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INTRODUCTION 

The development of statistical methodology during the 

past half century has produced a scientific discipline 

which today is regarded highly as an analytical tool by 

all the sciences, both social and physical. Indeed, it 

seems the more man penetrates the nature of his social, 

biological and physical environment the more statistical 

in concept his universe becomes. That is to say, man's 

conception of the universe is becoming increasingly a 

probabilistic one and less and less a deterministic one, 

and since modern statistical theory rests on probability, 

statistics has become the matrix of scientific method. In 

the opinion of some this may be an exaggerated claim, but 

it is unquestionable that statistics has become an almost 

indispensable tool in nearly every facet of scientific 

research. 

Modern statistical methods owe much to the contributions 

of R. A. Fisher and his school. In large measure the method-

ology developed from ~ttompts to solve problems arising in 

the biological sciences. In most instances, the techniques 

have been devised specifically for dealing with experimental 

data in biology and agriculture; and it is, therefore, no 
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accident that statistics bas achieved notable success in 

these fields. Foremost among the many contributions of 

Fisher are the ideas of randomization, analysis ~ variance, 

and the development of the maximum likelihood principle in 

statistical inference. If to these basic ideas are added 

the contributions of Heyman, Pearson and Wald, a methodology 

is available which not only has proved highly successful 

in biological research where it originated but also in the 

physical sciences, particularly in those areas where the 

underlying nature of the experimental data approximates that 

of the biological sciences. That is, when the nature of the 

problems arising in the physical and social sciences is such 

that replication and randomization procedures can be used to 

make reasonable the basic assumption of independence of 

observations upon which much of the traditional statistical 

theory rests, then the application of existing statistical 

methodology to these areas will prove fruitful. 

On the other hand, a wide variety of problems exists in 

both the physical and social sciences where the classical 

statistical analyses are not possible, either because exper-

imentation is impossible or because observations are 

interdependent. In meteorology and weather studies, for 

example, experimentation with replication and randomization 

procedures to insure independence is impossible and in 
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time-series data, which is basic in economic research, the 

assumption of independence is inadequate since adjacent 

observations in time tend to be correlated. In these and 

similar fields the development of statistical methods has 

not kept pace with the sensational advances made possible 

in those areas where the classical assumptions are valid. 

In particular, it is a deplorable fact that the 

triumphs of modern statistics have not been extended to 

data involving time-series. In time-series analysis 

unfortunately there has been relatively little advancement 

during the past fifty years, and yet many of today's impor-

tant problems both in the physical and social sciences are 

dynamic in nature and evolve in time. In recent years it 

has been encouraging to note an increased interest in 

time-series analysis. The modern theory of stochastic 

processes is attempting to provide the tools for dealing 

with the statistical analysis of time-series. These methods 

are in an early stage of development and are in most cases 

still crude, for the analysis of time-series data generally 

becomes mathematically very difficult for any but the 

simplest of problems. Many problems in this area involving 

estimation, significance, and tests of hypotheses are still 

unsolved. 
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Tbe probl .. ooraaidered in thi• atudJ ie an ••t1aat1oa 

problea ia •tationarr t1ae-aer1•a and ie one wb1ob baa 

becotle of oonalderabl• tatereac receatl1 in aeronaui1ca and 
coaauaioatioaa nHarcb, altboqb it• appl1oat:ioaa ba•• 
potenttallJ a •uob wider eoope. It ••J be deacrlbed in tbe 

followtn1 .. ,. Obaervattone OD ao .. pbeaoaenoa evol•1DI 1a 

ti .. are .. de at t1 ... t 1, i 2, ••• , '• and a partial reali-

aatioa X(t1>, X(t2), ••• , Z(t0 ) of a proce .. {x<t>} le 
tbu obaervad. rroa tb1a aaaple, iafereaoea awst be ucte 

about the nature and atruo,ure of tile proceae {x<t>) • 
Thie preHnt• a fonidabl• probl• alDCMt, aaoq other thiqa, 
it baa to oope w1tla an 1nf1n1te-d1MD&iODAl llOdel. la 

apee1al o•••• tile pnbl• rieducee eaaentiallJ to ~be. .I'.•~~- ... 

•ttoa of tbe power spectral deult1 function wblob ia tui-o 
«,'~~;;;~;·,:~. tbe proo•••. {. x(t>·} · •. T~·,·'"-:~tiaation of 

power spectra i• tbe chief ooaoern of tbia atuclJ• 

In Cbapter I tb9 seaeral ao'1on ot atoobaatio prooeaa 
is considered. I~ particular, atatiooar1 eraottto prooea~• 
and_ their iaportaat propertlea are d1aoW1Hd. In Cbapier II 

&be concept of power spectra for stal1oraar, Gaua•lan p.oc-

••ae• 1a developed. A riaoroua and esteDJJive aoaouat of 

tbeao and rel•••d toploa •111 be found 1a Dool>'• Stoobaat1c 

Pl'oo•-•· ~ problH of eati•tins power spectra 1• 

treated 1D CbApter Ill, and a olaea1ca1 .. tboct of eat1aat1on 
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is described. This chapter draws heavily from the works 

of Tukey [23], Press [19}, and Freund (11]. In Chapter IV, 
a different approach to power spectra estimation is 

considered and a new estimator based on sub-sampling a 

partial realization X(t) is proposed. A comparison of the 

new estimator with the estimator developed in Chapter III 
is made. Finally, Chapter V gives examples from areas 

where the techniques of power spectra measurement have had 

fruitful application and includes an application of the 

theory of Chapter IV to an actual problem in aeronautical 

research. 
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CllAPTBR I 

STOCHASTIC PROCBSSBS AND TBBIR PROPERTIES 

1.1 Stochastic Processes Defined 

Historically, and in non-mathematical language, 

stochastic processes have been thought of as dynamic, evolu-

tionary processes unfolding in time according to probabil-

istic laws of behavior. While from a purely mathematical 

viewpoint it is not necessary to limit the theory only to 

processes unfolding in a time medium, nevertheless, this 

more restrictive interpretation will be adopted. The study 

of stochastic processes then will be essentially a study of 

a special class of time-series, namely, those which cannot 

be described exactly by mathematical functions of time 

because they contain random components and consequently 

must be treated in terms of probability. ) 

Examples of evolutionary processes characterized by a 

component of random variation attached to their temporal 

development abound in the physical sciences and also, 

although to a somewhat lesser extent, in the biological and 

social sciences. Thus, the continuously recorded movement 

or displacement of a Brownian particle when suspended in a 
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fluid, the fluctuating electrical impulses in the nervous 

system of an animal as recorded on an oscillograph, or 

even the irregular and random-like movements of industrial 

production as measured by a production index, are all 

familiar phenomena giving rise to variable quantities 

fluctuating in time in a seemingly random manner, and 

thereby generating stochastic time-series. 

While the preceding discussion serves to convey the 

general notion of stochastic processes, it is not wholly 

satisfactory from either a logical or mathematical view-

point. However, in order to formulate a more precise 

definition it will be necessary first to establish the 

ordinary notions of random variable and probability space. 

Let E denote an element in an arbitrary space.[},, say 

the one-dimensional real Euclidean space a1 , in which a 

probability measure P(S) is defined for every set S belong-

ing to a certain class of sets O , the Borel sets. The 

point t is called an elementary event and a set S an event. 

The class 0- together with the assignment of 

probabilities P(S) satisfying the following fundamental 

postulates will define a field of probability (\f, P): 

(i) 

(ii) 

(iii) 

J is a field of sets; 

Vi contains the set n ; 
to each S in 'Jt is assigned a non-negative num-

ber P(S) called the probability of the event S; 
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(iv) P(J1) • l; 

(v) if s1 and s2 are mutually exclusive, then 

P(S1+s2) • P(S1)+P(S2); 

(vi) for a decreasing sequence of events 

s1 ::) s2 'J . • . :) Sn :J . . . of '1' for which 

lim n Sn • 0 1 the following equation holds s 
n~a> 

lim P(Sn) • o. 
n-CD 

The system (J}., Jt ,P) will define a probability space. A 

random variable is now defined as a real single-valued, 

P-measurable function 

X • X( ~) 

defined in (..0,, Jt ,P). The probabilities P(S) of the basic 

sets S define distribution functions 

F('t) • P(~ ~CC), -oo < 't < +en • 

Extensions of these dafiuitton' to include observations 

~ in an n-dimensional Buclidean space Bn, and also to 

include the case where the space Rco has an infinite but 

denumerable number of dimensions, have been made by 

Kolmogorov and others [15J. 

Suppose there exists a real-valued function 

X(t) • X(t, ~ ) 
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which is a P-measurable function of t for every fixed t 

in a specified discrete parameter set T:(t1 1 t2, ••• , tn>• 

For fixed t, X(t) is then a random variable in the field 

(3',P). Ast ranges over T, a family£! random variables 

(X(t),tt.T) is obtained. 

Again, from another point of view, t m.:ay be considered 

fixed so that 

X(t) • X(t, ~ ) 

becomes a function of t defined for all t in the set T. 

X(t) is now an ordinary function of t. However, should ~ 

be taken as an elementary event in .n. , there would now cor-

respond to every set s of elementary events e a ~ £! 
functions X(t) for which there corresponds a probability 

P(S). In this way, a.!!! .2! r2ndom functions {X(t),ttT) 

is defined in the field ( '3' ,P). 

Now let t in the parameter set T:(t1 , t 2 , ••• , tn) be 

taken to represent time and X(t) some variable quantity 

associated ~1th times t 1 , t 2, 

random variables {XCt),tET1 

••• , t 0 • The family ,2! 
or the set of random functions ----------

{ X(t) / tE.T) will define a stochastic process with discrete 

time parameter t. Where the context is clear this notation 

may be shortened to lx<t>} • 

It is well known, however, that in many physical 

applications involving random processes it is quite possible 
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to obtain a continuous time record of the process over some 

finite interval of time. Such is the case, for example, 

where data have been continuously recorded on magnetic 

tape or an oscillograph. In these instances a sample 

realization X(t) of the stochastic process { X(t), tET) is 

observed over a continuous time interval T. The observed 

X(t) is an elementary event associated with a function 

space Jl, of all possible realizations of the process 

{ X(t),tET} • This interpretation now requires a proba-

bility measure P(S) defined for all sets S of realizations 

X(t) in a space J1 having a non-denumerable infinity ~ 

dimensions. Such an interpretation clearly requires 

further extensions of basic probability theory. Attempts 

at suitable extensions of probability theory to include 

spaces with a non-denumerable infinity of dimensions have 

brought to light basic logical difficulties. To date no 

satisfactory treatment of distribution functions for ran-

dom variables with a continuous infinity of dimensions 

exists in the literature. It is desirable, therefore, 

whenever possible to formulate problems in such a manner 

that the space J1 of elementary events t has only a 

denumerable infinity of coordinates. For a discussion of 

this and related problems the reader is referred to Doob 

[ 9] and lloyal [16]. 
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1.2 Space and Temporal Expectations 

Let { X(t), t E T) be a stochastic process. For fixed 

t there exists a space .f1 of all possible values of the 

random variable X(t) and, as t varies ove~ T, !1 becomes 

also the space or population of all possible realizations 

of the process. With t fixed, the set of values X(t) taken 

over .Q. will form a population or ensemble of values X(t). 

The average value of X(t) in this population is called the 

ensemble expectation or space expectation of X(t) and is 

indicated by E[X(t)]. 

Instead of averaging over the ensemble of realizations 

of the process [ X(t), t ET} , a single realization of the 

process may be averaged over the time interval T. In this 

way another type of average may be defined. Thus, if t is 

continuous in T, the time average lt.r(t) of X(t) for a fixed 
T 

realization of the process is given by ¥ ~ X(t)dt and the 

0 
lim JT(t) • ({, (X(t)], if it exists, will be called the 

T-.m 

temporal expectation of the realization of the process. 

1.3 Stationary Processes and the Ergodic Property 

In many situations dealing with processes representing 

the temporal development of some system the nature of the 

p~ocess will be characterized by the property that its 
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basic structure is unchanging in time. Such processes are 

called stationary erocesses and the concept of stationarity 

will be defined in the following way. 

Consider again the space .!), of all realizations of the 

process { X(t), t l T) • With t fixed the component X(t) 

becomes a random variable and the property of stationarity 

requires among other things that the ensemble expectation 

B[X(t)] is the same for all t. It would seem natural in 

those situations where time obviously plays a secondary 

role in the temporal development of a system that the 

probability laws governing the behavior of the system 

should be invariant under a translation in time. Thus, a 

stationary process may be defined as one such that the 

joint distribution of any finite set of the variables 

is independent of 't. 

An important theorem linking together the concepts of 

ensemble and temporal expectations for the class of sta-

tionary processes just considered is the ergodic theorem 

of Birkhoff-Khintchine [7]. The ergodic theorem states 

that if the process { X(t) \ is stationary and bas a 

finite space average B[X(t)], then the temporal expectation 

&[X(t~ will exist with probability 1. That is to say, 

there is a random variable y such that 
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T 
lim !f X(t)dt • y 

T -'PCDT 
0 

exists with probability 1. Mote that y will vary from one 

realization to another and will exist for almost all 

realizations X(t) in the space .[)., • 

Suppose now that {XCt>} is a stationary process with 

B[X(t)] and B(X2(t)] both finite and consider X(t) as a 

particular realization of the process. Then the temporal 

expectation G[XCt>] will exist with probability l by the 

above theorem. If moreover, B(X(t)) • g'(X(t)] with proba-

bility 1 for all realizations, this is said to be an 

ergodic property of the process. In general, a process is 

ergodic if not only the first moments are equal with proba-

bility 11 but if the same arguments apply to the entire 

probability_ structure. Birkhotf-Khintchine's theorem and 

the notion of ergodicity are of fundamental importance in 

the study of stochastic processes since they supply the 

connecting link between a single realization of the process 

and the ensemble. In many situations a continuous record 

of a process is· observed throughout a finite time interval 

0 to T; and from this sample of size one, it is required 

to make inferences about the ensemble of realizations of 

the process. As was stated above, it is clear that if the 
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process is ergodic, then a single realization X(t), t -+ oo, 

can reveal the entire probability structure of the process 

l X(t)) , for "almost all" realizations [13]. This is a 

powerful property since it provides a basis for reasoning 

from a sample realization to the process. 

