, variance is not easy to handle if it is directly included in the 

objective function of an optimization problem. First, except for some special cases (such as 

the single-machine flow time problem discussed by De, Ghosh, and Wells (1992)), it is 

difficult to derive analytical expressions for the variances of various performance measures. 

In case that a scenario-based approach is used to formulate the underlying optimization 

problem, the sample variance of a performance measure will constitute a quadratic 

expression, which makes the problem difficult to solve. Second, minimizing variance of a 

random variable equally penalizes positive and negative deviations from its mean value. 

Suppose that two solutions yield identical expectation and variance values of the objective 

function, and the distribution of the objective function for the first solution has a longer tail 

on the right side of its PDF. For a minimization problem, a risk-averse decision maker 

would choose the second solution to avoid risk of large outcomes. But, based on the values 

of expectation and variance alone, it is not possible to distinguish between these two 
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solutions. To avoid the above drawbacks of variance, we introduce Conditional-Value-at-

Risk (CVaR) as a criterion for stochastic scheduling. Minimizing this criterion has an added 

advantage due to its tendency of minimizing the expectation of a performance measure as 

well. 

In the remainder of this chapter, we introduce CVaR and establish a general 

formulation for its minimization in Section 3.1. Section 3.2 contains an application of the 

above formulation to the single-machine, total weighted tardiness scheduling problem, and 

also, presents an optimization approach for the solution of this problem. Also, a heuristic 

procedure is presented for solving its large-sized instances. Results of numerical 

experimentation are provided to demonstrate the effectiveness of using CVaR. An extension 

of the use of CVaR to a parallel machine total weighted tardiness problem is presented in 

Section 3.3. 

3.1 Optimizing CVaR in Stochastic Scheduling 

In this section, we present motivation and general methodology for optimizing Conditional-

Value-at-Risk of a performance measure in a stochastic scheduling problem.  

3.1.1 Introduction 

Definition 3.1. Given a random variable   and a probability level         , Value-at-Risk 

(VaR) and Conditional-Value-at-Risk (CVaR) are, respectively, defined as follows: 

                       

 and  

                     
 

   
         

  

     

    

where       and       are, respectively, the probability density function and the cumulative 

distribution function of  . 
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Loosely speaking,       is the average value of the            largest outcomes of 

 . As a risk measure, CVaR possesses several useful properties, which have enabled it to 

gain popularity in the fields of insurance and finance. First of all, CVaR is consistent with 

Second Degree Stochastic Dominance (SSD) (see Ogryczak and Ruszczynski (2002)). 

Specifically, if a random variable   dominates a random variable   under the SSD rule 

(denoted as        ), then   is better than   with respect to all risk-averse nondecreasing 

utility functions. CVaR is consistent with SSD in the sense that 

                              

Interestingly, this property does not always hold for the variance (see Porter and Gaumnitz 

(1972)). Secondly, CVaR is a coherent risk measure as defined by Artzner et al. (1999), in 

that it satisfies the four axioms: translation invariance, subadditivity, positive 

homogeneity, and monotonicity. VaR, however, does not satisfy subadditivity. Also, note 

that, for any random variable,  , with finite values of       and     , we always have 

                   . Therefore, minimizing the CVaR of a random variable tends to 

reduce its expected value as well. Furthermore, it can be shown that (see Rockafellar and 

Uryasev (2000)): 

 
         

   
   

 

   
            (3.1) 

where      denotes         . This representation allows the incorporation of CVaR into an 

optimization framework. Wang and Ahmed (2008) have used CVaR to construct side-

constraints while minimizing the expected objective value. In contrast, we consider next the 

formulation of a stochastic scheduling problem that directly minimizes CVaR as the 

objective function. 

3.1.2 Problem Formulation and a Decomposition Approach 

Consider a general scheduling problem whose deterministic version can be formulated as 

the following Mixed Integer Program (MIP): 
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  : Minimize       

 subject to:           

           

         

 

where the vectors   and   are the decision variables, and the set   denotes bound values 

and possibly certain integrality restrictions. In the stochastic setting considered, the 

parameters   and   are subject to random variations once   is determined due to the 

stochastic nature of the problem or due to lack of information. We assume that such 

randomness is captured by a finite set of scenarios,  , with corresponding parameter values 

    and   ,       . These scenarios are derived either from some discrete approximation of 

the underlying distributions of the problem parameters, or from some scenario generation 

procedure, with the probability value    being associated with a scenario  ,       . The 

stochastic version of Problem    can be formulated as a two-stage stochastic program as 

follows: 

  : Minimize          
   

   

  

 subject to:                     

                            

                                    

 

where the objective function considers the traditional minimization of expected value. In 

this context,   is the vector of first stage decision variables, which need to be determined 

before the values of the random parameters are observed as alluded above, and   is a 

second stage variable with response    under scenario        . Furthermore, note that we 

assume a fixed recourse situation, so that the matrix   is constant across all scenarios. 

Instead of the commonly used expectation objective as in Problem   , we choose CVaR 

as the distributional property to minimize. Adopting the derivation (1) of Rockafellar and 
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Uryasev (2000), it can be shown that the following MIP provides an equivalent formulation 

for the minimization of CVaR: 

 

  : Minimize     
 

   
     

   

  
  

 subject to:                  (3.2) 

                                          (3.3) 

                                     (3.4) 

                                   (3.5) 

 

Because of the size and structure of Problem   , particularly for a large number of 

scenarios, it is attractive to consider Benders decomposition (Benders 1962) to solve this 

problem. For each scenario    , we define the second stage problem as follows: 

  

                   
     

                     

 

We further assume relatively complete recourse, so that Problem         is feasible for all 

relevant values of   feasible to (3.2), and that         is bounded. Observe that, 

consequently, the first stage problem seeks to minimize   subject to (3.2),     ,     , 

and that           ,     . Hence, the first stage problem can be written as follows: 

 

   : Minimize        
 

   
     

   

 
  

 subject to:                        

                                
               (3.6) 

                                    ,  

 

where   denotes the set of extreme point feasible solutions to the dual of         for any 



 40 

   , and the latter is given as follows:  

         
    

          
            

Since the set   is generally exponentially sized, we solve Problem     via a constraint 

relaxation and cut generation procedure. Specifically, given a solution   to some relaxation 

of    , that has only a subset of restrictions in (3.6) for some selected       ,     , we 

compute       by solving        ,      . In case that the inequality            is 

violated for some    , we generate an optimality cut of the form               
    

where     denotes an optimal dual solution to        , and we augment           . Also 

note that, as described by Sherali and Lunday (2010), we can generate maximally 

nondominated Benders cuts by perturbing the right-hand side of         to 

                  , where   is a conformable vector of ones and   is a suitable (small) 

perturbation parameter. Adding such cuts for all     as necessary to the relaxed    , we 

re-solve the augmented first stage problem and repeat the above procedure until we obtain 

a first stage solution for which           ,     . To reduce the number of added cuts, 

we aggregate, using equal weights, the optimality cuts that are generated within the same 

iteration. We also embed this cut generation procedure in a branch-and-bound (B&B) 

framework whenever   contains integrality restrictions, so that the B&B tree is explored 

only once as described by Geoffrion and Graves (1974). The resulting algorithm is a 

specialized implementation of the Integer L-shaped method (Birge and Louveaux (1997), 

Ch. 8). Additionally, the following valid inequality further improves the (initial) relaxation 

of    . 

 

Proposition 3.1. For any given set     S such that                  , the following 

inequality is valid for Problem     

 
  

 

   
    

   

    

 (3.7) 

Proof:  By aggregating inequalities (3.3) using weights of   ,        , we have 
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  (3.8) 

Since        , we further have 

       
 

   
     

   

   
 

   
     

   

   
 

   
     

    

  (3.9) 

Using (3.8) in (3.9) thus yields   
 

   
    

          

The idea here is to select some reasonable set of scenarios      that satisfy the condition 

of Proposition 3.1, and then, to explicitly incorporate the restrictions (3.7)  along with the 

constraints (3.4) and (3.5) pertaining to      directly within    . We denote these 

restrictions as: 

                (3.10) 

In particular, this set   provides a lower bound for CVaR based on the outcomes of a 

selected set of scenarios, and induces a tighter relaxation for the first stage problem     

without complicating its formulation too much. Ideally, the selected scenarios for    should 

yield relatively large values of      at optimality. Note that with this modification,   is 

regarded both as a decision variable and as the objective function of    , where we 

accommodate, within the constraints, the additional inequality:  

    
 

   
     

   

  

Alternatively, we can incorporate the constraints (3.3), (3.4), and (3.5) pertaining to        

directly within    . We denote these restrictions as: 

                   (3.11) 

which can be regarded as a disaggregated version of the restrictions in (3.10). 
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3.2 Application to a Single-Machine Scheduling Problem 

To demonstrate the viability and benefit of optimizing CVaR, we first apply the above 

methodology to the single-machine total weighted tardiness (TWT) problem. We assume the 

processing times to be the only random elements in this problem. Consider the following 

notation: 

Parameters: 

 :  Set of jobs;  

  : Weight of job  ,      ; 

  : Due date of job  ,      ; 

  
 : Processing time of job   under scenario  ,           . 

Decision variables: 

  
 : Completion time of job   under scenario  ,          ;  

  
 : Tardiness of job   under scenario  ,          ; 

  : A threshold value (equal to the Value-at-Risk when an optimal solution is obtained); 

  : Amount of TWT exceeding the threshold value   under scenario  ,      ; 

    : Job precedence binary variable, where,        if job   is processed before job  , and 

       otherwise,         

The model formulation of the single-machine total weighted tardiness problem (SM-TWTP) 

is as follows: 

SM-TWTP:    

Minimize     
 

   
     

   

 
  

subject to:                                   
 

   

         (3.12) 

        
     

       

   
    

              (3.13) 
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              (3.14) 

                                         (3.15) 

                                    (3.16) 

      
      

                      

                                               

 

For each scenario    , Constraint (3.12) determines    as the amount of TWT 

exceeding the threshold value of  . Constraint (3.13) bounds the job completion times 

according to job sequencing relationships. Constraint (3.14) determines the tardiness of 

jobs. Constraints (3.15) and (3.16) ensure feasibility of the job sequence by eliminating 

cyclic sequences (see Sarin, Sherali, and Bhootra (2005)). Note that the variables        and 

   
    

  , respectively, correspond to the variables   and   in the general formulation   .   

As an illustration, consider an 8-job problem with 100 scenarios. The job processing 

times are assumed to follow left-truncated normal distributions (truncated at zero to ensure 

nonnegativity). The job parameter values are summarized in Table 3.1. Scenario-wise 

values of    are generated via Monte Carlo sampling. This problem was solved to optimality 

for each of the criteria of minimizing the expected value as well as minimizing CVaR (with 

     ), which resulted in different optimal sequences: sequence                      for the 

expected value criterion, and sequence                      for the CVaR criterion. The 

empirical cumulative distribution functions of total weighted tardiness under both 

sequences are plotted in Figure 3.1. Note that   , the sequence that minimizes CVaR, does 

not achieve the minimal expected value given by the optimal sequence   . However, for a 

slight increment in expected value (about 7%),    results in almost a 50% reduction in the 

value of variance. As a result, the cumulative distribution function of TWT corresponding to 

   reaches probability 1 at the TWT value of 1179.5, while the TWT corresponding to    has 

a substantial associated probability of exceeding this value. This example illustrates the 

risk-averse nature of CVaR and its effectiveness in reducing variability. 

To further illustrate the above observation, we randomly generated 30 sample problems 
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with 8 jobs and with uniformly distributed processing times. The processing time 

distribution for job   was taken as                     , where the values of    and    

were generated from uniform distributions           and            , respectively. The job 

due dates were generated according to  

        
   

 
      

   

 
        

   

  

with a tardiness factor,   , of    , and a relative due date,    , of    . One hundred 

scenarios were generated for each sample problem. After the optimal sequences (   and   ) 

were obtained, the expectation and variance of the total weighted tardiness were evaluated 

for both    and   . The results obtained are plotted in Figure 3.2. The horizontal axis 

represents the ratio of expectations corresponding to the optimal sequences,    and   , 

which indicates the relative increment in expectation due to choosing    over   . The 

vertical axis corresponds to the ratio of the corresponding variances. The smaller the ratio, 

the greater is the reduction in variability of the TWT value. Note that for 15 out of the 30 

problem instances used, the resulting distributions of TWT are different for    and   . In 

these cases, choosing    over    leads to a significant reduction in the variability of TWT, 

with only a slight increment in its expected value. 

 

Table 3.1: Parameters of an example problem 

Job   1 2 3 4 5 6 7 8 

      64 98 93 21 12 55 14 19 

        42 7 8 36 20 400 5 100 

   4 3 1 3 2 5 2 4 

   137 157 147 150 168 141 162 142 
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Figure 3.1: Cumulative distribution functions of TWT for the expected value and CVaR 

criteria 

 

 

Figure 3.2: Expectation-variance comparison for the sequences    and    for the 8-job 

single-machine problems. 
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Impact of Different Probability Levels 

In the above discussion, we have assumed the probability level of      . In order to 

experimentally investigate the impact of different probability levels on the optimal solution 

to the SM-TWTP, we reused the problem instance presented in Table 3.1 (for 100 

scenarios). We systematically varied the probability level,  , from 0 to 0.99 in steps of 0.01, 

and solved the SM-TWTP to optimality for each value of  . Two different optimal job 

sequences were obtained, corresponding to   lying in the ranges of         and            , 

respectively. The expectation and variance corresponding to these two sequences are 

depicted in Figure 3.3, along with the Extreme Expectation-Variance (XEV-) efficient 

sequences (De et al., 1992), which yield the minimum of                     for 

different values of        .  Note that two CVaR optimal sequences overlap with two XEV-

efficient sequences. A larger   value induces a smaller variance. The XEV-efficient 

sequences provide more options on the efficient frontier of simultaneously minimizing 

expectation and variance. However, determination of XEV-efficient sequences is a more 

difficult problem for job tardiness.  

 

 

Figure 3.3: Expectation-variance comparison of different sequences for the 8-job single-

machine problems. 
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3.2.1 Solution Approach for SM-TWTP 

To solve the SM-TWTP model more efficiently, we implemented the Integer L-shaped 

Method after enhancing its first stage model with the valid inequalities of (3.10) and (3.11). 

In particular, the selected set of scenarios,   , was determined according to the total 

weighted processing times. A scenario having a higher value of the total weighted 

processing time tends to have larger tardiness values as well. Hence, to induce a tight 

bound, we constructed the set    incrementally, starting with an empty set, and then, 

adding scenarios in nonincreasing order of the total weighted processing time, until     

reached    . In addition, since a job sequence (given by       ) is fixed by the first stage 

problem    , the subproblem has the following simple structure, which leads to its 

straightforward solution in closed-form, where   
     

                
 ,           

 

       : Minimize      
 

   

  

 subject to:                 
    

        

         
    

            

    
      

   ,        

 

               : Maximize     
          

   

  

 subject to:                       

                                

                        

 

Note that an optimal dual solution is given by         , if   
    ; and         

otherwise. It is easy to verify that this produces maximally nondominated Benders cuts 

(Sherali and Lunday, 2010). 
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To evaluate the performance of our decomposition approach, we benchmarked it against 

a method that directly uses CPLEX 10.1 to solve the formulation   . To further reduce the 

size of the problem formulation, we applied the following substitution for both methods, 

which is implied by Constraint (3.15): 

                        

Experiments were conducted on a workstation with a 3.6 GHz CPU and 3 GByte memory. 

We used      . In addition to the 8-job problems previously considered, we further 

generated 30 sample problems having 15 jobs and 400 scenarios. A time limit of 3,600 

seconds is applied to avoid long CPU time. To begin with, we applied the Integer L-shaped 

method with and without the addition of the inequalities defined by   (3.10) and    (3.11), 

in order to determine the effectiveness of these alternative formulations. The results are 

summarized in Table 3.2. Note that the inclusion of the inequalities of   or    greatly 

enhances the performance of the L-shaped method by inducing a good lower bound for the 

first stage problem. Between   and   , the set    generated fewer nodes, and hence, 

required lesser CPU time. However, both sets of restrictions generated identical initial 

lower bound values. We also experimented with McDaniel and Devine’s (1977) approach of 

generating an initial set of optimality cuts based on the LP relaxation of    . However, it 

was not found to improve the computational efficiency of the integer L-shaped method. 

Table 3.2: Results on the use of L-shaped method with and without the set   and    
inequalities 

No. of 

Jobs 

No. of 

Scenarios 

Valid 

Inequalities 

Opt Gap of 

LP Bound 

No. of 

Nodes 

CPU Times 

(seconds) 

8 100 

N/A 100% 2,400.57 6.49 

  21.18% 140.90 0.92 

   21.18% 86.00 0.5 

15 400 

N/A 100% 110,310.00 3,600.00 

  27.99% 10,077.20 571.71 

   27.99% 7,793.90  362.37 
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With the addition of these inequalities to    , we further compared the performance of 

the L-shaped method with the direct solution of Problem    by CPLEX. The results are 

summarized in Table 3.3. Although the L-shaped method generated more B&B nodes, since 

its first-stage problem is smaller in size than the original problem   , it consumed 

significantly lesser CPU time, reducing the average computational effort required for the 8-

job and 15-job instances by  61.6% and  81.0%, respectively.  

 

Table 3.3: Comparison of the results using the proposed L-shaped method and direct 

solution by CPLEX 

No. of 

Jobs 

No. of 

Scenarios 
Approach 

Opt Gap of 

LP Bound 

No. of 

Nodes 

CPU Times 

(seconds) 

8 100 

Direct solution by 

CPLEX 
20.53% 64.63 1.46 

L-shaped method 21.18% 86.00 0.56 

15 400 

Direct solution by 

CPLEX 
27.54% 5,910.70 2,012.37 

L-shaped method 27.99% 7,793.90 362.37 

 

3.2.2 Solution of Large-sized Problems 

Although the L-shaped method provides a good alternative approach than solving Problem 

   directly by CPLEX, yet, to handle large-sized problem instances, we adapted the 

deterministic Dynasearch method proposed by Congram, Potts, and van de Velde (2002) 

and further extended by Grosso, Della Croce, and Tadei (2004) in order to address the 

stochasticity present in our problem. Dynasearch is a local search heuristic method. Given 

a complete job sequence,  , as the current solution, Dynasearch searches all solutions that 

can be reached from   by non-overlapping pairwise interchanges of jobs. If a neighboring 

solution is found to be better than  , it is designated as the starting point for the next 

iteration of the local search process. Although the local search neighborhood has a size that 
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grows exponentially with the number of jobs, Dynasearch affords the efficient 

determination of a local optimal solution by using a dynamic programming approach. For 

this approach, the stages are defined by the number of jobs already fixed in the leading part 

of a job sequence. At each stage  , Dynasearch considers the application of non-overlapping 

pairwise interchanges over the first   jobs of  . The minimum TWT of these   jobs is 

regarded as the value function     . The value of        can then be determined 

recursively by considering the following two options: keeping the      th job at its original 

position in  , or exchanging it with the  th job,      . Dynasearch has been shown to be 

quite competitive in solving single-machine TWT problems. Grosso et al. (2004) generalized 

the idea of pairwise interchanges to also include forward-shifted reinsertions and 

backward-shifted reinsertions, calling this procedure a Generalized Pairwise Interchanges 

(GPI) scheme. Our method is built upon this GPI-version of Dynasearch to exploit its full 

strength. 

Congram et al. (2002) and Grosso et al. (2004) considered the deterministic version of 

the single-machine TWT problem. In our stochastic setting, multiple scenarios introduce 

additional complications. First, the value function of the dynamic programming needs to be 

modified to account for scenario-wise outcomes. Second, the CVaR objective function 

precludes the separability required by dynamic programming. In particular, given a partial 

sequence       that minimizes CVaR for these         jobs, it is not necessarily true that   

is optimal with respect to CVaR for the jobs in  . We show this by a counterexample: Let 

                   and      . For the two jobs in  , there exist two alternative 

sequences:   and              . Suppose that the scenario-wise TWT values of these two 

sequences are             for  , and             for   . The corresponding CVaR values are 5 

and 4, respectively. If the weighted tardiness values of the third job,  , are            , then 

the total weighted tardiness values of the three jobs are             for the sequence      , 

and             for the sequence       . Note that, although       yields a smaller CVaR 

value (  ) for the three job problem,    gives a better value of CVaR for the first two jobs 
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than   does. This outcome follows by the fact that if                      , then 

                               is not necessarily true for all real    . 

