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Chapter 1 

Introduction 

The practical applications of scheduling generally involve the optimization of more 

than one criterion. However, most of the research related to scheduling has consid-

ered the optimization of only a single performance measure. Only for certain special 

cases have dual criteria job scheduling algorithms been developed. 

The early work in this direction due to Smith[14] dealt with the criteria of minimizing 

flowtime subject to the minimum value of the maximum job tardiness, Tmax. In this 

context, we refer to Tmax as the primary criterion and the total flow time as the sec-

ondary criterion for optimization. In another work, Emmons[?] developed an algorithm 

which produces a schedule with minimum total job flow time subject to the number 

of tardy jobs determined by Moore's algorithm[10]. 

Recent studies that have attacked the bicriteria scheduling problem, have used trade 

off approach (i.e. optimization of the secondary criterion subject to some fixed value 

for the primary criterion), leading to efficient schedule generation. This includes the 
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study by Cottingham[5] for the primary and secondary criteria as the number of tardy 

jobs and flow time respectively and the research by Nelson, Sarin and Daniels [11], 

which presents a number of generalized dual criteria single machine job scheduling 

algorithms. 

Other research attempts have been in the direction to build a goal function giving 

suitable weights to the two criteria to be optimized and then employ goal program-

ming approaches to reach the solution. It was shown by Sen and Gupta[15] that the 

schedules obtained corresponding to different weights correspond to the various ef-

ficient schedules. 

1.1 Problem Definition 

In this thesis, we address the bicriteria problem of minimizing the number of tardy 

jobs subject to the Tmax value. Algorithms are developed for both single machine 

and two machine problems. 

For the single machine problem, dominance rules and branch termination rules are 

developed that speed up the search tree procedure developed by Nelson, Sarin and 

Daniels. For the two machine problem, an algorithm is developed to minimize the 

secondary criterion of the number of tardy jobs. 

The practical application of this problem would include the minimization of the num-

ber of dissatisfied customers while maintaining the maximum level of dissatisfaction 
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at a minimal value. Since the procedure suggested can be used to generate efficient 

solutions, it would form a convenient method for managerial decision making. 

1.2 Literature Survey 

Recent work by Bulfin[2] classifies various kinds of single machine bicriteria prob-

!ems according to the computational complexity involved. An assignment model ap-

proach has been suggested for the special case of equal processing times of jobs. 

Most of the work related to the single machine bicriteria scheduling that has been 

reported in the literature is on the criteria of the minimization of the weighted com-

pletion times subject to the minimal value of Tmax. This problem was first consid-

ered by Smith, who conjectured an algorithm of complexity O(n logn). Smith's 

conjecture was that an optimal schedule to this problem can be obtained by sched-

uling job k last such that 

where Pi represents the processing time of job j, wi represents the weight corre-

sponding to job j, L is the set of jobs whose tardiness will not be more than Tmax 

when scheduled at the last position and Tmax is the minimum possible value of the 

maximum tardiness. However, counter-examples to this conjecture were presented 

by Emmons [6] and Burns[1]. Two heuristic algorithms of O(n3) complexity that im-

prove upon Smith's algorithm are proposed by Burns[1] and Miyazaki[9]. Bansal[3], 
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presents a branch and bound approach using dominance rules to solve this problem. 

Another approach to the same problem is presented by Potts and 

VanWassenhove[19]. This approach employs adjusted deadlines and lower bounds 

obtained by performing a Lagrangean relaxation of the deadline constraints. 

Posner's work [12] on the minimization of the weighted flow times with deadlines 

develops precedence conditions and lower bounds obtained by splitting the job into 

two parts and scheduling them based on the weights associated with them. The lower 

bounds obtained are shown to be superior to those obtained by Potts and Van 

Wassenhove[20]. Chand and Schneeberger[4] identify several cases of the same 

problem for which Smith's heuristic [14] would generate an optimal solution. 

Another set of conditions that has been dealt with frequently in the literature is the 

minimization of job flow time subject to a fixed value of the number of tardy jobs. 

Cottingham[5] presents a comparison of the branch and bound method based on 

Emmon's algorithm[?] to obtain the trade off points with two heuristic methods. 

Shantikumar[16] has developed a branch and bound method to minimize the maxi-

mum tardiness subject to the minimum number of tardy jobs. This approach is based 

on the division of jobs into an early set and a late set. However, due to the computa-

tional aspects of the algorithm it can only be applied to problems with smaller num-

ber of jobs. Also, the algorithm cannot be extended to the generation of efficient 

solutions. As opposed to this, Nelson.Sarin and Daniels[11] have developed a gener-

alized algorithm to obtain the efficient solutions. Other research on bicriteria sched-

uling focuses on the minimization of the deviation of completion times about their 

deadlines, using penalty functions for both earliness and tardiness. This problem has 
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special applications in the JIT (Just-In-Time) environment where it is necessary to 

minimize the inventory as well as the lateness of the jobs. 

However, it is apparent that hardly any research has been reported on the bicriteria 

scheduling as applied in a multi-machine environment. 

1.3 Thesis Outline 

The presentation in Chapter 2 deals with the single machine problem. First of all, the 

derivation of the dominance rules is presented and following this is a presentation 

of the corresponding search tree algorithm. The later portion of the work presented 

in this thesis deals with the optimization of the same set of criteria for the two ma-

chine problem. In Chapter 3, detailed analysis has been carried out for the minimi-

zation of the primary criterion Tmax and an algorithm is presented to get the minimal 

value of Tmax. Following this, a branch and bound based method is developed to 

optimize the secondary criterion (number of tardy jobs). The approach suggested 

proceeds parallel to the single machine algorithm to minimize the number of tardy 

jobs subject to a given level of maximum tardiness. However, none of the dominance 

rules that are applicable to the single machine problem could be extended to the two 

machine case. 

A detailed analysis was carried out to test the peformance of the algorithm to mini-

mize Tmax as well as for the algorithm to minimize NT. Results regarding the CPU 

time required and the accuracy of the final solution obtained have been presented in 
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Chapter 4. Since the storage requirements for the proposed algorithm would restrict 

its application for larger number of jobs, an experiment was carried out to test the 

effectiveness of the upper bound value obtained by applying the single machine 

scheduling algorithm to a given assignment of jobs on the two machines. The results 

are presented in Chapter 4. 

1.3.1 Glossary of Notations 

• Pi - processing time of job j 

• di - due date of job j 

• Tmax - Maximum tardiness value. 

• NT- Number of tardy jobs 
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Chapter 2 

Algorithm for the single machine case 

This chapter deals with the solution of a bicriteria single machine scheduling problem 

with the primary objective of minimizing the maximum tardiness and the secondary 

objective of minimizing the total number of tardy jobs. 

Recently, Nelson, Sarin and Daniels [11] have developed a search tree based algo-

rithm, which makes use of a few dominance conditions to reduce the number of 

branches. In this research, the same algorithm is improved by the introduction of two 

new dominance conditions and a branch terminating rule. 
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2.1 Definitions and Terminologies 

In the algorithm presented, the jobs are scheduled beginning from the last position. 

Only those jobs are considered for scheduling at a position that are eligible. The el-

igibility of a job to be scheduled is defined as follows : 

Eligibility of a job: A job i is considered to be eligible to be scheduled to end at time 

T if T:::;;; d; + Tmax where d; is the due date of job i and Tmax is the maximum tardiness 

value as obtained in the EDD sequence. 

The processing time for job i, is designated by P; . 

2.1.1 Dominance Rules 

Theorem 1 

If P; <pi, d; < d1 and P; -d; < p1 - d1 , then there exists an optimal schedule which job 

i is scheduled at a position before job j. 

Proof 

See [11] 
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Theorem 2 

If for the eligible jobs i and j such that both i and j are not early, P; ~ p1 and d; > d1 , 

then there exists an optimal schedule where job i is scheduled at a position before 

job j. 

Proof 

Since jobs i and j are eligible to end at time T, 

and 

Since, P;:;:;; p1 

T-p >T-p· / - J 

The proof is by contradiction. Let job 'j' not be the last job in the optimal sequence 

and instead let job 'i' be the last job in the optimal sequence. We have two cases. 

a. If T - P; > d1, we have NT;;:::: 2 because job i is tardy at the last position (by 

assumption) and job j would be tardy at the last 6ut one position. But this 

schedule could be improved by putting job j as the last job instead because 
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b. If T- p1 ~di, job j would be an early job at the last but one position, ~ j can 

also be the last job without making NT=2 because in this case job i would 

be an early job at the last but one position. 

Therefore, there exists an optimal schedule in which job j comes after job i. 

Hence the proof. 

Theorem 3 

Let Pmax denote the maximum processing time amongst the jobs eligible to end at time 

T. Let dk denote the maximum of the due dates amongst the jobs eligible to end at 

T. If T- Pm••> dk , then there exists an optimal schedule, in which we have the job 

with the maximum processing time is scheduled to end at time T. However, if 

T- Pmax ~ dk, then in the optimal schedule the Pma• job need not be scheduled to end 

at T. 

Proof 

If T- Pmax > dk, then counting the number of tardy jobs before time T, note that in the 

last and the last but one position any eligible job scheduled would be tardy. Hence 

by scheduling the largest job to end at T, we would make thefinish time of the other 

jobs early by a maximum possible value, thereby potentially making them early ·in the 

schedule. 

However, if T- Pm••~ dk then, we know that NT;:::: 1 (counting the number of tardy jobs 

before T). Now, if Pma• corresponds to Pk then if the job k is scheduled to end at time 
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T, then it is possible that NT ;2 2 if T- Pmax > dk. where d"' is the next highest due date. 

However, there is a possibility that by scheduling a job j of a smaller processing time 

such that T - pi:::;; dk, job k becomes early at the previous position to that of job j 

thereby reducing the number of tardy jobs. This completes the proof. 

2.1.2 Branch Termination Rule 

Theorem4 

If the total number of tardy jobs in any branch at any level is greater than the number 

of tardy jobs in the EDD sequence, then that branch can be fathomed. 

Proof 

The number of tardy jobs in the EDD sequence lays an upper bound on the minimal 

value of the number of tardy jobs in a sequence that satisfies the primary criterion 

and hence the proof. 
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2.2 Algorithm to Minimize NT with Tmax as the Primary 

Criterion 

Notations: The matrix AFT(i,j) denotes the dominance relation between jobs i and j. 

The matrix is set up in such away that if the dominance rules suggest that job j is 

followed by job i in an optimal sequence, then the entry AFT(i,j) is set equal to 1. 

Otherwise, the entry AFT(i,j) is set equal to 0. Tminus is an array to store the time 

value obtained in different branches after the respective eligible jobs are scheduled. 

Step O(lnitialization) : 

Arrange all the jobs in EDD. Set Tmax = Maximum tardiness level in the sequence. Set 

UNT = Number of tardy jobs in the EDD sequence. Set the dominance matrix AFT(l,J) 

by applying the rules in Theorem 1 and Theorem 2.Set US = UNT, NT=O, and 
N 

T =LP; where N is the total number of jobs. 
i=1 

Step 1(Apply dominance conditions) 

Step 1(a): If for any eligible job/jobs, T ~ d;, then.schedule all such jobs (in any se-

quence) to end at T and set T = T - LP; where E denotes the set of jobs early at T; 
ieE 

. update the set of eligible jobs for new T and Tminus and go to step 3. Else, Go to 

Step 1 (b). 

Step 1 (b) 

Among the set of eligible jobs to end at T, if for any pair i and j, 0f eligible jobs, 

AFT(i,j) = 1, then eliminate job i from the list of eligible jobs. Go to Step 1 (c). 

Step 1(c) 
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Get the highest due date dmax amongst the due dates of the remaining set of eligible 

jobs and Pmax• the highest processing time amongst the processing times of the the 

remaining set of eligible jobs. If T - Pmax ~ dmax• then schedule the largest job to end 

at T. Set T = T-Pmax• NT= NT+ 1. If new T= 0, and NT::::;; UB, set UB = NT and store 

the corresponding schedule, go to step 3. If newT~ 0 and NT> UB do not need to 

store this complete or partial solution; go to step 3. If newT > 0 and NT::::;; UB update 

the set of eligible jobs for new T and add T to the set Tminus, and Go to step 3. Else, 

Go to Step 2. 