1.4 Fourier Representation of Stochastic Processes 

Let X(t) be a realization of the process tX(t)) in 

the interval 0 to T. Assume further that E[X(t)] • 0 and 

that X(t) is continuous and differentiable in the interval 

0 to T. These conditions on X(t) will be sufficient and 

more than necessary for X(t) to have a Fourier expansion 

in the finite interval (O, T) (14). Thus, it is possible 

to write 

where 

X(t) • ~ 
2 

T 

aj • ~ j X(t)cos <.ojt 

0 

T 

bj ·if X(t)sin wjt 

0 

dt, j - 0,1,2, ••• , 
·i\ 

dt, j - 1, 2, ••• , 

j'I and CVj • ~ is the angular or circular frequency. 

(1) 

Now considering (1) above at a particular value of t, 

say t • t 0 , gives 



- 19 -

and when X(t0 ) is allowed to vary over the space .J1 of all 

realizations it becomes a random variable as defined in 
~ \ 

(1.1)~ If aj and bj are also considered as random vari-

ables defined in the same space J2,, then X(t0 ) is a linear... 1 -:. <S~ 1 
\O~\ J . VoJ'- .... _ ._; -, .. r; 

combination of the random variables aj and bj' where ,- br ~ '.i, 
~· .j '-

l(aj) • l(bj) • o. If in addition, aj and bj are assumed ~ 

to be independent with joint normal distributions, having ~ 

variances a]T• where Z a~T is bounded, then (2) above will! 
j•l Q) 

be normally distributed with mean zero and variance E a~T· 
j•l 

A stationary process \ X(t) 1 t f. T) will be called 

Gaussian if the joint distribution of every finite set of 

X(t1) is multivariate normal. Suppose that for t 1 , t 2 , 

••• , tn, the random variables X(t1), X(t2), ••• , X(t0 ) are 

multivariate normal. If the process is Gaussian this will 

be true for any finite set X(t1), and consequently the 

variance-covariance matri:x II E[X(ti)X(t,j)] II will completely 

characterize the process. 

Note that the expected value of X(ti) is given by 

B[x<t1>] • x[ 8
2° + ~ ar cos CVrti + ~ br sin~rt1] 

r•l r•l 
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(3) 

00 00 
[E<ara5 )cos CA.>rti + J: E cosGU5 tj 

r•l s•l 
+B(arb6 )cos cor ti sinc.u8 t j (4) 

+B(bra 8 )sinUt-t1 cos W8 tj 

+B(brb8 )sinWrt1 sinC.06 tj ] 

Now E(ar) • E(b ) • 0 and since ar_an~ ~s as well as ar ... ·-- ......... -. ....... r ... . ...... ..... -· ·-··-··· 
and br are independent, .. all expectations are zero, except 

when r • s, in which case (4) reduces to 

a2 oo [ 
E[x<t1 )X(tj) lJ • -f + .1: E(a~)cos CUrt1cos wrtj 

r•l 
(5) 

From (3) and (5) the auto-covariance of X(t1) and X(tj) 

is 
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(6) 

Bence, the covariance of X(ti) and X(tj) depends only 

on the time difference tj - ti. Upon setting i • j in (6) 

(7) 

which shows that the variance of X(t) is independent of 

time. Both of these properties, the variance being 

independent of time and the covariance depending only on 

the time difference, are characteristic properties of 

stationary processes. 

The stationary Gaussian processes which have just been 

defined form an important class of stochastic processes 

both from an applied and from a theoretical point of view. 

Many applications arising in the physical sciences and 

engineering involve time-series which may be approximated 

closely by Gaussian processes and the use of the stationary 

Gaussian models produce results which are highly satisfactory. 
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This, of course, is to be expected since many processes in 

the physical sciences are composed of a multiplicity of 

ind~P.e?dent chance disturbances, each one in itself of 

negligible effect but such that their sum for any fixed 

I " 
I ,' 

i 
I 
l• 
{! 

time approximates a Gaussian distribution by virtue of the/ 
1 

central limit theorem. 
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CHAPTER II 

STATISTICAL AHALYSIS OF STATIONARY GAUSSIAN PROCESSES 

2.1 Auto-covariance 

Let lx(t), t £ T} be a real stationary ergodic 

Gaussian process defined on the continuous interval 0 to T. 

By definition, the auto-covariance function of X(t) will be 

taken as 

p ( q;) • E[X(t)X(t +'t') 1 · (1) 

Thus, p ( 't') is the ensemble covariance and is, since 

the process is stationary, a function only of the time 

difference "'C • p ( T ) is essentially a measure of the 

strength of dependence of values X(t) with X(t+"t') for 

fixed values of ~ • 

Theorem: If t 1 , t 2 , ••• , tn is any finite set (t t..T), 

µ.(t) is any real function of t 1 , and f' (tj, tk) a real 

function of tj and tk satisfying the conditions: (2) 

a • p ( t j, tk) • p ( tk, t j), 

b. The matrix II p<tj, tk>ll is non-negative definite, 

then a real Gaussian erocess f X(t), t l. T) can be defined 

for which 

E [x ( t)] • µ. ( t) 

and 

B[X(t j)X(tk)] -µ.(t j)IJ.(tk) • f' (t j' tk). 
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The proof of the above theorem, which is basic to the 

study of stochastic processes being developed here, is 

given by Doob (10] as follows: Suppose that µ(tj) and 

pCtj, tk) are real and satisfy (a) and (b) of the theorem, 

then if t 1 , t 2, ••• , tn is any finite set T, there will be 

an n-variate Gaussian distribution with means µ(t1), µ(t2) 1 

••• 1 µ(t i1) and variance-covariance matrix II p (t j, tk) 11 • 
This follows since the characteristic function 

determines a distribution with density 

IA jkll -~ j~l k!/\.jk[x<tj>-11<tj>][x<tk)-1L(tk>] 
-----n- e ( 4) -

(2T) 2 

providing the matrix II p (tj, tk>.11 is non-singular, and 

where 11\.jkl is the determinant of its inverse. 

The auto-covariance function, therefore, will play a 

fundamental role in the analysis of Gaussian processes 

since, as shown above, knowledge of the auto-covariance 

function completely specifies the Gaussian process. It 

will be worthwhile also to note here several of its 
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important properties. Suppose l X(t) \ is assumed to be 

stationary and ergodic, then it follows that for any 

fixed -r 

T 
2 

T i_:m.., ~ / X(t)X(t+ '< )dt • s[x<t)X(t + "'>] (5) 

-.! 
2 

- p (i;) 

with probability 1. Similarly 

T -2 

p (-'I: ) • lim 1 / X(t)X(t - 't" )dt. 
T-m T 

T --2 

Let u • t-'t", then 

T -2 

p ( "t'") • lim _Tl f X(t)X(t +-r)dt, 
T-oo 

T 
2 

T 
- - 't' 2 

p (-T) • lim _Tl / X(u)X(u+'t")du, 
T _.,. m 

T --- "[;' 2 
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which shows that p<~> is an even function. It can 

easily be shown that pC"'t) is non-negative with maximum 

at p (0) • a2. Thus, p< 7:) has the properties: 

p('t") - p<- -r>, 
p< rr;) < p<o>, 
p<o> - a2. 

2.2 Wiener-ltbintchine Relations 

(6) 

It can be shown [1) that if X(t) is real, and p (C:) 

is both real and symmetric, then the auto-covariance 

function can be expressed as 

CX> 

p (" ) - I cos W'l: d!( (,.:,) 
0 

(1) 

where•<~> is a non-decreasing function which gives, when 
-suitably normalized, f(O) • 0 and •(co) • 1. 

If, moreover, 

I. 

Q) 

p ('r) - I cos W7: d!( '-<>) 

0 

satisfies the following conditions: 

(i) p<'t') and its first derivative are continuous 
in every finite interval except for a finite number of 
discontinuities, and 
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(ii) the integral 

- c 

is convergent; 

then the Fourier transform of p ( 't" ) can be shown to 

exist [4] and is written as 

or 

00 

d t (<., ) - : I p ('r:.) cos w<r: d "' 

0 

00 

+<w )d w • ; / p ('L )cos ecrr d·r. 

0 

-The function •<co) is called the power function and 

'(co) the power spectral density of the process X(t) 

(2) 

and together with p ( "t ) will be of fundamental importance 

in the analyses of stochastic time-series. It is further 

noted that since p ( t'(; ) is an even function so is +<CA.)), 
and that the relations (1) and (2), namely, 

p<"t) • i +<w )cosw'C d w 
0 



- 28 -

CD 

+< w) • ; f p< '!:)cos W'r d't 

0 

indicate that p ( 't ) and +< c.u) are Fourier transforms of 

one another and are known as the Wiener-Khintchine rela-

tions. 

2.3 The Power Spectrum 

(3) 

It has been shown (2.1) that the auto-covariance 

function p ( 't ) completely defines a stationary Gaussian 

process. From the Wiener-Jthintchine relations (2.2.3), 

it follows that the power spectral density function +<c.u) 
also specifies the process. While it is true that either 

the auto-covariance function or the power function deter-

mines the process, the latter bas become the choice tool 

of most experimental scientists, especially those in the 

physical sciences. In order to understand the experi-

mental scientist's preference for working with the power 

function rather than the auto-covariance function note 

that 

measures the power associated with angular frequencies 

~ ~ C.Ua. From (2.2.3) observe also that 

/' 
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00 

p(O) • / +<cu )dw 

0 

- 02 

since p(O) • E[x2(t)] • a2, assuming that E[x<t>] • o. 

Consequently, 

a> 

total power • i<oo) • / +< w )dw • a2 • 

0 

(2) 

In other words, +<cv) integrated over its range (O, oo) 

measures the total variability of X(t). Since p< r'f:) and 

+<co> are even, the power spectral function may be repre-

sented as in Fig. 1 below. 

-f(GV) ! .. ~ 

\ 

(!~ - - - - - - - - - - - - -

Figure 1. Power Spectral Function 
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+<w)dw is, therefore- the element of power associated 

with frequencies between fAJ and W+dw. In a sense then, 

considering power spectra is like considering COlllponents of 

variability in an analysis of variance. But, components 

of power or variability measured in terms of frequency is 

a far more meaningful and concrete notion to the physical 

scientist than variability measured in terms of auto-

covariance expressed as functions of time differences. 

This is only natural since in many fields, as in communi-

cations and electronics, both the theory and numerical 

computations are worked out essentially in terms of 

frequency. It is to be expected, therefore, that in the 

analysis of experimental results the physical scientist 

will turn to power spectral techniques rather than to 

auto-covariances in order to study the components of 

variability associated with time-series. 
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CHAPTER Ill 

ESTIMATION OF THE POWER SPECTRUM 

3.0 Introduction 

In the preceding sections the importance of the power 

spectral density function and the auto-covariance function 

in the analysis of Gaussian processes has been emphasized 

because a knowledge of either function completely defines 

such processes and focuses attention on their important 

statistical properties. However, both +<w) and p ( 'C ) 

are clearly population parameters whose measurement with 

probability 1 would involve evaluation of infinite inte-

grals and so these parameters are 

problem thus created is the usual 
generally unknown. The/II/ 
one of estimating popu-

lation parameters from sample data. For example, suppose 

a random process evolving in time is observed and recorded 

on magnetic tape so that a continuous record of the 

phenomena is available over a finite interval of time, say 

Oto T'. The time history available for analysis is only 

a portion of a particular realization X(t) of the process 

lX(t)] • Of course, if analog computing equipment is 

available approximations to the infinite integrals of 

equations (2.2.3) may be made from the tape recordings. 
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These approximations, however, are seldom precise enough 

to be fully satisfactory due to noise interference in the 

equipment itself. An alternative method of estimation is 

to adopt numerical procedures with the help of digital 

computing equipment. Using digital computers will increase 

the accuracy of the results, but the cost will also increase. 

In a few cases the choice may be between analog techniques 

with lower cost and less precision, and digital techniques 

with increased cost and higher precision. It is not the 

purpose here, however, to compare analog and digital com-

puting techniques. In most problems a continuous time 

record on magnetic tape will not be available, and so the 

purpose of this paper is to consider numerical methods for 

estimating +cw) and p ('"C ) for use where specialized 

analog equipment is either not available or feasible for 

a satisfactory solution to the problem at hand. 

When numerical procedures are required, the sample is 

restricted to a finite and discrete set of observations. 

If the subsample is of size n, then X(t1), X(t2), ••• , X(tn) 

are the sample values from which inferences are made about 

the power spectrum or auto-covariance function. Subsampling 

in this way, unfortunately, further complicates the problem 

of estimating the power spectrum. In the first place, there 

is the question of how large the sample should be and, in 
v' 
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the second place, there is the question of how to select 

the points ti in the interval (0, T'). If the time record 
I is continuous throughout T', n may be as large as desired, r 

and if sampled at uniform intervals 6.t, it would seem 
/ 

plausible that by letting n increase and .6.t become smaller\, 

one would eventually reach a point of diminishing return. /'/ 
This is indeed the case and this problem is considered in ) 

the following section. 

