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Optimal Point Charge Approximation:
from 3-Atom Water Molecule to Million-Atom Chromatin Fiber

Saeed Izadi

(ABSTRACT)

Atomistic modeling and simulation methods enable a modern molecular approach to bio-
medical research. Issues addressed range from structure-function relationships to structure-
based drug design. The ability of these methods to address biologically relevant problems
is largely determined by their accurate treatment of electrostatic interactions in the target
biomolecular structure. In practical molecular simulations, the electrostatic charge density
of molecules is approximated by an arrangement of fractional “point charges” throughout
the molecule. While chemically intuitive and straightforward in technical implementation,
models based exclusively on atom-centered charge placement, a major workhorse of the
biomolecular simulations, do not necessarily provide a sufficiently detailed description of the
molecular electrostatic potentials for small systems, and can become prohibitively expensive
for large systems with thousands to millions of atoms. In this work, we propose a rigorous
and generally applicable approach, Optimal Point Charge Approximation (OPCA), for ap-
proximating electrostatic charge distributions of biomolecules with a small number of point
charges to best represent the underlying electrostatic potential, regardless of the distance to
the charge distribution. OPCA places a given number of point charges so that the lowest
order multipole moments of the reference charge distribution are optimally reproduced. We
provide a general framework for calculating OPCAs to any order, and introduce closed-form
analytical expressions for the 1-charge, 2-charge and 3-charge OPCA. We demonstrate the
advantage of OPCA by applying it to a wide range of biomolecules of varied sizes. We use the
concept of OPCA to develop a different, novel approach of constructing accurate and simple
point charge water models. The proposed approach permits a virtually exhaustive search for
optimal model parameters in the sub-space most relevant to electrostatic properties of the
water molecule in liquid phase. A novel rigid 4-point Optimal Point Charge (OPC) water
model constructed based on the new approach is substantially more accurate than commonly
used models in terms of bulk water properties, and delivers critical accuracy improvement
in practical atomistic simulations, such as RNA simulations, protein folding, protein-ligand
binding and small molecule hydration. We also apply our new approach to construct a 3-
point version of the Optimal Point Charge water model, referred to as OPC3. OPCA can be
employed to represent large charge distributions with only a few point charges. We use this
capability of OPCA to develop a multi-scale, yet fully atomistic, generalized Born approach
(GB-HCPO) that can deliver up to 2 orders of magnitude speedup compared to the reference
MD simulation. As a practical demonstration, we exploit the new multi-scale approach to
gain insight into the structure of million-atom 30-nm chromatin fiber. Our results suggest
important structural details consistent with experiment: the linker DNA fills the core region
and the H3 histone tails interact with the linker DNA. OPC, OPC3 and GB-HCPO are
implemented in AMBER molecular dynamics software package.
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1.4 Multi-level hierarchical partitioning of a chromatin fibre based on its natural
structural organization: (a) The fibre is made up of 40 nucleosome complexes.
The individual nucleotide groups in the fibre are shown in red beads and
amino acid groups as grey beads. (b) Each complex (level 3) is made up of
13 subunits with the segments of DNA linking nucleosome complexes being
treated as separate subunits. A complex is shown here with each subunit
represented in a different color. (c) Each subunit (level 2) is made up of
49-142 groups. The linker histone subunit is shown here with the groups
colored by the type of amino acid. (d) Each group (level 1) is made up
of 7-32 atoms (level 0). A histidine amino acid group is shown here with
atoms represented as small spheres and covalent bonds between the atoms
represented as links. The atoms are colored by the type of atom. The total
fibre consists of approximately 1160000 atoms. The fibre was constructed as
described in Wong et. al.[214]. The images were rendered using VMD [89].
For clarity, only 10 of the 13 subunits are shown in (a) and (b). . . . . . . . 10

2.1 Example of a 2-charge optimal point charge approximation (OPCA) for a
sample charge distribution – a neutral amino acid (C-terminal arginine at
physiological pH) , including the associated NH-CH-COO backbone atom.
(a) The atomic partial charges are represented as spheres rendered using
VMD[88]. The sphere colors range from red to blue representing the charge
range of −1e to +1e, where e is the atomic unit of charge. The charge values
for charges |q| > 0.2e are shown next to the atoms. As a visual reference,
the backbone heavy atoms are labeled and covalent bonds are included in the
figure. The green square represents the center of dipole (COD), with dipole
moment p shown by the arrow. The two diamonds represent the two point
charges, q1 and q2, of the OPCA. (b) Error in electrostatic potential for the 2-
charge OPCA, point dipole, and point quadrupole with center of dipole as the
expansion center. The error is calculated relative to the exact computation,
on a circle at a distance 2R0, in the plane shown. Here, R0 is the size of the
charge distribution defined as the distance from its center of geometry to the
outermost charge. The inset image shows the electrostatic surface potential
rendered using GEM[73]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
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2.2 Accuracy of the 2-charge practical point charge approximation (PPCA) for
charge distributions with a net zero charge described in the Practical Appli-
cation section. Accuracy is calculated as the RMS error relative to the exact
computation, at a distance of 10 Å (≈ 2R0) from the center of geometry.
RMS error for the 2-charge PPCA (Eq. (2.18)) is shown as a function of the
distance between the two charges of the PPCA ||r̄1 − r̄2||. The RMS error
for the 2-charge PPCA is compared to that of the point dipole approximation
with an optimal center of expansion. (a) Cases where Eq. (2.23) is true. (b)
Cases where Eq. (2.23) is false. This figure also includes the 2-charge optimal
point charge approximation (Eq. (2.22)) for comparison. Connecting lines are
shown to guide the eye. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.3 Illustration of a 2-charge practical point charge approximation (PPCA) for a
sample charge distribution with non-zero net charge (a glutamic acid group
within a protein with net charge = −1e, where the group includes the associ-
ated NH-CH-CO backbone atoms). (a) The original charge distribution with
its quadrupole tensor (Eq. (2.5)) shown below. The atomic partial charges
are represented as spheres rendered using VMD[88]. The sphere colors range
from red to blue representing the charge range of −1e to +1e. The charge
values for charges |q| > 0.2e are shown next to the atoms. As a visual refer-
ence, the backbone heavy atoms are labeled and covalent bonds are included
in the figure. The green square shows the center of charge (COCh). (b)
The principal axes, v1, v2, v3 of the original charge distribution with the
center of charge as origin (green square). Its quadrupole tensor, with the
coordinate system aligned to the principal axes (Eq. (2.27)), is shown be-
low. Here v1 is the principal axis with the largest principal value. Analogous
to the concept of ellipsoid of inertia in Mechanics used to characterize mass
distribution, an ”ellipsoid of charge” can be imagined here that helps visual-
ize the charge distribution characterized by the quadrupole tensor. (c) The
2-charges of the PPCA (red diamonds) are placed such that the quadrupole
moment for the PPCA equals the component of the quadrupole moment for
the original charge distribution along v1. The quadrupole tensor produced
by the 2-charge PPCA, with the coordinate system aligned to the principal
axes, is shown below. The values of charges are in atomic units (e), and e.Å2

is the unit for the quadrupole tensors. . . . . . . . . . . . . . . . . . . . . . 24
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2.4 Accuracy of the 2-charge practical point charge approximation (PPCA) as a
function of the distance r̄1 from the center of charge, for the sample charge
distribution shown in figure 2.3. Accuracy is calculated as the RMS error,
relative to the exact computation, at a distance of 2R0, where R0 is the
maximum extent of the charge distribution from the center of geometry. The
point dipole and point quadrupole approximations with center of charge as
the center of expansion are shown for comparison. The vertical dashed line
represents the value r̄1 ≈ 1.6R0 that produces the lowest RMS error for the
2-charge PPCA in this case. Connecting lines are shown to guide the eye. . 26

2.5 Accuracy of the 2-charge practical point charge approximation (PPCA) com-
pared to that of the point dipole and point quadrupole approximations, for
a sample set of charge distributions relevant to biomolecular modeling. Ac-
curacy is calculated as the RMS error relative to the exact computation. (a)
Error calculated at a distance of 10 Å≈ 2R0 where R0 is the maximum extent
of the charge distribution from the center of geometry. (b) Error calculated
at a distance of 15 Å ≈ 3R0 from the center of geometry. Error bars show
the maximum and minimum absolute error. The upper values for the error
bars that are cut off at the top are 0.14 and 0.006 in the left and right panels,
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2.6 3-charge optimal point charge approximation (OPCA) for water. (a) The
quantum mechanical electron charge density is visualized by a light blue to
red colormap representing the charge density range of 0 to −1 e per 0.05 ×
0.05× 0.05 Å3. The figure shows a 3 Å× 3 Å slice of the charge distribution
in the y-z plane of the water atom centers. The origin is located at the center
of the oxygen atom, the water atoms lay in the y-z plane, and the z-axis
bisects the hydrogen atoms. The blue dots represent the water atom centers
and the red and blue squares represent the 3 OPCA charges. The central
OPCA charge has a value of −26e and the other two are 13e each. (b) The
error in electrostatic potential relative to the exact computation, calculated
at 2× R0 = 2.8 Å from the oxygen atom, in the y-z plane. In this case R0 is
chosen to be 1.4 Å, the mean van der Waals radius of water[63], and 2 × R0

approximates the distance between the oxygen atoms in two closest water
molecules. For comparison, we show the error for the 4 lowest point multipole
approximations as well as for a commonly used approximation which places
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Glossary

The definition of a few key terms used extensively throughout this document.

Explicit Solvent: Solvent models that treat the solvent molecules explicitly, i.e. the coor-
dinates and usually at least some of the molecular degrees of freedom are included. This is a
more intuitively realistic picture in which there are direct, specific solvent interactions with
a solute, in contrast to continuum models.

Implicit Solvent: Sometimes known as continuum solvent, a method of representing sol-
vent as a continuous medium that have the average properties of the real solvent.

Generalized Born model(GB): A model for implicit solvation that provides an analytical
approximation of the Poisson equation to compute the electrostatic part of the solvation free
energy

Force Field: Refers to the functional form and parameter sets used to calculate the poten-
tial energy of a system of atoms in molecular mechanics and molecular dynamics simulations.

Solvation Free Energy The change in free energy for transferring a molecule from gas
phase to aqueous phase, conventionally estimated as the molar transfer free energy, in kcal/mol.

Chromatin Fiber: The second level of DNA compaction, after the nucleosome. The atom-
istic details of the structure of chromatin fiber are unknown.

xix



Chapter 1

Introduction

Molecular interactions are the basis of life, therefore understanding their intricate details
is critical to progress in many areas of the biological sciences. Current experimental meth-
ods alone do not provide us with a complete picture of what happens at this microscopic
level (mainly because the objects involved are too complex and their parts move too fast)
and can also be prohibitively expensive. Consequently, computer simulations become an
indispensable research tool [51, 65, 114, 111, 212, 204, 110, 109].

In principle, all details of molecular structures and interactions can be predicted from first
principles using quantum mechanics[124]. However, quantum mechanics can become compu-
tationally extremely expensive for many of the problems we are interested. The development
of simplified methodologies is critical in the study of structure and dynamics of biological
macromolecules[124]. One of the most practical simplifications in biomolecular simulations
is to ignore the electronic degrees of freedom of the molecules, and only calculate motions of
the nuclei. This simplification, which is the fundamental assumption in all practical molecu-
lar dynamics methodologies, stems from the Born-Oppenheimer approximation that assumes
nuclear and electronic motions are independent and therefore the energy of a system can be
written as a function of nuclear coordinates only[51, 65, 114, 124]. This approximation is
the basis for all-atomistic molecular mechanics methods that simulate each atom as a single
particle. Each particle is characterized by a radius (i. e. the van der Waals radius), polar-
izability, and a constant net charge. There are also bonded interactions that are treated as
springs with an equilibrium distance equal to the experimental or calculated bond length.
In the context of molecular modeling, such functional abstraction is known as a force field
which is a mathematical expression describing the dependence of the energy of a system on
the coordinates of its particles.

Most classical molecular mechanics force fields rely on five terms with a simple physical
interpretation: there are potential energy terms associated with deformation of bond and
angle geometry (stretching/compression of bonds, bending of angles), terms associated with
the rotation about certain dihedral angles (torsions), and the so-called “non-bonded” terms,
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describing the electrostatic interactions and terms describing the dispersion interactions and
repulsion when atoms overlap (van der Waals forces). The expression for the potential energy
of a molecular system that is used most frequently for simple organic molecules and biological
macromolecules is as below:

V (r) =
∑

bonds

kb
2
(b− b0)

2 +
∑

angles

kθ
2
(θ − θ0)

2

+
∑

dihedralangles

kφ
2
(1− cos(nφ− δ)) +

N∑

i=1

N∑

j=i+1

[
A

r12ij
− C

r6ij

]
+

N∑

i=1

N∑

j=i+1

[
qiqj
ǫDrij

] (1.1)

while kb, kθ, kφ are the bond, angle, dihedral force constants. The corresponding bond length,
angle, dihedral angle are represented by b, θ and φ with the subscript zero representing the
equilibrium value. A and C are Lennard Jones (LJ) coefficients and qi is the atomic partial
charge. V (r) denotes the potential energy and rij represents the distance between atoms
i and j. For the non-bond interactions (LJ and electrostatic interactions), the sum runs
in principle over all pairs of atoms which are more than two bonds apart or belonging to
different molecules. The details of the non-bond list critically depend on the system and the
method chosen for the calculation.

Among all of the five interactions described above, the computation of the non-bonded
electrostatic interactions (the fifth term in Equation 1.1) is most challenging. In contrast
to the other four terms that represent “local” interactions, electrostatic interactions are
long-range, as they decay as 1/rij , in nature and their evaluations present a fundamental
problem: a system of N atoms demands an amount of work proportional to N2 for such
calculations. Therefore, the limiting factor in most all-atom simulations is the computation
of long range electrostatic interactions[169, 118]. Electrostatic interactions are also strong
and their accurate evaluation is key to the outcomes of biomolecular simulations. The
accuracy and speed of electrostatic interactions depend on the way the charge density of
biomolecules are represented. Currently the most common approach for representing the
charge distributions in molecular simulations is atom-center charge placement, as described
below.

1.1 Partial atomic charges used to represent molecular

electrostatic potentials

In practical molecular simulations, the electrostatic charge density of molecules is commonly
approximated by an arrangement of fractional point charges throughout the molecule. Un-
fortunately, point charges are not quantum mechanical observables or experimentally mea-
surable quantities with a well understood physical meaning. Therefore, a lot of effort has
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been put into developing methods to determine partial charges that reproduce electrostatic
properties of molecules, and in particular the electrostatic potential obtained from quantum
mechanics calculations. [22, 41, 29, 180, 43, 20, 95, 12, 192].

In the most widely used point charge model of molecular electrostatics, the point charges are
placed at the center of atoms and the charge values are chosen to reproduce electrostatics,
calculated from quantum mechanics, at a given surface[124] (Figure 1.1). While chemically
intuitive and straightforward in technical implementation, this model does not provide a
sufficiently detailed description of the anisotropic features of the molecular electrostatic
potential. For example, for very small systems containing just a few atoms (e.g. the water
molecule), models based exclusively on atomic charges may be unable to accurately describe
the complexity of the electrostatic (i.e. higher order multipole moments) resulted from the
anisotropic nature of the charge distribution. On the other side, for very large systems
with thousands to millions of atoms (e.g. the Chromarin fiber), assigning point charges to
all individual atoms creates too many interacting sites in the model, leading to inordinate
computational costs.

Figure 1.1: Common approach to represent electrostatics: atom-centered point charge place-
ment (e.g. EPS) optimizes electrostatics at a given surface. The figure illustrates the distri-
bution partial charges on the atoms centers for a glutamic acid group within a protein with
net charge = −1e, where the group includes the associated NH-CH-CO backbone atoms.
The charge values for charges |q| > 0.2e are shown next to the atoms.

Alternative approaches to deriving atomic partial charges include empirically fitting a set
of point charges to a given charge distribution by minimizing various error metrics in elec-
trostatic potential over some volume or surface surrounding the charge distribution, such as
RESP [22], CHELP [41], CHELPG [29], CHELMO [180], Finite Point Charge (FPC)[43],
coarse graining [20, 95, 12] and others [192]. One drawback of these methods is that min-
imizing the electrostatic error over some specific volume or surface can potentially lead to
relatively large errors outside those volume or surface. Also, these methods often predeter-
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mine the positions of the point charges and only charge values are parametrized to reproduce
electrostatic potential. As we will show later, any geometrical constraint on charge positions
can adversely affect the ability to optimally reproduce the electrostatic potential. Another
drawback of the above approaches is that the point charges are obtained from numerical
fits rather than from analytical expressions whereas for many practical applications, such as
molecular dynamics simulations, analytical expressions are crucial for “on-the-fly” calcula-
tions. There is a great desire for a systematic procedure for choosing the positions of point
charges in distributed charge models.

1.2 Optimal Point Charge Approximation (OPCA)

In this work, we present a rigorous and generally applicable approach, Optimal Point Charge
Approximation (OPCA), for approximating electrostatic charge distributions with a very
small number of point charges so that the underlying electrostatic potential is best repre-
sented, regardless of the distance to the charge distribution (Figure 1.2). OPCA does not
impose any geometrical constraint on the position of the point charges. Instead, it finds the
positions and magnitude of a small number of point charges so that the underlying electro-
static potential is optimally reproduced, regardless of the distance to the charge distribution.
OPCA places the approximating point charges so that the lowest order electrostatic multi-
pole moments of the charge distribution are best reproduced. As a result, OPCA inherits
the physically appealing asymptotic properties of the point multipole approximation, i.e.
the error in potential is guaranteed to fall off at least as fast as 1/Rk+1, where R is the
distance from the origin and k is the highest order of the multipole terms retained in the
expansion. The above asymptotic behavior is a key difference between optimal point charge
approximation and previous methods that simply fit the representative charges to minimize
electrostatic error over some arbitrary volume or surface (e.g. molecular surface), which can
potentially lead to relatively large errors outside the volume or surface used for fitting.

We provide a general framework for calculating OPCAs to any order. We also derive closed-
form analytical expressions for the 1-charge, 2-charge, and 3-charge OPCA. These analytic
expressions not only provide physical insight but are more computationally efficient than
the numerical minimization procedures that are in general required to obtain the optimal
point charge approximation. Thus, these analytic expressions may be particularly useful in
applications such as molecular dynamics where computational speed is critical.

A detailed description of the Optimal Point Charge Approximation approach is given in
Chapter 2.
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Figure 1.2: For a given set ofN original charges the optimal point charge approximation finds
the position and magnitude of K point charges such that the potential due to these smaller
number of point charges, Φ̄(R) best approximates the potential of the original distribution,
Φ(R), independent of distant R.

1.3 OPCA in practical biomolecular simulations

In general, OPCA can be applied to a broad class of problems in which an efficient method
for calculating the electrostatic interactions between biomolecules in solution is desired. To
best demonstrate the advantage of the optimal point charge approximation we implement it
to a broad range of biomolecules of varied sizes. In particular, here we apply the concept of
OPCA to develop a novel approach for constructing classical water models with electrostatic
properties that are closer to what has been found in experiment and high level quantum
mechanics, which is difficult to do in models based on atom-centered charge placements. In
another example, we use the concept of OPCA to develop a new muti-scale approach that
significantly speeds up the computations of electrostatic interactions in MD simulations.
We use the new multi-scale approach to gain insight into the structure of a million-atom
chromatin fiber.

A brief description of the application of OPCA in modeling 3-atom water molecule and
million-atom structure of chromatin fiber is given below.

1.3.1 OPCA improves the accuracy of classical water models

Molecular modeling and simulations are routinely employed to study structure and function
of biological molecules, with over 12,000 biomolecular modeling papers published in 2009
alone, in applications ranging from structural biology to bio-medicine and rational drug de-
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sign. Accurate, classical water modelscite[104, 2, 85, 7, 138, 23, 217, 195, 218, 166, 123, 208,
122, 197, 143, 128, 16, 156, 221] are just as important for these modeling efforts as water is for
Life. The simplest, and most widely used, atomistic water models are fixed-charge rigid non-
polarizable models, implemented in virtually every modeling package. However, despite at
least three decades of effort there is still significant room for much needed improvement. As
more physical realism is added to such models either through more complex geometry or/and
by inclusion of electronic polarization effects, the cost of finding the accuracy optimum in the
large parameter space grows exponentially. As a result, available parametrizations are vir-
tually guaranteed to be sub-optimal with respect to faithfully reproducing key experimental
properties of water, hindering predictive potential of these models.

Search for theoretical models that can accurately describe how this deceptively simple
molecule of just three atoms gives rise to the many extraordinary properties of its liquid
phase [61, 62, 18] is far from complete [79, 140]. The most simple and computationally
efficient, rigid non-polarizable models [104, 2, 85, 138, 23] that represent water molecule as
a set of point charges at fixed positions relative to the oxygen nucleus stand out as the class
used in the vast majority of atomistic biomolecular studies today.

Most commonly used models of this class, e.g. 3-point TIP3P [104] or SPC/E [23], or 4-
point TIP4P-Ew [85], offer a compromise between accuracy and speed, but are by no means
perfect. The need for better accuracy motivates an on-going search for more accurate yet
computationally facile water models. Yet, despite notable recent improvements[211, 66, 210,
60], these models still fail to reproduce all the key properties of bulk water accurately and
simultaneously[94]. Life itself depends on several of these properties being precisely what
they are, e.g. the strength of water-water hydrogen bonds (even ∼2% change can make a
critical difference). Importantly, even modest inaccuracies of water models can drastically
affect outcomes of atomistic biomolecular modeling in an unpredictable, adverse manner.
The sensitivity is not surprising given the extraordinary complexity of real water-water
interactions and hydrogen bonding networks in liquid phase, and their extreme sensitivity to
various properties of water models[217]. While in some cases fortuitous cancellation of errors
between solute-solvent and solvent-solvent interactions leads to reasonable agreement with
experiment, the balance can not be maintained in general if the solvent-solvent part is wrong.
This is especially true for simulations in which appreciable change in solvent exposure occurs
(protein folding, ligand binding).

For larger protein-ligand systems, the discrepancies between binding energies can exceed
10 kcal/mol for commonly used water models[93], which is unacceptable for quantitative
molecular modeling efforts. Likewise, widely used water models fail to predict correct exper-
imental size of intrinsically disordered proteins[160] or the balance between RNA tetraloop
populations regardless of the underlying force-field used. And even though some models
(e.g. TIP3P) can perform better than others in predicting hydration free energies of small
molecules[145], the average errors are still outside the desired “chemical accuracy” of less
than 1 kcal/mol, the goal for rational drug design efforts .
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Figure 1.3: Charge distribution of the water molecule in the gas phase obtained from a
quantum mechanical calculation [9]. Counter-intuitively, three point charges that optimally
reproduce the electrostatic potential of this charge distribution, calculated based on the
3-charge OPCA, are clustered in the middle, as opposed to the on-nuclei placement used
by common water models that results in a much poorer electrostatic description of the
underlying charge distribution[9]. Motivated by this observation, we propose a new approach
for constructing point charge water models (see chapters 3 and 4).

Procedures employed to develop commonly used rigid water models generally impose con-
straints on the geometry (OH bond length and HOH angle) based on experimental observa-
tions, most commonly by fixing the positive point charges at the hydrogen nuclei positions.
Inspired by the classical works[142, 25] that revealed V-shape of water molecule, the common
approach to build water models imposes constraints on the allowed variations of the model
geometry. That is |OH| bond length and 6 HOH angle are either fixed, or are only allowed to
vary slightly around their “canonical” values. The assumption is that optimal locations of
the positive point charges of the model should be somewhere near the experimental hydrogen
nuclei positions. This approach may not necessarily accurately reproduce the electrostatic
characteristics of the water molecule due to severe constraints on allowed variations in the
charge distribution being optimized.

In this work we show that the configuration of three point charges to best describe the
charge distribution of the water molecule, calculated based on the concept of Optimal Point
Charge Approximation, can be very different from what one may intuitively expect based
on its well-known atomic structure (Figure 3.1). We also show that these point charges
significantly improve the accuracy in representing the electrostatic properties of the water
molecule. Intrigued by the idea that optimal placement of the point charges in a water
model can be very different from the “intuitive” placement on the nuclei, and encouraged by
the significant improvement of the accuracy of electrostatics brought about by this strategy



8

in gas-phase, we formulate and test a different approach to building classical water models
for the liquid phase, using the concept of OPCA, which is completely different from the
mainstream approaches.

The new approach finds the optimal magnitude and positions for point charges so that an
accurate yet simplified description of the charge distribution of the water molecule that can
adequately account for the hydrogen bonding in the liquid phase is achieved. The proposed
approach will allow us to perform an exhaustive search for optimal parameters of fixed-charge,
rigid water models based on n-point topologies, even for large n. As proof-of-concept, we
have constructed two versions of one such model – 4-point OPC and 3-point OPC3.

Success of this work will be of immediate importance to both practitioners and model de-
velopers. The practitioners will have immediate access to significantly more accurate water
models of the same high computational performance as currently implemented in all major
modeling packages. These new models can immediately replace previous generation mod-
els such as TIP3P or TIP4P in all the applications where these models are currently used,
including multi-scale simulations. Developers will have a much better idea of the accuracy
limits of the widely used point charge water models, and novel approaches to improving
polarizable models.

Details of the proposed approach for building water models, as well as the parametrizations
of the 4-point OPC and 3-point OPC3, are described in chapters 3 and 4.

