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Chapter 1 

THE EXTREME POINT MATHEMATICAL PROGRAMMING 
PROBLEM 

1.1 Introduction 

This research addresses a class of mathematical 

programming problems called Extreme Point Mathematical Pro-

grams (EPMP). The problem was first posed by A. Charnes 

(17] and may be stated as follows: 

EPMP: Minimize 

subject to: 

where, 

xe:xnv 

X = {x e: Rn: Ax~ b} 

and Vis the set of vertices of 

y = {x e: Rn: Dx ~ f, X ~ O} 

(1.1.la) 

( 1.1. lb) 

( 1.1. le) 

(1.1.ld) 

In order to illustrate the nature of EPMP an example in R2 

is shown in Figure 1.1. An important aspect of the struc-

ture of EPMP must be recognized: the set of feasible solu-

tions to EPMP is discrete since one seeks the minimum from 

among those vertices of Y that also belong to X. To further 

appreciate the combinatoriiil nature of the problem, consider 

a 0-1 Integer Linear Program (ILP). 

1 
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X = {x : Ax~ b} 

i~ 
I 

= {x ; Dx ~ f 
~ 0} 

Figure 1.1 
Extreme Point Mathematical Programming 
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ILP: Minimize c•x (l.l.2a) 

subject to: Ax s b ( 1.1. 2b) 

X ~ 0 (l.l.2c) 

and, x. 
J 

e: {0,1}, j=l,2, ... ,n (1.l.2d) 

Note that the requirement in (l.l.2d) is equivalent to the 

requirement that a feasible solution to ILP must be an ex-

treme point of the set {x e: Rn : 0 s x s 1}. Thus EPMP may 

be regarded as a generalization of ILP. Problem EPMP may be 

linked to various other nonconvex mathematical programs and 

such relationships are discussed subsequently. 

The emphasis of this research is towards the de-

sign and analysis of algorithms for problem EPMP. The moti-

vations are many fold. It provides sufficient generality to 

test certain algorithmic concepts for combinatorial optimi-

zation. Furthermore several practical problems may be for-

mulated as EPMP. These considerations are examined in the 

following sections. The need for further research on the 

problem is further motivated by a review of the literature 

presented in the sequel. Several solution algorithms for 

EPMP are proposed and tested in this research effort. A 

brief summary of the approaches is provided in the final 

section of this chapter. 
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1.2 Relationships with Certain Nonconvex Programs 

EPMP is closely related to a variety of nonconvex 

mathematical programming problems. In some instances, it is 

a generalization of certain problems (such as ILP in 

(1.1.2)) while in others, it is a special case. 

Consider the class of mathematical programs called 

the Generalized Lattice Point Problem (GLPP) [28]. A state-

ment of GLPP is as follows: 

GLPP: Minimize 

subject to: 

where, 

xe:X()W 

n X = {x e: R : Ax Sb} 

and Wis the collection of faces F of 1 

Y = {x e: Rn Dx Sf, x ~ 0} 

such that Fe: W implies that 

dim F s d = n o, 

where Os o s n is a specified integer. 

(1.2.la) 

( 1. 2. lb) 

( 1. 2. le) 

( 1. 2. ld) 

It is easy to see that EPMP is a special case of GLPP where, 

o = n. It is remarked that the algorithms presented in this 

research can be easily adapted for the solution of GLPP and 

1 For the sake 
results from 
Appendix A. 
( • ) , etc. , 
throughout. 

of convenience, certain relevant concepts and 
the theory of convex polyhedra are given in 
The notation specified there, conv ( • ), dim 

is almost standard, and will be utilized 
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indeed the analysis of algorithmic convergence (Chapter 3) 

applies with very little modificatio~. 

To appreciate the generality of GLPP, two impor-

tant special cases are presented. These are: (i) the mixed 

integer 0-1 linear program (MILP) and (ii) the cardinality 

constrained linear program (CCLP) [60, 68]. 

MILP: Minimize g•z + h•y (l.2.2a) 

subject to: Gz + Hy :S e ( 1. 2. 2b) 

z,y ~ 0 (1.2.2c) 

and y. 
J 

E { 0,1 } (1.2.2d) 

To see that MILP is a special case of GLPP, 0 let y ER and 

let, n 
X = (z,y) ER. 

Define Y = {x = (z,y) E Rn: 0 :S y :S 1}. 

Then the integer requirement in (l.2.2d) is equivalent to 

the requirement that x E F, where Fis a face of Y such that 

dim F :S d = n - a. 
A CCLP is a linear program in which the quantity 

+ IX I ' defined as the number of positive components of a 

feasible solution vector is restricted to be at most a spe-

cified integer d. Thus, 
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CCLP: Minimize c•x (l.2.3a) 

subject to: Ax s b ( 1. 2. 3b) 

X ~ 0 (1.2.3c) 

I xi+ s d (1.2.3d) 

That CCLP is a special case of GLPP follows from the fact 

that the cardinality restriction (along with the nonnegative 

restrictions) is equivalent to the requirement that x must 

lie on at most ad-dimensional face of the nonnegative ort-

hant in Rn. 

All the mathematical programming problems given 

above, belong to a general class of problems called Disjunc-

tive Programs (DP). A general statement of this class is as 

follows: 

DP: Minimize 

subject to: 

where, 
n 

X = {x e: R 

and 

x e: X n S 

Ax Sb} 

S = U Sh, 
he:H 

n = {x e: R X ~ 0} 

In the above formulation, His an index set. 

( 1. 2. 4a) 

(1.2.4b) 

( 1. 2. 4c) 

(l.2.4d) 

In the subse-

quent chapters, there is considerable use of results that 
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are valid for DP. To make the connection with the earlier 

problems, note that every d-dirnensional face of Y is itself 

a polyhedral set Sh (see Appendix, Theorem A.2). Hence for 

GLPP, given d = n - o, a set Sh requires some linearly inde-

pendent rows, numbering at least o , of the inequality sys-

tern Dx ~ f, x ~ 0 to be binding. Since the disjunctive 

statement embodied in GLPP is in terms of certain faces of 

Y, the index set His finite (Appendix, Theorem A.2). Hence 

when one specializes this to EPMP, one has the finite set of 

feasible solutions in EPMP. 

An important special class of DP is the Facial 

Disjunctive Program (FDP). The linear complementarity prob-

lem and IP are two important members of this class. The 

name FDP is derived from the following definition. 

Definition 1.1 [4] A disjunction i {a X 
i 

is said to be facial with respect to a polyhedral set X if 

X n {aix ~ bi} is a face of X for each i e: Qh . 

In general, 

h = 1,2, ... ,t. 

form, 

FDP has t-facial disjunctive constraints 

Thus, a facial disjunctive program has the 
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FDP: Minimize c•x (1.2.Sa) 

subject to: X E xn s ( 1. 2. Sb) 

where, 

X = {x E R n 
Ax ~ b, X 2! O} ( 1. 2. Sc) 

and 
t i bi s = n \j {XE Rn a X 2! } ] (1.2.Sd) 

h=l i E Qh 

Balas [ 4] introduced the above specialization of 

disjunctive programs and Jeroslow [ 38], Sherali and Shet-

ty [66] and others studied FDP to provide a general frame-

work for certain nonconvex programs ( like ILP, etc.) The 

main thrust of these studies have been toward the design and 

analysis of cutting plane algorithms for FDP and as expect-

ed, the underlying theory is a generalized approach to cer-

tain nonconvex programming problems. The research presented 

here is in the same spirit. 

The various connections discussed above are sum-

marized in Figure 1. 2. It is remarked that al though EPMP 

may be conceptually classified as a special FDP, an explicit 

formulation is not possible in general. This is because a 

representation of the vertices in terms of facial inequali-

ties is typically not available. In any case, the signifi-

cance of EPMP is greatly enhanced by virtue of its relation-
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DP 

FDP G L PP 

/l~ 
E PM P Ml LP CCLP 

l/ 
IL P 

Figure 1. 2 
Connections with Other Disjunctive Programs 
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ship with these nonconvex (combinatorial) mathematical 

programs. 

As suggested by Cab6t [15], EPMP may also be used 

to devise alqori thms for concave minimization over polyhe-

dral sets and related problems whose optimal solutions are 

attained at extreme points of polyhedral sets. For example, 

consider a concave function e n 
: R + 

given by, 

CM: Minimize 

subject to: 

8(x) 

n 
X E: Y = {x E: R 

R and the problem CM 

(1.2.6) 

Dx ~ f, X ~ 0} 

It is well known that the minimum of a concave function over 

a convex polytope is attained at at least one vertex [1] and 

hence the search for a global optimum may be restricted to 

vertices of Y. A method suggested by Cabot [ 15] for the 

solution of CM is one in which a sequence of EPMP' s are 

solved and vertices of Y are sequentially deleted via cut-

ting planes. The set X of (1.1.lc) is generated sequential-

ly by utilizing the cutting planes. The algorithm stops 

when the extreme point mathematical program at a certain 

stage is infeasible. Along the same lines, Cabot suggests 

further refinements [15]. 

should be clear. 

In any case, the connection 
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It has been shown above that a wide class of non-

convex mathematical programs are closely related to EPMP. 

The following section provides some practical applications 

of EPMP. 

1.3 Applications 

This section discusses some applications of prob-

lem EPMP. The first model given below is quite representa-

tive of applications that have already appeared in the lit-

erature. The next application is a conceptual model of 

incentive planning/management. 

Job Assignment Problem 

This subsection presents two simple formulations 

using the properties of assignment and transportation poly-

topes. This is in the spirit of Sherali and Shetty [66], 

Mulvey [ 56] and Kirby and Scobey [ 44]. Before presenting 

our highly simplified model, the above mentioned models are 

discussed briefly. Sherali and Shetty [63] consider the al-

location of m jobs ton departments in such a way as to ob-

tain an equitable index of loads for each department. Mul-

vey presents a large scale model (solved heuristically) of 

the assignment of teachers to classes and Kirby and Scobey 

[44] give a model of production scheduling. The latter mo-

del considers a firm that manufactures multiple products on 

a machine that can process N products simultaneously. An 
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example of such an operation is that of a central computer 

that controls a number of processes. In reference [44], the 

authors show that for N = 1, the problem of determining a 

production plan that minimizes changeover plus inventory 

holding costs over a T period planning horizon, may be mo-

deled as an extreme point mathematical program. 

In the following, a model in the spirit of the 

above models, is given. It is noted that al though it has 

been stripped of many practical/technical details, it is il-

lustrative of the kind of problems that may be modeled as 

EPMP. 

Consider the problem of assigning n jobs ton ma-

chines in a least cost manner. Assume that each machine 

processes exactly one job and that no job requires more than 

one operation. This problem may be modeled as an ordinary 

assignment problem that minimizes total cost. Thus let, 

C,, 
l.J = cost of machining job i on machine j 

{ 1 if job is processed on machine j 
x .. = l.J 0 otherwise 
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Then the assignment problem is, 

Minimize l l C,, X,, (1.3.la) 
i j J.J J.J 

subject to: l x .. = 1, i=l,2, ... ,n ( 1. 3. lb) 
j J.J 

l X,, = 1, j =l, 2 / • • • / n ( 1. 3. le) 
i J.J 

x .. E: J.J 
{0,1} (1.3.ld) 

Suppose now that certain maintenance considera-

tions must be incorporated into the above model. Specifi-

cally, suppose that for every hour of operation, machine i 

requires di hours of scheduled maintenance and suppose that 

a feasible assignment is restricted to be among those that 

ensure that the total number of hours of scheduled mainte-

nance should not exceed a specified number of hours, say H. 

In order to model such a restriction, suppose that the fol-

lowing is known for each pair i,j 

t .. = number of hours of operation if job i is processed 
J.J 

on machine j. 

Then letting h. . = t . . d . , denote the number of hours of J.J J.J J. 
maintenance due to processing job i on machine j, we have 

the following restriction, 

l l h .. x .. ~ H 
i j J.J J.J 

( 1. 3. le) 
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The job assignment problem (with maintenance considerations) 

is given by (1.3.la-e). Observe, however, that this modi-

fied model too, requires the· solution to be an assignment. 

It is well known (36] that every assignment corresponds to 

a vertex of, 

YA= {x: x ~ 0, x satisfies (1.3.lb-c)}. (1.3.lf) 

Hence the model (1.3.la-e) is equivalent to the extreme 

point mathematical program with the set X ( analogous to 

(1.1.lc)) being given by (1.3.le) and the set Y (similar to 

1.1. ld) being given by ( 1. 3. lf). Of course the objective 

function in either case is the same. 

In the job assignment problem, if there are m > n 

machines, the transportation polytope YT given in (1.3.lg) 

replaces YA and a similar formulation results with Y being 

given by YT below. 

YT = { x: X ~ 0, l X•, = 1 i = 1, .. , n 
j l.J 

l X n+l,j = m - n, 
j 

l X•. = 1 j = 1, .. , m } (1.3.lg) 
i l.J 

Incentive Planning/Management 

This application is a conceptual model. In many 

practical instances, management would like to impose certain 
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restrictions on the workers without explicitly spelling out 

the guidelines. For example, in an academic department of 

an university, the head of the department may like the fac-

ulty members to restrict hours of industrial consulting to 

no more than H per week. However, such a restriction is 

clearly impossible to impose explicitly. An implicit ma-

nner to impose such restrictions is to provide sufficient 

incentive in conducting other activities. Thus let, 

Y = { Dx ~ f, x ~ 0} represent the set of feasible acti-

vities of the faculty member and suppose that he/she has a 

linear objective function 

the faculty member plans 

linear program: Minimize 

represented as c•x. 

his/her activities by 

{ c•x: x E: Y }. In 

Ordinarily 

solving a 

order to 

restrict this individual from consulting more than H hours 

per week, the head of the department may adopt the following 

strategy: Minimize { c•x: h(x) ~ H, x E: V} where h(x) 

is a linear function representing hours of industrial consu-

lting. As before, Vis the set of vertices of Y. Let x be 

a solution to the department head's problem. Now the head 

of the department appropriately modifies c to c so that x 
solves Minimize { c•x: x E: Y }. Thus by modifying the 

contract from c to c, the desired restriction may be imposed 

on the individual. Of course, to account for certain regu-

lations (anti-discrimination etc.), the department head's 

problem may be made more practical by including constraints 
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Ax Sb in addition to h(x) s H. Thus the set X now is more 

tightly constrained. 

Scenarios of the same nature are abundant in the 

workings of several federal agencies like OSHA, EPA and 

others. For example, it is often impossible to establish 

whether a certain firm is in compliance with emission regu-

lations. The answer for these agencies lies in their ability 

to provide the right incentives and as shown above, EPMP may 

help. 

1.4 Preliminaries and Literature Review 

Solution algorithms for EPMP available in the lit-

erature may be classified as belonging to one of the follow-

ing categories: Extreme Point Ranking Methods, Cutting 

Plane Algorithms and Hybrid (enumeration and cutting planes 

combined) Algorithms. In the context of EPMP, the first of 

these methods has attracted the most attention [42, 43, 59]. 

Cutting Plane methods include those by Glover and Klingman 

[28] and Cabot [16]. A hybrid algorithm based on Tui's [71] 

cone splitting method for concave minimization, has been ob-

tained by Glover and Klingman [29] for a special class of 

EPMP. These approaches are reviewed below according to the 

classification above. 
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Extreme Point Ranking 

Solution algori thins that belong to this category 

rely on the following speciaiization of Theorem A.3 in the 

Appendix. 

Proposition 1.1: If x € X n V, then xis a vertex of X n Y. 

Proposition 1.1 suggests an intuitively straight forward 

procedure; rank the extreme points of X n Y until an extreme 

point of Y is obtained. This is the procedure suggested by 

Kirby, Love and Swarup [42], which appears to be the first 

published effort at solving an EPMP. This is in the spirit 

of Murty's algorithm for certain fixed charge problems [57]. 

Essentially, the procedure consists of finding the best ver-

tices of xn Y followed by the set of second best vertices 

(of X n Y) and so on, until one encounters a vertex of Y. 

Thus, letting V' denote the set of vertices of X n Y, one 

successively constructs subsets, 

vk c:: V', k = 1,2, ... , such that for all x € vk 

k kl k c•x is some constant V and for k 1 < k2 I V < V 2 . The 

value k is termed the kth best objective value. Let V 

V2(Pk ) denote the set of second best extreme point solu-

tions (with respect to the objective vector c) in the po-
k lyhedral set P defined below. 
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k 2, 3, ... (1.4.1) 

where P 1 = X n Y and vk is the kth best objective value. It 

may be observed that for k = 2, 3, ... , vk = V2 (Pk ) . Kirby 

et al [ 42] utilize the algorithm in Hadley [ 34] to obtain 

the set of second best solutions V2(Pk ) and hence vk As-

sume, without loss of generality that xn Y is bounded. The 

algorithm given by Kirby et al [ 42] may be summarized as 

follows: 

1. Initialization: Set k = 1, P 1 = X n Y and solve the 

following: v 1 = Min{c•x: x E P 1 }. If v 1 = + oo, the 

2. 

problem EPMP is infeasible, hence stop. Otherwise, 

V1 # ~ ( the empty set). Check whether V1 n V # 4' 

If so, stop; a solution to EPMP is at hand. Other-

wise, go to 2. 

Main Step: 

vk = v2 (Pk >. 
Increment k by 1 and determine 

Here, Pk is given by (1.4.1) If 

Vk = 4', problem EPMP is infeasible; hence, stop. 

Otherwise determine vk and go to 3. 

3. If Vk II V # ~' a solution to EPMP is at hand; hence, 

stop. Oth~irwise go to 2. 
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Geometrically, the above algorithm consists of 

"pushing" the objective function hyperplane away from the 

linear programming optimum of step 1 until this hyperplane 

meets a vertex Y. Various other approaches in the litera-

ture utilize such ideas or variants ( e. g: [ 43, 59, 45] ) . 

The remarks to follow apply to these approaches as much as 

they do for the Kirby et al [42] algorithm. 

Remark 1.1: To appreciate the combinatorial content in the 
k above algorithm, any x € V (for a given k) is adjacent to 

k some element of W , where, 

k-1 
u vj (1.4.2) 

j=l 

and thus here, as in Murty' s ranking procedure [ 5 7] , the 

larger k is, the greater the combinatorial content encoun-

tered in the algorithm. 

Next, some of the variants of the above ranking 

algorithm are summarized. The first variant discussed is one 

proposed by the same authors, Kirby et al [43], and the main 

idea in this algorithm is to rank vertices of Y until one 

obtains a vertex that also belong to X. Thus the only 

changes with respect to the previous algorithm are in the 
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definition of P 1 , which in this case is Y, and in the stop-

ping rule in step 3, where Vis replaced by X. 

In an effort to improve upon both the above algor-

ithms, Puri and Swarup [59] introduced what they referred to 

as a 'strong' cut procedure. In this method the first al-

gorithm discussed above is used as a preprocessor. One iter-

ation of that method provides the best and second best ob-

jective values, denoted v 1 and v 2 respectively, with respect 

to the polyhedral set P 1 = X n Y (see steps 1 and 2 of the 

first algorithm). Naturally if one encounters an extreme 

point of Yin these steps, the algorithm stops. Otherwise, 

the algorithm abandons the previous steps and proceeds to 

rank the vertices of the set Y n {c•x ~ v 2 } • The algorithm 

continues to rank the vertices of Y {c•x ~ v 2 } until a 

vertex feasible to the set Xis obtained. Thus the prepro-

cessing involves one iteration of the first algorithm and 

the subsequent iterations are in the spirit of the second 

algorithm of Kirby et al [43]. Note however, that by adding 

the inequality c•x ~ v 2 , additional extreme points that are 

not vertices of Y may be created. The inequality c•x ~ v 2 

is what Puri and Swarup term the 'strong cut'. 

Kumar and Wagner [45] provide yet another varia-

tion of the same class of algorithms. Their procedure be-

gins by solving a linear program over the set X n Y with the 
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added restriction that only rows of D can be selected as pi-

vot rows (recall from (1.1.1) that Dis the matrix defining 

Y). When it is no longer possible to pivot on the rows of D 

alone, they revert to the original scheme of Kirby et al 

[ 42]. 

The variants discussed above have very little new 

contributions to offer by way of algorithmic design. It is 

not clear how they have improved upon the original ranking 

algorithm and no computational experience has been reported 

in the published literature for any of these methods. Before 

continuing to the next class of algorithms the following re-

marks are made. 

Remark 1.2: It is worthwhile to briefly indicate the magni-

tude of computation that may be involved. The maximum and 

minimum number of vertices of an n-dimensional polytope with 

fl-facets have been conjectured (54] to be, 

up. , n) = 
(

fl - [(n+l)/2])+ (fl - [(n+2)/2]) 

fl - n fl - n (1.4.3) 

and !:!(fl ,n) = (n-1) fl - (n-2) (n+l) 

where U(fl ,n) denotes an upper bound and g(fl ,n) denotes a 

lower bound. The bounds above have been proven true for 

certain special class of polytopes: see McMullen [ 54] and 

Grunbaum [ 33] . Thus to illustrate the worst case of the 
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computations involved, consider t = 25 and n = 15. ( In the 

notation of (1.1.1) A and D together have approximately 10 

constraints and 15 variables). In this case U= 38,900 and 

U = 126. 

Remark 1.3: The enumeration of vertices may be performed via 

various algorithms, number of which are summarized in a re-

cent survey by Matheiss and Rubin [SO]. They compared sev-

eral vertex generation algorithms on randomly generated non-

degenerate polytopes and indicate via a regression that an 

algorithm by Matheiss [49] was superior to the others. The 

experiment was performed on IBM 370/168 and the programming 

language was FORTRAN. To give an indication of the computa-

tional times involved, the regression equation for the Ma-

theiss algorithm is included below. 

in (time in seconds)= -5.386 + 1.146 x 2n(no. of vertices) 

Thus for a polytope with 2000 vertices, an estimate of the 

time would be approximately 27.7 seconds. In a paper by Kel-

ly and Tolle [41], the expected number of vertices of a con-

vex polyhedron with t facets in Rn is given. They give, for 

n = 10 and 2 = 20, the expected number of vertices to be 

2251 while for n = 15 and t = 30 the corresponding number is 

162073. Hence if one considers a polyhedron Gx ~ g, x ~ 0 
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with 15 nonredundant inequalities in G, and 15 variables, 

then the number of vertices may be expected to be 162073 and 

the time from the above formula would then be approximately 

71 minutes! 

Remark 1.4: This remark relates to the algorithmic variants 

in which one ranks the vertices of Y as suggested by Kirby 

et al [43] and Puri and Swarup [ 59] . Since the number of 

constraints in D are less than those in [-i-J the number of 

vertices of y may be expected to be smaller than those of 

X n Y. On the other hand, if a large portion of Y is in-

feasible to X, or a number of Dx ~ d, x 2:: 0, inequalities 

are redundant with respect to Ax~ b, Dx ~ d, x 2:: 0, then 

the first algorithm may be preferable. In any case, one fi-

nal word of caution regarding ranking methods is given. In 

practical applications of EPMP, the set Y may typically be 

expected to have some special structure. If Y is either a 

transportation or assignment polytope, special purpose al-

gorithms as in Mckeown and Rubin [53], Mckeown [52] and Ba-

zaraa and Sherali [7] may be used. This recommendation for 

polytopes of the above type is made because of the degenera-

cy encountered. Balinski and Russakoff [5] have shown that 

for an assignment polytope of size m x m, every vertex has, 

m-2 
l 

i=O 

m 
(. ) (m - i - l) ! 

1 
(1.4.4) 
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adjacent vertices. 

especially relevant. 

In view of Remark 1.1, the above is 

Cutting Plane Algorithms 

The first departure from the above ranking methods 

was due to Glover and Klingman [28]. They presented an al-

gorithm that utilizes a cutting plane strategy. The basis 

for the algorithm is Glover's convexity cut lemma [24]. The 

details regarding the cut generation P,rocedure is not in-

cluded here since the resulting cuts arise as a special case 

of the cutting planes presented in this research. The rele-

vant connections are hence postponed to the next chapter. 

It suffices to indicate at this point that the cuts derived 

for EPMP via principles of disjunctive programming are at 

least as strong as those suggested in [28]. It is also 

worth noting that there appears to be a misconception re-

garding the convergence of this cutting plane algorithm; Ca-

bot [15] asserts that the algorithm of Glover and Klingman 

[28] is finitely convergent. In Chapter 3, an example that 

contradicts this assertion is given. It is shown therein, 

that the algorithm may generate an infinite sequence of li-

near programs, and no subsequence of optimal solutions (to 

the LP relaxations) converges to any feasible point of 
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EPMP/GLPP. Other variants of this algorithm (Tui (71], Re-

mark 3) also suffer from the same shortcoming. 