3.1 Aliasing 

One of the difficulties encountered in estimating the 

power spectrum by systematic sampling X(t) at uniform time 

intervals At apart is the problem of aliasing. This prob-

lem arises when a fast cosine wave systematically sampled 

at equally spaced points of time t 1, t 2, ••• appears the 

same as a slow cosine wave. 

Figure 2. Aliasing 
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That is, it is impossible to distinguish between certain 

frequencies w and wk when X(t) is sampled at particular 

intervals 6t apart (Fig. 2). Thus, frequencies which 

are aliases of C.U and of one another may be written as 

k - 1, 2, ••• , (1) 

where WNY • 11/ bat is called the Nyquist frequency [19]. 

It follows, therefore, that the frequencies W, w ~ 2 wNY, 

GV ~ 4 WNY' ••• , are confounded. As a result of this, esti-

mates of power at frequencies GU will be distorted by the 

power at higher frequencies cu + 2k'iiv leaking into the 

estimates at the lower frequencies. This suggests that in 

order to eliminate this undesirable feature, ~t should be 

taken small enough so that 211/ 6 t equals or exceeds the 

maximum frequency for which the power becomes negligible. 

Bence, if W is the maximum frequency for which +<oo) is 

not negligible, then 6. t may be chosen so that 

or 

At ( ~• 
~ - w 

Thus, choosing 6t ~ 2•/W assures that power estimates 

associated with frequencies 0 ~ ~ ~ W can only be con-

founded with frequencies exceeding W, and for these 

(2) 
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frequencies the power is negligible so that whatever 

leakage may exist can have little or no effect on power 

estimates at lower frequencies. 

3.2 A Fundamental Theorem 

An important theorem in the theory of spectrum 

estimation is the following: 

Theorem: 

If +< w) has a Fourier expansion, and if +<w) .. 0 for 

I w I > W 1 then the sequence of values 

completely defines the function +<w ) . 
p[{f], j - 1, 2, 

The theorem may be proved as follows [11]. 
From (2. 2. 3), 

p<~) 
1 --2 

+co 

/+<<.>)cos 
-0) 

which becomes, letting -r;- • j'l'/W, 

w 

p[~J • w[-!w /+<«>)cos 
-W 

2 Wj11' 
2W 

. . . 

(2) 

(3) 

since cf.Cw) ec 0 for i w I > w. Also, since t(c:.v) is an even 

function and has a Fourier expansion, 
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Q) + ( (A.)) • .E a j cos w j w 
j•l 

(4) 

in the interval -W to +W with coefficients 

+w 
aj •?. f +<«>>cos wjw dw, (5) 

2jt' 
where wj • - • 2W 

-w 

From (3) and (5) above, it then follows that 

i P[~I - 3 j• j - 1, 2, ••• , 

gives all J'ourier coefficients of +< w). Bence, if X(t), 

-oo < t < +m, exists, and is observed at time intervals 

At • T/W, p [j;] may be computed for j • 1 1 2, ••• , and 

consequently +< '4l) a·Iid 1 ts Fourier integral p ( 't) are 

completely determined. 

In a real situation, however, one never knows X(t) 

completely since knowledge of the process {x<t>) is 

generally restricted to a partial realization over some 

interval (O, T'). :Nevertheless, if one assumes that 

little or nothing is to be gained by taking ~t smaller 

than T!W, despite the limited knowledge of X(t), then it 

will be necessary to take no more than ..!: • !.=.!. observa-
A t T 

tions in the interval (O, T'). In other words, it will 
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be assumed in what follows that the Fundamental Theorem 

bolds in an approximate sense for the interval (0, T'). 

3.3 Estimation of Auto-covariance Function 

The function p< 'l: ) is a parameter of the process 

tX<t>) and hence must be estimated from a partial real-

ization of the process. Let X(t) be a sample realization 

observed on--~' ~ t S ;' and assume, furthermore, that the 

process is stationary and Gaussian with mean value zero. 

Reasoning as in (3.2), X(t) need only·be subsampled at 

points ti. Choosing the largest integer n' ~!.:!.will 
'I' 

T'W .. 
give the sampling interval ~t • ; • 

Measuring X(t) at time points t 1, t 2, ••• , tn spaced 

at distance 6t, it is natural to estimate pC rt;) by 

where~• k~t, k is an integer, and n • n' - m with m the 

largest value of k for which p(k ~t) is to be estimated.I 

Indeed, such an estimator is unbiased for 

1An alternative suggested by Tukey (23} would be to use 
A 1 n'-k P(k 6t) • -;--k ~ X(ti)X(ti + k 6t). 

n - 1•1 
However, if n is large relative to m, the effect of the mod-
ification is slight. To simplify expressions needed later 
on, the modification will not be used in this study. 
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(2) 

3. 4 The Variance of p ( 'r ) 
A 

The variance of p ( ~ ) will be given by 

1[ p(~) - p(<t >]2 - i:[ p< 'r)]2 - [ p<~ >]2. 
To find s[ p ( 't ) ] 2 , first set 'l: • k At and write 

n 
l: 1(x<ti)X(t1 + k 6t)X(t j)X(tj + k 6t)]. 

j•l 

(1) 

Let X1 • X(t1), X2 • X(t1 + k 6t), x3 • X(tj) and 

x4 • X(t j + \k At).. Since \ X(t)) is stationary and 

Gaussian and s[x<t>] • o, the variables x1 , x2, x3 and X4 

have a four-variate normal distribution, 

' 

in Which the matrix II A1j n of the quadratic form is 

symmetric and has a positive determinant. The inverse 

llV1 j II is the variance-covariance matrix 
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0'11 012 0'13 0 14 

0'21 0'22 0 23 a24 
llVij II - (2) 

0 a1 0'32 0'33 0'34 • 

0'41 0'42 0'43 0'44 

This matrix may be expressed in terms of the 

auto-covariance function as 

p(O) pCkAt) p (tj-t1> p (t j-t1 +kll.t) 

p (k~t) p(O) p (tj-t1-kAt) p (tj-ti) 

p (tj-ti) p<t j-t1-k~t) p(O) p (k~t) 

p (t j-ti +kbt) p(tj-ti) p(k~t) p (0) 

since the p (re)' s are functions only of time differences 
(1.4.6) due to the stationarity of the process. 

3) 

Now, the moment generating function for a four-variate 

normal distribution with zero means is given by 

• e 
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or 

Collecting the coefficients of &1&28384 in the 

expansion (4) will give the expectation of (X1X~aX4). 

Therefore, 

(4) 

Prom the auto-covariance matrix (3) 1 observing that 

ti • t 1+(i-l) At, the expectation in (5) may be written as 

• p2(k~t) + p2((j-i)At] + f>((j-i+k)~] f>((j-i-k)At). (6) 

Finally, from (1) and (6), 

+ ~ ((j-i+k)6t] ~ (j-1-k)At]) • (7) 

Recalling that p< t') is even, and letting r • j-1, it 

is possible to rewrite the expectation (7) in the following 

form: 
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+ _g_ ~ (n-r){ E' 2(rAt)+ ~ [ (r+k)~tJ q [ (r-k)~] l . (8) 
n2 r•l ~ 

Since the first term on the right above is the square 

""' of the expectation of ~ (k At), it readily follows that 
/\. 

the variance of f2 (k At) is given by 

+ ~ ~ (n-r)fl ~2(rAt)+ e [ (r.f.k)At] e l (r-k)b.t] ~ • 
n r•l J 

(9) 

"' Note that as n increases the variance of f< (k~t) 
"' approaches zero, so that the estimator ~(k~t) is an 

unbiased and consistent estimator of (J (k6.t). 

3.5 Covariance of " e < rr > 
" I\ Since any two estimates, say (J (k ~t) and ~ (1 t:::.t), 

are evaluated over the same set of points t 1 , t 2, ••• , tn, 

they will not be independent. To find the covariance, write 

- E> (kilt) (? (lAt). (1) 
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Let x1 • X(t1), X2 • X(t 1+k~t), x3 • X(tj) and 

X4 • X(tj+l 6t), so that (3.4.5) 

E[X1X2X3X41 • a12°34 + al3a24 + a14°2s <2> 

where the variance-covariance matrix, uvijlb in this case 

is given by 

p(O) ()(k~t) p(tj-ti) 9(tj-t1+1 t) 

p(k~t) p(O) p(tj-t1 -k6t) 9[tj-t1+(1-k)6t] 

p(tj-ti) pCtj-t1-k t) p(O) p{l~t) 

p(tj-t1+lb..t) e(tj-t1+(1-k)6t] 9(1.bt) Q(O) 

(3) 

From (2) and (3} above it follows that 

E[X1X~~J • p(kAt) p(lAt)+ 9((J-i)6t) ~ [(j-i+l-k)~t) 

+ I? I (j-i+l)At] ~ [ (j-i-k)~t] 

and the covariance may now be written as 

Cov[ e (k~t) ~(16t)} • 

~ { r <kAt> E' <16t> + r [ (j-i)6.t J Q (j-1+1-k)6t J 
j•l 

+ 9 ((j-i+l)6t] 9((j-i-k)~t) 1 -Q(~t) E'(lAt). 

(4) 

Since the first term on the right above is constant 

with respect to summation over both i and j and therefore 
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cancels the last term, the desired covariance is finally 

given by 

/\ " Cov( p (k t) ~ (l~)] • 

n n { 1 l: ~ o [ (j-i)6t] e (<j-i+l-k)~tJ 
~ i•l j•l ' 

+ Q (Cj-i+l)6t] ~ (Cj-i-k)~t] 1 (5) 

which, on letting r • j-i, results in the following 

equivalent form: 

Cov( $ (k~t) $ (l~t)] • 

! { ~(O) ~ ( (1-k)At] + e [Cl~t)) (-> [ (k~)] 

+ ~ ~ (n-r){~(rAt) Q[Cr+l-k)6t]+f'((r+l)~t] E>((r-k)~]1. 
n2 r•l J 

(6) 

3.6 Estimation of +<cu> 
The singular role which the spectral density function 

plays in the analysis of stochastic processes makes its 

estimation from sample data one of the fundamental problems 

in the study of random time series. In this section a 

method of estimation is considered which has had wide 

applicability in spectral estimation problems and which will 

be termed the classical method for estimating t(tu). 

Suppose that a realization of a stationary Gaussian 

process { X(t)} has been observed on the interval 
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0 ~ t ~ T', and that from this record of X(t) it is 

required to estimate the spectral density +<c:.v) for certain 

specified values of c.v. Again, consider W to be the largest 

value of GU for which +<cu) is not negligible and recall 

that (2.2.3) 

<X> 

+ ( "' ) - : I p ( 't: ) cos W't: d 't: • 

0 

(l) 

Moreover, assume that the fundamental theorem of 

section (3.2) holds in an approximate sense for the finite 

interval (O, T'), so that the whole interval may be sub-

divided into m equal segments of size ~t; that is to say, 

m• ~t • T', where 6.t • w/W. The integral above (1) may 

now be approximated, using the trapezoidal rule, by 

"' Substituting for ~ ( <t°) the estimator (? (er;) developed 
) r.- 11' 21' mw in (3. 3 where l • 0 1 - ,_ ••• ,-W w w' gives an estimator of 

the spectral density function: 

(3) 
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From the estimated auto-covariances, that is, from 

" " ( "') ,.. (m ) ~ (0) I I? f' 1 • • • 1 ~ -; 1 Olle Can DOW make ~?,~0~t_esti- ,-

.. --1!~~-~.~--0~ .. ;<w) for values of cu • w0 , w1 , W2 , ••. , Wa , 

••• , W. Thus, for example, 

• ! ($CO) + 2(-l)j :~~ ~ (j;) + (-l)m ? (m;) 1 . (4) 

3. 7 Expectation of ;c C.Va,) 

,.... 
The expectation of +< CJ«) follows from the expectations 

of the ~ ( j; ) . 
,.. m 1 C.Vcxwj"' ) E(+< C.Ua )] • ! { E( ~ (0)) + 2 E E[ e ( j")cos --

W j•l \w 

r f ~j")l. 
+ E ~ \~)cos W ) 

(1) 
Since 

w 
(l('t') - r~ (Q)cos CV<t dw, 
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" E[+<c.ud)] may be rewritten in terms of the spectral density 

function; thus 

" E(+(Wa.)) • 
w 

l J [ m-l WjT W4,j1f - +<w) 1+2 J; cos - cos --
W j•l W W 

0 
(2) 

" Note that since E[+<wd.)].;. +<Cc.Jex.), the estimator ~~L .. 

biased. That is, instead of obtaining +<wd) for the expec-
·~-~-~--~·-···-·-~>·· 

tation, an average weighted value of +<cu) taken over the 

entire interval (O, T') is obtained. The continuous weight 

function 

1( m-1 '4.)j11 l.4ij11' wm• wam'I'] A(c.u,CA.U) • - 1+2 E cos_ cos +cos_ cos __ _ 
w j•l w w w " 

(3) 

" which reflects the bias inherent in the estimator +<~> is 

often called(the spectral window through which the function 
'-,.....__--...-

;cw) is viewed. For a fixed value We1. - 2W/m a typical 

window would appear as in Fig. 3 below: 

A(w ,wa) 

I 
I 

" f I 
' I 

I 
' , 
' I 
I 

' I 
I 

I 

' ' 
I • 2W/ I I ' , m, , 

\ I \ I 
'.. '· 

... , \ 
\ 

I I 
'· 

... 

Figure 3. Typical Spectral Window 
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" From Fig. 3 it may be observed that the estimate +[~] 
m 

will be affected by the power of frequencies in the neigh-

borhood of the point Wei • .fil!., and that the leakage of 
m 

power from adjacent frequencies is dissipative as c.o moves 

away from l.Ua• Nevertheless, this may be the cause of con-

siderable distortion unless the spectrum is relatively flat 

in the vicinity of COa• 
. -·· ,·~· ''" •' .. It is desirable, of course, to 

make the side lobes of A(GU,cud) as smooth and as ineffective 

as possible. Thus, a perfect window would take the form of 

a Dirac function & (CU, Wa) such that for all € > O, 

cua+ c 

jticv, w,. )dw - i, "?,-£ ~ l0 ~ 
• 0 elsewhere. 