To overcome these difficulties, our proposed method comprises two types of steps: 

Selection step (S-step) and Optimization step (O-step). Hence, we call our procedure SO-

Dynasearch. The Selection step chooses a set of worst scenarios,   , which yield the highest 

TWT-values for the current solution. This set is defined such that the cumulative 

probability value,            , is no less than    , but removing any scenario from it 

would violate this condition. The Optimization step then uses dynamic programming to 

search for the sequence that optimizes the average value (weighted by probabilities) of the 

total weighted tardiness over the scenarios in   . Note that the weighted average over    

gives a lower bound on CVaR by Proposition 3.1. The definition of stages is the same as that 

in the Dynasearch method. At each stage  , we consider all non-overlapping combinations of 

GPI operations over the jobs        . The optimal value of 
 

   
                

  
   

 
 is 

regarded as the value function     , and is computed according to the following recursive 

equation: 

                
 

   
   

    

        
      

         
        

 

   
   

    

  
          

where   
 
      is the total weighted tardiness of jobs         in scenario  , subject to the 

application of some GPI operator       . In view of these two types of steps, our SO-

Dynasearch method can be described as follows: 

Control Parameters: 

  : Maximum number of S-steps after each random start; 

    Total number of random starts. 

Variables: 

  : The smallest value of CVaR found so far; 

 : The best incumbent solution (job sequence) found so far; 

                                                

†      and     
  denote the weight and tardiness of the job in the  th position, respectively. 
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  : Number of S-steps allowed before the next random start; 

  : Remaining number of random starts. 

Functions: 

        : Total weighted tardiness corresponding to solution   under scenario  . 

SO-Dynasearch Method: 

Step 1. Let     ,      , and      . 

Randomly generate a job sequence and denote it by  . 

Step 2. Use   to calculate the values of total weighted tardiness under all scenarios in  . 

Determine the set of worst scenarios    according to their TWT values (S-step). 

Step 3. Perform iterated local search starting from   (O-step):  

a) Use dynamic programming to find a sequence   , in the GPI neighborhood of  , 

which minimizes the average value of TWT across all scenarios in   . 

b) If    is better than  , let     , and go to Step 3a; otherwise, continue. 

Step 4. Use   to calculate total weighted tardiness values under all scenarios in  . 

Determine   as the resulting CVaR value. If     , let      and     . 

Step 5. If      and                          , let        , and go to Step 2; 

otherwise, continue. 

Step 6. If     , stop; otherwise, let         and      . 

Step 7. Permute    by using random pairwise interchanges, and denote the resulting 

sequence as  . Go to Step 2. 

Note that in Step 5, the estimated objective value                         is compared 

with the true corresponding value of CVaR. If these two values are not the same, the 
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current set of    does not constitute the worst scenarios under sequence  . Therefore, the S-

step and O-step are repeated to seek a further improvement. The parameter    is used to 

control the number of repetitions and to avoid an infinite loop. Also, note that SO-

Dynasearch can be used to optimize        by letting    , in which case, the O-step 

would be executed only once after each random start. 

To evaluate the quality of solutions generated by SO-Dynasearch and its computational 

performance, we implemented it for the same data set used to produce the results of Table 

3.3, for both types of objectives (               and       ). The resulting solutions 

were found to be optimal for all the problem instances considered. Moreover, the average 

CPU time required by SO-Dynasearch for the 15-job instances, in particular, was within 25 

seconds, which yields more than a 14-fold and 80-fold improvement over the L-shaped 

method and the direct solution of Problem    by CPLEX, respectively. 

Next, we applied SO-Dynasearch to a sample set of 30 larger problems with 35 jobs and 

800 scenarios, which were generated using the same procedure as previously described. SO-

Dynasearch was able to solve these problems with an average CPU time of 297.2 seconds 

for minimizing                and 1032.8 seconds for minimizing       . Based on the 

solutions obtained, the distribution of TWT was determined for each of the 30 problems. 

The resulting statistics are plotted in Figure 3.4. Note that the optimization of CVaR tends 

to reduce variance while only slightly increasing the expected value of TWT. This 

phenomenon is evident in 28 out of the 30 problems tested. 
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Figure 3.4: Expectation-variance comparison for the sequences     and    for the 35-job 

single-machine problems 

3.3 Application to a Parallel-Machine Scheduling Problem 

We extend the above discussion to the problem of minimizing the CVaR related to the total 

weighted tardiness in an identical parallel-machine environment. As in the single-machine 

case, we assume that the only uncertain elements are the random processing times. 

Consider the following notation: 

Parameters: 

 :  Set of jobs; 

 : Set of machines; 

  : Weight of job  ,      ; 

  : Due date of job  ,      ; 

  
 : Processing time of job   under scenario  ,           . 
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Decision variables: 

  
 : Tardiness of job   under scenario  ,          . 

  : A threshold value (equal to the Value-at-Risk when an optimal solution is obtained); 

  : Amount of TWT exceeding the threshold value   under scenario  ,     ; 

    : Job assignment;       , if job   is assigned to machine  , and        , otherwise, 

         . 

    : Sequencing decision when job   and job   are assigned to the same machine;       , 

if job   precedes job  , and        , otherwise,           

    
 : Linearization variable defined as     

           . 

       : 

Minimize     
 

   
     

   

 
  

subject to:                               

   

         (3.17) 

                               

   

       

   

            (3.18) 

                                             (3.19) 

                                         (3.20) 

             

   

       

   

                      (3.21) 

                           
                           (3.22) 

                                        
 

   

         (3.23) 

 
    

     
 

       

   
           

                   

                   

(3.24) 

                                 
       ,               
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Constraint (3.17) assigns each job   to a machine in  . Since all machines are identical, 

Constraint (3.18) serves as symmetry-breaking constraints, requiring the summation of job 

indices on a lower-numbered machine to be no less than that on a higher-numbered 

machine. Constraints (3.19) and (3.20) are, respectively, two-city and three-city subtour 

elimination constraints for the sequencing priority variables (see Sarin, Sherali, and 

Bhootra (2005)). Constraint (3.21) reduces the symmetry caused by the inconsequence of 

the variables      when job   and job   are assigned to different machines, by requiring a job 

assigned to a lower-indexed machine to precede the other job (in light of (3.19)). Constraints 

(3.22) and (3.23), respectively, enforce the definitional roles for     
  and   . Constraint 

(3.24) determines the tardiness of job   when it is assigned to machine  . Here, the 

parameter   is a sufficient large number to ensure the validity of Constraint (3.24) when 

      . In our implementation, we took   as a pre-calculated upper bound value on the 

makespan. 

We adapted the 30 instances of the 8-job single machine problem used for the 

experimental results presented in Table 3.2, in order to conduct a computational study for 

the parallel machine case. We assumed two identical machines in parallel, where the job 

due dates were reduced by half accordingly. For the sake of illustrating the nature of 

solutions obtained, we used CPLEX 10.1 to obtain optimal solutions for minimizing 

          and       . The expectation and variance of TWT were calculated for both 

resulting solutions, and the related statistics are depicted in Figure 3.5. Note that our 

previous observations with respect to minimizing CVaR versus        carry over to the 

parallel machine case as well; optimizing CVaR has the potential to reduce variability 

significantly, with only a slight increase in the expected value of TWT. 
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Figure 3.5: Expectation-variance comparison for the sequences     and    for 8-job 

parallel-machine problems 
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Chapter 4 

4 Scenario Generation for Lower 

Bounding in Stochastic Scheduling 

Problems 

Traditionally, stochastic programs are regarded as very difficult to solve, except for some 

special problem categories. One principal difficulty comes from the non-trivial effort needed 

to determine the objective value for a given solution. Since parameters are random 

variables, the determination of the objective value usually amounts to a multi-dimensional 

integration. In Chapter 2, we have developed approximation methods for the expectation 

and variance of various performance measures. These methods are based on the 

assumption that a schedule is given for the problem on hand. They do not directly 

determine an optimal solution. To evaluate a scheduling performance measure within a 

stochastic programming model, the most commonly adopted approach is to approximate the 

original distribution of problem parameters by a discrete distribution with a finite support. 

The original problem is thus transformed to a scenario-based model. Each scenario 

corresponds to one possible realization of problem parameters for which the value of the 

performance measure can be determined accordingly. The goal is to optimize some 

distributional property of the performance measure, which can be calculated approximately 
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from its scenario-wise outcomes. This is the approach we have adopted to minimize CVaR 

in Chapter 3. Advancements in computational capability have made it affordable to solve 

optimization models with a reasonable number of scenarios. As pointed out by Kaut and 

Wallace (2003), an appropriate scenario generation approach holds the key to a high quality 

approximation, besides providing the facility to reasonably generate an increased number 

of scenarios.  Our focus in this chapter is somewhat different from that of Kaut and Wallace 

(2003) in that we are more concerned here with the quality of a lower bound derived from a 

scenario-based model. 

4.1 Introduction 

One possible approach for generating scenarios for a stochastic program is to fix the 

parameter values based on Monte-Carlo sampling (Law and Kelton 1999).  For example, the 

Sample Average Approximation method (Kleywegt, Shapiro, and Homem-de-Mello 2002) 

first generates a set of scenarios using a random number generator. Then, a scenario-based 

model is solved with respect to this fixed set of scenarios. Once a feasible solution is 

obtained, the objective value of its outcome is estimated using a large number of scenarios. 

This provides an upper bound on the optimal objective value for the original stochastic 

problem. To evaluate the quality of this solution in terms of its optimality gap, we also need 

to establish a lower bound on the objective value for the original stochastic program. Mak, 

Morton, and Wood (1999) considered the following bounding technique. Suppose that the 

goal is to minimize the expectation of a performance measure,         where   is the 

decision variable and   denotes the random parameter. We can, instead, minimize the 

average performance, 
 

 
         

   , over   randomly generated scenarios             . 

Let the optimal solution value of this scenario-based model be  
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where the set   is the solution space constraining  . Since the scenario-wise parameter    

is randomly generated, the corresponding optimal objective,   
 , is also a random variable. 

Mak et al. (1999) showed that its expectation,     
  , is a valid lower bound for the real 

optimal value,                   . Therefore, a probabilistic lower bound for    can be 

determined from a statistical confidence interval of     
  , which is established based on a 

repeated calculation of   
  with independent sets of scenarios. In other words, the scenario-

based model needs to be solved to optimality multiple times with different sets of random 

scenarios to generate samples of   
 . These sample values could then be used to establish a 

confidence interval of     
    the lower end-point of which yields a probabilistic lower bound 

on   . 

On the other hand, a Discrete Bounding Approximation can be used to generate exact 

lower bounds for    (Birge and Louveaux (1997), Section 9.2). This approach is based on an 

extension of Jensen’s inequality (Ross and Peköz (2007), Section 4.1). The support of a 

random parameter is partitioned into small regions. In each region, the conditional 

expectation of this parameter is calculated and regarded as the outcome of a discrete 

distribution, which is then used to replace the original distribution of this parameter. This 

approach has been discussed by Birge and Wets (1986), and Frauendorfer and Kall (1988), 

and was later improved by Edirisinghe and Ziemba (1994). The developed methodology has 

been applied to optimize the expectation objective in a two-stage stochastic linear program, 

where subgradient information of the second stage value function is used to determine 

partitions and to compute bound values.  

In this Chapter, we develop a scenario generation method using the approach of 

Discrete Bounding Approximation. Our new method is based on a recursive partitioning of 

the sample space of random parameters, and it generates exact lower bounds for stochastic 

scheduling problems with relatively less computational effort. The proposed method can be 

incorporated into an optimization framework to establish an optimality gap for the solution 

obtained.  

The remainder of this chapter is organized as follows. In Section 4.2, we introduce the 
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theoretical basis of Discrete Bounding Approximation for a general category of performance 

measures. Section 4.3 develops an alternative scenario generation procedure for Discrete 

Bounding Approximation, assuming the independence of problem parameters. In Section 

4.4, we consider the single machine total weighted tardiness problem and present results of 

our numerical experimentation to compare the performances of different lower bounding 

approaches.  

4.2 Lower Bounding Based on Stochastic Dominance 

We assume that the structure of a stochastic scheduling problem allows it to be formulated 

as the following two-stage program with fixed recourse: 

 

                                 

 subject to:                               

                                   

                                      
             

 

The random vector   denotes the problem parameters defined over the associated 

probability space        . We use     ,     , to indicate a particular realization of  , 

while the set   is the corresponding support. The function      denotes a nondecreasing 

distributional property (scalar) of the random variable    . The vector       consists of the 

first stage decision variables. Due to nonanticipativity,   is assumed to be invariant of the 

realizations of  . On the other hand, the vector         
  , which denotes the second stage 

variables, takes on values that are determined after a realization      of   is observed. The 

coefficient vectors/matrices     ,     , and      are assumed to be affine functions of  . 

Possible integrality restrictions on   are included in the description of the set       (for 

example,          , if all the  -variables are required to be binary-valued). Without loss of 
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generality, the above formulation can be simplified to the following (see Appendix B): 

 
                           

 subject to:                                  

                                   

                                      
             

 

Note that the recourse matrix   is assumed to be deterministic (hence, the terminology 

fixed recourse). In addition, we assume relative complete recourse, i.e., for any given 

              and any realization of  , there exists a feasible solution   to the second 

stage recourse problem (noting that      is nondecreasing): 

 

                          

 subject to:               (4.1) 

         
     

Based on the above assumption, the original problem can be re-written as follows: 

 
                                        .  

 

Proposition 4.1: For any given first stage variable  , the value function        is convex 

w.r.t.  .  

Proof: Follows directly from linear programming duality, noting that      and      are 

affine functions of  .   

Note that a result similar to the above proposition is given in Section 3.1.c of Birge and 

Louveaux (1997), but our problem setup is slightly different in that the problem parameter 

  is explicitly considered. In the context of stochastic scheduling, the first stage variables 

usually represent assignment and sequencing decisions. Proposition 4.1 establishes the 

convexity of the second stage value function with respect to the values of the random 

parameters. 
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Next, we establish bound values for          . For the case of expected value (i.e., 

         ), we consider an alternative distribution   of problem parameters, such that  

     , where the relation      denotes the following convex order between probability 

distributions: 

                      ,   convex function     . 

Consequently, noting Proposition 4.1, we have 

                                         

Hence, substituting   for the original distribution of   provides a valid lower bound. For the 

case of conditional-value-at-risk (i.e.,             ; see Section 3.1), we consider an 

alternative random vector   of problem parameters that satisfies        , where the 

relation      denotes the following increasing (nondecreasing) convex order:  

                         ,   nondecreasing convex function     . 

To derive a valid lower bound for CVaR, we restrict our discussion to the special case that 

       is a nondecreasing function of  , as for example, when an increment in   makes the 

problem that evaluates   more restricted. Note that this assumption generally holds true 

for the regular performance measures of scheduling problems. 

Proposition 4.2: If        is a nondecreasing function of    and        , then 

                .  

Proof:  Given any nondecreasing convex function     , since         is nondecreasing and 

convex, the composite function            is also nondecreasing and convex w.r.t.   

(Bazaraa, Sherali, and Shetty, 2006). Since       , we therefore have 

                           

which yields 

                   

Hürlimann (2002) has shown that CVaR preserves the increasing convex order. Hence, we 

have the following corollary: 

Corollary 4.1: Under the same assumptions of Proposition 4.2, the following inequality 

holds: 
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This inequality leads to a lower bounding approach for conditional-value-at-risk (by 

substituting   for the original distribution of  ). 

4.3 Discretization with Recursive Partitioning 

In this section, we propose a procedure for constructing a discrete distribution   such that 

     . Note that the same method also applies to the construction of   such that       , 

since       implies       . 

Consider the probability space    associated with  . A set              is called a 

partition of   if    
 
      and               Given a valid partition of  , we can 

define a discrete distribution with   possible outcomes such that                where 

               ,         . In other words,   takes the conditional expectation of  , 

with the probability that   falls in a particular region. 

Note that for any convex function     , we have 

                        

 

   

      

                 

 

   

            

 

   

                 

The above inequality holds by applying Jensen’s inequality on the conditional expectation 

         . Hence, we have      .  

In case that the elements of the random vector   are stochastically independent, it is 

convenient to derive the partition of   as follows. Let   be the dimension of the random 

vector  . For the  th element,   , we denote its probability density function by      , its 

cumulative distribution function (CDF) by      , and its inverse CDF by   
     ,    

     . Suppose that the  -dimensional unit hypercube,         is partitioned into   hyper-

rectangular regions, each of which can be written as: 
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where   
   

   
    

        
   

   
    

        
   

                    

Note that   
  and   

  are, respectively, the lower bound and upper bound of    along the  th 

dimension. Consequently, we induce the following partition of the probability space    

                  
                      

According to the assumption of mutual independence, we have  

         
             

       
    

   
      We also have  

                            
   

 
 

  
    

          
  

     
  

  
     

  

 
 

  
    

    
       

  
 

  
 

  

Hence, the discrete distribution can be summarized as follows:  

The random vector   has   possible outcomes. For each outcome   , its  th element is given 

by   
                

 

  
    

    
       

  
 

  
                     

The associated probability is                      
    

   
   . 

In the above discussion, we assumed that a suitable partition of the unit cube,       , is 

available. This partition can be obtained recursively using the following algorithm: 

 

Recursive-Partition Algorithm  

Recursive Function: 

Input: 

                            : A hyper-rectangular region within       . 

 : Number of sub-regions for partitioning the given hyper-rectangular region. 

  : A first stage incumbent solution of    
†. 

Function Procedure: 

Step 1. If    , record     as a region of the final partition and return. 

                                                

† Such a solution can be obtained from a deterministic problem using the expected values of random 

parameters. 



 66 

Step 2. For each      , 

a) Let    
     

 
. Calculate the conditional expectation of problem parameters in 

the following two regions: 

  
                               

and   
                             .  

Record the results as    and   , respectively. 

b) Calculate the second stage value function according to the parameters 

calculated in Step 2a, and denote the results as             and  

           . Record the absolute difference           . 

Step 3. Choose                    as the partitioning dimension, breaking any ties in 

favor of the largest interval width,        . 

Step 4. Decide the allocation of sub-regions to the lower and upper partitions: 

Use Monte-Carlo method to generate 30 sample values of   in the lower partition, 

   
 , and the upper partition,    

 . Calculate the sample variance of         in these 

two partitions as   
  and   

 , respectively. The numbers of sub-regions allocated to 

the lower partition (  ) and the upper partition (  ) are determined according to 

the following equations (taking the closest integer values):     
  

     
      

  

     
 . 

Step 5. Call the recursive function with       
  and       as the input arguments and 

also with       
   and      as the input arguments. 
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Main Procedure: 

Call the recursive function with           and     as the input arguments.  

Note that our recursive partitioning algorithm is similar to the Recursive Stratified 

Sampling (RSS) procedure for Monte Carlo Integration. It always bisects the volume of the 

current region (in terms of cumulative probability). Furthermore, the number of sub-

regions is allocated according to the (estimated) standard deviation of objective values. 

Unlike the RSS, we choose the partitioning dimension based on the maximum difference of 

the   - and   -values resulting from the lower and upper partitions. 

A similar discrete bounding approach has been proposed by Birge and Wets (1986), 

where they considered the case when the technology matrix (i.e.,   in our formulation) is 

deterministic. Their partitioning procedure is different from ours in that the number of 

regions is increased progressively; that is, in each step, a region of the current partition is 

selected and divided into two regions. The selection of this target region for further 

partitioning is based on the optimal solution (  ) to the scenario-based model derived in the 

previous step. Birge and Wallace (1986) extended the progressive partitioning procedure to 

deal with the case that the technology matrix is stochastic. They solved a linear program to 

minimize the Manhattan distance between the vectors   and     (i.e.,   and    , respectively, 

in our formulation), and the region that contains an optimal solution to this linear program 

was chosen as the target region for partitioning.  To choose a partitioning direction, a 

directional subgradient of the value function        was evaluated at the two end points of 

all edges of the target region. The edge whose two end points have the largest difference in 

subgradient values indicates the nonlinearity of       , and hence, the boundary of sub-

regions was drawn perpendicular to this edge. Note that if there are   independent random 

parameters, the above procedure needs to compare        edges to choose the 

partitioning direction. Hence, it is only practical for lower dimensional cases. Instead, we 

can detect the nonlinearity of        by comparing the directional subgradient on the line 

segments that pass through the center of the region along the   coordinate directions. 
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Furthermore, the distributions of random parameters were not explicitly considered in the 

partitioning procedures of Birge and Wets (1986) and Birge and Wallace (1986).  

Using the discrete distribution   obtained from the Recursive-Partition procedure, we 

can reformulate Problem     as the following scenario-based model:  

 

                           

 subject to:                      

                             

                             
              

 

Note that, Problem     provides a lower bound for Problem    , since the inequality 

                    holds for every feasible solution  . 

For the case of expectation (i.e.,          ), this problem can be further written as 

follows: 

                      
   

 

   

 
 

 subject to:                      

                             

                             
              

 

For the case of conditional-value-at-risk (i.e.,             ), the above problem can be 

formulated as follows: 

                    
 

   
     

 

   

 
 

 subject to:                      
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Note that Problem     is in the same form as Problem MP in Section 3.1.2. The only 

difference is how parameter values are determined for each scenario. We designate this 

Discrete Bounding Approximation method as Recursive DBA, in contrast with the 

Progressive DBA method proposed by Birge and Wallace (1986). 