Cabot (16] presents a procedure to solve EPMP by 

solving a sequence of nonconvex programs in which a convex 

function is maximized over a polyhedral set. In Cabot's 

method a convex function $ 0 is constructed such that among 

the vertices of X n Y, denoted V', the function $ 0 assumes 

greater values on X (') V S V' , than on the vertices 

V'\(X n V). The algorithm consists of first maximizing the 

convex function $ 0 over the set P 0 = X n Y. Suppose that 

the optimal solution to this problem is denoted x 0 • By con-

struction, x 0 e: X n V. Letting v 0 = c•x 0 , an updated poly-

hedral set P 1 = P 0 n {x: c•x ~ v 0 - e:} is obtained. Next a 

convex function $ 1 may be constructed such that $ 1 assumes 

greater values on P 1 n V than on the other vertices of P 1 • 

The above process is continued until all feasible vertices 

( i. e X n V) are deleted. Thus an e: - optimal solution to 

EPMP may be obtained. Although the method is finite, it is 

remarked that the problem of maximizing a convex function 

over a convex polytope is by no means an easy task. 

Hybrid Algorithm 

In this subsection, a class of algorithms utilized 

in various mathematical programming contexts, is discussed. 
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Although their application to EPMP has not been provided in 

the past, a paper due to Glover and Klingman [29] comes so 

close to applying the method to EPMP, that it justly finds a 

place in this review. Although the statement of the Glo-

ver-Klingman algorithm is quite specialized, this presenta-

tion will provide a more general statement of the algorithm 

and its application to EPMP. In this sense, this section may 

also be viewed as a slight extention of the previous work. 

In 1964, Tui [71] proposed an ingenious algorithm to minim-

ize a concave function over a polyhedral set. Tui' s paper 

has had considerable impact on the design of cut generation 

procedures [24, 72]. However, the algorithm given by Tui is 

not a pure cutting plane method as such. The reason for 

classifying it as a hybrid procedure will become clear sub-

sequently. Glover and Klingman [29] have been able to adapt 

Tui's algorithm for a class of mixed integer 0-1 programs by 

utilizing the cutting planes of Young [72]. The relevance of 

the algorithm to this research arises from the fact that 

certain classes of EPMP may be equivalently formulated as 

mixed integer 0-1 programs of the type studied by Glover and 

Klingman [29]. This class of EPMP is distinguished by what 

is termed the counting property. 
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Definition 1.2 [28): An EPMP is said to possess the counting 

property if every x E Y for which at least n out of the fol-

lowing inequalities are binding, is a vertex of Y. 

d,x ~ f, 
J. J. 

X, ~ 0 
J 

i = 1,2, ... ,n (1.4.4) 

j=l,2, ... ,n 

(Note the sense of the above inequalities is reversed in 

comparison to those in (1.1.1)). 

Polytopes that give an EPMP the above property, do 

not allow degenerate faces (of Y) of dimension greater than 

zero. Of course, every nondegenerate polytope also imparts 

the above property to an EPMP. A 0-1 linear integer pro-

gram possesses the counting property. 

Suppose that an EPMP has the counting property. 

Then an equivalent statement for such a problem (using the 

notation of (1.1.1) and (1.4.4)) is, 

CEPMP: Minimize 

subject to: X EX n Y 

(1.4.5) 

and at least n out of the (n + n 1 ) inequalities 

in (1.4.4) hold. 

The usual integer programming manipulation of introducing 

0-1 variables in the multiple choice constraints of (1.4.4) 

may be adopted to give a mixed integer program. It is this 



28 

resulting mathematical program that Glover and Klingman [29] 

solve. In the description of the algorithm presented below, 

a more general version, of the algorithm is given. The 

counting property and the manipulation discussed above will 

not be required in our adaptation. 

Suppose that a linear programming relaxation of 

EPMP is solved, i. e Min {c•x: x e: X (\ Y} and let x 0 denote 

an optimal solution to the relaxation. (Of course, it is 

being assumed that X n Y f: <P ) • Suppose that x 0 i V, for 

otherwise the solution to EPMP is at hand. Then, letting N° 

denote a set of nonbasic variables at x 0 , a polyhedral cone 

that contains X n Y is given by the set, 

c 0 = {x X, 2:: 0, j e: N°} . 
J 

(1.4.6) 

If x 0 is nondegenerate, then C0 is unique and is the "small-

est" cone containing X n Y. If x 0 is degenerate, this cone 

not necessarily unique. In any case, the idea behind cone 

splitting revolves around the ability to subdivide C0 into a 

number of cones so as to cover the feasible region with a 

sequential union of cones which correspond to subproblems. 

The subdivision may, in principle, be quite arbi-

trary. However it is advantageous to utilize the following 

scheme: Let y 0 solve (assuming X n Y f: <P is bounded) 

Max { II0 • x : x e: X \l Y} (1.4. 7) 
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where rr0 •x ~ 1 is a valid cut that deletes x 0 • The advant-

age of utilizing (1.4.7) is now easily seen: if rr0 •y 0 < 1, 

then C0 does not contain any feasible point and the conclu-

sion that EPMP is infeasible is valid. Thus by utilizing 

(1.4.7) in the process of determining subdivisions, a fath-

oming rule may be formulated. To continue with the descrip-

tion of cone splitting, since y 0 e: C0 , it follows that in 

terms of the coordinate system given by N°, there is a rep-

resentation of y 0 = (µ. 0 , ••• ,µ. 0 ), where, fork= 1, ... ,n, 
J 1 Jn 

cone c 0 • 

and µ. 0 ~ 0 are the multipliers for the rays of the 
Jk 

A subdivision of c 0 can then be obtained by consi-

dering those j k e: N° such that µjk O > 0 and replacing in 

turn, each of the unit vectors corresponding to the positive 

multiplier by y 0 • To clarify, consider the following exam-

ple. 

Example 1.1: Let y 0 = (1,0,2) and let C0 = pos(e 1 ,e 2 ,e 3 ) 

where ei, 1 ~ i ~ 3 is a unit vector with 1 in the ith posi 

tion and O elsewhere. Then the subdivision of C0 based on 

y 0 consists of two cones: Ci= pos {y 0 , e 2 , e 3 } and 

ci 2 It is clear that the largest number 

of descendants of c 0 c. Rn is n. 
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The general step of the algorithm may now be giv-

Let Kk denote the collection of cones in the kth itera-

tion and let k 
CR, I 1 ~ t ~ m~ , denote the cones in Kk. 

k v denote the current upper bound and let, 
k = {x: c•x ~ v }. 

1. 

2. 

k collection Kk Choose some cone Ct from the and ob-

tain a conditionally valid inequality R, 
II •x 2:: 1 such 

that 
R, 

II •x 0 < 1 and for all X 
k 

e:XnY n CR. 
R, 

II •x 2:: 1. 

Solve sk ~ Max{ R, 
e:xnYn zk } . Let de-R, II •x: X z R, 

note the maximum value. If z R, < 1, go to 3 • If 

zt = 1, the alternative optimal solutions are scanned 

to determine if there is a vertex of Y among these. 

If so, k 
V is updated. Once again go to 3. 

If ZR, > 1, k 
let y t denote an optimal solution to 

k k k 
St. If Yt e: V, then update the bound v 

case, k a subdivision of the cone Ct 

utilizing the generators 

(as in Example 1.1). 

k 

. In any 

is formulated by 
. k together with y t 

3. Delete the cone Ct from the list, increment k by 1 

and go to 1. 
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Steps ( 1-3) above constitute one iteration of the method. 
T The procedure stops when for some k, say T, K is empty. 

Although the above algorithm is much in the spirit 

of Glover and Klingman [29] for certain mixed integer pro-

grams, the above procedure for EPMP is not restricted to 

problems with the counting property ( see Definition 1. 2) . 

Furthermore, the capability to utilize any conditionally 

valid inequality (on a given cone) makes the procedure quite 

flexible. (Procedures to generate valid inequalities are 

discussed in Chapter 2). 

It is noted that the above class of algorithms is 

not necessarily finite since as shown by Zwart [ 73], the 

same cone may be regenerated an infinite number of times. 

Zwart's example may also be utilized to give a counter-exam-

ple to the claim that the Glover-Klingman adaptation of 

Tui's algorithm [71] is finite. A more far reaching criti-

cism of the approach is that in algorithms of this class, 

good bounds on the objective value are not actively sought. 

Burdet [14] comments about the discouraging performance of 

Tui-type algorithms. This author believes that a more ac-

tive role by the objective function, as in Thoai and Tui's 

[69] recent branch and bound adaptation, may be more effi-

cient. 
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A review of the literature is now complete. An 

assessment of the previous efforts reveals that, thus far, 

there has not been a systematic application of mathematical 

programming theory to the design of solution algorithms for 

EPMP. Furthermore, no computational experience appears to 

have been reported in the literature. It has been argued 

that EPMP deals with an important class of problems and as 

such, requires more attention than has been forthcoming. 

Overview of Research Methodology 

This section gives an outline of the various stra-

tegies that are presented in this research. At the outset, 

it is noted that the approach of this research is to provide 

a systematic application of mathematical programming theory 

to Extreme Point Mathematical Programs. For such nonconvex 

programs, this constitutes the application of cutting plane 

methods and enumerative techniques and often a combination 

of both. Accordingly, in this research, cutting plane algor-

ithms and a branch and bound procedure are designed. In. 

Chapter 2, the derivation of valid cutting planes for EPMP 

is discussed and in Chapter 3 an analysis of the convergence 

of pure cutting plane algorithms is discussed. This chapter 

provides the motivation for a finite (enumerative) cutting 

plane algorithm, which is given in Chapter 4. In Chapter 5, 
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this research turns to an application of the branch and 

bound principle to EPMP. It is noted that this algorithm 

also depends on the ability to derive valid cutting planes. 

This enhances the importance of the cuts derived in Chapter 

2. Finally in Chapter 6, computational experience with these 

algorithms is provided. 



2.1 Introduction 

Chapter 2 

CUTTING PLANE ALGORITHMS 

This chapter is concerned with the design of cut-

ting plane algori thrns for Extreme Point Mathematical Pro-

gramming (EPMP). For the sake of convenience, EPMP is res-

tated below. 

EPMP: Minimize c•x 

subject to: xe:xnv 

where, 
n X = {x e: R : Ax~ b} 

and Vis the set of vertices of 

y = {x e: Rn: Dx ~ f, X ~ O}. 

The structure of a cutting plane algorithm for EPMP may be 

stated as follows: 

0. Initialize with k = 0, P 0 = X n Y 

1. Solve LPk = Min {c•x: x e: Pk}. If LPk is infeasible, 

EPMP itself is infeasible and hence stop. Otherwise, let xk 

solve LPk. 
k k 2. If x e:V, x solves EPMP and hence stop. Otherwise, 

t . l"t k > k h th t genera e an 1nequa 1 y IT x - n 0 sue a, 

xk e: pk (\ {Ilk X ~ IT~} and X e: X n V => X e: Pk(\ {Ilk X ~ IT*}. 

34 
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k+l k k k Set P = P n { II x ~ IIo } and increment k by 1. Go to 1. 

The above process involves the solution of a sequence of li-

near programming approximations. A complete specification 

of the above class of algorithms requires details regarding 

the generation of cutting planes in step 2. The focus of 

this chapter is on this task. The crucial issue regarding 

the convergence of such an algorithm is the subject matter 

of the following chapter. 

During the last decade, the theory of cutting 

planes for integer programming and related problems has been 

generalized through the use of subadditive functions [38) 

and via disjunctive methods [37). The latter is an espe-

cially attractive framework when the goal set (e.g: the set 

V in EPMP) is specified by disjunctive statements. This 

chapter sets forth various ways by which cutting planes for 

EPMP may be generated through the use of disjunctive meth-

ods. Accordingly, the presentation begins with a review of 

certain well known results in disjunctive programming. The 

development of these results is, in some sense, simpler than 

previous expositions [ 4, 37, 63] and certain new insights 

are provided. Once the fundamentals are established, cut-

ting planes for EPMP and cut strengthening procedures are 

presented. The convergence of cutting plane algorithms is 

discussed in the following chapter. 
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2.2 Cutting Planes from Disjunctions 

A short survey of important results in disjunctive 

programming is presented in this section. For excellent 

surveys of cutting plane theory the reader is referred to 

Jeroslow [38, 37]. The notation adopted here is quite stan-

dard [4, 37, 63]. 

Let H be an index set (finite or infinite) and for 

h E: H, let sh n be a subset of R . A disjunctive set is one 

that is specified in the following form: 

s = u s 
hE:H 

(2.2.1) 

Thus x E: S implies that for at least one h E: H, x E: Sh . 

With the possible exception of Greenberg and Pierskalla 

[32], the literature on disjunctive programming assumes that 

the sets Sh are polyhedral, i.e 

n h h 
sh= {x E: R: AX~ b' X ~ O} (2.2.2) 

It is evident that for EPMP, sets Sh of the form given by 

(2.2.2) are sufficient. 

junctive sets. 

Figure 2 .1 illustrates some dis-
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X1 + X2 > 1 
X1 , X2 > 0}. 

{x E R2 

R2 -(8/9)X1 + (8/3)X2 

(8/3)X1 - ( 8 / 9) X2 

i X1 ' X2 

Ln 
I 

; 

Figure 2.1 
Example of Disjunctive Sets 

~ 1, 

> 1, 
> 0.} = 

l}. 
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Definition 2 .1: An inequality ILX ~ IIo is said to be a val-

id inequality for a disjunctive set S if it is satisfied for 

all X E S. -

In terms of the disjunctive sets shown in Figure 

2 .1 x 1 ~ 0 is a valid inequality. A cutting plane is a 

special type of valid inequality and is defined with respect 

to a point xi S. Thus if II x ~ IIo is a cutting plane with 

respect to x i S, then II x < II0 and f Or X E S , II X ~ II O • 

However, the terms cutting plane and "valid inequality" are 

often used interchangeably and the meaning should be clear 

from the context. It is remarked that a point xi Scan be 

separated validly from S by a cutting plane only if 

xi clconv(S). This is because clconv(S) c;; {x: II x ~ rr0 }, 

where II x ~ II0 is any valid inequality for S. 

The first result presented below is what is called 

the Disjunctive Cut Principle. It is due to Balas [4], alt-

hough its simplified "beginnings" may be traced to Owen 

[58]. 

Theorem 2.1 (Disjunctive Cut Principle): Let Sh and S be de-

fined by (2.2.2) and (2.2.1) respectively. Then the follow-

ing is a valid inequality for S, 

n 
l 

j=l 
[ sup { :\ h • 
heH 

Ah. } ] x. 
J J 

~ inf { :\ h • b h } 
heH 

(2.2.3) 
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where A~ 
J 

h denotes the jth column of A , and for h EH, 

is any nonnegative vector of appropriate dimension. 

Jeroslow [37] has glven an interesting converse to 

the above theorem (see Theorem 2.2). Before presenting that 

result however, an example of the application of Theorem 2.1 

is given, 

Example 2.1: Consider the disjunctive set, 

S = {{x 1 ,x 2 ): x 1 ~ 0, x 2 ~ 0 and at least one of the foll-

owing hold: 

(2/3 )x 1 - (5/3 )x 2 ~ 4/3 

2x 1 -

(2.2.4a) 

(2.2.4b) 

Utilizing Theorem 2.1, the following is a valid inequality 

2x - (5/3)x ~ 4/3 
1 2 

(2.2.5) 

In generating the above inequality, the multipliers used 

were A1 = 1 and A2 = 1. 

Jeroslow's converse to Theorem 2.1 is an interest-

ing result in that it claims that every valid inequality to 

a disjunctive set may be obtained via the choice of appro-

priate multipliers in the disjunctive cut principle. 

Theorem 2.2 (Converse): Let Sh and S be defined by (2.2.2) 

and (2.2.1) respectively and suppose that for h EH, Sh is 

nonempty. Then for any valid inequality IT x ~ rr0 , there 
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exist Ah ~ 0, h c: H such that, 

sup { Ah • A~ } S II . 
h EH J J 

and inf { Ah • b h } ~ JI 0 
hEH 

,1 s j s n 

(2.2.6) 

where II. denotes the denotes the j th component of 
J 

II and 

the rest of the notation is as introduced earlier. 

In principle then, it is always possible to gener-

ate valid inequalities that are facets of clconv (S) (where 

clconv denotes the closure convex hull) by choosing appro-

priate multipliers in the disjunctive cut principle. In the 

sequel, the choice of multipliers constitutes the main fo-

cus. It is assumed henceforth that H is finite. In a 

slightly different setting, Glover [27] has developed a si-

milar framework called polyhedral annexation. For the pur-

pose here, both principles are essentially similar (see 

Sherali and Shetty [62]) and hence Glover's polyhedral an-

nexation need not be discussed here. 

To begin a discussion of the choice of mul tipli-

ers, consider a special class of sets Sh as follows, 

sh = {x: x 
h 

~ 0 and a ,h EH (2.2.7) 
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h n h where a e: R , a 0 e: R for every h e: H. The set sh in 

Figure 2.1.(a) and those in (2.2.4) are of this form. Sup-

pose that the inequalities in (2.2.7) are stated with res-

pect to the current infeasible point x as the origin. Hence, 

x _ 0, is infeasible to the disjunction, i. e, for each 
h 

h e: H, a > 0. 
0 

The task at hand is to obtain multipliers 

that yield the deepest possible cut with respect to the ori-

gin. This question is made precise below. 

Definition 2.2: IT x ~ ITo is a facet of an-dimensional set 

S if and only if, 

IT x ~ rr 0 holds for all x e: Sand 

IT x = rr 0 for exactly n affinely independent points of S. 

The question is what multipliers should be used in 

order to obtain a cut that is a facet of clconv(S) when the 

constituent sets Sh are of the form ( 2. 2. 7). In order to 

present the connections with some related work in cutting 

plane theory, two cases are addressed: 

(a) For all j I Max { 
h 

} 0 a. ~ 

h E: H J 

(b) For some j I Max { h } < 0 a. 
h E: H J 

(a) The desired facet in this case is obtained by using, 
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(2.2.8) 

as the multipliers. These were the multipliers used by Owen 

[58] and it is readily seen that the resulting cut is the 

same as that obtained though Glover's convexity cut princi-

ple [24]. 

(b) Clearly, utilizing the same multipliers as in (2.2.8) 

gives a valid cut in this case too. It is the same cut as 

that obtained by Glover's polyhedral convexity cut with ne-

gative edge extension [26,Theorem 1]. However, this cut is 

not the desired facet. The appropriate multipliers, given 

by Sherali and Shetty [64], and proven to yield a facet are 

obtained as follows: 

For each h s H, define 

and h Min [ 1 { Max ( 
h ) } J (2.2.9) y = v. 

. h 0 h hsH J 
J: V . > v. 

J J 

Then ,\ h ( h = y I L yp )/ h ao ) 
psH 

The multipliers obtained by (2.2.9) give the same cut as the 

strengthened version of Glover's polyhedral convexity cut 

[26, Theorem 2 ]. Before proceeding any further, the use of 

(2.2.8) and (2.2.9) is illustrated. 
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Example 2.2: Consider the same 

(2.2.4). Notice that for j =·2, 

disjunctive set as given by 

Max {ah } < 0 and so it 
hEH 2 

belongs to the second category (case b). Suppose now that 

(2.2.8) is used to generate a cut. The resulting inequality 

is given by, 

(l/2)x 1 - (3/8)x 2 ~ 1 (2.2.10) 

Using (2.2.9) gives a strengthened cut and the application 

is as follows: 

Hence, 

and, 

y 1 = 1 and y2 = 2 

A1 =(1/3)/(3/4) = (1/4) 

A2 =(2/3)/(8) = (1/12) 

Thus the valid inequality is, 

(l/2)x 1 - (3/4)x 2 ~ 1 (2.2.11) 

Clearly, (2.2.11) is stronger than (2.2.10) and of course 

both are stronger than (2.2.5). 

As indicated above, the cutting planes obtained 

when the constituent sets Sh are of the form given by 

(2.2.7), are the same as those obtained through other ideas 

like convexity cuts etc. What then is the advantage of us-

ing the disjunctive cut principle? The main advantage is 
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that cut strengthening through more general sets Sh, (where 

the matrices Ah consist of more than one row) is substan-

tially easier in the context of the disjunctive cut princi-

ple. This last remark is of considerable importance for 

EPMP. For this reason, more general polyhedral sets Sh are 

considered next. 

As before, suppose that with respect to some 

xi clconv(S), a cut is being sought such that it is a facet 

of the clconv( S). Since the matrices Ah defining Sh have 

more than one row, the task here is far more difficult than 

the earlier special case. Balas [4] has given an elegant 

characterization of all facets of clconv(S). However, the 

mathematical machinery required by Balas [4] is quite elabo-

rate (see also Chapter 5 in Sherali and Shetty [63] ). The 

main result given below is essentially the same as that giv-

en by Balas [4]. The proof however, sterns from far more 

elementary ideas and furthermore, it provides a valuable 

computational insight. 

Consider a valid cut TI x ~ TI o with respect to 

xi clconv(S). Without loss of generality, assume that xis 

the origin. Since TI x ~ n0 deletes the origin, TIO > 0 and 

hence all valid cutting planes can be written in the form 

nx~l. Assume that Sh , h E: H are nonempty polyhedral 

sets in Rn and let the clconv(S) be n-dimensional. 

lowing Balas [4], define, 

Fol-
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S# = { IT E Rn:IT x 2: 1 holds for all x E clconv(S) } 

s# is termed the reverse polar of S. The main result is 

that the desired facets of clconv(S) are vertices of the set 

s# . Before proving this result, the following preliminary 

result is given. Note that it basically asserts that the 

(reverse) polar set of a polyhedral set is also polyhedral. 

Theorem 2.3: If sh are polyhedral and the index set H is 

finite, then s# is also polyhedral. 

Proof: Since sh are polyhedral and H is finite, clconv(S) is 

also polyhedral. Let y 1 , Y 2 , ... ,y 2 and z 1 , z 2 , • • • , z m 

denote the extreme points and extreme directions of 

clconv(S). Then for IT E S#, 

IT yk 2: 1 k=l, 2, ... , £ 
( 2. 2. 12) 

IT z. 2: 0 j=l,2, ... ,m 
J 

Conversely if IT satisfies (2.2.12), x E clconv(S) implies 

TI X 2: 1, i.e. IT E s# . Hence = { IT : IT satisfies 

(2.2.12)}, which is polyhedral. This completes the proof. 

The equivalence between certain facets of clconv(S) and ex-

treme points of S# is now proven. 
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Theorem 2.4: Let II X ~ 1 be a facet·of clconv ( s) . Then II 

# is an extreme point of s . Conversely, if ft is an extreme 

point of s# , II X ~ 1 is a facet of clconv( S). 

Proof: IT x ~ 1 is a facet of clconv(S) implies that there 

are n affinely independent points x 1 , x 2 , ••• , 

clconv(S) such that, 

- k II•x = 1 k=l, 2, ... , n 

Next define a vector µ i:: R as follows, 

µ = I I • • • I 

k 

n 
X in 

(2.2.13) 

Notice that k µ > 0 since the points x , 1 ~ k ~ n are non-

negative and affinely independent. 

lowing linear program, 

Min { II • µ 

Next consider the fol-

(2.2.14) 

Observe that for any vector II i:: S# such that II# II, there is 

some k, 1 ~ k ~ n, such that II • xk > 1. Hence, it follows 

that for 

Thus II 

# II i:: S , II # II, II • µ > n. Of course II • µ = n. 

is the unique solution to the linear program 

( 2. 2. 14) . Hence, II must be an extreme point of S # 
# 

To prove the converse, note that S is given by 

the polyhedral set in (2.2.12) and if II is an extreme point 
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# of S , then II satisfies (2. 2 .12) with n linearly indepen-

dent rows therein holding as equalities ( at least one of 

these must be among the nonhomogeneous inequalities). Hence 

there exist n affinely independent points of clconv(S) that 

satisfy II x = 1. Hence II x ~ 1 is a facet of clconv(S) and 

the proof is complete. 

The above proof not only provides a simplified ex-

position of Balas' result but also indicates certain compu-

tational strategies. In particular, linear programs of the 

type (2.2.14) are of considerable importance. A number of 

authors, including Balas [4], Glover [27], Sherali and Shet-

ty [64], have suggested certain mathematical programs that 

may be used to generate cutting planes. Typically, these 

formulations utilize Theorem 2.2 in order to specify the set 

s*. The main points of difference between the authors is 

the choice of objective functions. 

cussed next. 

These issues are dis-

Let II x ~ 1 be a valid cut. Then, Theorem 2.2 implies that 

there exists a vector ( II, >,_l, ••• , Aw), where w is the cardi-

nality of H, such that, 

II - >..h Ah ~ 0 h = 1, ... , w 

>..h bh ~ 1 h = 1, ... , w (2.2.15) 

:\h ~ 0 h = 1, ... , w 
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The set S# is the projection of the set defined by (2.2.15) 

on the space of the first n variables ( i. e the variables 
# IT. ). Note that whereas all extreme points of S may be as-

J 
sociated with an extreme point of (2.2.15), the converse is 

not true. Hence, obtaining a vertex of (2.2.15) does not ne-

cessarily guarantee a cut that is a facet of clconv(S). 