The bias introduced by the continuous weighting function 

A(W, Wa) is, of course, a result of the finite record 

length (O, T') and of the estimator used since in this case 

only a finite number of $ (j.;) can be computed.·· The win.dow 

may be improved somewhat by smoothing out the side lobes of 

A(W, Wa.) in the neighborhood of the point Wa. For instance, 

Tukey (23] has shown that the window may be smoothed by a 

moving average so that it is roughly triangular in shape. 
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The base of the window may be made smaller and the bias 

reduced by increasing m, but only at the expense of 

increasing the sampling variability of the estimator 

+<~4) as will be indicated in the next chapter. Thus, 

bias must be balanced against reliability in choosing m 

and using +<">ct.). 
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CHAPTER IV 

RANDOMIZED ESTIMATES OF POWER SPECTRA 

4.1 The Problem 
" The classical estimator +<cva) which has been developed 

in the preceding chapter is widely used in applications 

involving estimation of power spectra. Although this esti-

mator is biased, the extent of the bias is determined by 

the maximum time lag, m( bt), used in estimating the 

~ ( 't' ) • s. For m • oo, the estimator is unbiased. On the 

other hand, the variance of the estimator will increase with 

m so that the bias must be weighed against the sampling 

error. Both the bias and the sampling error of this esti-

mator are considered relatively small when compared with 

other estimators of the power spectrum (13]. 
From a practical point of view the real difficulty with 

,.. +<c.va) is the amount of numerical calculation required in 

order to produce estimates. If one has, say, 1000 observa-

tions from a particular realization X(t) and requires 60 

estimated points of the spectrum, the number of arithmetic 

operations becomes sizeable. There will be, for example, mn 

multiplications and m+l divisions to obtain the necessary 
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~ 

p(kAt) and then m2 multiplications to get the +<UJa). 

With n • 1000 and m • 60, the procedure will require over 

60,000 operations for a relatively short time sequence. 

In many applications the computational load can easily 

reach 106 or 107 arithmetic operations. In cases where the 

data is available in electronic form, such as magnetic tape, 

the use of analog techniques may be preferred because the 

aliasing problem is avoided and also, if there is sufficient 

data to be processed, the costs will usually be lower than 

that of digital computing techniques. However, even in 

such cases, as has been previously pointed out, the use of 

specialized equipment and specialized personnel must be 

weighed against the lower precision of analog techniques. 

As Tukey states in this regard: nwhen the ratio of the 

highest peaks to the deepest valleys in the spectrum becomes 

too great, such methods will not attain the full power of 

the method set forth here. The accumulated errors will 

raise the noise level."(24}. In addition to this, it is 

also well known that analog equipment is very sensitive and 

needs frequent recalibration to maintain reasonable accuracy. 

The research analyst working with power spectra usually 

has little choice but to use the more laborious and costly 

methods of digital computers with estimators similar to 
A 

+<cud)• It is the purpose of this study, therefore, to seek 
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a method of estimation which computation-wise is a 

compromise between digital and analog techniques. In 

other words the object of this study is to develop methods 

for estimating power spectra which are quicker and more 

economical to use and which will at the same time produce 

reasonably reliable estimates of power. Such estimators 

will be useful not only in their own right as estimators 

but will be especially valuable in pilot studies where 

rough estimates of power are required for the considera-

tion of "prewbitening" in an effort to achieve optimum 

spectral windows. 

4.2 The Estimator+*<~~) 

As an alternative to the "classical" estimator of the 

spectral density function, consider a new estimator +*<c.o~) 

defined for a particular angular frequency w • Wa: 

(1) 

where 

n is the number of equally spaced observations taken 

over the record length of the realization, 

t • T/W is the time interval spacing, 

ki are independent random variables assuming non-

negative integral values with equal probability. 

distributions P(ki), and 
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Gd(ki) is a weighting function dependent on ki and c:.va. 
'It 

Observe that the proposed estimator + ( C.Ua) is esti-

mating +<c.ua) directly, rather than first estimating the 
,,... 

auto-covariances ~(k~t) as was done in the case of +<c.ua). 
Note also that the lagged products of (1) are now a random 

sub-sample 2!, products depending on the random variable k1, 

whereas before the products arose from systematically 

forming all possible products X(t1 )X(ti+kAt), 

i • 1, 2, ••• , n and k • O, 1, ••• , m. 

* In order to compare the randomized estimator+ (cua) 
A ~ 

with +<co~) the expectation of + (CU~) will be derived. 

Since k1 is now a variable as well as the X(ti), this will 

require evaluation of the double expectation s{:[+•<c.ua>]}. 
Consider first the conditional expectation for fixed ki: 

From this it follows, on letting k1 vary, that 

1 n m 
- - E l: e (j~t>Ga(j}P(j) I 

n i•l j•O 
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where P{j) ~ 0 is the probability that ki • j, j • O, 1, 
11 

••• , m, and Z P(j) • 1. ~inally, the expectation is 
j-0 

given by 
'* m B[+ (Wet)] • J: ~ (jAt)Ga(j)P(j). 

j-0 

How since 

• 
~ (-r) • { +< c.o )cos wrc d co 

0 

and ~ • j•At • ji 1 (2) may be written as 

• iii ID. I c;vjT •[+ (cua)} • z +<c.o)cos - Ga(j)P(j)dw 
j•O W 

0 

• I [ m c.c>jT ] • +< <.o) Z cos - G«(j)P(j) d w • 
j•O W 

0 

Wrom (3) it is clear that the randomized estimator 

(2) 

(3) 

* + (c.o~) is also a biased estimator of the spectral density 
function, for the continuous weight function or spectral 
window is 

• m wjT 
A ( c.o;~ • Z cos W- Ga(j)P(j). (4) 

j-0 

The only condition imposed thus far on the functions 
m 

Gd(j) and P(j) is that ~z P(j) • 1. At thi~ point it is 
j.,O 
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natural to ask if G0 (j)P(j) can be defined in such a way 

that the bias of the new estimator is equivalent to the 
A 

bias of +< Wet.). Indeed, if one defines 

G4 (0)P(O) • K0 (0) 1 - - , w 
Ga(j)P(j) lta(j) 2 Wa j'I' - - - cos , j - 1, 2, ••• , m-1, w w 
Ga.(m)P(m) • Ka(m) - ! cos 

~om'I' 
(5) , w w 

then 

and the bias of both estimators must obviously be identical. 

The next step is to compare the ~ square error of 

both estimators and, since both estimators have the same 

bias, it will be sufficient to compare their variances. 

* 4. 3 The Variance of + ( Wa) 
.... 

In the preceding section the bias of+ (C..Ua) was made 
,.. 

equal to the bias of +< Wa) by a suitable choice of the 

function Ka(j) • Ga(j)P(j). With the Ka(j} fixed, the 

variance will be given by 

~ 
To evaluate the expectation E[+ ( GVa)]2, write 
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The cond i tiona 1 expectation of [ + >Jt ( GVa) l 2, for fixed 

ki, is obtained by considering the four-variate normal 

distribution with zero means and variance-covariance matrix 

where 

X1 • X(ti), 

X2 • X(t 1+k1b.t), 

x3 • X(tj), and 

X4 • X(t j+kjAt). 

Using the moment generating function for the four-

variate normal distribution gives (3.4.5) 

where Uoijll • 

(3) 

{)(O) ~(ki~t) ~ (Cj-i)At] p [(j-i+kj)~t) 

p(k1tit) p(O) p ((j-i-k1)6.t) p((j-i+kj-kt)D.t] 

p[(j-i)bt) p((j-i-k1 )~t) p(O) p((kj~t)) 

Et[(j-i+kj)bit] p((j-i+kj-ki>~I pCkJ~t) f>(O) 
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From (3) and (4), it now follows that the conditional 

expectation of (2) is 

1 n n 
• ~ >: E ~ (k1~t) e<kj~t)Ga(k1 )GaCkJ·) (5) 

ni:::: i•l j•l 

To find the expectation, let k1 vary and consider each 

component, (5), (6), and (7), of the conditional expectation 

separately: 

1 n n m m 
... -;;- E X .Z .t f> (uAt) Q (vt!.t)Ga(u)Ga(v)P(u)P(v) 

n~ i•l j=l u•O v•O 

m m 
• E E f' (u~t) (:> (vti.t)Gq(u)G0 (v)P(u)P(v) 1 (8) 

u•O v•O 

where P(u) is the probability that k1 • u and P(v) is the 

probability that kj • v, with u, v • O, 1 1 2, ••• , m. 
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Before taking the expectation of the second component 

(6), rewrite it in the following way, where r • j-i: 

Now, 

m 
E[ (6)) • !. l: ~ 2 (0)G~(u)P(u) 

n u•O 
(9) 

2 m m m 
+-z l: t l: (n-r)p ( (r6t) J Q [ r+v-u)~t) Ga ( u) Ga (v)P(u)P(v). 

n u•O v•O r•l 

For the third component (7), again let r • j-i and write 

From this it follows that 

m 
E((7)) • ! t ~ 2(uAt)G~(u)P(u) 

n u•O 
(10) 

2 m m m 
+ :-2' l: t t (n-r)Q((r+v)~t]Q[(r-u)~t]Ga(u)Ga(v)P(u)P(v). 

n u•O v•O r•l 
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In terms of the expectations just derived the variance 

• of + ( CUci ) may be expressed as 

Var .~(Wa.) • B(S) + E(6) + B(7) - [B+.,(<.ua)] 2 

• E(6) + E(7), 

since B(5) • [Et~ ( c.v~)] 2 • Bence, 

• m 
Var + ( Wa) • ! % 9 2(0)G~(u)P(u) 

n u•O 

m m m 
+ .; J: % J: (n-r) ~ [(rAt)] Q [(r+v-u)at]G0 (u)G0 (v)P(u)P(v) 

n u-0 v-0 r•l 

m 
+ ! z ~ 2(ub.t)G~(u)P(u) 

n u-0 
(11) 

2 m m n 
+ 2 Z Z J: (n-r) {> ((r+v)At) Q [(r-u)b.t]G<l(u)Gcz(v)P(u)P(v). 

n u•O v•O r•l 

Pinally, collecting terms, and recalling the definitions 

of the K (j), section (4.2): 

Var + *" ("->a.) • ! ~ [ (>2(o) + Q 2(u~t>)x2(u) _!._ 
n u•O a P(u) 

m m n 
+ 2 2 J: % % [ Q ((rAt)] t> ((r+v-u)bt) 
~ u•O v•O r•l 

(12) 

u < v 
+ ~ [ (r+v).At] (:> [ (r-u)A.t]] Ka(q)Kjv). 
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"' 4.4 The Variance of +<G.Ja) .. 
In order to compare the variance of + ( Wo.) with that 

" of +<l\lo:) recall that (3.6.3) 

,.... 1 [ "' m-1 ,,.. CU j• " GOa m.,.] + < c.ua: > - - Q < o > + 2 .t e [1!} cos i1 + e (!.!]cos < i > 
" j•l w w w • 

where the auto-covariance estimator was defined as 

" Since +< C:UC1) is a linear function of the Q (kti.t) • s, 
" the variance of +<c.vG) will be given by 

~ m-1 
w2var t<wa) •Var Q(O) + 4 J: cos2 wc1u~t Var e (ubt) 

u•l 

m-1 
+ 4 .t cos Wa, UAt Cov[ e (0) Q (mAt)] 

U•l 

+ 2 cos Wcx. mAt Cov[ p (O) e (mAt)) 

m-1 m-1 
+ 8 J: l! cos Wo: UAt cos COa VAt Cov[ e (uAt)? (v~t)) 

U•l V•l 
u < v 

m-1 A A 
+ 4 J: cos Wa. uAt cos Coo. tnAt Cov [ '< (uAt) Q (mAt)]. (2) 

u•l 
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If the K-functions are again introduced, 

1 --, w K(O) 

2 K(u) • i cos Wa. ut:i.t , u • 1, 2, ••• 1 m-1, 

Jt(m) • ! cos Wa mti.t 1 w 

then the above variance formula (2) can be simplified by 

writing 

" m-1 
Var +< CVa) • K2(0)Var Q (0) + Z X2(u)Var ~ (ut:i.t) 

U•l 

+ g2(m)Var 9 (m6t) 

m-1 
+ 2 % K(O)K(u)Cov [ ~ (0) Q (ut.t)) 

u•l 

" " + 2K(O)K(m)Cov[ Q (0) Q (mbt)] 

m-1 m-1 ,... ,... 
+ 2 % Z Jt(u)K(v)Cov[ Q (ubt) e (vAt)) 

U•l V•l 
u < v 

m-1 ,... ,... 
+ 2 X K(u)Jt(m)Cov ( e (uAt) Q (mM)). (3) 

u•l 

Finally, collecting terms this gives 

,.. m " 
Var +<c.va) • Z K2(u)Var Q (uti.t) 

u•O 

m m ,... A 
+ 2 Z % K(u)Jt(v)Cov[ e (u~t) ~ (vAt)] (4) 

u•O u•O 
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where 

" Var p (uAt) • (5) 

!{ ('2(0)+ p2(uAt)]4 22 ~ (n-r)l ~ 2(rAt)+ Q [(r+u)At]('[(r-u)At] 
n n r•l 

and 

Cov[ Q (uAt) Q(v6t)] • ! l E>(O) E> (<v-u)At]+ Q[(vAt)] ~ [(uAt)] 

(6) 

+ ~ ~ (n-r) ~ e (rAt) ~ (Cr+v-u)~t]+ ~ (Cr+v)At) Q [Cr-u)At] 
n r•l l • 

~ ,.., 
4.5 The Variance+ {Wa) Compared with the Variance of +<eua> 

It was shown (4.3) that the variance of the randomized .. 
estimator + ( Wa) is given by 

+ ~ ~ Z (n-r) { Q 2(rAt)+ ~ [ (r+u)At] ~ [ (r-u)At] l K~(u) 
n u•O r•l 5 

m m n { 
+ 2·~ E J: E (n-r) ~ (rat) Q [(r+v-u)At] 

n u-0 v•O r•l 

+~ [<r+V)At] Q[(r-u)C!-.t]} Ka.(u)l:a(v). 
,.., 

The variance of +<'4.Ja) can also be expressed in a 
" similar form by substituting for the Var Q (uAt) and the 

Cov[ $ (uAt) Q (rAt)] in (4.4). Thus, 
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,... m 2 " 
Var +<Wei) • .t I'. (u)Var Q (u6t) 

u-0 

+ ~ i ~ { Q(O) ~ [Cu-v)6.t]+ p((v~t)) f>((u~t)] l 
n u•O v•O J 

u < v 

2 m m 
+2·- .t I 

n2 u•O v•O 
u < v 

~ (n-r>(t> (r~t) (? [<r+v-u)6.t] 
r•l 

+ p [ (r+v)6.t] p [ (r-u)6.t] 1 Kci(u)Kcx{v). 