Step 2(Branching) 

For the current T value generate a branch for each eligible job i by scheduling job 

at the last position. Set T = T - P; ,NT= NT+ 1 (for each branch). If T = 0, and 

NT::::;; UB, set UB = NT. Store the corresponding solution. If T = 0 and NT> UB do 

not need to store this solution. If T > 0 andNT::::;; UB then, add T to the set Tminus(for 

each branch) and store the corresponding partial solution. If T > 0 and NT> UB do 

not need to store solution. Go to step 3. 

Step 3(Node Selection) 

: From the set Tminus, select the highest value of T and remove that value of T from 

the set Tminus. If T > 0,go to step 1, and if T = 0, then stop. The current UB gives the 

required NT value and the corresponding sequence gives the required optimal se-

quence. 
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2 .. 3 Computation and Results 

To judge the effectiveness of the algorithm presented above, it was run on several 

problems and its CPU times were compared with those of the procedure of Nelson, 

Sarin and Daniels (herewith called as 'Old Procedure'). This old procedure is like the 

proposed algorithm except that it does not use the dominance rule~ due to Theorems 

2 and 3. 

For each problem size, 5 problems were generated using two different due date 

generation procedures. In the first procedure, (due to Emmons), processing times are 

selected as integers, uniformly distributed between 1 and 10. The due date for a job 

i is determined by adding to the processing time a number randomly selected from 

a uniform distribution of integers between O and 2n. 

· d1 = p1 + U(0,2n) 

In the second procedure, the due dates are determined according to the following 

model. 

where, AWT = Average waiting time = (n-1)/2 * Average processing tirrie and 

N(O, C2(AWT)) represents normal distribution with zero mean and C2(AWT) variance~ 

The values of the constants that were used are C1 = 0.33 and C2 = 0.33. Nelson, Sarin 

and Daniels have used other values of C1 and C2 also. However, it was observed that 

neither C1 nor C2 causes a major difference in the computational time. Both sets of 

problems were run for 50, 100, 150, 200, 250, 300, 400 number of jobs. For each 
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problem size, (for each type of due date), at least 5 problems were generated. So, 35 

problems were run for each set. The average CPU times in seconds for the execution 

of the algorithm are reported in Tables 1 and 2 for the Emmons type of due dates and 

Normal distribution of due dates, respectively. In each of these tables, corresponding 

values are reported for the algorithm due to Nelson, Sarin and Daniels as well. It was 

found that the range of the execution times obtained for any particular size of the 

problem was approximately 10% about the average value. A comparison of the CPU 

times of the two algorithms shows that the new algorithm is several folds faster than 

the old one thereby indicating the effectiveness of the dominance rules developed. 

To further display the superiority of the new algorithm, Figures 1 and 2 show the 

graph of the CPU times .vs. number of jobs for the old and the new algorithm, re-

spectively, for the two types of due dates considered. 

Table 1. Average CPU times for Emmon1s Problems 

# of Old algorithm New Algorithm 
(Average CPU (Average CPU 

jobs time in secs) time in secs) 
50 2 0 
100 8 2 
150 19 4 
200 39 8 
250 85 15 
300 "' 140 26 
400 341 63 
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Table 2. Average CPU times for Normalj distribution of due dates 

# of Old Algorithm New Algorithm 
(Average CPU Average CPU 

jobs time in secs time in secs 
50 2 0 
100 8 2 
150 22 5 
200 66 5 
250 152 26 
300 219 43 
400 443 103 
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Chapter 3 

The Two Machine Bicriteria Problem 

3.1 Introduction 

In this chapter, we analyze the bicriteria problem for the two machine case. The 

primary criterion considered is that of minimizing Tmax i.e. maximum tardiness and 

the secondary criterion considered is that of minimum NT i.e. the total number of 

tardy jobs. Detailed analysis has been carried out for the optimization of the primary 

criterion of Tmax, and then a branch and bound procedure is presented for the sec-

ondary criterion of NT. 

Unlike in a single machine case, there does not exist a simplistic rule that minimizes 

the Tmax value in the two machine case. However, given an assignment of jobs to the 

two machines, there exists an EDD sequence (separately on the two machines) 
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which minimizes the Tmax values of jobs individually on the two machines. This is 

a direct application of the EDD rule in a single machine problem. 

The algorithm presented in this chapter for the primary criterion first determines the 

starting upper and lower bound values of Tmax for the two machine problem. Further 

manipulation of the schedules of jobs on the two machines is carried out to eventually 

converge to the optimal value of Tmax. These manipulations are based on the ex-

change of jobs (both single and multiple job exchanges) between the two machines. 

The algorithm presented to minimize the secondary criterion NT (knowing the optimal 

value of the primary criterion, Tmax), follows a branch and bound search tree proce-

dure. 

3.1.1 Notations 

1. At any stage of the algorithm, the jobs assigned to each machine are arranged in 

an EDD sequence. This is because, EDD sequence minimizes Tmax for the single 

machine problem. In order to minimize Tmax on two machines, it is necessary 

that Tmax is minimized on the two machines individually. Also, this helps us in 

carrying out the job exchange between the two machines in a systematic man-

ner. 

2. In the algorithm presented, we begin by arranging the jobs in an EDD sequence 

such that if two jobs i and j have equal due dates then the job with a higher 

processing time precedes the job with a lower processing time. In such a se-

quence, if job i precedes job j then we denote this by i .b. j. Conversely, the 

The Two Machine Bicriteria Problem 20 



notation i .b. j also means that d; <di, and if d; =di then P;;:::: Pi· Also, by the no-

tation i .b. k .b. j, we imply that job i precedes job k and job k precedes job j in 

that sequence. 

3. 'k' refers to the job with the maximum tardiness value on machine 1 and 'I' refers 

to the job with maximum tardiness on machine 2. Machine 1 and 2 are labelled 

such that k .b. I. 

3.2 Motivation Regarding the Development of the 

Algorithms 

3.2.1 Motivation for the Algorithm to minimize Tmax 

Given an allocation and arrangement of jobs to the two machines, let Tmax1 and 

Tmax2 represent the Tmax values obtained respectively on machines 1 and 2. Even 

though any arrangement of jobs can be considered on the two machines, we shall 

see later on that arranging the jobs in EDD sequence to start with always gives good 

starting Tmax values. Also, as discussed above, this helps in carrying out the job 

exchange between the two machines in a systematic manner. Hence, we will con-

sider EDD sequence as the starting sequence on each machine. Also, due to similar 

reasons, the jobs will be allocated in EDD order to the two machines; assigning a job 

with the next earlier due date to the earliest available machine. Now, the Tmax value 

for the two machine problem equals max(Tmax1,Tmax2), and this maximum value 
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sets an upperbound on the required optimal value of Tmax. The procedure that is 

developed first aims at the determination of an assignment of jobs to the two ma-

chines such that minimum of the Tmax values of the jobs on the two machines sets 

a lower bound on the required optimal value of Tmax. This would result in the closed 

interval [Tmax1 ,Tmax2] (or the range) in which the optimal value of Tmax lies. This 

is called the 'range location phase' or Phase I of the algorithm. Starting from a given 

assignment of jobs to the two machines, this is accomplished by exchanging jobs 

between the two machines so that no further exchange leads to a value of Tmax less 

than the current minimum of the Tmax values on the two machines. Both single and 

multiple job exchanges between the two machines are considered. All such ex-

changes are made depending upon the locations of the jobs on each machine that 

correspond to the Tmax values. A set of necessary conditions developed in section 

3.3 are used to determine jobs resulting in successful exchanges. 

After obtaining a closed interval [Tmax1 ,Tmax2] by the process of range location, we 

next attempt to reduce this range such that the optimal Tmax continues to lie in it. 

This is called Phase II. Such a reduction can be performed in three ways. 

• By reducing the higher of the two Tmax values while keeping the other one the 

same (here to fore referred to as Strategy A). If Tmax1 is the higher value among 

Tmax1 and Tmax2 values, then according to this strategy, Tmax1 is decreased to . 

Tmax1• while Tmax2 remains the same. This is shown in the figure 3-a. 

• By reducing the higher and increasing the lower of the two values (here to fore 

referred to as Strategy B). That is, Tmax2 is increased to Tmax2• and Tmax1 is 

decreased to Tmax1 • • This is shown in figure 3-b. 
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• By increasing the lower of the two Tmax values (here to fore referred to as 

Strategy C). That is Tmax2 is increased to Tmax2'. Tmax1 remains the same. This 

is shown the figure 3-c. 

A range relocation may be necessary within the range obtained as a result of Phase 

II after this process of range reduction. However, the motivation behind this process 

of range reduction is to know a smaller interval in which the optimum value of Tmax 

lies. 

The procedure adopted to accomplish range reduction involves a series of job ex-

changes between the two machines including single job exchanges as well as multi-

ple job interchanges. The process of considering all possible multiple job exchanges 

is equivalent to solving a knapsack problem to obtain all feasible solutions. Due to the 

tremendous amount of computational efforts involved to do this, we consider instead 

exchanges of a particular type. This makes the algorithm a heuristic procedure, even 

though as is shown later, the solutions obtained are found to be almost optimal. After 

range reduction, the algorithm then tries range relocation within the range obtained 

as a resu It of Phase I. 

Figure 4 gives the overall logic of the procedure. 

3.2.2 Motivation for the Algorithm to minimize NT 

The algorithm developed follows a search tree procedure. The scheduling of jobs is 

carried out beginning from the last position. Hence, the inakespan value on each 

machine needs to be known. These makespan values are determined based on the 
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a)Range reduction Strategy A 

Tmax,' Tmax1 

b)Range reduction Strategy B 

Tmax2 Tmax2' Tmax1Tmax1 

c)Range reduction Strategy C 

), ___ ,__.. ________ _ 
Tmax2 Tmax2' Tmax1 

Figure 3. Range reduction strategies 

Tmax value and the maximum due date. Since due to scheduling backward, the finish 

time of a job is known when it is scheduled, its corresponding tardiness value can 

be determined. Hence, only those jobs that do meet the primary criterion at a posi-

tion are considered for that position. The allocation of each eligible job there gives 

rise to a branch of the search tree and a corresponding node of the partial sequence 

with a knowledge of the tardiness value of the jobs in that partial sequence. To select 

a node to branch from, the downtrack scheme is used where we select the partial 

sequence with the highest NT value. 

The Two Machine Bicriteria Problem 24 



lnl!lal Seq ... nce 

l'hue I 

Range 

reloca1ad1 

No 

PhaM II 

No 

OPTIMUM 

Figure 4. Overall logic of the procedure used 
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3.3 Exchange Procedure Analysis 

Next, we present analysis to determine the sets of jobs to be exchanged between the 

two machines to implement both the range relocation (Phase I) and the range re-

duction (Phase II) steps. The range once again corresponds.to the Tmax1 and Tmax2 

values of the jobs allocated to the machines 1 and 2, respectively. Since the require-

ments of each of these steps are different, they lead to different sets of conditions to 

select the sets of jobs to be exchanged that can assure range relocation or range 

reduction as the case may be. Next, we develop these conditions. 

3.3.1 Development of conditions for range relocation 

The analysis is divided into two cases depending upon whether or not the jobs cor-

responding to the Tmax values on each machine are considered as part of the set of 

jobs to be interchanged. 

