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Active Suspension Design Requirements for Compliant Boundary Condition Road Disturbances 

Anirudh Srinivasan 

ABSTRACT 

The aim of suspension systems in vehicles is to provide the best balance between ride and handling 

depending on the operating conditions of a vehicle. Active suspensions are far more effective over 

a variety of different road conditions compared to passive suspension systems. This is because of 

their ability to store and dissipate energy at different rates. Additionally, they can even provide 

energy of their own into the rest of the system. This makes active suspension systems an important 

topic of research in suspension systems. The biggest benefit of having an active suspension system 

is to be able to provide energy into the system that can minimize the response of the sprung mass. 

This is done using actuators. Actuator design in vehicle suspension system is an important research 

topic and a lot of work has been done in the field but little work has been done to estimate the peak 

control force and bandwidth required to minimize the response of the sprung mass. These two are 

very important requirements for actuator design in active suspensions. The aim of this study is 

estimate the peak control force and bandwidth to minimize the acceleration of the sprung mass of 

a vehicle while it is moving on a compliant surface. This makes the road surface a bi-lateral 

boundary and hence, the total system is a combination of the vehicle and the compliant road. 

Generalized vehicle and compliant road models are created so that parameters can be easily 

changed for different types of vehicles and different road conditions. The peak control force is 

estimated using adaptive filtering. A least mean squares (LMS) algorithm is used in the process. 

A case study with fixed parameters is used to show the results of the estimation process. The results 

show the effectiveness of an adaptive LMS algorithm for such an application. The peak control 

force and the bandwidth that are obtained from this process can then be used in actuator design.  

 

 

 

 

 



 

Active Suspension Design Requirements for Compliant Boundary Condition Road Disturbances 

Anirudh Srinivasan 

GENERAL AUDIENCE ABSTRACT 

Active suspension systems have been proven to be a better option compared to passive suspension 

systems for a wide variety of operating conditions. Active suspensions typically have an actuator 

system that produces a force which can reduce the disturbance caused by road inputs in the 

suspension. The sprung mass of a vehicle is the mass of the body and other components supported 

by the suspension system and the un-sprung mass is the total mass of the components which are 

not supported by the suspension or are part of the suspension system. The actuator is typically 

between the sprung mass and the un-sprung mass. When there is a single event disturbance from 

the road, the energy is transferred to the sprung mass, which contains the occupants, through the 

un-sprung mass. The actuator produces a force that reduces this acceleration in the sprung mass 

and hence improves ride comfort for the occupants of the vehicle.  In this thesis, the single event 

disturbance that has been considered is a compliant road surface. This is a bi-lateral boundary since 

the vehicle interacts with the compliant elements under the surface of the ground. The aim of this 

thesis is to develop and implement a method to estimate the peak control force and bandwidth that 

the actuator needs to produce to eliminate or reduce the acceleration of the sprung mass which is 

caused by the compliant surface single event disturbance.  
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1 Introduction 

This chapter starts with the motivation for this research. The objectives of the study are emphasized 

and the approach to achieve these goals in this study have been discussed. The chapter ends with 

an outline of the thesis.  

1.1 Motivation  

Passive suspension systems are very limited since they can only store and dissipate energy at a 

constant rate. This makes the optimum operation range very limited. Passive suspensions cannot 

cope with changing road conditions and unexpected inputs to the system. Active suspension 

systems have come a long way in solving this problem since they can store and dissipate energy 

at a varying rate. They also have the ability to supply energy into the system. Sensors can be used 

to understand road conditions, and suspension parameters can be altered to satisfy the 

requirements. Active suspensions are especially very useful for discrete time operation in various 

conditions. This means that active suspensions can be extremely useful for vehicle operation on 

compliant surfaces like snow, soil or compliant bridges. Little work has been done to determine 

the ideal control effort in active suspensions for operation on bi-lateral compliant boundaries. This 

work will help in actuator designs in active suspension systems.  
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1.2 Objectives 

 

Figure 1.1: High-level model of system 

In the figure 1.1, a high level representation of the model has been shown. The bi-lateral compliant 

road has been represented as a beam on a distributed stiffness and damping element. The quarter 

car with an active suspension unit has been shown moving on the model of the foundation. The 

vehicle travels from a non-compliant to a compliant to a non-compliant road. While the vehicle 

travels on the foundation, the sprung mass of the quarter car experiences acceleration. The aim of 

this research is to determine the peak control forces that need to be produced to eliminate the 

sprung mass acceleration. The approach that has been used in this research is generalized and will 

work for any vehicle by just tuning the suspension parameters. The results can then be used to 

design the right actuator system to achieve balance between ride and handling on a compliant road 

surface. To achieve the described objective, the approach had the following requirements: 

 A vehicle model that can adequately represent all the dynamics of the system that are 

important for this particular problem 

 A generalized model of the compliant road segment that can be easily modified for different 

road compliances 
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 Implementation of an adaptive filter to calculate the ideal control force required to 

eliminate sprung mass acceleration induced by the compliant road surface and estimate the 

bandwidth  

1.3 Approach 

The first step was to develop a linear quarter-car model that includes the effects of gravity. The 

quarter car model consists of an actuator that is assumed to be able to produce any control force 

and achieve any bandwidth. The next step was to develop a model for the compliant surface. It 

was assumed that the vehicle would have preview information of the upcoming compliant surface. 

The model was generalized with variable parameters. This surface would be a bi-lateral boundary 

condition. The next step was to combine the model of the vehicle with that of the road. The 

adaptive filter was implemented which could calculate the ideal control forces for optimal 

suspension operation.  

After the development of a generalized system, parameters were chosen as a case study. A 

particular vehicle model was chosen with set suspension parameters. The model of the compliant 

surface was also determined by fixing all the model parameters. The simulation for the vehicle 

running on the compliant surface was run. The results were then used to extract the ideal control 

force which needs to be developed by the actuator for ideal operation.  

