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Buckling Analysis of Composite Stiffened Panels and Shells In Aerospace
Structure
Faycel B. Beji
(Abstract)
Stiffeners attached to composite panels and shells may significantly
increase the overall buckling load of the resultant stiffened structure.
Initially, an extensive literature review was conducted over the past ten
years of published work wherein research was conducted on grid stiffened
composite structures and stiffened panels, due to their applications in
weight sensitive structures. Failure modes identified in the literature had
been addressed and divided into a few categories including: buckling of the
skin between stiffeners, stiffener crippling and overall buckling. Different
methods have been used to predict those failures. These different methods
can be divided into two main categories, the smeared stiffener method and
the discrete stiffener method. Both of these methods were used and
compared in this thesis. First, a buckling analysis was conducted for the case
of a grid stiffened composite pressure vessel. Second, a buckling analysis
was conducted under the compressive load on the composite stiffened
panels for the case of one, two and three longitudinal stiffeners and then,
using different parameters, stiffened panels under combined compressive
and shear load for the case of one longitudinal centric stiffener and one
longitudinal eccentric stiffener, two stiffeners and three stiffeners.
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Buckling Analysis of Composite Stiffened Panels and Shells In Aerospace
Structure
Faycel B. Beji
(General Abstract)
Aircraft in flight is subjected to different loads due to maneuvers and
gust, external forces cause internal loads, which depends on the location of the
panel in the aircraft, those internal loads, may result in the buckling of the
panel. There is an imminent need for structural efficiency, strong and
lightweight material. Stiffened composite panels is a promising technology
capable of addressing those needs. Composite stiffened panels have many
advantages including but not limited to, small manufacturing cost, high
stability, great energy absorption, superior damage tolerance etc. The main
failure modes for stiffened composite panels is buckling. Buckling failure
modes could be of a global nature, local skin buckling or stiffener/rib
crippling, predicting those failure is of high practical importance and a
predominant design criterion. An extensive literature review on buckling of
stiffened composite panels was conducted in this thesis. Buckling analysis as
well as a parametric study of grid stiffened composite cylindrical shell for a
pressure vessel was conducted, an analytical solution was derived and
verified using ABAQUS, a Finite Element Software. Buckling analysis as well as
a parametric study of stiffened panels with longitudinal stiffeners, under
different structural situations, was also conducted and results verified.
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0
𝜀𝑥0 , 𝜀𝜃0 , 𝜀𝑥𝜃
Mid plane strains of the shell

κ𝑥 , κ𝜃 , κ𝑥𝜃 Shell curvatures
𝑡

Shell thickness

𝜀𝑙 , 𝜀𝑡 , 𝜀𝑙𝑡 Longitudinal, transverse and shear strains respectively
𝐹1, 𝐹2 , 𝐹3 Axial forces
𝑀1𝑀2 𝑀3 Moments due to stiffeners
𝑁𝑥 , 𝑁𝜃 , 𝑁𝑥𝜃 Forces per unit length

E11 , E22 Elastic Moduli in the longitudinal and transverse directions,
respectively, within a ply, GPa
A

Cross sectional area of the stiffener

𝑥1 , 𝑥2 , 𝑥3 Principal coordinates, 𝑚
a, b, d

Length, width and thickness of the panel, mm

𝐺12

Shear modulus, GPa

𝒱12

Poisson ratio

ℎ

Stiffener height, 𝑚𝑚

𝑋𝑚 , 𝑌𝑛

Basis function in 𝑥 𝑎𝑛𝑑 𝑦 respectively

𝜓𝑖

Test function

𝑊𝑖

Unknown coefficients vector

𝑛, 𝑖, 𝑗

Positive integers

𝑀, 𝑁, 𝑚 Positive integers
vii

𝐸𝑝 , 𝐸

Elastic moduli of the panel and stiffeners, 𝐺𝑃𝑎

𝜂, 𝜂1

Normalized position of the stiffeners along the direction 𝑥2

𝜂2, 𝜂3

Normalized position of the stiffeners along the direction 𝑥2

𝐸𝐼

Bending rigidity, 𝑁 𝑚2

𝑢3

Buckling mode shape

𝐷12𝐷66 Torsional stiffness terms, 𝑁 𝑚
𝐷11𝐷22 Bending stiffness terms, 𝑁 𝑚
𝑉𝑝 , 𝑉 𝑠

Potential of the applied load on the panel and the stiffeners(s), 𝐽

𝑉

Potential of the applied load

𝑈𝑃 𝑈 𝑆

Strain energy of the panel and the stiffeners respectively, 𝐽

𝑈

Total strain energy, 𝐽

Π

Total potential energy

δ

Variational operator

𝜖11

Longitudinal strain

𝑃𝑠

Stiffener force, 𝑁

𝑁11

Compressive load,

ℎ

Height of the stiffener, 𝑚𝑚2

𝑁
𝑚𝑚
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Chapter I - Background and Motivation
The need for strong and light materials is a primary concern in today’s
aerospace industries, cylindrical and panel structures made of composite material
are widely used in various industries, including aircraft industry (fuselage, wings….)
space industry (launch vehicle, fuel tanks, satellites…) and various other industry
applications, due to their high specific strength.
Stiffened cylinders and plates come in different designs, some are inner stiffeners
some are outer stiffeners, or both inner and outer stiffeners. Stiffeners significantly
increase the load resistance of the structure without much increase in weight. The
stiffening structure can have a simple longitudinal stiffeners or a more complex
isogrid pattern.
Panels and shells are subjected to any combination of in-plane, out of plane
and shear loads during application. Due to the geometry of these structures,
buckling is one of the most important failure criteria.

Buckling failure mode

stiffened structures can further be subdivided into global buckling, local skin
buckling and stiffener crippling. Local skin buckling and stiffeners crippling are
localized failure modes involving local failures of only the skin and the stiffener
respectively. Stiffened structures will fail in any of these failure modes depending on
1

the stiffener configuration, skin thickness, shell winding angle and type of applied
load. Several methods have so far been developed to predict the different buckling
loads and mode shapes of stiffened structures. The different approaches in various
publications can broadly be classified as the discrete method, the branched shell and
plate approach and the smeared stiffeners approach.
In this contribution, buckling load analysis using Ritz method with trigonometric
functions on different shell thickness was performed using varied parametric
values. The buckling loads and the buckling modes, using these same parameters,
were then analyzed in ABAQUS, a commercial finite element software. Conclusions
were drawn based on percentage differences in buckling loads. We observed that
the analytical model predicts the global buckling load for a shell thickness of 1.5mm,
and predicted the local buckling and stiffener crippling for the 0.3mm and 2.5mm
shell thickness. The buckling load analysis derived from ABAQUS was then
compared to the original buckling load results.
Buckling analysis of a composite panel with attached longitudinal stiffeners
under compressive loads and combined compression and shear load was performed
using Ritz method with trigonometric functions. A closed form analysis of the
buckling loads of a composite plate with longitudinal stiffeners was conducted. All
approaches were validated using Ritz method with trigonometric functions. Results
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revealed high accuracy. A parametric study was conducted for all the cases of
longitudinal stiffeners on orthotropic composite plates. The case of composite panel
with one, two, and three stiffeners was investigated. The effect of the distance
between the stiffeners, in the case of two stiffeners, on the buckling load was also
studied. The variation of the buckling load and buckling mode shapes with the
stiffeners’ height was investigated. Based on the mode shapes, results revealed the
benefits of each structural situation under consideration and an indication as to
when the plate exhibits a purely local buckling mode, and therefore the properties
uncoupling of the plate and the stiffeners. It is shown that there is an optimum value
of a stiffeners height beyond which the structural response and stability of the
stiffened panel is not improved and the buckling load does not increase for all cases
under consideration. Furthermore, there exist different critical values of a stiffener’s
height at which the buckling mode of the structure changes. The knowledge of these
buckling loads and the corresponding critical height values is of high practical
importance and a dominant design criteria. For validation, the graphs for buckling
load as a function of stiffener height were compared to Mittlstedt solution, and they
matched.
An investigation on the load factor 𝑤, where 𝑤 is an arbitrary real number
that relates the compressive load and the shear load, was conducted on panels
under combined compressive and shear load, it was observed that the buckling load
3

decreases as the load factor increases. The effect of the cross ply layup on the
buckling on a plate with a centric stiffener for a panel under compressive and shear
load was also investigated, it was observed that the buckling load is the highest at
cross ply layup [±60/90]𝑠 . In this case, the plate properties never uncouple
completely from the properties of the stiffeners.

4

Chapter II - Literature Review
Composites are formed by a combination of two or more materials on a
microscopic scale and are used in many weight-sensitive applications. Several
studies have been performed to examine composite structures with different
shapes, sizes and material systems (depending on the application) under different
kinds of loading conditions including tensile, compressive, buckling, dynamic and
fatigue testing [1-5]. Nevertheless, grid-stiffened composites structures have the
advantages of lightweight, small manufacturing cost, high strength, high stability,
great energy absorption and superior damage tolerance, which make them
competitive [6, 7] . Vasiliev, Barynin, and Rasin. [8] presented the development of
grid-stiffening composite structures, including design, analysis procedure and issues
related to manufacturing. Three basic types of grids, i.e., isogrid, orthogrid, and
angle-grid are usually used in practical applications (see Fig. 1) [9].
The buckling failure modes of grid-stiffened composite structures can be
classified as overall panel buckling, buckling of the skin between stiffeners, and
stiffener crippling. Different methods have been used to predict the failure modes.
The different approaches can be arranged in two main categories: smeared stiffener
methods and discrete methods [10].
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The smeared stiffener methods use an equivalent mathematical model to
smear the stiffeners into an equivalent ply. In other words, the grid-stiffened panel
is replaced with an equivalent homogeneous panel with uniform properties. Those
methods are usually used to assess the global buckling loads of grid-stiffened panels.
They only involve simple geometry, which leads to better computational efficiency
with flexible and suitable interface for design optimization.
The discrete methods use detailed geometry for analysis. In other words, skin
and stiffeners are modeled separately with compatibility maintained at the
interface. These methods have the ability to capture both local (rib/stiffener
crippling, skin buckling) and global buckling behavior. They are highly accurate and
the effect of stiffeners on the buckling of stiffened plate can be studied more exactly.
Considerable research has been conducted to characterize the stability of
structures made of grid-stiffened composite structures. However, much of the
published work is usually based on a specific type of structure or on a specific
method to analyze the structure’s stability.
The review of the stability of grid-stiffened composite panels includes the
following categories: the smeared methods (taking into account the eccentricity of
stiffeners), the discrete methods, the applications of both methods on grid-stiffened
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composites panels in the literature, and the application of the methods on a
pressure vessel.

Figure 1 [From Ref.11] Basic types of grid-stiffened panels

1. Smeared Stiffener Theory methods
A. Applications of the Smeared Stiffener Theory (SST) on grid-stiffened
composites panels for structures optimization
The choice of structurally efficient grid-stiffened designs also requires the
integration of optimization techniques with accurate structural analyses.
Navin, Knight, and Ambur. [12] presented a design strategy for optimal design of
composite grid-stiffened composites panels under combined loads with global and
local buckling as constraints. The global buckling constraint was introduced to
prevent localized skin buckling and it was analyzed using an improved SST
(Smeared Stiffener Theory) method, which takes into account not only the skin7

stiffener interactions but also the eccentricities of the stiffeners. The anisotropic
material properties and different boundary conditions are also taken into account in
the buckling analysis.
Because some of the design variables - axial and transverse stiffener spacing,
stiffening configuration, stiffener thickness and skin laminate - were discrete, the
genetic algorithm was selected as the optimizer, and the one used was developed by
Leriche and Haftka [13].
The optimal design steps involve the assessment of the global buckling
response, the local skin buckling response for the quadrilateral and /or triangular
skin segments between the stiffeners, and lastly the determination of the occurrence
of stiffener buckling or stiffener crippling at the global buckling. The steps are
performed until an optimum design (minimum weight with satisfied constraints) is
obtained.
To represent a transport helicopter fuselage structural component, a flat gridstiffened panel was analyzed. A curved grid-stiffened panel was used on the other
hand to study a wide-body transport aircraft. In both cases the optimum was largely
dependent on the load cases; the optimum design has diagonal stiffeners for
combined applied load cases. In some cases, however, it was realized that the best
design from genetic algorithm was not feasible because of other considerations such
as manufacturing, joining and damage-tolerance.
8

Generally, rotorcraft composite fuselages are made of sandwich or skinstiffened structures, with the former being efficient for low load levels and the latter
for high load levels. At intermediate load levels, grid-stiffened structure seemed to
be weight efficient and damage tolerant. In order to test this, Baker et al. [14]
generated an optimum composite isogrid panel design for the lower fuselage of a
large transport helicopter, which is approximated by a flat panel subjected to
combined shear and compression loads using a design tool that utilizes a Smeared
Stiffener Theory (SST) method with a genetic algorithm. Due to its ability to
withstand combined loading condition, an isogrid concept was chosen. The design
approach was similar to the one used in [12]. An improved Smeared Stiffener
Theory (SST) method was used to find the buckling of the stiffeners and the skin in
the design. The weight was also computed. The genetic algorithm was then used to
determine the best combination of design variables for an optimum design for the
helicopter lower fuselage. The design parameters were subjected to manufacturing
constraints.
The same loading conditions for the grid-stiffened panel were used to design the
same panel but as a skin-stiffened on one hand and a sandwich on the other hand. It
turned out that the isogrid structure weight was 3 percent heavier than sandwich
structure and 26 percent lighter than skin-stiffened structure. However, in this
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study, the weights due to core splices, local core denitrification for attachments, and
pad-ups reinforcements were neglected on the sandwich structure, which weight
would otherwise be higher than the isogrid structure’s.
To validate the buckling load predicted for the compression loaded panel
using the smearing method, finite element analysis was also conducted. The result
from both methods agreed with the experimental results within 12 percent.
From this study, it can be concluded that the isogrid design is suitable for
application to the helicopter lower fuselage structure.
Disparities may occur between estimated and actual buckling loads [15, 16]
due to initial geometrical imperfections. As a result, since the imperfections are
inescapable, it is crucial to have a robust design with the ability to tolerate
imperfections. Wang , Hao and Li [17] suggested a concept of hierarchical stiffened
shells to reduce the imperfection sensitivity with no additional weight. The
hierarchical stiffened shell is made of minor stiffeners lying between major
stiffeners. The major stiffeners can reduce the initial out-of-plane deformations
compared to traditional grid-stiffened shells.
A study was conducted by Peng et al. [18], aiming at suggesting a hybrid
optimization of hierarchical stiffened shells using Smeared Stiffener Theory (SST)
and finite element methods. The Smeared Stiffener Theory (SST) method was used
to obtain the buckling load of the structure, which is then used as a constraint in the
10

weight optimization of the structure. The equivalent stiffness parameters were
obtained using the homogenization theory [19].
Two orthogrid stiffened shells with the same design parameters were
considered in the study, including a traditional one and a hierarchical one. The
results of the optimization showed that the hierarchical stiffened shell has higher
structural efficiency than the traditional one. In fact the hierarchical stiffened shell
achieved a larger weight reduction. Moreover, the hierarchical shell is convenient to
fabricate from the point-of-view of manufacturing. It was also found that the
stiffeners can prevent the skin from buckling, whereas the major stiffeners can
increase the bending stiffness against global buckling.
Peng et al. [18] also compared in their study the imperfections sensitivities of
traditional and hierarchical shells using FEM and Smeared Stiffener Theory (SST)
method combined with empirical data form NASA in a hybrid optimization
framework. The proposed framework, which integrates the efficiency of Smeared
Stiffener Theory (SST) method with the accuracy of FEM, showed high
computational efficiency and the ability of global optimization compared to the
current approaches.