1.3.2 OPCA for developing multi-scale/coarse-grain molecular dy-
namics simulation: insights into the structure of million-
atom chromatin fiber

OPCA can be employed to represent large charge distributions with only a few point charges.
This capability of OPCA is very useful for developing multi-scale/coarse-grain methods for
molecular dynamics simulations, especially where analytic expressions and the simplicity of
the algorithms is key. In this work, we combine OPCA with the ∼ nlogn Hierarchical Charge
Partitioning (HCP) approximation [10] to present a new multi-scale, yet fully atomistic,
approach (called GB-HCPO) that performs MD simulations orders of magnitude faster than
traditional simulations. The HCP approximation partitions the biomolecular structures into
multi-level hierarchical components based on the natural organization of biomolecules, as
illustrated in Figure 5.1 – atoms (level 0), nucleic and amino acid groups (level 1), protein,
DNA and RNA subunits (level 2), complexes of multiple subunits (level 3), and higher level
structures such as fibres and membranes. OPCA approximates the charge distribution for
each of these components by a small number of point charges so that the low order multipole
moments of these components are optimally reproduced. The new mult-scale approach
uses the full set of atomic charges to compute interactions between nearby atoms, while
approximating interactions with distant components using the smaller set of charges. As a
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result, the algorithmic complexity of the calculations of electrostatic interactions is reduced
from N2 (i. e. when the interactions for full set of atomic charges are calcualted) to NlogN ,
where N is the number of atoms, leading to significant speed up in the computations.

We show that the multi-scale approach can be over 2 orders of magnitude faster than the
traditional simulations without any approximations. We demonstrate the significance of the
new method by applying it to a bio-medically relevant application of interest to a larger
experimental and theoretical community. We will use the new multi-scale method to con-
struct an energetically realistic, atomistic model of the structure of a bio-medically relevant
example: a ∼ 1 million-atom 30 nm Chromatin fiber. The chromatin fiber represents the
second level of DNA compaction in cells[134]; modifications to N-terminal tails of the histone
proteins that make up the fiber core are known to regulate DNA accessibility and affect vital
process such as gene expression[83]. However, due to its large size, only low-resolution (cryo-
EM) experimental structures of the fiber are available[170], its atomistic details including the
tails, are unknown. Computational studies investigating the organization of chromatin fiber
have typically used coarse-grain simulations. Such simulations use customized, relatively
unproven, force fields, and fail to elicit the finer details of the atom level structure. In this
work, we use the proposed multi-scale approach to perform a fully atomistic simulation of
the million-atom chromatin fiber, starting from an existing atomistic model[215] consistent
with cryo-EM data. The atomistic details of the equilibrated structure suggests important
structural details consistent with experimental results.

Details of the proposed multi-scale approach along with its application in the study of chro-
matin fiber are described in chapter 5.
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Figure 1.4: Multi-level hierarchical partitioning of a chromatin fibre based on its natural
structural organization: (a) The fibre is made up of 40 nucleosome complexes. The individual
nucleotide groups in the fibre are shown in red beads and amino acid groups as grey beads.
(b) Each complex (level 3) is made up of 13 subunits with the segments of DNA linking
nucleosome complexes being treated as separate subunits. A complex is shown here with
each subunit represented in a different color. (c) Each subunit (level 2) is made up of 49-
142 groups. The linker histone subunit is shown here with the groups colored by the type
of amino acid. (d) Each group (level 1) is made up of 7-32 atoms (level 0). A histidine
amino acid group is shown here with atoms represented as small spheres and covalent bonds
between the atoms represented as links. The atoms are colored by the type of atom. The
total fibre consists of approximately 1160000 atoms. The fibre was constructed as described
in Wong et. al.[214]. The images were rendered using VMD [89]. For clarity, only 10 of the
13 subunits are shown in (a) and (b).



Chapter 2

Optimal point charge approximation:
the concept, basic principles and
analytical expressions

This chapter is adapted from PLoS ONE 8(7): e67715, 2013.

2.1 Overview

We propose an approach for approximating electrostatic charge distributions that optimally
represents the original charge distribution with a smaller number of point charges. By
construction, the proposed optimal point charge approximation (OPCA) retains many of
the useful properties of point multipole expansion, including the same far-field asymptotic
behavior of the approximate potential.

A general framework for numerically computing OPCA, for any given number of approximat-
ing charges, is described. We then derive a 2-charge practical point charge approximation,
PPCA, which approximates the 2-charge OPCA via closed form analytical expressions, and
test the PPCA on a set of charge distributions relevant to biomolecular modeling. We mea-
sure the accuracy of the new approximations as the RMS error in the electrostatic potential
relative to that produced by the original charge distribution, at a distance ∼ 2× the extent
of the charge distribution – the mid-field. The error for the 2-charge PPCA is found to be on
average 23% smaller than that of optimally placed point dipole approximation, and compa-
rable to that of the point quadrupole approximation. The standard deviation in RMS error
for the 2-charge PPCA is 53% lower than that of the optimal point dipole approximation,
and comparable to that of the point quadrupole approximation.

We also calculate the 3-charge OPCA for representing the gas phase quantum mechanical

11
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charge distribution of a water molecule. The electrostatic potential calculated by the 3-charge
OPCA for water, in the mid-field (2.8 Å from the oxygen atom), is on average 33.3% more
accurate than the potential due to the point multipole expansion up to the octupole order.
Compared to a 3 point charge approximation in which the charges are placed on the atom
centers, the 3-charge OPCA is seven times more accurate, by RMS error. The maximum
error at the oxygen-Na distance (2.23 Å ) is half that of the point multipole expansion up
to the octupole order.

Keywords: point charge approximation; multipole; electrostatics; water models; coarse-
graining

2.2 Introduction

Point multipole expansions are widely used to gain physical insight by providing a simplified
expression for a complex distribution of sources of potential fields, such as electrostatic
potential due to a charge distribution. Many familiar physics concepts are introduced using
the framework of point multipoles because point multipoles provide a means of decoupling
the underlying features of a source distribution from the observation point. Furthermore,
since each successive term in the multipole expansion decays more rapidly with distance
than the previous term, the impact of high order terms becomes small in the far-field,
i.e. at distances R such that R ≫ R0, where R0 is the distance of the furthest charge
from the expansion center. This property has allowed the point multipole expansion to
simplify many practical calculations. For example, algorithms such as the fast multipole [76],
local reaction field[125], and fitted point multipole (FPM)[43] methods, use point multipoles
to reduce the computational complexity of calculating pairwise interactions between large
charge distributions. However, at distances not much larger than R0, the accuracy of the
low order point multipole approximation deteriorates quickly as one approaches the charge
distribution, necessitating introduction of higher order terms. This, in turn, may lead to
cumbersome algebra and the need to introduce further approximation[90]. Since, in practice,
the potential often needs to be calculated in regions where the assumption R ≫ R0 does
not hold, the point multipole expansion with only one or two lowest order terms may be
suboptimal for some practical calculations. For example, in atomistic molecular simulations,
amino acids interacting inside a single protein are often only several (1-5) times R0 apart.
For a typical amino acid group within a folded protein such as lysozyme R0 ≈ 5 Å, and
the distance between amino acid groups ranges from 1R0 to 10R0. The value of R0 and
the distance at which the potential due to the charge distribution is evaluated, is of course
problem dependent. Furthermore, compared to point charge approximations, it is generally
more difficult to implement point multipole approximations into existing molecular modeling
software, especially for commonly used implicit solvent models.

Arguably, one of the most successful point multipole based approximations is the fast multi-
pole method [76]. The fast multipole method partitions the system into a hierarchical set of
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cubic lattices. Electrostatic interactions between charges within a lattice and in neighboring
lattices (the near-field) are treated exactly, while a truncated multipole expansion is used for
electrostatic interactions due to atoms in the more distant lattices (the mid- and far-field).
The size of the lattices used in the multipole expansion varies, with a larger lattice size
being used for more distant lattices [34, 31, 121]. This technique reduces the complexity of
the computation of pairwise interaction from O(N2) to less than O(N log(N)), where N is
the number of interacting particles[76]. Many improvements to the original technique have
been made [77, 31, 177, 40, 219]. Overall, the fast multipole method has the advantage of
lower computational complexity compared to the full pairwise computation, and has a well
defined error bound [76]; the method is used in many areas of physics. However the fast
multipole method has not been widely adopted in biomolecular simulations, most likely due
to its algorithmic complexity, and the discontinuities in calculated potential inherent in the
method.[27, 163] The local reaction field[125] and fitted point multipole (FPM)[43] methods
have also not been widely utilized in the context of biomolecular modeling, again most likely
due to their algorithmic complexity.

Here we investigate an alternative to the point multipole expansion for approximating charge
distributions, which we call optimal point charge approximation (OPCA). Unlike the fast
multipole method, which uses a set of point multipoles to represent the original charge distri-
bution, the OPCA approximates a charge distribution using a given number of point charges.
These point charges are chosen so that they optimally reproduce the lowest order multipoles
in the expansion of the original distribution. Since OPCAs have a finite size, as opposed to
being point-like, they may provide better representation of the original spatially extended
charge distribution than a single-center truncated point multipole expansion. In particu-
lar, a more accurate representation of the potential in the mid-field may be expected. We
prove below that the 1-charge and 2-charge OPCAs are at least as accurate as the equivalent
order point multipole approximations, i.e. the point monopole and dipole approximations.
Throughout this work we refer to point monopole, dipole, and quadrupole approximations as
the truncated point multipole expansions upto the monopole, dipole, and quadrupole order,
respectively.

We show that in general it is always possible to numerically determine the OPCA, how-
ever, for many practical applications, such as molecular dynamics simulations, analytical
expressions are needed. Although it is not always possible to derive a practical analytical
expressions for OPCAs, in certain cases we show that reasonable, robust and fairly simple
approximations to the OPCAs can be derived, which we refer to as the practical point charge
approximation (PPCA). The 2-charge OPCA is one such case for which a practical analytical
expression is not readily evident for arbitrary charge distributions. For this case we have
derived an approximation to the OPCA, the 2-charge PPCA. In what follows we evaluate
the accuracy of our approximations for a set of charge distributions relevant to biomolecular
modeling at a distance R ≈ 2R0. The accuracy at such distances is most critical for multi-
scale approximations[47, 119] such as the hierarchical charge partitioning method [12]. For
smaller distances, multiscale approximations generally use the exact charge distribution in
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their computations. From a practical standpoint, PPCAs may also be easier than the fast
multipole protocol to implement in applications that already utilize point charges, i.e. in
many molecular dynamics packages [157, 175].

The rest of this work is organized as follows. We first review the multipole expansion concept
to orient the reader and provide a convenient notational reference. Next, we describe the
theoretical basis for the optimal point charge approximation. We then use this theoretical
formalism to derive closed-form expressions for the optimal and the practical point charge
approximations for the 1- and 2-charge cases. The accuracy of the 2-charge PPCA was
evaluated for a practical application relevant to biomolecular modeling. We also calculated
the 3-charge OPCA for approximating a quantum mechanical charge distribution for a water
molecule; the resulting OPCA reproduces the electrostatic potential in the mid-field with
greater accuracy than the point octupole expansion. Potential uses and future work are
discussed in “Conclusions”.

2.3 Multipole Expansion

Here we will give a brief overview of the formalism of the point multipole expansion. Since
many practical applications, such as molecular dynamics simulations, use point charges, for
notational simplicity we will consider discrete charge distributions, but our main results also
hold for continuous distributions.

Consider a set of N point charges qn (n = 1, 2, ..., N) located at positions rn around some
chosen origin. Then the potential Φ(R), of this distribution at a point R from that origin
is given by the familiar Coulomb potential

Φ(R) =
1

4πǫ0

N∑

n=1

qn
||R− rn||

(2.1)

For distances R > R0 where R = ||R|| and R0 = max(||rn||), a Taylor series expansion
of the potential above gives the classic multipole expansion. In Cartesian coordinates we
obtain

Φ(R) =
1

4πǫ0

(
1

R
q +

1

R2

∑

i=x,y,z

R̂ipi +
1

R3

∑

i,j=x,y,z

R̂iR̂jQij

+
1

6

1

R4

∑

i,j,k=x,y,z

R̂iR̂jR̂kOijk + . . .

)
(2.2)
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where

q =
N∑

n=1

qn (2.3)

pi =
N∑

n=1

qnrn,i (2.4)

Qi,j =
1

2

N∑

n=1

qn

(
3rn,irn,j − (rn)

2δij

)
(2.5)

Oi,j,k =
N∑

n=1

qn

(
15rn,irn,jrn,k − 3(rn)

2(rn,iδjk + rn,jδik + rn,kδi,j)
)

(2.6)

q,p, Q,O are known as the monopole, dipole, quadrupole and octupole moments respectively,
R̂i, R̂j, R̂k, with i, j, k = x, y, z, are the unit vectors along the x, y, or z coordinates, and δij is
the Kronecker delta. The multipole moments are symmetric tensors where the lowest order
non-vanishing multipole is origin independent.

2.4 The optimal point charge approximation (OPCA)

For a given set of N original charges qn (n = 1, 2, ..., N), we want to determine the position
and magnitude of K point charges q̄k (k = 1, 2, ..., K < N) such that the potential due to
these smaller number of point charges, Φ̄(R) best approximates the potential of the original
distribution, Φ(R). Our criterion for the “best approximation” is as follows: the optimal
point charge approximation (OPCA) minimizes the error in the multipole expansion for the
K point charges relative to the multipole expansion for the original distribution of N charges.
The precise error metric is defined below.

2.4.1 The Error Metric

Determining the best representative charge distribution is contingent upon the definition of
the error metric used. In general, we are concerned with obtaining the best representation of
the original potential at any arbitrary point in space outside the distribution. Thus, for the
error metric, ∆, one typically chooses the root mean square (RMS) of the error in potential
over some volume V (or surface) excluding the volume V0 containing the charge distribution
being approximated, i.e.

∆2 =
1

V /∈ V0

∫

V /∈V0

∣∣Φ(R)− Φ̄(R)
∣∣2 dV (2.7)
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In principle, one can derive the optimal charge placement {q̄k, r̄k} by minimizing the integral
given in Eq. (2.7) with respect to the values of the new charges, {q̄k} and their positions {r̄k}.
However, as the number of charges in the representative distribution grows, this equation
can be expensive to minimize numerically, let alone to find closed-form analytic expressions
for the placement and magnitude of the charges composing the representative distribution.
In addition, the choice of the integration volume is somewhat arbitrary. Furthermore – and,
perhaps, most importantly – charges chosen in this manner are not guaranteed to have the
same multipole moments as the original distribution [180]. This can lead to misinterpretation
of the properties of the distribution and, potentially, to unphysical results. At the very least,
we would like the new approximate representation to inherit the same asymptotic behavior
of the corresponding point multipole expansion of the same order, but with greater accuracy
expected from a spatially extended distribution that can better mimic the original charge
distribution.

To simplify the problem, we recast Eq. (2.7) in spherical coordinates and consider the error
inside a spherical shell centered on the chosen multipole expansion center, and with arbitrary
outer radius R̃ > R0, where R0 is defined as before, i.e. the distance from the expansion
center to the outermost point charge. The error metric now becomes

∆2 =
3

4π(R̃3 −R3
0)

R̃∫

R0

2π∫

0

π∫

0

∣∣Φ(R)− Φ̄(R)
∣∣2 R2 sin(θ)dθdφdR (2.8)

where θ and φ are the usual spherical coordinate inclination and azimuth angles.

In spherical coordinates, the multipole expansion is given by

Φ(R) =
1

ǫ0

∞∑

ℓ=0

m=ℓ∑

m=−ℓ

1

2ℓ+ 1

Y m
ℓ (θ, φ)

Rℓ+1
qmℓ (2.9)

where Y m
ℓ are the standard spherical harmonics, ∗ denotes the complex conjugate, qmℓ are

the spherical multipole moments, and ℓ is the multipole order.

qmℓ =
N∑

n=1

qnr
ℓ
nY

m
ℓ (θn, φn)

∗ (2.10)

Using this expansion as our error metric, Eq. (2.8), becomes

∆2 =
3

4π(R̃3 −R3
0)

R̃∫

R0

2π∫

0

π∫

0

∣∣∣∣∣
1

ǫ0

∞∑

ℓ=0

m=ℓ∑

m=−ℓ

1

2ℓ+ 1

Y m
ℓ (θ, φ)

Rℓ+1
(qmℓ − qmℓ )

∣∣∣∣∣

2

R2 sin(θ)dθdφdR

(2.11)
where qmℓ and qmℓ are the spherical moments of the original and representative charge dis-
tributions respectively. Since the spherical harmonics are orthonormal, Eq. (2.11), can be
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further simplified to the following form [162],

∆2 =
3

4πǫ0(R̃3 −R3
0)

R̃∫

R0

∞∑

ℓ=0

1

(2ℓ+ 1)2 R2ℓ

m=ℓ∑

m=−ℓ

|qmℓ − qmℓ |2dR (2.12)

2.4.2 Calculating the optimal point charge approximation

The position and magnitude of the representative point charges in OPCA for a given order
K are calculated by sequentially minimizing each term in the error expansion Eq. (2.12),
starting with the lowest order (monopole) term. From the structure of Eq. (2.12) we see
that minimizing the difference between the successive multipole moments of the original N -
charge and the optimal K-charge distributions is equivalent to minimizing the total error
in electrostatic potential. Note that the procedure does not depend on the parameter R̃,
and thus the method does not require explicit integration over a given region. This removes
a degree of arbitrariness in defining the ”error surface” inherent in several other methods
currently used in practice. The use of the multipole expansion as reference allows for the
sought after distinct separation of terms by the rate at which they decrease as a function
of R, i.e. the monopole term falls off as 1

R
, the dipole falls off as 1

R2 , etc. A representation
that makes terms up to order l in Eq. (2.12) equal to zero will produce total error whose
leading term falls off as 1/Rl+1. For K = N , which is the number of charges in the original
distribution, the OPCA exactly reproduces the electrostatic potential due to the original
distribution. This is in contrast to the point multipole expansions, which generally require
an infinite number of terms to exactly reproduce a given charge distribution.

Note that minimizing the error metric, Eq. (2.12), minimizes the error in electrostatic
potential for the far-field where R ≫ R0, but not necessarily in the mid-field. In the mid-
field (R ≈ 2R0), the contribution due to higher order terms in the multipole expansion
can, in principle, be greater than the contribution due to lower order terms. Therefore,
minimizing the lowest order terms in the expansion error does not guarantee minimization
of the total error in the mid-field: these errors are investigated below for charge distributions
most relevant to biomolecules. In the following analysis, for convenience, we have dropped
the 1/4πǫ0 factor in Eq. (2.2) and (2.12) and switched from SI to atomic units.

2.5 Analytical expressions for 1- and 2-charge OPCAs

The minimization of the error metric in Eq. (2.12), which is required to define an OPCA, can
be done numerically for any given number of K representative point charges. A numerical
procedure for calculating the OPCA representation may be particularly useful in situations
where the charge distributions are relatively static and thus the optimal representation does
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not need to be recalculated. For example, during restrained molecular dynamics simulations,
components of the molecule may not move. The OPCA for these components do not need
to be recalculated. For applications where the OPCA needs to be recalculated frequently,
such as in unrestrained molecular dynamics simulations, one would like to find closed-form
analytical expressions that can be used to compute OPCAs at a reduced computational cost
and provide derivatives for force calculations.

In the following sections, we apply the general framework developed above to derive simple
analytical expressions for the 1-charge OPCA. Note that the 1-charge OPCA is only appli-
cable to a charge distribution with a non-zero net charge, since the monopole moment for a
neutral charge distribution is zero. The 2-charge case is more complex: the optimal point
charge approximation results in imaginary charge values for some charge distributions (see
Eq. (2.22) below), and can not be cast in a closed-form formula for some other distributions.
Therefore, we derive more practical analytical expressions that approximate the 2-charge
OPCA with a reasonable accuracy.

2.5.1 1-charge optimal point charge approximation for charged
distributions

By definition, the 1-charge OPCA consists of a single charge. As long as the charge has
magnitude q̄ =

∑N
n=1 qn, i.e. is equal to the total charge of the original distribution, the

monopole term of the error expansion, Eq. (2.12), will be zero. Now, the remaining param-
eter, namely the position of the charge, is chosen to minimize the dipole term in the error
expansion. In this particular case, the dipole term can be made identically zero by solving

px − q̄ · x = 0 (2.13)

py − q̄ · y = 0 (2.14)

pz − q̄ · z = 0 (2.15)

for x, y, z where px, py, pz are the x, y, z components of the dipole moment p of the original
distribution. Solving the above equations we have

q̄ = q (2.16)

r̄ =
p

q
(2.17)

So, a charge of magnitude q̄ placed at r̄ (center of charge) defines the 1-charge OPCA.

2.5.2 2-charge optimal and practical point charge approximations

The 1-charge OPCA is the smallest set of point charges required to eliminate the monopole
and the dipole term of the error expansion in Eq. (2.12) for systems with non-zero net
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charge. However, an error reduction further than the dipole order is often desired for higher
accuracy. In such cases, the 2-charge OPCA (K = 2) is the next step. In deriving an
analytical expression for the 2-charge OPCA, the goal is to eliminate the error terms up to
the dipole order in Eq. (2.12), and to minimize the quadrupole and, ideally, the next terms.

Due to important differences in the characteristics of charge distributions with zero and non-
zero net charges, it is necessary to treat these two cases separately. For charged systems,
the monopole and the dipole error terms are eliminated if two point charges with total
charge equal to the original net charge are positioned so that their center of charge coincides
with the center of charge of the original distribution. For uncharged systems, however, the
monopole and dipole terms in the error expansion are eliminated when a pair of charges
of equal magnitude but opposite sign are aligned with the direction of the original dipole
moment. In other words, to eliminate the error terms up to the dipole in the charged case
the location of the center of charge of the 2 charges is constrained, while in the uncharged
case the direction of the dipole moment of the 2 charges is constrained. This leads to two
different solutions for the two cases.

2-charge approximation for uncharged distributions

For net zero charge distributions, the optimal point charge approximation consists of two
charges q̄1 = q̄ and q̄2 = −q̄ located at positions r̄1 and r̄2 respectively. Thus, it takes 7
parameters, q, and the x, y, z components of r̄1, and r̄2, to uniquely define a 2-charge OPCA.
By setting

q̄(r̄1 − r̄2) =
N∑

n=1

qnrn (2.18)

the dipole term in the error is zero. Now, we will rewrite the positions r̄1 and r̄2 in the
following form:

r̄1 = d̄+

∑
qnrn
2q̄

r̄2 = d̄−
∑

qnrn
2q̄

(2.19)

where d̄ represents the geometric center between the two charges of the OPCA. We can
see that these positions satisfy relation (2.18) automatically. By writing the positions of the
charges in this manner, we have divided the process of determining the remaining parameters
which define the OPCA into two steps, namely, finding the optimal placement of the charges,
d̄, and finding the optimal magnitude of the charge, q̄. Note that finding the optimal
charge value fixes the separation between the two charges, since the dipole moment of the
representative distribution has been constrained to equal the original dipole moment.

The placement of the geometric center d̄ of the charges composing the 2-charge OPCA that



20

minimizes the quadrupole term of the error expansion, is given by

d̄k =
2

3p2

(
∑

i=x,y,z

Qkipi −
(∑

i,j=x,y,z Qjipipj

4p2

)
pk

)
(2.20)

where k = x, y, z, the d̄k’s are components of d̄, pi, pj , pk are the components of the dipole
moment (Eq. (2.4)), and Qki, Qkj are the components of the quadrupole moment (Eq.
(2.5)). This optimal position, known as the center of dipole, was derived previously[162]
for a different purpose, namely for matching point multipole expansions between different
charge distributions. Now, unlike the point dipole approximation, the 2-charge OPCA has
physical size and thus an additional parameter with which to further minimize the error with
respect to the given potential. In other words, Eqs. (2.20) and (2.18), determine only 6 of
the 7 parameters required to define the 2-charge OPCA. Since the quadrupole moment is
the lowest order non-zero term remaining in the error expansion, by choosing the optimal
charge value we want to further minimize the quadrupole term in the error. However, for
any charge value q̄ an OPCA placed at the center of dipole has no quadrupole moment as
can be seen by setting N = 2, substituting the center of dipole, Eq. (2.20), and q1 = −q2 = q̄
into Eq. (2.19), and then substituting these variables into Eq. (2.6). Thus, the quadrupole
term in the error, Eq. (2.12) is unaffected by the choice of the charge magnitude q̄, and
the quadrupole term has already been globally minimized. Therefore, to uniquely define the
charge q̄, we follow the OPCA procedure and globally minimize the next term in the error
expansion, namely the octupole term. Specifically, if we consider the ℓ = 3 term of Eq.
(2.12), using the connection formula from spherical multipoles to Cartesian multipoles we
can compute ∑

i,j,k=x,y,z

∂

∂q̄

(
Oijk −Oijk

)2
= 0 (2.21)

where Oijk and Oijk are components of the octupole moments, in Cartesian coordinates (Eq.
(2.6)), of the original distribution and the 2-charge OPCA respectively, for an expansion
computed about the center of dipole. By noting that Oijk is a function of q̄, we find that
Eq. (2.21) is satisfied when q̄ → ∞ or if the charge value is given by

q̄ =

√
3p6

2
∑

i,j,k=x,y,z Oijkpipjpk
(2.22)

Thus, Eqs. (2.19), (2.20) and (2.22) define the 2-charge OPCA for the net zero charge case
(figure 2.1), i.e. defines the best placement of charges such that the error metric (Eq. (2.12))
is minimized.

In some cases, it is possible that
(

∑

i,j,k=x,y,z

Oijkpipjpk

)
≤ 0 (2.23)
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Figure 2.1: Example of a 2-charge optimal point charge approximation (OPCA) for a
sample charge distribution – a neutral amino acid (C-terminal arginine at physiological pH)
, including the associated NH-CH-COO backbone atom. (a) The atomic partial charges are
represented as spheres rendered using VMD[88]. The sphere colors range from red to blue
representing the charge range of −1e to +1e, where e is the atomic unit of charge. The
charge values for charges |q| > 0.2e are shown next to the atoms. As a visual reference,
the backbone heavy atoms are labeled and covalent bonds are included in the figure. The
green square represents the center of dipole (COD), with dipole moment p shown by the
arrow. The two diamonds represent the two point charges, q1 and q2, of the OPCA. (b)
Error in electrostatic potential for the 2-charge OPCA, point dipole, and point quadrupole
with center of dipole as the expansion center. The error is calculated relative to the exact
computation, on a circle at a distance 2R0, in the plane shown. Here, R0 is the size of
the charge distribution defined as the distance from its center of geometry to the outermost
charge. The inset image shows the electrostatic surface potential rendered using GEM[73].

