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ABSTRACT 

Power systems are extremely non-linear systems which require substantial modeling and 

control efforts to run continuously. The movement of the power system in parameter and state 

space is often not well understood, thus making it difficult or impossible to determine whether 

the system is nearing instability. This dissertation demonstrates several ways in which the power 

system stability boundary can be calculated. The power system movements evaluated here 

address the effects of inter-area oscillations on the system which occur in the seconds to minutes 

time period.  

The first uses gain scheduling techniques through creation of a set of linear parameter 

varying (LPV) systems for many operating points of the non-linear system. In the case presented, 

load and line reactance are used as parameters. The scheduling variables are the power flows in 

tie lines of the system due to the useful information they provide about the power system state in 

addition to being available for measurement. A linear controller is developed for the LPV model 

using ��/�∞ with pole placement objectives. When the control is applied to the non-linear 

system, the proposed algorithm predicts the response of the non-linear system to the control by 

determining if the current system state is located within the domain of attraction of the 

equilibrium. If the stability domain contains a convex combination of the two points, the control 

will aid the system in moving towards the equilibrium.  

The second contribution of this thesis is through the development and implementation of 

a pseudo non-linear evaluation of a power system as it moves through state space. A system 

linearization occurs first to compute a multi-objective state space controller. For each 

contingency definition, many variations of the power system example are created and assigned to 

the particular contingency class. The powerflow variations and contingency controls are 

combined to run sets of time series analysis in which the Lyapunov function is tracked over three 

time steps. This data is utilized for a classification analysis which identifies and classifies the 

data by the contingency type. The goal is that whenever a new event occurs on the system, real 

time data can be fed into the trained tree to provide a control for application to increase system 

damping.  
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GENERAL AUDIENCE ABSTRACT 

The goal of the utility, reliability coordinators, academics, and regulators is to keep the 

lights on. The contributions presented in this dissertation aims to provide a methodology and 

algorithm with which that goal can be met.  Although the power system requires the balancing of 

many different components, it can be boiled down to ensuring equilibrium between load served 

and generation provided.  Because the utility goal is to keep the lights on – and thus not change 

the load of the customers by turning their lights off, the utility only has control over the 

generation side of this equation.  A see-saw can be used to imagine this balance, but it will also 

require a feedback loop to ensure that generation will increase or decrease as the load changes.  

Another way to visualize the power system is to imagine a marble at the bottom of a 

bowl. If the marble is perturbed too much, it will fly out of the bowl and become what is called 

unstable. However, if the marble is nudged lightly, it will return back to its resting place at the 

bottom of the ball – which could be considered a stable equilibrium. A possible control for this 

type of system would tilt the bowl with a feedback signal based on the location or speed of the 

marble as it moved around the inside of the bowl.  By providing a feedback control, the strength 

with which the marble can be hit can increase beyond if the bowl were to remain stagnant. 

However, if the marble is hit very hard, it will not matter if there is feedback control, the marble 

will veer out of the bowl into instability. This example serves as an analogy for the power system 

where the current operating point of the power system is the marble and the stable areas of 

operation are represented by the bowl.  The feedback control for the work explored here utilizes 

information about the generator states to feedback to HVDC lines to strengthen the system. The 

power system modeling and control design involved in this dissertation aims to determine how 

much the power system can be perturbed before reaching the edge of the “bowl.”   
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Chapter 1. Introduction 

What was the longest period of time you have gone without electricity in the last several years? 

Most likely, it probably was not very long – but the whole time you were without, it seemed like 

a long nightmare. And so, to begin, I will call attention to the fact that you are most likely 

reading an electronic copy of this document. This means that electricity is available to you 

currently, or it was available to charge your mobile device for long enough to allow you to read 

this. In North America, reliable and consistent electricity has become so common that it is often 

taken for granted. Routine activities can no longer occur without the use of electricity.   

This introduction will first explore some of the history and background of the power industry.  

The object is provision of a foundation for understanding why research and development must 

play a vital role in continual modernization of the power grid. The second component introduces 

control systems theories and processes which are integral to understanding the analyses 

conducted here. In the most basic terms, this thesis has sought to find ways to utilize control 

theory to parameterize and study power systems.  

1.1 The Electrification of the Power Grid 

First, it is necessary to understand the complexity of a power system. The National Academy of 

Engineering calls electrification the greatest engineering feat of the 20th century [1]. The 

transmission and distribution systems are the backbone of the power grid. Unfortunately, the 

current infrastructure is essentially the same as the grid in the 1960’s. The 2003 blackout drew 

much attention to this reality, and subsequently investments in research and development in 

power systems have grown significantly since. 
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Despite having been stagnant for many years, the current power system in North America is 

extremely multifaceted – and is only gaining in complexity. Due to advances in FACTs 

technologies and HVDC lines, increased government subsidies for renewable resource 

integration, the retirement of coal plants, and the never ending battle cry “not in my backyard,” 

utilities desperately need new and innovative ideas for reliably providing power for their 

consumers. Additionally, these changes are happening at a pace which has not been seen before 

in the industry.  

There have been many major blackouts around the world in the last 50 years. Most of these 

blackouts stemmed from a series of unfortunate events – not one singular event. These events 

could include the removal of a transmission line for maintenance on a hot day which causes 

unintended overloads of the lines still in use causing them to be removed from the transmission 

system. If there is any break in the communication about the state of the power system during 

events like these, power system operators will not have time to react properly before more lines 

are tripped and the system begins to separate and drop load and generation. Utilizing current 

technology being implemented into the smart grid, catastrophes like these can be avoided.   

The new power grid aims to use the latest technologies to increase reliability and sustainability. 

It involves the integration of new communication technology which is necessary to use the wide 

area measurements (WAMs) of the system for real time monitoring and control analysis. 

Renewable generation is necessary for the sustainability of the power system; and reliably 

integrating it will also require knowledge of the system gained from using WAMs. Due to the 

reliance on communication technologies, cyber security has become an unexpected component 

of the smart grid [2]. Finally, economic planning is another facet of the smart grid – creating a 

balance between reliability, sustainability, and cost effectiveness.  

The North American Reliability Corporation (NERC), formed in 2006 by the Federal Energy 

Regulatory Agency, is the national, non-profit Electric Regulatory Organization with the mission 

to “ensure the reliability of the North American bulk power system.” NERC issues mandatory 

power Standards for a region covering the US, most of Canada, and Baja California Norte, 

Mexico. Figure 1.1 shows the nine Regional Entities that ensure power system owners, 

operators, and users comply with NERC standards. NERC follows their mission by creating and 

enforcing standards [3, 4].  
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The Department of Energy has created a working group to help guarantee the success of the 

smart grid. Although developed by the DOE, the key tenets of its approach apply to all power 

systems around the world. The grid is a complex system that does not have one single correct 

setting. The Grid Tech Team (GTT) assembled by the DOE in 2011 advocates for modernizing 

the grid by creating a dialogue between the consumers and power companies. It also aims to 

maximize the impact of new technologies on the system by minding the economic markets, 

public policy, regulations, and standards. Additionally, regional engagements are needed to 

evaluate geographic differences and sensitivities associated with implementing smart grid 

technology at regional, state, and local levels.  

The Federal Energy Regulatory Commission, FERC, is the primary federal regulator of the 

transmission of electricity.  FERC regulates interstate transmission, as well as rates for interstate 

sales of electricity.  States regulate intrastate power generation and transmission.  Of relevance 

for this thesis is the role FERC plays in ensuring the stability of the grid.  Working in 

collaboration with NERC, FERC issues the federal regulations governing grid reliability.   

NERC is the FERC certified electric reliability organization that writes the grid reliability 

Figure 1.1 - Regional Entity Boundaries 
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standards.  NERC reliability standards are then essentially converted into federal laws through 

FERC orders and regulations. 

1.1.1 Global Scale Applicability 

Electricity has been changing the world since the late 1800’s. Developments in both the United 

States and Europe led to the creation of an AC power grid. Initially, these systems were 

individual and local; however, it became clear that connecting them would decrease small local 

blackouts. Interconnection is desirable because physics dictates that if a direct pathway between 

the load and generation is no longer available, power will flow in a different path to reach the 

load. A load is the consumption of energy caused by powering anything requiring electricity. As 

the United States and European power grids grew, Asia, South America, and Africa followed. 

However, there are 1.3 billion people in the world living without electricity as of 2009 [5]. All 

regions where power is either not available or available on a schedule are trying to quickly build 

and/or strengthen their grid. The push towards global electrification requires unique and 

innovative solutions to find energy resources that do not harm the environment, decrease the 

strain on the transmission systems, and keep the economic costs down.  

Due to the interconnection of the small power grids, there have been many major blackouts 

around the world in the last 50 years. Decreasing the number of small blackouts comes at the 

cost of potentially huge blackouts of the interconnected system. Most of these blackouts 

stemmed from a series of unfortunate events – not one singular event. For example, these events 

could include the removal of a transmission line for maintenance on a hot day which causes 

unintended overloads and sagging of the lines still in use causing them to be removed from the 

transmission system. If there is any break in the communication about the state of the power 

system during events like these, power system operators will not have time to react properly 

before more lines are tripped and the system begins to separate and drop load and generation. 

The Northeastern Blackout of 2003 and the 2012 Indian Blackout are examples of how blackouts 

cascaded and, in the case of the Indian Blackout, persisted for several days. A consulting 

company estimated that the economic cost of the 2003 outage was between $7-10 billion dollars 

for the national economy [6]. By applying current technology that is now being implemented 

into the smart grid, the impact, frequency and size of catastrophes like these can be significantly 

reduced. 
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1.2 Systems & Controls 

Even when they were not formally recognized as such, humans have been using controls to 

predict and modify their surroundings since the early roman aqueducts which prevented flooding 

through the use of valves. One of the most significant initial control systems, the fly ball 

governor, was initially designed by Robert Hook and Christian Huygens, but later adapted by 

James Watt in 1769 as a way to regulate engine speed in steam engines. His technology 

proliferated throughout the industrial revolution and by 1868, there were around 75,000 

governors in use [7]!  In the years to follow, mathematicians tackled the challenge of defining 

the mathematical equations which govern control systems. Up until the 1950s, these classical 

approaches only addressed scalar inputs and outputs of linear time-invariant systems. In the 

1950s, mathematicians and engineers alike, began developing ways to evaluate multivariable, 

time varying systems, and nonlinear systems.  Further information on these developments can be 

found in [8, 9]. 

Starting broadly again, to exert control over an object, one must influence its behavior to achieve 

the desired goal.  In very rough terms, control theory can be broken into two lines of work. The 

first line of work assumes that someone or something wants to optimize the behavior of a 

particular object in addition to requiring that the given object has a proper model. An example of 

this is how physics and engineering specifications can be used to calculate the trajectory of an 

airplane such that the amount of fuel consumption is reduced. The second line of work evaluates 

the constraints that model or environmental uncertainty exerts on the object of interest. In order 

to determine these effects, feedback must be used because one wants to correct for deviations in 

the desired behaviors. For example, when there are errors in a predetermined flight plan, 

feedback control can be used to keep the craft on the approximate course. In general, the 

differences between these are of little consequence when designing control systems because their 

processes overlap in many ways [7]. 

This object over which the user would like to exert control is the system in question. A system is 

intended to define how a machine changes over time in accordance with its physical 

characteristics. All of the information needed to know the future evolution of the system is 

contained in the state, �. This is assuming that there are no external forces [10]. The state space 
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representation of a system can be described by the state variables. The state equations relate the 

current and output system states to its current input and previous states.  

����� = ����� + ����� (1.1) ���� = 	����� + �����  

where 

• � ∈ ��×� is the state matrix. It is square and has the dimension equal to the number 

of states. 

• � ∈ ��×�	is the input matrix. It gives the proportion of the individual inputs that are 

applied to each state equation. 

• � ∈ ��×�	 is the output matrix. 

• � ∈ ��×� is the feed forward matrix.  

• ���� is the state vector. 

• ���� is the input vector. 

• ���� is the output vector. 

Think of the integer,  , as the number of independent measurements that are taken each instant. 

Normally, the minimum number of state variables necessary to represent a given system is ! or 

the number of defining differential equations for the system. 

1.3 Translating the Power System into a Control System 

Power system stability is a multifaceted topic which can be approached in many different ways. 

However, before evaluating power system stability, it would be useful to understand both 

mathematically and in plain words what a system is. This section will be used to break down the 

meaning of the power system state and how it is currently calculated.  

Utility control centers began popping up in the 1960’s in order to provide operators with a 

central place to collect measurements and data to determine the system state. Currently, bulk 

electric system (BES) is operated using an energy management system (EMS). The EMS 

receives telemetry data consisting of complex voltages from all of the nodes across the network.  

This is considered to be the power system state [11]. These measurements combined with the 

system topology and constant line impedances allow for the calculation of the line flows in the 
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network through large load flow calculations. This was not sufficient for providing operators 

with the information needed to run the grid reliably.  Static state estimation which was 

introduced in the 1960’s utilized measurements of the system voltages, current injections, and 

real and reactive power flow to create an over determined system [12, 13, 14]. These 

unsynchronized measurements which are scanned in a 1-10s time period provide an input to a 

non-linear State Estimator which solves over several iterations. The output of this calculation is 

the minimal solution of the state estimator – or in more simple terms, the power system state.  

Although this design process has worked well over the years, vast improvements became more 

feasible with the insurgence of computer and microprocessor technologies. The concept of the 

power system state is based in measurement, making better measurement techniques and 

methodologies the next logical step in power system understanding.  After working on protection 

algorithms which would better use the digital relaying [15], James Thorp and Arun Phadke 

recognized that time synchronized measurements were now possible due to the advent of GPS 

technologies [16, 17]. Time synchronized measurements opened a new world of possibilities for 

the understanding of power systems because the calculation of the phase angles does not require 

computationally intensive non-linear state estimation anymore. The computation is simplified to 

a linear calculation which will always have a solution. These time-stamped signals measure 

voltage and current magnitudes and phase angles with respect to a reference point in the power 

system. Additionally, these measurements can be taken up to 60 times per second enabling the 

capture of previously unstudied dynamic behaviors and can be applied in a plethora of 

 

Figure 1.2 - PMU-PDC Data Transfer 
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applications [18, 19, 20, 21, 22]. There is much research as well into the particular locations in a 

power system where these units should be placed for maximum observability [23, 24, 25, 26]. 

Wide Area Measurements (WAMs) is the term for this new technology and the technology 

which captures this information is a Phasor Measurement Unit (PMU).  An intuitive way to think 

of a PMU is to imagine many cameras dispersed throughout the grid taking snapshots of voltages 

at exactly the same time. A linear state estimator can then stitch these synchrophasor snapshots 

together – similar to a panorama. 

Although synchrophasor technology is a vast improvement on traditional state estimation, it is 

still necessary to ensure that the incoming data is accurate [27, 28]. Previously, when data quality 

was poor, it would be apparent because the state estimator would stop solving. With the linear 

state estimator, there will always be a solution so data conditioning becomes that much more 

significant.  

This is an enormous technological innovation in the field of power systems because this 

information provides the actual system state at a given instant rather than just a periodic 

estimation. Traditional state estimation scanned the power system over a longer period of time 

which means that it did not accurately represent quickly occurring activities and could have 

many errors. Figure 1.2 provides a view of how PMU data is gathered and compiled through 

Phasor Data Concentrators (PDCs).  

For the time being, synchrophasor data is not replacing traditional SCADA data, but instead 

work alongside it as a complement. It should be noted that the technology for both positive 

sequence and three phase phasor only state estimation is available [29]. The conservative nature 

of the power industry is such that change is made extremely slowly, so new technologies must 

run in parallel with current ones until a comfort level is developed with them. Even though they 

are not being utilized for state estimation, the applications of synchrophasor data far exceed 

those of traditional SCADA data due to the synchronicity of the data points. Power system 

modeling provides a good example for the application of synchrophasor data. Because of the 

speed of the data capture, it is easier to model how the system actually responds to stressed 

conditions and dynamic events.  
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This high level overview was meant to demonstrate that the translation of the power system into 

a more robust and useful control problem is in large part possible because of the deployment of 

PMUs across the power system. More information on this translation will be provided in Chapter 

3. 