1.4 Outline 

This is an outline of the chapters of the thesis. The next chapter will be a literature review that 

talks about current active suspension systems and control techniques. The literature related to the 

compliant surface and adaptive filtering will also be discussed. Chapter 3 will discuss the linear 

quarter car model and the model of the compliant surface. These will be referred to as sub-models. 

Chapter 4 will discuss combination of the sub-models to obtain the plant. Chapter 5 will discuss 

the Fx-LMS algorithm that has been used in the study. It will talk about the details involved and 

tuning of the parameters. Chapter 6 will discuss the results of the study. Chapter 7 will contain the 

conclusions and scope for future work.  
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2 Literature Review 

This chapter discusses the existing active suspension systems and the control techniques involved. 

This will be the background for the model used in this research. This literature review will also 

discuss the background for the compliant road model. A modification of this model has been used 

in this research.  

2.1 Active Vehicle Suspension Systems 

 Active suspensions can dissipate energy at a variable rate. Also, suspension parameters can be 

changed to improve operation depending on conditions. This makes active suspensions 

considerably superior to passive suspensions. This has been established by Sharp and Crolla [1] in 

their review of system design for road vehicle suspensions. The design of suspension systems is 

essentially a trade-off between handing and ride of the vehicle. This has been emphasized in the 

research by Tseng and Hrovat [2]. Actuator design is one of the major challenges in the design of 

active suspension systems. An estimate of the peak control force and the bandwidth are the main 

requirements for the design of an actuator. Little work has been done to estimate the peak control 

force and bandwidth required by an active suspension system for optimum operation. A recent 

work by Rao [3] aims at estimating peak control force and bandwidth when the vehicle encounters 

a single event disturbance on the road. But the work is limited to a road surface which is a unilateral 

boundary. There has been a lot of research on electromagnetic [4,5] and hydraulic actuators [6] for 

active suspension design. The work is focused on the evaluation of performance of actuators and 

not selection of actuators using the peak control force and bandwidth.  

Research has been done on various types of control techniques. Some of these control techniques 

are Fuzzy control, Optimal Control, neural control and preview control as reviewed in [7]. 

Thompson [8] demonstrated the use of optimal control which places constraints on vehicle 

response to road excitations. Ting, Li [9] designed the fuzzy controller for active suspension 

systems. Nguyen, Bui [10] designed hybrid controllers which used H∞ for robustness and adaptive 

controls for non-linearity of the actuators. All this research focused on improving control systems 

to improve the trade-off between ride and handling in vehicles. However, this work was not 

focused on the estimation of ideal control forces that the actuators must produce for ideal operation 
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of the vehicle. Rao [3] has done research on this but it only focuses on single-event disturbances 

where the surface is non-compliant.  

Preview information is an important factor that is considered in this thesis. Preview information in 

active suspensions was introduced by Bender [11]. He showed that preview can improve the 

performance of active suspension systems significantly. Tomizuka [12] showed in his research 

that the form of preview control depends on the roadway spectrum and vehicle speed. Preview 

information can be obtained in different ways. It can be obtained using information from sensors 

at the front of the vehicle. Input to the front of the vehicle can be used as preview for the input into 

the rear wheels of the vehicle [13]. In a military convoy, preview information can be obtained from 

the vehicle in the front [14]. Preview allows the control system to start functioning before the event 

occurs. Also, other than improving ride, preview can also reduce power requirements since the 

peak control force required at the event might be lower [15]. In this research, preview control is 

not used in real-time. Instead it is used offline and iteratively.  

2.2 Winkler Foundation  

 

 

Figure 2.1: Winkler Foundation 

The Winkler Foundation [16] is a model of a beam on an elastic foundation. It was named after 

Emil Winkler who was the first to solve a problem of a beam on an elastic foundation. The Winkler 

foundation has been discussed as a possible solution for modeling of soil and other compliant 

surfaces [17]. The Winkler foundation with a minor modification has been used to model the 

compliant surface in this study. The model for the compliant surface in this study uses a Winkler 

foundation with damping elements in parallel with the stiffness elements shown in figure 2.1. This 

will be further discussed in later Sections.  

 



6 
 

2.3 Adaptive Filtering  

Methods of adaptive filtering have already been developed [18]. Rao [3] has discussed the 

application of adaptive filters to vehicle suspension in detail but for a different objective. Adaptive 

filters have also been used for system identification [19].  

In this study, the aim is to reduce the response of the suspension system’s sprung mass while the 

vehicle travels on a compliant surface, by producing a control force. This estimation of the control 

force is done using adaptive filtering. The aim of this work is not to develop new control laws but 

to implement adaptive filtering to estimate the ideal control force that needs to be produced by the 

actuator of an active suspension system. This has been done offline and using an iterative process.   
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3 Description of Sub-Models  

The complete model consists of two components. One of them is the model for the vehicle which 

includes the active suspension system, while the other component is the model of the road surface. 

For active suspension design to improve ride, vertical dynamics in the suspension is of most 

interest. This makes the quarter car model very attractive for use in this study. The quarter car 

model can be used to develop the system and the results can be used for implementation on a 

vehicle model with a higher degree of freedom.  

3.1 Quarter-car Model  

As discussed above, the quarter car model has been used to simulate the vehicle response for inputs 

into the suspension system.  

 

Figure 3.1: Quarter Car model 

Figure 3.1 shows a schematic diagram of the quarter car model that was used in this study.  

𝑚𝑠 and 𝑚𝑢 are the sprung and un-sprung masses respectively. 𝑘𝑠 and 𝑘𝑡 are the spring constants 

of the suspension and the tire respectively. 𝑏𝑠 and 𝑏𝑢 are the damping coefficients of the suspension 

and tire respectively. 𝑉𝑥 is the linear velocity of the quarter car.  𝑧𝑟 is the vertical displacement as 

g 

𝐹𝑡 
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a result of the road profile and 𝑧𝑢 and 𝑧𝑠 are the vertical displacements of the un-sprung and sprung 

masses respectively. 𝑎𝑠 is the acceleration of the sprung mass. 𝛿 is the displacement between the 

sprung and the un-sprung masses. 𝐹𝑡 is the tire force generated by the quarter car at the tire. 𝑔 is 

the acceleration due to gravity. 𝐹𝑐 is the control force that is applied to the suspension system and 

the force is applied between the sprung and un-sprung masses.  