3.3.1.1 Analysis for the case when the jobs with Tmax are not exchanged 

Consider any assignment of jobs to machine 1 and machine 2. Let the jobs assigned 

to each machine be arranged in an EDD sequence to minimize the Tmax value on 

each machine individually. Let Tmax1 be the maximum tardiness value on machine 

1 and Tmax2 be the maximum tardiness value on machine 2. The maximum tardiness 

value, Tmax, corresponding to the schedule = Max(Tmax1,Tmax2). 
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Now, consider the interchange of job i from machine 1 with job J from machine 2 such 

that i .b. j. and i and j are not the jobs with the Tmax1 and the Tmax2 values respec-

tively. Let P; and pi be their respective processing times. Such an interchange is 

shown in Figure 5. The analysis is carried out depending upon the relative values of 

P; and Pi 

Case a 

P;<Pi 

Machine 1 

a. If Tmax1 belongs to a job k such that d; > dk, then Tmax1 remains the same 

or increases after the interchange. (Refer to figure 6-a) 

b. If Tmax1 belongs to a job k such that d;:::;; dk:::;; di, then Tmax1 decreases if the 

same job k has the maximum tardiness value on machine 1 again. However, 

now Tmax1 may belong to some other job after the interchange of jobs i and 

j. (Refer to figure 6-b) 

c. If Tmax1 b~longs to a job k such that dk;;:::: di, then Tmax1 increases. (Refer 

to figure 6-c) 

Machine 2 

a. If Tmax2 belongs to a job I such that d, < d;. then Tmax2 remains the same. 
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D Machine 1 

Machine 2 

Before After 

Figure 5. Exchange Procedure Analysis 

However, it could increase if Tmax2 belongs to some other job after the 

interchange. (Refer to figure 7-a) 

b. If Tmax2 belongs to a job I such that d;:::;; d,:::;; di, then Tmax2 increases. (Re-

fer to figure 7-b) 

c. If Tmax2 belongs to a job I such that d, 2 di, then Tmax2 decreases. However, 

Tmax2 may belong to some other job after the interchange, in which case 

Tmax2 may increase, decrease or remain the same. (Refer to figure 7-c) 

Note that, in this case, any interchange of jobs between the two machines would lead 

to a reduction in the value of Tm ax beyond Min(Tmax1 ,Tmax2) only if both Tmax1 and 

Tmax2 decrease i.e. when d;:::;; dk:::;; di on machine 1 and d, 2 di on machine 2. Note 

that it is not necessary to consider this case when dk =di because then the tardiness 

values of both jobs k and j will increase irrespective of which job is put first on ma-

chine 1. Hence, the condition can be reduced to d;:::;; dk <di 

Case b 
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a) Interchange of job ion machine 1 with job j from machine 2 such that d1 > dk 

Machine 1 

Machine 2 

b)lnterchange of job i on machine 1 with job j from machine 2 such that 
d; ~ dk ~di 

Machine 1 

Machine 2 

c)lnterchange of job i on machine 1 with job j from machine 2 such that dk;;:::: di 

Machine 1 

Machine 2 

Figure 6. Exchange procedure analysis for tardiness values on machine 1 
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a)lnterchange of job i on machine 1 with job j from machine 2 such that d, < d; 

Machine 1 

Machine 2 

b)lnterchange of job i on machine 1 with job j from machine 2 such that 
d;:::;; d,:::;; dj 

k Machine 1 

Machine 2 

c)lnterchange of job i on machine 1 with job j from machine 2 such that d, ~ d1, 

Machine 1 

~, Machine 2 

Figure 7. Exchange procedure analysis for tardiness values on machine 2 
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Machine 1 

a. If Tmax1 belongs to a job k such that dk < d; then Tmax1 remains the same. 

b. If Tmax1 belongs to a job k such that d; :s; dk then Tmax1 decreases. 

Machine 2 

a. If Tmax2 belongs to a job I such that d, < d;, then Tmax2 remains the same. 

However, it could increase if Tmax2 belongs to some other job after the 

interchange. 

b. If d, > d; then Tmax2 increases. 

Therefore, we observe that, in this case, it is not possible to decrease Tmax1 and 

Tmax2 at the same time. 

Thus, from among Cases a and b, we have a possibility of an interchange of jobs i 

and j leading to a Tm ax value less than M in(Tmax1 ,Tmax2) when Tmax1 belongs to 

a job k on machine 1 and Tmax2 belongs to a job I on machine 2 such that P; <pl, 

d; :s; dk :s; di and d, ~di . Next, we precisely derive the necessary conditions for an 

interchange of jobs i and j to result in the Tmax values less than min(Tmax1, Tmax2). 

Such an interchange of jobs i or j will be called the successfu I interchange. To that 

end we need to consider two cases. 
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Let k denote the job on machine 1 which has the maximum tardiness value and let I 

denote the job on machine 2 with the maximum tardiness value. (The machines are 

designated as 1 and 2 such that k .b. I) 

Since d;::;;; dk < d1, (by the condition stated above), Tk would decrease by a value of 

p1 • Hence, Tmax would decrease beyond T, if 

Considering the.processing times and due dates of jobs to be integer values, we re-

quire that 

[3.3.1 J 

Now, cons.icier the jobs 'p' such that i .b. p .b. j and p belongs to machine 2. Let CP 

and C/ denote the completion times of these jobs before and after the interchange 

C?f jobs i and j Since the completion times of these jobs would increase by an amount 

[3.3.2] 

From equations 3.3.1 and 3.3.2 we get 

[3.3.3] 

Denoting by LP and L/ the lateness of job p before and after the interchange, the 

minimum value of L/ would be 
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In order to obtain a 'successful interchange', we require that 

i.e. we require that 

Thus we require that for all jobs 'p' such that i .b. p .b. j and p belonging to machine 

2, 

Now, for any job 'm' on Machine 1 such that dm;;::: di the completion time after the 

interchange increases by a value of pi - P; . Note that pi> P; because that is the 

condition which can lead to a reduction in the Tmax value (See Case a). Hence, 

Cm'= Cm+ (pi - p;), where Cm and Cm' are the completion times before and after the 

interchange. Since pi> p;, this further implies that 

[3.3.4] 

Since for a successful interchange we require that 

[3.3.5] 
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where, Lm' is the lateness value of job m after the interchange, we have from 

equations (3.3.1) and (3.3.2) 

[3.3.6] 

Now, based on the above analysis we list the set of necessary conditions for a 'suc-

cessful interchange' when Tk > T,. (Refer to figure 6-b) 

a. There should exist a job i on machine 1 such that 

P;2Tk-T,+1 and 

[3.3.7] 

b. There should exist a job j on machine 2 such that 

dk s dis d, and 

[3.3.8] 

c. For jobs p on machine 2 such that d;:::;; dP:::;; di 

[3.3.9] 

d. For jobs m on machine 1 such that dm 2 di 
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[3.3.10] 

Since, d;:::;; dk and dk <di:::;; dr (by the conditions stated earlier), for the job I on ma-

chine 2 (with the highest tardiness value), Tr decreases by pi - P;. Now, in order to 

obtain new Tmax less than min(Tmax1,Tmax2), we require that 

(again by assuming all p and T values to be integers) Now, for any job m on machine 

1 such that dm 2 di , the value of lateness after interchange Lm' = Lm +Pi - P; , where 

Lm is the lateness value before the interchange. In order with the above requirement, 

we have, 

or 

Since, Pi - P; 2 T, - Tk + 1 (from above), we have Tk - Lm 2 Tr - Tk +2 
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Since the latest possible position of job j can be I, the necessary condition is that for 

all jobs m on machine 1 such that dm ~ d,, we require that 

Next, consider any job p on machine 2 such that d1 :::;; dP:::;; di . The lateness value L~ 

after the interchange would be L/ =LP+ p, where LP is the lateness value before the 

interchange. 

Again, we require that 

Thus the necessary condition becomes 

[3.3.11] 

where p, is the minimum processing time amongst all jobs m such that dm:::;; dk and 

m belongs to machine 1 because if this condition is not satisfied even for minimum 

p, job then it is not possible to reduce Tmax value beyond Tk. 

Hence, the set of necessary conditions for a successful interchange when Tk:::;; T, is 

as follows. 
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a. There should exist a job i on machine 1 such that d; < dk and a job j on ma-

chine 2 such that 

[3.3.12] 

b. For any job m on machine 1 such that dm > d, 

c. If 'i' is a job on machine 1 to be interchanged with a job j on machine 2, then 

we require that for any job p on machine 2 such that d;::;; dP s di 

L <Tk-P -1 p- I [3.3.14] 

Note that the above condition can be relaxed by considering job p such that 

d;::;; dP::;; d, (instead of d;::;; dP::;; d), where d,::;; d1 for all jobs j on machine 2 

such that dk < d1 < d, . This will be referred to later as the Relax1 condition. 

This indicates that if any one of these necessary conditions is violated, then it is not 

possible to get a schedule with Tmax less than min(Tk, T,) . 

3.3.2 Extension to multiple job exchange 

In the above discussion we restricted our attention to the exchange of a single job 'i' 

on machine 1 with a single job 'j' on machine 2. However, we can easily extend the 

arguments to the cases where jobs 'i' or 'j' would represent a set of jobs on machines 
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1 and 2 respectively. These are developed based on the conditions for the single job 

interchange developed in section 3.3.1. 

Case 1 

Considering condition 3.3.7 we define job 'i' to be a set of jobs A such that every job 

ex EA belongs to machine 1 and d. :s; dk for all ex EA. Hence, by the virtue of the ar-

guments presented in the case of single job exchange, we would require that 

LP. ~ Tk - T, + 1 . 
oeA 

Considering now 3.3.8 instead of a single job 'j', we can have a set of jobs B such that 

every job f3 EB belongs to machine 2 and dk :s; dp :s; d,. Hence the requirement with 

respect to the processing times of these jobs translates as LPp > P; or LPp >LP. 
f3e8 fJeB oeA 

depending upon whether a single or multiple job exchange is considered with respect 

to job 'i'. (Note that we can have the exchange of a single job 'i' with a set of jobs 'j' 

and also the exchange of multiple jobs 'i' with a single job 'j'). In case of the inter-

change of multiple jobs 'i' (or a set of jobs A) with a single job 'j', we require that 

Condition 3.3.9 can be extended to the multiple job exchange as follows. Let }1 rep-

resent the job amongst the jobs B on machine 2 which has the minimum due date. 

Since for all the jobs Pon machine 1 such that d; < dP < dh , (p E P) (when a single job 

'i' is being interchanged with a set of jobs P) the lateness would increase by a value 

equal top;, we would require that for all these jobs P 
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Note that this requirement with respect to the lateness values is the same in the case 

when we interchange a set of jobs A on machine 1 with a set of jobs B on machine 

2 because LP.~ Tk - T1 + 1 . 
oeA 

Condition 3.3.10 can be extended as follows. Let j 2 represent the jobs amongst the set 

of jobs B with the highest due date. Now, note that for all job M on machine 1 such 

that dm ~ d12 , m EM, the lateness value after the interchange increases by an amount 

equal to LPp - P; (when a single job i is interchanged with a set of jobs B ) and by 
{JeB 

LPp - LP. (when a set of jobs A on machine 1 is being interchanged with a set of 
{JeB oeA 

jobs B on machine 2.) In either case, the requirement with respect to the lateness 

values of these jobs M becomes 

Case 2 

In this case, note that we are looking for a job ion machine 1 such that d; < dk and the 

processing time of job i is minimum. This is of course motivated by the fact that we 

would like to keep the increase in lateness of jobs on machine 2 to a minimum level. 

Hence, note that this is equivalent to a set of jobs A on machine 1 and a set of jobs 

B on machine 2 such that for every job o: EA and every job f3 EB we have d. < dk and 

dp < dk and LP.> LPp such that LP. - LPp is minimum. (In the algorithm presented, 
.~ /3~ .~ /3~ 

we approximate this multiple job search to the search of a single job o: and a single 

job /3.) 
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Considering now Condition 3.3.12 we seek a set of jobs 8 2 on machine 2 such that 

L: Pp~ P; + (T, - Tk + 1) (when a single job 'i' is being exchanged) or 
PeB2 . 

LPp ~ (L:Ps - L: Pp)+ (T, - Tk + 1) (when we have multiple jobs A and 82 as de-
P•B seA Pe 82 · 

scribed above). 