1.4 Power System Stability 

As this thesis works to explore the stability of the power system, thus, a well-defined 

understanding of power system stability is necessary. Most recently, system stability was defined 

by [30]: 

“Power system stability is the ability of an electric power system, for a given initial operating 

condition, to regain a state of operating equilibrium after being subjected to a physical 

disturbance, with most system variables bounded so that practically the entire system remains 

intact.”  

There are several ways to classify power system stability. These classifications aid in the 

analysis of stability problems, identification of factors which contribute to instability, and ways 

to improve stable operations. The classifications are based on the physical nature of the 

instability which occurred, the size of the disturbance studied, and the devices and time span of 

the instability.  

There are several sets of modeling requirements for the study of each type of stability. For 

transient stability, the time period is in the order of a few seconds. The initial operating 

conditions of the system need to be known in the form of the network, load levels, voltages, and 

power flow conditions. Additionally, generator rotor dynamics, exciters systems, AVRs, PSSs, 

governors, SVCs, HVDC lines, and protective relaying on transmission lines all need to be 

modeled correctly. The loads should include voltage dependent characteristics as well [31].  A 

power swing is a fluctuation in power flow that happens when generator rotor angles increase or 

decrease relative to each other as they respond to system disturbances.  Disturbances include, but 

are not limited to, faults, changes in load, line switching, and generation loss. When a power 

system is stable, any of these sorts of events should be able to occur without generators 

oscillating against one another or in conjunction as a set, but instead, should respond such that 

the system can move toward a new equilibrium state. When there is an unstable swing an out-of-



10 
 

step condition may arise in which generator poles slip and stability cannot be regained. A 

situation like this currently would require manual intervention which may not come quickly 

enough to save equipment from damage or prevent a blackout. However, synchrophasor 

technology, which measures the angles in reference to a single point, can detect these swings 

without knowledge of the topology or network model. Unfortunately, without proper control in 

place, there would need to be significant control room procedures which would need to be 

implemented to address these issues in an appropriate manner. 

The post-event system condition is dependent on the initial system operating condition as well as 

the nature of the disturbance. This means that power system stability is a property of the system 

motion around an equilibrium set. Equilibrium sets are composed of opposing forces that are 

instantaneously equal for an equilibrium point as well as forces over a cycle. For small cyclical 

variations from small continuous fluctuations in loads or period attractors, the system is still 

considered inside the equilibrium set.  

1.5 Gain Scheduling & Adaptive Control Applications 

Gain scheduling control has been increasingly developed over the last 20 years as a way to 

improve the performance of nonlinear systems with varying parameters and/or uncertainties [32, 

33]. According to a survey paper [32], gain scheduling can be conceptualized in many ways. 

Examples given in [32] state that gain scheduling can be thought of as switching various gains or 

controllers at preset times or based on the current system’s operating conditions. The underlying 

basis of gain scheduling problems is that a linear control is designed and applied to a nonlinear 

system [32]. The heuristic approach to gain scheduling that uses extensive testing and relies on 

the linearization being close to the non-linear model has been practiced for many years in jet 

engines, submarines, etc.  However, there has been little theory developed to guarantee the 

performance of the control when applied to the actual non-linear system [34].  In this work, 

multiple controllers are developed for several predetermined operating points of an example 

power system. The operating points for which controllers are designed are contingencies in the 

power system, for example, a line outage or a load increase.  

The time at which the controls change is determined by scheduling variables. For power systems, 

it is natural to make these variables PMU measurements because they provide real time 

information about the power system’s operating condition at that instant. Specifically, the 
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scheduling variables are power flows across tie lines in the system. The tie line flow provides 

useful information about the system. For example, the flows indicate when lines are out, 

variations in generation and load occur, or other system parameters change. After all of the 

operating points have been determined and a control has been found for each of them, it is 

necessary to determine which point provides the best control for the current system condition.  

The methodology developed provides a unique and simple way of determining whether the 

linearization technique provides suitable gain scheduling control. Although it does not prove 

sufficiency, it is a considerable improvement to the notion of assuming that it works because the 

linearization is similar to the non-linear system. Additionally, it is extremely easy to scale to 

large power systems where there are many power flows because two points in scheduling 

variable space can always be connected with a line. However, for further work and to actually 

provide sufficiency, the quadratic Lyapunov function would need to be calculated numerically to 

find the exact stability domain of the non-linear system.  

1.6 Pseudo-Non Linear Control using Lyapunov Functions 

Although linear estimations of non-linear systems provide some level of insight, it is desirable to 

model some of the truly non-linear behavior of a power system. For large power systems, this is 

extremely difficult due to how non-linear it is by nature. The linearization of the power system 

model provides a state space realization which can be used to design a controller using the state 

feedback of the generator angles and speeds. This state feedback control was developed using a 

multi-objective H#/H$ problem with pole placement. Continuing with the traditional linear 

control theory, it is possible to determine a Lyapunov function for the closed loop state space 

realization. Chapter 3 will provide more rigorous proofs and information regarding this theory.  

The initial set-up of this study begins much like other linear analysis. Once the controller is 

applied to the power system during a transient simulation of the contingencies with which it was 

designed, these same state feedback signals are used to track the Lyapunov function which was 

developed earlier. In order to determine which gain should be applied at any given operating 

point, many permutations of the contingency operating points must be created. These steady state 

variations in the contingency cases provide a blanket set of operating points to which any of the 

contingencies can be applied.  
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After all of the power flow files have been created using DSATools PSAT program, a transient 

simulation is performed with the predetermined contingency set using their program, TSAT [35]. 

The control designed for the applied contingency is included so that the optimal response from 

the system is derived. The dynamic data files for the HVDC lines and SVCs include the control 

feedback designed in Matlab [36]. When all of the transient simulations for the permutations of 

controls, contingencies, and steady state operating points are completed, the state and derivative 

state data can be multiplied with the Lypaunov matrix found previously to find a pseudo-non-

linear Lyapunov function. The many calculated functions provide the measurement set to be 

analyzed through data mining. Due to its popularity for power systems use, Decision Trees were 

an obvious way to implement this calculation. The output of the decision trees is the desired 

control necessary for a given system based on the state measurements.  

A decision tree functions much like an actual tree in that all of the data which stems out in the 

branches is initially contained within the trunk, or root node. The information is extracted in the 

form of “branches” that manifest to the user as a set of if-else statements. As one follows the 

path of the if-else statements, the final end point of the branch provides the classification. When 

a set of sample data is entered at the root of the classification tree, the information travels down 

the branches until it is classified by the tree when it reaches the terminal node. The classification 

and regression tree (CART) [37] analysis is performed with a non-parametric decision tree 

learning technique. It is particularly applicable in power systems due to the complex non-linear 

system dynamics [38, 39]. 

The traditional CART methodology organizes data into arrays where the events/outcomes form 

the rows and the columns are the measurements in time. One decision tree is created for each 

contingency. For many power systems applications utilizing synchrophasor data, this traditional 

approach neglects to address the real and imaginary components of a phasor. Reference [40] 

provides a new and inventive way of ensuring that the decision tree uses all of the relevant data 

to obtain the most optimal result.  

After the decision trees have been created, the splitting values needed to determine the class of 

test data are provided to the dynamic data files for the HVDC lines and SVCs. The next 

component is the testing of this process by computing the Lyapunov function in the dynamic 
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files and ensuring that the correct control is applied. Chapter 6 will provide the results found for 

the Four Machine and 127 Bus System [41, 42]. 

1.7 Motivation and Objective 

The main motivation for this work is to explore the applications of control theory in power 

systems. Because it is necessary and important to understand in detail how the power system 

operates and changes during various conditions, fully understanding how it can fit into different 

types of control system frameworks can provide valuable insights. Additionally, by extending 

this work to include a non-linear application of Lyapunov theory to power systems in a larger 

test system, this work has provided a new approach to power system stability which will actually 

account for the dynamic nature of the system. Furthermore, it is useful to ensure that even with a 

linearization of a power system, valuable results can be found by extending the results back into 

the non-linear system. 

The algorithm proposed in Chapter 5 will provide a service in which real time data is collected 

through WAMs and fed into the classification algorithm. Once processed, the control designed 

for a system of with similar outages and topology will be provided for application to the HVDC 

line control.  This work provides the framework for being able to follow the chart shown in 

Figure 1.3 for any contingency in the system.  
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Take 3 consecutive time steps of �� 	trajectory 

Determine the appropriate control needed by following the “if-

then” statements of the decision tree which were developed in 

the offline phase 

Apply control designated through classification 

using TSAT module of DSATools Suite 

Take state variable measurements �%, &� from all of 

the powerflow and contingency variations 

Calculate %�, &�   as time series 

derivatives for all measured states 

Use ' matrix found from control formulation to determine �� = (���'� + �'(��� 
Where (��� = (�%, �� = �%�, 	&� � 

 

Figure 1.3 – Flowchart for Incoming Data 

1.8 Overview 

Chapter 1: Introduction 

The introduction provides some background knowledge of power systems and the application of 

control theory to them. There is a brief discussion of some of the historically relevant moments 
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in each industry as well. It further outlines some of the different control applications employed 

and provides a basic overview of why it is desirable to evaluate power systems in the context of a 

control problem. 

Chapter 2: Power System Stability & Solutions 

In order to set the foundation for the rest of the work, this chapter will outline power system 

stability. Additionally, there will be fundamental information provided regarding the calculations 

necessary for the stability theory presented later.   

Chapter 3: Gain Scheduling & Adaptive Control 

Using the definitions and fundamentals laid out in [32], this chapter evaluates the applications of 

gain scheduling to power systems. Power flow measurements are utilized as scheduling variables 

and stability bounds are constructed through this parameterization. An example is shown 

utilizing the 4 machine system. 

Chapter 4: Pseudo-Non-Linear Lyapunov Control Applications 

This chapter will explore the theory and application of direct Lyapunov methods to power 

systems. The controls implemented were developed with linear models, but this is a novel 

methodology that combines the linear approximation with the transient simulations to predict the 

current system conditions and which controller needs to be applied. 

Chapter 5: Problem Formulation and Testing 

Finally, by applying the theory laid out in Chapter 4, we will now delve into the results and 

details of the implementation of this problem. The example systems were the 4 machine system 

as well as the simplified 127 Bus WECC model. Both models utilized HVDC lines and FACTs 

devices with state space control feedback. The controls were designed through Matlab [36] and 

then modeled using Powertech’s DSATools Suite [35].    

Chapter 6: Conclusions and Future Work 
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In addition to reviewing the results, this chapter serves as a jumping board for utility scale 

application. It also provides information on how regulation and policy will dictate the 

significance of centralized control in the power system operation.  
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Chapter 2. Power System Stability Overview 

The following table provides a historical background and motivation for why small signal 

control problems are significant for the power grid as a whole. The slower moving oscillation 

events listed here would have benefited from the types of linear and non-linear techniques 

developed in this work. 

Early 1960's Oscillations were observed when the Detroit Edison (DE), Ontario Hydro (OH) and 

Hydro-Québec (HQ) systems were inter-connected 

1969 Oscillations observed under several operating conditions in the Finland-Sweden (and 

Norway)-Denmark interconnected system 

1971 and 

1972 

Over 70 incidents of unstable inter-area oscillations occurred in the Mid-Continent 

Area Power Pool (MAAP) system in North America 

1971-1974 0.19-0.36 Hz oscillations observed in the UCTE/CENTREL interconnection in Europe 

[48] 

1975 Unstable oscillations of 0.6 Hz were encountered on the interconnected power system 

of New South Wales and Victoria 

1982 and 

1983 

 State Energy Commission of Western Australia (SECWA) experienced lightly 

damped system oscillations in the frequency range of 0.2-0.3 Hz 

1984 0.15-0.25 Hz oscillations observed in Brazil [49] 

1985 0.6 Hz oscillations observed in the Hydro-Québec system [50] 

1996 Pacific AC Inter-tie (PACI) in WECC experienced unstable low frequency inter-area 

oscillations following the outage of four 400 kV lines 

2003 Blackout in eastern Canada and US coincided with 0.4-Hz oscillations [51] 

2012 A number of inter-area oscillations were observed between the upper Midwest 
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and the New England/New Brunswick areas in the 0.25 Hz family 

In order to understand how these types of power system events can be mitigated, it is necessary 

to have an understanding of dynamic control systems. In the process of translating a power 

system into a dynamic control system, there are three very basic steps which need to be 

accomplished. First, a set of differential and algebraic equations which describes the physical 

system need to be developed. Next, the constant and variable values of the system need to be 

determined. This is to provide the detailed condition of the physical system at some instant in 

time. Finally, the differential equations are integrated with the values determined in step two as 

the initial conditions. In addition to these variables, it is possible to include inputs to the system 

that follow logic developed outside of the simulation itself. 

Thus, the quantities in a dynamic simulation can be classified as one of the following: 

• Constants: Values which do not vary during the period of simulation 

• State Variables: Quantities that vary and are defined at each instantaneous step 

through differential equations  

• Algebraic Variables: The values of algebraic variables can be found when the values 

of the state variables, constants, and input variables are known. 

• Input Variables: Values that can be determined at any instant through logic outside of 

the simulation 

The first set of differential equations includes the generators, motors, controls, and other 

dynamic devices. The second set of equations includes the algebraic network equations and 

information about the transmission network and the internal static behavior of passive devices 

such as static loads, phase shifters, and shunt capacitors [43]. Together these equations form the 

continuous time model. 

2.1 Continuous Time Model  

The study of power system dynamics begins with the translation of the physical components into 

a continuous time model. This dynamic behavior is governed by two sets of non-linear 

Equations, (2.1) and (2.2): 

�� = (��, �� (2.1) 
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� = ℎ��, �� (2.2) 

The first set of differential equations includes the generators, motors, controls, and other 

dynamic devices.  

By imposing the condition that the state equations provide equilibrium for the system at zero, it 

is possible to compute the steady state system conditions for pre- or post-fault states. This can be 

represented with Equation (2.3), where �*+ is an equilibrium state which corresponds to a 

constant input of �*+. 

(,�*+ , �*+- = 	0 (2.3) 

Also, �*+ will be the corresponding constant output: 

�*+ = ℎ,�*+ , �*+- (2.4) 

The security assessment which takes place when evaluating power systems is two-fold. The 

static component of the assessment determines if the properties of the post fault equilibrium state 

are acceptable. This is accomplished by ensuring that equilibrium is locally stable and the 

steady-state voltage magnitudes and currents satisfy their operating constraints. The assessment’s 

dynamic component determines whether the system would actually be able to reach the post-

fault operating condition. 

Even though the physical specifications of a generator do not influence its steady state system 

response outside of their expected MW outputs, they do affect its dynamic response significantly 

[30]. Steam and combustion turbines, hydro turbines, diesel engines, and wind turbines all 

contain prime movers do not have prime movers in the classical sense, but their effect on 

dynamics can be explored more thoroughly in [44]. In general, steam and combustion turbines 

have high speed cylindrical rotors with two or four rotors. Salient pole rotors with multiple poles 

are utilized for hydro turbine generators.  

For the purposes of evaluating the power system model, it is helpful to begin with the 

development of equations from a single machine infinite bus (SMIB) model using a classical 

generator. Using a classical synchronous involves the following simplifying assumptions.  

• The mechanical input power is constant 
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• The generator is represented by a constant EMF behind the direct axis transient reactance, '.′. 
• The voltage angle behind the transient reactance represents the mechanical rotor angle. 

Figure 2.1 is a very basic representation of the mechanical power used to turn the shaft to 

produce electrical power from the generator.  

 

Figure 2.1 – Synchronous Machine Diagram 

When exploring power systems, it is useful to go back to the very fundamentals. Although 

Wikipedia may not be a scholarly source, it often has elegant definitions of basic concepts. Thus, 

according to Wikipedia [45]: “Inertia is the resistance of any physical object to any change in its 

state of motion (this includes changes to its speed, direction or state of rest).” For a generator that 

is online and connected to the transmission network, its inertia is the mechanical energy that is 

stored in the rotating components which include the turbine, generator, shaft, and exciter. 

However, note that if the exciter is driven by a different prime mover, it would not contribute to 

the unit’s inertia. When there is a disturbance that acts on the rotor, the net torque being applied 

will cause acceleration or deceleration based on Equation (2.5). 