In this case, the charge given by Eq. (2.22) is imaginary. This situation occurs when
the orientation of the dipole with respect to the octupole moment of the original charge
distribution is such that increasing the distance between the charges of the 2-charge OPCA
always increases the error. In this case, Eq. (2.21) is formally satisfied only for q̄ → ∞. In
a practical calculation, a 2-charge OPCA with inequality (2.23) is constructed by fixing the
separation between the charges ||r̄1−r̄2|| to a small value (figure 2.2(a)), while increasing the
OPCA charge accordingly to maintain the dipole moment of the original distribution (Eq.
(2.18)). In this case, the 2-charge OPCA does not offer an accuracy advantage in the far-
field over the optimal point dipole approximation, however, the 2-charge OPCA can always
mimic the point dipole approximation to arbitrary precision and thus the two distributions
will produce equivalent error. Thus, even if inequality (2.23) holds, the 2-charge OPCA
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represents the optimal placement of two point charges and is at least as accurate as the
point dipole approximation in the far-field where R ≫ R0. However, in the mid-field, such
a charge placement may sometimes be slightly less accurate than the optimal point dipole
approximation.

Figure 2.2: Accuracy of the 2-charge practical point charge approximation (PPCA) for
charge distributions with a net zero charge described in the Practical Application section.
Accuracy is calculated as the RMS error relative to the exact computation, at a distance of
10 Å (≈ 2R0) from the center of geometry. RMS error for the 2-charge PPCA (Eq. (2.18))
is shown as a function of the distance between the two charges of the PPCA ||r̄1− r̄2||. The
RMS error for the 2-charge PPCA is compared to that of the point dipole approximation
with an optimal center of expansion. (a) Cases where Eq. (2.23) is true. (b) Cases where
Eq. (2.23) is false. This figure also includes the 2-charge optimal point charge approximation
(Eq. (2.22)) for comparison. Connecting lines are shown to guide the eye.

For the charge distributions described in the Practical Application section below, we found
that setting ||r̄1− r̄2|| = R0/4 to determine the value of q̄ in Eq. (2.18), instead of the much
more complex Eq. (2.22), results in the electrostatic potential that is on average within 4%
of the optimal K = 2 OPCA solution (figure 2.2(b)). Therefore, for practical applications, it
may be computationally more efficient to use an empirically determined value for ||r̄1 − r̄2||
even for cases where the inequality (2.23) is not satisfied and a true optimal placement of
2-charge can be found via Eqs. (2.20) and (2.22). Another important practical consideration
is that the contribution of each term in the error expansion, Eq. (2.12), is smaller than the
previous term only if R ≫ R0. This is not necessarily true in the mid-field where R ≈ 2R0.
For example, for some charge distributions, the center of dipole dmay be located at R ≥ 2R0.
For such cases, the error for the optimal point dipole approximation[74, 162] (point dipole
approximation placed at the center of dipole) and the 2-charge OPCA can become large at
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R ≈ 2R0. To ensure that our 2-charge approximation is reasonably accurate in the mid-
field for such cases, we introduce an addition condition: the optimal charge positions are
restricted to be within the 1.5 times the maximum extent of the original charge distribution
R0, from the center of geometry.

Thus, for distributions with zero net charge, the 2-charge practical point charge approxima-
tion (PPCA), which approximates the 2-charge optimal point charge approximation (OPCA),
is determined through the following 4 steps: (i) The two point charges comprising the PPCA
are placed such that their center of geometry coincides with the center of dipole (Eq. (2.20)).
(ii) The separation between the charges is fixed at ||r̄1 − r̄2|| = R0/4. (iii) The position and
magnitude of two charges are then determined by Eq. (2.18) and (2.19). (iv) In the rare
cases when the point charges for the PPCA are at a distance greater than 1.5R0 from the
center of geometry, the center of dipole is shifted towards the center of geometry so that
the point charges lie within 1.5R0. The constants in conditions (ii) and (iv) above were
determined empirically for charge distributions relevant to biomolecular modeling, see the
Practical Application section below

2-charge approximation for charged distributions

The 2-charge OPCA consists of two charges q̄1 and q̄2. By setting

q = q̄1 + q̄2 (2.24)

where q is the net charge of the original distribution, the monopole order error term in Eq.
(2.12) becomes zero. If we set the center of charge as the center of expansion for the point
dipole approximation, and choose the charges for the 2-charge OPCA such that the center of
charge for the OPCA coincides with the center of charge for the original distribution, then

p = q̄1 · r̄1 + q̄2 · r̄2 = 0 (2.25)

where r̄1 and r̄2 represent the position vectors for charges 1 and 2 respectively, of the 2-charge
OPCA. Note that, with the choice of center of charge as the multipole center of expansion,
the K = 2 OPCA is guaranteed to be at least as accurate as the point dipole approximation,
as measured by the error metric defined by Eq. (2.12). Thus, to simplify the derivations, we
will use the center of charge as the origin for the coordinate system.

The next non-vanishing error term to be minimized is the quadrupole, i.e.

min(
∑

i,j=x,y,z

(
Qij −Qij

)2
) (2.26)

where Qij and Qij are the quadrupole moments of the OPCA and the original charge dis-
tribution respectively, about the center of charge. The quadrupole tensor defines a unique,
orthogonal set of principal axes in three-dimensional space. Since the two point charges of
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Figure 2.3: Illustration of a 2-charge practical point charge approximation (PPCA) for a
sample charge distribution with non-zero net charge (a glutamic acid group within a protein
with net charge = −1e, where the group includes the associated NH-CH-CO backbone
atoms). (a) The original charge distribution with its quadrupole tensor (Eq. (2.5)) shown
below. The atomic partial charges are represented as spheres rendered using VMD[88]. The
sphere colors range from red to blue representing the charge range of −1e to +1e. The
charge values for charges |q| > 0.2e are shown next to the atoms. As a visual reference, the
backbone heavy atoms are labeled and covalent bonds are included in the figure. The green
square shows the center of charge (COCh). (b) The principal axes, v1, v2, v3 of the original
charge distribution with the center of charge as origin (green square). Its quadrupole tensor,
with the coordinate system aligned to the principal axes (Eq. (2.27)), is shown below. Here
v1 is the principal axis with the largest principal value. Analogous to the concept of ellipsoid
of inertia in Mechanics used to characterize mass distribution, an ”ellipsoid of charge” can be
imagined here that helps visualize the charge distribution characterized by the quadrupole
tensor. (c) The 2-charges of the PPCA (red diamonds) are placed such that the quadrupole
moment for the PPCA equals the component of the quadrupole moment for the original
charge distribution along v1. The quadrupole tensor produced by the 2-charge PPCA, with
the coordinate system aligned to the principal axes, is shown below. The values of charges
are in atomic units (e), and e.Å2 is the unit for the quadrupole tensors.

the 2-charge OPCA define a single line, the quadrupole potential can be expected to be
best approximated by the 2-charge OPCA with the charges positioned along the principal
axis that has the largest absolute principal value (figure 2.3). Since the quadrupole ten-
sor Q is a real symmetric matrix, its principal values can be determined by the eigenvalue
decomposition

Qv = λv (2.27)

where λ is a principal value (eigenvalue) with the corresponding principal axis (eigenvector)
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v. Let λ be the largest principal value. Then, by placing the 2-charge OPCA along v, and
setting the component of quadrupole moment for the 2-charge OPCA along the principal
axis v equal to the largest principal value λ for the original distribution, we obtain from Eq.
(2.5) for the quadrupole moment

λ = q̄1r̄
2
1 + q̄2r̄

2
2 (2.28)

where r̄1 and r̄2 are the magnitude of the r̄1 and r̄2 vectors with center of charge as the
origin.

Substituting the values for q̄2 and r̄2 from Eq. (2.24) and (2.25) respectively, we arrive at:

q̄1 =
qλ

λ+ qr̄21
(2.29)

The above equation does not provide a unique solution since r̄1 is still unknown. Minimizing
the error in the next order multipole term in Eq. (2.12), the octupole moment, results in
quartic equations which may produce imaginary charge values. Therefore, for practical ap-
plications, as with the uncharged case, an empirical approximation may be more appropriate.
Specifically, we set r̄1 = αR0 where α is an empirical parameter. Consider for example a
typical charge distribution (a glutamic acid) from the sample charge distributions described
in the Practical Application section below. For this charge distribution, figure 2.4 shows that
in the mid field (R = 2R0), with the choice of r̄1 ≈ 1.6R0 this practical point charge approx-
imation (PPCA) is on average more accurate than the point dipole and point quadrupole
approximations. For the representative sample charge distributions described in the next
section, the PPCA was found to be the most accurate for r̄1 = 1.5R0.

By placing the 2-charge PPCA along the principal axis with the largest principal value, we
eliminate the error due to the largest component of the quadrupole tensor λ. Furthermore,
since the quadrupole tensor is traceless, the other two principal values λa, λb in Q and
λ̄a, λ̄b in Q̄, are of the opposite sign to λ, and |λa|, |λb|, |λ̄a|, |λ̄b| ≤ |λ|. Therefore, the
error due to the other two components of the quadrupole tensor are reduced as well, i.e.
((λa − λ̄a)

2 + (λb − λ̄b)
2) ≤ ((λa)

2 + (λb)
2). As an illustration, consider the example of figure

2.3(b): the error due to smaller components of the quadrupole tensor shown in figure 2.3(b)
are smaller than the ones in figure 2.3(c), as ((5.92−4.20)2+(2.48−4.20)2) < (5.922+2.482).

Thus, for a charge distribution with net non-zero charge, the practical point charge approx-
imation is determined by Eq. (2.29), with r1 = 1.5R0. The constant of 1.5 was empirically
determined for the set of sample charge distributions described in the following section.

2.6 Practical Applications

We consider here two potential applications for the optimal and practical point charge ap-
proximations developed above – the approximation of atomic partial charge distributions
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Figure 2.4: Accuracy of the 2-charge practical point charge approximation (PPCA) as a
function of the distance r̄1 from the center of charge, for the sample charge distribution shown
in figure 2.3. Accuracy is calculated as the RMS error, relative to the exact computation, at
a distance of 2R0, where R0 is the maximum extent of the charge distribution from the center
of geometry. The point dipole and point quadrupole approximations with center of charge
as the center of expansion are shown for comparison. The vertical dashed line represents the
value r̄1 ≈ 1.6R0 that produces the lowest RMS error for the 2-charge PPCA in this case.
Connecting lines are shown to guide the eye.

for amino acid groups within proteins, and the approximation of the charge distribution of
water molecule.

2.6.1 Atomic level biomolecular modeling

Molecular modeling is commonly used to study the structure, function and activity of biolog-
ical systems [64, 113, 172]. A common computational bottleneck in biomolecular modeling
is the calculation of long-range electrostatic interactions: due to slow decay of these inter-
actions with distance, simply ignoring them beyond a certain cut-off distance may lead to
unacceptable accuracy loss [12, 10]. Multiscale approximations are one class of methods used
to speed up these calculations[34, 121, 12], where near-field interactions are treated exactly,
while an approximation of the charge distribution is used for mid- and far-field computations.

Since the error introduced by such approximations is generally very low in the far-field,
understanding the mid-field error of such approximations, including ours, is most relevant.
In the context of biomolecular modeling, we consider the lower bound of the mid-field to be
no less than 2 times the extent of the charge distribution (2R0); the mid-field for amino acid
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groups is therefore greater than 5 Å.

We have applied the 2-charge practical point charge approximations (PPCA) developed
above to the computation of electrostatic potential for a set of 1188 amino acid groups in
five representative biomolecules that span a large range of sizes: a monomer from the virus
capsid (Protein Databank (PDB) ID 1A6C) with 513 groups, the villin headpiece protein
(PDB ID 1VII) with 36 groups, calcium switch protein (PDB ID 1UWO) with 91 groups,
chaperonin GroEL (PDB ID 2EU1) with 524 groups, and myoglobin (PDB ID 1YMB) with
24 groups. The amino acid groups include their associated backbone atoms, NH-CH-CO,
NH2-CH-CO for the N-terminal groups, and NH-CH-COO for the C-terminal groups. Atomic
partial charges were taken from the AMBER force field parameters [36]. The electrostatic
potential was calculated in the mid-field (for two values: R = 10 Å ≈ 2R0 and R = 15 Å
≈ 3R0) where the approximation is likely to be least accurate. The electrostatic potential
was computed at discrete points on a sphere of radius R, centered at the center of geometry.
The spherical surface was discretized into 7200 grid points at which the electrostatic poten-
tial was calculated. The RMS error was calculated over all grid points and all the amino acid

groups in the sample as

√∑N |Φ− Φref |2
/
N , where Φ and Φref are the electrostatic po-

tential calculated using the approximations and the reference (original) charge distributions,
respectively, and N is the number of grid points. The 2-charge PPCA was compared to the
optimal point dipole and the point quadrupole approximations. The center of expansion for
the point dipole approximation for uncharged and charged distributions are chosen to be the
center of dipole and center of charge, respectively, which are known to be optimal[162] for
the corresponding point multipole expansions. For the point quadrupole approximation, we
found that the choice of center of geometry as the center of expansions for uncharged cases,
and the center of charge for charged cases, produced the most accurate result, on average,
in the mid-field. Accordingly, we use these points as the expansion centers for the point
quadrupole approximation.

In the mid-field (R = 10 Å ≈ 2R0) the RMS error (0.0053 ± 0.0030 e/Å) for the 2-charge
PPCA is comparable to the point quadrupole approximation RMS error (0.0054 ± 0.0027
e/Å), and 23% less than the optimal point dipole approximation RMS error (0.0069±0.0074
e/Å), for the charge distributions considered here, figure 2.5. On the other hand, when
electrostatic potential is calculated at a distance R = 15 Å, the RMS error (0.00026 ±
0.00016 e/Å) for the 2-charge PPCA is 34% less than the optimal point dipole approximation
RMS error (0.00039 ± 0.00026 e/Å), while being 53% higher than the point quadrupole
approximation RMS error (0.00017 ± 0.00011 e/Å). These results reflect the fact that the
2-charge PPCA is always at least as accurate as the optimal point dipole approximation,
whereas the PPCA can only try to minimize the error in the quadrupole term unlike the
point quadrupole approximation, which eliminates the error in the quadrupole term. As the
distance from the charge distribution increases, the accuracy of the multipole expansion, and,
specifically, the accuracy of the point quadrupole approximation improves. This is evident
from the errors at a distance R = 15 Å (figure 2.5(b)) which are an order of magnitude lower
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Figure 2.5: Accuracy of the 2-charge practical point charge approximation (PPCA) com-
pared to that of the point dipole and point quadrupole approximations, for a sample set of
charge distributions relevant to biomolecular modeling. Accuracy is calculated as the RMS
error relative to the exact computation. (a) Error calculated at a distance of 10 Å≈ 2R0

where R0 is the maximum extent of the charge distribution from the center of geometry. (b)
Error calculated at a distance of 15 Å ≈ 3R0 from the center of geometry. Error bars show
the maximum and minimum absolute error. The upper values for the error bars that are cut
off at the top are 0.14 and 0.006 in the left and right panels, respectively.

compared to the errors at a distance R = 10 Å(figure 2.5(a)). Note that the set of amino acid
groups used here consist of approximately 20% charged and 80% uncharged distributions.

Figure 2.5(a) also shows that the 2-charge PPCA is on average significantly more accurate
than the point dipole and quadrupole approximations for net non-zero charge distributions,
compared to net zero charge distributions. Thus, the 2-charge PPCA should be significantly
more accurate than the point dipole and quadrupole approximations for molecular structures
that contain a significant portion of charged amino acids. And this is precisely the type of
structures where the use of long-range cut-offs may lead to large errors. Also note that
the standard deviation in RMS error for the 2-charge PPCA (0.0030 e/Å) is comparable to
that of the point quadrupole approximation (0.0027 e/Å) and is less than half of that of the
optimal point dipole approximation (0.0074 e/Å). Thus, the 2-charge PPCA is a considerably
“tighter” approximation than the equivalent order optimal point dipole approximation. The
higher standard deviation in RMS error for the point dipole approximation is primarily due
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to the cases where the center of dipole, for charge distributions with zero net charge, falls
outside the extent of the original charge distribution. In these cases the “optimal” center
of expansion for the point dipole approximation can be very close to the point at which
the electrostatic potential is approximated, resulting in large errors. This source of error is
explicitly removed from the PPCA.

2.6.2 Optimal point charge approximation for water molecule

Water is critical for life[193, 18], and is one of the most extensively studied molecules[108,
115, 200, 50]. Accurate yet computationally efficient description of the solvent environment
is essential for realistic biomolecular modeling. Commonly used simple fixed point charge
models of water have achieved a reasonable compromise between accuracy and speed, but
these are by no means perfect[79, 140]; the search for more accurate yet computationally
facile models continues[90, 217, 206]. The ability of a given model to reproduce electrostatic
properties of the highly polar water molecule is critical to success of the model[90]. Obviously,
any reasonable model needs to account for the large dipole moment of water molecule in order
to reproduce dielectric properties of the liquid state. But higher moments are important
too: for example, one of the components of the water quadrupole tensor is large, and was
shown to have strong effect on the liquid water structure seen in simulations[151]. The
octupole order terms have also been shown to be of importance: for example, these affect
water structure around ions[195]. An intricate interplay between the dipole, quadrupole and
octupole moments gives rise[149] to the experimentally observed charge hydration asymmetry
of aqueous solvation – strong dependence of hydration free energy on the sign of the solute
charge. Thus, accurate yet computationally facile representations of the complex charge
distribution of water molecule should be of interest.

As an illustration of the OPCA approach, we show here that the 3-charge OPCA can accu-
rately reproduce a quantum mechanical charge distribution of the water molecule up to the
octupole moment.

The specific charge density for the electron distribution of the water molecule used here
(Fig. 2.6(a)) was determined by the CCSD method with aug-cc-pCVTZ basis set [53, 116,
216] at experimental equilibrium geometry in the gas phase. The electron charge density
distribution was calculated for a box with side length of 4 Å and resolution of 0.05 Å. The
resulting multipole moments of water molecule in the gas phase are comparable to available
experimental values [42] (Table 2.1). We stress, however, that the specific charge distribution
is used here only to illustrate the OPCA method and its capabilities; no claims regarding
suitability of this distribution for simulation of liquid phase water [151] are made.

Since the water molecule is neutral, it can not be represented by a 1-charge OPCA. A
2-charge OPCA can accurately represent the dipole moment but not the quadrupole and
octupole moments of the distribution, which are important for an accurate representation of
water [149, 140]. Therefore, we calculate the 3-charge OPCA, as follows. In general, the 3-
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Figure 2.6: 3-charge optimal point charge approximation (OPCA) for water. (a) The
quantum mechanical electron charge density is visualized by a light blue to red colormap
representing the charge density range of 0 to −1 e per 0.05 × 0.05 × 0.05 Å3. The figure
shows a 3 Å× 3 Å slice of the charge distribution in the y-z plane of the water atom centers.
The origin is located at the center of the oxygen atom, the water atoms lay in the y-z
plane, and the z-axis bisects the hydrogen atoms. The blue dots represent the water atom
centers and the red and blue squares represent the 3 OPCA charges. The central OPCA
charge has a value of −26e and the other two are 13e each. (b) The error in electrostatic
potential relative to the exact computation, calculated at 2 × R0 = 2.8 Å from the oxygen
atom, in the y-z plane. In this case R0 is chosen to be 1.4 Å, the mean van der Waals
radius of water[63], and 2×R0 approximates the distance between the oxygen atoms in two
closest water molecules. For comparison, we show the error for the 4 lowest point multipole
approximations as well as for a commonly used approximation which places point charges
on atom centers. To match the dipole moment of the original charge distribution, the charge
placed at the oxygen position equals −0.64e, while the charges on the hydrogen centers are
0.32e each. The same relative ordering of errors is seen in the x-z and x-y planes (not shown).

charge OPCA consists of three charges q̄1, q̄2, and q̄3, located at r̄1, r̄2, and r̄3, representing 12
independent variables. But in the case of water any solution must respect the C2v symmetry
of the molecule, which reduces the number of independent variables to 10 (by assuming
q̄1 = q̄2 and z̄1 = z̄2). Following the general procedure outlined in the “Calculating the
optimal point charge approximation” section above, we first eliminate the monopole term in
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the error expansion Eq. (2.12), by setting

q = q̄1 + q̄2 + q̄3 = 0 (2.30)

where q = 0 is the monopole moment of the original charge distribution for water. Then, we
eliminate the dipole term in the error expansion via

pi = r1iq̄1 + r2iq̄2 + r3iq̄3 i = x, y, z (2.31)

where pi are the x, y, or z component of the dipole moment and r1i, r2i, r3i are the x, y,
or z components of r̄1, r̄2 and r̄3. Note that in the coordinate system standard for water
molecules (figure 2.6(a)), pz is the only non-zero component of the dipole moment. Finally,
we eliminate the quadrupole term in the error expansion, Eq. (2.12), by setting

Qi,j =
1

2

[
q̄1

(
3r1ir1j − (r1)

2δij

)
+ q̄2

(
3r2ir2j − (r2)

2δij

)
+ q̄3

(
3r3ir3j − (r3)

2δij

)]
i, j = x, y, z

(2.32)
where Qi,j are the terms in the quadrupole tensor of the original charge distribution. Note
that in the coordinate system chosen (figure 2.6(a)), all off-diagonal terms in the quadrupole
tensor are zero, i.e. Qij = 0, i 6= j. Thus, we are left with a total of 9 independent
equations – 1 for the monopole q, 3 for the dipole terms px, py, and pz, and 5 for the terms
in the symmetric traceless quadrupole tensor, Qxx, Qyy, Qxy, Qxz, and Qxz – to solve for 10
variables. This is an under-determined system of equations, leaving one additional variable.
Solving the above set of equations results in the following solution, with q̄1 as the remaining
variable.

q̄2 = q̄1 (2.33)

q̄3 = −2q̄1 (2.34)

x̄1 = x̄2 = x̄3 = ȳ3 = 0 (2.35)

z̄1 = z̄2 =
(Qzz −Qxx)

3pz
+

pz
4q̄1

(2.36)

z̄3 =
(Qzz −Qxx)

3pz
− pz

4q̄1
(2.37)

ȳ1 = −
√

(Qyy −Qxx)

3q̄1
(2.38)

ȳ2 = +

√
(Qyy −Qxx)

3q̄1
(2.39)

The value for q̄1 is computed numerically to minimize the octupole term in the error ex-
pansion, Eq. (2.12). The resulting OPCA charges are q̄1 = 13e, q̄2 = 13e, and q̄3 = −26e,
located at (0, -0.16, 0.49), (0, 0.16, 0.49), and (0, 0, 0.47) Å, respectively, (Fig 2.6). 1 By

1The conversion factor of 0.2082 eÅ/debye is used to convert the multipole moments in table 2.1 to atomic
units (eÅ, eÅ2, etc.) used in Eq. (2.33) – (2.39)
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construction, the multipole moments from the 3-charge OPCA and the quantum mechanical
charge distribution are identical up to quadrupole order, as shown in (Table 2.1). The tight
clustering of the 3 OPCA charges away from the oxygen nucleus is unexpected – in many
commonly used water models the charges are placed on atom centers. Mathematically, the
clustering results from minimizing the error at the octupole level, used to determine the
value of q1 in Eq. (2.33) - (2.39). For fixed dipole and quadrupole moments, the extent of
the OPCA charge distribution is controlled by the octupole moment of the original charge
distribution. The small distance between the opposite OPCA charges necessitates their large
magnitude to ensure correct dipole moment of the charge distribution. Although the position
and magnitude of the OPCA charges may appear unusual, the OPCA representation may
be more accurate than the atom-centered alternative. For example, when we place the point
charges on atom centers, and adjust the corresponding charge magnitudes so that the error
at the dipole order is eliminated, the RMS error in electrostatic potential at 2.8 Å around
the oxygen atom center is 0.0073 e/Å, which is many times larger than the RMS error for the
3-charge OPCA (0.0010 e/Å), as shown in Fig. 2.6(b). Note that the OPCA representation
is designed to best approximate multipole moments of the original charge distribution; it
remains to be seen whether this strategy leads to accurate reproduction of other physical
properties of water. A water model based on the OPCA representation will be presented in
a separate study.

Table 2.1: Multipole moments of a water molecule in the gas phase computed using quantum
mechanical (QM) charge distribution, 3-charge OPCA, and the corresponding experimental
values [42]. The coordinate system is that of Figure 2.6(a). Due to the symmetry, for the
octupole tensor Oxxz=Oxzx=Ozxx and Oyyz=Oyzy=Ozyy. Components of multipole moments
with a value of zero are not shown. 1 debye (D) = 0.2082 eÅ.