Similarly, referring to condition 3.3.13, for all the jobs M on machine 1 such that 

dm > d,, me M the lateness value would increase, the requirement with respect to the 

lateness values of these jobs is the same thereby resulting in, 

Condition 3.3.14 of the single job exchange case, can be extended to the multiple job 

scenario as follows. Note that if fJ represents the highest of the due dates amongst 

the jobs ex and f3 (as described above), (fJ is equivalent to job 'i' in the case of single 

job ), and if y represents the job with the highest due date in the set of jobs 8 2 (de-

scribed above), for jobs 'p' on machine 2 such that d6 :s;; dP < d, , the lateness value 

would increase. Hence, the requirement with respect to the lateness values of these 

jobs becomes 

(in the case when job sets A and B are considered.) or 

(when a single job i is considered.) . 
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3.3.3 Analysis for the case when the jobs with the Tmax values are 

exchanged 

Now, let us consider the case when the jobs considered for exchange namely, job i 

or job j (or both) correspond to the jobs with tardiness value Tmax1 and Tmax2 re-

spectively. In general, this can lead to the consideration of the following three cases 

Case 1 Job k is moved from machine 1 to machine 2 but job I is not. 

Case 2 Job I is moved from machine 2 to machine 1 but job k is not. 

Case 3 Job k is moved from machine 1 to machine 2 and job I is moved from machine 

2 to machine 1. 

Our objective is to switch jobs so that min ( Tk, T, ) is decreased at least by a unit 

value to obtain a new range location. Thus, whether a)Tk < T, or b)Tk ~ T,., we require 

that 

a. Some job 'm' such that m .b. k should be shifted from machine 2 to machine 

1. 

b. If job k is the first job in the sequence to be shifted from one machine to an-

other, then it should be moved such that it gets an earlier start time on ma-

chine 2. However, in the algorithm suggested, we begin by assigning the jobs 

to the two machines such that each job (in the EDD sequence) gets the ear-

liest possible start. Hence, it would be necessary to move a job 'm' from 

machine 2 to machine 1 with m .b. k. Also, we note that we would require 

· that Pm< pk, because, otherwise for some job 'p' on machine 1 such that p .b. 

k, the completion time value obtained after the interchange could be greater 

than the completion time value of job k before the interchange thus leading 
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to a higher tardiness value. In case job k is the first job on machine 1, then 

note that there exists no job m such that m .b. k and hence the range can no 

be relocated. 

c. If job k is moved from machine 1 to machine 2 and job m from machine 2 to 

machine 1 with m .b. k and Pm< pk, then it is necessary to move job I from 

machine 2 to machine 1 because otherwise there would be an increase in the 

completion time of job I on machine 2 and this is not desired. 

Thus we note that case 1 becomes identical with case 3. 

As regards case 2, we note that it is necessary to move some job 'i' with i .b. k from 

machine 1 to machine 2 so that the tardiness of job k decreases. Now, considering 

the situation pertaining to a)Tk < T, and b)Tk ~ T,, the analysis becomes identical to 

that of the analysis presented in section 3.3.1 (when jobs with Tmax values are not 

interchanged.) with only job j being replaced by job I. 

Hence, we note that in the siuation when jobs pertaining to Tmax values are consid-

ered for exchange we need to consider only Case 3, that is, when both job k and job 

I are shifted. To implement Case 3 we follow the procedure of Case 1 (as Cas~ 1 was 

shown to be the same as Case 3). Thus we would shift job m such that m .b. k from 

machine 1 to machine 2, job k from machine 1 to machine 2 and job I from machine 

2 to machine 1. Extension of this argument to a case of multiple job exchange would 

require the interchange of a set of jobs A on machine 1 such that for every job 

o: e A, d. < dk , with a set of jobs B on machine 2 such that for every job fJ e B dp < dk 

, we would require that LPp - L.P. <pk . However, this extension has not been 
{JeB ••A 

adopted in the algorithm presented in order to avoid high computational complexity. 
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3.4 Exchange procedure Analysis To Constrict the Range 

Obtained 

Now that we have an assignment of jobs to the two machines such that no change in 

the assignment would lead to a value of Tmax less than min(Tk,Ti) , we reassign the 

jobs so as to constrict the range over which the Tmax value lies. The aim is to con-

strict it to an extent that either it becomes small enough or it cannot be reduced any 

more indicating the attainment of the optimal Tmax value. This is achieved by alter-

natively using procedures to constrict the range (Phase II) and to relocate the range 

(Phase I). 

Constriction of the range is done in three different ways depending upon the locations 

of the jobs from machines 1 and 2 considered for exchange. 

1. Strategy a By decreasing the value of max(Tk, T,) while keeping the value of 

min(Tk, T,) to be the same. 

2. Strategy b By decreasing the value of max(Tk, T,) and increasing the value of 

min(Tk, T,) simultaneously. 

3. Strategy c By increasing the value of min(Tk, T,) while keeping the value of 

max(Tk, Ti) to be the same. 

If the exchange procedure uses Strategy a then it is obvious that we again have the 

set of values Tk and T, such that the optimal value of Tmax e [Tk, TJ because the Tmax 

value obtained as a result of strategy a is an upper bound on the optimal value. In 
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case of the use of strategies b or c it is necessary to verify once again if the optimal 

value of Tmax lies over the new range corresponding to the new Tk and T, values 

obtained as a result of strategies b or c. This is checked by applying Phase I. This 

results in the identification of a range smaller than before over which the optimal 

Tmax value lies. In the following section, an analysis is presented w.r.t the jobs be-

ing interchanged between the two machines in accordance with each of the above 

strategies. 

The analysis is divided into two cases depending upon whether Tk < T, or Tk > T, 

Case a 

Tk< T, 

Strategy a (Refer to figure 8) 

Since Tk should not be increased we require that the job/jobs 'j' transferred to ma-

chine 1 should lie such that dk <di. Also, in the process of interchange we require. 

that for all jobs 'P' on machine 1 such that d1 < dP for all p e P, where j is the job being 

transferred, 

[3.4.1 J 

Also, we would require that the value of T, does not decrease beyond the value of 

Tk. Strategy a is helpful in a faster constriction of the range. Hence a required con-

dition on the processing time of the job 'j' transferred from machine 2 to machine 1 

would be that dk < d1 ::::;; d,, j e machine2 and j .b. I, and 

[3.4.2] 
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k Machine 1 

Machine 2 

Figure 8. Case a - Strategy a 

A more general way of following Strategy a is by the interchange of job/jobs 'i' on· 

machine 1 with job/jobs 'j' on machine 2 such that LP;< LPi and T, - Tk ~ LPi - LP; 

However, this leads to an excessive number of possibilities that can be considered. 

In the algorithm presented, we restrict the search to the interchange of single job i 

with a single job j only. Even though this is an approximation to the general case, it 

was found to be quite effective. 

Strategy b (Refer to figure 9) 

For a job exchange that follows this Strategy, we would consider the exchange of jobs 

'i' belonging to Machine 1 and 'j' belonging to Machine 2 such that d;::;; dk and di< dk 

designated as exchange type 1 or the transfer of a single job j from machine 2 to 

machine 1 such that di< dk designated as exchange .of type 2. 

Since we are interested in having the final values of T1r and T1 (i.e the values after the 

interchange of jobs ) to lie in the closed interval [T1r1 7;] , in the exchange of type 1 

we would require that 

OR 

[3.4.3] 
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k Machine 1 

Machine 2 

Figure 9. Case a . Strategy b 

and in the exchange of type 2, we require that 

OR 

[3.4.4] 

Also note that the exchange of type 1 can be generalized to the interchange of a 

group of jobs i e Machine1 with a group of jobs j e Machine2 such that 

[3.4.5] 

However, such a generalized exchange procedure would result in an exponential in-

crease in the algorithmic complexity. Also, by not verifying for all possible inter-

changes of this kind would not affect the optimal value of the solution obtained if the 

values of Tk and T, differ by a maximum amount equal to the minimum processing 

time of the jobs. Hence, the algorithm presented restricts the verification of the pos-

sible interchanges to the interchange of a single job j on Machine 2 with a single job 

i on Machine 1. 
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Strategy c In this case, we would require the jobs to be exchanged such that job i 

belongs to machine 1 and job j belongs to machine 2 , p; =pi , di< dk and 

dk< d;< d,. 

Case b 

T,< Tk 

Strategy a In this case, we would require the jobs to be exchanged such that job i 

belongs to machine 1 and job j belongs to machine 2 , p; =pi , d; < dk and 

dk < dj < d,. 

Strategy b (Refer to figure 10) 

This would require either the transfer of a single job i from M1 to M2 such that 

d; < dk (interchange of type 1) or the interchange of job i on Machine 1 with job j on 

Machine 2 such that P; >pi and d; < dk and di< dk (interchange of type 2), As noted 

in case a, this procedure can be generalized to the interchange of a group of jobs A 

on Machine 1 with a group of jobs B on Machine 2 such that for every job o: e A and 

fJ e B, d. < dk and dp < dk. 

However, the algorithm considers only the interchange of a single job i on machine 

1 with a single job j on machine 2. 

Again, the restriction of the final values of Tk and .T, to the closed interval [T,, Tk] would 

require that 

Pi::; Tk - T1 in case of interchange of type 1 

P; - PJ ~ Tk - T1 in case of exchange of type 2 
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k Machine 1 

Machine 2 

Figure 10. Case b • Strategy b 

Strategy c (Refer to figure 11) 

k 

I 
Machine 1 

I Machine 2 

Figure 11. Case b • Strategy c 

This would require either the transfer of a single job i from M1 to M2 such that 

dk:::;; d;:::;; d, (interchange of type 1) or the interchange of job i on Machine 1 with job j 

on Machine 2 such that P; >pi and dk < d; < d, and dk <di< d,. As noted in the use of 

Strategy b, this procedure can be generalized to the interchange of a group of jobs 

A on Machine 1 with a group of jobs B on Machine 2 such that for every job oc and p, 

However, by considering only single element sets A and B, and calling these jobs to 

be i and j as shown in figure 11 to restrict the final values of Tk and T, to the closed 

interval [T,, Tk] requires that 

Pi:::;; Tk -T1 in case of interchange of type 1 

Pi - Pj:::;; Tk - T1 in case of exchange of type 2 
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3.5 Properties of an optimal solution 

While the jobs are being interchanged between machines 1 and 2, an optimal solution 

is obtained if 

• No interchange of jobs between the two machines .would lead to a value of Tmax 

less than min(Tk, T,) and 

• No interchange of jobs between the two machines would help us to constrict the 

closed interval [Tk,Ti]. 

3.6 Tmax minimization algorithm 

Based on the analysis presented above and the required properties of an optimal 

solution, an algorithm to minimize Tmax is presented pext. The algorithm is pre-

sented in two parts, namely, a)Phase I, and b) Phase II. Phase 1 deals with the ver-

ification of the completion times and processing times of the jobs in the current 

schedule (we start by arranging the jobs in EDD sequence on the two machines in 

that order giving each job the earliest possible start), and performing a reallocation 

(by means of exchange of jobs between the machines) of jobs to determine the lo-

cation of the range over which the minimal value of Tmax lies. At the end of Phase 

1, Max(Tmax1, Tmax2) sets an upper bound, and Min(Tmax1, Tmax2) sets a lower 

bound on Tmax. (Tmax1 refers to the maximum tardiness value on machine 1 and 

Tmax2 refers to the maximum tardiness value on machine 2.) 
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In Phase II, the schedule obtained at the end of Phase 1 is modified,in order to con-

strict the range obtained in Phase 1. After every reduction, the algorithm directs the 

process to Phase 1 in order to relocate the range within the previous range, The 

process terminates when it is no longer possibie to constrict the range obtained in 

Phase 1. 

3.6.1 Algorithm to Minimize Tmax 

A flow chart of this algorithm is given in Appendix A. 

Initialization 

In steps 1 and 2 of initialization, we arrange the jobs in an EDD sequ.ence on the two 

machines giving each job an earliest possible start. This gives a good start sequence 

because the load is evenly distributed between the two machines and hence the 

values of )"max1 and Tmax2 in this sequence would be close to the optimal values. 