11

B. Smeared methods taking into account the eccentricity of stiffeners
The common approach to the stability analysis of a grid stiffened shell is to
replace it by an equivalent shell. However, such an approach does not take into
account the effect of the eccentricity of the stiffeners. Considerable amount of efforts
have been made to analyze the effect of eccentricity of stiffeners on the buckling of
grid-stiffened composites panel.
Van de Neut [20] used an improved Smeared Stiffener Theory (SST) method
to prove, for the case of buckling under axial compression, that the eccentricity of
stringers and frames with respect to the skin cannot be neglected. Wilson [21]
described the importance of the eccentricity effect of the frames in deformation
analysis subject to external pressure. Another work on the general instability of
cylindrical shells under external pressure was performed by Czerwenka [22] to take
into account the effect of the eccentricity, they took as line of reference, the locus of
the centroid of the combined section of the frame and its adjacent part of sheet.
Baruch and Singer [23] used almost the same approach as Czerwenka’s to
analyze the instability of a stiffened cylindrical shell under hydrostatic pressure.
However, the middle surface of the shell [24] is chosen as reference line in an effort
to detect small differences in the critical pressure due to the stiffener’s positioning.

12

In their study, they assumed that the entire shell is active as a result of the
stiffeners being closely spaced. However, the analysis could also be applied to a shell
with wider stiffener spacing, where only a part of the shell can be considered active,
by multiplying the stiffness matrices corresponding to the shell by an appropriate
coefficient. They concluded from their analysis that the effect of eccentricity of
stiffening frames (rings) is not negligible, which is not the case for longitudinal
stiffeners (stringers). In fact the effect of eccentricity of stiffeners is similarly more
pronounced for frames than for stringers. Also, the placing of stiffening frames on
the inside of the shell is favorable [25].
Singer, Baruch, and Harari

[19] too investigated the effect of stiffener

eccentricity on the critical load for cylindrical shells under axial compression. They
provided a detailed explanation of the causes of the eccentricity effect. As in the case
of buckling under hydrostatic pressure and torsion, Singer et al. also found that the
behavior of eccentricity effect depends on the geometry of the shell. However, the
geometry of the stiffeners influences only the stiffener’s magnitude. They also
presented a physical explanation of the effect of eccentricity for axial compression
stringers and arranged them in two categories. For the primary effect, outside
stringers increase the actual bending stiffness in the longitudinal direction more
than the inside stringers. For the secondary effect the inside stringers increase the
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actual extensional stiffness in the circumferential direction more than the outside
stringers do.

C. The smeared methods taking into account the skin-stiffener interactions
effect
Conventional Smeared Stiffener Theory (SST) may overestimate the buckling
load of grid-stiffened composite panels [26] [27]because they do not consider the
effect of local skin-stiffener interactions. Jaunky, Navin, Norman F. Knight, and
Ambur [28] formulated an improved SST to analyze the buckling of grid-stiffened
composites panels while accounting for the effect of local skin-stiffener interactions
in an Smeared Stiffener Theory analysis. In their study, they determined the position
of the neutral surface in a skin-stiffener combination to account for the approximate
stiffness added by the stiffeners to the skin stiffness. The analysis was developed for
a symmetric shell laminate and assumed a semi-infinite stiffened flat panel.
Because the stiffener is thin, they assumed that the strain within the stiffener can be
approximated by the strain at the edge of the stiffener. In the analytical approach,
they considered three different stiffener configurations and simply-supported
boundary conditions. To verify the results from analytical approach, they also
conducted some finite element analyses. As a result, they noticed that the skinstiffener interaction is necessary in the Smeared Stiffener Theory (SST) to have a
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good correlation with the finite element result, even if in some cases the improved
Smeared Stiffener Theory (SST) underestimated the buckling load.

D. Other smeared methods cases
Using composites to produce structures to those fabricated using similar to
metal is not always cost effective. As a result, grid-stiffening concepts based on new,
automated manufacturing methods were introduced.
In order to develop a weight efficient structural concept, Ambur Valisetty, and
Rehfield [29] conducted a study on different configurations - isogrid, orthogrid, and
generalized orthogrid using filament winding process. In this study, an analysis
based on Smeared Stiffener Theory (SST) approach was developed using a first
order shear-deformation theory.
Two loading cases were considered: uniaxial compression and combined axial
compression and torsion. The three types of buckling modes (instability, rib
crippling, and skin buckling) were taken into account. A Galerkin approach [30] was
used to formulate the buckling problem for the combined axial compression and
torsion. Imperfections effects, which were assumed to be due to the manufacturing
process, were neglected.
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For the uniaxial compression case, the weight optimum design was with a skin
layup with symmetric (0, 90) fiber orientations for an isogrid and (±45) for both
orthogrid and generalized orthogrid. For the combined compression and torsion
case, the optimum weight design cylinders have a (0, ±60)s for isogrid and (0, 90,
±45)s for the orthogrid. All of the cases presented have less weight than the existing
metal design. However, because of its damage tolerance property, it was concluded
that the isogrid structure was the most competitive for aircraft fuselage.
Another work using the Smeared Stiffener Theory (SST) approach was
performed by Phillips and Gurdal [31]. The equivalent stiffness parameters of the
panel were found by considering the forces on a unit cell representing the whole
grid network. The analysis was, however, restricted to symmetric panels with
stiffeners on both faces.
To develop a more general method that works for any configuration of
stiffeners on either side or both of the shell, Kidane [10] came up with two analytical
models to determine the equivalent stiffness parameters of the overall structure in
order to calculate the global buckling load of a grid stiffened composite cylinder.
Both methods employed the Smeared Stiffener Theory (SST) method.
In the first method or ‘Volumetric Smearing Model’, the stiffeners were
approximated by a ply with the same volume as the stiffeners and with fibers
oriented in the stiffener direction. In the second method or ‘Force Smearing Model’,
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the force and moment reactions of the stiffeners on the shell, based on a unit cell of
the cylinder panel, are considered. In their work, the stiffeners were assumed to
support axial load only, the stress distribution was considered uniform, and the load
on the stiffener/shell was transferred through shear forces between the shell and
stiffeners.
To assess the accuracy of the two methods, their results were compared with
experimental results. The specimen used during the experiment was an isogrid
stiffened composite cylinder. The results of the analysis showed that only the Force
Smearing method was in agreement with the performed experiment. The
Volumetric Smearing method failed to give reasonable results because the model
was over simplified and the interaction between the skin and stiffeners was not
taken into account.
A special class of lattice patterns is a composite hexagonal lattice structure
formed by helical and circumferential ribs. Buragohain and Velmurugan

[26]

employed an energy-based Smeared Stiffener Theory (SST) method to compute the
equivalent stiffness coefficients of such a structure. The goal of this study was to
present a simple analytical model, which takes into account the material property
variation, for global buckling analysis in the initial design phase.
The equivalent stiffness was found by equating the stiffened shell to that of
the equivalent shell obtained by smearing the ribs. Ritz method was then used to
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compute the critical buckling load by minimizing the total potential energy. To
validate the Smeared Stiffener Theory (SST) model, ANSYS finite element software
was used for modelling a lattice cylinder of hexagonal lattice pattern with helical
and circumferential ribs and obtaining a solution.
The Smeared Stiffener Theory (SST) method combined with Ritz analysis was
found to be faster than the finite element model, which allowed the analysis of
several combinations of design parameters for the determination of the optimal
configuration. However, the buckling loads from both methods were in good
agreement.
Wang and Abdalla [32] investigated both global and local instability for gridstiffened composite panels, where the skin and stiffeners were assembled at the
characteristic cell level to consider skin buckling and stiffener crippling together.
In this work, global buckling was calculated by the Smeared Stiffener Theory
(SST) method. The homogenization theory was used to smear the stiffened panel
into an equivalent unstiffened shell. The homogenization theory is usually employed
on a double-scale scheme to find the effective properties of a heterogeneous
structure, especially when the structure is periodic [19]. On a macroscopic level, the
displacements are assumed to be smooth, whereas on a microscopic level, the
displacement is non negligible and the amplitude is assumed to be small. The
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homogenization theory was conducted in this work by equating the strain energy of
a single cell and that of the equivalent model.
Because the Smeared Stiffener Theory (SST) method is only effective for
global buckling, the local buckling was evaluated by the Bloch wave theory [33-35].
In this theory, the interaction of adjacent cells is taken into account, and the out-ofplane instability of grid-stiffened panels is considered.
The proposed method in [4] was numerically applied on both orthogrid- and
isogrid-stiffened composite panels and circular cylinders. To determine the
effectiveness of this method, the buckling loads are compared to those in [36], and
found by a semi-analytic model. Wang and Abdalla concluded that the proposed
combination of global/local models can be used to predict not only the global
buckling, but also the local one, which is better than the local loads found by the
semi-analytical methods [30] with assumptions and idealizations.
2. Discrete methods

Grid stiffened panels, cylindrical shells and other composite structures are
widely used in many structural purposes. Due to complicated configuration, in the
past until 1960s, the structure used to be analyzed by formulating an equivalent
homogeneous model [23, 37]. However, if one wants to investigate the actual
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behavior of the structure in different kinds of loadings, then actual deformation and
stress distribution are required. This is the limitations of the smeared methods.
Researchers developed idea of using discrete method [38] to do structural
analysis for providing adequate strength or fatigue endurance by analyzing actual
behavior of the structures where smeared methods become undesirable. The
discrete method uses detailed geometry for analysis. In other words, skin and
stiffeners are modeled separately with compatibility maintained at the interface.
The method has the ability to capture both local (rib/stiffener crippling, skin
buckling) and global buckling behavior. The method is highly accurate and the effect
of stiffeners on the buckling of stiffened plate can be studied more exactly. There has
been enormous amount of research using such methods. In the following section,
literature review of plates and shells using discrete methods have been presented.