With regard to the generation of a cut then, a 

criterion function, denoted p ( IT ) , is chosen to be optim-

ized over the set defined by (2.2.15) and an optimal solu-

tion gives the inequality to be used. Among suggestions re-

garding the choice of P ( r.: ) , are the following: 

a) The cut should maximize the euclidean distance between 

the origin and the nonnegative region feasible to the 

cutting plane [64]. 

b) The cut should maximize the rectilinear distance bet-

ween the origin and the nonnegative region feasible to 

the cutting plane [64, 27]. 

Both criteria above have obvious intuitive appeal of trying 

to increase the depth of the cut. Further, it has been 
h 

shown by Sherali and Shetty [64] that when S have the form 

given by (2.2.7), the inequalities obtained via the use of 

either (2.2.8) or (2.2.9) are cuts that satisfy both crite-

ria (a) and (b) above. There is however one major shortcom-
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ing of the above criteria. To see this, consider the two 

inequalities in Figure 2.2. Although one inequality strict-

ly dominates the other, the criterion values (using both 

criteria) are the same for both inequalities. Thus optimiz-

ing p(II), where p (II) measures either (a) or (b), does 

not necessarily give a nondominated inequality (whether or 

not Sh is given by ( 2. 2. 7)). Sherali and She tty [ 62] and 

Glover [27] utilize a sequential scheme to generate nondomi-

nated cut inequalities (supports of clconv(S)). Since these 

are closely related to the sequential cut strengthening dis-

cussed subsequently, they are not presented here. 

And finally, a comment about combinatorial prob-

lems -- the cardinality of H may be so large as to make its 

explicit consideration, as in ( 2. 2 .15), impractical. This 

is essentially the problem in cut strengthening procedures 

for EPMP. The key in such cases is to account for the com-

binatorial content in an implicit manner. These issues will 

be discussed subsequently. The rest of this chapter deals 

with the application of disjunctive methods to EPMP. 
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Inequality A 
Dominates Inequality B 

B 

T 
Rectilinear and p (,r) 
Euclidean Distance 

Figure 2.2 
Illustration of Indifference of Distance Criteria 
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2.3 A Simple Cutting Plane Algorithm 

An application of some of the ideas of the previ-

ous section to EPMP is now given. The class of cuts used 

here are obtained from disjunctive sets specified by the 

simplest constituent sets Sh - those of the form given by 

(2.2.7). Strengthened cutting planes are given in the next 

section. 

Recall that a feasible solution to EPMP belongs 
n to X n V where X = {x ER : Ax ~ b} and V. is the set of ver-

tices of Y = {x: Dx ~ f, x ~ 0 }. It is conceptually conve-

nient to view the inclusion of cutting planes as a respeci-

fication of the set X. Hence in what follows, the matrix A 

may be assumed to include some cutting planes generated pre-

viously. 

Suppose that xis an optimal solution to the li-

near programming relaxation LP of EPMP given below: 

LP: Min { c•x Xe:X()Y} 

In order to recognize whether x e: V, one has to consider the 

values of certain key variables. These are the variables in 

the vector x and those in the vector t = f - Dx. The varia-

bles s = b - Ax are called nonkey variables. Suppose now 

that the linear programming relaxation, LP, is solved using 

the simplex method. It is clear that if all the variables 
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in the set of nonbasic variables are classified as key vari-

ables, then the vector x EV and the algorithm stops. On 

the other hand, if there are some nonkey variables in the 

nonbasic set, then assuming that xis nondegenerate, it fol-

lows that xi Vanda cut needs to be generated (the case of 

degeneracy is handled subsequently). 

Let the nonbasic variables associated with a given 

simplex tableau be denoted by the vector y. Let z denote 

the vector of basic key variables. Indexing these by h, ev-

ery basic key variable zh is available in the following 

form, 

Under the nondegeneracy assumption, 

the sets Sh given by, 

h 
a 0 > 0. 

h h a y ~ a 0 , y ~ O} 

(2.3.1) 

Now consider 

(2.3.2) 

and a disjunctive set S 1 = U Sh. The set S 1 may be 
h E H 

interpreted as the set of points for which at least one of 

the basic key variables is zero (since from (2.3.1), the in-

equality (2.3.2) asserts that zh ~ 0). 

Consider the linear programming cone at x, the 

current LP optimum, and denote the cone by C = {y: y ~ O}. 
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Clearly clconv(S 1 ) SC. Observe that xi clconv(S 1 ) because 
h otherwise, there are points x € Sh such that, 

= X and 

But this is impossible since x is a vertex of C, whereas 
h - h x f:. x, x € C for all h. Hence x can be separated from 

clconv(S 1 ) by a hyperplane. Furthermore, every vertex of Y 

belongs to S 1 • Hence the disjunctive set S 1 may be used to 

derive a cutting plane that validly deletes the current LP 

optimum. Since the sets Sh in (2.3.2) consist of only one 

inequality, multipliers given by (2.2.9) may be utilized in 

the disjunctive cut principle. 

To illustrate the algorithm, consider the follow-

ing problem adapted from Glover and Klingman [28]. 

Example 2.3: 

Minimize 

subject to: 

where X = {x R2. € • ( -1/2) X 1 - s -1, 

(5/2)x 1 + 3x 2 s 23, 
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and V is the set of vertices of 

y = {x E R2: (l/2)x 1 - X2 ~ l, 

-2x 1 - Xi ~ -2, 

( 5/2 )x 1 - Xi ~ 9 

Xl I ~ ~ 0 } 

The LP relaxation when solved by the simplex method, results 

in the tableau shown in Table 2.1. Clearly, the current so-

lution is not a vertex of Y because one of the nonbasic va-

riables is classified as nonkey. The disjunctive set S 1 is 

obtained by requiring at least one of the following to hold; 

Utilizing the tableau, and the multipliers of (2.2.9), the 

following cut results, 

(l/2)t2 + 

Figure 2.3 illustrates this cut with respect to x. With the 

above cut included, when the LP relaxation is solved, the 

optimal solution to EPMP is obtained. 

For the case in which x, the LP optimum is degen-

erate, a little more computational effort is required to 

determine whether it is a vertex of Y. For the purposes of 

this test, it is required to determine the lowest dimension-

al face F of Y such that x e: F. In order to determine 
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Table 2.1 
Example of a Cutting Plane Algorithm 

(a) : LP Optimum 

RHS -t2 -S1 

Xo = 4/3 -1/3 -2/3 
t1 = 4/3 2/3 -5/3 
t3 = 8 2 -3 
X1 = 2/3 -2/3 2/3 
Xz = 2/3 1/3 -4/3 
Sz = 58/3 2/3 7/3 
S3 = 1 -1 2 

(b): Updated Optimum 

RHS -S1 -S4 

Xz = 0.00 -2.00 2/3 
Sz = 18.00 1. 00 4/3 
S3 = 3.00 4.00 -2.00 
t1 = 0.00 -3.00 4/3 
X1 = 2.00 2.00 -4/3 
t3 = 4.00 -7.00 4.00 
t2 = 2.00 2.00 -2.00 
z = 2.00 0.00 -2/3 

(c): EPMP Optimum 

RHS -X2 -ti 

S1 = 0.00 -2.00 1. 00 
Sz = 18.00 8.00 -5.00 
S3 = 3.00 · -1. 00 2.00 
S4 = 0.00 -4.50 3.00 
X1 = 2.00 -2.00 2.00 
t3 = 4.00 4.00 -5.00 
t2 = 2.00 -5.00 4.00 
z = 2.00 -3.00 2.00 
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Legend 

Figure 2.3 
Example Problem 

Dx < f, x > 0 

Ax< b. 
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dim F, we exchange as many of the nonbasic nonkey variables 

with basic degenerate key variables, as possible. For a 

nonbasic nonkey variable yj , an exchange is possible if 

there is a degenerate basic key variable zh, such that the 

coefficient ah. in the canonical representation (2.3.1) is 
J 

nonzero. Thus, if all nonbasic nonkey variables can be eli-

minated from the nonbasic set, the corresponding point is a 

vertex of Y. 

For the purposes of deriving a cutting plane, the 

degenerate basic key variable need not be considered in for-

mulating the sets Sh in (2.3.2). The validity of this fol-

lows from the fact that on any subface of F, at least one of 

the positive basic key variables must be zero. 

This section has served to illustrate the design 

of a simple cutting plane algori thrn. The generation of 

"deep" cutting planes will now be discussed. 

2.4 Deep Cutting Planes 

The disjunctive set S 1 , specified in the previous 

section, is among the simplest disjunctive sets that can be 

used to derive valid inequalities. In this section, valid 

inequalities are obtained from stricter disjunctions and are 

in general stronger than the cuts of the previous section. 

Two specific ways to strengthen cuts are given. 

method uses a disjunctive set defined as follows: 

The first 



58 

sP = {x: x ~ 0 and at least pout of q basic key 

variables are zero} 

where p and q are specified integers. 

Notice that Sp is a straightforward generalization of S 1 • 

Good valid inequalities for sP are however, considerably 

more difficult to derive. Due to the nature of the set sP, 

the resulting class of cuts will be referred to as the Corn-

binatorially Strengthened Cuts. The next method for cut 

strengthening uses an adaptation of (2.2.15) in a sequential 

manner. Accordingly this latter method will be called Se-

quential Cut Strengthening. It is remarked that al though 

the development is in the context of EPMP, the methods are 

quite general. 

Combinatorial Cut Strengthening: 

Let the number of key variables in problem EPMP be 

q 0 = n + n 1 , where n is the number of components in the 

vector x and n 1 is the number of components in the vector 

t = f - Dx. Let x denote an optimal solution to the LP re-

laxation and let N denote the set of nonbasic variables as-

sociated with x. Suppose that the number of key variables 

in N is denoted q 1 • Then the feasibility check (to test 

whether x EV or not) of the previous section requires the 
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comparison of g 1 with n; namely, g 1 = n implies x e: V, and 

g 1 < n implies; i V. If xi V, then under the simplifying 

nondegeneracy assumption, the number of positive basic key 

variables is g = g 0 - g 1 . (In case of degeneracy, the mani-

pulations of the previous section may be adopted). Let 

p = n - g 1 • Then every vertex of Y belongs to the set, 

sP = { x: x ~ O and at least pout of the 

g basic key variables are zero} (2.4.1) 

Clearly x i clconv(SP ) and observe that Sp c S 1 • 

this inclusion that provides the deeper cuts. 

It is 

As before, assume that the basic key variables are 

available in terms of the nonbasic variables (as in 2.3.1). 

Since the origin xis infeasible to all the in inequalities 

sP, there is no loss of generality in writing Sp as fol-

lows, 

y ~ 0 and at least p of the following hold; 

Cl., y ~ 1, i e: I = {1,2, ... ,g }. 
l. 

where y is once again used to denote the nonbasic variables. 

It is assumed that a.is O is not satisfied for any inegual-

ity i E I. If there is such an inequality, it may be drop-

ped from the problem because the reversed ineguali ty ( i. e 

a.. y s 1) is redundant with respect to P = X n Y. The poly-
1. 



60 

hedral sets Sh that constitute the disjunctive statement em-

bodied in Sp are sets defined by any p of the inequalities 

indexed by i £ I. Thus letting H denote the index set of 

the disjunction (as in (2.1.1)) and letting w denote its 

cardinality, it follows that w = (~) It should be evi-

dent that for large w, it is not practical to identify a 

multiplier vector Ah for each h £ H. For the same rea-

sons, the use of (2.2.15) is also limited. The scheme pre-

sented below accounts for the sets Sh, h £Hin an implicit 

manner, thus maintaining a reasonably efficient implementa-

tion. 

Let all the inequalities indexed by i £ I be ord-

ered according to some criterion. A heuristic ordering rule 

is given subsequently. Ordering the inequalities makes it 

possible to account for the sets Sh, h £Hin an implicit 

manner. How this is performed is described next. 

Let r be given such that O s r ~ q. Assuming 

that the inequalities i EI are ordered, consider a subset 

of I defined as follows: 

Ir= {i £ I: is r} and for r = 0, Ir= ~-

A rule to specify multipliers Ah£ RP, h £His now giv-

en. Let I(h) denote the subset of inequalities defining a 
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particular set Sh. Then, the following multipliers yield a 

valid cut. 

(a) 

(b) 

if I (h) n Ir 

if I (h) (\ Ir 

(1,0, .... ,0) Ah = 

= "' ,h 'II I I\ = (l/p, ... ,1/p) 
(2.4.2) 

where the inequalities in I(h) are listed in an order con-

si stent with the ranking in I . Observe that for 

g ~ r ~ g - p + 1, condition ( a) holds for all h e: H and 

for r = 0, (b) holds. The implementation of the rule given 

by (2.4.2) in the cut generation scheme is as follows: 

• construct an inequality a. •x ~ l, where the coeffi-

cients of the vector a., denoted a.., are given by the 
J 

arithmetic mean of the p largest (l ' 'I J.J 
(This step is not defined for r ~ g - p + 1 and hence 

ignored for such r) 

• apply the disjunctive cut principle to the following 

(2.4.2a) 

It may be noted that the cut obtained through the 

above process is invariant with r ~ g - p + 1, that is the 

same cut results whether r = g - p + 1 or r > g - p + 1, 

simply because in these cases (a) always holds in (2.4.2) 

and the cut is given by (2.4.2a) without a X ~ 1. Thus, it 
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is sufficient to consider the range O S r S q - p + 1 for 

exploring alternative cuts. For r = 0, the above generation 

scheme results in cut coefficients given by the average of 

the p largest coefficients associated with any column. On 

the other hand, for r = q - p + l, the cut coefficients are 

given by applying the disjunctive cut principle by dropping 

the last p - 1 inequalities and requiring that at least one 

of the remaining q - p + 1 inequalities must hold. The cuts 

generated for r = 0 and for r = q - p + 1 are the same as 

those suggested by Balas [3]. The choice of rand ordering 

of inequalities decides the quality of the cut generated. 

These will be discussed following an example to illustrate 

the scheme proposed above. 

Example 2.4: Consider the following set, 

S2 = t ( x1,x2,x3): x ~ 0 and satisfies at least 2 of the 

following: 

Xl + X2 - (l/2)x 3 ~ 1 (2.4.3a) 

2x 1 + (3/4)x 2 - (5/3)x 3 ~ 1 (2. 4. 3b) 

-xl + (3/2)x 2 - 2x 3 ~ 1 } (2.4.3c) 

Hence, p = 2, q = 3 and 

we may consider, 0 S r s q - p + 1 2. 
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the inequalities be ordered as listed above. 

sh are, 

Xi + X2 - (1/2)x 3 ~ 1 

Si = 2xi + (3/4)x 2 ( 5/3 )x 3 ~ 1 

Xl , x2 , X3 ~ 0 

2xi + (3/4)x 2 - (5/3)x 3 ~ 1 

S2 = -Xi + ( 3/2) x 2 - 2x 3 ~ 1 

Xi , x2 , X3 ~ 0 

Xi + x2 - (1/2)x 3 ~ 1 

S3 = -xl + ( 3/2 )x 2 - 2x 3 ~ 1 

xi , x2 , x3 ~ 0 

various cuts obtained are, 

r = 0: (3/2)xi + (5/4)x2 

r = 1: xi + (9/8)x 2 

r = 2: 

(13/12)x 3 ~ 1 

( 1/2 )x 3 ~ 1 

( 1/2 )x 3 ~ 1 

Then the 

(2.4.4a) 

(2.4.4b) 

(2.4.4c) 

Of course each inequality above is at least as strong as 

that obtained by utilizing S 1 of section 2.3. 

The rule given in (2.4.2) circumvents the combina-

torial nature of the disjunctive set. Clearly, for any giv-

en r, the multipliers given by (2.4.2) are by no means opti-

mal in any sense. Hence strengthening the above cuts is 
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also a possibility. However, if such a task is undertaken, 

the combinatorial nature of the problem resurfaces. In any 

case, the latter portion of this section shows how further 

strengthening may be possible, in principle, through sequen-

tially formulating certain linear programs. 

The issues of how to choose the parameter r and 

how the set Ir should be determined, are addressed now. 

First suppose that r is given and Ir is to be specified. 

Toward this end, let N denote the set of nonbasic variables, 

and for j EN let n-
J 

= Max { a. .. } • Further for i E I, 
iEI J.J 

let J. = { j E N a. . . > 0 }, and define, 
J. J.J 

w. = l ( n. / a. . . ) 
J. jt:J. J J.J 

J. 

i t: I (2.4.5) 

The numbers w. given by (2.4.5) will be small for those in-
J. 

equalities that have large positive coefficients together 

with other nonpositive coefficients. It is clear that the 

averaging processes of (2.4.2) serves such inequalities best 

and hence should be excluded from Ir . With this motiva-

tion, the set Ir is then obtained as follows: 

• Order the inequalities in I according 

to decreasing w .. 
J. 

• the inequalities with the r largest 

wi are included in Ir . 

(2.4.6) 
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Note that the ordering above is independent of r. It is 

also remarked that since (2.4.5) and (2.4.6) are meant to 

account for the averaging process, it should be more effec-

tive for O ~ r ~ q-p. 

A procedure to determine the choice of the parame-

ter r may now be given. Suppose that an ordering of the in-

equalities is given. For i € I, let 

&. = 
1. 

a .. 
1.J 

(2.4.7) 

and for each r, let ar denote the arithmetic mean of the p 

largest a. where i € Ir . 
1. 

Next compute, 

¢ r = Max{ a 1 , a 2 , ••• , a , a } r r (2.4.8) 

Let r* denote the choice of the parameter r. The proposed 

rule chooses r* such that, 

= Min ¢r . 
r 

(2.4.9) 

The intuitive reasoning behind the above rule is quite obvi-

ous. Now the computations involved in the cut generation 

are illustrated. 

Example 2.5: Consider once again the disjunctive set given 

in ( 2. 4. 3). To order the inequalities, note that n 1 = 2 
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and n 2 = ( 3/2). Hence we have = 7/2, wb = 3 and 

Thus the inequali-= 1 for inequalities (2.4.3a C) . 

ties are ordered as listed therein. Next we have 

= (13/12) and &c = -(3/2). Hence from 

(2.4.8) we have ¢a = 1.29, ¢1 = 1.5 and ¢ 2 = 1. 5. 

Clearly r = 0 is the choice suggested by (2.4.9). Hence the 

cut given in (2.4.4a) results. 

The rules of ( 2. 4. 2), ( 2. 4. 5 - 9) quite success-

fully avoid some of the combinatorial content in generating 

valid inequalities for Sp . 

Sequential Cut Strengthening and Nondominated Cutting Planes 

In this subsection a general cut strengthening 

scheme is proposed and its application to EPMP yields, under 

quite general conditions, nondominated cutting planes for 

the problem. Consider a disjunction Sas given in (2.2.1) 

where the constituent sets Sh are polyhedral, (as in 

(2.2.2)). Suppose that the origin, denoted x, is infeasible 

to the disjunction, i.e x E clconv(S) and let IT1x ~ 1 de-

note a valid inequality for S. 

The task here is to obtain a procedure such that 

given an inequality rr1x ~ 1, it either declares the cut as 

a nondominated inequality or produces one that is not domi-

nated by any other inequality. Suppose that an inequality 

rr2 x ~ 1 strictly dominates the inequality IT1x ~ 1. Then, 
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for every component, and for some j, say j o, 

II~ < II1 .• 
Jo Jo 

Thus it should be clear that an inequality may 

be strengthened by sequentially improving (decreasing) every 

cut coefficient. These ideas are formalized below. 

Suppose that the vector II1 is obtained through an 

application of the disjunctive cut principle through the use 
-h of the multiplier vector A Thus, 

II ~ -h Ah = Max A j E N 
J h E H j 

(2.4.10) 

1 = Min Ih bh 
h E H 

The procedure suggested below improves each coefficient of 

rr1 in a sequential manner and hence the resulting inequali-

ty, rr2 x ~ 1 is at least as strong as rr1x ~ 1. It is re-

marked that this is in the spirit of Glover [27] and Sherali 

and Shetty [62]. The similarities will be discussed subse-

quently. 

Consider j 0 EN and let h(j 0 ) EH denote the index 

for which the maximum is attained in (2.4.10). The strategy 

now is one in which the coefficient II1. is reduced by an 
J 0 

appropriate choice of Of course for j # jo , the 

coefficients will not be allowed to increase. A simple lin-

ear program to accomplish the task is the following: 
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LP(jo ,h(jo)): 

A. h 
h ( j O) 

Minimize A. (2.4.lla) 
J 0 

h ( j O) h ( j O) 
subject to: A. A. ~ II i.' j F jo (2.4.llb) 

J J 

(2.4.llc) 

To interpret LP(j 0 ,h(j 0 )), the objective function (2.4.lla) 

attempts to minimize II ~ I Jo while (2.4.llb) and (2.4.llc) 

ensure that the other coefficients do not increase. Letting 

denote an optimal solution to LP(jo , h(jo )), the 

new cut coefficients are, 

II2: = II~ j ,iN(j 0) 
J J 

n.}, j E N(j 0 ) 
J 

and, n, = 
J 

Mitx { ih A~ } 
h E H J 
hFh(jo) 

( 2. 4. 12) 
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The validity of the cut coefficients from {2.4.12) 

is a straightforward application of the disjunctive cut 

principle. It is also easy to see that the motivation be-

hind LP{j, h(j)) is a specialization of (2.2.15). Unlike 

{2.2.15) however, LP{j, h(j)) is independent of the cardi-

nali ty of H. This is of course on the positive side of 

the ledger. On the negative side of the ledger, the cardi-

nality of H appears in the "Max" operation in the computa-

tion of nj and this creates certain difficulties in its ap-

plication. For the time being, we will ignore these aspects 

and focus on conceptual considerations only. 

The sequential approach for cut strengthening may 

now be summarized as follows: 

• Consider some j EN. Identify h{j) and solve 

LP{j, h{j)). If 

to the next step. Otherwise, set rr 1 = rr 2 

and repeat for the same j. 

• Repeat for next j. 

Notice that the order in which j E N is considered is not 

specified above. This is to emphasize that the cut ob-

tained is dependent on this order. But as shown below, a 

support of clconv{S) always obtains, irrespective of the 

order. 
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The sequential nature of the above procedure is in 

the spirit of Glover's sequential polyhedral annexation 

[27]. As shown by Sherali and Shetty [62], Glover's scheme, 

though easier to implement, does not yield a support of 

clconv(S). In the same context, Sherali and Shetty [ 63] 

formulate the problem of cut strengthening as one in which 

n ~, for j i:: N must be decreased until the new inequality 
J 

supports S. They show in [63] that this problem can be mo-

deled as a mathematical program and furthermore a certain 

transformation of the latter yields a linear program. The 

interesting observation is that the linear program of Shera-

li and Shetty [63] is dual to LP(j, h(j)). In this sense, 

the procedure here is dual to that given in [63]. 

Theorem 2.5: Let IT1x ~ 1 denote a valid inequality for the 

disjunctive set S and suppose that for each j i:: N, 

rr~ = rr~, where rr~ is given by (2.4.12). Then IT1x ~ 1 
J J J 

is a support of clconv(S). 

Proof: Consider the set s# ( IT i ) = { IT E: s# : IT ~ rr1} . 

Since IT 2 = IT l it follows that s# ( IT i ) is a singleton. I 

Now consider the value g( IT l ) = Min { IT 1x: X i:: clconv(S)}. 

If g( IT i ) > 1, let g( IT i ) = 1 + E: ' E: > 0. Then 

IT 1x ~ 1 + E: is a valid inequality and hence for 
A 

IT = ITl/(1 + E: ) ' IT X ~ 1 is a valid inequality or, 
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II E: s # . But since 
A 

e: > 0, II e: S#( II1 ) is a contradic-

tion. Hence g( rr1 ) ~ 1. Of course, if g( rr1 ) < l, then 

rr1x ~ 1 is not a valid inequality and that is contradictory 

to our supposition that II 1x ~ 1 is a valid inequality. 

Hence g( II1 ) = 1. Thus II 1 x ~ 1 is a support of clconv(S) 

and the theorem is proven. 

In principle then, it is always possible to derive 

a support of clconv( S) by sequential cut stengthening. A 

simple application of the above process is now given. In 

the following example a cut obtained from a disjunctive set 

S 1 (as in Section 2.3), is strengthened by using the sequen-

tial procedure on a set P n S 1 , where Pis some polytope. In 

the context of EPMP, P may be interpreted as P 0 = X (\ Y, or 

more generally Pk. 