1. Arrange all the jobs in EDD sequence and if d; =di and P; >pi then i .b. j. 

2. Arrange the jobs in that sequence on the two machines such that each job gets 

the earliest possible start. 

3. Get the maximum tardiness values on the two machines. Let Tk and T1 correspond 

to the two values such that k .b. I . (Designate the machine to which job k belongs 

to as Machine 1 and the other machine as Machine 2.) 

Phase I (Range relocation Phase) 
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This Phase can also be referred to as the range location phase. We try to get the 

Tmax values on the two machines such that these values are less than the mini-

mum of the two Tmax values on the two machines in the current assignment.This 

trial is made in two parts. First, we try this by the interchange of jobs other than 

the ones that have the Tmax values in the current sequence. If this is not possi-

ble, then we try the interchange of jobs which have the Tmax values. This is done 

in step 9. 

In steps 5a - 5g we test for the necessary conditions 3.3.7 to 3.3.10 and 3.3.12 to 

3.3.14 developed in section 3.3.1 for a successfu I interchange of jobs between the 

two machines. If it is found that the interchange of single jobs would not lead to 

range relocation, then the relaxed conditions to be described subsequently are 

tested to verify the possibility of a multiple job interchange. The multiple job 

interchange problems are equivalent to 0-1 knapsack problems. The case of 

switching the Tmax job on machine 1 (i.e. job k) and the Tmax joh on machine 2 

(i.e. job I) (discussed in 3.3.3) is considered in step 9. 

4. Is there a job 'j' on Machine 2 such that k .b. j .b. I ? If not, go to step 9. 

5. If Tk > T,, continue. otherwise go to step 8. 

a. Is there a job 'i' on Machine 1 such that P;;?: Tk - T, + 1 and i .b. k. If not, go 

to (h) to obtain multiple jobs ion M1 which satisfy these conditions; (note that 

a single job i from M1 which increases the tardiness value of a job on ma-

chine 2 beyond the Tmax value should not be considered to switch.) Other-

wise continue. 
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b. Determine minp; such that i belongs to machine 1,p,~Tk-T,+1 and i .b. k. 

Call it Pimin . 

c. Is there a job j on machine 2 such that Pi> P;m;n and k .b. j .b. I? If not, we 

cannot locate a job j which satisfies these conditions. Therefore try multiple 

job j on machine 2, go to 5(n); otherwise continue. 

d. Find min pisuch that j belongs to. machine 2, pi> Pimin and k .b. j .b. I. Call it 

job j. 

e. For every job 'p' on machine 2 such that i .b. p .b. j, Is LP~ T, - (p1min + 1) ? 

(LP denotes the lateness of job p). If not, try multiple jobs from machine 2. 

To check if multiple job switch could be successful, first test the relaxed 

conditions. Go to step 6; otherwise continue. 

f. · For every job 'm' on machine 1 such that j .b. m, Is Lm ~ T, - (pi - Pimin) -1? 

If not, try multiple jobs. To check if the multiple job switch could be suc-

cessful, first test if Lm ~ T, - 2 in Step 7; otherwise continue. Note that the 

condition Lm ~ t, - 2 is a relaxed version of the above condition as 

Pi - P1m1n ~ 1. We call this Relax 2 condition. 

g. (Come here with a job i on machine 1 and job j on machine 2 by switching 

which we could potentially relocate the range for Tmax.) Assign job i to Ma-

chine 2 and job j to Machine 1.Determine the new values for Tk and T, (Call 

them Tknew and T,new). If max(Tknew.Tinew) ~ T, , do not switch jobs i and j, that is 

reassign job i to machine 1 and job j to machine 2 and go to step 5(a).lf switch 

is successful, go to step 3. 
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h. (Come here to get multiple jobs i. First check the feasibility of obtaining such 

a set in step 5 (h) and if so obtain the multiple job set i in steps 5(i), 5(j),5(k) 

by solving a knapsack problem stated below in step j. If such a set is not 

possible, exit to Step 9.) Is there a set of jobs A consisting of jobs rx.' such 

that rx.' belongs to machine 1, L,p •. ~ Tk - T, + 1 rx.' .b. k for every rx.' belongs 

to machine 1. If not, go to step 9. Otherwise continue. 

j. Determine min L,p •. x •. such that L,p •. x •. ~ V and rx.' e A, where A denotes the 

set of jobs on Machine 1 before job k, and the solution should have x •. = 1 

for at least one job after !PAST. (This is the problem referred to above as the 

knapsack problem.) While solving the problem if we have alternate optima, 

we choose the solution for which x •. = 1 and d •. maximum for the last job 

rx.' in A. Call this job ex with maximum d. as !last. Set Pimin = L,p •. x •.. Continue. 

k. For every job p belonging to Machine 2, such that !last .b. p .b. k , Is 

LP~ T, - (pimin + 1)? If not, job p will have its tardiness value larger than that 

of T, and this outcome will not relocate the range. Therefore, search for an-

other set A. Set !PAST == !last, and the r.h.s of the knapsack constraint to 

be V = V + 1 because all the solutions with the previous r.h.s value of V 

have been considered. Go to 5(j). 

I. (Come here with a set A of jobs i on machine 1 and check if the switch is 

going to be successful.) Verify for every job 'p' which belongs Machine 2, 

p .b. k and whose completion time would increase by an amount fJ (b could 
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be different for different jobs because of multiple job switch), if 

LP:::; r, - ~ - 1 .If not, set IPAST = llast, Go to 5(j). Otherwise continue. 

m. Set Pimin =min L,p •. x •. (as obtained in 5(j)). Denote the last job with x •. = 1 as 

i. Go to 5(c). 

n. Determine min L,p. such that L,p.x. > RHS (initially, RHS = P;m;n) for jobs o: 

such that o: belongs to machine 2 and k .b. o: .b. I. Obtain all the alternate 

optima. Start with solution 1 (i.e. the one was obtained first). Continue. 

o. For the current solution being considered, denote the first job o: with x. = 1 

by j (Note that this solution is a collection of jobs from machine 2 for which 

x. = 1.) 

p. For every job 'p' such that p belongs to machine 2 and .b. p .b. j, Is 

LP< r, - Pimin? If yes, go to 5(q). 

If not, 

Is there another alternate optimum? 

If not, set RHS = RHS + 1. Go to 5(n). 

Otherwise, Go to 5(o). 

q. Assign the set of jobs with x. = 1 in the current optimal solution to machine 

1 and job i (or set of jobs i) to machine 2. Determine the new values of T* and 
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• Before we analyze response to this condition, we first make the following 

observation. This condition may be violated under three different situ-

ations. 

• Situation 1 : When Tknew ~ T, bu~ Tinew < ·T,. 

• Situation 2 : When Tinew ~ T, but Tknew < T, . 

• Situation 3 : When Tknew 2:-: T, and T,new 2:-: T, . 

We note that in situations 1 and 2 it is possible that this condition may 

still be satisfied if we select different sets of jobs from machine 1 or ma-

chine 2 to be switched between machines. We describe the two situ-

ations as follows. 

Situation 1 If for any job p on machine 1, the value of TP obtained after the 

interchange is such that TP > T,, then this indicates that LP+ (pi - p;) 2:-: T, 

for that job p, where LP denotes the value of lateness before the inter-

change. However, since for the given job i, pi - P; has been selected to 

be the minimum possible value, there is a possibility that the value of TP 

doesn't exceed T, if an alternate value of p; is tried so that p; - pi de-

creases. 

Situation 2 Note that, in case of single job switch we verify in step 5(e) the 

lateness condition for all jobs 'p' on machine 2 such that i .b. p .b. j 

However, in case of multiple job switch, this condition is verified in step 

5(p) only for jobs p on machine 2 such that i.b.p.b.f (where f is the first 

job in the set of jobs j from machine 2 that is being transferred.) . 
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Therefore, this condition could be violated for jobs on machine 2 after f 

. Hence, there is a possibility that this condition is not violated for any job 

on machine 2 if an alternate set of jobs on machine 2 is being transferred 

from machine 2 to machine 1. 

• Note that in Situation 3, it is not possible to find another set of jobs on 

machine 1 and machine 2 because this condition is violated for P;m;n and 

min(pi - P;m;n). For any other set of jobs at least one of these values will 
J 

increase thereby violating the condition once again. 

We now analyze the response to the question : Is max(Tknew• T,new) < T,? If yes, 

continue to step 5(r). If not, determine if it is Situation 1, Situation 2 or Sit-

uation 3. If it is Situation 3, reassign the jobs to positions as before and go 

to step 9. If it is Situation 1, Check if there is another job i such that i belongs 

to Machine 1, i .b. k and P; > Pimin· If not, go to step 5(h) to obtain multiple jobs 

i from machine 1 to switch with jobs from machine 2 to relocate the range. 

Otherwise, set P;m;n = min(p;) (such that P; > P;m;n).Go to step 5(n) to obtain 

multiple jobs j on machine 2 with respect to the new job i. If it is Situation 

2, check if there is another optimal solution to the knapsack problem of step 

5(n). If not, go to step 5(n) to get the next optimal solution. Otherwise, get 

the alternate optimum and Go to step 5(o). (This is done to check conditions 

which may lead to switching of jobs to relocate the range. (in step 5(q)).) 

r. Get the new values for T, and T,. Go to step 3 to further relocate the range. 
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• Note : In the following steps 6 and 7 we verify Relax1 condition (see dis-

cussion below condition 3.3.14), and a relaxed form of the condition tested in 

step 5(f) (called Relax 2 condition). These form a set of conditions with re-

spect to the lateness values of the jobs whose lateness would be affected in 

the process of multiple job interchange. 

6. (Testing of Relaxed condition (see discussion below,condition 3.3.14)) 

a. Lets be a job belonging to machine 2 such that d. s d1 for all jobs j such that 

k .b. j .b. I and k .b. s .b. I. 

b. For every job p belonging to machine 2 such that i .b. p .b. s, Is 

LP s T, - (pimin + 1)? (Refer to equation 3.2.14) If not, multiple job switch will 

not be successful, and go to step 9 to consider switching jobs k and I. Oth-

erwise, go to 5(n). 

7. (Testing Relax 2 condition (relaxed version of condition tested in step 5(f))) 

a. For every job m belonging to machine 1 such that I .b. m, Is Lm s T, - 2 ? If 

not, multiple job switch will not be successful, and go to step 9 to consider 

switching jobs k and I. Otherwise, go to 5(n). 

8. (Execute this step to relocate the range when Tk < T, .) For reference, see figure 

12. 

• Note that in order to relocate the range and thereby have both Tknew and T,new 

less than Tk, we need to decrease Tk at least by a unit value and T, at least 
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['kl Machine 1 

[?2J [1J Machine 2 

Figure 12. Phase I ·when Tk < T, 

by an amount T, - Tk + 1 . Since we would like to decrease Tk just by the least 

amount possible, this can be done in two ways as follows. 

(1) By shifting job i from machine 1, such that i .b. k where p;= 1. (This is a 

single job shift.) In this case we designate Pimin = p1• 

(2) By moving job i such that i .b. k from machine 1 to machine 2, and job j 

such that j .b. k from machine 2 to machine 1 so that p1 - pi has the minimum 

possible value. In this case, we designate P;m;n = P; - Pr Note that this is a 

special case of a multiple job interchange procedure in which we can inter-

change a set of jobs A on machine 1 with a set of jobs B on machine 2 where 

the value of 'LP. - L,pfJ is kept at a minimum possible value. As in the other 
•EA {JES 

situation of this type, we consider only a single job switch for the sake of 

simplicity. Nevertheless, it makes the procedure a heuristic one. 

• Now, to decrease the value of T, by at least T1 -Tk + 1 , we need to move ei-

ther a single or multiple jobs }2 from machine 2 such that 

a. Set the following LB1 = 0 UB; = k LBJ= 0 UBi = k LBi2 = k UBi2 =I. 

b. (Determine job i) Is there a job i belonging to Machine 1 such that LB1 .b. i .b. 