/ = /0 − /* (2.5)  

where  

/2 = 34456573�8!9	�:7;�5	8!	< ∙ >	/0 = >54ℎ3!8436	�:7;�5	8!	< ∙ >	/* = 5654�7:>39!5�84	�:7;�5	8!	< ∙ > 

The values of /0 and /* are positive for a generator and negative for a motor in Equation (2.5).  

The generator inertia determines the mechanical and electrical response of the machine to 
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disturbances. The combined moment of inertia of the generator and the turbine, ?	�@9 ∙ >#� is 

the parameter which quantifies the mechanical resistance of the generator to changes in its state 

of rotation. This value is related to the rotating speed and total mass of the components. Equation 

(2.6) shows that 

? A&0A� = /2 = /0 − /* (2.6) 

where 

?					 = 4:>B8!5A	>:>5!�	8!57�83	:(	95!573�:7	3!A	��7B8!5, @9 ∙ >#	&0 = 3!9�637	C56:48��	:(	�ℎ5	7:�:7,>54ℎ. 73A/E �					 = �8>5, E 

The inertia constant,  F	�GH − E54:!AE/G��� , is defined as the total rotational energy stored 

by the rotating components divided by the MVA rating on the nameplate.  

F = E�:75A	5!579�	3�	73�5A	E 55A	8!	GH ∗ EG��	J3�8!9  (2.7) 

The equation of motion can be normalized in terms of the per unit inertia constant,	F, as seen in 

Equation (2.8). The value &K0 denotes the rated speed in mechanical radians per second as 

shown in Equation (2.9). This allows the inertial constant to be normalized based on the prime 

mover, not on the MVA rating of the unit.  

F = L# MNOPQRSTUVW  (2.8) 

&K0 = 73�5A	3!9�637	C56:48��	8!	>54ℎ3!8436	73A83!EE = 2 ∗ Y ∗ JZG60  (2.9) 

The moment of inertia, ?, in terms of F, is defined in Equation (2.10)  

? = 2F&K0# ��\2]* (2.10) 

The swing equation (2.11) is then defined by substituting (2.10) into (2.6). By rearranging (2.11), 

it is possible to find (2.12). 

2F&K0# ��\2]* = A&0A� = /0 − /* (2.11) 
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2F AA� ^ &0&K0_ = /0 − /*��\2]*/&K0	 = /0 − /*/\2]*	  (2.12) 

Thus, the per unit equation of motion is as follows in (2.13):  

2F A&̀aA� = /b0 − /b* (2.13) 

Where &̀a	�rad/s� is calculated in Equation (2.14) as the rotor angular velocity, using &K as its 

rated value, and  g as the number of field poles.  

&̀a = &0&K0 = &aZg&KZg = &a&K (2.14) 

Furthermore, assume that % is the angular position of the rotor in electrical radians with respect 

to a synchronously rotating reference, where %K is the value of % at time � = 0. 

% = &a� − &K� + %K (2.15) 

Equations (2.16) and (2.17) are the result of taking the derivative of Equation (2.15) with respect 

to time.  

A%A� = &a − &K = h&a (2.16) 

A#%A�# = A&aA� = A�h&a�A�  (2.17) 

									= &K A&̀aA� = &K A�h&̀a�A�   

By substituting 
.Ǹi.j  into Equation (2.13), the result is  

2F&K
A#%A�# = /b0 − /b* (2.18) 

This does not account for the damping torque, which is not included in the calculation of /*. This 

addition is made by including a term that is proportional to the speed deviation in order to 

account for damping.  

2F&K
A#%A�# = /b0 − /b* − klh&̀a (2.19) 

From Equation (2.16), it can be seen that:  h&̀a = mNiNO = LNO .n.j . 
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Equation (2.19) provides the final equation of motion for a synchronous generator. It is 

commonly referred to as the swing equation because it provides insight into how the rotor 

angle,%, will swing during a system disturbance. The second order differential equation in (2.19) 

can also be represented as a set of two first order differential equations shown in Equations 

(2.20) and (2.21). A block diagram of the SMIB model shown in Figure 2.2 provides a quick 

visualization. It is assumed that the following values are in per unit, angle % is in electrical 

radians, and &K is equal to 2Y(. 

 

 

 

Figure 2.2 - Block Diagram of Swing Equations 

2.2 Large-Disturbance or Transient Stability  

When evaluating large disturbances like short circuit faults, the change in the generator speed or 

angle could be high and will not behave linearly. These studies are called transient stability 

studies. The transient stability of an SMIB system can be analyzed using the equal area criterion. 

This criterion can be determined through the swing equation, starting with Equation (2.22).  

A#%A�# = Y(oF �Z0 − Z02pE8!%� (2.22) 

Next, multiply both sides of Equation (2.22) by 2 .n.j  to find Equation (2.23): 

2A%A� A#%A�# = Y(F �Z0 − Z02pE8!%� ^2 A%A�_ (2.23) 

Ah&aA� = 12F �/0 − /* − klh&a� (2.20) 

A%A� = &Kh&a (2.21) 

r 

h&a 
- 

+ &KE  

12FE + kl 

/* 

/0 
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The Equation (2.23) can be further simplified by recognizing that 
..j 	s.n.jt# = 2 .n.j .Qn.jQ  in Equation 

(2.24).  

AA�	uA%A�v# = Y(#F �Z0 − Z02pE8!%�A%A� 	 (2.24) 

A uA%A�v# = Y(]F �Z0 − Z02pE8!%�A% 
 

Next, it is necessary to integrate both sides and take the square root to find Equation (2.25)  

A%A� = wY(]F x �Z0 − Z02pE8!%�A%n
ny  (2.25) 

In a stable system, the rotor angle	% must settle to the steady state value eventually. This means 

that Equation (2.25) equals zero because the rate of change of angle with respect to time should 

be zero in steady state as is shown in Equation (2.26). 

A%A� = 0 ⇒ x �Z0 − Z02pE8!%�A% = 0n
nO  

 

(2.26) 

The swing equation and a preliminary understanding of the dynamics of the generators feeding 

power to the transmission network provide some insight into the physical forces at play when 

discussing power system stability.  

2.3 Linearization of the Continuous Time (CT) Model 

Despite all of the nonlinearities described above, to proceed, there needs to be some discussion 

of how and why linearizing a system is beneficial for understanding it – as well as the limits of 

studying a linear system. Linearization is useful because there are many more established ways 

of understanding linear systems. The superposition principle still holds, a unique equilibrium or 

continuum of equilibria is provided, and there are easy tests for controllability and observability 

of the system in question. Because of this, engineers can gain some amount of insight and 

understanding into the nonlinear system. In short, a linearized model is a good place to start, but 

it is necessary to be cognizant of its short comings.    

Linearization is just an approximation of the neighborhood around an operating point. Because 

of this, it can only provide “local” behavior for the real nonlinear system. This means that no 
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information is gathered about the other regions in which the non-linear system could be 

operating. Additionally, the linear models often ignore more complicated system dynamics 

which can be “essential nonlinear phenomena” to understanding the system [46]. There is no 

prediction of non-local or global behavior.   

2.3.1 Linearization to State Space Form 

The following section will involve taking the equations in (2.1) and (2.2) and transforming them 

into linear equations. This process begins by supposing that ,�∗���, �∗���- is a trajectory 

corresponding to the output, �∗��� as seen in Equations (2.27) and (2.28). 

�∗� = (��∗, �∗, ��,															�∗��K� = �K		 (2.27) 

�∗ = ℎ��∗, �∗, �� (2.28) 

By taking a multivariable Taylor series expansion in Equations (2.29) and (2.30): 

�� = (��∗, �∗, �� +	{({�|∗ �� − �∗� + {({�|∗ �� − �∗� + J5>g��, �, �� (2.29) 

� = ℎ��∗, �∗, �� +	{ℎ{�|∗ �� − �∗� + {ℎ{�|∗ �� − �∗� + J5>}��, �, �� (2.30) 

The remainder terms of Equations (2.29) and (2.30) decrease faster than linearly because as ��, �� → ��∗, �∗�: 
lim�p,��→�p∗,�∗� J5>{g,}}��, �, ��∥ ��, �� − ��∗, �∗� ∥ = 0 (2.31) 

By defining perturbation variables as: 

�� = � − �∗ (2.32) �� = � − �∗ (2.33) �� = � − �∗ (2.34) 

The limit that ��, �� → ��∗, �∗� provides the linearized model such that: 

��� = ������ + �����,� 				���0� = �K − �∗�0� (2.35) 

�� = ������ + ������  (2.36) 

Where the state matrices are defined as: 
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���� = {({�|∗ (2.37) 

���� = {({�|∗ (2.38) 

���� = {ℎ{�|∗ (2.39) 

���� = {ℎ{�|∗ (2.40) 

In the event that �∗is constant, the state matrices become time invariant as well such that ���� = �. This says that near �∗, the function can be approximated by a linear function plus a 

co-term or that ���� ≡ �* and (��*� = 0. For a system of equations this can be written out in 

Equation (2.41). 

(L��L* , �#* , … , ��*� = 0      

(2.41) 
(#��L* , �#* , … , ��*� = 0 

 ⋮   

(���L* , �#* , … , ��*� = 0 

This can be displayed similar to the above as: 

�� = 	�� + �� (2.42) 

� = �� + �� (2.43) 

Such that at time, �, the n-vector x(t) is the state vector, the m-vector u(t) is the input vector, and 

the p-vector y(t) is the output vector. The !	 × 	! matrix � is sometimes called the system matrix. 

Respectively, the matrices �, �, and	� have the dimensions !	 × 	>,  	 × 	!, 3!A	 	 × 	>. This 

system can be described in scalar terms through:  

 

��L = 3LL�L +⋯+ 3L��� + BLL�L +⋯+ BL0�0 

(2.44) 							⋮ 
��� = 3�L�L +⋯+ 3���� + B�L�L +⋯+ B�0�0 

And 
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�L = 4LL�L +⋯+ 4L��� + ALL�L +⋯+ AL0�0 

(2.45) 							⋮ 
�� = 4�L�L +⋯+ 4���� + A�L�L +⋯+ A�0�0 

The transfer function representation of these matrices is shown in Equation (2.46).  

/�E� = ��E� − ���L +� (2.46) 

2.3.2 Eigenvalue Analysis 

Whether real parts of all eigenvalues in a system are negative is important.   When they are, 

transients in a linear dynamic system decay over time.  A stable system is one in which all 

transients decay.  An unstable system is one in which one or more transients grow. 

Unstable power systems do not operate. But power systems are nonlinear.  A linearized model 

may have a complex eigenvalue with a positive real component.  When this happens, system 

oscillations of constant amplitude can occur, subject to limitation by the system’s nonlinearity.  

The system, though compromised, can remain in operation for at least a while.  However, a 

growing oscillation can result in system collapse and failure.  The system is threatened in either 

case. 

At a basic level, the first step made towards controlling the system needs to be evaluating the 

role each generator plays in each mode. The first step is looking at the solution to the state 

equation. This is evaluated with Equation (2.47).  

� = 	��o�
o�L �o (2.47) 

where 

• �o is the ith right eigenvector of � 

• �o is the ith mode  

One way to evaluate the roles of the generators is through modal analysis. When a state vector of 

a particular mode has a large entry corresponding its right eigenvector, it should be evaluated 

[18, 47].  This eigenvector is commonly referred to as the mode shape. Another way of stating 
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this is that a mode’s right eigenvector provides the relative amplitude of the mode which is 

observed through the dynamic system states [47].  The largest amplitude of oscillation for a 

particular mode corresponds to the state with the largest eigenvector magnitude. When an 

eigenvector coefficient is zero for a certain state, the measurements of that state cannot see that 

mode [47]. The mode shapes can determine coherent machine groups in multi-machine systems 

[18]. The ith eigenvalue, ith left eigenvector, and system input define the ith mode as a scalar 

function of time. Each mode satisfies the linear differential equation in Equation (2.48). 

A�oA� = �o�o + Co��	 (2.48) 

where  

• �o is the ith  eigenvalue of � 

• Co is the ith left eigenvector of � 

The eigenvalue of the � matrix can be found by solving Equation (2.49). 

det�� − ��� = 0 (2.49) 

Additionally, the ith right eigenvector satisfies Equation (2.50). 

��o = �o�o	 (2.50) 

The ith left eigenvector satisfies Equation (2.51). 

Co� = �oCo	 (2.51) 

The eigenvalue of a mode can be represented by Equation (2.52). 

� = −�&� ± �&. = −� ± �&. (2.52) 

where 

• � is the damping ratio 

• &� = |�| is the undamped natural frequency and is an indication of rise time 

• &. is the damped natural frequency 

• � is the real part of the pole 
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The damping ratio and frequency of oscillation in Hertz can be provided by Equations (2.53) and 

(2.54). 

� = �&� (2.53) 

( = &2Y (2.54) 

When the damping ratio is positive, there is positive damping. It should be noted that oscillations 

in power systems do not normally require heavy damping, but that with the added system 

stresses of today’s system, it is desirable to have more than 5% damping [47].  

The eigenvalues calculated from the linearized system are extremely useful for understanding the 

modes of different generators and how they interact with each other. In future chapters, these 

values are utilized for determining the efficacy of the control. 

The generic linearization techniques provide a useful way to distill information from the 

nonlinear power systems equations for further analysis and insight.  
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Chapter 3. Linearized Gain Scheduling Techniques 

 

Technological advancements in the field of power systems provide the opportunity to explore 

new and interesting problems. The advent of Phasor Measurement Units (PMUs) allows for 

synchronized time-tagged Wide Area Measurements (WAMs) that provide a real-time snapshot 

of the power system. This information can be utilized for many applications [18, 19, 20, 21]. 

This chapter focuses mainly on applications related to the control and small signal stability 

analysis of power systems.  

The movement from optimality to robustness in control design has enabled the evolution of new 

areas of control theory [51]. The application of optimal control theory to real world problems is 

difficult in practice and does not always provide a useful result [30]. As most systems are 

inherently non-linear, it is desirable to determine a way to linearize them so that a controller can 

be more easily developed [51].  Specifically, the application of control theory to power systems 

raises the question of how to create a robust controller for a highly non-linear system. It is 

desirable to design one robust controller for a given problem under variable operating conditions. 

However, finding a controller that is robust and capable of this variation may yield conservative 

results or an infeasible controller [51, 52, 53, 54]. A way to circumvent this problem is to use 

gain scheduling control techniques. These techniques provide flexibility by scheduling 

controllers that are based on the linearized operating points of the system, which are developed 

from the non-linear system.  

Gain scheduling control has been increasingly developed over the last 20 years as a way to 

improve the performance of nonlinear systems with varying parameters and/or uncertainties [55] 
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[56]. According to one survey paper [56], gain scheduling can be conceptualized in many ways. 

Examples given in [56] argue that gain scheduling could be thought of as switching between 

various gains or controllers, either at preset times or based on the current system’s operating 

conditions. The underlying basis of problems with gain scheduling is that a linear control is 

designed and applied to a nonlinear system [56]. The heuristic approach to gain scheduling uses 

extensive testing and relies on the linearization being close to the non-linear model. This 

approach has been practiced for many years in jet engines, submarines, etc. However, there has 

been little theory developed to guarantee the performance of the control when applied to the 

actual non-linear system [34].  Here, multiple controllers are developed for several 

predetermined operating points of an exemplary power system. The operating points for which 

controllers are designed are contingencies in the power system, e.g. a line outage or a load 

increase.  

The time at which the controls change is determined by scheduling variables. For power systems, 

it is natural to make these variables PMU measurements because they provide real time 

information about the power system’s operating condition at that instant. Specifically, the 

scheduling variables are power flows across tie lines in the system. The tie line flow provides 

useful information about the system. For example, the flows indicate when lines are out, 

variations in generation and load occur, or other system parameters change. 

After all of the operating points have been determined and a control has been found for each of 

them, it is necessary to determine which point provides the best control for the current system 

condition.  

This chapter is organized as follows: Section3.1 provides the mathematical background 

associated with gain scheduling controllers. Section 3.2 explains how controllers designed 

through gain scheduling are applied in state feedback. Section 3.3 presents the results of these 

controllers as applied to an example system. Section 3.4 summarizes the findings of the work 

done in this research area.  

3.1 Necessary Mathematical Concepts 

The following mathematical definitions are necessary for understanding the power systems 

applications presented in the remainder of Chapter 3.  
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3.1.1 Linear Time-Invariant Parameter Dependent Systems 

Linear time-invariant parameter-dependent (LTIPD) systems are defined in Equation (3.1).  