It has been assumed that the actuator which produces the control force is ideal. Thus, it can produce 

any control force and has unlimited bandwidth. This model is completely linear. The tire is always 

in contact with the road surface and there is no lift-off. There is point contact between the tire and 

the road. Also, it is assumed that all the parameters of the quarter car are known.  

 

 

Figure 3.2: Inputs and Outputs of Quarter Car 

From figure 3.2, we can see that the inputs to the quarter car are (�̇�𝑟 , 𝐹𝑐, 𝑔) and the outputs are 

(𝑎𝑠, 𝑔, 𝐹𝑡). It should be noted that gravity is treated as an input to the system in the model. Also, 

�̇�𝑟, the vertical velocity is used as an input to the quarter car instead of the vertical displacement. 

This is because the tire is modeled with a damper and hence it requires a velocity input. Also, from 

figure 3.2, 𝑇𝑎𝑠�̇�𝑟, 𝑇𝑎𝑠𝐹𝑐 , 𝑇𝑎𝑠𝑔, 𝑇𝛿�̇�𝑟 , 𝑇𝛿𝐹𝑐 , 𝑇𝛿𝑔, 𝑇𝐹𝑡�̇�𝑟 , 𝑇𝐹𝑡𝐹𝑐  and 𝑇𝐹𝑡𝑔 are the respective transfer 

functions of the various input-output paths.  
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𝑥1 = 𝑧𝑠 

𝑥2 = �̇�𝑠 

                                                                                 𝑥3 = 𝑧𝑢                                                                       (3.1)  

𝑥4 = �̇�𝑢 

𝑥5 = 𝑧𝑟 

The equations in 3.1 are the states that have been used for the state space representation. The 

vertical displacement as a result of the road is a state while the corresponding velocity is an input 

into the system.  

�̇�1 = 𝑥2 

�̇�2 = −
𝑘𝑠
𝑚𝑠

𝑥1 −
𝑏𝑠
𝑚𝑠

𝑥2 +
𝑘𝑠
𝑚𝑠

𝑥3 +
𝑏𝑠
𝑚𝑠

𝑥4 +
𝐹𝑐
𝑚𝑠

− 𝑔 

�̇�3 = 𝑥4                                                                       (3.2) 

�̇�4 =
𝑘𝑠
𝑚𝑢

𝑥1 +
𝑏𝑠
𝑚𝑢

𝑥2 +
−𝑘𝑠 − 𝑘𝑡
𝑚𝑢

𝑥3 +
−𝑏𝑠 − 𝑏𝑡
𝑚𝑢

𝑥4 +
𝑘𝑡
𝑚𝑢

𝑥5 +
𝑏𝑡
𝑚𝑢

�̇�𝑟 −
𝐹𝑐
𝑚𝑢

− 𝑔 

�̇�5 = �̇�𝑟 

The equations in 3.2 are the state space equations of the quarter car model for the inputs and outputs 

described above. To simulate this in MATLAB, this must be in the following form,  

{�̇�} = [𝐴]{𝑥} + [𝐵]{𝑢} 

{𝑦} = [𝐶}{𝑥} + [𝐷}{𝑢}                                                         (3.3) 

The state space equations in 3.2 are represented in the matrix form below.  
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{
 
 

 
 
𝑥1̇
�̇�2
�̇�3
�̇�4
�̇�5}
 
 

 
 

=

[
 
 
 
 
 
 
0 1 0 0 0

−
𝑘𝑠
𝑚𝑠

−
𝑏𝑠
𝑚𝑠

𝑘𝑠
𝑚𝑠

𝑏𝑠
𝑚𝑠

0

0 0 0 1 0
𝑘𝑠
𝑚𝑢

𝑏𝑠
𝑚𝑢

−𝑘𝑠 − 𝑘𝑡
𝑚𝑢

−𝑏𝑠 − 𝑏𝑡
𝑚𝑢

𝑘𝑡
𝑚𝑢

0 0 0 0 0 ]
 
 
 
 
 
 

{
 
 

 
 
𝑥1
𝑥2
𝑥3
𝑥4
𝑥5}
 
 

 
 

+

[
 
 
 
 
 
 
0 0 0

0
1

𝑚𝑠
−1

0 0 0
𝑏𝑡
𝑚𝑢

−
1

𝑚𝑢
−1

1 0 0 ]
 
 
 
 
 
 

{
�̇�𝑟
𝐹𝑐
𝑔
} 

{

𝑦1
𝑦2
𝑦3
} =

[
 
 
 −

𝑘𝑠
𝑚𝑠

−
𝑏𝑠
𝑚𝑠

𝑘𝑠
𝑚𝑠

𝑏𝑠
𝑚𝑠

0

1 0 −1 0 0
0 0 𝑘𝑡 𝑏𝑡 −𝑘𝑡]

 
 
 

{
 
 

 
 
𝑥1
𝑥2
𝑥3
𝑥4
𝑥5}
 
 

 
 

+ [
0

1

𝑚𝑠
−1

0 0 0
−𝑏𝑡 0 0

] {
�̇�𝑟
𝐹𝑐
𝑔
}               (3.4) 

 

The equations in 3.4 are the state space equations in matrix form and they can be simulated in 

MATLAB.  

Table 3.1: Values of Parameters in Quarter car model 

Parameter Value Unit 

𝑚𝑠 400 𝑘𝑔 

𝑚𝑢 40 𝑘𝑔 

𝑘𝑠 21000 𝑁/𝑚 

𝑘𝑡 150000 𝑁/𝑚 

𝑏𝑠 1500 𝑁𝑠/𝑚 

𝑏𝑡 250 𝑁/𝑚 

 

The values of the parameters chosen for the quarter car are shown in the table 3.1. The values 

have been chosen to represent a typical passenger car.  
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Figure 3.3: Transfer Functions of Quarter car model 

Figure 3.3 shows the frequency response of each path with the chosen parameters from table 3.1. 