The difference in variances can now be put in the 

following form: 

- g ~ ~ ~ e<O) e ( (u-v)~t)+ {) ( (v~t)) t' ((u6t)) 1 Ka(u)Ka(v). 
n u•O v•O l ) 

u < v 

Note that the first summation on the right above will 

always be non-negative and that the second summation may be 

either positive, negative, or zero and hence can increase 
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or decrease the difference. However, since the probability 

distribution P(u) bas not been specified and since K~(u) 

and K0 (u)K0 (v) are constant, it would be desirable to 

define the function P(u) so as to ninimize the difference 

in the variances. Or, what amounts to the same thing, 

assign probabilities to the t 1 in such a way that the vari-
* ance of + ( Wa) will be as small as po•sible. 

" 4.6 Minimization of Tar[+ (W4)] 

In (4.5) it was pointed out that the only part of the 

*" formula for the Var[+ (wa>l which can be affected by the 

choice of the probability distribution P(j) tor the random 

variables k1 is the component 

(1) 

where 

a:;<o> l -" , 
-~(j) • ..!.. coa2 

Wajtr 

w2 " 
, j - 1, 2, ••• , aa-1, (2) 

K~(m) • .!... coa2 WallT 

w2 w I 

• and such that P(j) > 0 and Z P(j) • 1. 
j-0 .. 

Jn order to minimize the Var[+ (UJa)], one must choose 

the P(j) in such a way that (1) ia a minimua subject to the 
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m 
restraint E P(j)-1 • O. To do this let 

j-0 

f(j) • i [ ~ 2(0)+ ~2 (jAt)]l'.~(j) (3) 

and use Lagrange's rule for finding the stationary values 

of the function. Thus, 

and 

c)Q 

aP{j) 

Q - £ f < j >- 1 + ,. f ~ p < j >-1) , 
j•O P(j) -j•O 

m 1 
• - E i ( j ) • + ( m+ l ) 1' • 

j•O p2(j) 

Equating the derivatives to zero gives 

p2(j) • f~) I 

P(j) • [t~)]! , 
So that 

m 1 
E If<_!) lT. 1, 

j•O ,. I 
and solving for 7' gives 

..,.. - r ~.vf(j) ]2. 
-j•O 

Finally, from (4) and (5), 

(4) 

(5) 
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-P(j) • _v_f....;:.(.:..:j)..__ 1 z -v'f(j} 
j-0 

j = o, l, •.• , m; (6) 

which clearly gives a ~inimum, since to maximize Q one needs 

only to make any P(j} arbitrarily small. 

From (6) it is evident that the P(j)'s required for 
• minimizing the variance of + (C.Ua) are expressed in terms 

of the auto-covariance function and the point w • Wa • 

For example, if 

is the auto-covariance function and an estimateOf +<c.va) is 

required, say at GUa • W , then the function P(j} and con-
2 

sequently the G(j) can be determined so that the estimator 
* n + ( Wa) • l E X(t1)X(t1+jt.t)Gw(j) will have minimum vari-

ance. 
n i•l 2 

Substituting for ('.> ( rr) in f (j} gives 

f(j) • ~ [1+e -l2j~tl ]1:~(j) 

and at the point c..Ja • ~ , the Ka(j) becomes 
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Ki<o> 1 -- I w2 
2 

x:i<j) 4 j - 2, 4, 6, -- ' . . . ' 
2 w2 

u 0 , j - 1, 3, 5, . . . , (8) 

xi<m) 1 m even, -- ' 
2 

w2 

- 0 , m odd. 

Thus, f(j), j - o, 1, • • • I m, is given by 

f (O) 2a 2 
- :;'2 , nW 

4a2 -2l j ~t I 
f (j) (1+e ], -- j - 2, 4, ... ; 

nw2 

f (j) - 0 , j - 1, 3, 5, 

f (m) 
a2 [ -2<m~t I ) 

- nw2 l+e ' m even; 

f (m) - 0 , m odd. 

Prom the K(j) and the f (j) specified above, the 

probabilities P(j) are determined as follows: 

Case 1. Let m be odd, so that m • 2p+l, then 

2p+1 ...;-; P I .._ l 4k t I 
E v'f(j) • !._2 + 2!_ l: It/ l+e 

j•O W .v'ii W rn k•l 

a --w Iii 
P/ -14k tf] 

2 l: l+e 
k•l 

... ; 

(9) 

• 
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From (6) and (9) one can write down the probabilities 
~ 

P(j) which will minimize the Var(+ (Ww)J, when {J('L) • 
'2' -t-z: I ae and m is odd: 

-
P(O) • /f (O) - -v'2 (10) I 

m 
'1/f(j) 

p I -l4kAtl l: J2+2 .E " l+e 
j•O k•l 

./f (2k) j -l4kAtl 
P(2k) • - 2 l+e k - 1, 2, ••• , p, 

m - p j -l4kt:.tl , 
.E -ilf(j) 112+2 t l+e 

j•O k•l 

P(2k+l) • 0 1 k - 1, 2, ••• , p. 

Case 2. Let me be even, so that m • 2p, then in a manner 

similar to Case l it may be shown that 

P(O) • 42 (11) 

h p-1 I -l4k.6t I ~ -l4kAtl 
2+2 .E If l+e + l+e 

k•l 

I -l2k~I 
P(2k) • 2 l+e k•l, 2, ••• ,p-1 

+/1+e -t'ItU I 
, 

p-1 j l4k~t I ..v'2+2 tl+e -
k•l 

P(2k+l) • 0 , k•O,l, ••• ,p-1 

/ -f 2Imtl 
P(2p) • l+e 

~2+2pil jl+e -l4k~l /1 -l4k~tl + +e 
k•l 
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:f-
4. 7 Minimization of Var + ( w) when t< w) • ?\. 

As another example, consider a process with a constant 

spectral density +<w) • 7' throughout some range 0 ~ w~ W. 

In this case the spectral density is independent of w, and 

the process is called white noise. An example of white 

/noise, arising in the theory of thermodynamics, is Nyquist's 

law for thermal noise power given by +<w> • 4RkT, where R 

is a resistive component, k is Boltzmann's constant and T 

is absolute temperature. For white noise the auto-covariance 

function becomes 

If 7 • 

w 
{l("r) - I 1' cos W7 d w 

0 

-- sin W 7 • 

jT/W I then 

~ (0) - r..w, 

e [i!:] -~ sin j'I' • 0 I 

' j'I' 
j - 1, 2, • • • I 

At the point c.o • !. , the IC{j) 's are defined as in 
2 

(4.6.8) so that 

f(j) - ! [ {'2(0)+ €'2[~] ]~(j) 
2 

and 

(1) 

(2) 

m. 



- 69 -

f(O) • ! 2 p 2 (0) l 
n w2 

Also, since 

p [~] • 0 I j • 1, 2, ••• , m, 

j • 1, 2, ••• , m, 

giving finally 

f (j) • 0 I j - 1, 3, 5, • • • I 

~ f (j) - , n j - 2, 4, 6, . . . , 
f (m) - 0 , m odd, 

f (m) x2 -- , m even. 
n 

Case 1. m is odd, m • 2p+l. 

2p+l .~- ~2 i p 2)... 
Z Vf(j) • -- + J; 

j-0 Iii k•l -Vn 

- .J2r-. l1 + /2p} . ..rn 
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For the probabilities P(j), this case gives 

.f2 f.. 
P(O) fflo> .rn - 1 - - ' % .,rf{j) .(2~[ .{2 P) 1 /2p l+ + j rn 

P(2k) 
/f(2k) 2..,..1 rn -'2 k•l, 2, - - -l+ 11'2 p'•••1 p, z M> -122'[1+ 12 p] 

j 1/n 
P(2p+l) - o. (3) 

Case 2. m is even, m • 2p • 

../2" 2(p-l).,... }. ----+----+-ru rn n 

- ~ 1'- (1 + .{2(p-1) + _!_ 1 . 
1n n 

*" So that the probabilities P(j) which minimize the var + (l<U) 

at Co • ! when +<cu) • 'JI.. wi tb m even are: 
2 
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P(O) • 1 

- 1 1 + "'/2(p-l) +-
¥2 

v'2 
P(2k) • -------- I 

1 + h(p-1) + 1_ 
v2 

P(2p) • ----1-----
~12[ i+ v2cp-1)+ : 2] 

k - 1, 2, ••• , p-1, 

4.8 Optimum versus Equal Probabilities when +<w> •A. 

(4) 

Since sampling the ki with equal probabilities will in 

most cases be more practical than sampling according to 

some optimum scheme of selection, owing to the existence of 

tables of random digits for the case of equal probability, 

it is pertinent to inquire how much is lost by not sampling 

with optimum probabilities. For the simple case where 

~(lO) • "'f.. 1 this question may be answered as follows: 

Consider ~(w) • r.. and suppose 

w 

p('<) -/ 

0 

COS W'Z' dw 

- i sin w-r 
" 

(1) 
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so that 

p(O) • ?-W, 
(2) 

r[~] r..w . ,, o • ~ sin - • , 
j'I' 2 

j • 1, 2, ••• , m 

.. 
Hence, the variance of+ (C.Va) for this special case will 

depend only on ~(O) so that 

* m ~(u) 
Var + ( GUct,) -. !. E (~2(0)+ ~(ucl;)] _ 0 _ 

n u-0 P(u) 

p2co> m K~(u) m K:~(u) - E + .!. E p 2(u~t) 
n u .. o P(u) n u•O P(u) 

-; 2 e2<o> x2<o> :e2<o> m g2(u) 
+ E a. 

nP(O) a n U•l P(u) 

e2(o) 12K;(o) m g2(u) - + E a. 
n P(O) u•l P(u) 

and letting fJ (O) • 7'- W gives 

"'..- ...,..._2w2 [2K~(O) m K~(u) ) Var T ( GVa.) • - + E 
n P(O) u•l P(u) 

(3) 

For the point C...Ua • ~ the relative efficiency of equal 

probabilities to optimum probabilities may now be computed. 

Suppose m • 2p+l, where p is an integer. 
1 with equal probability gives P(u) • ~~- and 

2{p+l) 

Then sampling 



- 73 -

• 2x2w2 (p+l) [ 2 + 4p] 
D ~ i2 

4 ).2 
- -----(l+p)(l+2p) • 

D 

Om the other band, sampling with optimum probability and 

• with w(J - - leads to (4.7.3)% 
2 

P(O) - --1-- I 

l+ ..f2 p 

h 
P(u) • ---- 1 u • 2 1 4 1 ••• 1 2p 

l+ 1/2 p 

P(2p+l) • O. 

In this case, 

Var + ~ (!) • ]\. 2w2 t2(1+ -12 p) + !2 (l+ J2 p) J 
0pt.2 n w2 w2 f2 

2 
- !.l_ (l+ .f2 p)2 • 

D 

(4) 

(5) 

The relative efficiency of equal to optimum probability 

of selection is given by 
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- ! (l+ 1°2p) 2 
2 (l+p)(l+2p) 

• 1 • - for large p. • 2 

+lt'5( r.•a) 4.9 The Estimator "V 

• In developing the estimator + (c.ua), the spacing 

(6) 

between ti and ti+kiAt was always an integral multiple of 

6t since the ki's were restricted to positive integers. 

If this restriction is relaxed, an estimator of the spec-

tral density at GU • lUa can be defined by letting ~ vary 

continuously, thus 

(1) 

where the t 1 are uniformly spaced at intervals at and the 

71 are random variables with equal densities P(7) defined 

on the continuous interval 0 ~ ~i ~ m. G0 ('ti,) are arbi-

trary weight functions associated with ~i and the point 

Gu• Wa. 

For fixed T1 the conditional expectation of the 

estimator is 
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• /mp (T)Gci(..-)P(T)d'i: 

0 

where P(~)dT is the element of probability for ~ and 
m I P('l)d'Z" - 1. 

0 

Substituting in (2) for ~ ('r) gives 

W m 

B[+u ( Wci)] • / +<w> [/ Ga(T)P(-r)cos w'l" d'f ]d w. 
0 0 

As was the case with the pr~vious estimators, this esti-

(2) 

mator is biased and has for its spectral window the weight 

funct:i>n 
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m 

lJr. I A (w;Wo) - Ga.< T)P(<r:)cos W't d T • 

0 

If the time differences ~i have the uniform density 
1 --, m 

m 

.... * I A (Wju..\:i) •; Ga('r)cos W7: d-r. 