�� = ����� (3.1) 

���� = �K + ���		  

For a multi-parameter dependent system, the LTIPD will be defined as in Equation (3.2). 

�� = ��K +��o�o	0
o�L �� (3.2) 

The map C from the set of !�! real Hurwitz matrices �	:!�:	ℝ is a semi-guardian map,  

assuming that it is continuous, non-zero, and that � ∈ {	� ⇒ C��� = 0. To determine the 

stability of the two-parameter quadratically–dependent matrix over the domain �7L, 7#� ∈ 0,1¡� 0,1¡, Equation (3.3) must be examined. 

���L, �#� = ¢ � �Lo£�#oQ�o£,oQ 	o£¤oQ�0
o£,oQ,�K ¥ (3.3) 

The notation that will be utilized throughout this chapter is provided in Table 3.1. 

Table 3.1  - Notation for Chapter 3 Reference 

⨂⊕ Kronecker product and sum ⋆ Bialternate product �o��� ith eigenvalue of the matrix � ∈ ℝ�×�  

int�©� Interior of the set © {© Boundary of the set © � Set of Hurwitz matrices � ∈ ℝ�×� �̅ �⊕�, � ∈ ℝ�×� �« � ⋆ �� + �� ⋆ � = 2� ⋆ ��, � ∈ ℝ�×� 

mspec��� Multispectrum of matrix � ∈ ℝ�×�, i.e. the set consisting of all the eigenvalues of �, including repeated eigenvalues ℐ� Index set {1, 2, … , !} 
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∪̀ Ordered union of two sets, taking only one occurrence of repeated members ©# Cardinality of set © G ∈ ℝ�×�  

 

�«o�G�, 8 = 1,2,… ,   represents the real non-zero eigenvalues of G when the vector 

is nonrepeating. 

 

3.1.2 Guardian Map 

The basic results of this work rely on the understanding of the guardian map for Hurwitz 

matrices [62, 63, 64, 65] . 

A guardian map is used to transform a matrix stability problem to a non-singularity problem of 

an associate matrix. A common guardian map involves using the Kronecker sum of a matrix with 

itself. The Kronecker sum induces the guardian map ¯L:	ℝ�p� → ℝ where  ¯L��� ≔ det	��⨁��. 
Definition directly from [62]: 

Let ³ ⊆ ℝ�p� be an open set. The map ¯:	ℝ�p� → ℝ is said to guard the set ³ if ¯��� ≠ 0 for all � ∈ ³ and ¯��� = 0 for all � ∈ {³. The map ¯ is called the guardian map for ³. 

	��L, �#�¶ ∈ {� = 7	C�·�; 7 ∈ �−∞, … . �, (3.4) 

The Kronecker sum is defined in Equation (3.5).   

�	⨁	� = 	¹3LL + BLL BL# 3L� 0B#L 3LL + B## 0 3L#3#L 0 3## + BLL BL#0 3#L B#L 3## + B##º (3.5) 

The Kronecker product is defined in Equation (3.6).   

�	 ⊗ 	� = 	�3LL� ⋯ 3L��⋮ ⋱ ⋮3�L� ⋯ 3���� (3.6) 

A particularly useful property of the Kronecker sum and product is shown in Equation (3.7). 

�	⨁	� = �	⨂	� + �	⨂	� (3.7) 
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3.1.3 Bialternate Sum 

For matrices �, � ∈ ℝ�×� with elements 3o½ and Bo½, the index function >�  will be defined by: 

>��!, 8, �� ≔ �� − 1�! + 1 − 12 ��� + 1� (3.8) 

The bialternate product of A and B is the matrix of ¾ = � ⋆ �. It has the dimension 
L
#!�! − 1� ×

L
#!�! − 1� and is composed of the following elements [66, 67, 68] :  

(0���,�,+�,0���,a,]� ≔ 12^|
3�a 3�]B+a B+]| + |B�a B�]3+a 3+]|_ (3.9) 

where  , 7 = 2, 3, … , !	; 	; = 1,2, … ,  − 1 and E = 1,2, … , 7 − 1. Thus, it can be inferred that 

� ⋆ � = � ⋆ �. For clarity, an example is laid out in Equations (3.10) and (3.11).  

� = À3LL 3L# 3LÁ3#L 3## 3#Á3ÁL 3Á# 3ÁÁÂ 	3!A	� = ÀBLL BL# BLÁB#L B## B#ÁBÁL BÁ# BÁÁÂ (3.10) 

 

� ⋆ � = 12
ÃÄ
ÄÄ
ÄÅ^

3##BLL + 3LLB##−3L#B#L − 3#LBL#_ ^ 3LLB#Á + 3#ÁBLL−3#LBLÁ − 3LÁB#L_ ^ 3L#B#Á + 3#ÁBL#−3##BLÁ − 3LÁB##_
^ 3LLBÁ# + 3Á#BLL−3L#BÁL − 3ÁLBL#_ ^ 3LLBÁÁ + 3ÁÁBLL−3LÁBÁL − 3ÁLBLÁ_ ^ 3L#BÁÁ + 3ÁÁBL#−3LÁBÁ# − 3Á#BLÁ_
^ 3#LBÁ# + 3Á#B#L−3##BÁL − 3ÁLB##_ ^ 3#LBÁÁ + 3ÁÁB#L−3#ÁBÁL − 3ÁLB#Á_ ^ 3##BÁÁ + 3ÁÁB##−3#ÁBÁ# − 3Á#B#Á_ÆÇ

ÇÇ
ÇÈ
 (3.11) 

The bialternate sum of �« of matrix A with itself is defined in (3.12) as is published in [69], [66], 

and [67]. 

�« = � ⋆ �� + �� ⋆ � = 2� ⋆ ��. (3.12) 

If  a� ÉÊ denotes the ijth element of AÌ, then it follows that, 

3�0���,�,+�,0���,a,]� = |3�a 3�]%+a %+]| + |%�a %�]3+a 3+]|  (3.13) 
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The variable %o½ is the Kronecker delta such that Í%o½ = 1%o½ = 0	8(	8 = �		8(	8 ≠ � . The other variables range 

from  , 7 = 2,3, … , !; ; = 1,2, … ,  − 1 and E = 1,2, … , 7 − 1. Thus, it can be said that �« ∈
ℝ£Q����L�×£Q����L� if � ∈ ℝ�×�. An example using Equation (3.13) is shown in (3.14) and (3.15). 

�L = s3LL 3L#3#L 3##t 
	�«L = 3LL + 3##  

(3.14) 

�# = À3LL 3L# 3LÁ3#L 3## 3#Á3ÁL 3Á# 3ÁÁÂ, 

�«# = À3LL + 3## 3#Á −3LÁ3Á# 3LL + 3ÁÁ 3L#−3ÁL 3#L 3## + 3ÁÁÂ, 
(3.15) 

This definition of the bialternate sum with itself provides the foundation to show that (3.16) is 

also true when �K, �� ∈ ℝ�p� and � ∈ ℝ. 

�0 +���Î = �0
Ï +���Ï  (3.16) 

3.1.4 Definition 3 from [61]  

� ∈ ℝ�×� , where �Ì����,� = 1,2, … ,� represents the real non-zero eigenvalues of � when 

the vector is nonrepeating. Let �0 = −∞	,�� = − 1

�Ì���� .			��¤1 =	+∞ such that the ordered set 

can be labeled as follows in Equation (3.17), assuming that �� < ��¤1. 

ℬ��� ∶= {�0,�1,�2, …��,��¤1} (3.17) 

The significance of this definition comes from the fact that for any � ∈ ℝ, the det��+��� = 0 

if and only if � ∈ ℬ���. This basically provides intervals on which the eigenvalues of the 

system can be evaluated for determinations of the entire stability domain.  

3.1.5 Theorem 2 from [61] 

Given an open interval Ω in ℝ, and �K,�� ∈ ℝ�×�,define �ÌK ≔ 2�K ∗� and �Ì� ≔ 2�� ∗�. 

Then, the following two statements are equivalent: 

• 0 ∈ Ω and ���� ≔ �0 +��� is Hurwitz for all � ∈ Ω 
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• �K is Hurwitz and 0 ∈ Ω	 ⊆ ���K�LAÓ� ∩���Ì0
�1
�Ì�� 

 

This theorem uses the guardian map of the determinate of a bialternate sum to determine the 

maximal continuous robsut stability interval including the origin. 

3.1.6 Theorem 8 from [61] 

The theorem is presented as follows: 

Given �0,�� ∈ ℝ�×� where det	��0 ⊕�0� ≠ 0, let  

�0
Ï = 2�0 ⋆�� (3.18) 

��
Ï = 2�� ⋆�� (3.19) 

� = ^ℬ,�0
�1
��- ∪̀ 	ℬ Õ�Ì0

�1
�Ì�Ö_# − 2 (3.20) 

Define the open set 

Ω∈ ∶=×���,��¤1�
�∈ℐ  (3.21) 

Where ��,��¤1 are consecutive members of ^ℬ,�0
�1
��- ∪̀ 	ℬ Õ�Ì0

�1
�Ì�Ö_ and the index set ℐ 

is given by ℐ ∶= Ø� ∈ ℐ�0 :�0 +	����Ù and is Hurwitz for some �� ∈
���,��¤1�,��,��¤1consecutive members of ^ℬ,�0

�1
��- ∪̀ 	ℬ Õ�Ì0

�1
�Ì�Ö_. 

Then, �0 +��� is Hurwitz if and only if � ∈ Ω�. 
In more practical language, this theorem states a methodology for finding the bounds on the 

parameter to maintain system stability. It is saying that if for some given �� in set 

^ℬ,�0
�1
��- ∪̀ 	ℬ Õ�Ì0

�1
�Ì�Ö_, there is a value for which �0 +����is Hurwitz. This can be 

extended to all values of � if it is contained in the open set defined as Ω∈. 

To utilize the outlined principles, it is now necessary to calculate the maximum real eigenvalue 

of �0 +���. This set of eigenvalues will be compared with the elements of the set given 
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^ℬ,�0
�1
��- ∪̀ 	ℬ Õ�Ì0

�1
�Ì�Ö_. The stable eigenvalues will determine where � is defined for the 

Hurwitz �0 +���. 
3.1.7 Convex Combination 

From the previous section, the bounds of the stability domain in parameter space	� for the 

system ���� can be determined. To ensure that there is a continuous path that the parameter can 

travel on in between  �0 and	��, it is necessary to see if � forms a convex combination between 

�0 and	��. Regardless of the dimensionality of the system, this technique will always provide a 

line between the two systems in the parameter (or scheduling variable) space. This space is 

defined by the set of � for the eigenvalues on the �� axis. A convex set which is defined in [70, 

71] states that for a given linear space	�, a subset � is defined such that � ⊂ � is convex if any 

two points in � can be connected with a line segment using (3.22). 

��0 + �1 −���� ∈ �
0 ≤ � ≤ 1

 (3.22) 

For the problem formulation of this paper, this means that the set of parameters determined from 

[61] must be contained in the convex subset � to find the convex combination of �0 and	��. 

Finding this combination shows that with the variation of one parameter, the current system 

condition defined at �0 has a smooth path to the equilibrium point �� for which a controller has 

been designed. Regardless of how many scheduling variables are needed to properly control a 

system, the distance between the two points, i.e., �0 and	�� will always be a line in one 

parameter. This allows for the scaling of this technique to larger systems. 

In order to determine if there is actually a path between the two systems by which one parameter 

can be varied to move the current system to the equilibrium point, it is necessary to ensure that 

the parameter, �, for which �0 +��� is Hurwitz, meets the constraints of a convex 

combination. Since it is already known that the value � is the set for �0 +��� is in the 

stability domain; it is just necessary to ensure that those values include	0 ≤ � ≤ 1. This will 

guarantee that when the gain of the equilibrium is applied to the current system, there is a stable 

path of operating points between them. 
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3.2 Gain Scheduling Controller Application 

The goal of this research is to apply gain scheduling techniques to power systems controls. The 

control or the gain can be switched as the system operating conditions change. Doing this requires 

a basic knowledge of what gain scheduling is and how it is applied to nonlinear systems. A linear 

controller for the power system is created based on a linearized system, but the actual 

implementation occurs on the real nonlinear system.  

Designing a gain-scheduled controller for a nonlinear plant can be summarized with a four-step 

procedure [56]. 

1. Linear parameter varying (LPV) plant models must be determined from the nonlinear plant 

through one of two procedures 

a. Jacobian linearization of the nonlinear plant about a family operating or equilibrium 

points 

b. Quasi-LPV scheduling by rewriting the plant dynamics to hide nonlinearities as 

time varying parameters to be used as scheduling variables 

2. Design linear controllers for the LPV plant model derived through either method. Provide a 

family of linear controllers corresponding to the LPV plant or require an interpolation 

process to find a family of linear controllers from a set of controllers designed for isolated 

values of the scheduling variables 

3. Schedule gains such that the controller coefficients (gains) of the family of linear 

controllers can be varied (scheduled) based on the current values of the scheduling 

variables 

4. Assess performance by evaluating the local stability and performance properties of the gain 

scheduled controller. Non-local evaluation is done through simulation studies. 

Because the first step in gain scheduling design is deriving a linear parameter-dependent 

description for the nonlinear plant, the background information will start there. 
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3.2.1 Linear Parameter Varying Systems 

An LPV system is one in which the linear system dynamics depend on time-varying exogenous 

parameters. Although the trajectories of these parameters do not need to be known a priori, it 

should be possible to measure them online. Because they cannot be known previously, time-

varying control methods based on previous and future values cannot be utilized [34]. A 

continuous time LPV system has the form seen in Equation (3.23). 

x� �t� = A,ρ�t�-x�t� + B,ρ�t�-u
y�t� = C,ρ�t�-x�t� + D,ρ�t�-u (3.23) 

 ���� is a measurable, bounded time-varying parameter vector, and ��∙�,��∙�,��∙�,��∙� are 

the state matrices that are fixed functions of � [20, 34, 56]. This LPV system can be obtained 

through either the Jacobian linearization or quasi-LPV method.  For this paper, the LPV was 

obtained through a classical linearization.  

3.2.2 Linear Controller Families 

The linear gain scheduled controller uses the plant linearization family to design a linear 

controller family [56]. During the design, the scheduling variable � is used as a parameter. 

However, during the implementation � is used as a time-varying input signal to the gain 

scheduling controller. It can be dependent on an exogenous input and/or a state or output 

measurement [56]. The current values of the scheduling variables are used to determine the 

controller coefficients continuously [51, 58, 59, 60]  . 

3.2.3 Gain Scheduling 

As discussed in the previous section, the technique utilized here is linearization scheduling. In 

this case, the fixed scheduling variable values are functions of the internal plant variables and/or 

exogenous signals corresponding to the parameterization.   

Because of this, there are several restrictions placed on the control design. First, it is necessary 

for the system to be changing slowly [51, 56] because, typically, only local stability can be 

assured. This requires running many more simulations in order to ensure that the results meet the 

performance criteria. However, it is beneficial to note that the traditional linearization technique 

is not as computationally intensive as other nonlinear design approaches [56]. Some research has 

been conducted in the field of adaptive controls as seen in [57]. 
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The local behavior about each equilibrium of the nonlinear plant is described by the 

corresponding fixed �. These are local deviation signals from near the equilibrium 

parameterized by �  for the linearized plant [56]. Furthermore, when linearization-scheduling it 

is necessary to have the equilibrium family of the controller match the plant equilibrium family. 

This will ensure that the closed loop system is within a boundary of error, and that the family of 

controllers is actually the designed family of controllers [56].	 
3.2.4 Determining the Stability Domain 

Because the traditional linearization technique is used, there is no assurance of performance. 

Though there is no guarantee, this method generally yields positive results in practice [56]. In 

this paper, the “domain of attraction” concept is used to ensure that the system will respond 

properly to an applied control (i.e. move to an equilibrium point). The concept originally 

developed in [61] is applied here to determine the parameter bounds that guarantee the stability 

of a system with slow moving parameters.  

The set of parameter values that place the eigenvalues on the �� axis can be determined, by 

evaluating the LPV model developed as part of the gain scheduling control procedure [61]. This 

is useful because the �� axis provides the boundary between system stability and instability. 