4.4 Lower Bounds for a Single-Machine Scheduling Problem 

In this section, we consider the single machine total weighted tardiness problem and 

compare lower bounds generated by the Sample Average Approximation (SAA) method and 

our Recursive DBA procedure. We consider the case of the expectation objective function. 

The problem formulation is given as follows: 

Parameters: 

    Set of jobs;          ; 

   Set of scenarios;          ; 

  
   Processing time of job   in scenario  ,           

     Due date of job  ,     ; 

     Weight (importance factor) of job  ,     ; 

Decision variables: 

       Indirect job precedence;        if job   starts before job    and   otherwise. 

  
    Completion time of job   in scenario  ,           

  
    Tardiness of job   in scenario  ,           

Minimize              
 

      

   

subject to:         
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Note that the above formulation is the same as Problem SM-TWTP in Section 3.2, except 

that expected value of total weighted tardiness is minimized, instead of CVaR. The 

processing times      are the only random parameters, which constitute vector  . The first 

stage variables are       , and the second stage variables are    
    

  . Since the coefficients of 

the second stage variables do not depend on  , we have a fixed recourse problem.  

Next, we compare lower bounds generated by the SAA method and our Recursive DBA 

procedure over randomly generated problem instances with different processing time 

distributions. Each problem instance consists of 15 jobs. For any job  , its expected 

processing time          was generated from a continuous uniform distribution:        . 

Its due date    was generated from  

       
   

 
      

   

 
     

   

  

where        and         are respectively the Tardiness Factor and the Range of Due 

Dates parameters (Koulamas, 1996). The weights of jobs      were selected according to a 

discrete uniform distribution on        . With    fixed as described above, two different 

distributions of    were considered: 

1) Uniform:             

Generate parameter    from       ; 

Let         and          .  Note that       
     

 
   .  

2) Truncated Normal:                   
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Generate parameter    from           ; Let         ;  

Determine the value of     such that           
           

             
       , where      and 

     are the PDF and CDF of standard normal distribution, respectively. 

For either of these processing time distributions, we generated a set of 10 problem 

instances. In the SAA method, we used Monte Carlo method to generate   scenarios. 

Problem TWT was then solved to optimality to determine a realization of   
 . By repeating 

the above scenario generation and solution procedure    times, we obtained 30 samples of 

  
 -values for the same problem instance. We then applied the bootstrapping method with 

2000 bootstrapping samples to establish a 95% confidence interval,              , for     
   . 

Since the lower bound value,      , is subject to random variation induced by the Monte 

Carlo method, we repeated the overall procedure 10 times to obtain 10 realizations of       

values for the same problem instance. In other words, the procedure of generating scenarios 

and then solving Problem TWT was repeated for           times. The results were 

grouped into 10 batches to obtain 10 values of      . The time required to process each 

batch was recorded as the corresponding CPU time. 

In the Recursive DBA method, we first solved the deterministic version of Problem TWT 

with expected job processing times. Next, we used the optimal sequence obtained as the 

incumbent solution    in the Recursive-Partition algorithm. Using the scenarios generated 

by the Recursive-Partition algorithm, we solved Problem TWT to obtain a valid lower bound 

on the optimal objective value of the original stochastic program. We denote this lower 

bound by      . Since there are random elements in the Recursive-Partition algorithm, we 

also repeated the DBA procedure 10 times to obtain 10 values of       values for the same 

problem instance. 

Both of the above methods were implemented in MATLAB 7.6 and tested on a computer 

with a 3.6 GHz CPU and 3 GByte memory, where numerical results were obtained for 100 

and 400 scenarios. Tables 4.1-4.4 provide results of comparisons between the SAA and 

Recursive DBA methods. Note that, since both       and       are random, their sample 



 72 

mean and sample variance (over the 10 sample values) are recorded for comparison. Better 

bound values and shorter CPU times are highlighted in bold. For the cases of uniform 

distribution, Recursive DBA consistently generated better lower bound values (see Tables 

4.1and  4.3); and, on average, it required about 11-fold less CPU time when 100 scenarios 

were used and about 21-fold less CPU time when 400 scenarios were used, over the 

corresponding values for SAA. For the case of truncated normal distribution, the results 

were slightly mixed, but strongly in favor of the Recursive DBA method on average (see 

Tables 4.2 and 4.4). When 100 scenarios were used, the average lower bound value 

generated by Recursive DBA was slightly better and the average CPU time required by 

Recursive DBA was about 7-fold less over the corresponding values for SAA. Further, when 

400 scenarios were used, the average lower bound value generated by Recursive DBA was 

slightly lower than that for SAA, but, on average, it required about 12-fold less CPU time 

than SAA. 

 

Table 4.1: Comparison between SAA and recursive DBA methods on problems 

with Uniform distributions and 100 scenarios. 

Problem 

SAA Recursive DBA 

                    
Average 

CPU Time 

(seconds) 

                    
Average 

CPU Time 

(seconds) 

1 922.77 0.75 115.35 923.87 0.00 31.72 

2 886.81 0.49 28.96 887.52 0.00 29.33 

3 1825.63 4.67 64.40 1830.43 0.00 30.88 

4 2174.47 4.85 233.76 2176.96 0.00 37.11 

5 1565.31 1.59 17.00 1568.03 0.00 28.90 

6 1997.50 6.75 274.49 2001.61 0.00 34.35 

7 1583.49 1.09 110.32 1585.55 0.00 31.81 

8 1117.95 1.01 78.32 1118.91 0.00 31.08 

9 1138.47 1.82 21.76 1140.90 0.00 29.14 

10 1459.41 6.25 3316.33 1461.96 0.00 114.79 

Average 1467.18 2.93 426.07 1469.57 0.00 39.91 
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Table 4.2: Comparison between SAA and recursive DBA methods on problems with 

truncated Normal distributions and 100 scenarios. 

Problem 

SAA Recursive DBA 

                    
Average 

CPU Time 

(seconds) 

                    
Average 

CPU Time 

(seconds) 

1 933.83 7.41 108.44 936.39 0.00 65.88 

2 891.89 18.77 19.56 894.92 0.00 63.70 

3 1843.45 66.53 74.85 1852.49 0.01 65.36 

4 2192.31 34.34 211.39 2195.28 0.01 72.12 

5 1572.23 43.92 20.19 1579.29 0.00 63.24 

6 2016.15 56.87 393.05 2029.45 0.00 75.66 

7 1605.85 29.95 110.66 1602.22 0.03 66.34 

8 1129.54 8.03 66.27 1128.73 0.00 65.63 

9 1156.85 26.21 38.42 1159.90 0.01 64.08 

10 1492.66 12.79 3946.95 1499.06 0.01 159.17 

Average 1483.48 30.48 498.98 1487.77 0.01 76.12 

 

Table 4.3: Comparison between SAA and recursive DBA methods on problems 

with Uniform distributions and 400 scenarios. 

Problem 

SAA Recursive DBA 

                    
Average 

CPU Time 

(seconds) 

                    
Average 

CPU Time 

(seconds) 

1 923.59 0.70 1506.58 924.15 0.00 149.20 

2 887.69 0.13 329.68 887.73 0.00 124.67 

3 1828.38 2.26 656.72 1830.56 0.00 131.42 

4 2176.34 0.26 2966.34 2177.19 0.00 203.03 

5 1567.87 0.89 209.73 1568.07 0.00 119.58 

6 2000.42 3.43 2970.52 2001.74 0.00 177.16 

7 1585.13 0.96 1490.80 1585.74 0.00 149.21 

8 1118.29 0.23 873.53 1118.95 0.00 139.01 

9 1140.26 0.56 330.82 1140.97 0.00 145.36 

10 1461.25 1.34 35433.80 1461.99 0.00 936.01 

Average 1468.92 1.08 4676.85 1469.71 0.00 227.46 
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Table 4.4: Comparison between SAA and recursive DBA methods on problems with 

truncated Normal distributions and 400 scenarios 

Problem 

SAA Recursive DBA 

                    
Average 

CPU Time 

(seconds) 

                    
Average 

CPU Time 

(seconds) 

1 938.64 1.30 1260.91 937.24 0.00 271.89 

2 895.21 2.58 161.88 895.88 0.00 243.10 

3 1850.87 12.60 716.23 1855.06 0.01 259.54 

4 2200.79 5.41 2643.89 2197.66 0.01 359.66 

5 1578.82 3.59 281.61 1579.85 0.00 304.74 

6 2026.12 12.88 3860.20 2030.39 0.00 395.51 

7 1607.57 3.80 1273.49 1604.85 0.00 329.13 

8 1134.53 6.49 821.38 1130.18 0.01 345.85 

9 1163.58 8.59 370.58 1160.82 0.00 311.47 

10 1499.25 16.97 38081.93 1500.85 0.01 1451.41 

Average 1489.54 7.42 4947.21 1489.28 0.00 427.23 

 

To provide a more detailed comparison, we focused on problem instance 1  

for the truncated normal case, and experimented with different numbers of  

scenarios (  ) for both the SAA and Recursive DBA methods. Values of  

                                     were used for Recursive DBA; and values of 

                       were used for SAA. The corresponding results are plotted in 

Figure 4.1. Besides the average bound values (depicted as lines with markers), we have also 

plotted the minimum and the maximum of the 10 bound values obtained for either method. 

Note that the bound values for Recursive DBA (solid lines) have a very low variation with 

repeated runs, and hence, all these lines almost overlap. On the other hand, the bound 

values for SAA tend to have a large variation, which appears to decrease with an increment 

in  . Note that the bound values for the Recursive DBA method dominate for lower values 

of   (corresponding to lower  CPU times). 

So far,  we have used the sample size of 30 (  
 -values) to calculate      . To investigate 

the impact of sample size on the value of      , we re-grouped the 300    
 -values into 
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batches of 100 and 300, respectively, and re-calculated the bound values. The results are 

depicted in Figure 4.2. Note that the batch size impacts both the bound values and the CPU 

times. However, the Recursive DBA method continues to dominate SAA for lower values of 

  (corresponding to lower  CPU times).  

We further compared the performance of our Recursive DBA method with the 

progressive partition procedure of Birge and Wallace (1986) (designated as Progressive 

D A). For  irge and Wallace’s method, the number of scenarios was increased iteratively, 

and Problem TWT was resolved each time a further partitioning of the sample space was 

obtained. The numerical results are summarized in Tables 4.5 and 4.6. Although the 

comparison was conducted with a target scenario number of 100 for both methods, the 

Progressive DBA approach terminated prematurely before 100 scenarios were generated, 

due to a failure in finding a suitable partitioning point. Hence, this method required a 

smaller CPU time on average for the case of truncated normal distribution. However, our 

Recursive DBA method consistently provided tighter lower bound values for all the problem 

instances tested. 

 

 

Figure 4.1: Bound values and CPU times required for problem instance 1 under 

truncated Normal distributions. 
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Figure 4.2: Bound values and CPU times required for problem instance 1 under 

truncated Normal distributions with different batch sizes. 

 

Table 4.5: Comparison of progressive DBA and recursive DBA for problems with Uniform 

distributions. 

Problem 

Progressive DBA 
Recursive DBA 

(100 scenarios) 

Lower 

Bound 

CPU Time 

(seconds) 

Number of 

Scenarios  
         

Average 

CPU Time 

(seconds) 

1 921.74 25.48 34 923.87 31.72 

2 886.54 23.75 34 887.52 29.33 

3 1829.48 21.57 35 1830.43 30.88 

4 2174.41 40.30 34 2176.96 37.11 

5 1567.45 11.01 34 1568.03 28.90 

6 2000.43 44.41 34 2001.61 34.35 

7 1583.36 23.97 34 1585.55 31.81 

8 1118.00 22.23 34 1118.91 31.08 

9 1140.28 17.40 34 1140.90 29.14 

10 1457.75 256.94 28 1461.96 114.79 

Average 1467.94 48.71 33.5 1469.57 39.91 
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Table 4.6: Comparison progressive DBA and recursive DBA for problems with truncated 

Normal distributions. 

Problem 

Progressive DBA 
Recursive DBA 

(100 scenarios) 

Lower 

Bound 

CPU Time 

(seconds) 

Number of 

Scenarios  
         

Average 

CPU Time 

(seconds) 

1 925.79 35.78 47 936.39 65.88 

2 888.61 4.03 5 894.92 63.70 

3 1825.39 0.44 1 1852.49 65.36 

4 2179.77 10.64 12 2195.28 72.12 

5 1575.94 3.78 12 1579.29 63.24 

6 1996.27 0.70 1 2029.45 75.66 

7 1582.56 0.47 1 1602.22 66.34 

8 1126.70 44.78 60 1128.73 65.63 

9 1144.73 7.66 8 1159.90 64.08 

10 1473.35 14.00 2 1499.06 159.17 

Average 1471.75 12.23 16.3 1487.77 76.12 
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Chapter 5 

5 Primary Pharmaceutical Manufacturing 

Scheduling Problem 

The pharmaceutical supply chain consists of two key manufacturing phases: primary 

manufacturing and secondary manufacturing. Primary manufacturing is associated with 

the production of active pharmaceutical ingredients (APIs), which are the active substances 

constituting a drug. Secondary manufacturing involves the mixing of APIs with inert 

materials to make final products. The competitiveness of a pharmaceutical supply chain, to 

a large extent, depends on the performance of its internal business processes (Shah, 2004) , 

where the responsiveness of primary manufacturing to the requirements of the secondary 

phase dictates the overall effectiveness of the supply chain. This responsiveness is directly 

impacted by the scheduling of production in a primary pharmaceutical manufacturing 

facility, which is the problem that we address in this chapter, and designate it as the primal 

pharmaceutical manufacturing scheduling problem (PPMSP). 

5.1 Problem Statement 

A typical primary manufacturing facility hosts multiple processing bays, each of which 
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consists of a serial arrangement of four processing stages: reactor, centrifuge, crystallizer, 

and dryer. These processing stages are equipped with containers of limited capacities. Since 

there is no additional storage space between these containers, they also act as temporary 

storage devices for processed material, and the production of a product in a bay has to be 

carried out in a consecutive manner without interruption. Hence, we can regard the entire 

bay as one processing device, working in a batch production mode. In some cases, the 

production of an API (called as end product) needs multiple steps to complete. Each of these 

steps occupies a processing bay entirely, and the output is stored in a separate storage 

device. We call the outputs, which will be consumed later to produce other products, as 

intermediate products.  Both the end products and the intermediate products incur 

inventory costs.  

From a primary manufacturing facility’s point of view, the requirements specified by the 

secondary manufacturing phase are regarded as external demands. For the convenience of 

production planning, the time horizon is divided into multiple periods such that demands 

only need to be satisfied at the end of each period. Consequently, inventory costs are 

determined on a period-by-period basis. In other words, the remaining amounts of end 

products and intermediate products at the end of each period become inventories, and they 

incur holding cost due to storage expenses and tied-up capital. 

Due to the availability of a limited number of processing bays, multiple products may 

need to share the same bay during production. The definition of a product family has two 

connotations: firstly, it reflects the Bill-of-Materials (BOM) relation, as an intermediate 

product always belongs to the family of its end product (see Figure 5.1 for an example); and 

secondly, a production changeover between different products may necessitate significant 

time and cost, depending on the product families involved. In particular, production batches 

of the same family can be scheduled consecutively in a bay without incurring a significant 

setup time. Hence, we only consider changeover setup time between batches of different 

families, and define a production campaign as a series of production batches that belong to 

the same product family. In other words, production batches are grouped into campaigns 
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according to their family affiliations. Changeover setups are required between campaigns of 

different families. Note that changeover operation between two campaigns depends on the 

different types of families involved, and is sequence-dependent.  

 

Figure 5.1: Two families with their products and BOM relations 

 

The primal pharmaceutical manufacturing scheduling problem can be formally 

described as follows: 

Production Configuration: 

1) There are multiple flexible machines (or bays) operating in parallel. 

2) There are multiple levels of products. Low-level products serve as raw materials for 

high-level products. Products of different levels may share the same bay. 

3) Each product can be produced in a limited set of compatible bays. Production is 

completed in batches, with each batch producing only one type of product. Batch 
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processing time does not depend on the production amount. But batch processing 

time and maximum batch size vary by bays and products. 

4) The time horizon is divided into multiple periods. Demands must be satisfied at the 

end of each period. Excessive amount of production is stored as inventory which 

incurs period-wise holding costs. 

5) Products are grouped into families such that Bill of Materials (BOM) relations exist 

only among the items of a product family  

6) Changeover setup times are required between batches of different families.  A 

sequence of batches of products of the same family is called a production campaign. 

Objective: 

Minimize total cost, which consists of 

1) Inventory holding cost, which differs by products; 

2) Changeover setup cost, which is proportional to the setup time. 

Decisions: 

1) Amount of production for each product during each period; 

2) Number of batches of each product to produce in each bay during each period; 

3) Number of campaigns of each family in each bay during each period; 

4) Campaign setup sequences. 

Additional Features: 

1) To avoid contamination, non-adjacency requirements exist between some families. 

2) The length of a campaign (in terms of number of batches) may have a managerial 

upper bound. 

3) Due to the above two features, it is possible to schedule multiple campaigns 

pertaining to a family in the same bay during a period. 

4) Changeover setup times are sequence-dependent; 

5) Setups are allowed to straddle two or more periods. These are called carryover setups 

(see Figure 5.2). 
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Figure 5.2: An example of carryover setup 

5.2 Literature Review 

As an integrated lot-sizing and sequencing problem, the PPMSP is closely related to the 

Capacitated Lot-sizing Problem (CLSP). An important feature of the CLSP is that the 

production cost in a given period is a concave function of the production amount. In most 

cases, this concavity is caused by a fixed charge (or setup cost) that is incurred due to the 

necessary preparation for production. However, setup costs for the PPMSP are dictated by 

campaign sequences in a complex manner, instead of being constant. Furthermore, the 

campaign sequencing problem in the PPMSP is the High Multiplicity Asymmetric 

Traveling Salesman Problem (HMATSP) due to the fact that multiple campaigns of the 

same product family can occur in the same bay during a period. In this section, we provide 

a literature review on these two types of problems (i.e., CLSP and HMATSP). We also 

review references on the integration of lot-sizing and scheduling problems. 

5.2.1 Lot-Sizing Problem 

The lot-sizing problem is a classical production planning problem. The production activities 

are divided into multiple periods, which constitute a predefined partition of the planning 

horizon. The demand varies from one period to another and must be met at the end of each 

period. The objective function consists of the following components: setup cost that is 

incurred if production is scheduled in a period, production cost that is proportional to the 

Family 1 Family 2 

 

Carryover setup 

Period   Period     
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amount of production, and inventory cost that is incurred by the extra products stored at 

the end of each period. If we generalize the production cost to include the setup cost as well, 

it can be viewed as a concave function of the production amount.  

The uncapacitated lot-sizing problem does not consider any restriction on the amount of 

production in a period, and some of the earliest research work in lot-sizing was devoted to 

the solution of this problem. The single item version has been successfully solved by 

Wagner and Whitin (1958) using a dynamic programming approach. Zangwill (1969) and 

Kalymon (1972) extended this result to include multiple echelons (or facilities) with an 

arborescence structure†. Their solution approaches were based on network flow-based 

formulations with concave cost functions. The dynamic programming method of Wagner 

and Whitin (1958) was later improved by Federgruen and Tzur (1991) and Wagelmans, van 

Hoesel, and Kolen (1992), reducing the time complexity from         to               , where 

    denotes the number of periods. They applied geometric techniques, which were 

generalized by van Hoesel, Wagelmans, and Moerman (1994) to solve problems with 

backlog cost and start-up cost that is incurred when the production status is switched from 

off to on. 

As pointed out by Leung, Magnanti, and Vachani (1989), ―adding capacity restrictions 

makes the (lot-sizing) problem much more difficult‖. Although the single item (or product) 

problem with a constant capacity was efficiently solved by Florian and Klein (1971) using a 

dynamic programming algorithm, the multiple-item version (also with constant capacity) 

has been shown to be NP-complete by Bitran and Yanasse (1982). Bitran and Yanasse 

(1982) also showed that, with less restrictive assumptions on the capacity of a single 

processor, various cases of the single item capacitated lot-sizing problem are NP-hard. To 

solve this problem effectively, various solution approaches have been developed. Barany 

(1984) studied the polyhedral structure of the single-item, uncapacitated lot-sizing problem, 

                                                

† Arborescence is a rooted directed tree. In the inventory system considered by Kalymon (1972), it is 

further postulated that a unit of production at a non-root facility requires a unit of input from its 

predecessor. 
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and then, applied the derived inequalities to the multi-item capacitated version that 

contains it as a subproblem.  Leung et al. (1989) investigated the multi-item single-resource 

problem with constant capacity. They derived valid inequalities from the polyhedral 

structure of the single item problem with constant capacity. Atamtürk and Muñoz (2004) 

derived bottleneck cover inequalities for the single-item lot-sizing problem with general 

capacity specification. Other forms of inequalities for the same problem have been derived 

by Pochet (1988), Miller, Nemhauser, and Savelsbergh (2000) and Loparic, Marchand, and 

Wolsey (2003). Besides adding valid inequalities to enhance the problem formulation, 

heuristic solution methods have also been developed. For example, Hindi (1995) proposed a 

tabu search method to solve a single item capacitated problem with start-up cost.  