0 

"'\J 4 .10 The Variance of + ( COa) 

(3) 

...... 
The variance of + (C..Ua) may be determined in a manner 

* similar to that of+ (C.Va). First, the conditional expecta-

f [+'ll'll('·'o.)] 2 i d f f rr tion o -.v is obta ne or ixed ~i: 
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Considering separately the three components labeled 

(1), (2), and (3) above and letting ~vary, gives 

m m • I I P ( 'f) p(<r' )Cl,,( "Z" )Ga(<r' )d-r d.-' 

0 0 

m 

• [ / ~ ( 'l" )Ga('f)dr] 2 • 

0 

For component (2), mm 
1 D 

B((2)] • ~ E 
n i•l j!l I I fl (tj-ti) p (tj-ti +'l"r"1> 

0 0 

and for component (3) 

mm 

s[ca>J - ~ f ~//fl <trt1+9 P <trt1-71> 
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lt-lft 
Now, the variance of + (c.va) will be given by 

so that finally, since B[(l)] is the square of the ezpecta-

•* tion of + (c.oa ), 

~· Var + (Wes.) • B((2)] + E((3)) • 

(4) 
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CBAPl'BR V 

APPLICATIOXS OP POWIR SPECTRAL ANALYSIS 

5.0 Introduction 

In the introduction it. was emphasized that the study 

of stochastic processes, although historica.lly one of the 

oldest fields of application in statistics, is still in a 

relatively crude stage of development when compared with 

other areas of statistics. In recent years, however, 

topics dealing with random time-series have received 

increased attention and have achieved wider significance 

in many branches of scientific research. Jn particular, 

the problem of analyzing power spectra, which has been 

the chief concern of this study, has arisen in many 

diverse fields of research. Of course, it is beyond the 

scope of this chapter to discuss in detail each field 

wherein the techniques of the first four chapters have 

found useful application. Suffice it to say, however, 

that these techniques will prove fruitful wherever meas-

urable characteristics are found to vary randomly as 

continuous functions of time. Such data exist in almost 

every branch of physical and social science. 
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In order to illustrate the type of problems where 

such analyses will arise, a few examples will be cited. 

In addition, the use of the randomized estimator of the 

power spectral density function will be illustrated with 

a specific problem in aeronautical engineering. 

5.1 Random Boise 

One of the most important applications of the theory 

presented in the preceding chapters occurs in radio engi-

neering [12]. In the transmission of radio signals there 

is inevitably some noise, and the existence of noise in 

the signal becomes critical when the noise level reaches 

the point where the transmitted signal becomes unintelli-

gible. Some of the many sources of noise in the trans-

mission of electronic signals can be eliminated and some 

cannot. It is possible, at least theoretically, to 

eliminate noise arising from faulty wiring, equipment 

vibration, automobile ignition, and similar causes. On 

the other hand, there are noises which cannot be elimi-

nated entirely, even in theory. Such noises are a part 

of the atomic nature of matter and electricity. lxamples 

of such phenomena are furnished by thermal noise, shot 

noise and magnetic noise. The remarkable property 
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characteristic of these noises is that they show no 

regularity and so are called random noise. 

For example, shot noise is created when the electric 

current emitted from a hot cathode of a vacuum tube com-

bines with independent random emissions of current to 

produce random-like fluctuations in current. These fluc-

tuations in current will produce noise in the final 

output of a high-gain amplifier thereby limiting the 

useful gain of the amplifier. Thus, the unpredictable 

wave-shape properties of shot noise when added to the 

systematic fluctuation of a signal produces a random 

time-series. Furthermore, the average energy of the out-

put of signal plus noise is measurable and is analyzed in 

terms of frequency, that is to say, in terms of its power 

spectrum. Thus, if the power spectrum of the noise can 

be determined, one can specify, at least theoretically, 

the whole probability structure of the noise sources. 

The techniques of Chapter IV will provide therefore a 

useful tool in the analysis of random noise. 

5.2 Radar Control 

Another application is found in problems of air 

warfare [8]. In studies of tbe radar control of anti-

aircraft gunfire the problem of obtaining the spectrum 



- 82 -

of a random process will again arise. The predictor in 

the radar control system does not receive error-free 

information but receives information which is unreliable 

to the extent of the random errors introduced into the 

system. When the information is processed by the pre-

dictor stage the harmonic components of the error term 

are magnified according to some function of their 

frequency. Assuming that the target is flying on a 

straight course with constant speed v, its position at 

time t will be vt. However, the predictor will receive 

the position 

f(t) • vt + e(t), 

where e(t) is a random error component. Since different 

predictors will vary as to bow much they magnify the 

errors in f(t), it becomes important to know the error 

spectrum in terms of frequency for each radar set so that 

an optimum predictor may be selected. Thus, the problem 

of spectrum estimation is again introduced and the tech-

niques of Chapter IV will provide a means of analysis. 

5.3 Airplane 0ynamics 

Important applications of power spectral techniques 

are found also in aeronautical engineering problems [17], 

[is], [19]. The performance of an aircraft or air-borne 
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missile is affected by many types of random disturbances 

which often behave like stationary Gaussian processes. 

An aircraft moving at high speeds is subjected, not only 

to its own periodic stresses and strains, but also to 

random disturbances such as those resulting from atmos-

pheric turbulence, buffeting, and runway roughness. The 

analysis of stress is of utmost importance in aeronauti-

cal research and in almost every case the measurement of 

the disturbance spectra will provide useful information 

about the response characteristics of the aircraft. For 

example, turbulence spectra will provide information on 

gust loadings, and runway spectra will be useful in 

studies of airplane taxiing loads. In all such problems 

the theory of Chapters Ill and lV has found increased 

application. 

5.4 A Humerical Bxample of Power Bstimation 

As an illustration of how the randomized estimator 
• + (Ge.>) developed in Chapter IV can be used to estimate 

the power spectrum, consider the data of Table 1 at the 

end of this chapter. It contains 900 observations on 

the pitching velocity of an aircraft obtained from the 
J 

Langley Field research_ 1laboratories of the Hational 

Advisory Committee for Aeronautics. The observations 
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were made during a flight run of 90 seconds at time 

intervals of O.l second apart. The data are given as 

deviations from the mean pitching velocity for the run 

and are measured in radians per second. From this sample 

data it is desired to estimate the power spectral density 

of pitching velocity for a discrete set of CU-values. 

The largest frequency for which the power of the 

pitching velocity is not negligible was estimated by the 

RACA research staff to be I • lOw and this value of W is 

adopted here. 

In order to estimate the power spectral density from 

the following values were used: 

n • 900 - 60 • 8401 

m • 60, 

6t • •/W • 0.1 second, 

0 0 (60) 

k1 • an integer, j • 0 1 1, 2, ••• , 60, selected at 

random with equal probabilities P(k1 • j) • 1/61, 

- __ 1_ - 61 
l(O)W 10. I 

- 2 cos j ~l,, - !,gg cos j [w..l,,, j•l,. • .,ss, 
P(j)I Lw J 10• w J 

- 1 co~ 6o[<.Uo.} • 61 cos 6of Wo.]• . 
P(60)W W lOw [ W 
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The required values of cos j[';;~]• are tabulated in 

Table 2 for j • 0 1 11 ••• , 60 for 

Wei/•• 0 1 0.1, 0.21 ••• , 1.0. The weight function 0 (j) 

is also tabulated, Table 3, for j • O, 1, ... , 60, and 

QJ'f'W • o, 0.1, ••• , 1/0, for the special case of equal 

probabilities of selection, P(j) • _.!.., = 61 • Tables 2 
m+l 1 

and 3 are given at the end of this chapter. 

Bstimates were derived from the data of Table 1 in 

the following way: For each deviation X(ti), t 1 going 

from 1 to 840, a random digit ki from 0 to 60 was 

selected from a set of random digits. These random 

digits determined the corresponding observations 

X(ti+k1~t) and the weight function G(k1) to be used in 

the weighted products, X(ti)X(t1+ki)Gd(k1). Estimates 

of +<co> were then computed at points C:.Ua • O, lw, 2•, ... 
••• , lOw, using the estimator+ ( ru4 ). This provided 

eleven estimated points on the power spectrum. The 

results obtained are as follows: 
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>Jt 

Wa 
+ ( Wa) in io-7 

(radians/second) 2 

0 71 

'I' 100 

2'1' 134 

3'1' 118 

4'1' 70 

5'1' 30 

6 ... 32 

7,.. 0 

s ... 74 
9'1' 0 

10'1' 0 

The estimator gave negative values for 
the power at 7T, 9T, and 10'1'. Since 
power is a positive quantity, it is esti-
mated as zero for these points. 

A graph of the estimated power spectrum for the 

pitching velocity of an aircraft as derived from the 
~ 

randomized estimator+ (C.Ua) is given in Fig. 4 below: 
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+* ( C:Ua) 

in l0-7 
(Rad./Sec.)2 

150 

125 

100 

75 

50 

25 

0 

Fig. 4. Estimated Power Spectral Density 
of Pitching Velocity 
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TABLE l 

PITCHING VELOCITY OF AIRCRAFT 

Deviations from Average 

(Source: NACA Research Laboratory, Langley Field, Virginia) 

1956 

Time Pitching Time Pitching 
in Velocity 

0.1 Seconds Rad./Sec. 
in Velocity 

0.1 Seconds Rad./Sec. 
ti x(ti) ti x(t1) 

l .005 31 .006 
2 .ooo 32 .007 
3 -.002 33 .008 
4 -.002 34 .007 
5 -.002 35 .005 
6 -.001 36 .002 
7 .002 37 .ooo 
8 .003 38 .001 
9 .003 39 .002 

10 -.001 40 -.000 
11 -.003 41 -.003 
12 -.003 42 -.004 
13 -.005 43 -.006 
14 -.002 44 -.010 
15 .002 45 -.012 
16 .002 46 -.002 
17 .003 47 .003 
18 -.001 48 .007 
19 -.ooo 49 .009 
20 -.004 50 .004 
21 -.005 51 -.001 
22 -.003 52 -.012 
23 -.014 53 -.018 
24 -.016 54 -.020 
25 -.012 55 -.019 
26 -.005 56 -.020 
27 .001 57 -.015 
28 .004 58 -.008 
29 .C04 59 .003 
30 .005 60 .014 
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TABLE 1 (Cont'd) 

Time Pitching Time Pitching 
in Velocity in Velocity 

0.1 Seconds Rad./Sec. 0.1 Seconds Rad./Sec. 
ti x(t1 ) ti x(t1 ) 

61 .016 96 .009 
62 .009 97 -.002 
63 .007 98 -.018 
64 .006 99 -.016 
65 .006 100 -.007 
66 .008 101 .001 
67 .008 102 .009 
68 .007 103 .008 
69 .002 104 .003 
70 -.003 105 -.006 
71 -.006 106 .010 
72 -.003 107 .005 
73 -.000 108 .017 
74 -.000 109 .023 
75 .003 110 .027 
76 .002 111 .022 
77 .001 112 .022 
78 .002 113 .018 
79 .002 114 .018 
80 .002 115 .013 
81 -.001 116 .011 
82 .003 117 .006 
83 .011 118 .000 
84 .014 119 -.003 
85 .018 120 -.002 
86 .013 121 .002 
87 .010 122 .004 
88 .004 123 .013 
89 .ooo 124 .007 
90 .002 125 .004 
91 -.003 126 -.002 
92 -.007 127 -.006 
93 -.003 128 -.005 
94 -.001 129 -.006 
95 .007 130 -.003 
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TABLE 1 (Cont•d) 

Time Pitching Time Pitching 
in Velocity in Velocity 

0.1 Seconds Rad./Sec. 0.1 Seconds Rad./Sec. 
ti x(t1) ti x(t1 ) 

131 -.007 166 .011 
132 -.013 167 .022 
133 -.020 168 .019 
134 -.020 169 .016 
135 -.012 170 .011 
136 -.003 171 .004 
137 .004 172 -.006 
138 .005 173 -.011 
139 .005 174 -.022 
140 .006 175 -.021 
141 .007 176 -.018 
142 -.000 177 .003 
143 -.004 178 .015 
144 -.004 179 .024 
145 .002 180 .020 
146 .012 181 .015 
147 .018 182 .004 
148 .017 183 .002 
149 .006 184 .003 
150 -.006 185 .005 
151 -.013 186 .003 
152 -.009 187 -.008 
153 -.005 188 -.016 
154 -.004 189 -.027 
155 -.006 190 -.026 
156 -.011 191 -.024 
157 -.014 192 -.024 
158 -.014 193 -.019 
159 -.012 194 -.013 
160 -.010 195 -.012 
161 -.011 196 .ooo 
162 -.012 197 .008 
163 -.008 198 .014 
164 .003 199 .014 
165 .014 200 .007 
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TABLE 1 (Cont'd) 

Time Pitching Time Pitching 
in Velocity in Velocity 

0.1 Seconds Rad .. /Sec. 0.1 Seconds Rad./Sec. 
ti x(t1 ) ti x(t1 ) 

201 .005 236 .003 
202 .004 237 .006 
203 .008 238 -.003 
204 .010 239 -.007 
205 .008 240 -.007 
206 .005 241 -.005 
207 -.002 242 -.004 
208 -.002 243 -.005 
209 -.002 244 -.004 
210 -.001 245 -.006 
211 .001 246 -.007 
212 -.003 247 -.005 
213 -.007 
214 -.011 