The code was developed on MATLAB and the parameters can be easily changed to get the model 

for any vehicle.  

3.2    Compliant Road Surface Model  

The compliant surface model used in this study is a minor modification of the Winkler foundation 

which is discussed in [16]. The Winkler foundation is the model of a beam on an elastic foundation 

and it is used for modeling soil and other compliant surfaces. The model used in this research 

consists of damping elements along with the stiffness elements. This model will be referred to as 

the Modified Winkler Foundation in this study. 
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Figure 3.4: Model of the Modified Winkler Foundation 

The figure 3.4 represents the model that has been used for the compliant road surface in this study. 

The compliant surface is represented as a simply supported beam with a damped, elastic foundation 

starting at 𝑥 = 0 and ending at 𝑥 = 𝐿. 𝑤(𝑥, 𝑡) is the displacement of the beam due to applied force, 

𝐹(𝑥, 𝑡). 𝑣 is the velocity of the vehicle moving on the beam. 𝑐(𝑥) is the coefficient of damping on 

the damping elements as a function of position on the beam. 𝑘(𝑥) is the spring constant of the 

stiffness elements as a function of position of beam. This allows to have variable stiffness and 

damping in the foundation.  

Based on the figure 3.4, the model of the Modified Winkler Foundation would be the following.  

𝐸𝐼
𝜕4𝑤(𝑥, 𝑡)

𝜕𝑥4
+ 𝜌𝐴

𝜕2𝑤(𝑥, 𝑡)

𝜕𝑡2
+ 𝑘(𝑥)𝑤(𝑥, 𝑡) + 𝑐(𝑥)

𝜕𝑤(𝑥, 𝑡)

𝜕𝑡
= 𝐹(𝑡)𝛿(𝑥 − 𝑣(𝑡 − 𝑡0))      (3.5) 

In equation 3.5, 𝐸 is the Young’s modulus of the beam. 𝐼 is the second moment of inertia of the 

beam. 𝜌 is the density of the beam. 𝐴 is the area of the beam. 𝑡 is the time at the current position 

of the vehicle and 𝑡0 is the time at 𝑥 = 0.  

The boundary conditions of the beam are the following.  

𝑤(0, 𝑡) = 𝑤(𝑙, 𝑡) = 0 

𝜕2𝑤(0, 𝑡)

𝜕𝑥2
=
𝜕2𝑤(𝑙, 𝑡)

𝜕𝑥2
= 0                                                 (3.6) 

The initial conditions of the beam are defined below.  

𝑤(𝑥, 0) = 𝑤0(𝑥) = 0;𝑤𝑡(𝑥, 0) = �̇�0(𝑥) = 0                             (3.7) 
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After defining the equation of the model and the boundary and initial conditions, the next step 

would be to solve the equations of the beam. Let us assume the following solution.  

𝑤(𝑥, 𝑡) = ∑𝑇𝑛(𝑡)𝑆𝑖𝑛 (
𝑛𝜋𝑥

𝐿
)

𝑁

𝑛=1

                                           (3.8) 

The solution has a spatial component and a temporal component. Here, 𝑁 is the number of nodes 

and 𝑛 = 1,2,3, . . , 𝑁.  

Substituting this assumed solution into equation 3.5, we get the following.  

∑[{𝐸𝐼 (
𝑛𝜋

𝐿
)
4

+ 𝑘}𝑇𝑛(𝑡) + 𝜌𝐴�̈�𝑛(𝑡) + 𝑐�̇�𝑛(𝑡)] 𝑆𝑖𝑛 (
𝑛𝜋𝑥

𝐿
) = 𝐹(𝑡)𝛿(𝑥 − 𝑣(𝑡 − 𝑡0))

𝑁

𝑛=1

   (3.9) 

Now, multiplying both sides with the wave function for mode ‘m’, 

                        ∑∫[{𝐸𝐼 (
𝑛𝜋

𝐿
)
4

+ 𝑘} 𝑇𝑛(𝑡) + 𝜌𝐴�̈�𝑛(𝑡) + 𝑐�̇�𝑛(𝑡)] 𝑆𝑖𝑛 (
𝑛𝜋𝑥

𝐿
) 𝑆𝑖𝑛 (

𝑚𝜋𝑥

𝐿
)

𝐿

0

 

𝑁

𝑛=1

= 𝐹(𝑡) ∫𝛿(𝑥 − 𝑣(𝑡 − 𝑡0))𝑆𝑖𝑛 (
𝑚𝜋𝑥

𝐿
)𝑑𝑥

𝐿

0

                                                          (3.10) 

Due to orthogonality of the modes,  

∑∫𝑆𝑖𝑛 (
𝑛𝜋𝑥

𝐿
) 𝑆𝑖𝑛 (

𝑚𝜋𝑥

𝐿
) 𝑑𝑥

𝐿

0

=
𝐿

2
 𝑖𝑓 𝑛 = 𝑚

𝑁

𝑛=1

 

∑∫𝑆𝑖𝑛 (
𝑛𝜋𝑥

𝐿
) 𝑆𝑖𝑛 (

𝑚𝜋𝑥

𝐿
) 𝑑𝑥

𝐿

0

= 0 𝑖𝑓 𝑛 ≠ 𝑚

𝑁

𝑛=1

                                 (3.11) 

Thus equation 3.10 can be reduced to the following solution.  