The question answered in [61] is, “Do the intervals between the parameters which cause 

eigenvalues to be on �� axis correspond to stable or unstable eigenvalues of	����?” The 

parameter values containing the stable eigenvalues create the bounds of the domain of attraction 

of the system	����. Many methods proposed in [61] suffer from their inability to determine all 

of the stability domains if they are disjoint. However, the theory used in this paper can provide 

all of the domains of attraction. Again, this application is only valid for slow linear parameter 

varying systems. The need for this constraint is proven in [61]. 

 

3.3 Example  

In order to better illustrate the interesting results of these computations, a small example is 

provided. This is a 2-dimensional example which will begin with three different � matrices 

shown in Equations (3.24), (3.25), and (3.26). 
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�0 = À−10 0 −1
0 −5 0−1 −1 −8

Â (3.24) 

�1 = À 1.6 −1.0 −0.1−0.7 −1.1 −0.6−0.2 5.0 −0.3Â (3.25) 

�# = À1.2 2.0 −2.21.0 −1.2 0.21.2 0.6 −0.5Â	 (3.26) 

For which  

���� = �0 +�1�1 +�2�2 (3.27) 

�� = cos����1 + sin����2			∀				� ∈ [0,�� (3.28) 

�0⨁�� = À−10 0 −1
0 −5 0−1 −1 −8

Â⨁	cos��� À 1.6 −1.0 −0.1−0.7 −1.1 −0.6−0.2 5.0 −0.3Â
+ sin	��� À1.2 2.0 −2.2

1.0 −1.2 0.2
1.2 0.6 −0.5Â 

(3.29) 

To study the stability of this example, take the maximal one-dimensional stability region along 

any particular trajectory 

��L, �#�¶ ∈ {� = 7	C�·�; 7 ∈ �−∞,… . �,  C�·� = �cos · sin ·�¶} and repeating over all 

directions · ∈ [0,360�. The results of this analysis are shown in Figure 3.1. 
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Figure 3.1– Graph of stability region created through varying multiple parameters 

 

3.4 Proposed Methodology for a Power System Application 

The methodology proposed in this paper follows the basic outline for finding a gain scheduling 

controller. After the linearization of the systems and the corresponding controllers are found, the 

stability domain will be calculated using the method proposed in [61] and evaluated to see if it 

forms a convex combination with �0 and	��. 

3.4.1 Traditional Linearization 

The non-linear system which is being studied in this paper is the two-area, four machine system 

[30] with classically modeled generators. An HVDC line has been added for control between 

buses 5-15. Figure 3.2 shows the one line diagram of the test system. The MATLAB suite 

created in [41] was used to model this system. The program computes for the load flow solution, 

and uses small perturbations to develop an LTI representation of the non-linear system. This 

program is run for several contingency cases to form equilibrium points about which controllers 

can be designed. The two parameters being varied were the outage of a tie-line and an increase of 

a load. A summary of these cases is shown in Table 3.2.  
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As mentioned previously, tie line flows found with PMU measurements are an intuitive and 

useful scheduling variable. The flows can indicate when lines are out, when variations in 

generation and load occur, or when other system parameters change. At this point, it is also 

important to note that in a real power system, PMUs measure the power flowing in an 

uncontrolled system. Therefore, it is desirable to map the load and the reactance parameters as 

they vary in an uncontrolled system to schedule parameters of the uncontrolled system. For the 

given system, the variables are the power flowing in the tie-line. However, for the purposes of 

such a small system, they are being considered separately as TL1 and TL2.  

 

 

Figure 3.2 - Four Machine System with HVDC Lines 

 

 

Table 3.2. Contingency Information 

Case Contingency Details 

1 Base Case 

2 Remove TL2 
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3 Increase load at Bus 4 by 10% 

4 Remove Tie Line between 3-101, Increase load at Bus 4 by 10% 

5 Test Point – Tie line reactance at step 7, load increased 2% 

 

The linearized state space representation is presented to further help the understanding of the 

problem formulation. Figure 3.3 shows, in state space, four different equilibrium points about 

which the system was linearized. The original equilibrium point (denoted by the triangle) at 

which the system had been operating was disturbed and began to move along the trajectory 

shown by the line and is now at the current point denoted by the solid circle. At this point, the 

scheduling variable will need to determine which equilibrium point contains it within its domain 

of attraction. The trajectory of the disturbance determines which domain of attraction contains 

the point. The numbered arrows are denoting the clockwise spiraling trajectory of the current 

point as it spirals into one of the equilibriums to reach stability [72].  It is to be noted here that 

the more properly damped the system is, once the control has been applied, the faster it will 

reach an equilibrium point.  
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Figure 3.3 - System Movement Towards Equilibria 

3.4.2 Control Development 

The controllers developed at each of the equilibriums were formulated with a multi-objective 

control problem using the Robust Control Toolbox in MATLAB. During this study, state 

feedback was used which meant that we solve for a �2/�∞ controller given a set defined 

damping ratio. The �∞ control is responsible for disturbance rejection whereas the control effort 

is optimized through the �2 control. The poles are placed within the region defined by the 

desired damping ratio to ensure a desirable time response. The designs of these multi-objective 

controllers ensure that the closed loop plants for each of the equilibriums will provide robust 

stability [71] [73]. For the present instance, the controllers are designed for each point. However, 

if there were thousands of cases, the multi-objective formulation could create one control for 

several similar contingencies that have been grouped together.  

3.4.3 Parameter Mapping 

In order to see how the parameters were mapped, two sets of simulations were run to create a 

grid in parameter space. The first set was described by setting the load to a 5% increase while 

varying the reactance of the line from the base value to an outage in 11 steps. The reactance 

values were found by changing the admittance in steps of 10%.  The second set was found by 
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setting the reactance to the fifth step as it increased to an outage. This was performed by 

decreasing the admittance by 50% and varying the load from the base value to a 10% in 11 steps 

as shown in Figure 3.4. 

 

Figure 3.4 - Parameter Space Mapping 

For each simulation where the parameters varied, the power flows in the tie-lines were saved and 

plotted in scheduling parameter space as seen in Figure 3.5. The point of mapping them is to 

ensure that the parameter variations correspond to the power flows. This is a further way to 

guarantee that using power flows is actually a good measure for a scheduling variable based on 

the parameter variations.  

The correlation between the parameters and the scheduling variables is evident from Figure 3.5. 

This proves that the power flows are indeed a good indicator of parameters varying in the 

system. Figure 3.5 also points to the convex combination between the values for the test point 

and those for the line outage, load increase case. The way in which this line was found will be 

discussed in the next section 
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Figure 3.5 - Parameter Mapping Plot 

 

3.4.4 Results of Power Systems Application 

The results of the linearization performed by the MATLAB suite from [41] were as expected. 

The set of parameterized values for the test case and the equilibrium point in the corresponding 

quadrant in scheduling variable space yielded good results. Figure 3.6 shows the stable 

eigenvalue as bold and underlined. Also, it shows that the stable eigenvalue,	����� = −0.13, of 

���� is defined in the interval between	� ∈ �−1.583,4.151�. The arrow is meant to indicate that 

the eigenvalue occurs between the two parameter values to which it points. Additionally, the set 

for which � gives a stable ���� also includes	0 ≤ � ≤ 1. Therefore, a convex combination can 

be formed between the equilibrium point	�� and the current system point	�0. This result 

indicates that there is a line connecting the two points where the system is less likely to become 

unstable when the designed linear controller is applied to the uncontrolled system. This is stated 

as “less likely” because it is still the application of a linear control to a non-linear system. This is 

not a guaranteed way to ensure that the test system is contained within the domain of attraction 

of the equilibrium point 
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Part of parameter set  for which 

eigenvalues lie on the jω axis -86.342 -1.5828 4.151 8.356

Eigenvalues of A(ρ) 14.45 0.23 -0.13 0.09
 

Figure 3.6 - Parameter Set Eigenvalues 

To show the effect of the control created by Case 3 on Case 5, the eigenvalues were plotted. The 

uncontrolled values are circled in red, and then end past the required 5%.  

 

 

Figure 3.7 - Damped Eigenvalues 

 

The methodology developed provides a unique and simple way of determining whether the 

linearization technique provides suitable gain scheduling control. Although it does not prove 

sufficiency, it is a considerable improvement to the notion of assuming that it works because the 
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linearization is similar to the non-linear system. Additionally, it is extremely easy to scale to 

large power systems where there are many power flows because two points in scheduling 

variable space can always be connected with a line. However, for further work and to actually 

provide sufficiency, the quadratic Lyapunov function would need to be calculated numerically to 

find the exact stability domain of the non-linear system.   
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Chapter 4. System Theory Introduction 

In an effort to predict the world around us, it is useful to model and define systems. There are 

two main classifications of systems: non-linear and linear. The following sections will explore 

more thoroughly the mathematical differences between these system types and the varying 

benefits and limitations of them in real-world applications.  

4.1 Preliminary Mathematics 

Because the system theory that forms the basis for this work is very theory intensive, this review 

begins with a few mathematical preliminaries for terms which will be used throughout. 

4.1.1 Definite and Semi-Definite Functions 

A function, V�ã�, is said to be positive definite in � ⊂ ℝ� if  

V��� = 0 (4.1) 

V��� > 0			∀			� ∈ �− {�}  

 

A function, V�ã�, is said to be positive semi-definite in � ⊂ ℝ� if 

V��� = 0 (4.2) 

V��� ≥ 0			∀			� ∈ �− {�}  
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The function, V�ã�, is negative definite if –V is positive definite; and it follows that V�ã�  is 

negative semi-definite is – V is positive semi-definite.  

 

4.1.2 Continuous Functions 

The function, (, which maps (:		ℝæ → ℝç is continuous at a point	� if  (��è� → (��� whenever �è → �. It is equivalent to say that é is continuous at � if, for a given ê > 0 there exists a % > 0 

so that Equation (4.3) holds true.   

‖�−�‖ < �			 ⇒ 			 ‖	���� −����‖ < � (4.3) 

If the function ( is continuous at every point of ³, then ( is continuous on the set ³. The 

secondary conditions of the inequalities above for ê	3!A	%	�:!6�	A5 5!A5!�	:!	ê� must be held 

true for all �, � ∈ ³ for the function ( to be uniformly continuous on ³. Thus, continuity is 

defined at a point, and uniform continuity is defined on a set. 

4.1.3 Convergence of Sequences & Boundedness 

The sequence of vectors xK, xL, … , xí ∈ 	ℝæis denoted by {xí} and will converge to the limit 

vector x if the condition in Equation (4.4) is met.  

‖�� −�‖ → 0	as � → ∞ (4.4) 

It is equivalent to say that given any ϵ > 0	∃	<	E�4ℎ	�ℎ3� the condition in Equation (4.5) is met 

as well. The bounded sequence, {�è} in ℝæ will have at least one accumulation point in ℝæ. 

‖xk − x‖ < �, ∀		� ≥ � (4.5) 

4.1.4 Monotonic Norm Convergence 

The sequence of real numbers, {7è}, is said to be monotonically increasing or nondecreasing if 7è ≤ 7è¤L		∀		@. If 7è < 7è¤L, the sequence is said to be strictly increasing. The oppositie is true 

for monotonically decreasing or nonincreasing sequences where 7è ≥ 7è¤L. The sequence is 

strictly decreasing if 7è > 7è¤L. Also note that an upward bounded increasing sequence of real 

numbers converges to a real number. The same is true for a decreasing sequence of real numbers 

bounded from below.  



52 
 

4.1.5 Existence and Uniqueness of Solutions 

In a deterministic system, for which the equations of motions are properly defined, the 

mathematical model will always be able to predict the future state of the system given a defined 

initial state. For this to be possible, the initial value problem described in Equation (4.6) must 

have a unique solution.  

�� = ���,��; ���0� = �0 (4.6) 

By enforcing the Lipschitz condition as a constraint on the right-hand side of the function (��, ��, 
the existence and uniqueness of a solution can be ensured. The Lipschitz condition requires that (��, �� satisfy Equation (4.7) in the neighborhood of ��K, �K�. 
‖���,�� −���,��‖ ≤ �‖�−�‖			          � ≥ 0 ∀			�,� ∈ � = Ø� ∈ ��|	‖�−�0‖ ≤ �Ù 
∀		� ∈ [�0,�1] 

(4.7) 

Thus, there exists some / > 0 such that the state equation in Equation (4.6) has a unique solution 

over the time period [�K, �K + /]. A function which satisfies Equation (4.7) is Lipschitz in � with 

the positive Lipschitz constant, ℒ. Less formally, the Lipschitz condition is a way of bounding 

how much a function can increase or decrease. It is a condition which holds in � of (��, ��, not 

over �. Additionally, the value of ℒ does not need to be uniform in �. 

For a formal proof, see [46]. The significance of a locally Lipschitz result is that the % value 

could be extremely small and of little use. Additionally, the Lipschitz property is stronger than 

continuity. The classification of a function as continuous differentiable is a stronger than the 

local Lipschitz condition.  

For a scalar function of just a single variable, the condition shown in Equation (4.8) is required. 

This means that the magnitude of the derivative of ( must be limited to the neighborhood of �K. 

|���� −����||�−�| ≤ � (4.8) 

4.1.6 Invariant subspaces 

First, let us define the subspace, ³, as an invariant subspace of the square matrix, �. This means 

that for each vector � in ³, the vector �� will also be in ³. This is shown graphically in Figure 



53 
 

4.1. The range, null space, and eigenspaces are all types of invariant subspaces of �. This is 

significant because if the state of an LTI system begins in an invariant subspace of the system 

matrix, it will never leave that subspace [74]. 

 

Figure 4.1 - Invariant Subspace 

 

A set G is an invariant set if the condition in Equation (4.9) is met.  

��0� ∈ �		 ⇒ 			���� ∈ �				∀					� ∈ � (4.9) 

The set G is a positive invariant set if 

��0� ∈ �		 ⇒ 			���� ∈ �				∀					� ä 0 (4.10) 

The distance between point ñ and the set G is defined as 

������,�� = inf
�∈�‖�1�‖ (4.11) 

The trajectory ���� converges to the set G as � → ∞ if for every ê > 0 there esists a time / � 0 

such that 

���������,��  �				∀					� � � (4.12) 

When an equilibrium is asymptomatically stable at � � 0, it implies that the set ��� is invariant. 

The significance of this is that once a function which is decreasing monotonically enters a level 

set, it will never leave that set. When the trajectory enters a level set given arbitrarily by	���� 	�
	4, it is not possible to leave the set òó ≔ �� ∈ ��|���� 
 4�. This is known as the invariance of 

sub-level sets shown in Figure 4.2 and helps visualize stability in the Lyapunov sense as defined 

in the subsequent sections. 
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Despite the simple ellipses shown above, determining the level sets of a perfectly defined 

Lyapunov function can be a nearly impossible task. The most important component of the 

analysis is to ensure that the system state will move towards a stable equilibrium over time. 

However, as the system moves towards that equilibrium, but is possible that the trajectory may 

increase temporarily even though it is stable.   

4.2 Non-Linear Systems 

With these preliminaries covered, the next step is to evaluate non-linear systems. 

4.2.1 Set of Non-Linear Equations 

First, we begin with the general form of a finite dimensional nonlinear control system which is 

described through Equations (4.13) and (4.14). 

�� � ���,�,��,															���0� � �0 (4.13) 

� � ���,�,�� (4.14) 

In this representation,  

• ���� ∈ ��	is the state history – the memory the dynamical system has of its past 

���� � ôõ 

���� � ô� 

���� � ôö 

Figure 4.2 – Sublevel Set Diagram 
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• ���� ∈ �0	is the input or control history  

• ���� ∈ ��	is the output history  

The solution or trajectory will include any pair �����, ����� which satisifies the state equations 

over the time internal that includes � � �K. Another way of saying this is that the transient 

response of the system is provided by the solution of ���� for � ä �K  given that the initial 

condition describes the initial stored energy, ���K��, and ���� � 0. Even though many physical 

systems do not present themselves as a state model, one can be created by carefully choosing the 

state variables.  

A special case of non-linear systems includes an unforced state equation:  

�� � ���,��  (4.15) 

It should be noted that working with an unforced state equation does not necessarily mean that 

the system input is zero. An input could be specified as any given function of time, state 

feedback, or both. It is just considered unforced because the substitution of � � ÷	in equation 

(4.13) eliminates � and yields an unforced state equation.  