A. Shells
Cylindrical shells stiffened by longitudinal stringers and rings have been used
widely for many structural purposes. Wang [38] presented the comprehensive
investigation of two different configuration of stiffened cylindrical shells subjected
to internal pressure. The solution of the cylindrical shells with uniform and nonuniform thickness orthogonally stiffened by uniform stiffeners is presented. The
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analysis has been carried out by considering the stiffeners as separate elements. The
stress behavior and deformation can be calculated at any point using this method.
Wang and Hsu [39] studied the discrete analysis of stiffened composite
cylindrical shells. Analysis of composite circular cylindrical shells with closed ends
stiffened by stringers and rings subjected to internal pressure, temperature change,
and axial load has been carried out. The stringers, rings, and skin were treated as
separate components. They successfully determined the local buckling mode and
local peak stresses and strains.
To develop a tool that has the capability to be used to minimize the weight of
any structure that can be analyzed using finite element model subjected to buckling,
displacement, and material failure constraints, Gendron and Gürdal [40] formulated
an optimized system based on finite element code and the optimization program
ADS for the optimal design of geodesically stiffened composite cylindrical shells.
Local stress concentration has also been included in the design optimization
process.
With the motivation to compare experimental results with computational
output, Frulloni et al. carried out experimental study and finite element analysis of
the elastic instability of composite lattice structures that have been subjected to an
external hydrostatic pressure [41]. In their conducted analyses, it has been
demonstrated that different instability modes were possible for the studied
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elements, depending on their geometry as shown in the Fig. 13. It has mentioned
that lateral buckling was dominant in the elements that were experimentally tested.
Zhang, Zhifeng, Chen, and Ye [42] developed a triangular composite stiffened
plate/shell element to analyze the advanced grid stiffened (AGS) structures.
Stability analysis of ortho-grid plate and iso-grid cylindrical shells has been carried
out. Authors have considered the coupling between in-plane bending and torsion as
well as transverse shear effects for the rib is considered. There are no restrictions
on the number, positions, and the orientation of the ribs. Authors have presented
buckling modes (global, local and mixed) of both inner-stiffened and outer-stiffened
shell under external transverse pressure.
An analytical tool which can have the capability to predict buckling behavior
of composite lattice structures with accuracy has always been an important
requirement. Morozov, Lopatin, and Nesterov [43] have presented an analytical tool
based on the finite element discrete modelling which has the capability to predict
buckling behavior of composite lattice structures with enough accuracy. Authors
have investigated the buckling behavior of anisogrid composite lattice cylindrical
shells different loadings such as axial compression, transverse bending, pure
bending, and torsion have been considered. It has been stated that the modelling
technique presented has the capability of investigating the buckling modes of lattice
shells which are typical for 3D frames, composed from curvilinear ribs. The
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modelling approach developed in this work differs significantly from existing
methods which are based mostly on the smeared stiffener models.
Rahimi et al. conducted the analysis of the effect of stiffener profile on
buckling strength in composite isogrid stiffened shell under axial loading using finite
element method [44]. Authors have used different ribs having constant section
areas but different shapes and cross section profiles. It has been concluded that if
the cross section area of the ribs is kept constant, U-shaped profile for the ribs
results in the highest performance. For rectangular rib profiles, a largest height of
profile resulted in better performance if the cross section area is kept constant.
Authors have also stated that the buckling load for trapezoidal profiles can be
estimated by rectangular profiles of the same area and height with an error of less
than 1.5%.
In order to compare different types of grid shapes for stiffening the cylindrical
shells, Lai et al. conducted parameterized finite element modeling of six different
types of composite grid cylindrical shells [45]. Authors have analyzed buckling
behavior and structural efficiency of these shells under axial compression, pure
bending, torsion and transverse bending. The parametrical FE modeling approach
has been developed and coded using Patran Command language (PCL). The
investigation of the effects of the grid patterns and the helical angles on the buckling
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strength and buckling mode shapes has been done. Authors predicted that the
mixed triangle grid shell presents higher buckling strength than the other grid
patterns while having the same design parameters. It has been stated that the
triangle grid and rotated triangle grid cylindrical shell are more useful in term of
weight efficiency under axial compression and pure bending, whereas under torsion
and transverse bending, the hexagon cylindrical shell has been proven to be more
efficient.
Zheng [46]conducted analysis of failure loads and optimal design of composite
lattice cylinder under axial compression. A 6 m-height lattice cylinder with diameter
of 4 m have been analyzed through finite element method. It was stated that
stiffness of the cylinder increases linearly with the increase of strut (stiffener) width
or thickness, while the relationship of critical force and strut thickness has been
presented as a quadratic curve. It has been suggested that values of the strut
thickness should be larger than that of the strut width.
Yazdani and Rahimi [47] studied the effects of helical ribs’ number and grid
types on the buckling of thin-walled GFRP-stiffened shells under axial loading. The
results of their experimental study on buckling behavior were presented. It has been
stated that for axial buckling loading, increasing the number of helical ribs is more
effective than adding hoop rings and changing grid types. For pure axial loading, the
lozenge grids with adequate helical ribs have proved to be the best choice.
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To investigate the effect of the effect of cutouts in the shells, Yazdani and
Rahimi [48] conducted the stress analysis of thin-walled glass fiber-reinforced
polymer (GFRP) cylindrical shells with and without a cutout and subjected to axial
loading using both experimental and the finite-element method. Authors have stated
that a local buckling response occurred in the shell near the cutout edge where the
maximum stress gradient was reported. In the grid-stiffened shell with elliptical
cutout, the direction of the major diameter had influence on the SCF (Stress
Concentration Factor) and ultimate load of the specimen. It has been stated that
stress values in the specimens with cutout at places near the stiffeners dramatically
were decreased and were tended to the constant values.

B. Panels

Panels which are stiffened with grid of stiffeners with a uniform or nonuniform pattern are promising structural components since they have the capability
of low cost fabrication through automated manufacturing techniques, and have been
expected to be having superior performance characteristics under combination of
different loadings compared to the ring and longitudinally stiffened shells [49].
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Gürdal and Grall conducted the buckling analysis of geodesically stiffened
composite panels with discrete stiffeners [49]. They assumed stiffeners to be plate
elements instead of beam elements. They concluded that laminated stacking
sequence of stiffeners have substantial effect on critical load of panel. Optimal
stiffener is not always unidirectional, and tailoring the stiffener ply sequence can
lead to improvement in panel stability. Variable grid density helps in improving
buckling performance. Effect of the cell distribution on buckling load was presented
.
To study the rib/skin failure by fracture propagation, Maji, Fosness, Satpathi,
Pemble and Donnelly [50] explored the ability of electronic shearography for
inspection of failure propagation in real time. Authors have presented the
evaluation of rib/skin fracture in composite isogrids. They conducted the flexural
tests to observe propagation of fracture in rib/skin interface and compared the
result with finite element based fracture model. They also concluded that complete
failure of the rib/skin interface can reduce the local buckling loads of the rib to 33%
and that of skin to 44% of their original values. Variation of load and displacement
has been presented.
Prusty [51] presented finite element free vibration and buckling analysis of
laminated hat-stiffened shallow and deep shells using arbitrarily oriented stiffener
formulation. The stiffener has been considered to be a line element whose rigidity
26

has been placed along its centroidal axis. Three different loading cases: 1.Axial
compression along stiffener direction only, 2. In-plane shear, and 3. Biaxial
compression and in-plane shear have been considered for analysis. Authors have
presented extensive investigation in which they highlighted the performance of
closed section stiffener over the open section stiffener subjected to various kinds of
boundary condition, curvature ratio, loading etc.
An efficient finite element model for buckling analysis has always been an important
requirement.
Huang et al. developed an efficient finite element model for buckling analysis
of grid stiffened laminated composite plates [52]. They formulated a curved beam
element which is compatible with the shell element for the modelling of stiffeners,
which itself can have different lamination schemes. The skin of the panels and the
stiffeners have been modelled discretely where a 6-noded triangular curve shell
element based on three-dimensional degenerated shell theory is used for modeling
the skin, while a compatible 3-noded curved beam element based on a similar
hypothesis was used for the modelling of the stiffeners. They calculated the uniaxial
buckling loads of various configurations like ortho-grid, X-grid, Bi-grid and iso-grid
stiffening arrangements, using their finite element model. The results have been
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compared with commercially available finite element code ABAQUS which showed
very good agreement.
Many commercial software have been developed which can be used for
carrying out buckling analysis of plates and shells. Collier et al. have presented
Composite, Grid-stiffened panel design for post buckling using Hypersizer [53]. A
new approach for computing effective width and local post buckling of stiffened
panels has been demonstrated. HyperSizer has proved to be reliable and accurate at
predicting the onset of local buckling and final post buckling collapse of this grid
stiffened test article. The main advantages of HyperSizer which were stated are its
design sizing for finding an optimum gird stiffening pattern, depth, spacing, rib
angles, and facesheet and rib layups. The limitations of the use of Hypersizer are
that such type of frameworks cannot be used with non-uniform loading and nonrectangular panels.
Higgins [6] developed the failure criteria and allowable strains from small Tspecimen tests, calibrated with panel tests and applied to the sizing of the Minotaur
fairing. Various failure modes have been examined for the composite grid-stiffened
structure. The controlling criterion for this design was a joint failure in tension
between the ribs and skin of the structure. To determine the joint failure, joint loads
have been extracted at nodes along the ribs and applied to the detailed joint model.
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In recent years, many manufacturing technologies of the integrated stiffened
composite panel have been developed due to significant research that has been
carried out in the area of curvilinearly grid stiffened panels. The development of
manufacturing techniques, for example, vacuum assisted resin transfer molding and
Pi-joining [54] and continuous induction welding [55] for composite panels with
curvilinear stiffeners is carried out using the Integrated Structural Assembly of
Advanced Composites (ISSAC) robot at NASA Langley Research Center. These
techniques made it possible to manufacture integrated stiffened composite panels
attached by curved composite stiffeners for using in aircraft wings and fuselages.
Zhao and Kapania studied the buckling analysis of unitized curvilinearly
stiffened composite panels [56]. A generalized geometry parameterization tool has
been developed to parameterize the shape of the stiffeners including the stiffener
placement and the stiffener geometric curvature. The stiffener has been modeled as
a 3D composite curved beam based on Timoshenko’s beam theory. This method can
accurately predict the buckling response of the stiffened composite panel under
different load conditions. Any number of arbitrarily shaped stiffeners can be
accommodated. It was deduced that buckling load increases with the stiffener height
up to a certain value of the stiffener height. When the stiffener height increases
further, the buckling load remains nearly constant.
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With the motivation to combine analysis, parameterization and optimization,
Wang et al. have investigated parametric, optimization and post-buckling analysis of
flat panels stiffened by a curved stiffener lattice [9]. Different curved stiffener
layouts for stiffening composite skins have been presented in the paper. The layouts
have been based on linearly varying stiffener angles. Curved stiffeners have been
proven to be improving the structural stability by redistributing the load. In optimal
configurations with curved stiffeners, it has been shown that the stiffeners are
densely distributed at the boundaries, which reduced the central loading by
distributing more load at the boundaries.
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Chapter III - Buckling Analysis of a Pressure Vessel Using
Smeared and Discrete Methods
In this thesis, the elastic stability of a cylindrical shell was analyzed, the
objective is to derive an analytical method that is capable of predicting the buckling
of a grid stiffened composite pressure vessel.
Pressure vessels are very important in the aerospace and ocean engineering
industry including space vehicles. Liquids and gases must be stored under high
pressure, therefore special emphasis is placed upon the strength of the vessel to
prevent accidents like explosions as a result of rupture. Studying the buckling of the
vessel is the most important failure criteria. Both methods, the smeared method and
discrete method, were used to analyze the buckling of a pressure vessel. Since the
cylinder will buckle before the caps, the analysis was conducted primarily on the
cylinder part of the vessel.

At first few key points on the background of the Composite Laminate Theory
(CLT) is introduced, then an analytical analysis using this theory and the smeared
method is conducted. To check the validity of our analytical analysis a finite element
model was built in commercial software ABAQUS using different parameters.
1. Laminate Theory
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A laminate is an organized stack of uni-directional composite plies where the
plies have a single fiber direction rather than a weave pattern, the stack is defined
by the fiber directions, fibers are a truncate or symmetrical across the laminate midplane. Below are the steps to assemble the ABD matrix that relates applied loads to
the associated strains in the laminate.
The ABD matrix is a 6x6 matrix that serves as a connection between the
applied loads and the associated strains in the laminate. It essentially defines the
elastic properties of the entire laminate, we will be applying the following steps to
assemble the ABD matrix:
1- Calculate reduced stiffness matrix Qij for each material used in the laminate

𝑄11
𝑄𝑖𝑗 =[𝑄12
0

𝑄11 =

𝑄12
𝑄22
0
2
𝐸11

0
0 ]
𝑄66

𝐸11 −𝜐12.𝐸22
𝜐12𝐸11𝐸22

𝑄12 =

𝐸11 −𝜐122 𝐸22

, 𝑄22 =

𝐸11 𝐸22
𝐸11 −𝜐12 2𝐸22

, 𝑄66 = 𝐺12

2-Calculate the transformed reduced stiffness matrix 𝑄𝑖𝑗 for each ply based on the
reduced stiffness matrix and fiber angle
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𝑄11
𝑄𝑖𝑗 =[𝑄12

𝑄12

𝑄16

𝑄22

𝑄26 ]

𝑄16

𝑄26

𝑄66

3-Calculate𝐴𝑖𝑗 , 𝐵𝑖𝑗 and 𝐷𝑖𝑗 matrices using the following equations where z
represents the vertical position in the ply from the midplane.:

𝑛

𝐴𝑖𝑗 = ∑(𝑄𝑖𝑗 ) (𝑧𝑘 − 𝑧𝑘−1)
𝑘=1

𝑛

𝑛

1
2
𝐵𝑖𝑗 = ∑(𝑄𝑖𝑗 ) (𝑧𝑘2 − 𝑧𝑘−1
)
𝑛
2
𝑘=1
𝑛

1
3
𝐷𝑖𝑗 = ∑(𝑄𝑖𝑗 )𝑛 (𝑧𝑘3 − 𝑧𝑘−1
)
3
𝑘=1

4 - Assemble ABD
ABD = [

A B
]
B D

Those steps were applied to conduct the analysis on the composite stiffened
cylinder.
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A. Smeared stiffener Method
In developing the analytical model, a unit cell of the stiffener structure has to
be defined first. The unit cell is chosen such that the whole grid structure can be
reproduced by repetition of this unit.