[
𝐿

2
𝐸𝐼 (

𝑚𝜋

𝐿
)
4

+ 𝐾𝑚] 𝑇𝑚(𝑡) +
𝜌𝐴𝐿

2
�̈�𝑚(𝑡) + 𝐶𝑚�̇�𝑚(𝑡) = 𝐹(𝑡) 𝑆𝑖𝑛 (

𝑚𝜋𝑣(𝑡 − 𝑡0)

𝐿
)          (3.12) 
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In equation 3.12,  

𝐾𝑚 = ∑∫𝑘(𝑥)𝑆𝑖𝑛 (
𝑛𝜋𝑥

𝐿
) 𝑆𝑖𝑛 (

𝑚𝜋𝑥

𝐿
)𝑑𝑥

𝐿

0

𝑁

𝑛=1

 

𝐶𝑚 =∑∫𝑐(𝑥)𝑆𝑖𝑛 (
𝑛𝜋𝑥

𝐿
) 𝑆𝑖𝑛 (

𝑚𝜋𝑥

𝐿
) 𝑑𝑥

𝐿

0

𝑁

𝑛=1

                                     (3.13) 

The initial conditions are,  

𝑇𝑚(0) = �̇�𝑚(0) = 𝑧; 𝑓𝑜𝑟 𝑚 = 1,2,3, … ,𝑁                                     (3.14) 

The solution described in equation 3.12 is for a moving vehicle, that is when 𝑣 > 0. The solution 

for a stationary vehicle, 𝑣 = 0, has been described below.  

[
𝐿

2
𝐸𝐼 (

𝑚𝜋

𝐿
)
4

+ 𝐾𝑚] 𝑇𝑚(𝑡) +
𝜌𝐴𝐿

2
�̈�𝑚(𝑡) + 𝐶𝑚�̇�𝑚(𝑡) = 𝐹(𝑡) 𝑆𝑖𝑛 (

𝑚𝜋𝑥𝑝

𝐿
)             (3.15) 

Here, 𝑥𝑝 is the position of the stationary vehicle on the beam. The definitions of 𝐶𝑚 and 𝐾𝑚 are as 

defined in equation 3.13. Also, the initial conditions are the same as in 3.14.  

Table 3.2: Values of Parameters in Compliant surface model 

Parameter Value Unit 

𝐿 3 𝑚 

𝐴 0.002 𝑚2 

𝜌 7850 𝑘𝑔/𝑚3 

𝐸 200 × 109 𝑃𝑎 

𝑘 15000 𝑁/𝑚 

𝑐 0.5 𝑁𝑠/𝑚 

 

The input to the beam is the tire force, 𝐹𝑇 of the vehicle. The output of the beam is the velocity of 

the beam, �̇�𝑟 which is basically the velocity of the road that acts as an input to the quarter car. The 

transfer function of the compliant surface is shown below.  
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Figure 3.5: Transfer function of Compliant surface 

Figure 3.4 shows the frequency response of the model of the foundation using chosen parameters 

from table 3.2. The code was developed on MATLAB and the parameters can be easily changed 

for different possible models of the compliant surface. In this research, it is assumed that all the 

parameters for this model of the foundation are known.  
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4 Combination of Sub-Models  

Section 3 describes the two sub-models, which are the quarter car model and the model of the 

compliant surface. The objective is to estimate the peak control force required for optimal 

operation of a vehicle on a compliant surface. Thus, to complete the model for this study, the two 

sub-models need to be combined to obtain the plant model.   

 

Figure 4.1: Modeling Challenge 

Figure 4.1 shows the modeling challenge in this research. As discussed earlier, the vehicle is 

moving on the model of the foundation and this causes a sprung mass acceleration. The quarter 

car is represented by an ordinary differential equation and the foundation is represented by a 

partial differential equation, and these two models have to be combined to get the complete 

model of the system. As we can see in the figure 4.1, 𝐹𝑡(𝑡) is the tire force, which is an output of 

Quarter Car 

Model 

Foundation 

Model 
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the quarter car and �̇�𝑟(𝑥, 𝑡) is the velocity input to the quarter car from the foundation. Thus, the 

quarter car gives an input to the foundation and the foundation then gives an input to the quarter 

car, which closes the system.  

 

 

Figure 4.2: Plant model 

The model of the plant has been shown in figure 4.2. This is a combined model of the quarter car 

and the compliant surface. All the elements of the model and the terminologies used have been 

described in the previous section.  
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Figure 4.3: Inputs and Outputs of the plant 

The inputs of this model are (𝐹𝑐 , 𝑔). 𝐹𝑐 is the control force that is applied between the sprung and 

un-sprung masses. 𝑔 is the acceleration due to gravity which is considered to be an input to the 

system. The outputs are (𝑎𝑠, 𝛿). 𝑎𝑠 is the acceleration of the sprung mass and 𝛿 is the relative 

displacement between the sprung and un-sprung masses. From figure 4.3, we can see that 𝐹𝑡 and 

�̇�𝑟 are internal inputs and outputs of the sub-models but are not present as inputs and outputs of 

the complete plant. Though the plant shown in figure 4.3 has multiple inputs and outputs, we only 

consider one path in this study which is from 𝐹𝑐 to 𝑎𝑠.  

This model was made in two stages. The first stage was to create and simulate a model for a 

stationary vehicle.  
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Figure 4.4: Simulation for quarter car in the middle of the beam without control 

The plot in figure 4.4 shows the uncontrolled response of a quarter car that is placed in the middle 

of the beam. The car has a velocity of zero and the acceleration is due to the springs being pre-

loaded due to gravity. In figure 4.4, we can see that that the sprung mass achieves a peak 

acceleration of about −1.35 𝑚/𝑠2 and then slowly settles at zero.  