Additionally, a special case of the state model arises when the function, (, is not a function of 

time, �. This just means that the right hand side of the state equation in (4.13) will not change 

when the time origin shifts to �K � �K + 3. These are called autonomous or time invariant 

systems and can be represented as shown in (4.16) 

�� � (��� (4.16) 

The special case of a non-linear system is the linear system: 

�� � 	�����+����� (4.17) 

� � �����+����� (4.18) 

Much of this discussion will focus on linear time-invariant systems which take the form:  

�� � 	��+�� (4.19) 
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� � ��+�� (4.20) 

The value of the function ���� is the amount of energy left in the system at any time such that the 

zero energy state occurs when � � �*+ � 0. The implication of a zero energy state is that the 

energy provided through the initial conditions or a disturbance will dissipate as time progresses. 

Further details of this scenario are discussed in Section 4.3.  

4.2.2 A Second Order System Example 

Many references [46, 75] use a second order system to clarify some of the system representation 

described above. Following their lead, Equation (4.21) represents a second order autonomous 

system through two scalar differential equations. 

�� 1 � �1��1,�2� � �1���  (4.21) 

�� 2 � �2��1,�2� � �2���   

For which, ���� � ,�L���, �#���- is the solution. Note this assumes that there is a unique 

solution. The initial state is ��0� � �K � ��KL, �K#�. Thus, the locus in the �L 1 �# plane for the 

solution ����			∀		� ä 0 is a curve which passes through the point �K. As described above, the 

curve is the trajectory, or orbit, of Equation (4.21 beginning at �K.  The  �L 1 �# plane is 

generally described as the state or phase plane. The family of all the trajectories is the phase 

portrait. The vector field on the state plane, (��� � �(L���, (#����, is tangent to the trajectory at 

the point � since 
.pQ
.p£ �

gQ�p�
g£�p�.  Basically, the phase portrait is the removal of the time axis such 

that one would look down at all of the curves as though they are on top of each other. Because 

the time axis has been removed, it is impossible to recover the solution ,�L���, �#���- associated 

with any particular trajectory. However, it does provide a qualitative understanding of the system 

behavior. A closed trajectory indicates a period solution exists because the system will have a 

sustained oscillation. A spiral which is shrinking indicates that the oscillation is decreasing.  

For each point, �, in the plane has an assigned vector (���. Figure 4.3 is used to visually 

represent this by basing (��� at � – which can also be described as assigning � as the directed 

line segment from � → � + (���. Thus, if (��� � �3�L#, �#�, at � � �1,1� meaning that � +
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(��� � �1,1� + �3,1� � �4,2�. An arrow pointing in the direction of �4,2� will connect these 

two points as seen in Figure 4.3.  

 

 

Basic geometry indicates that the length of this arrow will be proportional to ø(L#��� + (##���. 
The vector field at a particular point is tangent to the trajectory through that point. Thus, it is 

possible to construct the trajectory starting at a point, �K, from the vector field diagram.  The 

second-order autonomous system has a phase portrait which consists of the family of all of the 

solution curves or trajectories. Computer simulations are commonly used for phase portrait 

creation, but to know more about how to do it by hand, see reference [46]. There will be 

significantly more examples of phase planes in the Pendulum Example in Section 4.6. 

4.3 An Equilibrium  

The equilibrium point is one of the foundational concepts for understanding state space. An 

equilibrium is defined as any constant state vector where � � �*+ for which, whenever the 

system begins at ���K� � �*+, it will stay at �*+ for all future time. This is equivalent to 

satisfying the constraint that é,�*+- � �. The equilibrium points of the autonomous system in 

(4.13) are the real roots of é��� � � [46]. This simply means that when a system is at an 

equilibrium point, and there is no external input, it will remain in that state for infinity. Similarly, 

inertia decrees that an object at rest will stay at rest. On occasion, it can be referred to as a 

singular point. 

Figure 4.3 - Vector Field 
Representation 
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Although non-linear and linear systems can have equilibrium, there are different implications for 

what those equilibriums mean for each type of system.  

4.3.1 Non – Linear Equilibrium  

A non-linear system can have many different, isolated equilibria to which the system can 

converge.  The equilibrium the state converges to is dependent on the initial condition. It is 

common for a nonlinear system to exhibit two or more modes of behavior. Additionally, unlike 

linear system states which will approach infinity as time goes towards infinity, nonlinear systems 

can have unstable modes which go to infinity in a finite escape time [46].  

4.3.2 Linear Equilibrium  

A linear system can only have one isolated equilibrium point or a continuum of equilibrium 

points in the null space of the state matrix, �. The singular isolated point is equivalent to saying 

it has only one steady-state operating point that attracts the system regardless of the initial 

condition. In the event that the state matrix is singular, the equilibrium will be spanned by a 

convex combination of the equilibria because it cannot have multiple isolated equilibria. If �*+L 

and �*+# are both equilibria, by linearity, any point on the line   ù�*+L + �1 1 ù��*+# will also 

be an equilibrium point [46]. Generally speaking, it is possible to determine the qualitative 

behavior of a nonlinear system near the equilibrium point through a linearization with respect to 

that point. Linear systems will be further discussed in Section 0.  

The matrix � will have a nontrivial null space when one or more eigenvalues are zero. This is 

because any vector in the null space of � is an equilibrium point for the system, thus forming an 

equilibrium subspace rather than an equilibrium point [46]. 

To be able to understand the behavior of system trajectories near the equilibrium points, the 

formal notion of stability must be defined and understood. 

4.4 Stability 

In the event of a disturbance, a stable system will move from the original equilibrium, but 

eventually transition to a new equilibrium point and will stay there even when the disturbance is 

removed [46]. An unstable system state will head towards infinity as time passes. 
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At this point, it must be noted that stability in the non-linear sense is only a function of the 

equilibrium point – not the system as a whole. A system could have multiple stable and unstable 

equilibrium points dependent on current conditions.  

 

 

Figure 4.4 - Stability Definition Graphical Explanations 

Three commonly used methods to determine stability are: 

1. Solve the differential equation 

2. Lyapunov’s Lyapunov’s Indirect Method: Linearize the system dynamics, examine 

eigenvalues  

3. Lyapunov’s Lyapunov’s Direct Method: Construct and analyze an energy-like 

function 

4.4.1 Stability Definitions  

This is a small introduction to the very basic definitions of stable equilibrium points.  

Definition: 

The equilibrium �*+ � � is considered stable if for all ê � 0, there exists a % � %�ê� � 0 such 

that  

‖��0�‖ < �      ⇒    ‖����‖ < �				∀					� ä 0. (4.22) 

The equilibrium �*+ = � is unstable if it is not stable. Even though it seems redundant, it means 

that the equilibrium is unstable if there exists any ê > 0 when there is no value of % to satisfy the 

stability condition. 
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Uniform stability requires that for each ê � 0, there is a %�ê� � 0 that is independent of �K and 

also satisfies the original stability equation, Equation (4.22).  

4.4.2 Lyapunov 

The work of Aleksandr Lyapunov forms the basis for much of modern day controls. It is actually 

the only universal method for investigating the stability of a generally configured nonlinear 

dynamical system [76]. A Lyapunov function is used to prove the stability of a system’s 

equilibrium. The following sections explore the properties and implications of these functions.  

The definition for Lyapunov stability  [76] is defined below with both equations and graphics. It 

begins with the autonomous system defined by Equation (4.23). 

�� = ���� (4.23) 

The function (:		� → ℝæ is a locally Lipschitz map from the domain, � ⊂ ℝ� into ℝ�. 

The equilibrium point is defined as  �*+ ∈ 	� such that (,�*+- = 0 is true.  

Thus, ���� = �*+∀	� ≥ 0 is a solution for the ODE. 

This equilibrium point is considered Lyapunov stable if for all 

� > 0		∃	� > 0	����	����	�‖���0� −���‖� ≤ � (4.24) 

‖���� −���‖ ≤ � 

  � ≥ �0 ≥ 0 

(4.25) 

This translates very well into Figure 4.5. It is also easy to see from the graphical representation 

that by choosing a sufficiently small %, the value ê can be made arbitrarily small as well. In very 

plain terms, Lyapunov stability shows that if the solution begins near �*+ it will remain near it 

for all time. 
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Figure 4.5 - Lyapunov Stability Illustration 

4.4.3 Lyapunov Proof  

The proof of this is as follows: 

Given any ê > 0, choose 7 ∈ �0, ê¡ small enough that  

�� � Ø� ∈ ��	ú	‖�‖ ≤ �} ⊂ �  

Let ù = min∥û∥�ü ����	 --- Note: ù � 0 because ���� � 0. 
Let ý ∈ �0, ù� and define a set: 

�� � �� ∈ ��|	���� 
 ��  

 

 

 

 

 

 

 

Figure 4.6 - Lyapunov Alpha Ball 
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Note that 

�,����- 
 0			 ⇒ 				�,����- ≤ �,��0�- ≤ �				∀				� 
 0  
This means that any trajectory starting in 

�� = {� ∈ ��|	���� 
 ��  
at time � � 0 will remain in �� for all time � ä 0. 

 

Figure 4.7 - Lyapunov Ball with Trajectory 

Any initial state in òþ yields a unique solution that exists ∀	� ä 0. 

Continuity of � requires that there exists some % � 0 such that 

‖� 1 ���‖  %	 ⇒ ‖���� 1 ����‖  ý,     that is ‖�‖  %		 ⇒ 		����  ý. 

 

Next, use % to define a ball �n of radius %. We see that for all � ä 0, 

��0� ∈ �n 				⇒ 				��0� ∈ òþ 			⇒ 		���� ∈ òþ 			⇒ 				���� ∈ �a 			⇒ 				 ‖����‖  7 
 ê  

This is shown in Figure 4.9, and proves the first claim that � � 0	&	�� 
 0				 ⇒     Stability 

Figure 4.8 - Parabola Description of Ball 
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Figure 4.9 - Lyapunov Ball Definition 

 

Figure 4.10 - Geometric Interpretation of Lyapunov 

Theorem when ���� � 0 and  �� ��� 
 0 in D 
showing that � � � is only stable.  

Figure 4.11 - Geometric Interpretation of Lyapunov 

Theorem where ���� � 0and �� ���  0 in D 
showing that � � � asymptotic stability.  
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Figure 4.12 - Lyapunov Stable System as a Function of Time 

4.4.4 Lyapunov’s Direct Method 

Obviously, there are benefits and drawbacks to the different methods. The direct method does 

not require that the differential equation be solved. It does only provide sufficient conditions for 

stability – meaning that if a Lyapunov function is not found, the system could still be stable. The 

trickiest part of this method is that there is no general technique for finding a Lyapunov function. 

4.4.5 Asymptotic Stability  

For asymptotic stability, not all solutions must converge to the equilibrium state. However, all 

solutions which begin in the neighborhood of the equilibrium converge to the equilibrium state. 

Basically, an equilibrium is asymptotically stable if it attracts nearby trajectories. 

The definition states that an equilibrium state, �*+, is asymptotically stable (AS) if the following 

conditions are met. 

1. It is stable 

2. There exists J � 0 which can be chosen such that the conditions in Equation (4.26). 

‖���0� −���‖ < �		 ⇒ 		 lim
�→∞���� = ��� (4.26) 

The set of initial values which are attracted to the equilibrium state ��� is called the region of 

attraction. Thus, when a function is globally asymptotically stable, the region of attraction is the 

entire state space. 
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4.4.6 Global Asymptotic Stability 

Global asymptotic stability (GAS) of an equilibrium state is described in plain words by saying 

that the point is Lyapunov stable and that every solution ��∙� converges to �*+ as time increases. 

If the equilibrium point is GAS, there are no other equilibrium states, and all solutions are 

bounded. When these conditions are met, a system is called globally asymptotically stable. The 

requirements of these conditions are described below. 

1. The system is stable 

2. Every solution ��∙� converges to �*+ as time increases such that Equation (4.27) holds 

true. 

lim
�→∞���� = ��� (4.27) 

To conclude that the origin is globally asymptotically stable requires more than just for ���� >0		and �� ��� < 0	 ∈ 		ℝ�. If there exists a continuously differentiable function ����, defined on 

all of ℝ� , that will satisfy the conditions defined in Equations (4.28) and (4.29) which require all 

trajectories to converge to the equilibrium, then � = � is globally asymptotically stable. 

��0� = 0 

���� > 0			∀		� ≠ 0 

�� ��� < 0			∀		� ≠ 0 

(4.28) 

Figure 4.13 - Asymptotic Function 
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���� → ∞				∀				‖�‖ → ∞ (4.29) 

These requirements are satisfied by a function which is considered radially bounded [46].  

4.4.7 Lyapunov’s Indirect Method 

Lyapunov stability theory can be utilized to demonstrate the following results: 

Stability: When all of the eigenvalues of the linearized � matrix have negative real parts, the 

nonlinear system is exponentially stable about the equilibrium, �*+. This is the equivalent of 

saying that if the linearized system is exponentially stable, the nonlinear system is exponentially 

stable about �*+. 

Instability: If at least one eigenvalue of the linearized system � matrix contains a positive real 

part, the nonlinear system is unstable about �*+. 

The Indirect Method linearizes the system dynamics and examines their eigenvalues. System 

linearization and eigenvalues analysis was described in Section 0. 

4.5 Basin of Attraction 

The region of attraction of an asymptotically stable equilibrium is the set of all states which, if 

taken as initial conditions, give rise to trajectories that converge to the equilibrium. This is very 

useful information about a system, but computing regions of attraction can be difficult. 

From the proof of Lyapunov’s stability theorem, every trajectory starting in the set remains there 

as shown in Equation (4.30). 

�� = {� ∈ ��	|���� ≤ �}  (4.30) 

Choose ý as large as possible and take òþ as a conservative estimate of the region of attraction. 

A point on a stable manifold will attract to an equilibrium which provides insight as to whether 

the operating condition is in a stable or unstable operating condition.  

4.6 Pendulum Example 

One of the most common examples in non-linear system theory is that of the pendulum. This 

example should help provide an understanding of the principles described above.   
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Figure 4.14 - Pendulum Diagram 

In this diagram, · is the angle subtended to the rod. 6 is the length of the rod which we are 

assuming has no mass and is rigid. > is the mass of the ball, and 9 is obviously the acceleration 

due to gravity. The value � defined in the diagram indicates the ways in which the pivot point 

can be altered through an input. For the purposes of this example, the frictional coefficient @, 

which would be proportional to the speed of the ball, is included. A frictionless pendulum is 

basically a pendulum without any damping added to the system. In a pendulum without damping, 

given an initial push from equilibrium, the system will oscillate with a nondisspasitive energy 

exchange between kinetic and potential energy. Using Newton’s second law of motion, it is 

possible to write the pendulum equation in the tangential direction as Equation (4.31). By writing 

the equation of motion in the tangential direction, it is possible to ignore the rod tension in the 

normal direction.  

���� = −������−����  (4.31) 

In order to obtain the state space model, choose the state variables of the equation of motion to 

be those shown in Equations (4.32) and (4.33). 

�1 = �  
(4.32) 

�2 = ��   
(4.33) 

Thus, the state equations become Equations (4.34) and (4.35). 

�� 1 = �2  (4.34) 

	6	
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�� 2 = −�

�
���	�1 − �

�
�2  (4.35) 

To find the equilibrium points of the system, first set Í��L��#� = �00� 	:7	��L = ��# = 0 and solve for 

the state variables.  

0 = �2  (4.36) 

0 = −�

�
���	�1 − �

�
�2   (4.37) 

Thus, it is clear that in solving for the variables that Equation (4.38) is the equilibrium solution.   

��� = Í�1

�2
� = �±��

0
� 			���		� = 0, ±1, ±2….  (4.38) 

However, it should be noted that even though that is the mathematical solution, a pendulum can 

only have two points corresponding to ! = 0 and ! = 1. 

The first step in evaluating the stability is to choose a Lyapunov function. A logical first option 

would be the total energy of the pendulum shown in Equation (4.39). The first component is the 

potential energy and the second is the kinetic energy. 

���� ∶= x �
�

sin y dy + x2
2

2
	

x1

0

 
(4.39) 

 										= �
�
�1 −����1� +�2

2

2
					≥ 0 

Which must be able to meet the criteria defined in Equations (4.40) and (4.41). 