Figure 2[57] Unit Cell

The equivalent stiffness parameters of the unit cell are determined and then
applied to the whole composite stiffened cylinder. The force and moment
interaction of the stiffeners and the shell needs to be analyzed. In order to calculate
the global buckling load of the structure, It is required to determine the equivalent
extensional, coupling and bending matrices of the overall stiffened cylinder [58].
The overall stiffness of the panel is computed by superimposing the stiffener and the
shell stiffness parameters according to volume fraction of each. The constitutive
equation developed for the stiffeners needs to be a function of the mid plane strains
and curvatures of the shell.
The mid plane strains is given by [59] :
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𝜀01 = 𝑢01,𝑦1
𝜀02 = 𝑢02,𝑦2
{
}
𝛾01𝑦2 = 𝑢01,𝑦1 + 𝑢02,𝑦2

The displacement therefore can be represented analytically as:
{

𝑢01 = 𝜀01𝑦1 + 0.5𝛾01𝑦2 + 𝑐1
𝑢02 = 𝜀02𝑦2 + 0.5𝛾01𝑦1 + 𝑐2

Similarly following compatible relations hold between average curvatures and the
corresponding deflection 𝑢03 :

𝜅01 = 𝑢03,𝑦1𝑦1
{ 𝜅02 = 𝑢03,𝑦2𝑦2
𝜅012 = 2𝑢03,𝑦1𝑦2

The slowly varying out-of-plane deflection may be represented as follows [59]:
1

2
2
𝑢03 = (𝜅01𝑦1
+ 𝜅02𝑦2
+ 𝜅012𝑦1𝑦2) + 𝑐3𝑦1 + 𝑐4𝑦2 + 𝑐5
2

In the above expression items including constants c1, c2 and c5 denote rigid body
translations and items including constants c3 and c4 denote rigid body rotations,
which have no contributions to the strain energy. Therefore all these constants
could be set to zero.
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𝑡ℎ𝑒 𝑟𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑠 𝜃01 = 𝑢03 , 𝜃02 = −𝑢03 are given by :
{

1
𝜅
2 012𝑦1
1
= −𝜅01𝑦1 − 𝜅012𝑦2
2

𝜃01 = 𝜅02𝑦2 +
𝜃02

The periodic part of the displacement vector does not contribute to the difference in
total displacement between corresponding nodes on the opposite sides of a
characteristic cell. Therefore, the following boundary conditions apply:
1

Δ𝑢1 = 𝜀01 Δ𝑦1 + 𝛾012 Δ𝑦2
2
1

Δ𝑢2 = 𝜀02 Δ𝑦2 + 𝛾012 Δ𝑦1
1

2

Δ𝑢3 = 𝜅012 Δ(𝑦1 𝑦2 )
2

1

Δ𝜃1 = 𝜅02 Δ𝑦2 + 𝜅012 Δ𝑦1
2
1

{Δ𝜃2 = −𝜅01 Δ𝑦1 − 2 𝜅012 Δ𝑦2
The total strain energy is given by:

𝑢 = ∫Ω Γ0Τ 𝐶Γ0 𝑑Ω𝑐
𝑐

B. Force Analysis
The mid plane strains and curvature of the shell are given by:
𝑡
𝜀𝑥 = 𝜀𝑥0 + 𝜅𝑥 ( )
2
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𝑡
𝜀𝜃 = 𝜀𝜃0 + 𝜅𝜃 ( )
2
𝑡

0
𝜀𝑥𝜃 = 𝜀𝑥𝜃
+ 𝜅𝑥𝜃 ( )
2

(1)

0
Here 𝜀𝑥,
𝜀𝑥 are the mid plane strains of the shell and interface of the stiffener

and the shell respectively, 𝜅 is the curvature and t is the thickness of the shell.
For the purpose of this analysis, we will assume that the transverse modulus
of the unidirectional stiffeners is much smaller than the longitudinal modulus, the
stain is uniform across the cross sectional area of the stiffeners, and the load is
transferred through shear forces.
In accordance with our assumptions the effects of the transverse strain and
the shear strain are neglected, therefore only the longitudinal strain is considered,
the resultant longitudinal strain is obtained as follows [10] :

𝜀𝑙 = cos2 𝜀𝑥 + 𝑠𝑖𝑛2 𝜀𝜃 + 𝑠𝑖𝑛 𝜀𝑥𝜃 𝑐𝑜𝑠 𝜀𝑥𝜃

(2)

Figure 3[57] Longitudinal Strain
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The corresponding axial forces are obtained as follows:
𝐹1 = 𝐴𝐸𝑙 𝜀𝑙1 = 𝐴𝐸𝑙 (cos2 𝜀𝑥 + 𝑠𝑖𝑛2 𝜀𝜃 − 𝑠𝑖𝑛 𝜀𝑥𝜃 𝑐𝑜𝑠 𝜀𝑥𝜃 )
𝐹2 = 𝐴𝐸𝑙 𝜀𝑙2 = 𝐴𝐸𝑙 (cos2 𝜀𝑥 + 𝑠𝑖𝑛2 𝜀𝜃 + 𝑠𝑖𝑛 𝜀𝑥𝜃 𝑐𝑜𝑠 𝜀𝑥𝜃 )
𝐹3 = 𝐴𝐸𝑙 𝜀𝑙3 = 𝐴𝐸𝑙 𝜀𝜃
(3)
The resultant forces in the x and 𝜃 directions is computed as follows:
𝐹𝑥 = 𝐴𝐸𝑙 (cos2 𝜀𝑥 + 𝑠𝑖𝑛2 𝜀𝜃 − 𝑠𝑖𝑛 𝜀𝑥𝜃 𝑐𝑜𝑠 𝜀𝑥𝜃 ) cos(𝜙) + 𝐴𝐸𝑙 (cos2 𝜀𝑥 + 𝑠𝑖𝑛2 𝜀𝜃
+ 𝑠𝑖𝑛 𝜀𝑥𝜃 𝑐𝑜𝑠 𝜀𝑥𝜃 )cos(𝜙)
𝐹𝜃 = 𝐴𝐸𝑙 (cos2 𝜀𝑥 + 𝑠𝑖𝑛2 𝜀𝜃 − 𝑠𝑖𝑛 𝜀𝑥𝜃 𝑐𝑜𝑠 𝜀𝑥𝜃 ) sin(𝜙) + 𝐴𝐸𝑙 (cos2 𝜀𝑥 + 𝑠𝑖𝑛2 𝜀𝜃
+ 𝑠𝑖𝑛 𝜀𝑥𝜃 𝑐𝑜𝑠 𝜀𝑥𝜃 ) sin(𝜙) + 2𝐴𝐸𝑙 𝜀𝜃
𝐹𝑥𝜃 = 𝐴𝐸𝑙 (cos2 𝜀𝑥 + 𝑠𝑖𝑛2 𝜀𝜃 + 𝑠𝑖𝑛 𝜀𝑥𝜃 𝑐𝑜𝑠 𝜀𝑥𝜃 ) cos(𝜙) − 𝐴𝐸𝑙 (cos2 𝜀𝑥 + 𝑠𝑖𝑛2 𝜀𝜃
− 𝑠𝑖𝑛 𝜀𝑥𝜃 𝑐𝑜𝑠 𝜀𝑥𝜃 ) cos(𝜙)
(4)
Substituting 𝐹1 , 𝐹2 𝑎𝑛𝑑 𝐹3 in corresponding resultant forces and normalizing the
forces per unit length we obtain the following expressions:

𝑁𝑥 =

2𝐴𝐸𝑙
𝑎

2𝐴𝐸𝑙

𝑁𝜃 =

𝑏

𝑡

𝑡

2

2

[𝑐𝑜𝑠 3 𝜀𝑥0 + 𝑐𝑜𝑠 3 𝜅𝑥 ( ) + sin2 𝜀𝜃0 𝑐𝑜𝑠𝜀𝜃0 + sin2 𝜅𝜃 𝑐𝑜𝑠𝜅𝜃 ( )]
𝑡

[𝑠𝑖𝑛𝜀𝑥0 𝑐𝑜𝑠 2 𝜀𝑥0 2𝑠𝑖𝑛𝜅𝑥 𝑐𝑜𝑠 2 𝜅𝑥 ( ) + (sin3 𝜀𝜃0 + 𝜀𝜃0 + (sin3 𝜅𝜃 +
2

𝑡

𝜅𝜃 ) ( )]
2

𝑁𝜃𝑥 =

2𝐴𝐸𝑙
𝑡
0
0
[𝑠𝑖𝑛𝜀𝑥𝜃
𝑐𝑜𝑠 2 𝜀𝑥𝜃
+ 𝑠𝑖𝑛𝜅𝑥𝜃 𝑐𝑜𝑠 2 𝜅𝑥𝜃 ( )]
𝑏
2
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(5)
C. Moment Analysis
The moment due to the stiffeners is caused by the shear forces on the
interface of the shell and the stiffeners. The moment caused by the forces applied on
the midplane of the shell is forces applied multiplied by half of shell thickness.
Following the same procedure as the force analysis on the unit cell the
resultant moment are obtained as follow:

𝐴𝐸𝑙𝑡

𝑀𝑥 =

𝑎

𝑀𝜃 =
𝐴𝐸𝑙 𝑡 2
4𝑏

𝑐𝑜𝑠 3𝜀𝑥0 +
𝐴𝐸𝑙 𝑡
𝑏

𝐴𝐸𝑙𝑡
𝑎

𝑡

𝐴𝐸𝑙𝑡

2

𝑎

𝑐𝑜𝑠 3𝜅𝑥 ( ) +

𝑠𝑖𝑛𝜀𝑥0 𝑐𝑜𝑠 2𝜀𝑥0 +

𝐴𝐸𝑙 𝑡
𝑏

sin2 𝜀𝜃0 𝑐𝑜𝑠𝜀𝜃0 +

𝐴𝐸𝑙𝑡

𝑡

𝐴𝐸𝑙 𝑡

2

2𝑏

𝑠𝑖𝑛𝜅𝑥 𝑐𝑜𝑠 2𝜅𝑥 ( ) +

𝑎

𝑡

sin2 𝜅𝜃 𝑐𝑜𝑠𝜅𝜃 ( )
2

(2sin3 + 2)𝜀𝜃0 +

(2sin3 𝜅𝜃 + 2𝜅𝜃 )

𝑀𝑥𝜃 =

𝐴𝐸𝑙 𝑡
𝑏

0
0
𝑠𝑖𝑛𝜀𝑥𝜃
𝑐𝑜𝑠 2𝜀𝑥𝜃
+

𝐴𝐸𝑙 𝑡
𝑏

𝑡

𝑠𝑖𝑛𝜅𝑥𝜃 𝑐𝑜𝑠 2𝜅𝑥𝜃 ( )
2

(6)
D. Stiffness Matrix
The above equations are the force and moment contributions of the stiffeners.
The resulting matrix elements are functions of the mid plane strains and curvature
of the shell. These were derived by analyzing the force and moments due to
stiffeners [10].
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𝑁𝑥𝑠
𝑁𝜃𝑠
𝑠
𝑁𝑥𝜃
=𝐴𝐸1
𝑀𝑥𝑠
𝑀𝜃𝑠
𝑠
[𝑀𝑥𝜃
]

2𝑐 3

2𝑠 2 𝑐

𝑎
2𝑐 2 𝑠

𝑎
(2𝑠 3+2)

𝑏

𝑏

0

0

𝑡𝑐 3

𝑠 2 𝑐𝑡

𝑎
2
𝑐 𝑠𝑡

𝑎
3
(2𝑠 +2)𝑡

𝑏

2𝑏

[ 0

0

0
0
2𝑐 2 𝑠
𝑏

0
0
𝑐 2 𝑠𝑡
𝑏

𝑡𝑐 3

𝑠 2 𝑐𝑡

𝑎
2
𝑐 𝑠𝑡

𝑎
3
(2𝑠 +2)𝑡

𝑏

2𝑏

0

0

𝑐3𝑡 2

𝑠 2 𝑐𝑡 2

2𝑎
2
𝑐 𝑠 𝑡2

2𝑎
3
(2𝑠 +2)𝑡 2

2𝑏

4𝑏

0

0

0
𝜀𝑥0
𝜀𝜃0
0
𝜀𝜃𝑥
𝜅𝑥
𝜅𝜃
[𝜅𝑥𝜃 ]

0
𝑐 2 𝑠𝑡
𝑏

0
0
𝑐 2 𝑠𝑡 2
2𝑏

]

(7)
This matrix is symmetrical, due to geometry.
The total force and moment on the panel is the superposition of the force and
moment due to the stiffener and the shell. These quantities can be superimposed as
they were developed based on the mid plane strains and curvatures. The moments
and forces are superimposed according to the volume fractions of the stiffeners and
the shell.
𝑉𝑠 and 𝑉𝑠ℎ stands for volume fraction of stiffener and the shell respectively.
𝑉 𝑁𝑠 +
𝑁
[ ]=[ 𝑠 𝑠
𝑀
𝑉𝑠 𝑀 +

𝑉𝑠ℎ 𝑁 𝑠ℎ
]
𝑉𝑠ℎ 𝑀 𝑠ℎ
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Substituting the force and moment for the stiffener and corresponding expressions
for the shell from laminate theory results in the panel constitutive equation as
follow:
𝑉𝑠 𝐴𝑠 + 𝑉𝑠ℎ 𝐴𝑠ℎ |𝑉𝑠 𝐵𝑠 +𝑉𝑠ℎ 𝐵𝑠ℎ
𝑁
𝜀 0]
[ ]=[ 𝑠
]=
[
𝑀
𝑉𝑠 𝐵 + 𝑉𝑠ℎ 𝐵𝑠ℎ |𝑉𝑠 𝐷 𝑠 + 𝑉𝑠ℎ 𝐷 𝑠ℎ
𝜅

Here A, B and D represents the extensional, coupling and bending stiffness
coefficients, respectively.
2. Calculation of the Buckling load of the stiffened Composite Cylinder
The buckling load was calculated using Ritz method, the total potential energy
is the sum of the strain energy and the work of external force [5].
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2𝜋𝑟 𝐿

1
𝜕𝑢 2
𝜕𝑢 𝜕𝑣 𝑤
𝜕𝑣 𝜕𝑣 𝑤
𝑤 2
𝑈 = ∬ { 𝐴11 ( ) + 2𝐴12 ( ( + )) + 𝐴22 [( ( + ) + ( ) ]
2
𝜕𝑥
𝜕𝑥 𝜕𝜃 𝑟
𝜕𝜃 𝜕𝜃 𝑟
𝑟
0 0

𝜕𝑢
𝜕𝑣 𝑤
𝜕𝑢 𝜕𝑣
𝜕𝑢 𝜕𝑣 2
+ 2[𝐴16
+ 2𝐴26 (( + )] ( + ) + 𝐴66 ( + )
𝜕𝜃
𝜕𝜃 𝑟
𝜕𝜃 𝜕𝑥
𝜕𝜃 𝜕𝑥
𝜕𝑢 𝜕 2 𝑤
𝜕𝑣 𝑤 𝜕 2 𝑤 𝜕𝑢 𝜕 2 𝑤
𝜕𝑣 𝑤 𝜕 2 𝑤
− 𝐵11
− 2𝐵12 [( + )
+
] − 𝐵22 ( + )
𝜕𝑥 𝜕𝑥 2
𝜕𝜃 𝑟 𝜕𝑥 2 𝜕𝑥 𝜕𝑥 2
𝜕𝜃 𝑟 𝜕𝜃 2
𝜕 2 𝑤 𝜕𝑢 𝜕𝑣
𝜕𝑢 𝜕 2 𝑤
𝜕 2 𝑤 𝜕𝑢 𝜕𝑣
− 2𝐵16 [ 2 ( + ) + 2
− 2𝐵16 [ 2 ( + )
𝜕𝑥 𝜕𝜃 𝜕𝑥
𝜕𝑥 𝜕𝑥𝜕𝜃
𝜕𝑥 𝜕𝜃 𝜕𝑥
2
2
𝜕𝑣 𝑤 𝜕 𝑤
𝜕 𝑤 𝜕𝑢 𝜕𝑣
𝜕2 𝑤 2
+ 2( + )
− 4𝐵66
( + ) + 𝐷11 ( 2 )
𝜕𝜃 𝑟 𝜕𝑥𝜕𝜃
𝜕𝑥𝜕𝜃 𝜕𝑥 𝜕𝜃
𝜕𝑥
2
2
2
2
𝜕 𝑤 𝜕 𝑤
𝜕 𝑤 2
𝜕 𝑤
𝜕2 𝑤 𝜕2 𝑤
+ 2𝐷12
+ 𝐷22( 2 ) + 4 (𝐷16
+ 𝐷26
)
𝜕𝑥 2 𝜕𝜃 2
𝜕𝜃
𝜕𝑥 2
𝜕𝜃 2 𝜕𝑥𝜕𝜃
2