QM (this work) 3-charge OPCA Experimental

Dipole(D) pz 1.81 1.81 1.86
Quadrupole(DÅ) Qzz 0.08 0.08 0.11

Qxx -2.53 -2.53 -2.625
Qyy 2.45 2.45 2.515

Octupole(DÅ2) Ozzz -1.35 -1.17 NA
Oxxz -1.25 -1.44 NA
Oyyz 2.61 2.61 NA

Figure 2.6(b) compares the error in electrostatic potential calculated by the 3-charge OPCA
with the error produced by the point multipole approximations, relative to the exact compu-
tation using the original charge distribution 2. The error shown in figure 2.6(b) is calculated
on a circle, in the plane of the water atoms (y-z plane), at R = 2.8 Å from the oxygen
atom, which approximates the oxygen-oxygen (contact) distance between two closest water

2 Error calculations exclude any points that fall within the extent of the original charge distribution.
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molecules. The overall RMS error in electrostatic potential calculated on a R = 2.8 Å spher-
ical surface centered at the oxygen atom is 0.0010 e/Å with maximum error of 0.0027 e/Å for
the 3-charge OPCA, compared to 0.0015 e/Å with maximum error of 0.0041 e/Å for the point
octupole expansion. The overall RMS error in electrostatic potential at R = 2.23 Å( exper-
imental oxygen-Na+ distance[107] ) is 0.0036 e/Å (1.20 kcal/mol) with maximum error of
0.0042 e/Å (1.39 kcal/mol) for the 3-charge OPCA compared to 0.0065 e/Å (2.16 kcal/mol)
with maximum error of 0.0074 e/Å (2.46 kcal/mol) for the point octupole expansion.

2.7 Conclusion

Truncated point multipole expansions are a widely used approach to approximate potentials
produced by complex charge distributions. However, if only the lowest order terms in the
multipole expansion are kept, as is often done in practical calculations, the point multipole
expansion can produce considerable error in the mid-field. Furthermore, implementation
of such approximations into existing electrostatic models that were originally developed for
point charge distributions, e.g. pairwise implicit solvent models, presents many challenges.
In this work, we have introduced an alternative to the point multipole expansion – the
optimal point charge approximation (OPCA). An OPCA consists of a given number of point
charges which are optimally placed to best reproduce the electrostatic potential due to the
original charge distribution. By construction, OPCAs retain many of the useful properties
of point multipole expansions, in particular they retain the asymptotic behavior of the point
multipole expansion. At the same time, an expansion based on OPCAs can be more accurate
than the point multipole expansion of the same order.

We have provided a general framework for calculating OPCAs to any order. We have also
derived closed-form analytical expressions for the 1-charge OPCA, and closed-form analytical
expressions that approximate the 2-charge OPCA with reasonable accuracy – the 2-charge
practical point charge approximation (PPCA). We note that higher order closed-form, ana-
lytical OPCAs may be challenging to derive, but for some applications, lower order OPCAs
may be sufficient. The analytical expressions derived here for the 1-charge and 2-charge
OPCAs, are guaranteed to be at least as accurate as the corresponding point multipole ex-
pansion of the same order. These analytic expressions not only provide physical insight but
are more computationally efficient than the numerical minimization procedures that are in
general required to obtain the optimal point charge approximation. Thus, these analytic
expressions may be particularly useful in applications such as molecular dynamics where
computational speed is critical.

For a set of sample charge distributions relevant to biomolecular modeling, the 2-charge
PPCA was found to be on average 23% more accurate than the point dipole approximation,
and comparable in accuracy to the point quadrupole approximation in the mid-field (elec-
trostatic potential evaluated at 2 times the extent of the charge distribution). The standard
deviation in RMS error for the 2-charge PPCA was also 59% lower than that of the point
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dipole approximation and comparable to that of the point quadrupole approximation.

We also calculated the 3-charge optimal point charge approximation to represent a (quantum
mechanical) gas phase charge distribution of water molecule. The electrostatic potential
approximated by the 3-charge OPCA in the mid-field (2.8 Å from the oxygen atom) is on
average 33.3% more accurate than that of the point octupole approximation. Interestingly,
the positions of the 3 OPCA charges are quite different from atom center charge placements
based on simple point charge models such as SPC or TIP3P. Further investigation is necessary
to determine if and how such a 3-charge approximation can be used in practical applications.

Representing complex charge distributions by a small number of point charges is not, by
itself, a novel idea. There are a number of methods, such as RESP [22], CHELP [41],
CHELPG [29], CHELMO [180], Finite Point Charge (FPC)[43], coarse graining [20, 95, 12]
and others [192] that empirically fit a set of point charges to a given charge distribution
by minimizing various error metrics in electrostatic potential over some volume or surface
surrounding the charge distribution. However, a key difference between the above methods
and the optimal point charge approximation introduced here, is that the OPCAs (and their
practical approximations, PPCAs) inherit the physically appealing asymptotic properties of
the point multipole approximation, i.e. the error in potential is guaranteed to fall off at least
as fast as 1/Rk+1, where R is the distance from the origin and k is the highest order of the
multipole terms retained in the expansion. In contrast, fitting the representative charges to
minimize electrostatic error over some arbitrary volume or surface (e.g. molecular surface)
does not guarantee the above asymptotic behavior, and can potentially lead to relatively
large errors outside the volume or surface used for fitting.

Furthermore, in comparison to point multipoles, expansions based on PPCAs have many
desirable properties that may be useful in practical computations; in particular, their math-
ematical form – the sum of Coulombic contributions from point sources – is simpler than
that of the conventional point multipole expansion and is amenable to common speed-up
schemes such as the generalized Born implicit solvent model [38]. Thus, PPCAs may be
easier to implement into existing molecular dynamics protocols.
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Chapter 3

Development of a new approach for
constructing water models:
parametrization of 4-point OPC
model

This chapter is adapted from J. Phys. Chem. Lett., 2014, 5 (21), pp 38633871, Copyright
@ 2014 American Chemical Society.

3.1 Overview

Simplified, classical models of water are an integral part of atomistic molecular simulations.
Simplified classical water models are currently an indispensable component in practical atom-
istic simulations. Yet, despite several decades of intense research, these models are still far
from perfect. Presented here is an alternative approach to constructing widely used point
charge water models. In contrast to the conventional approach, we do not impose any geome-
try constraints on the model other than the symmetry. Instead, we optimize the distribution
of point charges to best describe the “electrostatics” of the water molecule. The resulting
“optimal” 3-charge, 4-point rigid water model (OPC) reproduces a comprehensive set of bulk
properties significantly more accurately than commonly used rigid models: average error rel-
ative to experiment is 0.76%. Close agreement with experiment holds over a wide range
of temperatures. The improvements in the proposed model extend beyond bulk properties:
compared to common rigid models, predicted hydration free energies of small molecules using
OPC are uniformly closer to experiment, root-mean-square error < 1 kcal/mol.
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3.2 Introduction

Water is the most extensively studied molecule [108, 200, 50] of unique importance to life.
Yet our understanding of how this deceptively simple compound of just three atoms gives
rise to the many extraordinary properties of its liquid phase [61, 62, 18] is far from com-
plete [189]. The complexity of the water properties combined with multiple possible levels
of approximation (e.g. quantum vs. classical, flexible vs. rigid) has led to the proposal of
literally hundreds of theoretical and computational models for water [79]. Among classi-
cal water models [104, 23, 138, 85, 28, 131, 91, 195, 211, 66, 210, 60, 6], the most simple
and computationally efficient, rigid non-polarizable models that represent water as a set of
point charges at fixed positions relative to the oxygen nucleus, stand out as the class used
in the vast majority of biomolecular studies today. Most commonly used models of this
class, (e.g. TIP3P [104] and SPC/E [23] 3-point models, TIP4P/Ew [85] 4-point model,
and the TIP5P [138] 5-point model) have achieved a reasonable compromise between accu-
racy and speed, but are by no means perfect [79, 140]. In particular, none of these models
faithfully reproduce all of the key properties of bulk water simultaneously. Given the ex-
traordinary complexity of real water-water interactions and hydrogen bonding networks in
liquid phase, and their sensitivity to various model properties[217], even modest inaccura-
cies of water models can adversely affect outcomes of atomistic biomolecular modeling in
an unpredictable manner. Particularly worrisome is the fact that improvements in over-all
model accuracy do not necessarily translate into improvements in the accuracy of quantities
most relevant to biomolecular simulations, such as molecular hydration free energies. For
example, counterintuitively, TIP3P model predicts hydration free energies of small neutral
molecules more accurately[145] than the TIP4P-Ew model that fixed several of TIP3P flaws;
TIP5P[138], which is known to yield excellent water structure, is even less accurate in that
respect [145]. But even for TIP3P, the average errors are still outside the desired “chemical
accuracy” of less than 1 kcal/mol, a goal for rational drug design efforts. The need for better
accuracy motivates an on-going search for more accurate yet computationally facile water
models [211, 66, 210, 60].

Most unique properties of liquid water are due to the ability of the water molecules to
establish a hydrogen-bonded structure, through the attraction between the electropositive
hydrogen atoms and the electronegative oxygen atoms [139]. Therefore, a key challenge in
developing classical water models is to find an accurate yet simplified description of the
charge distribution of the water molecule that can adequately account for the hydrogen
bonding in the liquid phase. For the past 30 years, the basic approach used to construct
point charge water models, inspired by the classical works[142, 25] that revealed V-shape
of water molecule and suggested near-tetrahedral arrangement of its charges, has been the
same: the atomic partial charges and the Lennard-Jones potential parameters are optimized
to reproduce selected bulk properties of water [79]. While sophistication of the optimization
techniques employed to find the optimum has grown tremendously[6], from essentially “guess-
and-test” to the complex, state-of-the-art optimization techniques [211, 6, 190, 87, 15], one
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Figure 3.1: Charge distribution of the water molecule in the gas phase obtained from a
quantum mechanical calculation [9]. Counter-intuitively, three point charges that optimally
reproduce the electrostatic potential of this charge distribution are clustered in the middle,
as opposed to the on-nuclei placement used by common water models that results in a much
poorer electrostatic description of the underlying charge distribution[9].

crucial aspect of the over-all procedure has not changed: it imposes constraints on the allowed
variations of the model geometry. That is |OH| bond length and 6 HOH angle are either
fixed, or are only allowed to vary slightly around their “canonical” values. The assumption is
that optimal locations of the positive point charges of the model should be somewhere near
the experimental hydrogen nuclei positions. This approach may not necessarily accurately
reproduce the electrostatic characteristics of the water molecule due to severe constraints on
allowed variations in the charge distribution being optimized. In fact, the configuration of
three point charges to best describe the charge distribution of the water molecule can be very
different from what one may intuitively expect based on its well-known atomic structure.
Consider, for example, the gas-phase quantum-mechanical (QM) charge distribution of water
molecule, Figure 3.1. The shown tight cluster of the point charges away from the nuclei
reproduces the electrostatic potential around the QM charge distribution considerably more
accurately than the more traditional distribution with point charges placed on or near the
nuclei. For the optimal charge placement, Figure 3.1, the maximum error in electrostatic
potential at the experimental oxygen-Na+ distance (2.23 Å ) from the origin, is almost 5.4
times smaller than that of the nucleus-centered alternative (1.4 kcal/mol vs. 7.56 kcal/mol).
Intrigued by the idea that optimal placement of the point charges in a water model can be
very different from the “intuitive” placement on the nuclei, and encouraged by the significant
improvement of the accuracy of electrostatics brought about by this strategy in gas-phase,
we have formulated and tested a different approach to building classical water models for
the liquid phase.
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Within classical potential functions used by point charge water models, the complexity of the
hydrogen bonding interactions are primarily described by the electrostatic interactions [147].
While the electrostatic interactions are complemented by a Lennard-Jones (LJ) potential,
the latter is generally represented by a single site centered on the oxygen – the corresponding
interaction is isotropic and featureless, in contrast to hydrogen bonding which is directional.
Therefore, an accurate representation of electrostatic interactions is paramount for accurately
accounting for hydrogen bonding and the properties of liquid water. In a search for the best
“electrostatics”, commonly used distance and angle constraints on the configuration of a
model’s point charges are therefore of little relevance to classical rigid water models, yet
these constraints impede the search for the “best” model geometry. This observation leads
to one of the key features of our approach: any “intuitive” constraints on point charges or
their geometry (other than the fundamental C2v symmetry of water molecule) are completely
abandoned here in favor of finding an optimal electrostatic charge distribution that best
approximates liquid properties of water.

While ultimately it is the values of the point charges and their relative positions that we seek,
Figure 4.1, we argue that the conventional “charge–distances–angles” space [104, 85, 138, 23]
is not optimal to perform the search for the best electrostatics model. These coordinates
affect the resulting electrostatic potential in a convoluted manner, it is unclear which ones, if
any, may be relatively more important than others. At the same time, many key properties
of liquid water are extraordinarily sensitive to tiny changes in parameters of these models
(hence the number of significant digits kept to describe their parameters). The optimiza-
tion landscape in the “charges–distances–angles” space is apparently complex, with multiple
local optima, so that even the best minimization methods are virtually guaranteed to fail
to locate the global optimum that may be far away from an initial “intuitive” guess. On
the other hand, the electric field outside any complex charge distribution can be systemat-
ically approximated via its multipole moments[96], with lower order moments expected to
have stronger effect on the electrostatic potential[96], and, not surprisingly, on liquid water
properties as well [191, 91, 120]. Hence, our second key proposal is to search for optimal pa-
rameters of fixed-point charge models in the electrostatically most relevant, low-dimensional
sub-space of lowest multipole moments, rather than in the convoluted high-dimensional
charges–distances–angles space “native” to point-charge models. An exhaustive search for
the optimum is enabled by a set of closed form, analytical expressions (see Methods) that
for any input set of water multipole moments finds a unique configuration of n point charges
that optimally represent the electrostatic potential of the input multipoles, even for small
n. The fundamental symmetry (C2v) of water molecule makes such non-trivial mapping
possible.

Clearly, any reasonable water model needs to account for the large dipole moment of water
molecule in order to reproduce dielectric properties of the liquid state [60, 151, 171]. At
short distances where hydrogen bonds between water molecules form (≈2.8Å), the relevance
of higher electrostatic moments is also significant. For instance, the larger component of the
water quadrupole has a strong effect on the liquid water structure seen in simulations [151],
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and on the phase diagram [3]; quadrupole moment’s importance for water models was pointed
out a long time ago [19, 213]. The next order terms – octupole moments – while presumably
less influential, also affect water structure e.g. around ions [195]. An intricate interplay
between the dipole, quadrupole and octupole moments gives rise to the experimentally ob-
served charge hydration asymmetry of aqueous solvation – strong dependence of hydration
free energy on the sign of the solute charge [149, 148]. Therefore, we seek a fixed-charge
rigid model that optimally represents the three lowest order multipole moments of the water
molecule.

The specifics. Specifics of the proposed approach are exemplified below through the con-
struction and testing of a 4-point, rigid “optimal” point charge (OPC) water model. To
optimally reproduce the three lowest order multipole moments for the water molecule charge
distribution, a minimum of three point charges are needed [9]. The most general configura-
tion for a three point charge model consistent with C2v symmetry of the water molecule is
shown in Figure 4.1: the point charges are placed in a V-shaped pattern in the Y-Z plane. We
follow convention [104, 85, 138, 23] and place the single Lennard-Jones (LJ) site on the oxy-
gen atom. The four parameters (q,z2,z1 and y) that completely define the charge distribution,
Figure 4.1, are uniquely determined via analytical equations introduced in Methods, to best
reproduce a targeted set of three lowest order multipole moments (dipole, quadrupole and
octupole) [9]. Specifically, the optimal parameters of each test model are such that the two
lowest order moments are reproduced exactly, while the octupole is optimally approximated
(minimum rms error)[9].

The ability to independently vary the moments of the charge distribution, provided by
these analytical expressions, makes computationally feasible a full exploration in the relevant
subspace of the moments. Generally, the importance of the multipole moments are inversely
related to their order. The highest order multipole moment here is the octupole that has
two independent components (Ω0 and ΩT ), which we fix to high quality quantum mechanical
(QM) predictions, QM/230TIP5P [44], Table 4.1. The linear component of the quadrupole
Q0 is known to be relatively small for the water molecule and not expected to be very
important [168], therefore, we also simply set it to the known QM value ( QM/230TIP5P
[44], Table 4.1 ). This leaves the two most important components, the dipole (µ) and the
“square” quadrupole (QT = 1/2(Qyy−Qxx), see Methods), as the two key search parameters
we vary. We attempt to find the best fit to six key bulk properties by exhaustively searching
in the 2D space of µ and QT , Figure 3.3, within the ranges that reflect known experimental
uncertainties [78] and those of QM calculations [184, 181], Table 4.1. The six target bulk
properties are: static dielectric constant ǫ0, self diffusion coefficient D, heat of vaporization
∆Hvap, density ρ and the position roo1 and height g(roo1) of the first peak in oxygen-oxygen
pair distribution functions. These properties are calculated from molecular dynamics (MD)
simulations, see Methods and the SI. For every trial value of µ and QT (and the fixed
values of Q0, Ω0 and ΩT ), the charge distribution parameters (q,z2,z1 and y) are analytically
determined (see Methods).
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Table 3.1: Water molecule multipole moments centered on oxygen: from experiment, com-
mon rigid models, liquid phase quantum calculations, and OPC model (this work).

µ Q0 QT Ω0 ΩT

Model [D] [DÅ] [DÅ] [DÅ2] [DÅ2]
EXP (liquid) [78] 2.5−3 NA NA NA NA
SPC/E 2.35 0.00 2.04 -1.57 1.96
TIP3P 2.35 0.23 1.72 -1.21 1.68
TIP4P/Ew 2.32 0.21 2.16 -1.53 2.11
TIP5P 2.29 0.13 1.56 -1.01 0.59
AIMD1 [181] 2.95 0.18 3.27 NA NA
AIMD2 [184] 2.43 0.10 2.72 NA NA
QM/4MM [151] 2.49 0.13 2.93 -1.73 2.09
QM/4TIP5P [151] 2.69 0.26 2.95 -1.70 2.08
QM/230TIP5P [44] 2.55 0.20 2.81 -1.52 2.05
OPC 2.48 0.20 2.3 -1.484 2.068

Z

O
Y

Figure 3.2: Left. The most general configuration for a three point charge water model
consistent with C2v symmetry of the water molecule. The single Lennard-Jones interaction
is centered on the origin (oxygen). Right. The final, optimized geometry of the proposed
3-charge, 4-point OPC water model.

For every charge distribution calculated as above, the value ALJ of the 12-6 Lennard-Jones
(LJ) potential (see SI ), which is mainly responsible for the liquid structure [168], is selected
so that the location of the first peak goo(r) of the oxygen-oxygen radial distribution function
(RDF) is in agreement with recent experiment [185] (see Methods). The value of BLJ is
optimized so that the experimental value for density is achieved. The parameters ALJ and
BLJ can be optimized nearly independently due to the weak coupling between them [168].

The result of the above search procedure is a “quality map” of all possible water models in
the µ−QT space: the proposed OPC model is the one with the highest quality score.



41

3.3 Methods and simulation protocols

3.3.1 Simulation protocols

The calculations of thermodynamic and dynamical bulk properties were done based on stan-
dard equations in the literature (see Methods). Unless specified otherwise, we use the follow-
ing Molecular Dynamics (MD) simulations protocol. Simulations in the NPT ensemble (1
bar, 298.16 K) were carried out using the PMEMD module of Amber suite of programs[37].
All the computations were performed on GPU (GTX 680). A cubic box with edge length
of 30Å was filled with 804 water molecules. Periodic boundary conditions were used. Long-
range electrostatic interactions, calculated via the particle mesh Ewald (PME) summation,
and the van der Waals interactions were cut off at distance 8Å . MD simulations were con-
ducted with a 2 fs time step; all intra-molecular geometries were constrained with SHAKE.
The NPT simulations were performed using Langevin thermostat with coupling constant
γ = 2.0 ps−1, and a Berendsen barostat with coupling constant of 1.0 ps−1 for equilibration
and 3.0 ps−1 for production. We use the Amber default for the remaining parameters, unless
otherwise specified. The duration of production runs vary between 1 ns to 65 ns, depending
on the properties (see SI).

3.3.2 Scoring function

The predictive power of models against experimental data was validated using a scoring
system developed by Vega et. al. [202]. For a calculated property x and a corresponding
experimental value of xexp, the assigned score is obtained as [202]

M = max{[10− |(x− xexp)× 100/(xexptol)|], 0} (3.1)

where the tolerance (tol) is assigned to 0.5% for density, position of the first peak of the
RDF and for heat of vaporization, 5% for height of the first peak of the RDF, and 2.5%
for the remaining properties. The quality score assigned to each test model is equal to the
average of the scores in bulk properties considered.

3.3.3 Analytical solution for optimal point charges

Here we present the analytical equations to find three point charges that optimally reproduce
the dipole, the quadrupole and the octupole moments of the water molecule. In the coordi-
nate system shown in Fig. 2 (main text), the elements of the traceless dipole pi, quadrupole
Qij and octupole Oijk tensors [9] are

pi = (0, 0, µ) (3.2)
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Qij =




−QT −Q0/2 0 0
0 QT −Q0/2 0
0 0 Q0


 (3.3)

Oijk =




−ΩT − Ω0/2 0 0
0 ΩT − Ω0/2 0
0 0 Ω0


 (3.4)

where i, j = x, y and k = z, and µ,Q0, QT ,Ω0 and ΩT are the dipole, the linear component
of the quadrupole, the square component of the quadrupole, the linear component of the
octupole, the square component of the octupole, respectively [191, 151]. The other elements
of the octupole tensor (k = x, y) can be found by symmetry. The optimal charge values and
positions are calculated so that these three moments are sequentially reproduced, starting
with the lowest order moments [9]. The first two lowest order moments of the water molecule,
the dipole and the quadrupole, are fully reproduced by requiring

µ = 2q(z2 − z1) (3.5)

Q0 = −2q(
y2

2
− z22 + z21) (3.6)

QT =
3qy2

2
(3.7)

where z2, z1, y and q are independent unknown parameters that characterize the three point
charge model (see Fig. 2). The above three equations are solved to find three geometrical
parameters (z2, z1 and y), as follows

z1,2 =
2QT + 3Q0

6µ
∓ µ

4q
(3.8)

y =

√
2QT

3q
(3.9)

For a given value of q, the values of z2, z1 and y found as above exactly reproduce the dipole
(µ) and the quadrupole (Q0 and QT ) moments of interest. The only remaining unknown
parameter, q, is found to optimally reproduce the next order moment, the octupole, which
is described by two independent parameters (Ω0 and ΩT ). The components of the octupole
moment are related to the charge distribution parameters through

Ω0 = −2q(
3

2
y2z2 − z32 + z31) (3.10)

ΩT =
5qy2z2

2
(3.11)

The octupole tensor (Eq. 3.4) can be optimally approximated if the largest absolute principal
value of the octupole tensor (i.e. (ΩT − Ω0/2) for the water molecule) is reproduced [9].
Therefore, we set (ΩT − Ω0/2) from Eqs. 3.10 and 3.11 and solve for q as
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q = −3

√
µ4(256Q2

T + ξ) + 16QTµ
2

2ξ
(3.12)

where

ξ = 52Q2
T + 60QTQ0 − 9(3Q2

0 + 8(ΩT − Ω0/2)µ)

The above solution is valid only when ξ < 0. For ξ ≥ 0, the point charge positions converge
to a singular point and the charge values go to infinity. The corresponding region in µ−QT

map (Fig. 3) leading to this condition is displayed in deepest red (zero score).

3.3.4 van der Waals Parameters

The usual 12-6 Lennard-Jones (LJ) potential is employed to model the van der Waals inter-
action among the oxygens. The Lennard-Jones function, ELJ , can be written as

ELJ(roo) = 4ǫLJ [(
σLJ

roo
)12 − (

σLJ

roo
)6] =

ALJ

r12oo
− BLJ

r6oo
(3.13)

The values of ALJ and BLJ , unlike σLJ and ǫLJ [190], are nearly independent [168]. The value
of ALJ , which is mainly responsible for characterizing the short-ranged repulsive interactions,
is selected so that the location of the first peak of RDF goo(r) is in agreement with the
experiment [185]. Next, the value of BLJ , which does not affect the structure significantly,
is varied so that the experimental value for density is achieved.

3.3.5 Solvation free energy calculations

Standard thermodynamics integration (TI) protocol was adopted from Ref. [145]. The
Merck-Frosst implementation of AM1-BCC [98, 99] was used to assign the partial charges.
The topology and coordinates for the molecules were obtained from Ref. [145]. Molecules
were solvated in triclinic box with at least 12 Å from the solute to the nearest box edge.
After minimization and equilibration, we performed standard free energy perturbation calcu-
lations using 20 λ values. Real space electrostatic cutoff was 10 Å. All bonds were restrained
using the LINCS algorithm. Production NPT simulations were performed for 5ns. Identical
simulations were performed for TIP3P, TIP4PEw, and OPC.

To mitigate uncertainties due to conformational variability, the 20 test molecule were ran-
domly selected from a subset of 248 highly rigid molecules [148]. Explicit solvent free energies
calculations (via Thermodynamic Integration) were performed in GROMACS 4.6.5 [164] us-
ing the GAFF [209] small molecule parameters
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3.3.6 Calculating the bulk properties

The calculation of bulk properties were done based on standard equations in the literature
[85, 217, 2, 66]. Unless stated otherwise, values of OPC at ambient temperature (Table 3) are
given as averages over six independent simulations of 65 ns each, except for those quantities
that are derived from temperature dependent results. The temperature dependent results
are calculated from one simulation of 65 ns for each temperature point, i.e. 12.5K intervals
in a temperature range [248K, 373K]. Details of the calculations of studied quantities are
described below.

3.3.7 Static dielectric constant

The static dielectric constant ǫ0 is determined through [85, 2, 66]

ǫ0 = 1 +
4π

3kBTV
(< M2 > − < M >2) (3.14)

where M = Σiqiri, ri is the position of atom i, kB is the Boltzmann constant, T is the
absolute temperature and V is the simulation box average volume.

Self diffusion coefficient

The self-diffusion coefficient D is obtained using the Einstein relation [85, 66, 217]

D = lim
t→∞

1

6t
< |r(t)− r(0)|2 > (3.15)

The simulation protocol to compute the self-diffusion coefficient is similar to the protocol
described in Ref. [85]; the well equilibrated NPT simulations were followed up with 80
successive intervals of NVE (20 ps) and NPT (5 ps) ensembles. The self diffusion was
obtained by averaging D values over all the NVE runs.