To solve the multi-item single-resource version of the lot-sizing problem, Graves (1982) 

proposed a hybrid decomposition scheme, which considers two subproblems (the aggregate 

planning subproblem and the detailed scheduling subproblem) and uses inventory 

consistency as the linking relationship. The values of corresponding Lagrangian multipliers 

were determined by an iterative feedback procedure. Diaby et al. (1992) used a Lagrangian 

relaxation-based heuristic procedure to generate near-optimal solutions for very large-scale 

capacitated lot-sizing problems with setup times and limited overtime. They applied 

Lagrangian relaxation on the resource requirement constraint and determined Lagrangian 

multipliers by using sub-gradient optimization. Besides Lagrangian relaxation-based 

approaches, other model reformulation and decomposition techniques have also been 

investigated. Eppen and Martin (1987) applied variable redefinition techniques and used a 

shortest route representation for the uncapacitated subproblem. Armentano, Franca, and 

de Toledo (1999) considered setup time, and reformulated the problem as a generalized 

network flow problem, which was solved with a branch-and-bound method. Degraeve and 

Jans (2007) applied a Dantzig-Wolfe reformulation and solved the problem using branch-

and-price. 

Additional features of the CLSP include multiple levels of products and explicit 

consideration of parallel machines. For the single-machine multi-level version, Billington, 
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McClain, and Thomas (1983) provided a Mixed-Integer Program (MIP) formulation and a 

problem reduction technique, called Product Structure Compression. Kimms (1997) solved a 

similar problem by using the demand shuffle technique, which is computationally efficient 

but yields suboptimal solutions. Stadtler (2003) considered multi-level production on 

parallel machines and developed a ―Plant Location‖ formulation. Due to its complexity, a 

suboptimal solution approach was developed based on rolling schedules. Other relevant 

work on the parallel-machine version exists in the literature. However, since most of them 

also include sequence-dependent setups, a review of related literature is relegated to 

Section 5.2.3.  

5.2.2 High Multiplicity Asymmetric Traveling Salesman Problem 

The Asymmetric Traveling Salesman Problem (ATSP) is a classical combinatorial 

optimization problem, in which a traveling agent visits every one of a given set of cities 

exactly once and returns to the starting city after having completed the tour in minimum 

distance travelled. This problem structure often appears in a scheduling environment 

involving sequence-dependent setups, where these setups can be regarded as distances 

between cities. Mathematical programming formulations of the ATSP usually include two 

types of constraints. The assignment type constraints ensure that each city is visited 

exactly once, while the subtour elimination constraints (SECs) enforce a connected tour 

over the cities. Various types of SECs have been developed over the years. These include 

the Dantzig-Fulkerson-Johnson (DFJ) SECs based on cut-sets enumeration (Dantzig, 

Fulkerson, and Johnson, 1954), the Miller-Tucker-Zemlin (MTZ) SECs  based on the rank-

order of visits (Miller, Tucker, and Zemlin, 1960), the single commodity flow-based SECs of 

Gavish and Graves (1978), the multiple commodity flow-based SECs of Wong (1980), and 

the precedence-variable-based SECs of Sarin, Sherali, and Bhootra (2005), and Sherali, 

Sarin, and Tsai (2006). A comprehensive review on various SEC formulations can be found 

in Öncan, AltInel, and Laporte (2009). 

The high multiplicity version of the ATSP allows multiple visits to the same city. This 
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feature arises when groups of identical jobs need to be scheduled in the presence of 

sequence-dependent setup times. To solve this problem, Cosmadakis and Papadimitriou 

(1984) proposed a column generation approach based on optimal Eulerian graphs.  

Grigoriev and van de Klundert (2006) developed an integer programming formulation with 

DFJ-type subtour elimination constraints, and investigated asymptotic properties of the 

problem parameterized by multiplicity values (i.e., numbers of visits). Sarin, Sherali, and 

Yao (2010) proposed another mathematical programming formulation using multiple 

commodity flow SECs, and have shown its superiority over the formulation of Grigoriev and 

van de Klundert (2006). 

5.2.3 Integrated Lot-Sizing and Scheduling 

When sequence-dependent setups are incorporated into a lot-sizing problem, the combined 

problem becomes even more difficult to solve. Baker and Muckstadt (1989) presented CHES 

problems, which pertains to scheduling of jobs on parallel machines involving sequence-

dependent setup costs. Fleischmann (1994) considered a single-resource small-bucket 

model, in which only one product is allowed to be produced in a slot (period).  Sequence-

dependent setup costs were incorporated in the objective function, and lower bounds were 

obtained using Lagrangian relaxation. Kang, Malik, and Thomas (1999) solved the 

multiple-machine case, assuming sequence-dependent setup costs, but no setup time. Their 

solution approach was based on split-sequences and column generation.  Haase and Kimms 

(2000) dealt with the single-machine case, considering both setup times and setup costs, 

and used efficient sequences to construct the model formulation. Their solution approach 

provided optimal solutions for small-sized problems.  Meyr (2002) further considered the 

parallel-machine (heterogeneous) case with sequence-dependent setup times and costs. 

Their formulation relied on further subdivision of production periods into micro-periods. 

Heuristic methods were employed to solve the problem. Gupta and Magnusson (2005) 

developed both a mathematical programming formulation and a heuristic solution method 

for the single-machine version with setup times and costs. They considered additional 
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problem features like setup carryover and idle periods, but failed to correctly incorporate 

subtour elimination constraints into their formulation. Dogan and Grossmann (2006) also 

considered the single-machine case. Their treatment of setup changeover was based on 

predefined ―slots‖ in each period. A bi-level decomposition procedure was adopted to solve 

the planning and scheduling problems in coordination. Fandel and Stammen-Hegene (2006) 

provided a mathematical programming formulation for a multi-product, multi-level job shop 

version of the integrated lot-sizing and scheduling problem. However, their nonlinear model 

is difficult to solve. 

We note that the features of the PPMSP have not yet been fully addressed in the 

existing literature. Although features like parallel machines, multiple product levels and 

sequence-dependent setups have been previously investigated, yet a comprehensive 

consideration and the incorporation of high-multiplicity campaigns are new to the 

integrated lot-sizing and sequencing problem on hand. 

5.3 A Basic MIP Formulation for PPMSP 

We present a mixed integer linear programming formulation of the PPMSP as follows: 

Sets: 

 : Set of real product families; 

  : Set of (general) product families;         , where the dummy family ―0‖ 

corresponds to the starting city in an HMATSP viewpoint; 

  : Set of families that are forbidden to immediately follow family  ,     ; 

  : Set of products in family       ; 

 : Set of bays; 

  : Set of products that can be produced in bay       ; 

  : Set of bays that can produce product  ;               ; 

  : Set of real product families that can be produced in bay  ,     ; 
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                 ;  

   : Set of (general) product families that can be produced in bay                  ; 

 : Set of periods in the current planning horizon;            ; 

  : Set of time periods including period ―0‖, which precedes the first period of  ; 

        . 

Note that the set of compatible bays    is defined for each product  , and hence, 

                     

Parameters: 

 : Setup cost per unit time;  

  
 :  Initial setup status of bay   (product family just processed at the end of period ―0‖), 

    ; 

    
 : Initial inventory of product   of family  ,          ; 

    :  Holding cost per period for a unit amount of product   of family  ,          ; 

    
 : External demand for product   of family   at the end of period  ,             ; 

    
 :  Maximum batch size for product   of family   when produced in bay  ,       

         ; 

    
 :  Batch processing time for product   of family   when produced in bay  ,       

         ; 

    
 : Changeover (setup) time required for a campaign of family   to follow a campaign of 

family   in bay  ,            . Note that     
   ,         . 

    : Time capacity of bay   during period  ,         ; 

  
   : Maximum campaign length (number of batches) of family   permitted in bay   

during period  ,              ; 

  
   : Maximum number of batches of family   that can be scheduled in bay    

during period   without exceeding the time capacity,              ; 
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 ; 

      : Amount of product   required to produce one unit of product   in any bay (BOM 

ratio),            . 

Variables:  

    
 : Inventory level of product   of family   at the end of period  ,             ; 

    
 : Amount of product   of family   produced during period  ,              ; 

    
   : Amount of product   of family   produced in bay   during period  ,          

         ; 

    
   : Number of batches of product   of family   produced in bay   during period  , 

                  ;  

  
   : Number of campaigns of family   scheduled in bay   during period  ,       

        ; 

  
   : Indicator for whether any product of family   is produced in bay   during period  , 

             ;  

    
   : Number of changeover setups from family   to family   in bay   during period  , 

                . Note that self loops are not allowed (i.e.,   ) within each 

period in order to ensure campaign length restrictions. In case that there is no 

campaign scheduled in bay   during period  , all corresponding  -variables take the 

value of zero. 

    
       : Indicator of a carryover setup for switching from family   at the end of period    to 

family   at the start of period   ,                       Note that self loops 

(i.e.,    ) are allowed for carryover setups. Hence, any campaign length restriction 

is only enforced within a period. Also, note that the actual setup time may not fully 

cover the gap between the two production campaigns (see Figure 5.3). 
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     : Fraction of carryover setup time scheduled at the beginning of period   in bay  , 

         (see Figure 5.3);  

    : Fraction of carryover setup time scheduled at the end of period   in bay  ,        

  (see Figure 5.3). Note that there is no carryover setup at the end of the planning 

horizon. Hence,              . 

    
     : Amount of flow of commodity   on edge       in bay   during period  ,        

                  . The flow of commodity   originates from the dummy family 

―0‖ and ends at family  ,      . This ensures the connectivity of the setup graph in 

bay   during period  ,         . 

 

 

Figure 5.3: Two examples of carryover setups 
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 Setup Prohibition Constraint:  
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                         . 

5.3.1 Explanation on the Formulation 

 Objective Function 

The objective function is comprised of the total inventory hosting cost and the total 

setup cost. The latter is proportional to the total setup time, which includes both with-in 

period setups and carryover setups. Note that the production cost is assumed to be period-

invariant and bay-invariant, and is therefore not included in the objective function. 

 Flow Balance Constraint  

Constraint (5.1) enforces the balance of inventory flow. Note that the amount of 

inventory is reduced in two cases: either it is used to satisfy the external demands, or it is 

consumed by the production of other products. 

 Production Allocation/Batch Constraint 

Constraint (5.2) allocates the production of product   to compatible bays, while 

Constraint (5.3) ensures that the allocated amount is produced using a sufficient number of 

batches. By substituting out the     
   -variables, these two constraints can be combined as 

follows:  

     
       

     
   

    

  
 

                (5.23) 
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In this case, the exact amount of production in each bay needs to be determined from the 

value of     
  after a solution is obtained. For example, we can assume     

    to be proportional 

to the available capacity provided by the batches in different bays (i.e.,     
     

   ). However, 

we retain the     
   -variables in the formulation for the convenience of deriving certain 

classes of valid inequalities later in Section 0.  

 Sequencing Constraint 

Constraints (5.5) and (5.6) dictate that the first changeover setup in bay  , if it exists at 

all, always starts with family   
  from period ―0‖. During each period, the production in a 

bay is initiated by a carryover setup, which starts from an earlier period and ends in the 

current period. The product family that immediately follows an incoming carryover setup is 

recognized by a within-period changeover from the dummy family ―0‖, as dictated by 

Constraint (5.7). The last product family produced during a period is recognized by a 

within-period changeover to the dummy family ―0‖. This either indicates the end of 

production in this bay, or it starts a carryover setup pointing at a later period, as dictated 

by Constraint (5.8). For each product family, Constraints (5.9) and (5.10) ensure that the 

number of campaigns for a product family is equal to the number of in-coming and out-

going setups, respectively.  

 Carryover Setup Constraint 

For a long carryover setup that straddles more than two periods, there must be at least 

one idle period between the two related campaigns. We assume that any setup can be 

accommodated entirely during an idle period, and hence, no restriction is put on the 

corresponding  - and  -variables in the above case. For the remaining case that a carryover 

setup straddles two consecutive periods, Constraints (5.11) and (5.12) allocate time to 

complete the setup at the end of the previous period and the beginning of the latter period. 

 Campaign Production Constraint 

Constraints (5.13)-(5.16) determine the numbers of campaigns based on the numbers of 

production batches. Constraints (5.13) and (5.14) are based on the fact that there is at least 
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one batch and at most   
    batches in each campaign. The actual assignments of batches to 

campaigns are not indicated by the formulation, but they can be readily determined after a 

solution is obtained. Constraint (5.15) ensures that the production indicator is turned on if 

a batch of the corresponding family is produced. The right-hand side coefficient is an upper 

bound on the number of batches of family   that can be produced in bay   during period  . 

Constraint (5.16) ensures that the production indicator is turned off if no campaign is 

scheduled. It connects the number of campaigns ( -variables) with the production indicator 

( -variables), and also indirectly connects the  -variables with the  -variables through 

Constraint (5.14) . Note that Constraint (5.15) can be replaced by the following alternative 

(but weaker, noting (5.14)) inequality:  

   
      

     
     (5.24) 

Moreover, the decoupling of the  - and  -variables makes it easier to implement a 

decomposition scheme where these two variables reside in different parts of the 

decomposition. Also note that whenever   
      

   , Constraint (5.13) can be omitted, as it 

can be deduced from Constraints (5.15) and (5.16). 

 Graph Connectivity Constraint 

Constraints (5.19)-(5.22) pertain to the sequence of campaigns within a period. Since 

multiple production campaigns of a family may exist in the same bay during the same 

period, the sequencing of campaigns in bay   during period   is a High-Multiplicity 

Asymmetric Traveling Salesman Problem (HMATSP) (see Grigoriev and van de Klundert 

(2006)). Note that for all        , the set of active product families,          

        
      , is regarded as the set of cities in the traveling salesman problem, and the 

route starts from and ends at the dummy family ―0‖. Constraints (5.19)-(5.22) are adapted 

from the polynomial-length HMATSP formulation of Sarin, Sherali, and Yao (2010), which 

is similar to the flow-based ATSP formulation proposed by Wong (1980) and further 

investigated by Sherali, Sarin, and Tsai (2006). Constraints (5.20) and (5.21), respectively, 

initiate and end the commodity flow, if and only if family   is in production (i.e., active). 
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Due to Constraint (5.19), the flow is allowed to follow along an edge only when the 

corresponding changeover setup exists. Constraint (5.22) enforces flow balance for each 

family. 

5.3.2 Modeling Considerations 

 Batch Production 

Instead of assuming full-size production for all batches, we allow them to be produced in 

a smaller size than the maximum possible quantity. The full-size production strategy may 

sound reasonable; however, it leads to a ―bullwhip‖ effect, which unnecessarily inflates the 

production levels. Consider the example shown in Figure 5.4, with a demand of 14 units for 

product P1. 

 

 

 

Figure 5.4: An example of a BOM tree with batch sizes 

 

If we use full batches, the minimum production amounts are:  

P1:      
  

  
             (2 batches); 

A1:      
    

  
              (5 batches); 

B1:     
    

  
             (3 batches); 

P1 (10) 

A1 (13) 

 

 

 
B1 (15) 

C1 (17) 

1:3 

1:2 

1:1.2 

Product (max batch size) 

BOM 

Ratio 

Legend: 
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C1:      
      

  
             (4 batches). 

If we use less than full batches, the minimum production amounts are: 

P1:  14    
  

  
            ; 

A1:            
  

  
            ; 

B1:            
  

  
            ; 

C1:                 
    

  
            .  

Note the reduction in the amount of production when less than full batch sizes are used.  

 End Inventory 

Our formulation does not require a minimum amount of inventory to be maintained at 

the end of the planning horizon. However, this requirement can be easily accommodated by 

regarding the required final inventory as additional demand in the last period. Although 

this transformation of data discounts the holding cost of required final inventory, it does 

not affect the validity of the formulation, as the required (minimum) inventory levels are 

fixed constants. 

5.4 Alternative Formulations 

In this section, we develop alternative formulations for various subproblem structures in 

the PPSMP. The goal is to achieve the best trade-off between model complexity and its 

tightness. 

5.4.1 Plant Location Model of Production 

If we regard the demands in different periods as pertaining to customers and the processing 

bays as plants, the lot-sizing subproblem in the PPMSP can be regarded as a Plant Location 

Problem (PLP), where the customer demands may be (partially) satisfied by a plant if the 

plant is chosen to be built (i.e., the corresponding production indicator is on). To explicitly 
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denote the flows from plants to customers, we disaggregate the production amount     
  into 

multiple parts so that each part corresponds to the demand of a particular period, or 

contributes to the final inventory at the end of time horizon. This model is adapted from a 

similar model of Stadtler (2003). However, the formulation of Stadtler (2003) disallowed 

over-production, which may exist in our setting (see Section 5.5.2). 

The concept of demand in the PLP is different from the (external) demands in the 

PPMSP. Note that, although there is no external demand for an intermediate product, a 

positive demand for this product may exist in the PLP, as driven by external demands for 

its downstream products. On the other hand, an external demand in the PPMSP does not 

necessarily translate into a demand in the PLP, as initial inventories may satisfy the 

external demand without any production. Hence, we define the net demands for the PLP as 

the least and the latest amounts of productions that are necessary to satisfy the external 

demands. Their values can be determined from the following linear programming 

formulation: 

 

Variables:  

    
 : Net demand for product   of family   during period  ,              . 

    
 : Cumulative net demand for product   of family   from period 1 to period  ,        

       

 

Problem Net-Demand: 

                                           
 

          

 

subject to: 
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Alternatively, we can calculate the net demand,     
 , using the following algorithm: 

 

Net-Demand Algorithm: 

Step 1. For each product  , set the initial value of its gross demand to     
 . 

Step 2. Find a product   whose direct downstream products (which use product   as a raw 

material) have all been checked. If no such product exists, stop; 

otherwise, go to Step 3. 

Step 3. Use the initial inventory of product   to satisfy its gross demands starting from 

the first period. Record the resulting inventory level      
  as its baseline inventory. 

Record the backlog value of product   in each period as its net demand value     
 . 

Step 4. Multiply the net demands of product   by its BOM ratios to determine the 

required amounts of raw materials. Add the required amounts to the gross 

demands of its direct upstream products.  Go to Step 2. 

Note that the baseline inventory level also determines the baseline inventory cost: 

               
 

          

   

In the following discussion, we regard     
  and    to be fixed parameters as determined by the 

above method. In addition, we define the following notation: 

Parameters: 

    : Marginal holding cost of product   of family  ,          . This is the change in 

inventory cost, caused by the production of a unit amount of product  , as given by 

                         
. 
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Variables: 

    
     : The amount of product   that is produced during period   , and utilized in period    

to satisfy some net demand,                        .  

    
 :  The amount of product   that is produced during period  , but not used to satisfy any 

net demand,              . This amount of over-production will eventually go 

into final inventory.  

Using the Plant Location Model of production, the PPMSP can be reformulated as 

follows:  

 

Problem PPMSP-PLP: 

                              
     

              

                     
 

          

        
       

   

   

      
       

        

 

         

  

subject to: Constraints (5.3)-(5.22)  

 
     

    

 

    

     
    

                (5.25) 

 

    
         

    

   

    

     
      

      
               

    

   

    

     
  

    

   

               (5.26) 

 

 

     
    

   

    

     
       

   

    

   

                (5.27) 
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 Note that Constraints (5.26) and (5.27) are obtained by applying the following 

substitution to the Flow Balance Constraint (5.1) and the Production Allocation Constraint 

(5.2), respectively: 

 

    
       

    

   

    

     
    

                (5.28) 

 In case that  -variables are not used to construct additional valid inequalities, we 

can replace Constraints (5.3) and (5.27) with the following constraint, which is similar to 

Constraint (5.23): 

 

     
    

   

    

     
       

     
   

    

   

                (5.29) 

5.4.2 Alternative Formulations of the Graph Connectivity Constraint 

 Instead of using the multi-commodity flow formulation (i.e., Constraints (5.19)-

(5.22)) to ensure connectivity of the setup sequence graph, we can use the following two 

alternative formulations. 

Miller-Tucker-Zemlin-Type Formulation 

 Unlike the classic traveling salesman problem, the High-Multiplicity Asymmetric 

Traveling Salesman Problem (HMATSP) allows sub-tours within a feasible sequence. 