𝜕2 𝑤
+ 4𝐷16 (
) }𝑑𝑥𝑑𝑠
𝜕𝑥𝜕𝜃

(8)
2𝜋𝑟 𝑙

1
𝜕𝑤
𝑉 = − ∬ 𝑁𝜃 ( )2𝑑𝑥𝑑𝜃
2
𝜕𝑥
00

(9)
ℎ𝑒𝑟𝑒 𝑡𝑜𝑡𝑎𝑙 𝑒𝑛𝑒𝑟𝑔𝑦 Π = 𝑈 + 𝑉
The energy term is a function of unknown displacements 𝑢, 𝑣 𝑎𝑛𝑑 𝑤 the
radial, axial and hoop directions. Those terms can be calculated using displacement
field functions satisfying the boundary conditions.
A simply supported end condition is considered:
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∞

∞

𝑢 = ∑ ∑ 𝐴𝑚𝑛 cos(𝑖𝑥 ) sin(𝑗𝑠)
𝑖=1 𝑗=1
∞

∞

𝑣 = ∑ ∑ 𝐵𝑚𝑛 sin(𝑖𝑠) cos(𝑗𝑥 )
𝑖=1 𝑗=1
∞

∞

𝑤 = ∑ ∑ 𝐶𝑚𝑛 sin(𝑖𝑥 ) sin(𝑗𝑠)
𝑖=1 𝑗=1

(10)

ℎ𝑒𝑟𝑒 𝑖 =

𝑚𝜋
𝑛
, 𝑗 = , 𝑠 = 𝑟𝜃 𝑚, 𝑛 = 1,2,3 …
𝑙
𝑟

Using analytical method for the case of shell thickness t=1.5 mm the buckling load
comes to be:
• 𝐸1 = 173 𝐺𝑃𝐴 , 𝐸2 = 7.63 𝐺𝑃𝐴, 𝐸12 = 2.289 𝐺𝑃𝐴, 𝐸6 = 5.5 𝐺𝑃𝐴
• 𝜐 = 0.3
• Cylinder Height =180 mm
• Cylinder Diameter =146 mm
• Shell winding ±30° and stiffeners orientation 0°, 60°, −60°
• Thickness shell t= 1.5𝑚𝑚
• Stiffeners 6𝑋2.8 𝑚𝑚
=>

𝑃𝑐𝑟𝑡𝑖𝑐𝑎𝑙 = 675.6 𝐾𝑁
The same parameters were used to analyze the critical buckling loads for

different skin thickness values at t=0.3 mm and t = 2.5 mm, those results were then
compared to the FEM model results conducted using ABAQUS finite element
software.
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3. Finite Element Analysis
The finite element model used in this analysis was designed using HYPERMESH
software, a copy of this software is found in Virginia Tech library graduate study
room. The model was then imported to ABAQUS, a finite element commercial
software, to conduct the buckling analysis. This process was started in the spring of
2016 in the Aerospace lab in Randolph Hall at Virginia Tech Blacksburg campus.
A 3-D model was built in HYPERMESH and imported to FEMAP and ABAQUS for
Analysis:
-Model was built for Isogrid stiffened pressure vessel
-The grid structure was first built and then the shell
The buckling analysis was conducted on the cylinder; cylinder will buckle before the
pressure vessel caps.
Three various shell thickness parameters values (t=0.3, 1.5 and2.5 mm) were used
to determine critical buckling loads and correspondent modes.

A. Convergence
The convergence criteria for the buckling analysis was verified to validate the
results obtained from the finite element analysis, the convergence check was
conducted on the model having an orientation angle of 60° stiffeners. Linear line
elements of type B31 for the stiffeners and linear quadrilateral elements of type S4R
was used for the cylindrical shell. Seven different meshes used where the total
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number of elements increased gradually. Below is the convergence criteria graph
and the table for the total elements types used, it can be seen that as we increase the
total number of elements, the solution converges slowly.

Convergence Criteria
4060
4040

Eigenvalue (N/mm)

4020
4000
3980
3960
3940
3920
3900
3880
3860
3840
0

20000

40000

60000

80000 100000 120000 140000 160000 180000 200000
Total Elements

Figure 4 Convergence Criteria

Table1. Elements Types

Eigenvalue
Type B31
Type S4R
Total
Elements

Mesh1
3885.8
2216
12953
15169

Mesh2
3869.6
3511
31498
35009

Mesh3
3899.7
1615
6986
8601

Mesh4
3929.5
1292
4417
5709

B. Finite Element Model
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Mesh5
3964.2
1062
3074
4136

Mesh6
4042.9
643
1154
1797

Mesh7
3863.2
8499
176944
185443

Figure5 Pressure Vessel Model

Figure 6 Grid stiffened Cylinder model

46

Figure 7 Buckling Analysis of Unstiffened Cylindrical Shell in Finite Element Software ABAQUS
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2nd mode 702.10 KN

1st mode 695.14 KN

3rd mode 702.97 KN

Figure 8 Buckling Analysis Using ABAQUS of Composite Stiffened Cylinder at Shell thickness t=1.5 mm and various
mode shapes
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2nd mode 1830.43 KN

1st mode 1782.3 KN

3rd mode 1814.05 KN
Figure 9 Buckling Analysis Using ABAQUS of Composite Stiffened Cylinder at Shell Thickness t=2.5 mm and various
mode shapes
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2nd mode 27.41 KN

1st mode 27.33 KN

3rd mode 27.45 KN

Figure 10 Buckling Analysis Using ABAQUS of Composite Stiffened Cylinder at Shell thickness t=0.3 mm and various
mode shapes

Table 2. Buckling load Comparison of Analytical solution and finite element discrete solution and respective
errors

Skin Thickness t (mm)

Analytical(Smeared ) KN

Finite element (Discrete) KN

1.5
2.5
0.3

675.6
1186.4
169.2

695
1782
27.33
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Error
(%)
2.79
33.42
83.77

C. Effect of Elastic Modulus reduction on the Buckling Load of Stiffened
Composite Cylindrical Shell from Finite Element Model
2000000
1800000

Buckling Load (KN)

1600000
1400000
1200000
1000000
800000
600000
400000
200000
0
0

5

10

15
20
25
30
Elastic Modulus Percent Reduction

35

40

Figure 11 Effect of Elastic Modulus reductions on the Buckling Load

Discussion: The results found using the smeared method were not able to predict
the global buckling load for the cylinder at t=0.3 mm or t=2.5 mm. Changing the
shell thickness tend to switch the failure mode from that of local skin buckling to
global buckling to crippling. With an increase in the shell thickness predicted the
global buckling load at t=1.5 mm with an error of approximately 2.8%, those results
were expected as the smeared method is exclusively developed to predict global
failure modes, the smeared analytical model reduces the whole stiffener/shell panel
to an equivalent laminate, therefore the computed buckling load assumes a global
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buckling failure mode. Changing the design parameters does affect the failure
modes, in our case the change in skin thickness. As the skin thickness increased in
value the failure mode of the stiffened cylinder was shown to change from local skin
buckling to global buckling. At 0.3mm thickness, the thinnest of the three models
tested, the buckling was of a local nature. At 1.5mm, the buckling was of a global
nature, which was predicted by the analytical model. At 2.5mm the model
experienced a stiffener crippling buckling failure. Therefore in order to use the
smeared method to predict buckling failure modes for Isogrid composite cylinders
design, it would need to be used in conjunction with other analytical tools capable to
predict the local failure modes. In an attempt to verify the results of my model, I
tested the range of parameters and got expected results.

This verified the

authenticity of my model. It can be seen from the Figure 10 above, obtained from
ABAQUS finite element for the cylindrical shell model with thickness t=2.5 mm (all
other parameters remained unchanged), a reduction in the elastic modulus resulted
in a decrease in the buckling load.
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Chapter IV - Buckling Analysis of Composite Stiffened Plates
using Smeared and Discrete Methods
Stiffeners attached to composite panels may significantly increase the overall
buckling load of the resulting stiffened structure. First, the Classical Plate Laminate
Theory (CPLT) background was addressed, then the buckling analysis of composite
panels with longitudinal stiffeners was performed using the Ritz method. Stiffeners
optimization and buckling modes were also investigated by a variation of the
buckling load with stiffeners height.

1. Classical Laminate Plate Theory (CLPT)
A. Kinematics

Figure 12[60] Undeformed and deformed geometries of an edge of a plate under the Kirchhoff Assumptions [61]
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The in-plane displacements are related to the normal displacement as follows [61]:

𝑢(𝑥, 𝑦, 𝑧) = 𝑢0 − 𝑧

𝜕𝑤
𝜕𝑥

, 𝑣(𝑥, 𝑦, 𝑧) = 𝑣0 − 𝑧

𝜕𝑤
𝜕𝑦

, 𝑤 (𝑥, 𝑦, 𝑧) = 𝑤0 (𝑥, 𝑦)

(11)

Here 𝑢 is the displacement in the “x” direction 𝑣 is the displacement in the y
direction

and

𝑤

is

the

displacement

in

the

z

direction.

𝑢0 , 𝑣0 𝑎𝑛𝑑 𝑣0 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡𝑠 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡𝑠 𝑜𝑓 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑒 𝑚𝑖𝑑𝑝𝑙𝑎𝑛𝑒.
Strains are found as follows:
𝜕

0

𝜕𝑥
𝜀𝑥
𝜀 = { 𝜀𝑦 }= 0
𝛾𝑥𝑦
𝜕

𝜕𝑦
𝜕

𝜕𝑦

𝜕𝑥

𝜕

𝜕𝑢0

−

𝜕2 𝑤0

𝜀𝑥0
𝑘𝑥
𝑢
0
{ }=
+𝑧 − 𝜕𝑦2 ={ 𝜀𝑦 } + z{ 𝑘𝑦 }
𝜕𝑦
𝑣
0
𝑘𝑥𝑦
𝜕𝑢0
𝜕𝑣0
𝛾𝑥𝑦
𝜕2 𝑤0
+
{ 𝜕𝑦
𝜕𝑥 }
{−2 𝜕𝑥𝜕𝑦 }
𝜕𝑥
𝜕𝑣0

𝜕𝑥 2
𝜕2 𝑤0

(12)

B. Material Law
Inplane tensor strains are expressed as:

{1

𝜀𝑙
𝜀𝑡

𝛾
2 𝑙𝑡

}=[𝑇] {

1

𝜀𝑥
𝜀𝑦

𝛾
2 𝑥𝑦

}

(13)
𝜀𝑙 , 𝜀𝑡 are the longitudinal and transverse strain respectively and 𝛾𝑙𝑡 the
shear strain.
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T is the transformation matrix expressed as:

𝑐𝑜𝑠 2𝜃
[T]= [ 𝑠𝑖𝑛2 𝜃
−𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃

𝑠𝑖𝑛2 𝜃
−𝑐𝑜𝑠 2𝜃
𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃

2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃
−2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 ]
𝑐𝑜𝑠 2𝜃 − 𝑠𝑖𝑛2 𝜃

Therefore the stress strain relation is as follows [61]:
𝜎𝑥
{ 𝜎𝑦 } =
𝜏𝑥𝑦
𝜎𝐿
𝑄11
−1
−1
[𝑇] [ 𝜎𝑇 ]=[𝑇] [𝑄12
𝜏𝐿𝑇
0
𝑄11

𝑄12

{𝑄12

𝑄22

𝑄16

𝑄26

𝑄12
𝑄22
0

𝜀𝑥
𝜀𝑥
𝜀𝐿
0
∗
𝜀
𝜀
0 ] { 𝜀𝑇 }=[𝑇]−1 [𝑄 ∗][𝑇] { 𝑦 }=[𝑄 ] { 𝑦 }=
1
1
1
𝛾𝑥𝑦
𝛾
2𝑄66 2 𝛾𝐿𝑇
2
2 𝑥𝑦

𝑄16

𝜀𝑥
𝑄26 } { 𝜀𝑦 }
𝛾𝑥𝑦
𝑄66

Substituting:
𝑄11
𝜎𝑥
{ 𝜎𝑦 }=[𝑄12
𝜏𝑥𝑦
𝑄16

𝑄12
𝑄22
𝑄26

𝜀𝑥0
𝑄11
0
𝑄26 ] { 𝜀𝑦 } + 𝑧 [𝑄12
0
𝑄66 𝛾𝑥𝑦
𝑄16
𝑄16

𝑄12
𝑄22
𝑄26

𝑄16

𝑘𝑥
𝑄26 ] { 𝑘𝑦 }
𝑘𝑥𝑦
𝑄
66

(14)
C. Forces and Moments
We obtain the resultant forces by integrating the corresponding stresss
components through the laminate thickness h:
𝑛
𝑁𝑥
𝜎𝑥
𝜎𝑥
ℎ
ℎ
2
{ 𝑁𝑦 }=∫−ℎ
{ 𝜎𝑦 } 𝑑𝑧=∑ ∫ℎ 𝑖 { 𝜎𝑦 } 𝑑𝑧
𝑖−1
𝜏𝑥𝑦
2 𝜏𝑥𝑦
𝑁𝑥𝑦
𝑖=1
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(15)
The resultant moment is obtained by integrating through the thickness of the
stress times the moment arm at the midplane:
𝑛
𝑀𝑥
𝜎𝑥
𝜎𝑥
ℎ
ℎ𝑖
2
{ 𝑀𝑦 }=∫−ℎ { 𝜎𝑦 } 𝑧𝑑𝑧=∑ ∫ℎ { 𝜎𝑦 } 𝑧𝑑𝑧
𝑖−1
𝜏𝑥𝑦
2 𝜏𝑥𝑦
𝑀𝑥𝑦
𝑖=1