Example 2.6: The problem below is adapted from [62]. Con-

sider the following disjunctive set: 

( 1/3 ) X l - ( 1/3 ) X 2 ~ -1 

(l/12)x 1 - (l/4)x 2 ~ -1 

and at least one of the following hold 

( 1/5 )x 2 ~ 1 

or, 

(l/S)x 1 - (l/S)x 2 ~ 1 } 

(2.4.13a) 

(2. 4. 13b) 

(2.4.13c) 

(2.4.13d) 
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First consider the cut obtained by using the disjunctive 

set S 1 , where S 1 = {(x 1 ,x 2 ): x 1 ,x 2 ~ 0 and satisfies 

either (2.4.13c) or (2.4.13d) } The cut thus obtained is 

(l/5)x 1 + (l/5)x 2 ~ 1. The above cut will now be strength-

ened. Let us first consider the alternative sets Sh. It is 

clear that the cardinality of His 2; thus we have, 

S 1 = {(x 1 ,x 2 ): x 1 ,x 2 ~ 0 and satisfy (2.4.13a,b,c)} 

and S 2 = {(x 1 ,x 2 ): x 1 ,x 2 ~ 0 and satisfy (2.4.13a,b,d) }. 

Suppose we now try to improve the earlier cut by improving 

the coefficient for Recall that the multipliers -h 
x2 . ;\ 

associated with Sh I h = 1,2 are; 

il = rn and i°2 = m 
Since we are trying to improve the coefficients for x 2 , the 

index h(2) = 1. Hence the linear program is, 

LP ( 2, 1): 

Min 

subject to: 

- ( 1/3) ;\ f - ( 1/4) ;\ ~ + ( 1/5) ;\ ~ 

(1/3) ;\ i + 
1 

;\ i 
1 

all variables nonnegative. 

+ 

~ (1/5) 

= 1 



73 

and an optimal solution is 'l - 0 ~l - I lt = ( 12/5), 

l1 = (17/5). Hence using (2.4.12), the improved cut coef-

ficient is IT2 = Max{2/25, -1/5} = 2/25. Thus the improved 

cut is, 

(l/5)x 1 + (2/25)x 2 ~ 1. 

Note that since IT 2 cannot be improved 

further. A similar attempt to improve x 1 fails. It is 

noted that the above inequality happens to be a facet of the 

closure convex hull of the set given in (2.4.13) (although 

in general by Theorem 2.5, one need only obtain a support of 

clconv(S)). 

Next we address the question of whether the combi-

natorially strengthened cuts can be strengthened via the use 

of sequential cut strengthening. Although the answer to the 

question is in the affirmative, it must be cautioned that 

the procedure should not be directly applied to Sp when the 

cardinality of the index set H is very large. The most 

straightforward manner of strengthening the combinatorially 
k strengthened cut (with r ~ 1), is to utilize the set P , at 

iteration k, together with the disjunctive set in (2.4.2a). 

Once again, doing so eliminates the combinatorial content of 

sP and hence such a scheme is implementable in the same 

manner as illustrated in Example 2.6. 
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A final possibility regarding cut strengthening is 

via the use of a simple linear program. To formulate this 

problem, first consider the disjunctive set sP in (2.4.1) 

and it's representation in terms of 0-1 variables together 

with the continuous variables x. Let, 

0. = 
l 

1 

0 

if x satisfies a. x ~ b. 
l l 

otherwise. 

Then the set sP may be described as follows: 

sP ={ x s Rn: there is oi s {0,1}, i s I such that 

I cS. > p 
isI l 

and a. 
l 

X + M( 1 - cS • ) 
l 

~ bi, i 

X ~ 0 } 
E I 

where Mis a large positive number. Let a valid inequality 

rr x ~ 1 be given and consider the following problem: 

(MC) = Min rr•x 

s.t: a. X + M( 1 cS. ) ~ b. / i E I 
l l l 

I cS. ~ p 
i I l 

E 

X ~ 0, 0 ~ cS. ~ l, i E I l 
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Problem (MC) is the linear relaxation of a mixed integer 

program. If rr0 > 1, then the inequality IT x ~ rr0 is valid 

and this constitutes a strengthening of the inequality 

IT x ~ 1 (MC will not be as effective if Mis too large or if 

p << III ). Of course the translation thus obtained may be 

further strengthened if the mixed integer program itself is 

solved. However, this would involve more computation than 

may be justified by the need for strong cutting planes. 

2.5 Concluding Remarks 

The main concern of this chapter was the deriva-

tion of cutting planes for EPMP. Several methods for cut 

generation were provided. However it is the contention of 

the author that for problem EPMP, the cuts due to combinato-

rial strengthening are ones that may prove the most effec-., 

tive. This is because the computations are not excessively 

embroiled in finding multipliers explicitly for every const-

itutent set of the disjunction. On the other hand, the set 

utilized in the disjunction may often be quite strong and 

thus provides reasonably deep inequalities. 

The inequalities derived in this chapter may be 

utilized in a variety of problems, including the more gener-

al Generalized Lattice Point Problems. Furthermore, as dis-

cussed in Chapter 1, the valid inequalities given here may 

also be utilized in Tui-type cone-splitting algorithms. 
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With regard to the algori thins presented in this 

research these valid inequalities play a crucial role in 

Chapters 4 and 5. However, as shown in the next chapter, the 

rudimentary cutting plane algorithins of this chapter may not 

converge. 



Chapter 3 

CONVERGENCE OF CUTTING PLANE ALGORITHMS 

3.1 Introduction 

The previous chapter presented several cut genera-

tion procedures for problem EPMP. These cutting planes are 

utilized in a sequential process in which a sequence of li-

near programs are solved. The question addressed in this 

chapter deals with conditions under which algorithms can be 

guaranteed to stop in a finite number of steps. 

It will be recalled that the design of cutting 

plane algorithms for integer and other nonconvex programs 

has attracted considerable attention. For the most part, 

these studies have been in the spirit of the previous chap-

ter mostly devoted to the generation of cutting planes. 

For example, Gomory [30], Glover [24, 27], Balas [4, 2], 

Johnson [40], Burdet [12], Jeroslow [38, 37], Sherali and 

Shetty [64] are but a few representatives of the tremendous 

research effort that has been devoted to cut generation. 

With the exception of some results in integer programming 

[61, 31] investigations into the convergence of algorithms 

for nonconvex programming problems have been few. Among the 

few attempts to study the finiteness of cutting plane algor-

77 
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ithms are the papers by Jeroslow (39], Blair (11] and Shera-

li and Shetty (66] for facial disjunctive programs (see FDP 

problem statement in (1.2.5)). 

This chapter presents an analysis of finitely con-

vergent algorithms for EPMP and related problems. In parti-

cular, Blair's results (11] are shown to apply and an alter-

nate set of conditions are also derived. Finally, to 

illustrate how algorithms may continue ad infinitum, an ex-

ample of nonconvergence is given. It is noted that in addi-

tion to EPMP, the analysis given applies to GLPP, CCLP (see 

(1.2.1),(1.2.3) respectively) and to certain problems with 

multiple choice constraints. 

3.2 Application of Facial Disjunctive Conditions 

This section presents an application of Blair's 

theorem (11] for the finite convergence of cutting plane al-

gorithms. In the following, the essential segments from 

Blair's analysis for facial disjunctive programs are ex-

tracted so as to apply to EPMP. 

Recall from the notation introduced earlier that 

EPMP may be stated as, 
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EPMP: Minimize c•x 

subject to: 

where 
n X = {x ER: Ax~ b} 

and Vis the set of vertices of 

and a cutting plane algorithm for EPMP is as follows: 

1. 

2. 

3. 

Initialize with k = 0, P 0 = X n Y. 
k Solve LPk = Min{c•x: x E P }. If LPk is infeasible, 

EPMP itself is infeasible and hence stop. Otherwise, 

let xk solve LPk. 

If k k solves and hence Other-X EV, X EPMP stop. 

wise, generate an inequality rrk X ~ IT* such that 

ITk k k •x < IT 0 and X EX('\ V =-> IT k 
X ~ 

k 
ITO . Set 

pk+l = Pk n k { IT X ~ IT* } and k = k + 1. Go to 2. 

To begin a discussion of Blair's conditions on an 

intuitive basis, it is first noted that if a cutting plane 

algorithm continues indefinitely, this means that there is 

at least one face, say G', of the original polyhedral set 

p 0 = X n Y which the algorithm "visits" infinitely often, 
k 

i.e there is an infinite sequence {x }kEK, K ~ {1,2, ... } 
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k such that x e: G'. Clearly, the dimension of such a face 

(proper or improper) has to be greater than or equal to 1. 

This follows from the fact that if xk (at step 2 above) 

corresponds to a 0-dimensional face of X n Y, then this face 

is deleted at step 3 and is therefore never revisited. 

Hence to ensure finite convergence of a cutting plane algor-

i thrn for EPMP, the possibility of visiting any particular 

face ( of dim ~ 1), an infinite number of times must be 

avoided. The strategy of Blair is based on the following 

intuitive idea: suppose that the algori thrn has obtained a 
. k k point x that belongs to a d-dimensional face G of P 0 • 

Such a possibility would have been avoided if all the ine-

qualities describing the convex hull of certain lower dimen-

sional faces of Gk k 
were included in P So, one could 

"rectify" this situation for the sake of future iterations 
k+l by including all such inequalities in P , thus construct-

ing a tighter approximation. But, a cutting plane scheme 

allows the addition of only one inequality at a time. 

Hence, Blair suggests that only one of the required inequal-

ities may be added, but one should remember that at the kth 

iteration, only one inequality was added; and if at a future 

iteration the algorithm returns to Gk, then one of the re-

2 In his theorem, Blair actually does not differentiate bet-
ween the various d-dimensional faces (Here, d is fixed). 
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maining inequlities may be added this time and so on. 2 The 

above process is made to hold for all ct-dimensional faces, 

d ~ 1. A cutting plane algorithm that adopts the above 

strategy is finite because every convex hull has only a fi-

nite number of inequalities, and in the worst case, all of 

these may be included. 

Before a statement of Blair's theorem is given, 

consider the following essential concept. 

Definition 3.1 [11]: Let G denote ad-dimensional face of a 

polyhedral set P and let Q ~ P be polyhedral. For 

1 ~ i ~ n, let C( £) = {x: x belongs to a face of P of dimen-

sion~£}. A finite set B(Q,G) is said to be a sharp set of 

inequalities with respect to Q and G, if, 

conv[Q n G n C(d-1) ]= Q n G n {x: II x ~ IIo }. (3.2.1) 
lir,rr 0 ) E B(Q,G) 

A sharp set B(Q,G) is a set of inequalities that describes 

the convex hull of those lower dimensional faces of G that 

also belong to Q. 

Let a cutting plane algorithm generate a sequence, 
k k k ( II , II O ) } such that, x is an extreme point 

' II 
k k k k+l k k k x < II O , and where P = P n {x: II x ~ II O } • 

Of course, this is also consistent with the informal de-
scription above. 
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each k it is also possible associate k of To X to a face G 

po =XnY k 
such that either dim G = 0, (in which case 

k ti k 
X =G ) I or dim Gk~ 1 and x E: relint G 

k 

Let d = dim Gk. Define for each k the following: 
k 

Lk (dk) = largest m ~ k-1 such that dm < dk, (3.2.2) 

That such Lk (dk) exists follows from the fact that a face 

Gk is the convex hull of vertices of P 0 • The theorem is 

now given without proof. 

Theorem 3.1: Suppose that a cutting plane algorithm genera-
k k k k 

tes a sequence {P , x , ( rr, rr )} such that, 
0 

i. Ilk X ~ Ilk 
0 is a valid inequality and 

Ilk k < IT* X 

ii. If dk > 0, let rk = Lk ( dk ) + 1 and for 

r 
Gk some ( IT I IT 0 ) E: B(P k 

I ) I (a sharp 

set of inequalities), suppose that the 

following holds: 

Gk n pk ~ GknPkn{rr X ~ IT 0 } 

Gk n pk n {Ilk X ~ IT~ } C: Gk n k p n { IT X ~ ITO}. 

(3.2.3a) 

(3.2.3b) 

(3.2.3c) 

Under these conditions, the algorithm terminates in a finite 

number of steps. 
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The above conditions conform to the informal 

discussion earlier; (3.2.3a) requires xk to be deleted by a 

valid inequality and ( 3. 2. 3b...:.c) require the cut inequality 

to be such that one more sharp inequality is utilized. Not-

ice the role played by rk and Lk(dk) in remembering when the 

algorithm last visited a face of dimension lower than dk. 

An essential shortcoming of the theorem is at once evident. 

Remark 3.1: Sharp sets of inequalities, as given by Defini-

tion 3.1, are difficult to obtain, and hence it becomes dif-

ficult to ascertain whether or not a given algorithm satis-

fies the conditions of Theorem 3.1. One of the difficulties 

with the definition is its use of the set C(d-1), which de-

notes the collection of faces of P of dimension less than or 

equal to d-1. Since cutting planes are typically derived 

from inequalities ( as in Chapter 2), the explicit use of 

dimensionality in (3.2.1) makes the comparison in (3.2.3 

b,c) difficult. Condition (ii) of Theorem 3.1 is similar, 

in spirit, to row selection rules in the traditional integer 

programming literature. Conditions (3.2.3b-c) requires the 
k k cut IT x ~ rr0 to be compared to an inequality in the sharp 

set of inequalities, and the former must be at least as 

strong as the latter. Condition (3.2.3b) requires the sharp 

inequality utilized in the comparison to delete some points 
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Thus inconsequential sharp inequalities are 

In a subsequent section it is shown by an exam-

ple, how convergence may fail if condition (ii) (in particu-

lar (3.2.3b)) is not met. 

Remark 3.2: 

Theorem 3. 1. 

Notice how (3.2.2) incorporates a memory into 

Implementing this condi ton in cutting plane 

algorithms is not as difficult as it may seem. All that is 

required, is a vector of dimension n that stores and updates 

Lk( d), d = 1, 2, ... , n, and, if no inequalities are dropped, 
rk 

then a polytope P may be constructed at any iteration k, 

by including all inequalities that have been added thus far. 

Of course as remarked above, the comparison in (3.2.3c) re-

mains difficult. 

3.3 An Alternative Convergence Theorem and Accessible Cuts 

The results of this section are aimed at utilizing 

more accessible cuts than those utilized in Definition 3.1. 

The motivation once again, is the same as that of Remark 

3.1. Our goal is to identify a class of cutting planes that 

are derived from inequalities 

finitely convergent algorithms. 

such that these also yield 

Thus, the thrust here is 

similar to that of Jeroslow [39] who gives finitely conver-

gent cutting plane schemes for facial disjunctive programs. 
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As before, let a cutting plane algorithm generate 

{x k pk ( k Ilk ) } and to each xk i V = vert a sequence I I II I 0 

Y, associate a face k 
F of Y such that k relint Fk Of X E: . 

k k 
course when X E: V, the algorithm stops. Let dk = dim F 

k Notice that the faces F are faces of Y as opposed to the 

faces Gk of X n Y that were utilized in the previous sec-

tion. To ease the notation, let the following systems be 

equivalent, 

i E: 
i = l, ... ,n,} 
j = l, • • • In 

(3.3.1) 

In (3.3.1), the system on the right is one in which every 

inequality defining the set Y has been written in a reversed 

sense. Thus, for i E: I, hix ~ hio denotes one of these re-
k versed inequalities. Now, for x i V = vert Y, let Ik c I 

k denote that subset of inequalities that hold at the point x 

(With respect to the description of Y these correspond to 

the binding inequalities at xk ). The class of cuts consid-

ered in the following are those derived from the following 

disjunction, 

Sk = Qk n Hk ~ Qk n {x·. X ~ U {h X < h }} 
C. i - iO 

ifik 
(3.3.2) 
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where Qk are polyhedral and will be made specific subse-

quently. It will be shown that through a proper choice of 

Qk and a specific rule for the choice of cuts, a finitely 

convergent cutting plane algorithm may be obtained. As one 

can already surmise, the goals here are quite limited in 

comparison to the generality of Theorem 3.1. However, with 

respect to being able to actually generate cutting planes 

that yield finite algori thrns, this step is essential. In 

the presentation below, the statement of theorems are accom-

panied by an intuitive explanation for their need. Proofs 

of the results are postponed to the end of the section. 

Lemma 3.1: Let F be a face of a polytope P such that 

dim F ~ 1. Let I(F) S. I denote the subset of inequalities 

that hold for some x E relint F and define the set, 

Then, 

H(F) = {x: x E u 
if-I(F) 

conv [ F n Q I\ H ( F) ] = F n conv [ Q n H ( F) 

(3.3.3) 

(3.3.4) 

where Q S P, and the inequalities in ( 3. 3. 3) are given in 

(3.3.1). 

Remark 3.3: What the above result claims is that the convex 

hull of certain disjunctive sets, namely F n Q () H(F), may 

be obtained in a sequential manner by deriving (sequential-
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ly) the convex hull of Q n H(F) and then taking the neces-

sary intersection with F. The validity of obtaining the 

convex hull of Q n H(F) itseif in a sequential manner is a 

well known result of Balas [4]. 

Another important property that will be used is 

the following, 

Lemma 3.2: Consider a sequence {xk, pk ,(Ilk, 

erated by a cutting plane algorithm and let k 0 be a given 

index. Suppose, xk 0 i V and hence we identify Fk 0 such 

that .,fa E relint Fk 0 • Suppose that there is k1 ~ ko-1, 

such that k1 is the largest index satisfying the property 

that Fk 1 S Fka. Then xk 0 is a vertex of Pk 1 +l_ 

The truth of the above result is quite easy to see 

because all cuts in the interval k 1 + 1 ~ k ~ ko are valid 
k and x O belongs to each of the disjunctions. The intuitive 

reasoning behind the route to convergence is to avoid the 

possibility of invoking any particular disjuntion infinitely 

many times. This, and the theorem below are in the spirit 

of Jeroslow's finite cutting plane game for facial disjunc-

tive programs (39]. 

Theorem 3.2: Suppose that a cutting plane algorithm gener-
k k k k ates a sequence {x , P , ( IT , rr0 )}. For all k E {1,2, ... } 

let xk and ( Ilk, IT*) satisfy, 
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is a valid inequality and rrk xk < 

Further, consider k such that 

denote the largest m ~ k such 

dk = dim Fk > 0, and let Lk 

that Fm c:. Fk k (Recall that F 

are faces of Y). Fork such that Lk = k, no further condi-

tions (in addition to (i) ) are required. 

Lk~ k - 1, let ( Ilk, IT~ ) satisfy, 

Fork such that, 

(ii) ( Ilk, IT*) is a facet of conv(Sk ) where the definition 
k of S in (3.3.2) uses, 

Qk Lk+l 
- p (3.3.5) 

Then, the algorithm cannot generate an infinite sequence. 

Remark 3.4: Once again, the above convergence theorem in-

corporates a memory into the algorithm. It may be observed 

that the above result requires more information regarding 

previous iterations than Theorem 3. 1. The reason is that 

Theorem 3.2 remembers disjunctions that were employed previ-

ously as opposed to merely the dimensionality in Theorem 

3.1. Thus, whereas one has the advantage of utilizing ac-

cessible cuts (and no comparisons as in (3.2.3b-c}, by de-

fault), the other has the advantage of requiring less infor-

mation regarding previous iterations. It is obvious that 

neither theorem is implementable in a rudimentary cutting 

plane algorithm. 
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The remainder of this section gives the proofs to 

the above results. The following section gives examples il-

lustrating how convergence may not be achieved. 

Proof of Lemma 3.1: If Q n H(F) = ~' then the 

result holds trivially. So let Q n H(F) # ~-

Now if x E conv(F n Q n H(F)), 

then x E conv(F n conv(Q n H(F)) 

or x E F n conv(Q n H(F)). On the other hand, 
- -let X E F n conv(Q n H(F)). Since x E conv(Q n H(F)), 

there are points xj (Q n H(F)) such that, 

x = I .\ . xj , 
j J 

l .\. = 1, . J 
A.~ 0 

J 
(3.3.6) 

J 

Also, since Fis a face of P, there is an inequality 

CL x ~ CLo such that P S {x: CL x ~ CLo}, and for x E F, 

-Hence x E F implies, 

CL~= L .\. CL xj = CLo (3.3.7) 
j J 

Now suppose that in (3.3.6) there is some j 0 I such 

.\. > 0 and xjo I. F. Then CL xjO < CL 0 I and hence, 
J 0 

A. CL xjO < A. CL 0 
J 0 J 0 

Since xj E Q SP, it follows that CL xj ~ CLo for each j, 

with the inequality being strict for jo . Hence, 

that 
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'i' ' xj < 'i' ' l ~. a ~ ~J· ao = ao 
j J J 

(3.3.8) 

But (3.3.7) and (3.3.8) are contradictory. Hence for all j 

such that A, 
J 

> 0 in (3.3.6), xj E F. Hence it follows that 

x E conv(Fn Q n H(F)), and the proof is complete. 

Proof of Lemma 3.2: k Suppose x 0 
kl+l is not a vertex of P 

Then, it has been created by the addition of subsequent in-

equalities Ilk x ~ IT* k 1 + 1 ~ k ~ ko - 1. But observe 

h · k · h 1 d Fk 1 c_ pko , tat since 1 is t e argest in ex such that 

for all k such that k1 + 1 ~ k ~ ko - 1. To see 

why Fko c. Hk, note that on every face of Y, there is only 

a subset of inequalities in I that hold. This is because 

every inequality indexed by I is reversed in comparison to 

those defining Y itself. Now for k 1 + 1 ~ k ~ k 0 - l, 

Fk and Fko are distinct faces and F k ¢ Fko. Thus for some 

inequality not in Ik (the set of inequalities in I that hold 

on Fk ), say i 0 i Ik' we have h. x = h. 0 for all x E Fk 0 • lo lo 

Thus Fk 0 c Hk Hence for k1 + 1 s ks ko - l, Fk 0 n Pk is 

invariant, i.e; the inequalities Ilk x ~ IT* 

k 1 + 1 s ks k 0 - l, based on the disjunction (3.3.2), do 

not delete any point in Fk 0 n Pk. But this is contrary to 

our supposition that xk E Fk 0 is not an extreme point of 
k +l P 1 , and the lemma is proven. 

Proof of Theorem 3.2: First observe that utilizing the rec-
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ommended inequalities, condition (i) is satisfied. This 

follows from Lemma 3.2 and the arguments of Section 2.3. 

Now suppose that the algorithm generates an infinite sequen-

ce {xk, Pk,( rrk, rr~ )}. Then, there is a collection of 

faces F of Y such that for each FE F, there is an infin-
k 

ite sequence YF of indices such that for k E yF F = F. 

From F E F, choose F0 such that dim F 0 = Min dim F. 
FEF 

Clearly dim Fo ~ 1. Now consider an index T such that 

there is subface F1 c. Fo such that k for k ~ no F = F 1 T • 

That such a T exists follows from the fact that for F 1 ~ F o, 

no infinite sequence can be obtained. But for k E Yp I 
0 

k ~ , , the disjunctive sets Qk n Hk are invariant because 

of the rule (3.3.6). Hence, after a finite number of steps, 

one derives by (Lemma 3.1)) the conv(F 0 n PL n H(F 0 )) where 

L is some finite index. Hence for some index M, M (F 0 n P ) 

is the above convex hull. But, since {h, X 
l 

$; h iO} n Y, 

i E I are faces of Y ' every vertex of Fo n PM belongs to a 

lower dimensional subface of Fa Hence if YF is to be 

an infinite sequence, the algorithm must visit some lower 

dimensional face of ~ for k ~ M. But this contradicts 

our choice of , and the proof is complete. 
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Illustration of Convergence Theorem and Nonconvergence 

It has been emphasized in the previous sections 

that the incorporation of memory in convergence theorems is 

essential. This section illustrates the consequence of not 

doing so. The example of this section shows how a particu-

lar disjunction may be invoked infinitely many times and the 

sequence generated does not tend to any vertex of Y. 

Max 

subject to: - X1 - 2x 2 + 

-2x 1 - 2x 2 + 

-2x 1 - X2 + 

2x 1 + 2x 2 

Xl , X2 , X3 

X3 

2X3 ~ 0 

3x 3 ~ 0 

2x 3 ~ 0 

~ 3 

E: {0,1} 

(3.4.la) 

(3.4.lb) 

(3.4.lc) 

(3.4.ld) 

(3.4.le) 

(3.4.lf) 

Suppose that a cutting plane algorithm for EPMP is applied 

to the above problem; in particular, suppose that the cuts 

to be utilized at iteration k are specified to be facets of 
k k k k conv(P n H ) , where P and H have been defined previ-

ously. Notice that since Lk of Theorem 3. 2 is not being 

utilized, this is a memoryless algorithm. This is indeed 

the only difference between the procedure specified here and 

that given in Theorem 3.2. 

Let Y denote the unit hypercube {x: 0 ~ x ~ 1} and 

let the set X be defined by inequalities ( 3. 4. lb-e). The 
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1 Limiting Valid Inequality (1, /2,d) 

Figure 3.1 
Example of Nonconvergence of a Cutting Plane Algorithm 
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set P 0 = X n Y is illustrated in Figure 3.1 It is instruc-

tive to study the geometry of the algorithm as it proceeds. 