Therefore, the original formulation of MTZ SECs cannot be applied directly. To establish a 

consistent rank-order, we rely on the edges of first-visits, which mark the first visit of the 

route to each city (product family in terms of the PPMSP). We define the following 

additional variables: 

  
    The rank order of family   in bay   during period  , where 

   
                ,              . 
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    Binary indicator to denote whether the first campaign of family   in bay   during 

period    is immediately preceded by a campaign of family   in the same period, 

                       . Note that if     
     , the first campaign produces 

family  . 

 

Proposition 5.1: Along with the sequencing constraints (5.5)-(5.10), the following set of 

valid inequalities induces a feasible setup sequence: 

      
   

         

   
      

               (5.30) 

     
        

      

                         (5.31) 

   
      

             
             

                      (5.32) 

Proof: Define the following sets         : 

Set of active families,                  
      ,  

Set of active edges,                              
      , 

Set of first-visit edges,                                  
        

 For any feasible solution, the edge set      induces a connected graph over      by 

(5.5)-(5.10). A corresponding campaign sequence can be determined by using the procedure 

ConvertToSequence of Grigoriev and van de Klundert (2006). Hence, we can determine the 

values of the     
   -variables according to the sequence obtained. If family   is in production, 

its first campaign in the sequence must be preceded by the campaign of another real 

product family, or by the dummy family ―0‖. Hence, Constraint (5.30) is satisfied. 

Constraint (5.31) is also valid, as     
      indicates a changeover setup from family   to 

family  , which is accounted for in the setup variable     
   . Note that the edge set of first-
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visits,      , induces a directed tree graph over the set of active families, as any active family 

can trace back to the dummy family by reversely following the edges in      . Consequently, 

a full order of active families can be constructed by a preorder traversal of this tree graph.  

We use this rank order to determine the  -values that satisfy Constraint (5.32) (see Figure 

5.5). 

 Conversely, if a feasible solution satisfies the constraints of Proposition 5.1, the edge 

set      induces a connected graph over     . To see this, suppose that on the contrary, the 

graph induced by      contains a proper subgraph   that is disconnected from the rest of the 

families in     . Let      be the set of families (vertices) in the subgraph  . For each family 

      , there exists a family   such that     
     , due to Constraint (5.30). Hence, there 

exist         edges that belong to the set       and that are incident at families in     . 

According to Constraints (5.31), these        edges also belong to the set     . Therefore,   

contains a cycle. This violates Constraint (5.32), since a sequential rank-order cannot be 

established around a cycle.  

 

Single Commodity Flow Formulation 

 In the multiple commodity flow formulation, a separate commodity is sent from the 

dummy family to any of the active families to ensure graph connectivity. In this section, we 

consider an alternative formulation in which a single commodity reaches all active families. 

It is based on the single commodity flow formulation of Gavish and Graves (1978) for the 

Asymmetric Traveling Salesman Problem. 

Variables: 

    
   : Amount of commodity flow on edge       during time period   in bay  ,        

            

Constraints: 

     
             

      

                      (5.33) 
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Figure 5.5: Construction of a full order based on the setup variables 

 

 

Preorder Traversal (dash-dotted line) : 

Tree Graph ( -variables): 

Setup Graph ( -variables) : 

Campaign Sequence: 

0F1F2F1F3F1F4  

First Visits: 

0  F1; 

F1F2; 

F1F3; 

F1F4; 

 

F1F4. 

A Full Order: 

0 F1F2F3F4. 

F1 

F2 

F3 

F4 

0 

F1 

F2 

F3 

F4 

0 

F1 

F2 

F3 

F4 

0 
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                (5.34) 

 

The flow has an initial amount of      originating from the dummy family ―0‖. Each active 

family consumes a unit amount when it is visited by the flow. In case that some family is 

not produced (i.e., not active), the number of active families will be less than     . The extra 

amount of flow will be sent back to the dummy family. 

5.5 Valid Inequalities 

In this subsection, we derive various classes of valid inequalities to further tighten the 

model representations. 

5.5.1 Inequalities Based on the Time Capacity Constraint 

Proposition 5.2:  If there exists a product          such that      
  

    

  
    , then inequality 

(5.15) can be strengthened by also incorporating the following valid inequality:  

      
     

   

       

       
                       (5.35) 

Proof:  First, note that the validity of (5.35)  follows from the Time Capacity Constraint 

(5.4).  On the other hand, a solution of      
      

   ,     
             and   

      is clearly 

feasible for (5.15). But it is infeasible for (5.35) as           
   

         
      

      

As an illustration, consider the following example with two products (Products 1 and 2) 

of the same family   that share the same bay  .  Suppose     
   ,     

   ,   
     , and 

       . The inequalities take the following forms: 

Inequality (5.15)       
        

     
  

 
   ; 
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Inequality (5.35)       
         

      . 

As shown in Figure 5.6, note that, neither of the two inequalities (5.15) and (5.35) 

dominates the other. Hence, they can be simultaneously added to the model. 

 

Figure 5.6: Examples of valid inequalities 

 

Furthermore, we can strengthen inequality (5.35) itself by deriving a smaller right-hand 

side coefficient from the following subset-sum problem,              : 

   
                  

     
   

       

 

subject to:       
     

   

       

      

      
        

The optimal objective    
   provides an upper bound on the production time consumed by 

batches of family   in bay   during period  . Consequently, inequality (5.35) can be modified 

as: 

      
     

   

       

    
     

      

                (5.36) 

 

    
    

    
    

        1        

2 

2 

1 

0 

Inequality (5.15) 

Inequality (5.35) 
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By considering the production of each product separately, we can further add the 

following Chvatal-type (Nemhauser and Wolsey, 1999) valid inequality: 

 
    

     
    

    
    

     
 

                (5.37) 

5.5.2 Inequalities Based on Upper Bounds for Production Amounts 

In the basic model, an increment in the production level      
     tends to drive up the number 

of batches      
    , which, in turn, make the production indicator    

     positive. We consider 

the following valid inequality, which directly connects the production level with the 

production indicator: 

     
        

     
      

                        (5.38) 

where the parameter     
    is an upper bound on the amount of product   of family   that is 

produced in bay   during period  . By Constraints (5.3) and (5.37), we can let 

    
        

  
    

    
    

However, the value of     
     can be further reduced as follows: 

The production in the PPMSP is driven by two facts: the need to satisfy external 

demand and the desire to reduce inventory. Production-Driven-by-Demand (PDD) is 

motivated by the former while Production-Driven-by-Inventory (PDI) is motivated by a 

negative value of the marginal holding cost. Although these two types of production may 

overlap with each other, the summation of their upper bound values provides a valid upper 

bound on the amount of production in an optimal solution. To derive this upper bound 

value, we consider two complementary relaxations of the original problem. 

In the relaxation for determining PDD, we do not assume existence of initial inventory, 

capacity constraints, or setup costs. Note that PDI is automatically excluded in this 
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relaxation, as there does not exist initial inventory to justify over-production. Moreover, 

since there are no constraints on capacity, the production will be carried out as late as 

possible in order to drive the inventory cost to zero, and the corresponding amounts of 

production can be computed based on the demand values and the BOM ratios. We denote 

these production amounts by      
  as defined below: 

     
 :  The amount of product   of family   that is produced during period  ,           

    . 

We determine the values of      
  by solving the following linear program: 

                         
 

          

 

subject to:             
      

              
 

    

               

             
                                                              

 

In the original PPMSP, PDD may need to be scheduled in an earlier period due to capacity 

constraints. Therefore,       
    

     gives an upper bound on the amount of PDD in period  , 

    . 

In the relaxation for determining PDI, we assume that there is no external demand, 

capacity constraints, or setup cost. In the original PPMSP, some initial inventory may be 

consumed by PDD, thereby making PDI less likely to occur. By assuming no external 

demand, we exclude PDD from this relaxation. However, we cannot simply minimize the 

total inventory cost for the current relaxation and claim the corresponding production 

amount to be an upper bound on PDI. This is due to the fact that multiple products may 

compete for the same raw material inventory, and the actual outcome depends on the 

capacity constraints that have been relaxed in the current relaxation. To see this, consider 

the example in Figure 5.7. If both product A and product B have some initial inventory, the 

production of either Product C or Product D is beneficial in reducing inventory holding 

costs. If we simply minimize the total inventory cost for the current relaxation, only 



 110 

Product C will have a positive production amount. In the original problem, however, PDI of 

Product D may have a positive value as a result of the limited production of Product C due 

to other factors (such as capacity constraints). Therefore, we determine the maximum 

amount of PDI for each product individually, and use it as an upper bound for the original 

PPMSP.  

 

 

Figure 5.7: An example of BOM relations and product holding costs 

 

Note that, due to the absence of capacity constraints, all production will occur in the 

first period. Hence, we consider the current relaxation for one period only and denote the 

upper bound value by: 

     : Upper bound on the PDI for product   of family  ,          . 

We define an attractive product as a product having a negative marginal holding cost. We 

claim that PDI always ends up in the inventory of an attractive product. This follows by the 

fact that an increase in the end inventory of a non-attractive product always increases the 

inventory holding cost. Note that PDI does not necessarily involve the production of only 

attractive products, as the production of a non-attractive product may be necessary to 

supply raw materials for an attractive product occurring downstream. The production of 

such a non-attractive product is also regarded as PDI. We use a two-step procedure to 

determine an upper bound on PDI:0) 

A 

B 

C 

D 

  =3 

  =3 

  =3 

  =4 

1:1 

1:1 

1:1 
1:1 
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Step 1.  Consider each attractive product individually. Let it be product   of family  . 

Determine its maximum profitable amount of production,     , by solving a 

localized problem, which only allows itself and its upstream products to be 

produced and minimizes the total inventory cost.  

Step 2.  Determine the required amount of each product   based on the production of its 

downstream attractive products. This required amount is then decreased by its 

initial inventory to determine the level of production,     . If the current product is 

a non-attractive product,       gives an upper bound on its PDI value (i.e.,       

    ); otherwise, the upper bound value is given by                     . 

Note that, in the original PPMSP, PDI may be postponed due to capacity constraints and 

conflicts between products. The above discussion establishes the following result: 

 

Proposition 5.3: An upper bound on the amount of product   that can be produced in bay   

during period   is given by:  

    
            

  
    

    
         

 

   

    

          

 

Similarly to (5.38), we can introduce the following inequality to make a direct 

connection between the production level     
  and the production indicator   

    : 

     
       

     
   

    

                     (5.39) 

Note that, (5.39) can be deduced from inequalities (5.2) and (5.38). Therefore, it is 

redundant when (5.38) is present. However, applying (5.39) instead of (5.38) may be 

beneficial as this permits to eliminate the  -variables from the model formulation. Also, 

note that for the Plant Location Model, inequality (5.39) is adapted as: 

 

     
    

   

    

     
       

     
   

    

                 (5.40) 
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5.5.3 Inequalities Based on the Lot-Sizing Subproblem 

Proposition 5.4: If     
  represents the production indicator for product   of family   in 

period  ,              ; and        is the amount of product   of family   needed (directly 

or indirectly) to produce a unit amount of product   of the same family (in particular, 

        ),      and         then  

        

    

    
           

         

    

    
    

 

                (5.41) 

Proof: This follows by the fact that if there is no production in the current period, then the 

demand has to be satisfied by the inventory carried over from the previous period.   

Note that the value of        is positive if and only if product   is an upstream product 

with respect to product  . The       -values can be determined by using the following 

algorithm: 

 

Generalized BOM Ratio 

 For each    : 

  For each     : 

   Let         ,      ; 

   Define a temporary variable             ; 

   Let          and                    ; 

   While there exists a product      such that         : 

    Let                     ; 

    For each      such that         : 

     Let                           ; 

    End for 

    Let         ; 

   End while 
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  End for 

 End for 

 

Note that the following constraints establish the definitional roles of     
 : 

 
    

     
    

    
      

    

                       (5.42) 

      
   

    

       
   

 

                  (5.43) 

 

The smaller the value of     
 , the stronger is inequality (5.41). Hence, a lower bounding 

constraint (5.42) on      
  will not help to strengthen (5.41). On the other hand, inequality 

(5.37) also implies an upper bound value of   
    

    
   for     

   . Hence, we can omit inequality 

(5.42) if inequality (5.37) is present. 

Moreover, we can add the following valid inequality: 

    
   

    

       
                              

(5.44) 

Furthermore, if the Plant Location Model is used, we can incorporate the following valid 

inequality: 

     
          

      
                            (5.45) 

Atamtürk and Muñoz (2004) have proposed bottleneck cover inequalities that are based 

on the same idea as that of Proposition 5.4. Their results have been extended by Glover and 

Sherali (2005) to consider the production status of multiple periods in general. For the 

PPMSP, we can consider the production indicators of the next two periods and derive the 

following valid inequality:  
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                      (5.46) 

where      
  is the total converted demand that is defined as      

             
    

 , and where 

    
  is the maximum production amount of product   of family   during period  , which can 

be taken as     
       

   
    , where, as defined for (5.38),     

    is an upper bound on the 

amount of product   that is produced in bay   during period  .  

Note that inequality (5.41) establishes a relation between the aggregated production 

indicator     
  and the inventory level. We can avoid the introduction of the new  -variables 

by considering the following disaggregated constraint, which is established by Proposition 

5.5 below: 

        

    

    
          

        
   

    

   

                        
   

    

      
    (5.47) 

where     
   

 is defined as the shortage in capacity if bay   is not used to produce product   

during period  , i.e.,     
               

       
    

            

 

Proposition 5.5: Inequality (5.47) is valid if       
   

          
  ,              . 

Proof: If       , then     
         

  for the only bay   in   . Hence, inequality (5.47) reduces to 

inequality (5.41), which has been shown to be valid. Hence, suppose that       . We first 

show that      
       

   
    . On the contrary, suppose that      

       
   

    . We then have  

    
         

       
    

         ,      . Hence, 
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This contradicts the assumption that       
   

          
 . Therefore,      

       
   

    . 

We further define               
        

       . If      , inequality (5.47) is trivially 

valid  Hence, suppose that        . Note that family   is not in production on the bays of 

   . To satisfy the converted demand of product   in period  , we must have 

       

    

    
          

       
   

        

  

But 

      
       

   

        

         
       

    

         

 

      

 

      
       

   

        

             
       

   

    

       
   

     

 

                 
       

   

    

     

Therefore,  

       

    

    
          

       
   

        

 

        
       

    

         

 

      

       
        

   

    

   

5.5.4 Inequalities Based on the Carryover Setup Structure  

Consider the following aggregated carryover setup variables: 

        : Indicator for a carryover setup, which starts at the end of period   , and 

ends at the beginning of period   ,                      
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Note that the above variables do not distinguish among families involved in the setup 

changeover. Hence, their values can be determined from the aggregated production 

indicator defined as: 

    : Production indicator for bay   during period  ,           

The values of the     -variables can be fixed by modifying the Time Capacity Constraint 

(5.4) as follows: 

       
     

   

          

      
     

   

      

                     (5.48) 

          

Consequently, we have 

         

    

                                                 (5.49) 

                

      
     

                            (5.50) 

                

     
     

                             (5.51) 

Note that inequalities (5.49), (5.50) and (5.51) are similar to inequalities (5.5), (5.7) and 

(5.8) of the Sequencing Constraint.  

 

Proposition 5.6: The following inequalities are valid and are not necessarily implied by the 

original formulation: 

    
   

    

                                                 (5.52) 

 

                
       

      

                      
(5.53) 
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Proof: The validity of inequality (5.52) is immediate due to the definitions of the variables 

  
    and     . Since          is defined as an indicator for aggregated carryover, inequality 

(5.53) also holds true. To establish the tightening of the PPMSP formulation with the 

addition of these inequalities, we construct a feasible LP solution to the original model that 

is infeasible to these added inequalities. 

Suppose that the problem consists of only one bay (bay 1) and two periods (periods 1 and 

2). Three products from three different families are considered for production. They are, 

respectively, product   of family  , product   of family  , and product   of family  . Consider 

a feasible solution to the original problem, such that product   is only produced in period 1, 

and products   and   are only produced in period 2. By inequality (5.48), we have 

     
    
     

   

    
  

     
    
     

        
     

   

    
  

Furthermore, according to inequalities (5.49) and (5.50), we have 

                 

             

                    

Hence,  

                                             

 
    
     

   

    
 

    
     

        
     

   

    
    

On the other hand, inequality (5.53) requires that 

           
          

          
          

          
          

          
          

          
      

     
          

       

Hence, the solution violates the added inequalities, if the following condition holds: 

    
     

   

    
 

    
     

        
     

   

    
       

          
       

For example, consider the following production pattern, which satisfies the original model 



 118 

      
        

        
         

1 3 0 0 24 

2 0 2 1 24 

 

If the batch processing times are     
   ,     

   , and      
   , we have the maximum 

possible numbers of batches as   
     

  

 
      

     
  

 
   , and   

     
  

 
     According 

to the campaign production constraints (5.13)-(5.16) and the sequencing constraints (5.5)-

(5.10), the setup values in Figure 5.8 constitute a feasible LP solution. 

However, 

    
     

   

    
 

    
     

        
     

   

    
   

 
   

  
 

       

  
   

 
 

 
 

 

 
   

  

  
 

 
 

 
       

          
       

This implies a violation of inequality (5.53). 

According to inequality (5.48), we also have  

     
    
     

        
     

      
       

 

    
 

 
        

 
     

 

  
 

   
 

 
 

 

 
 

   
      

      
     

This is a violation of inequality (5.52).  

Note that to yield feasibility of the constructed solution to the added inequalities, the 

value of     
          

      has to be at least 
  

  
. In case that     

       
 , the total setup time in 

period    will increase as shown by the following argument.  
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Figure 5.8: A feasible solution to the LP relaxation 
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Hence, the added inequalities of Proposition 5.6 induce a higher objective value for the LP 

solution.  Note that  
 

 
    
  

 

 
    
   is the value of total setup time in Figure 5.8. 

5.6 Column Generation Method 

We use the column generation approach for the solution of the PPMSP in order to exploit 

its inherent structure through this decomposition technique. The relationships between the 

variables and constraints of the PPMSP are shown in Figure 5.9.  

5.6.1 Decomposition Schemes 

There are the following alternative decomposition schemes that can be used: 

 

HMATSP: The subproblem solves the HMATSP to fix the campaign sequence in each bay; 

HMATSP2: This is similar to the HMATSP scheme; the subproblem disaggregates by 

periods and bays. 

B&S: The subproblem solves a Batching and Sequencing (B&S) problem to determine the 

number of batches and the campaign sequence in each bay; 

Knapsack: The subproblem solves an integer knapsack problem to determine the number 

of batches in each period and each bay; 

LSP: The subproblem solves a lot-sizing problem to determine the number of batches and 

production level for each product family; 

LSP2: The subproblem solves a lot sizing problem, and also determines the numbers of 

campaigns; 

UCLSP:  The subproblem solves an uncapacitated lot-sizing problem. 
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Figure 5.9: Variables and constraints in model PPMSP 

 

 HMATSP 

The subproblem determines the number of campaigns ( ) and setup sequences (   ), 

according to a relaxed version of the Time Capacity Constraint and other constraints. The 

production indicator vector ( ) is also determined in the subproblem, but does not appear in 

the coefficients of a column (see Figure 5.10). Note that the subproblem is decomposable by 

bays. The advantage of this decomposition scheme is that the subproblem is decomposable 
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and relatively easy to solve. However, since the time capacity constraint is relaxed (by 

omitting production time), the columns may be infeasible. The problem formulations for 

this decomposition scheme are as follows: 

 

Sets: 

  : Index set of the columns corresponding to bay  ,     . 

Parameters:  

      
 
 : Value of subproblem variable ―   ‖ fixed in the  th column of bay  ,       

    . Note that index   is implicitly indicated by the enclosed variable ―  ‖. 

 

 

Figure 5.10: HMATSP decomposition scheme 
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Variables:  

  
 : Binary variable indicating the inclusion/exclusion of the  th column of bay  ,    

      , and relaxed to take continuous values. 

  : Dual variable associated with the Convexity Constraint (5.54),     . 

    : Dual variable associated with the Time Capacity Constraint (5.55),       , 

        . 

    : Dual variable associated with Constraint (5.56) or (5.57),         . 

  
   : Dual variable associated with Constraint (5.58),   

     ,              . 

  
   : Dual variable associated with Constraint (5.59),   

     ,              . 

  
   : Dual variable associated with Constraint (5.60),   

     ,              . 