(16)
Substituting both (15) and (16) expressions we obtain [61]:

𝑛

𝑁𝑥
{ 𝑁𝑦 }=∑
𝑁𝑥𝑦

𝑄11

𝑄12

∫ℎ 𝑖 [𝑄12

𝑄22

𝑄16

𝑄26

ℎ

𝑖−1

𝑖=1

𝑛

∑

𝐵11
[𝐵12
𝐵16

𝜕𝑢0

𝑄11
ℎ𝑖
∫ℎ 𝑧 [𝑄12
𝑖−1
𝑄16

𝑖=1

𝐵12
𝐵22
𝐵26

𝐵16
𝐵26 ]
𝐵66

𝜀𝑥0
0
𝑄26 ] 𝑑𝑧 { 𝜀𝑦 } +
0
𝛾𝑥𝑦
𝑄66
𝑄16

−
−

𝑄12
𝑄22
𝑄26

𝑄16

𝑘𝑥
𝐴11
𝑄26 ] 𝑑𝑧 { 𝑘𝑦 }=[𝐴12
𝐴16
𝑘𝑥𝑦
𝑄
66

𝜕2 𝑤0
𝜕𝑥 2
𝜕2 𝑤0
𝜕𝑦 2
𝜕2 𝑤0

{−2 𝜕𝑥𝜕𝑦}
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𝐴12
𝐴22
𝐴26

𝐴16
𝐴26 ]
𝐴66

𝜕𝑥
𝜕𝑣0

+

𝜕𝑦
𝜕

𝑢0
{ 𝜕𝑦 +

𝜕𝑣0

𝜕𝑥 }

𝑛

𝑀𝑥
{ 𝑀𝑦 }=∑
𝑀𝑥𝑦

ℎ𝑖

∫ℎ

𝑖−1 𝑍

𝑖=1

𝑄12

[𝑄12

𝑄22

𝑄16

𝑄26

𝜀𝑥0
0
𝑄26 ] 𝑑𝑧 { 𝜀𝑦 } +
0
𝛾𝑥𝑦
𝑄66
𝑄16

𝜕𝑢0

𝑛
ℎ𝑖

∑

∫ℎ

𝑖−1

𝑄11
𝑧 2 [𝑄12

𝑄22

𝑄16

𝑄26

𝑖=1

𝐷11
[𝐷12
𝐷16

𝑄11

𝐷12
𝐷22
𝐷26

𝐷16
𝐷26]
𝐷66

−
−

𝑄12

𝑄16

𝑘𝑥
𝐵11
𝑄26 ] 𝑑𝑧 { 𝑘𝑦 }=[𝐵12
𝐵16
𝑘𝑥𝑦
𝑄
66

𝐵12
𝐵22
𝐵26

𝜕2 𝑤0
𝜕𝑥 2
𝜕2 𝑤0
𝜕𝑦 2
𝜕2 𝑤0

{−2 𝜕𝑥𝜕𝑦}

(17)

D. Equilibrium in term of Displacement
𝜕𝑁𝑥
𝜕𝑥
𝜕𝑁𝑦
𝜕𝑦

+
+

∂2 𝑀𝑥
∂𝑥 2

𝜕𝑁𝑥𝑦
𝜕𝑦
𝜕𝑁𝑥𝑦
𝜕𝑥

+2

=0
=0

∂2 𝑀𝑥𝑦
∂x𝜕𝑦

+

∂2 𝑀𝑦

Here 𝑝∗ = 𝑝 + 𝑁𝑥

∂𝑦 2

𝜕2 𝑤
𝜕𝑥 2

+ 𝑝∗ = 0

+ 𝑁𝑦

𝜕2 𝑤

𝜕2 𝑤

𝜕𝑦

𝜕𝑥𝜕𝑦

+ 2 𝑁𝑥𝑦
2

(18)

Substituting we obtain [61]:
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- 𝜌∗

𝜕2 𝑤
𝜕𝑡 2

𝐵16
𝐵26 ]
𝐵66

𝜕𝑥
𝜕𝑣0

+

𝜕𝑦
𝜕

𝑢0
{ 𝜕𝑦 +

𝜕𝑣0

𝜕𝑥 }

−𝐷11
𝜕3 𝑢0
𝜕𝑥 3

𝜕4 𝑤
𝜕𝑥 4

- 4 𝐷16

+ 3 𝐵16

2 𝐵66 )

𝜕3 𝑣0
𝜕𝑥 2 𝜕𝑦

𝜕4 𝑤
𝜕𝑥 3 𝜕𝑦

𝜕3 𝑢0
𝜕𝑥 2 𝜕𝑦

+ 3 𝐵26

-(2 𝐷12 + 4𝐷66 )

𝜕𝑥 2 𝜕𝑦 2

𝜕3 𝑢0

+ (𝐵12 + 2𝐵66 )

𝜕𝑥𝜕𝑦 2

𝜕3𝑣0

𝜕3 𝑣0

𝜕𝑥𝜕𝑦

𝜕𝑦 3

+ 𝐵22
2

𝜕4 𝑤

- 4 𝐷26

+ 𝐵26

𝜕3 𝑢0
𝜕𝑦 3

𝜕4 𝑤

𝜕4 𝑤

𝜕𝑥𝜕𝑦

𝜕𝑦 4

-𝐷22
3

+ 𝐵16

𝜕3 𝑣0
𝜕𝑥 3

+ 𝐵11

+ (𝐵12 +

+ 𝑝∗ = 0

Constitutive equations satisfy the following conditions:
𝐴16 = 𝐴26 = 0
𝐵𝑖𝑗 = 0
𝐷16 = 𝐷26 = 0

Substituting we obtain the simplified equation below:

𝐷11

𝜕4 𝑤
𝜕𝑥 4

+ (2 𝐷12 + 4𝐷66 )

𝜕4 𝑤
𝜕𝑥 2 𝜕𝑦 2

+ 𝐷22

𝜕4 𝑤
𝜕𝑦 4

= 𝑝∗

(19)

2. Buckling of Simply Supported Plate under Uniaxial Compressive
Load

For this case of buckling analysis, the only applied load that will be considered
is the in-plane force in the x-direction, therefore:
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∗

𝑝 = 𝑁𝑥

𝜕2 𝑤
𝜕𝑥 2

= −𝑁

𝜕2 𝑤
𝜕𝑥 2

The edges of the plate under consideration is simply supported, the transverse
displacement at the edges and the resultant moments about each edge is zero.
The boundary conditions are expressed as follow:
𝑥=0∶

𝑤(0, 𝑦) = 0

𝑀𝑥 (0, 𝑦) = 0

𝑥=𝑎∶

𝑤(𝑎, 𝑦) = 0

𝑀𝑥 (𝑎, 𝑦) = 0

𝑦=0∶

𝑤(𝑥, 0) = 0

𝑀𝑦 (𝑥, 0) = 0

𝑦=𝑏∶

𝑤(𝑥, 𝑏) = 0

𝑀𝑦 (𝑥, 𝑏) = 0

A solution to the above equation that satisfies the boundary conditions can be
written in this form:
∞

∞

𝑤(𝑥, 𝑦) = ∑ ∑ 𝑤𝑚𝑛 sin (
𝑛=1 𝑚=1

𝑚𝜋𝑥
𝑛𝜋𝑦
) sin(
)
𝑎
𝑏

Here 𝑤𝑚𝑛 is the displacement coefficient and 𝑚, 𝑛 are positive integers.
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A. Ritz Buckling Analysis for Composite Stiffened Panels

Figure 13 Panel with Longitudinal Stiffener

In this first part of analysis only one stiffener will be considered.
The equilibrium problem is written as follows:
𝛿 (1) П=0
П=𝑈 + 𝑉
Here П is the total energy of the system in buckled state, it is a summation of the
stain energy 𝑈 and the potential of the applied load 𝑉.
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Considering both the stiffeners and the panel, the total strain energy can be written
as follows:
𝑈 = 𝑈𝑃 + 𝑈 𝑠
Here 𝑈 𝑃 is the strain energy for the panel and 𝑈 𝑠 is the strain energy for the
stiffener [63] [64].
𝑏

𝑎

𝜕2 𝑢

𝜕2 𝑢

1

2

𝑏

𝑎

𝑈𝑃 =∫0 ∫0 (𝐷11 ( 23 )2 + 𝐷22 (( 23)2 )𝑑𝑥1 𝑑𝑥2 + ∫0 ∫0 (𝐷12
𝜕𝑥
𝜕𝑥
2 𝐷66 (

𝜕2𝑢3
𝜕𝑥1 𝜕𝑥2

𝜕2 𝑢3 𝜕2 𝑢3
𝜕𝑥12 𝜕𝑥22

+

)2 ) 𝑑𝑥1 𝑑𝑥2

(20)

And
𝑏

2

𝐸𝐼
𝜕 2 𝑢3
𝑠
𝑈 =
∫ ( 2 ) |𝑥2=𝜂𝑏 𝑑𝑥1
2
𝜕𝑥1
0

(21)
Here I =

𝑏ℎ3
12

is the area moment of inertia of the stiffener’s cross section and 𝑥2 = 𝜂𝑏

is the location of the stiffener.

The potential of the applied load can be written for both the panel and the stiffener
as follows [63]:
𝑉 = 𝑉𝑝 + 𝑉 𝑠
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𝑏𝑎

1
𝜕𝑢3 2
𝜕𝑢3 𝜕𝑢3
𝜕𝑢3 2
𝑃
𝑉 = − ∬ (𝑁11 (
) + 2𝑁12
+ 𝑁22 (
) ) 𝑑𝑥1 𝑑𝑥2
2
𝜕𝑥1
𝜕𝑥1 𝜕𝑥2
𝜕𝑥2
00

(22)

𝑛

𝑉𝑠 = ∑ −
𝜂=1

𝑠

𝑏

𝑃
𝜕𝑢3 2
∫(
) |𝑥2=𝜂𝑏 𝑑𝑥1
2
𝜕𝑥1
0

𝑛 and 𝜂 are the integer value that represents the number of stiffeners and stiffener
position on the panel respectively.

(23)
Assuming that both the stiffener and the panel are enduring the same
longitudinal strain 𝜖11, which means that 𝑃 𝑠 , the stiffener force, is proportional to
the inplane normal load 𝑁11 .

𝑃 𝑠 = 𝑁11

𝐸𝐴
𝐸 𝑝𝑑

Here 𝐸 is the young’s modulus and 𝐴 is the cross section of the stiffener and d is the
thickness of the panel.
The buckling shape 𝑢3 is presented as follows:
𝑀∗𝑁

𝑢3 (𝑥1 , 𝑥2 ) = ∑ 𝑊𝑖 𝜓𝑖 (𝑥1 𝑥2 )
𝑖=1
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Where M and N are two arbitrary chosen positive integers which represent the
number of basis functions in the x and y directions respectively. The test function is
expressed as follows:
𝑚𝜋𝑥1

ψ(𝑚−1)𝑁+𝑛 (𝑥1 , 𝑥2 )= 𝑋𝑚 (𝑥1 )𝑌𝑛 (𝑥2 ) = sin (

𝑎

) sin(

𝑛𝜋𝑥2
𝑏

)

This function satisfies the essential boundary conditions of the system.
Substituting in previous equations the remaining unknowns are 𝑊𝑖 ’s and the
governing equation is:
𝜕П
=0
𝜕𝑊𝑖

This yields an eigensystem of 𝑀 𝑋 𝑁 equations and 𝑀 𝑋 𝑁 unknown series
coefficients 𝑊𝑗 that leads to an eigenvalue problem from which 𝑁11 is determined.
The linear system is of the form:
𝑝

𝑝

(𝐾𝑈 + 𝐾𝑈𝑠 ) 𝑊- 𝑁11 (𝐾𝑉 +𝐾𝑉𝑠 ) 𝑊 = 0 (24)
Where:
𝑝

[𝐾𝑈 ]
{

=

(𝑚−1)𝑁+𝑛,(𝑝−1)𝑁+𝑞
𝑎 ′′
𝑏
(𝑥1 )𝑋𝑝′′ (𝑥1 )𝑑𝑥1 ∫0 𝑌𝑛
𝐷11 ∫0 𝑋𝑚

(𝑥2 )𝑌𝑞 (𝑥2 )𝑑𝑥2 +
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𝑎

𝑏

𝐷22 ∫0 𝑋𝑚 (𝑥1 )𝑋𝑝 (𝑥1 )𝑑𝑥1 ∫0 𝑌𝑛′′ (𝑥2 )𝑌𝑞′′ (𝑥2 )𝑑𝑥2 +
𝑎

𝑏

′′ ( )
2 𝐷12 ∫0 𝑋𝑚
𝑥1 𝑋𝑝 (𝑥1 )𝑑𝑥1 ∫0 𝑌𝑛 (𝑥2 )𝑌𝑞′′ (𝑥2 )𝑑𝑥2 +4
𝑎

𝑏

′
𝐷66 ∫0 𝑋𝑚
(𝑥1 )𝑋𝑝′ (𝑥1 ) 𝑑𝑥1 ∫0 𝑌𝑛′ (𝑥2 )𝑌𝑞′ (𝑥2 )𝑑𝑥2 }

[𝐾𝑈𝑠

𝑎

]
(𝑚−1)𝑁+𝑛,(𝑝−1)𝑁+𝑞

𝑝

[𝐾𝑉 ]

′′ ( ) ′′ ( )
= 𝐸𝐼 ∫ 𝑋𝑚
𝑥1 𝑋𝑝 𝑥1 𝑑𝑥1 (𝑌𝑛 (𝑥2 )𝑌𝑞 (𝑥2 )) |𝑥2=𝜂𝑏
0

=

(𝑚−1)𝑁+𝑛,(𝑝−1)𝑁+𝑞
𝑎 ′
𝑏
(𝑥1 )𝑋𝑝′ (𝑥1 )𝑑𝑥1 ∫0 𝑌𝑛 (𝑥2 ) 𝑌𝑞 (𝑥2 ) 𝑑𝑥2 +
𝑁11 ∫0 𝑋𝑚
𝑎 ′
𝑏
(𝑥1 )𝑋𝑝 (𝑥1 )𝑑𝑥1 ∫0 𝑌𝑛 (𝑥1 ) 𝑌𝑞′ (𝑥2 ) 𝑑𝑥2
2 𝑁12 ∫0 𝑋𝑚

𝑎

[𝐾𝑉𝑠 ]

(𝑚−1)𝑁+𝑛,(𝑝−1)𝑁+𝑞

′ ( ) ′( )
= 𝑃 𝑠 ∫0 𝑋𝑚
𝑥1 𝑋𝑝 𝑥1 𝑑𝑥1 (𝑌𝑛 (𝑥2 )𝑌𝑞 (𝑥2 )) |𝑥2=𝜂𝑏

B. Panel with Two Stiffeners
The same procedure is followed for the panel, the position of a second
stiffener is considered:
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𝑏

2

𝐸𝐼 𝜕 2 𝑢3 2
𝑠
𝑈 = ∑ ∫( 2 ) |𝑥2=𝜂𝑏 𝑑𝑥1
2
𝜕𝑥1
𝜂=1

0

𝑏

2

𝑃 𝑠 𝜕𝑢3 2
𝑠
𝑉 = ∑ − ∫(
) |𝑥2=𝜂𝑏 𝑑𝑥1
2
𝜕𝑥1
𝜂=1

0

Here 𝜂 corresponds to the stiffener’s position
(24)
Here 𝜂1 𝑏 and 𝜂2 𝑏 are the location of the stiffeners along the 𝑥2 direction.