Heat of vaporization

The heat of vaporization ∆Hvap is obtained following the method described in Ref. [85], as

∆Hvap ≈ −Uliq/N +RT − pV − Epol + C (3.16)

where Uliq is the potential energy of the liquid with N molecules at a given external pressure
p and a temperature T , and V is the average volume of the simulation box. R is the ideal
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gas constant. Epol accounts for the energetic cost of the effective polarization energy, and
can be approximated as

Epol =
(µ− µgas)

2

2αgas

(3.17)

where µ is the dipole moment of the corresponding rigid model and µgas and αgas are the
dipole moment and the mean polarizability of a water molecule in the gas phase [1], respec-
tively. The OPC’s dipole is close to experiment and larger than that of common rigid models
which yields a relatively larger value of Epol for OPC compared to common rigid models.
The last term in Eq. 3.16, C, is a correction to account for the change in the intramolecular
vibrational modes and for nonideal gas behavior, which for various temperatures is calculated
and reported by Horn et al [85].

Isobaric heat capacity

The isobaric heat capacity cp is determined through numeric differentiation of simulated
enthalpies H(T ) over the range of temperatures T of interest [85, 217]

Cp ≈
< H(T2) > − < H(T1) >

T2 − T1

+∆CQM (3.18)

where ∆CQM (≈ −2.2408 at T = 298.0K) is a quantum correction term accounting for the
quantized character of the neglected intramolecular vibrations. The values of ∆CQM for
different temperatures are taken from Ref. [85]. The numeric differentiation is calculated
from simulations in the temperature range [248K, 373K] in 12.5K increments.

3.3.8 Thermal expansion coefficient

The thermal expansion coefficient αp can be approximated through numeric differentiation
of simulated bulk-densities ρ(T ) over a range of temperatures T of interest [85, 217, 66]

αp ≈ −(
ln < ρ(T2) > − ln < ρ(T1) >

T2 − T1

)P (3.19)

The reported value at ambient conditions is calculated from a numeric differentiation of
bulk-densities at T1=296K and T2=300K, averaged over 4 independent simulations.
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Isothermal compressibility

The isothermal compressibility κT is calculated from volume fluctuations in NPT simulation
using a Langevin thermostat with coupling constant 2.0 ps−1 and a Monte Carlo barostat
with coupling constant of 3.0 ps−1, via the following formula [85, 2, 66]

κT =
< V 2 > − < V >2

kBT < V >
(3.20)

Simulations of 65ns and 15ns time length were performed to obtain the temperature depen-
dent results for (T ≤ 298K) and (T > 298K), respectively.

3.3.9 Propensity for Charge Hydration Asymmetry

Propensity of a water model to cause Charge Hydration Asymmetry (CHA) for a similar
size cation/anion pair (B+/A−) such as K+/F− is defined in Ref. [149] as

η∗(B+/A−) =
∆G(B+)−∆G(A−)

1/2|∆G(B+) + ∆G(A−)| ≈ 2

Q̃zz

µ

Riw

(3.21)

where the term on the right is an approximation of propensity for CHA for point charge water
models [149], Riw is the ion-water distance, ∆G is the free energy of hydration, and µ and

Q̃zz are the dipole and the nontraceless quadrupole moment of the model, respectively [191].

3.4 Results and discussion

The entire region of the µ−QT space was mapped out using initially a relatively coarse grid
spacing (0.1 D and 0.1 DÅ) in each direction shown in Figure 3.3. At this point, the quality
of each test water model – corresponding to a µ,QT point on the map – is characterized by
a quality score function (see Methods) from a recent comprehensive review [202] based on
the same six key bulk properties used for the fitting. Accordingly each model is assigned
a quality score, using the score function explained in the Methods section, and is shown in
Figure 3.3. As demonstrated in Figure 3.3, the highest quality region (the green area) occurs
for (2.4 D ≤ µ ≤ 2.6 D) and (2.2 DÅ ≤ QT ≤ 2.4 DÅ). The region is relatively small and
this is why an exhaustive, fine-grain search was required to identify the best model, which
we refer to as the Optimal Point Charge (OPC) model (Figure 3.3).

From Figure 3.3, one can see three distinct regions in the µ−QT space: the “common water
models” region with relatively small dipole and square quadrupole moments, the “QM”
region characterized by larger dipole and square quadrupole, and narrow, high quality (OPC)
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Figure 3.3: The quality score distribution of test water models in the space of dipole (µ) and
quadrupole (QT ). Scores (from 0 to 10) are calculated based on the accuracy of predicted
values for six key properties of liquid water (see text). The resulting proposed optimal model
is termed OPC. For reference, the µ and QT values of several commonly used water models
(triangles, quality score given by the color at the symbol position) and quantum calculations
(squares) are placed on the same map (see also Table 4.1). The actual positions of AIMD1
and TIP5P are slightly modified to fit in the range shown.

region with intermediate values of these two key moments. Compared to the other rigid
models shown, OPC reproduces the multipole moments of water molecule in the liquid
phase substantially better. In fact, the OPC dipole moment (2.48 D) is in best agreement
with the range of values from experiment [78] and QM calculations [181, 184, 151, 44];
OPC’s best fit value of µ coincides with a recent DFT-based estimate in liquid phase [171].
OPC’s QT (2.3 DÅ) is larger than the corresponding values of the common models, and is
closest to the QM predictions (Figure 3.3, Table 4.1). By construction, OPC’s small Q0

component of the quadrupole moment matches the reference QM value, and its octupole
moments are the best approximations. The improved accuracy of the OPC moments is an
immediate consequence of the focus on electrostatics and the unrestricted fine-grain search in
the µ−QT subspace of the lowest, most relevant component of water multipole moments. The
important improvements in the quality of model’s liquid phase characteristics, seen in OPC,
became possible through the abandoning of the conventional geometrical constraints used in
model construction, which has allowed for the multipole moments to be varied independently.
The availability of analytical equations that connect the optimal point charge distributions
with the input multipole moments played an important role too.
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Table 3.2: Force field parameters of OPC and some common rigid models, where σLJ =
(ALJ/BLJ)

1/6 and ǫLJ = B2
LJ/(4ALJ). For comparison, water molecule geometry in the gas

phase is also included.
q[e] l[Å] z1[Å] Θ[deg] σLJ [Å] ǫLJ [kJ/mol]

EXP(gas) NA 0.9572 NA 104.52 NA NA
TIP3P 0.417 0.9572 NA 104.52 3.15061 0.6364
TIP4PEw 0.5242 0.9572 0.125 104.52 3.16435 0.680946
TIP5P 0.241 0.9572 NA 104.52 3.12 0.6694
SPC/E 0.4238 1.0 NA 109.47 3.166 0.65
OPC 0.6791 0.8724 0.1594 103.6 3.16655 0.89036

While the OPC moments are closest to the QM values, they (in particular QT ) still deviate
from the QM predictions (Table 4.1, Figure 3.3). The low quality of the test models, Fig-
ure 3.3, in which the moments were close to the QM values (squares, Figure 3.3) suggests
that, within the 3-charge models explored here, an optimal fit of moments to QM predictions
does not guarantee agreement with experimental liquid phase properties. This discrepancy
can be due to a number of limitations and approximations inherent to classical, rigid, non-
polarizable water models, see e.g. Refs. [202, 79, 210]. It may also be that only three point
charges, even if placed optimally, are not enough to represent the complex charge distribu-
tion of real water molecule to the needed degree of accuracy. Namely, a three point charge
model is fundamentally unable to exactly reproduce the reference dipole, quadrupole and
octupole moments simultaneously [9], and essentially has no control over the accuracy of
its moments beyond the octupole. The contribution of the higher order multipole moments
to electrostatic potential can be significant at close distances, which are relevant to water-
water and water-ion interactions in liquid phase. We conjecture that the relatively small µ
and QT value found at the highest quality region (green zone, Figure 3.3) compared to QM
predictions (squares, Figure 3.3), may be a compromise to keep the higher moments not too
far from the optimal, ensuring a reasonable net electrostatic potential.

The OPC point charge positions and values and the LJ parameters are listed in Table 4.2.
The |O − q+| distances for OPC are shorter (0.8724Å), and the 6 q+Oq+ angle (Figure 4.1)
is slightly narrower (103.6◦) than the corresponding experimental values of |O − H| bond
and 6 HOH angle for the water molecule in the gas phase (0.9572Å and 104.52◦). The
charge magnitudes of the OPC model are significantly larger than those of other common
models (Table 4.2). Although the OPC charge distribution is not as tightly clustered as
the configuration of the optimal charge model in the gas phase (Figure 3.1), the deviation
of OPC geometry from that of other models and the water molecule in the gas phase is
influential. In particular, the quality of water models is extremely sensitive to the values
of electrostatic multipole moments (Figure 3.3), which by itself are very sensitive to the
geometrical parameters (Eqs. 4.1-4.3, and SI).
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Table 3.3: Model vs. experimental bulk properties of water at ambient conditions (298.16
K, 1 bar): dipole µ, density ρ, static dielectric constant ǫ0, self diffusion coefficient D, heat
of vaporization ∆Hvap, first peak position in the RDF roo1, propensity for charge hydration
asymmetry (CHA) [149, 144, 165], isobaric heat capacity Cp, thermal expansion coefficient
αp, and isothermal compressibility κT . The temperature of maximum density (TMD) is also
shown. Bold fonts denote the values that are closest to the corresponding experimental data
(EXP). Statistical uncertainties (±) are given where appropriate.
Property TIP4PEw [85] SPCE [202,

211]
TIP3P [202,
138]

TIP5P [202,
138]

OPC EXP [202,
203, 185]

µ(D) 2.32 2.352 2.348 2.29 2.48 2.5–3
ρ[g/cm3] 0.995 0.994 0.980 0.979 0.997±0.001 0.997
ǫ0 63.90 68 94 92 78.4±0.6 78.4
D[109m2/s] 2.44 2.54 5.5 2.78 2.3±0.02 2.3
∆Hvap[kcal/mol] 10.58 10.43 10.26 10.46 10.57±0.004 10.52
roo1[Å] 2.755 2.75 2.77 2.75 2.80 2.80
CHA propensity a 0.52 0.42 0.43 0.13 0.51 0.51
Cp[cal/(K.mol)] 19.2 20.7 18.74 29 18.0±0.05 18
αp[10

−4K−1] 3.2 5.0 9.2 6.3 2.7±0.1 2.56
κT [10

−6bar−1] 48.1 46.1 57.4 41 45.5±1 45.3
TMD[K] 276 241 182 277 272±1 277

a Values are calculated in this work. The experimental value is a theoretical estimate [149] based on

experimental hydration energies of K+/F− pair [176].

3.4.1 Bulk properties

The quality of the model in reproducing experimental bulk water properties at ambient
conditions, and a comparison with other most commonly used rigid models is presented
in Table 3. For each of 11 key liquid properties (Table 3) against which water models
are most often benchmarked [202, 203, 85], our proposed model deviates by no more than
1.8% from the corresponding experimental value, except for one property (thermal expansion
coefficient) that deviates from experiment by about 5%. While a targeted optimization may
further improve the agreement of thermal expansion coefficient with experiment, however,
an overall improvement of the model accuracy may require including (n>3) point charges,
and eventually incorporating polarization and nuclear motion effects. The full O-O and O-H
radial distribution functions (RDF), g(rOO) and g(rOH), are presented in the SI. By design,
the experimental position of first peak in O-O RDF is accurately reproduced by OPC. The
position and height of other peaks are also closely reproduced.

While commonly used models may be in good agreement with experiment for certain prop-
erties, Figure 3.4, they often produce large errors (sometimes amounting to over 250%) in
some other key properties. In contrast, OPC shows a uniformly good agreement across all
the bulk properties considered here.

The ability of OPC to reproduce the temperature dependence of six key water properties is
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Figure 3.4: Relative error in various properties by the common rigid models and OPC (this
work). Values of the errors that are cut off at the top are given in the boxes.
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Figure 3.5: Calculated temperature dependence of water properties compared to experiment
and several common rigid water models. TIP4PEw results are from [85], TIP5P from [138,
203, 85], TIP3P from [104, 203, 211, 105], SPCE from [54, 211].

shown in Figure 3.5 and Figure 3.6. OPC is uniformly closest to experiment compared to the
other models shown. It is noteworthy that OPC, which resulted from a search in the space
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Figure 3.6: Variation of isobaric heat capacity and isothermal compressibility of liquid
phase water with temperature. OPC model (this work) is compared to several common
rigid models, some recent rigid models (TIP4P-FB [211], TIP4Pǫ [66] and TIP4P/2005 [2])
and experiment. TIP4PEw results are from [85], TIP5P from [138], TIP3P from [104, 211],
SPCE and TIP4P-FB from [211], and TIP4Pǫ from [66].

of only two parameters (µ and QT ) at only one thermodynamic condition (298.16 K and 1
bar) to fit a small subset of bulk properties, automatically reproduces a much larger number
of bulk properties with a high accuracy across a wide range of temperatures where no fitting
was performed. The procedure and the result are in contrast not only to commonly used,
but also to some recent rigid [211, 66, 2] and even polarizable models [210] that generally
employ massive and more specialized fits against multiple properties over a wide range of
thermodynamic conditions. While noticeable advance in the accuracy of bulk properties is
made by these latest models, the overall end result is not more accurate than OPC.

So far we have described comprehensive validation of OPC model in the liquid phase for
which it is optimized. An equally comprehensive testing [202] of the model outside the
liquid phase would be of interest, but is out of scope in this Letter that focuses on a new
method. By construction, even a perfect fixed-charge rigid model that reproduced all bulk
liquid properties exactly, would be inherently incapable to respond properly to the change
of polarity of its micro-environment. Therefore, gas phase properties of OPC may not be
as accurate as its liquid phase predictions. Nevertheless, reasonable higher multipole mo-
ments [3] of OPC, well reproduced temperature dependence of bulk properties, and especially
a close agreement with experiment of isothermal compressibility, may be indicative of OPC’s
reasonable performance outside of liquid phase as well [202].
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3.4.2 O-O and O-H radial distribution functions

Each test OPC model is parametrized to exactly reproduce the position of the first peak.
The positions and the heights of the remaining peaks are very accurately reproduced with
these parameters. The height of the first peak is however slightly high, which leads to an
average O-O coordination number (noo) larger than experiment. This may be because of the
r−12 repulsion in the LJ potential that is known to create an over structured liquid [117, 79].
It is argued that using a softer potential (e.g. a simple exponential in the form of AeBr) can
correct the height of the first peak [117]. We employ a 12-6 potential to achieve compatibility
with standard biomolecular force fields. While TIP3P is the only model that accurately
reproduces the height of the first peak, it lacks structure beyond the first coordination shell
(Fig. 3.7).

3.4.3 OPC in practical biomedical applications

One of the main goals of developing better water models is improving the accuracy of sim-
ulated hydration effects in molecular systems. Here we show that the optimized charge
distribution of OPC model does lead to a more accurate representation of solute-water in-
teractions, whose accuracy is critical to the outcomes of atomistic simulations. One of the
most sensitive measure of the balance of intermolecular and solute-water interaction is hy-
dration free energy, which has been used to evaluate the accuracy of molecular mechanics
force fields and water models alike [106]. To evaluate OPC’s accuracy, we use a set of 20
molecules randomly selected to cover a wide range of experimental hydration energies from a
large common test set of small molecules [145], see Methods. Compared to experiment, OPC
predicts hydration free energy more accurately, on average (RMS error = 0.97 kcal/mol), as
compared to 1.10 kcal/mol and 1.15 kcal/mol for TIP3P and TIP4PEw, respectively (Figure
3.8). The improvement is uniform across the range of solvation energies studied, from very
polar to non-polar molecules (see SI). The calculated average errors for OPC, TIP3P and
TIP4PEw are 0.62, 0.78 and 0.87 kcal/mol, respectively, which shows that OPC is system-
atically more accurate than the other models tested. OPC is more accurate despite the fact
that force fields have been historically parametrized against TIP3P. Somewhat paradoxically,
TIP3P, which is certainly not the most accurate commonly used rigid model (see Figure 3.4),
has nevertheless been generally known thus far to give the highest accuracy in hydration free
energy calculations [145]. The accuracy improvement by OPC is then noteworthy as it shows
that an improvement in the “right direction” can indeed lead to improvement in free energy
estimates. To the best of our knowledge, OPC is the only classical point charge rigid model
that predicts solvation free energies of small molecules within the “chemical accuracy” (RMS
error ≤ 1 kcal/mol).

Combining our own preliminary results with those from Ref. [160] for different water models
and force-fields, we find that OPC is the only general-purpose model that yields correct size
of intrinsically disordered proteins, otherwise predicted to be too compact by commonly used
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Figure 3.7: O-O and O-H radial distribution functions of liquid water at 298.16 K, 1 bar.
The OPC model is compared to the commonly used rigid models as well as some recent rigid
models (TIP4P-FB [211], TIP4Pǫ [66] and TIP4P/2005 [2]). The experimental data is taken
from [185]. TIP4PEw result is from [85], TIP4P-FB from [211], TIP4Pǫ from [66], SCPE
from [23], TIP3P from [105], TIP5P from [138] and TIP4P/2005 from [2]. For simplicity,
we approximated locations of the protons in OPC water by locations of the positive point
charges.

models (Fig. 3.9 (a)). The results MD simulations of small intrinsically disordered protein
1WJB were performed using the AMBER FF99SB and FF14SB. The simulation time is 5
µs. The remaining simulation protocols are the same as the protocol described in Ref. [160].

OPC has been found to be the only water model that yields quantitative agreement with
NMR experiment for conformational populations of small RNA fragments – an agreement
that was notoriously hard to obtain for more than a decade[24] (Fig. 3.9 (b)). Compared
to other leading water models, the use of OPC in predicting ligand (host-guest) binding
enthalpies reduces the error relative to experiment by at least a factor of two[68], and can
eliminate the systematic error completely in some cases (Fig. 3.9 (c)). Critically, in all of
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Figure 3.8: Absolute error relative to experiment in solvation free energies of a set of 20
small molecules calculated using TIP3P, TIP4P-Ew and the proposed OPC models.

the above examples OPC improved agreement with experiment for all underlying gas-phase
force-fields tested. All these improvements combined are poised to take the accuracy of
common, practical biomolecular simulations to a qualitatively new level.

3.5 Conclusion

In summary, we have proposed a different approach to constructing classical water models.
This approach recognizes that commonly used distance and angle constraints on the con-
figuration of a model’s point charges are of little relevance to classical rigid water models;
these artificial constraints complicate and impede the search for optimal charge distributions,
key to reproducing unique features of liquid water. In our approach, such constraints are
completely abandoned in favor of finding an optimal charge distribution (obeying only the
fundamental C2v symmetry of water molecules) that best approximates properties of liquid
water. Next, we focus on the lowest multipole moments which directly control the electro-
statics of the model. The hierarchical importance of these moments for water properties
allowed us to reduce the search space to essentially just two key parameters: the dipole and
the square quadrupole (µ and QT ) moments; the less important moments were fixed to the
QM-derived values. The low dimensionality of the parameter space, combined with a set of
derived equations that connect the optimal geometry and charge values of each test model to
the input multipole moments, permitted a fine-grain exhaustive search virtually guaranteed
to find an optimal solution within the accuracy class of water models considered here.

We believe that the general approach presented here can be used to develop water models
with different numbers of point charges, including presumably even more accurate n-point
(n > 4) models, and also flexible and polarizable models. We expect that finding an n-
point charge optimum in the 2D parameter space (µ, QT ) is not going to be significantly
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(a)

(b)

(c)

Figure 3.9: OPC model performance in biomolecular simulations. (a) Predicted radius of
gyration of small intrinsically disordered protein 1WJB. Shown are our preliminary results
and published points from Ref. [160]. (b) The ratio of the population of NMR major
structure to the population of NMR minor structure computed using ff12 force field, vdWbb

and different water models, as well as the experimental ratio[24]. (c) Computed binding
enthalpies[68] for a host-guest system - a miniature model of molecular recognition.
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more difficult than for the 4-point model presented here. The current 4-point OPC model is
included in the solvent library of the Amber v14 molecular dynamics (MD) software package,
and has been tested in GROMACS 4.6.5. The computational cost of running molecular
dynamics simulations with it is the same as that for the popular TIP4P model.



Chapter 4

Accuracy limit of rigid 3-point water
models: parametrization of 3-point
OPC3

4.1 Overview

Realistic explicit solvent models are critical for the success of molecular simulations. Among
all, the very simple 3-point explicit rigid water models are very popular due to their computa-
tional efficiency. Recently, we introduced a new approach to constructing explicit rigid water
models (Izadi et al. J. Phys. Chem. Lett., 2014, 5, 3863-3871) that permits a virtually ex-
haustive search for optimal model parameters in the sub-space most relevant to electrostatic
properties of the water molecule in liquid phase, rather than in the high-dimensional charges-
distances-angles space “native” to point-charge models. We previously demonstrated that
the 4-point Optimal Point Charge (OPC) water model, constructed based on the new ap-
proach, delivers significant accuracy in reproducing water bulk properties, when compared to
most commonly used models. In this work, we apply the same approach to develop a 3-point
version of the Optimal Point Charge model (OPC3). OPC3 is significantly more accurate
than commonly used water models of same class (TIP3P and SPCE) in reproducing a com-
prehensive set of bulk properties, over a wide range of temperatures. Close agreement of the
model parameters and accuracy of OPC3 with values from two recent 3-point water models,
obtained by independent sophisticated optimizations based on completely different methods,
points out to a “consensus” for the optimal parametrization of 3-point water models.

57
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4.2 Introduction

Molecular modeling and simulations are routinely employed to study structure and func-
tion of biological molecules in applications ranging from structural biology to bio-medicine
and rational drug design[68, 71]. Accurate, classical water models are just as important for
these modeling efforts as water is for Life [189, 112, 50]. The simplest, and most widely used,
atomistic water models are fixed-charge rigid non-polarizable models [104, 2, 85, 138, 23, 94],
implemented in virtually every modeling package[35, 30, 164, 159]. However, despite at least
three decades of effort there is still significant room for much needed improvement[79, 202].
As more physical realism is added to such models either through more complex geometry
or/and by inclusion of electronic polarization effects, the cost of finding the accuracy opti-
mum in the large parameter space grows exponentially. As a result, available parametriza-
tions are virtually guaranteed to be sub-optimal with respect to faithfully reproducing key
experimental properties of water, hindering predictive potential of these models. At the
same time, accuracy of water models directly affects accuracy of virtually every modeling
study that depends on them. For example, the accuracy of predicted hydration energies of
small molecules, needed in computation of protein-ligand binding energetics[68], is sensitive
to the choice of water models. The “chemical accuracy” of less than 1 kcal/mol, desirable
for computational drug design efforts, is still not achieved in these calculations[145, 71]. Un-
acceptably large discrepancies with experimental binding energies are seen for even smallest
ligand binding systems[93]. Another example is the dependence of predicted protein-folding
landscapes, and pathways, on the choice of water model[160]. Precise understanding of fold-
ing pathways is of direct bio-medical relevance: alteration of folding pathways is a common
feature of a wide range of highly debilitating and increasingly prevalent diseases.

The most popular class of water models in practical molecular simulations are the sim-
ple 3-point models, mainly due to their computational efficiency. These models of water
are about as simple as one can possibly make for atomistic simulations (successful 2 point
models were developed for coarse-grained simulations[95]). Despite their continued popu-
larity, most commonly used three point water models (TIP3P[104] and SPCE[23]) cannot
faithfully reproduce bulk properties at 298 K and 1 bar pressure at once. For instance,
while TIP3P produces the enthalpy of vaporization and dielectric constant reasonably bet-
ter than other properties, it underestimates the density and significantly overestimates the
self-diffusion coefficient[202]. In contrast, SPCE fairly accurately reproduces the density and
self-diffusion, however it overestimates the enthalpy of vaporization and underestimates the
dielectric constant. Unfortunately, both of these commonly used models lead to poor repro-
duction of the temperature dependence of liquid water properties. For instance, the density
maximum experimentally observed at 277 K is not present in the density profile of these two
models in the range of temperatures normally studied for water.

Recently we proposed a new approach to constructing classical water models that can deliver
novel global accuracy optimal n-point water models that is completely different from the
mainstream water modeling parametrization techniques[93]. In contrast to the traditional
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parametrization techniques, the key feature of the new approach is to completely abandon
any constraints on the point charge geometry, except the fundamental symmetry of water
molecule, in favor of an unconstrained exhaustive search in a subspace of low order multipole
moments. The 4-point OPC water model constructed based on the new approach was shown
to reproduce the key liquid state properties significantly more accurately than commonly
used water models[93]. OPC can deliver noticeable accuracy improvement in molecular
simulations of solvated biomolecules even with existing force-fields. Improvements have
been reported specifically in RNA simulations[24], thermodynamics of ligand binding[68],
and small molecule hydration[93].

Motivated by the notable popularity of the simple 3-points models in practical molecular sim-
ulations, here we apply our new approach to construct a 3-point version of the Optimal Point
Charge water model, referred to as OPC3. We compare OPC3 with two most commonly
used models (TIP3P and SPCE) and also with two more recent 3-point models obtained
by independent optimizations based on completely different methods (TIP3PFB[211] and
H2ODC[60]).

4.3 Methods

4.3.1 Optimization procedure

The first key feature of our approach is to abandon any and all (seemingly intuitive) con-
straints on point charge values or their relative positions (other than the fundamental C2v

symmetry of water molecule) in search for an optimal electrostatic charge distribution that
best approximates liquid properties of water. The most general configuration for a 3-charge
3-point model consistent with C2v symmetry of the water molecule is shown in Figure 4.1.
Note that the position of the negative charge in a 3-point model has to coincide with the
position of the oxygen atom (vdw center), but the position of the positive charges are allowed
to vary (Figure 4.1). As a result, the charge distribution in 3-charge 3-point models has an
additional geometry constraint compared to 4-point 3-charge model in which charges are
completely unconstrained (except for the C2v symmetry)[94].