The problem decomposition is as follows:  

HMATSP-Master Program: 

                   
 

          

        
 

      

   
 

       

       
    

 
   

       
        

 
        

  

subject to:  Constraints (5.1)-(5.3) 

    
 

    

                                          (5.54) 

  

      
     

   

           

      
 

      

   
      

    
 

    

                  

          (5.55) 

   

      
    

      
        

 
          

                     (5.56) 

   

      
    

      
        

 
          

               

              (5.57) 
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               (5.58) 

   

      
   

       

    
    

    
 

    

    

               (5.59) 

   

      
   

       

   
      

    
    

 
    

    

               (5.60) 

   
                                                         

     
         

                                       

     
          

                               

 

HMATSP-Subproblem,     : 

             
               

   

   

               
       

        

 

      

   

      
     

     
      

     
      

     
     

    

       

 

subject to:  Constraints(5.5)-(5.10), (5.16)-(5.22) 

   
      

     
                                                  (5.61) 

    
       

     
    

   

    

      
     

   

      

        (5.62) 

  
         

                                               

    
                                                              

    
                                                    

    
                                                



 125 

Constraint (5.61) is based on Constraint (5.24), which is induced by (5.14) and (5.15), and 

dictates that   
      if   

     . Constraint (5.62) is a relaxed version of the Time Capacity 

Constraint (5.4). If the optimal objective value of the subproblem is negative, the column 

index   is increased by 1 and the corresponding values of   
   ,   

   ,     
    and     

        variables 

are recorded as coefficients of the new column for the master problem. 

 HMATSP2  

This is similar to the HMATSP scheme. However, the subproblem is further decomposed 

by periods (along with by bays) (see Figure 5.11). Consequently, the starting and ending 

campaigns of a period are included in the column so that it can be connected with columns 

of adjacent periods. Again, the subproblem is easy to solve. However, since the time 

capacity constraint is relaxed (by omitting production time), there is no guarantee that the 

generated columns will be feasible. The model formulation of this decomposition scheme is 

provided in Appendix C.1. 

 B&S 

This scheme is similar to HMATSP, except that the number of batches ( ) is included 

in the subproblem, so that the original Time Capacity Constraint still holds (see Figure 

5.12).  Note that the subproblem is decomposable by bays. The time capacity constraint is 

not violated by any column. However, the subproblem is relatively hard to solve as it 

includes both batching and sequencing decisions. The model formulation of this 

decomposition scheme is provided in Appendix C.2. 

 Knapsack  

The subproblem determines the number of batches     to be produced in each bay 

during each period according to a relaxed version of the Time Capacity Constraint. This is 

an integer knapsack problem, with production batches as items (see Figure 5.13). The 

subproblem is decomposable by bays and periods, and it is relatively easy to solve. 

However, since the time capacity constraint is relaxed (by omitting setup time), the 

generated columns may be infeasible. The model formulation of this decomposition scheme 

is provided in Appendix C.3. 
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 LSP 

The subproblem determines the number of batches ( ) and the production level (   ), 

subject to a relaxed version of the Time Capacity Constraint, Flow Balance Constraint, 

Production Allocation Constraint, and Production Batch Constraint (see Figure 5.14). The 

subproblem is decomposable by families. In this decomposition scheme, the Time Capacity 

Constraint is further relaxed to ignore the conflicts between families that are sharing the 

same bay. The subproblem is relatively easy to solve. However, since the time capacity 

constraint is relaxed (by omitting setup times), there is no guarantee on the feasibility of 

the generated columns. The model formulation of this decomposition scheme is provided in 

Appendix C.4. 

 LSP2  

This is similar to the LSP decomposition approach, except that it includes the numbers 

of campaigns in the subproblem (see Figure 5.15). The subproblem is relatively easy to 

solve. However, the subproblem does not contain any feasibility constraint for the pattern of 

campaigns. Therefore, it tends to generate infeasible columns. The model formulation of 

this decomposition scheme is provided in Appendix C.5. 

 UCLSP  

In this scheme, the Time Capacity Constraint is not included in the subproblem, as un-

capacitated lot-sizing is easier to solve (see Figure 5.16). The subproblem has a very simple 

structure. The generated columns are relatively simple. The subproblem is decomposable by 

families and is easy to solve. However, since several sets of constraints are excluded from 

the subproblem, there is no guarantee on the feasibility of the generated columns. The 

model formulation of this decomposition scheme is provided in Appendix C.6. 

The corresponding separation of decision variables for each decomposition scheme is 

summarized in Table 5.1. Note that the subproblem variables whose values determine the 

coefficients of the columns inserted into the master program are highlighted in bold font. 
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Figure 5.11: HMATSP2 decomposition scheme 

 

 
Figure 5.12: B&S decomposition scheme 
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Figure 5.13: Knapsack decomposition scheme 

 

 
Figure 5.14: LSP decomposition scheme 
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Figure 5.15: LSP2 decomposition scheme 

 

 
Figure 5.16: UCLSP decomposition scheme 
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Table 5.1: Summary of decomposition schemes for column generation 

Decomposition Scheme Stage I variables Stage II variables 

HMATSP                     

HMATSP2                     

B&S                     

Knapsack                     

LSP                     

LSP2                     

UCLSP                     

 

5.6.2 Generation of an Initial Feasible Solution 

In order to accelerate the convergence of the column generation method, it is desirable to 

have a set of good initial columns, instead of starting from scratch with a Phase-I linear 

program. Accordingly, we implement the following heuristic methods to obtain a feasible 

solution for the PPMSP, which can be used to construct a set of initial columns. 

Generation of a Feasible Solution from Scratch 

 Period-wise Heuristic 

This is an iterative method. During each iteration, the numbers of batches ( ) for a 

period are regarded as integer variables. The  -variables for other periods are either fixed 

by previous iterations, or are assumed to be continuous variables to make the problem 

easier to solve. If a feasible solution is found, the values of the integer  -variables are fixed 

as parameters for future iterations. We start from the final period and assume the 

corresponding  -variables to be integral, and then, proceed backwards (towards the first 

period), fixing  -values for one period at a time.  If a feasible solution cannot be found 

during any iteration, the most recently-fixed  -values are allowed to change as integers. 

This problem is re-solved to obtain a feasible solution. 

 Level-wise Heuristic 

In this method, we solve the problem by decoupling items in the BOM tables. Note that 
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external demands only exist for end products. In the first iteration, we ignore all BOM 

relations and solve the problem to satisfy the external demands only. The values of  -

variables in the solution are recorded for all the products. We regard these values as lower 

bounds for the  -variables in future iterations. We also determine the amounts of other 

products that are needed to produce the required end products.  These internal demands 

will be satisfied in the next iteration, during which the problem is modified to recognize 

these demands and is solved without lowering the current production levels. The heuristic 

continues level by level until the cascading effect of internal demands comes to an end. If a 

feasible solution is obtained in the final iteration, all demand would have been 

consequently satisfied. 

 Relaxation-Fixing Heuristic 

This method consists of two steps. In the first step, the  -variables are relaxed to take 

continuous values. The problem is solved to obtain a solution with integral  -values 

(number of campaigns). These  -values are recorded and fixed as parameters. In the second 

step, the problem is re-solved, regarding the  -variables as integer variables. Since the 

numbers of campaigns have been fixed, the problem in the second step is relatively easy to 

solve. 

 Relaxation-Bounding Heuristic 

The Relaxation-Bounding heuristic is based on the Relaxation-Fixing heuristic with 

several revisions. First, instead of recording only the optimal solution in the first step, 

multiple incumbent solutions are kept as candidates for the second step. Second, since 

relaxing the  -variables to take continuous values (in the first step) tends to yield an 

underestimate of the  -values, it is preferable to treat these  -values as lower bounds 

rather than as fixed parameters in the second step. The refined method is described as 

follows: 

Step 1. Relax the  -,  - and  -variables to take continuous values, and solve the problem 

using CPLEX to obtain multiple incumbent values of  . 

Step 2. Modify the formulation PPMSP, so that, for each bay, one set of values of   is 
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selected from the pool of incumbents to serve as lower bounds for the numbers of 

campaigns as follows: 

    
    

    
 

   

    
      

                

    
 

   

                                                             

   
                                                             

where,   denotes the index set of incumbent solutions,   
  is the selection variable, 

and    
    

 
 is the number of campaigns in the  th incumbent solution. 

The modified problem is solved without relaxing any integrality restriction. Note that 

the relaxation adopted in Step 1 makes the resulting problem easier to solve. Moreover, 

since the PPMSP is only allowed to search over a restricted set of solutions in Step 2, the 

computational effort is significantly reduced. Yet the restriction is quite flexible as it allows 

the production patterns of different incumbent solutions to be re-combined on a bay-by-bay 

basis, which often leads to good quality solutions. 

5.6.3 Refinements of the Column Generation Method 

 Dual Stabilization Technique 

Note that to implement a decomposition scheme, the coupling constraints that contain 

both master problem variables and subproblem variables are revised by replacing the 

subproblem variables with convex combinations of their extreme point values. This 

transformation may introduce additional degeneracy in the master problem, as pointed out 

by Tebboth (2001), which slows convergence and requires a large number of iterations. Also, 

the dual solution tends to oscillate excessively, particularly during initial iterations. Dual 

stabilization techniques can be used to alleviate this effect. In particular, we consider the 

Box-Step method to restrict the range of dual variables in the master problem. The 

following bounds are added to each dual variable, which corresponds to a coupling 
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constraint in the Restricted Master Problem (RMP): 

                       

where    is the dual variable value obtained during the previous iteration. The initial value 

of δ is set to 0. , and is doubled in the next iteration if the imposed dual bounds are active 

in the current solution. In the primal formulation of the RMP, this strategy translates into 

additional slack and surplus variables in the corresponding coupling constraint. These 

variables are penalized with a unit cost of   in the objective function. 

 Subproblem Heuristic 

For some problem decomposition schemes, the subproblem is relatively difficult to solve. 

To speed up the column generation method, we can seek good solutions with a negative 

reduced cost without solving the subproblem to optimality. For example, we can solve the 

subproblem to a 10% optimality gap and use the best solution found so far to generate a 

new column. In case that the B&S decomposition scheme is used, we can apply the 

Relaxation-Bounding Heuristic to the subproblem. During the second step of the heuristic, 

we only attempt to find a column having a negative reduced cost. Note that, during the first 

step of the heuristic method, a relaxed version of the subproblem is solved. Therefore, we 

also obtain a lower bound on the reduced cost for that subproblem. Consequently, a lower 

bound can be derived for the objective value of the master problem. 

 Complementary Column Generation  

In a column generation algorithm, the RMP is solved as a linear program (LP). At the 

end of column generation, we may attempt to solve the problem as a mixed-integer program 

to obtain integer feasible solutions to the original problem. When the subproblem is 

decomposed into multiple problems, each subproblem gives rise to a separate set of 

columns. These columns are not necessarily compatible with each other, as their 

combination may fail to satisfy the coupling constraints in the master problem. Therefore, it 

is desirable to generate complementary columns that are mutually compatible, so that a 

good quality integer feasible solution to the master problem can be obtained afterwards. A 

complementary column generation algorithm developed by Ghoniem and Sherali (2009) is 
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as follows (see the steps below): For each subproblem, first search for a column having the 

most negative reduced cost. If a negative reduced cost column is found, an attempt is made 

to generate a set of complementary columns, one for each of the other subproblems. To 

achieve compatibility of these columns, the subproblems are solved sequentially, and 

additional constraints are added to account for the effect of existing columns within the 

current set.  The procedure is described below: 

 

Complementary Column Generation for the PPMSP 

 For each subproblem:  

  Find the column with the most negative reduced cost; 

  If the reduced cost is negative 

   Add this column to an empty compatible set  ; 

   For each of the other subproblems:  

    Find the column that is a best addition to  ; 

   End for 

   Add columns in   to the master problem; 

  End if 

 End for 

5.7 Local Search Heuristic Methods 

In Section 5.6.2, we have introduced heuristic methods to generate initial feasible solutions, 

which help in speeding up the convergence of the column generation method. Using these 

initial feasible solutions as a starting point, we can also develop local search heuristic 

methods to improve the solution quality. The goal here is to generate good feasible solutions 

for large-sized problem instances with moderate computational effort. 

A local search heuristic method is typically an iterative procedure. In each step, the 
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search area is restricted to a number of candidate solutions in order to avoid the complexity 

of optimizing over the entire solution space. Such candidate solutions are usually 

determined based on their vicinity to the current solution value, and hence, they are also 

collectively called the local search neighborhood. Upon finding the best solution in the 

neighborhood, the local search step is repeated, starting from the current best solution 

found. This iterative procedure continues, until no improvement can be obtained.  

5.7.1 Search by Problem Partitioning 

In this subsection, we construct several local search procedures, which rely on  the 

partitioning of the PPMSP based on its inherent problem structure. In other words, the 

decision variables in the PPMSP are divided into groups according to a given criterion and 

a local search neighborhood is defined by allowing only one group of decision variables to 

change at a time. 

 Local search by bays 

Step 1. For each bay, do the following: 

a. Solve a restricted problem, which follows the current best solution, but allows 

production in the current bay to change. 

b. If the objective value obtained is smaller than the best recorded value, the 

best solution is updated accordingly. 

Step 2. If there is no improvement during the last round of local search, stop; otherwise, 

go to Step 1.  

 Local search by product families 

Step 1. For each product family, do the following: 

a. Solve a restricted problem, where the numbers of batches follow the best 

solution found, except that the  -values of the current family are allowed to 

change. Note that all the  - and  -variables are allowed to change. 

b. If the objective value obtained is smaller than the best recorded value, update 
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the best solution to be the local optimal solution just obtained. 

Step 2. If there is no improvement during the last round of local search, stop; otherwise, 

go to Step 1.  

 Local search by periods 

Step 1. For each time period, do the following: 

a. Solve a restricted problem, where the numbers of batches and campaigns 

follow the best solution found, except that the production in the current 

period is allowed to change. 

b. If the objective value obtained is smaller than the best recorded value, update 

the best solution to the local optimal solution just obtained. 

Step 2. If there is no improvement during the last round of local search, stop; otherwise, 

go to Step 1.  

5.7.2 Guided Search 

In Step 2 of the Relaxation-Bounding heuristic method (Section 5.6.2), we have observed 

that adding additional bound restrictions on the  -variables make the resulting problem 

relatively easy to solve. We have applied lower bounds on the  -variables therein. An 

iterative local search method can be further developed by changing the values and 

directions of the bounds adaptively in order to reach better solutions. We call this heuristic 

method as the Guided Search.  

Assume that a feasible solution has been obtained by using the Relaxation-Bounding 

heuristic. We start with a downward search direction by adding the following bound 

restrictions to the PPMSP: 

   
       

       

               (5.63) 

where    
    is the corresponding value in the given feasible solution. In order to determine a 

good search direction, we first solve the above restricted problem as a linear program. If the 
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dual variable values associated with Constraint (5.63) are negative, the corresponding 

constraint is binding. We flip the bound direction accordingly, as follows: 

   
       

       

               (5.64) 

After the above adjustments to the search directions, we solve the restricted problem as an 

MIP. The local optimal solution obtained is then recorded if it is the best solution found so 

far. The bound values (   
   ) are also updated according to this new solution. We, then, start 

a new iteration using the updated bound values and search directions. This iterative 

procedure continues until no adjustment is made to the bound values and search directions, 

or a prescribed time/iteration limit is reached. 

5.8 Computational Investigation 

We carried out a computational investigation to test and evaluate the efficacy of the 

aforementioned modeling and solution approaches for the PPMSP. The testbed of data used 

for our experimentation is based on the real-life data for the period (2006-2008) collected 

from Boehringer-Ingelheim’s Primary Pharmaceutical Manufacturing Plant located in 

Petersburg, Virginia. Various problem characteristics were summarized statistically, and 

then, used to generate sample problem instances. 

5.8.1 Generation of Problem Instances 

Our algorithm for generating sample problems is comprised of five components, 

corresponding to the determination of product families, bays, routes, setups and demands, 

respectively. We present detailed steps of these components in the following.  

 Product Families 

Step 1. Generate     different products.  Determine the holding cost coefficient      from a 

continuous uniform distribution        ; determine the initial inventory level     
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from          ; determine the end inventory level      from        . 

Step 2. Partition the products into     different families as follows: 

a. Consider a sequence of         positions. Randomly select         positions 

as separators to construct     families.  

b. Fill each of the unselected positions with a product, and then, add one more 

product to each of the families obtained in step 2a. 

Step 3. Randomly create the BOM structure for each product family: 

a. Assign distinct ranks to all products in the family. 

b. Randomly generate BOM relations, which are consistent with the ranks 

(going from the high ranking products to the low ranking products). 

c. Generate the ratio for each BOM relation using a uniform distribution: 

       . 

Note that Step 2a results in     (potentially empty) families with a total number of      

     products. Step 2b further adds     products so that the final number of products is     

and there is at least one product per family. For example, if       and      , one 

possible outcome is illustrated in Figure 5.17, where white boxes represent positions, 

shaded boxes represent separators and circles represents products. 

 

 

 

Figure 5.17: Random generation of 7 products in 3 product families 

 

 

S S 

S S 

Step 2a 

Step 2b 
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Step 3 is based on the correspondence between a valid BOM structure and a directed acyclic 

graph (DAG), which imposes a partial order over the products. As suggested by Karrer and 

Newman (2009), we first generate a full order over the products, and then, construct a DAG 

that is consistent with this full order. A detailed description of Step 3b is as follows: 

i. Calculate the number of edges:                    
 
 according to a graph 

density factor  , which follows a uniform distribution           

ii. Fix the in-degrees      and out-degrees       of the       nodes as follows:  

Generate random numbers    from a discrete uniform distribution on             . 

Determine their order statistics, represented as     ,              , and the 

values of    according to the following system of equations: 

  

 
 
 

 
 

   
 
                       

   
      

   
      

   
    

   
      

   

For           , determine the value of     
 
    from a discrete uniform 

distribution over      
   
       

   
      ; ‡ 

Calculate the individual values of     based on the values of their summations 

determined above            .  

iii. Generate the DAG by randomly matching the in-degrees and out-degrees of the 

nodes, starting from the node with the lowest of rank. 

For example, if the in-/out-degrees are as given in Table 5.2, three different DAGs can be 

generated (see Figure 5.18). 

 

 

                                                

† A multiplier of 1.5 is applied to compensate for redundant edges, which can be generated in later 

steps. 
‡ This ensures that the following inequality holds for a valid DAG to exist: 
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Table 5.2: In-degrees and out-degrees of nodes (products) in a DAG 

Product   1 2 3 4 5 6 7 

   2 2 1 0 1 0 0 

    0 1 0 3 0 2 0 

 

 

Figure 5.18: Different DAGs with the same in-degrees and out-degrees 
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We assume the time capacity to be the same for all the bays in any given period. Hence 
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where    is a family-wise route density factor. 

Randomly select   family-to-bay matches from the         possible combinations. 

Check the selections to ensure that there is at least one family selected for each 

bay, and there is at least one bay selected for each family. 

Step 2. Randomly determine matches between the products and bays. 

Determine the number of compatible matches as: 

                  
              

                   
    

where    is a product-wise route density factor. 

Randomly select    matches between a product in    and a bay in    from the 

          possible combinations. Check the selections to ensure that there is at 

least one product of family   selected for each compatible bay in   , and there is 

at least one bay selected for each product of family  . Note that the set of 

compatible bays      has been fixed in Step 1. 

Step 3. Generate batch processing times from        ; and generate maximum batch sizes 

from        . 

 Changeover Setups 

For each bay    , we use the following steps to generate its setup time matrix, which 

is asymmetric, and it satisfies the triangle inequality: 

Step 1. Generate      random points in a  -dimensional unit cube (    for example). 

Step 2. Randomly generate a vector   in   , with     
 

 
.  

Step 3. Calculate the setup time from point    to point    as 
        

      
 , where 

  
         

           
 . Note that the setup time is equal to the shortest traversal time 

from point    to point    with a speed of       , relative to a flow that has the 

velocity of  . 



 142 

 

Step 4. Multiply the setup time by a given setup multiplier  . 

 Demands 

Step 1. Calculate the maximum amount of production for each product based on the 

assumption that production is continuous and the capacity of each bay is equally 

shared by compatible products. 

Step 2. Determine the tentative demand for each end product   according to the 

production capacities calculated in Step 1. If product   is consumed (directly, or 

indirectly) for the production of end product  , reduce the demand for product   

accordingly so that the induced amount of product   does not exceed its maximum 

capacity.  

Step 3.  Calculate the real demand value for each product  , by multiplying the tentative 

value (determined in Step 2) with a demand factor, which is generated from a 

uniform distribution        . 

We considered two datasets with different problem scales (see Table 5.3) and some 

common parameter values (see Table 5.4), which are determined according to the real-life 

data. For Dataset A, we generated 30 problem instances. For Dataset B, which involves 

larger-sized problems, we considered 10 problem instances. 

 

Table 5.3: Problem scales of different datasets 

Parameter                 

Value 
Dataset A 5 15 5 12 

Dataset B 7 52 21 12 
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Table 5.4: Parameter values for problem generation 

Parameter                               

Value (0.1, 0.9) (0,100) (50,100) (1.05, 1.5) 

Parameter                     

Value (0.23, 2.86) (672, 744) 0.143 0.224 

Parameter                         

Value (8.5, 168) (4, 1762.5) 100 (0, 1) 

5.8.2 Results of Experimentation 

Our computational results were obtained using a computer consisting of a 2.67GHz dual 

core CPU with 2GByte RAM running OPL IDE 6.3 (which uses CPLEX 12.1 as the 

underlying solver). We considered two different LP bound values: 

Bound I: Determined using the presolve routine of CPLEX before solving the LP 

relaxation at the root node, without generating any additional cuts via CPLEX. 