Therefore, the total energy for the stiffeners is computed using the new expressions:

[𝐾𝑈𝑠 ]

2

𝑎

(𝑚−1)𝑁+𝑛,(𝑝−1)𝑁+𝑞

[𝐾𝑉𝑠 ]

′′ ( ) ′′ ( )
= 𝐸𝐼 ∫ 𝑋𝑚
𝑥1 𝑋𝑝 𝑥1 𝑑𝑥1 ∑ (𝑌𝑛 (𝑥2 )𝑌𝑞 (𝑥2 ))|𝑥2=𝜂𝑏
0

𝜂=1

2

𝑎

(𝑚−1)𝑁+𝑛,(𝑝−1)𝑁+𝑞

′ ( ) ′( )
= 𝑃 𝑠 ∫ 𝑋𝑚
𝑥1 𝑋𝑝 𝑥1 𝑑𝑥1 ∑(𝑌𝑛 (𝑥2 )𝑌𝑞 (𝑥2 ))|𝑥2=𝜂𝑏
0

𝜂=1

Here 𝜂 corresponds to the stiffener’s position
C. Panel with Three Stiffeners
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The same procedure is followed for the panel, the position of a third stiffener
is considered:

𝑏

3

𝐸𝐼 𝜕 2 𝑢3 2
𝑈 = ∑ ∫( 2 ) |𝑥2=𝜂𝑏 𝑑𝑥1
2
𝜕𝑥1
𝑠

𝜂=1
3

𝑉𝑠 = ∑ −
𝜂=1

0

𝑠

𝑏

𝑃
𝜕𝑢3 2
∫(
) |𝑥2=𝜂𝑏 𝑑𝑥1
2
𝜕𝑥1
0

(25)

Therefore the total energy for the stiffeners is computed using the new expressions:

[𝐾𝑈𝑠 ]

3

𝑎

(𝑚−1)𝑁+𝑛,(𝑝−1)𝑁+𝑞

[𝐾𝑉𝑠 ]

′′ ( ) ′′ ( )
= 𝐸𝐼 ∫ 𝑋𝑚
𝑥1 𝑋𝑝 𝑥1 𝑑𝑥1 ∑ (𝑌𝑛 (𝑥2 )𝑌𝑞 (𝑥2 ))|𝑥2=𝜂𝑏
0

𝜂=1

3

𝑎

(𝑚−1)𝑁+𝑛,(𝑝−1)𝑁+𝑞

′ ( ) ′( )
= 𝑃 𝑠 ∫ 𝑋𝑚
𝑥1 𝑋𝑝 𝑥1 𝑑𝑥1 ∑(𝑌𝑛 (𝑥2 )𝑌𝑞 (𝑥2 ))|𝑥2=𝜂𝑏
0

𝜂=1

Here 𝜂 corresponds to the stiffener’s position
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D. Panel with n Stiffeners
𝑏

𝑛

𝐸𝐼 𝜕 2 𝑢3 2
𝑠
𝑈 = ∑ ∫( 2 ) |𝑥2=𝜂𝑏 𝑑𝑥1
2
𝜕𝑥1
𝜂=1

0

𝑉 𝑠 = ∑𝑛𝜂=1 −
[𝐾𝑈𝑠 ]

𝑃𝑠
2

𝑏 𝜕𝑢

∫0 (𝜕𝑥3 )2 |𝑥2=𝜂𝑏 𝑑𝑥1
1

𝑛

𝑎

(𝑚−1)𝑁+𝑛,(𝑝−1)𝑁+𝑞

[𝐾𝑉𝑠 ]

′′ ( ) ′′ ( )
= 𝐸𝐼 ∫ 𝑋𝑚
𝑥1 𝑋𝑝 𝑥1 𝑑𝑥1 ∑ (𝑌𝑛 (𝑥2 )𝑌𝑞 (𝑥2 ))|𝑥2=𝜂𝑏
0

𝜂=1
𝑛

𝑎

(𝑚−1)𝑁+𝑛,(𝑝−1)𝑁+𝑞

′ ( ) ′( )
= 𝑃 𝑠 ∫ 𝑋𝑚
𝑥1 𝑋𝑝 𝑥1 𝑑𝑥1 ∑(𝑌𝑛 (𝑥2 )𝑌𝑞 (𝑥2 ))|𝑥2=𝜂𝑏
0

𝜂=1

Here 𝜂 corresponds to the stiffener’s position, n is any integer number.

In Mittelstedt [63] solution, the analysis was based on one longitudinal
stiffener. In the present parametric study the analysis takes into
consideration the case of one, two, three stiffeners and n-stiffeners. It was
analyzed under purely compressive load in the first case, and combined
compressive and shear load in the second case, and their respective
buckling modes.

3. Stiffeners Optimization Using a Closed Form Solution by Mittelstedt
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A closed-form analytical approach for the buckling load of orthotropic
composite plates under pure compression with a centric stiffener was derived by
Mittelstedt. It is assumed that 𝑢 is of the form:
𝑢(𝑥1 , 𝑥2 ) = 𝑊 sin (

𝑚1𝜋𝑥1
𝜋𝑥2
) sin(
)
𝑎
𝑏

Both the plate and the stiffeners are assumed to endure the same longitudinal
strains :
0
𝑃 𝑠 = 𝑁11

𝐸𝐴
𝐸𝑝 𝑑

Substituting and evaluating the buckling condition, the analytical solution for the
buckling load can be given in the closed form as follows [63]:
0
𝑁11
=

2 𝑎 𝜋2
1
𝑚12 𝑏(𝛿+2)

(

1

(𝐷11

4

𝑚14 𝑏
𝑎3

+ 𝐷22

𝑎
𝑏3

)+

𝑚12
𝑎

1

1

𝑚21

𝑏

2

2𝑎 2

( ( 𝐷12 + 𝐷66 ) +

𝐸𝐼))

(26)
Here

𝑚1 =

𝑎
𝑏

4

√𝐷

𝐷22

2𝐸𝐼
11 + 𝑏

A closed-form analytical approach for the buckling load of orthotropic
composite plates under pure compression with eccentric stiffener was derived by
Mittelstedt as well. Let us consider an eccentric longitudinal stiffener located at
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𝑥 = 𝜂𝑏 where 0 ≤ 𝜂 ≤ 1/2, same assumptions apply as in the previous case; the
analytical solution to the buckling load is found as follow [63];

0
𝑁11

𝜋2

𝑎2 𝑏 2
𝑚14
1
=
(
(𝐷
+
𝐷
11
22 4 ) + 𝐷12 + 2𝐷66
2
4
1
2𝑚
𝑎
𝑏
2
2
1
𝑏 (𝛿 𝑠𝑖𝑛 (𝜋𝜂) + )
2
+ (

𝑚12 𝑏
𝐸𝐼𝑠𝑖𝑛2 (𝜋𝜂 ))
𝑎2

(27)
Here 𝑚1 =

𝑎
𝑏

4

𝐷22
2𝐸𝐼
2
11 + 𝑏 𝑠𝑖𝑛 (𝜋𝜂)

√𝐷

4. Buckling Analysis of Composite Panels Under pure Compression and
Optimization

In this section, the buckling analysis of composite stiffened panels under pure
compression with centric stiffener, a panel with eccentric stiffener, a panel with two
stiffeners and a panel with three stiffeners are considered. The results were
calculated using the Ritz method. Both the plate and the stiffeners have a cross ply
layup [0˚/90˚/0˚/90˚] with the corresponding layer properties:
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𝐸11 = 13,8000 𝑀𝑃𝑎, 𝐸22 = 8960 𝑀𝑃𝑎, 𝐺12 = 7100𝑀𝑃𝑎 𝑎𝑛𝑑 𝒱12 = 0.3. The plate has
a width 𝑏 = 100 𝑚𝑚 and thickness 𝑑 = 1.0 𝑚𝑚.
The variation of buckling load with different stiffeners heights for those
panels is investigated, the mode shapes for the corresponding eigenvalues were also
considered.
A. Panel with a Centric Stiffener under Pure compression

Figure 14 Buckling load 𝑁11 for a compressively loaded orthotropic plate as a function of height ℎ of a centric
longitudinal stiffener at = 𝑏/2 , corresponding graph by Mittelstedt [63]

In this first part of the analysis, the plate with a centric stiffener at 𝑥 = 𝑏/2
under pure compression is considered. In this figure, the composite panel with a
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stiffener at the middle of the plate is shown, analysis was conducted for different
heights of the stiffeners, the corresponding buckling load was plotted. The results
from the present method and that of Mittelstedt were compared. Plot Digitizer
software was used to extract the data points from [63]. Both sets of results are in a
very agreement.
It can be shown that ℎ = 13.34 𝑚𝑚 is the critical height at which the buckling
load (57.054 N/mm) remains unchanged with increasing the stiffener height.
The corresponding mode shapes is shown in Fig. 14:

Figure 15 Buckling mode shape for 0<h≤2.09 mm

71

Figure 16 Buckling mode shape for 2.09<h≤8.63 mm

Figure 17 Buckling mode shape for 8.63<h≤13.43
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Figure 18 Buckling mode shape for 13.34≤h

Figure 19 Buckling Modes by Mittelstedt [63]

It can be seen that the buckling mode shape changes when varying the
stiffeners height at certain values. For the range 0mm <h≤2.09 mm the plate buckles
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into three half waves, in the range, 2.09 mm ≤ h≤8.63 mm, the plate buckles into two
half waves, in the range, 8.63 mm <h≤13.34 mm, the plate buckles into one half
wave. For h>13.34, it can be seen that the plate is under a purely local buckling
mode, the plate buckles into five half waves on either side of the stiffener while the
stiffener remains straight, the buckling behavior of the stiffened plate uncouples
from the properties of the stiffener, so an increase in the height beyond 13.34mm
offers no benefit as far as buckling or stability of the plate is concerned.

Figure 20 Buckling load 𝑁11 for a compressively loaded orthotropic plate as a function of height ℎ of an eccentric
longitudinal stiffener at𝑥 = 𝑏/4, corresponding graph by Mittelstedt [63]
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In Fig. 20, the composite panel with a stiffener located at

𝑥 = 𝑏/4 is

considered, all other geometry and material data remains identical to that of the
previous case. The analysis was conducted over different stiffeners heights and the
corresponding buckling load was plotted against the stiffener height. The present
method and the Mittelstedt method were compared. Plot Digitizer software was
used to extract the data points from [53], both sets of results are in agreement. It
can be shown in this case that the critical buckling load 𝑃 = 32.86 𝑁/𝑚𝑚 is found
at ℎ = 9.74 𝑚𝑚, the buckling load remains almost constant with the increase in the
stiffener’s height. The mode shape also changes at certain values as shown below:

Figure 21 Buckling mode shape for 0<h≤2.64 mm
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Figure 22 Buckling mode shape for 2.64 ≤h≤9.74mm

Figure 23 Buckling mode shape for 9.74 ≤h≤9.85mm
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Figure 24 Buckling mode shape for h≥9.85 mm

Figure 25 Buckling Modes by Mittelstedt [63]

For 0≤h<2.64 mm the plate buckles into three half waves, for 2.64≤h<9.74
mm the plate buckles into two half waves. For h>9.74, the plate shows a local
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buckling mode, where in the range, b/4≤x≤b, buckles while the stiffener remains in
its unchanged position. The plate buckling load doesn’t entirely uncouple from the
stiffener height as in the centric stiffener case, it is showing a slight increase in
buckling with increasing height.
A comparison between centric stiffener and eccentric stiffener and
corresponding buckling load was conducted in the figure 26. It can be seen that the
critical buckling load has increased by ≃75% by placing a centric stiffener as
opposed to an eccentric stiffener.

Figure 26 Comparison of Buckling load 𝑁11 for a compressively loaded orthotropic plate as a function of height ℎ of
an eccentric longitudinal stiffener at 𝑥 = 𝑏/4 and a centric longitudinal stiffener.
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Figure 27 A comparison of closed form Mittelstedt solution [63] and Ritz method solution for a centric stiffener

Figure 28 A comparison of closed form Mittelstedt solution[63] and Ritz method solution (zoom in)
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In the graph, Fig. 28, a closed form solution from Mittelstedt [63] was
compared to the Ritz solution for a centric stiffener, it can be seen that both
solutions are in agreement.