The next stage in the study was to allow the quarter car to have a forward velocity (𝑣 > 0) and the 

response was simulated.  
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Figure 4.5: Simulation for a moving quarter car without control 

The simulation of the plant in figure 4.5 is for a quarter car which has a non-zero velocity. This 

simulation was with gravity turned on and with no control. The vertical black lines represent the 

beginning and the end of the compliant surface. There is a pre-view period of 0.3 seconds before 

the quarter car reaches the compliant surface. The quarter moves on this foundation for the next 

0.6 seconds before returning to non-compliant road conditions. The peak acceleration is achieved 

as soon as the quarter car reaches the compliant surface. The peak acceleration is achieved at 0.35 

seconds and then the sprung mass slowly starts to attain equilibrium. For the simulations in figure 

4.4 and 4.5, stiffness and damping have been chosen as a function of position as an attempt to 

replicate different conditions on the road. All parameters used other than stiffness and damping 

are the same as in tables 3.1 and 3.2. The stiffness constant and damping ratio values have been 

shown below. 
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𝑘 =
15000 𝑁 𝑚⁄ ;  0.3 ≤ 𝑥 ≤ 0.45
3000 𝑁 𝑚⁄ ; 0.45 < 𝑥 ≤ 0.75
15000 𝑁 𝑚⁄ ; 0.75 < 𝑥 ≤ 0.9

 

𝑐 =
0.9 𝑁𝑠 𝑚⁄ ;  0.3 ≤ 𝑥 ≤ 0.45
0.3 𝑁𝑠 𝑚⁄ ; 0.45 < 𝑥 ≤ 0.75
0.9 𝑁𝑠 𝑚⁄ ; 0.75 < 𝑥 ≤ 0.9

                                                  (4.1) 
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5 Ideal Control Force Estimation 

The objective of this study is to estimate the peak control force required for optimal operation of 

a vehicle on a compliant surface. Thus, the response of the system due to the disturbance is to be 

minimized and this needs to be done offline. Adaptive filters are perfect for this application.  

Adaptive filters use a cost function to minimize the response. The optimization depends on the 

choice of the cost function. The plant in this study has acceleration and displacement as outputs. 

This study only focuses on sprung mass acceleration response and hence that has been chosen for 

use in the cost function. The following cost function is used, 

 

The choice of acceleration in the cost function helps estimate a control force that will minimize 

the response. This will improve the ride performance of the quarter car since the vertical 

acceleration response will be curbed. Other cost functions can be chosen to control different types 

of responses or to improve certain aspects of vehicle performance. The cost function in equation 

5.1 has been chosen for this specific application.  

In this study, the method used for the estimation of the peak control force is Filtered-X-LMS 

algorithm, which is an extension of LMS optimization method. 

5.1 LMS Optimization  

The aim of LMS optimization is to minimize the error between the output signal and the desired 

signal. This has been explained in detail in [18]. This is done using an ideal filter.  
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Figure 5.1: Adaptive Linear combiner 

Figure 5.1 shows an adaptive linear combiner and it explains the basic process involved in adaptive 

filtering. This is a non-recursive digital filter. 𝑥(𝑘) is the input signal vector and it has the elements 

𝑥(𝑘−1), 𝑥(𝑘−2), … , 𝑥(𝑘−𝐿). 𝐿 is the length of the filter which contains the elements 

𝑤𝑜(𝑘), 𝑤1(𝑘), 𝑤2(𝑘), … , 𝑤𝐿(𝑘). The weights are adjustable and have their corresponding elements in 

the control signal. The summing junction in figure 5.1 sums the products of the weights and their 

corresponding element in the input signal to produce 𝑢(𝑘), which is the output signal. Here, (𝑘) 

represents the 𝑘𝑡ℎ time index in discrete time. The output signal,  𝑢(𝑘) is subtracted from the 

desired signal, 𝑑(𝑘) to produce the error signal, 휀(𝑘). This error signal is to be reduced in an adaptive 

process.  

휀(𝑘) = 𝑑(𝑘) − 𝑢(𝑘)                                                                  (5.2) 

Equation 5.2 is a representation of the process to obtain the error signal. Here, 

𝑢(𝑘) =∑𝑤𝑙(𝑘)𝑥(𝑘−𝑙)

𝐿

𝑙=0

                                                            (5.3) 

Equation 5.3 shows the summing process in the linear combiner. For a fixed set of weights, the 

output is a linear combination of the inputs.  
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Figure 5.2: LMS algorithm 

Figure 5.2 represents the LMS adaptive algorithm which is obtained from the linear combiner in 

figure 5.1. The LMS algorithm is used to reduce the error signal that is obtained from equation 

5.2. The adjustable weights are adapted using this LMS algorithm. The weights for the next time 

index, 𝑤(𝑘+1) are obtained using a gradient descent method.  

𝑊(𝑘+1) = 𝑊(𝑘) + 𝜇휀(𝑘)𝑋(𝑘)                                                  (5.3) 

The equation for the process used to calculate the weights is equation 5.3. 𝜇 is a gain constant and 

it controls the spend and stability of the adaptation process. The choice of the gain constant is by 

trial and error and must be optimized for efficient operation of the algorithm.  

Filtered-X-LMS algorithm has been used in this study which is an extension of the LMS algorithm.  

 

Figure 5.3: Filtered-X-LMS algorithm 
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We can see in figure 5.3 that a dynamic system, or the plant exists after the block which represents 

the adaptive filter. This is a different case from the representation in figure 5.2 and this requires a 

Fx-LMS algorithm.  

In this process, the input signal, 𝑋(𝑘) is filtered by the plant model, 𝑃 and is then used in the LMS 

algorithm. The next set of weights, 𝑤(𝑘+1) is calculated using the gradient descent method.  

𝑊(𝑘+1) = 𝑊(𝑘) + 𝜇휀(𝑘)𝑅(𝑘)                                               (5.4) 

𝑅(𝑘) the new input vector that is obtained by exciting the plant dynamics using an input excitation 

signal. The choice of the input excitation signal is an important factor to excite the plant dynamics 

completely and in the adaptation process. The Fx-LMS converges to de-correlate the error signal 

from the desired signal.  