Bound II: Determined using the presolve routine of CPLEX and the default cuts provided 

by CPLEX, before solving the LP at the root node. 

 

 Comparison of Formulations 

First, we compared the performances of several different problem formulations (see 

Table 5.5) without including any additional valid inequalities. The computational results 

obtained for these formulations on Dataset A are summarized in Table 5.6, where relative 

optimality gaps are calculated using the optimal objective value as a denominator. Several 

of the 30 problem instances for Dataset A were found to be infeasible, and hence, are 

excluded from the results presented in Table 5.6. In addition, from among the 23 feasible 

instances, Problem 23 required a much longer CPU time than that required by the others. 

To avoid it from dominating the calculation of average performance values, we present the 

results for Problem 23 separately in Table 5.7.  
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Table 5.5: Different problem formulations 

Formulation Constraints 
Production 

Model 

Graph Connectivity 

Constraint 

V1 (5.1), (5.4)-(5.23) Basic Model Multiple Commodity Flow 

V2 
(5.4)-(5.23), (5.25), 

(5.26), (5.29) 
Plant Location Multiple Commodity Flow 

V3 
(5.1), (5.4)-(5.18), 

(5.23), (5.30)-(5.32) 
Basic Model MTZ-based 

V4 
(5.1), (5.4)-(5.18),  

(5.23), (5.33), (5.34) 
Basic Model Single Commodity Flow 

 

 

Table 5.6:  Average performance of different formulations for 22 problem instances of 

Dataset A 

Formulation 

No. of Non-

zero 

Coefficients 

Opt Gap 

for Bound I 

Opt Gap 

for Bound 

II* 

No. of 

Nodes 

Average 

Time 

(sec) 

V1   9,643 74.57% 26.35% 42,529   71.7 

V2 13,621 78.49% 21.35% 56,492 359.9 

V3  8,335 78.70% 26.91% 81,124 131.6 

V4  8,240 73.57% 24.74% 51,247 102.4 

*Problem 22 is excluded for this column since it was solved at the root node itself. 

 

Table 5.7: Performance of different formulations for Problem No. 23 of Dataset A 

Formulati

on 

No. of Non-

zero 

Coefficients 

Opt Gap 

for Bound 

I 

Opt Gap 

for Bound 

II 

No. of Nodes 
CPU Time 

(sec) 

V1   8,788 78.50% 60.50%     41,230,428   56,414.4 

V2 12,982 78.50% 53.97%    33,974,978   76,064.5 

V3   7,900 80.35% 60.11% *>39,444,900 *>48,466.9 

V4   7,768 80.04% 59.70% 39,198,110 48,900.7 

* Solver was stopped due to memory exhaustion. 
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Note that Formulation V1 required the least average CPU time for the 22 instances. For 

Problem 23, it is also very competitive in terms of the CPU time required, although V4 is 

slightly faster. Formulation V2 used the least number of nodes for Problem 23, and induced 

the tightest Bound II value for all instances. Also note that Formulation V4 yields the most 

compact model representation in view of the number of no-zero coefficients. 

 Effectiveness of Valid Inequalities 

Next, we evaluated the effectiveness of the valid inequalities proposed in Section 0 by 

adding them individually to Formulation V1. Table 5.8 specifies the different cut 

configurations investigated.  

 

Table 5.8: Cut configurations 

Name of 

Cut 
Added Inequalities 

Replaced 

Inequalities 

Cut C1 (5.35) (5.15) 

Cut C2 (5.36) (5.15) 

Cut C3 (5.36)  

Cut C4 (5.36), (5.37)  

Cut P (5.2), (5.3), (5.38) (5.23) 

Cut G (5.39) or (5.40)*  

Cut X1 (5.41), (5.43), (5.44) and (5.45)*  

Cut X2 (5.46)  

Cut Z (5.47)  

Cut S (5.48)-(5.53)  

* The marked constraint is for the Plant Location Model.  

 

The results obtained using these valid inequalities for Dataset A are summarized in 

Table 5.9 and Table 5.10, where, as before, the results for Problem No. 23 are summarized 

separately in Table 5.10.  Note that the application of any of these inequalities by itself, 

except for Cut S, results in tightened LP bounds. Although the CPU time required to solve 

a problem instance does not always decrease after the inclusion of a cut, the effect is  
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Table 5.9: Average performances of various valid inequalities for 22 problem instances of 

Dataset A 

Cut 

Added 

No. of Non-zero 

Coefficients 

Opt Gap for 

Bound I 

Opt Gap for 

Bound II* 

No. of 

Nodes 

Average 

Time (sec) 

    N/A   9,643 74.57% 26.35%      42,529     71.7 

  C1   9,643 73.34% 26.19%      57,581   123.9 

  C2   9,643 73.33% 26.34%      61,947   141.2 

  C3   9,994 73.32% 26.41%      54,161   145.3 

  C4 10,481 73.26% 26.30%      66,615   116.4 

P 10,616 63.34% 23.33%      35,019     75.8 

G 10,066 63.18% 23.51%      34,293     67.5 

  X1 10,964 42.91% 24.79%      48,366   116.3 

  X2 10,966 42.91% 25.07%      63,333   148.2 

Z 10,074 43.88% 23.83%      86,324   137.6 

S 12,763 74.57% 48.92% 1,551,955 3068.7 

*Problem 22 is excluded for this column since it was solved at the root node itself. 

 

Table 5.10: Performances of various valid inequalities for Problem No. 23 of Dataset A 

Cut 

Added 

No. of Non-zero 

Coefficients 

Opt Gap for 

Bound I 

Opt Gap for 

Bound II 
No. of Nodes Time (sec) 

    N/A   8,788 78.50% 60.50%     41,230,428   56,414.4 

  C1   8,788 78.48% 60.21%     28,702,577   34,708.7 

  C2   8,788 78.48% 59.41%     42,052,821   50,877.0 

  C3   9,136 78.48% 59.49%     21,614,523   23,164.3 

  C4   9,616 78.46% 59.49%     33,366,570   40,655.7 

P   9,748 71.07% 54.10%     19,085,757   22,452.7 

G   9,208 71.07% 54.15% *>34,548,700 *>39,748.3 

  X1 10,116 70.28% 57.58%     30,478,947   39,719.6 

  X2 10,116 70.28% 57.58%     30,478,947   38,583.7 

Z   9,236 73.72% 58.42%     13,885,268   15,886.3 

S 11,788 78.50% 68.36%     15,644,497   22,120.7 

* Solver was stopped due to memory exhaustion. 
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positive for the hardest problem instance (i.e., Problem No. 23—see Table 5.10) for all the 

cuts except for Cut G, for which the runs exceeded the memory limitations. 

We further investigated the simultaneous addition of multiple valid inequalities to the 

problem formulation. The various cut combinations used are depicted in Table 5.11. We 

applied these combinations on Formulation V1 and solved the problems in Dataset A. The 

results obtained are summarized in Table 5.12 and Table 5.13. Note that Combination 1 

yielded the most favorable results, being robustly effective for all problem instances 

(including Problem No. 23). 

 

Table 5.11: Combinations of cuts 

Cut Combination Cuts Included 

Combination 1 Cut C3, Cut G, Cut X1 

Combination 2 Cut C3, Cut G, Cut Z 

Combination 3 Cut C4, Cut G, Cut X1 

Combination 4 Cut P, Cut X1 

 

 

Table 5.12: Average performances of various cut combinations on Formulation V1 for 22 

instances of Dataset A 

Cut Added 

No. of Non-

zero 

Coefficients 

Opt Gap for 

Bound I 

Opt Gap for 

Bound II* 

No. of 

Nodes 

Average 

Time (sec) 

N/A 9,643 74.57% 26.35% 42,529 71.7 

Combination 1 11,738 36.95% 22.26% 19,271 66.3 

Combination 2 10,849 36.35% 21.05% 22,563 49.6 

Combination 3 12,225 36.95% 22.08% 33,062 90.1 

Combination 4 11,937 37.07% 21.88% 27,543 81.1 
* Problem 22 is excluded for this column since it was solved at the root node itself. 
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Table 5.13: Performances of various cut combinations for Problem No. 23 of Dataset A 

Cut Added 

No. of  

Non-zero 

Coefficients 

Opt Gap for 

Bound I 

Opt Gap for 

Bound II 
No. of Nodes 

Average 

Time (sec) 

N/A   8,788 78.50% 60.50%     41,230,428    56,414.4 

Combination 1 10,884 65.42% 54.56%     13,034,931    15,323.3 

Combination 2 10,004 63.93% 51.59% *>28,596,200 *>32,622.3 

Combination 3 11,364 65.42% 54.57%     13,760,222    15,256.5 

Combination 4 11,076 65.46% 54.53%     23,011,362    31,527.4 

* Solver was stopped due to memory exhaustion. 

  

Furthermore, we applied Cut Combination 1 to Formulations V2, V3 and V4 as well. 

The results obtained are summarized in Table 5.14 and Table 5.15. Note that, comparing 

these results with the results in Table 5.6 and Table 5.7, the addition of Combination 1 

significantly tightened the LP relaxation and reduced the numbers of nodes for all four 

problem formulations. Formulation V4 with Cut Combination 1 is the most efficient 

configuration on average. Formulation V3 with Combination 1 required the least CPU time 

for the 22 easier problem instances of Dataset A. 

Table 5.14: Average performances of four different formulations along with Combination 1 

for 22 instances of Dataset A 

Configuration 
No. of Non-zero 

Coefficients 

Opt Gap at 

Bound I 

Opt Gap at 

Bound II* 

No. of 

Nodes 

Average 

Time (sec) 

Formulation V1 

+ Combination 1 
11,738 36.95% 22.26% 19,271   66.3 

Formulation V2 

+ Combination 1 
19,069 31.56% 19.42% 24,116 223.2 

Formulation V3 

+ Combination 1 
10,430 40.35% 22.33% 23,132   58.6 

Formulation V4 

+ Combination 1 
10,261 38.25% 21.77% 26,670   70.0 

* Problem 22 is excluded for this column. 
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Table 5.15: Performances of four different formulations along with Combination 1 for 

Problem No. 23 of Dataset A 

Configuration 

No. of Non-

zero 

Coefficients 

Opt Gap 

at Bound I 

Opt Gap at 

Bound II 

No. of 

Nodes 

Average 

Time (sec) 

Formulation V1 

+ Combination 1 
10,884 65.42% 54.56% 13,034,931   15,323.3 

Formulation V2 

+ Combination 1 
18,573 64.54% 51.75% 33,718,150 109,653.4 

Formulation V3 

+ Combination 1 
  9,996 67.64% 53.45% 13,501,309   17,376.9 

Formulation V4 

+ Combination 1 
9,864 67.64% 52.82% 9,695,521     9,021.7 

 

 Larger Problem Instances 

Next, we applied various model configurations to Dataset B, which consists of more 

difficult problem instances. To make the computations more manageable, we solved these 

problem instances to a specified optimality gap of 10%. Based on the results of a 

preliminary experimentation, Formulation V1 with Cut Combination 1 yielded the best 

performance. Hence, using this model configuration, we recorded the corresponding CPU 

time,    seconds, say, for each instance in Dataset B, and then used a corresponding time 

limit of              seconds for testing other model configurations in order to provide some 

comparative results. 

In order to evaluate the efficacy of adding valid inequalities, we solved the 10 problem 

instances in Dataset B using Formulation V1, with and without Cut Combination 1. Since 

the optimal objective values were not always available, the relative optimality gap was 

calculated by regarding the best objective value obtained as the true optimal value. The 

results are summarized in Table 5.16. An infeasible problem instance (Problem No. 3) has 

been excluded from this comparison. Note that the addition of Cut Combination 1 leads to a 

significant reduction in CPU time. This observation is further illustrated in Figure 5.19, 
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where an arrow denotes that the solver terminated prematurely before an optimal gap of 

10% was achieved. 

 

Table 5.16: Average performances for nine problem instances of Dataset B with and 

without Cut Combination 1 

Configuration 

No. of  

Non-zero 

Coefficients 

Opt Gap for 

Bound I 

Opt Gap for 

Bound II 

No. of 

Nodes 

Average 

Time (sec) 

Formulation V1 48,329 75.44% 36.22% *>316,904 *>9,342.9 

Formulation V1 

+Cut Combination 1 
58,946 47.36% 31.64% 160,177      6,693.9 

* On Problem 7, the solver stopped prematurely due to memory exhaustion. 

 

 

Figure 5.19: CPU time of problem instances in Dataset B 
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For comparative purposes, we also solved the problem instances of Dataset B with 

Formulations V2, V3, and V4 along with Cut Combination 1.  The results are summarized 

in Table 5.17. Note that although Formulation V2 yielded tighter LP relaxations than that 

for Formulation V1, it is much larger in size, and therefore, required a longer average CPU 

time. Formulations V3 and V4 are more compact in model sizes than the other two, but 

they yield inferior values of Bound I and consume a longer average CPU time than that 

required by Formulation V1. To compare the CPU times in more detail, we have depicted 

the results for the individual nine instances in Figure 5.20. Note that the superiority of 

Formulation V1 (with Cut Combination 1) is more prominent for the harder problem 

instances. Formulation V3 is very competitive for easier problem instances. 

 

Table 5.17: Average performances of three different formulations for nine problem 

instances of Dataset B.  

Configuration 

No. of  

Non-zero 

Coefficients 

Opt Gap at 

Bound I 

Opt Gap at 

Bound II 

No. of 

Nodes 

Average 

Time (sec) 

Formulation V1 

+Cut Combination 1 
58,946 47.36% 31.64% 160,177      6,693.9 

Formulation V2 

+Cut Combination 1 
85,057 44.82% 30.54% 131,813 12,016.6 

Formulation V3 

+Cut Combination 1 
52,140 47.59% 31.65% *>250,705 *>7,622.1 

Formulation V4 

+ Combination 1 
51,390 47.59% 31.62% *>384,100 *>11,105.8 

* On Problem 7, the solver stopped prematurely due to memory exhaustion. 
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Figure 5.20: CPU time used by different formulations with Cut Combination 1, for the 

problems in Dataset B 
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initial feasible solutions by using the heuristic methods introduced in Section 5.6.2. For the 

Relaxation-Bounding (R-B) heuristic method, we used a target optimality gap of 10% and a 

time limit of 60 seconds in its relaxation step (i.e., Step 1) to reduce the CPU time. The 

results for the problem instances of Dataset A are summarized in Table 5.18, where the 
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and Cut Combination 1. In addition, we considered the option of implementing the R-B 

heuristic method without adding Cut Combination 1. For a comparison, we also include in 

Table 5.18 the CPU time required to solve the problem to optimality by using Formulation 

V1 with Cut Combination 1, which is the best configuration found so far for a Direct 

Solution.  

 

Table 5.18: Results of heuristic methods for 23 problem instances of Dataset A 

Method 

Maximum 

Heuristic 

Gap 

Average 

Heuristic 

Gap 

Maximum 

CPU Time 

(sec) 

Average 

CPU Time 

(sec) 

Period-wise heuristic 26.95% 6.01% 211.0 26.3 

Level-wise heuristic *56.44% *23.91% 19.9 4.9 

R-B Heuristic w/o Cut 8.46% 2.28%      73.5   19.9 

R-B Heuristic w/Cut 22.91% 2.65% 82.9 14.1 

Direct Solution -- -- 12,549.5 597.2 
* Calculated based on 14 problem instances for which the heuristic obtained a feasible 

solution. 

 

Note that the R-B heuristic method is the most effective of the three, as it yielded good 

initial solutions with relatively short CPU times. Furthermore, when the R-B heuristic 

method is used without any additional cuts, it yielded better solutions than those obtained 

with Cut Combination 1. Hence, for problem instances of Dataset A, we use this option to 

provide initial columns for the column generation method.  

A comparative study of the decomposition schemes presented in Section 5.6.1 revealed 

the HMATSP2 scheme to give the most promising results. It required the least CPU time 

and number of iterations to converge, and yielded the best solutions. Next, we applied the 

column generation method with the HMATSP2 decomposition scheme to the problem 

instances of Dataset A. Subproblem heuristic was applied to reduce the CPU time. We 

consider two options for the starting strategy of the master program: either to start from a 

Phase-I linear program without initial columns, or to use the solution obtained from the R-

B heuristic method as initial columns. In addition, we considered the inclusion of Cut 
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Combination 1 to the master program, as it tends to tighten the problem formulation. The 

results obtained are summarized in Table 5.19. Note that the CPU time reported includes 

both the time required to generate the columns and the time required to solve the final 

MIP. As the results suggest, the use of initial columns significantly reduces the CPU time, 

and also, improves the solution quality. Although the addition of Cut Combination 1 tends 

to require a higher number of iteration for the column generation procedure, it is very 

effective in reducing the overall CPU time and improving the solution quality. In 

conclusion, applying column generation method with initial columns and Cut Combination 

1 is very efficient, as it reduces the average gap from an initial value of 2.28% (see Table 

5.18) to 1.33% using only 38.3 seconds on average. 

 

Table 5.19: Results of the column generation method using scheme HMATSP2 for 23 

problem instances of Dataset A 

Initial columns Cuts Applied 

Number of 

CG 

Iterations 

Maximum 

Heuristic 

Gap 

Average 

Heuristic 

Gap 

CPU 

Time (sec) 

N/A N/A   9.3 52.45% 33.35% 1666.7 

N/A Combination 1 10.5 20.01% 6.05% 555.0 

R-B heuristic N/A   8.4 5.38% 1.51% 595.8 

R-B heuristic Combination 1   8.8 5.38% 1.33% 38.3 

 

 

The convergence of our column generation method is quite fast in view of the number of 

iterations used. Nevertheless, we tested the use of BoxStep dual stabilization technique 

(Tran, Reinelt, and Bock, 2006) with Cut Combination 1 added to the master program. The 

results are summarized in Table 5.20, where initial columns were provided to both options. 

Note that the BoxStep method required more iterations and a longer CPU time due to its 

iterative adjustment of dual bounds. However, its final solution is slightly better than the 

default solution. 



 155 

Table 5.20: Results of the column generation method using scheme HMATSP2 with and 

without dual stabilization technqiue for 23 problem instances of Dataset A 

Dual Stabilization 
Number of 

CG Iterations 

Maximum 

Heuristic Gap 

Average 

Heuristic Gap 

Average CPU 

Time (sec) 

N/A   8.8 5.38% 1.33%   38.3 

BoxStep method 54.9 4.20% 1.24% 150.8 

 

 Larger Problem Instances 

Next, we applied the column generation method on Dataset B, which involves larger-

sized problems. Since the optimal objective values were not always accessible, the heuristic 

gap was calculated by regarding the best lower bound obtained in Section 5.8.2 as the value 

of    in (5.65). As for Dataset A, we used the Relaxation-Bounding heuristic method to 

generate initial columns. To limit the CPU time required to solve the MIP in Step 2 of the 

R-B heuristic method, we applied a time limit of 1800 seconds and stopped the solver once a 

1% optimality gap was reached. The results of R-B heuristic method are summarized in 

Table 5.21, along with the results of solving the problem by using Formulation V1 with Cut 

Combination 1 (Direct Solution).  Note that, on average, the addition of Cut Combination 1 

to the R-B heuristic method yielded better solutions than those obtained without adding 

cuts. We use this version on Dataset B to provide initial columns for the column generation 

method. 

The results of our column generation method with the HMATSP2 decomposition scheme 

are presented in Table 5.22. At the end of column generation, a time limit of 3,600 seconds 

was applied for the solution of the master problem as an MIP. It is obvious that the 

addition of Cut Combination 1 improves the performance of the column generation method 

significantly. Consequently, the average relative difference between the solutions of column 

generation and those of direct solution is only 0.84%. If we further include the CPU time of 

the R-B heuristic method, the average CPU time of the column generation method is 

490.7+2313.6=2804.3 seconds, which is significantly less than that of direct solution (i.e., 

6693.9 seconds; see Table 5.16). 
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Table 5.21: Results of the Relaxation-Bounding heuristic method and direct solution by 

CPLEX for 9 problem instances of Dataset B 

Method 
Maximum 

Heuristic Gap 

Average 

Heuristic Gap 

Maximum 

CPU Time 

(sec) 

Average 

CPU Time 

(sec) 

R-B Heuristic w/o Cut 18.11% 14.32%   1,833.4   589.1 

R-B Heuristic w/Cut 22.54% 11.66%   1,835.7   490.7 

Direct Solution 11.11%   9.74% 51,155.2 6,693.9 

 

Table 5.22: Results of the column generation method using scheme HMATSP2 with 

various valid inequalities for 9 problem instances of Dataset B 

Cuts Applied 
Number of 

CG Iterations 

Maximum 

Heuristic 

Gap 

Average 

Heuristic 

Gap 

Average 

CPU Time 

(sec) 

N/A 17.3 22.54% 11.60% 3168.7 

Combination 1 15.4 12.96% 10.09% 2313.6 

 

5.8.4 Local Search Methods 

In Section 5.7, we have introduced two types of local search heuristic methods: (i) search by 

problem partitioning, and (ii) guided search. For the first type of local search, our 

experimental investigation has revealed that search by product families yields the best 

results. Therefore, we tested this strategy and the guided search method on problem 

instances of Dataset B. For both of these methods, we used the solution obtained from the 

Relaxation-Bounding Heuristic with Cut Combination 1 as the starting point. A time limit 

of 1800 seconds was imposed for the guided search method. The results are summarized in 

Table 5.23. Note that both of these methods improved upon the initial solutions obtained by 

using the R-B method (see Table 5.21); however, guided search generates better solutions. 