Based on the concept of Optimal Point Charge Approximation[9], the parameters of the
charge distribution shown in Figure 4.1 can be optimized so that the most important dipole
and the quadrupole moments of the water molecule are reproduced exactly (note that the
monopole is zero)[9, 94]. In the coordinate system shown in Figure 4.1, the charge distribu-
tion characterized by z, y and q can fully reproduce a given set of dipole (µ) and quadrupole
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Figure 4.1: Left. The most general configuration for a 3-charge 3-point water model con-
sistent with C2v symmetry of the water molecule. The charge distribution parameters (y,
z, and q) are calculated to optimally reproduce a given set of dipole and quadrupole mo-
ments. The value of the positive and negative charges are q and -2q, respectively. The single
Lennard-Jones interaction is centered on the origin (oxygen). Right. The final, optimized
geometry of the proposed 3-point OPC3 water model.

(Q0 and QT ) moments for the water molecule by requiring

2qz = µ (4.1)

−2q(
y2

2
− z2) = Q0 (4.2)

3qy2

2
= QT (4.3)

The above three equations are solved to find three parameters (z, y and q), as follows

q =
3µ2

2(2QT + 3Q0)
(4.4)

z =
2QT + 3Q0

3µ
(4.5)

y =
2

3µ

√
QT (2QT + 3Q0) (4.6)

where µ, Q0 andQT moments are related to the more traditional Cartesian components of the
traceless multipole moments of water molecule as µ = µz, Q0 = Qzz, QT = 1/2(Qyy −Qxx)
[191, 168, 151].The above set of analytical expressions enables us to independently vary the
moments of the charge distribution, which makes computationally feasible a full exploration
in the relevant subspace of the moments (µ, Q0 and QT ).
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The Q0 component of the quadrupole moment (linear quadrupole) is known to be relatively
small for water molecule and is not expected to be very important [168]. We fix this value
to zero, which automatically results in fully tetrahedral angle: by setting Q0 = 0 in Equ. 4.2
we obtain y =

√
2z, that translates to θ = 109.4712.

This leaves the two more important moments, the dipole (µ) and the square quadrupole
(QT ), as the two key search parameters we vary exhaustively. For the case of 3-point model,
we vary µ within the range of 2.3D to 2.5D, and QT within 1.6DÅ to 2.4DÅ, which reflect
the ranges for commonly used and recently developed water models of the same class. For
every pair of trial values of µ and QT (and the fixed value of Q0 = 0) the optimal charge
and geometry parameters of the test model (q,z, and y,Figure 4.1) are uniquely determined
via the set of closed-form analytical expressions Equs.4.4-4.6.

The usual 12-6 Lennard-Jones (LJ) potential is employed to model the van der Waals inter-
action among the oxygens. The Lennard-Jones function, ELJ , can be written as

ELJ(roo) = 4ǫLJ [(
σLJ

roo
)12 − (

σLJ

roo
)6] =

ALJ

r12oo
− BLJ

r6oo
(4.7)

The values of ALJ and BLJ , unlike σLJ and ǫLJ [190], are nearly independent [168]. For every
charge distribution calculated as described above, the value ALJ of the 12-6 Lennard-Jones
(LJ) potential, which is mainly responsible for the liquid structure [168], is selected so that
the location of the first peak goo(r) of the oxygen-oxygen radial distribution function (RDF)
is in agreement with most recent experimental data [185]. The value of BLJ is optimized so
that the experimental value of water density is achieved. The parameters ALJ and BLJ can
be optimized nearly independently due to the weak coupling between them [168].

Table 4.1: Water molecule multipole moments centered on oxygen: from experiment, liquid
phase quantum calculations, some common and recent 3-point models, and OPC3 model
(this work).

µ Q0 QT Ω0 ΩT

Model [D] [DÅ] [DÅ] [DÅ2] [DÅ2]
EXP (liquid) [78] 2.5−3 NA NA NA NA
QM/230TIP5P [44] 2.55 0.20 2.81 -1.52 2.05
SPCE 2.35 0.00 2.04 -1.57 1.96
TIP3P 2.35 0.23 1.72 -1.21 1.68
TIP3PFB 2.419 0.068 2.052 -1.584 2.03
H2ODC 2.417 0.000 2.005 -1.479 1.849
OPC3 2.43 0.0 2.06 -1.552 1.940

Using the procedure above, we can obtain a test water model for different combinations of µ
and QT within the search space. We evaluate the performance of each of these models in re-
producing six targeted liquid water properties at 298.16K and 1bar: static dielectric constant
ǫ0, self diffusion coefficient D, heat of vaporization ∆Hvap, density ρ and the position roo1
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and height g(roo1) of the first peak in oxygen-oxygen pair distribution functions. These prop-
erties are calculated as averages from molecular dynamics (MD) trajectories, using standard
computational protocols[85, 66]. A detailed description for calculations of thermodynamic
and dynamical bulk properties can be found in Ref. [94].

The quality of each test water model – corresponding to a µ,QT point on the map – is
characterized by a quality score function suggested by Vega et. al. [202] based on the same
six key bulk properties used for the fitting. For a calculated property x and a corresponding
experimental value of xexp, the assigned score is obtained as [202]

M = max{[10− |(x− xexp)× 100/(xexptol)|], 0} (4.8)

where the tolerance (tol) is assigned to 0.5% for density, position of the first peak in the
RDF and heat of vaporization, 5% for height of the first peak in the RDF, and 2.5% for the
remaining properties. The quality score assigned to each test model is equal to the average
of the scores in bulk properties considered.

The result of the above search procedure is a “quality map” of all possible water models in
the µ-QT space(Figure 4.2): the proposed model is the one with the highest quality score.

4.3.2 Simulation details

Unless specified otherwise, we use the following Molecular Dynamics (MD) simulations proto-
col. Simulations in the NPT ensemble (1 bar, 298.16 K) were carried out using the Amber14
MD software package [35]. A cubic box with edge length of 30Å was filled with 804 wa-
ter molecules. Periodic boundary condition was implemented in all directions. Long-range
electrostatic interactions, calculated via the particle mesh Ewald (PME) summation, and
the van der Waals interactions were cut off at distance 8Å , the van der Waals interactions
beyond the cut off distance is accounted for via a continuum model (vdwmeth=1 in Am-
ber) [35]. Dynamics were conducted with a 2 fs time step and all intra-molecular geometries
were constrained with SHAKE. The NPT simulations were performed using Langevin ther-
mostat with a coupling constant 2.0 ps−1 and a Berendsen barostat with coupling constant
of 1.0 ps−1 for equilibration and 3.0 ps−1 for production.

We perform a 3-tier search for best fit in the 2D space of (µ,QT ), Figure 4.2. The initial
search is on 0.05 × 0.05 grid in the 2D (µ,QT ) space shown in Figure 4.2. The refinement
is on 0.01 × 0.01 grid, limited to vicinity of the optimum (green area), followed by the final
comparison of a few candidates within a very small area (dark green).

Each calculated water property is an average over 6 independent MD trajectories; 6 ns each
for the first stage, 15 ns for the second, and 65 ns for the final stage and all of the properties of
water models shown here. These long simulation times are needed to obtain well-converged
averages of some properties, such as static dielectric constant[217].
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4.4 Results

4.4.1 The proposed OPC3 model

The result of the above search procedure is a “quality map” of all possible test water models
in the µ−QT space, Figure 4.2: the proposed OPC3 model is the one with the highest qual-
ity score. Compared to the commonly used 3-point models shown, OPC3 reproduces the
multipole moments of water molecule in the liquid phase substantially better: the OPC3’s
µ (2.43 D) and QT (2.06 DÅ) are in best agreement with the range of values from exper-
iment [78] and QM calculations [181, 184, 151, 44]. The improved moments of OPC3 are
achieved due to an“unconstrained” search for model’s optimal parameters in the space of
moments.

 

 

Figure 4.2: The quality score distribution of test water models in the space of dipole (µ) and
quadrupole (QT ). Each fine grain point on the plot represents a model tested. Scores (from 0
to 10) are calculated based on the accuracy of predicted values for six key properties of liquid
water (see text). The resulting proposed optimal model is termed OPC3. For reference, the
µ and QT values of commonly used and recently developed 3-point water models (triangles,
quality score given by the color at the symbol position) are placed on the same map (see
also Table 4.1).

The OPC3 point charge positions and values and the LJ parameters are listed in Table 4.2.
The |O − q+| distances for OPC3 is slightly longer (0.97888Å) than the corresponding ex-
perimental values of |O −H| bond. The 6 q+Oq+ angle (Figure 4.1) is equal to (109.4712◦)
which is a direct consequence of setting Q0 = 0 (see Section 4.3).
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4.4.2 Bulk properties at 298.16 K, 1 bar

The quality of the OPC3 model in reproducing experimental bulk water properties at ambient
conditions, and a comparison with other most commonly used and recently developed 3-point
models is presented in Table 4.3. For each of 10 key liquid properties (Table 4.3) against
which water models are most often benchmarked [202, 203, 85], the deviations of OPC3’s
computed properties from the corresponding experimental values is less than 6%, except
for one property (thermal expansion coefficient) that deviates from experiment by about
67.9% (see Figure 4.3). Note that the parametrization of OPC3 involved a fitting to only
5 of the properties reported in Table 4.3, yet the model is accurate in estimating several
other properties that were not included in the optimization, such as isobaric heat capacity
Cp, isothermal compressibility κT , thermal expansion coefficient αp, and the temperature of
maximum density (TMD).

The O-O radial distribution functions (RDF), g(rOO) for the OPC3 are presented in Fig-
ure 4.4. By design, the experimental position of first peak in O-O RDF is accurately repro-
duced by OPC3. The position and height of other peaks are also closely reproduced.

Figure 4.3: Comparing the accuracy of OPC3 to some old and recent rigid 3-point water
models TIP3P, SPCE, H2ODC, and TIP3PFB [211]. The quality scores (see Methods)
represent the overall performance of each model in reproducing eight key properties, i.e.
density ρ, self diffusion coefficientD, static dielectric constant ǫ0, heat of vaporization ∆Hvap,
isobaric heat capacity Cp, isothermal compressibility κT and thermal expansion coefficient
αp, at ambient conditions, as well as the temperature of maximum density (TMD).
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Figure 4.4: O-O radial distribution functions of liquid water at 298.16 K, 1 bar. The OPC3
model is compared to the commonly used 3-point models (TIP3P and SPCE).

4.4.3 Temperature dependent behavior

The ability of OPC3 to reproduce the temperature dependence of four key water properties
is shown in Figure 4.5. It is noteworthy that OPC3, which resulted from a search in the
space of only two parameters (µ and QT ) at only one thermodynamic condition (298.16 K
and 1 bar) automatically reproduces bulk properties with a high accuracy across a wide
range of temperatures where no fitting was performed. The procedure and the result are in
contrast not only to commonly used, but also to some recent rigid [211, 66, 2] that generally
employ massive and more specialized fits against multiple properties over a wide range of
thermodynamic conditions.

4.4.4 A consensus in the parametrization of 3-point rigid models

Here we compare OPC3 with two recent 3-point water models: TIP3PFB[211] and H2ODC[60],
which are parametrized using completely different strategies. TIP3PFB is developed based
on the state-of-the-art ForceBalace parametrization method[211], which essentially evalu-
ates the simulated properties in NPT ensemble and calculates their parametric derivatives
to use in the optimization. The search is performed in the space of the bond length, angle,
charge and van der waals parameters, using the geometry of TIP3P and SPC/E as the start-
ing point. H2ODC is specifically designed to reproduce the correct experimental dielectric
constants, in addition to more common target properties such as density and enthalpy of
vaporization[60]. The starting geometry of H2ODC is a fixed tetrahedral angle and a bond
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Figure 4.5: Calculated temperature dependence of water properties for OPC3 compared to
two most commonly use and two recent 3-point water models and experiment. TIP3P results
are from [104, 203, 211, 105], SPCE from [54, 211], TIP4PFB from [211]. H2ODC results
are calculated based on the protocols described in this work.
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length equal to the experimental gas-phase value (Table 4.2). The search is performed in
the space of σLJ , ǫLJ and q that are uniformly scaled to fit experimental values for density,
heat of vaporization and dielectric constant, respectively. In contrast to these two models
that are obtained from a search in the space of length-angle-charge, OPC3 is derived from a
search in the space of key multipole moments of the model (dipole and square quadruple) so
that six key properties are best reproduced, without any geometry constraints on the model
other than the symmetry.

For comparison, the µ and QT values of two most recently developed 3-point water models
(TIP3PFB[211] and H2ODC[60]) are placed on the quality score map in Figure 4.2 (see
also Table 4.1). Interestingly, the placements of all these three models cluster around the
small high quality region in the map. Overall, there is a close agreement between the model
parameters(Table 4.2), multipole moments (Table 4.1) and bulk properties (Table 4.3 and
Figure 4.5) for these models. Given the fundamental differences in the optimization of these
three models, close agreement of the model parameters and accuracy of OPC3 with values
from H2ODC and TIP3PFB points out to a consensus for the optimal parametrization of
3-point water models.

4.4.5 How does OPC3 compare to OPC?

Although both OPC3 and OPC models perform well in reproducing the key bulk properties
at ambient condition and also in representing the temperature behavior of water, OPC is
much more accurate than OPC3 in reproducing the density of water at lower temperatures.
As a result, OPC is also more accurate in estimating the thermal expansion, the deviation
from experimental value is 5% for OPC, which is much lower than 67.9% for OPC3. The
discrepancy between the accuracy of these two models, in particular at lower temperatures,
stems from the difference in their abilities in accurately representing the multipole moments
of the water molecule. For example, the dipole moment for OPC is slightly larger than that
of OPC3 (2.48D vs 2.43D, respectively). A more profound distinction is seen in the value
of square quadrupole QT , which is 2.3DÅ and 2.06DÅ for OPC and OPC3, respectively.
Given that the analytical expressions that relate charge distributions of both three and four
point models to their multipole moments can exactly reproduce a given set of dipole and
quadrupole moments (see section 4.3), the question arises why the optimal value of QT for
OPC3 is much smaller than that for OPC. Note that a 3-point model is subjected to an
additional geometry constraint compared to a 4-point model: the negative charge is fixed to
the position of oxygen (see section 4.3). Due to the additional constraint, a 3-point OPC3
has no control over the accuracy of its moments beyond the quadrupole, whereas the 4-
point OPC can optimally reproduce a given set of moments up to the octupole[93, 9]. As a
result, although the dipole and quadrupole moments of a 3-point model can be set to more
accurate (i. e. larger) values, doing so can introduce severe errors in the representation of its
higher order moments (e. g. octupole). The OPC3’ moments represent the best compromise
between the dipole, quadrupole and octupole moments that is presently achievable by a
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3-point model (Table 4.1). In fact, the octupole moments of OPC3 are in good agreement
with the values from QM (Table 4.1), but probably with the cost of smaller value for its
quadrupole. By construction, a 4-point model can provide a better balance between the
three lowest order moments of the model, that are in better agreement with values predicted
by QM.

Another significant difference is seen in the dispersion parameters of the OPC and OPC3
models. The London dispersion parameters for OPC3 are significantly smaller than that of
OPC (858.1 vs 668.64) which is probably a consequence of a balance between OPC3’s weaker
electrostatic interactions, caused by its smaller moments, and the van der waals interactions.
The weaker electrostatic and van der waals interactions can influence the ability of OPC3
to form strong hydrogen bonds, in particular at lower temperatures.

We speculate that the poorer performance of OPC3 in reproducing the temperature depen-
dent properties can be due to its relatively much lower value of (QT ) [151], compared to that
of OPC. “The large quadrupole of water molecules”[151], mainly controlled by the QT value,
has been known to have a strong effect on the phase diagram and temperature dependent
properties of water [3, 151]. The contribution of the higher order multipole moments to elec-
trostatic potential can be significant at close distances, which are relevant to water-water and
water-ion interactions in liquid phase. This can specifically influence the models accuracy
at lower temperatures..

The difference in the strength of water-water interactions in OPC and OPC3 can lead to
different performances beyond water bulk properties, in biomolecular simulations. For ex-
ample, it has been shown that water dispersion interactions can strongly affect simulated
structural properties of disordered protein states[160]. OPC has been shown to introduce im-
provements in predicting the solvation free energies of small molecules, binding free energies,
RNA simulations. Nevertheless, given that what ultimately matters in biomolecular simu-
lations is an appropriate balance between water-water, water-protein and protein-protein,
whether OPC or OPC3 turns out to be more suitable for biomolecular simulation is still to
be further tested.

4.5 Conclusion

Recently we proposed a new approach to constructing point charge water models. The
novelty of the approach is that a search for optimal parameters of fixed-point charge mod-
els is performed in the electrostatically most relevant, low-dimensional sub-space of lowest
multipole moments, rather than in the convoluted high-dimensional charges-distances-angles
space “native” to point-charge models. The models constructed based on the new approach
can be parametrized with electrostatic multipole moments that are closer to what has been
found in experiment and other calculations, which is difficult to do in models with fixed
geometry.
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Here we show that the OPC3 model developed based on this approach gives significantly
better agreement with experimental bulk water properties, compared to most commonly
used 3-point models. OPC3 is made to reproduce the bulk properties at only one temper-
ature (298K), yet it improves thermodynamic and dynamic properties over a wide range of
temperature.

A comparison of the OPC3 model with two recent models developed based on completely
different parametrization procedures indicates a consensus for the optimal parametrization
of 3-point water models. Given that very different parameter optimizations, including a vir-
tually exhaustive search in the “appropriate” electrostatic parameter space, yield essentially
the same result, we conclude that the search for an optimal 3-point rigid water model is over.

The OPC3 model is planned to be included in the 2017 version release AMBER software
package, and has been tested in GROMACS 4.6.5. A 0.5 microsecond MD simulation of
ubiquitin (PDB ID: 1UBQ) solvated in OPC3 water was stable and gives a backbone RMS
deviation from the starting crystal structure smaller than 1Å .
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Table 4.2: Force field parameters of OPC3 and some commonly used and also recently
developed 3-point water models, where σLJ = (ALJ/BLJ)

1/6 and ǫLJ = B2
LJ/(4ALJ). For

comparison, water molecule geometry in the gas phase is also included.
q[e] l [Å] Θ[deg] σLJ [Å] ǫLJ [kJ/mol]

EXP(gas) NA 0.9572 104.52 NA NA
TIP3P 0.417 0.9572 104.52 3.15061 0.6364
SPCE 0.4238 1.0 109.47 3.166 0.65
TIP3PFB 0.42422 1.0118 108.15 3.1780 0.65214
H2ODC 0.4238 0.958 109.47 3.18400 0.593
OPC 0.447585 0.97888 109.4712 3.17427 0.68369

Table 4.3: Model vs. experimental bulk properties of water at ambient conditions (298.16
K, 1 bar): dipole µ, density ρ, static dielectric constant ǫ0, self diffusion coefficient D,
heat of vaporization ∆Hvap, first peak position in the RDF roo1, isobaric heat capacity Cp,
thermal expansion coefficient αp, and isothermal compressibility κT . The temperature of
maximum density (TMD) is also shown. Bold fonts denote the values that are closest to
the corresponding experimental data (EXP). Statistical uncertainties (±) are given where
appropriate.
Property TIP3P [202,

138]
SPCE [202,
211]

TIP3PFB [211] H2ODC OPC3 EXP [202,
203, 185]

µ(D) 2.348 2.352 2.42 2.42 2.43 2.5–3
ρ[g/cm3] 0.980 0.994 0.995 0.9975 0.996±0.001 0.997
ǫ0 94 68 81.3 78.7 78.4±1 78.4
D[109m2/s] 5.5 2.54 2.28 2.17 2.30±0.02 2.3
∆Hvap[kcal/mol] 10.26 10.43 10.71 10.36 10.73±0.004 10.52

roo1[Å] 2.77 2.75 2.755 - 2.755 2.755
Cp[cal/(K.mol)] 18.74 20.7 19.1 20.98 18.54±0.05 18
αp[10−4K−1] 9.2 5.0 4.1 4.48 4.3±0.1 2.56
κT [10−6bar−1] 57.4 46.1 44.5 45.0 46.0±1 45.3
TMD[K] 182 241 261 255 260 277



Chapter 5

Optimal point charge approximation
for MD simulation of million-atom
systems: insights into the structure of
chromatin fiber

5.1 Overview

Molecular Dynamics (MD) simulations based on the generalized Born (GB) models can pro-
vide significant computational advantages over the traditional explicit solvent simulations.
At the same time, standard GB becomes prohibitively expensive for all-atom simulations
of very large structures; the model’s very high computational cost in this case stems from
its poor scaling which is ∼ n2, where n is the number of solute atoms. Here, we combine
our recently developed Optimal Point Charge Approximation (OPCA) with the ∼ nlogn
Hierarchical Charge Partitioning (HCP) approximation to present a multi-scale, yet fully
atomistic, approach to perform MD simulations based on the generalized Born model, called
GB-HCPO. HCP exploits the natural organization of biomolecules (atoms, groups, chains,
and complexes) to partition the structure into multiple hierarchical levels of components.
OPCA approximates the charge distribution for each of these components by a small num-
ber of point charges that optimally reproduce the low order multipole moments of these
components. GB-HCPO uses the full set of atomic charges to compute interactions between
nearby atoms, while approximating interactions with distant components using the smaller
set of charges. We show that GB-HCPO significantly improves the accuracy of electrostatic
forces and energies when compared to the more common cutoff GB and also its predeces-
sor GB-HCP model (without OPCA). The higher accuracy of GB-HCPO in representing the
electrostatic interactions translates to increased structural stability in predicted biomolecules
structures. GB-HCPO can deliver over two orders of magnitude speedup compared to the

71



72

reference GB, and, for large structures, can provide the same nominal speed, as in nanosec-
onds per day, as the highly optimized explicit-solvent (TIP3P) based on particle mesh Ewald
(PME). The increase in the nominal simulation speed coupled with substantially faster sam-
pling of conformational space, relative to the explicit solvent, makes GB-HCPO suitable
for simulating very large systems. As a practical demonstration, we employ GB-HCPO to
perform a multi-scale all-atom simulation of 30-nm chromatin fiber (40 nucleosomes, over
1 million atoms), starting from a manually constructed 4-star model consistent with low
resolution cryo-EM data. Our results suggest important structural details consistent with
experiment: the linker DNA fills the core region and the H3 histone tails interact with the
linker DNA. GB-HCPO is implemented in the open source MD software, NAB in AMBER
16.

5.2 Introduction

Atomistic simulation is one of the most widely used theoretical tools in bio-medical research[4,
111, 114]. High accuracy of solvent representation in these simulations is paramount for bi-
ological applications. Arguably the most accurate among classical models of solvation is
the one in which individual water molecules are treated explicitly on the same footing with
the target biomolecule [102, 23, 85, 94] Yet, accuracy of this explicit solvent representation
comes at extremely high price, computationally. For example, a recent study[130] of folding
of 17 of the fastest folding proteins required extremely long simulations on one-of-a-kind spe-
cialized supercomputer. Likewise, efficient estimates of free energies, particularly important
in many areas including structure-based drug design[103], can take hours or even days per
structure[5], or may not even be possible for large structures due to convergence issues. An
alternative that mitigates or eliminates these problems is the implicit (or continuum) solva-
tion model that treats solvent implicitly as a continuum with dielectric and “hydrophobic”
properties of water [46, 84, 26, 137, 70, 173, 136, 183, 17, 129]. A particularly computation-
ally efficient version of the model, the so-called generalized Born (GB) model, is the current
“workhorse” in Molecular Dynamics (MD) [182, 39, 100, 223, 101, 127, 161, 97, 8] including
QM/MM[158, 205] and REMD simulations[153].

GB provides significant computational advantage over explicit solvent MD simulations in
two main ways: First, GB approximates the discrete solvent as a continuum, thus drastically
reducing the number of particles to keep track of in the system [188, 21, 81, 82, 69, 126,
155, 199, 45, 49, 92, 174, 33, 58, 14, 57, 152, 173, 52, 67, 75, 80, 187, 201, 194, 224], which
significantly increases the nominal speed (nanoseconds per day of simulation time). Second,
the GB model can sample conformational space substantially faster than explicit solvent
model due to the reduction of solvent viscosity. For instance, it has been shown that the
conformational sampling in implicit solvent simulations can be ∼100 times faster compared
to common explicit solvent PME simulations [56, 8, 198, 222, 11]. The combination of these
two effects makes the GB model suitable for all-atom MD simulations of the protein folding
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Figure 5.1: Top: Chromatin fiber is the next hierarchical level of DNA compaction beyond
the nucleosome: the 2-nm DNA helices wrap around histones to form 11-nm nuclesome.
The nulceosomes are considered to be regularly wrapped into 30-nm-diameter chromatin
fibers. The chromatin fibers are further packed to make up the chromosomes. Bottom: A
40-nucleosome (1.16 million atom) 30-nm chromatin fiber manually constructed based on a
4-start model consistent with low resolution cryo-EM data[215].
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process [182, 39, 100, 223, 101, 127, 161, 97], including protein design [133, 59]. Folding
study of the same set of 17 proteins mentioned above [130] can be performed on a commodity
PC within days. [150]. Correct native states of small proteins can be easily identified as
minimum energy snapshots [182], in straightforward simulations starting from completely
extended conformations – the task that is not nearly as straightforward in explicit solvent.