Suppose the linear program ov~r the set P 0 is solved and let 

the first solution, x 0 , be (1,1/2,1). Since x 0 is infeasi-

ble, we identify a cut such that the inequality is a facet 

of conv(P 0 ti H0 ). Here, 

H0 = { x: at least one of the following hold; 

X l ~ 0, X 3 ~ 0, X 2 ~ 0 1 X 2 ;'.2:: 1 } (3.4.2) 

Thus the first cut, passes through the points (1,0,1/2), 

( 1/2 , 1 , 1 ) and ( 0, 0, 0 ) . It is a facet of conv(P 0 n H0 ) and 

the inequality is given by, 

(3.4.3) 

The set P 1 has the same extreme points as P 0 , except that 

(1,1/2,1) is replaced by (l,1/2,7/8). After (3.4.3) is ad-

ded and the linear program is solved, the point x 1 is ob-

tained; x 1 = (1/2,1,1). Once again x 1 is infeasible and so 

a facet of conv(P 1 n H1 ) is obtained. Here, 

H1 = {x: at least one of the following hold; 

X1 ~ 0, X 1 ;'.2:: 1, X2 ~ 0, X 3 ~ 0} (3.4.4) 

Such a facet passing through (l,1/2,7/8),(0,l,l/2), and 

(0,0,0) is given by the inequality (3.4.5). 
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(3.4.5) 

Notice how the linear programming solutions alternate bet-

ween the two edges {x 1 = 1, s 4 = 0} and {x 2 = 1, s 4 = 0}. 

Continuing in this manner, an infinite sequence of cuts is 

generated and the inequalities converge in the limit to the 

following (see Table 3.1). 

(3.4.6) 

The cut (3.4.6) passes through (1,0,1/2), (0,1,1/2) and 

(0,0,0). It is clear that neither subsequence of LP solu-

tions can converge to a feasible solution to problem (3.4.1) 

since all points of each convergent subsequence belong to 

the facet 2x 1 + 2x 2 = 3, which itself contains no feasible 

point. 

Remark 3. 6: The above computations have been performed 

without resorting to simplex type calculations involving ba-

sic and nonbasic variables for the following reason: by do-

ing so, it is emphasized that the nonconvergence in this ex-

ample has nothing to do with lexicographic dual simplex. 

This is because the same inequalities can be obtained in any 

system ( of variables) because the disjunctive statements 

(sets) here are invariant with the coordinate system. 
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Table 3.1 
An Infinite Sequence of Cutting Planes 

Iteration LP Optimum Cut Inequality 

0 (l,1/2,1) -Xi -(3/2)X2 +2x 3 s 0 

1 (1/2,1,1) -(5/4)Xi -X2 +2x 3 s 0 

2 (l,1/2,25/32) -Xi -(9/8)X2 +2x 3 s 0 

3 (1/2,1,49/64) -(17/16)xi -X2 +2x 3 s 0 

4 (1/1/2,97/132) -Xi -(33/32)X2 +2x 3 s 0 

. . . . . . . . • • II II 

II II II II II II II II II II o 9 

Limit II II II II -X1 -X2 +2x 3 s 0 
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The above example possesses some notable features. 

the cut inequalities are what might seem quite 
k k they are facets of conv(P n H ) . On the other 

hand, if one simply imposes the disjunction x E ~ in terms 

of the nonbasic variables (at xk ), together with the nonne-

gativity of only these nonbasic variables, the resulting 

cuts are the same as those given in Table 3.1. For example, 

at the point XO € pa' the canonical equations are, 

X1 = 1 s 1 + (2/3) s 2 - ( 1/3) s 4 

X2 = 1/2 + s 1 (2/3) s 2 ( 1/6) s 4 (3.4. 7) 

X3 = 1 - ( 1/3) s 2 - ( 1/3) s 4 

where the nonbasic variable s 1 , s 2 , s 4 are the slacks as-

sociated with (3.4.lb), (3.4.lc) & (3.4.le) respectively. 

Now utilizing (3.4.2) and the fact that s 1 , s 2 , s 4 ~ 0, 

the disjunctive cut principle gives the following valid cut. 

2s 1 + (4/3)s 2 + (l/3)s 4 ~ 1 (3.4.8) 

It may easily be verified that (3.4.8) is the same hyper-

plane as (3.4.3). In other words, every inequality in Table 
k k 3. 1, though a facet of conv( P n H ) , may be obtained 

through the disjunctive set of Section 2.3. In terms of the 

traditional convexity cut lemma, it is easily seen that the 

cut in iteration k ~ 0, passes through the points, 
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(0,0,0),(3/2,0,3/4), xk+l 

(0,0,0),(0,3/2,3/4), xk+l 

fork= 0,2,4, .. . 

fork= 1,3,5, .. . 

Here x k+l denotes the the LP optimum point for iteration 

k + 1. Thus, it has been shown that al though the cutting 

planes are seemingly strong (facets of conv (Pk n Hk ) ) , 

they are obtained through traditional cutting plane schemes 

of integer programming. 

Remark 3.7: It is noted that the limiting inequality in Ta-

ble 3.1 may be obtained by utilizing Gomory's fractional cut 

on the row given in (3.4.7), at the first iteration. Alt-

hough Gomory's cut itself can be derived through disjunctive 

methods (37, 63], these too must utilize the integrality of 

each variable. Such methods do not apply to EPMP in gener-

al. 

the 

Returning to the issues of convergence, 

sequence {Fk} generated above. For k = 0, 

examine 
k 

F is 

the face {x1 = 1, x3 = 1} and for k = 1, Fk is the face 

{x 2 = 1, x 3 = 1}. Fork= 2,4, ... , ~ is the face {x1 = 1} 

while for k = 3,5, ... , the face Fk is {x 2 = 1}. Now con-

sider the third iteration, k = 2, and suppose that instead 

of generating a cut by utilizing (P 2 n H2 ), the algorithm 

utilized the set (P 
L 2 +1 n H2). Then since L2 = 0, the 

cut would have to be a facet of conv(P 1 () H2 ), where P 1 is 

defined by (3.4.1 b-c), together with OS x S 1 and cut 
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inequality is at iteration 0, and where, 

H2 = { x: at least one of th~ following hold; 

(3.4.9) 

Geometrically from Figure 3.1, there is only one such facet 

and it passes through the points ( 1, 0, 1/2), ( 1, 1/2, 0) and 

(1/2,1,1). The inequality is given by, 

(6/7)x 1 + (2/7)x 2 + (2/7)x 3 ~ 1. 

This should help clarify how an infinite sequence of cuts 

can be avoided. 

3.5 Applications to Related Problems 

Analysis of convergence presented in the previous 

sections is quite readily applicable to other problems in 

disjunctive programming. In particular, problem GLPP ( see 

(1.2.1) for problem definition) may utilize Theorems 3.1 and 

3.2. Note, however, that as in the case of EPMP, Theorem 

3.1 is of very little help in the context of GLPP. To ex-

plain what is meant, recall that GLPP may require a feasible 

solution to belong to a face of Y whose dimension is no more 

than n - o ( the notation here is the same as in ( 1. 2. 1)), 

where o is some specified integer. Suppose that at the 

kth iteration xk is obtained via a cutting plane algorithm, 
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and xk belongs to a face (of Y) of dimension greater than 

n - o Using the notation given in Theorem 3.1, the condi-

tions therein require a cut that is a facet of the convex 

hull of the (dk - 1) dimensional faces of X n Y. Surely if 

such . a facet is easy to derive then problem GLPP itself 

should not pose any serious difficulties - simply derive in-

equalities that give the convex hull of faces of Y whose di-

mension is no greater than n - o. The cutting planes sug-

gested in Theorem 3.2 however, are quite easily applied to 

GLPP and of course, the convergence theorem also applies in 

a straightforward manner. 

The analysis also applies to problems with multi-

ple choice/combinatorial choice constraints. To see the 

connection of these problems with this research, note that 

an Extreme Point Mathematical Program with the counting 

property ( see Definition 1. 2 and problem CEPMP in ( 1. 4. 5) ) 

is a special case of problem MCC below. 
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MCC: Minimize c•x 

subject to: X E: xn T 

where, 

X = {x E: Rn: Ax s b, X 2:: O} 

and 

T = {x e: Rn: at least m1 out of the following hold; 

hi x s hio , i e: r } 

where I is a finite index set, III 2:: m 1 , 

and m1 is a given integer. 

(3.5.1) 

Traditionally, problem MCC has been modeled as a mixed in-

teger program to account for the multiple choice const-

raints [27, 25]. On the other hand, such problems are also 

amenable to solution by cutting plane algorithms that have 

the same structure as an algorithm for EPMP. Thus, one 

first solves a linear programming relaxation over the set X 

and continues to generate valid inequalities and reoptimiz-

ing until a feasible solution to MCC is obtained. Suppose 

at iteration k, a point xk is obtained and suppose xk is not 

feasible to MCC. Then letting Ik denote the inequalities in 
k I that hold at x , one obtains the familiar set, 

Hk = {x: at least 1 out of the following hold; 
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Once again, various cutting planes can be derived for the 

above problem and we consider those suggested by Theorem 

3.2. The obvious question is whether this algorithm con-

verges. The results of Section 3. 3 apply to this problem 

under a specific hypothesis. Consider the following defini-

tion. 

Definition 3.2: An inequality ax~ bis termed facial 

with respect to a polyhedral set X if X n {ax~ b} is a 

face of X. 

The term 'facial' has been borrowed from the facial disjunc-

tive terminology of Balas [ 4] ( see Definition 1. 1) . The 

following easily proven lemma gives the connection between 

the previous results and their application to MCC. 

Lemma 3.3: Let every inequality defining Tin (3.5.1) be 

facial with respect to X. Then there are faces 

of X such that the feasible solutions to 

MCC belong to the union of these faces. 

Proof: By definition. 

Although the above condition is necessary for the 

application of Theorem 3. 2, it is not sufficient. We re-

quire all inequalities indexed by I to be facial. With this 
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property enforced, the utilization of Theorem 3.2 for prob-

lem MCC requires simply one change. k The faces F should now 

be identified as faces of x.' Observe that the disjunction 

invoked on the relative interior of any face of X may be 

utilized only a finite number of times because the rule in 

Theorem 3.2 and the facial property of inequalities defining 

T obtain the convex hulls given in Lemma 3.1. 

Remark 3.8: It is relatively easy to construct examples of 

nonconvergence when the inequalities defining Tare not fa-

cial with respect to X. For example, the following modifi-

cation of an example by Balas [4] for integer programming 

may be utilized: 

Minimize 

subject to: -2x 1 

and at least 2 of the following hold; 

(3.5.2a) 

(3.5.2b) 

(3.5.2c) 

(3.5.2d) 

(3.S.2e) 

The geometry of the example is given in Figure 3.2. Utiliz-

ing the cuts recommended by Theorem 3. 2 does not yield a 

convergent algorithm in this example because the inequali-

ties x 2 ~ 1 and x 1 ~ 1 are; not facial with respect to 
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( 3 . 5 . 2b- e ) . The cutting plane algorithm generates an 

infinite sequence of LP solutions that belong to either 

x 2 = 1 or Xi= 1. As illustrated in Figure 3.2, the cut in-

equalities converge to the dashed line given by 

Xi - (3/4)Xz = 0. 

The above discussion serves to illustrate the use 

of the facial property for problems of the type MCC. It is 

actually possible to ensure that an MCC problem does possess 

the facial property. To accomplish this task, 0-1 variables 

may be introduced and the resulting mixed integer program 

may be viewed as a Generalized Lattice Point Problem ( see 

Chapter 1). To illustrate what is meant, consider the sets 

following X and T for problem MCC. 

X = {x e: R2: Xi + Xz .::: 2, Xi - Xz s 2, 

- Xi + Xz s 2, Xi + Xz s 6} 

T = {x £ R2: at least one of the following hold; 

Xi s l, Xi .::: 3}. 

It is clear from Figure 3. 3 that the facial property does 

not hold for the above problem. Now, to convert it to a mix-

ed integer program, a binary variable x 3 is introduced. The 

problem is now r;:stated as follows: find a point x e: R3 

such that x belongs to a 2 dimensional face of 

{x e: R3 : 0 s x 3 s 1} and satisfies the following: 
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Figure 3.2 
Nonconvergence in the Absence of the Facial Property 
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xl + X ~ 2 
2 

X - X ~ 2 
1 2 

- xl + X ~ 2 
2 

X + X ~ 4 
1 2 

X -Mx ~ 1 
1 3 

X -M(l-x) ~ -3 
1 3 

where Mis a large positive number. As shown in Figure 3.3, 

the facial requirement is clearly satisfied. 

The above discussion· illustrates how the facial 

property may be induced by constructing polytopes (through 

0-1 variables) in a higher dimensional space. 
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Inducing the Facial Property Via 0-1 Variables 



Chapter 4 

A FINITELY CONVERGENT ALGORITHM 

This chapter presents a finitely converegent cut-

ting plane algorithm for problem EPMP. Although the actual 

operation of the algorithm differs from the d11al cutting 

plane algorithms, certain ideas presented in the previous 

chapters are utilized in the development. In particular, 

the motivation for the procedure is derived from the discus-

sion of convergence in the previous chapter. The organiza-

tion of this chapter is as follows: the next section gives 

the general structure of a class of finitely convergent al-

gorithms. Following this, an efficient special case of 

these algorithms is presented. 

4.1 Motivation for a Class of Finitely Convergent 
Algorithms 

To motivate the class of algorithms, first consid-

er a fundamental cutting plane algorithm. In terms of the 

notation introduced in the previous chapter, a cutting plane 

algorithm generates a sequence (finite or infinite) 
k {xk , 

xk /. 

and 

Pk , r? } 
k 

{x: II X 

such that k 
X is a vertex of P and 

where 

> Ilk } h Ilk > - o. w ere x _ II~ is a valid 

= Pk n { X : Ilk X ~ ti k+l 
P 0 = X n Y, P 

inequality 
k no } for 

k ~ 0. Also recall that given xk , it is possible to assoc-

108 
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iate a face Fk of 

(in 

and 

k which case x 

P 0 = X n Y such that either dim Fk = 0 

is an extreme point of P 0 ) or dim Fk ~ 1 
k . k x e relint F . Suppose now that a cutting plane algo-

rithm fails to stop, one can therefore construct an infinite 
k k sequence.{F n P }. Since the number of faces of P 0 are 

finite, it follows that there is a subsequence 

{Fk n Pk}keK , K S.{1,2, ... } such that k1, k 2 e K implies 

Fk 1 = Fk 2 = F(K), say; in other words the algorithm genera-
k tes an infinite sequence of points x on the same face F(K) 

of P 0 • Note that dim F(K) ~ 1. Hence if a cutting plane 

algorithm is to be ensured finite convergence, the impossi-

bility of an infinite k k sequence {F n P }keK must be guar-

anteed. As shown in the previous chapter, this is difficult 

to ensure in a rudimentary cutting plane algorithm. A con-

ceptually simple modification makes finiteness realizable. 

Consider a procedure in which, for any face F of 

P 0 , such that dim F ~ 1, the algorithm deletes finitely of-

ten, a subface F' of F (here F' is also a face of P 0 ) and 

when no proper faces of P 0 remain, the algorithm stops. 

Clearly, such a scheme must be finite. Of course, the dele-

tion of faces of P 0 makes it necessary to memorize and up-

date the best solution obtained during the course of the al-

gorithm. This strategy is the basis of the class of 

algorithms presented. 
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given. 

A general description of the algorithms is now 

At any iteration k, let LPk £ Min{c•x: x E Pk} and 
k let x denote an optimal solution to LPk. Let x EV denote 

an incumbent solution, i. e the best feasible solution for 

EPMP obtained thus far, and let V = c•x. Clearly, if 
k then solves EPMP and the algorithm stops. On c•x ~ v, X 

k k k 
the other hand, suppose c•x < v. If X E V, then X 

solves EPMP. h . bf . "h k Ot erwise, as e ore, associate wit x , a 

face E'k of P 1 such that xk E relint E'k Next identify a 

face Gk of P 1 such that Gkc:::. E'k. Such a face will be re-

ferred to as a proper subface of E'k . If no such subface 

exists then set Gk = E'k . Clearly if Gk = pk , then no 

proper faces of P 1 remain and the algorithm stops. Other-

wise, solve the problem, 

(4.1.1) 
subject to: X E 

where Vis the set of feasible solutions (extreme points of 

the set Y). If the solution exists, update the incumbent x 

if necessary. In any case, delete cf- and Pk+l results. A 

schema of the general algorithm is given in Figure 4. 1. 

Certain details as to the identification and deletion of cf'-

have not been included here in order to focus on the basic 

framework of the algorithms being discussed. 
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Initialize 
Set k=O, Po =X () Y, ;;=+co 

Solve LPk ~ Min {c•x 

-X = <j> 

k Xe: p } STOP 

>--Y.:.e;.2.s ___ ~ i solves. EPMP 

Yes 

No 

Yes 

Solve Min {c•x : x e: Gk (1 pk() V} -----' 

Figure 4.1 
General Structure of a Class of Finite Algorithms 
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One of the apparent difficulties with the approach 

outlined above is that each iteration presumably requires 

the solution of an extreme point mathematical program 

EP(Gk). However as shown below this step may be actually 

made quite efficient through a proper choice of the subface 

Gk 

4.2 Efficient Choices of Subfaces 

This section specializes some of the ideas of the 

previous section to design an efficient finitely convergent 

algorithm. In particular, the choice of a subface and how 

to identify it is the main concern of this section. The 

procedure to delete such faces is postponed to the following 

section. 

The key to the efficient choice of subfaces is the 

result of Proposition 1.1 which claims that x £ X n V im-

plies that xis an extreme point of P 0 = X n Y. In view of 
k this result, it is sufficient to choose G in such a manner 

as to utilize the smallest dimensional subfaces of Fk . 
k However identifying the smallest dimensional subfaces of F 

is not, in general, an easy task. Instead, the following 
k rule may be recommended: choose G such that, 
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1. 
k k G c. F is a face of P 0 such that 
k k G n P # ~ 

(4.2.1) 
2. For any face G' of P 0 such that 

k k G' c. G , G' n P = ~ 

k A face G satisfying the above properties is what Majthay 

and Whinston [48] term as an extreme face of P 0 with respect 

to Pk. An extreme face Gk has points feasible to Pk , 

though no proper subface of Gk is feasible to Pk . Such 

faces play an important role in algorithms for concave min-

imization [48] and facial disjunctive programs [66]. In the 

context of EPMP, it is actually sufficient to consider a 

subset of the faces satisfying the above properties. It is 

advantageous to consider only those faces of P 0 that are 

subsets of faces of Y. The validity of this specialization 

is given by the following generalization of Proposition 1.1. 

Lemma 4.1: Let F be any face of Y and suppose P c:. X n Y 

is any polyhedral set. Then F n Pis a face of P. 

Proof: If F n P is empty, the result holds trivially. 

Hence suppose that F n Pis nonempty. Since Fis a face of 

y there exists a hyperplane a X = a.a such that 

Y S { X: a x ~ a a } and F = Y n { x : a x = a a } • Since 

P CY, this implies that, F n P = P n {a X = a.a }. Thus 

F n Pis a face of Pas claimed. 
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Based on the above result, it is advantageous to 

differentiate between faces of P 0 • Thus instead of identif-

ying a face Fk of P 0 and a subface Gk c Fk as given 

by( 4. 2 .1), we identify subsets of faces of Y, denoted yk 

(these are of course also faces of P ), and subsets ther-

eof, denoted Z k 

is as follows: 

Motivated by ( 4. 2. 1) , our choice of Z k 

• zk c yk is a face of Y such that 

zk n Pk ,; i 

• For any face of Z' of Y such that 

z' c z , z ' n Pk = i . 

(4.2.2) 

The analogy between (4.2.2) and (4.2.1) is obvious. Thus in 

terms of Figure 4.1, our implementation uses Yk and Zk in 

place of F k and Gk . In any case the important observa-

tions common to both (4.2.1) and (4.2.2) are that the sub-

faces (whether zk or Gk ) are relatively easy to identify 

and of course the problem in (4.1.1) is trivial to solve be-

cause the feasible region therein is either empty or a sin-

gleton. 

The task now is to indicate how to identify Zk 

satisfying (4.2.2). Lett= d - Dx and rewrite, 

Y = {x,t: X ~ 0, t ~ 0}. 
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The variables x and twill be called key variables. The re-

maining variables in the program are nonkey variables. Re-

call that any proper face of a polyhedral set is the inter-

section of certain supporting hyperplanes. Since we can 

restrict our attention to only those faces of P 0 that belong 

to faces of Y, it is clear that such faces have a specific 

number of key variables set equal to zero. Based on this 

observation, Maj thay and Whinston [ 48] suggest a simple 

procedure to detect relevant subfaces. Their method is 

adopted in the procedure presented here and may be summar-

ized as follows: 
k k 

Given x s Y and the associated simplex tableau, 

minimize sequentially every basic key variable (in the ta-
k k bleau representing x ) over P , under a restricted basis 

entry rule that no key variable is allowed to enter the set 

of basic variables. The procedure ends when all basic key 

variables have been considered. 

in the basis associated with x k 

Thus if the key variables 

are x 1 , x2 , t 1 , t 2 , 

then one minimizes each of these variables (in an arbitrary 

order) under the restricted basis entry rule. It is easily 

shown that the nonbasic key variables at the end of the 

above sequence of steps gives zk satisfying (4.2.2). It is 

remarked that the same process may be utilized to identify 

Gk as in (4.2.1) by redefining the key variables to include 

s = b - Ax in addition to the variables x, t. 
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With the choice of subfaces presented above, the 

problem (4.1.1) (with Gk+ Zk) reduces to an artifice. Of 

course in certain special cases, other choices may still 

maintain the efficiency of these algorithms. For example, 

in the case of 0-1 integer programming, the class of algor-

ithms discussed here can be utilized to design hybrid al-

gorithms that use certain enumerative techniques to solve 

(4.1.1). One of the advantages of such a hybrid algorithm 

is in alleviating a commonly encountered disadvantage of en-

umerativejbranch and bound methods: it is time comsuming to 

provide evidence (proof) for the optimality of an incumbent 

solution. 

4. 3 Face Cuts 

The derivation of cutting planes to delete a sub-

face is now given. The cutting planes utilized draw upon 

the ideas of Chapter 2. It must be mentioned that the ap-

plication of disjunctive methods for this algorithm is so-

mewhat different from the earlier applications since the 

task here involves the deletion of a face as opposed to the 

deletion of a point. 

For notational simplicity, let the key, variables 

be denoted z and let Band N denote index sets for the basic 

and nonbasic variables at the end of the extreme face find-
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ing procedure. Further, let Kc. N denote the subset of non-

basic key variables and similarly let LS.N denote the sub-

set of nonbasic nonkey variables associated with the current 

point. Note that the nonbasic key variables K specify the 

required face; namely those points in Y for which 

z. = 0, j EK. Thus an inequality that deletes such a face 
J 

must imply an inequality of the following type 

TI. z. > l 
J J 

(4.3.1) 

The inequality (4.3.1) must hold for the face to be deleted 

because, every point on the face satisfies zj = 0, j EK. Of 

course, the inequality must necessarily be valid. To derive 

such an inequality, note that at every step of the Majth-

ay - Whinston scheme, some basic key variable is minimized 

and suppose that a subset of these, when minimized under the 

restricted basis entry rule, do not attain a value of zero. 

Denoting the subset of such variables as H, we have for each 

h EH, an inequality as follows (at the final tableau which 

minimizes zh over pk . ) 

z = bh I h I a~ h E H s. B (4.3.2) - a. z. - S, h 
jEKh J J jELh J J 

where Kh = nonbasic key variables at this stage, 

and Lh = nonbasic nonkey variables at this stage. 

Let M = u Lh Thus, noting that K CK and adding 
hr::H h 
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zero coefficient terms as necessary, (4.3.2) becomes, 

h a. z. -
J J 

h a, S •I 

J J 
h e:HCB (4.3.3) 

Recall that for all he: H, zh > 0 on the face 

identified by { zj = 0, j e: K} and furthermore, for any ver-

tex of Y, that does not belong to the extreme face, at least 

one z h , h e: H must equal zero. Thus, requiring 

u {zh ~ O} we have: at least one of the following inequ-
h e: H 

alities must hold, 

h a. z. + 
J J 

Hence utilizing Theorem 

and noting that bh > 0, 

ty is obtained. 

l h h {Max ( aj /b )}zj + 
j e:K 

2.1 

h e: 

l 
j e:M 

a~ s . ~ bh, h e: H 
J J 

(the disjunctive 

H, the following 

h h 
{Max( aj /b ) }sj ~ 

(4.3.4) 

cut principle), 

valid inequali-

1 (4.3.5) 

To see that (4.3.5) implies (4.3.1), simply note that every 

coefficient of th~ nonkey variables j e: Min (4.3.5) is non-

positive; for otherwise the value of zh in (4.3.2) is not a 

minimum under the restricted basis entry rule (Recall that 
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the nonkey variables are allowed to enter and leave the ba-

sis). Hence the second term in (4.3.5) is nonpositive for 

nonnegative sj , j e: M and hence, (4.3.5) implies (4.3.1). 