���� =�
�
�1 −����1� +�2

2

2
> 0					����	 − 2� < �1 < 2� 

(4.40) 

��0� = 0 (4.41) 

The derivative of the trajectories is provided by Equation (4.39) Error! Reference source not 

found. for point ��� = ����. 
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��

��
��−�������� = u�

�
����1 �2v À

�2

−�
�
����1 −�

�
�2

Â
= �
�
�2����1 +�2 ^−�

�
����1 −�

�
�2_ (4.42) 

																																			= −�
�
�2

2 ≤ 0						∀				� ∈ �� 

 

Thus, the origin is Lyapunov stable, but �� ��� is not negative definite, only negative semi-

definite. It cannot be negative definite because �� ��� = 0 for �# = 0 regardless of the value of	�L. 

However, the phase portrait of a pendulum indicates that the origin is actually asymptotically 

stable as seen in Figure 4.15. Thus, when the Lyapunov function fails to provide a solution for 

asymptotic stability, La Salle’s Invariance principle can be utilized to find a more thorough 

conclusion [46].  

 

Figure 4.15 - Phase Portrait of Damped Pendulum 

In order to show that the origin is actually asymptotically stable, it is necessary to use LaSalle’s 

Invariance Principle. Further information on it this can be utilized can be found in [50].   

The system linearization follows to show the changes in the system results. It begins by 

differentiation as seen in Equation (4.43).   
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��
=
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��1

��1

��1

��2

��2

��1

��2

��2ÆÇ
ÇÈ = À 0 1

−�
�
����1 −�

�

Â (4.43) 

By inserting ��L∗, �#∗� = �0,0� into Equation (4.43), the matrix � follows in Equation (4.44) 

� = À 0 1−�
�

−�
�

Â (4.44) 

Figure 4.16 shows the linearization of the damped pendulum about the origin.  

 

Figure 4.16 - Linearized Pendulum about the Origin 

 

4.6.1.1 Point ��� = ���� 
 

This equilibrium point is called a saddle point since the Lyapunov ê − % requirements cannot be 

met for even the tiniest values of ê. Using the previous Lyapunov function in Equation (4.39) 

and inserting ��� = ���� provides Equation (4.44). 
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��

��
��−��������

= u�
�
�����

1
−�� �2v À �2−�

�
����1 −�

�
�2

Â 
(4.45) 

																																			= − 2�

�
�2����1 −�

�
�2

2 ⋛ 0 

Thus, it is not possible to conclude that �*+ = �Y, 0� is a Lyapunov stable. The phase portrait in 

Figure 4.15 actually shows that it is not.  

By inserting ��L∗, �#∗� = �π, 0� into Equation (4.43), the matrix � follows in Equation (4.45) 

� = À0 1
�

�
−�
�

Â (4.46) 

The linearization about this point is shown in Figure 4.17. This makes sense as even if the 

system moves the slightest bit from �*+ = �Y, 0�, it will never return to equilibrium at that point. 

 

Figure 4.17 - Unstable Equilibrium of Damped Pendulum System 
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The review of non linear system theory demonstrates some of the concepts and background that 

lay the foundation for how difficult it is to analyze even a simple nonlinear system. Additionally, 

it looks to show the insights gained through taking on this challenge. 
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Chapter 5. Results 

5.1 Introduction to Power Systems Applications 

The methodology and algorithm explained in this chapter aim to address the shortfalls of the 

strictly linear analysis of power systems.  As discussed in the previous chapters, the accurate 

understanding of a power system requires including all of the present nonlinearities. However, 

for a power system that has many machines, this is not a feasible requirement. In order to address 

this constraint while still attempting to model the nonlinearities, an approach is taken that utilizes 

a few linear system techniques mixed with an application of Lyapunov’s direct method.  

5.2 Modeling requirements 

The modeling requirements for this system were based in assuring that the simulation would 

have sufficient detail and information to perform a slow moving transient analysis with 

meaningful control feedback applied. This application focuses on interarea oscillations which are 

not associated with first swing stability traditionally analyzed with transient analysis of faults. 

The primary source of control for both example systems required analysis and modeling of an 

LCC-HVDC line. The dynamics of an HVDC line can greatly affect fast varying system 

dynamics; however, since this thesis is devoted to slower moving phenomena, only the 

appropriately timed converter dynamics have been taken into account. 

The simulations were completed using Powertech’s DSATools suite including PSAT, SSAT, and 

TSAT for powerflow, small signal, and transient analysis [35].  
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5.3 Case Creation 

For each system studied, there was a methodology used in case creation. Given an initial study 

case, a set of contingencies has to be selected. An N-1 analysis was conducted as well as 

variations in the loads and generators across the system.  All of the contingencies were evaluated 

using a small signal analysis using SSAT [35]. The purpose of this was to find a contingency set 

with the most varied system modes. Once the set was selected, the state space matrices created in 

SSAT were loaded into Matlab [36] for further system analysis and control derivation. This will 

be discussed in a bit more detail in Section 5.4. 

 Once the contingency set was defined and the controls developed, many small variations to the 

powerflow cases were made. These variations were defined to be incremental changes of the 

contingency definition. For example, if the contingency was an increase in load at a bus by 10%, 

each powerflow created would have a 0.5% change in load at that bus. These small variations 

would continue to increase so that loads or line flows are impacted. The variations of this 

powerflow case would have a different contingency applied to it. For each set of powerflows, a 

particular contingency is applied. This methodology was applied to ensure that there was a large 

range of contingencies and powerflow variations that would properly identify the control needed 

for the contingency applied rather than just the topological change. For both the 4 Machine and 

127 Bus systems, a table is provided to clarify the contingencies and their associated powerflow 

changes.  

All of the powerflow cases created have contingencies applied to them in a time domain 

simulation run by TSAT [35].  

5.4 Control Design 

While there are numerous ways to design state feedback control, multi-objective feedback was 

used for the purposes of this work. The benefits of multiple objectives are that formation ensures 

a desirable disturbance rejection, the control effort is optimized, and desired damping is 

specified. A controller which meets these criteria is designed through a linear matrix inequality 

(LMI) approach where a  F#/F$ controller with pole placement was created.  The system 

diagram for this formulation is shown in Figure 5.1. 
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The state equations for this system are shown in Equation (5.1). 

�� = ��+�1�+�2�												
�∞ = �1

�+�11�+�12�				
�2 = �2�+�22�																			
� = ���+��1�+��2�						

 

 

(5.1) 

where 

• x is the system state  

• u is the control 

• &	is a disturbance  

• $ and �are for the H2/H∞ problems  

• y is the output  

It necessary to assume the & values are the same in each equation in order to find a convex 

approximation [58]. The end result of this design is to create closed loop transfer functions from 

& to �$ and �#with a state-feedback law of � = k� such that [41]:  

• The RMS gain of the of F$ problem is bounded by a positive value  

• The control cost associated with the  F# problem is bounded by a positive value  

• A combination of the sum of the squared norms with weighting factors is minimized  

Figure 5.1- Multi-Objective State Feedback Control Diagram 
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• The closed loop poles lie in the left-half plane defined by � 

The closed loop state equations are shown in Equation (5.2):  

�� = ��+�2���+�1�												
�∞ = ��

1
+�12���+�11�				

�2 = ��
2
+�22���															

� = ���+��1�+��2�						
 

 (5.2) 

The following papers are good resources for further understanding and analysis of these control 

design techniques [53, 71, 77]. 

5.5 Numerical Requirements 

When thinking of the power system, it is apparent that the equilibrium points of it are not in fact 

at zero.  This is not intrinsically a problem, but much literature assumes that the state trajectory 

can be calculated as ����� = ���� − �*  where �� is a known quantity. However, this is definitely 

not the case with generator angles which will move from their pre-disturbance equilibrium to a 

new one that is required by changes in power flow across the system. See Figure 5.2 for an idea 

of the changes in generator angles pre and post disturbance.  

 

Figure 5.2 – The unfiltered and filtered angles of a generator in the 127 bus system.  

Since the final equilibrium cannot be known at the beginning of the event, it is necessary for this 

analysis to filter the state inputs so that they will return to a zero equilibrium to ensure that the 

algorithms have worked properly.  Without this, the time series values of the Lyapunov function 

will reach an unknown, nonzero value which does not sufficiently indicate the stability of the 

system. Basically, the Lyapunov function would include some unknown linear or constant terms 
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so that ��0� ≠ 0 and the derivative of the function would not vanish at zero. This was 

accomplished with a washout filter.  

5.6 Creating �, �� , ��  
The relationship between the dynamics of a system, �, to the Lyapunov function, �, are not well 

understood except in the case of linear systems. A stable linear system will always permit a 

quadratic Lyapunov function. Stable and smooth homogenous linear systems will also always 

have homogenous Lyapunov functions [78]. The homogenous function �	satisfies 	(���� = �.�	 
for some constant �. 

The importance of Lyapunov’s theorem is that it allows for the system stability to be determined 

without explicitly solving the differential equations. Thus, the question of stability can be 

answered by finding a positive definite function of the state which will decrease monotonically 

along all trajectories.  

The following section describes the calculation of the Lyapunov functions and associated 

derivatives for the dynamical system �� = (���, where ( ∶ 	ℝ� →	ℝ� is continuously 

differentiable with a unique equilibrium at the origin. . The function ���� is continuously 

differentiable and defined in � ⊂ ℝ�, 0 ∈ �. The derivative along the trajectories of �� = (��� is 

defined below in Equation (5.3): 

�� ��� = � ��

���

�

��1

 �� � = � ��

���

�

��1

 �����  

= u{�{�L {�{�# ⋯ {�{��v	�
	(L���	(#���⋮	(����� =

{�{� (��� = u {�{�L {�{�# ⋯ {�{��v	�
	(L���	(#���⋮	(����� =

{�{� (��� (5.3) 

=	 ��
��1

����1��� +	 ��
��2

�����2��� + ⋯+ ��

���

��������  

If the solution is linear quadratic, the equations are simplified into Equations (5.4) and (5.5) 

below.  

{�{� ,����- = 2�¶Z (5.4) 
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��

��
,����-����� = ��,���+��-� = −���� < 0						∀�

≠ 0 

(5.5) 

Thus, according to [79, 80], the first three derivatives of the Lyapunov function � ∶ 	ℝ� → ℝ are 

as follows in Equations (5.9) - (5.6): 

���� > 0				∀			� ≠ 0,				���� = 0 (5.6) 

�� ��� =< �����
��

,���� > 
(5.7) 

�� ��� =< ��� ���
��

,���� > 
(5.8) 

����� =< ��� ���
��

,���� > (5.9) 

 

Where <∙,∙> denotes a standard inner product in ℝ� and 
�R�p��p ∈ ℝ�  is the gradient of ����.  

When ( is linear such that  �� = �� and �	 is quadratic the Lyapunov function and associated 

derivatives are defined as follows in Equations (5.10) - (5.13). 

���� = ���� (5.10) 

�� ��� = ��,��+���-� (5.11) 

�� ��� = �¶ Õ��2 + 2����+��2
�Ö� (5.12) 

����� = �� Õ��3 + 3����2 + 3��
2
��+��3

�Ö� (5.13) 

In the event that ������� is decreasing at a point in time, the only way it can start to increase is if 

both �� ������ and �� ������ are positive for a period of time. When ������� starts to increase, it is 

obvious that �� ������ > 0.  Additionally, because ������� was decreasing before starting to 

increase, the value of  �� ������ must change signs from negative to positive. Thus, �� ������ must 

be positive while this transition occurs and for a short time afterwards since these are continuous 

functions.   
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To show some of the advantages of the higher level derivatives, [82] is examined for reference. 

For the continuous time dynamical system in (5.1), if there exists scalars �L ≥ 0 and �# ≥ 0, and 

a Lyapunov function that is three times differentiable where the first three derivatives are given 

as in (5.7)-(5.9), then ((5.14) follows 

�#����� + �L�� ��� + �� ��� < 0  
(5.14) 

For all � ≠ 0. In this case, for any ��0�, �,����- → 0 as � → ∞ and the origin of �� = (��� is 

globally asymptotically stable.  

It’s simple to see that if �L = �# = 0, the original Lyapunov theorem is provided. It is important 

to note that for all conditions of this theorem, it is necessary for Lyapunov function to be lower 

bounded and thus, ��0� = 0 and ���� > 0				∀			� ≠ 0. The formal proof of this can be found in 

[82] with supplemental work from [50]. Basically, it is just evaluating multiple different time 

steps of the Lyapunov function and searching for scalar coefficient weights.  

5.6.1 Pendulum 

To show the efficacy of these relaxations, it is easy to refer back to the pendulum example. The 

main observation here is that despite the fact that �� ������ > 0 at several points in time, it does 

continue to the equilibrium. In addition to the traditional formulation, a scalar offset has been 

added to the equations which helps demonstrate some of the oddities that can arise in the 

numerical calculations. 

Figure 5.3 shows a time series plot of the Lyapunov function and its first and second derivative 

calculated in different ways. This plot shows interesting insight into the ability of the Lyapunov 

criteria to be relaxed for problems. In Figure 5.3, the value of the Lyapunov function is given by 

� = �′��. The Lyapunov derivative was determined from Equation (5.7) such that �� = 2 ∗
(���′Z�. The linear calculation of the Lyapunov derivative is shown by �� = −���� or Equation 

(5.11). The calculation of second Lyapunov derivatives is given by Equation (5.8).  There stars 

on the Lyapunov function to indicate locations where �� > 0. The vertical lines are at a few 

different points to highlight these locations as well. As expected, the values and signs of the 

function and derivatives follow the calculus basics. 
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Figure 5.3 -  Time series for Lyapunov function and first and second derivatives. 

The graph below in Figure 5.4 – Phase portrait and Level Curves of pendulum – Dots show where 

�exceeds the level curve because �� > 0Figure 5.4 with decreasing ellipsoids around the origin is the 

level curves of the Lyapunov function. The blue curve shows the trajectory of the system assuming that 

the states initial starting point is � = 	 [2.8,0¡′. The invariance of sublevel sets which should be 

demonstrated by the Lyapunov function never leaving these curves after entering is not quite shown here.  

The point that is labeled the last place that  �� > 0 is on the boundary of that curve because there are 

moments in the time series graph where �� > 0, as seen in Figure 5.4. Thus, it would make sense that 

there would be a violation of these level sets. Additionally, the states of the pendulum are plotted in 

Figure 5.5. Due to very light system damping, the states will continue to trend down to zero over  time.    
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Figure 5.4 – Phase portrait and Level Curves of pendulum – Dots show where �exceeds the level curve because �� > 0 
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5.7 Using the Lyapunov Function Values 

Once all of the values of the Lyapunov function have been created, it is necessary to apply some 

sort of pattern recognition algorithm in order to appropriately categorize the data. This objective 

was completed using a decision tree algorithm based on the Classification and Regression Tree 

(CART) application [81, 82]. Obviously, there are many different types of data mining 

techniques which could be applicable for power system data. Those methods include utilizing 

artificial neural networks and fuzzy logic [83]. However, there are several reasons that CART 

was chosen for this particular analysis including the computing efficiency and straight forward 

approach to mining data and building offline trees. 

5.8 CART requirements 

The main purpose of the CART tree is to mine the provided data and build a tree with a series of 

“if-then” statements to follow to classify incoming data. It is a binary decision tree created by 

Figure 5.5 – Time Series of State Variables with Markers of Times when �� > 0 
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splitting a parent node (using the “if-then” statements) into two child nodes until there are 

enough differentiations to properly characterize the input data. The tree will stop growing when 

the terminal node class is determined to be sufficiently pure based on the threshold set. It also 

stops growing when the data categorization accuracy no longer improves when further partitions 

are made. 

The decision trees function well in power systems applications because it is simple to create 

many different cases offline that could have lines, generation, or load profiles varying. Then, 

these cases are provided to CART in their pre-classified states and attributes which relate to the 

particular state of operation. 

Decision trees have become a popular way of analyzing power system data over the past few 

decades [38, 84, 85].  

According to [86] this algorithm accounts for approximately 88% of all prediction methods in 

studying transient stability.  Predominantly, power systems research has focused on using 

voltage angles or current magnitudes for decision making [85, 87, 88, 89, 90, 91, 92, 93, 94, 95].  