248 .005 
2~9 .010 

215 -.008 250 .010 
216 -.005 251 .008 
217 -.005 252 -.002 
218 -.006 253 -.009 
219 -.005 254 -.006 
220 -.007 255 .005 
221 -.009 256 .009 
222 -.012 257 .008 
223 -.011 258 .005 
224 -.008 259 .003 
225 -.007 260 .007 
226 -.003 261 .008 
227 -.002 262 .015 
228 -.003 263 .015 
229 -.002 264 .010 
230 .002 265 .006 
231 .009 266 .006 
232 .015 267 .012 
233 .019 268 .015 
234 .011 269 .016 
235 .004 270 .002 
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TABLE 1 (Cont'd) 

Time Pitching Time Pitching 
in Velocity in Velocity 

0.1 Seconds Rad./Sec. 0.1 Seconds Rad./Sec. 
ti x(t1 ) ti x(t1) 

271 -.022 306 -.004 
272 -.034 307 .002 
273 -.051 308 .003 
274 -.053 309 -.003 
275 -.051 310 -.001 
276 -.041 311 .008 
277 -.014 312 .015 
278 .010 313 .019 
279 .025 314 .021 
280 .028 315 .017 
281 .021 316 .017 
282 .014 317 .016 
283 .015 318 .015 
284 .017 319 .011 
285 .016 320 -.001 
286 .022 321 -.001 
287 .018 322 -.001 
288 .011 323 -.008 
289 .008 324 .002 
290 .009 325 .004 
291 .012 326 .003 
292 .009 327 -.005 
293 .007 328 -.011 
294 -.005 329 -.007 
295 -.010 330 -.004 
296 -.020 331 -.005 
297 -.020 332 -.002 
298 -.017 333 -.000 
299 -.016 334 .008 
300 -.015 335 .018 
301 -.015 336 .023 
302 -.015 337 .025 
303 -.012 338 .022 
304 -.011 339 .020 
305 -.005 340 .014 
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TABLE l (Cont'd) 

Time Pitching Time Pitcbing 
in Velocity in Velocity 

0.1 Seconds Bad./Sec. 0.1 Seconds Rad./Sec. 
ti x(t1 ) ti x(t1 ) 

341 .009 376 .ooo 
342 .006 377 -.005 
343 \ .006 378 -.006 
344 .005 379 -.005 
345 .003 380 -.004 
346 -.ooo 381 -.004 
347 -.009 382 -.002 
348 -.010 383 -.001 
349 -.002 384 .000 
350 .004 385 .002 
351 .013 386 .003 
352 .022 387 .003 
353 .018 388 .005 
354 .003 389 .004 
355 -.ooo 390 .003 
356 -.005 391 .001 
357 -.002 392 .ooo 
358 -.001 393 .000 
359 .002 394 .002 
360 .ooo 395 .005 
361 .004 396 .007 
362 .006 397 .009 
363 .001 398 .009 
364 -.002 399 .009 
365 .004 400 .009 
366 .005 401 .009 
367 .001 402 .009 
368 .009 403 .011 
369 .008 404 .008 
370 .010 405 .006 
371 .010 406 .004 
372 .014 407 .002 
373 .012 408 .001 
374 .010 409 -.003 
375 .006 410 -.006 
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TABLB 1 (Cont'd) 

Time Pitching Time Pitching 
in Velocity in Velocity 

0.1 Seconds Rad./Sec. 0.1 Seconds Rad./Sec. 
ti x(t1 ) ti x(t1 ) 

411 -.012 446 -.000 
412 -.015 447 -.004 
413 -.013 448 -.013 
414 -.005 449 -.024 
415 .003 450 -.025 
416 .009 451 -.023 
417 .008 452 -.018 
418 .002 453 -.015 
419 .001 454 -.010 
420 .003 455 -.007 
421 .009 456 -.011 
422 .012 457 -.014 
423 .009 458 .004 
424 .ooo 459 .028 
425 -.003 460 .035 
426 -.003 461 .032 
427 .001 462 .018 
428 ~001 463 .004 
429 -.002 464 .002 
430 -.004 465 .001 
431 -.007 466 .006 
432 -.009 467 .009 
433 -.009 468 .oos 
434 -.009 469 .007 
435 -.004 470 -.000 
436 -.006 471 -.004 
437 -.007 472 -.019 
438 -.007 473 -.037 
439 -.004 474 -.041 
440 .001 475 -.032 
441 .006 476 -.019 
442 .004 477 .005 
443 .ooo 478 .010 
444 -.002 479 .003 
445 -.001 480 -.003 
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TABLE 1 (Cont'd) 

Time Pitching Time Pitching 
in Velocity in Velocity 

0.1 Seconds Rad./Sec. 0.1 Seconds Rad./Sec. 
ti x(t1 ) ti x{t1 ) 

481 -.007 516 .001 
482 -.006 517 -.001 
483 .005 518 -.006 
484 .012 519 -.001 
485 .017 520 .ooo 
486 .013 521 -.001 
487 .004 522 -.005 
488 -.001 523 -.008 
489 .008 524 -.005 
490 .015 525 .002 
491 .020 526 .008 
492 .020 527 .009 
493 .011 528 .006 
494 .002 529 -.ooo 
495 -.003 530 -.ooo 
496 -.010 531 .002 
497 -.014 532 .003 
498 -.016 533 .004 
499 -.018 534 .001 
500 -.018 535 -.010 
501 -.015 536 -..-015 
502 -.012 537 -.019 
503 -.004 538 -.015 
504 .007 539 -.005 
505 .015 540 -.000 
506 .019 541 -.001 
507 .016 542 -.001 
508 .013 543 -.ooo 
509 .011 544 .002 
510 .009 545 .005 
511 .007 546 .001 
512 .006 547 .009 
513 .011 548 .009 
514 .012 549 .006 
515 .005 550 -.001 
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TABLB l (Cont'd) 

Time Pitching Time Pitching 
in Velocity ill Velocity 

0.1 Seconds Rad./Sec. O.l Seconds Rad./Sec. 
ti x(t1 ) ti x(t1 ) 

551 -.002 586 -.004 
552 -.005 587 -.008 
553 -.003 588 -.006 
554 -.002 589 -.004 
555 .002 590 -.001 
556 .002 591 .003 
557 .ooo 592 .002 
558 -.005 593 -.002 
559 ; -.011 594 -.001 
560 -.009 595 .002 
561 -.009 596 .007 
562 -.005 597 .011 
563 -.002 598 .011 
564 -.007 599 .010 
565 -.010 600 .009 
566 -.011 601 .007 
567 -.011 602 .005 
568 -.011 603 .003 
569 -.010 604 .001 
570 -.005 605 .001 
571 -.003 606 .ooo 
572 .001 607 -.001 
573 .010 608 .ooo 
574 .015 609 -.ooo 
575 .015 610 -.ooo 
576 .013 611 -.002 
577 .009 612 -.004 
578 -.002 613 -.002 
579 -.009 614 -.002 
580 -.009 615 -.001 
581 -.007 616 .001 
582 .004 617 .003 
583 .009 618 .005 
584 .007 619 .005 

a 585 .002 620 .004 
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TABLB 1 (Cont'd) 

Time Pitching Time Pitching 
in Velocity 

0.1 Seconds Rad./Sec. 
in Velocity 

0.1 Seconds Rad./Sec. 
t1 x(t1) ti x(t1) 

621 -.001 658 -.011 
822 -.003 657 -.015 
823 -.011 658 -.022 
824 -.011 859 -.001 
625 -.008 860 -.001 
626 -.006 661 .002 
627 .003 682 .004 
628 .003 683 .002 
629 .006 664 .002 
630 .002 665 -.002 
631 -.005 686 -.001 
632 -.013 667 .004 
833 -.021 668 .007 
634 -~027 669 .008 
635 -.023 670 .004 
836 I -.022 671 .004 
637 I -.015 ' 672 .006 
838 -.008 673 .004 
639 -.005 674 -.008 
840 -.007 675 -.014 
841 -.008 676 -.019 
642 -.007 877 -.016 
643 -.004 678 -.008 
644 .010 679 -.ooe 
846 .015 680 -.005 
646 .017 681 -.007 
647 .013 682 -.010 
848 .011 683 -.013 
849 .007 684 -.011 
650 .007 685 -.009 
651 .010 686 -.005 
652 .010 687 -.005 
653 .014 688 -.008 
654 .014 689 -.009 
655 .004 690 -.004 
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TABLE 1 (Cont'd) 

Time PitcJ1ing Time Pitching 
in Velocity in Velocity 

0.1 Seconds Rad./Sec. 0.1 Seconds Rad./Sec. 
ti x(t1 ) ti x(t1 ) 

6Sl -.004 726 -.018 
692 .005 727 -.018 
693 .009 728 -.020 
694 .011 729 -.023 
695 .015 730 -.023 
696 .012 731 -.014 
697 .006 732 .001 
698 .004 733 .011 
699 .005 734 .002 
700 .006 735 .008 
701 .008 736 .002 
702 .003 737 -.009 
703 -.004 738 -.005 
704 -.013 739 -.005 
705 -.020 740 .ooo 
706 -.017 741 .005 
707 -.010 742 .008 
708 -.013 743 .017 
709 -.014 744 .026 
710 -.014 745 .035 
711 -.013 746 .036 
712 -.011 747 .037 
713 -.010 748 .035 
714 -.006 749 .030 
715 -.ooo 750 .027 
716 .003 751 .020 
717 .009 752 .014 
718 .008 753 .006 
719 .009 754 -.001 
720 .006 755 -.009 
721 -.000 756 -.012 
722 -.009 757 -.016 
723 -.020 758 -.015 
724 -.020 759 -.013 
725 -.018 760 -.009 
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TABLE 1 (Cont'd) 

Time Pitching Time Pitching 
in Velocity in Velocity 

0.1 Seconds Rad./Sec. 0.1 Seconds Rad./Sec. 
ti x(t1 ) ti x(ti) 

761 -.003 796 -.004 
762 .001 797 -.004 
763 .002 798 -.004 
764 .006 799 -.003 
765 .005 800 -.003 
766 .006 801 -.004 
767 .007 802 -.005 
768 .009 803 -.004 
769 .008 804 -.002 
770 .005 805 .002 
771 .003 806 -.002 
772 -.004 807 -.003 
773 -.008 808 -.003 
774 -.014 809 -.004 
775 -.013 810 .003 
776 -.010 811 .008 
777 -.007 812 .013 
778 -.003 813 .010 
779 -.001 814 .005 
780 -.002 815 -.003 
781 -.003 816 -.003 
782 -.002 817 .004 
783 .001 818 .008 
784 .003 819 .012 
785 .007 820 .006 
786 .008 821 -.003 
787 .005 822 -.006 
788 .002 823 -.008 
789 -.002 824 -.015 
790 -.003 825 -.013 
791 -.002 826 -.014 
792 -.004 827 -.015 
793 -.001 828 -.014 
794 -.002 829 -.013 
795 -.003 830 -.005 



- 100 -

TABLE 1 (Cont'd) 

Time Pitching Time Pitching 
in Velocity in Velocity 

0.1 Seconds Rad./Sec. 0.1 Seconds Rad./Sec. 
ti x(t1 ) ti x(t1) 

831 -.003 866 -.006 
832 .005 867 -.005 
833 .006 868 -.003 
834 .002 869 -.000 
835 -.005 870 .006 
836 -.016 871 .017 
837 -.011 872 .027 
838 .003 873 .030 
839 .012 874 .028 
840 .022 875 .023 
841 .023 876 .020 
842 .016 877 .010 
843 .003 878 -.005 
844 .003 879 -.013 
845 .002 880 -.021 
846 -.002 881 -.015 
847 -.010 882 -.004 
848 -.017 883 .009 
849 -.021 884 .010 
850 -.022 885 .002 
851 -.015 886 -.009 
852 -.002 887 -.013 
853 .001 888 -.014 
854 -.004 889 -.009 
855 -.003 890 -.009 
856 -.006 891 -.006 
857 -.001 892 -.005 
858 .002 893 -.004 
859 .003 894 -.001 
860 .003 895 .003 
861 .001 896 .010 
862 -.005 897 .008 
863 -.014 898 .007 
864 -.014 899 .007 
865 -.009 900 .008 



~ 0 

i.oooo 
1 21 41 1.0000 
2 22 42 1.0000 
3 23 43 1.0000 
4 24 44 1.0000 
5 25 45 1.0000 
6 26 46 1.0000 
7 27 47 1.0000 
8 28 48 1.0000 
9 29 49 1.0000 

10 30 50 1.0000 
11 31 51 1.0000 
12 32 52 1.0000 
13 33 53 1.0000 
14 34 54 1.0000 
15 35 55 1.0000 
16 36 56 i.oooo 
17 37 57 1.0000 
18 38 58 1.0000 
19 39 59 1.0000 
20 40 60 1.0000 
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TABLE 2 

Values of cos j(~)T w 

.1 .2 .3 

1.0000 1.0000 1.0000 

.9511 .8090 .5878 

.8090 .3090 -.3090 

.5878 -.3090 -.9511 

.3090 -.8090 -.8090 

.oooo -1.0000 .oooo 
-.3090 -.8090 -.8090 
-.5878 -.3090 .9511 
-.8090 .3090 .3090 
-.9511 .8090 -.5878 

-1.0000 1.0000 -1.0000 
-.9511 .8090 -.5878 
-.8090 .3090 .3090 
-.5878 -.3090 .9511 
-.3090 -.8090 .8090 