Finally, for s . such that j e: B, the canonical expression 
J 

for s. may be substituted in (4.3.5) to give the inequality 
J 

to be introduced in the simplex tableau. It is noted that 

similar procedures have been adopted for facial disjunctive 

programs [66] and bilinear programs [65]. 

4.4 Summary of the Proposed Algorithm 

The details of the procedure are now summarized as 

follows: 

1. Initialization: Set k = 0, P 0 = X n Y, v = + 00 I 

X = </J • 

2. Mainstep: 

i) Solve LPk = Min{c•x: x e: Pk}, and let xk solve 

ii) 

iii) 

k -LPk. If c•x ~ v, stop; x solves EPMP. Next 

if xk e: V, stop; xk solves EPMP. Otherwise go 

to 2(ii). 
k Delete x by using a valid cut as discussed in 

Chapter 2. 
k Find an extreme face Z of Y relative to pk 

if possible. If none exists, stop; x solves 

EPMP. Otherwise go to 3. 
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3. Fathoming Step: If Zk EV, check if c•zk < v. If so, 
k k 

then set v = c•z , x = z . In any case, delete 

the extreme face Zk and go to 2. 

It is clear that the finiteness of the above al-

gorithm is a result of the fathoming step, since Y has only 

a finite number of extreme faces relative to the union of 

all the sets. 

Remark 4.1: Step 2 (b) of the above algorithm may utilize 

any of the cutting planes introduced in Chapter 2. However, 

since the cuts obtained from combinatorial strengthening ap-

pear to be quite effective, these will be recommended. Thus 

this step involves the utilization of (2.4.2) and (2.4.2a), 

where the details regarding the ordering of inequalities and 

the choice of the parameters is given in (2.4.5 - 9). 

Remark 4.2: Another detail which may affect the efficiency 

of the above algorithm is an ability to seek good incumbent 

solutions during the extreme face finding step. Thus the 

order in which basic key variables are minimized is impor-

tant. To help specify this order, the concept of penalties 

may be utilized. To each basic key variable is associated a 

penalty which gives a bound on the increase in objective 

function value. This may be obtained by implicitly includ-

ing an inequality zh ~ 0 and conducting one dual simplex ob-
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jective value computation (also implicitly). Thus let the 

current canonical representation of a basic key variable zh 

be given by, 

+ l 
j 

Then, the penalty is given by 
h 

nh = rha 0 , where 

Min 
. h 0 J: a. > 

{ -a 
0. /a~ 

J 
}, where a is the objective o. 

J J 
J 

function coefficient of the current tableau. Whenever, the 

current tableau is dual feasible, the penalties are posi-

tive. The variables are then minimized in order of increas-

ing penalty. 

4.5 Illustrative Example 

The operation of the algorithm is illustrated via 

the following example problem, 

Minimize Xl + 2x2 

subject to: X1 ::::: 1 

X ::::: 1 
2 

x2 s 3 
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and(x 1 I X2 ) is a vertex of 

X1 + X2 ~ 2 

- X1 + X2 ~ 2 

Xl + X2 ~ 6 

Xl - X2 ~ 2 

Xl I X2 ~ 0 

Geometrically, the sets X and Y are shown in Figure 4. 2. 

After initializing, the iterations to optimality are as fol-

lows: 

Iteration 0: 

Step 2a: Here the linear program LP is solved and an op-

timal simplex tableau is given in Table 

4.1.(a). Here we check if the solution, denot-

ed x 0 , belongs to V. Since 

x 0 s relint F 0 { x: x 3 = 0 } , x 0 i V. 

Step 2b: The cut is now obtained by formulating the dis-

junction that at least p of the q positive key 

variables equal 0. Here, p = 1, q = 5. Thus, 

the inequality is, 

The inequality is shown in Figure 4.2. 
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Step 2c: With the above cut included in the tableau, an 

extreme face z0 must be found. To do so, a 

feasible solution to the updated tableau is 

first obtained. This is done by performing 

dual simplex iterations with the above cut ap-

pended. The resulting optimal tableau is shown 

in Table 4.1.(b). To illustrate the ordering, 

one computes for each zh , the penalty nh 

Hence one has, 

n 1 = +oo ' 

n4 = 8/3, 

n 2 = 5/3, 

ns = 5/3, 

Breaking ties arbitrarily, one has the follow-

ing order: x 6 , x 2 , x5 , x 4 , x 3 , x 1 Thus 

minimizing x~ first, one obtains a proper sub-

face of Y. Next the attempt to minimize x 2 

results in no decrease and then we minimize 

Since x 5 attains the value zero, and it 

can be driven out of the basis, all nonbasic 

variables are classified as key and we have an 

extreme point. 

tant tableau. 

Table 4.1.(c) gives the resul-



Step 3 

Iteration 1: 
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The value of the incumbent is updated. Thus 

v = 8 and x = (4,2). A cut that deletes this 

extreme face (a vertex) is obtained by imposing 

the disjunction that at least one of the fol-

lowing hold: 

X 1 :S: 0 , X2 :S: 0 , X 3 :s; 0 1 X 4 ::!. 0 . 

The cut is given by (1/4)x 5 + (l/4)x 6 ~ 1. 

(It is instructive to examine Figure 4.2 at 

this point). This completes one iteration. 

Step 2a: Since a dual optimal tableau is obtained in 2c 

above, we return to that tableau. (Such a ta-

bleau is not necessarily feasible, in general) 

Step 2b: The cut is derived from the tableau in 4.l(b). 

The cut is obtained from using r = 0 in (2.4.2) 

and we have 

(7/20)s1 + (7/20)S4 ~ 1. 

Step 2c: Next we perform dual simplex iterations once 

again and the optimal tableau is given in Table 

4.1.(d). Computing the penalties, one obtains, 

n 1 = 2.0, 
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(a) 

RHS -S2 

X_.1, = 1 1 
X2 = 1 -1 
X4 = 2 2 
X5 = 4 0 
x6 = 2 -2 
S1 = 0 1 
S3 = 2 1 
z = 3 -1 

(c) 

RHS -Xs 

X1 = 4 1/2 
X2 = 2 1/2 
X3 = 4 1 
X4 = 4 0 
S1 = 3 1/2 
S2 = 1 1/2 
S3 = 1 -1/2 
S4 = 2 1 
z = 8 3/2 

l26 

Table 4.1 
Illustrative Example 

-X3 

-1 X1 = 
0 X2 = 

-1 X3 = 
1 X4 = 
1 X5 = 

-1 x6 = 
0 S2 = 

-1 S3 = 
z = 

-x6 

1/2 X1 = 
1/2 X2 = 

0 X3 = 
1 x .. = 

1/2 X5 = 
-1/2 X5 = 

1/2 S1 = 
-1/2 S2 = 
-1/2 S3 = 

:34 = 
:;; 5 = 
z.; = 

(b) 

RHS -s .. -S1 

1 0 -1 
5/3 -2/3 1/3 
2/3 -2/3 ,-2;3 
4/3 2/3 i-4/3 

10/3 2/3 2/3 
8/3 -2/3 4/3 
2/3 -2/3 1/3 
4/3 2/3 .. 1/3 

13/3 -4/3 .. 1/3 

(d) 

RHS -S7 -S5 

2.0 0.0 2 
2.57 -1.9 -2 
2.57 -1.9 0 
1.43 1.9 4 
1.43 1.9 0 
2.57 -1. 9 4 
1.0 0.0 2 
1.57 -1. 9 -2 
0.43 1.9 2 
1.86 2.86 -2 
0.86 3.81 2 
7.14 3.81 ·-2 
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114 = . 714, 115 = 2.85, + 00 • 

Thus, the order of minimization is 

In each case, 

the variables do not attain a value of zero and 

hence no extreme faces remain. The algorithm 

now stops with x as the optimal solution. 



Chapter 5 

A BRANCH AND BOUND/IMPLICIT .ENUMERATION 
ALGORITHM 

5.1 Introduction 

This chapter examines the application of the 

Branch and Bound (B&B) principle to Extreme Point Mathemati-

cal Programming. Ever since the landmark paper of Land and 

Doig [46), the B&B strategy has attracted considerable at-

tention for problems with integer restrictions and for other 

nonconvex programs [ 69, 6] . Excellent surveys of recent 

trends in the B&B methodology are given by Beale [8], Land 

and Powell [47] and others [10, 55). Although the princi-

ples underlying B&B are quite general, and has been applied 

successfully to certain nonconvex programs [ 69, 6], it is 

fair to state that most of the development has been devoted 

to methods for problems with integrali ty restrictions on 

certain variables. 

Before proceeding to discuss an algorithm for 

EPMP, a brief outline of the general B&B methodology is in-

eluded. Suppose a function f(x) is to be minimized over a 

set S c:::. Rn . For the purposes here, it will be convenient 

to assume that f is convex (For cases where f is not convex, 

see [67) ). The nonconvexity in the problem thus is intro-

128 
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duced only through the set S. The strategy of B&B is to 

utilize a convex set S such that S £;Sand then to systemat-

ically subdivide the set S into successive collections of 

convex subsets that are examined for solutions to the origi-

nal problem. 

At any given iteration, suppose that a collection 

of convex subsets of Sis available. Then one of these sub-

sets is chosen as the candidate to be examined. For the set 

under consideration, denoted Sh S S say, the examination is 

conducted by computing a lower bound on f(x) over the set 

Sh n S. Often this is achieved by solving a convex program 

In any case, denote such a lower bound Min {f(x): x e sh }. 
h by v and adopt the h notation that v = + 00 

Suppose now that an incumbent value v, that gives an upper 

bound on the minimum of f(x) over the set S, is available. 

Then, h v ~ v implies that Sh need not be examined any 

further. Such a set is said to be fathomed. A set may also 

be fathomed if one obtains xh e Sh n S such that 
h h f(X) = V . To see why this is legitimate, note that at 

h x , f attains its lower bound on Sh n S and hence no furth-

er subset need be 
h h 

f(X) = V < V, and 

examined. 
h x e sh n s, 

Notice that whenever 
h 

V provides an upper 

bound on the minimum of f(x) over the set S. Thus update 
h 

V = V The value vis termed the incumbent value and the 
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associated solution is called an incumbent solution. All 

fathomed sets may be deleted from the collection. On the 

other hand, if a set is not.fathomed, it is termed active 

and requires further subdivision. From among the active 

sets, some set is divided into further convex subsets and a 

new collection results. This completes one iteration of a 

B&B algorithm. The procedure stops when all partitions have 

been fathomed. At this point, the incumbent solution gives 

the desired optimum. 

In a number of descriptions of a B&B scheme, the 

process of subdivision is required to yield mutually exclu-

sive and exhaustively collective subsets of any set [23, 8]. 

Although in practice such a requirement is useful, it is 

sufficient to obtain an exhaustive collection. Various de-

tails have not been included in the above discussion. In 

particular, the following important questions arise: 

• which subset should the procedure examine next? 
h 

• How should lower bounds (v ) be computed? 

• How should sets be subdivided? 

The above aspects are called the search strategy, the bound-

ing scheme and the branching strategy respectively. Much of 

the art in the design of a B&B algorithm is involved in spe-

cifying each of these [8, 47]. The total number of subsets 

examined explicitly gives a measure of the computational ef-



131 

fort and may vary greatly depending upon the choice of the 

above strategies. For example, observe that a B&B procedure 

may not be finite if the branching process itself is not 

guaranteed to be finite. 

The algorithm of this chapter utilizes the princi-

ples described above. It is noted that the application here 

is quite similar to implicit enumeration algorithms. But 

since B&B is quite a general principle, the algorithm has 

been classified as such. 

5.2 Conceptual Basis 

In this section, a skeleton of a B&B algorithm for 

EPMP will be provided. Further algorithmic details are giv-

en in the following section. Recall that problem EPMP may 

be written in the following form: 

EPMP: Minimize c•x 

subject to X E xnv 
where, 

{x n Ax s b} X = E R : 

and V is the set of vertices of 

y = {x E 
n 

R : Dx S f, X ~ O} 

For notational purposes, it will be convenient not to dis-

tinguish between the nonnegativity restrictions and the oth-
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er constraints defining Y. 

written as, 

Thus Y may alternatively be 

(5.2.1) 

where I is an index set. 

Consider any index i s I, say io , and consider 

the following set, 

y. 
lo = { X 

Observe that if 

i E: (5.2.2) 

x s V such that w. x < w. 0 , lo 1 o then xis a 

vertex y. lo Let V. denote the set of vertices of the set lo 

Y. and define X. = X n {x: W, X ~ W, 0}, 
lo lo lo lo 

X. = X n {x: w. x = w. 0}. Then problem EPMP can be decom-
.1. 0 1 0 .l. 0 

posed in the following manner. 

Lemma 5. 1: If EPMP has a solution, then a solution to at 

least one of the following problems also solves EPMP; 

Minimize c•x 

subject to: X E: X, n V lo (5.2.2a) 
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or 

Minimize c•x 

subject to: X E: X. (') V. lo lo (5.2.2b) 

where x. , x. and v. are as defined previously. lo lo lo 

Proof: The result follows easily from the fact that every 

point in X (\ V either belongs to the hyperplane w. x = w. 0, lo lo 

or is determined by hyperplanes indexed by other indices in 

I ( or both). 

An interpretation of the above lemma, in terms of 

the simplex method, is the dichotomy that any key variable 

can either be nonbasic (5.2.2a) or basic (5.2.2b). Further, 

if a key variable is restricted to be basic, then it may be 

classified as nonkey (A similar classification of key and 

nonkey variables was introduced in Chapters 2,4). The above 

lemma is the essence of the branching process of the pro-

posed algorithm. Thus given EPMP, one first solves the usu-

al LP relaxation and suppose that the solution to this re-

laxed problem is infeasible to EPMP. Then this problem is 

developed further by utilizing the two problems (5.2.2a-b) 

obtained via some (as yet unspecified) choice of i 0 • Since 

the resulting problems are both of the same structure as 

EPMP, the lemma applies to these problems too and may be 
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utilized to generate subsequent candidate problems, if need-

ed. 

A skeleton of the B&B algorithm may now be given. 

The terminoloy used is consistent with the recent survey by 

Land and Powell [47]. 

1. Initialize: The list of candidate sets is X n V, 

where V is the set of vertices of 

i E I}. Set k = 0, V = + 00 • 

2. Node selection: If the collection of candidate sets 

3 . 

is empty, stop. The incumbent solves the problem. 

Otherwise increment k by 1 and select some candidate 

set from the list. Denote it xkn Vk 

k k Fathom (Main Step): Can the set X n V be fathomed? 

- That is, try to determine whether the answer to any 

of the following is yes: 

a) xk n vk = ¢ ? 

k b) Let v denote a lower bound for 
k k k 

Min {c•x: X E X n V }. Is V ~ V? 

c) Is xk e: xkn Vk available such that, 
k c•x = v < v? 

If the answer to any of the above questions is 

confirmed to be yes, '2f (\ V is fathomed and 

hence go to 5. Otherwise go to 4. 
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4. Branching: Utilize (5.2.2a-b) to obtain subproblems 

of xkn Vk and add these to the collection of candi-

date sets. Go to 2. 

5. Backtrack: If the answer to 3c is yes, update the in-

cumbent. If the candidate list is empty, stop. Oth-

erwise, increment k by 1 and remove the candidate set 

Xk n Vk from the list. Go to 3. 

Al though there are various ways to state the al-

gori thrn, the above steps help highlight the basic nature of 

B&B algori thrns. The main step is to fathom the candidate 

sets through the checks given in 3a-c. Thus the earlier the 

candidate sets are fathomed, the more efficient the search. 

With regard to steps 2 and 5, it is noted that together, 

they constitute the search strategy. The particular strate-

gies gov_erning these steps may, however, differ. 

The algotrithrn outlined above may be classified as 

one of facial enumeration. A close relative of this proce-

dure is one due to Burdet [13], who determines all the faces 

of a polyhedral set. Burdet's procedure directly encounters 

the face lattice of a polyhedral set by enumerting subfaces 

of a face. If such a method were adopted for EPMP, the enu-

meration would be exhaustive. The procedure here is more in 

the spirit of implicit enumeration. 
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5.3 Algorithm Design 

Various details need to be specified in order to 

make the skeleton algorithm implementable. The discussion 

below addresses the choice of search strategy, branching 

strategy and bounding procedures. The maintenance of lists 

of candidate problems will also be discussed. 

Search Strategy 

Steps 2 and 5 of the algorithm are discussed here. 

In B&B, it is customary to consider the following strate-

gies, 

1. Choose the problem with the greatest lower bound 

(breadth first) 

2. Choose a successor ( subset) of the current problem 

with the greatest lower bound (depth first). 

The first strategy creates fewer subproblems but may require 

a great deal of storage on the computer. On the other hand, 

the latter allows better management of the candidate list 

and less storage. The earliest computer codes for mix-

ed-integer programming (Beale and Small [9] ) utilized the 

depth first node selection strategy and backtracking was 

performed on the basis of a Last-In-First-Out (LIFO) rule; 

that is, whenever no successor problems are available, the 

most recently created problem is utilized. This is similar 
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to the strategy in implicit enumeration for 0-1 programming 

[22]. With such a strategy, the choice of a branching stra-

tegy becomes more crucial than in the breadth first ap-

proach. Various branching strategies have been recommended 

for use with the depth first search (see Driebeek [20], and 

Tomlin [70] ). However, it has been convincingly shown by 

Forrest, Hirst and Tomlin [21] that the depth first approach 

together with LIFO and existing branching strategies, can be 

quite inefficient. It has been acknowledged that a comprom-

ise between the above two extremes yields better algorithms. 

Most currently existing computer codes utilize a depth first 

strategy until all successors are fathomed and the back-

tracking strategy compares the lower bound on the remaining 

active problems to select the next node [ 47]. This is 

called flexible backtracking. The 'Best Projection' rule of 

Hirst [ 35] is quite a successful heuristic compromise for 

mixed integer programming. 

Notwithstanding the criticisms against depth-first 

and LIFO, it will be recommended for EPMP for the following 

reason: bound evaluation for the subproblems in the algor-

ithm may be accomplished via stronger linearizations of 

candidate sets. Without strict linear relaxations, bounds 

themselves are not strict. With respect to the algorithm 

here the linearization can be made strict only through the 
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addition of conditionally valid inequalities (valid on a 

particular branch). Utilizing a depth-first strategy to-

gether with LIFO, allows the algorithm to utilize these ine-

qualities and hence bound evaluations are far more effec-

tive. Without this choice for the search strategy, a large 

number of matrices would have to be stored, and this would 

make the application of a B&B procedure impractical. 

Branching Strategy 

As mentioned earlier, the depth-first strategy to-

gether with a LIFO backtracking rule demands an effective 

branching rule if the algorithm is to be efficient. In in-

teger programming, several branching strategies have been 

utilized, the most notable of which is the idea of penal-

ties. This concept was introduced by Driebeek [20] and la-

ter generalized and improved by Tomlin [70]. However, For-

rest Hirst and Tomlin [ 21] have shown the failure of a 

solely penalty based approach for certain classes of large 

mixed integer programming problems. The discussion that 

follows, will first develop the concept of penalties for 

EPMP and will then present criticisms that may be leveled 

against the approach. Following this, the ideas will be ex-

tended so that some of the shortcomings are alleviated. 
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For the sake of notational simplicity, assume 

without loss of generality, that the set to be subdivided is 

the initial set X n V, where, as usual Vis the set of ver-

tices of Y. Let x 0 denote a vertex of X n Y which solves 

the linear programming relaxation Min {c•x: x £ X n Y}. Ev-

idently x 0 /. V. Let I(x 0 ) SI denote the subset of inequal-

ities in I that are binding at x 0 (Any binding inequality 

whose defining variable cannot be made nonbasic may be de-

leted from further consideration). Then the branching stra-

tegy here will choose some index i /. I (x 0 ), i. e from among 

those i £ I such that wi x 0 < w iO" Let y denote a set of 

nonbasic variables at x 0 and suppose that an optimal simplex 

tableau is available. Thus letting N denote the index set 

for the nonbasic variables, the basic variables 

z. 
1. = wiO- wi x, i /. I ( x 0 ) may be assumed to be represented 

as follows: 

Z, 
1. a· ·Y · , 

1.J J 
(5.3.1) 

The task here is to choose ii I(x 0 ), say io , such that the 

sets of Lemma 5.1 may be formulated. 

In order to evaluate the relative importance of 

each index in the complement of I (x 0 ), an estimate of the 

objective value of a linear relaxation corresponding to a 
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particular choice of ii I(x 0 ) will be made. Towards this 

end, assume that the canonical equation for the objective 

value is as follows: 

z = z (5.3.2) 

Now if an inequality z. ~ 0, ii I(x 0 ) were added to the 
l 

current simplex tableau, then one dual simplex iteration 

would yield an objective value given by (5.3.3). 

-v. = z + n. 
l l 

= z + ( - a O . , / a . . ;> a . J lJ iO 

where j' corresponds to the index that yields 

j 

Min 

E: N: a 
ij 

(5.3.3) 

(5.3.4) 

The quantity n. is termed the penalty. It gives a lower 
l 

bound on the increase in objective value if the linear rela-

xation were to be restricted to the face z. = 0. Recall the 
l 

use of the same idea in Remark 4.2. At any general node k, 

the set of key variables that are fixed nonbasic may be no-

nempty. Utilizing this information, the penalty may be 
k 

strengthened. Thus let K denote the fixed nonbasic key 

variables. Then the index set in (5.3.4) may be replaced by 
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Nk \Kk, where Nk is the set of nonbasic variables at node 

k. For the sake of simplicity, we continue to refer to the 

problem at node 0. It is clear that if an upper bound vis 

available, and if v. ~ v, then such a branch can clearly be 
1 

fathomed. The penalties n. are computed for each ii I(x 0 ) 
1 

and one of the following branching rules may be adopted: 

Choose io i I(x 0 ) such that n. = Max n. 
io i i I(xo) i 

and utilize the companion problem (S.2.2b) 

over the set X1, n v. in the node selection. 
o 1 o 

Choose i 0 i I (x 0 ) such that n. = Min n. 
io i i I (xo) i 

and utilize the problem (S.2.2a) over the set 

x. n v. in the node selection. 
io io 

(5.3.Sa) 

(5.3.Sb) 

The individual penalties n. are similar to those 
1 

in integer programming. However unlike integer programming, 

both 'up' and 'down' penalties need not be computed expli-

citly. To clarify what is meant, consider the rule 

( 5. 3 . Sa) . The penalty n i is valid on the branch zi = 0. 
0 

Now the penalty on the companion branch is given by 

Min { n. 
1 

ii I(}i;.0 ) U i 0 }. By viewing the rule in this 

light, the connection of (5.3.Sa) with the following integer 

programming rule should become obvious: Choose that varia-
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ble (among the current noninteger valued variables) to 

branch on, for which the difference between the up and down 

penalties is a maximum and choose the node with the smaller 

penalty. 

The penalty computations in (5.3.3-4) are rela-

tively inexpensive. With greater computational effort, the 

penalties (and hence bounds) may be strengthened through the 

use of cutting plane theory. To see how this may be ac-

hieved, let p 1 denote the number of nonbasic key variables 

in the current tableau and suppose p1 + 1 < n. Let 

p = n - p 1 - 1 and let g = g 1 1, where g 1 denotes the to-

tal number of variables that are candidates for branching. 

For i i I (x 0 ), the penalty may be improved by including a 

cut which requires at least p of the other g (candidate) key 

variables to be zero. Thus suppose that the use of combina-

torial cut strengthening (in section 2.4) gives an inegual-

ity IIi Y 2: II~ where the superscript i shows the depen-

dence of the inequaliy on i /. I (x 0 ). Then an implicit 

manner of conducting two dual simplex iterations utilizing 

the cut inequality together with (5.3.1-2) is as follows: 

Let j' denote the index obtained from (5.3.4). Suppose that 

i i 
e = - IIo 

i + II . I 
J 

( a. 0 /a .. , ) < 0, 
l lJ 

(5.3.6) 
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(for otherwise, the cut inequality does not help in 

strengthening the bound). Now for j EN, the minimum ratio 

test implies.that one should find an index j" such that 

where, for j ~ j' 

and for j = j' I 
i r. 
J 

i 
r•n = 

J 

i r. = 
J 

Min 
j E N 

i 
r-

J 
(5.3.7) 

+oo J..f - Jii. i + JI ., ( a . . / a . . , ) ~ 0 
J J J.J J.J 

a 0 J. -(a 0 .,) (a .. /a .. ,) otherwise J J.J J.J 

i i 
-JI.+ JI., (a .. /a .. ,) 

J J J.J J.J 

i if JI. I ;S 0 
J 

otherwise. 