Sources [85, 87, 89] suggest ways to monitor or predict the real-time transient or voltage stability 

of a system using voltage angles. Decision trees which split on a single attribute are utilized in 

[92, 93, 94] .   

Additionally, there have been great improvements with the application of the CART algorithm to 

data which has more than one attribute [40, 57, 96, 97]. 

5.8.1 Decision Tree Preliminary  

Decision Trees (DT) consist of two types of nodes: decision nodes and terminal nodes. As 

previously mentioned, a decision node’s function  is to receive data and then separate that data  

into two distinct sets. These new sets of data become two children nodes to the decision nodes. If 

these children nodes contain sufficiently distinct classes of data then they become terminal 

nodes, which are merely class-specific nodes that indicate the end of a certain sequence of 

decisions. Otherwise, the children nodes become additional decision nodes. A sample DT 

configuration is shown in  Figure 5.7.  
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Figure 5.6 – Typical Learning Matrix layout for use with Decision Trees. 

 

  Param.   

1 

Param. 

2 
… 

Param. 

N 

Known 

Class, ��  

Measurement  1 

         

�LL �12 … �L� ��1

�21 �22 	 ⋮ ��2⋮ 	 ⋱ 	 ⋮
��1 … 		 ��� ���

 
Measurement 2 ⋮ 
Measurement m 

As a supervised learning technique, DT’s are typically configured using what we will refer to as 

a learning matrix. This matrix contains > measurement samples with ! attributes or parameters 

each. The data in this matrix must have the same set of parameters as the type of data that the DT 

will be used to classify. The learning matrix also includes the known classes of each 

measurement sample. A typical layout of the learning matrix is shown in Figure 5.6. 
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 Figure 5.7 - Example Decision Tree Configuration 

5.8.2 Growing Decision Trees 

Determining the appropriate configuration for a DT is referred to as “growing” a DT, so named 

because the process begins with a single decision node, the root node, and additional decision 

nodes are added until classification is deemed sufficient. The primary tasks involved with DT 

growing are choosing decision parameters and their thresholds, designating nodes as terminal, 

and assigning classes to terminal nodes.  

5.8.2.1 Impurity 

The completion of these tasks requires a means of determining the effectiveness of decision 

nodes. Most often this is accomplished by calculating the “impurity” of the node’s children 

nodes. Here, impurity refers to the homogeneity of the data at the node in terms of the data’s 

classes; a node would be considered “pure” if it contained data with only a single class, and 

completely impure if it contained data with equal proportions of multiple classes.  

One common index for assessing impurity is the Gina Impurity Index, defined in Equation (5.15) 

for every node, � [98].  
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���� = 1 −��
2

�

�

���|�� (5.15) 

Here,  ��½|�� is the function used to estimate the probability of a measurement sample having 

class �½ given the fact that it is located at node �. This estimator itself is calculated using 

Equation (5.16). 

����|�� = ����,��
����  (5.16) 

 

This defines the class probability estimator as the ratio of the joint probability of a sample having 

class �½ and existing at node �  to the probability of a sample existing at node �. These two 

additional probabilities are defined in Equations (5.17) and (5.18). 

����,�� = �����������
����� 	 (5.17) 

����� = �����
�

  

���� =�����,���

�

 
(5.18) 

 

Where � refers to the total number of measurement samples, ����� refers to the total number 

of samples with class �� , and ������ refers to the number of measurement samples with class  

�� at node �. 
5.8.2.2 Choosing decision parameters and thresholds 

Decision nodes receive measurement samples consisting of multiple parameters and then decide 

to separate those samples into two groups for two separate children nodes. These decisions are 

made by comparing one of the samples’ parameters to some separation threshold value. 

Assume the algorithm is given a learning matrix � with construction similar to the matrix in 

Figure 5.6 and with � measurement samples and � parameters per sample. It must then choose 

one parameter from the set of parameters Z = { L,  #, … ,  �} for our decision node �, along with 

a corresponding threshold value ÷. If this decision parameter is numerical the decision to 

separate a sample is based on whether the sample’s value is greater than or less than the 
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threshold. If the parameter is categorical, then the decision to separate is based on whether the 

sample’s value is equal to the threshold value.  

Given that each decision node creates a separation, E =   , ÷¡, for the samples it receives, it is 

possible to evaluate the effectiveness of the node � as a function of its separation using the 

criterion defined in Equation (5.19) [98]. 

∆���,�� = ����−  �� ∗����� +�� ∗�����¡ (5.19) 

Let us additionally note each separation at each decision node as Ej� ∗, ÷�. 
This goodness-of-separation criterion approximates the effectiveness of the separation as the 

difference between the impurity of the decision node �	and the impurities of its children, �� and ��. The proportions  � and  � are the ratios of samples that arrive at each child node as a result 

of the separation.  

The optimal decision parameter,  ∗, along with the optimal threshold value, ÷∗, will maximize 

the goodness of separation criterion. To find these optimal parameters and thresholds, we simply 

evaluate Equation (5.19) for every  ∈ Z and every possible threshold according to the samples 

in �. For each numerical parameter the midpoint between each pair of adjacent observations 

across the ordered samples is evaluated as a potential threshold. For each categorical parameter, 

every category observed for that parameter is evaluated as the threshold.  

5.8.2.3 Terminating nodes 

After finding  ∗ and ÷∗ for each existing decision node �, we must then decide if the children 

nodes created from the resulting separations should be designated as terminal nodes. Two criteria 

inform this decision: the number of samples contained by the node, and the node’s impurity. 

 If the change in impurity between generations of nodes is sufficiently low, the samples 

contained in the children nodes could be designated as separate classes. The precise impurity-

change threshold used for this purpose is often left to experimentation. However, because 

gradual changes in this threshold might produce drastically different DT configurations, such a 

threshold could be difficult to optimize experimentally. A popular approach is simply to mandate 

total purity for a node’s samples to be considered a class. This will result in a DT of maximum 
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size, but this DT can be pruned to a desired length if necessary (see [98] for further discussion of 

pruning procedures for DT’s).     

If the node contains too few samples, there is little motivation to continue growing that branch of 

nodes. There are few guidelines for selecting this minimum number of samples, and so this 

minimum is also often left to experimentation. Five or ten samples is a popular choice for the 

minimum number of samples [98]. 

5.8.2.4 Selecting a Class 

Once a terminal node has been created, the class of that node’s samples must be determined. This 

is accomplished by selecting the most likely class of those samples, using Equation (5.20) [98]. 

����|�� = max
i
	�����|��� (5.20) 

5.9 The Overarching Process 

To help illustrate the steps that will be taken for each of the example systems, a flow chart is 

provided in Figure 5.8. 
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Figure 5.8 – Flow diagram indicating overall process 
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5.10 29 Machine System Example 

An example of the process outlined in Figure 5.8 for the 29 machine reduced WECC system is 

laid out in this section. As shown in the work flow progression, the first step in the process is 

determining which contingencies to model and how to vary the powerflow for those sets.  

5.10.1 Contingency and Powerflow Creation  

Since this example provides a larger sample size, a traditional N-1 analysis was performed to 

determine how to find the largest number of uniquely varying modes. In addition to an N-1 

analysis, varying changes to the load and generation profile were conducted. The following 

contingencies were chosen as the result of this analysis. 

Table 5.1 Powerflow Variations and Contingencies for 4 Machine System 

Contingency Event Powerflow Variations 

C0 Remove Line 77-84 Variations of loads at busses 7, 45, and 75 

C1 Remove Line 90-84 Variation in admittances of lines 42, 45 

C2 Remove Line 45-42 Variation of loads at busses 71, 26, and 124 

C3 Remove Line 89-90 Variation in admittances of lines 64, 70 

C4 Remove Line 7-9 Variation of loads in busses 90, 24, and 6 

C5 Decrease Load 75 by 70% Variation of admittances in lines 84, 90 

C6 Increase Load 90 by 10% Variation of admittances in lines 7, 9 

C7 Remove Line 64-67  Variation of admittances in lines 77, 84 

C8 Increase Load 71 by 10% Variation of admittances in lines 89, 90 

 

5.10.2 HVDC Feedback Control Design 

As mentioned previously, the controller was designed using state feedback for control of an 

HVDC line in the system. Although HVDC controls can become very complicated, some of the 

extremely fast acting components do not need to be modeled for the purposes of small signal 

stability. The following figures capture the necessary dynamics for modeling non-transient 

behavior.   

In Figure 5.9, the reduced version of the current order calculation is shown. The value of the 

current order is then used to calculate the firing angle for the rectifier in conjunction with the 
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measured DC current and control signal. Given that this analysis is not studying fault 

applications, it is not necessary to have some of the traditional voltage control limiters that would 

normally apply for HVDC line models because the voltage would not be dipping that low in a 

short period of time. The control signal here is the state feedback determined from the F#/F$ 

problem. 

 

Figure 5.9 – The Current Order for the HVDC Line Control 

 

The Figure 5.10 shows the calculation of the rectifier firing angle. The Figure 5.11 shows the 

calculation of the inverter firing angle. 

 

Figure 5.10 – The Rectifier Firing Angle Computation 
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Figure 5.11 – The Inverter Firing Angle Computation 

All of these are simplified versions of the HVDC line model since faster dynamics do not need to be 

modeled and this configuration design was found to be suitable for the application at hand. 

5.10.3 Applying the Developed Control  

The control developed through the multiobjective F#/F$ problem with pole placement 

constraints shapes the input control to the HVDC system described above.  

5.10.4 Applying the Developed Control 

Given that in the 29 Machine System there are two HVDC lines which are modeled with the 

exact same dynamics as described in the Four Machine System, it did not really require a 

secondary section when reviewing the larger example system. Also similar to the Four Machine 

Example, a control was developed through the multiobjective F#/F$ problem with pole 

placement constraints for each of the DC lines.  As shown in Figure 5.12, the control developed 

using this algorithm worked successfully for the system on the whole as well as the interarea 

modes of interest. 
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Figure 5.12 – Eigenvalue shift for 127 bus system under contingency 1 (C1) 

5.10.5 System Manipulation for Reconciling Non Zero Equilibrium and Negative Definiteness 

Violations 

In a power system evaluation, it becomes apparent that due to the numerical properties of the 

state inputs, there will be stable operating points even though the derivative of the Lyapunov 

function may be positive. In order to accurately understand these systems when their Lyapunov 

function indicates instability, it is necessary to evaluate the second derivative.  This simple 
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mathematical concept normally used for graphing functions in high school provides useful 

insight. In addition to utilizing first and second derivatives, it is desirable to evaluate the 

boundedness of the system trajectory as it approaches equilibrium even if there are some small 

numerical inconsistencies between the actual model and what theory should provide.  

5.10.6 Lyapunov Function Creation 

For each contingency set, a large number of powerflow variations are created to provide a sort of 

regional state area around the contingency. All of these values were created in DSATools TSAT 

program, but exported into MATLAB for ease of displaying and graph manipulation.  Figure 

5.13 shows the DSATools output for the calculations of just one powerflow case for one 

contingency just for reference.  

 

Figure 5.13 – Lyapunov functions and derivatives for one case in the set for 
Contingency 1 for 127 Bus System 
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Figure 5.14 -  ��  Values for all of the powerflow variations for Contingency 6 

 

 

Figure 5.14 and the subsequent graphs in MATLAB are able to more easily show all of the plots 

for each powerflow variation. The following graphs provide information on what the values of 

all of the derivatives are for a few contingencies.  
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Figure 5.15 – Provides all of the derivatives necessary for evaluating the ability of the power system to 
return to a stable equilbrium 

Most importantly, the information provided from Figure 5.16 – Multiple Derivative Summation 

for System StabilityFigure 5.16 shows that when solving (5.14) for the variations of �, it is 

possible to show that the system will reach an equilibrium. A crude search was used to find the 

values of  � used. In future work, it would be desirable to set up a convex optimization program 

to look for these values to maximize the known stable operating space. 

 

Figure 5.16 – Multiple Derivative Summation for System Stability  
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Figure 5.17 – Derivative Sums for one powerflow out of  Contingency Set 6 

 

 

5.10.7 CART Diagram 

The following figures demonstrate how a classification analysis in CART was performed given 

the input data set. Furthermore, the decision tree generated by CART is shown and was 

calculated to have an accuracy of 99.7% according to the cross validation algorithm.   

Figure 5.18 is used to show the snapshots in time when the sample values to feed into CART are 

taken. This figure in particular is looking at the values of ��  for all of the powerflow cases created 

where Contingency 0 is applied. There is a cross section like this for each set of contingencies 

for all of their associated powerflow cases which are fed into the CART tree in Figure 5.19.  
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Figure 5.18 – The 20, 21, 22 Samples of ��  taken for Contingency 0 Classification 

 

 

Figure 5.19 – CART diagram for 127 bus example 

 

Simulation Steps 
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In Figure 5.20, the cost curve of the CART tree is shown to demonstrate the efficacy of the 

decision being made with each split level of the tree. This means that as the values continue to 

flow down the tree, the effectiveness of your decision is continually increasing.   

 

Figure 5.20 – Cost curve for number of terminal nodes in CART made for 127 bus example 

5.10.8 Show changes in V with controls applied 

To finish the testing of this work, it is necessary to embed all of the computations that the 

transient security assessment must perform during the simulation in TSAT. In order to do this, 

values must be provided for the steps on which they are supposed to split and then the particular 

control determined must be applied after that last time step. The change in the system states and 

of the Lyapunov functions can be seen when the control is applied as seen in Figure 5.21 and 

Figure 5.22.  
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Figure 5.21 – Some Generator Angles with and without Control Applied  

 

 

Figure 5.22 – Decrease in Lyapunov Function when Control Properly Applied  

 

There had been efforts to determine whether changes in the control would be warranted after 

application of the initial choice. However, this was only feasible if the change in control 

efficiency was very small. The bandwidth of change set to decide to change controllers could be 

set more tightly, but may introduce chattering and noise from undesirable switches. If the 

weighting variables of the summed derivatives were to be better optimized, it could provide a 
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different metric for choosing the control and may provide more information on distinct variations 

later in the simulation. 

The entire objective of this work has been to try define a loose region of attraction surrounding a 

particular equilibria of the power system. In doing so, many different mathematical concepts 

have had to work in unison to provide useful results. Additionally, the adaptations to a traditional 

nonlinear analysis prove practical for the study of any type of more complicated non linear 

system for which a specific solution may be impossible to determine. Furthermore, given the 

breadth of the systems which can be modeled for a power system, this technique can be 

beneficial in an actual operating scenario. Moreover, the bounds could be further enhance by 

taking system snapshots with varying degrees of topology that may be extremely uncommon 

(like a mobile device or temporary line for construction maintenance) to build a well populated 

system overview.  
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Chapter 6. Conclusions 

The methodology, computational context, and analyses developed in this work provide insight 

into an area of power systems which has traditionally been unexplored. By relaxing some of the 

conditions surrounding the Lyapunov stability requirements in a way that provides practical 

assistance without rigorous proof, the applicability to power systems problems expands 

tremendously. This approach allows one to define a loose region of attraction surround an 

equilibria of the power system which is extremely useful since the power system is extremely 

nonlinear and always changing. 

By further validating this algorithm on a reduced WECC 127 bus model, it helps explain how 

many variances in system state stem from the changes in system conditions. The methodology 

provides a solution for control application in a time frame which is acceptable for the types of 

oscillations and system changes that are interesting in a small signal analysis. However, it should 

be noted that the concept of wide area closed loop control in an actual utility is a distant reality. 

In many cases, the control operations in real time operations are determined and implemented by 

transmission or generation operators. As the complexity continues to increase, the burden on the 

operator will become heavy enough that more closed loop options will be necessary for a 

continually reliable and efficient power grid.  Further efforts in this field could begin by 

evaluating other control options to help with oscillations in addition to the HVDC lines. As 

STATCOMs and SVCs are being installed more frequently throughout the US, they could be 

included for control options. Additionally, the influx of renewable energy will drastically change 

the types of operating conditions that are seen in real time. It would be extremely useful to have 

an understanding of the stability bounds of the system as these new technologies continue to 
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replace some of the previous coal units. Finally, there could be additional attention paid to group 

and extending of various stability boundaries to help alleviate the most stressed conditions.  

The post-event system condition is dependent on the initial system operating condition as well as 

the nature of the disturbance. This means that power system stability is a property of the system 

motion around an equilibrium set. 
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