UB1 and p1 = 1? If so, set Pimin = p1 and Go to step 8(d); otherwise continue. 
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c. (Determine jobs i (from machine 1) and j (from machine 2), if a single job i is 

not determined in step B(b). Get a job i belonging to Machine 1 and a job j 

belonging to machine 2 such that LB; .b. i .b. UB;. and LBi .b. j .b. UBi such 

that P;m;n=P;-pi is minimized and (pi<p;). Set Pimin=P;-Pi· If k=1,Go to 

step 9 (becau.se no such i and j can be found); otherwise continue. 

d. (Determine job j 2 ) Is there a job j 2 belonging to Machine 2 such that LBi2 .b. 

j2 .b. UBi2 and Prl >P;m;n + (T, - Tk + 1). If not, go to step B(m); to get multiple 

jobs j 2 on machine 2; Otherwise, find a job j 2 belonging to Machine 2 such that 

Pi2 is minimal and p1'2 > Pimin + (T, - Tk + 1) If no such job j 2 is found, go to step 

8 (m); otherwise continue. 

e. (Verify if switch would be successful) For every job m belonging to Machine 

1 such that j2 .b. m, Is Lm::;; Tk - (pi2 - P;m;n)? If not, get the latest job 'e' which 

violates this condition and set LBi2 = e and go to step 8 (d) (to check for an-

other j 2); otherwise continue. 

f. (Perform the switch) If P; = 1, then assign job i to Machine 2 and job j2 to 

Machine 1. Otherwise, assign job i to Machine 2 and jobs j and j2 to Machine 

1 .. Determine the new values for Tk and T,. Call them Tknew and Tinew respec-

tively. If max(Tknew.Ttnew) < Tk, go to step 3 to further relocate the range; other-

wise continue. 

g. Determine a set of jobs E such that for e e E, r.;;:::: Tk . 

In steps h, i and j, we reset the values of LB; , UB; , LBi , UB1 , LB1'2·, UB12 , 

depending upon the positions of the jobs in the set E. 
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We do this in order to select other jobs i,j and )2 which could potentially re-

locate the range. Three situations can occur depending upon if 

1) If p;=I=· 1 and i .b. j. 

2) If P; =I= 1 and j .b. i. 

3) If P; = 1 

Each of these are analyzed respectively in steps h, i and j. 

h. (P; =I= 1 and i .b. j.) Does there exist a job e e E such that e belongs to machine 

2 and j .b. e .b. k ? If so, set LB;= e. (If there is more than one such job, 

choose the one that is closest to k.) 

Does there exist a job e e E such that e belongs to machine 2 and k .b. e .b. 

j2? If so, set UBi2 = e. ( if there is more than one such job 'e', choose the one 

that is closest to k.) 

Does there exist a job e e E such that e belongs to machine 2 and i .b. e .b. 

j? If so, set UBi = e. If there is more than one such job, choose the one that 

is positioned closest to i. Reposition the jobs and go to step 8(c). 

i. (P; =I= 1 and j .b. i). 

Does there exist a job e e E such that e belongs to machine 1 and j .b. e .b. 

i? If so, set LBi = e (If more than one such job 'e' choose the one that is 

closest to k.) 
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Does there exist a job e e E such that e belongs to machine 2 and i .b. e .b. 

k? If so, set LB;= e. (If there is more than one such job e, choose the one that 

is closest to k.) 

Does there exist a job e e E such that e belongs to machine 2 and k .b. e .b. 

j2? If so, set UBj2 = e. If more than one such job e choose the one that is 

closest to k.) 

Reposition the jobs and go to step B(c). 

j. (pi = 1) 

Does there exist a job 'e' belonging to Machine 2 such that i .b. e .b. k? If so, 

set LB;= e.(lf more than one such job 'e' exists choose the one that is closest 

to k.) 

Does there exist a job 'e' belonging to machine 2 such that k .b. e .b. j2? If 

so, set Ubj2 = e. (If there is more than one such job 'e', choose the one that 

closest to k.) 

Reposition the jobs and Go to step B(b). 

• In the following steps k - n we determine the multiple jobsj2 on machine 

2. 

k. Need to determine a set of jobs A so as to min L,p,x. such that 

and .b. .b. Set 

RHS = Pimin + (T, - r. + 1) . Continue. 
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I. (Check feasibility of determining a set j 2) Determine L.P. for all jobs a such 

that LBi2 .b. a .b. UBi2 and a belonging to machine 2. Is L.P.;;:: RHS? If not, 

go to step 9; otherwise continue. 

m. (Determine a set of j 2) Determine MinL,p.x. (x. = 0 or 1) such that a belongs 

to machine 2 and L8i2 .b. a .b. UBi2, and L,p.x.;;:: RHS . Get all the alternate 

optima. 

n. Amongst the set of alternate optima Ai. choose the one with min Pt where 
t 

Pt= max[a: x. = 1] . Call this set of jobs as A. Designate j = min[a:x. = 1] 
Cl.E At Cl.EA 

l. = max[a:x = 1] 
o.eA or. 

o. If p, ¥= 1, then assign all jobs o: with x. = 1 to machine 1, job i to machine 2 

and job j to machine 1. 

If p, = 1 , then assign all the jobs a with x. = 1 to machine 1 and job i to ma-

chine 2. 

p. Determine new values of Tkand T,. Call them Tkn•w and T,new respectively. If 

max[Tknew.TinewJ < Tk , go to step 3. Otherwise continue. 

q. Enlist all jobs 'e' which violate this condition. Go to step 8(h). 

9. (Interchange of jobs with Tmax values) 

• This step involves the interchange of jobs 'k' and 'I' i.e. the jobs with Tmax 

values on the two machines. The exchange procedure used is an approxi-

mation. The interchange of job 'm' (which is a job before job 'k') theoretically, 
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could be the interchange of a set of jobs on machine 1 with a set of jobs on 

machine 2 such that the difference in the sum of their processing times is 

less than the processing time of job 'k'. This is again indicative of the 

heuristic nature of the algorithm. 

a. Set LBm == 0. 

b. Is there a job 'm' belonging to Machine 2 such that LBm .b. m .b. k and 

Pm< pk? If not, the range cannot be relocated thus go to step 10 (Phase II) 

for range reduction; otherwise continue. 

c. Get the job 'm' such that Pm is minimum. Shift job m to machine 1, job k to 

machine 2 and job I to machine 1. 

d. Get the values of Tmax1 and Tmax2 after the interchange. Is 

max(Tmax1;Tmax2) < min (Tk, T,).? If not, replace the jobs shifted at their 

original positions. Set LBm = m. Go to step 9 (b). Otherwise, Go to step-3 to 

try to relocate the range once again. 

10. Phase II (Range Reduction Phase) 

This is a range reduction phase. In this phase, a reduction of the gap between the 

Tmax values on the two machines is tried. This range reduction scheme employs 

all the three strategies described in section 3.4. 

a. Is Tk = T,? If so, Go to step 11. (Range reduction is not possible, optimal sol-

ution is obtained.) 

b. If Tk < T, continue. 
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c. If Tk> T,, go to 10(1). 

• Strategy A - Single job Switch 

• Set Tag(i) = 0 for all i. This flag keeps track if a job has been tried for 

exchange or not. For job i, Tag(i) = 1 if job i has been tried for ex-

change. 

d. Is there a job 'i' belonging to machine 2 such that P; < T, - Tk and k .b. i .b. I? 

If so, choose i such that P; is minimal and Go to 10(f). Otherwise continue. 

• Strategy B - Single job Switch 

e. Is there a job i belonging to machine 2 such that P; < T, - Tk, Tag; =I=- 1 (that is 

the transfer of job i shouldn't have been tried before.) and i .b. I? If so, 

choose i such that P; is minimal and continue. Otherwise, go to step 10(h) to 

try multiple job switch. 

f. Assign job i to machine 1. Determine the tardiness of job i when assigned to 

machine 1. Continue. 

g. Is T; ~ T,? (Note that no job p on machine 1 such that i .b. p would reach a 

tardiness value greater than or equal to T,. ) If so, reposition job i. Set TAG 

(i) = 1. Go to step 1 O(d). Otherwise, the switch is successfu I. Go to Step 3 

to further relocate the range. 

• Strategy B - Multiple job switch 
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• Set Tag(i,j) = 0 for all jobs i and j. This flag keeps track if a set of jobs 

has been tried for exchange or not. For job (i,j), Tag(i,j) = 1 if the set 

of jobs i and j has been tried for exchange. 

h. Is there a job i belonging to machine 1 and job j belonging to machine 2 such 

that Tag(iJ) ":/= 1 (that is, the transfer of this set should not have been consid-

ered before.), i .b. k, j .b. k and P; <pi< P; + (T, - Tk + 1)? If not, Go to step 

11 (OPTIMUM). (Note that interchanges of more than two jobs is not tried.) 

If yes, enlist all such pairs. 

i. Select a pair (i,j). Two cases may occur, namely, i .b. j or j .b. i. If i .b. j, check 

if for every job m such that m belongs to machine 2 and i .b. m .b. j. Is 

Lm + p1 :::; T, - 1? If not, set Tag(i,j) = 1, go to step 10(h). If yes, go to step 1 O(j) 

to switch the jobs. If j .b. i, then for every job m such that m belongs to ma-

chine 1 and j .b. m .b. i, is Lm +pi:::; T, - 1? If not, set Tag(i,j) = 1. go to 10(h). 

If yes, go to step 10(j) to switch the jobs. 

j. Assign job i to machine 2 and job j to machine 1. Determine T1 and Ti after the 

assignment. 

k. Is T;new or Tin•w ~ T? If so, set Tag(i,j) = 1, (that is, these jobs are not suitable 

for transfer from one machine to another), reassign i and j to their original 

positions and go to step 10(h). Otherwise, go to step 3 to further relocate the 

range. 

• Strategy B - Single job switch 
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• Set Tag(i) = 0 for all jobs i. 

I. (Come here with Tk > T,) Is there a job i belonging to machine 1 such that i .b. 

k and P;::;; Tk - T, ? If not, go to step 10 (n) and try multiple job switch. If yes, 

continue. 

m. Assign this job to machine 2 and determine the tardiness value for job i (after 

the assignment). 

n. Is T;::;; Tk? If not, reassign i to machine 1 set Tag(i) = 1 and go to step 10(1). 

Otherwise, go to step 3 to relocate the range further. 

• Strategy B" Multiple job switch 

• Set Tag(i,j) = 0 for all pairs of jobs i and j. 

o. Is there a job i belonging to machine 1 and a job j belonging to machine 2 

such that i .b. k , j .b. k , Tag(iJ) =I= 1, Pi< P; <pi+ (Tk - T, + 1) ? If not, go to 

10(t) and try strategy C. If yes, enlist all such combinations. 

p. Choose the pair (i,j) such that pi is minimal and P; is minimal for the given P; 

. Call them Pimin and Pimin respectively. Two cases may occur, that is i .b. j 

or j ;b. i. 

q. If i .b. j, then for every job m belonging to machine 2 and i .b. m .b. j, is 

Lm+P;min::;; T,-1 .. If not, set Tag(iJ)= 1 and go to 10(0). If yes, go to step 

10(r). Otherwise, j .b. i. Then, for every job m belonging to machine 1 Is 
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Lm + Pim;n s Tk - 1 .. If not, set Tag(iJ) = 1 and go to step 10(0). If yes, go to 

step 1 O(r). 

r. Assign job i to machine 1 and job j to machine 2. Determine the values of T; 

and T1. Continue. 

s. Is T; ~ Tk or T1 ~ Tk? If so, set Tag(i,j) = 1 Go to step 10(0). Otherwise, go to 

step 3 to relocate the range. 

• Strategy C - Single job switch 

• Set Tag(i) = 0 for all jobs i. 

· t. Is there a job 'i' belonging to machine 1 such that k .b. i .b. I, Tag(i)-:/= 1 and 

P; s Tk - T1 • If not, Go to 10 (v) to try multiple job switch. If yes, continue. 

u. Move job 'i' to machine 2. Compute T;new· If T;new < Tk, switch is successful and 

go to step 3 to relocate the range. Otherwise, set Tag(i) = 1 and go to step 

10(t). 