Utilizing n i from ( 5. 3. 3), the strengthened penal ties are 

then given by (using (5.3.6)), 

i i n. - 8 r. 11 ]. J 
(5.3.8) 

Once again, it must be noted that at a general node k, where 

a subset of the key variables have been fixed nonbasic, the 

index set Nin (5.3.7) may be replaced by the index set that 

excludes the fixed nonbasic key variables. 
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Al though the computations described above may be 

somewhat expensive, they may be recommended in the early 

stages of the search because at such iterations, the choice 

of branching variables is a crucial step. Before giving an 

illustration of the branching step, a brief discussion of 

the disenchantment with penalties in integer programming is 

provided. Tomlin [ 70] reports quite a successful applica-

tion of penalties on small sized integer programs. However, 

Forrest, Hirst and Tomlin [21) report that on reasonably 

large mixed integer programs, penalties (of the same type as 

those in (5.3.3)) have not fared well. This conclusion was 

also predicted by Mitra [55). The reason they put forward 

is that when the linear programming matrix has a complex 

structure and only a few variables have been fixed, the ap-

proximation of bounds (as in (5.3.3)) by one dual simplex 

iteration is quite poor. This results in an almost arbi-

trary choice [21]. Instead with regard to branching rules, 

priori ties for branching based on physical aspects of the 

model have been emphasized and are regarded as more relia-

ble, provided the user has enough experience [21]. In view 

of the above comments, the ability to derive deep valid ine-

qualities cannot be overemphasized. 
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Example 5 .1: The computation of penalties is illustrated 

through an example here. Consider the following inequali-

ties in which the nonbasic variables are all nonkey. The 

key variables that are candidates for branching are 

X 1 , X2 , X 3 • 

xl = 4/3 2/3s 4 (-4/3) s 1 

x2 = 10/3 2/3s 4 ( 2/3) s 1 

x3 = 8/3 - (-2/3)s + ( 4/3) s 1 4 

z = 13/3 (-4/3) s 4 (-l/3)s 1 

Then one has the penal ties n 1 = 8/3, n 2 = 5/3, n 3 = 2/3. 

Now, to conduct the improvement scheme, first note that at 

least two of the basic key variables must be nonbasic at an 

extreme point. For a vertex that satisfies x = 0, it is 

necessary at an extreme point for at least one of the fol-

lowing to hold; i.e 

either x 2 ~ 0 or x 3 ~ 0. 

Thus, for such a vertex, the following inequality is valid, 

(1/5)s 4 + (1/2)s 1 ~ 1 

Next, (5.3.6) reveals that 8 1 = -1 + (1/5)(2) = -3/5 < 0. 

Hence, this penalty may be improved as in ( 5 . 3 . 7-8) . We 

have, 

r 1 = Min { 20/3, 2} = 2. 
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Thus, the strengthened penalty is 8/3 - 2(-3/5) = (58/15). 

Similar calculations for x 2 , show that 82 = 0 and so, 

cannot be improved. Finally for x 3 , imposing the disjunc-

tion x 1 s O or x 2 s O gives the following cut, 

(1/2)s 4 + (l/5)s 1 ~ 1 

and once again 8 3 = -1 + (1/5)(2) = -3/5 < 0. 

provement is possible and we have, 

r 3 = Min { 5/2, 5/3} = 5/3. 

Thus, im-

Hence the strengthened penalty is n 3 - (5/3)(-3/5) = 5/3. 

Note that with the strengthened penalties, one is indiffe-

rent between the choice of variables x 2 and x 3 Thus, the 

relative merit of branching on one variable versus another 

is more accurately reflected. 

Bounding Scheme and Management of Candidate Problem List 

With the choice of branching and node selection 

strategies recommended above, it is natural to utilize the 

efficient schemes in implicit enumeration [22] in order to 

manage the list of candidate problems. A brief summary of 

the procedure is given below and following this, a procedure 

for bounding the. candidate problems will be discussed. 
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The list of candidate problems will be stored by 

utilizing what is commonly known as a partial solution. 

Such a vector will include as its elements, the indices in 

I. In order to distinguish between the two possible sets of 

problems that may be generated from any active candidate 

problem, each index will appear in one of two states: '+' 

or 1 - 1 • Thus if i is chosen as the index of be branched 

upon, then '+i' will indicate that the branch corresponding 

to ( 5. 2. 2b) is chosen while '-i' will indicate that the 

branch corresponding to (5.2.2a) is chosen. For example, 

suppose that for a particular candidate problem we have, 

k and V is the set of vertices of 

{ X: W. X ~ w. 0 , i E I\ {2,1} }. 
l l 

Then this candidate problem will be stored as a partial so-

lution vector (+2,-5,+1). Note that this is an ordered se-

quence which also records the chronology of the branching 

operation. Suppose that this candidate problem is not fa-

thorned and a branching index i 0 = +4 is chosen. Then the 

augmented partial solution is (+2,-5,+l,+4) and denotes the 

new set of candidate problems. Suppose now that this prob-

lem is fathomed. Then this will be indicated by replacing 
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the rightmost nonunderlined element by its underlined com-

plement (this is in the spirit of [22] ). Thus we have the 

new partial solution vector (+2,-5,+1,-1)- In general the 

backtracking step will involve the following: replace the 

rightmost nonunderlined element by its underlined complement 

and delete all elements to the right of that element. Thus 

if the problem corresponding to (+2,-5,+l,-4) is fathomed, 

then the new vector is given by (+2,-5,-l) and the sets to 

be utilized now are, 

xk = { X : Ax !!. b , W 2 X !!. W 2 o , W s X = W s O , W 1 X = W 1 o } 
k 

and V is the set of vertices of 

Although it is conceptually simple to include the 

equalities wi x = wiO in the definition of Xk , it is com-

putationally unwise to actually introduce an explicit const-

raint in equality form. An equivalent restriction may be 

obtained by adopting a restricted basis approach. Thus sup-

pose that the problem (+2,-5,+l,-4) has been fathomed. 

Then, the steps required to obtain the next candidate prob-

lem, (+2,-5,-l), will require the variable z 1 = w10 - w1 x 

to be nonbasic. Thus, the variable z 1 is driven out of the 

basis by minimizing it to attain a value 0. For all descen-
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dent nodes the variable z 1 is then restricted to be nonba-

sic. Of course, if z 1 cannot be driven out of the basis 

while restricting z 5 to be nonbasic, then the partial solu-

tion (+2,-5,-1) may also be fathomed and the new vector 

would then be (+2,+~,). Observe how the LIFO rules allow an 

efficient "switching" of the state of variables. 

Finally, we address the question of bound evalua-

tions for the candidate problems. Let J denote the partial 

solution and let J+ and J denote the indices in J that 

are'+' and'-' respectively. Recall that the key variables 

in the original problem (EPMP) are z. = w. 0 - w. x where 
1. 1. 1. 

these equations also may include those of the type 

zt = xt. A linear relaxation of the subproblem may now be 

obtained by utilizing z i , + i E J as nonbasic variables 

while the variables z i , i e: J+ may be regarded (for the 

sake of this subproblem) as nonkey variables. The variables 

z i , i e: I \J are the free key variables. (These may be 

utilized to derive cutting planes for bound strengthening). 

Thus, the linear relaxation in terms of the current set of 

nonbasic variables is, 

Minimize c•y (5.3.9a) 

subject to: s = b - Ay ~ 0 (5.3.9b) 

Z, = 0 (nonbasic), i E J (5.3.9c) 
1. 

Z, ~ 0, 
1. 

i E J+ (5.3.9d) 



z. ~ 0, 
1 
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i E I \J (5.3.9e) 

The reason for differentiating between (S.3.9d) 

and 5.3.9e) in the above representation is to emphasize that 

the latter may be utilized to derive cutting planes when ne-

cessary in order to either strengthen the bound of the above 

linear relaxation or for strengthened penalties. For ins-

tance suppose at some node, a simplex tableau has p 1 of the 

variables in the nonbasic set belonging to either J- or 

I \J. Then a cut that is conditionally valid on the branch 

is obtained by requiring at least p = n - p 1 out of the ba-

sic key variables indexed by I \J to be zero. Thus once 

again cutting planes are utilized in strengthening bounds. 

It may be noted that cutting planes derived at any node, re-

main valid for all descendant nodes and hence the matrix A 

in (5.3.9b) may actually be written as A(J) and the set may 

be denoted as X(J). Of course, upon backtracking, these in-

equalities will have to be dropped. 

With regard to maintaining some of the information 

required during the procedure, it is worth noting that since 

the various updates are performed with respect to variables 

. in the simplex t:ibleau, it is advantageous to store the 

following: 
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• the location (row/column index) in the simplex tableau 

of every variable appearing in the partial solution. 

• the location (in the simplex tableau) of a slack varia-

ble associated with a conditionally valid inequality, 

and the node in the partial solution chronology at 

which it was generated. 

The above information can be quite advantageous during a 

backtracking step, where various fixed variables are reset 

as free and where certain variables in the simplex tableau 

must be dropped. 

A summary of the B&B algorithm is shown in Figure 

5.1. The parameter NC shown therein is a number to specify 

how many cutting planes to derive for any given subproblem. 

The next section gives an illustrative example. 
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Initialize J+••, J·•.--, v-.-. Read I, NCOT 

Sat up Problem as in (5.J.9) 

No 

S0lV8 Subprohl.,.. and let i be it's 
Solution and v it's Value. 

(Pbaae II Type SCheme) 

Perfona 
D1'al S111pla: 
Iteration to 

Optimal.i ty 

No 

Choose Branching 
Variable According 
to (5. J. 2&) or(5. J. 21>) 

Perform Backtracking 
and Delete 

Appropriaca Cuts. 

Yea 

Opd&te 
'!>~~Y~es;.;;...~-..+InC>lllbllnt 

Compute Penalties 

Yes 

STOP 

Figure 5.1 
Summary of Branch and Bound Algorithm 
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5.4 Illustrative Example and Concluding Remarks 

In this section, the operation of the branch and 
,· 

bound algorithm is illustrated. The example here is the 

same as that utilized in Section 4.4. 

for the sake of convenience. 

It is restated below 

Minimize 

subject to: ~ 1 

x2 ~ 1 

x2 ~ 3 

and (xl I x2 ) is a vertex of 

xl + x2 ~ 2 

- X + X ~ 2 
1 2 

xl + X ~ 6 2 
X - X ~ 2 

1 2 
X X ~ 0 

1 2 

The optimal linear programming tableau is given in Table 

5.1.(a). Since this point is not a vertex of the relevant 

set Y, a branching step must be conducted. The penal ties 

for each of the basic key variables is as follows: 

n1 = 1, n4 = 1, ns = 4, n6 = 2. Irrespec-

tive of the branching rule utilized, the first element of 

the partial solution is~ since x 2 = 0 is impossible on any 

descendant node. Utilizing the rule in (5.2.5b), the par-



( a) 

RHS -S2 

X1 = 1 1 
X2 = 1 -1 
S3 = 2 1 
S2 = 0 1 
t2 = 2 2 
t3 = 4 0 
t4 = 2 -2 
z = 3 -1 

I 

(c) 

RHS -S4 

X1 = 1. 0. 0.0 
X2 = 1. 67 -0.67 
S3 = 1.33 0.67 
t1 = 0.67 -0.67 
t2 = 1. 33 0.67 
t3 = 3.33 0.67 
t4 = 2.67 -0.67 
S2 = 0.67 -0.67 
z = 4.33 1.33 

l54 

Table 5.1 
Illustrative Example 

-ti 

-1 X1 = 
0 X2 = 
0 S3 = 

-1 S2 = 
-1 t2 = 

1 t3 = 
1 t4 = 

-1 z = 

-S1 

-1.0 X1 = 
0.33 X2 = 

-0.33 S3 = 
-0.67 t1 = 
-1.33 t2 = 

0.67 S4 = 
1.33 S1 = 
0.33 S2 = 

-0.33 z = 

(b) 

RHS -S1 -ti 

1 -1 0 
1 1 -1 
2 -1 1 
0 1 -1 
2 -2 1 
4 0 1 
2 2 -1 
3 1 -2 

( d) 

RHS -t3 -t4 

4 0.5 0.5 
2 0.5 0.5 
1 -0.5 0.5 
4 1.0 0.0 
4 0.0 1.0 
2 1.0 -0.5 
3 0.5 0.5 
1 0.5 -0.5 
8 1.5 -0.5 
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tial solution obtained is { ~' -1 }. 

trarily). 

(Ties are broken arbi-

Next we must check whether such a partial solution 

can lead to a successful completion. Hence, we minimize x 1 

and try to force it out of the basis. Utilizing x 1 as the 

criterion row in a Phase 1 type computation yields the con-

clusion that Minimum x 1 = 1 ( Table 5 .1. (b)). Hence this 

node may be fathomed and the new partial solution vector ob-

tained upon backtracking is given by { ~' l }. Next, bounds 

are evaluated at this node. In this example, we will derive 

only one cutting plane at every bound evaluation, i.e 

NCUT = 1. Since the optimal tableau for the current node is 

the LP optimal tableau of Table 5.1.(a), the cut is derived 

by requiring at least one of the following to hold: x 4 ~ 0, 

x 5 ~ 0, x 6 ~ 0. The cut is s 2 + (1/2)x 3 2:: 1, and the subse-

quent dual simplex iterations yield the tableau in Table 

5. 1. ( c). With that, the evaluation of bounds is complete 

but this node cannot be fathomed yet. 

The 

ns 

Once again, the branching step must be performed. 

penalties 

n 6 = ( 5/3) . 

are n 4 = (58/15), 

(The above penalties are obtained from 

Example 5. 1, because the canonical equations for x 4 , x 5 

and x 6 in Table 5.1.(c) are the same as those for x 1 , x 2 

and x 3 , respectively, in Example 5.1). Utilizing the fact 
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that n 3 = + 00 rule (5.3.Sb) yields the augmented partial 

solution as { ~' !, ~' -5 }. 

To perform the feasibility test for this partial 

solution, we utilize the equation for x5 as the criterion 

row and once again minimize x 5 • As shown in Table 5.1.(d), 

x can be made nonbasic (x 5 = 0) and the bound evaluation 

for this partial solution, yields a vertex of the required 

set. Hence, we now have an incumbent solution, x = (4,2), 

V = 8. 

The backtracking step provides the following par-

tial solution { ~' !, ~' ~ } . For the sake of efficiency, 

it is remarked that before every bound evaluation, the al-

gorithm should check whether there are at least as many free 

variables as may be additionally required in the set of non-

basic variables. In our example problem, since 2 variables 

are required to be nonbasic and since there are precisely 2 

free variables, the following is the only feasible comple-

tion { ~' !, ~' ~' -4, -6 } . But we will not explicitly 

formulate this partial solution. We instead minimize 

x 4 + x 6 and if the minimum value of this objective is not 0, 

then no feasible completions are possible. On the other 

hand, if the valu~ is 0, the only possible completion is at 

hand. In our example problem, the minimum is positive and 

hence we backtrack. Since all elements of the partial solu-
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tion { ~, l, ~, 5} are underlined, no more candidate prob-

lems remain. 

In the above illustration, certain bookkeeping 

lists have been avoided in order to present the essence of 

the procedure. Some further comments regarding implementa-

tion are in order here. In branch and bound methods, it is 

often advantageous to produce good incumbent solutions early 

in the search. In order to accomplish this, it is advantag-

eous to utilize a decomposition scheme as a preprocessor. 

Thus, let uP, p = 1,2, ... ,T denote the vertices of the set 

Y. Then the following problem is equivalent to EPMP. 

(MP) Minimize I (c•uP ) AP (5.5.la) 
p 

subject to: I (AuP ) AP ~ b (5.5.lb) 
p 

I AP 1 (5.5.lc) 
p 

APE{ 0, 1 } (5.5.ld) 

It is unrealistic to solve problem MP because of 

(5.5.ld). However, relaxing (5.5.ld) yields a problem equi-

valent to the linear relaxation of problem EPMP. Thus solv-

ing the initial linear programming relaxation by solving MP, 

provides the opportunity to possibly identify incumbent so-

lutions via the subproblems solved in the well known Dant-

zig-Wolfe [19] algorithm, that is, 
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Minimize ( c - IT A )•x 

subject to Ox sf 

X ?! 0 

where IT is the set of dual multipliers associated with 

(5.5.lb). Thus at every iteration of the Dantzig-Wolfe 

(D-W) algorithm, one may check whether the vertex generated 

by'the subproblem is feasible with respect to the set X, and 

also compare the objective value of this vertex with that of 

the incumbent. 

Once the master program (5.5.la-c) has been 

solved, it may be possible to improve the incumbent further 

by tracing certain "promising" edge paths over the polyhe-

dral set Y. For example, suppose x solves the subproblem 

with IT = 0 and let x denote the incumbent (if one is avai-

lable) at the end of the 0-W algorithm. Then, starting from 
A 

x and traversing an edge path (via the simplex algorithm) 

towards x may provide an improved incumbent solution. The 
A 

intuition above is that xis superoptimal while xis subop-
A 

timal, and hence there is at least one edge path between x 

* and x such that x (an optimal solution to EPMP) belongs to 

it. In cases where the steps in the solution of the master 

program yield an incumbent solution, one may trace a path 
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from x to some vertex x of Y such that x belongs to the face 

of Y that contains the solution to the master program. Such 

a point x is quite useful in obtaining an optimal simplex 

tableau. Hence, even in cases where xis available, it is 

advantageous to trace a path from x to x. Since x is not 

known explicitly, it is obtained by minimizing the sum of 

the variables that define the face containing the linear 

programming optimum. 

The basis at x may be used to obtain an initial, 

possibly infeasible, simplex tableau. By utilizing this ad-

vanced basis, the optimal simplex tableau may be obtained 

via the simplex algorithm. Observe that since x belongs to 

the face that contains the linear programming optimum, the 

variables defining that particular face need not be allowed 

to enter the basis. It is easily seen that such a restrict-

ed basis entry rule must yield the linear programming opti-

mum. (Of course, such a tactic should not be adopted when 

the solution procedure for the master program is terminated 

short of optimality). The algorithm tested in this research 

utilizes the above expedients in the branch and bound proce-

dure. Computational experience with the above algorithm is 

given in the following chapter. 



Chapter 6 

COMPUTATIONAL RESULTS AND CONCLUSIONS 

6.1 Introduction 

The algorithmic strategies discussed in the previ-

ous chapters were implemented on a computer. This chapter 

presents that computational experience. 

Our purpose during the experimentation was to 

evaluate the performance of the algorithms with respect to 

the following indicators. 

1. Computational effort: 

a) CPU time for execution. This is a machine depen-

dent index. 

b) Number of iterations. This index is a machine in-

dependent index of performance. 

2. Numerical stability: The susceptibility of the al-

gorithm to numerical problems and the degree of com-

putational accuracy that must be maintained in order 

for the algorithm to perform adequately. 

A further outcome of our study is an understanding of the 

influence of certain alternative tactics on the above indi-

cators. 

160 
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The first task at hand involves a method to gener-

ate test problems at various levels of difficulty. The fol-

lowing section presents a problem generator with such capa-

bility. The next section provides the computational results 

for the cutting plane algorithm of Chapter 4. Following 

this, the results for the branch and bound algorithm are 

presented. Finally, the last section discusses further re-

search possibilities. 

6.2 Problem Generation 

Two problem generators were designed, each for a 

different purpose. The first generates an Extreme Point 

Mathematical Program (EPMP) with precisely one feasible so-

lution and further, this point is indicated by the problem 

generator. Thus, the optimal solution to EPMP is known and 

hence this generator is quite useful during the debugging 

phases of the computer implementation. However, this gener-

ator is very rigid and hence was not used for further compu-

tational work. Since the description of this generator is 

not germane to the computational results reported, an out-

line of the procedure is relegated to Appendix B. The sec-

ond problem generator is quite flexible but has the disad-

vantage that the optimal solution is not known at the time 

of generation. 
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The strategy for problem generation is essentially 

quite straightforward. 

may be represented as, 

A linear program is generated and 

Gx S g 

X ~ 0 

(6.2.la) 

(6.2.lb) 

(6.2.lc) 

The idea now is to pick certain constraints of Gx s gas the 

ones defining the set X and certain others as specifying the 

set Y (the notation utilized here is consistent with 

( 1.1.1)) ~ How these choices are made determine the degree 

of difficulty that may be expected from the problem. In the 

description that follows, we briefly summarize well known 

problem generation techniques for linear programming and 

then proceed to describe how EPMP may be generated. 

Procedures to generate random linear programs have 

been widely studied (51]. Letting Y· · denote the elements lJ 
of G, Bi the elements of g and cj the elements of c, one 

method described in (51] generates a linear program of di-

mension n G x n as follows: 

1. For i = 1, 2, ... , nG , 

every element Yij, j = 1,2, ... ,n is generated as an 

independent normally distributed ( standard normal) 

variate. 
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2. For i = 1,2, ... ,nG, 

s. is generated as a uniformly distributed random 
l 

variate on the interval [0,1], i = 1,2, ... ,n 

3. For j = 1,2, ... ,n, 

c. is generated as a uniformly distributed random 
J 

variate on the interval [-1,1]. 

In our implementation, for the sake of mitigating numerical 

difficulties, the above vectors were rescaled. For the 

purposes of scaling, all vectors generated above were 

normalized < I I a. I . J 
J 

= 1, where aj , j = l, ... ,n are coeff-

icients of a vector a). These normalized vectors were then 

rescaled by the following: 

y .. multiplied by so lJ 

s. multiplied by 100 l 
c. multiplied by 100 

J 

Having generated the linear program according to 

the above rules, the following method was used to obtain 

problem EPMP. We first solve the linear program in (6.2.1) 

so that a simplex tableau representing an optimal vertex (of 

(6.2.1)) is available. Let N denote the nonbasic index set 

at this vertex and let NGC N denote the subset of slack va-

riables that belong to N. There is no loss of generality in 
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assuming NG F ~. Let the cardinality of NG be mG. Sup-

pose now that the number of inequalities defining A and D 

are denoted as no and n 1 respectively. Then our strategy 

is to choose a certain number say no' from among the ine-

qualities corresponding to the slacks in NG, for part of 

the n 
0 

inequalities in A. Toward this end, we define a 

random variable Z 1 that assumes the values l, ... , no with 

the following probabilities, 

ffo 
P(Z 1 = j) = ealj / I ea1k, j = l,2, ... ,n 0 . 

k=l 

where a 1 is a given parameter. 

(6.2.2) 

Let Z1 denote some realization. Then the value n' 0 is cho-

sen to be the following: 

n' 0 = Min{~ , Z 1 } • (6.2.3) 

Note that since mG ~ 1 (by assumption) and P(Z 1~ 1) = 1, we 

have n' 0 Since n~ represents the number of inequali-

ties of Ax s b that are binding at the LP optimum tableau, 

we can assure a nontrivial EPMP. The role of the parameter 

a 1 in (6.2.3) will be discussed shortly. The remaining in-

equalities in Ax~ bare then chosen from those correspond-

ing to the basic slack variables. Let us now discuss how 

inequalities from each of these sets may be chosen so as to 

form the matrix A. 
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Consider the quantity ei = -(c•gi )/ llcll llgi[[, 

i = l, 2, ... , nG When e. is large, the propensity of the 
l. 

particular constraint being tight for lower values of c•x is 

high. Hence we rank all the rows according to decreasing 

e. and the n 0 rows selected for A to correspond to then' 
l. 

inequalities in NG with the highest rank. 

If n' 0 , the remaining inequalities are ob-

tained from the basic index set. Toward this end, once 

again define a random variable Z 2 that assumes values ac-

cording to the following probability mass function, 

n1 

= j) = e a2 j / I 
.k=O 

j = O, l, ... ,n 1 (6.2.4) 

where a 2 is a parameter. A realization of Z 2 , say Z2 , de-

notes the number of inequalities (from among the remaining 

set of inequalities) that constitute the preliminary choice 

of inequalities in D. Note that P(Z 2 ~ n 1 ) = 1. Suppose 

one has Z2 = n' 1 then the question arises as to which of 

the inequalities, not as yet assigned, are to be chosen. We 

simply choose those n~ inequalities with the largest indic-

es (as opposed to ranks due to e.) as the inequalities to 
l. 

be utilized as some of the constraints of D. 
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At the end of the above step, n' 
0 

inequalities 

have been assigned to A and n~ inequalities have been as-

signed to D. To obtain the remaining assignments, 

(n 0 - n~) of the remaining (n 0 + n 1 ) - (n~ + n~ ) inequal-

ities, with the highest ranks, are assigned to A. Finally 

we assign the remaining inequalities in D. 

It should be clear that the above process gives a 

nontrivial EPMP (one whose solution is not an LP solution). 