5.1.1 Iterations in Fx-LMS adaptation 

The Fx-LMS adaptation process has been discussed in 5.1. The gradient descent method is used to 

estimate the next set of weights of the filter so that the error signal can be minimized. When a 

batch of inputs is used as the input signals, a batch of weights can be estimated for the filter. The 

filter may have any initial conditions. For the next iteration, the current weights can be used as the 

initial conditions to calculate the next set of weights for the filter. This is an iterative process and 

Fx-LMS performs better with higher number of iterations. But if the number of iterations are too 

high, the time taken might be too much for a real-time control system. Since the estimation in this 

study is offline, the choice of the number of iterations is not a constraint.  
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Figure 5.4: Sample iterative Fx-LMS adaptation with 1000 iterations 

The figure 5.4 shows a sample result of an iterative Fx-LMS adaptation process with 1000 

iterations. The plant was simulated with control. The length of the filter was fixed. The gain 

constant was fixed and the adaptation was run on MATLAB. We can see that the total reduction 

in mean square error is about 20 dB at the end of 100 iterations and the reduction at the end of 

1000 iterations is 33.40 dB. We can see that a higher number of iterations increases the total mean 

square error reduction.  Though the amount of time to complete the adaptation process also 

increases, this is not a constraint since the LMS adaptation in this study is offline.  

5.1.2 Choice of gain constant in Fx-LMS adaptation  

The gain constant or the step size controls the rate at which the adaptive filter converges. This can 

be seen in equation 5.4. To see the effect of the choice of gain constant, the adaptation process was 

run for the plant with control and the total mean square error reductions were compared for the 
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two different gain constants. All parameters other than the gain constant were the same for both 

simulations.  

 

Figure 5.5: Sample iterative Fx-LMS adaptation with lower gain constant 
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Figure 5.6: Sample iterative Fx-LMS adaptation with higher gain constant 

The figures 5.5 and 5.6 show the adaptation process for lower and higher gain constants. All other 

conditions remained the same in the simulation. It can be seen that the reduction in mean square 

error is 33.40 dB with a higher gain constant compared to 15.55 dB with a lower gain constant. 

Thus, the choice of gain constant controls the rate of convergence of the adaptive filter.  

The number of iterations and the gain constant are parameters that are chosen by trial and error. 

They must be chosen such that the filter remains stable and the convergence happens efficiently 

depending on the needs. This study is offline and hence the rate of convergence is of lower 

importance than stability. Thus, lower step sizes and higher number of iterations can be chosen 

without time constraints.  
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5.2 Fx-LMS application to the Plant 

 

Figure 5.7: Fx-LMS applied to the plant in this study 

Figure 5.7 represents the filtered-X-LMS applied to the plant that is used in this study, which is a 

quarter car model on a compliant surface. The main input to the system is the control force, 𝐹𝑐 

which is represented as 𝑢𝑘 in figure 5.3. The major output which needs to be controlled is the 

acceleration of the sprung mass, 𝑎𝑠 which is represented as 휀𝑘 in figure 5.3. This is the error signal. 

The error signal is the difference between the desired signal and the actual output signal. In this 

plant, the error signal need not be calculated and is an inherent output of the plant, as it is the 

response that is to be controlled. �̂� is an estimate of the plant model. The adaptive filter requires 

an estimate of the plant model. The frequency response functions of the different plant models 

help decide the plant estimate to be used.  
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Figure 5.8: Frequency responses of all plant models as vehicle moves on foundation  

The frequency response functions of all the different models as the vehicle moves on the 

foundation have been shown in figure 5.8. The input here is the control force and the output is 

the sprung mass acceleration. From the frequency responses shown in figure 5.8, we can see that 

the magnitude and phase of all the models are very similar. This is because the parameters have 

been chosen such that the impedance of the road is greater than the impedance of the suspension 

system. Since the frequency response functions are so similar for all the models, a single model 

can be chosen as the plant estimate in the adaptive filter. The LTI model of the vehicle in the 

middle of the beam has been used as the plant estimate in this study.   

The filtered-X-LMS is applied to this acceleration response and is represented by the “LMS” 

block. The equation used in this block is the same as equation 5.4. An iterative process is used to 

calculate the next set of weights that can minimize the error signal, which is the acceleration 

response in this case. It is assumed that the actuator has unlimited authority over the control force 
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it can be produced. Hence, this estimation method will use gradient descent method to 

mathematically arrive at control forces that will minimize the error signal or the acceleration 

response.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



32 
 

6 Results 

6.1 Choice and effect of different reference signals 

In figure 5.7, 𝑋𝑘 is the reference signal that excites the dynamics of the adaptive filter. The choice 

of reference signal has an effect on the adaptation process. The reference signals were chosen such 

that they correlate with the response which is the acceleration in this study. The reference signal 

is very important since it gives the adaptive filter an estimate of the response as the vehicle moves 

on the foundation and this is required for the adaptive filter to function.  

To choose a reference signal, four different reference signals were used to run the simulation for 

the adaptation process. The reference signal that performed the best was chosen for the final case 

study. In the reference signals that have been shown below, the black line represents the start of 

the compliant surface and it ends when the reference signal becomes zero.  

6.1.1 Reference signal 1 

  

Figure 6.1: Reference signal 1 

The figure 6.1 shows the first reference signal that was considered. For this reference signal, there 

was a total mean square error reduction was 7.61 dB.  
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6.1.2 Reference signal 2 

  

Figure 6.2: Reference signal 2 

The figure 6.2 shows the next reference signal that was considered. The total mean square error 

reduction for this reference signal was 9.56 dB.  

6.1.3 Reference Signal 3 

  

Figure 6.3: Reference signal 3 
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The figure 6.3 shows the next reference signal that was considered. The total mean square error 

reduction for this reference signal was 8.56 dB.  

6.1.4 Reference Signal 4 

  

Figure 6.4: Reference signal 4 

The figure 6.4 shows the final reference signal that was considered. The total reduction in mean 

square error is 12.94 dB for this reference signal.  

Thus, from these results, it can clearly be seen that the choice of reference signal has a huge impact 

on the adaptation process. The choice of reference signals is hence important since it can make the 

adaptation process more efficient. Reference signal 4 leads to the highest reduction in total mean 

square error based on these results. This reference signal was used for the simulation of an Fx-

LMS adaptation of a moving quarter car on a compliant surface.  