• Strategy C - Multiple job switch 

• Set Tag(i,j) = 0 for all pairs of jobs i and j. 

v. Is there a job 'j' belonging to machine 2 and job 'i' belonging to machine 1 

such that k .b. j .b. I, k .b. i .b. I, Tag(iJ)-:/= 1 (i.e. the exchange of these two 

jobs has not have been tried once and failed), P; > p1 and P;,...... p1 s Tk - T, . If 
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not, go to step 11 (OPTIMUM). (Note that, we do not try switching more than 

two jobs.) Otherwise, continue. 

w. Move job i to machine 2 and job j to machine 1. Now, note that there can be 

two cases, that is i .b. j or j .b. i. If i .b. j, then for every job m belonging to 

machine 2 and i .b. m .b. j, is Lm + P;m;n::;; Tk - 1.? If not, set Tag(iJ) = 1 and 

go to step 1 O(v). If yes, go to step 1 O(x). Otherwise, j .b. i. Then, for every job 

m belonging to machine 1 Is Lm + PJmin::;; Tk - 1. . If not, set Tag(iJ) = 1 and 

go to step 10(v). If yes, go to step 10(w). If yes, continue. 

x. Assign job i to machine 1 and job j to machine 2. Determine the values of 

T;new and T1new· Is T;new 2 Tk or T1n•w 2 Tk? If so, set Tag(i,j) = 1 Go to 10(v). Oth-

erwise, go to step 3 to relocate the range. 

11. OPTIMUM Determine the Tk and T, values for the current schedule. Optimum 

value of Tmax :::: max(Tk, T,) 

STOP 

3.6.2 Minimization of the secondary criterion 

The problem of minimizing the number of tardy jobs subject to a level of maximum 

tardiness forms a more complicated problem in the two machine case because of the 

possibility of having various assignments of the jobs to the two machines. 
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The approach suggested in this research is a branch and bound method which is 

based along the same lines as the branch and bound method used in the single ma-

chine case. It proceeds by scheduling the jobs backward on both the machines. To 

implement this we need to fix the makespan on both the machines and then make the 

job allocations. However, none of the dominance rules applicable to the single ma-

chine case is applicable to the two machine case as will be explained later. 

3.6.3 Some analysis of the Makespan values on the two machines 

Let Tmax1 and Tmax2 be the Tmax values obtained on machine 1 and machine 2 re-

spectively, in the Tmax problem. Therefore, the optimal Tmax value for the two ma-

chine problem is Max ( Tmax1, Tmax2) . Note that the sum of the makespan values 

of any schedule on the two machines equals the sum of the processing times of the 

jobs and is therefore a constant. However, if we let C, and C2 be the makespan value 

on machines 1 and 2 respectively, then C1 and C2 could vary depending upon the as-

signment of jobs to the individual machines. Without loss of generality, let C1 ;::: C2• 

For every value of C1 there corresponds a definite value of C2• 

We make the following observation. If dmax denotes the maximum value of the due 

dates, then the maximum possible value of C1 is dmax + Tmax• that does not violate the 

primary criterion. Also, in order that the optimal value of Tmax is maintained, for any 

job to end at time 't', we require that t ~ d; + Tmax . Hence, not every combination 

of C1 and C2 will be feasible to the primary criterion. That is, if the jobs are scheduled· 

backwards starting from C1 and C2 , we may come across a value of 't' at which no job 

is eligible to be scheduled with respect to the primary criterion. Also, since the cri-
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teria to be optimized form regular measures, we can't have gaps between schedules. 

Hence, such schedules cannot be optimal (referred to also as infeasible schedules). 

However, we know that there does exist at least one feasible set of C1 and C2 values 

(in particular, the makespan values corresponding to the schedule that optimizes the 

primary criterion) that gives a feasible set of makespan values. 

In the algorithm presented, we begin by examining various -possible assignments 

beginning with a makespan value C1 = dmax + Tmax on machine 1 and the corre-

sponding value of C2 on machine 2. As soon as we find that a certain value of C1 is 

not feasible, we proceed to the next possible value of the makespan. The procedure 

is continued till all the possible values of makespan are covered. 

3.6.4 Algorithm to minimize number of tardy jobs 

Based on the above discussion of makespan values on the two machines and the 

single machine scheduling algorithm to minimize the tardy jobs, we can outline the 

steps of the algorithm for the two machine problem. 

Notations used 

• NT;= Number of Tardy jobs obtained so far in any branch i. 

• UB = the upper bound value on the number of tardy jobs. 

• Tminus1 and Tminus2 - Arrays used to store the values of time obtained after 

scheduling the eligible jobs (one set of values for each active branch). 
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Step 1 Initialize the values of C1 and C2 to be the makespan values as corresponding 

to the optimal solution obtained for the Tmax criterion. Without loss of generality, let 

C1 ;;::::: C2 (that is, the machine with the larger makespan is designated as machine 1.) 

Set the value of Tmax to be equal to the optimal value obtained for the Tmax problem. 

Set UB = upper bound value of the number of tardy jobs. (Discussion on upper 

bound is presented in section 3.6.6) 

Step21nitializeNT=O. SetC=max(C1,C2)=C1• SetT=C. 

Step 3 Determine the set of jobs which when scheduled to end at time T would not 

have a tardiness value greater than Tmax. Note, this would also include the jobs that 

would be early if scheduled to end at that position. From this set,remove the jobs that 

have been already scheduled (either on Machine 1 or on Machine 2 for the branch 

under consideration). If no job is eligible, fathom that branch. Go to step 5. 

Step 4 For each eligible job i, branch out by scheduling job i to end at time Ton the 

machine from which the value of T was obtained. Determine the corresponding 

starting time of the job on machine 1 or 2 wherever scheduled. that is T1 and T2, ob-

tained after scheduling any eligible job i (for each branch). If for any branch T1 < 0 or 

T2 < 0, fathom that branch (because this would be an infeasible assignment). Also, 

fathom a branch if max(T1, T2) = 0. This indicates the attainment of a feasible sched-

ule. If T::;; d;. then set NT value for this branch equal to the NT value of the parent 

branch. Otherwise, NT value of this branch = NT value for the parent branch + 1 (If 

NT;;::::: UB, then fathom this node). Store the values of T1 and T2 corresponding to each 

branch in the arrays Tminus1 and Tminus2 respectively. (Note, we would have a set 

(T1, T2) for every branch not fathomed and formed by scheduling a job with a different 

processing time. ) Also store the corresponding partial schedules on the two ma-
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chines corresponding to that branch. If there are two jobs with the same processing 

time eligible to be scheduled at this stage, store the schedule corresponding to the 

job that would not be tardy at this position, otherwise store the schedule corre-

sponding to any one of them. For a branch for which Max (T1, T2) determine its NT 

value and set US = Min (US, NT). 

Step 5 From the arrays Tminus1 and Tminus2, set 

T =max{ max[Tminus1(i), Tminus2(i)]} , where AN refers to the set of active nodes. If 
IEAN . 

AN= c/J, then go to Step 6. Let k be the position in the arrays corresponding to T. 

Set T1 = Tminus1(k) and T2 = Tminus2(k) and update Tminus1 and Tminus2 arrays by 

deleting these T1 and T2 values. Go to Step 3. 

Step 6 If C1 - 1~C2 +1, Set C1 = C1 - 1, C2 = C2 + 1 and Go to step 2. Otherwise, go 

to Step 7. 

Step 7 The current value of the upper bound (US) gives the optimal value of NT. Stop. 

3.6.5 Determination of Lower Bound 

An effective lower bound value for each node can be obtained by scheduling the re-

maining jobs on a single machine and minimizing the number of tardy jobs in this set, 

for a given value of Tmax. To get the equivalent single machine problem, the equiv-

alent due dates used on a single machine need to be twice the actual due date. Also, 

the minimum value of Tmax for the single machine problem can be obtained from the 

EDD sequence. 
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3.6.6 How to set a tighter upper bound value? 

Obviously, the upper bound value as suggested in the algorithm is not very tight. A 

tighter upper bound can be obtained by minimizing the number of tardy jobs on the 

two machines individually, for the assignment of the jobs as obtained in the minimi-

zation of Tmax. 

Also, note that in the algorithm suggested for NT minimization subject to a fixed value 

of Tmax, no dominance rule has been used. From the algorithm used to minimize NT 

subject to the optimal value of Tmax we note that while applying the dominance rules, 

we set up a matrix AFT, such that, if the dominance rules indicate that there exists 

an optimal schedule where job i precedes job j, then the entry AFT(i,j) is set equal to 

1 thereby scheduling only job j when both job i and job j are eligible to end at some 

time 't'. i.e. we do not branch out scheduling job i to end at time 't' in one branch and 

job 'j' to end at time 't' in another. However, in the two machine case, the branch 

where job j is scheduled to end at time 't' may not lead to any feasible assignment 

thereby implying the non applicability of the dominance rules of the single machine 

problem to the two machine problem. However, in the calculation of the upper bound 

value suggested, the assignment of jobs is known for each machine and hence while 

solving the NT minimization as a single machine problem, all the dominance condi-

tions can be used which would speed up the bound calculation. 

Although, this upper bound value would decrease the computational efforts involved 

in the NT minimization for the two machine problem, it would involve the solution of 

two single machine problems. Of course, this may be desirable to avoid excessive 

branching in the two machine problem. 
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Chapter 4 

Computations and Results 

The algorithms suggested in Chapter 3 were coded in FORTRAN-77 and the problems 

generated were run on IBM 3090. 

4.1 Results for the Algorithm to minimize Tmax 

For the algorithm to minimize Tmax, problems were generated using the due date 

procedure similar to the one suggested by Emmons. In this procedure, the process-

ing times are selected as uniformly distributed integer values between 1 and u 

(where u is an integer ). Problems were generated for various values of u. The due 

date for each job is determined by adding a number randomly selected from a uni-

form distribution of integers between 0 and n, where 'n' represents the number of 

jobs. 
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Problem Problem Average 

number size Execution 

time 

(n} (sec) 

1 so 0.13 

2 100 0.34 

3 150 0.70 

4 200 1.20 

s 250 1.86 

6 300 2.61 

7 350 3.65 

8 400 4.57 

9 450 5.75 

10 500 7.08 

Table 3. Average Execution time vs problem size 

The results obtained regarding the variation of execution time .vs. the problem size 

are presented in Table 3. From the table we can infer that the time required for exe-

cution does not increase linearly with the size of the problem. 

Another observation regarding the working of the algorithm shows that in all the 

cases the exchanges tried in Phase 1 of the algorithm were not successful. All the 

job interchanges were carried out in Phase 2. Even though Phase I does not seem 

to be applicable often, yet it does not mean that it is not required. The following ex-

ample demonstrates the need of Phase 1 of the algorithm. 

Example 
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1 I 2 I 3 4 5 
1 3 7 9 13 

6 8 9 
5 8 12 

Figure 13. Tmax values for an initial assignment 

The processing times P; and the due dates d; of jobs 1 to 9 are given as follows. 

job# 

1 

2 

3 

4 

5 

6 

7 

8 

9 

2 

4 

2 

4 

5 

3 

4 

5 

3 

5 

6 

10 

11 

12 

14 

15 

16 

Now, for some assignment of jobs to the two machines, arranging these jobs on the 

two machines, (maintaining EDD sequence on the two machines individually.), we 

have the completion times and Tmax values as shown in figure 13. Note that the 

range located now is [1,2]. Now, switching job 2 from machine 1 to machine 2 and job 
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3 4 5 7 
5 7 11 14 

2 6 8 9 
2 7 11 16 

Figure 14. Arrangement of jobs after the Phase I switch. 

7 from machine 2 to machine 1, the jobs would be arranged as shown in figure 14. 