.oooo -1.0000 .oooo 

.3090 -.8090 -.8090 

.5878 -.3090 .9511 

.8090 .3090 -.3090 

.9511 .8090 .5878 
1.0000 1.0000 1.0000 

.4 .5 

1.0000 1.0000 

.3090 .oooo 
-.8090 -1.0000 
-.8090 .oooo 

.3090 1.0000 
1.0000 .oooo 

.3090 i.oooo 
-.8090 .oooo 
-.8090 i.oooo 

.3090 .oooo 
1.0000 -1.0000 

.3090 .oooo 
-.8090 1.0000 
-.8090 .oooo 

.3090 -1.0000 
1.0000 .oooo 

.3090 1.0000 
-.8090 .oooo 
-.8090 -1.0000 

.3090 .oooo 
1.0000 1.0000 



~ 0 

1.0000 

1 21 41 1.0000 
2 22 42 1.0000 
3 23 43 1.0000 
4 24 44 1.0000 
5 25 45 1.0000 
6 26 46 1.0000 
7 27 47 1.0000 
8 28 48 1.0000 
9 29 49 1.0000 

10 30 50 1.0000 
11 31 51 1.0000 
12 32 52 1.0000 
13 33 53 1.0000 
14 34 54 1.0000 
15 35 55 1.0000 
16 36 56 1.0000 
17 37 57 1.0000 
18 38 58 1.0000 
19 39 59 1.0000 
20 40 60 1.0000 
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TABLE 2 (Cont'd) 

Values of cos j(~)• w 

.6 .7 .8 

1.0000 1.0000 1.0000 

.3090 .5878 .8090 
·-.8090 -.3090 .3090 

.8090 .9511 .3090 

.3090 -.8090 -.8090 
-1.0000 .0000 1.0000 

.3090 .8090 -.8090 

.8090 -.9511 .3090 
-.8090 .3090 .3090 
-.3090 .5878 -.8090 
1.0000 -1.0000 1.0000 
-.3090 .5878 -.8090 
-.8090 .3090 .3090 

.8090 -.9511 .3090 

.3090 .8090 -.8090 
-1.0000 .oooo 1.0000 

.3090 -.8090 -.8090 

.8090 .9511 .3090 
-.8090 -.3090 .3090 
-.3090 -.5878 -.8090 
1.0000 1.0000 1.0000 

.9 1.0 

1.0000 1.0000 

.9511 -1.0000 

.8090 1.0000 
-.5878 -1.0000 

.3090 1.0000 .oooo -1.0000 
-.3090 1.0000 

.5878 -1.0000 
-.8090 1.0000 

.9511 -1.0000 
-1.0000 1.0000 

.9511 -1.0000 
-.8090 1.0000 

.5878 -1.0000 
-.3090 1.0000 

.0000 -1.0000 

.3090 1.0000 
-.5878 -1.0000 

.8090 1.0000 
-.9511 -1.0000 
1.0000 1.0000 
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TABLE 3 

Values of the Weight Function G«(j) for P(j) • 1/61 

~ 0 .1 .2 .3 .4 .5 

0 1.9417 1.9417 1.9417 1.9417 1.9417 1.9417 

1 21 41 3.8833 3.6934 3.1416 2.2s26 1.1999 0 
2 22 42 3.8833 3.1416 1.1999 -1.1999 -3.1416 -3.8833 
3 23 43 3.8833 2.2826 -1.1999 -3.6934 -3.1416 0 
4 24 44 3.8833 1.1999 -3.1416 -3.1416 1.1999 3.8833 
5 25 45 3.8833 0 -3.8833 0 3.8833 0 
6 26 46 3.8833 -1.1999 -3.1416 3.1416 1.1999 -3.8833 
7 27 47 3.8833 -2.2826 -1.1999 3.6934 -3.1416 0 
8 28 48 3.8833 -3.1416 1.1999 1.1999 -3.1416 3.8833 
9 29 49 3.8833 -3.6934 3.1416 -2.2826 1.1999 0 

10 30 50 3.8833 -3.8833 3.8833 -3.8833 3.8833 -3.8833 
11 31 51 3.8833 -3.6934 3.1416 -2.2826 1.1999 0 
12 32 52 3.8833 -3.1416 1.1999 1.1999 -3.1416 3.8833 
13 33 53 3.8833 -2.2826 -1.1999 3.6934 -3.1416 0 
14 34 54 3.8833 -1.1999 -3.1416 3.1416 1.1999 -3.8833 
15 35 55 3.8833 0 -3.8833 0 3.8833 0 
16 36 56 3.8833 1.1999 -3.1416 -3.1416 1.1999 3.8833 
17 37 57 3.8833 2.2826 -1.1999 -3.6934 -3.1416 0 
18 38 58 3.8833 3.1416 1.1999 -1.1999 -3.1416 -3.8833 
19 39 59 3.8833 3.6934 3.1416 2.2826 1.1999 0 
20 40 3.8833 3.8833 3.8833 3.8833 3.8833 3.8833 

60 1.9417 1.9417 1.9417 1.9417 1.941'1 1.9417 
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TABLB 3 (Cont'd) 

Values of the Weight Function Gu(J) for P(j) • 1/61 

~ 0 .6 .7 .8 .9 1.0 

0 1.9417 1.9417 1.9417 1.9417 1.9417 1.9417 

1 21 41 3.8833 -1.1999 -2.2826 -3.1416 -3.6934 -3.8833 
2 22 42 3.8833 -3.1416 -1.1999 1.1999 3.1416 3.8833 
3 23 43 3.8833 3.1416 3.6934 1.1999 -2.2826 -3.8833 
4 24 44 3.8833 1.1999 -3.1416 -3.1416 1.1999 3.8833 
5 25 45 3.8833 -3.8833 0 3.8833 0 -3.8833 
6 26 46 3.8833 1.1999 3.1416 -3.1416 -1.1999 3.8833 
7 27 47 3.8833 3.1416 -3.6934 1.1999 2.2826 -3.8833 
8 28 48 3.8833 -3.1416 1.1999 1.1999 -3.1416 3.8833 
9 29 49 3.8833 -1.1999 2.2826 -3.1416 3.6934 -3.8833 

10 30 50 3.8833 3.8833 -3.8833 3.8833 -3.8833 3.8833 
11 31 51 3.8833 -1.1999 2.2826 -3.1416 3.6934 -3.8833 
12 32 52 3.8833 -3.1416 1.1999 1.1999 -3.1416 3.8833 
13 33 53 3.8833 3.1416 -3.6934 1.1999 2.2826 -3.8833 
14 34 54 3.8833 1.1999 3.1416 -3.1416 -1.1999 3.8833 
15 35 55 3.8833 -3.8833 0 3.8833 0 -3.8833 
16 36 56 3.8833 1.1999 -3.1416 -3.1416 1.1999 3.8833 
17 37 57 3.8833 3.1416 3.6934 1.1999 -2.2826 -3.8833 
18 38 58 3.8833 -3.14ll) -1.1999 1.1999 3.1416 3.8833 
19 39 59 3.8833 -1.1999 -2.2826 -3.1416 -3.6934 -3.8833 
20 40 3.8833 3.8833 3.8833 3.8833 3.8833 3.8833 

60 1.9417 1.941'/ 1.9417 1.9417 1.9417 1.9417 

.j 
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SUIOIARY 

In many fields of research, problems in time-series 

analysis are becoming increasingly numerous and important. 

The problems arise whenever the response of a dynamic sys-

tem is affected by random disturbances occurring in time. 

Such is the case, for example, when the response character-

istics of a missile in flight are affected by random gusts 

of wind or when the response of a communications system is 

disturbed by random noise. 

The element common to these and similar phenomena is 

the random disturbance which appears as a function of time. 

It is only natural therefore that probability and statis-

tics should contribute much to the methodology used in 

seeking solutions to these problems. It is for this reason 

that this study first bas reviewed and synthesized the 

probability foundation upon which the theory of stochastic 

processes rests and then has considered the basic statis-

tical techniques used in the analysis of random time-series. 

Specifically this study bas been concerned with the 

problem of estimating the power spectrum associated with a 

random process. It has shown how the power spectral density 
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function +<w) can be used to specify completely a 

stationary Gaussian process. Bstimation of this function 

is therefore one of the fundamental problems in random 

time-series. The power spectral density function is 

given by 

+a> 

+<w) • g • / p (..-)cos w-r d -c 

0 

and must be estimated from a partial realization of the 

process. To accomplish this, the usual procedure is to 

" use estimated auto-covariance functions Q (T), computed 

from a set of observations X(t1) from which +<GU) is 

approximated by numerical integration. This gives 

+< cu ) - -.1 [ ~ (0)+2 mil ~ f 1!]cos cvjw + e f!!}cos ~ ] 
j•l 1f 1f [ • 1f 

where the~ ri·]·s are estimated from 

j - o, 1, ••• , •• 

" +<co) is widely used in power spectral analy•is and 

although it can be shown to be biased, the sides lobes of 

its spectral window can be smoothed in such a way that the 



- 107 -

bias is greatly reduced. The difficulty with the estimator 

is not so much with its bias, but rather with the consider-

able numerical task it creates even when digital computing 

equipment is available. 

The primary objective of this research was to devise 

an estimator which would simulate the bias of the classical 
"' estimator +<eua> but which would require much less work to 

compute. To this end the randomized estimator 

/\ 

was considered. Unlike +<c.oa) which was constructed by 

systematically forming all possible lagged products 

X(ti)X(ti+kAt), i•l,2, ••• ,n and k•0,1, ••• ,m, the new esti-

mator utilizes a random subsample of lagged product~. This 

is made possible by choosing the ki at random. The weight-

ing function G~(ki) is determined in such a way that the 
~ ~ 

bias of + ( Wa) is the same as the bias of + ( ~ ) . 
As would be expected the sampling variance of +*<e-0cz> 

" .... 
is larger than the variance of +< C.Ua), since + ( Wa) is 

based on considerably fewer points. It was discovered, 
"#:" however, that the variance of+ (lUa) was affected by the 

probabilities used in the selection of the ki. Thus, the 

difference between the variances of the two estimators can 
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be minimized by an appropriate choice of the probabilities 

P(j). It was shown also that by selecting the integers 

j•0,1, ••• ,m with probabilities 

where 

P(j) • _1/_f ..... (j..._)_ 
m 
E 

j•O 
-.\/f ( j) 

I 

~ 

that the variance of+ (Wa) is minimized. For the special 

case, ;<cv) • "- and the point ~ , it was shown that samp-

ling with equal probabilities is about half as efficient 

as with optimum probabilities. 

Finally, some of the areas in which research has been 

carried out using power spectral analysis were considered. 

In particular, a problem from the field of aeronautical 

engineering research was used to demonstrate how the ran-
~ 

domized estimator~ (Wa) would be calculated from real 

data. Using 900 observations on the pitching velocity of 

an aircraft, the power spectrum was estimated at ten 

points. The new estimator proved very tractable and it is 

felt that the loss in precision due to sampling will be 

more than offset by the economy and ease with which it 

produces estimates. This will be especially true when the 

need is for quick pilot estimates of spectra to be used in 

preliminary studies, as guidance for future research. 
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This study has been concerned specifically with the 

problem of estimating the power spectrum associated with 

a random process. It has shown how the power spectral 

density function +<cu) can be used to specify completely 

a stationary Gaussian process. Estimation of this func-

tion is therefore one of the fundamental problems in 

random time-series. The power spectral density function 

is given by 

+m 

+<w) • -2., [ f' ('r)cos 

and must be estimated from a partial realization of the 

process. To accomplish this, the usual procedure is to 
" use estimated auto-covariance functions e(7), computed 

from a set of observations X(ti) from which +<VJ) is 

approximated by numerical integration. This gives 

" 1 [,., m-1" [tit G0j11' "' [ } wm'I' ] +< 4> ) • i (! (0)+2 j!l ~ liTcos T + ~ !f cos W 

where the~ {~7j•s are estimated from 

j • 0 1 1 1 ••• , m • 
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" +<wa) is widely used in power spectral analysis and 

although it can be shown to be biased, the sides lobes of 

its spectral window can be smoothed in such a way that the 

bias is greatly reduced. The difficulty with the estimator 

is not so much with its bias, but rather with the consider-

able numerical task it creates even when digital computing 

equipment is available. 

The primary objective of this research was to devise 

an estimator which would simulate the bias of the classical 
"' estimator +<<"4x) but which would require much less work to 

compute. To this end the randomized estimator 

" was considered. Unlike +< CUa) which was constructed by 

systematically forming all possible lagged products 

X(t1)X(t1+kAt), i•l,2, ••• ,n and k•O,l, ••• ,m, the new 

estimator utilizes a random subsample of lagged products. 

This is made possible by choosing the ki at random. The 

weighting function G0 (ki) is determined in such a way that 
* ~ the bias of + ( CJcx) is the same as the bias of +< C.001). 

~ 
As would be expected the sampling variance of + (<A><X ) 

A .. 

is larger than the variance of +< GVa), since + ( ~ ) is 

based on considerably fewer points. It was discovered, 
.;.. 

however, that the variance of+ (Wd) was affected by the 
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probabilities used in the selection of the k1 • Thus, the 

difference between the variances of the two estimators can 

be minimized by an appropriate choice of the probabilities 

P(j). It was shown also that by selecting the integers 

j - o, 1, ... ' m with probabilities 

where 

./f(j) 
P( j) • -.----

% .Jt{j) 
j•O 

• 

, 

that the variance of+ (C.Va) is minimized. Por the special 

case, +<w) • /\. and the point! , it was shown that samp-
2 

ling with equal probabilities is about half as efficient 

as with optimum probabilities. 

Pinally, some of the areas in which research has been 

carried out using power spectral analysis were considered. 

In particular, a problem from the field of aeronautical 

engineering research was used to demonstrate bow the ran-
« 

domized estimator+ (cud) would be calculated from real 

data. Using 900 observations on the pitching velocity of 

an aircraft, the power spectrum was estimated at ten 
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points. The new estimator proved very tractable and it 

is felt that the loss of precision due to sampling will 

be more than offset by the economy and ease with which 

it produces estimates. This will be especially true 

when the need is for quick pilot estimates of spectra to 

be used in preliminary studies, as guidance for future 

research. 
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