Despite these advantages, GB still remains a less widely used for simulating very large struc-
tures in part due to its poor algorithmic complexity: the functional form for the most widely
used practical GB models scales as ∼ n2, where n is the number of solute atoms only. There-
fore, GB-based simulations can become too slow for large and especially very large (100,000s
atoms and more) structures, essentially negating all of the potential benefits of the GB ap-
proach. This is while the most common explicit-solvent simulations based on the “industry
standard” particle mesh Ewald (PME)[48, 55, 196, 220], or the fast multipole[34, 32, 121],
scales as ∼ NlogN , where N is the total number of solvent and solute atoms combined. As
a result, the nominal computational speed of the GB model, i.e. the number of nanoseconds
per day of simulation time, can be much lower than that of the corresponding explicit-solvent
simulation for large systems. In cases where large-scale atomistic level modeling is desired,
practitioners have no choice but to resort to the traditional, explicit solvent approach which
leads to inordinate computational costs. For example, a recent study of the complete HIV-1
capsid model through a fully solvated, unconstrained 100 ns, 64 million atom simulation
takes advantage of one of the most powerful supercomputers in the world[225]. A typical
computational lab with modest resources can not afford to simulate even smaller structures
(100,000s to a million) atoms long enough to observe meaningful conformational changes.

A common approach for reducing the computational cost of GB models is to apply the
concept of spherical cutoff, i.e. ignore interactions and computations involving atoms beyond
a cutoff distance, referred to as cutoff-GB here. The cutoff-GB reduces the computational
cost of traditional GB from ∼ n2 to ∼ nlogn. However, the cutoff-GB approach can lead
to unacceptable errors and severe artifacts, such as spurious forces and artificial structures
around the cutoff distance[141, 132, 178], especially when the structures are highly charged.

In this study, we combine our newly developed Optimal Point Charge Approximation (OPCA) [9]
with a ∼ nlogn multi-scale approximation for GB [10] to present a multi-scale, yet fully
atomistic, GB model for very large structures, referred to as GB-HCPO. We evaluate the
accuracy, speed, and stability of the GB-HCPO on a set of representative biomolecular struc-
tures ranging in size from 632 to 1159998 atoms, with absolute total charge ranging from
1 to 8238 e, compared to the commonly used spherical cutoff method with GB (cutoff-GB)
and its predecessor model without OPCA (GB-HCP).

Gene expression is regulated, in part, by the organization of chromatin fiber, which is the
next hierarchical level of chromatin compaction beyond the nucleosome[134] (Figure 5.1).
Modifications to N-terminal tails of the histone proteins that make up the fiber core are
known to regulate DNA accessibility and affect vital process[83]. Due to the large size of the
fiber –millions of atoms– only low-resolution (cryo-EM) experimental structures of the fiber
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are available[170], its atomistic details including the tails, are unknown. Computational
studies investigating the organization of chromatin fiber have typically used coarse-grain
simulations. Such simulations use customized, relatively unproven, force fields, and fail
to elicit the finer details of the atom level structure. Starting from an existing atomistic
model[215] consistent with low resolution cryo-EM data (Figure 5.1), here we use GB-HCPO
to perform multiscale “all atom” simulations of 40 nucleosome (over 1 million atom) 30-nm
chromatin fiber to study its structure and response to modifications such as post-translational
modifications implicated in chromatin remodeling.

The remainder of the paper is organized as follows. In the Methods section, a brief de-
scription of previously developed GB-HCP without OPCA is provided. That is followed
by a description of the implementation of OPCA in GB-HCP (GB-HCPO). The details of
the simulations protocols and test structures are also given in this section. In the Results
section, first a practical application of GB-HCPO to simulate 40 nucleosome chromatin fiber
is provided. Then a detailed technical analysis of the accuracy and speed of the new GB-
HCPO is presented. In the Conclusion section we summarize our finding and discuss the
applicability of GB-HCPO to practical MD problems.

5.3 Methods

A short description of the GB model without further approximation is provided below.
Then we briefly explain the multi-scale Hierarchical Charge Partitioning (HCP) approach
that reduces the algorithmic complicity of the GB model from ∼ n2 to ∼ nlogn. That is
followed by a detailed description of the implementation of the OPCA approach into the
HCP implementation of the GB model. The details of the simulations protocols and test
structures are also given in this section.

5.3.1 The GB model without further approximation

The electrostatic energy Eelec of a solvated system can be estimated by the GB implicit
solvent model[146] as:

Eelec = Evac + Esolv (5.1)

Evac =
n∑

i

n∑

j>i

qiqj
rij

(5.2)
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ij (rij)
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where Evac and Esolv are the electrostatic vacuum and solvation energy, ǫw is the di-
electric constant of the solvent, qi and qj are the charges of atoms i and j, and rij is
the distance between the atoms. We use the most widely functional form of fGB

ij (rij) =

[r2ij +BiBje
(−r2ij/4BiBj)]1/2, and Bi and Bj are the so-called effective Born radii. For the case

where the atoms i and j do not overlap the effective Born radii, Bi, can be calculated by the
following equation:

1

Bi

≈ 1

Ri

−
∑

j 6=i

[
Rj

2(r2ij −R2
j )

− 1

4rij
log

rij +Rj

rij −Rj

]
(5.4)

where Ri is the intrinsic radius of atom i, rij is the distance from i to any point j in the
solute volume. As shown in Eqs. 5.2 and 5.3, the calculations of Evac and Esolv scale
as ∼ n2. The computational implementation of analytical pairwise approximation to the
effective Born radii Bi, Eq. 5.4, also scales as ∼ n2.

5.3.2 Applying Hierarchical Charge Partitioning (HCP) to the
GB model

Elsewhere[10], it was shown that a ∼ nlogn approximation of the GB model can be achieved
by resorting to the concepts of the Hierarchical Charge Partitioning (HCP)[13]. The HCP
approximation partitions the biomolecular structures into multi-level hierarchical compo-
nents based on the natural organization of biomolecules, as illustrated in Figure 5.2 – atoms
(level 0), nucleic and amino acid groups (level 1), protein, DNA and RNA subunits (level 2),
complexes of multiple subunits (level 3), and higher level structures such as fibers and mem-
branes. The charge distribution for each component beyond level 0 is represented by 1, or 2,
approximate point charges placed at the center of charge of all, or positive/negative, charges
of the component, respectively. The HCP method uses the approximate point charges for
computations involving distant components, while the full set of atomic point charges are
used for computations involving nearby components (Figure 5.2). The level of approxima-
tion used is determined by the distance of a component from the point of interest compared
to the threshold distance for the level of the component, for example h1, h2, h3 for level 1,
2 and 3 in Figure 5.2, respectively. The greater the distance from the point of interest, the
larger (higher level) is the component used in the approximation. The computational cost
of the HCP approximation for computing the pair-wise electrostatic interactions scales as
∼ n log n. For a more detailed description, refer to the previous HCP studies [13, 10].

The concept of HCP approximation can be used to reduce the computational cost of Eqs.
5.2, 5.3, and 5.4 from ∼ n2 to ∼ n log n, as described below. For example, in the case of
2 charge approximation for the components, for each component c beyond level 0 (groups,
strands and complexes), 2 approximate point charges (qc1 and qc2) are used in place of qj
charges to approximate the electrostatic interactions of the corresponding component c with
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Figure 5.2: Left: Illustration of hierarchical charge partitioning (HCP) for three levels of
approximation. Here, h1, h2 and h3 are the level 1 (group), level 2 (subunit) and level 3
(complexes) threshold distances, respectively. The distance to a component is computed
from the point of interest to the geometric center of the component. Right: Multi-level
hierarchical partitioning of a 30 nm chromatin fiber based on its natural structural orga-
nization: (a) The fiber is made up of 40 nucleosome complexes. The individual nucleotide
groups in the fiber are shown in red and amino acid groups in blue. (b) Each complex (level
3) is made up of 13 subunits with the segments of DNA linking nucleosome complexes being
treated as separate subunits. A complex is shown here with each subunit represented in a
different color. (c) Each subunit (level 2) is made up of 49-142 groups. The linker histone
subunit is shown here with the groups colored by the type of amino acid. (d) Each group
(level 1) is made up of 7-32 atoms (level 0). A histidine amino acid group is shown here with
atoms represented as small spheres and covalent bonds between the atoms represented as
links. The atoms are colored by the type of atom. The total fiber consists of 1159998 atoms.
The fiber was constructed as described in Wong et. al.[214]. The images were rendered using
VMD [89]. For clarity, only 10 of the 13 subunits are shown in (a) and (b).
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charge qi (Eqs. 5.2 and 5.3). The values of qc1 and qc2, and their positions (rc1 and rc2) are
obtained from the HCP approach described above. Also, the component radius Rc is used
in place of the intrinsic radius of atom j (Rj) (Eq. 5.4). Rc is the radius of a sphere with
the same volume as the sum of volumes of its constituent atoms, that can be estimated as
below[10],

R3
c ≈

∑

j∈c

R3
j (5.5)

Introducing approximating point charges for components necessitates an equivalent of the
effective Born radii to be associated with each of the approximate point charges (Bc1 and
Bc2), and to be used in place of Bj (Eq. 5.4). The equivalent of the effective Born radii
for components are approximated by a simple harmonic average of the effective Born radii
of atoms within the component, weighted by their atomic charges, as below[10]

1

Bci

≈
[
1

qci

∑

k∈c

qk

Bk
1/2

]2
, i = 1, 2 (5.6)

where qk and Bk are the charges and effective Born radii, respectively, for the positively
charged atoms or the negatively charged atoms belonging to the corresponding component
(c1 or c2 for 2-charge approximation).

The GB model approximated as above, referred to as GB-HCP, scales as ∼ nlogn for
biomolecular structures[10].

5.3.3 The GB-HCP based on the Optimal Point Charge Approx-
imation: GB-HCPO

The accuracy of the nlogn approximation of the GB model explained above is greatly in-
fluenced by the magnitudes and positions of the approximating point charges (qc1 and qc2)
used to represent distant electrostatic interactions. A simple placement of the approximating
point charges at the center of positively and negatively charged groups does not accurately
reproduce the complexity of electrostatic potential around the original component[9]. Be-
low we apply the Optimal Point Charge Approximation (OPCA) [9] method to optimize
placement of the approximating point charges in the HCP approximation of GB. The imple-
mentation of the OPCA approach necessitates a new expression for the component effective
Born radii, as described below.
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Optimal Point Charge Approximation (OPCA)

The Optimal Point Charge Approximation (OPCA) [9] optimizes the placement of the ap-
proximating point charges so that the key lowest order multipole moments of the original
charge distribution (hierarchical components) are best reproduced. A general framework
for numerically computing OPCA, for any given number of approximating charges is de-
scribed previously[9]. The most physically significant lowest order multipole moments of
the biomolecules are often the monopole, the dipole and the quadrupole. A set of two ap-
proximating point charges calculated based on OPCA exactly reproduces the monopole (for
charged structures) and the dipole, and optimally approximates the quadrupole moments
of the original charge distribution (minimum rms error). The 2-charge OPCAs can be cal-
culated via closed-form analytical expressions, which provide computational efficiency and
algorithmic simplicity for MD simulations. Therefore, here we use 2-charge OPCA for ap-
proximating the hierarchical level of components in the HCP approximation of GB. Due to
important differences in the characteristics of charged and uncharged components [9], it is
necessary to treat these two cases separately, as briefly described below (Figure 5.3).

OPCA for Uncharged Components For uncharged components, the monopole and
dipole moments are exactly reproduced when a pair of charges of equal magnitude but
opposite sign are aligned with the direction of the dipole moment of the original charge
distribution. The quadrupole moment for uncharged charge distributions is optimally re-
produced if the geometrical center of the optimal point charges coincides with the center
of dipole for the original charge distribution (green square in Figure 5.3(a)). This leaves
only one unknown parameter, the separation between the charges drn = |r2 − r1|, where r1
and r2 are the position vectors of the point charges. The drn value is chosen so that the
octupole moment is optimally reproduced. Depending on whether or not there exists an
analytical solution to the equation that relates the OPCA charges to the octupole moment
of the original charge distribution, drn can vary from a very small value (drn << R0) to
a value close to R0 (drn ∼ R0) [9], where R0 is the distance of the furthest charge from
the center of geometry[9]. For practical applications it is computationally more efficient to
use an empirically determined value for drn [9]. For each test case described in the Results
section below, we varied the value of drn so that the RMS error in force (explained below) is
minimized. Our testing suggests that drn in the range of 0.1R0 and 0.4R0 to be optimal for
the force calculations for the test cases studied here. Given the diversity of the structures
sizes studied here (Table 5.1), we suggest that the same range of drn values can be applied
for structures other than those studied here. For practical applications, the recommended
procedure for setting drn is to test accuracy of force calculations for the starting configura-
tion of the structure in the above range (0.1R0 < drn < 0.4R0) in increments of 0.05R0. An
illustration of 2-charge OPCA for a sample uncharged distribution is given in Figure 5.3(a).
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Figure 5.3: Illustration of a 2-charge optimal point charge approximation. (a) A sample
charge distribution- a neutral amino acid (C-terminal arginine at physiological pH.). The 2
optimal point charges (red and blue diamonds) are placed in equal distances (dr)) from the
center of dipole (green square) of the original charge distribution, along the dipole moment
direction of the original charge distribution. (b) A sample charge distribution with non-zero
net charge (a glumatic acid group within a protein with net charge = -1 e). The 2-charge
optimal point charges (red diamonds) are placed so that their center of charge matches the
center of charge of the original charge distribution (the green square), along the eigen vector
of the quadrupole moment of the original charge distribution with the largest eigen value
(v1).

OPCA for Charged Components For charged components, the monopole and the
dipole of the original charge distributions are exactly reproduced if two point charges with
total net charge equal to the net charge of the original charge distribution are positioned so
that their center of charge coincides with the center of charge of the original distribution
(green square in Figure 5.3(b)). The quadurpole moment is optimally reproduced if point
charges are placed along the eigen vector with largest corresponding eigenvalue obtained
from the quadrupole moment of the original charge distribution[9]. The distance between
the two point charges from the center of charge is determined empirically. It was previously
shown that fixing the distance of one of the two point charges to 1.5R0, which automatically
fixes the other one as well, is the best fit to optimally approximate charge distribution of
amino acids [9]. Our testing shows the same value of 1.5R0 can be applied in the GB-HCPO.
The eigenvalues and eigenvectors of the quadrupole moment are computed using the analyt-
ical solutions previously introduced by Sigalov et al [179] for calculating the the principal
moments of inertia of a mass distribution. An illustration of 2-charge OPCA for a sample
charged distribution is given in Figure 5.3(b).
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Removing Overlaps For both charged and uncharged components, it is possible that the
calculated approximate point charges fall outside the interior region of the corresponding
charge distribution. In such case, accidental overlaps between approximate charges and their
neighboring charge distributions can introduce instabilities in MD simulations. To avoid such
instabilities, we define a smooth function that restricts the calculated approximating point
charges within a certain threshold from the center of geometry of components. Consider d to
be the distance of the approximate point charges from the center of geometry of the original
charge distribution, the corrected distance from the center of geometry (dc) is obtained from
the smooth function below,

dc =





R2, d > R2,
(R2

1
−d2)2(R2

1
+2d2−3R2

2
)(R2−d)

(R2

1
−R2

2
)

+ d, R1 < d < R2,

d, d < R1.

(5.7)

where R1 is the radius of an inner spherical threshold, and R2 is radius of an outer spherical
threshold. R2 should be smaller than the size of the charge distribution (R0) defined as the
distance from its center of geometry to the outermost charge, and R1 should be smaller than
R2. Here we use R1 = 0.8R0 and R2 = R0 for approximations at level 1, and R1 = 0.8R0

and R2 = 0.9R0 for approximations beyond level 1.

Equivalent of Effective Born Radii (Bc1 and Bc2) for OPCA charges

Our testing shows that the previous expression for the effective Born radii does not lend itself
to the new way the approximate point charges are placed in GB-HCPO (results included in
section 5.4.3). To fully benefit the advantage of the improved accuracy in the computations
of electrostatic interactions in GB-HCPO, here we present an alternative expression for the
component effective Born radii, as below

1

Bk+1
c

≈


 1∑

k∈c

qk/|rkc|
∑

k∈c

qk/|rkc|
Bk

c
1/2




2

(5.8)

where Bk+1
c is the effective Born radii for components at level k + 1, Bk

c is the effective
Born radii for components at level k, qk is the point charges associate with Bk

c , and rkc
is the distance between qk and qk+1, that is the point charge associated with Bk+1

c . For
k = 0, Bk

c and qk represent atomic Born radii and atomic charges. Bk+1
c is a harmonic

average of Bk
c weighted by (qk) and 1/rkc. Note that effective Born radius of a point charge

represents it’s degree of burial within the component, and therefore it is best approximated
by the charges in close proximity of that point, thus in the new expression (Eq. 5.8) Bk

c
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.
Structure PDB Size |Charge| Cutoff Threshold dist (Å) drn (Å)

ID (atoms) (e) dist (Å) h1 h2 h3 for OPCA
10 bp B-DNA fragment 2BNA 632 18 21 21 n/a n/a 0.35
Immunoglobulin
binding domain 1BDD 726 2 15 15 n/a n/a 0.25
Ubiquitin 1UBQ 1231 1 15 15 n/a n/a 0.25
Thioredoxin 2TRX 1654 5 15 15 n/a n/a 0.35
Nucleosome core particle 1KX5 25101 133 21 21 90 n/a 0.1
Microtubule sheet * 158016 360 15 15 48 n/a 0.25
Virus capsid 1A6C 475500 120 15 15 66 n/a 0.25
Chromatin fiber ** 1159998 8238 21 21 90 169 0.35

Table 5.1: List of representative structures used for testing. Unless stated otherwise, The
cutoff and threshold distances listed here were used for all testing. * The microtubule
sheet was constructed as described in Wang and Nogales [207]. ** The chromatin fiber was
constructed as described in Wong et. al.[214].

is weighted by 1/rkc. For the two-charge approximation, two separate component effective
radii are computed, one for each of the two approximate charges (Bc1 and Bc2). In this
case, the sum in Eq. 5.8 is performed over the positive and negative point charges, and the
component effective Born radius obtained from the sum over positive charges is assigned
to the larger approximate charge (with sign), and the effective Born radii obtained from
the sum over negative charges is assigned to the smaller approximate charge. We found
that, when applied to GB-HCPO, the approximation described by Eq. 5.8 is significantly
more accurate the previous approximation (Eq.5.6) (results included in Eq. 5.4.3). We have
therefore chosen to base all further analysis on Eq. 5.8.

5.3.4 Test Structures

We used a set of eight representative biomolecular structures ranging in size from 632 atoms
to 1159998 atoms with absolute total charge ranging from 1 to 8238 e to test the accuracy and
speed for GB-HCPO, as compared to cutoff-GB and GB-HCP without OPCA (Table 5.1).
The H++ server (https://biophysics.cs.vt.edu/H++) was used to add missing hydrogens to
these structures [72].

The HCP threshold distances were chosen such that, for a given atom within a given test
structure, the exact atomic computation (level 0) is used for interactions with other atoms
within its own and nearest neighboring groups (level 1) as illustrated in Figure 5.2. To satisfy
this condition, threshold distances hl are calculated as hl = Rmax

l + 2×Rmax
1 where l is the

HCP level, Rmax
l is the maximum component radius at level l, and Rmax

1 is the maximum
group (level 1) radius, for a given structure. The HCP threshold distances thus calculated
for each of the test structures are shown in Table 5.1. These are the suggested conservative
defaults for these and other similar structures. The GB-HCPO level 1 threshold distance
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for a given structure is also used as the cutoff distance for the cutoff-GB computations.
Unless stated otherwise, these threshold and cutoff distances were used for all of the testing
described in the Results section.

5.3.5 Simulation Protocols

The following parameters and protocol were used for the simulations, unless otherwise stated.
The threshold distances used are listed in Table 5.1. 12-6 van der Waals interactions for the
GB-HCPO were computed using only the atoms that are within the level 1 threshold distance,
i.e., atoms that are treated exactly. The simulations used the Amber ff99SB force field.[86].
Langevin dynamics with a collision frequency of 50 ps−1 (appropriate for comparison to
explicit water results) was used for temperature control, a surface-area dependent energy of
0.005 kcal/mol/Å2 was added, and an inverse Debye-Hückel length of 0.125 Å−1 was used to
represent a 0.145 M salt concentration. A 1 fs time step was used for the simulation with
the nonbonded neighbor list being updated after every step. Default values were used for
all other parameters. The simulation protocol consisted of five stages. First, the starting
structure was minimized using the conjugate gradient method with a restraint weight of 5.0
kcal/mol/Å2. Next, the system was heated to 300 K over 10 ps with a restraint weight of 1.0
kcal/mol/Å2. The system was then equilibrated for 10 ps at 300 K with a restraint weight
of 0.1 kcal/mol/Å2, and then for another 10 ps with a restraint weight of 0.01 kcal/mol/Å2.
Finally, all restraints were removed for the production stage.

For the case of chromatin fiber, the heating and equilibration stages were reduced from 10
to 4 ps [[[introduce exact protocol used for the chromatin fiber]]] to reduce run time for this
simulation, and also the thermal coupling was reduced to 0.01 ps−1 to enhance sampling of
conformational space.

For explicit solvent simulations, the structure was solvated in a truncated cuboid box extend-
ing 10 Å from the solute. The system was neutralized by adding counterions. The TIP3P
ion parameters were used to model ion-water interactions. The Amber ff99SB force field was
used for explicit-solvent simulations as well .[86].
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5.3.6 Accuracy and Speed Evaluation

The accuracy of the approximate methods were evaluated using absolute error in electrostatic
energy ErrE and RMS error in electrostatic force (relative force error) ErrF , calculated as

ErrE = |Eapprox − Eref | (5.9)

Errrms =

[
n∑

i=1

|F approx
i − F ref

i |2/n
]1/2

(5.10)

(5.11)

where Eapprox is the energy calculated using an approximation, Eref the energy calculated
using the reference GB computation without cutoffs or the use of HCP, Errrms the root-
mean-square (RMS) error in force for the atoms in a given structure. F approx

i and F ref
i

are the force on atom i calculated using the approximate and reference GB computations,
respectively. We also compare the backbone RMS deviation from the crystal structure
predicted by GB-HCP (without OPCA) and GB-HCPO, with values from TIP3P explicit
solvent model.

Speedup was measured as CPU time for the reference (no cutoff) GB computation divided
by the CPU time for the approximation tested. Testing was conducted on Virginia Tech’s
Blueridge computer cluster (http://www.arc.vt.edu) consisting of 408-node Cray CS-300
cluster, each node is outfitted with two octa-core Intel Sandy Bridge CPUs and 64 GB of
memory. For the 475 500 atom virus capsid and the 1159998 atom chromatin fiber we used
16 and 64 cores, respectively. To limit the run time for the reference GB computation to
a few days, speedup was calculated for 1000 iterations of MD for structures with < 10000
atoms, 100 iterations for structures with 10000 − 1000000 atoms and 10 iterations for the
structure with > 1000000 atoms. To make the results representative of typical simulations
involving much larger numbers of iterations, the CPU time excludes the time for loading the
data and initialization prior to starting the simulation.

5.4 RESULTS AND DISCUSSION

By drastically reducing the often inordinate computational costs [225], the GB-HCPO opens
the possibility of exploring very large systems where the pairwise GB without further ap-
proximation is impractical. To demonstrate the advantages of GB-HCPO on a bio-medically
relevant example of this type, first we show an application of the model by studying the func-
tional characteristics of the chromatin fiber structure with 1160000 atoms (40 nucleosome).
A detailed technical analysis of the accuracy and speed of GB-HCPO will be presented
thereafter.
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(a) (b) (c)

Figure 5.4: (a) Manually constructed models [215] of ∼ 1 million atom chromatin fiber (con-
sistent with low resolution cryo-EM data[170]) can be energetically unrealistic; no atomically
detailed experimental structures are available. (b) A 0.1 ns simulation of the fiber using the
two-charge GB-HCPO significantly reduces the steric clashes, as seen by the large reduction
in the potential energy. Data points represent averages over 100 time step intervals (1 fs
each). (c-d) Equilibrated structure (all-atom MD, GB-HCPO) suggests important struc-
tural details consistent with experimental results: the linker DNA fills the core region, the
H3 histone tails interact with the linker DNA[167, 186].

5.4.1 Insights into the Structure of Chromatin Fiber

It is now well established that details of DNA packing inside the cell nucleus are critical
for many cellular processes including cell differentiation and transcription. The primary
level of DNA compaction in eukaryotes is the nuclesome – a protein-DNA complex of about
25,000 atoms. These structure can further compactify (Figure 5.1): while exact structural
details of this packing are still debated, one widely discussed option is the so-called 30 nm
chromatin fiber, which is a well-defined helical arrangement of the nucleosomes. And while
the structural features of individual nucleosomes are known to great detail [135] for over 10
years, the exact structure of the 30nm chromatin fiber remained somewhat of a mystery.
The fiber represents the second level of DNA compaction in cells[134]; modifications to N-
terminal tails of the histone proteins that make up the fiber core are known to regulate DNA
accessibility and affect vital process such as gene expression[83]. However, due to its large
size, only low-resolution (cryo-EM) experimental structures of the fiber are available[170],
its atomistic details including the tails, are unknown.

We use a manually constructed 40-nucleosome (1 million atom) 30-nm chromatin fiber based
on a 4-start model consistent with low resolution cryo-EM data[170]. The crystal structure
of nucleosomes (1KX5), linker DNA and linker histone (190 bp nucleosome repeat length).
are repeatedly combined using a set of coordinate transformations described by Wong et.
al.[214], The manually constructed models [215] of ∼ 1.16 million atom chromatin fiber is
energetically unrealistic (Figure 5.4 (a)). The coordinate transformations result in a number
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Figure 5.5: The atomistic details of histone tails after 0.1 ns MD simulation of 30-nm
chromatin fiber. H3 and H4 N-terminal histone tails are buried within the fiber, and may
play a role in chromatin packing via inter-nucleosomal and tail–DNA interactions. H2A and
H2B N-terminal histone tails extend out of the fiber surface and may play a role in gene
expression by recruiting chromatin binding proteins.

of severe steric clashes. A 0.1 ps muti-scale GB-HCPO simulation provides an energetically
realistic model of the fiber (Figure 5.4 (c)). The GB-HCPO significantly reduces the steric
clashes, as seen by the large reduction in the potential energy (Figure 5.4 (b)).