Compared with the column generation method (with Cut Combination 1), both of these 

method required less CPU time; but the solutions obtained are not as good as those by the 

column generation method (see Table 5.22). 
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Table 5.23: Results of two local search heuristic methods for 9 problem instances of 

Dataset B 

Method 

Maximum 

Heuristic 

Gap 

Average 

Heuristic 

Gap 

Maximum 

CPU Time 

(sec) 

Average 

CPU Time 

(sec) 

Search by  

Product Family 
21.46% 11.34%  1741.7   230.7 

Guided Search 22.54% 11.19% 1825.3 1620.4 
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Chapter 6 

6 Summary, Conclusions and Future 

Research 

This dissertation has been devoted to the development of novel approaches for some 

stochastic and deterministic scheduling problems. Our treatment of these scheduling 

problems has emphasized two important features: presence of stochastic job processing 

times and integration of scheduling with batching decisions for production on capacitated 

parallel machines. We have handled the first feature by addressing the following three 

aspects: (i) evaluation of a given schedule to determine both the expectation and variance of 

a performance measure; (ii) simultaneous minimization of expectation and variability of a 

performance measure through the use of conditional-value-at-risk; (iii) generation of 

scenarios that ascertain a lower bound for the problem by using the scenario-based 

mathematical programming approach. To address the second feature, we considered the 

primal pharmaceutical manufacturing scheduling problem, which comprises production in 

batches on parallel bays(machines) of limited capacity, sequence-dependent setup time/cost, 

and carryover setup (from one period to another).  

In Chapter 2, we have considered the problem of determining both the expectation and 

variance of various performance measures of a given schedule when the job processing 

times are stochastic variables. Our method relies on the use of mixture models to 
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approximate a variety of distribution types. We have applied the Expectation-Maximization 

algorithm of Dempster et al. (1977) to derive mixture models of processing time 

distributions. Since the job sequencing decisions are known a priori, we utilized these 

mixture models of job processing times to calculate distributions of intermediate random 

variables in order to derive the expectation and variance of various scheduling performance 

measures. To make our method more computationally efficient, we have adapted a mixture 

reduction method to control the number of mixture components used at the intermediate 

steps. We have applied our method to two different scheduling problems: the job shop 

makespan minimization problem and the single machine total weighted tardiness 

scheduling problem. We compared the performance of our method with that of the Monte-

Carlo method. The results show the efficacy of our mixture approximation method. Our 

method generates fairly accurate results while requiring significantly less CPU times. The 

proposed method offers a good compromise between the Monte Carlo method, which 

requires extensive effort, and the use of simple normal approximation, which produces 

lower-quality results.  

In Chapter 3, we have introduced and demonstrated, for the first time in the literature, 

the use of conditional-value-at-risk (CVaR) as a criterion for stochastic scheduling problems 

in order to obtain risk-averse solutions. This criterion has the tendency of minimizing both 

the expectation and variance of a performance measure simultaneously, which is an 

attractive feature in the scheduling area as most of the literature in this area considers the 

expectation and variance of a performance measure separately. Also, the CVaR has an 

added advantage of maintaining a linear objective function. We have developed a scenario-

based mixed integer programming formulation to minimize CVaR for the general 

scheduling problem involving various performance measures, and employed a 

decomposition-based approach for its solution. Furthermore, valid inequalities were 

incorporated to strengthen the relaxed master problem of this decomposition scheme. We 

have demonstrated the use of the proposed approach on the single machine total weighted 

tardiness scheduling problem. Our computational investigation has revealed the efficacy of 
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the proposed decomposition approach and the effectiveness of using the CVaR as an 

optimization criterion for scheduling problems. Besides providing an exact approach to 

solve our stochastic scheduling problem, we have also developed an efficient heuristic 

method to enable the use of CVaR for large-sized problems. To that end, we modified the 

Dynasearch method of Grosso et al. (2004) to minimize CVaR for a stochastic scheduling 

problem. Furthermore, we have extended the application of CVaR to a parallel-machine 

total weighted tardiness problem. The use of CVaR appears to be quite promising for 

simultaneously controlling both the expected value and variability of a performance 

measure in a stochastic scheduling environment.  

Our focus in Chapter 4, has been to determinate a lower bound for stochastic scheduling 

problems. Due to the long CPU time required to solve a scenario-based formulation, the 

method of Sample Average Approximation tends to be quite time-consuming. The new 

method that we have developed for scenario generation is computationally competitive, and 

it assures attainment of an exact lower bound. Our approach is based on discretization of 

random parameter distributions of job processing times. We have used the idea of Recursive 

Stratified Sampling to partition the probability space to enable the conditional expectations 

in each region to yield scenario-wise parameter values. These scenarios are, then, used to 

formulate a two-stage stochastic program, which yields a lower bound for the original 

stochastic problem. We have provided theoretical basis of our bounding approach for both 

the expectation and CVaR objectives. Our discrete bounding method generates exact lower 

bounds, as against the probabilistic bounds generated by Sample Average Approximation. 

We have also presented results of our numerical experimentation that demonstrate 

superiority of our method over the Sample Average Approximation method in terms of the 

bound value obtained and the CPU time required.  

In Chapter 5, we have addressed an integrated problem of batching and scheduling of 

jobs on parallel capacitated machines that is encountered in the primary manufacturing 

sector of a pharmaceutical supply chain. We have developed a comprehensive mathematical 

programming model that accommodates various realistic features of this problem. These 
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features include batch production, sequence-dependent setup time/cost, and carryover 

setups (from one period to another). We have further derived several valid inequalities that 

exploit the embedded subproblem structure. We have also considered an alternative 

formulation (termed the Plant Location model) based on the lot-sizing perspective of the 

problem. Noting the resemblance of the campaign sequencing subproblem to the high 

multiplicity asymmetric traveling salesman problem (HMATSP), we have adapted various 

ideas from the HMATSP to enforce the connectivity of the sequencing graph. Due to the 

complexity of this problem, we also explored the possibility of applying column generation 

technique for its solution. Various schemes of problem decomposition were considered, 

along with the use of dual stabilization technique to improve convergence of the column 

generation procedure. We also employed an advance-start strategy to further enhance the 

performance of the column generation method. Our comprehensive computational 

investigation on a testbed of data that mimics real-life problem instances obtained from 

Boehringer-Ingelheim’s facility in Petersburg, Virginia reveals the effectiveness of using 

the proposed column generation method on real-life size problems. 

There are several directions that can be followed for future research.  

1. Our method of mixture approximation is an alternative method to compute both the 

expectation and variance of a schedule. Even though we have demonstrated its 

application on two problems, yet its application to other scheduling problems and 

performance measures seems quite promising. The key question is to seek a 

compromise between the number of components and the accuracy desired. 

2. We have successfully demonstrated, for the first time in the literature, the use of 

CVaR to simultaneously minimize both the expectation and variance of a 

performance measure. Until now, these measures have been optimized separately. 

It seems very promising to further investigate its use in the scheduling area. 

3. We have provided several useful insights regarding the integrated scheduling and 

lot-sizing problem. It seems worthwhile to develop other methods, besides the 

column generation method, for the solution of this difficult problem. 
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Appendix A  

Approximating Expectation using 

Kernel Density Estimation 

Consider   independent samples of random variable         : 

                

The PDF of its Gaussian kernel density estimation,   , can be written as:  

        
 

  
  

    

 
 

 

   

  

Suppose that      is performance measure of interests, and we use    instead of   to 

determine its value. The corresponding error is  

                                      
  

  

  

Since the PDF of    depends on the random sample values     , the resulting error is also a 

random variable whose expectation can be written as follows: 

                               
                     

  

  

  

We have 
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Applying transformation   
   

 
 and        to the above equation, we further have 

     
                        

  

  

  

Hence, 

                        

                  
  

  

             
  

  

 

                         
  

  

      
  

  

 

(A.1) 

Assuming the existence of derivatives   
    ,   

     , and   
      , we apply Taylor’s theorem 

as follows: 

                     
     

    

  
  

      
    

  
  

        

where           .  

Since  

         
  

  

             
  

  

    

we further have: 

                       
  

  

 

             
     

    

  
  

      
    

  
  

   
      

  

  

 

 
  

  
  

      
  

  
      

where               
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Consequently,  
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Therefore, convergence of the expected error with diminishing values of   depends on 

the finiteness of the terms    
           

  

  
 and            

  

  
. In case that the 

derivatives of       do not exist, the convergence condition need to be derived separately.  

Suppose that   is a random variable, which follows the Gaussian kernel distribution 

     , and that it is independent of  . We have  

                              
  

  

  

In view of Equation (A.1), we can re-write the expected error as follows: 

                                         

Hence, its convergence to zero is intuitive with diminishing values of  . 
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Appendix B  

Simplification of Problem SP 

Define two non-negative second stage variables      
  and      

 , such that  

     
       

         
 
           

The problem can be re-written as: 

                          
    

    

 subject to:                               

                                   

         
 
       

       
             

                               
            

                           
       

              

 

Let     
 
 

  
       

  

  
 

  
 
         

    

     
 ,     

   
    

         
    
 

   

        . 

We have the following simplified form: 

                            

 subject to:                                  
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Appendix C  

Additional Decomposition Schemes for 

Column Generation 

C.1 HMATSP2 Decomposition Scheme 

Sets: 

    : Index set of the columns corresponding to bay   and period  ,         . 

Parameters:  

      
 
 : Value of subproblem variable ―  ‖ fixed in the  th column of bay   and period  , 

               . Note that indices   and   are implicitly indicated by the 

enclosed variable ―  ‖. 

Variables:  

  
   : Binary variable indicating the inclusion/exclusion of the  th column of bay   and 

period  ,                , and relaxed to take continuous values. 

    : Dual variable associated with the Convexity Constraint (C.1),         . 

    : Dual variable associated with the Time Capacity Constraint (C.2),       ,       

   . 

  
    : Dual variable associated with Constraint (C.3),               . 

  
    : Dual variable associated with Constraint (C.4),   

      ,               . 

  
   : Dual variable associated with Constraint (C.5),   

     ,              . 

  
   : Dual variable associated with Constraint (C.6),   

     ,              . 
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   : Dual variable associated with Constraint (C.7),   

     ,              . 

The problem decomposition is as follows:  

HMATSP2-Master: 

                   
 

          

        
      

        
    

 
         

      
       

        

 

         

 

subject to:  Constraints (5.1)-(5.3), (5.5), (5.6), (5.11), (5.12), (5.18) 

    
   

      

                                    (C.1) 

  

      
     

   

           

      
    

        
    

 
            

                  

          (C.2) 

   

    
         

      
 

       

       
       

      
     

    

   

                (C.3) 

   

    
         

     
 

       

       
       

     
     

    

   

                (C.4) 

   

      
   

       

   
      

      
    

 
      

   

               (C.5) 

      
   

       

    
      

    
 

      

    

               (C.6) 
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               (C.7) 

   
                                                         

     
         

                                         

     
          

                             

     
                                                      

                                                                .   

 

HMATSP2-Subproblem,         : 

             
             

   

      

      

     
     

     
      

     
      

     
     

      
       

      
       

    

    

 

subject to:  Constraints (5.9), (5.10), (5.16), (5.18), (5.19)-(5.22) 

     
   

     

                        (C.8) 

     
   

     

                        (C.9) 

   
      

     
                                                   (C.10) 

    
       

     
    

   

    

      
     

   

      

      (C.11) 

  
         

                                             

    
                                                           

Note that Constraints (C.8) and (C.9) are aggregated versions of Constraints (5.7) and (5.8), 

respectively. Constraint (C.10) is based on Constraint (5.24), which is induced by (5.14) and 

(5.15), and dictates that   
      if   

     . Constraint (C.11) is a relaxed version of the 

Time Capacity Constraint (5.4). If the optimal objective value of the subproblem is negative, 
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the column index   is increased by 1 and the corresponding values of   
   ,   

    and     
    

variables are recorded as coefficients of the new column for the master problem.   

C.2 B&S Decomposition Scheme 

We present the formulations for this decomposition scheme as follows: 

Sets: 

  : Index set of the columns corresponding to bay  ,     . 

Parameters:  

      
 
 :  Value of subproblem variable ―  ‖ fixed in the  th column of bay  ,          . 

Note that index   is implicitly indicated by the enclosed variable ―  ‖. 

Variables:  

  
 : Binary variable indicating the inclusion/exclusion of the  th column of bay  ,       

    , and relaxed to take continuous values. 

  : Dual variable associated with the Convexity Constraint (C.12),     . 

    
   : Dual variable associated with the Constraint (C.13),     

     ,                

    . 

The problem decomposition is as follows:  

B&S-Master: 

                   
 

          

        
    

        
    

 
   

       
        

 
        

 

             

 

subject to:  Constraints (5.1), (5.2) 

    
 

    

                                              (C.12) 

     
        

    
      

    
 

    

    

                    (C.13) 
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B&S-Subproblem,     : 

              
       

   

   

      
       

        

 

      

          
      

       
   

              

 

subject to:  Constraints(5.4)-(5.22) 

    
                                                      

  
         

                                           

    
                                                          

    
                                               

                                                                          

    
                                           

C.3 Knapsack Decomposition Scheme 

We present the formulations for this decomposition scheme as follows: 

Sets: 

    : Index set of the columns corresponding to bay   and period  ,         . 

Parameters:  

      
 
 : Value of subproblem variable ―  ‖ fixed in the  th column of bay   and period  , 

               . Note that indices   and   are implicitly indicated by the 

enclosed variable ―  ‖. 

Variables:  

  
   : Binary variable indicating the inclusion/exclusion of the  th column of bay   and 
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period  ,                , and relaxed to take continuous values. 

    : Dual variable associated with the Convexity Constraint (C.14),         . 

    
   : Dual variable associated with the Constraint (C.15),     

     ,                

    . 

    : Dual variable associated with the Time Capacity Constraint (C.16),       , 

        . 

  
   : Dual variable associated with Constraint (C.17),   

     ,              . 

  
   : Dual variable associated with Constraint (C.18),   

     ,              . 

  
   : Dual variable associated with Constraint (C.19),   

     ,              . 

The problem decomposition is as follows:  

Knapsack-Master: 

                   
 

          

        
       

   

   

      
       

        

 

         

 

subject to:  Constraints (5.1), (5.2), (5.5)-(5.12), (5.16)-(5.22) 

    
   

      

                                              (C.14) 

     
        

    
        

    
 

      

   

                   (C.15) 

  

      
    

        
    

 
                 

      
     

   

      

                  

          (C.16) 

   

     
        

    
 

             

   
     

      

               (C.17) 
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               (C.18) 

     
        

    
 

             

   
     

       

               (C.19) 

   
                                                        

     
         

                                            

     
                                                

  
         

                                                    

    
                                                             

    
                                                      

                                                                       

    
                                               

 

Knapsack-Subproblem,         : 

               
     

        
        

      
      

        
   

           

    

subject to: 

      
     

   

           

       

    
                                                    

C.4 LSP Decomposition Scheme 

We present the formulations for this decomposition scheme as follows: 
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Sets: 

  : Index set of the columns corresponding to product family  ,     . 

Parameters:  

      
 
 : Value of subproblem variable ―  ‖ fixed in the  th column of family  ,     . Note 

that index   is implicitly indicated by the enclosed variable ―  ‖. 

Variables:  

  
 
: Binary variable indicating the inclusion/exclusion of the  th column of family  , 

    , and relaxed to take continuous values. 

  : Dual variable associated with the Convexity Constraint (C.20),     . 

    : Dual variable associated with the Time Capacity Constraint (C.21),       , 

        . 

  
   : Dual variable associated with Constraint (C.22),   

     ,              . 

  
   : Dual variable associated with Constraint (C.23),   

     ,              . 

  
   : Dual variable associated with Constraint (C.24),   

     ,           

    . 

The problem decomposition is as follows:  

 

LSP-Master: 

                  
 
     

  
 

              

        
       

   

   

      
       

        

 

         

 

subject to:  Constraints (5.5) -(5.12), (5.16) -(5.22) 

    
 

    

                                                                 (C.20) 

      
 

           

   
 
     

    
 

    

                          (C.21) 
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                       (C.22) 

     
 
     

    
 

           

   
                           

 (C.23) 

     
 
     

    
 

           

   
     

                   
 (C.24) 

   
 
                                                                            

  
         

                                             

    
                                                          

    
                                               

                                                                          

    
                                            

LSP-Subproblem,     : 

                  
 

       

         
        

      
      

        
   

           

    

subject to:   Constraints (5.1)-(5.3)  

     
     

   

       

                                         

     
         

                                                 

     
                                                         

    
                                                      

C.5 LSP2 Decomposition Scheme 

We present the formulations for this decomposition scheme as follows: 

Sets: 

  : Index set of the columns corresponding to product family  ,     . 
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Parameters:  

      
 
 : Value of subproblem variable ―  ‖ fixed in the  th column of family  ,     . Note 

that index   is implicitly indicated by the enclosed variable ―  ‖. 

Variables:  

  
 
: Binary variable indicating the inclusion/exclusion of the  th column of family  , 

         , and relaxed to take continuous values. 

  : Dual variable associated with the Convexity Constraint (C.25),     . 

    : Dual variable associated with the Time Capacity Constraint (C.26),       , 

        . 

   
   : Dual variable associated with Constraint (C.27),              . 

   
   : Dual variable associated with Constraint (C.28),              . 

   
   : Dual variable associated with Constraint (C.29),              . 

   
   : Dual variable associated with Constraint (C.30),              . 

The problem decomposition is as follows:  

LSP2-Master: 

                  
 
     

  
 

              

        
       

   

   

      
       

        

 

         

 

subject to:  Constraints (5.5) -(5.8), (5.11)-(5.19), (5.22) 

    
 

    

                                                                     (C.25) 

      
 

           

   
 
     

    
 

    

                  (C.26) 

      
   

         

    
 
   

    
 

    

                          (C.27) 

      
   

         

    
 
   

    
 

    

                          (C.28) 
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                           (C.29) 

      
     

         

    
    

    
 

    

                        (C.30) 

   
 
                                                                     

  
                                                          

    
                                                    

    
                                                  

                                                                    

    
                                               

LSP2-Subproblem,     : 

                  
 

       

        
       

      
        

       
      

    
    

    
   

    

subject to:   Constraints (5.1)-(5.3), (5.13)-(5.16) 

     
     

   

       

                                        

  
         

                                          

     
         

                                                 

     
                                                         

    
                                                      

C.6 UCLSP Decomposition Scheme 

We present the formulations for this decomposition scheme as follows: 

Sets: 

  : Index set of the columns corresponding to product family  ,     . 
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Parameters:  

      
 
 : Value of subproblem variable ―  ‖ fixed in the  th column of family  ,     . Note 

that index   is implicitly indicated by the enclosed variable ―  ‖. 

Variables:  

  
 
: Binary variable indicating the inclusion/exclusion of the  th column of family  , 

    ,     , and relaxed to take continuous values. 

  : Dual variable associated with the Convexity Constraint (C.31),     . 

   
   : Dual variable associated with Constraint (C.32),    

     ,              . 

   
   : Dual variable associated with Constraint (C.33),    

     ,              . 

   
   : Dual variable associated with Constraint (C.34),              . 

   
   : Dual variable associated with Constraint (C.35),              . 

The problem decomposition is as follows:  

 

UCLSP-Master: 

                  
 
     

  
 

              

        
       

   

   

      
       

        

 

         

 

subject to:  Constraints (5.3) -(5.14), (5.17)-(5.19), (5.22) 

    
 

    

                                                                       (C.31) 

      
   

       

   
      

 
   

    
 

    

                           (C.32) 

   
       

 
   

    
 

    

                                    (C.33) 

      
     

    

    
    

    
 

    

                             (C.34) 

      
     

         

    
    

    
 

    

                          (C.35) 
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UCLSP-Subproblem,     : 

                  
 

       

       
       

       
       

      
   

    

    
   

    

subject to:   Constraints (5.1)  
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