Note that the Tmax value now obtained equals zero. 0¢[1,2] . Hence, we have relo-

cated the range as a result of Phase I operation. Tknew = 0 T,new = 0 

Table 4 shows the variation of the number of iterations required to solve the problem 

with different values of u (for a constant value of n = 1000). Each iteration here refers 

to the successful execution of the range reduction step (Phase II). So, in other words 

the number of iterations also indicate the number of times range reduction is ac-

complished. We observe that the number of iterations required to solve the problem 

increases with 'u' (i.e. the greater the variation in job processing times, the greater 

is the number of iterations required in the knapsacks involving P; - p1 ) • 

Theoretically, the problem is NP-complete (Rinnooy Kan [13],). However, in the 

heuristic procedure used, the computational time does not seem to grow exponen-

tially with the size of the problem. This is clear upon the examination of table 3 (also 

figure 15). 

In almost all the cases considered where P;= U(1,10), an optimal solution was ob-

tained. (Any solution obtained from the algorithm can be claimed to be an optimal 
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Range of Average 

processing # of Iterations 

times for problems 

(1,U) of size n = 1000 

(1,10) 2 

(1,250) 7 

(1,1000) 11 

(1,2000) 13 

(1,3000) 17 

(1,5000) 30 

Table 4. Number of iterations vs range of processing times 

solution, if the values of Tk and T, differ by a maximal value of 1 and there is no job 

'j' on machine 2 such that k .b. j .b. 1 ensuring that Tk and T, form the upper and lower 

bound values for Tmax.). Table 5 summarizes these results for problems of various 

sizes. These results are based on five different observations for each problem size. 

Further, to study the behavior of the algorithm, problems were run for different types 

of due dates and processing times. The problem that showed the worst kind of com-

putational complexity had P; = 1 for most of the jobs in between jobs k and I. and due 

dates for jobs until k, loose due dates (achived by setting the processing times ex-

tremely small) for jobs 'j' such that k .b. j .b. 1, and a long processing time for job I 

delaying it by a large amount. 
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. 
n=10 n=50 n=100 n=SOO n= 1000 

1-k T,-T1 1-k T1-T1 1-k 
: T,-T, 1-k T,-T1 1-k T,-T, 

1 0 1 0 1 0 1 0 1 0 

1 1 1 0 1 1 1 1 1 1 

1 0 1 0 1 1 1 1 1 0 

1 0 1 0 1 0 1 1 1 1 

2 1 1 0 1 0 1 0 1 0 

Table 5. Difference between the locaions of the Tmax jobs on machine 1 and 2,(namely, jobs k 
an I), and their tardiness values 

It can be noted that starting with an EDD sequence and assigning jobs in this se-

quence to the two machines in that order so that each job gets the earliest possible 

start, tends to reduce the number of jobs between k and I to a minimum level and 

hence in the average case, the suggested algorithm is quite efficient. However, 

starting with a sequence other than the one suggested in the algorithm, it is observed 

that there are quite a few successful interchanges carried out in Phase I of the algo-

rithm, that are necessary to set the upper and lower bound values for the minimum 

value of Tmax. Hence, the time required to arrive at the solution value is relatively 

higher in these cases. 

As an approximation to this procedure suggested to minimize Tmax, we can set the 

heuristic which implements only Phase II of the algorithm i.e. where, max(Tk, T,) sets 

an upper bound on Tmax and min(Tk, T,) sets a lower bound on Tmax. 
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Figura 21. Variation of Execution time for Tmax problem 
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Such a procedure may not guarantee an optimal solution. However, using the EDD 

sequence as a start before proceeding with the algorithm, we can say that an optimal 

solution is generated in most of the cases (based on the computational experience.). 

4.2 Results for the Algorithm to Minimize the Secondary 

Criterion. 

The implementation of this algorithm requires the results from the algorithm for the 

minimization of Tmax. Hence, the execution times obtained, indicate only the amount 

of computational time required to minimize the secondary criterion given a particular 

value of the primary criterion. 

Computational experience indicates that the high storage requirements for this algo-

rithm restrict its application to problems of larger size, that is for n > 100. To study 

the behavior of the algorithm for the problems generated, the processing times were 

chosen such that P; = U(1, 10) . The due dates were chosen in the same manner as 

for the problem to minimize the value of Tmax. A lower bound value was calculated 

for each node by minimizing the NT value for the remaining jobs when they are ar-

ranged on a single machine. In this case, (that is, when the remaining jobs are ar-

ranged on a single machine) the due date dd; for every job i was set equal to 2 * d;. 

where d; is the due date of the job. The nodes with lower bound values greater than 

the current upper bound were fathomed. 
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Problem Average Minimum Maximum T' 
size Time Time Time 

(n) (secs) (secs) (secs) (secs) 

10 0.36 0.01 0.69 --
20 0.52 0.04 2.26 --
30 1.28 0.09 4.20 . -
40 3.49 0.18 8.35 --
50 13.06 0.33 63.57 --
75 > 600 0.56 > 600 0.85 

100 >600 >600 >600 2.81 

Table 6. Execution time vs problem size • NT minimization algorithm 

Table 6 shows the variation of execution time vs n. The observations presented in 

the table are based on the results for five different problems. Columns 3 to 5 report 

CPU time in seconds required to obtain optimal solutions. Also, we show CPU time 

required to reach a stage when the least lower bound obtained does not differ from 

the upper bound value by more than 1. This is designated by T', also depicted in the 

last column. Note that T' is relatively very small for the problems tested, while the 

CPU time to obtain an optimal solution took more than 600 seconds for all the prob-

lems of size n = 100 and for some problems of size n = 75. 

The variation in computation time (min, max and average) vs problem size is shown 

in the graph on figure 16 for the algorithm to obtain optimal solution for problems of 

size upto n = 50. 
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Figure 16. Computational time for NT minimization- two machine case 
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4.2.1 Comments regarding the upper bound value 

The upper bound value used in the analysis was the number of tardy jobs in these-

quence that resulted after the minimization of Tmax. The results obtained for the 

minimum number of tardy jobs were compared with the upper bound values obtained 

by using the single machine NT minimization algorithm separately on the two ma-

chines for the assignment of jobs as obtained at the end of the Tmax minimization 

algorithm. For all the comparisons made (upto problem size 30), it was observed that 

the minimum NT value obtained by using the two machine algorithm was the same 

as that obtained for the upper bound. This is certainly indicative of the fact that the 

upper bound being calculated is pretty tight. 

Also, since the application of the two machine algorithm would be restrictive due to 

high storage requirements, the schedule corresponding to the upper bound value 

would provide a good solution for problems of larger sizes. Also, this would allow the 

user to obtain heuristic solutions for problems of size upto 1000 jobs and also would 

allow the user to exploit the dominance conditions applicable to the single machine 

case. 
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Chapter 5 

Conclusion and Future Work 

This research was aimed at the development of efficient algorithms to solve the 

bicriteria problem with Tmax (maximum tardiness) as the primary criterion and NT 

(number of tardy jobs) as the secondary criteria in the single and two machine cases. 

Although an exact algorithm is well known for the single machine Tmax problem, the 

NP complete nature of the Tmax problem in the two machine case restricted the two 

machine algorithm to minimize Tmax to be a heuristic one. However, results obtained 

with the proposed procedure indicate the attainment of optimality in most cases. The 

idea on which the algorithm is based would be difficult to be extended to a multima-

chine case. 

The branch and bound algorithm used to optimize NT in the two machine problem 

proves to be fairly quick in obtaining the solution close to the optimal value. The 

algorithm was successfully tested on problems of size upto 100 jobs, which is a fairly 

large number. 
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Through out this work the processing time of the jobs on the machines was assumed 

to be deterministic. However, in practice this may not be the case. A natural exten-

sion of this work would be in the area of bicriteria optimization with probabilistic 

processing times following exponential, gamma or other distribution. 

As indicated in the literature survey, very little effort has gone into the area of 

bicriteria optimization for the multimachine case. Future work would be aimed at the 

development of efficient algorithms (exact as well as heuristic) for other pairs of 

secondary and primary criteria. Some of them would be weighted number of tardy 

jobs and Tmax, total completion time and Tmax, total tardiness and Tmax, weighted 

completion times and Tmax, Tmax and NT, and NT and total completion time. 

Since complexity considerations would restrict the application of exact algorithms to 

problems of larger size, it would be more appropriate for future research to aim at 

obtaining optimal or nearly optimal assignment of jobs to machines so that the se-

quencing on. each machine could then be done independently. Perhaps, a lower 

bound to the optimal values in these cases could be obtained by considering the op-

timal value in a parallel processing environment. 

Another interesting area for future work would be bicriteria optimization on two non 

uniform machines. This would be a problem of managerial interest when the allo-

cation of jobs has to be done on two machines, one of them old and the other one 

new. This occurs typically in industry when the new as well as the old technologies 

are being used simultaneously. 
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Appendix A 

Flow Chart for Tmax Minimization Algorithm 

Flow Chart for Tmax Minimization Algorithm S9 
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Set LB; = O,US; = 0 
Set LB1 = o.u~= o. 
et LB12 = O,Ul:l12= 0. 

N 
N Is there a job I between LB; _____ ....:__;_-< and US, and p-= 1? 

y 
Is there a job I on M1 betWeen LB; and US; 

and Is there a job j on M2 between LB1 and us1 
with p, - p1 minimum? 

y 

Is there a job J2 on M2 between LB12 and US12 
such that Pjz > Pimm ·'- <'.1- T* + 1)? 

(we have Pimm = P; 1f P; = 1) 
(we have P;mm = P; - p if p -:F 1) 

Perfonn the switch of jobs i,j and j2. 
Find the values of T 1rnww and T ,,,..,. 

Is maX(T T ) < Tt? 

Rl!'poslllon the jobs a rl!'sl!'t the va ues o 

LB,, US;. LBl'US.r LBj2• us,2 
(Rl!'fer Algorithm stl!'ps 8(1), 8(j) and B(k).) 
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Is there a job ·m· belonging to Machine 2 
such that LBm .b. m .b. k and p < p ? 

y 
Get lhe job 'm' sueh th.IC Pm is minimum. 

Shirt job m to mac:hine 1, 
job k lo machine 2 and job I to machine 1 

Get the values of Trn.ix1 and Tmax2 
arter the interehange. 

Is Y 
max(Tmax1, Tmax2) < min (rt , r,p 

N 
Replace the jobs shifted at their original positions. 

Set LB'"= m. 

Flow Chart for Tmax Minimization Algorithm 

N 



PhlSI 2 

Reset the values of upper and lower 
bounds for the exchange and try again 

Is II possible to have 
Slrat~ B single job switth? 

Is ii possible to have 
Strategy B multiple job switch? 

Is It possible lo ve 
Strategy C multiple job switch? 

Perform lhe swild\. 

An the values ot T* and r, 
within the ra ? 

Reul the values ot upper and lower 
b~ for !he exchange and try again 

Flow Chart for Tmax Minimization Algorithm 
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BICRITERIA OPTIMIZATION OF SCHEDULES ON ONE AND TWO MACHINES 

by 

Rema Hariharan 

Subhash.C.Sarin, Chairman 

Industrial Engineering and Operations Research 

(ABSTRACT) 

The practical applications of scheduling generally involve the optimization of more 

than one criterion. This thesis focusses on the bicriteria optimization problem of 

scheduling jobs on single and two machines. The optimization criteria that are con-

sidered are those of minimization of maximum tardiness and minimization of the total 

number of tardy jobs in the schedule. The former is considered as the primary crite-

rion while the latter is considered as the secondary criterion. For the single machine 

problem, a search tree method is presented which is based on the implementation 

of some new .dominance rules. Computational resu Its presented show that the per-

formance of this algorithm is better than that of an earlier work reported in the liter-

ature. 

For the two machine problem, a heuristic algorithm is developed to minimize maxi-

mum tardiness. Computational results are presented regarding the performance of 

this heuristic. A search tree method is developed for the optimization of the second-

ary criterion. This search tree method is similar to that for the single machine prob-

lem except that it does not use the dominance rules that were developed for the 

single machine case. Computational experience is presen.ted for this algorithm. 
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