The parameters a 1 and a2 may be manipulated so as to ob-

tain either easy or difficult problems. Suppose for example 

that a 1 = 1 and a 2 = -1. Then the nature of (6.2.3-4) will 

tend to give larger values of no and lower values of n1 
may be expected. The effect these have on the problems gen-

erated is described next. Since n' 0 is expected to be 

large, many of the inequalities of A will be chosen from 

indices in NG c. N. Therefore, the LP optimum will belong 

to higher dimensional faces of Y. To understand the effect 

of note that when n~ is small, the preliminary choice 

of rows selected for D may be few. Hence, the subsequent 

assignment of rows to A selects (n 0 - n~ ) inequalities from 

among a larger number of inequalities. Since the highest 

ranked inequalities are being chosen at this step, the prob-

lem may be expected to be difficult. Thus setting a = 1, 
1 

a = -1 may generate difficult problems. 
2 

Similar reasoning 
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Generate Linear Program 
(6.2.l) and Solve 

compute ei for 
i = 1,2, ••. n 

No 

Yes 

Identify n0 inequalities 
with the largest e.i 

Assign these to A and 
Disregard these for any 

Further Considerations. 

Utilize (6.2.4) to 
generate n0 

Identify n0 inequalities 
with the largest indices. 

Assign these to D and 
disregard for any 

further consideration. 

Identify n0~n0 inequalities 
with the largest ei 

and assign these to A. 
Disregard for any 

further considerations. 

Figure 6.1 

Ident~fy n0 
Inequalities with 

the largest ei 
Assign these to A 
and Disregard these 

for further 
considerations. 

Assign remaining 
inequalities to D. 

STOP 

Problem Generator for Extreme Point Mathematical Programming 
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may be applied to various other parameter settings. A sum-

mary of the problem generator is given in Figure 6.1. 

6.3 Evaluation of the Cutting Plane Algorithm 

The cutting plane algorithm of Chapter 4 was coded 

in FORTRAN and the computer program was executed on an IBM 

370/158 machine. Several problems were generated using the 

procedure of the previous section. It is mentioned that the 

generator always provides one inequality of the form 

l 
j 

where M is large. Thus, when one specifies 

n 0 = 5 and n1 = 11, the generator obtains fifteen inequalit-

ies from random number generation and one inequality is pre-

determined to be of the above bounding form. 

With respect to the evaluation of this algorithm, 

there are several aspects that require considerable delica-

cy. Although the accuracy of basic computations is crucial 

to this algorithm, a discussion of these considerations is 

postponed to the next section since these remarks apply to 

both algorithms. For the moment we address questions unique 

to the cutting plane algorithm. 

To begin our discussion, consider Table 6. 1. In 

the sense of the previous section, problem 1 may be consid-

ered "difficult" in comparison to problems 2,3 and 4. The 

remaining problems, are what may be classified as "less dif-
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Table 6.1 
Evaluation of the Cutting Plane Algorithm 

Prob. n n1 no a b C d a' b' 

1 5 11 5 8.33 39 .009 .175 - --
2 5 11 5 0.81 7 .008 .027 0.49 16 
3 5 11 5 1.02 10 .007 .033 0.36 12 
4 5 11 5 0.71 6 .007 .018 0.19 2 
5 5 16 5 0.65 2 .005 .015 0.29 5 
6 5 16 5 0.80 5 .008 .028 0.69 17 
7 5 26 10 0.69 2 .010 .025 0.31 3 
8 7 15 10 5.93 29 .015 .144 - --
9 8 21 5 195.00 129 .025 1.375 - --

10 15 16 5 1.85 9 .025 .800 0.74 9 

Legend: 
a: CPU time (batch operations on MVS on IBM 370/158) with 

extreme face detection in every iteration. 
b: No. of iterations when algorithm operates as in (a). 

This implies b combinatorially strengthened cuts and b 
face cuts. 

c: Average time for combinatorially strengthened cuts. 
d: Average time for extreme face detection and cut gene-

ration. 
a': CPU time (batch operation on MVS on IBM 370/158) with 

extreme face detection in every 5th iteration. 
b': No. of iterations when algorithm~operated as in a'. 

This implies b' combinatorially strengthened cuts and 
[b'/5] face cuts. 

Parameters: 
Objective value tolerance: 0.001 
Feasibility Tolerance : 0.00001 
Further Notes 
All problems compiled on the double precision option of 
the FORTRAN H extended compiler. 
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ficul t" problems within their respective classifications. 

Let us compare columns a,b to columns a' and b'. These 

represent the performance indices corresponding to two al-

ternative tactics. The first (a,b) gives the relevant data 

when an extreme face is sought at every iteration while the 

second set (a' ,b') gives the same information under a rule 

that seeks an extreme face only once every 5 iterations. In 

either case, every iteration utilizes one combinatorially 

strengthened cut. It is observed that for problems with the 

3 largest computation times (nos:l,8,9) under the first rule 

(columns (a,b)), the second rule failed to complete the 

problem within the allotted time (60 secs.,60 secs. and 300 

secs. for 1,8 and 9 respectively). This seems to suggest 

that as problems become more difficult, the extreme face 

scheme helps to prove the optimality of an incumbent solu-

tion quicker than the alternative rule and hence is not 

merely an artifice to ensure finiteness. This however, is 

contrary to Sherali and Shetty' s experience with Bilinear 

programs [ 65] . (Observe that as one makes the interval bet-

ween extreme face seeking iterations larger, the algorithm 

begins to approach the rudimentary cutting plane algorithm 

discussed in sections 2.3-4). We note that the combinatori-

ally strengthened cuts are relatively inexpensive to gener-

ate. 
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In order to test the sensitivity o the program to 

certain parameter settings, the problems of Table 6.1 were 

resolved using higher tolerance values. The tolerance for 

reduced cost comparisons were raised from 0.001 to 0.01 and 

the tolerance for feasibility comparisons was raised from 

0.00001 to 0.001. The results with these parameter settings 

appear in Table 6.2. It is noted that two further problems 

11 and 12 were solved using these parameter settings alt-

hough these problems were not completed within 300 secs. us-

ing the tolerance values of Table 6.1. On the other hand, 

observe that problems 1, 8 and 9 were not completed within 

the allotted time when the parameters were set at the higher 

values. This suggests that the cutting plane algorithm is 

sensitive to tolerance settings. 

Several problems, slightly larger than those that 

appear in Tables 6.1 and 6.2 were attempted during the im-

plementation of the algorithm. These are not reported in 

the tables because the problems could not be solved within 

300 seconds. These problems used n = 10 and n 1 = 16,21. In 

our attempt at solving the above, the simplex tableau was 

allowed to expand until there were 300 cuts. Then, cut ine-

qualities that were not binding were dropped and an objec-

tive function inequality c•x ~ LB, where LB is the current 

lower bound or LP value, was introduced so as to avoid de-
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Table 6.2 
Parameter Sensitivity of Cutting Plane Algorithm 

Prob. n n1 no a b 

1 5 11 5 # # 
2 5 11 5 0.71 6 
3 5 11 5 0.67 6 
4 5 11 5 0.68 6 
5 5 16 5 0.57 2 
6 5 16 5 0.74 5 
7 5 26 10 0.65 2 
8 7 15 10 - -
9 8 21 5 - -

10 15 16 5 0.73 2 
11 10 11 5 42.17 77 

##12 10 11 5 8.60 40 

Legend: 
a: CPU time (batch operations on MVS on IBM 370/158) with 

extreme face detection in every iteration. 
b: No. of iterations when algorithm operates as in (a). 

This implies b combinatorially strengthened cuts and b 
face cuts. 

# Was not solved within 60 seconds. 
## This was solved with 0.05 and 0.005 tolerance. 

Parameters : 
Objective value tolerance: 0.01 
Feasibility Tolerance : 0.001 
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creasing the lower bound. Although this introduces consid-

erable dual degeneracy ( and also primal degeneracy), the 

difficulties of the algorithm start much before the deletion 

of cuts is attempted. Usually, after 75-80 cuts, the prob-

lem becomes dual degenerate to the extent that it may re-

quire 10-15 iterations (or more) before the objective value 

changes. Finally, an interesting observation for these runs 

was that after some dual degenerate pivots, the algorithm 

occasionally escapes from the face and continues to steadily 

increase the LP objective value until it encounters another 

series of dual degenerate pivots. 

6.4 Evaluation of the Branch and Bound Algorithm 

The algorithm of Chapter 5 was coded in FORTRAN 

for use on IBM 370/158. The computer code used some of the 

expedients suggested in Chapter 5. Specifically, the Dant-

zig-Wolfe [19] decomposition scheme was utilized in order to 

obtain good incumbent solutions and further improvements 

were attempted by tracing the edge paths. With regard to 

the branch and bound algorithm, a measure of the number of 

iterations is obtained by comparing the number of bound 

evaluations and the number of backtracking steps. The ratio 

of these quantities is termed the fathoming efficiency. The 

results are presented next. 

For the summary in Table 6.3, the branching rule 
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Table 6.3 
Evaluation of the Branch and Bound Algorithm 

Prob. n n1 no a b C d e 

1 5 11 5 0.95 1.24 23 19 0.83 
2 5 11 5 0.72 1.10 14 12 0.86 
3 5 11 5 0.23 0.55 6 7 1.17 
4 5 11 5 0.03 0.31 2 3 1.50 

Sa 5 16 5 0.26 1.08 4 5 1.25 
Sb 5 16 5 0.36 0.80 4 5 1.25 

#6a 5 16 5 0.77 1.50 17 15 0.88 
6b 5 16 5 0.92 1.27 15 15 1.0 
7a 10 11 5 1. 50 2.44 16 12 0.75 
7b 10 11 5 2.92 4.22 29 18 0.68 

#Sa 10 11 5 3.55 4.55 41 28 0.68 
Sb 10 11 5 14.67 15.34 140 86 0.61 
9a 10 11 5 9.68 10.44 102 80 0.78 
9b 10 11 5 12.40 13.26 83 66 0.80 
10 10 16 5 71.29 73.22 436 282 0.65 
11 15 16 5 150.36 155.12 489 374 0.76 
12 15 16 5 1.21 2.47 8 5 0.63 
13 20 21 10 107.0 110.53 207 118 0.57 
14 10 26 10 91.81 95.83 244 196 0.80 
15 15 21 10 47.76 56.41 123 69 0.56 
16 18 22 10 98.67 103.81 228 130 0.57 

# These problems were not solved correctly due to numerical 
errors. 

Legend: 
a: CPU time (batch operations on MVS on IBM 370/158) in 

seconds for the Branch and Bound step. 
b: Total execution time in seconds. 
c: Number of Bounds evaluated. 
d: Number of Backtracking steps. 
e: Fathoming efficiency (d/c). 
Parameters : 
Branching Rule: (5.3.5a) 
Maximum number of cuts in a bound evaluation (NCUT) 2 
Objective value tolerance : 0.001 
Feasibility Tolerance : 0.00001 
Further Notes : 
The algorithm utilized the decomposition approach and an 
edge path construction routine to (possibly) obtain a good 
incumbent. Problems 10-16 utilized the double precision 
option on the FORTRAN H extended compiler and so did prob-
lems denoted Ib, I= 5-9. 
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used was (5.3.Sa). The performance of the rule given in 

(5.3.5b) is discussed subsequently. For problems 1-4, no 

particular attention was paid to control numerical accuracy 

and subsequent checks have indicated that for these prob-

lems, the problems of numerical accuracy are insignignifi-

cant. However, with increasing size of problems, this 

aspect assumes considerable importance. For instance, 

problems 5-9 were compiled on the FORTRAN G compiler and ex-

ecuted in single precision (reported as Ia, I= 5-9 in Ta-

ble 6. 3) and the same problems were also solved using the 

double precision option available on compilation by the 

FORTRAN H Extended compiler (reported as Ib, b = 5-9 in Ta-

ble 6.3). Numerical errors led to nonoptimal solutions for 

problems 6a and 8a (i.e. single precision computation). 

One of the ways to alleviate such difficulties is to attempt 

to curtail unnecessary pivoting operations as described 

next. 

One departure from the schema of Figure 5.1, that 

helps the above goals is to replace the dual simplex itera-

tions therein, by a two-phase type approach. Let us explain 

why the dual simplex iterations are potentially harmful. 

Suppose that at scime iteration, the addition of a condition-

ally valid inequality renders the subproblem infeasible. 

The detection of this infeasibility via dual simplex itera-
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tions, involves at least one pivot which in addition, makes 

the slack variable associated with the cut nonbasic. In the 

presence of very small cut coefficients, which is typically 

the case at such iterations, the above pivot is harmful. 

Next, suppose that the infeasibility is detected. Then on 

backtracking, the cut inequality will have to be dropped 

since it is no longer valid. To do so, the associated slack 

variable is pivoted back into the basis and then it is drop-

ped. Not only does the pivot not restore the starting ta-

bleau, it also introduces further errors due to pivoting on 

too small and then too large numbers. One way to alleviate 

this problem is to adopt a two phase approach as follows. 

Let IT x ~ 1 denote a conditionally valid inequality. 

1. (Assume that an initial tableau is available and let 

x 0 denote the initial point) k = 0. 

2. If IT xk ~ 1, go to phase 2. Otherwise go to 3. 

3. Consider the constraints (5.3.9) and determine wheth-

er IT xk is the maximum value of IT•x over the set in 

(5.3.9). If so, the node may be fathomed. Otherwise 

go to 4. 

4. k+l Perform a simplex pivot to obtain a point x such 
k+l k 

that IT •x ~ IT•x Increment k by 1 and go to 

2. 
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Phase 2, of course is the minimization of the objective 

function c•x over the set {(5.3.9)} n {IT x ~ 1}. 

Under the above modification, problem 7a in Table 

6.3 could be solved by rule (5.3.Sa) although the algorithm 

containing the dual simplex pivots did not (we are referring 

to single precision execution here). The same is true of 

problem 9a. However as shown in Table 6.3, problems 6a and 

Ba remained unresolved with single precision. execution. It 

is remarked that problems 10-14 were also run under the 

(course) single precision format but the results were total-

ly erroneous. Hence, problems 10-16 were solved by using 

the double precision option on the FORTRAN H extended compi-

ler, and with regard to accuracy, these results were quite 

satisfactory. The issue of computational accuracy is cru-

cial for this algorithm. 

Next we briefly discuss Table 6.4 which gives an 

indication of the relative efficiency of Branching Rule 

(5.3.Sb) with respect to the tested computer code. With the 

exception of small problems, the performance of the algor-

ithm under this branching rule was rather poor. The reason 

here could be the same as that given by Forrest et al (21] 

for large mixed-integer programs. Once the algorithm gets 

committed to some facet of the polytope, it finds it diffi-

cult to extricate itself out from the depths of the tree. 
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Table 6.4 
Evaluation of Alternative Branching Rule 

Branching Rule (5.3.5b) 

Prob. n n1 no a C d e 

1 5 11 5 1.29 27 17 0.63 
2 5 11 5 0.49 11 7 0.64 
3 5 11 5 0.02 2 2 1.00 
4 5 11 5 0.03 2 2 1.00 

7b 10 11 5 21.21 154 84 0.55 
Sb 10 11 5 56.81 493 277 0.56 
9b 10 11 5 112.90 780 490 0.63 
10 10 16 5 335.73 1651 916 0.55 

#11 15 16 5 - - - -
#: Could not prove optimality of incumbent after 900 

seconds of execution. 

Note : The remaining parameters are the same as those in 
Table 6.1. The problem numbers below correspond to 
their counterparts in Table 6.1. 



179 

Hence, the solution of initial branching variables is cru-

cial; apparently, this rule does not achieve this objective. 

In this investigation, several attempts were made 

to run problems with sizes larger than those that appear in 

Table 6.3. None of these attempts were fruitful under a 

restriction of 5 minutes of CPU time. On one occassion, a 

problem with n = 25 n = 26 and n = 10 was attempted with ' 1 0 

a 15 minute ceiling on execution time. For this problem the 

algorithm did not stop within the allotted time. It thus 

appears that problems solved by this program should satisfy 

n 1 + n ~ 40. 

6.5 Summary and Conclusions 

The focus of this research has been towards the 

design and analysis of algorithms for Extreme Point Mathe-

matical Programming (EPMP) problems. To summarize this ef-

fort, we have obtained the following: 

• Cutting Planes: These constitute basic tools that may 

be used in various types of algorithms. In Chapter 2, 

a variety of cut generation schemes for EPMP were dis-

cussed. 

• Convergence Criteria: In Chapter 3 conditions for fi-

nite termination of pure cutting plane algorithms were 

given. 
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• Finite Algori thins: In Chapter 4 and 5 two finitely 

convergent algorithins were presented. The algorithin of 

Chapter 4 uses cutting plane theory in a more tradi-

tional sense, whereas in Chapter 5, cutting plane theo-

ry was utilized in the branching operation as well as 

in bound strengthening. 

• Computational Results: In 

this chapter, computational 

posed algorithins was given. 

the previous sections of 

experience with the pro-

The above contributions should be viewed not only 

as algori thinic development for EPMP but also as contribu-

tions towards a wider class of problems under the umbrella 

of the Generalized Lattice Point Problem (GLPP). It will 

also be recalled from Chapter l, that another interesting 

application is in the design of algorithms for the minimiza-

tion of concave functions. Thus there is wide applicability 

of the algorithins provided in this research. 

As regards suggestions for further research in the 

area, the various problems in Figure 1.2 are open to inves-

tigations of the same nature as we have provided for EPMP. 

Notwithstanding the above, there are two specific research 

ideas which we would like to discuss. 

Several attempts have been made in the past to ob-

tain finite cone splitting algori thins [ 71, 29, 69] . Since 



181 

the idea of cone splitting is quite powerful and is applica-

ble to various problems, an investigation to design finite 

cone splitting algorithms is.worthwhile. Towards this end 

consider the following specialized problem: 

(DEPMP): 

Min c•x 

s•t x € C n V 

where C is a convex polyhedral cone 

and Vis the set of vertices of 

y = {x: Dx s d, X ~ O}. 

The problem DEPMP is the key to obtaining finiteness from 

Tui-type cone-splitting algorithm (71]. Although, the al-

gorithms of this research are applicable to DEPMP, one would 

have to design a specialized scheme if such a problem were 

to be imbedded in a Tui-type algorithm. DEPMP could then be 

utilized in an efficient branch and bound algorithm for a 

variety of nonconvex mathematical programs including GLPP 

and concave minimization. 

A problem of considerable importance is the design 

of algorithms that can take advantage of special structures. 

Specifically the set Y of problem EPMP often has network 

constraints (56, 44], and the design of algorithm that can 

take advantage of such special structures provides interest-

ing research possibilities. 
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CONVEX POLYTOPES: SOME DEFINITIONS 

This appendix provides a collection of definitions from the 

theory of convex polytopes. Only those concepts and results 

that are relevant to this research will be reviewed here. 

The notation used is consistent with the book by Grunbaum 

[33] and others [54]. 

A.1 Definitions 

n 
Definition A. l: A set X £. R is affinely dependent if 

there exists a relation of the form, 

xl r 0 µ 1 + •.. + µr X = 
(A.1.1) 

µ 1 + ..• + µr = 0 

for some 1 2 r X , X , . . . , X E: X and 

least oneµ. non-zero. 
l If (A.1.1) is impossible then Xis 

said to be affinely independent. 

Definition A.2: An affine subspace of Rn is any subset that 

is closed under the operation of taking affine combinations, 

i. e X is an affine subspace if and only if x 1 , x 2 s X im-

plies that x( :\ ) = :\ x 1 + ( 1- :\ )x 2 belongs to X for all :\ . 

182 
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Definition A.3: A convex set in Rn is any subset that is 

closed under the operation of taking convex combinations, 

i. e C is a convex set if and only if x 1 , X 2 E C implies that 

x( X ) = A x 1 + ( 1- A )x 2 belongs to C for all A E [0,1]. 

Definition A. 4: The affine hull of a set X in R denoted 

aff (X), is the intersection of all affine subspaces that 

contain X, i.e aff(x) = {x E Rn: there is µl I • • • I µr and 

x 1 , ••• ,x r X such that xi xr and E X = µl + ..• + µ 
r 

µl + .•• + µr = 1}. 

Definition A.5: The convex hull of a set X in Rn, denoted 

conv(X), is the intersection of all convex sets that contain 

X, i. e conv(X) = {x E Rn: there is µ 1 , µ 2 , ••• , µ r ~ 0 and 
r 

x 1 , ••• , x E X such that x = µ 1 x 1 + •.. , + µr x! and 

+ ... + µ = 1}. r 

Definition A.6: The dimension of affine subspace X, is one 

less than the maximum number of affinely independent points 

in X. 

Definition A.7: The dimension of a convex set C, denoted by 

dim C, is defined as the dimension of aff(C). 

Definition A. 8: 
n 

Let a E R , a # 0 and b E R and define 
n + n H = {x ER: a•x = b}, H = {x ER: a•x ~ b}. The set His 
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called a hyperplane and the set H is termed a closed half 

space in R. 

Definition A.9: A hyperplane His said to be a supporting 

hyperplane of a closed convex set C if C S H+ and 

C n H # ~ (the empty set). 

Definition A.10: Let C be a closed convex set and let H be 

a supporting hyperplane. Then H n C is called a face of C. 

The empty set ~ and the set C are termed improper faces, 

while the others are called proper faces. The 0-dimensional 

faces are called vertices and the (n-1) dimensional faces 

are termed facets. 

Defintion A.11: A convex polyhedral set (or simply a poly-

hedral set) is the intersection of a finite number of closed 

half-spaces. 

Definition A.12: the convex hull of a finite set of points 

is a convex polytope. 
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A.2 Some Results 

The results summarized below will only be stated. 

The first result gives the connection between convex poly-

topes and polyhedral sets. 

Theorem A.l: A convex polytope is a bounded polyhedral set. 

Conversely, a bounded polyhedral set is a convex polytope. 

The following theorem gives some important properties of 

convex polytopes. 

Theorem A.2: 

a) A convex polytope (polyhedral set) has only a finite 

number of distinct faces, and each face is a convex 

polytope (polyhedral set). 

b) A convex polytope is the convex hull of its set of 

vertices. 

The next theorem is a result that is often used in the de-

sign of algorithms for certain nonconvex mathematical pro-

grams, including Extreme Point Mathematical Programs ( see 

Proposition 1.1). 

Theorem A.3: Let X 1 ,X 2 be closed bounded convex sets such 

that X 2 c. X 1 • If F is a face of X1 , then F () X 2 is a face 

of x 2 • 
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Important properties of faces of polytopes are now 

summarized in the following theorem. It is remarked that 

the result is also valid for polyhedral sets in general. 

Theorem A.4: 

a) let F 1 be a face of a polytope X and let F 2 be a face 

of F 1 • Then F 2 is a face of X. 

b) Let F be any proper face of a polytope X. Then Fis a 

face of some facet of X. 

c) Let Fj, Fk be j and k dimensional faces of a polytope 

X such that Then there are faces 

Fi j + 1 ~ i ~ k-1, of X, where the superscript gives 

the dimension, such that, 

k-1 k 
~ F ~ F 

d) The intersection of faces of a polytope X is also a 

face of X. 

Theorem 4 provides the motivation for certain 

branch and bound methods (see Chapters 4 and 5 and also Bur-

det [13]). 
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PROBLEM GENERATOR II 

The problem generator described in this Appendix 

provides an Extreme Point Mathematical Program (EPMP) with a 

predetermined solution. It's use may be recommended for de-

bugging computer code for EPMP but for the purposes of al-

gorithm evaluation, this generator is inadequate. For the 

latter purpose, the generator presented in Section 6. 2 is 

recommended. 

The problems generated by the procedure described 

here have a special characteristic. They possess precisely 

one feasible solution (in the EPMP sense). The strategy is 

as follows. 

1. Generate vectors c, f and a matrix D by utilizihg the 

procedure for linear programs described in Section 

6.2. 

2. Solve Maximize {c•x x E Y} and let x be an optimal 

solution. 

3. Generate n inequalities ITk x ~ l, k = 1,2, ... ,n such 

that if xk denotes a vertex of Y adjacent to x, then 
k k k 

IT x < 1 and IT x > 1. (Note that the generator for 

linear programs gives problems with nondegenerate po-

187 
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lyhedra with probability 1). The inequalities 

rrk x ~ 1 may be generated by utilizing the theory of 

valid inequalities in Chapter 2. 

4. Generate an inequality c•x ~ v + s where s > 0 
A 

and where v is the value at the second best vertex 

(of the problem in step 2). 
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(ABSTRACT) 

This dissertation deals with a class of nonconvex 

mathematical programs called Extreme Point Mathematical Pro-

grams (EPMP). These problems are generalizations of certain 

Integer Programming problems and also find their application 

in other nonconvex programs like the Concave Minimization 

problem. The research addresses the design and analysis of 

algorithms for EPMP. However, most of the ideas are quite 

general and apply to a wider class of mathematical programs 

including the Generalized Lattice Point Problem. We obtain 

a variety of cutting plane algorithms and analyze the con-

vergence of such algorithms. Insightful examples of noncon-

vergence are also provided. Two finitely convergent algor-

ithms are also presented. One of these is a cutting plane 

based procedure while the other is a branch and bound 

scheme. 

given. 

Computational experience with both algorithms is 
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