Figure 29 A comparison of closed form Mittelstedt solution [63] and Ritz method solution for an eccentric stiffener

In the above graph, Fig. 29, a closed form solution from Mittelstedt [63] was
compared to the Ritz solution for an eccentric stiffener, it can be seen that both
solution are in agreement as well.
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B. Buckling Analysis Panel under Compressive Load with Two Stiffeners
and Optimization

Figure 30 Composite Panel under Compressive load for two Stiffeners Using Ritz Method and Validation by Jrad et al.
[64]

Figure 30 above shows the composite panel with two stiffeners (x=0.25b, x=0.75b)
under compressive loading condition. Plot digitizer was used to extract data from
Jrad et al. [64] for validation. Both graphs are in agreement.
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Figure. 31 is buckling mode shapes at certain limiting height values;

Figure 31 Buckling mode shape 0≤h≤9.75 mm

Figure 32 Buckling mode shape 9.75≤h≤21.5 mm
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Figure 33 Buckling mode shape 21.5≤h mm

It can be seen from the figures 31,32,and 33 above that the buckling mode
shape changes when varying the stiffener’s height at certain values. For the range
0≤h≤9.75 mm, the plate buckles into two half waves, in the range 9.75 <h≤21.5 mm,
the plate buckles into one half waves. For h>21.5 mm, it can be seen that the plate is
under purely local buckling mode, the plate buckles into five half waves on either
side of the stiffeners while the stiffeners remains straight, the buckling behavior of
the stiffened plate becomes uncoupled from the stiffener, so an increase in the
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height beyond 21.5 mm offers no benefit as far as buckling or stability of the plate is
concerned.

C. Study of distance between symmetric stiffeners and its effect on the
buckling load

Figure 34 Variation of Buckling Load with the stiffeners Height for different stiffeners location

It can be seen from figure. 34 the that the stiffeners, when placed at a distance
of d=0.5b, shows higher buckling load than distance d=0.7b. The buckling load
increases even more for the case of distance d=0.3b, however, it decreases for
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0.1≤d≤0.3b. This behavior shows the existence of an optimum value for stiffeners
distance d that leads to a maximum value for the buckling load for a minimum
stiffener height. In figure 35 below, it shows that the ultimate stiffeners distance d=
0.333b, which divide the panel into three equal parts.

Figure 35 Effect of distance between symmetric stiffeners on the buckling load

D. Buckling Analysis of Stiffened Composite Panel under Compressive Load
with Three Stiffeners and Optimization
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Figure 36 Composite Panel Under Compressive Load with Three Stiffeners Using Ritz Method and
Validation by Jrad et al. [64]

A composite panel with three stiffeners under compressive loads is
investigated next. Plot digitizer was used to extract data from Jrad et al. [64] for
validation. Both graphs are in agreement. The stiffeners are positioned as follows:
𝑥 = 0.25𝑏, 𝑥 = 0.5𝑏 𝑎𝑛𝑑 𝑥 = 0.75𝑏. Figure.36 above shows the variation of the
buckling load for the panel with three stiffeners using the Ritz method. It can be
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seen that at h=33.3mm, is the highest buckling load of 440 N/mm remains constant
with changing stiffener height.
Figure.37 is the buckling mode shape at a limiting stiffener height values;

Figure 37 Buckling mode shape 0≤h ≤ 6.5mm

Figure 38 Buckling mode shape 6.5≤h≤32.8 mm
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Figure 39 Buckling mode shape 32.8 ≤h

Figure 40 Variation of Buckling Load with Different Stiffeners Height for Panels with Two and Three Stiffeners

It can be seen from Fig.40 that the buckling load has increased by nearly 4.5
times by placing a third stiffener on the panel. Table.3 represents the weight
penalty associated with the increase of number of stiffeners, using the
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corresponding critical height value, while keeping the weight of the unstiffened
panel (𝑊𝑝 ) constant.

Figure 41 Variation of buckling loads with different stiffeners heights for panels with two and three stiffeners, centric
stiffener and eccentric Stiffener.

Table3. Weight Penalty

Total Weight
1.0324 𝑊𝑝
1.0445 𝑊𝑝
1.143 𝑊𝑝
1.333 𝑊𝑝

Eccentric Stiffener
Centric Stiffener
Two Stiffeners (x=0.25b,0.75b)
Three Stiffners( x=0.25b,0.5b.0.75b)

89

5. Buckling Analysis of Composite Panels under Combined Compression and
Shear Load and Optimization
The buckling shape 𝑢3 is presented as follows:
𝑀∗𝑁

𝑢3 (𝑥1 , 𝑥2 ) = ∑ 𝑊𝑖 𝜓𝑖 (𝑥1 , 𝑥2 )
𝑖=1

M and N are two arbitrary chosen positive integers which represent the number of
basis functions in the 𝑥1 and 𝑥2 directions, respectively. The same test function is
expressed as follows:
𝑚𝜋𝑥1

ψ(𝑚−1)𝑁+𝑛 (𝑥1 , 𝑥2 )= 𝑋𝑚 (𝑥1 )𝑌𝑛 (𝑥2 ) = sin (

𝑎

) sin(

𝑛𝜋𝑥2
𝑏

)

 This function satisfies the essential boundary conditions of the system.
 Same procedure is used in this section, except the shear load in
Equation. (22) 𝑁12 ≠ 0.
Substituting in previous equations, the remaining unknowns are 𝑊𝑖 ’s and the
governing equation is:
𝜕П
=0
𝜕𝑊𝑖
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This yields an eigensystem of 𝑀 𝑋 𝑁 equations and 𝑀 𝑋 𝑁 unknown series
coefficients 𝑊𝑗 that leads to an eigenvalue problem from which 𝑁11 is determined. In
this case, the shear load is a function of the compressive load, the relationship is as
follows 𝑁′11 = 𝑤 𝑁′12 .

Figure 42[62] Considered structural Situation

The investigated structure in this case consists of a simply supported
rectangular composite panel with a longitudinal stiffener subjected to both
compression and shear load. The straight stiffeners are also made out of composite
material. The stiffeners and the panels have a cross-ply layup [0/90 ̊/0/90 ̊] with the
layer properties assumed 𝐸11 = 200 GPa, 𝐸22 = 5.960 GPa, 𝐺12 = 5.372 GPa and 𝜈12
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=0.2. The stiffeners are parallel to the principal direction 𝑥1 and their center of
gravity is assumed to coincide with the middle plane of the composite panel. The
panel has a length a = 300 mm, width b = 100 mm, and thickness d = 1 mm while the
stiffeners have a rectangular cross-sectional area A = 1.0 mm x h.
Next, the variation of the buckling load 𝑁11 and the buckling mode shapes
with the stiffeners height h are investigated and the cases of one with centric
stiffener and eccentric stiffener, two and three stiffeners are considered. Ritz
method with trigonometric functions was used to conduct the analysis. The
boundary condition is simply supported plate at all edges.
The effect of loading factor on the buckling load was also investigated for the
range 0 < 𝑤 < 2. Next, the effect of the cross ply layup was investigated for multiple
cross layup [0/90]𝑠 , [±30/90]𝑠 , [±45/90]𝑠 and [±60/90]𝑠 .
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Figure 43 Buckling Analysis of a Plate Under Combined Compression and Shear Load with a Centric Stiffener

Following the same pattern, as in the previous case with a stiffened composite
plate under pure compression, the buckling load follows the same pattern, an
increase in the buckling load with the increasing stiffener height, then this pattern
changes and the buckling load remains constant as the stiffener height is increased.
This can be observed from the above graph, the buckling load 𝑁11 = 44.403 𝑁/𝑚𝑚
remains constant for h > 25.87 mm.
Figure.44 shows the corresponding buckling mode shape for h= 35 mm.
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Figure 44 First Buckling Mode Shape for a Plate under Combined Compression and Shear Load with a Centric
Stiffener at h= 35 mm

Figure 45 Buckling Analysis of a Plate under Combined Compression and Shear Load with an Eccentric Stiffener
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The same behavior can be seen in the case of a composite plate with an
eccentric stiffener, from the graph, the buckling load 𝑁11 = 23.12 𝑁/𝑚𝑚 remains
constant at h > 17.08 mm. It is also noted that the placement of a centric stiffener
has a better buckling behavior, as noted in the case of a pure compression load.
Fig.46 shows is the corresponding buckling mode shape for h=16.94 mm.

Figure 46 First Buckling Mode Shape for a Plate Under Combined Compression and Shear Load with an Eccentric
Stiffener at h=16.94 mm

In the case of a composite plate with two stiffeners under combined
compression and shear, the stiffeners are placed x=0.33 b and x=0.66 b respectively,
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it can be seen that the same behavior occurs, the buckling load 𝑁11 = 137.11 𝑁/𝑚𝑚
at stiffener ℎ > 39.36 𝑚𝑚.

Figure 47 Buckling Analysis of a Plate Under Combined Compression and Shear Load with Two Stiffeners

Figure.48 shows the corresponding buckling mode at stiffener height h=40 mm.
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Figure 48 First Buckling Mode Shape for a Plate Under Combined Compression and Shear Load with Two Stiffeners at
h=40 mm

Figure 49 First Buckling Mode Shape for a Plate Under Combined Compression and Shear Load with Two Stiffeners at
h=6 mm

97

Figure 50 First Buckling Mode Shape for a Plate Under Combined Compression and Shear Load with Two Stiffeners at
h=28 mm

In the case of a composite plate with three stiffeners under combined
compression and shear, the stiffeners are placed at x=0.25 b, x=0.50 b and x=0.75 b
respectively, it can be seen that the same behavior occurs, the buckling load
𝑁11 = 380.48 𝑁/𝑚𝑚 at stiffener ℎ > 59.04 𝑚𝑚.
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Figure 51 Buckling Analysis of a Plate Under Combined Compression and Shear Load with Three Stiffeners

Figure.52 is the corresponding buckling mode at stiffener height h=59.28 mm.

Figure 52 First Buckling Mode Shape for a Plate Under Combined Compression and Shear Load with Three Stiffeners
at h= 59.28 mm
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The effect of the load factor 𝑤 on the buckling load was also investigated
where 𝑁′12 = 𝑤 𝑁′11 where 𝑤 is an arbitrary real number that relates the
compressive load and the shear load, 𝑁′11 here is the compressive load and 𝑁′12 is
the shear load. Results of the buckling load 𝑁11 of the plate with a centric stiffener
with degrees of compressive load in the range of 0 < 𝑤 < 2 was generated by the
present analysis approach and the Ritz method using the geometry and material
data as in the preceding section. It can be seen in Fig. 53 from the graph below that
the buckling load decreases as the load factor increases.

Figure 53 Effect of Load Factor ( 𝑤 =

𝑁12
𝑁11

) on the Buckling Load for a Plate with a Centric Stiffener
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The effect of the cross ply layup on the buckling was also investigated, results
of the cross ply layup [0/90]𝑠 , [±30/90]𝑠 , [±45/90]𝑠 , [±60/90]𝑠 of a plate with a
centric stiffener was generated by the present analysis approach and the Ritz
method using the geometry and material data as in the preceding section. It can be
seen that the buckling load is the highest for the cross ply layup [±60/90]𝑠 ,
𝑁11 = 106.21 𝑁/𝑚𝑚.

Figure 54 Effect of Cross Ply Lay up on the Buckling Load for a Plate with a Centric Stiffener
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Chapter V - Conclusions and Recommendations

In this contribution, a smeared stiffener analytical model was successfully
developed for the investigation of buckling failure of stiffened composite cylindrical
shells of a pressure vessel and stiffened composite plates. The analytical model
developed for the cylinder was proven to successfully predict the global buckling
load of an isogrid composites stiffened cylinder having t=1.5 mm. This was expected
due to the nature of smeared method. Results were compared to the finite element
model developed using the Finite element software, ABAQUS. It was concluded that
in order to use the smeared method to predict buckling failure modes for stiffened
composite cylinders, it needs to be used in conjunction with other analytical tools
capable of predicting the local failure modes. The effect of elastic modulus was also
investigated. A reduction in the elastic modulus resulted in a decrease in the
buckling load. An analytical method was developed to predict the buckling load for a
panel with longitudinal one, two, three and 𝑛 stiffeners. The analytical model
developed for plates under pure compression was proven to successfully predict the
global buckling load. Results were then compared to the closed form solution given
by Mittelstedt[64], and was proven to be in good agreement with that of Mittlestedt.
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Mode shapes were also compared to Mittelstedt and were proven to be also in
agreement.
The buckling load for all three cases reaches an optimum value after which a
change in the stiffener’s height would not improve the buckling load or affect the
stability of the composite plate under consideration. Furthermore, there exists some
height values where the panel mode

shape changes.

The optimum stiffeners

locations for a panel with one stiffener has also been investigated. It was concluded
that a centric stiffener would lead to a better buckling load of the stiffener panel
with comparison to eccentric stiffener, for two stiffeners panels it was found that
stiffeners that divide the panel into three equal portions would have the ultimate
buckling load.
Plates under combined compression and shear loads were also investigated, it
was concluded that the same pattern was observed, for all three cases the buckling
load reaches an optimum value after which an increase in the stiffener’s height does
not improve the critical buckling load. Next we investigated the effect of load factor,
an arbitrary real number, wherein, it was observed that the buckling load decreases
as the load factor increases. The effect of the cross ply layup on the buckling load of
a plate with a centric stiffener was also investigated, it was observed that the
buckling load is the highest at the cross ply layup [±60/90]𝑠 .
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It has been found that the research on certain aspects of composite structures
is relatively limited and would be a fruitful area to work in the future research. Such
aspects are: material nonlinearity in materials like fiber-reinforced composite
materials, boron/epoxy and graphite/epoxy, that have highly nonlinear shear
behavior. The study of this nonlinearity’s effects on buckling behavior of composite
structures is an interesting area for future research. Future topics include, the effect
of multi-cutouts in shells and plates, buckling behavior of non-circular shells,
analysis of the damage evolution in composite structures and its effect on buckling
loads, propagation and overall structural failure during buckling [65].
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