Equilibrated structure (Figure 5.4 (c)) suggests important structural details consistent with
experimental results. Histone N-terminal tails have been shown to regulate DNA accessibil-
ity, gene transcription and chromatin structure These tails are highly positively charged and
the above regulation may be partly through the modulation of this charge by post transna-
tional modifications. Figure 5.5 shows that H3 and H4 N-terminal tails are buried within
the fiber, and may play a role in chromatin packing via inter-nucleosomal and tail–DNA
interactions. H2A and H2B N-terminal tails extend out of the fiber surface (Figure 5.5 and
Figure 5.6) and may play a role in gene expression by recruiting chromatin binding proteins.
Linker histones attach to the linker DNA and may play a role in chromatin organization.
The linker DNA fills the core region (Figure 5.6), the H3 histone tails interact with the linker
DNA[167, 186].

5.4.2 Accuracy and Speed

Here we analyze the accuracy and speed for GB-HCPO in force and energy calculations rel-
ative to the GB model without further approximation. For the reference GB computations
we used the commonly used GB-OBC model (IGB=5 in Amber[154]). The GB-HCPO’s
accuracy and speed is compared to those of the commonly used cutoff-GB and the its pre-
decessor GB-HCP without OPCA. The cutoff-GB method ignores all interactions beyond a
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Figure 5.6: Density (number of atoms per unit volume) and charge density along the radius of
the equilibrated chromatin fiber: (a) Linker DNA fills the core and H2A and H2B N-terminal
histone tails extend out of the fiber surface, leading to a wider distribution of atoms along
the radial axis, compared to the initial structure. (b) After equilibration, the core becomes
negatively charged due to the presence of linker DNA, and the outer region is positively
charged due to the presence of histone tails.

cutoff distance for the computation of electrostatic energy and effective Born radii in Eqs.
5.2,5.3 and 5.4. We also evaluate the performance of GB-HCPO in predicting the structure
of biomolecules in dynamics relative to explicit-solvent simulations as reference.

Accuracy

Figures 5.7 (a) and (b) show the accuracy for GB-HCPO methods compared to the GB-
HCP (2-charge) and cutoff-GB methods. A logarithmic scale is used to better demonstrate
distribution of errors in both energy and force over the broad range of test structure sizes. For
the test structures considered here, the deviation of electrostatic energy and forces calculated
by the GB-HCPO method from the values from GB without approximation is significantly
smaller than those by the GB-HCP and cutoff-GB methods (Figure 5.7 (a) and (b)). The
smaller deviation by GB-HCPO compared to GB-HCP and cutoff-GB methods is uniform
across the broad range of test structure sizes. In particular, the absolute error in electrostatic
energy computed using GB-HCPO can be up to two orders of magnitude smaller than that
from cutoff-GB. On average, the absolute error in the electrostatic energies relative to the GB
computation without any approximation is 74% and 97% smaller than those from previously
developed GB-HCP and commonly used cutoff-GB method (Figure 5.7 (a)), respectively.
The rms error in electrostatic force calculated by GB-HCPO can be up to one order of
magnitude smaller that that by both GB-HCP and cufoff-GB. On average, the rms error
in the electrostatic forces relative to the GB computation without any approximation is
44% and 80% smaller than those from GB-HCP and cutoff-GB method(Figure 5.7 (b)),
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Figure 5.7: Accuracy of the cutoff-GB, GB-HCP, GB-HCPO methods relative to the ref-
erence GB computation without cutoffs. Accuracy is computed as (a) absolute error in
electrostatic energy, and (b) RMS error in electrostatic force. Connecting lines are shown to
guide the eye. (c) Speedup for the cutoff-GB, GB-HCP and GB-HCPO methods relative to
the reference GB computation without cutoffs. Threshold and cutoff distances used for the
different structures are listed in Table 5.1. Connecting lines are shown to guide the eye.

respectively.

5.4.3 Accuracy evaluation of component effective Born radii

As described in the Methods section, we examined two different approaches to compute the
component effective Born radii: the approximation defined by Eq. 5.6 (old Born), previously
presented in Ref. [10], the new approximation (new Born) presented in this work (Eq. 5.8).
Both approximations were applied to GB-HCP and GB-HCPO. As shown in Figure 5.8, the
new Born approximation (Eq. 5.8) is more accurate than the old Born approximation (Eq.
5.6), when applied to each of the GB-HCP and GB-HCPO methods. One can also see that
the old Born approximation does not properly lend itself to the GB-HCPO model.

Speedup

Figure 5.7(c) shows that both GB-HCPO and GB-HCP can be up to two orders of magnitude
faster than the GB computation without any approximation, depending on structure size.
The speedup for the GB-HCP (2-charge) and GB-HCPO methods are almost the same
indicating that the higher accuracy of GB-HCPO compared to GB-HCP is achieved without
any impact on its speed. The GB-HCPO and GB-HCP approximations are slower than
cutoff-GB: the average speedup for the 8 structures tested here was ∼ 78× for the cutoff-GB,
while it is ∼ 30× for the GB-HCP and GB-HCPO methods. The higher speed of cutoff-GB is
expected as cutoff-GB totally ignores the electrostatic interaction beyond a certain threshold,
in contrast to HCP approximations that take into account distant electrostatic interactions.
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Figure 5.8: Comparison of two alternative methods for computing component effective Born
radii showing RMS error in electrostatic force GB-HCP and GB-HCPO. Connecting lines
are shown to guide the eye.

Generally the speed up is higher when the number of atoms increases. However, for the
largest structure considered here; the 1159998 atom chromatin fiber; the speed up is smaller
than that for 475500 atom virus capsid (1a6c) for all the models because the threshold and
cutoff distances used to simulate the chromatin fiber are much larger than those used for
virus capsid (see 5.1).

Stability in MD simulations

The results presented in the previous section showed significant improvement of the GB-
HCPO model, compared to cutoff-GB and GB-HCP, in calculating electrostatic forces and
energies when using reference GB as a benchmark. It is of interest to determine if these im-
provements in electrostatic forces and energies translate to improved agreement of structural
ensembles compared to those obtained reference GB without approximation and explicit
solvent simulation, which tend to be computationally demanding. To test the performance
of GB-HCPO in dynamics, we ran 50 ns MD simulations of the immunoglobulin binding
domain (1BDD), thioredoxin (2TRX), and ubiquitin (1UBQ). One trajectory was produced
for reference GB and explicit solvent simulations, and two independent trajectories were
produced for GB-HCPO, GB-HCP and cutoff-GB. In our previous study[10] it was shown
that, for these three structures, in general GB-HCP reproduces the dynamics of the refer-
ence GB simulation more accurately than the cutoff-GB method. Therefore, here we focus
on comparing the performance of GB-HCPO and GB-HCP in reproducing the dynamics of
reference GB and explicit solvent, and only for one structure (1BDD) we also compare the
results with the ones from cutoff-GB.

Figure 5.9 shows the backbone RMS deviation from the crystal structure for the simulations.
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Figure 5.9: RMS deviation from the starting structure for 50 ns MD simulations of im-
munoglobulin binding domain (1BDD), thioredoxin (2TRX) and Ubiquitin (1UBQ) using
the reference explicit-solvent simulations (TIP3P), reference GB (without approximation),
GB-HCP and GB-HCPO methods. The RMS deviation from cut-off GB is also shown for
immunoglobulin binding domain. RMS deviation is calculated for backbone heavy atoms.
The trajectory is sampled every 1 ns. Connecting lines are shown to guide the eye.

The results shown in Figure 5.9 suggest that, the trajectories for the GB-HCPO method are
generally in good agreement with the reference GB and explicit solvent simulation. For
1BDD the GB-HCP trajectories show RMS deviations that are substantially larger than the
GB-HCPO or the reference explicit-solvent trajectories. This example emphasizes how subtle
errors in charge-charge interactions, as reflected in electrostatic forces and energies (Figure
5.7) can result in qualitatively different conformational dynamics. On a practical level, small
inaccuracies in the energy or force calculations in the simulations of small flexible structures
such as 1BDD can lead to large structural deviations over of the course of the trajectory.
Similarly, for 2TRX the trajectories obtain from GB-HCPO are in better agreement with
the reference GB and explicit solvent simulation that those from GB-HCP. Due to the high
stability of the structure of 1UBQ, the trajectories for 1UBQ from all of the simulations
(GB-HCPO, GB-HCP, reference GB and explicit solvent simulation) are in close agreement.

5.4.4 The computational speed of GB-HCPO relative to explicit
solvent simulations

The advantage of GB-HCPO becomes critical for very large structures. For example, on
the basis of the run times for a GB-HCPO simulation of the 158016 atom microtubule
structure (tub46), compared to an equivalent PME simulation in TIP3P explicit solvent
using sander module of Amber14, the nominal speeds (nanoseconds per day) of GB-HCPO
is about 20% times slower than the PME simulations in TIP3P explicit solvent, on Virginia
Tech’s HokieSpeed computer cluster using 8 cores. Note that unlike the production PME
module of Amber14, NAB is not highly optimized. Even for this case where explicit-solvent
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(TIP3P) PME is slightly faster than GB-HCPO, when combined with the speedup due to
conformational sampling, the overall speed of conformational sampling for GB can be faster.
For instance, it has been shown that the speed of conformational sampling in implicit-
solvent simulations can be ∼ 10 to 100 times faster than common explicit-solvent PME
simulations [11].

5.5 CONCLUSION

Implicit solvent models are currently extensively employed in atomic-level modeling and
simulations to speed up the research in drug design and medical science. However, traditional
GB models scale as ∼ n2, where n is the number of solute atoms, limiting the advantage of
these models to small and medium size structures. The GB-HCPOmulti-scale approximation
presented in this work significantly speeds up the GB computations as it scales as ∼ nlogn.
A comprehensive testing on a set of representative biomolecules of varied sizes performed
here shows that GB-HCPO is substantially more accurate than common cutoff-GB approach
and its predecessor GB-HCP in predicting electrostatic forces and electrostatic energies. The
structural stability of test biomolecules – immunoglobulin binding domain and thioredoxin
– for the GB-HCPO simulation are in reasonable agreement with the results from explicit-
solvent simulations. The better accuracy of GB-HCPO compared to its predecessor GB-HCP
was achieved without sacrificing the speed.

GB-HCPO is designed for simulating very large systems where the computational costs of
explicit solvent simulations becomes inordinate. As an practical demonstration, we used
GB-HCPO to equilibrate the structure of a chromatin fiber (40 nucleosome) with over a
million atom. We show that 100 ps simulation of the fiber on a regular supercomputer using
192 processors can suggest important structural details consistent with experimental results.
The GB-HCPO simulations successfully resolved numerous severe steric clashes, significantly
improving the quality of the starting structure. The total computational time for the 100
ps all-atom simulation performed here on a regular compute cluster using 192 cores was
about 1 month, whereas an equivalent simulation using the regular GB without additional
approximation on the same compute cluster would take ∼ 100 longer.

Solvating the gigantic structure of chromatin fiber in a box of explicit solvent model leads
to a very large system and will be computationally very expensive to simulate. Moreover,
the 100 ps time length will not be sufficient to achieve structural details equivalent to the
results achieved with the GB-HCPO simulation, because the speed of conformational change
is much lower (∼ 100 times) in explicit solvent compared to implicit solvent. The effective
speedup obtained by GB-HCPO, which takes into account both conformational search speed
and computational nominal speed, is considerably higher when comparing to explicit solvent
simulations.

The GB-HCPO implementation in NAB is scheduled to be released with AmberTools16, for
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general use.



Chapter 6

Conclusion

Accurate yet efficient computation of electrostatic interactions is paramount in atomistic sim-
ulations. In practical molecular simulation, the electrostatic properties of the biomolecules
are represented via partial charges distributed throughout the molecules. In this work,
we have introduced an alternative to the atom-center charge placement – the optimal point
charge approximation (OPCA). An OPCA consists of a given number of point charges which
are optimally placed to best reproduce the electrostatic potential due to the original charge
distribution, regardless of the distance to the charge distribution. By construction, the pro-
posed optimal point charge approximation (OPCA) retains many of the useful properties
of point multipole expansion, including the same far-field asymptotic behavior of the ap-
proximate potential. We have provided a general framework for calculating OPCAs to any
order. We have also derived closed-form analytical expressions for the 1-charge, 2-charge
and 3-charge OPCA. We note that higher order closed-form, analytical OPCAs may be
challenging to derive, but for some applications, lower order OPCAs may be sufficient.

We showed that the 3-charge OPCA can significantly more accurately represent the electro-
static potential for the water molecule compared to the conventional atom-centered charge
placement. Given the significant accuracy of 3-charge OPCA in representing the electro-
statics of the water molecule, we applied the concept of OPCA to develop a different, novel
approach of constructing accurate and simple point charge water models. In contrast to the
conventional approach that searches for model parameters in the space of charges-distances-
angles, the proposed water modeling approach allows a virtually exhaustive search for opti-
mal parameters of fixed-charge water models based on n-point topologies, even for large n,
in the sub-space most relevant to electrostatic properties of the water molecule (i. e. the
low order multipole moments) in liquid phase. The “optimal” 3-charge, 4-point rigid water
model (OPC) constructed based on the new approach was shown to reproduce a comprehen-
sive set of bulk properties significantly more accurately than commonly used rigid models:
average error relative to experiment is 0.76%. Close agreement with experiment holds over
a wide range of temperatures.
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As preliminary and published results demonstrate, the improvements in the proposed OPC
model extend beyond bulk properties: compared to common rigid models predicted hydra-
tion free energies of small molecules using OPC are uniformly closer to experiment, root-
mean-square error < 1 kcal/mol. Improvements were also reported in RNA simulations,
representing the structure of intrinsically disordered proteins, and protein-ligand binding
calculations. Critically, in all of the above examples OPC improved agreement with experi-
ment for all underlying gas-phase force-fields tested.

We also utilized the new water modeling approach to develop a 3-point version of the op-
timal point charge water model, called OPC3. It was shown that OPC3 is significantly
more accurate than commonly used 3-point models such as TIP3P and SPCE. A compar-
ison of the OPC3 model with two recent models developed based on completely different
parametrization procedures indicates a consensus for the optimal parametrization of 3-point
water models. Given that very different parameter optimizations, including a virtually ex-
haustive search in the “appropriate” electrostatic parameter space, yield essentially the same
result, we conclude that the search for an optimal 3-point rigid water model is over.

OPCA has utility in coarse-grained and multi-scale methods especially in dynamics where
analytic expressions and the simplicity of the algorithms is key. The benefit of OPCA comes
from its capability to represent large charge distributions with only a few point charges. We
used this capability of OPCA to develop a multi-scale, yet fully atomistic, generalized Born
(GB) approach (GB-HCPO) that runs MD simulations orders of magnitude faster than is
possible with traditional GB. As a practical demonstration, we exploited the new multi-scale
GB model to perform a million-atom simulation of 30-nm chromatin fiber, starting from a
manually constructed 4-star model consistent with low resolution cryo-EM data. Our study
suggests important structural details consistent with experiment: the linker DNA fills the
core region and the H3 histone tails interact with the linker DNA.

The optimal point charge approximation presented here is a new concept; thus its many
applications and potentially useful properties remain unexplored in this work. The approxi-
mations we have introduced provide a systematic way of deriving approximate charge distri-
butions that have the potential to be both computationally effective and produce an accurate
representation of the original electrostatic potential. To further improve the representation of
the original potential via OPCAs, future work may consider partitioning the original charge
distribution into several domains, and finding OPCA for each of them separately, similar to
the distributed multipoles approach. Further exploration of the mathematical and physical
properties of OPCAs is also desirable.



Bibliography

[1] Guideline on the Use of Fundamental Physical Constants and Basic Constants of Wa-
ter. The International Association for the Properties of Water and Steam, Gaithers-
burg, Maryland, 2001.

[2] J. L. F. Abascal and C. Vega. A general purpose model for the condensed phases of
water: TIP4P/2005. J Chem Phys, 123(23):234505+, 2005.

[3] J. L. F. Abascal and C. Vega. The water forcefield: importance of dipolar and
quadrupolar interactions. J Phys Chem C, 111(43):15811–15822, 2007.

[4] S. Adcock and J. McCammon. Molecular dynamics: Survey of methods for simulating
the activity of proteins. Chem.Rev., 106(5):1589–1615, 2006.

[5] B. Aguilar and A. V. Onufriev. Efficient computation of the total solvation energy of
small molecules via the R6 generalized Born model. Journal of Chemical Theory and
Computation, 8(7):2404–2411, 2012. PMCID: PMC4003403.

[6] O. Akin-Ojo and F. Wang. The quest for the best nonpolarizable water model from the
adaptive force matching method. Journal of Computational Chemistry, 32(3):453–462,
2011.

[7] J. Alejandre, G. A. Chapela, H. Saint-Martin, and N. Mendoza. A non-polarizable
model of water that yields the dielectric constant and the density anomalies of the
liquid: TIP4Q. Phys Chem Chem Phys, 13:19728–19740, 2011.

[8] R. Amaro. private communication, 2008.

[9] R. Anandakrishnan, C. Baker, S. Izadi, and A. V. Onufriev. Point charges opti-
mally placed to represent the multipole expansion of charge distributions. PloS one,
8(7):e67715, 2013. PMCID: PMC3701554.

[10] R. Anandakrishnan, M. Daga, and A. V. Onufriev. An n log n generalized born
approximation. Journal of Chemical Theory and Computation, 7(3):544–559, 2011.

[11] R. Anandakrishnan, A. Drozdetski, R. C. Walker, and A. V. Onufriev. Speed of
conformational change: Comparing explicit and implicit solvent molecular dynamics
simulations. Biophysical journal, 108(5):1153–1164, 2015. PMCID in progress.

95



96

[12] R. Anandakrishnan and A. V. Onufriev. An N log N approximation based on the
natural organization of biomolecules for speeding up the computation of long range
interactions. Journal of Computational Chemistry, 31(4):691–706, Mar. 2010.

[13] R. Anandakrishnan and A. V. Onufriev. An N log N approximation based on the
natural organization of biomolecules for speeding up the computation of long range
interactions. J. Comp. Chem., 31(4):691–706, 2010.

[14] G. Archontis and T. Simonson. A residue-pairwise generalized born scheme suitable
for protein design calculations. J. Phys. Chem. B, 109(47):22667–22673, December
2005.

[15] C. Avendaño, T. Lafitte, C. S. Adjiman, A. Galindo, E. A. Müller, and G. Jackson.
Saft- force field for the simulation of molecular fluids: 2. coarse-grained models of
greenhouse gases, refrigerants, and long alkanes. The Journal of Physical Chemistry
B, 117(9):2717–2733, 2013. PMID: 23311931.

[16] C. M. Baker, V. M. Anisimov, and A. D. MacKerell. Development of CHARMM
Polarizable Force Field for Nucleic Acid Bases Based on the Classical Drude Oscillator
Model. J. Phys. Chem. B, 115(3):580–596, Dec. 2010.

[17] N. Baker, D. Bashford, and D. Case. Implicit solvent electrostatics in biomolecular
simulation. In New Algorithms for Macromolecular Simulation, volume 49 of Lecture
Notes in Computational Science and Engineering, pages 263–295. Springer, 2006.

[18] P. Ball. Life’s Matrix: A Biography of Water. Farrar, Straus, and Giroux, New York,
1999.

[19] P. Barnes, J. L. Finney, J. D. Nicholas, and J. E. Quinn. Cooperative effects in
simulated water. Nature, 282(5738):459–464, Nov. 1979.

[20] N. Basdevant, D. Borgis, and T. Ha-Duong. A coarse-grained protein-protein potential
derived from an all-atom force field. Journal of Physical Chemistry. B, 111(31):9390–9,
Aug. 2007.

[21] D. Bashford and D. A. Case. Generalized born models of macromolecular solvation
effects. Annu.Rev. Phys. Chem., 51:129–152, 2000.

[22] C. I. Bayly, P. Cieplak, W. Cornell, and P. A. Kollman. A Well-Behaved Electrostatic
Potential Based Method Using Charge Restraints For Determining Atom-Centered
Charges: The RESP Model. J. Phys. Chem., 97:10269–10280, 1993.

[23] H. J. C. Berendsen, J. R. Grigera, and T. P. Straatsma. The missing term in effective
pair potentials. J Phys Chem, 91(24):6269–6271, 1987.

[24] C. Bergonzo and Thomas. Improved force field parameters lead to a better description
of RNA structure. J. Chem. Theory Comput., 11(9):3969–3972, Sept. 2015.



97

[25] J. D. Bernal and R. H. Fowler. A theory of water and ionic solution, with particular
reference to hydrogen and hydroxyl ions. The Journal of Chemical Physics, 1:515–548,
aug 1933.

[26] P. Beroza and D. A. Case. Calculation of Proton Binding Thermodynamics in Proteins.
Methods Enzymol., 295:170–189, 1998.

[27] T. C. Bishop, R. D. Skeel, and K. Schulten. Difficulties with multiple time stepping and
fast multipole algorithm in molecular dynamics. Journal of Computational Chemistry,
18(14):1785–1791, 1997.

[28] D. Bratko, L. Blum, and A. Luzar. A simple model for the intermolecular potential of
water. The Journal of Chemical Physics, 83(12):6367–6370, Dec. 1985.

[29] C. N. Breneman and K. B. Wiberg. Determining Atom-Centered Monopoles from
Molecular Electrostatic Potentials. Need for High Sampling Density in Formamide
Conformational Analysis. J. Comp. Chem., 11(3):361–373, 1990.

[30] B. R. Brooks, C. L. Brooks, A. D. Mackerell, L. Nilsson, R. J. Petrella, B. Roux,
Y. Won, G. Archontis, C. Bartels, S. Boresch, A. Caflisch, L. Caves, Q. Cui, A. R. Din-
ner, M. Feig, S. Fischer, J. Gao, M. Hodoscek, W. Im, K. Kuczera, T. Lazaridis, J. Ma,
V. Ovchinnikov, E. Paci, R. W. Pastor, C. B. Post, J. Z. Pu, M. Schaefer, B. Tidor,
R. M. Venable, H. L. Woodcock, X. Wu, W. Yang, D. M. York, and M. Karplus.
Charmm: The biomolecular simulation program. Journal of Computational Chem-
istry, 30(10):1545–1614, 2009.

[31] W. Cai, S. Deng, and D. Jacobs. Extending the fast multipole method to charges inside
or outside a dielectric sphere. Journal of Computational Physics, 223(2):846–864, May
2007.

[32] W. Cai, S. Deng, and D. Jacobs. Extending the fast multipole method to charges
inside or outside a dielectric sphere. J. Chem. Phys., 223(2):846–864, May 2007.

[33] N. Calimet, M. Schaefer, and T. Simonson. Protein molecular dynamics with the
generalized Born/ACE solvent model. Proteins, 45(2):144–158, 2001.

[34] J. Carrier, L. Greengard, and V. Rokhlin. A fast adaptive multipole algorithm for
particle simulations. SIAM J. Sci. Stat. Comp., 9(4):669–686, 1988.

[35] D. Case, J. Berryman, R. Betz, D. Cerutti, T. Cheatham III, T. Darden, R. Duke,
T. Giese, H. Gohlke, A. Goetz, N. Homeyer, S. Izadi, P. Janowski, J. Kaus, T. Ko-
valenko, A. amd Lee, S. LeGrand, P. Li, T. Luchko, R. Luo, B. Madej, K. Merz,
G. Monard, P. Needham, H. Nguyen, H. Nguyen, I. Omelyan, A. Onufriev, D. Roe,
A. Roitberg, R. Salomon-Ferrer, C. Simmerling, W. Smith, J. Swails, R. Walker,
J. Wang, R. Wolf, X. Wu, D. York, and P. Kollman. AMBER 2015. University of
California, San Francisco, 2015.



98

[36] D. A. Case, T. E. Cheatham, T. Darden, H. Gohlke, R. Luo, K. M. Merz, A. Onufriev,
C. Simmerling, B. Wang, and R. J. Woods. The Amber biomolecular simulation
programs. Journal of Computational Chemistry, 26(16):1668–1688, 2005.

[37] D. A. Case, T. E. Cheatham, T. Darden, H. Gohlke, R. Luo, K. M. Merz, A. Onufriev,
C. Simmerling, B. Wang, and R. J. Woods. The Amber biomolecular simulation
programs. J Comput Chem, 26(16):1668–1688, Dec 2005.

[38] J. Chen, C. L. Brooks, and J. Khandogin. Recent advances in implicit solvent-
based methods for biomolecular simulations. Current Opinion in Structural Biology,
18(2):140–148, Apr. 2008.

[39] J. Chen, W. Im, and C. L. Brooks. Balancing solvation and intramolecular interactions:
toward a consistent generalized Born force field. J Am Chem Soc, 128(11):3728–3736,
March 2006.

[40] H. Cheng, L. Greengard, and V. Rokhlin. A Fast Adaptive Multipole Algorithm in
Three Dimensions. Journal of Computational Physics, 155(2):468–498, Nov. 1999.

[41] L. E. Chirlian and M. M. Francl. Atomic charges derived from electrostatic potentials:
A detailed study. Journal of Computational Chemistry, 8(6):894–905, 1987.

[42] S. A. Clough, Y. Beers, G. P. Klein, and L. S. Rothman. Dipole moment of water
from Stark measurements of H2O, HDO, and D2O. The Journal of Chemical Physics,
59(5):2254–2259, 1973.
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