6.2 Estimation of Ideal Control Force 

The aim of this research is to estimate the ideal control force that is required to minimize the 

acceleration of the sprung mass while a vehicle travels on a compliant surface. To achieve this, the 

quarter car model was chosen as the model for the vehicle. The model for the compliant surface 

was developed. The two sub-models, the vehicle and the compliant surface were combined to 

obtain a plant. The plant was then simulated with a fixed set of parameters as a case study. The 
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control force to minimize this response was then estimated using filtered-X-LMS which has been 

described in the previous section. The parameters that were chosen for the quarter car and the beam 

have been given in tables 3.1 and 3.2. The only difference is the parameters for stiffness and 

damping coefficients of the foundation which have been shown in equation 4.1.  

Two case studies were conducted for the car travelling at two different speeds. A low speed and 

high speed case were considered.  

 

Figure 6.5: Fx-LMS adaptation for quarter car on compliant surface for low speed (10 mph) 

The figure 6.5 shows the results of the adaptation for a moving quarter car on a compliant surface 

for a low speed case. The iterative LMS algorithm was tuned to run for 1000 iterations and the 

reduction of mean square error through the iterations can be seen. The total reduction in MSE was 

33.40 dB. This is a very high drop in response and was achieved by efficiently tuning the LMS 

algorithm. The uncontrolled and controlled acceleration have been shown in the figure. The peak 
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uncontrolled acceleration was −1.374 𝑚/𝑠2. The peak controlled acceleration was 0.028 𝑚/𝑠2. 

The adaptation process brought down the peak acceleration to almost zero. The first vertical black 

line represents the start of the compliant road and the second vertical line represents the end. Thus, 

the filter is allowed some time to start acting before the event is reached. The estimation of the 

peak control force was the major objective. This was obtained from the plot of control force versus 

time in figure 6.5. The peak control force was 717.4 N.  

 

Figure 6.6: Fx-LMS adaptation for quarter car on compliant surface for high speed (60 mph) 

The figure 6.6 shows the adaptation process for a quarter car moving on a compliant surface for a 

high speed case. The total reduction in mean square reduction is 38.21 dB. This was achieved 

with 3000 iterations. Thus, the process took three times more time than the low speed case. 

Another interesting observation was that there was a delay in achieving the peak acceleration in 

the high speed case.  
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From figure 6.6, we can see the uncontrolled and the controlled peak acceleration. The 

uncontrolled peak acceleration was 1.486 𝑚/𝑠2 and the controlled peak acceleration was 

0.0007 𝑚/𝑠2. The peak control force that was estimated was 859.4 𝑁. Similar to the first case 

study, the first black line represents the start of the compliant surface and the second black line 

represents the end of the compliant surface. Thus, the peak control forces were estimated for 

both cases. The final step would be to estimate the bandwidth.  

6.3 Bandwidth 

  

Figure 6.7: 80% Power Bandwidth for low speed case 

 

Figure 6.8: 80% Power Bandwidth for high speed case 
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Figure 6.7 and 6.8 show the power spectral density of the control force for the high speed and low 

speed cases, respectively. The plot of fervency versus total power accumulated was used to find 

the frequency at which more than 80% of the power is present.  

𝑃 = {𝑓(𝐽):
∑ 𝑃𝑆𝐷(𝑖)𝐽
𝑖=1

∑ 𝑃𝑆𝐷(𝑖)𝑁
𝑖=1

= 0.8; 𝐽 ∈ 𝑁}                                    (6.1) 

Equation 6.1 represents the 80% power bandwidth. 𝑓(𝐽) is the frequency at bin 𝐽 and 𝑁 is the total 

number of frequency bins for the PSD.  

We can see from figure 6.7, that the for the chosen input, more than 80% of the total accumulated 

power is below 7 Hz which is represented by the vertical red line. Similarly, in figure 6.8, more 

than 80% of the total accumulated power is below 9 Hz which is represented by the vertical red 

line 
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7 Conclusion 

A coupled dynamic system was developed for studying the dynamic interaction between a 

compliant road surface and a quarter-car model with an active suspension element.  This coupled 

system enabled the development of a method for estimating the ideal force profile to 

substantially cancel sprung mass acceleration. 

The Filtered-X LMS algorithm was modified to be able to generate an estimate of the ideal force 

profile for this coupled dynamic system.  The primary modification involved a simplified model 

of the coupled plant dynamics in order to eliminate the need for a time-varying model.  

A reference profile was developed that significantly improved the overall convergence of the 

estimation process.  This reference profile was realistic in the sense that it did not require a priori 

information about the compliant road surface other than its spatial extent, which could easily be 

determined from a vision system.  

The method was applied to a simulation case study of a quarter-car with an active suspension 

moving at a constant velocity across a compliant boundary condition.  This simulation also 

included starting and ending on a non-compliant boundary condition.  The results from this case 

study demonstrate that an ideal force profile can be obtained such that the actively controlled 

sprung mass acceleration is virtually zero.  These results also enable the extraction of key active 

system design parameters such as peak force and actuator bandwidth.  

Since the estimation of peak control force and bandwidth are two of the key factors in the design 

of actuators in suspension systems [4, 5, 6], this work would be a major contribution.  

7.1 Future Work 

This work was limited to a quarter car model. This can be extended to a full-vehicle model with 

higher degree of freedoms. This will allow for additional forces from pitch and roll, thereby 

making the model more realistic.  

Currently, this work does not claim to be able to understand the interactions within the compliant 

surface, for example, interactions in soft soil which may lead to other ways of modeling. The 

current scope of this work is limited since the soil parameters are lumped up into stiffness and 
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damping as a function of position on the compliant surface. Research into soil modeling and terra-

mechanics may help expand the current scope of the model.  

The results of this simulation could be used to create actuators. Also, testing methodologies can 

be developed to practically test the operation of a quarter car on a compliant surface and implement 

a controller based on the results of this study.  
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